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Preface

Every natural material exhibits elastic properties, signifying their ten-
dency to deform in response to even slight external forces. The exam-
ination of stresses and strains induced in deformable materials due to
applied forces or temperature changes falls within the part of solid me-
chanics, specifically referred to as elasticity. Elasticity essentially provides
a structured framework for predicting the way materials will respond to
specific mechanical stresses or temperature changes. This yields valuable
insights into the mechanical characteristics of solids across diverse scenar-
ios. The practical significance of elasticity lies in its application to assess
stresses and displacements in machine or structural components within
the elastic limit. This ensures that stiffness, stability, and strength meet

the required criteria.

The historical development of the theory of elasticity can be traced back
to 1632 when Galileo [43] initiated an investigation into the ‘tendency to
break’ of a heavy horizontal beam. This experimental setup involved one
end of the beam being built-in while the other end remained free. Foun-
dational experiments crucial for establishing the theory were conducted
by Hooke [59], whose famous law establishing the proportionality of stress
and strain laid the groundwork for the mathematical formulation of elas-
ticity. Expanding on Hooke’s foundational work, Navier [100] formulated
general equations governing the equilibrium and vibration of elastic solids.
Following this, Cauchy [26] provided a formulation for the linear theory of
elasticity based on Navier’s contributions. Remarkably, this formulation
has remained virtually unchanged to the present day. The evolution of
the theory witnessed significant contributions from Poisson [119], Lame
[80], Kirchhoff [75], Green [46]. A detailed chronological account of these
contributions can be explored in the works of Love [87], and Sokolnikoff
[137] ete.



The deformation of a body is invariably linked to a modification in heat
content, and correspondingly, a shift in the body’s temperature. Defor-
mation that fluctuates over time induces an alteration in the temperature
field, and conversely, a temperature change gives rise to strain. The inter-
nal energy of the body, therefore, becomes a function of deformation and
temperature. The branch of science dealing with these coupled processes

is called ‘thermoelasticity.’

The basis of classical thermoelasticity theory (CTE) was established by
Duhamel [34], in which equations for the distribution of strain in an elas-
tic medium containing temperature gradients have been derived. The
present structure of the equation was given by Neumann [102], known as
the Duhamel-Neumann stress-strain-temperature relation. Efforts were
made by researchers like Jeffreys [62], Lessen and Duke [83], Lessen [82]
to justify a coupled system of momentum and energy equations for heat
conduction. However, classical thermodynamic principles couldn’t satis-
factorily explain the irreversible process of thermal diffusion. A break-
through occurred when Biot [20] successfully derived the linear theory of
classical coupled thermoelasticity (CCTE) based on irreversible thermo-
dynamics, addressing the paradox that elastic changes have no impact on
temperature. Chadwick [27] extended the theory to linear and non-linear
versions, highlighting the inseparable nature of thermal and strain fields in
dynamic problems. Contributions from Boley and Wiener [22], Nowacki
[103], Johns [63], Kovalenko [76], Sneddon [136], Parkus [117], and Dhali-
wal and Singh [33] further enriched the understanding and applications of
classical and coupled theories. Advancements in Classical Coupled Ther-
moelasticity (CCTE) have aimed to extend its application to various ma-
terial structures, including electromagnetic, viscoelastic, and microelastic
solids. Researchers like Paria [116], Eringen [36], Parkus [117], Nowacki
[104], Hetnarski [56], and Chandrasekharaiah [28] have contributed by pro-
viding closed-form solutions for these formulations, expanding the theory’s

versatility across a broader spectrum of material behaviors and structures.

The governing equations, initially introduced by Biot [20], consist of two
coupled partial differential equations for displacement and temperature
fields. However, the linear dynamical theory of thermoelasticity poses a

challenge with a wave-type (hyperbolic type) equation for displacement



and a diffusion-type (parabolic type) equation for temperature. This
results in unrealistic infinite-speed propagation of disturbances, contra-
dicted by experimental evidence showing finite-speed propagation of heat
pulses. Lebon [81] provided a thermodynamic basis for the theory pro-
posed by Kaliski [65], addressing the wave-like thermal disturbance known

as ‘second sound’ vide, Suhubi [141].

The introduction of the generalized Fourier law by Lord and Shulman [85]
led to the development of generalized thermoelasticity theories. Maxwell
[90] proposed a law for gases, later adapted by Cattaneo [24, 25] to derive
a wave-type heat conduction equation. Subsequent researchers, including
Vernotte [150], Nettleton [101], Lykov [88],and Kaliski [65] explored and
analyzed this revised law, with Gurtin and Pipkin [52] proposing a more

general law for rigid material with memory.

Lord and Shulman [85] present one of the two significant generalized theo-
ries of thermoelasticity, with the second being the theory of temperature-
rate-dependent thermoelasticity[TRDTE]. In a thermodynamics review
of thermoelastic solids (TSs), Muller [97] introduced an entropy produc-
tion inequality, imposing constraints on a class of constitutive equations.
Green and Laws [47] proposed a generalization of this inequality, with
another version of these constitutive equations obtained by Green and
Lindsay [48]. The theoretical framework under consideration is commonly
known as “temperature rate-dependent thermoelasticity” or TRDTE for
short. This particular theory exhibits distinct characteristics that set it
apart from the Lord-Shulman (L-S) [85] theory, which incorporates a sin-
gle relaxation time. Within the Green and Lindsay(G-L)[48] model, the
fundamental principles of Fourier’s law of heat conduction remain unal-
tered, while modifications are introduced to the classical energy equation
and the relationships governing stress, strain, and temperature. Suhubi
[141] independently and explicitly derived these equations, which include
two constants acting as relaxation times, transforming all the equations

of the coupled theory.
Green and Naghdi [49, 50, 51] introduced another extension of the the-

ory, characterizing material response for thermal phenomena with three
constitutive response functions labeled as Type I, Type II, and Type III.

When linearized, Type I aligns with the classical heat conduction equation
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(based on Fourier Law), Type II permits thermal wave propagation at fi-
nite speed without dissipation, and Type III involves a thermal damping
term while also predicting finite speed of thermal wave propagation. In
the area of thermoelasticity, various studies have been conducted based
on the Green and Naghdi (GN) theory. Roychoudhuri and Datta [129]
studied thermoelastic interactions in a solid with periodic heat sources
under the GN-II model. Mukhopadhyay [94, 95, 96] tackled a thermal
shock problem involving a spherical cavity in an unbounded medium us-
ing the GN-II model. Other researchers, such as Kar et al.[70, 69, 71] have
explored various problems under the GN-III model, addressing different

aspects of thermoelasticity.

The concept of fractional derivatives can be traced to the 17th century,
with mathematicians like Leibniz and L’Hopital playing key roles. Leib-
niz, in particular, engaged in correspondence with L’Hopital, exploring the
idea of non-integer order derivatives. Substantial progress in fractional cal-
culus occurred in the 1830s, credited to Liouville[84]. Liouville formulated
the theory of fractional integration and fractional differentiation, laying a
robust foundation for subsequent advancements. The Riemann-Liouville
fractional calculus, initially introduced by Riemann[125] and further ex-
panded by Liouville[84], stands out as one of the most widely used defini-
tions of fractional derivatives and integrals. This approach addresses frac-
tional orders in a continuous manner. Caputo[23] provided an alternative
definition of fractional derivatives, known as the Caputo fractional deriva-
tive. This definition has gained widespread application and offers distinct
advantages in certain contexts. In the latter half of the 20th century and
into the 21st century, fractional calculus experienced a surge in atten-
tion. Mathematicians and scientists across various disciplines, including
engineering, physics, and biology, studied the applications and proper-
ties of fractional calculus. In recent years, the application of fractional
calculus theory has become instrumental in advancing our understand-
ing of thermoelasticity. Povstenko [121] utilized this theory to investigate
thermal stresses, incorporating the Caputo time-fractional derivative into
the heat conduction equation. This application facilitated the analysis
of thermal stresses in an infinite body with a circular cylindrical hole.
Sherief et al. [135] introduced an innovative thermoelasticity model by

modifying the Fourier heat conduction law through fractional derivatives.
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Their contributions included the derivation of uniqueness and reciprocity
theories within the framework of fractional thermoelasticity. Sherief et al.
[132] tackled a one dimensional problem for a half-space using fractional
thermoelasticity theory, examining the influence of variable thermal con-
ductivity on the half-space. Ezzat et al. [40, 41, 42] established a new
model for the fractional heat conduction equation, employing the Taylor
series expansion of time-fractional order developed by Jumarie [64]. Addi-
tionally, Povstenko [120] introduced fractional Cattaneo-type equations,
analyzing time non-local generalizations of the Fourier law. This anal-
ysis resulted in the derivation of fractional telegraph equations and the

proposal of corresponding theories in the field of thermoelasticity.

In many modern engineering materials, the constituent particles are not
only subject to translational motion but also have the freedom to rotate
about their own axes. This type of motion involves both deformation and
microrotation. Consequently, the interaction between different parts of
the material is conveyed not only through forces but also through torques,
giving rise to asymmetric force stresses and couple stresses in the material.
Classical elasticity theory fails to explain these phenomena. To address
the analysis of material microstructures, the theory of micropolar elas-
ticity is employed. Materials such as soils, rocks, concrete, metals, and
polymers exhibit such microstructural characteristics. Classical theories
of elasticity fall short in capturing the behavior of materials with intricate
internal structures. Recognizing this limitation, Eringen and Suhubi [39]
introduced a nonlinear theory for microelastic solids. Eringen [38, 35, 36]
further expanded on this work, introducing a theory that allows material
particles in solids to undergo both macro-deformations and microrota-
tions. This extension, known as the “linear theory of micropolar elastic-
ity,” was later refined by Eringen [37] to include axial stretch, resulting in

a comprehensive theory of micropolar elastic solids with stretch.

In recent years, the study of photothermal waves in semiconducting me-
dia has seen significant advancements. Semiconducting thermoelasticity is
applied in microelectronics for optimizing thermal management, enabling
non-destructive testing of semiconductor materials, and contributing to
the development of energy harvesting devices. Additionally, its use in
photothermal imaging, biomedical applications, and gas sensing technolo-

gies showcases its versatility across various fields, playing a crucial role
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in material design, sensor development, and environmental monitoring.
Todorovic et al. [144, 142, 143] provided valuable insights into microme-
chanical structures and carrier behaviors in one dimensional semiconduc-
tors. Muratikov and Glazov [98] explored photoacoustic effects in bodies
with residual stresses, while Song et al. [140, 139, 138] contributed to
the understanding of the photothermal effect. Othman et al. [112, 113]
investigated photothermal waves using the L—S model, considering the in-
fluence of gravity. Othman et al. [114] applied the DPL model to study the
temperature-dependent thermoelastic response with initial stress. Lotfy
[86] explored hydrostatic initial stress effects on photo-thermal solids using
DPL and L-S theories. Hobiny and Abbas [58] introduced a fractional-
order G-N model for wave propagation in inhomogeneous semiconductors.
Alzahrani and Abbas [15] used the G-L model to derive field variables in
semiconductor media. Abbas et al. [4] employed the DPL model for a
generalized theory of plasma, thermal, and elastic waves in semiconduc-
tor solids. Zenkour [157, 159] introduced refined DPL theories exploring
gravity, thermal activation, and diffusion in photo-thermal semiconduct-
ing media. These studies collectively contribute to a nuanced understand-

ing of photothermal behavior in semiconductors.

Since the advent of thermoelasticity and generalized thermoelasticity the-
ories, lesan’s book [60], the work by Ignaczak and Ostoja-Starzewski
[61], and Das’s book [30] offer significant insights. Theses authored by
Narasimha Murthy [99], Keshavan [72], Mitra [92], and Ghosh [44] pro-
vide comprehensive details on the foundational equations of generalized

thermoelasticity theories.

This research is dedicated to the application field of continuum mechanics,
focusing on exploring problems in thermoelasticity and generalized ther-
moelasticity. This thesis comprises four chapters, each addressing various
aspects of thermoelastic models. The introductory chapter provides essen-
tial definitions, introduces thermoelasticity and related theories, discusses

the applications of thermoelasticity.

The second chapter contrues two problems on generalized thermoelastic-
ity. Problem-1 investigates a one-dimensional problem on fractional-
order generalized thermoelasticity in a half-space with an instantaneous

heat source. The Laplace transform and eigenvalue approach techniques
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are applied to obtain closed-form solutions for displacement, temperature,
and stress, which are presented graphically. In Problem-2, a fractional-
order thermoelasticity model with dual-phase lag is studied in a half-space
isotropic elastic medium. The eigenvalue approach is employed to solve
the vector-matrix differential equation obtained from normal mode analy-

sis, and graphical representations illustrate the impact of the heat source.

The third chapter explores three thermoelasticity problems with microstruc-
ture. Problem-3 focuses on a multi-phase-lag micropolar thermoelastic
model in a rotating half-space medium with a moving heat source in the
presence of an electromagnetic field. The eigenvalue approach is used,
and graphical representations depict the impact of heat source, rotation,
and magnetic field. Problem-4 addresses fractional order three-phase-
lag thermoelasticity in a micropolar thermoelastic half-space medium with
voids, providing numerical computations and graphical depictions.
Problem-5 investigates the influence of electro-magnetic force in the pres-
ence of gravitational force on a prestressed micro-elongated thermoelastic
layer. A three-phase-lag (TPL) heat conduction equation is employed
for microelongated layer. So, TPL model is employed in conjunction
with an elastic layer. The governing equations are introduced, and non-
dimensionalization is applied. Normal mode analysis is employed to trans-
form partial differential equations into ordinary ones, and the eigenvalue
approach is utilized to solve these equations. The constants in the solu-
tions are determined by the boundary conditions, and the study includes a

thorough discussion and graphical representation of the obtained results.

In the last chapter, two thermoelastic problems in a semiconducting medium
are discussed. The fourth chapter contains two thermoelasticity problems
in semiconducting medium. Problem-6 explores a comprehensive model
that investigates the interactions of various factors on an isotropic, ho-
mogeneous semiconducting plate. The study encompasses the influences
of volume fraction, photothermal phenomena, initial stress, electromag-
netic fields, gravity, and rotation, all within the framework of multi-three-
phase lag thermoelastic models. The investigation addresses the funda-
mental governing equations, accounting for voids, electromagnetic fields,
photothermal effects, initial stresses, gravitational forces, rotational dy-

namics, and the semiconductor properties of the material, all under the



umbrella of generalized thermoelasticity. To tackle this complex problem,
the normal mode analysis method is employed for solving partial differen-
tial equations with specific boundary conditions. The study incorporates
a comprehensive discussion and graphical representation of the obtained
results. Problem-7 introduces fractional thermoelasticity to analyze the
photothermal and memory response of a rotating semiconducting half-
space medium. The semiconducting medium is subjected to an internal
heat source. The propagation of photothermal waves in a prestressed
semiconducting half-space with a gravity effect has been investigated. The
normal mode analysis precisely resolved all coupled photo-thermoelastic
equations. The eigenvalue approach is adopted to derive the analytical so-
lution of the main variables of the medium. Temperature, horizontal and
vertical displacements, stresses, and carrier density were all measured.
The dependence of all field variables on the internal heat source, initial
stress, rotation, electromagnetic field, fractional order parameter, and in-
clusion of gravity is demonstrated. The results are graphed to serve as
benchmarks for future comparisons, and additional results are shown to

demonstrate the physical meaning of the phenomenon.

The thesis concludes with a list of references, providing a comprehensive
overview of the research conducted in the field of thermoelasticity and

generalized thermoelasticity.
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General Introduction
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1.1 Fundamental Concepts and Models in Ther-
moelasticity

1.1.1 Thermoelasticity and its Applications

Thermoelasticity involves investigating how an elastic material responds to non-
uniform changes in its temperature field. This field of study expands upon elasticity
theory by considering both thermal and mechanical reactions. The theories of ther-
moelasticity have emerged through a beneficial combination of Fourier’s Law of heat
conduction and established formulations in elasticity theory.

During the second half of the 20th century, the theory of thermoelasticity drew
the attention of many researchers due to its extensive applications in diverse fields.
Thermoelasticity, with its ability to comprehensively address the coupled processes of
heat conduction and elasticity, finds various applications across structural engineering,
aerospace engineering, material science, geophysics, biomedical engineering, energy
systems, material testing, nuclear engineering, and more.

In structural engineering, it plays a crucial role in analyzing the behavior of struc-
tures exposed to temperature variations, ensuring integrity and safety. Aerospace en-
gineering relies on thermoelasticity for designing components in extreme temperature
conditions and optimizing material selection. Material science benefits from thermoe-
lastic models in studying materials with specific thermal and mechanical properties,
guiding the design of advanced materials. Geophysics utilizes thermoelasticity to un-
derstand the Earth’s crust behavior, contributing to seismic studies and subsurface
dynamics. In biomedical engineering, thermoelasticity studies thermal and mechani-
cal responses of tissues for accurate medical imaging and therapeutic applications.

Energy systems, material testing, nuclear engineering, and other fields use ther-
moelasticity for design, optimization, and safety assessments. In essence, thermoe-
lasticity provides valuable insights and tools for addressing challenges related to

temperature-induced deformations across disciplines.

1.1.2 Strain-Displacement Relation

The kinematic relationship between strain and displacement is established when the
displacement at a specific location within the body, denoted by Cartesian coordinates
x; (where i = 1,2,3), is represented as u;.

1
¢ = 3 (uij + uji) (1.1)
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Here, e;; = e;;. Strain-displacement relations in cylindrical co-ordinate system are

given by

ou, 1 Ouyg N Uy ou,,
Err = &5 5600 = — 4 — €z = o
or ' % 1 op r 0z

1 /10u, Oug ug
ewza(;awﬁ—?)v

1w O (1.2)
e“‘ﬁ(ar+az>

1 Oug  10u,
e@z—a(aﬁae)

1.1.3 Stress-Strain Relations

The most general form of Hooke’s law is represented by

oi; = Cymew (1,5, k1 =1,2,3) (1.3)

The stress component o;; corresponds to the force on unit area in the z; direction
within the plane x; = constant. Consequently, there are nine distinct stress compo-
nents. It can be demonstrated that o;; = 0. In such instances, the body’s stress
system can be defined by just six independent stress components. where Cjji is
the stiffness tensor which has 81 elements. Considering symmetry properties of both

stress and strain components, these may be reduced to the form

om = Crnen, (m,n=1,...,6) (1.4)

In equation (1.4),

011 = 01,022 = 02,033 = 03
032 = 04,013 — 05,012 = Og
€11 = €1,€22 = €2,€33 = €3
€32 = €4,€13 = €5,€12 = €6

and C,,, is a matrix of order 6 with C,,,, = Cym.

In the generalized Hooke’s law, the coefficients C),, are symmetric due to the
existence of a strain energy density function. The number of independent elastic
constants in the generalized Hooke’s law (Equation 1.3) includes six different con-
stants located along the diagonal and an additional 362—’6 = 15 among the remaining
constants, making a total of 15 + 6 = 21 constants. Therefore, the existence of the

strain energy density function reduces the number of coefficients from 36 to 21 in the
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generalized Hooke’s law. an orthotropic solid has 9 independent elastic constants,
a transversely isotropic material has 5, and a cubic crystalline structure has 3 inde-
pendent elastic constants. On the other hand, for isotropic materials, the matrix is

defined by only two independent parameters, A\ and p, known as Lame’s constants
80].

1.1.4 Thermal Stresses

Deformation occurs in a material when subjected to heat-induced changes in its di-
mensions. In such cases, elevated temperatures can lead to deformation and resultant
stresses, even in the absence of external mechanical loads. This phenomenon is known
as thermoelasticity. The temperature excess over the surroundings can result from
either internal heating due to straining or external heating from a heat source de-
noted as T'. The thermal stresses in this context are calculated using the constitutive

relations given by:
Om = Conén — YmT (m,n=1,2,3,...,6) (1.5)
Here, the coefficients ~,,, are defined as follows:

ML=V Y2 =72, YB=T3 V2=VY4 VIB=T5, Y12 =Y

These relations are commonly referred to as the Duhamel-Neumann relations. For
a transversely isotropic body with principal elastic axes coinciding with the coordinate

axes, the equations can be expressed as:

011 cii ¢z ¢z 0 0 0 €11 M1

092 ci2 ¢ci1 c2 0 0 0 €22 Y11

o3| _ |2 cai2 e 0 0 O [ess| |73

0392 o 0 0 0 Cq4 0 0 €39 i 0 (16)
031 0 0 0 0 Cyq4 0 €31 0

_0'12_ | 0 0 0 0 0 C44_ _612_ | 0 ]

In this formulation, v;; and 733 are expressed as functions of material constants
and coefficients of linear thermal expansion («a; and az).
For isotropic bodies, where c1o = A, ¢11 = i, caq = p, and v11 = (3X + 2u) v, the

constitutive relations simplify to:

045 = )\ekkéij + Q/Leij — ’}/T (17)

Here, ¢;; represents the Kronecker delta.
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1.1.5 Equations of Motion

The conservation of linear momentum forms the basis for the equations governing
the motion of an elastic body under various types of stresses, encompassing both
mechanical and thermal stressors. The inertial force within any specified volume V,
bounded by the surface S, is the sum of volume and surface forces, as expressed by

the conservation principle:

0
p—/vidv:/ﬂdv—l—/pids (1=1,2,3) (1.8)
at Jy v s

Here, p denotes the mass density, while v;, F;, and p; represent the components of
velocity, body force per unit volume, and surface traction on S, respectively. The re-
lation p; = o;;n; is employed, where n; signifies the unit normal vector to S. Utilizing

the Gauss divergence theorem, the equation transforms into:

/UijndeZ/Uij’de (19)
S \%

32ui
ot?
Together with appropriate constitutive relations, the equations describing the mo-

Leading to:

tion in terms of displacement components are formulated as:

pigg + A+ pug i + pFy = v + pliy (1.11)

For a cylindrical coordinate system, the equations of motion are given by:

agrr 1 &Tre aO-rz Orr — 000 82“7‘
- F. =
or r 00 0z r * P o
80,@ l 80'99 80'92 2 62U9

(1.12)

2004 Fy =
or r 00 0z +T09+ o p8t2
0o, N 1oy, N 00, +1 LR 0%*u,
or 1 80 | 8z ro T T P

1.1.6 Thermo-Mechanical Coupling

An elastic body undergoes straining when subjected to mechanical loading, resulting
in the performance of work. The dissipation of energy occurs as heat, creating a tem-

perature field within the material. Consequently, it becomes crucial to appropriately
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incorporate this internal heat source in the Fourier heat conduction equation to ac-
curately compute the temperature field. The interplay between the temperature and
strain fields elucidates how temperature influences the speed of elastic wave propaga-
tion, aiding in the comprehension of the temperature field induced by time-varying
forces. It is important to note that the coupling component can be disregarded only

in scenarios with stationary temperature fields.

1.1.7 History of Thermoelasticity Theories

The study begins with an exploration of classical linear thermoelasticity (CTE) and
subsequently discusses the generalized theory of thermoelasticity. The generalized
theory aims to address practical paradoxes in the classical theory by incorporating

the concept of second sound.

1.1.7.1 Classical Thermoelasticity (CTE):

The foundation of classical thermoelasticity theory (CTE) was laid by Duhamel [34],
who derived equations describing strain distribution in an elastic medium with tem-
perature gradients. The Duhamel-Neumann stress-strain-temperature relation, as
formulated by Neumann [102], remains fundamental in CTE. Constitutive equations
in CTE describe the relationship between stress, strain, and temperature changes,
incorporating material properties such as thermal expansion coefficients and elastic
constants. Fourier’s law of heat conduction is a central element in CTE, linking heat

flux to temperature gradients.
1. Constitutive equations:
Uij = )\61'2'(51']' + 2,[1,6@'3' — ’}/T(S” ; (Z,j = 1, 2, 3) (113)

where v = (83X + 2u)ay, oy is the coefficient of linear thermal expansion, T is

the increase in temperature above the reference Tj.

2. Strain-displacement relations:

1
€ij = Q(Ui,j + uj;) (1.14)

3. Classical Fourier law: Equations (1.11) and (1.12) are supplemented by the
classical Fourier law, connecting the heat flux vector q with the temperature

gradient VT" through the equation:
¢ =—-KT; fori=1,2,3 (1.15)

6



Chapter 1. Preliminaries

where K > 0 is the thermal conductivity of the solid.
4. Conservation of internal energy:
—qii +pQ = pc, T, fori=1,2,3 (1.16)

where () is the heat source, and c, is the specific heat at constant strain. The

dot notation () denotes the partial derivative with respect to time.

5. Heat transport equation: Equations (1.13) and (1.14) together yield the

parabolic heat transport equation:

KV?T + pQ = pc.T (1.17)

6. Equations of motion:
e Stress equations of motion:
0ijj + pfi = pii; (1.18)
where 05 is given by equation (1.11).
e Displacement equations of motion:
A+ wuji; + pi gy =y Ti + Fi = pis (1.19)

The complete mathematical model of classical thermoelasticity is defined by equations
(1.11), (1.15), and (1.16) (or (1.17)).

1.1.7.2 Classical Coupled Thermoelasticity (CCTE):

Biot (1956) introduced the theory of coupled dynamical thermoelasticity for isotropic
materials, providing a set of linear equations expressing this theory. The fundamental

equations are outlined below:

1. Constitutive equations:
Uij = /\eiiéij + 2/1161']' — ’)/lej 3 (Z,] = 1, 2, 3) (120)
2. Law of conservation of internal energy:

—Gii + pQ = pceT + VToér (1.21)

where the term Tyéx ), introduces coupling between strain and temperature
[20].
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3. Classical heat transport equation: Eliminating ¢; between equations (1.16)
and (1.21), the classical heat transport equation in a generalized form is derived
as:

EV2T 4 pQ = peeT + yToés s (1.22)

4. Displacement equations of motion:
()\ + /L)Uj,ij + MU 55 — ’}/Tz + Fl = puz (123)

Equations (1.11), (1.15), and (1.16) (or (1.17)) together form the comprehensive math-

ematical framework for the classical theory of thermoelasticity.

1.1.7.3 Lord-Shulman (L-S) Model [Extended thermoelasticity (ETE)]:

Lord and Shulman (1967) introduced a thermoelastic model that adjusts Fourier’s law
of heat conduction by incorporating the notion of a relaxation time. This relaxation
time signifies the duration necessary for accelerating heat flow.

Law of conservation of internal energy:

0
1+7= ) ¢ = —KT; 1.24
(14 )a=-nT (1.24)

where 7 is a non-negative constant. This law is a generalization of the classical
Fourier law given by (1.15). Here ¢; represents the heat-flux within the material to
the temperature gradient. Using (1.24) in place of (1.15), one gets the following

generalization of the heat conduction equation:

9 .
KV°T = (1 + Ta) [pceT + Torytgr — pQ) (1.25)

Equation (1.25) belongs to the hyperbolic type, establishing that the heat trans-

port equation in thermoelasticity theory avoids the paradox of infinite heat propaga-

tion speed. The predicted speed for thermal signals in (1.25) is (%) 5, indicating

a wave-like thermal disturbance commonly known as ’second sound,’” as discussed
by Suhubi [141]. The coupled equations (1.16) and (1.24), along with constitutive
equations (1.19), together form a comprehensive set of field equations known as Ex-
tended Thermoelasticity (ETE). The Extended Thermoelasticity (ETE) theory, often
denoted as the L-S theory of generalized thermoelasticity, incorporates a single relax-

ation time parameter.
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1.1.7.4 Green-Lindsay (G-L) Model [Temperature Rate Dependent Ther-
moelasticity (TRDTE)]:

In the G-L model, Fourier law of heat conduction is unchanged whereas the classical
energy equation and the stress-strain-temperature relations are modified. Two con-
stitutive constants o and ag having the dimension of time appear in the governing
equations in place of one relaxation time 7 in L-S model. The equations, as proposed

in the G-L model, are as follows:

1. Modified energy equation:

—qii + pQ = pce(T + aoT) + Y Toein (1.26)

2. Modified constitutive equation with temperature rate term:

0i; = Newrdi; 4 2uey; — (T +aT)dy; (4,5 =1,2,3) (1.27)

3. Fourier law:

¢ =—KT; (1.28)
4. Coupled heat transport equation:

KV?T + pQ = pce(T + aoT) + vToeiun (1.29)

It is known that o > ag > 0.

1.1.7.5 Green and Naghdi (G-N) Model of Type I, IT and III:

For isotropic medium, the heat conduction equation in the theories proposed by Green
and Naghdi can be expressed in the following way:
A. Green and Naghdi (G-N ) model 1

1. Modified energy equation :
—qii + pQ = pceT + vToekr (1.30)

2. Heat conduction law :



Chapter 1. Preliminaries

where v is the thermal displacement.

Equations (1.30) and (1.31) are combined together to give the equation as
KV?T + pQ = pe.T + v Toein (1.32)

Here K(>0) is a material constant.
B. Green and Naghdi (G-N ) model IT (without energy dissipation)

1. Modified energy equation :
—gii + pQ = peeT + v Toeix (1.33)
2. Heat conduction law :

¢=—Kv;v=T, (1.34)

where v is the thermal displacement.

Equations (1.33) and (1.34) are combined together to give the equation as
K*V°T + pQ = pe.T + 7 Toei (1.35)

1
Here K*(>0) is a material constant. The finite thermal wave speed is equal to (%) g

C. Green and Naghdi (G-N) model III with energy dissipation (TEWED)

1. Modified energy equation :
—Gi;i + pQ = peeT + yToeix (1.36)
2. Heat conduction law :
g =—(KT;+ K*v), 0 =T (1.37)
Equations (1.36) and (1.37) are combined together to give a hyperbolic equation as
KV?T + K*V2T + pQ = pe.T + vToein (1.38)

Equation (1.38) admits propagation of damped thermoelastic waves, where the damp-

ing being due to the term T in the equation.

10
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1.1.8 Dual-Phase-Lag Model of Linear Thermoelasticity
1.1.8.1 Parabolic Thermoelasticity Theory with Dual-Phase-Lag:
Tzou’s theory [146] presents a modification of ETE, replacing the Fourier law
q(P,t) = —-KVT(P,t)
with an approximation of the form
q(P,t+71,) =—KVT(Pt+7r).

After using Taylor’s expansion, the parabolic form of the above equation can be

0 0

in which the temperature gradient V1" at a precise position P of the medium at time

written as

t + 7, corresponds to the heat flux vector g at the exact position P at time ¢ + 77.
The constitutive relation between heat flux vector and temperature gradient has been
introduced with two different phase lags, 7r and 7,. The phase lag of the temperature
gradient can be defined as the delay time caused by the micro-structural interactions.
In addition to the delay time 7, the phase-lag of the heat flux can be interpreted as
the relaxation time of the transient thermal inertia. Here, 77 is the phase-lag of the
temperature gradient, representing the delay caused by micro-structural interactions,
and 7, is the phase-lag of the heat flux, interpreted as the relaxation time due to
fast transient effects of thermal inertia. The parabolic heat conduction equation with
dual-phase-lag, derived by eliminating g between equations (1.21) and (1.39), takes

the form:

0 9 0 . )
K (1 + TTa) VT = (1 + Tq§> (,OCET + yThe — ,OQ) (1.40)
1.1.8.2 Hyperbolic Thermoelasticity Theory with Dual-Phase-Lag:

Chandrasekharaiah [29] extends the dual-phase-lag thermoelastic model proposed by
Tzou. By expanding equation (1.57) in a Taylor series up to the first-order terms in
7r and second-order terms in 7, the hyperbolic thermoelasticity model is formulated

as:
TPCL BT Y TSR R (1.41)
T T T ) T ot '

11
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1.1.9 Three-Phase-Lag Thermoelasticity

In the novel extension of thermoelasticity proposed by Roy Choudhuri [128], the
three-phase-lag (TPL) model introduces three time parameters, namely 7, (heat flux
time lag), 7r (temperature gradient time lag), and 7, (thermal displacement gradient
time lag). These parameters satisfy the inequality 0 < 7, < 7 < 7,. To charac-
terize the lagging behavior using Vv, q, and V1" as thermal displacement gradient,
heat flux vector, and temperature gradient, respectively, the constitutive equation of

generalized heat conduction can be expressed as:

q(Pt+71)=—-[K"Vu(P,t+71,)+KVT(Pt+r)] (1.42)

Here, P (7) represents the point where the material volume is located at time
t + 7, and t + 77, along with the heat flux flow at different instants of 7, for a finite
time ¢ > 0.

Expanding the equation using Taylor’s series, we obtain:

) 9
q+7qa_‘;;’ = —[K*Vo+ Krp 2 VT + 7, VT (1.43)

Here,
7, =K+ K'r,andv="T.

The theory’s classification depends on the values of 7,, 77, 7, and K™, leading to

different categories:

1. Classical Fourier’s Law: K* =0, 7, = 7

2. Lord-Shulman (L-S) Theory: K* = 0, 7, = 7, 70 = 0 (where 7 is the

relaxation time)
3. Green-Naghdi-III (G-N-III) theory: 7, =0, 7p =0, 7, =0

4. Tzou’s DPL model: K* =0, 7, = 0.

Hyperbolic Thermoelasticity with Three-Phase-Lag

By neglecting terms above the second order of 7, in Taylor’s expansion and elim-

inating —div g, the generalized heat conduction equation reduces to:

: = ; o  0*1
K*VQT + KTTVQT + T;V2T = (1 + Tqa + @57'(12) F(I’l, .Z’Q,Ig,t) (].44)

12
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Where F(z1,x9,x3,t) = (pCET—i— ’yTOé>, and p, Cg,~, Ty, and e denote density,
specific heat conduction, material constant, reference temperature, and dilation, re-

spectively.

1.1.10 Generalized Phase-Lag Theory

Zenkour [160] proposed a generalized three-phase-lag thermoelasticity model that
encompasses both multi-dual-phase lag and multi-three-phase lag phenomena in a
unified framework. An extension to the G-N formula is introduced by incorporating
the three-phase-lag of q, VT, and V1. The generalized constitutive formula for heat

conduction (Fourier’s law) is anticipated as

q(Pt+7) =K VT (Pt+71r)— KV (P t+ 1) (1.45)

where 7y represents the third relaxation time or the phase-lag of thermal displace-
ment gradient with 0 < 7y < 7p < 7,. Equation (1.45) indicates both V1" and V4
inclines perceived through a substantial volume located at position P(r) at time t+7r
and ¢ + 7y result in a heat flux g flowing at a different moment of time 7.

By employing Taylor’s series expansion of equation (1.45) up to the multi-time-

derivative and power terms in 7,, 77, and 7y, one can obtain

m am TT am . m am
<1+Z latm) o U (1+Zml 6tm> VT - K (1+Zml atm>
(1.46)

or

1 N g " - m)am T — K-V9 1.47
+Zm‘8tm ZT VT — K}V (1.47)

m=1

where relations

6)(W) vT T(m)—KTT—l-K*L—H m=0,1,2 (1.48)
825 ’ - zg(m+1)'7 — My -y s

are used. Equation (1.46) serves as an extension to the generalized heat conduction

formula in the absence of any mechanical terms.

13
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1.1.11 Fractional Order Thermoelasticity

The utilization of fractional order derivatives and integrals offers a more efficient and
advantageous methodology in tackling physical problems compared to classical ap-
proaches. Classical Coupled Thermoelasticity (CTE) theory may not be well-suited
for certain materials like porous materials, biological materials/polymers, or specific
physical scenarios such as low temperatures or transient loading. In these cases,
adopting a generalized thermoelastic or thermo-viscoelastic model based on heat
conduction theory with fractional time-derivatives emerges as a more suitable and

applicable alternative.

1.1.11.1 Fractional Order Thermoelasticity Model with One Relaxation
Time Parameter:

Sherief [135] introduced a fractional order formula for heat conduction as

0“q;

% + 7o atz — VT, 0<a<1 (1.49)

For a homogeneous and isotropic thermoelastic material, the constitutive equa-
tions are
Oij = 2/161'3' + )\651']' - "Y(T — TO)éij (150)
2 75 0° ; :
al Jte

Where

f(z,t) — f(x,0), when o — 0,

aa
%f(l’,t) = § [\-odlled), when 0 < a < 1, (1.52)
%, when a = 1.

In the above definition, the Riemann-Liouville fractional integral operator I is
defined as

1 t
RO = o [ 97 ) ds
I'(a) Jo
The equation of motion is
0ijg + Fi = pi, (1.53)

14
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1.1.11.2 Fractional Order Thermoelasticity with Two Relaxation Times:

According to Hamza et al. [55], we consider the following governing equations with
two relaxation times as:

The constitutive equations are

oT
045 = 2M€¢j + )\eéij = ’}/(T = T() + Tla)(si' (154)

The heat conduction equation with fractional derivative is

6 aOé .
ol ot
The equation of motion is
0ij,j + FZ = p’lli (156)

1.1.12 Generalized Magneto Thermoelasticity

The study of magneto-thermoelastic interactions involves understanding the inter-
play among strain, temperature, and electromagnetic fields in an elastic solid. This
area of research holds significant practical importance due to its diverse applications.
When a solid is subjected to a load, internal motion is induced. In the presence of a
strong external magnetic field (represented as H), secondary electromagnetic fields
arise due to this internal motion. These secondary fields, in turn, interact with the
primary magnetic field. Accounting for such interactions, Maxwell’s electrodynam-
ics equations for a slowly moving thermally and electrically conducting homogeneous

isotropic medium body are provided by Kaliski et al. [68, 67, 66] as follows:

Vxh=J+D,
VxE=-B
1.
V.h=0,V.E =0, (1.57)
B:/,Lo(H—i—h), D:€0E.
The Lorentz force is given by
F:<F1,F2,F3):/L0(JXH). (158)

where E and h denote perturbations of the electric and magnetic fields respectively,
D is the electric induction, H is the total magnetic field i.e., H = Hg + h, E is
the electric current, w is the displacement vector, g and pg are electric and magnetic

permeability of the medium respectively.

15
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1.2 Vector-Matrix Differential Equations with So-
lutions

In the course of our research, we have addressed problems related to generalized, mag-
neto, and fractional order thermoelasticity. We employed techniques such as Laplace
transform, Fourier transform and normal mode analysis to express the governing
equations of various thermoelasticity models in a vector-matrix differential equation
form.

Most of the thermoelasticity and generalized thermoelasticity (coupled or uncou-
pled) problems have been solved by using potential functions. This method is not
always suitable as discussed by Dhaliwal and Sherief [33] and Sherief and Anwar
(133, 134]. The boundary and initial conditions for physical problems can be effec-
tively summarized by focusing on the directly relevant physical quantities rather than
the potential function. In the context of natural variables, the solution to the physical
problem is convergent, while other representations involving potential functions may
not always exhibit convergence.

The alternative to the potential function approach is State-Space approach.
This method is essentially an expansion in a series in terms of the coefficient matrix
of the field variables in ascending powers and applying Caley-Hamilton theorem,
which requires extensive algebra. Subsequently, we solved these equations utilizing

the eigenvalue approach [78, 79]. The details of this method are discussed below.

Eigenvalue approach to solve the vector-matrix differential equation :

Type-I

Consider the vector matrix differential equation of the form:

dv
é = Av (1.59)
where v = [v1, v, . .. ..vn]T and A = (a;;);4,j=1,2,...n.
are reaT vector and matrix respectively.
Let
A=VAV! (1.60)
A1 0
A2
where A = . is a diagonal matrix whose elements Ay, Ao, ... ... An
0 An

16
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are the distinct eigenvalues of A. Let Vi, V5, ....,V, be the eigenvectors of A corre-

sponding to Ay, Ao, ..., A, respectively, and

V= [ Vi, Vo, Vi } ={zy) (say);4,5 =1,2,...,m

Substituting (1.60) in (1.59) and premultiplying by V!, we get,

dv
—1 -1
— =AV
dx 2
or
(V’lv> =A <V’1v>
a:' ~ ~
If we define
y=V"lo (1.61)
we need to solve the equations
dy
—=A 1.62
o =My (1.62)
This is a set of n decoupled differential equations. Consider the ! equation,
which is typical
dy
L=\, 1.63
The solution is 3, = ¢,e™*, r=1,2,....,n
where C). are scalars to be determined from the boundary conditions.
Since from (1.61), v = Vy, we write
v = Z Viy, (1.64)
r=1
which can be explicitly written as,
U1 11 12 Tin
Vo T21 T2 Lon,
= C | wmt A I O - : Yo (1.65)
Un Tn1 Tn2 Lnn

Substituting equation (1.65) in (1.64) we get the complete solution of (1.59) in

the form

vp = O1 XM + CoXppe™™ ... + CoXpme r=1,2,....,n (1.66)
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Type-II

Consider the vector matrix differential equation of the form :

dv

~— A 1.

. v +J: (1.67)
Here f = [fi,fa, . oovivnu fn]T : f1, fo, ..., fn are scalar functions of x;v and A

are as defined in (1.59).
Substituting (1.60) in (1.67) and premultiplying the resulting equation by V!,

we obtain
dv
d vaE oA (Vi) vl e
or, — (V7o) =A (Vo) + V7S

As in (1.61), substituting y = V~'v, we require to solve the system of equations,

dy

~ A —1 1.
I g+V [ (1.69)

Clearly, this equation (1.69) represents a set of n-decoupled differential equations.

A typical r'" equation of this set may be taken as

dy, _
du =AY +Qr, Qr= V., lf (1'70)

Let V_l :wlj7laj = ].,2,...,71,; then QT = Z?:lwrifi’rz 172,...771

The solution of this equation may be written as,

yr = €M [yre ™7+ e)""a’/ Qre M d (1.71)

As in (1.67), the complete solution can now be written as,

r=1

Type-III (a)

Consider the differential equation in the form :

d? 1d n?

R A 1.
da:2+xd:c 22 (1.73)

Lv=Av, L=

18
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This operator L is of frequent occurrence in problems on cylinders. Substituting

1.59) in (1.73) and premultiplying by V!, we get
(

Ly=Ay, y=V v (1.74)

as a system of decoupled equations. A typical r** equation of (1.74) is

Lyr = )\ryr
>y, 1dy n? (1.75)
- - — >\r > r = 0
Or’d:cZ +xdm ( +x2)y

Case (i)

When A\, = a2, the solution of equation (1.75) can be written as
yr = A Ky, (0. X) + B I, (. X) (1.76)

n is integer and A,, B, are constants. K,, I, are modified Bessel functions of the
second and first kinds of order n.
Case (ii)

When ), = —a?, the solution can be written as
yr = Ardy (0. X) 4+ B Y, (0. X) , (1.77)

n is integer, J,, Y, are Bessel functions of the first and second kinds of order n.
Hence the complete solution in this case can be written as v = Y _, V,4,, the

explicit form of which is given as in equation (1.72).
Type-III (b)

We often encounter problems on a spherical body in which we have to consider a

differential equation of the form :

d? 2 d 2
Lv=A I = - _ = 1.78
o . dr? T rdr 2 (1.78)

Substituting (1.59) in (1.78) and premultiplying the resulting equation by V1,
we get
Ly=Ay, where y=V"'v (1.79)
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as a system of uncoupled equations. A typical p® equation in (1.79) can be taken

as
Ly, = A\p¥p (1.80)
which in explicit form can be written as
d? 2d 2
I Yy =0 1.81
(d7'2 + rdr r2)yp ( )
If we take A, = 7>, then a solution of (1.80) can be written as
1 —TpT Tp —TpT
yp = Ap ﬁe B —I— ?e P (182)
Thus using (1.79) and (1.82) the complete solution can be written as
v=> Vit (1.83)
p=1
Type-1V
Consider the vector-matrix differential equation :
? 1d n?
Lv=A L= — _ 1.84
J vt Z’ dz + wip 22 .54
where f = [f1, fo,. ..., fa]" and fi, fa, fa are real functions of x or constants.

Substituting (1.59) in (1.84) and premultiplying by V! we get,
Ly=Ay+V7lf, y=V1 (1.85)

which is reduced to a system of decoupled ordinary differential equations with Bessel

operator as in (1.84). A typical r'® equation of (1.85) can be written as,

Lyr = Aryr+Qr7Qr = ‘/;n_lfmr = 1;21'”7”
d?y, 1d 2 1.86
or y + yr _ <)\7" _|_ n_) yr — QT‘ ( )

dx? x dx 72

We now proceed to write down a particular integral of (1.86) by the method of

variation of parameters.

Let uy(z) and uz(x) be the two linearly independent solutions of the equation

d*y, 1dy n?
———(AN+=)y.=0 1.87
dx * x dx ( i x2) H (187)

A particular integral of (1.86) can be taken as
PI. =—u U;ICET dz + ug / u;‘C}QT dx (1.88)
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where W = Z,l 2,2 ’ is the Wronskian of uq, us.
1 U
Thus considering all the aspects as mentioned in III and IV, we write down the

solution for v, as,

yr = Ayup () + Bruo(z) — uy u?/gr dx + ugy u;/IC})r dx (1.89)
Hence yi,vs,. . ... ,  Yn are all determined from (1.89) and the complete solution

can be determined by using the form of equation (1.84).

1.3 Numerical Inversion of the Laplace Transform

Let the Laplace transform F(p) of u(t) be given by

F(p) = / e Plu(t)dt,p > 0(p = transform parameter ) (1.90)
0
For the Laplace inversion here we use the Zakian algorithm and Bellman method.
1.3.1 Zakian Algorithm to Obtain the Inversion of Laplace
Transform:

The Zakian algorithm is one of a class of algorithms in which f(¢) is computed as a

sum of weighted evaluations of F(p) :

f(t) = ZKiF (pz) (1-91)

where the values of K, p; and N are dictated by a particular method. The devel-
opment of Zakian’s algorithm is given in Rice and Duong [124] as well as in Zakian’s
original article [155]. A significant feature of the derivation is the specification that

the time function can be related to a finite series of exponential functions:

N
> Kt (1.92)
=1

This significance of this specification is that Zakian’s algorithm is very accurate
for overdamped and slightly underdamped systems. But it is not accurate for systems
with prolonged oscillations. Given F'(p) and a value of time ¢, the following equation

implements Zakian’s algorithm and allows us to calculate the numerical value of f(¢):
2 o

)= =S REAL (K F (-)) 1.93

CRE)Y t (193
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Zakian’s algorithm is simple to implement and is quickly computed. But note that
the initial value, f(t) at ¢ = 0, cannot be computed. Also, when there are oscillatory
systems, f(t) becomes inaccurate after approximately the second cycle. Table 1.1

gives the set of five complex constants for a; and for K; as in Zakian [155].

i (07 Kz

1 12.83767675 + 21.666063445 —36902.08210 + 2196990.4257
2 12.22613209 + 25.012718792 +61277.02524 — 195408.62551
3 10.93430308 + 28.409673116 —28916.56288 + 218169.18531
4 8.776434715 + 111.92185389 +4655.361138 — 21.901528642
5 5.225453361 + 215.72952905 —118.7414011 — 2141.3036911

Table 1.1: Set of Five Constants for «; and K for the Zakian Method

1.3.2 Numerical Inversion of the Laplace Transforms using
Bellman Method:

To avoid complexity of the inversion of Laplace-Fourier transform in space-time do-
main, an efficient computer programme has been developed for numerical compu-
tation for physical variables like stress, strain, temperature by using Method of
Bellman et. al where we have taken the roots(t;) of Legendre Polynomial of de-
gree 7 as the seven values of time (t=t;, i=1...7, where t;=0.025775, t5,=0.138382,
t3=0.352509, t4,=0.693147, t5=1.21376, t6-2.04612 and t;=3.67119). Also, Inverse
Fourier Transforms are calculated numerically by infinite integral using seven point
Gaussian quadrature formulas for different values of Space variables.

We assume that u (t) is sufficiently smooth to permit the approximate method we

employ. Putting

r=c" (1.94)
in equation (1.90) we get,
1
F (p) :/ g (z)dx (1.95)
0
where,
u(—logz) =g (z) (1.96)

Applying the Gaussian quadrature formula in (1.95) we get
N
> wid g (w) = F (p) (1.97)
i=1
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Where z; are the roots of the shifted Legendre polynomial py () = 0 and w; (z)
are the corresponding coefficients. Thus z; and w; are known. The equation (1.97)

can be written as

w1z1P g (21) + warP g (22) + o +wyznP g (zy) = F (p) (1.98)

Wenow put p=1,2,....... N in equation (1.98), and as such the resulting equations
become

wig (z1) + wag (T2) + ... +wng (xy) = F (1)
w119 (T1) + waxag (z2) + ... + wyzng (zn) = F (2)

............................................................ (1.99)
w1z N g (1) + woryV g (22) + o +wyzy™ g (zn) = F (N)
The solution of unknowns ¢ (x;) can be written as
(o) T )
g Eﬂflg w1 Wevenennn WN ! F (1)
g\¥2 WL WoLy..... WNTN F(2)
= . . . ) (1.100)
g(IN) W11 WoXo...... WNIN F (N)

The inverted matrix in the above equation is readily available in Bellman [19].

Hence g (1), g(z2), coveenne , g (zx) are evaluated by solving the above system.

Now u(—logz;) = g(z1), u(—logxs) = g(x2),....,u(—logzy) = g(zy). For
N =17, we get

Roots of the shifted Legendre polynomial z;

u(—logz;) = g(x:)

r1 = —0.94910791

3.671194951

ro = —0.74153119

2.046127431

x3 = —0.40584515

1.213762484

Tq4 =10 0.69314718
x5 = 0.40584515 0.352508528
xe = 0.74153119 0.138382

r7 = 0.94910791

0.025775394

Table 1.2: Roots of the Legendre polynomial
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CHAPTER 2

Generalized Thermoelasticity

Problems
e Problem-1: 4 Study on Fractional Order Thermoelastic Half Space.

e Problem-2: Two-Dimensional Dual-Phase-Lag Thermoelastic Prob-
lem in a Half-Space Medium Subjected to a Heat Source.
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Chapter 1. A study on fractional order thermoelastic half space

2.1 Problem-1

A Study on Fractional Order Thermoelastic Half
Space”

2.1.1 Introduction

In 1956, Biot [20] developed the dynamical coupled theory of thermoelasticity (CTE),
which predicts an infinite speed of heat transportation in an elastic medium. To re-
move that type of pardox and predict finite speed propagation for heat propagation,
the modified generalized thermoelastic theories have been developed by Lord and
Shulman [85](LS model) and later Green and Naghdi [49, 50, 51](GN models L,IL,IIT).
Lord and Shulman try to remove the paradox of infinite velocity of thermal distur-
bances inherent in the CTE. They use a wave-type heat conduction law instead of
classical Fourier law and include a single relaxation time. Dhaliwal and Sherief [33]
extended the theory, introducing the anisotropic case. In 1972, Green and Lindsay
[46] introduced two relaxation time parameters and modified the energy equation
and constitutive equations in a theory of generalized thermoelasticity. Abel [6] first
introduced fractional derivatives in the solution of integral equation that arises in
the tautochrone problem. Fractional calculus was successfully used to modify many
mathematical models in the field of solid mechanics.

Kimmich [74] considered anomalous diffusion and characterised it by the time-
fractional diffusion wave equation using Riemann-Lioville fractional integral. Catte-
neo [25] introduced a law of heat conduction by modifying the classical Fourier law

in the form

g
; = —kVT. 2.1
g + To Dio (2.1)
However, Youssef and Al-lehaibi [153] introduced another formula for heat conduction
as
a% a—1
G+ T = —kI"'VT, 0<a<] (2.2)
In the above equation, the Riemann-Liouville fractional integral operator I is defined
as:
1 i 1
1% () == / (=) '§(7)dt, 0<a<1 and I°f (t) = £ (t)
I'(a) Jo

*Published in Int. J. of Applied Mechanics and Engineering, 2020, vol. 25, no. 4,
pp. 191-202
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Chapter 1. A study on fractional order thermoelastic half space

and « is the fractional order parameter. The author also proved the uniqueness
theorem and, using the state-space approach, presented one- and two-dimensional
applications without any heat source term in the energy equation.

We consider a one-dimensional problem for a half-space in the context of the
Lord and Shulman model with a heat source in fractional ordered generalized ther-
moelasticity. We have applied the eigenvalue approach and Laplace transform with

numerical inversion. The obtained results are also presented graphically.

2.1.2 Nomenclature

A, i Lame’s constants

p Density
To Relaxation times
T Temperature

Ty  Reference temperature

k Thermal conductivity

oi; ~ Components of stress tensor
e;; ~ Components of strain tensor
U; The displacement components
ar  The thermal expansion coefficient
Cg  Specific heat

q; Heat flux components

) Thermal viscosity

V Longitudinal wave speed

v Velocity of the heat source

s
13

ar(3X + 24), Volume coefficient of thermal expansion

~

T Dimensionless coupling constant

2.1.3 Basic Equations and Formulation of the Problem

We consider a homogeneous,isotropic, thermoelastic conducting solid that is un-
stressed and unstrained initially and subjected to an instantaneous heat source. We
consider the problem in half-space region R = {z : 0 < x < oo}. The problem is
to determine the subsequent distribution of temperature and deformation fields with
regard to the conductivity of the medium.
Now the basic heat equation is
B

0 0 ,
kI*'T; = (& + TQ@) (pCET 4+ ~vToe) — pQ — p1o@ (2.3)
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The constitutive equation takes the form
0ij = 2p€;5 + Aexrdi; — vI'6i (2.4)
The equation of motion without body forces takes the form
0ijg = plii (2.5)
For a one-dimensional medium, we assume that
Uy = u(z,t),uy =u, =0 (2.6)

The strain component in the form

ou

Hence, the heat equation, the equation of motion, and the constitutive equation

may be written as, respectively,

0T 6 82 8
kI — CrT + T 1 2.8
0w 0T 0%u
A+ 2 — =p=— 2.
(A + u)aQ o7 = "o (2.9)
0
— (A+2p) 8—“ — AT (2.10)
The following non-dimensional variables are used as follows:
T—-Ty -
0= 0 &' =Vowu = Vou,t =Vt 7 =Vir, o, = -2,
To M
/ PQ o AF2p o A+2u vTo gl pCr
= — 5, h V = ” = ’b — — = —, (5 = —.
© = e Vhere o P Py PR ki

Therefore, the equations (2.8-2.10) becomes

0%0 89 829 %0 9%0 0
O‘*l_ — — — — RN
( )+g<8x8t+7081;8t2) p(1+70 )Q (2.11)

o2 at Vo ot
0%u 89 0%
B — b = P (212)
o= 52% —b(1+0) (2.13)

The half-space R is subjected to an instantaneous heat source, representing its energy
continuously along positive direction of z-axis with a constant velocity. So the heat
source is taken as @ = Qod (z — vt), where Qg is constant of heat sources and §(.) is

the Dirac delta function.
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2.1.4 Solution

Using the Laplace transform defined for any function f(¢) as follows

o= [ syt

where s is the transform parameter such that Re(s)>0 and applying both sides of

ou 20
3 Eaea ot

Therefore, the equations (2.11-2.13) becomes

equations (2.11-2.13) and assuming that u are equals to zero.

0*u —
5=#¥5§—bﬂ+9) (2.14)
cu ,_ df
d*0 — du s* 1 (1 4+ 18)e™
@:sa (14 798) 0 + gs” (1—|—T0$)%—Q0 ( ” 03) (2.16)
where a = %

Equations (2.15-2.16) can be written in the form of a vector-matrix differential

equation using Lahiri et al. [79] as follows:

dz —
— = Az 2.17
o = A2t (2.17)
where ~ .
_ — df du
= ( YUy %7 %) ) (218)
0 0 10
0 0 0 1
A=| - (2.19)
0 agp asz 0
= (f1, fa f5, )T (2.20)
sl (14 1ps)e” v
fi=0, b:07!ﬁ=—Q° <U 05) . f1=0 (2.21)
az; = s (1 + 719s), azs = gs* (1 + 199) (2.22)
Ay =5, az=a (2.23)

The eigenvalues of the matrix A can be determined from the characteristic equation

of the matrix A as

M — [s*(1 4 798) (1 + ga) + s*]A? + s*T2(1 + 195) = 0 (2.24)
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Therefore, the coefficient matrix A has four eigenvalues, which are \j, Ay, — A1, =\,

respectively. The solution of the equation (2.24) is

A2 (s (14 708) (1 + ga) + s?] £ /[s*(1 + 705) (1 + ga) + 2] — 45*+2(1 + 7p5)
i 92 )
i =41, +2.

(2.25)

Now consider the negative eigenvalues Aj, Ay of A for the physical nature of the
problem. The eigenvectors of the coefficient matrix A corresponding to the eigenvalues

A1, Ao, — A1, — A\ of A, respectively, are
Xi=Xh=r, Xo=X)=ney X3=(Xa=ory Xa=(X)r=—x (2.26)
where
X =[N = 5% a\ AN\ — 57), a7 (2.27)

We define the inverse of the matrix V = (X1, X5, X5, Xy) as V! = (wy ). for
i,j=1,2,3,4.
The solution to the differential equation (2.17) is given by

4
z=Y Xy, (2.28)
=1

where 1y, = C,eM?® + eM?® ffooo Q,e % and Q, = Z?:l wy;fj. Here, C, represents
arbitrary constants that are determined by boundary conditions.
Now, using equations (2.14-2.16) and (2.28), the displacement component, heat

component, and stress component can be written as

s A A
U(z,s) = CraeM” + Codoe™ — aQre” v { . 2 }

+ 2.29
M+2 A+l (2:29)
0(z,5) = C1(A] — 8%)eM + Cy(A3 — 8%)eM®

Qe [(A? —s7) (8- 52)} (2.30)
' M+ Mts

G(x,8) = b[C18%eMT 4 Cys?e® — 1
Qe KA%—S2+A§_52)_§( Xa n Ao )]] (2.31)
1 Mt detcs) vA\MtE Mt

a—1 1 %
_Qos* (14703) 54 (4, Cy are arbitrary constants.
20A1 (A2—A3)

where Q1 =
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2.1.5 Initial and Boundary Conditions

We consider two boundary conditions for the half-space problem to obtain the coef-
ficients C and C5 of equations (2.29-2.31).

2.1.5.1 Case-1:

(a) mechanical boundary condition is o (0,¢) = 0,
(b) thermal boundary condition is 0 (0,t) = 6y H (t),
where 6 is the constant temperature and H (t) is the Heaviside unit step function.

The Laplace transformed boundary conditions for ¢ > 0 are

7(0,s) =0, (2.32)
9(0,s) = % (2.33)

Now from equations (2.29-2.31), we get

2 .2 _
(M2 —s2) R M} ol O

Cy = ,
' (A2® =A%) (A® =A%)

2 2 2 2
where R = L — Qos*~3 (1470s) ()‘1 —s ) ()‘2 —s ) 48 A1 A2
52 20A1 (A1%—A2?) A+ Ao+

and M — fo _ Qus*t (ms) | (u27s?) (A7)
s 211)\1()\12—)\22) )\1+§ )\2+§ :

2.1.5.2 Case-2:

(a) mechanical condition is o (0,¢) = 0,

0, t<0
(b) thermal boundary condition is 6(0,¢) = { 61, 0 <t <t
01, t >t

where 6, is a constant and ¢y is ramping time parameter.

Taking Laplace transformation of the boundary condition becomes

7 (0,s) =0, (2.34)
0(0,5) = f—; (1_57620) . (2.35)

Similarly, from equations (2.29-2.31), we get

()\22 — 32) R—M
(A” = M%)

M — ()\12 —52)R

Ci = ,
' (A? =A%)

and Cy =
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s 21)/\1()\12—/\22) )\1+§ )\2+§

w01 = 3 () g psaa [2) 1))

a— 2_g2 2_42
where R:%_QOS 3 (1+70s) |:{(’\1 )+(’\2 )}+S{ A1 + Azs}:|

20A1 (A7 —A2?) At2 Ao+2

2.1.6 Numerical Representation

The inverse of the Laplace transform of the expressions given in equations (2.29-2.31)
for displacement, temperature, and stress, respectively, in the space-time domain are
very complex. So, we develop an efficient computer programme for the inversion of the
Laplace transforms. We follow the method of Bellman et al. [19] for this inversion
of the Laplace transform. The numerical computations for the field variables are
performed for the time instants. t; = 0.025775, t5 = 0.138382, t3 = 0.352509,
ty = 0.693147, t5 = 1.21376, tg = 2.04612, t; = 3.67119, which are the roots of the
Legendre polynomial of degree seven, vide Bellman et al. [19]. Here copper is taken as

the thermoelastic material, and the taken parameters (in S.I. units) are below [151]:

a =776 x 10"N/m? pu=3.86x 10"°N/m? 7, = 0.001,
Ty, = 293K, k=386 N/Ks, ap=17810"°K*!
v=0.08, §=2888.6m/s?>, p=28954Kg/m*® jB*=4, e=0.0168.

2.1.7 Graphical Representation

Now we consider the obtained graphs of two cases.

2.1.7.1 Case-1:

(i) Figure 2.4: This figure exhibits the variation of displacement against the space
variable x for &« = 0.1. The displacement u attains its maximum value near ¢t = t¢ for
x = 0 and then decreases rapidly, similar to ¢t = t4 and t = t5. However, for a = 0.8,
the graph is also significant.

(ii) Figure 2.5: This figure shows the temperature distribution against the space
variable x for a = 0.1. It attains its maximum value near ¢t = t; for x = 0.2 and
then decreases rapidly. Similarly, near ¢ = t5, the figure increases up to x = 0.2
and then decreases towards zero. However, for ¢ = t5, the graph decreases up to
x = 0.4; thereafter, it increases and converges to zero. At a = 0.8, the graphs are

likely similar, but their attained maximum and minimum values vary.

31



Chapter 1. A study on fractional order thermoelastic half space

B=

o

B

N

%

=

—==tt,008

— 1=t 0=0.

»
2
»
008
»
- = k008

Figure 2.1: The displacement distribution v against x

>

25

2

Figure 2.2: The temperature distribution against x

25

600
- I:I“Q:O‘W
LU SPEEE 4
VAR N — ==t 0-08
/ N o
/ N tety o=
- AN — = —t,0=08 =
\\\\ 5
II \\\\\ — 1
N\
00 | \\\\\\ —— \=I7‘a=0‘ﬂ -

a

Figure 2.3: The stress distribution against x

25



Chapter 1. A study on fractional order thermoelastic half space

4%

o N

B N

Kl AN

% X

0 N

—tet, 0201 -
=08
=01
10=08
J0=0.1
008 7

-
—
o

— et

-

15 2 25

Figure 2.6: The stress distribution against x

33



Chapter 1. A study on fractional order thermoelastic half space

(iii) Figure 2.6: This figure shows the stress distribution against the space vari-
able z for a = 0.1. It attains its maximum value near ¢ = ¢; for x = 0.2 and then
decreases rapidly. Similarly, for ¢ = t5 and ¢t = ¢, the figure at first increases and
thereafter decreases towards zero. For o = 0.8, the graphs are likely similar, but their

attained peak points and lowest points vary.

2.1.7.2 Case-2:

(iv) Figure 2.1: The variation of displacement against the space variable x shows
differences in values for a = 0.1 and a = 0.8 in the range 1 <t < 7. For a = 0.1,
the displacement u attains its maximum value near t = ty, t = t4, and t = t; for
x = 0, and then decreases towards zero. For a = 0.8, the graph also starts from the
maximum values near t = t, t = t4, and t = t.

(v) Figure 2.2: For a = 0.1, the temperature  increases and attains the maxi-
mum value near t = t7, t5, and t3 for z = 0.3, and then decreases rapidly. However,
for a = 0.8, the graph shows different peak points.

(vi) Figure 2.3: This figure shows the stress distribution against the space vari-
able x. For a = 0.1 and o = 0.8, the value of stress attains its maximum near ¢t = t,

ts, and t; for z = 0.2, and thereafter decreases rapidly.

2.1.8 Conclusion

Investigating the thermoelastic solid subjected to an instantaneous heat source in the
context of the fractional order theory of thermoelasticity, we can get the following

information:

1. The non-dimensional temperature reaches its maximum value at the location

x = vt when its time is specified.

2. The magnitude of the maximum value of temperature increases as the fractional

order parameter increases.
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2.2 Problem-2

Two-Dimensional Dual-Phase-Lag Thermoelastic
Problem in a Half-Space Medium Subjected to a
Heat Source

2.2.1 Introduction

In 1956, Biot [20] introduced the coupled thermoelasticity theory (CT), which for the
first time showed that heat propagation takes place in waves and predicted that heat
will move at an infinitely fast rate in elastic media. Lord and Shulman (LS model)
[85] developed modified generalized thermoelastic theories that remove the paradox
of infinite velocity of thermal disturbances inherent in the CT model and predict
finite speed propagation for heat propagation. Green and Lindsay [46] first used
two relaxation time parameters and modified the energy equation and constitutive
equations in a theory of generalized thermoelasticity. Later Green and Naghdi (GN-
LIL,IIT model) [49, 50, 50] use a single relaxation time and a wave-type heat conduction
law in place of classical Fourier law. Dhaliwal and Sherief [33] show the theory in
the anisotropic case. Recently, Ignaczak and Ostoja-Starzewski[61] showed the finite
wave speeds in thermoelasticity.

A dual-phase-lag (DPL) model of high-speed heat transportation in macroscopic
formulation was proposed by Tzou [146]. Tzou’s model replaces conventional Fourier’s
law ¢ = —kVT with

q(P,t+71,) = —kVT(P,t + 7r) (2.36)

in which the temperature gradient V1" at a precise position P of the medium at time
t + 7, corresponds to the heat flux vector ¢ at the exact position P at time ¢ + 77.
The constitutive relation between heat flux vector and temperature gradient has been
introduced with two different phase lags, 77 and 7,. The phase lag of the temperature
gradient can be defined as the delay time caused by the micro-structural interactions.
In addition to the delay time 7,, the phase-lag of the heat flux can be interpreted as the
relaxation time of the transient thermal inertia. Tzou [145] discussed the application
and thermal disturbances of this theory in space. Also, Mitra et al. [91] and Tzou
[147] gave experimental support for the lagging behaviour. Recently, Quintanilla
[122] employed the exponential stability of dual-phase lag thermoelasticity. Using
this hypothesis, Othman and Abbas [109] investigated the influence of heat loading

in half-space.
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Abel [6] was the first to employ fractional calculus in the tautochrone problem’s so-
lution of an integral equation. This area has grown rapidly, and applications have been
found in several fields, including solid mechanics, geophysics, physics, and mathemat-
ical biology. Many mathematical models in the fields of solid mechanics, bio-rheology,
nonlinear dynamical systems in ecology, and so on, have been successfully modified
using fractional calculus. The fractional derivative exhibits nonlocal properties, and
global dependency is among the main reasons to use it. Kimmich [74] considered
anomalous diffusion and characterised it by the time-fractional diffusion wave equa-
tion using the Riemann-Liouville fractional integral. Povstenko [120] demonstrated
the effect of fractional heat transportation in the presence of thermal stresses. Sherief

[135] introduced a fractional order formula for heat conduction as

0%g;

g + 7o e = —kVT, 0<a<l (2.37)
Later, Youssef [153] introduced another formula for heat conduction as
9q;
g+ 7o a(fs = —kI*IVT, 0<a<2 (2.38)

where the Riemann-Liouville fractional integral operator is defined as
I°f(t) = ﬁ /Ot (t —7)* f(r)dr, 0<a<2, with I°f (t) = f(t) (2.39)

Here I'(.) denotes the Gamma function and « is the fractional order with 0<a<1
for the weak conductivity, a=1 for normal conductivity, and a>1 for strong conduc-
tivity. Also, established the uniqueness theorem and provided an example of a one-
dimensional model with no heat source in the energy equation. Roy and Lahiri[126]
studied the effect of fractional order thermoelasticity with a heat source in half-space.
Abbas and Youssef [2] considered fractional-order thermoelastic problems in porous
materials. Several studies have aimed at the fractional calculus in thermoelasticity
(153, 54, 53, 121, 118]. This problem can be solved using different methods, such as
the state space method [152], the Eigen value approach method [109, 126], the finite
element method [3], etc. The eigenvalue approach offers the advantage of directly
obtaining solutions to equations in coupled form within matrix notations. This capa-
bility facilitates the application of modern control theory methodologies in addressing
problems within the field of linear thermoelasticity.

We construct a two-dimensional fractional order dual-phase-lag thermoelasticity
problem in a half-space medium carrying a moving heat source and also in another
case shown in a stable heat source. The eigenvalue approach method is used to solve
the vector matrix differential equation, which is obtained using normal mode analysis.

The obtained results are also presented graphically using MATLAB programming.
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Nomenclature

Cg Specific heat

B Components of strain tensor
k Thermal conductivity

T Temperature

To Reference temperature

U Displacement components

Qs Heat flux components

Co Longitudinal wave speed

Vo Velocity of the heat source
ar Thermal expansion coefficient

) Thermal viscosity

A, u Lame’s constants

v aT(3)\+2,u) Volume coefficient of thermal expansion
€

p

Dimensionless coupling constant

pC ’
Density
To Relaxation times
Oij Components of stress tensor
Ty Phase lag of heat flux
T Phase lag of temperature gradient
I5) Ratio of longitudinal to shear wave speed

2.2.2 Formulation of the Problem

Following Youssef[153], Hamza et al. [55] and Tzou[146, 145], our governing equations
are taken in a homogeneous, isotropic thermoelastic medium with body forces and

heat source as: The constitutive equation
7_(1
045 = 2/,661']' -+ )\ekk(Sij = ")/(1 + ;()'D?)T(Sl] (240)

The equation of motion with force is written as
Ta ..
gy + (A + pug g+ F— (1 + 51)?) T, = pi; (2.41)

The fractional-order heat conduction equation with a heat source in DPL theory
TQQ o 04 a 7—(1206 2a r
' (2.42)

7_2a
+ (1 -+ n Da + %D2a> (’yTouM — pQ)

We consider a two-dimensional non-dimensionalized homogeneous isotropic ther-

moelastic problem in a half-space medium with the presence of a heat source, which
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£ u=v=0atx=0
a6
90 ——=0atx =
6J_c »

A 4
Y

Figure 2.7: Schematic diagram

the region describes as R = {(z,y,2) : © > 0,—00 < y < 00, z = 0} shown in Figure
2.7. In this case, t, x, and y will determine all the variables. We assume that there

are no body forces, and initially, at uniform temperature Ty. Also, the displacement

vectors and the temperature are all zero as x and y tend to infinity. We will use the

Cartesian coordinates (z, y, z) and the components of the displacement u; = (u, v, 0)

to write the equations (2.40-2.42) as:

T N 82 82
(14500 (52 ) 0=

. T o0
(1 Eop e o)

o 2a
T ne . Td 2 0 Ou Ov
(1+n D+—2 D, )((%((9 +a) £4Q)

u 0% 0% T 060
2 2 2 70 Ha 2
5a2+a2+(5 Y ayos 6<1 D)@x pri

92 2 2

,0°v  0%v 0*u 9 7'0 o\ 00 9 e

— D

5+ gt =0 (14 Bp ) =

Now the stress components from Equation (2.40) take the form of
ou  Ov

ov T
2 oguy  ,0U o T0 Ma
B( ay) 20y I} (l-l—a!Dt)@

ou Ov 8u
_ Q27 VN o2 02 o
ayy_ﬁ(ax+ay) pe 6<1+ D)e

38

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)



Chapter 2. Two-Dimensional Dual-Phase-Lag Thermoelastic Problem

(o
dy Ox

(2.48)

Ogy

where non-dimensionalized variables are taken as

(", y",u*) = con(z,y,u), (t* ", n", 1,5 7", v") = COQW(t,to,Toqu,TTW)?

i A+ 2 2T
9*:_7 eaaij*zgjaQ*: IYQ 276: T u?‘gz 70 .
A2 I (N +2u)Kcog?n 1 (AN +2u)peg

Here ¢y = / ’\Jr% is the longitudinal wave speed and 7 = #Z is the thermal viscos-
ity. So the above equations (2.40-2.42) are written as equations (2.43-2.48) dropping

the * marks.

2.2.3 Solution of the Problem

The solution of the considered physical variables can be decomposed in terms of

normal mode as follows:
(u,v,0,05,Q) (x,y,t) = (ﬂ, 7,0, Tk @) (x) eWtHiby). 5k =x v ; (2.49)

where w is a complex constant, 2 = v/—1, and b is the wave number in the y-direction.
u(z),v(z), 0(x), o55(x), Q(z) are the amplitudes of u,v, 0, oy, Q.
Using the above equation (2.49) in equations (2.43-2.48), we get the vector matrix

differential equation as

dz —
— = Az 2.50
dx Z+f ( )
where .
_du dv dof
Z=\w0,0, -~ — —— 2.51
- (u,v, ’dx’dm’dx) (2.51)
[0 0 0 1 0 0 ]
0 0 0 0 1 0
0 0 0 0 0 1
A o 41 0 O O Q45 Q46 (252>
0 as2 as3 asa 0 O
| 0 Qg2 Qg3 0dg4q 0 0 i
and
F=1(0,0,0,0,0,a6)" (2.53)
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Components of matrix A and f are given in Appendix-A. Let us now proceed to
solve equation (2.50) by the eigenvalue approach proposed by Lahiri et al.[79]. The

characteristic equation of matrix A takes the form in

A+ AN+ A+ f3=0 (2.54)
Here the coefficients fi, fo, and fs are defined in Appendix-B. Therefore, the co-
efficient matrix A has six eigenvalues, which are +A;, j = 1,2, 3, respectively. The
solution of the equation (2.54) is
AP =B+, =1

ad+et+w?+2b2) £/ (ad+c+w?+2b2)2—dadb2+4(w2 +b2)(c2+52) . 93 (2-55>

A'ZZ(

J 2 ?

Now the eigenvectors of the co-efficient matrix A correspond to the eigenvalue A of
A. be

—

X = [X17X27X37X47X57X6]T (256)

Here x;,7=1,2,3,4,5,6 are given in Appendix-C.
We consider the negative eigenvalues Aj,As,A3 of A for the physical nature of the
problem. The eigenvectors corresponding to the eigenvalues +A;, 7 = 1,2,3 of A be

are

(2.57)

We construct the inverse of the matrix.
V = (X1, Xo, X3, X4, X5, X6) = (Xij) as Vvl = (wij), 4, j=1,2,3,4,5,6 (2.58)

Then the solution of the differential equation (2.50) is

3
7= Xy (2.59)
j=1
where -
yr = Crel® + eA*“/ Qe ™% and Q. = V71 = w,eaer (2.60)

where C,. is an arbitrary constant that is to be evaluated using initial and boundary
conditions.
Hence, the solution of the equation (2.50) in the form of equation (2.59) can be

written using the equation (2.49) as

3
u = elwttiby) Z X15(Cjet® — %) (2.61)
j

J=1
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3
wt+1 j T Q

v = plwttiby) ;:1: ij(gjef\g _ A_j) (2.62)
3 Q

D= Y e = ) (2.63)

Using equations (2.61-2.63) and simplifying the above equations, we get the stress

components as follows:

3
Opr = Q(Wt+iby) <Z CjKleAjI — E1> (264)

Jj=1

3
Oy = e(wt+iby) (Z CjKQj@Ajm - EQ) (265)

Jj=1

3
0y = e@Hity) (Z C; K3t — E3> (2.66)

j=1
where K;;, F;,i = 1,2, 3 are given in Appendix-C. We will use the following bound-

ary conditions to complete the solutions:

2.2.4 Application
2.2.5 Case-1:

We consider the problem of a half-space R with conditions

Mechanical Boundary Condition:
u(0,y,t) =v(0,y,t) =0 (2.67)

and Thermal Boundary Condition:

06
aiale =0. 2.68
vl 5 =" at r =0 (2.68)

Where v is the Biot’s number and r is the intensity of the heat sources.

Now using (2.49), we get

u(0,y,t) = 0(0,y,t) = 0,and vh(0, y, t) — PO _ p» (2.69)
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This condition gives

>, (C— %)Xu =0,
> (G — §) Xy =0, (2.70)
>3 (Ci(v = Ag) = 3 X5 =7

Where X;; are given in equation (2.58). Now solving the above equations (2.70)

using the below process, we get the values of arbitrary constants C';, j =1,2,3 as
1

Ci X1 X2 Xi3 H,
Cy | = Xo1 Xo9 Xos H, (2.71)
03 (U — Al)Xgl (U = AQ)XgQ ('U — A3)X33 r* + H3
Where
= Q
Hi=) 2X;i=1,23. (2.72)
j=1""

2.2.6 Case-2:

Another boundary condition is given below to find out the arbitrary constants of the
equations (2.61-2.66).

Mechanical Boundary Condition:
Oz (0,4,1) = 0,04, (0,y,t) =0 (2.73)
and Thermal Boundary Condition:
0 (0,y,t) = r,where r is the intensity of heat source. (2.74)

Now using (2.49), we get

02z (0,y,t) = T4y (0,y,1) =0
and 0(0,y,t) =r* k78]

Which gives

S X5 (G =) =1

Again, solving the equation (2.76), we get the values of the arbitrary constants as

-1

O K Ko Kis Ey
02 = K21 K22 K23 Es (277)
Cs Xg1 X3o X3 r* + Ls

Where Kij, Ky;, F;, L3, j = 1,2,3 are given in Appendix-C. and We solve the

problem numerically as below:
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2.2.7 Numerical and Graphical Representation

We performed an analysis of the problem earlier. To validate the problem in physical
phenomena,copper is taken as the thermoelastic material, and the parameters (in S.I.
units) are given below (following Youssef[151],Mittal and Kulkarni[93]).

A =T7.76 x 10"°N/m? = 3.86 x 10"°N/m? 9 = 0.08,§ = 888.6ms,
p=8954Kg/m? Ty = 293K, k = 386 N/Ks,7r = 0.1,7, = 0.15 (2.78)
ar =1.7x 103K gm?, f2=4,e=0.0168, r* =20, b=13, w=12v=2.

Using the above data, the temperature distribution, displacement u distribution,
displacement v distribution, the stress o,, distribution, the stress o, distribution,
and the stress oy, distribution are calculated numerically and presented as graphical
representations. Here we discuss the graphs with the effects of different heat sources,

fractional parameters, phase lag parameters, and time.

2.2.8 Case-1:

Figure 2.8-2.13 represent the various distributions at constant time ¢t = 0.3 and fixed
y = 1.0 with different values of the fractional parameter and different values of heat
source.

In the context of the dual-phase-lag model (7 = 0.1, 7, = 0.15), we discuss the
first four figures. In figure 1, the temperature distribution starts with a maximum
value at the origin without a heat source (@ = 0) and a heat source (Q = 2,4). As
X increases, the temperature decreases towards zero. But an increase in the value of
the heat source shows a decrease in temperature. For the remaining figures in case-1,
Q=0 is taken to compute.

In figures 2.9 and 2.10, the displacement distributions u, v start with a minimum
value of zero at the origin, where the fractional order parameter « is 0.2, 0.6, and 1.0.
In all cases, up to x = 0.6, they increase and reach their maximum value at x = 0.6.
After x = 0.6, everything gradually decreases towards zero. As the fractional order
parameter « increases, the absolute values of u and v also increase.

In figure 2.11, the fractional order parameter a has significant effects on the stress
distribution o,,, where an increase of a causes a decrease in the absolute values of
the stress, and the rate of change of them with respect to x also increases when «
increases, which is also compatible with the definition of thermal conductivity.

In figures 2.12-2.13, we take fixed «=0.6 and other constants remain the same,

excluding the phase-lag parameter. The stress o, distribution starts with negative
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Q

Figure 2.8: The temperature distribution with different values of the heat source.

SRR =02
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Figure 2.9: The displacement u distribution with different values of the fractional
parameter.
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Figure 2.10: The displacement v distribution with different values of the fractional
parameter.
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Figure 2.11: The stress o,, distribution with different values of the fractional param-
eter.

Figure 2.12: The stress oy, distribution with different values of the phase lag param-
eter.
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Figure 2.13: The stress o, distribution with different values of the phase lag param-
eter.
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value for Dual-Phase-Lag( 70 = 0.1,7, = 0.15) model, LS(rr = 0,7, = 0.15 with
72,=0) model and CT( 7 = 0,7, = 0) theory at origin, but as x increases, the value
goes towards zero. The stress o, distribution starts with a maximum value at the
initial position, but as x increases, it decreases, and after x = 0.2, it goes towards a
negative value and attains a minimum value at x = 0.8. Then it increases towards
zero. In both figures, the curve of the DPL model lies between the curves of the LS
and CT models. Both stress distributions have a significant effect on DPL, LS, and
CT theory, and for CT theory, both stress distributions take the lowest values.

2.2.9 Case-2:

We consider Q = Qovy as a moving heat source, where @ is the magnitude of the
heat source and vy is the velocity of the line heat source along the x-axis.

Figures 2.14-2.17 represent the temperature distribution, the displacement u dis-
tribution, the displacement v distribution, and the stress o, distribution, the stress
04, distribution, and the stress o, distribution, respectively, at constant y = 1.0
with different values of the fractional parameter «, phase-lag-parameter, and time.
In this case, Qp = 9 and vy = 3 are taken for the representation.

We discuss DPL thermoelasticity in figures 2.14, 2.15, and 2.17 with different
values of a. In figure 2.14, the fractional order parameter « has a significant effect
on the temperature distribution, where increasing on « causes increasing on and the
rate of change of with respect to x also increases when « increases at fixed t = 0.1.

In figure 2.15, when fractional order av = 0.6 and time t=0.1 are fixed and other
constants are the same as equation (2.78), the displacement distribution starts with
negative values for DPL, LS, and CT theory. u-distribution up to x = 1.2 for LS
model is greater than that of the DPL model and CT model. After x = 1.2, the
result is reversed.

In figures 2.16-2.17, the fractional order parameter has significant effects on the
stress 0.4, 04y distribution. Both start at zero initially, which shows that they satisfy
the boundary condition. Increasing the fractional parameter o causes decreasing the
absolute values of the stresses, and the rate of change of them with respect to x also
increases when « increases. For the fixed value of x, the stress o,,-distribution has
the lowest value for the fractional parameter o = 0.2 in the range 0 < z < 1.0. For

x > 1.0 the distribution gradually increases towards zero.
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Figure 2.14: The temperature distribution with different values of the fractional pa-
rameter.
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Figure 2.15: The displacement u distribution with different values of the phase-lag
parameter.

Figure 2.16: The stress o,, distribution with different values of the fractional param-
eter.
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Figure 2.17: The stress o, distribution with different values of the fractional param-
eter.

2.2.10 Conclusion

In this work, the effect of the heat source, fractional order, phase lag parameters,
and time on the temperature distribution, displacement components, and stress com-
ponents that have been studied for a two-dimensional problem in a half-space ther-
moelastic material is considered in the context of the fractional order generalized
thermoelasticity theory carrying a heat source. The field distributions are shown
graphically with the comparison of three different thermoelastic models. We found
that the fractional order parameter has significant effects on all the studied fields,
and the results support the definition of the classification of the thermal conductivity
of the materials. We also observed significant effects of phase lag parameters when
comparing the LS model, CT model, and DPL model.

2.2.11 Appendix

The components of matrix A in equation (2.49) are obtained as

w?+b22 ib(1-52) .
aq = Bzﬂ y Q45 = — gz, (46 = G,
(2 2\ 32 . 2 i 2\ «
aAzo = (w +b )/3 , 53 = ’L(Lb[)) ,a54 = Zb(l —[)) ),_
agy = ibcew, ags = (cw + b?), agy = cew, agy = —&1Q.
e 7_204 e ,’_2a (279)
TS (1+a_!qwa+ 2a!qw2a> <1+a_!q“’a+ 2a1q‘*’2a)
Wherea= (14 2w*) d=c¢ e , = —
" ) (1+2fwe)
I B
and &1 CoomOTI)
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The coefficients of various powers of A in Eq. (2.50) are obtained as

_ f1 = —Q41 — Q52 — A3 — Q45054 — 46064
fo = asias2 — as3aez — 46054062 T 141063 T (52063 + 45054063 + A46A52064 — Q45053064
fa= a41(a53a62 - a52a63)

(2.80)
Here x;,1 =1,2,3,4,5,6 are given below
r1 = agsass\ + ageA (A* — ass) |
Xg = ayeas54\* + az3 (A* — aq1), (2.81)

2 2 2
x3 = (as2 — A?) (ag1 — A?) — assa64\?,
x4 = Axy, X5 = Ax9,x5 = Axz.

K = PA1 X +i0(8% — 2) X1 — B%aXs
Klg = 52A2X12 + ’Lb(ﬁQ — 2)X22 — 62GX32 (282)
K3 = PA3X 15+ ib(3* — 2) X3 — [2aXs3

Ky = A Xo1 +1ib X1y
K22 - A2X22 + ?:leg (283)
K23 - A3X23 + ileg

(ﬂQ — 2)A Xll + ibﬁZXm — 52€LX31

K3 — ( )A2X12 + ibﬂQXQQ - 52CZX32 (284)
K33 - (52 - 2)A3X13 + ibBQng - 52QX33

Ei=3%7, % (ib (82 — 2) Xy; — f?aX3;)
E, = 23 ~ij)J(1j
Es = Z? 1A, L (ibB?Xa; — B?aXs;)

— 3 QjX3j
Ly = Zj:l A,

(2.85)
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CHAPTER 3

Generalized Thermoelasticity with Microstructure

Problems

o Problem-3: Multi-Phase-Lag Heat Conduction Model in a Rotat-

ing Micropolar Thermoelastic Medium with a Moving Heat Source.

° Problem—4: Fractional Order Thermoelastic Model with Voids in
Three-Phase-Lag Thermoelasticity.

e Problem-5: Dynamic Response of Initially Stressed Microelon-

gated Layer to Gravitational and Electromagnetic Forces.
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3.1 Problem-3

Multi-Phase-Lag Heat Conduction Model in a
Rotating Micropolar Thermoelastic Medium with
a Moving Heat Source.

3.1.1 Introduction

Biot [20] presented the coupled thermoelasticity theory, which combines elasticity
theory with the classical Fourier law of heat transportation. In the physical domain,
the transmission of heat in an elastic medium always occurs at a finite rate. However,
this hypothesis falls short of guaranteeing an acceptable speed of heat transfer. To
overcome the unlimited rate of heat transmission, Lord and Shulman [85] designed
a novel model that uses a single relaxation time and a hyperbolic form of the en-
ergy equation instead of the standard Fourier law of heat equation. This theory
automatically implies that heat and elastic waves propagate at specific speeds since
the heat equation is expressed in wave form. Green and Lindsay [46] incorporated
temperature rate-dependent thermoelasticity with two relaxation time parameters
into the constitutive equations without violating Fourier’s law of heat transportation.
Both the equation of motion and the energy equation are adjusted and take on a
hyperbolic form, predicting a finite rate of thermal signal. The finite speed of waves
in thermoelasticity was recently shown in detail by Ignaczak and Ostoja-Starzewski
61].

The behavior of many contemporary artificial solids, such as those of the viscoelas-
tic and polymer types, cannot be characterized by a linear thermoelasticity model be-
cause these materials have microstructures. The impact of the body’s microstructure
becomes considerable in the case of elastic vibrations with high frequencies and short
wavelengths. This effect of microstructure results in the formation of new types of
waves that are not observed in conventional elasticity theory. Thus, classical thermoe-
lasticity theory is presently insufficient to present a complete analysis and description
of the experimental results for the granular structure. Eringen [35, 36, 37| first used
the term micropolar elasticity to describe such materials. Micro-rotation and macro-
deformations can occur in solids under this theory, allowing both force stress and
couple stress to exist in a micropolar solid. Later, Aouadi [16], Deswal and Kalkal
[32] developed this theory, including the effects of temperature.

By including two-phase delays related to the heat flux vector for temperature gra-

dients, Tzou [146, 148] constructed the two-phase delay heat equation theory. This
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hypothesis is referred to as the dual-phase-lag (DPL) model. Two-phase lag parame-
ters are related to the fastest impacts of thermal inertia. In the lagging behavior, Tzou
[145] provided experimental support. Later, Roy Choudhuri [128] developed the new
three-phase-lag (TPL) thermoelasticity theory. Recently, Quintanilla [122] employed
the exponential stability of dual-phase-lag thermoelasticity. Tzou and Guo [149] de-
veloped a lagging technique for heat transmission theory with non-local properties.
Zenkour [161] introduced the multi-phase-lag thermoelastic problem with a diffusion-
type equation. Abouelregal et al. [11, 12] studied higher-order time derivatives in
generalized thermoelasticity as well as micropolar thermoelasticity. Sardar et al. [130]
also construed a thermoelastic problem in an anisotropic medium with multi-phase-
lag thermoelasticity. Zenkour et al. [156, 157, 158, 159] illustrated the multi-phase-lag
thermoelastic problem with various variables like gravity, electromagnetic, and pho-
tothermal effects. There has been a rise in interest in the issue of thermoelasticity in
the context of a magnetic field for wider use in numerous sectors. Electro-magneto-
thermoelasticity is used to characterize domains such as nuclear reactors, high-energy
gradient fields, and physics. Das and Lahiri [31], Ghosh and Lahiri [45] solved the
thermoelastic problems in the context of magneto-thermoelasticity. Biswas [21] has
explored the interactions between the electromagnetic environment and the thermo-
elastic properties of the orthotropic medium. Because most large objects, such as
the Moon, the Earth, and other planets, possess angular velocity, the Earth itself
acts as a potent magnet. Studying how thermo-elastic waves spread when they en-
counter a magnetic field while moving through a rotating material is crucial. Kumar,
Sharma, and Lata [77] investigated the effects of two temperatures and magneto-
thermoelasticity due to Hall current in a transversely isotropic medium. Abouelregal
[12] and Bayones et al. [18] analyzed the impact of rotation on an electromagnetic
porous semiconducting medium with different thermoelastic models. Othman and
Singh [106] investigated five theories and the rotational impact on micropolar ther-
moelasticity. Othman et al. [113] studied the effect of initial stress and gravity on
a magneto-thermo-microstretch elastic medium. Othman and Abbas [4] depicted a
three-phase-lag model in a micropolar thermoelastic rotating medium. Zakaria [154]
discussed magneto-micropolar thermoelasticity with rotation and hall current. Abo-
Dahab et al. [7] examined the outcomes for rotation, three-phase-lag, and magnetic
field in a micropolar thermo-viscoelastic medium.

Most thermoelastic problems can be solved by many processes, such as (i) Poten-

tial function method: In terms of the potential function, solutions to physical issues
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can be found. Initial and boundary conditions are concerned with the physical prob-
lems, not the potential function representation, which is not always stable when the
physical problems have a unique and convergent solution. (ii) State-space method:
The physical problem can be transformed into a matrix representation, and the co-
efficient matrix is expanded in series using the Cayley-Hamilton theorem. Youssef
[153] used this method to solve a thermoelastic model with a moving heat source in
the context of fractional thermoelasticity. (iii) Finite difference, volume, and element
methods: The governing equations of the physical problem are directly expanded
into the system of consistent algebraic equations. Abbas and Othman [1] depicted a
comparison between the finite element method and the analytical method to solve a
generalized magneto-thermoelastic problem. (iv) Eigenvalue approach method: The
basic equations of the physical problem are converted into the matrix representation
process, and the eigenvalue and corresponding eigenvector are extracted from the ma-
trix of the thermoelastic problem. Othman and Abbas [109] studied the eigenvalue
approach in the DPL thermoelasticity model under thermal loading due to a laser
pulse. Many researchers have used the eigenvalue approach method in thermoelastic-
ity [16, 126, 79].

In this article, the multi-phase-lag heat conduction theory is applied to two-
dimensional thermoelasticity in the presence of an electromagnetic field. The normal
modes transform the governing equations. Finally, using the eigenvalue approach
technique in the transformed domain, the displacement component and the distribu-
tion of temperatures are determined analytically from the vector matrix differential

equation.

93



Chapter 3. Multi-Phase-Lag Heat Conduction Model

3.1.2 Nomenclature

c Specific heat A Lame’s constants
E Cp ¢ . p Density
€ij omponents of strain tensor - Relaxation times
K Thermal conductivity 0> 71
T Temperature T Components of stress tensor
Ty Phase lag of heat flux
Ty Reference temperature .
such that |(T — Tp)/Ty| << 1 To Phase lag of temperature gradient
u;,u  Displacement components Mij The couple stress tensor
A Feat Hux componsnts i The Kronecker delta
% . Eijk Permutation function
Co Longitudinal wave speed k.o B Micronolar constants
Vg The velocity of the heat source .’ 7 An ulI;r velocit
QT Thermal expansion coeflicient & Y .
Thermal viscosit E Components of electric field
. Microinertia mo}rfnent J The current density vector
‘Zy . ar(3M+241 + k) , The volume 140 Permeability of magnetic field
coefficient of thermal expansion Parmeabilivy of elsctric Seld
Q Heat source

3.1.3 Basic Equations

Following Aoudi[16] and Zenkour and El-Mekawy[161], The set of governing equations
for an isotropic rotating micropolar thermoelastic medium in the appearance of an

electromagnetic (Lorentz) force is provided by:

Miji + Eije0ir = §P[6 + (2 X ¢)i] (3.2)
where €2 = Qn is the angular velocity, n is the unit vector along the direction of the
axis of rotation, and the Lorentz force components of the form F; = po(J x H); are
considered in the equation-3.1. In the presence of electromagnetic force, the medium

should obey Maxwell’s equation. Maxwell’s equation describes the linearized electro-

magnetism equations for a gradually moving medium as

J+eE=Vxh, VXE=—;h

B} ] (3.3)
Vh=0,VE=0 E=—y(axH).

From the above equation (3.3), it is simple to determine the density vector of cur-
rent J that represents displacent by removing the electric field (E) and the magnetic
field (H = Hy + h). Two extra terms have been added to the equation of motion in
the rotating medium [113]: (i) the centripetal acceleration 2 x (€ x u) due to the

time-varying motion alone, and (ii) the Coriolis acceleration 22 x 1.
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The tensors of force stress and couple stress have the following components:
oT
ot
mzy = ’7¢j,i + B¢i,j + a¢r,r6ij (35)

Multi-phase-lag Heat conduction in generalized thermoelasticity with heat source

0ij = (U ; + w5;) + Mg 055 — k(€ijrdr — uji) — yo(T — To + v—=)035 (3.4)

as:
L 1 o z+1 I+1
Ty O o 0 0 oT
1+leatl i 6+7_0 +Z( |8tl+1 (p E _PQ)
1=1
B (3.6)
o l+1 al+1 o
TO+mg+ Z (i + 1)! oti+! g7 T0g; ()
The relationship between strain and displacement is given below
1 ou Ow
€ij = 5(%‘,3‘ + uj;) and ey, = (% + &) (3.7)

From the above equations, we can easily define the different definitions of ther-

moelasticity by changing the parameters.

i. We get Coupled thermoelasticity theory (CTE)[20] model by setting 79 = 7, = 79
=v=11=0and 6 = 1.

ii. Green-Lindsay[46] model(GL) will get if 7p =7, =7 = 0,v =79 > 0and 0 = 1.
19 =7, =v=0,79 = 71 > 0, and J = 1 represents the Lord-shulman|[85] model(LS).

iii. By letting N = 1,0 = land v=0, 79 = 74 = 7, > 7y, this represents the simple
phase lag (SPL) theory as defined by Tzou[146].

iv. By setting L > 1,79 = 11 = 74, and 79 = v, the definition becomes the refined
multiphase thermoelasticity (RPL) theory as defined by Zenkour [156].

v. This model is confirmed as Aouadi [16] if the angular velocity term and Lorentz

force term are excluded from the equations (3.1-3.2) and 7, =7y = Q = 0,0 = 1.
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Figure 3.1: Schematic diagram

3.1.4 Formulation of the Problem

We construct a two-dimensional problem (see Figure 3.1) with initial magnetic field
H, = (0, Hy,0) in a rotating micropolar thermo-elastic semi-infinte(z > 0) medium
with angular velocity Q = (0,€2,0). We assume that there are body (Lorentz) forces,
initially at a uniform temperature of 7j. Assume the Cartesian coordinates (z, y,
z) so that the component of displacement is u = (uq,0,u3),u; = u,u3 = w, and
microrotation is ¢ = (0, ¢2,0). An induced magnetic field h and induced electrical
field E = (E4,0, E5) are produced as a result of the initial magnetic field Hy being
applied along y-axis. So,using the equation (3.3), the components of the Lorentz force

are written in the form

Pu *w Pu  Pw  Ou 0w
FE B =uH((— 4+ —)— — —
(F1, By, Fy) = poHy ((6$2+83:0z) foro g+ 0 Gz + gagy) ~ S0t a#)

(3.8)
The non-dimensional variables are manipulated to simplify the equations (3.1-3.8),

as below

(.T*,Z*) = @(.T,Z), (t*:U*,Tgny>T;aT;) = nﬂ(tava7-077—177-977—q)7

Co
« xy _ PCMo .0 Tij . MMy . pcode
w,u = w7u’9 = 7,0, = M. = ; = 5 3.9
( ) 1o (w, ) T 9 Ty 7 oyl T (39)
* Q * Q 2 © A-2p peech
Q :%,Q :%aﬂdco:;ﬂ: M= T

By using the above non-dimensional variables, we get the non-dimensional form
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of equations (3.1-3.8) as follows:

0%*u 0w , 0% Oy 1 0 .00
1 — +(1-a? - - 14+v=)—
( +€5)8x2 Fil—a +65)8x82+a 922 © 0z (61—|—62)( +U@t)8x (3.10)
_ 1 +6>@2u_ 0? - 20 ow '
B €1 + €2 4 81&2 (61 + 62) (61 + 62) ot
O*w o%*u A*w oo 1 0 .00
1 = 41— . — — 14+v=)—
( +€5)62 +(1~a? +65>8x82+a 922 oz (61+€2)( +U@t)8z (3.11)
_( 1 +6)82w_ 0? vt 20 Ou '
B €1 + €2 4 é?tQ (61 + 62) (61 + 62) ot
82¢2 82¢2 ou ow 82¢2
Ox? T 022 — a2t 67(82 ax) ® o2 (3.12)
oo 0% 9% 00 0 ou Ow
(1+ ; Tl O )(8352 + 822> Pugy +p12€9at(a + By —) —pu@ (3.13)

The following form is used to represent the stress tensor and force tensor components:

Ope = (€1 + 62)% + (€1 — 1)68_75 —(1+ U%)Q (3.14)
7= 620 (e~ D)o (3.15)

7= 6 (e 1) (3.16)

0. = (61 + 62)2—w + (1 — 1)gx (1+ U%)G (3.17)
= %% (3.18)

Y %% (3.19)

where €;,7 = 1(1)9 are given in Appendices, and

n+ 1 an+1 n+1 grtl

5

For convenience,equations (3.10)-(3.19) use the above non-dimensional expression

without the asteric(*) mark.
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3.1.5 Normal mode analysis

Utilizing the normal mode [18], the solution of the physical quantities under investi-

gation may be transformed as follows:
(97 w,u, mij, 01']'7 ¢27 Q)(.I, Z, t) = (9_7 U_), ﬂa m@'ja U}kv ¢_27 Q) <x>e(st+iqz); (32[))

where i = \/—1, s is frequency (complex constant), ¢ is the wave number in the
z-direction,and 0(z), (), u(x), mi;(x), po(x), 07;(x), Q(x) are the amplitude of the
functions 0, w, w, m;;, ¢2, 045, Q respectively.

Applying the above equation (3.20) in equations (3.10-3.13), we have a vector

matrix differential equation:

dy —
— =AY + R 3.21
o + (3.21)
where r a7
— _ _ - =du dw d¢g dO
Y = g, —, —, —, — 3.22
(@, D o, “dx dx’ dx’dx) ( )
i 0 0 0 0 1 0 0 0 ]
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
A= 3.23
51 ds2 (53 0 0 ase 0 ass ( )
ag1 agz 0 ags ags 0 agr 0
arr 0 a3 0 0 aw apr O
L 0 aso 0 agq ass 0 0 0 ]
And
R =1(0,0,0,0,0,0,0, Rg)” (3.24)

The appendix (3.1.10) includes a list of each element of matrix A and matrix R .

3.1.6 Solution:

To find out the solution of the equation (3.21), we use eigen value approach as [79]

and [126]. Now the below equation
IA—AIl=0 (3.25)

is the characteristic equation of the matrix A, while [ is the identity matrix. There
are eight eigenvalues in the form A = +A; and (¢ = 1(1)4). of the characteristic

equation (3.25). The corresponding eigen vector X for the eigenvalue A obtained as
X=[T, T, My I, AT, AIl, Ally Al | (3.26)
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where II; (i = 1(1)4) is given in the appendix. Now the eigenvectors related to the

eigenvalues +A;, j = 1(1)4 of A are written as

Fl - (K)A:Ala FS = (X)A:*Ala
[y = (X)a=n,, T's = (X)a=-a
27 27 3.27
F3 = (&)A:Ag; F7 = (K)A:—Ag? ( )
[y = (X)a=r, s = (X)a=—n,-
We compute the inverse matrix V™' = (w;;), 4,5 = 1(1)8 of the matrix V =

(['1,T9, '3, T4, 5, [, ['7,T'g). As aresult, the solution to the differential equation (3.21)

1S

8
Y=Y Ty (3.28)
j=1
0o 8
_ Apx Apx —Apzx _ D
Py =G ™ 18 Qpe and Q, = prJR] = wps Ry (3.29)
oo ey

where C), is an arbitrary constant. All the values of C, can be assessed by using
boundary and initial conditions. According to our consideration, the medium is taken

as half-space medium (x > 0). So,the field variables can be written in the following

final form:

4 Q

u — e(st+iqy)z le(CjeAjm _ A_]) (3.30)
j=1 !
4 Q

W — e(st+iqy)z ng(Cjeij — A_]) (3.31)
j=1 7
4 Q

b — e(wt+iby)z K (Ce™ — A_J) (3.32)
j=1 7
4 Q

g — e(wt+z‘by)z X4;(Cieh® — A_J) (3.33)
i=1 ?

where the real part of A; < 0,j = 1(1)4. Using the above equations 3.30-3.33, the

simplified stress components are written as:

4
Opp = e(thribz) <Z CjSljeij - Ml) s

Jj=1

4

J=1

(3.34)
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4
Opo = 6(u.thribz) <Z CjS?,jeij - M3) ’

(3.35)
_ewt—Hbz ZO S4]€ J& _M4)
j=1
4
My = e(thrin) (Z CjSSjeij . M5) 7
7j=1
) (3.36)
Mgy = wt—l—zbz) (Z C]S(i]e 45 MG)
7j=1

where X1, Xoj, X35, X4;,5:;(x),Cj,and My, (i=1(1)6; j=1(1)4; k=1(1)6) are given
in the Appendix.

3.1.7 Initial and Boundary Condition

We consider the half-space problem with the value of initial condition as
u=v=g¢ys=0=u=0=cy=0=0 at ¢t =0 ,which are used to solve the previous
equations.

To evaluate the values of C}, j = 1,2,3,4, we consider the boundary conditions as

follows:

1. Mechanical boundary condition as
0..(z,2,t) = =F(2)H(t) at = =0,
( ) (3.37)
My (T, 2, 1) = 002, 2,t) =0 at z =0.

At the origin of the coordinate system, a load called F(z) is applied to the
half-space medium in the direction of the normal. This is a unit strip load
with width 2d and amplitude Fj applied at origin. Mathematically defined as
F(z) = FoH(d — |z|) where H(.) is a Heaviside function with unit step.

2. Thermal boundary condition as
O(z,2,t) =0 at x=0. (3.38)

Now using equations (3.20) in 3.37 and 3.38, we get

7..(0,2,t) = —FoH(d — |2|)H(t)exp(—st — iqz)

} i pieam (3.39)
My (0, 2,1) = 7,,(0,2,t) = 6(0,2,) =0

Now we achieve the following equations by using 3.33-3.34,3.36 in 3.37-3.38:
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4
j=1
4
> CiSy; =Py
= (3.40)

4
D C;Sy; = Py
j=1

4
> CiXyj = P

j=1
We can easily find the arbitrary constants Cj,j = 1(1)4 from the above equation

using the inverse method of matrix as

1

C1 A X31 Ay X32 A3X33 AX34 | P1

C2 _ S Si2 Sis Sia P2 (3.41)
C3 S31 S39 Sa3 Say P3 '
C3 Xu Xy X3 X P4

where P;,j = 1,2, 3,4 are included in appendices.

3.1.8 Numerical and Graphical Representation

We demonstrated the analytical process earlier. We will now look at a numerical
approach to validating the results. Magnesium thermoelastic material is chosen to
compute the field distributions; the parameters are as follows( Abo-Dahab et al. [7];
Abouelregal [9]; Zenkour and El-Mekawy[161](in SI units)):

§=02x10"" m? g =4.0x10"kg m 's7% XA = 9.4 x 10"°N/m? g, = 0.3,
p=174x10°kg m > Ty = 293K, k= 1.0 x 10"kgm "' s7%,Q =0.2
ap = 2.36 x 107°K™1, Cp = 9.623 x 102Jkg 'K, K = 2.510Wm 'K, 1o = 0.1,
Hy =100,7 = 0.779 x 10 kg ms ™2 [y = 1,d = 1,
q=3.5,5=wy+ iw,wy = 2.0,w; = 0.5.

(3.42)
All the calculations were carried out in refined multi-phase-lag theory (7, = 0.1,
7, =10 = 0.3, 1 = 0.5, 6 =1, and L=3) with moving heat source ) = Qyvy along
the x-axis at time ¢ = 0.1 and z = 1. We also consider ()y = 10 is the intensity of the

heat source, and along the x-axis, vy = 1 is the velocity of the moving heat source.
In Figures 3.2-3.3, we describe the non-dimensional temperature (6) distribution

and u-displacement with the presence of an electro-magnetic field (Hy = 100) and
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rotation (€2 = 0.2) for different speeds of the heat source and without the heat source
(Qo = 0). Figure 3.2 represents temperature distribution with respect to x-axis, and
it initially takes a value of zero. The curves for Qg = 10,vy = 1.5,3 are different
from Qg = 0. As velocity increases, the magnitude of the temperature also increases.
At x = 0.26 all the curves touch their maximum value, and after that, they decrease
towards convergence. Figure 3.3 shows the u-displacement distribution with respect
to x-axis. For Qg = 10 and vy = 1.5, 3, the curves begin with a positive value. The
curve takes a maximum value for Qg = 0, which is higher than the remaining curves.
But as x increases, the curve gradually decreases.

Figures 3.4-3.5 describe the field distributions with different values of magnetic
field(Hy). The blue dashed line describes the distributions without the existence of a
magnetic field(H; = 0).The red dotted line represents Hy = 200, while the violate line
represents Hz = 400. Figure-3.4: temperature distribution () begins at zero, which
holds the boundary condition. An increase in the magnetic field parameter shows a
lower magnitude of temperature. Figure-3.5: o, distribution also begins at zero at
x = 0, which also satisfies the boundary condition. When the value of the magnetic
field parameter increases, the magnitude of o, increases up to x = 0.06. But after
that, the distribution decreases and takes its lowest value around x = 0.5.

Figures 3.6-3.7 depicts field distributions with different values of angular velocity
(2 =102, Q2 = 0.5, and Q = 0.8) along z-axis. Figure 3.6 clarifies that the mg,-
distribution begins at zero in boundary. As () increases, the magnitude of u decreases.
Up to x = 0.21 the curves are decreasing and take the lowest value as negative. Figure
3.7 clarifies that the o,, distribution begins with a negative value, which also satisfies
the boundary condition. When the value of the angular velocity parameter increases,
the magnitude of 0., also increases.

Figures 3.8-3.11 demonstrates the five different popular theories of thermoelastic-
ity. For this graphical presentation, we take the below numerical values with equa-
tion (3.42).

1. p=7,=0,1 =0.5,79 = 0.3 and ¢§ = 0 for GL theory.

2. p=1,=m=0,79=0.3 and 6 = 1 for LS theory.

3. 9 =7,=71 =0and § =1 for CT theory.

4. 79 =0.1,7, = 0,71 = 0,79 = 0.3 and 0 = 1 for SPL theory, designed by Tzou.

5. 19 =017, =79 =037 =0.5and d =1 and L = 3 for RPL theory.
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Figure 3.2: Temperature(f) distribution verses x-axis with different velocity of heat

source.
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Figure 3.5: Force stress(o,) distribution verses x-axis with different value of magnetic
field.
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Figure 3.7: Force stress(o,,) distribution verses x-axis.
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Figure 3.8: Temperature(f) distribution verses x-axis.
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Figure 3.9: Couple stress(m,,) distribution verses x-axis.
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Figure 3.10: Normal force stress(o,.) distribution verses x-axis.
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Figure 3.11: Force stress(o,,) distribution verses x-axis.
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Figure 3.13: Force stress (o.,) distribution verses x-axis.
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Table 3.1: Effect of different thermoelasticity theories on temperature, displacements,
and stresses

In these figures, for RPL theory, the legend of the curve is denoted as MPL. The
changes in the definition of thermoelasticity show significant effects on the curves.
Figure-3.8: @ distribution begins at zero for all definitions. Up to x = 0.22 the curves
increase, attaining the maximum value. Thereafter, it decreases slowly towards its
initial position. The SPL,GL model gives different results from other models. Figure-
3.9: Couple stress(my,) distribution holds boundary conditions for = 0. For the
GL model,the curve gets its lowest value at x = 0.22, which shows a big difference
from others. Figure-3.10: o, distribution shows results for the GL model that are
slower than others to achieve a stable position. The SPL model is faster than others.
Figure-3.11: Up to x = 0.06, o,, distribution increases and reaches its maximum
value near x = 0.06 for all definitions. The curve decreases and takes the lowest value
after 0.1 < z < 0.5. Thereafter, the results gradually go towards their initial value.
The result corresponding to the LS model is the fastest to show convergence.

In these figure 3.12-3.13, changes in time show significant effects on the curves. For
time ¢ = 0.1,0.3, 0.5 all the graphs are obtained. Figure 3.12 predicts a negative value
as the initial value of w-distribution, but as x increases, the displacement increases
towards covergence. At the initial point, w-distribution gets the lowest value for time
t = 0.1, and with an increase in the time parameter, w-distribution gets higher values.
Figure-3.13: For time t = 0.3, o,,-distribution achieves its maximum value, and for

time ¢ = 0.1, it achieves its lowest value. .
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Figure 3.15: Temperature(f) distribution.
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Figure 3.14-3.15 shows the three-dimensional variation of ¢, and € variables with
space variables x and z. Figure 3.14 shows that at z = 0, o,, distribution gets the
minimum value. Between 0 < x < 1 the curve increases and reaches its highest value
at x = 0.1. Figure 3.15 shows 6 distribution begins at zero value. Up to x = 0.2
the curves increase, and attaining maximum value decreases slowly towards a stable
position.

The tabular data [3.1] gives all the numerical values of temperature,stress compo-
nents, and displacement components. All the defined definitions of thermoelasticity
in this paper using the phase lag parameter are compared with the refined multi-
phase lag model. The data table allows us to identify the influence of several phase

lag models and multi-phase-lags on various physical variables.

3.1.9 Conclusion

In this problem, it was investigated how the heat source, electro-magnetic field, an-
gular velocity, and phase lag parameters of a two-dimensional problem in a half-space
micropolar thermoelastic material are affected by the heat source, electro-magnetic
field, angular velocity, and phase lag parameters of the media. Exact solutions to
the various fields are solved analytically using normal mode analysis. Five definitions
of thermoelasticity are investigated numerically and graphically. We discovered that
each field under study is significantly impacted by the phase lag parameters. The
moving heat source along the x-axis plays a vital role in this paper. Numerically, we
show that couple stress is an effective subject in the microploar thermoelastic medium.
It is found that the thermal effect is more noticeable for temperature than for nor-
mal displacement, coupling, and force stress due to mechanical loading and thermal
boundary conditions. We also found significant effects of the time variable in the
medium of micropolar thermoelasticity. Indeed, the findings reported in this paper
should be valuable to low-temperature physicists, designers of new materials, mate-
rial scientists, and those working on the development of computational techniques for

thermoelastic problems.
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3.1.10 Appendix
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3.2 Problem-4

Fractional Order Thermoelastic Model with Voids
in Three-Phase-Lag Thermoelasticity”*

3.2.1 Introduction

Lord and Shulman [85] derived a new model to overcome the infinite speed of heat
transportation, which was established by Biot [20]. The heat equation of this theory
is of the wave type; it automatically ensures finite speeds of propagation for heat and
elastic waves. A linear model of thermoelasticity is incapable of characterising the
behaviour of many new synthetic solids of the elastomer and polymer types. Eringen
(35, 36] used the micropolar elasticity term to describe such materials.

Fractional calculus was first used by Abel [6] in the solution of an integral equation
that arises in the tautochrone problem. This area has grown rapidly, and applications
have been found in several fields, including solid mechanics, geophysics, physics, and
mathematical biology. Many mathematical models in the fields of solid mechanics,
bio-rheology, non-linear dynamical systems in ecology, and so on, have been success-
fully modified using fractional calculus. The fractional derivative exhibits non-local
properties, and global dependency is among the main reasons for its use. Kimmich
considered anomalous diffusion and characterised it with the time-fractional diffusion
wave equation using the Riemann-Liouville fractional integral. Povstenko [121, 120]
demonstrated the effect of fractional heat transportation in the presence of thermal
stresses. Many authors[11, 135, 126, 153, 2, 118] have also discussed fractional calcu-
lus in thermoelasticity.

Recently, Tzou [146, 145] developed dual-phase-lag heat equation theory by incor-
porating two-phase lags associated with temperature gradient heat flux vector. Two
phase lag parameters are related to the fastest effects of thermal inertia. This theory
is known as the dual-phase-lag (DPL) model. The later three-phase-lag (TPL) model
was developed by Roy choudhuri [128].

In this article, we explore a two-dimensional micropolar thermoelastic problem
within the context of fractional-order three-phase-lag (TPL) heat conduction theory
in the presence of an electromagnetic field. The governing equations are transformed

using normal modes. Subsequently, the displacement components and temperature

*Published in Comput. Sci. Math. Forum 2023, 7, 57. DOI:
https://doi.org/10.3390/IOCMA2023-14430
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distribution are analytically determined by solving the vector matrix differential equa-
tion through the eigenvalue method in the transformed domain. A comparative anal-
ysis is conducted in this study, comparing the coupled thermoelasticity theory (CT),
Lord-Shulman (LS) model, and three-phase-lag (TPL) model. Graphical presenta-
tions are utilized to illustrate and highlight the distinctions between these theoretical

frameworks.

3.2.2 Nomenclature

Cg  Specific heat P Density

Big Components of strain tensor A, Lame’s constants

K Thermal conductivity T0, T1 Relaxation times

T Temperature T Components of Stress Tensor

Th Reference temperature Ty Phase lag of heat flux
such that |(T' —Ty)/To| << 1 1 Phase lag of temperature gradient

u;,u  Displacement components My The couple stress tensor

i Heat flux components dij The Kronecker delta

Co Longitudinal wave speed Einh Permutation function

Vg The velocity of the heat source k,a, 3,7 Micropolar constants

ar Thermal expansion coefficient 2 Angular velocity

) Thermal viscosity E Components of electric field

J Micro-inertia moment J The current density vector

yr ar(3A+2u + k) , The volume  py Permeability of magnetic field
coefficient of thermal expansion &g Permeability of electric field

3.2.3 Basic Equations

The system of governing equations of an electromagnetic micropolar thermoelastic
solid with voids is given by [16, 110, 128§]

Myij + €ijrOjr = Jpoi (3.44)
o)z — P — W¢ — [ui; +mb = 051@2} (3.45)

F; corresponds to the Lorentz force, given as F; = po (J x Hy),. The values of F;
can be determined through Maxwell’s equations, as presented below:
0] oh
curlh = J +eg—, —po—=— = curl E, divh = 0,
ot ot

divE =0,h = curl(u x Hy,) and E = —py (E x H,
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The components of the force stress and couple stress tensors are

00
O-ij = )\uw@j + ,U(U/i’j + uj,i) + IC(U‘M p— 6ijr¢r) — B*l/)(sw p— ’j/T(H -+ V—)(Sij (347)

ot
mij = a@rr0i; + Bdij + V0j4 (3.48)

Fractional order three-phase-lag heat conduction equation without heat source is

. « aa 8 aa a aa 7_2aq aZa
[K (“Ja?)”at <1+J@>}Qii_(l+?@+ 20l atm)

920 92 O
<pOE g T g (em) +mTb g )

(3.49)

The strain-displacement equations are

1
Cij = §(Ui,j + uj;) and epr = u;; (3.50)

3.2.4 Formulation of the Problem

We consider a two-dimensional scenario (refer to Figure 3.16) involving a homoge-
neous porous micropolar thermoelastic semi-infinite medium (z > 0) with an initial
magnetic field Hy = (0, Hy, 0). The medium is subject to body forces in the form of

Lorentz forces, beginning at a uniform temperature of Tj. Assuming Cartesian coor-

A X
p’

¥

Y

x=0

Figure 3.16: Schematic representation

dinates (z, y, z), the displacement components are u = (uq, 0, u3), where u; represents
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u, ug represents w, and the microrotation is ¢; = (0, ¢2,0). The initial magnetic field
H, along the y-axis induces a magnetic field h and an electric field E = (E}, 0, E3).

Utilizing equation (3.46), the Lorentz force components are expressed as:

de 0%u de 0*w
2
F IU()H |:ax €ollo (‘%2} ,Fy = O, F /,L()H {82 GOMOW] . (351)
where
H = Hj, + h.
To simplify the equations (3.43-3.50), we use the non-dimensional variables as
(x%,2%) = o —(z,2), (t*, 15, 70, 7y » 77, V) = Mo(t, to, T0, Tg, 71, V), (U, W) = L (u, w)
Co 1o
0 1 Mo pcs
0 = L (o5 p* )= — (g.. s _ Momij _ P
TO ) (Oz]7pl7p2) '7TT0 (UZJupla p?)u ng CO'YTT (¢ ¢2) 7 (¢ ¢2)
(3.52)
Now we obtain the below non-dimensionalized system of equations as
0%u 0w 0%u 0o 1 0 .00 8@/}
1 — + ay 2 — — 1
(1+ 65)8x2 e 0x0z Ta 922 0z (e1 + 62)< v 8t>3 ﬁl
) (3.53)
= v (61 + 62) 8t2
0w 0%u 0w O 1 0 .00 w
1 — 4 ay, P — — 1
Ate) gzt g T o ~ %o mrea e Tha:
. (3.54)
(e + 1 >8 w
— 6 —_—_— —_—
4 (61 + 62) 8t2
82¢2 62¢2 ou ow 82d)2
—2 — .
g T o Kty — ) = e (3:55)
@ 9% 0 T 0% ],0% 020
s T | e Tt
[Al( o ot 8ta)] (522 T 522 550
020 9% ou  Ow 0?1 '
=pi\ge togle T ) Thee
The components of stress tensor and force tensor are written in the below form:
ou ow 0
Oz = (€1 + 52)% + (1 — 1)% -1+ V@)‘g (3.57)
ow ou 0
0. = (61 + 62)5 + (e — 1)% —(1+ Va>9 (3.58)
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Tan = % + 622—;’] — (2= 1) (3.59)
Oop = Z—Z + 62% — (2= 1) (3.60)
. %% (3.61)
oy = (62; 1)% (3.62)

where €;,7 = 1(1)9 are given in Appendix, and

o Moo [At2u o pepdg T 0% T 0™ 1
i e e TR A F ) A

Equations (3.53-3.62) takes the above form, dropping the * for convenience.

3.2.5 Normal Mode Analysis

The decomposition of the solution of the physical variables under consideration has

the following form in normal mode:

(u, w, 1,0, ¢a, o51)(x, 2, t) = (4, @, 1,0, gb_g,ajk)(x)e(spriqz); (3.63)

where 4, W, 0, g2, 0, are the amplitudes of the functions, s is a complex constant,
1 =+/—1, and ¢ is the wave numbers in the z-direction.

Using the above equations, we obtain the vector matrix differential equation as

dz
— = Az 3.64
0 = A7 (3.64)
where di di dg, di di
e (b g dD ddy df d,
z = (u7w7 2, 7w7 d([’7 dﬂf, dr 3 d.ﬁU’ dI) (365>
[0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
A= 3.66
51 G52 (53 0 0 0 ase 0 asg asg ( )
agr ag2 0 ags 0 a5 0 agr 0 O
(0541 0 a3 0 0 0 Qe (0%drd 0 0
O agp 0 aggs 0 ags ags asr ass 0
| 0 a9 0 g4 Q95 Qog 0 0 0 0 i

I0)
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[eY 2a
147 s+ o 82 ) .
and ps = ~ — and All the components of matrix A in equa-
|:)\1(1+7'v SC!)+3(1+—gTSO‘):|

al

tion (3.66) are given in the appendix.

3.2.6 Solution

The following equation represents matrix A’s characteristic equation:
det(A—AI)=0 (3.67)

The eigenvalues of the characteristic equation 3.64 are taken in the form A = +A;
(1=1,2,3,4,5)

The eigen vector X corresponds to the eigen value A calculated as

X=[Ty Ty Ty Ty, Ts ATy AT, ATy AT, ATs "

(3.68)
where I'; (4,5 = 1,2,3,4,5) are given in Appendix. We construct the inverse of the
matrix V = (Xy, X, X3, Xy, X5, X¢, X7, X5, Xo, X10) = (Xij)loxloaiaj = 1(1)10 as
V= (wy), i, j=1,2,3,4,5,6,7,8,9,10.

Then the solution of the differential equation (3.67) is [126, 79]

10

Z=Y Xy (3.69)
j=1

Yr = Cre/\rx (370)

where C) is an arbitrary constant that is to be evaluated using initial and boundary
conditions. In accordance with our considerations, the medium is assumed to be a
half-space medium (x > 0). Therefore, the field variables can be expressed in the

following final form:

5
u = e(stJriqz)Z leCjeAjz (371)
j=1
5
w = e(St”qz)Z X,;C;eM" (3.72)
j=1
5
0= e(stJriqz)Z X4jCj€ij (373)
j=1
5
qbg = e(stJriqz)Z ngCjeij (374)
j=1
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5
P = (N " X5, Cpete® (3.75)
j=1
Using equations (3.71-3.75) and simplifying the above equations, we obtain the stress

components as follows:

5
__(st+igz Az
0,y = el5tHi?) E C;S51;(x)e”,
i=1

- (3.76)
Opw = elst+iaz) Z CjSQj($)€Aj$,
j=1
5
Oy = 6(st-i—iqz) Z OjS4j (x)eAj1'7
7j=1
7 (3.77)
Opy = B(St_qu) Z Cngj (ZL’)GAjz,
j=1
5
Mgy = e(st-i—iqz) Z er Sﬁj 6A]-:c7
7 (3.78)
My = plsttiaz) Z C; 55].6%-%‘,
j=1

where C; and S;;(x) (i =1, 2,3,4,5,6,7;j =1, 2, 3, 4; are given in the Appendix.

3.2.7 Initial and Boundary Conditions

We consider the half-space problem with initial conditions given by u = v = ¢9 =
0 =u=10=d¢dy =0 =0.at t =0. These initial conditions are employed to solve
the preceding equations. The determination of unknown parameters is achieved by

applying boundary conditions at x = 0, leading to the following set of conditions:
1. Ozz = _p168t+iqza
2. 0,, =0,

_ st+iqz
3. 0 = pyestTiaz,
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Figure 3.17: Impact of fractional order parameter on temperature distribution at t =
0.landz =1

where py, py are arbitrary constants. We can readily ascertain the arbitrary constants

Cj,7 = 1(1)5, in the above equation by employing the inverse matrix method, denoted

as
C1 St S12 S13 Sia S1s - —D1
C2 Sa1 S22 Sas Sa4 Sas 0
C3 | = Xy X2 X43 Xy X5 D2 (3.79)
C4 Se1 Se2 Se3 Se4 Ses 0
C5 AMXs1 AoXsp AsXss AuXsy A5 Xss 0

3.2.8 Numerical Results and Discussion

After demonstrating the analytical process earlier, we will now explore a numerical
approach to validate the results. For this validation, we selected magnesium as the
thermoelastic material, and the relevant parameters are as follows (Abouelregal [11];
Zenkour [161](in ST units)):

7=02x10"Y m? =40 x 10%g ms72 A =94 x 101°N/m? ¢y = 0.3,
p=1.74x103kg m3,Ty = 293K,k = 1.0 x 10*%gm " s72, g = 0.1,
o =2.36 x 107°K~!, Cy = 9.623 x 102Jkg 'K, K = 2.510Wm 'K !,
Hy=100,7=0.779 x 10%kg ms 2, Fy = 1,d = 1,
q=3.5, s =wy+ twi,wy = 2.0,w; = 0.5.

(3.80)
We discuss all graphical representations in view of the TPL model in Figures 3.17-3.20.
We consistently set p; = 1 and py = 0 throughout the presentation. In Figure 3.17 the

fractional order parameter « has a significant effect on the temperature distribution,
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0.3 T T T T
TPL
0.25 CT -
\ — — — LS
-0.1 L L \ L
o 0.5 1 1.5 2 2.5

Figure 3.18: Impact of different thermoelasticity theories on u distribution at t = 0.1
and z = 1

a=0.2
a=0.6 |

- = —a=1.0

a
XX

Figure 3.19: Impact of fractional order parameter on o,, distribution at t=0.1 and
z=1

a=0.2
«a=0.6
—_— = = =1.0 [

Figure 3.20: Impact of fractional order parameter on o,, distribution at t = 0.1 and
z=1
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where increasing on « causes increasing on and the rate of change of with respect to
x also increases when « increases at fixed t = 0.1.

In Figure 3.18, when fractional order @ = 0.6, time t = 0.1 are fixed and other
constants are the same, then the displacement distribution starts with negative values
for DPL, LS, and CT theories. The u-distribution up to x = 1.2 for the LS model is
greater than for the DPL model and CT model. After x = 1.2, the result is reversed.

In Figure 3.19-3.20, the fractional parameter has significant effects on the stress
Ozz , Oy distribution. Both start at zero initially, which shows that they satisfy the
boundary condition. Increasing the fractional parameter « causes decreasing the
absolute values of the stresses, and the rate of change of them with respect to x also
increases when « increases. For the fixed value of x, the stress o, distribution has
the lowest value for the fractional parameter a = 0.2 in the range 0 < x < 1.0. For

x > 1.0, the distribution gradually increases towards zero.

3.2.9 Conclusions

In this work, the effects of the electromagnetic force, fractional order, and phase lag
parameters on the temperature distribution, displacement components, and stress
components have been studied for a two-dimensional problem in a half-space mi-
cropolar thermoelastic medium. The study is conducted within the framework of
fractional-order thermoelasticity theory. We found that the fractional order parame-
ter has significant effects on all the studied fields, and the results support the classi-
fication of the thermal conductivity of the materials. We compare the displacement
distribution(u) using the coupled thermoelasticity theory (CT), the Lord-Shulman
(LS) model, and the three-phase-lag (TPL) model. We demonstrate the differences

among these theoretical frameworks.

3.2.10 Appendix

2

2 2: -2
€45°+a”q +- . L 09 4y s
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51 =~ 13e 0 B2 T T 453 = T 1 5 456 T [ 1ep)(1qes)’ 458 T bs
2
2 2 2
4 teqsTtesq +515+62 _ig(14ws) o igbs _ig(a®—1)—e5 o €3
ag1 = P » 462 = G2(c qep)r @64 = T2 G465 = T gz A6T = T3
_ _ 2 2 _
ary = —iqeéy, ar3 = q° + €38” + 2€7, arr = €7
_ _ 2 _ _
Qg2 = 1qPis€y, Gga = (st +4q )7 ags = Pis€10, 486 = Pis€9S,
— _ _ 2 2 _
(g2 = 1qe11, agy = 0, agy = —€13, g5 = ¢~ + €148” + S€6 + €12, Ags = €11
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2 2 2 4 2
wc; be, ecg __ mp co _ P&

_ %Yo — =0 — —
€6 = Bnor €11 = Bz €12 = Bpg €13 T Bypmo? €14 B
_ _ 2 _
g1 = a1 + Aags, g2 = aga — A*,  g13 = aeq,
g21 = Gr1, 922 = Aase, g22 =0,
= Aa =a = qgq — A2
g31 855 932 825 g33 84 )
_ _ 2 _
hl = ACL67, h2 = ars — A y hg = 0.
I, = (922933h1—(h2(912933—913932))) I, = (h2(g11933—g13931)—(g21933h1))
1 (911922933—912921933+913921932—9g13922931) ’ 2 (911922933 —912921933+913921932—9g13922931)
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5 (911922933 —912921933+913921932—913922931) ’ 6 1
H7 - AH27 Hg = AH3
HQ = AH47 HIO — AH5,

Xi; = J-th element of II;,5 = 1,2,3,4,5.

Slj = Angj + iQGQle — (62 — 1)X3j SQj = iq(Gl + EQ)XQJ' =+ (61 — 1)A1X1j — (1 + SU)X4]'
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3.3 Problem-5

Dynamic Response of Initially Stressed
Microelongated Layer to Gravitational and
Electromagnetic Forces

3.3.1 Introduction

The generalized theories of thermoelasticity emerged to address the inherent incon-
sistency of the infinite speed of heat propagation present in the conventional coupled
thermoelasticity theory. This conventional theory(CCTE) is based on the energy
equation of parabolic form, relying on Fourier’s heat conduction law as established by
Biot [20]. Lord and Shulman [85] extended thermal elasticity(LS) theory to isotropic
mediums, and Othman [113] applied it to a two-dimensional problem of general linear
thermoelasticity. Addressing the challenges of previous theories, Green and Lindsay
[46] proposed a general linear thermoelasticity theory based on temperature and fre-
quency considerations. Tzou [146, 145] introduced the dual-phase lag (DPL) model,
altering the Fourier law to incorporate phase lags for temperature gradient and heat
flux. Several contributions [10, 17, 86] provide valuable insights into the develop-
ment of elasticity and thermoelasticity theories. Roy Choudhuri [128] introduced the
three-phase-lag (TPL) theory, including a third delay time associated with thermal
displacement gradient. Quintanilla and Racke [123] further contributed insights into
heat conduction models incorporating TPL.

Microstretch continua introduce additional degrees of freedom for elastic bodies,
allowing seven degrees of freedom for material particles, including three for displace-
ments, three for microrotations, and one for microstretch. In micro-elongation theory,
these particles can undergo volumetric micro-elongation alongside classical medium
deformation. Eringen and Suhubi [39] investigated the effects of microstructure on
wave propagations. They extended the generalized thermoelasticity theory proposed
by Eringen [37] to incorporate micropolar influences in the new theory. Examples of
micro-elongated media include solid—liquid crystals, structural materials with elastic
fiber reinforcement, and porous media with gas or non-viscous fluid-filled pores. De-
spite this, previous works [14, 106, 105, 107] lacked emphasis on crucial factors like
electromagnetic force in micro-elongated thermoelasticity.

This study addresses the research gap by investigating the influence of electro-
magnetic force in the presence of gravitational force on a prestressed micro-elongated

thermoelastic layer. A three-phase-lag (TPL) heat conduction equation is employed
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for microelongated layer. So, TPL model is employed in conjunction with an elastic
layer. The governing equations are introduced, and non-dimensionalization is applied.
Normal mode analysis is employed to transform partial differential equations into
ordinary ones, and the eigenvalue approach is utilized to solve these equations. The
constants in the solutions are determined by the boundary conditions, and the study

includes a thorough discussion and graphical representation of the obtained results.

3.3.2 List of symbols

P Initial pressure

Ejj The strain tensor where ¢;; = % (w5 + wy4)

jo Microinertia

ag, Ao, A1 Micro-elongational constants

T Absolute temperature

Ty Reference temperature

Ty Temperature gradient parameter

Tg Heat flux parameter

u® Displacement vector in an elastic medium

p° Density in an elastic medium

NN Lame’s constants in an elastic medium

k° Thermal conductivity in an elastic medium

P Density in micro-elongated medium

u Displacement vector in micro-elongated medium

Oij Component of stress tensor for micro-elongated medium
© Micro-elongational scalar

k Thermal conductivity in micro-elongated medium

Co Specific heat at the constant strain in microelongated medium
A, b Lame’s constants in micro-elongated medium

cs Specific heat at the constant strain in an elastic medium
Q5 Oy, Coeflicient of linear thermal expansion

where By = B\ + 2u)aw,, f1 = (BA+ 2u)au,

3.3.3 Basic Equations and Formulation of the Problem

The fundamental governing equations for micro-elongated thermoelasticity, consid-
ering electromagnetic force in the presence of gravitational force on a pre-stressed
micro-elongated thermoelastic layer in a TPL model, can be obtained as shown in
(14, 106, 128]:

oijj + Fi + Gi = pui, (3.81)

1 .
ao¥ i + L1 — My — Xou,; = 5/?.701%, (3.82)
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Figure 3.21: Geometry of the problem

0 0 0
[K* (1 —I—Tyat) +K8t (1 +Teat)]T,n‘

(3.83)
0 oT
= (1 + Tqa) (Pce ot + BoTuy kt) + BiToyy,
oij = 2pgy; — Pwy + (Ae — BT + Aot — P) b, (3.84)

where w;; = % (uj; — ;). Here G; is the force due to gravity and F; is the Lorentz
force, represented as F; = pyg <f X ﬁ()) . J and F; can be easily found from Maxwell’s

equations, which are given below:

. - 9E  oh o
curl h=J + o ~Ho g, = curlE,
divh = 0, divE = 0, (3.85)
h = curl (ﬁxﬁo) ,E: — lio (% X ﬁo) .

Considering the problem in two dimensions in the zz-plane (see Figure 3.21) with
a micro-elongated half-space layer, the displacement vector is given by u(x, z,t) =
(u,0,w), where u and w represent displacements in the x and z directions, respec-

tively. The initial stress, P, and the body force vector, G;, are defined as follows:

ow ou
Gz’—( 950 0, pga>

ﬁ:ﬁ0+ﬁ(1’ Y, ) ﬁo_(o Ho,())
(anFyan> = ,U/0]¥2 ( 50,“0 8t2 707 Bz EoMo 8t2>
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The equations of motion are given by

P
MVQU + ()\ + ,u)e,:v e (u,zz - w,xz) - 607_’@ + /\Dw,x ~+ MOng,x

2 (3.86)
—eoto® Hyu g + gw o = plu g — Q%u + 2Qw ]
2 P 2
:U’v w + (>‘ + ,U/)e,z - 5 (w,xm - u,:cz) - 50T,z + Aow,z + /JJOHO e,z (3 87)
—eoto Hou gt — gz = p[w e — QPw — 2Qu ]
For simplicity, the following non-dimensional variables are utilized:
./I:/ = w—*l’ ZI = w—*z u/ = w*pCIru. u?’ — w*p01 ue
‘ C1 v C1 7 ’ BoTo b ‘ BoTo v
/ * / * / * / Oij e/ Ufj
t=w't, Tp=w'n, T,=w'r, o= BTy of; = BTy (3.88)
A T P P,
¢/:_0¢7 T/:_a Pl: ) P{:—la
BoTo To A+ 20 BoTo
where w* = p(ﬁ%, 2 = M
P

Substituting from equation (3.88) into equations (3.82),(3.83),(3.86) and (3.87),
we obtain

P
a1V2u+aQe7m+§ (Upe —Wa )T+ +Rie+gw, = 62u7tt—ﬂ2u+29w,t (3.89)

P
a1V2w+a26,Z+§ (Wape —Ug)—T 40 ,+Rie,—gu, = Bzwytt—QQw—QQuyt (3.90)
(V? —as) ¥+ asT — ase =15t (3.91)

0 0 0 o9 T2 52
Ki(1+ 7o)+ 5 (1+ 7'9_)} VAT = (1 + Tqa + _q_) [r6Ts + rre]

ot’ " ot ot 2 02 (3.92)

+agth ;.

3.3.4 Normal Mode Analysis

The expression for the solution of the identified physical variable can be studied by

analyzing its normal modes, represented in the following manner:

[u7 w, ¢7 97 Oij, ue7 U)ev O_z'ej] (Ia 2 t) = [u*v W*¢*7 0*7 O—:ja ue*’ we*v O-z?;](x)e(wt—l—ibzh (393)

where w is a complex constant, i = v/—1, and b is the wave number in the z direction.
Using the previously mentioned equations, we obtain the vector matrix differential

equation in the following form:
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dg*
dx

= Ag* (3.94)
where

du* dw* dO* dy*
dr’ dx’ dx’ dx
Using equation (12) into equations (8)—(11), then we have

& = (u*,w*, 0%, ¥, ) (3.95)

O4><4 I4><4
A= 3.96
|:B4><4 C(4><4 ( )
rs1 rs2 0O 0 0 7rs¢ 757 Ts8
_|Ter Te2 Te3 Te4 _|{res 0 0 O
Bua= 1y T72 T73 Tr4 Coxa = ris 00 0 (3:97)
0 780 783 T4 res 0 0 0
1 0 0 O 0O 0 00
01 00 00 0O
0O 0 01 0O 0 00

To find out the solution of the equation (3.94), we use eigen value approach as
(Roy and Lahiri[127]). Now the below equation

|A— M| =0 (3.99)

is the characteristic equation of the matrix A while I is the Identity matrix. There
are eight eigen values in the form A\ = £); (i = 1,2,3,4) of the characteristic equa-

tion (3.99). The corresponding eigen vector x for the eigenvalue A obtained as
X = [ I Ty T3 Ty Ay Ay A3 ATy }T (3.100)

where I'; (i = 1,2,3,4) are given in Appendix.
Now the eigenvectors related to the eigen-values £1;, j = 1,2, 3,4 of A are written
as

Xi=00r=as Xo=(Dr=rer Xza= (0= Xa=(X)r=n
X5 = (Oxr=-2r X6 = (Xr=-ro» X7 =(r=-2ss X3 = r=—ns-

We compute the inverse matrix V=1 = (w;;), 4,7 = 1(1)8 of the matrix V =
(X1, Xo, X3, Xy, X5, X6, X7, Xg). As a result, the solution to the differential equa-
tion 3.101 is

(3.101)

8
&= X (3.102)
=1
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Yy, = Cpe™” (3.103)

where C,, is an arbitrary constant. All the values of C), can be assessed by using
boundary and initial conditions. Here A,,(n = 1,2,3,4) are negative roots of the
auxiliary equation of equation (3.99).

The general solutions of equation (3.98) bound as (z — oo) are given by:

4
(', w*, T, ") (@) = > (Xin, Xon, Xan, Xin) Ane™™. (3.104)

n=1
Substituting from equation (3.87) into equation (3.99), and with the help of equa-

tion (3.99), we obtain the components of stresses:

4
0ra(7) = SsnAne” (3.105)
n=1
4
oh(x) = SenAne”. (3.106)
n=1]1
4
05, () =) SinAne. (3.107)
n=1

where the coefficients a;, 9;, A, B, C, E, and S;,, are obtained in Appendix 1.

The system of governing equations for a general elastic medium is given by [14]:
055 = PoU;, (3.108)
o5 = Auy, 10y + ,ue(uij + us,). (3.109)

Substituting from equations (3.108) and (3.109) into equation (3.93):
(IsD* — £1)u + ibly Dw®™ = 0, (3.110)

ibly Du®* + (1, D* — ly)w™ = 0. (3.111)

Therefore, the vector matrix differential equation in the following form:

dz
—=Fz 3.112
il ( )
where .
due* dwe*
z = W, — —— 3.113
& (u W dr ' dx ) ’ ( )
0 0 1 0
g—| 0 0 0 1 (3.114)

31 0 0 g
0 qu qus O
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Now the characteristic equation of the matrix FE is
|E—mI| =0 (3.115)

where [ is the Identity matrix.

There are four eigen values in the form m = +m; (i = 1,2, 3,4) of the characteris-
tic equation (3.115). The corresponding eigen vector ¢ for the eigenvalue m obtained
as

(=[z1 @ mz mas ] (3.116)

where z; (i = 1,2, 3,4) are given in Appendix. Similar way using eigen value approach,

the solutions to equation (3.112) are of the form:

4
u™(z) =Y YinBpe™, (3.117)
n=1
4
w(z) = V3 Bpe™". (3.118)
=1

Substituting from equations (3.117) and (3.118) into (3.109) and with the help

of equations (3.88) and (3.93), we obtain the components of stresses in an elastic

medium: )
0% () = Z3,Bne™?, (3.119)
fi—1
2
0% () =Y ZunBue™. (3.120)
n=1

The stress components o&* () are given by:

4
o5 (x) = Zsy Bne™” (3.121)
n=1

where the coefficients [;, ¢;, G, N, and L;, are given in Appendix.

3.3.5 Boundary Conditions

Opz = 0%, — Pe@t®) _q P 0, =0,at z=—h

Oz = Ogp—011 P, 0y, =05, u=u’, w=w =0, T= Pye@tti2) gt g =0.

Where P; is the magnitude of the mechanical force, and f is a constant. Upon

substituting the expressions of the relevant physical quantities into the aforementioned

88



Chapter 3. Dynamic Response of Initially Stressed Microelongated Layer

boundary conditions, we derive the following equations that the coefficients must

satisfy:

4 4 4
Z A;Ssie™ Ml — Z AiZye ™ = — Py, Z A;Sgie™ i =0,
Zzl ) =1 , i=1 \
ZAiSm — Z B;iZ3; =0, Z A;Se; — Z BiZs; =0,
izl i:41 z':1 i:41 (3.122)
Y AiXu—) BYu=0, Y AiXoi— ) BYsu=0,
i=1 i=1 i=1 i=1

4 4
D AXy =0, > AiXs =P,
i=1 i=1

The utilisation of the expressions of the variables assumed into the boundary men-
tioned above conditions (3.122) to obtain the equations that are satisfied with the pa-
rameters. And hence, eight equations will be obtained.If the matrix inversion method
is applied to the eight equations, we obtain the values of the constants A,, (n =
1,2,3,4) and B,, (n = 1,2,3,4). So, C' = Vpwhere C = [A;, Ay, A3, Ay, By, By, Bs, B4]",
p=[-P1,0,0,0,0,0,0, ]" and V are given in Appendix.

3.3.6 Numerical Results and Discussion

The investigation focuses on an aluminum epoxy-like material with microelongated
properties, as detailed in Othman et al. [105]. The material parameters are as follows:

A =759 % 10" N/m? p = 1.89 x 10'° N/m? ao = 0.61 x 107° N, p = 2.19 x 10° kg/m?,
Bo = B =0.05 x 10° N/m* K, ¢, = 966 J/kg. K, K = 252 J/m.s.K, jo = 0.196 x 10™* m?,
Xo =\ = 0.37 x 10'° N/m* T = 293K, P = 0.001,7p = 1.5 x 107, 7, = 9 x 1074,
wo=—177x107*¢ =359 x 1073, =3, h = 0.001, f = 0.025,w = wy + i(,

g=08P=1,0=05e=0.1,1 = 1.
(3.123)

The physical constants for the elastic medium (granite) are taken from Othman

et al. [106] and are as follows:

A° = 0.884 x 10" N/m?, p¢ = 1.2667 x 10'° N/m?,
p° = 2.6 x 10> kg/m®, ¢¢ = 720.7 J /kg.K, (3.124)
k¢ =3.1J/ms.K.
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In this paper, computations are conducted at a dimensionless time ¢ = 0.3 over
the interval 0 < z < 1.8 on the surface z = 1. The numerical approach outlined here
is employed to analyze the distribution of horizontal displacement u and the micro-
elongational scalar ¢ within the range 0 < x < 1.8. Additionally, stress components
0. and o, are studied versus x to investigate the influence of the electromagnetic
term in the model of TPL, considering both its presence and complete absence.

The stress distributions, ¢, and o,., with varying values of H, are illustrated
in figures 3.22 and 3.23, respectively. The displacement (u) distribution with dif-
ferent values of Hj is depicted in figure 3.24. Additionally, figure 3.25 presents the
temperature (7') distribution for various values of H.

Furthermore, the displacement (w) distribution is portrayed in figure 3.26, while
the microelongation (1) distribution is represented in figure 3.27, both with varying

values of H.

3.3.7 Conclusion

The investigation into the deformation of a thermoelastic medium reveals signifi-
cant contributions from electromagnetic field, the micro-elongational scalar, and the
specified boundary conditions. Notably, as the distance x increases substantially, all
examined physical quantities demonstrate a swift convergence to zero. The success-
ful development of analytical solutions for the thermoelastic problem through normal

mode analysis underscores the efficacy of this approach.
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Figure 3.24: Displacement(u) distribution with different values of H,.
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Figure 3.26: Displacement(w) distribution with different values of Hy.
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3.3.8 Appendix

a__a_)\—i‘,ua_ﬂl)\oc%
il pC%7 2 pc% s U3 aoﬁow*Q’
S R _ pjoct
a4 = *2,(15— *27T5_—7
Qow g pw 2ay
Lo_peead BT PobiTed
7 kw T kpwe P Edow* ’
A A+ 2 p+3(A+2p)P
alp=—75,011 = ———, 012 = ,
O e T BT pci
1
nw— —(A—i—2,u)P P
a13 = 2 5 01 =a1+ -,
pey 2
l_Ae+2Nel_Ae+Me _/le
1= =7 t2= 2 3T o
pecs? pres? pect?
)\6
Iy = ?,el = b2l + w?, by = I3h? + W2,
1
b212 — 6111 — 85l 010
G — 2 11 2 3,N _ 0 27
ll3 lil3
(Bw? — Q2 + a,b? — 22 20w (—ibay — ibY — bR, — g)
T5 = ,T50 = ,T56 = ,
o1 (a1 + as + Rl) 52 ((11 “+ as + Rl) 56 (a1 —+ a9 + Rl)
1 —1
Ts7 = y T's8 = )
(CL1+CL2+R1) (CL1+CL2+R1)
—2Quw (62(,02 — Q2 + a1b2 + a262 + R1b2) b —ib
Te1 = 7—pT62 = y 763 = 7 p 64 = 7 p»
(a1 — §> (a1 — %) (a1 — %) (a1 — §)
— ibay — ibL — ibR
Tes = g (2(1 1%) 2 , 72 = 1bwT, 773 = (arwT + b2)7 T74 = QyW, T'75 = AgWT,
17739
rgo = iba5,7‘83 = —Qa3,Tg4 — b2 + Qg + CLGCUQ,T85 = Q5.

San = 1b—a10 Ay X1 —Xon+Xsp, S5 = 10a10—N X1 —Xopn+ X3, Sen = 1ba13 X1, —a12\,.

(U2 —I— b2l3 Zle
Q31 = — 438 = ———,
I I
w2 + b211 —iblz
Qa2 = — 443 = )
I3 I3
2
g — MM
1= 1,29 = ———, T3 = mxy, Ty = My
ibmas
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V' is denoted as

Yin=1

mi — 431
mnpq34

Zn, = ibly + myly Yo,

Lap, = ibly — lymy, Yoy,
Z5n - Zbl?)yén + l3mn-

YQn:

B 51516—)\1h 3526_/\2’7' 5536—)\3h 554€—>\4h —Zgle_mlh _Z32€—m2h —Z336_m3h
S@le_hh 562€_>‘2h 5636_)‘3h 5646_>‘4h 0 0 0
S51 Ss2 Ss3 Ss4 —Z31 — 732 —Z33
Se1 Se2 S63 Sea —Z51 — 52 —Z53
X1 X12 X13 X4 =Y —Yo —Yi3
X1 Xoo Xo3 Xoyg —Yo —Yo —Yo3
X4 Xy2 X43 Xy 0 0 0
| X3 X32 X33 X34 0 0 0
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CHAPTER 4

Generalized Thermoelasticity in Semiconducting Medium

Problems

e Problem-6: Photothermal Effect on a Pre-Stressed Rotating Semi-
conducting Plate with Voids Under Gravitational and Electromag-

netic Forces.

e Problem-7: Fractional Thermoelasticity in a Rotating Semicon-
ducting Medium with Effects of Electromagnetic Field, Gravity,

Heat Source, and Initial Stress.
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4.1 Problem-6

Photothermal Effect on a Pre-Stressed Rotating
Semiconducting Plate with Voids Under Gravitational and
Electromagnetic Forces.

4.1.1 Introduction

In recent years, semiconducting materials have found extensive use across various
engineering fields due to rapid technological progress. Consequently, researchers are
now exploring the study of photothermal effects in semiconducting thermoelastic
media. Understanding semiconducting thermoelasticity is crucial for assessing the
efficiency and dependability of semiconductor devices in diverse engineering applica-
tions, particularly in the swiftly advancing technological environment. Traditional
generalized theories of thermoelasticity mainly concentrated on wave propagation
in elastic media, often neglecting the complex interaction between coupled plasma
and thermal effects.A significant development occurred through the contributions of
Lord and Shulman [85], who presented a new model to tackle a crucial problem:
the apparent infinite speed of heat transmission, a concept originally introduced by
Biot [20]. The novel model, characterized by a heat equation resembling wave dy-
namics, effectively addressed the issue by guaranteeing finite speeds of propagation
for both heat and elastic waves. The exploration of wave propagation in semicon-
ducting media, especially during photothermal processes, has attracted considerable
academic and practical attention, with numerous researchers engaging in this area of
study. Todorovic [142] explores conditions for neglecting the coupling between these
waves and focuses on a semiconductor elastic medium with isotropic and homoge-
neous thermal and elastic properties. Song et al. [138] presented a coupled approach
that involves both generalized thermoelastic and plasma theories. This approach was
utilized to investigate the reflection problem at the surface of a semi-infinite semi-
conducting medium during photothermal processes, as discussed in their work. Their
work [138] provides both theoretical and experimental insights into these intricate do-
mains, offering valuable information concerning carrier recombination and transport
mechanisms within semiconductor materials. Abo-Dahab and Lotfy [13] explored the
two-temperature plane-strain problem within a semiconducting medium, incorporat-
ing the photothermal theory. Recent advancements have further enriched this field.
This model considered a time-dependent heat source on the surface, all while ensuring

the absence of traction under the influence of rotation. Othman and Lotfy [111] delved
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into the effects of magnetic fields within a rotational, fiber-reinforced, two-dimensional
thermoelastic problem, taking gravitational forces into account. Othman and Song
[108] extended their research to study the impact of rotation on the reflection of
magnetothermoelastic waves in the presence of temperature fluctuations.

Recent advancements have further enriched this field. Ezzat et al. [40] addressed
a three-dimensional problem concerning a homogeneous, isotropic thermoelastic half-
space, employing fractional order generalized thermoelasticity. This model considered
a time-dependent heat source on the surface, all while ensuring the absence of trac-
tion under the influence of rotation. Othman and Lotfy [111] delved into the effects
of magnetic fields within a rotational, fiber-reinforced, two-dimensional thermoelastic
problem, taking gravitational forces into account. Othman and Song [108] extended
their research to study the impact of rotation on the reflection of magnetothermoe-
lastic waves in the presence of temperature fluctuations.

Furthermore, Sarkar and Lahiri [131] explored the influence of gravity fields on
plane waves within a fiber-reinforced, two-temperature magneto-thermoelastic medium,
all under the Lord—Shulman theory of thermoelasticity. Pal and Kanoria [115] scruti-
nized the interaction of gravity fields on a transversely isotropic thick plate, utilizing
GN-models IT and III of generalized thermoelasticity, which considered varying heat
sources. The effect of rotation, two-temperature parameters, and voids on magneto-
thermoelastic interactions within a homogeneous, isotropic, generalized half-space
subject to gravity fields was studied by Deswal and Hooda [32]. In their work, Abd-
Alla et al. [5] presented a model of Rayleigh waves on a granular medium within
the framework of generalized thermoelasticity, considering the effects of initial stress
and gravity fields. Abouelregal and Abo-Dahab [10] examined the induced displace-
ment, temperature, and stress fields in an infinite, nonhomogeneous elastic medium
with a spherical cavity, operating within the context of the dual phase-lag (DPL)
model. Abo-Dahab and Salama [8] contributed to the field by exploring the reflection
and transmission of thermoelastic waves between dissimilar thermoelastic solid half
spaces. Their study considered the impact of p-wave interfaces in two solid-liquid
media, incorporating initial stress, heat sources, and the influence of a magnetic field.

In the present article, our primary objective is to explore a comprehensive model
that investigates the intricate interactions of various factors on an isotropic homoge-
neous semiconducting plate. The study encompasses the influences of volume fraction,
photothermal phenomena, initial stress, electromagnetic fields, gravity, and rotation.
All of these elements are studied within the framework of multi-three-phase lag ther-

moelastic models, and the analysis falls under the broader umbrella of generalized
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thermoelasticity. The fundamental governing equations governing this complex prob-
lem are presented here. These equations take into account the presence of voids,
electromagnetic fields, photothermal effects, initial stresses, gravitational forces, ro-
tational dynamics, and the semiconductor properties of the material. To tackle this
multifaceted issue, the research employs the normal mode analysis method to solve
partial differential equations under specific boundary conditions. The results obtained
from this investigation shed light on the pivotal roles played by photothermal effects,
rotation, electromagnetic fields, voids, semiconductor characteristics, initial stresses,
gravity, and thermal relaxation times in the phenomenon under scrutiny. The out-
comes of this research are presented through analytical expressions and illustrative
figures, providing a clear understanding of the impact of external parameters. More-
over, these findings are compared with previous research and practical outcomes. To
facilitate a comprehensive overview, tabular data is presented, offering valuable in-
sights for both theoretical developments and practical applications in the realm of

semiconducting materials.

4.1.2 Nomenclature

Cg Specific heat E Components of electric field

Big components of strain tensor ar(3A+2u), Volume coefficient

k Thermal conductivity € pCLE, Dimensionless coupling constant

B Material constant 7o Relaxation times

T Temperature 7,  Phase lag of heat flux

To Reference temperature 7r  Phase lag of temperature gradient

Uj, Uy U Displacement components B Ratio of longitudinal to shear wave speed
Ty Components of stress tensor  y,  Permeability of magnetic field

i Heat flux components g0 Permeability of electric field

Co Longitudinal wave speed N The carrier density

Vg Velocity of the heat source Dg  The carrier diffusion coefficient

ar Thermal expansion coefficient 7 The photo-generated carrier lifetime

) Thermal viscosity 0 T — Tp,the thermodynamics temperature
A, p Lame’s constants T  The absolute temperature,

P Density Ty  Reference temperature

Eijk Permutation function Ny Carrier concentration

Q Angular velocity K Thermal activation coupling parameter
a, b,,w,,( Void material parameters m  Coefficient of thermo-void

4.1.3 Basic Equations

In our analysis, we examine a medium that exhibits isotropic and homogeneous semi-

conductor properties, incorporating the presence of voids. This medium is subject
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to a combination of various forces, namely gravitational, and electromagnetic forces,
along with the influence of initial stress and rotation. In the scenario where no ex-
ternal heat source is present, the governing equations for this intricate problem can

be succinctly articulated as follows:

1. Equation of motion:

i+ Fi+ Gy = p [t + (2 x (Q x u), + (20 x )] (4.1)

Here, G; represents the gravitational force, and F; corresponds to the Lorentz
force, given as F; = ji. (f X ﬁ()) . The values of J and F; can be determined

through Maxwell’s equations, as f)resented below:

. . QE oh S
curlh = J +eg—, —pte—=— = curl £, divh = 0,
— — — — a_) — ’
divE =0,h = curl(d x Hy,) and E = —p, (5_1; X H0> )
2. Maxwell’s stress equation:
Tij = HMe [th] + Hyhz — (Hkhk)éz]] (43)

Where 7;; represents Maxwell’s stress tensor.

3. Governing equations with plasma, thermoelastic waves, and volume

fraction field:
N ON

B T Tt ot (24
4. Heat conduction equation:
L 7l 8l L 8
Z Il of ) +ak Z /! 5tz
Tt i oT np
5 + TO + Z q | 875”1 (pCE 815 + mTO_ - pQ) (45>

l+1 Hi+1 P

Iy 17 To g (o)

(5+T1 +Z

5. Volume fraction field equation:
a g — byug; — (Y — wyth + mT = pxib, (4.6)
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6. Constitutive relations:

Uij = [)\6 — "}/T — (SnN + bv’lﬂ] 52’]‘ + 2#8@' — P[(A)Z'j + (5@'],
1 (4.7)

gij = 5 (Ui +uja)  wig = 5 (Wi = wig) e = i

From equations (4.1) and (4.5), we can derive the following formulation:

P
v ui,jj + ()\ + ,u) uj,ji + g(uj,ji — ui,jj) — ’)/T; — 5nN2 -+ bvw,i + Gz + Fz

= p[i; + 2 (€ n) W + (LQur, — Q)] -

(4.8)

This set of equations forms the foundation for the comprehensive study of semicon-
ductor behavior under the influence of various physical phenomena, with applications
spanning from materials science to electronics and beyond. From the above equa-
tions ,we can easily define the different definition of thermoelasticity by changing the

parameters.

i. We get Coupled thermoelasticity theory(CTE)[20] model by setting 79 = 7, = 79

=7,=11=0and § = 1.
ii. Green-Lindsay[46] model(GL) will get if 7p = 7, = 7 =7,= 0,79 > 0 and ¢ = 1.
iii. 7p =7,=0,79 =71 > 0, and § = 1 represents the Lord-shulman[85] model(LS).

iv. By letting N = 1,0 =1 and 7,=0, 79 = 7 = 7, > 7y, this represents the simple
phase lag(SPL) theory as defined by Tzou[146].

v. By setting N > 1,70 =7 = 7, 7, > 0 and 7p > 0, the definition becomes The
refined multiphase thermoelasticity (TPL) theory as defined by Zenkour [160].

vi. This model is confirmed as Bayones et al. [18] if the heat source term and TPL

model from heat equation are excluded and 7, = 7p > 0,and 7,, Q=0, 6 = 1.

4.1.4 Problem Formulation

In the xy-plane of two-dimensional space (see figure 4.1), denoted as oxy, various
quantities are utilized to represent distinct physical phenomena: wu(x,y,t) signifies
displacement, reflecting elastic waves; T'(x,y,t) represents temperature, indicative of
thermal waves; N(z,y,t) expresses carrier density, illustrating plasma waves; and
(z,y,t) characterizes the volume fraction field. The occurrence of photothermal
voids transport is contingent upon the presence of a non-zero thermal activation

coupling parameter denoted as k. The displacement field is formulated as follows:
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Figure 4.1: Schematic Diagram

U = (u17u270) , U1 = u(x,y,t),ug = U(I,y,t)

and the gravitational force is represented as G; = (pgg—z, — pgg—z, 0). Now, expressing

the components of the Lorentz force in the form
ﬁ:ﬁg—l—ﬁ, ﬁOZ(O,O,Ho),
e 2u e 2’U
(For Fys F2) = e H3 (3 — cone Gt 5 — 2o 58,0)

where e is the cubical dilatation, given by e = % + g—z

Maxwell’s stress components are then expressed as

ou 0
Txac:Tyy:/’beH2 (a_z+8_2)7 Txy:()

These equations can be non-dimensionalized using appropriate non-dimensional vari-

ables as:
1
(xla yla ula ’U,) = CTt* (I7 Yy, u, U)a (tla 7_67 TGI) = t_* (t7 70, 7—9) )
1 1
(T,7 Nlu ¢,) = m (/YTu 5NN7 X¢) ; (U/ija Tlij) = ; (Uij7 Tij) )
A+2 K t* 1
= + M,t*:ﬁ,Q:t*Q,g': g, P'=—P.
P pc.C7 Cr H
Using equation (4.9) into equations (4.1)-(4.8), we obtain
0*u 0%u v 0T ON .0y  Ov
Li—+R—+I1—-R)—— — — — — +b— —
102 U 18y2 + l)axﬁy or  Ox u ox Jrg@y
0*u 5 ov

101

(4.9)

(4.10)



Chapter 4. Photothermal Effect on a Pre-Stressed Rotating Semiconducting Plate

0*v 0% 0*u or oON A8¢ 8u
Li—+Ri—+ (L1 — R S
— I G Qv + 298—“
257 5
0 ou Ov
V" = Dyl T — e (037 i 81/) e (4.12)
—e4pppyp =0
Kt* K 0
- N — 41
[v pCeTDE pCeDE 015] +e3T=0 ( 3)
0 0? ou Ov
- - 4.14
(V5= 82 = Sy = Sl = S <8x+8y) o (4.14)
:52—u+ (52 —2)2—;—6% BN + 8%y — P
0 R
Uyy:(ﬁ _Q)a_u‘i‘ﬁz — B*T — BN + %) — P
Su  Ov , ) , (4.15)
oo = (8 )(8x+8y) BT — BN + b —
Ozy = @ + @ - = Ov @ Oz = Oy, =0
W \oy Oz dr oy) T v
where
(61,69, 63.24) = 1 (42 Tocet* B t* Kkd,t* mTO’y _U _ A2
1,¢2,¢3,¢4 _pCe K ) Tdn ) OétDE X 1 )
CQ bvt*QXQ . . mt*Q - P
(817‘92753754755) o ( Cl%p ,Ct 2,(&)@ ~ pX) Rl = 252 ,
;ueH2 2 o 1 0124

2
C
7l11:_ llQZC_é;lel‘i‘lll,LQ:]_—i—llQ

2
Ca = , € 2
p €olle Cs

4.1.5 Normal Mode Analysis

The expression characterizing the decomposition of the solution for the considered
physical variables follows a specific structure in the normal mode, as depicted by the

equation:
(U, v, N7 T7 W Uij> Tij)(x> Y, t) = (ﬂ, Ua N? T? 1;7 J_ija sz)(x)e(wt+iby); (416)

Here, @(z), o(x), T(x),¥(z), ojk(x), 75 () represent the amplitudes of the respec-
tive functions. The constant w is frequency with complex value, ¢ is the imaginary
unit, and b signifies the wave numbers in the y-direction.

Utilizing the aforementioned equations, we derive the matrix differential equation

in vector form as:

102



Chapter 4. Photothermal Effect on a Pre-Stressed Rotating Semiconducting Plate

3—;( =AX+R (4.17)
where du dv do AN i
_ _ _ = = - du dv i
X - (U'?’U797N7w7 d.f’ d[L" dxv d[L' ) d.%') (418)
O4><4 I4><4
A= |:B4><4 C(4><4:| (4.19>
g1 Qg2 0 0 0 0  aer aes agy ag1o
a7 Qr2  Gr3  Q7g Qs arg 0 0 0 0
Byxa= |0 agx ag3 ags ags | Caxa= |agg 0 0 0 0
0 0 93 Q94 0 0 0 0 0 0
0 a2 aws 0 aios aps 0 0 0 O
1 00 00 0O 00 0O
01000 00000
Iixa=1(0 01 0 O O4xs=10 0 0 0 O
0001PO0 0O 00O0O
00001 0 00O0O
All the components of matrix A in equation (4.19) are given in Appendices.

4.1.6 Solution

To find out the solution of the equation (4.19), we use eigen value approach as (Lahiri
et al.[79],Sardar[130]).Now the below equation

det(A— AI) =0 (4.20)

is the characteristic equation of the matrix A while [ is the Identity matrix. There
are eight eigen values in the form A = £A; (i = 1,2,3,4,5) of the characteristic
equation (4.20). The corresponding eigen vector X for the eigenvalue A obtained as
]T

X=[TL I Ty I, Ty AL, All, Ally ATl Al (4.21)

where I1; (i = 1,2,3,4,5) are given in Appendix. Now the eigenvectors related to the

eigen-values £A;, 7 =1,2,3,4 of A are written as

Iy = (X)a=a, T = (X)a=—ns,
[y = (X)a=nyy 't = (X)a=——n,,
I's= (X)A—Aw I's = (X)A=*A3’ (4'22>
Iy = (X)a=n,, To=(X)a=-a,
s = (X)a=ps» Do = (X)a=-as
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We compute the inverse matrix V™! = (w;;), 4,5 = 1(1)10 of the matrix V =
([, 9,3, T4, 5,16, 17, T's, T'g, ['10). As a result, the solution to the differential equa-
tion (4.20) is

10
j=1
0o 10
= Cpe® + eApx/ Qpe " and Q, = prjRj = wps Ry (4.24)
5 =

where C,, is an arbitrary constant. All the values of C, can be assessed by using
boundary and initial conditions. According to our consideration,the medium is taken

in plate. So,the field variables can be written in the following final form

10

wt+1 j L Q

u = Wt by)jz1 le(C’jeAJ _ A_j> (4.25)
10 Q

w— e(thriby)Z Xop;(Cieh® — A_J) (4.26)
i=1 ’
10 Q .

N = e(wt+z‘by)z X4;(Cieh® — A_J) (4.27)
=1 4
10 Q

T — e(thriby)Z X3j(C’jeAjI _ A_J) (4.28)
i=1 .
10 Q

W = e(wt—i-zby)z Xs; (Cje/\jfc — A_]> (4.29)

j=1 J
Using the above equations (4.25)-(4.29), the simplified stress components are writ-

ten as-

— plwtiby) (ZC 51]6 i _ M, | — P,

— plwtiby) (ZC 52]6 i — M, | — P,

2n = et (ZO S3;eM% — My | — P, (4.30)
Ogy = WtJery) (Z st4j€Ajm - M4> )

j=1

10
Top = WHHY) (Z C'jS5jeA” _ M5> 7

J=1
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where X1j7X2j,X3j,X4j,X5j, Sij7 Cj,and Mk (1:1<1)5, k:1(1)5) are given in the
Appendix.

4.1.7 Boundary Conditions

The determination of unknown parameters is achieved by applying boundary condi-

tions at x = £h, leading to the following set of equations:

1.

5.

Ore + Tox = -P - p’{ewt—mbyv

s Oy + Ty = 0

f — p* wt+zby
o _

7 = U

DE SN,

where s and p] are arbitrary constants.

Upon substituting the expressions of the relevant physical quantities into the afore-

mentioned boundary conditions, we derive the following equations that the coefficients

must satisfy:

10

10

> CiehiMSi; + Sl = Mi+ My —pi*, Y Cye Sy + Syl = My + Ms — pi*,

=1 j=1

10 10

Z CjS4j6Ajh = My, Z CjS4j€_Ajh = My,
zxgjcw %) — o, zxsjcfa s iy,

A; J

ZX5jCjAjeAjh =0, ZXE’jCjAjeiAjh =0,
j=1 J=1

10 10
Y (v = A0 X" =0, Y v = A)CXye " =0,
j=1 j=1

(4.31)

By solving the ten equations, we obtain the values of the constants C; for ¢ = 1(1)10.
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4.1.8 Numerical Results and Discussion

In this investigation, we present a numerical illustration aimed at deriving math-
ematical outcomes for various physical parameters. The characterization of these
quantities hinges on the assumptions outlined in the relevant literature. To conduct
our numerical analysis, we have employed silicon as the material of interest, leverag-
ing its specific physical constants as detailed in the works of Othman et al.[113] and

Bayones et al.[18]. So, the constants are

A =3.64 x 10°°Nm™2, p = 5.46 x 10%kgm" 572, p = 2.33 x 10°kgm 3, K = 150wm 'k},
s=2ms ' ff=1,d,=-9x 10" m* Dp=25x10"%m?*s " E, = 1.12eV,y = 1.5,
t=3x%x10"° 0, =3 x 107!, Ny =300K,¢ = 0.35,wp = 1.5,w = wy + i(, ¢, = 695,
T=5x10"% ,b=12i=+v/—-1,0<2<45,Q =0.6.

4.1.9 Graphical Discussion

Here L = 5 taken in throughout discussion for RTPL. The distribution of N with
various definitions of thermoelasticity is presented in Figure 4.2. Initial begins with
negative value for all definition of thermoelasticity. Figure 4.3 illustrates the o,
distribution for different time values. As time increase, the value of this distribution
gets higher positive value at both boundary. The distribution of stress o,, with
varying initial stress is shown in Figure 4.4. The distribution of stress o,, with
different gravity values is depicted in Figure 4.5. Figure 4.6 displays the stress oy,
distribution with varying gravity values.

The temperature (T) distribution with different initial stress values is visualized
in Figure 4.7. Figure 4.8 showcases the temperature (T) distribution with various
definitions of thermoelasticity. The u-distribution with different gravity values is
illustrated in Figure 4.9. Finally, Figure 4.10 presents the u-distribution with varying

initial stress values. All graphs satisfy both the boundary and initial conditions.

4.1.10 Conclusion

In conclusion, our investigation into the thermoelastic behavior of an isotropic homo-
geneous semiconducting plate, under the influence of various interacting factors, has
provided valuable insights. The comprehensive model considered volume fraction,
photothermal phenomena, initial stress, electromagnetic fields, gravity, and rotation,
within the framework of multi-three-phase lag thermoelastic models falling under

generalized thermoelasticity.
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Figure 4.4: The stress o 4, distribution with different value initial stress.
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Figure 4.6: The stress o 4, distribution with different value gravity.
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6 10 . : . . . : . .

Figure 4.7: The temperature(T) distribution with different value of initial stress.
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<1074

Figure 4.8: The temperature(T) distribution with different definition of thermoelas-

ticity.
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Figure 4.10: The u-distribution with different value of initial stress.
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The governing equations, accounting for voids, electromagnetic fields, photother-
mal effects, initial stresses, gravitational forces, rotational dynamics, and semicon-
ductor properties, were solved using the normal mode analysis method. The results
highlighted the significant roles played by photothermal effects, voids, semiconductor
characteristics, initial stresses, and gravity in the studied phenomenon.

Through analytical expressions, illustrative figures, and comparative analyses, we

gained a nuanced understanding of the impact of these external parameters.

4.1.11 Appendix

PR, + Lyw?® — Q2 —(ibg + 2Qw) —ib(Ly — Ry)
a1 = Qg2 — Apr =
61 L1 s W62 Ll s W7 L1 )
1 1 b
a —.a — Qg = ——
63 = 769 = 7 610 I
(ibg + 2Qw) V2 Ly + Low?* — Q2 ib ib —ibb
Gy = Qg = a a
71 Rl s W72 Rl s W73 Rla 74 R s W75 Rl )
7 . —Zb(Ll — Rl)
76 Rl )
agy = ibeipy, ags = b> + wpy, ags = €apy, gz = €1PW,
Qg3 = —E€3,094 = (52 + 11 + bw),
aoe = ibSy, aro3 = —Ss, 105 = b* + Sa + Saw + S4w?, ares = Si.
L z (9l 8 L B P 7_n+1 on+l
= [K.(1 1 b )
bu = ]_ +Z l‘ (‘%l ( + - l‘ 0tl)]7pl2 ( +7_18 +Z n+ 1)' 8tn+1)
Jr
(0 + Tow + Zn i (nH),w”“)

b= )
K1+ T, ) + e 2(1+ T, o)

= L1b? 4 Low® — Q2,09 = e1wP;, a3 = Mb? + WP, a5 = 2Qw + ibg,
Kt~ _ Kw

a55:b2+52+53w+55w2,a6:€4wPl,l1 = ,lg = s
pceTDg pceDg

m2 = R1b2 + LQOJ2 - 927 a4 = Aoy,
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Oin = (A} = 07) , Uan = (A7 — a5) , Usn = (A} = as) ,Usn = (1A} — 1) ,

—as

Usn = (AL — a4) ,Uep = (MAL — a3) , Oz = (A2 — ass) , X1 = 1, Xop = ToAZ — 2’
Xgn _ [CLGU4A— CLQbUl = a5CAL6X2n] 65 ,X4n _ 63X3n,X5n _ S4X3n + SlUln’

€3 <€2b — &6) — [GGb — (16] U5 U5n U7n

2
SEm = %Uln:
Sln = 62 ( - b2 - X3n - X4n -+ ZA)AXVSn> -+ 2b2 - QZbAnXQna
Sy = 3 (Az W Xy, — X 4 8X5n> — 2 (A2 — ibA, Xa) ,

>

=
|
= |9
/g
=%
I
|
=
=
3
_|_
S
|
S
s
£

A_J- <Zb52(XU + ng) - BZ(Xsn + X4n - BXEm)) )

J

Q;

.MB
O

=3 Zn+ Lxy),

A, 2

2
=3 (ip A xy).

—~ N n
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4.2 Problem-7

Fractional Thermoelasticity in a Rotating Semiconducting
Medium with Effects of Electromagnetic Field, Gravity, Heat
Source, and Initial Stress.

4.2.1 Introduction

A wide range of thermoelastic applications have been influenced by photothermal
effects in recent years. Thus, researchers have shown keen interest in exploring this
field. There has been investigation into both the thermal and non-thermal effects
of photothermal radiation, taking external factors into account such as laser effects
and electromagnetic fields. Among others, Lord and Shulman [85] examined the
effects of single relaxation times on wave velocities of various kinds. According to
various laboratory studies, this characteristic time is crucial in thermal conductivity
equations. According to Hetnarski and Ignaczak [57], generalized thermoelasticity
affects displacements, temperatures, and stresses with variation in experimental time.
They compared different times to determine velocities in their examination.

The exploration of thermoelastic models has evolved with the incorporation of
fractional calculus. Hamza et al. [54] introduced memory time effect over elec-
tromagnetic force in a fractional order thermoelastic medium. Magin and Royston
[89] introduced a pioneering model that utilized fractional derivatives of deformation
to characterize material behavior. Here, the zero-order derivative corresponds to a
Hookean solid, while the first order is associated with a Newtonian fluid. Thermoe-
lastic and thermo-viscoelastic materials fall within an intermediate range, featuring a
fractional-order parameter between zero and one. Another noteworthy contribution
comes from Youssef [153], who developed a generalized thermoelasticity theory depen-
dent on strain with a fractional-order derivative. This model presented a modification
to the Duhamel-Neumann [34] stress-strain relation. Youssef also applied thermoelas-
ticity with fractional-order strain to a one-dimensional half-space within the frame-
works of Biot [20], Lord-Shulman [85], Green-Lindsay [46], and Green-Naghdi [50]
type II models. Meanwhile, Song et al. [138] conducted a study on the reflection of
photothermal waves in a semiconducting medium. Hobiny and Abbas[58] discusses
effect of fractional order thermoelasticity in semiconducting plane. Abbas et al. [4]

developed a photo-thermal effect in view of DPL model. Bayones et al. [18] studied
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the effects of rotation, electromagnetic field, initial stress in a semiconducting medium
with void.

We present a fractional thermoelasticity for the thermoelastic photothermal re-
sponse of a rotating semiconducting half-space medium. The semiconducting medium
is subjected to an internal heat source. The propagation of photothermal waves in
a prestressed semiconducting half-space with a gravity effect has been investigated.
The normal mode analysis precisely resolved all coupled photo-thermoelastic equa-
tions. The eigenvalue approach is adopted to derive the analytical solution of the
main variables of the medium. Temperature, horizontal and vertical displacements,
stresses, and carrier density were all measured. The dependence of all field variables
on the internal heat source, initial stress, rotation, electromagnetic field, fractional
order parameter, and inclusion of gravity is demonstrated. The results are graphed
to serve as benchmarks for future comparisons, and additional results are shown to

demonstrate the physical meaning of the phenomenon.

4.2.2 Nomenclature

Cr  Specific heat 0 Thermal viscosity

e;; Components of strain tensor A Lame’s constants

K Thermal conductivity v ar(3A+2u) Volume coefficient
B Material constant of thermal expansion

T  Temperature Q  Angular velocity

Ty Reference temperature E  Components of electric field
u;  Displacement components p  Density

qi Heat flux components 70 Relaxation times

co  Longitudinal wave speed 0;; Components of stress tensor
vg  Velocity of the heat source 7o Relaxation time parameter
ar Thermal expansion coefficient ;,,  Permeability of magnetic field
P Initial stress g9 Permeability of electric field
) Sg—f;’ g  Gravity

4.2.3 Basic Equatons

Following Kilany et al. [73] and Youssef [153], we consider a homogeneous thermoe-

lastic semiconducting medium governed by the following equations:

1. Equation of motion:
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where, G; is the force due to gravity and F; is the Lorentz force, represented
as I, = pg J x ﬁo) J and F; can be found easily from Maxwell’s equation

which are given below
- - 9E 9% ’
curl h =J + 805, —Hogg = curlE,
divh = 0, divE = 0 (4.33)

h= z(* ﬁ)ﬁ:—
curt {u X I MO(&&

f(z,0), when a — 0,

where
0 1—a 0f(z,t)
%f(%t) = § =g, when 0 < a < 1, (4.34)
Of (z,t) _
= when o = 1.

ot
In the above deﬁnition the Riemann-Liouville fractional integral operator I*

defined as I*f(t) = F(a) fo (t —s)* " f(s)ds

2. Maxwell’s stress equation:
=T o
= Mo [th] —+ Hjhl - (Hk : hk) (5”] , 1, = 1, 2, 3 (435)
where 7;; is Maxwell’s stress tensor.
3. The equation of coupled plasma transport

N ON
DpV?*N — — — kT = (4.36)

4. Heat conduction equation:

E 0 .
KIW2T + AN = (1 + Toa) (YToé + pc.T — pQ) (4.37)
T
5. The constitutive relations:
Oij = 2[&52‘]' + [)\6 — ’}/T — 5nN — P} 52']' — Pwij (438)
1 1 .
gij = 5 (ui,j + uj,i) ,wij = 5 (iji — ui,j) ,e = Ul”i? 1,] = 1, 2, 3 (439)
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Figure 4.11: Schematic Diagram

4.2.4 Formulation of the Problem

In two dimensions (see figure 4.11) oxy ( zy-plane), the quantities u(x, y,t), T(z,y,t), N(z,y,t)
express the displacement (elastic waves), temperature (thermal waves), carrier den-

sity (plasma waves) respectively. The displacement is

U = (Ul,’LLQ,()) , U = u(:z:,y,t),uQ = U(d?,y,t).

Therefore, equation of motion becomes,

P P
(/L—§> V2Ui+()\+,u+§) ve—’VVT—5nVN+G¢+Fi

=pli; +{Q x Q xul; + (2 x Q x )]

ov ou
G; = (pgg, —pQ%,O)

I;i = ﬁ() + E(I,y,t), ﬁo = (0, O, Ho)
Oh_ 0B Oh_ 0E
ar ot ey ot

B Hyp!\ 07
h =1(0,0,— (Tﬂ—l) el

ou ov

E = (_/«LOHOEy _NOHOEaO)
0P Oe 0%u

Z 2" 3181
BB gr  SoHegm PIT

(4.40)

where

0)

1-8 2
0 Oe 0%v O)

_ 2 -1
(nyFyan) _:ueHD (B'T 8{/_1_/38_2/ —goﬂewa
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By using the following non-dimensional variables to the above equations

(xla yla ula UI) = —(xa Y, u, U)a (tla 7/7 7-67 TIG) = - (t> 7,70, 7-9) )
CoT n
1 1
(T',N") = m (YT, 0xN), (0", 7') = ﬁ (034> Tig) (4.41)
A+ 2pu K . n 1
ng 1= 27(@aQ>:n(Q79)ag,:_97P/:_P-
p PCeCh Co H

Using equation (4.41) into equations (4.32)-(4.40) we obtain

JiUge + Tty + (1 —T1)vgy — Ty — Ngp+ gv e = Joug — 0%y — 20,
J10yy + 1100 + (1 =Tty — Ty — Ny — gup = Jovy — 0% — 2Qu 4

0 o0“ 0“ (4.42)
2 o 7 -~ — -~ x
v°T 51(1+roat)(u,x+v7y) +52N+g(1+roata)T (1 +T°ata)Q

vz — 20 KON yeyT—0

pc.TDEg B pceDg Ot
Ty = BQU@ - (62 — 2) Uy — B*T — B°N — P
(4.43)

Opy = Uy + Uy — 5 (vz —uy).

where

(51,52753,54) =

)

1 (72 Tocen awEyn Kkd,n ’yTO> 8 = A+ 24

Ce K ' 7, oDgp’ K i
2—P 1
1= —270,24 = MeHg7C2 = Colte’
2 2 1-8
o Cq * Cq _ 5-18 _ *
RH—C—I%,OZ —g,Jl—(l—Fﬂ‘T 8t1*B)RH7J2_1+Oé'

4.2.5 Solution Procedure

The solution of the considered physical variables decomposes in the normal mode as
(ua v, N7 T7 Uij; Tij)(xv Y, t) = (a> /Dv Na Ta OTija T;j)(m)e(wt—l—iby); (444>

where @(z),0(z), T(x), ojx(x), 77;(x) are amplitudes, w is a complex constant, i =
v —1, and b is the wave number in the y-direction.

Using the above equations, we obtain the vector matrix differential equation

dx I
o Ax+ f, (4.45)

where _
— _ du dv df dN)T

, T b 4.4
’ bl ’daj’d:p’d:}j’ d;p Y ( 6)

X = (a7
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A= |G Laxa . and f=1(0,0,0,0,0,0,R;,0)T. (4.47)
B4><4 C’4><4
Now
asy asy 0O 0 0 ass asy asg
Buws = g1 QA2 A3 U4 n = ags 0 0 0
) 0 arp arz apa|’ ) a5 00 0]’ (4.48)
0 0 ags asgq 0 0 0 0

14«4 = Identity Matrix, O4x4 = Zero Matrix.

To find the solution of the equation (4.45), we use the eigenvalue approach as

described by Das et al. [31]. Now the below equation
det(A—AI)=0 (4.49)

is the characteristic equation of the matrix A while [ is the Identity matrix. There
are eight eigen values in the form A = +A; (i = 1,2,3,4,5) of the characteristic

equation (4.49). The corresponding eigen vector X for the eigenvalue A obtained as
X=[1, M, My T, AT, All, All; AT | (4.50)

where II; (i = 1,2,3,4) are given in Appendix.

Now the eigenvectors related to the eigen-values £A;, 7 = 1,2, 3,4 of A are written

as
1= (X)a=n, To=(Xa=n,y T3=(X)a=a; T's=(X)a=a, (4.51)
F5 = (X)A:*Ala F6 = (K)A:7A27 I‘7 = (K)A:*A:w FB = (K)A:*Az;' ’

We compute the inverse matrix V' = (w;;), 4,5 = 1(1)8 of the matrix V =

([',9, '3, T4, T'5, T, 7, T'g). As aresult, the solution to the differential equation (4.51)

1S

8
j=1
0o 8
=C Apz Apz —Apx d _ R. = R 4
y, = Cpe™?” + e Qpe and Q, = pr] i = wpr Ry (4.53)
—5 s

where C,, is an arbitrary constant. All the values of C), can be assessed by using
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boundary and initial conditions. Therefore the final results are given below,

4
u = e(UJt_'_iqy)Z le(cjeA]x —

=1

4
v = e(wt+iqy)z ng(Cjeij _

J=1

4
T — e(thriby)Z X3j (Cje/\jm .

j=1

4
N — e(wt+iby)z X4j(cj€ij .

j=1
where the real part of A; < 0,5 =

simplified stress components are written as:

4
__(wt+ib Az
Opgx = 6( v) ( E CjSUe I —

j=1

_ (wt+ib
Ony = el Y) (
Tex (wt—l—zby (

J

4
_(wt+iby)
Oyy = €
Jj=1

MQ

C /

M% I

1

where S;;, 5], M;,1,5 = 1(1)4 are given in Appendix.
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4.2.6 Boundary Conditions

A_)7

Q;
j

“i)
A,
(4.54)
i)
A;
Q;
A )

J

1(1)4. Using the above equations (4.54), the

M1> ~ P,

C; Sy €M™ — M2> ,

z_Mg)

CjS4j€ij — M4> — P,

(4.55)

The determination of unknown parameters is achieved by applying boundary condi-

tions at x = 0, expressed as:

wt—+iby oT

Opg + Tox = —P — pe 7Uwy+7$y :07 895

where s and p] are arbitrary constants.

N
=0, p,2N _ sN,

- (4.56)

These conditions help determine the

values of the unknown parameters under consideration. Therefore using above equa-

tion (4.56), we get the unknown parameters as:

4 Hyy His His Hyy

Cy _ Hy Hj Hys Hoy

Cs A Xz AoXso AgXss AgXsy

Cy 5150 52512 83513 S4Sm
where S; = (19 = Az) 5 Hh‘ — Sli + Siz? ng‘ ==
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4.2.7 Numerical Discussion

We consider a numerical example in which to find mathematical results for the differ-
ent physical quantities whose behavior is to be determined primarily on the assump-
tions cited in the matter. Therefore, numerical calculations have been made using

silicon material which has the physical constants as follows Othman et al. [113]:

A =3.64 x 10"°Nm™2, p = 5.46 x 10"%gm ! 572, p = 2.33 x 10°kgm 3,
K =150wm 'kt s=2ms ' pi=1, dy=—9 x 1073 m?
Dp=25x10"m?s ' B, =1.12eV,y = 1.5,a = 0.6,
t=3x10"° 0, =3 x 107%%k !, Ny = 300K, ¢ = 0.35,wp = 1.5,
w=wy+il,ce =695, 7=5x10°b=12,i=+/—1,Q =0.5.

4.2.8 Graphical Discussion

We discuss all graphical representations in the context of fractional thermoelasticity
with a memory parameter of 8 = 0.9, as depicted in Figures 4.12-4.15. Throughout
the presentation, we maintain a constant value of p; = 1.

In Figure 4.12, the initial stress parameter P noticeably influences the u-distribution,
with an increase in P leading to a decrease in u. Additionally, as « increases, while
keeping ¢ fixed at 0.1, the u-distribution also increases.

Figure 4.13 illustrates the v-displacement distribution for a fixed fractional order
a = 0.6 and time ¢t = 0.1, with varying 2. The v-distribution exhibits positive values
up to x = 0.8, followed by a decrease and subsequent reversal in results after x =
1.2. Figures 4.14-4.15 demonstrate the significant impact of the rotational parameter
on the stress distributions o,, and o,,. o0g,-stress distribution initiate from zero,

satisfying the boundary conditions. All figures satisfy boundary condition.

4.2.9 Conclusion

In this study, we investigate the impact of electromagnetic force, fractional order,
gravity, initial stress, and heat source on displacement and stress components in a two-
dimensional problem within a half-space semiconducting thermoelastic medium. The
examination is conducted using the framework of fractional-order thermoelasticity
theory with memory effect on electromagnetic field. Our findings indicate that initial
stress and angular velocity exert substantial effects on all the analyzed fields. The

investigation is conducted within the three-phase-lag(TPL) model.
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u

0.25

0.1

> 0.05

-0.05

-0.15

Figure 4.14: o, distribution vs x axis at a = 0.5.
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4]

Q=02
- = — =04
————— 1=0.6

Figure 4.15: o0,, distribution vs x axis at a = 0.5.

4.2.10 Appendix

T, = (1 + ﬁ!Tﬁ_lwl_ﬁ)RH, Gs1 — b2F1 + J2w2 _ Q2’a52 _ —2Qw,
Jl le
ase = —h — 11 +9) y A57 = L asg = L
le ’ J1w7 Jlo.)7
2Quw b2 Jy,, + Jow? — Q2 b 1b g
a1 = T, y 62 = T, ;a63:F_17a64:P_17a65:F_17
are = iberpr, ary = b + wpy, ara = a1, ars = e1pw
ags = —€3,ag4 = (b% + 11 + low)

a1 = Jinb? + Jow? — Q% ag = e1wP, a3 = Ab? + WP}, a5 = 20w + ibg,
Kt* _ Kw
pcetDp’ > peeDp’

ass = 0% + So + Ssw + Ssw?, ag = esw P, li =

as = agq, P = (1 4+ 1ow?)

Otn = (AL = 1), Ug = (A} —a5) , U3 = (A2 — a3) ,Osp = (1A} — 1),
B = (N = 1), Uon = (] = 05) O = (A7 = 053)  Xan = 1, X = iy

[a6U4 — asbUy — asagXa,] Us
€3 (523 — a,ﬁ) — [663 — ag] 65’

X, — €3X3n
in — 9
65n

XSn =

2
S, = %Uln, Sin = 8% (A2 — B — X3, — Xun) + 26> — 2ibA, Xo,
San = B (A2 =V — X3, — Xu4p) — 2 (A2 — ibA, Xon)
P
SQn = 7bX1n - AnXQ'rL + 5 (AnX2n + Zlen) 5
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8
M, = Zl % (ib(52 — 2) Xy, — B*( Xz, + X4n)) :
8
- P
M, = 2 %(z’b(l 1 g)xlj),

Q.
M3 - Z A_(ZbEXQJ),
j=1 "7

8
My = 32 D052, — B(Xa + X)),

j=1 "7

8
j=1

J
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