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Abstract

In the framework of the General Theory of Relativity, gravity is described in terms of space-

time geometry and thus proper theoretical description of astrophysical systems under strong

gravity is one of the key areas of recent research. Compact stellar objects which are the

end stage of stellar evolution, act as ‘natural laboratories’ and they provide extremely high

gravity for testing the theory of general relativity. To study the physical properties of these

objects several approaches have been adopted and these approaches are found to be com-

patible with physical observational data. Seeking exact solutions to Einstein field equations

and developing physically viable models corresponding to compact stellar objects by incor-

porating pressure anisotropy, charge, electromagnetic field, etc., is the motivation for the

present work. For the study of compact stars, one requires the equation of state (EoS) (rela-

tion between pressure and density) to explore the properties of a compact star by using the

Tolman-Oppenheimer-Volkov (TOV) equation. At extreme conditions, in the absence of

any information about particle interaction, one can adopt alternative approaches like phys-

ically reasonable geometry or the fall-off behaviour of density or pressure of the matter

source.

The thesis focuses on developing analytical models of compact stellar objects in a spheri-

cally symmetric system by generating new classes of solutions assuming specific choices of

anisotropy or geometrically inspired form of metric potential or employing additional con-
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ditions on the metric potentials viz. Karmarkar condition. The mass-radius relationship,

the stability of the obtained solution and the overall physical behaviour of such classes of

solutions that describe compact stars have also been studied to test their acceptability as

viable models.

The work is completely theoretical in nature but recently observed experimental data has

been taken into account for validating the developed configurations.

Thesis Outline

The objective of the present work is to construct stable configurations which can describe

static, spherically symmetric compact stellar objects. This thesis delves on finding exact

solutions to the Einstein field equations and thus obtain some metric potentials assuming

certain criteria that can be formulated to describe stable compact stellar configurations. The

thesis has been organized in the following way:

• Chapter 1: A brief introduction to compact stars and the outline of the process to

obtain stellar model is discussed in Chapter. 1. Some of the remarkable works on this

particular arena have also been brought up to highlight the known available data for

conducting this work.

• Chapter 2: Chapter. 2 focuses on finding a new class of closed-form solutions of

the Einstein field equations for spherically symmetric, static, anisotropic matter dis-

tribution assuming a physically reasonable metric potential and a specific choice of

the anisotropy. This class of solutions has been used to develop viable models for

observed pulsars. A particular pulsar, 4U1608 − 52 having current estimated mass

(1.58+0.30
−0.29 M�) and radius (9.8± 1.8 km) has been employed for testing the physical



xi

acceptability of the developed model graphically. The stability of the model has also

been discussed. Additionally, analyzing the mass-radius relationship for this model,

the maximum mass is found to be≈ 3.024M� corresponding to the radius 10.31 km.

• Chapter 3: Chapter. 3 presents a class of singularity free interior solutions assum-

ing a physically reasonable metric potential and a specific choice of the anisotropy.

The obtained solutions pass all the stability criteria for a compact stellar structure.

This model assumes a maximum mass of 3.011 M� corresponding to the radius of

10.47 km. Moreover, comparing the results with a slow rotating configuration, the

moment of inertia and the time period have also been argued.

• Chapter 4: Chapter. 4 investigates the solution of stellar structure assuming the

Finch-Skea metric potential and thus establishes a configuration which is seen to

fulfill all the criteria for a anisotropic compact star. The presented class of exact

solutions to the field equations is observed after considering the corresponding two

cases: (i) the positive value of the anisotropic parameter, and (ii) the absence of any

anisotropy. Along with the stability criteria, the density variation parameter, ratio of

the density at the surface to that at the center, is also observed for the model.

• Chapter 5: The well known metric, Vaidya-Tikekar ansatz has been considered

to study the anisotropic model of a compact star in Chapter. 5. Additionally the

polytropic-type equation of state pr = kρ1+ 1
n − β has been assumed to develop the

model. The model has been studied mathematically as well as graphically for the

polytropic index n = 1. However, for n = 2, this model fails to represent any viable

relativistic compact stellar configuration. Chapter. 5 emphasizes on the impact of

the spheroidal curvature parameter K on the stellar structure in view of the relevant

physical parameters and on the mass radius relationship. It is found that with
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Chapter 1

Introduction

1.1 From birth to death: a journey of stars

In the dense molecular clouds of gas located in the arm of galaxies, there lies the birthplace

of the stars. Like the beautiful chain of life: these ‘dusty’ molecular clouds are formed in

the cool surfaces of ‘super-giants’, massive stars in the late stage of stellar evolution. Since

the cloud interior is guarded against ultraviolet starlight due to the dust, the core interior of

the molecular cloud eventually becomes cooler. Inside these dense clouds, massive turbu-

lence are formed which makes these dense structures to collapse under their gravitational

forces. These happen as the gas and the dust within the clouds give rise to knots with

sufficient mass. These dense regions in the clouds collapse to form “protostars”, the hot

core of collapsing clouds eventually forming a star. The source of energy for its “life”

is gravitational energy which is converted to heat by compression. In the state of quasi-

hydrostatic equilibrium, the temperature and the thermal pressure gradient approximately

balance the gravity. Once the “protostars” are contracted enough, due to the energy loss

by the radiation at its surface, the core temperature rises to a point of ignition so that it can

1
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burn hydrogen to helium. Afterward, fusion takes the place of being the dominant source

of energy, and the gravity of the whole ‘structure’ is then balanced by the thermal and the

radiation pressure till the timescale becomes approximately to the inverse square of the

stellar masses. These “protostars” then convert to the “main sequence” stars. About 90

percent of the stars in the universe, including the Sun, are main sequence stars.

Figure 1.1: A schematic representation of the life cycle of stars: from nebula to compact
star. Fig Courtesy: Mometrix

When the nuclear fuel runs out, these luminous stars “die” thus forming Compact stars,

term that broadly describe white dwarfs, neutron stars, black holes etc. Fundamentally

compact stellar objects are different from the normal stars in two ways: first of all, since

there is no remaining nuclear fuel left to burn, they cannot generate thermal pressure to

support themselves against the gravitational collapse. Instead, white dwarfs are supported

by the pressure of degenerate electrons while neutron stars are supported largely by the

pressure of degenerate neutrons. Furthermore, Black holes are completely collapsed stars

and these structures are so dense that they could not find any means to hold back the inward

pull of gravity and therefore collapsed to singularities. Secondly compared to any normal

stars with similar masses, compact stellar objects have exceedingly small radii and hence,
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much stronger gravitational fields on the surface (Shapiro and Teukolsky, 1983). Masses

of the progenitor stars define the nature of these end products of stellar evolution. Studies

suggest that the white dwarfs are originated from light stars with masses ≤ 4M� while the

neutron stars and the black holes originate from more massive stars.

1.2 Revisiting compact stars

1.2.1 White and Black Dwarfs

For any stars with masses upto few solar masses, contraction begins when hydrogen is

depleted in the core, triggering next layer of helium to burn. With the increase of the tem-

perature the envelope begins to expand while the core continues to contract and heat up,

hence forming the red giant. For most of the red giants the envelope becomes unstable,

resulting in the spectacular event of the planetary nebula - expanding and ejecting glowing

shell of ionized gas (Glendenning, 1997).

Depending on the layer of the red giants up to which the impact of the reactions have

reached, the remaining stellar core is left mostly with helium, carbon and, or oxygen. Since

the instability of the structure removed the compressing weight of the bulk of the star,

the combustion temperature fails to maintain its configuration with its sufficient mass and

thus get contracted forming a white dwarf. White dwarf appears white, hence the name,

because of its extremely high surface temperature of about 8000 K. But among all compact

objects, white dwarfs are pretty big in their structures with the radius of few thousand

kilometers and density of the order of 106 of that of the Earth (the density of the Earth is

5.513 gm/cc and that of the Sun is 1.408 gm/cc). Interestingly white dwarfs radiate their
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residue from the hot surface, making the surface cooler and eventually crystallizing and

then disappearing as black dwarfs. Mass of the largest known white dwarf is 1.52M�(WD

1143 + 321) and that of the smallest one being 0.33M� (WD 0349 + 27), although on an

average, masses of white dwarfs are sharply peaked around 0.6M�. Nearest known white

dwarf Sirius B possesses the mass of 1.053± 0.028M�.

Figure 1.2: Planetary Nebula NGC2440 sheathing one of the hottest known white dwarfs.
Fig Courtesy: H. Bond (STScI), R. Ciardullo (PSU), WFPC2, HST, NASA.

1.2.2 Neutron Star

Since the stellar evolution of the progenitor stars of higher mass is much more motivated

by the gravity than that of the lower mass progenitor stars so the thermonuclear process is

much more intense for the former case making the star even more hotter until it expands

into a super red giant of radius > 108 km. Since the burning happens up to the iron core

and thus gravity crushes the core making the degenerate non relativistic electrons relativis-

tic and support the structure against the gravitational collapse.



1.2. Revisiting compact stars 5

Extremely hot core now approaching towards its collapse under the consequence of its

neutronization. Now the region above the core is no longer supported by the core and a

decompression wave travels outward in the diffused state of red giants at the speed of the

light. These give rise to free fall of the material which meets the stalled shock-front only

to create an accretion shock. The enormous density core along with this accretion shock

create a bubble like region. These complex processes of neutrino heating allow small frac-

tion of such immense gravitational binding energy to provide the kinetic energy to form

something exceptionally beautiful - the supernova explosion which ejects almost all the

bubble structure leaving out only the collapsed hot core or the ‘protoneutron’ star. Cooling

from a temperature of tens of MeV to an MeV, the collapsed core reaches a final equilib-

rium (Burrows and Lattimer, 1986), which creates an amalgamation of neutrons, protons,

quark, hyperons and leprons. This structure is known as neutron star, a structure of the

radius of merely ten kilometers and density of 1014 times that of the Earth.

Observation of supernova started way early in the year 1054 AD and the appearance

of the Crab Nebula supernova was mentioned in Sung-shih [Annals of Sung dynasty] (As-

tronomical Treatise, Chapter 56). Yang Wei-te, Director of the astronomical bureau in the

Sung empire, wrote, “I humbly observe that a guest star has appeared. Above the star in

question there is a faint glow, yellow in colour”. Theoretically the notion of the neutron star

was first conceived by Walter Baade and Fritz Zwicky at Caltech in December 1933, shortly

after the discovery of the neutrons by Chadwick. Interestingly, Lev Landau introduced the

concept of the neutron star even before its discovery. While discussing the discovery of the

neutrons, Landau suggested that these ‘unheimliche Sterne’, weird stars, would be invisible

and unknown unless they collide with visible stars when they would originate explosions,

which might be supernovae (Yakovlev et al., 2013). These extremely dense core objects act
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as the natural laboratories to study the nature and the structure of these stars as such high

densities can not be produced in any terrestrial laboratories.

Theoretically the structure of compact stellar objects are first thoughtfully considered

by three pioneers, Oppenheimer and Volkoff (Oppenheimer and Volkoff, 1939) and Tol-

man (Tolman, 1939) where they first derived the mathematical equation of the relativistic

structure of compact stellar objects and found a stable configuration of radius 10 km and

mass 0.75 M� approximately. A new era of observational astronomy emerge with the dis-

covery of pulsar by Anthony Hewish and his doctoral student Jocelyn Bell at the Mullard

Radio Astronomy Observatory in 1967. Fascinatingly, Hewish had designed a large phased

array radio telescope and auxiliary equipment with a short time response and an extended

observing routine primarily for observing interplanetary scintillation. His then student,

Bell noticed a “bit of scruff” on her data for three months that was later identified as persis-

tent periodic source, rapidly rotating neutron star. Thus the discovery of PSR B1919 + 21

with the pulse period of 1.337 seconds. Bell had detected a very small source of the pul-

sating radio signal outside the solar system and this trailblazer work got published in Na-

ture (Hewish et al., 1968).

The Crab and Vela pulsars were discovered afterward although the observation of the

Crab pulsar were dated back to 1054. Soon the large surveys of 1970s gave us 250 more

pulsars. As of today more than 2000 pulsars have been discovered. Pulsars are of two types

depending on its ‘blinking’: the slow pulsars rotate on the order of once per second while

the millisecond pulsars rotate hundreds of times per second. Till now the fastest known

pulsar PSR J17448 − 2446ad, discovered on 2004, have observed to rotate 716 times per

second.
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The pulsars are observed under a variety of circumstances such as they can be observed

as the isolated stars, sometimes they are found in a binary orbit, in a X-ray binary system

and perhaps in any γ-ray busters and soft gamma ray repeater (Rothchild et al., 1994).

The advancement of X-ray, gamma-ray and radio telescopes have helped to accelerate the

observational study of compact stars, the recent addition being India’s first dedicated multi

wavelength space telescope, Astrosat. Now to dig deeper into the behaviour of these dense

compact stellar objects, it is quite reasonable to investigate all the astrophysical laws within

the framework of the General Theory of Relativity.

Figure 1.3: NASA’s Hubble Space Telescope captures the three moments of supernova
explosion from a far-off galaxy cluster Abell 370. Credits: SCIENCE: NASA, ESA, STScI,
Wenlei Chen (UMN), Patrick Kelly (UMN), Hubble Frontier Fields.

1.2.3 Black Holes

The protoneutron star obtained from supernova explosion, continues to cool down for mil-

lions of years. The slow diffusion of photons to the surface and their radiation into the space

manifest the process of cooling down of a ‘star’. During this process of cooling down, neu-

tron star exhausts the nuclear fuel in its core and eventually collapses under its own gravity.
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This happens when the mass of the star exceeds the limiting mass (maximum mass required

for a relativistic structure to remain stable against its gravity). Thus the progenitor star im-

mediately collapse to a black hole in a supernova explosion and its mass being about that

of the star before the supernova. Black holes of approximate mass of 8 M� to 50 M� are

created in this process. This happens when the mass becomes larger than the maximum

mass supported against the collapse by the pressure of degenerate neutrons and their inter-

active behaviour. Masses of black holes vary as after the black hole is born, it continues

to enlarge as it engrosses mass from its surroundings. Another type of collapsed star can

Figure 1.4: X-ray data from Chandra X-ray Observatory (blue) depicting hot gas that was
blown away from massive stars near the black hole. Two images of infrared light at dif-
ferent wavelengths from NASA’s Hubble Space Telescope show stars (orange) and cool
gas (purple). These images are seven light years across at the distance of Sagittarius A*
(supermassive black hole in the center of the Milky Way galaxy and 27000 light years from
Earth). A pull-out shows the new Event Horizon Telescope image, which is only about
1.8 × 10−5 light years across (0:000018 light years, or about 10 light minutes).(Credit:
X-ray: NASA/CXC/SAO; IR: NASA/HST/STScI. Inset: Radio (EHT Collaboration)).

be found where the collapse is delayed after the formation of a protoneutron star and its
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ejection in a supernova. This retarded collapse occurs due to the process of hyperonization

where the pressures obtained from neutrons and protons are reduced due to the conversion

to hyperons (Glendenning, 1982, 1985). Hyperonization occurs to relieve the high pres-

sure of the nucleons and achieve a lower energy of dense neutron star matter (Glendenning,

1995). This type of collapse may occur when the mass of the protoneutron star is close to

that of the limiting mass even if the supernova ejects most of the progenitor star.

This process forms black hole of around ∼ 1.5 M�. Similar masses of black holes can

also be formed in the slow process of accretion-induced collapse of the neutron stars in the

binary system where the higher dense star accrete matter from the less dense companion

star surplussing its Eddington limit and eventually collapsing to a black hole. Eddington

limit defines the maximum luminosity a body can achieve to balance the gravity acting

onto itself with the outwards radiation. Extremely dense black holes are usually the final

point in the evolution of a star. However there are another type of black holes that are giant

whirlpools of active galactic nuclei and can be formed due to the condensation of the dense

star clusters (Ipser, 1969).

These objects are so dense that even the light cannot escape from their gravity and

hence observational studies on these objects require detecting their impact on surrounding

matters. These type of astrophysical objects with strong gravitational fields were first con-

sidered by John Michell and Pierre-Simon Laplace in the 18th century (Montgomery et al.,

2009). However for the sake of the present work the discussions on the black holes are kept

short.
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1.3 Brief discussions on the Theory of General Relativity

The theory of gravitation, discovered by Albert Einstein in the year 1915, describes the

change of geometry of spacetime with respect to the matter and the energy. The ‘story’ of

the theory of relativity traces back to over two thousand years. The ancient Greek philos-

ophy describes the space and the time to be absolute, that all velocities can be measured

relative to an absolute rest frame. Galileo changed the concept which lead to the Newto-

nian mechanics and that suggested that although time remains absolute, one should always

consider the spatial measurements as measurements relative to some fixed frame (known

as the coordinate system). Later mid and late nineteenth century saw the wave phenom-

ena in Maxwell’s Theory considering the light propagation. Until now the existence of a

medium, aether (Greek for upper air) is assumed in which the light is moving. Also the

presence of an aether implies that there exists a preferred motion of an observer, namely

the one in which she stays at rest with the medium (Samuelsson, 2003). The famous exper-

iment by Michelson and Marley in 1887 supports this fact. Even Lorentz also suggested in

favour of the existence of the aether by introducing an ad hoc transformed time such that

along the motion the aether would contract objects thus cancelling the effect of the variable

speed of light. Later Einstein postulated that the speed of light is a universal constant, does

not depend on the motion of the observer. This postulate gives rise to the Special Theory

of Relativity from where Einstein derived the Lorentz transformations and introduced a

unified theory of the electromagnetism and mechanics. Since Lorentz transformation also

transforms time, so that means one cannot define time universally. Instead time cannot be

separated from the space, thus introducing the space-time.

The limitation of the applicability of the Special Relativity for any accelerated system
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leads to the General Theory of Relativity. By assuming Weak Equivalence Principle, Ein-

stein suggests that if one considers any two system, one in a static uniform gravitational

field and one in a uniform accelerated motion with respect to the first, the laws of physics

are unable to distinguish them. Thus time will flow faster in the gravitational field and this

phenomena is known as the gravitational redshift. Furthermore, Einstein wrote series of

four papers in the relativistic theory of gravitation, fourth paper provides the formulation

of the General Relativity (Mehra, 1998). Essentially Strong equivalence principle (“The

laws of physics are same in all inertial frames ”) forms the foundation for the general

theory of relativity. A striking consequence of the equivalence principle is that the geom-

etry of spacetime cannot be flat, that is general relativity is a theory of the curved spacetime.

Essentially Einstein’s general relativity depicts gravity as the deformation of the space-

time and the paths followed by the particles under the gravity are called geodesics. The

theory of General Relativity qualified all the Solar System tests (Everitt et al., 2011; Will,

2006) and to describe extremely dense compact stellar objects for which the gravity is so

intense, the theory of General relativity is very crucial.

1.4 Exact solutions of the Einstein field equations

Einstein field equations, which relate the local spacetime curvature (expressed by the Ein-

stein tensor) with the local energy, momentum and stress within that spacetime (expressed

by the stress energy tensor) have been expressed in the tensor form as

Gµν =
8πG

c4
Tµν , (1.1)
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where

Gµν = Rµν −
1

2
gµνR, (1.2)

is the Einstein curvature tensor,Rµν is the Ricci curvature tensor,R = gµνRµν is the Ricci

scalar, gµν is the metric tensor and Tµν is the stress-energy tensor. Here the gravitational

constant G in C.G.S. unit is given by 6.67× 108 dyne cm2gm−2 and the speed of the light

in vacuum c is 2.9979 × 1010 cm/s. The Einstein field equation comprises of a set of

ten non-linear second order partial differential equations. Furthermore symmetric Einstein

tensor has an identically vanishing covariant divergence known as Bianchi identity and it

is given by∇µGµν = 0, which reduces the number of independent equations to six.

The 4-dimensional spacetime associated with the spatial or temporal interval is described

by the metric gµν as

ds2 = gµνdx
µdxν , (1.3)

where µ, ν = 0, 1, 2, 3. The curvature of space-time can be described by the Riemann

tensor as following,

Rα
βµν = ∂µΓαβν − ∂νΓαβµ + ΓαµλΓ

λ
βν − ΓανσΓσβµ,

where the Christoffel symbols, which represent gravitational forces, are defined by,

Γαµν =
1

2
gαβ
(
∂µgνβ + ∂νgβµ − ∂βgµν

)
.

The Christoffel symbols describe how the metric potential varies throughout spacetime so

that the objects can accelerate. The Ricci scalar and Ricci tensor are obtained from the
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Riemannian tensor from contraction as,

Rαβ = Rλ
αλβ, and R = Rαβg

αβ.

Now one can choose the spatial coordinates as x0 = t, x1 = r, x2 = θ, x3 = φ and obtain

the line element in the most general form as,

ds2 = −A(r)dt2 +B(r)dr2 + C(r)r2(dθ2 + sin2 θdφ2). (1.4)

Without loss of the spherical symmetry, one can also write the line element in many ways.

It is written by doing C(r) ≡ 1 and one can write,

ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + r2(dθ2 + sin2 θdφ2), (1.5)

ν(r) and λ(r) being the functions of r only.

Now the stress-energy tensor Tµν for an anisotropic fluid matter distribution can be describe

as

Tµν =



ρ 0 0 0

0 −pr 0 0

0 0 −pt 0

0 0 0 −pt


, (1.6)

where ρ represents the energy-density, pr and pt, respectively denote fluid pressures along

the radial and transverse directions of the fluid. The fluid four-velocity u is comoving and

is given by ua = A−1
0 (r)δa0 .

In the presence of the strong gravitational fields, exact models of compact stars which

are described by the spherically symmetric gravitational fields in static manifolds, require
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to obtain the solution for the Einstein (uncharged) and Einstein-Maxwell (charged) sys-

tem of field equations. The concept of compact stellar models have skyrocketed since

Karl Schwarzschild first obtained the solution for the Einstein’s field equations assuming

fixed fluid density in 1916. The first solution to the Einstein’s field equation is obtained

by Schwarzschild. This exterior solution (Schwarzschild, 1916b) describes the geometry

of a gravitational field outside a static spherically symmetric stellar structure. This solu-

tion is decisive as it plays important role in examining classic relativity tests (d’Inverno,

1992; Wald, 1984). To describe the interior of a spherically symmetric static structure, the

Schwarzschild interior solution (Schwarzschild, 1916a) was the first and is a good approx-

imation for a dense star in which the pressure is not too large. The interior and exterior

Schwarzschild solutions together provided the first complete relativistic descriptions of the

matter distribution and the spacetime geometry for a static star (Takisa, 2013).

Additionally for the case of a spherically symmetric non-rotating, charged star, the

static solution to Einstein-Maxwell field equations is given by Reissner-Nordström solu-

tion (Nordström, 1918; Reissner, 1916). This solution describing unique exterior metric

reduces to Schwarzschild exterior solution in the limit of vanishing electromagnetic field.

Several studies have been conducted for obtaining the exact solution for interior charged

perfect fluid. Furthermore, for the case of uncharged rotating black hole, the exact solution

is given by Kerr (Kerr, 1963) and it suggests that this metric be interpreted as that arising

from a spinning particle. The extension for this solution is given by Kerr-Newman met-

ric (Newman and Janis, 1965) where it describe a spherically symmetric charged rotating

black hole.

This work however focuses only on the closed form exact solutions of Einstein field
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equations describing spherically symmetric, static, uncharged structures. A noteworthy

number of exact solutions that represent static, uncharged interior solutions, have been in-

vestigated over the years. Considering the dynamical stability of isotropic spheres as an

eigenvalue problem, Chandrasekhar (Chandrasekhar, 1964a) used an analytical approach

to compute the eigen frequencies of the radial oscillations for the isotropic spherical stars.

The study of the stability of a star then converted to a Sturm-Liouville problem. In the pres-

ence of a gravitational field, Vaidya (Vaidya, 1951) discovered the first radiating solution to

the Einstein field equations that describes the radial flow of coherent null radiation. Since

then several studies have been conducted to obtain the exact solutions to the field equations.

Generalizing the Schwarzschild interior solution, a new exact solution of Einstein’s equa-

tions is derived by Kuchowicz (Kuchowicz, 1975) which describes relativistic spheres with

a finite density increase toward the centre. Details of these solutions are given by Stephani

et al (Stephani et al., 2003). Some of the exact solutions can be found in the work of

Finch (Finch, 1987) and from an unpublished work by Finch-Skea (Hernàndez and Nùñez,

2004) among others. Interestingly not all exact solutions can be accepted to describe spher-

ically symmetric static stable structures. Acceptability of these obtained exact solutions are

then studied rigorously by several researchers. Delgaty and Lake (Delgaty and Lake, 1998)

developed a list of 127 candidate solutions describing isolated, static spherically symmetric

perfect fluid. One fascinating thing to note that out of these only 16 solutions are found to

fulfill the descriptions of bounded stellar structures and even meager 9 have the monotoni-

cally decreasing sound speed against the radial coordinate. These solutions are constructed

by considering isotropy of the pressure of the structures. Additional assumptions being

(i) regularity at the origin (ii) positive definiteness of the central density and the central

pressure (iii) vanishing nature of the pressure at the stellar boundary (iv) monotonically

decreasing density and pressure towards the surface and (v) the subliminal sound speed.
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It was initially believed that the pressure inside the stellar interior are isotropic and

thus the investigations were limited to the locally isotropic systems. However there are

mainly three major astrophysical problems that isotropy fails to justify - the properties of

the superdense matter, the details of the gravitational collapse (Thorne, 1971) and the na-

ture of the quasars (Zeldovich and Novikov, 1972). Maximum mass determined from the

equation of state (relationship between pressure and density) described by isotropy sug-

gests that it can escape gravitational collapse. To get rid of this problem, anisotropy in

super dense objects are considered. Moreover, Maurya et. al (Maurya et al., 2018c) sug-

gested that due to the highly relativistic interaction among the particles which becomes too

random to maintain any uniform distribution inside the structure, chances of possessing

anisotropy is much more usual than the isotropic pressure. This relativistic nature of the

particles in compact star could be one of the possible reason for giving birth to signifi-

cant anisotropy inside the star. The anisotropy implies unequal principal stresses where

the radial pressure is taken different from the transverse component of the pressure. It is

therefore understood that the anisotropic force inside the star makes compact stellar object

more compact than the isotropic condition which eventually makes possible transition of a

neutron star to strange star (Maurya et al., 2018c). Equality of the transverse components

of pressure ensures the spherical symmetry of the model (Dev and Gleiser, 2002). Even it is

observed that in extremely high density regime (1015 gm/cc) anisotropy may develop (Ru-

derman, 1972). Another plausible explanation for the occurrence of anisotropy is the solid

core in these high density structures (Canuto and Chitre, 1973). Within the density range

of 4 × 1014 − 3 × 1015 gm/cc, a solid state may indeed occur for cold matter (Canuto,

1974). Kippenhahn and Weigert (Kippenhahn et al., 2012) have observed that the exis-

tence of a solid core or type 3A superfluid in the star might generate anisotropy. Various
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reasons are being pointed out by the researchers as the origin of anisotropy inside compact

stars. Anisotropy can develop in the core of compact stars due to exotic phase transition

at extreme density (Sokolov, 1980). Jones (Jones, 1975) predicted the presence of type II

superconductor inside compact stars leading to the anisotropy of stress tensor. Pion con-

densation (Sawyer, 1972) is also identified as the possible cause of anisotropy. Liebling

and Palenzuela (Liebling and Palenzuela, 2012) have shown that a scalar field in a Boson

star may give rise to anisotropy. However, for review of the local anisotropy, one can look

into the study conducted by Herrera and Santos (Herrera and Santos, 1997).

Several literature can be found on obtaining stellar solution of the field equations con-

sidering the anisotropic pressure. Some of the literature being: considering one metric

potential in the form of Duragapal and Fuloria (Durgapal and Fuloria, 1985) and another

one in the form of Lake (Lake, 2003), Maurya et al. (Maurya et al., 2015c) have obtained an

anisotropic analog of the Durgapal and Fuloria (Durgapal and Fuloria, 1985) perfect fluid

solution. Using Buchdahl ansatz (Buchdahl, 1959) and Lake (Lake, 2003) ansatz, Maurya

et al. (Maurya et al., 2017) have studied new anisotropic stellar models. In the frame-

work of general relativity, a class of new relativistic solutions describing anisotropic matter

distribution for compact stars have been studied establishing a relation between metric po-

tentials using class I Karmakar’s condition and thus generating a specific form of mass

function by Maurya et al. (Maurya et al., 2018a). Assuming the density profile suggested

by Mak and Harko (Mak and Harko, 2002), a singularity free solution of the Einstein’s

field equations for spherically symmetric, static and anisotropic compact stellar objects is

studied by Deb. et al (Deb et al., 2017). A relativistic, anisotropic stellar model has been

proposed for quintessence stars and a quintessence dark energy having a characteristic pa-

rameter ωq ∈ (−1,−1
3
) by Kalam et al. (Kalam et al., 2014). Kalam et al. (Kalam et al.,
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2013a) have developed a well behaved star model and showed that central density depends

on the anisotropic factor. For recent investigations, there have been important efforts in

describing the relativistic stellar structure. A new class of exact solutions of Einstein’s field

equations depicting anisotropic matter distribution on pseudo-spheroidal spacetime is stud-

ied by Ratanpal et al. (Ratanpal et al., 2016). A singularity free solution describing neutron

stars with a core layer having quark matter satisfying the MIT-bag equation of state (EoS),

meso layer with Bose-Einstein condensate (BEC) matter satisfying modified BEC EoS and

an envelope having neutron fluid and Coulomb liquids satisfying quadratic EoS have been

obtained by Bisht et al. (Bisht et al., 2021). Assuming conformal symmetry, which gener-

ates an integral relationship between the metric potentials, Takisa et al. (Takisa et al., 2017)

have studied spherical, anisotropic stellar models. The algorithms for obtaining solutions

of the Einstein field equations via single monotone functions in closed form had already

been discovered by several authors (Herrera et al., 2008; Lake, 2003; Maurya et al., 2019a;

Thirukkanesh et al., 2018).



Chapter 2

A new class of stellar model compatible

with recent observational data

2.1 Introduction

The key to deeply understand the physical properties of any astrophysical compact objects,

its general rules and dependencies, approximate relations etc., simple stellar models need

to be observed (Kippenhahn et al., 2012). Although numerical programmes compute stel-

lar models much more accurately but one cannot disregard the importance of theoretical

observations. The ongoing advances in observational study of these ultra-dense configu-

rations of theoretical astrophysics have unveiled the mask of several characteristics of the

relativistic compact stellar structures (Errehymy et al., 2019). Under the chassis of general

relativity, this examination of properties and exact constitution of compact stellar spheres

is of utmost relevance. This chapter emphasize on obtaining exact solutions in closed form

that describes static, spherically symmetric structure that assumes the anisotropic pressure.

19
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Static stellar systems like white dwarfs, which are supported against their gravity by

Fermi pressure of degenerate electrons, possess maximum mass of upto 1.4 M� with

the radii upto 5000 km, mean densities of around 107 gm cm−3 and surface potential

GM
Rc2
≈ 10−4 (Errehymy et al., 2019). On the other hand neutron stars are supported

by the Fermi pressure of degenerate neutrons against their gravity. It was believed that

they can support maximum mass of 1.4 − 3 M�. Even there was a firm theoretical up-

per limit of 3.2 M� (Rhoades and Ruffini, 1974) for a neutron star. Mean densities of

neutron stars revolve around few times of 1015 gm cm−3 and it is larger than normal nu-

clear density ρnuclear = 2.8 × 1014 gm cm−3 which corresponds to a number density of

n0 = 0.16 baryons fm−3 (1 fm = 10−13 cm), central baryon number density might reach

nc ≈ 1 fm−3 (EKSÌ, 2016). Considering fully relativistic anisotropic superdense neu-

tron star models, Heinzmann and Hillebrandt (Heintzmann and Hillebrandt, 1975) have

established that there is no limiting mass of a neutron star for arbitrarily large anisotropy.

However, the maximum mass of the neutron star ranges upto 3− 4 M�. Also it was found

that the stability of fully relativistic anisotropic neutron star are just like that are obtained

in isotropic models (Hillebrandt and Steinmetz, 1976). Interestingly just more than two

decades ago Durgapal and Fuloria (Durgapal and Fuloria, 1985) obtained an analytic rel-

ativistic model where they have showed that the model supports all the tests for neutron

stars. For the sound speed ≤ 1, the maximum mass for their model supports 4.17M� with

the surface and central redshifts of 0.63 and 1.60 respectively.

Several anisotropic models have been investigated by incorporating aniostropic pres-

sure in the stress-energy tensor of the material composition. From known isotropic solution,

heuristic procedure is developed to obtain interior solution of Einstein’s solution (Cosenza

et al., 1981). Taking into the consideration of the generalization of P = αρ solutions,
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where the pressure is anisotropic, various analytic solutions and effect of anisotropy on the

solutions are studied (Bayin, 1982). Modifying four well known Tolman solutions (viz. III,

IV, V and VI), another four solutions for anisotropic matter are worked out in the frame-

work of general relativity (Krori et al., 1984). The link between the value of the potential at

the surface and the highest occurring ratio of the pressure tensor to the local density are ex-

amined in anisotropic structure (Bondi, 1992). For the stability of the anisotropic structure,

it is found (Chan et al., 1993) that small difference of tangential pressure from the radial

one might in principle lead to drastic change of the stability of the system. This result have

further been used to extend the Jeans instability criterion in Newtonian gravity to systems

with anisotropic pressures (Herrera and Santos, 1995).

By introducing an algorithm, new exact solutions of an anisotropic fluid distribution

considering uniform energy density have proposed by Maharaj and Maartens (Maharaj and

Maartens, 1989). Utilizing the Maharaj and Maartens algorithm, Gokhroo and Mehra (Gokhroo

and Mehra, 1994) and Chaisi and Maharaj (Chaisi and Maharaj, 2005, 2006) have devel-

oped and studied new anisotropic fluid models. Several studies on anisotropic compact star

models (Mak and Harko, 2003) have been conducted in the recent times. Upper limits for

the mass-radius ratio are derived for compact general relativistic objects in the presence

of a cosmological constant (Mak et al., 2000) and in the presence of a charge distribu-

tion (Mak et al., 2001). Dev and Gleiser (Dev and Gleiser, 2002) presented several exact

solutions for anisotropic stars of constant density. It is shown that pressure anisotropy can

have significant effects on the structure and properties of stellar objects and the maximum

value of 2M
b

can approach to unity (2m
b
< 8

9
for isotropic objects) and the surface redshift

can be arbitrarily large. Assuming fixed form of density and using the Newtonian equation

of hydrostatic equilibrium for an isotropic fluid sphere. Lake (Lake, 2009) has generated
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exact anisotropic solutions of Einstein’s equations. Thomas and coworkers have proposed

models of gravitationally bound systems in equilibrium with an anisotropic fluid distribu-

tion: a core-envelope model for superdense matter distribution with the feature — core

consisting of isotropic fluid distribution and envelope with anisotropic fluid distribution

— is studied on the background of pseudo-spheroidal spacetime (Thomas et al., 2005), a

core-envelope model for superdense matter distribution with the feature- core consisting

of anisotropic fluid distribution and envelope with isotropic fluid distribution is reported

on the background of pseudospheroidal space-time (Tikekar and Thomas, 2005). The non-

adiabatic gravitational collapse of a spherical distribution of matter accompanied by radial

heat flux has been studied on the background of a pseudo-spheroidal space–time where the

spherical distribution is divided into two regions: a core consisting of anisotropic pres-

sure distribution and an envelope consisting of isotropic pressure distribution (Thomas

and Ratanpal, 2007). Assuming a linear EoS, Sharma and Maharaj (Sharma and Ma-

haraj, 2007) have provided an exact analytic solution for the anisotropic matter distribu-

tions. Thirukkanesh and Maharaj (Thirukkanesh and Maharaj, 2008) have also analyzed

an anisotropic fluid distribution to obtain a new class of exact solutions. For example, us-

ing the Finch and Skea (Finch and Skea, 1989) ansatz for the metric potential grr, Sharma

and Ratanpal (Sharma and Ratanpal, 2013) have reported a static, spherically symmetric

anisotropic star model which admits a quadratic EoS. Pandya et al. (Pandya et al., 2015)

have developed a new class of solutions of static spherically symmetric anisotropic system

by generalizing the Finch and Skea ansatz. The model proposed by Sharma and Ratan-

pal (Sharma and Ratanpal, 2013) is a sub-class of the solutions provided by Pandya et

al. (Pandya et al., 2015). Bhar et al. (Bhar et al., 2015) studied the static spherically sym-

metric relativistic anisotropic stellar structure considering the Tolman VII solution as one

of the metric potentials. A new anisotropic model of a strange star admitting the Chaplygin
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equation of state was proposed by Bhar (Bhar, 2015a). This chapter generates a new class

of solution describing static, spherically symmetric structure assuming specific choice of

anisotropy.

This Chapter is organized as follows: the solution for the exact field equations is ob-

tained in Sec. 2.2, the mass-radius relationship for the model assuming a specific surface

density is discussed in Sec. 2.3. Smooth matching of the structure at the boundary and thus

obtaining the model constants are discussed in Sec. 2.4. Compatibility around the known

pulsar 4U1608− 52 is discussed in Sec. 2.6. The stability analysis of the obtained solution

have been examined in Sec. 2.7. Finally Sec. 2.8 consists of the concluding remarks.

2.2 Formation of the model

The line element describing the interior space-time of a spherically symmetric star in

Schwarzschild (t, r, θ, φ) coordinates is expressed as

ds2 = −A2
0(r)dt2 +B2

0(r)dr2 + r2(dθ2 + sin2 θdφ2), (2.1)

where, A0(r) and B0(r) are the gravitational potentials. For the anisotropic matter distri-

bution of the stellar interior, the energy-momentum tensor can be described in the form

Tαβ = (ρ+ pt)uαuβ + ptgαβ + (pr − pt)χαχβ, (2.2)

where ρ represents the energy-density, pr and pt, respectively denote fluid pressures along

the radial and transverse directions, uα is the 4-velocity of the fluid and χα is a unit space-

like 4-vector along the radial direction so that uαuα = 1, χαχβ = −1 and uαχβ = 0.
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Setting the geometrized units of G = c = 1, the Einstein field equations governing the

evolution of the system now reduces to

8πρ =

[
1

r2
− 1

r2B2
0

+
2B′0
rB3

0

]
, (2.3)

8πpr =

[
− 1

r2
+

1

B2
0r

2
+

2A′0
rA0B2

0

]
, (2.4)

8πpt =

[
A′′0
A0B2

0

+
A′0

rA0B2
0

− B′0
rB3

0

− A′0B
′
0

A0B3
0

]
, (2.5)

where ‘prime’ in Eqs. (2.3)-(2.5) denotes differentiation with respect to the radial co ordi-

nate r. Thus the anisotropy in pressure which is essentially the difference of the pressures

is now obtained in the form

∆(r) = 8π(pt − pr) =

[
A′′0
A0B2

0

− A′0
rA0B2

0

− B′0
rB3

0

A′0B
′
0

A0B3
0

− 1

r2B2
0

+
1

r2

]
. (2.6)

To develop a physically reasonable model of the stellar configuration, the metric potential

grr, for the present work, is assumed to be in the form

B2
0(r) =

1(
1− r2

R2

)4 , (2.7)

where R is the curvature parameter describing the geometry of the configuration having

a dimension of length [L] and it will be determined from the matching conditions. This

choice of metric potential assures that function B0(r) is finite, continuous and well defined

within stellar interior range. Also B0(r) = 1 for r = 0. With this choice of B0(r) Eq. (2.6)

then reduces to

∆(r) =
(3r6 − 8r4R2 + 6r2R4)A0(r)

R8A0(r)
+

(r2 −R2)3(3r2 + R2)(r2 −R2)A′′0(r)

R8A0(r)
. (2.8)
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On rearranging Eq. (2.8) one can obtain

A′′0(r)

A0(r)
+

(3r2 + R2)A′0(r)

r(r2 −R2)A0(r)
+

(3r6 − 8r4R2 + 6r2R4)

(r2 −R2)4
=

∆(r)R8

(r2 −R2)4
. (2.9)

Now the above Eq. (2.9) can be solved for A0(r) if ∆(r) is specified in particular form. To

make the equation easily integrable the anisotropic parameter is assumed in the form of

∆(r) =
(3r6 − 8r4R2 + 6r2R4)

R8
. (2.10)

The above choice for anisotropy is physically reasonable, as at the center (r = 0) anisotropy

is vanishes as expected. It is to be marked that for the present work the anisotropy is

considered in the form

∆(r) = X2r
2 +X4r

4 +X6r
6,

i.e. upto order 6 of Taylor Series for ∆ in terms of r. This choice of anisotropy is physically

reasonable and also ensures that isotropic pressures can be regained by taking the values of

the radial co-efficient as 0. Similar form of linear anisotropy, (∆ =
∑

iXir
i) can also be

found in several literature. Maharaj et. al (Maharaj et al., 2014) and Sunzu et. al (Sunzu

et al., 2014a) discussed their model using the anisotropy in the form ∆ =
∑3

i=0Xir
i.

Anisotropy in the form ∆ =
∑3

i=1 Xir
i can be found in the work of Sunzu et. al (Sunzu

et al., 2014b). ∆ =
∑5

i=1Xir
i have been discussed by Sunzu et. al (Sunzu et al., 2019)

and anisotropy in the form of ∆ = X3r
3 +X4r

4 is also fashioned in the work of Sunzu and

Mahali (Sunzu and Mahali, 2018).

Thus the system of equations given by Eqs. (2.3) - (2.5), which is the system of four

equations in six variables (ρ, pr, pt, ∆(r), A0(r), B0(r)), reduces to a consistent system of
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equations. Combining the choice of anisotropy onto the Eq. (2.9) provides the solution in

a closed form as substituting Eq. (2.10) in Eq. (2.9) gives

A′′0(r) +
(3r2 + R2)

r (r2 −R2)
A′0(r) = 0. (2.11)

The simple solution of the Eq. (2.11) thus obtained in the form

A0(r) =
C1

2 (R2 − r2)
+ C2, (2.12)

where C1 and C2 are integration constants.

Hence the values of metric potentials are obtained and with these choices the matter

density, radial pressure, transverse pressure are obtained as

8πρ =
(−9r6 + 28r4R2 − 30r2R4 + 12R6)

R8
, (2.13)

8πpr =
C1 (−3r6 + 8r4R2 − 6r2R4)− C2 (r8 − 5r6R2 + 10r4R4 − 10r2R6 + 4R8)

R8 [C1 + 2C2 (R2 − r2)]
,

(2.14)

8πpt =
−8C2 (r2 −R2)

4

R8 [C1 + 2C2 (R2 − r2)]
. (2.15)

2.3 Mass-radius relationship for the model

The mass contained within a sphere of the radius r is defined as

m(r) =
1

2

∫ r

0

ω2ρ(ω)dω. (2.16)
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For the present model the mass function takes the form of

m(r) =
(−r9 + 4r7R2 − 6r5R4 + 4r3R6)

2R8
. (2.17)

Assuming the surface density as 8 × 1014 gm/cm3 the mass-radius relation for the model

is obtained. It can be seen from Fig. 2.1 that the model assumes the maximum mass of

3.024M� corresponding to the radius 10.31 km. Upper bound to the maximum mass for
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Figure 2.1: Mass-radius relation for the present model. Maximum acceptable mass for the
model is 3.024M� corresponding to the radius 10.31 km.

a neutron star, which is obtained by integrating Oppenheimer-Volkoff equation for density

EoS is approximately 3.2M� (Rhoades and Ruffini, 1974). For uniform density spheres

where causality is not inherent, this limit in general relativity ≈ 5.2M� (Shapiro and

Teukolsky, 1983). The mass-radius relationship of neutron stars is of prime importance

to understand the high-density low-temperature regime of the hadronic equation of state

(EoS).
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2.4 Exterior space-time and boundary conditions

The compact stellar object modeling requires the interior and exterior spacetime to be uni-

fied at the boundary of the star. These are known as the boundary conditions for the stellar

configuration and it will be help to determine the values of R, C1 and C2. These boundary

conditions are as follows:

(i) The interior solution should smoothly match to the vacuum exterior spacetime for a

non radiating Schwarzschild solution at the boundary. Now the exterior spacetime of

a non radiating star can be described by Schwarzschild metric as

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2(dθ2 + sin2 θdφ2), (2.18)

where r > 2M , M being the total mass of the stellar object. The interior space-

time metric (2.1) must be matched to the exterior Schwarzschild spacetime metric

Eq. (2.18) at the boundary of the star r = b. Continuity of the metric across the

boundary leads to

A2
0(r)|r=b =

(
1− 2M

r

) ∣∣∣∣∣
r=b

and B2
0(r)|r=b =

(
1− 2M

r

)−1
∣∣∣∣∣
r=b

,

or,
C1

2 (R2 − b2)
+ C2 =

√(
1− 2M

b

)
and

1(
1− b2

R2

)4 =

(
1− 2M

b

)−1

.

(2.19)

Here b is the boundary of the star.

(ii) Another boundary condition comes from the nature of the pressure at the boundary.

The radial pressure of a stellar structure must vanish at its boundary (Misner and
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Sharpe, 1964) i.e. (pr(r = b) = 0). This boundary r = b is known as the radius of the

star. However transverse pressure does not necessarily vanish at the surface although

both the radial and transverse pressure need to be equal at the center of the star.

Hence the radius of the star can be obtained by utilizing the condition pr(r = b) = 0.

The above boundary conditions determine the model constants as

R =

√√√√ b2

1−
(
1− 2M

b

) 1
4

, (2.20)

C1 = −

[
1 +

(
1− 2M

b

) 1
4

] [
1 +

(
1− 2M

b

) 1
2

]
b2

2
[
−1 +

(
1− 2M

b

) 1
4

] , (2.21)

C2 = −

(
1− 2M

b

) 3
4

[
3M + 2

(
−1 +

(
1− 2M

b

) 3
4

)
b
]

2
[
−1 +

(
1− 2M

b

) 1
4

]
(b− 2M)

. (2.22)

2.5 Physical analysis of the model

2.5.1 The regularity conditions

The gravitational potentials in this model satisfy,A2
0(0) =

( C1
2R2 + C2

)2
= constant,B2

0(0) =

1, i.e., finite at the center (r = 0) of the stellar configuration. Also one can easily check

that (A2
0(r))′r=0 = (B2

0(r))′r=0 = 0. These imply that the metric is regular at the center and

well behaved throughout the stellar interior.

The central density, central radial pressure and central tangential pressure in this case are

given by,

ρ(0) =
12

R2
, pr(0) =

−8C2

(C1 + 2C2R2)
, pt(0) =

−8C2

(C1 + 2C2R2)
.



2.5. Physical analysis of the model 30

Note that the density is always positive as R is a positive quantity. The radial pressure

and tangential pressure at the centre are equal which means pressure anisotropy vanishes

at the center. The radial and tangential pressure at the center will be non-negative if one

choose the model parameters satisfying the conditions C2 < 0 and C1 > 2C2R2 or C2 > 0

and, C1 < 2C2R2. Also according to Zeldovich’s condition, pr
ρ

must be ≤ 1 at the centre.

Therefore, −8C2R2

12(C1+2C2R2)
≤ 1.

Using above equation along with the central pressure leads to the inequality |C1C2 | ≥
5R2

6
.

2.5.2 Gradients of the matter variables

For the present model, the gradient of energy density, radial pressure and tangential pres-

sure are respectively obtained as:

dρ

dr
=

(−54r5 + 112r3R2 − 60rR4)

R8
, (2.23)

dpr
dr

=
2r

R8 [C1 + 2C2 (R2 − r2)]2
×
[
C2

1

(
−9r4 + 16r2R2 − 6R4

)
+ 4C1C2(r2 −R2)

(
r4 − 2R4

)
+ 4C2

2

(
r2 −R2

)2 (
3r4 − 8r2R2 + 6R4

) ]
,

(2.24)

dpt
dr

=
32C2r(r

2 −R2)3 [−2C1 + 3C2 (r2 −R2)]

R8 [C1 + 2C2(R2 − r2)]2
. (2.25)

The negative nature of the gradient of the density, radial pressure and tangential pressure

inside the stellar body are shown graphically in the next section.
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2.5.3 Herrera cracking method

The radial and transverse velocity of sound (c = 1) are obtained as

v2
sr =

dpr
dρ

=
1

(27r4 − 56r2R2 + 30R4) [C1 + 2C2 (R2 − r2)]2

×
[
C2

1

(
9r4 − 16r2R2 + 6R4

)
− 4C1C2(r −R)(r + R)

(
r4 − 2R4

)
− 4C2

2

(
r2 −R2

)2 (
3r4 − 8r2R2 + 6R4

) ]
, (2.26)

v2
st =

dpt
dρ

=
16C2(r2 −R2)3 (2C1 − 3C2r

2 + 3C2R2)

(27r4 − 56r2R2 + 30R4) [C1 + 2C2(R2 − r2)]2
. (2.27)

In this model the speed of sound are smaller than 1 in the interior of the star, i.e., 0 ≤ dpr
dρ
≤

1, 0 ≤ dpt
dρ
≤ 1 which has been shown graphically in the next section.

Based on the cracking method to study the stability of anisotropic stars proposed by

Herrera (Herrera, 1992), Abreu et al. (Abreu et al., 2007) proved that the region of an

anisotropic fluid sphere is stable where−1 ≤ v2
st−v2

sr ≤ 0 is potentially stable. The model

is shown to be stable considering this condition.

2.5.4 Energy conditions

The energy-momentum tensor is made up of contributions of several different matter fields,

thus the occurrence of singularities obtained from right hand side of Einstein field equa-

tions are hard to predict. Hence certain inequalities are tested for the energy-momentum

tensor. These inequalities are sufficient to prove the existence of singularities independent

of the exact form of the given energy-momentum tensor and these are known as energy

conditions.

• Weak Energy Condition (WEC): WEC stipulates that for every timelike vector field



2.5. Physical analysis of the model 32

~X , the matter density observed by any corresponding observer is always non-negative.

ρ = TabXaXb ≥ 0.

Essentially this condition states that the energy density is non-negative to any ob-

server.

WEC : ρ(r) ≥ 0. (2.28)

• Null energy Condition (NEC): For every future pointing null vector field ~k, the matter

energy momentum tensor obeys

Tµνkµkν > 0.

This NEC is an important assumption of the Penrose singularity theorem. The theo-

rem states that if NEC holds and if Cauchi hyperspace is non-compact, one there is

a trapped surface in space then there will be singularity in future (Rubakov, 2014).

A closed surface on which outward pointing light rays are converging (moving in-

wards), such surfaces are called trapped surface.

For spherically symmetric case for a sphere of having area of 4πR2, the sphere is a

trapped surface if R decreases along any future null direction (i.e. all light rays from

the sphere move towards the centre).

NEC|r : ρ(r) + pr(r) ≥ 0;NEC|t : ρ(r) + pt(r) ≥ 0; (2.29)

where NEC|r and NEC|t are NECs along the radial and transverse directions re-

spectively.
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• Dominant Energy Condition (DEC): For every time-like vector ~W , T abWaWb ≥ 0

and T abWa is a non space-like vector (Hawking and Ellis, 1973). To any observer

the local energy density appears non negative and local energy flow vector is non

space-like. Equivalently this condition can be state that in any orthonormal basis the

energy dominates the other components of Tab, or T 00 ≥ |T ab| for each a, b. That

is mass energy can never be observed flowing faster than light. DEC suggests that

matter density should always be greater than the pressure. Mathematically

DEC|r : ρ(r)− |pr(r)| ≥ 0;DEC|t : ρ(r)− |pt(r)| ≥ 0. (2.30)

• Strong Energy Condition (SEC): A physically reasonably energy condition but still

stricter restriction than WEC is another energy condition known as strong energy

condition (SEC). SEC states that for every time-like vector field ~X , the trace of tidal

tensor is always non negative as measured by an observer.

(
Tab −

1

2
T gab

)
XaXb ≥ 0.

SEC implies that for a perfect fluid not only the expression ρ(r) − p(r) need to be

≥ 0, but also ρ(r)− 3p(r) ≥ 0 must hold. For an anisotropic fluid SEC is given as

SEC : ρ(r) + pr(r) + 2pt(r) ≥ 0. (2.31)

SEC implies the NEC but SEC does not imply the WEC (Hawking and Ellis, 1973;

Poisson, 2004).
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2.6 Compatibility with observational data

2.6.1 Discussions around 4U1608− 52

The physical acceptability of this model has been examined by plugging the masses and

radii of observed pulsars as input parameters. In order to validate our model, I have con-

sidered the pulsar 4U1608 − 52 whose estimated mass and radius are M = 1.58+0.30
−0.29 M�

and b = 9.8 ± 1.8 km, respectively (Özel et al., 2016). Using these values of mass and

radius as an input parameter, the boundary conditions have been utilized to determine the

constants as R = 25.3855, C1 = 1028.29 and C2 = −0.213415. Making use of these

values of constants and plugging the values of Gravitational constant G and speed of light

in vacuum c in the expressions, various physical variables have been plotted graphically.

Regular and well-behaved nature of all the relevant physically meaningful quantities imply

that all the requirements of a realistic star are satisfied in this model. Fig. 2.2 depicts the

regularity of the metric potentials considering the pulsar 4U1608− 52.

Fig. 2.3 shows the variation of gradients of matter variables which are negative through-
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Figure 2.2: Variation of the metric potentials A2
0(r) (solid blue) and B2

0(r) (dashed red)
against the radial coordinate r corresponding to the pulsar 4U1820− 30.
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out the stellar configuration ensures the decreasing nature of density, radial and transverse

pressures. Fig. 2.4 shows that the density decrease from its maximum value at the cen-

ρ'(r)
pr'(r)
pt'(r)

0 2 4 6 8
-40

-30

-20

-10

0

r (km)

G
ra
d
ie
n
t

Figure 2.3: Variation of the gradient of pressures (gradient of the radial pressure (solid red),
the transverse pressure (dashed blue)) and the density (dot dashed black) with respect to
the radial coordinate r corresponding to the pulsar 4U1820− 30.

ter towards its boundary. Variation of radial and tangential pressures has been plotted in
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Figure 2.4: Monotonically decreasing nature of the density against the radial coordinate r
corresponding to the pulsar 4U1820− 30.

Fig. 2.5, which are also radially decreasing outwards from its maximum value at the center

and in case of radial pressure it drops to zero at the boundary as it should be but the tan-

gential pressure remains non zero at the boundary. Radial variation of anisotropy has been
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Figure 2.5: Nature of the radial (dashed red) and the transverse pressures (solid blue)
against the radial coordinate r corresponding to the pulsar 4U1820−30. The radial pressure
vanishes at the surface of the star.

shown in Fig. 2.6 which is zero as center as expected and is maximum at the surface. In
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Figure 2.6: Monotonically increasing nature of the anisotropy ∆ against the radial coordi-
nate r corresponding to the pulsar 4U1820 − 30. The anisotropy in seen to vanish at the
centre.

Fig. 2.7, the sound speed in radial and transverse directions have been plotted against the

radial parameter which ensures the non-violations of causality condition in the interior of

the star. The energy conditions are plotted in Fig. 2.8, which are positive throughout the

stellar configuration as required for a physically meaningful stellar model. Fig. 2.9 have
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Figure 2.7: Variation of the radial (solid red) and transverse (dashed blue) velocity of sound
against the radial coordinate r corresponding to the pulsar 4U1820 − 30. Both the sound
speeds for the structure are within (0, 1).
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Figure 2.8: Different energy conditions, SEC (dashed black), NEC along the radial di-
rection (solid blue) and NEC along transverse direction (solid red) are plotted against the
radial coordinate r corresponding to the pulsar 4U1820− 30.
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depicted the smooth matching of the interior and exterior metrices at the boundary. The
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Figure 2.9: Smooth matching of A2
0(r) and B2

0(r) with the exterior Schwarzschild metrices
at the boundary of the star.

relationship between the thermodynamic parameters energy density and pressure which re-

flects the nature of the equation of state (EoS) of the matter distribution of a given pulsar is

plotted in Fig. 2.10 which shows an almost linear relationship. Considering the EoS for the
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Figure 2.10: Nature of equation of state for the present model. It shows that the model
assumes linear EoS.

radial pressure in Fig. 2.10, I have plotted the data for ρ and pr across the range of the radius

for the pulsar 4U1608−52. It is estimated that best fitted relation between ρ and pr is given



2.6. Compatibility with observational data 39

by the expression 0.382962ρ − 148.169 which is illustrated in Fig. 2.11. The mass func-
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Figure 2.11: Best fit for the curve depicting the EoS for the present model.

tion is given in Eq. (2.17) is monotonically increasing the function of r and m(0) = 0 as

depicted in Fig. 2.12. For the compactness of a model (u(r) = m(r)
r

) limit condition need
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Figure 2.12: Variation of the mass function against the radial coordinate r corresponding
to the pulsar 4U1820− 30.

to be satisfied as suggested by Buchdahl. Buchdahl limit suggests that the ratio of mass

to the radius for any stable stellar structure should lie within the range 2M
b
< 8

9
(Buch-

dahl, 1959). It can be easily checked that the present model possesses its compactness as
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m(b)
b

= 0.4326 < 4
9

= 0.44, i.e. Buchdahl conditions are being satisfied for this model.

Moreover, the gravitational redshift is expressed by

z =

(
1− 2M

r

)− 1
2

− 1. (2.32)

In Fig. 2.13, variation of the gravitational redshift is plotted. The surface redshift of this

model is 1.7242. The upper limit of surface redshift is 2 (Buchdahl, 1966), although it was

extended later as according to Bohmer and Harko, the surface red shift should always be

≤ 5 (Böhmer and Harko, 2006).
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Figure 2.13: Variation of the gravitational redshift z against the radial coordinate r for the
pulsar 4U1820− 30.

The equation of State (EoS) parameter as is shown in Fig. 2.14 and the EoS parameter

lies between 0 and 1 indicating an non exotic configuration.

2.6.2 Discussions around other Pulsars

To show that this model has a wide range of applicability for highly compact stars, I have

also analyzed the validity of my model by considering some well-known pulsars such as
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Figure 2.14: Variation of the EoS parameter in the radial (dashed red) and transverse direc-
tions (solid blue) against the radial coordinate r for the present model.

Pulsar Mass (M�) Radius (km) C1 C2 R

RX J 1856− 37 0.9± 0.2 6−1
+2 431.23 −0.1953 16.275

EXO 1785− 248 1.3± 0.2 8.849± 0.4 968.04 −0.1905 24.319
Her X-1 0.85± 0.15 8.1± 0.41 1298.06 −0.1289 27.235

PSR J 1614− 2230 1.97± 0.04 9.69± 0.2 672.61 −0.2887 21.422
Cen X-3 1.49± 0.08 9.178± 0.13 892.01 −0.2152 23.668

Table 2.1: Values of the model parameters for several different known compact stellar
objects.

RX J 1856 − 37(Mass= 0.9 ± 0.2M�, Radius= 6 km) (Pons et al., 2002), EXO 1785 −

248 (Mass= 1.3 ± 0.2M�, Radius= 8.849 ± 0.4 km) (Özel et al., 2009), Her X-1(Mass=

0.85 ± 0.15M�, Radius= 8.1 ± 0.41 km) (Abubekerov et al., 2008), PSR J 1614 − 2230

(Mass= 1.97±0.04M�, Radius= 9.69±0.2 km), Cen X-3 (Mass= 1.49±0.08M�, Radius=

9.178± 0.13 km).

The estimated masses and radii of these pulsars have been used to determine the cor-

responding model parameters C1, C2 and R as given in Table (2.1). Making use of these

values, in Table (2.2), I have calculated the values of the physically reasonable parameters
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Pulsar ρ|0 ρ|b dpr
dρ
|0 dpr

dρ
|b dpt

dρ
|0 dpt

dρ
|b TEC|0 TEC|b z|b

RXJ 1856− 37 1373 963 0.38 0.32 0.18 0.14 941 809 0.195
EXO 1785− 248 615 435 0.37 0.31 0.17 0.14 429 368 0.189

Her X-1 490 391 0.29 0.27 0.09 0.08 406 352 0.125
PSRJ1614− 2230 793 459 0.60 0.42 0.40 0.26 279 339 0.298

Cen X-3 649 438 0.41 0.34 0.21 0.17 410 359 0.216

Table 2.2: Values of the physical quantities of different known compact stellar objects.
Here the values of the physical quantities are considered at the centre and at the surface.
Additionally, the values of the trace energy condition TEC = ρ−pr−2pt are calculated for
several stars.

which are sufficient to justify the requirements of a physically realistic star. From Table 2.2

it is clear that central density is greater than the surface density, which is one of the im-

portant criterion for the stability of a compact stellar model. It can also be easily checked

the same for radial and transverse pressure. Note that I have used ()|0 and ()|b to denote

the evaluated values of the physical parameters at the center and surface of the star, re-

spectively. Here, radial velocity and transverse velocity of the sound for these pulsars are

decreasing away from the centre, consequently satisfying the causality condition. More-

over the differences of transverse velocity and radial velocity of the sound for these pulsars

are also lying between −1 and 0, thus satisfying Herrera Cracking Criterion. Energy Con-

dition is positive throughout the stellar configuration and decreasing towards the boundary

except for the pulsar PSR J 1614-2230. Since for the present model, ρ, pr and pt are all

positive, so reasonably SEC = ρ + pr + 2pt will be positive. Thus to observe the energy

condition corresponding to the model, I have studied TEC = ρ− pr − 2pt for various com-

pact stars in Table. 2.2 Additionally, mass-radius and other parameters of some other stars

are discussed in Table. 2.1. It can be seen from Table. 2.2 that this presented model satisfy

Buchdahl condition as well as surface redshift condition for other pulsars as zb ≤ 2.
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2.7 Stability analysis of the model

2.7.1 Stability under three different forces

A star remains in static equilibrium under the forces namely, gravitational force, hydro-

statics force and anisotropic force. This condition is formulated mathematically as TOV

equation by Tolman-Oppenheimer-Volkoff which is

− MG

r
(ρ+ pr)

A0(r)

B0(r)
− dpr

dr
+

2

r
(pt − pr) = 0, (2.33)

where MG(r) is the gravitational mass of the star within the radius r, can be derived from

the Tolman-Whittaker formula and Einstein’s field equations and it is defined by

MG(r) =
rB0(r)A′0(r)

A2
0(r)

. (2.34)

Using the expression of MG(r) in Eq. (2.33) one can obtain

− A′0(r)

A0(r)
(ρ+ pr)−

dpr
dr

+
2

r
(pt − pr) = 0. (2.35)

The above equation is equivalent to the following

Fg + Fh + Fa = 0, (2.36)

where

Fg = −A
′
0(r)

A0(r)
(ρ+ pr), Fh = −dpr

dr
Fa =

2

r
(pt − pr),
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represent the gravitational, hydrostatics and anisotropic forces respectively. For the present

model the expression for Fg, Fh and Fa can be written as,

Fg = −8C1r(r
2 −R2)2 (3C1 − 4C2r

2 + 4C2R2)

R8 (C1 − 2C2r2 + 2C2R2)2 , (2.37)

Fh = − 2r

R8 [C1 + 2C2(R2 − r2)]2
×
[
− 4C1C2(r2 −R2)(r4 −R4) + C2

1(9r4

− 16r2R2 + 6R4)− 4C2(r2 −R2)2
(
3r4 − 8r2R2 + 6R4)

) ]
, (2.38)

Fa =
2r

R8

(
3r4 − 8r2R2 + 6R4

)
(2.39)

The three different forces are plotted in Fig. 2.15. The figure shows that hydrostatics and

anisotropic force are positive and is dominated by the gravitational force which is negative

to keep the system in static equilibrium.
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Figure 2.15: Variation of different types of forces, hydrostatics force (solid blue),
anisotropic force (dot dashed black) and gravitational force (dashed red) against the radial
coordinate r corresponding to the pulsar 4U1820− 30.
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2.7.2 Adiabatic index

The adiabatic index, which is defined as

Γ =
ρ+ p

p

dp

dρ
, (2.40)

is related to the stability of a relativistic anisotropic stellar configuration. A Newtonian

isotropic sphere will be in stable equilibrium if the adiabatic index Γ > 4
3

as per Heintz-

mann and Hillebrandth’s concept (Heintzmann and Hillebrandt, 1975) and for Γ = 4
3
,

isotropic sphere will be in neutral equilibrium. However, for a relativistic anisotropic fluid

sphere the above condition for stability does not hold good. Thus the modifications based

on some recent works of Chan et al. (Chan et al., 1993) have been implemented and one can

demand the following condition for the stability of a relativistic anisotropic sphere, Γ > γ,

where

γ =
4

3
−
[

4(pr − pt)
3|p′r|r

]
max

, (2.41)

and Γ > 4
3
. In Fig. 2.16, I have plotted Γr, Γt, γ respectively. clearly, it can be seen that

values of Γr and Γt are greater than γ throughout the stellar interior and hence the stability

condition is fulfilled.

Interestingly, it is to be noted that the adiabatic index γ is a local characteristic of a specific

EoS and depends on the interior fluid density.

2.7.3 Causality condition

For a physically acceptable model of relativistic anisotropic star the radial and transverse

velocity speed of sound must be smaller than 1(c = 1) in the interior of the star, i.e.,

0 ≤ dpr
dρ
≤ 1, 0 ≤ dpt

dρ
≤ 1. This condition is known as causality condition and is veri-
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Figure 2.16: Variation of adiabatic indices along the radial (dot dashed blue) and transverse
direction (solid red) against the radial coordinate r corresponding to the pulsar 4U1820−30.
Here the adiabatic indices Γ are seen to be > 4

3
.

fied in Fig. 2.17. Moreover Abreu et al. (Abreu et al., 2007) proved that the region of an

anisotropic fluid sphere where −1 ≤ v2
st − v2

sr ≤ 0 is potentially stable which is shown

graphically in Fig. 2.18.
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against the radial coordinate r corresponding to the
pulsar 4U1820− 30.
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2.8 Discussions and summary

In this chapter, a static spherically symmetric anisotropic fluid model has been devel-

oped by assuming a physically reasonable metric potential and a particular form of the

anisotropy. The presented solution satisfies all the physical criterion of a physically well

behaved compact stellar object. All the physical quantities are regular and well behaved

throughout the stellar interior. Energy density, radial pressure and transverse pressure are

decreasing functions towards the surface of the star. Here anisotropy is finite, continuous

and monotonically increasing function of the radial co-ordinate ‘r’ away from the stellar

centre i.e. anisotropic force is repulsive in nature. Similar profile for anisotropy can be

found in the work of Sunzu et. al (Sunzu et al., 2014a).

The model is shown to remain stable in hydrostatic equilibrium against different forces.

The developed model has been shown to fit a wide range of recently observed values of

masses and radii of pulsars. The mass-radius relation is also explored here. It is also to be

observed from Fig. 2.12, mass function is increasing function of ‘r’. Here we have con-
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sidered static and spherically symmetric spacetime and have incorporated linear equation

of state. The maximum mass for the model is 3.021 M� and it is obtained for the radius

b = 10.31 km (see Fig. 2.1), which is stable as the mass ≤ 5 M� (Rhoades and Ruffini,

1974).

The above model can be of significant study for the astrophysical objects with large

masses. Other new results and hence models can be analyzed by using different metric

potentials, different measure of anisotropy and another choice of equation of state.



Chapter 3

A study on anisotropic compact star

modeling

3.1 Introduction

Observation of any stellar structure that follows anisotropic pressure is much more compli-

cated than the isotropic ones. Obtaining exact solutions of the field equations that describe

anisotropic stellar structure, which have started almost half a century ago, have escalated in

the recent times. The assumption of static spherically symmetric structure for a star reduces

the complexity of the field equations to a certain extent - second-order partial differential

equations into ordinary second-order differential equations (Tello-Ortiz et al., 2020a). The

remaining strongly coupled system of equations are then solved by implementing some as-

sumptions on the model. Despite the isotropic pressure is more ‘easier’ to solve, describ-

ing a relativistic compact stellar configuration requires considering the pressure anisotropy

where both the pressures are unequal throughout the structure except at the centre (Mak

and Harko, 2002, 2003). These anisotropic structures are studied by assuming some very

49
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specific ansatz; either for some specific metric component, or for some specific relationship

between the components of the stress-energy tensor (Boonserm et al., 2016).

Apart from using specific metric potentials, one can use specific form of equation of

state (EoS), which directs the relation between the pressure and the density and enables to

solve the field equation. The properties of elementary interactions of the nuclear matter

within the extreme dense neutron star core navigate their behaviour within the system. But

these properties are still not very clear to us. It is well known that the properties of the

neutron stars depend extensively on the equation of state (EoS). However several studies

have suggested that the properties of general-relativistic stellar configurations in equilib-

rium can be expressed in terms of functions that do not depend on the specific equation of

state employed to describe matter at nuclear densities (Breu and Rezzolla, 2016). These

universal relations between several dimensionless quantities can be applied in the case of

weak dependence on their EoS and these relations hold for both static or stationary isolated

stars, as well as for fully dynamical and merging binary systems. An approximation for

the moment of inertia of a neutron star in terms of only its mass and radius have been pre-

sented through examining the behavior of the relativistic structural equations by Ravenhall

and Pethick (Ravenhall and Pethick, 1994). This approximation is found to be accurate

upto 10% for a variety of nuclear equations of states, for all except very low mass stars.

They have displayed that moment of inertia can be approximated in terms of its mass M

and radius R at the crust boundary for any neutron star model. In the case of EoSs with-

out an extreme softening at super nuclear densities this relation of normalized moment of

inertia I
MR2 and the stellar compactness M

R
, where I is the moment of inertia, was further

fine tuned by Lattimer and Prakash (Lattimer and Prakash, 2001). Ravenhall and Pethick
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suggested the following relation,

I

MR2
≈ 0.21

1− 2u
,

where u is the the compactness parameter GM
Rc2

. Later Lattimer and Prakash obtained

that with the decrease of u, the quantity I
MR2 rapidly decreases. Afterward Bejger and

Haensel (Bejger and Haensel, 2002) introduced the empirical relation to obtain the mo-

ment of inertia based on numerical results obtained for thirty theoretical equations of state

of dense matter. Later Lattimer and Schutz (Lattimer and Schutz, 2005) pointed out that

using such an empirical relation it is possible to estimate the radius of a neutron star via the

combined measurement of the mass and moment of inertia of a pulsar in a binary system.

Present chapter focuses on the moment of the inertia for the obtained solution comparing

the results with slow rotation approximation using Bejger-Haensel idea.

This Chapter is machinated as follows: assuming specific metric potential, solution to

the EFEs in closed form is obtain in Sec. 3.2. The model parameters, obtained from smooth

matching of the exterior spacetime with the interior one at the boundary are described in

Sec. 3.3. Sec. 3.4 highlights the the physical requirements to be a stable structure. The

physical and stability analysis for the obtained solution is depicted in Sec. 3.5. Comparative

study of the model with some known stars and hence the concluding remarks are given in

Sec. 3.6 and Sec. 3.7 respectively.
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3.2 Closed form analytical solution

Recall that the line element describing the space-time of the interior of a spherically sym-

metric star with zero angular momentum in Schwarzschild coordinates x0 = t, x1 = r,

x2 = θ, x3 = φ can be written as

ds2
− = −A2

0(r)dt2 +B2
0(r)dr2 + r2(dθ2 + sin2 θdφ2), (3.1)

where A0(r) and B0(r) are called the gravitational potential and these metric functions

will be determined by solving the field equations. Since the matter distribution of the

stellar interior is anisotropic in nature, the energy-momentum tensor is described by that of

a perfect fluid, in the form

Tαβ = (ρ+ pt)uαuβ − ptgαβ + (pr − pt)χαχβ, (3.2)

where ρ represents the energy-density, pr and pt, respectively denote fluid pressures along

the radial and transverse directions, uα is the 4-velocity of the fluid and χα is a unit space-

like 4-vector along the radial direction. Since the configuration of the system is considered

to be in comoving coordinate system so one can have the following relations for the 4-

vectors, uαuα = 1, χαχα = −1 and uαχα = 0. The Einstein field equations governing the

evolution of the system are then obtained as (setting G = c = 1)

8πρ =

[
1

r2
− 1

r2B2
0

+
2B′0
rB3

0

]
, (3.3)

8πpr =

[
− 1

r2
+

1

B2
0r

2
+

2A′0
rA0B2

0

]
, (3.4)

8πpt =

[
A′′0
A0B2

0

+
A′0

rA0B2
0

− B′0
rB3

0

− A′0B
′
0

A0B3
0

]
, (3.5)
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where ‘prime’ in Eqs. (3.3)-(3.5) denotes differentiation with respect to radial co-ordinate

r. Here the above system of equations is consists of three equations and five unknowns

(ρ, pr, pt, A0, B0) so that two of them can be chosen freely.

To develop a physically reasonable model of the stellar configuration, I chose viable

metric potentials to solve the system of equations Eqs. (3.3)-(3.5). Now for selecting met-

ric potentials, one needs to keep in mind the eligibility of a potential metric coefficient.

Metric potentials to describe any viable model need to be finite at the center and monoton-

ically increasing throughout the stellar interior as suggested in (Delgaty and Lake, 1998).

Maurya et al. (Maurya et al., 2015a) have studied relativistic model for stable anisotropic

super dense star considering the metric potential in the form A0(r) = D(1 − c0r
2)n, with

n = −1,−2,−3 and where c0 > 0 and D is an arbitrary positive constant. Earlier Maurya

and Gupta (Maurya and Gupta, 2013) have investigated possible anisotropic solutions for

Einstein field equations considering the metric potential A2
0(r) = D(1 − c0r

2)−n,for pos-

itive fractional values of n such that N = 1+n
1−n is positive integer and where c0 is positive

constant. Although the quest to form metric potential in this specific form was provided by

Durgapal when he studied the metric potential A2
0(r) as it varies as (1 +x)n for the integral

values of n (Durgapal, 1982) and as it varies as (1−x)n for fractional values of n such that

N = 1+n
1−n and where x > 0 (Durgapal et al., 1984). The present work can principally be

treated as the special case of the work done by Maurya et al (Maurya et al., 2015a) where

I have taken D = 1, n = −3 and c0 = 1
R2 . This is the motivation to investigate the metric

potential in this form considering it as a grr metric and it is given by,

B2
0(r) =

(
1− r2

R2

)−6

, (3.6)
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where R is the curvature parameter describing the geometry of the configuration having a

dimension of length [L], the value of which can be determined from the matching condi-

tions. Clearly the metric is finite, continuous and well defined within the stellar structure.

Here B2
0(r = 0) = 1 depicts the finite nature and the non-singularity of the metric potential

at the center of the stellar configuration. Also (B2
0(r))

′
r=0 = 0 represents the regularity of

metric potentials at the center.

Making use of Eqs. (3.4) and (3.5), the anisotropic parameter of the stellar system is

defined as (Herrera and Ponce de Leon, 1985)

∆(r) = 8π(pt − pr) =

[
A′′0
A0B2

0

− A′0
rA0B2

0

− B′0
rB3

0

− A′0B
′
0

A0B3
0

− 1

r2B2
0

+
1

r2

]
. (3.7)

It is to be noted that anisotropy ∆(r) is assumed to vanish at the interior of a stellar config-

uration i.e. pr(r) = pt(r). The anisotropic force which is defined as 2∆/r will be repulsive

or attractive in nature depending upon whether pt > pr or pt < pr. For the matter distribu-

tion I have considered, repulsive force pt > pr supports the construction of compact stellar

objects other than isotropic fluid spheres (Gokhroo and Mehra, 1994).

With this choice of B0(r) Eq. (3.7) then reduces to

∆(r) =
r2 (5r8 − 24r6R2 + 45r4R4 − 40r2R6 + 15R8)

R12
+

(r2 −R2)5

rR12A0(r)

×
[
(5r2 + R2)A′0(r) + r(r2 −R2)A′′0(r)

]
. (3.8)

On rearranging Eq. (3.8) one can get

A′′0(r)

A0(r)
+

(5r2 + R2)A′0(r)

r(r2 −R2)A0(r)
+
r2(5r8 − 24r6R2 + 45r4R4 − 40r2R6 + 15R8)

(r2 −R2)6

=
∆(r)R12

(r2 −R2)6
. (3.9)
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Now the Eq. (3.9) can be solved for A0(r) if ∆(r) is specified in particular form. The

anisotropy factor need to be taken in such a way that regularity at the center is satisfied and

the factor becomes a monotonically increasing function of radial coordinate ‘r′ (Gokhroo

and Mehra, 1994). The increasing trend of anisotropy generally yields well-behaved so-

lution. I am considering anisotropy in polynomial form such that regularity and mono-

tonically increasing condition are satisfied and at the same time Eq. (3.9) can be easily

integrable.

Let us assume the anisotropic parameter in the form,

∆(r) =
r2(5r8 − 24r6R2 + 45r4R4 − 40r2R6 + 15R8)

R12
. (3.10)

The above choice for anisotropy is physically reasonable, as at the center (r = 0) anisotropy

vanishes as expected. Also d∆(r)
dr

is positive throughout the stellar structure as r is positive,

which makes ∆(r) a monotonically increasing function. Mathematically, writing Eq. (3.9)

in the form,

A′′0(r) +
5r2 + R2

r(r2 −R2)
A′0(r) +

[
r2(5r8 − 24r6R2 + 45r4R4 − 40r2R6 + 15R8)

(r2 −R2)6

− ∆(r)R12

(r2 −R2)6

]
A0(r) = 0, (3.11)

∆(r) are chosen in the form such that the coefficient of A0(r) vanishes. Essentially I have

considered anisotropy in the polynomial form as

∆ = X1(r2)5 +X2(r2)4 +X3(r2)3 +X4(r2)2 +X5(r2),

i.e. up to order 10 of Taylor Series for ∆ in terms of r where X1 = 5
R12 , X2 = − 24

R10 ,
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X3 = 45
R8 , X4 = − 40

R6 and X5 = 15
R4 . This choice of anisotropy is physically reasonable as

it ensures that the isotropic pressure can be regained by taking the values of co-efficient as 0.

Earlier, similar polynomial form of anisotropy (∆ =
∑

iXir
i) were used to study charged

anisotropic system in several literature (Maharaj et al., 2014; Sunzu et al., 2014a,b, 2019).

In their work, the isotropic pressure condition can be regained by setting arbitrary constants

to zero.

Now this choice of anisotropy provides a solution to Eq. (3.9) in closed form. Substi-

tuting Eq. (3.10) in Eq. (3.9), one can obtain,

A′′0(r) +
(5r2 + R2)

r(r2 −R2)
A′0(r) = 0. (3.12)

A simple solution of the Eq. (3.12) thus obtained in the form

A0(r) = − C

4(r2 −R2)2
+ D , (3.13)

where C and D are integration constants and which will be obtained from the boundary

conditions. With the choices of the metric potentials the expressions for the matter density,

radial pressure, transverse pressure and the mass function are now obtained as

8πρ =
66r8R2 − 13r10 − 135r6R4 + 140r4R6 − 75r2R8 + 18R10

R12
, (3.14)

8πpr =
1

R12 [4D(r2 −R2)2 − C ]

[
C (7r10 − 34r8R2 + 65r6R4 − 60r4R6 + 25r2R8

− 2R10) + 4D
(
r10 − 6r8R2 + 15r6R4 − 20r4R6 + 15r2R8 − 6R10

)
(r2

− R2)2

]
, (3.15)



3.3. Obtaining the model parameter 57

8πpt =
2(r2 −R2)5(C + 12D(r2 −R2)2)

R12[4D(r2 −R2)2 − C ]
, (3.16)

m(r) =
r3(2R2 − r2)

2R12

[
(r4 − r2R2 + R4)(r4 − 3r2R2 + 3R4)

]
, (3.17)

where the mass contained within a radius r of the sphere is defined as

m(r) = 4π

∫ r

0

ω2ρ(ω)dω. (3.18)

3.3 Obtaining the model parameter

Using the boundary condition pr = 0 at r = b, where b is the boundary of the star the

system of equations in Sect. 3.2 is solved. Clearly mass at the boundary is constant and the

interior metric can be joined smoothly with exterior Schwarzschild metric at the boundary

provided the mass remains the same as above (Misner and Sharpe, 1964). The exterior

space-time for a non radiating star can be described by Schwarzschild metric and it is given

as

ds2 = −
(

1− 2M
r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2(dθ2 + sin2 θdφ2), (3.19)

where r > 2M,M being the mass of the stellar. The interior space-time metric Eq. (3.1)

must be matched to the exterior space-time Eq. (3.19) at the boundary of the star r = b.

The continuity of the metric across the boundary leads to

A2
0(b) =

(
1− 2M

b

)
and B2

0(b) =

(
1− 2M

b

)−1

. (3.20)
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Since radial pressure drops to zero at a finite value of r, known as the radius of the star,

thus from the condition pr(r = b) = 0, one can easily find the radius of the star. Also from

the above boundary conditions along with the condition pr(r = b) = 0 the constants are

determined in terms of mass and radius of the star as

R =

√√√√ b2

1−
(
1− 2M

b

) 1
6

,

C =
Mb3[

−1 +
(
1− 2M

b

) 1
6

]3 ,

D =

√
1− 2M

b

[
M(8− 7(1− 2M

b
)
1
6 ) + 4b(−1 + (1− 2M

b
)
1
6 )
]

4(b− 2M)
[
−1 + (1− 2M

b
)
1
6

] . (3.21)
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Figure 3.1: Smooth matching of the metric potentials A2
0(r) and B2

0(r) at the stellar bound-
ary for the pulsar 4U1820− 30.

3.4 Physical requirements for well-behaved solutions

For a physically viable stellar model, the non-singular interior solution for the anisotropic

fluid sphere of Einstein gravitational field equations should satisfy the following conditions
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throughout the stellar configuration:

(i) The gravitational potentials A0(r), B0(r) and the matter variables ρ, pr, pt should

be well defined at the center and finite, regular as well as singularity free throughout

the radius of the star.

(ii) The energy density ρ should be positive throughout the stellar interior i.e., ρ ≥ 0. Its

value at the center of the star should be positive, finite and it should be monotonically

decreasing towards the boundary inside the stellar interior, mathematically dρ
dr
≤ 0

i.e. the energy density should be maximum at the center.

(iii) The radial pressure pr and the tangential pressure pt must be positive inside the fluid

configuration i.e., pr ≥ 0, pt ≥ 0. Additionally pr(0) = pt(0) (Ivanov, 2002). All

the matter variables are expected to have maximum value at the center of the stellar

structure, ρ′(0) = p′r(0) = p′t(0) = 0 and the gradient of the pressure must be nega-

tive inside the stellar body, i.e., dpr
dr

< 0, dpt
dr
< 0. At the stellar boundary r = b the

radial pressure pr should vanish but the tangential pressure pt may not be zero at the

boundary. In fact tangential pressure should be greater than radial one except at the

center.

At the center both the pressures are equal which means the anisotropy should van-

ishes at the center, ∆(r = 0) = 0. Also anisotropic factor should be increasing

towards the surface.

(iv) For an anisotropic fluid sphere fulfillment of energy conditions refer to the following

inequalities in every point inside the fluid sphere is required:

Null Energy Condition (NEC) which includes ρ + pr ≥ 0, Strong Energy Condition

(SEC) which includes ρ+ pt ≥ 0; ρ+ pr + 2pt ≥ 0 (Hawking and Ellis, 1973),

Dominant Energy Conditions (DEC) which includes ρ ≥ pr and ρ ≥ pt.
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(v) Causality condition have to be satisfied to be a realistic model i.e. the speed of sound

must be smaller than speed of light(assuming the speed of light c=1) in the interior

of the star, i.e., 0 ≤ dpr
dρ
≤ 1, 0 ≤ dpt

dρ
≤ 1 (Herrera, 1992). The requirements can be

compiled into a region as −1 ≤ v2
t − v2

r ≤ 0 (Abreu et al., 2007) where vr, vt are

radial and transverse speed respectively.

(vi) The interior metric functions should match smoothly to the exterior Schwarzschild

space-time metric at the boundary (Schwarzschild, 1916b). Moreover, these match-

ing criteria generate the value of the model parameter for the metric potentials.

(vii) For a stable model, the adiabatic index i.e. ratio of two specific heats (Chan et al.,

1993; Heintzmann and Hillebrandt, 1975; Herrera and Santos, 1997) should be greater

than 4
3
.

(viii) The redshift parameter z should be positive, finite and monotonically decreasing

outwards.

3.5 Analysis of the physical features of the model

3.5.1 Regularity of the metric

For the model in the present work the gravitational potentials satisfy,A2
0(0) =

(
D − C

4R4

)2
=

constant, B2
0(0) = 1, i.e. finite at the center (r = 0). Also, (A2

0(r))′r=0 = (B2
0(r))′r=0 =

0, indicate the regularity of the metric potentials at the center and well-behaved nature

throughout the stellar interior. Fig. 3.1 depicts the regularity of the metric potentials con-

sidering the pulsar 4U1820− 30.
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A physical acceptable model should comply with the regularity of matter variables

along with that of the metric potentials both at the center and stellar interior. The density ρ,

radial pressure pr and the tangential pressure pt should be positive inside the star and ρ(0),

pr(0) and pt(0) should be finite at the center. It is evident from the Figs. 3.3 and 3.4 that the

model satisfy the regularity of matter variables. It shows that the density decrease from its

maximum value at the center towards its boundary. The radial and tangential pressures are

also radially decreasing outwards its boundary from its maximum value at the center. The

radial pressure drops to zero at the boundary but the tangential pressure remains non zero

at the boundary. The central density, central radial pressure and central tangential pressure

in this case are given as

ρ(0) =
18

R2
, pr(0) = pt(0) =

2C + 24DR4

R2(C − 4DR4)
.

Since R is a positive quantity so central density is always positive.

The key feature of the model is the similarity of pr(0) and pt(0) i.e. the absence of

anisotropy at the center. However, the anisotropy is increasing within the configuration

as shown in Fig. 3.5 indicating the direction of anisotropic force to be outward. Theoret-

ically, it proves the existence of a repulsive force which interpolate more compact stellar

objects using the anisotropic force rather than using the isotropic force. Using Zeldovich

Condition for density and pressure of stable configuration one can have the bound on the

model parameters as, pr
ρ
≤ 1 at the center i.e. C +12DR4

C−4DR4 ≤ 9 i.e. DR4 ≤ C
6

.

3.5.2 Gradients of the matter variables

Any model is considered to be viable model of anisotropic compact star if the energy den-

sity ρ and pressures (pr, pt) are maximum at the center and are decreasing monotonically to-
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Figure 3.2: Variation of the metric potentials A2
0(r) (solid red) and B2

0(r) (dot dashed blue)
against the radial coordinate r corresponding to the pulsar 4U1820− 30.
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Figure 3.3: Density profile against the radial coordinate r corresponding to the pulsar
4U1820− 30.
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Figure 3.4: Variation of the radial pressure (solid red) and transverse pressure (dot) against
the radial coordinate r corresponding to the pulsar 4U1820− 30.
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Figure 3.5: Variation of the anisotropy ∆ with respect to the radial coordinate r corre-
sponding to the pulsar 4U1820− 30.
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wards the surface of the star i.e.
(
dρ
dr

)
r=0

= 0 =
(
dp
dr

)
r=0

and
(
d2ρ
dr2

)
r=0

< 0,
(
d2p
dr2

)
r=0

< 0

such that the gradients are negative within 0 < r < b, b being radius of the star. Here the

gradient of energy density, radial pressure and tangential pressure are respectively obtained

as

8π
dρ

dr
=
−130r9 + 528r7R2 − 810r5R4 + 560r3R6 − 150R8

R12
, (3.22)

8π
dpr
dr

=
1

R12 [C − 4D(r2 −R2)2]2

[
2rC 2(−35r8 + 136r6R2 − 195r4R4 + 120r2R6

− 25R8) + 16C Dr(r2 −R2)2(7r8 − 24r6R2 + 27r4R4 − 8r2R6 − 3R8)

+ 32D2r(r2 −R2)4(5r8 − 24r6R2 + 45r4R4 − 40r2R6 + 15R8)

]
, (3.23)

8π
dpt
dr

= −4r(r2 −R2)4 [5C 2 + 72C D(r2 −R2)2 − 240D2(r2 −R2)4]

R12[C − 4D(r2 −R2)2]2
. (3.24)
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Figure 3.6: Variation of gradients of the pressures, (radial (solid red) and transverse pres-
sure (dot dashed blue)) and the density (dashed black) against the radial coordinate r cor-
responding to the pulsar 4U1820− 30.

The gradient of the density, radial pressure and tangential pressure are negative inside

the stellar body as shown graphically in Fig. 3.6 which depicts the decreasing nature of
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density, radial pressure and tangential pressure with the radial parameter.

3.5.3 Energy conditions

To be physically viable, a stellar composition must need to satisfy some energy conditions

throughout the interior. Basically General Relativity framework allows to describe energy

conditions as the local inequalities that process a relation between energy density ρ and

pressures (pr, pt) with some certain constraints.
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Figure 3.7: Different energy conditions, (SEC (dashed blue), NEC in the radial direction
(solid red), NEC in the transverse direction (dashed black)) are plotted against the radial co-
ordinate r corresponding to the pulsar 4U1820− 30. Additionally Trace Energy Condition
(TEC): ρ− pr − 2pt (solid green) is plotted against the radial coordinate r.

Though there are various ways to calculate energy conditions, our focus mainly revolves

around NEC, WEC, SEC and DEC. These energy conditions are: Null Energy Condition

(NEC), Weak Energy Condition (WEC), Strong Energy Condition (SEC) and Dominant
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Energy Condition (DEC), defined as follows

NECr : ρ(r) + pr(r) ≥ 0, NECt : ρ(r) + pt(r) ≥ 0,

WECr : ρ(r) ≥ 0, ρ(r) + pr(r) ≥ 0,

WECt : ρ(r) ≥ 0, ρ(r) + pt(r) ≥ 0,

DECr : ρ(r)− |pr(r)| ≥ 0, DECt : ρ(r)− |pt(r)| ≥ 0,

SEC : ρ(r) + pr(r) + 2pt(r) ≥ 0. (3.25)

All these energy conditions are satisfied simultaneously by the presented solutions as shown

graphically in the Fig. 3.7.

3.5.4 Equation of state

Equation of state (EoS) of the matter distribution describes the relationship of energy den-

sity and pressure and is given as

ωr =
pr
ρ
, ωt =

pt
ρ
. (3.26)

For non-exotic configuration EoS parameter must be smaller than 1 i.e. 0 < ωr, ωt < 1

as suggested by Rahaman et. al (Rahaman et al., 2010). In Fig. 3.8 radial and transverse

variations of EoS parameters ωr and ωt have been plotted and it can be seen that throughout

the interior of the star EoS parameters lie between 0 and 1. It is well known that different

EoSs lead to different mass-radius relationships. For high density regime many researchers

have suggested linear relationship between energy density and pressure to approximate EoS

of the compact star (Dey et al., 1998; Frieman and Olinto, 1989; Gondek-Rosinska et al.,

2000; Haensel and Zdunik, 1989; Harko and Cheng, 2002; Prakash et al., 1990). EoS of the
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Figure 3.8: Variation of the EoS parameters ωr and ωt are plotted with respect to the radial
coordinate r corresponding to the pulsar 4U1820− 30.
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Figure 3.9: Nature of Equation of State (EoS) is plotted. It shows almost linear relationship
between the pressure and the density.
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Figure 3.10: Best fit obtained for the EoS for the pulsar 4U1820− 30. Here the solid line
(red) denotes linear fit and the dashed line (black) denotes quadratic fit.

matter distribution of a given pulsar is plotted in Fig. 3.9 which shows that the model allows

both linear and quadratic relationship between density and pressure. Now one can estimate

the best fitted relations between ρ and pr which is illustrated in Fig. 3.10 as, linear fit is

represented by the straight line pr = 0.263723 ρ−66.0145 and quadratic fit is represented

by pr = 0.0001086 ρ2 + 0.19782 ρ− 56.1403 . One can argue that the model permits the

quadratic fit slightly better than the linear fit and the MIT bag model is not permitted here.

Obtained results are similar to the findings of Chanda et al. (Chanda et al., 2019). It is to

be noted that in modeling the compact stellar object, without prescribing any EoS of the

anisotropic matter distribution we are able to derive the dependence of radial pressure on

the nuclear matter density of the matter distribution.

Mathematically the relation between the pressure and the density can be established for

the prescribed model. Now, the expression of pressure and density from Eqs. (3.14) and
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(3.15) can be written as,

ρ =
1

R2

(
18− 75ε2y2 + 140ε4y4 − 135ε6y6 + 66ε8y8 − 13ε10y10

)
, (3.27)

pr =
1

R2 [C − 4DR4(ε2y2 − 1)2]

[
C(2− 25ε2y2 + 60ε4y4 − 65ε6y6 + 34ε8y8

− 7ε10y10)− 4DR4(ε2y2 − 2)(ε2y2 − 1)2(ε4y4 − 3ε2y2 + 3)(ε4y4 − ε2y2 + 1)
]
,

(3.28)

where εy = r
R

and ε arbitrarily small. Now near the center of the stellar structure where

r → 0, ε → 0. Thus the power series expansion for the density and pressure at the point

r = 0 gives,

ρ ≈ 18

R2
+O

(
1

ε2

)
, (3.29)

pr ≈
2C + 24DR4

R2(C − 4DR4)
+O

(
1

ε2

)
.

Truncating the higher power of ε and eliminating R from above system of equations, the

EoS at the center is obtained as, pr = C ρ3+3888Dρ
9(C ρ2−1296D)

. Since C >> D for the model, the EoS

can be approximated as pr ≈ ρ
9
.

Similarly, near the boundary for r → b, b being the radius of the star, ε → 1, as R is

the quantity ≈ b. Thus we obtain the nature of the EoS as pr = −Cρ, making it a linear

relationship. For super dense stellar structure, C should be< 0, asC positive will represent

the EoS of dark energy model.
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Compact Star Mass(M�) Radius(km) R C × 106 D

PSR J 16142230 1.97± 0.04 10.977± 0.006 31.946 −2.335 −0.035
Vela X-1 1.77± 0.08 10.654± 0.14 32.695 −2.637 −0.008

GW170817-1 1.45± 0.09 11.9± 1.4 44.4879 −9.839 0.072
Cen X-3 1.49± 0.08 9.178± 0.13 28.6049 −1.5573 −0.0007

KS 1731-260 1.61+0.35
−0.37 10.0± 2.2 31.34 −2.2501 0.0018

SAX J 1748.9-2021 1.81+0.25
−0.37 11.7± 1.7 37.645 −4.7447 0.014

4U1608-52 1.57+0.30
−0.29 9.8± 1.8 30.814 −2.1063 0.003

Table 3.1: Values of the different model parameters corresponding to the different known
compact stars.

3.5.5 Matching boundary

The smooth matching of interior metric function with that of Schwarzschild exterior at the

boundary of the stellar configuration is shown graphically in Fig. 3.1.

3.5.6 Stability analysis

3.5.6.1 Stability under three forces

A star remains in static equilibrium under three forces namely gravitational force, hydro-

statics force and anisotropic force as suggested by Tolman-Oppenheimer-Volkoff as TOV

equation. TOV equation (Oppenheimer and Volkoff, 1939; Tolman, 1939) defines the in-

ternal structure of a spherically symmetric compact stellar body and it is expressed in the

presence of anisotropy as:

− MG

r
(ρ+ pr)

A0(r)

B0(r)
− dpr

dr
+

2

r
(pt − pr) = 0, (3.30)
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where MG(r) is the effective gravitational mass and it can be derived with the help of

Tolman-Whittaker mass formula given as

MG(r) =
rB0(r)A′0(r)

A0(r)2
. (3.31)
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Figure 3.11: Static equilibrium of the model under three different forces namely, the hy-
drostatic force (solid blue), the anisotropic force (dashed black) and the gravitational force
(dashed red).

Using the expression of MG(r) in Eq. (3.31) it is easy to obtain

− A′0(r)

A0(r)
(ρ+ pr)−

dpr
dr

+
2

r
(pt − pr) = 0, (3.32)

which is equivalent to

Fg + Fh + Fa = 0, (3.33)
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where

Fg = −A
′
0(r)

A0(r)
(ρ+ pr), (3.34)

Fh = −dpr
dr

, (3.35)

Fa =
2

r
(pt − pr), (3.36)

represents gravitational force, hydrostatics force and anisotropic force respectively. Hence

the expressions become

Fg = −16C r(r2 −R2)4 [5C − 12D(r2 −R2)2]

R12 [C − 4D(r2 −R2)2]2
, (3.37)

Fh =
2r

R12[C − 4D(r2 −R2)2]2

[
C 2(35r8 − 136r6R2 + 195r4R4 − 120r2R6 + 25R8)

+ 8C D(r2 −R2)2(7r8 − 24r6R2 + 27r4R4 − 8r2R6 − 3R8) + 16D2(r2 −R2)4

(5r8 − 24r6R2 + 45r4R4 − 40r2R6 + 15R8)

]
, (3.38)

Fa =
r

R12
(5r8 − 24r6R2 + 45r4R4 − 40r2R6 − 15R8). (3.39)

Clearly from Fig. 3.11 it can be concluded that gravitational force is negative, dominat-

ing in nature and is balanced by the combined effect of hydrostatic forces and anisotropic

forces to keep the system in equilibrium.

3.5.6.2 Herrera Cracking Method

For self-gravitating compact stellar objects, the concept of cracking for anisotropic matter

distribution are first studied by Herrera (Herrera, 1992). This condition is used to determine

the stability of a configuration of anisotropic matter fluid. Herrera condition states that for

a physically acceptable model both the sound speeds (radial and transverse) need to satisfy
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causality conditions i.e. 0 ≤ v2
r ≤ 1 and 0 ≤ v2

t ≤ 1. The radial and transverse velocity of

sound (c = 1) are given as

v2
r =

1

[C − 4D(r2 −R2)2]2(65r8 − 264r6R2 + 405rR4 − 280r2R6 + 75R8)

×

[
C 2(35r8 − 136r6R2 + 195r4R4 − 120r2R6 + 25R8)− 8C D(r2 −R2)2(7r8

− 24r6R2 + 27r4R4 − 8r2R6 − 3R8)− 16D2(r2 −R2)4(5r8 − 24r6R2

+ 45r4R4 − 40r2R6 + 15R8)

]
, (3.40)

v2
t =

2(r2 −R2)4[5C 2 + 72C D(r2 −R2)2 − 240D2(r2 −R2)4]

[C − 4D(r2 −R2)2]2(65r8 − 264r6R2 + 405rR4 − 280r2R6 + 75R8)
. (3.41)

Fig. 3.12 supports the fulfillment of causality condition for the model. Later Abreu

et al. (Abreu et al., 2007) reinstate Herrera’s cracking concept to determine the range for

a potentially stable (or unstable) anisotropic compact stellar object. As per their study a

potentially stable model should follow the inequality −1 ≤ v2
t − v2

r ≤ 0 provided no sign

change of v2
t − v2

r within the stellar radius.
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Figure 3.12: Variation of sound velocity (left) in the radial direction (solid red) and trans-
verse direction (dot dashed blue) and variation of difference of the sound speeds (right)
with respect to the radial coordinate r corresponding to the pulsar 4U1820− 30.

This model fulfills 0 ≤ v2
r ≤ 1 and 0 ≤ v2

t ≤ 1 throughout the interior as shown in
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Fig. 3.12 and the inequality −1 ≤ v2
t − v2

r ≤ 0 also holds for the present model as shown

in Fig. 3.12.

3.5.6.3 Adiabatic index

For fixed energy density, the nature of EoS can be described by the adiabatic index. The

stability of relativistic as well as non-relativistic compact star depends on the adiabatic

index. For relativistic anisotropic structure, the adiabatic index Γ is described as the ratio

of two specific heats and is defined as (Chan et al., 1993)

Γ =
ρ+ p

p

dp

dρ
. (3.42)
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Figure 3.13: Variation of the adiabatic indices in the radial (dot dashed blue) and the
transverse direction (solid red) with the radial coordinate r corresponding to the pulsar
4U1820− 30.

Bondi (Bondi, 1964) suggested for the Newtonian sphere the stability condition is Γ >

4
3

and for neutral equilibrium the stability condition becomes Γ = 4
3
. Later, Heintzmann

and Hillebrandth (Heintzmann and Hillebrandt, 1975) for an anisotropic sphere to be in

equilibrium, the adiabatic index Γ must be > 4
3
. Fig. 3.13 shows that values of Γ are
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greater than 4
3

throughout the stellar configuration.

3.5.6.4 Mass-radius and compactness

To study the viability of any prescribed model, estimating mass-radius relation and thus

finding maximum mass is of particular interest. It is possible to exhibit that the present

model can illustrate a relativistic compact stellar object by choosing certain value of un-

known parameters.
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Figure 3.14: Increasing nature of the mass function (left) and the compactness factor (right)
with the radial coordinate r corresponding to the pulsar 4U1820− 30.

The mass function of the stellar structure is an increasing function of r as shown in

Fig. 3.14 and the compactification factor (mass to radius ratio) are given as

u(r) =
r2(2R2 − r2)(r4 − r2R2 + R4)(r4 − 3r2R2 + 3R4)

2R12
. (3.43)

Specifying the surface density as considered by Sharma et al (Sharma et al., 2017)

(ρ(r = b) = 7.5 × 1014 gm cm−3), the mass-radius (M − b) relationship for the present

model is generated as shown in Fig. 3.15. The upper bound to the maximum mass al-

lowed with this model is found to be ≈ 3.113 M� for the radius of value 10.49 km. It

is well known that the limit on maximum mass for a neutron star is ≈ 3.2 M� (Rhoades
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and Ruffini, 1974) and for uniform density spheres in general relativity this limit is ≈

5.2 M� (Shapiro and Teukolsky, 1983).
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Figure 3.15: The mass-radius (M − b) plot for the model is plotted assuming the surface
density 7.5 × 1014gm cm−3. The marked circle denotes the maximum mass as 3.113 M�
for the radius 10.49 km.

For spherically symmetric fluid distribution the maximum limit for mass to radius ratio

is given as < 4
9

(Buchdahl, 1959) and it is satisfied by the model as depicted in Fig. 3.14.

3.5.6.5 Buchdahl Condition

For any given radius one can generate the total mass of an anisotropic star and vice-versa.

For the stability of a compact stellar model, the mass-radius ratio or the compactness

[u(r) = m(r)/r] of the model should be < 0.44 (Buchdahl, 1959) as proposed by Buch-

dahl. Though Buchdahl have suggested the limit for a spherically symmetric isotropic fluid

sphere, several studies have suggested that anistropic structure can remain stable if Buch-

dahl limit are satisfied for the model (Bhar, 2019; Gedela et al., 2019b; Singh et al., 2017).

Additionally for more generalized expression for a mass-radius ratio can be known by Mak

and Harko’s work (Mak and Harko, 2003). Carvalho et al. (Carvalho et al., 2015) have

studied the effect of mass-radius ratio on the EoS for compact stars.
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Also, the gravitational redshift is given as

z =

(
1− 2M

r

)−1/2

− 1. (3.44)

From Eq. (3.44) it is evident that gravitational redshift increases with the increase of M
r

.
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Figure 3.16: Variation of the gravitational redshift z with radial coordinate r corresponding
to the pulsar 4U1820− 30.

Since compactness of a star satisfies Buchdahl condition so there should exist an up-

per bound for gravitational surface redshifts, it cannot be arbitrarily large for any self-

gravitating compact stellar object. The surface redshifts should obey the inequality z < 2

for a stable configuration (Buchdahl, 1966). In Fig. 3.16 the profile of the variation for the

gravitational redshift is plotted.

3.5.6.6 Harrison-Zeldovich-Novikov Criterion

For a stable structure of an anisotropic compact star, the mass of a compact star should

always increase with the increase of central density as suggested by Harrison-Zeldovich-

Novikov criterion (Harrison et al., 1965; Zeldovich and Novikov, 1972). This stability

condition states that dM
dρ(0)

> 0 leads to a stable configuration and dM
dρ(0)

≤ 0 for a unstable
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one.

Here using the value of central density we can write the expressions for mass and gra-

dient as

ρ(0) =
18

R2
,

M(ρ(0)) =
b3ρ(0)(36− b2ρ(0))(ρ(0)2b4 − 18ρ(0)b2 + 182)

2× 186

×
(
b4ρ(0)2 − 54b2ρ(0) + 3× 182

)
, (3.45)

dM(ρ(0))

dρ(0)
=

b3(18− b2ρ(0))5

11337408
. (3.46)

The Harrison-Zeldovich-Novikov criterion for the stability of our model is verified in

Fig. 3.17. Both the mass function M and its gradient dM
dρ(0)

as the functions of central

density are positive throughout the structure to show a stable model.
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Figure 3.17: Mass is plotted as a function of the central density and it is seen to be increas-
ing with the increase of central density corresponding to the pulsar 4U1820 − 30 (left).
Variation of dM

dρ(0)
with the central density ρ(0) corresponding to the pulsar 4U1820 − 30

(right).
.

3.5.6.7 Radius-central density relationship

Any viable model is compact stellar model depending on the relationship between radius

and the central density. The significance of radius-central density relation is that it allows
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us to estimate the radius and hence the mass of an anisotropic compact stellar model for

a given central density and vice-versa. For a specific choice of surface density we have

plotted the radius vs central density in Fig. 3.18 and I have marked the point for which

maximum mass is obtained. For radius 10.49 km we have obtained central density as

1.738× 1018 kg m−3.
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Figure 3.18: Variation of the radius of the model with the central density ρ(0). The solid
circle represents the central density corresponding to maximum mass for the model.

3.5.6.8 Moment of inertia and time period

The moment of inertia for a compact stellar object can be approximated using Bejger-

Haensel (Bejger and Haensel, 2002) method which transforms a static system to a rotating

system. The basic idea is to consider the effects of rotation as perturbation of a static

spherically symmetric spacetime for a compact star. The approximation of the moment of

inertia can be given as,

I =
2

5
(1 + x)Mb2, (3.47)

where the parameter x can be defined as x = (M/M�)(km/b). Variation of the moment

of inertia with the mass is depicted in Fig. 3.19. From Fig. 3.19 it can be seen that maxi-

mum inertia obtained is 1247.1 km3 for the mass 3.106 M�. Now one can easily conclude
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Figure 3.19: Variation of the moment of inertia with the mass of the model. The solid circle
represents the moment of inertia corresponding to the maximum mass of the model.
.

that mass obtained for maximum inertia on Fig. 3.19 is slightly lower (≈ 0.22%) than the

maximum mass obtained from (M − b) curve in Fig. 3.15 suggesting that the EoS is free

from any softening to an exotic state (Bejger et al., 2005).

For any rotating compact stellar objects minimum time period can be expressed by mass

and radii of any non-rotating structures and it allows for clear understanding of the con-

straints resulting from the detection of a submillisecond pulsar in the mass-radius plane for

non rotating structure (Haensel et al., 1995). The minimum time period of rotation can be

approximated as,

τ ≈ 0.82

(
M�
M

) 1
2
(

b

10 km

) 3
2

ms, (3.48)

Fig. 3.20 depicts the profile of time period with the mass for the EoS. For this choice

of EoS the minimum rotation frequency obtained, for maximum allowable mass, is ≈

1.472 ms.
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Figure 3.20: Variation of the time period with the mass. The solid circle represents the time
period corresponding to the maximum allowable mass.

3.5.7 Generating Functions

The generating functions are used to present all feasible anisotropic solutions of the EFEs

for the static spherically symmetric fluid matter as suggested by L. Herrera (Herrera et al.,

2008). For the considered spacetime the generating function can be expressed as,

B0(r) =
1√

F − 2
∫

(Π(r) + 1
r2
e
∫ N(r)
D(r)

dr)dr

, (3.49)

where,

N(r) = Z(r)
{
r + 2r2 + r3Z ′(r)− r5Z ′′(r)

}
+ r4Z ′′(r) + r4(2r − 1)Z ′(r)2

+ r2(4r − 3)Z ′(r)− 2,

D(r) = r2(rZ ′(r)− 1){1 + r2Z ′(r)}.
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Here F is a constant of integration and the corresponding generating functions are,

Z(r) =
1

A0

+
1

r
,

Π(r) = 8π(pr − pt). (3.50)

Using the value of A0 in Eq. (3.13) in Eq. (3.50), the generating functions to represent all

the feasible solutions for our model becomes,

Z(r) =
1

r
+

4(r2 −R2)2

4D(r2 −R2)2 − C
,

Π(r) = −8π∆(r), (3.51)

where ∆(r) is given in the Eq. (3.10).

3.6 Comparative study of the model

To examine the applicability of this model I have considered various well known pulsars

and I have chosen the data from LIGO/VIRGO collaboration as well as the independent

measurements of mass and radius of millisecond pulsars such as PSR J 1614-2230 (Mass

= 1.97 ± 0.04M� (Demorest et al., 2010), Radius = 10.977 ± 0.006 km (Deb et al.,

2016)), Vela X-1 (Mass = 1.77± 0.08M�, Radius = 10.654± 0.14 km (Deb et al., 2016)),

GW170817-1 (Mass = 1.45±0.09M�, Radius = 11.9±1.4 km (Abbott et al., 2018)), Cen

X-3 (Mass = 1.49 ± 0.08M�, Radius = 9.178 ± 0.13 km (Gangopadhyay et al., 2013)),

KS 1731− 260 (Mass = 1.61+0.35
−0.37M�, Radius = 10.0± 2.2 km (Özel et al., 2016)), SAX

J 1748.9-2021 (Mass = 1.81+0.25
−0.37M�, Radius = 11.7 ± 1.7 km (Özel et al., 2016)) and

4U1608-52 (Mass = 1.57+0.30
−0.29M�, Radius = 9.8 ± 1.8 km (Özel et al., 2016)). All the
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detailed study have been given in tabular form. Table. 3.1 describes the values of the model

parameter and using these values the physical parameters are calculated and compiled in

a tabular form in Table. 3.2. In Table. 3.2 |0 and |b respectively denote the values of the

physical parameters at the center (r = 0) and at the boundary (r = b) of a star. Here for

all the stars, it can be observed that central density is higher than surface density and SEC

also decreases as it proceeds towards the surface from the center from a star. Moreover,

both the radial and transverse velocity of the sound decreases from the center towards

the boundary of the star. The decreasing nature of the physical matter variables fashions a

physically viable model of a compact star. Additionally, surface redshifts for all the stars are

consistent with the strange stars having a density higher than neutron stars, mathematically

zb ≤ 0.9 (Lindblom, 1984).

3.7 Discussions

In this paper, I have studied a model for a spherically symmetric anisotropic matter fluid

sphere by assuming a specific metric potentialB2
0(r). By taking a specific form of anisotropy

we solve the system of equations and found both the metric potentials. Comparing the ob-

tained solutions with exterior Schwarzschild, I have obtained the expressions for constants

R, C , D .

In particular, the constraints and all physical properties have been compared considering

the pulsar 4U1820−30, i.e. taking mass= 1.46±0.21M� and radius = 11.1±1.8 km (Özel

et al., 2016). Thus having the values as follows: R = 39.5968, C = −6.0692 × 106 and

D = 0.0553119. Numerical values of the constant parameter for the model are given in

Table 3.1 and all the matter variables for different well known compact stars are given in

Table 3.2. Also, the graphical representation for the fulfillment of the physical and stability



3.7. Discussions 84

conditions are given, revealing this model to be a potentially viable model.

• The metric potentials and the matter variables ρ, pr, pt are depicted graphically in

Figs. 3.1-3.4. The decreasing nature of the matter variables forms a base for our

model to be a stable configuration. Also, the anisotropy depicted as Fig. 3.5 shows

repulsive force and it confirms the formation for anisotropic compact stellar structure.

Moreover, the radial derivative of matter variables vanish at the center and is negative

for the stellar interior.

• Various energy conditions are studied for the model graphically in Fig. 3.7 and each

energy conditions are satisfied inside the stellar structure. Also the SEC have been

studied for various known compact stars in tabular form in Table 3.2.

• Different forces are shown graphically in Fig. 3.11 and it can be seen that dominant

gravitational force is balanced by the combining effect of hydrostatic and anisotropic

forces.

• EoS parameters for both the radial and transverse pressures are described in Fig. 3.9

and for the model EoS parameter for transverse pressure is greater than that of radial

one. Also, the relationship between density and pressure is depicted in Fig. 3.8, it

shows both linear and quadratic relationship. However the quadratic fit is slightly

better fitted than the linear one as shown in Fig. 3.10.

• The stability of our model is investigated using Herrera cracking concept and the

fulfillment of our model is shown in Fig. 3.12. Also, the absolute value of the differ-

ence between radial and transverse sound speed is in the range (0, 1) portraying the

stability of the model.
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• Considering a specific surface density (7.5 × 1014 gm cm−3) the mass-radius rela-

tionship have been discussed in Fig. 3.15 and the maximum mass are calculated to be

3.113 M� for the radius 10.49 km which is within the observable range as predicted

by Ruffini (Rhoades and Ruffini, 1974). Moreover using the idea of perturbation

the mass-moment of inertia relationship have also been discussed in Fig. 3.19 and it

can be concluded that maximum mass on the (M − b) plot is approximately 0.22%

greater than the mass obtained for the maximum inertia in the Fig. 3.19 suggesting

the stiffness of the EoS.

• The mass function and the compactness are the increasing functions of r and they

attain maximum value at the surface. Additionally, the gravitational redshift against

the radius of the star is depicted in Fig. 3.16. It can be observed that gravitational

redshift vanishes at the center attaining its maximum at the surface. Additionally the

compactness for the prescribed model is 0.437 which is within the limit predicted

by Buchdahl and the surface redshift for this model is 1.8334 which is below the

suggested upper bound ( < 2) for a stable model.

• The radius-central density relationship have been studied graphically in Fig. 3.18 to

illustrate the nature of the radius of the model with the change of central density and

hence have estimated the central density to be 1.738× 1018 kg m−3.

Thus it can be concluded that several physical features and stability criteria required for

a physically viable anisotropic compact stellar configuration are satisfied by the model.

Hence this model can be of astrophysical relevance for studying anisotropic compact stars.
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Chapter 4

Finch-Skea geometry under the effect of

anisotropy

4.1 Introduction

Thorough reviews on exact solutions for Einstein field equations were published from time

to time (Stephani et al., 2003). One such new exact solution to the Einstein field equations

is obtained by Finch and Skea (Finch and Skea, 1989) by correcting the solution given

by Duorah and Ray (Duorah and Ray, 1987). This solution fulfills all the criteria to de-

scribe static static spherically symmetric perfect fluid solutions as reviewed by Delgaty

and Lake (Delgaty and Lake, 1998). One astonishing feature of the solution is that their

model described compact star in isotropic pressure only. Therefore, here motivation for

the present work is to consider a model of anisotropic star that reduces to the Finch-Skea

solution for zero anisotropy.

The Finch-Skea metric (Finch and Skea, 1989) is well behaved and also has been shown

87
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to be consistent with the Walecka theory (Walecka, 1974) for cold condensed star. Addi-

tionally, this metric is found to be consistent to study neutron star, especially to inves-

tigate central densities of neutron star in relativistic mean-field theory (Walecka, 1975).

Essentially this spacetime satisfies the characteristic of a perfect fluid matter which obeys

barotropic equation of state (EoS). The underlying approach to solving Einstein’s equations

for spherical symmetry involved ad hoc assumptions for one of the gravitational potentials

as the system of field equations is under-determined and possesses one degree of freedom.

It is interesting to note that the Finch-Skea metric involves theorizing a form for the radial

potential which allows for the complete integration of the field equations whereupon all the

remaining geometric and dynamical quantities may be determined (Chilambwe and Han-

sraj, 2015). Kalam et al. (Kalam et al., 2013a,b) have invested their time to model strange

quark stars using the Finch-Skea metric considering the MIT bag model (Kalam et al.,

2013b) as well as two fluid model (Kalam et al., 2013a) and have proposed quintessence

stars combining anisotropic pressure corresponding to normal matter (Kalam et al., 2014).

On the other hand, Maharaj et al. (Maharaj et al., 2017) have shown that the Finch-Skea

geometry can be generalized to include charge and anisotropy. Considering a particular so-

lution to the charged anisotropy of this model Matondo et al. (Matondo et al., 2017) have

predicted the masses of the stellar objects for three different scenarios, viz, (i) charged

anisotropic, (ii) charged isotropic, and (iii) uncharged isotropic distributions which were

found to be compatible with several known compact stellar objects. Tikekar and Jota-

nia (Tikekar and Jotania, 2007) applied the Finch-Skea metric (Finch and Skea, 1989), by

assuming the 3-space of the interior spacetime of a strange star is that of a three-paraboloid

immersed in a 4-dimensional Euclidean space, to acquire a two-parameter family of phys-

ically viable relativistic models of neutron stars and showed that it admitted possibilities
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of describing strange stars as well as other highly compact stellar configurations of matter

in equilibrium. The Finch-Skea ansatz (Finch and Skea, 1989) was also used Sharma and

Ratanpal (Sharma and Ratanpal, 2013) to generate a class of solutions describing the inte-

rior of a static spherically symmetric anisotropic star. Later, Pandya et al. (Pandya et al.,

2015) have generalized the model of Sharma and Ratanpal (Sharma and Ratanpal, 2013) by

incorporating a dimensionless parameter n(> 0) in the Finch-Skea ansatz (Finch and Skea,

1989) by assuming the system to be anisotropic. Charged Finch-Skea stars were described

in terms of Bessel functions and modified Bessel functions, by Hansraj and Maharaj (Han-

sraj and Maharaj, 2006) and Maharaj et al. (Maharaj et al., 2017), where both the models

are found to obey a barotropic EoS.

Bhar et al. (Bhar et al., 2014) have produced anisotropic stars in (2 + 1) dimensions

and a quark EoS by using the Finch-Skea metric (Finch and Skea, 1989). A class of inte-

rior solutions corresponding to the BTZ (Bañados et al., 1992) exterior solution has been

investigated by Banerjee et al. (Banerjee et al., 2013) under the Finch-Skea metric which

is relevant for the description of realistic stars in (3 + 1) dimensions as a complementary

approach to the study by Garcı́a et al. (Garcı́a and Campuzano, 2003).

For higher dimensions, several researchers Hansraj (2017); Hansraj et al. (2015); Molina

et al. (2017) have studied the Finch-Skea metric as well as its generalizations. Another fas-

cinating study by Hansraj et al. Hansraj et al. (2015) shows that the Finch-Skea spacetime

also arises in the 5-dimensional Einstein-Gauss-Bonnet modified theory of gravity, sug-

gesting that the Finch-Skea geometry may play an important role in more general Lovelock

polynomials with a Lagrangian containing higher order terms (Maharaj et al., 2017).
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It is worthy to note that anisotropy in pressure plays a significant role in the structure

and properties of compact star. Karmarkar et al. (Karmarkar et al., 2007) indicated that

numerical value of the compactness parameter 2M
R

, M and R being the mass and radius

of the star, may approach unity for anisotropic stars. The upper limit of the surface red-

shift for anisotropic stars becomes 3.842 and 5.211 when the transverse components of the

pressure satisfy the strong and the dominant energy condition respectively (Ivanov, 2002).

Mak and Harko (Mak and Harko, 2004a,b) have showed that anisotropy must be maximum

at the surface of the compact star and it should be zero at the center of the fluid sphere.

There are good number of models on anisotropic compact star under General Relativity in

literature (Kumar et al., 2019; Mak and Harko, 2004a; Maurya et al., 2018b, 2019a; Mau-

rya and Govender, 2017; Maurya et al., 2017, 2019b; Sharma and Maharaj, 2007). Sev-

eral researchers have studied anisotropy on alternative theories of gravitation considering

various ansatzs such as Buchdahl (Maurya et al., 2020a), modified Durgapal–Fuloria po-

tential (Maurya and Tello-Ortiz, 2020) to name a few. Moreover, self-gravitating, charged

isotropic fluids can also be studied for super compact star modeling (Kumar et al., 2018).

In the present chapter I have examined the nature of anisotropy in Finch-Skea metric to

model a stable compact star.

The present chapter is organized as follows: Sec. 4.2 depicts a brief highlight to the

Einstein field equation. Exact solution to the field equations in the presence and absence

of anisotropy and finding the model constants after smooth matching of spacetime at the

boundary is provided in Sec. 4.3 and Sec. 4.4 respectively. The physical analysis and the

stability analysis for the obtained solution are discussed in Sec. 4.5 and Sec. 4.6 respec-

tively. Sec. 4.7 provides an insight of the mass-radius relationship for the model. Finally,

concluding remarks are given in Sec. 4.8.
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4.2 Einstein’s field equation and the interior solution for

the model

Let us consider the model which represents a static spherically symmetric fluid configura-

tion. The line element describing the interior space-time of a spherically symmetric star in

Schwarzschild coordinates x0 = t, x1 = r, x2 = θ, x3 = φ can be written as

ds2
− = −A2

0(r)dt2 +B2
0(r)dr2 + r2(dθ2 + sin2 θdφ2), (4.1)

where A0(r) and B0(r) are the gravitational potential yet to be established.

To study stellar structure and stellar evolution the basic supposition made by the re-

searchers is to consider the interior of a star as a perfect fluid (Clayton, 1983; Kippenhahn

et al., 2012). The pressure in the interior of a star is considered to be isotropic to model this

perfect fluid (Dev and Gleiser, 2002). Several studies in recent times have shown that, at

very high density, alteration in isotropic pressure plays a vital role in studying the features

of a stellar interior (Canuto, 1974; Ruderman, 1972). Thus the energy momentum tensor

is anisotropic, isotropy being the extra assumptions on the behaviors of the fields or of the

fluid modeling the stellar interior (Dev and Gleiser, 2002).

The matter distribution of the stellar interior is thus described by an energy-momentum

tensor of the form

Tαβ = (ρ+ pt)uαuβ + ptgαβ + (pr − pt)χαχβ, (4.2)

where ρ represents the energy-density, pr and pt, respectively denote fluid pressures along

the radial and transverse directions, uα is the 4-velocity of the fluid and χα is a unit space-
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like 4-vector along the radial direction so that uαuα = 1, χαχβ = −1 and uαχβ = 0.

The Einstein field equations governing the evolution of the system is then obtained as

(we set G = c = 1)

8πρ =

[
1

r2
− 1

r2B2
0

+
2B′0
rB3

0

]
, (4.3)

8πpr =

[
− 1

r2
+

1

B2
0r

2
+

2A′0
rA0B2

0

]
, (4.4)

8πpt =

[
A′′0
A0B2

0

+
A′0

rA0B2
0

− B′0
rB3

0

− A′0B
′
0

A0B3
0

]
, (4.5)

where in above set of Eqs. (4.3) – (4.5), a ‘prime’ denotes differentiation with respect to r.

From the expression of radial and transverse pressure, the anisotropic parameter of the

stellar system can be defined as

∆(r) = 8π(pt − pr) =

[
A′′0
A0B2

0

− A′0
rA0B2

0

− B′0
rB3

0

+
A′0B

′
0

A0B3
0

− 1

r2B2
0

+
1

r2

]
. (4.6)

Moreover, the mass contained within a radius r of the sphere is defined as

m(r) =
1

2

∫ r

0

ω2ρ(ω)dω. (4.7)

At this stage, we have a system of equations consisting of three equations Eq. (4.3) –

Eq. (4.5) with five unknowns ρ, pr, pt, A0(r) and B0(r). Thus to find the exact solutions of

the field equations and hence to model a stellar interior, we need to specify two of them. To

model a physically reasonable stellar configuration, I can choose the metric potential grr is

of the form as considered by Finch-Skea (Finch and Skea, 1989) and it is given by

B2
0(r) =

(
1 +

r2

R2

)
, (4.8)
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where R is the curvature parameter describing the geometry of the configuration having

a dimension of length. This choice of metric potential assures that the function B2
0(r)

is finite, continuous and well defined within stellar interior range. Also B2
0(r) = 1 for

r = 0 ensures that it is finite at the center. Again, the metric is regular at the center since

(B2
0(r))′r=0 = 0.

With this choice of B0(r), Eq. (4.6) then reduces to

∆(r) =
r3A0 +R2 [r (r2 +R2)A′′0 − (R2 + 2r2)A′0]

r (r2 +R2)A0

. (4.9)

On rearranging Eq. (4.9), one can get

R2A′′0
A0

− R2 (R2 + 2r2)

r (r2 +R2)

A′0
A0

+
r2

r2 +R2
= ∆(r). (4.10)

Now the above Eq. (4.10) can be solved for A0(r) if the anisotropic parameter, ∆(r)

is specified in particular form. One can easily obtain solutions for the following two cases

from Eq. (4.10): (i) ∆(r) = 0 and (ii) ∆(r) 6= 0. I have discussed both the cases in the

next Section.

4.3 Exact solutions to the field equations

To obtain an exact solution for Eq. (4.10), the anisotropy needs to be considered in some

specific form. Therefore the anisotropic factor can be written as

∆ =
αr2(R2 − r2)

(R2 + r2)3
, (4.11)



4.3. Exact solutions to the field equations 94

where α is the parameter determining the measure of the anisotropy. Now this choice of

anisotropy is feasible for the consideration of the anisotropic factor as ∆ is regular for the

radial coordinate r and also ∆(r = 0) = 0 is satisfied at the center. Utilizing this choice of

anisotropy in Eq. (4.10), the master equation reads in the form

[
rR2(r2 +R2)3

]
A′′0 −R2(2r2 +R2)(r2 +R2)2A′0
r(r2 +R2)3A0

+
r3 [(r2 +R2)2 + α(r2 −R2)]A0

r(r2 +R2)3A0

= 0. (4.12)

Now the present work intents to study the exact solutions of the field equations for different

values of α. Here I have investigated the values of α for −1, 0 and 1. It is worth mention-

ing that similar investigation have been conducted by Sharma and Das (Sharma and Das,

2013) using the Finch-Skea metric. Their model represents an initially static star which

is either anisotropic or isotropic in nature and which eventually describes a gravitationally

collapsing system. However, in the present work I am attempting to depict a spherically

symmetric stable configuration, for both anisotropic and isotropic nature of pressure.

Now using Frobenius Method (Teschl, 2012) one can solve Eq. (4.12) at r = 0.

Considering the solution in the series form, it can be written as

A0 =
∞∑
n=1

cnr
s+n, c0 6= 0. (4.13)

Computing the values of A′0 and A′′0 and substituting all the values on Eq. (4.12), one

can obtain the following differential equation as

rR2
(
r6 + 3r4R2 + 3r2R2 +R6

) ∞∑
n=1

(s+ n)(s+ n− 1)cnr
s+n−2
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− R2(2r6 + 5r4R2 + 4r2R4 +R6)
∞∑
n=1

(s+ n)cnr
s+n−1

+ r3(r4 + 2r2R2 +R4 + αr2 − αR2)
∞∑
n=1

cnr
s+n = 0. (4.14)

Equating to zero the coefficient of the smallest power of r and hence solving, one can

get the roots of the indicial equation as 0 and 2. Further solving for each coefficient of r

the solution of Eq. (4.12) yields

A0 = Mu(r) +Nv(r), (4.15)

where M and N are two arbitrary constants and

u(r) = 1 +
7

2R2
r2 +

6R2 + α

8R6
r4 + ..., (4.16)

v(r) = r2

[
1 +

1

4R2
r2 +

α− 2R2

24R6
+ ...

]
.

However due to complexity of the solution I have investigated the exact solution of the

model by considering specific values of α which is described in the following subsections.

4.3.1 Exact solution in the presence of anisotropy

4.3.1.1 Case I: α = −1

To obtain an exact solution to Eq. (4.10), let us assume the anisotropic parameter to be in

the form

∆(r) =
r2 (r2 −R2)

(r2 +R2)3 . (4.17)

The above choice for the anisotropy is physically reasonable, as at the center (r = 0),
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anisotropy vanishes as expected. Fig. 4.1 depicts the nature of anisotropy which clearly

supports the regularity at the center. However the negative nature for the anisotropy leads

us to some consequences as discussed subsequently. Similar profile of the anisotropic

pressure can be observed in the work of Thirukkanesh et al. (Thirukkanesh et al., 2020).

As a limitation of our model, I have not discussed the isotropic pressure condition from the

specified anisotropic form.

Δ ≠ 0
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Figure 4.1: Behavior of the anisotropy within the configuration with respect to the radial
coordinate r corresponding to the pulsar 4U1608− 52.

Also, this choice provides a solution to Eq. (4.10) in closed form. Substituting Eq. (4.17)

in Eq. (4.10) gives

R (r(r2 +R2)2A′′0 − (r2 +R2)(2r2 +R2)A′0 + 2r3A0)

r(r2 +R2)A0

= 0. (4.18)

A simple solution to Eq. (4.18) can be obtained as follows:

A0 =
(
C
√
r2 +R2 +D

(
r2 +R2

))
, (4.19)

where C and D are integration constants which will be obtained from the boundary condi-
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tions.

With these choices of the metric potentials the matter density, radial pressure, transverse

pressure and mass are obtained as

8πρ =
r2 + 3R2

(r2 +R2)2 , (4.20)

8πpr =
C (R2 − r2)−D (r2 − 3R2)

√
r2 +R2

(r2 +R2)2 (C +D
√
r2 +R2

) , (4.21)

8πpt =
R2
[
C (R2 − r2) +D

√
r2 +R2 (r2 + 3R2)

]
(r2 +R2)3 (C +D

√
r2 +R2

) , (4.22)

m(r) =
r3

2 (r2 +R2)
. (4.23)

Moreover, the gradients of the matter variables are obtained as

8π
dρ

dr
=

2r

(r2 +R2)2 −
4r (r2 + 3R2)

(r2 +R2)3 , (4.24)

8π
dpr
dr

=
2rC2 (r2 − 3R2)

√
r2 +R2

(r2 +R2)7/2 (C + D
√
r2 +R2

)2 +
2rCD (2r2 − 9R2) (r2 +R2)

(r2 +R2)7/2 (C +D
√
r2 +R2

)2

+
2rD2 (r2 − 7R2) (r2 +R2)

3/2

(r2 +R2)7/2 (C +D
√
r2 +R2

)2 , (4.25)

8π
dpt
dr

=
R2
[
C (R2 − r2) +D (r2 + 3R2)

√
r2 +R2

]
(r2 +R2)3 (C +D

√
r2 +R2

) . (4.26)

4.3.1.2 Case II: α = 1

The anisotropic factor now reduces to

∆ =
r2(R2 − r2)

(R2 + r2)3
. (4.27)
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Using the value of Eq. (4.27), the master equation Eq. (4.10) reduces to the form

[
r2(r2 +R2)A′′0 − (2r2 +R2)A′0

]
R2(r2 +R2)

r(r2 +R2)A0

+
2r4

(r2 +R2)
= 0. (4.28)

Since the solution generated from Eq. (4.28) are imaginary (See Appendix), so I am

excluding this discussions from the present work.

It is to note that in the original Finch-Skea paper (Finch and Skea, 1989) the exact

solution in the presence of isotropy is available, i.e. for p = pr = pt as such the isotropic

pressure condition has been adopted. The solution for Eq.(4.10) has the form,

A0 =

(
G−H

√
1 +

r2

R2

)
cos

√
1 +

r2

R2
+

(
G

√
1 +

r2

R2
+H

)
sin

√
1 +

r2

R2
, (4.29)

where the integration constants G and H will be obtained from the boundary conditions.

Since further detailed calculation can be found in (Finch and Skea, 1989), so I am not

repeating here the calculations based on the isotropic condition, however for the sake of

comparison I have plotted graphs for both the cases which will help to observe the effect of

anisotropy in the present model.

4.4 Exterior spacetime and boundary conditions

The exterior space-time, spacetime outside the spherically symmetric configuration, for a

non-radiating star is empty and is described by the exterior Schwarzschild solution as

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2
(
dθ2 + sin2 θdφ2

)
, (4.30)
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where r > 2M , M being the total mass of the stellar object. To study a compact stel-

lar structure, the interior space-time metric (4.1) must be matched smoothly to the exterior

Schwarzschild spacetime metric Eq. (4.30) at the boundary of the star r = b. This condition

is known as the continuity of the first fundamental form or Darmois-Israel condition (Dar-

mois, 1927; Israel, 1966) and the continuity of the metric functions across the boundary

r = b yields

A2
0(b) =

(
1− 2M

b

)
, B2

0(b) =

(
1− 2M

b

)−1

. (4.31)

The radial pressure drops to zero at a finite value of the radial parameter r, defined as

the radius of the star. This is defined as the continuity of the second fundamental form and

utilizing the condition pr(r = b) = 0, the radius of the star can be obtained as follows

[
− 1

b2
+

1

B2
0b

2
+

2A′0
bA0B2

0

]
= 0. (4.32)

Fulfillment of continuity for both the first and the second fundamental forms is known

as the junction condition and it is utilized to determine the constants for isotropic as well

as anisotropic cases. Thus the constants for the model are obtained in the forms:

R =
b
√
b− 2M√

2M
, (4.33)

C =
M

b2

(
3

√
b− 2M

2M
−
√

2M

b− 2M

)
, (4.34)

D =

√
2M3

b7

(√
2M

b− 2M
−
√
b− 2M

2M

)
, (4.35)
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G =

√
1
ϕ

(√
ϕ cos

(√
ϕ
)

+ sin
(√

ϕ
))

2
√
ϕ (cos (ϕ) + sin (ϕ))

, (4.36)

H =

√
1
ϕ

(√
ϕ sin

(√
ϕ
)
− cos

(√
ϕ
))

2
√
ϕ (cos (ϕ) + sin (ϕ))

, (4.37)

where b
b−2M

= ϕ.

4.5 Physical analysis

To study the physical features of the prescribed model I have considered the values from

the pulsar 4U 1608 − 52 as mass = 1.57+0.30
−0.29 M� and radius = 9.8 ± 1.8 km (Roupas

and Nashed, 2020). The values of the model parameters thus obtained are R = 10.3526,

C = 0.0535902, D = − 0.000185649, G = 0.328696 and H = 0.305526. I

have analyzed the profile of the model analytically as well as graphically by considering

the aforementioned dataset. However, the values of the model parameters for some other

known compact stellar objects are depicted in Table. 4.1.

4.5.1 Regularity condition

For any acceptable model, regularity of the solutions must be maintained. Analytically,

the gravitational potentials should be free from any geometrical or physical singularity.

Here, A2
0(0) = R2(C + DR)2=constant (for anisotropic case), A2

0(0) = 0.5403(G −

H) + 0.84147(G + H)= constant (for isotropic case) and B2
0(0) = 1, i.e., finite at the

center (r = 0) of the stellar configuration. Also one can easily check that (A2
0(r))′r=0 =

(B2
0(r))′r=0 = 0. These imply that the metric is regular at the center and well behaved
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throughout the stellar interior. Fig. 4.2 exhibits the profile of the metric potentials within

the stellar structure for both the anisotropic and isotropic cases.
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Figure 4.2: Variation of the metric potentials A2
0(r) (left) and B2

0(r) (right) with the radial
coordinate r corresponding to the pulsar 4U1608− 52. Here the solid lines (red) represent
the anisotropic case and the dashed lines (blue) represent the isotropic case.

4.5.2 Zeldovich’s condition

The central density, central radial pressure and central tangential pressure in this case are

obtained as

8πρ(0) =
3

R2
, (4.38)

8πpr(0) = 8πpt(0) =
C + 3DR

R2(C +DR)
, (4.39)

for anisotropic case and

8πpr(0) = 8πpt(0) =
(G+H) + 1.5574(H −G)

R2 [(G−H) + 1.5574(G+H)]
, (4.40)

for isotropic case.

Here R being the curvature parameter, it is always positive, thus making the central
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density a positive quantity.
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Figure 4.3: Variation of the matter variables, density (left) and pressure (right) in the radial
(solid red), transverse direction (dashed red) for the anisotrpic case and pressure (solid blue)
for the isotropic case, with the radial coordinate r corresponding to the pulsar 4U1608−52.

For isotropic nature, both the pressures should be always equal whereas for anisotropic

profile, the equality of the central values of both the radial pressure and tangential pressure

depicts the absence of anisotropy at the center. The radial and tangential pressures at the

center will be non-negative provided the chosen model parameters are all positive. Also

according to Zeldovich’s condition (Zeldovich, 1962, 1972), pr/ρmust be≤ 1 at the center.

Therefore
C + 3DR

3(C +DR)
≤ 1 and

(G+H) + 1.5574(H −G)

3 [(G−H) + 1.5574(G+H)]
≤ 1,

for anisotropic and isotropic cases respectively.

The density ρ, radial pressure pr and transverse pressure pt are positive inside the struc-

ture and monotonically decreasing outward. Fig. 4.3 supports the positive and monotoni-

cally decreasing behavior of the matter variables. However, since Fig. 4.3 depicts that the

transverse force is always lower than the radial one throughout the structure implying the

attractive nature of the anisotropic force. This type of force is known to make the model

less stable than the repulsive force.
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4.5.3 Density parameter

The density variation parameter λ is defined as the ratio of the density at the surface to

that at the center. Now for the prescribed model, the density variation parameter can be

expressed as

λ =
ρ(b)

ρ(0)
=
R2(b2 + 3R2)

3(b2 +R2)2
.

Now for the fixed surface density of 2×1014 gm/cc, Parui and Sarma (Parui and Sarma,

1991) have deduced that minimum radius density (the ratio of the surface density to the ra-

dius of the star) is minimum for the λ = 0.68. Based on this study, later Parui (Parui, 1995)

has generalized that for both the charged and uncharged neutron star of densities having

1015 and 1016 gm/cc, λmax becomes 0.68 in each cases. For our model, considering the

fixed surface density 2× 1014 gm/cc, the model parameter R supports the value 0.673623,

the mass and radius become 0.6725 M� and 2.1743 km respectively for maximum limit of

density variation parameter. However, the permissible value of λ for several different stars

of different surface densities are presented in Table 4.2.

4.5.4 Energy density

The gradients of energy density, radial pressure and tangential pressures for anisotropic

case are given in Eqs. (4.24)-(4.26). The gradient of the density, radial pressure and tan-

gential pressure are negative inside the stellar body are shown graphically in Fig. 4.4.
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Figure 4.4: Variation of the gradients of the matter variables, the density for the anisotropic
case (solid red), for the isotropic case (dashed blue), the radial pressure (dashed red), the
transverse pressure (dot dashed black) for the anisotropic case and the pressure (solid blue)
for the isotropic case with the radial coordinate r corresponding to the pulsar 4U1608−52.
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Figure 4.5: Variation of the sound speeds along the radial (solid red), transverse direction
(dashed red) for the anisotropic case, sound speed (solid blue) for the isotropic case with
the radial coordinate r corresponding to the pulsar 4U1608− 52.
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4.5.5 Herrera’s Cracking Method

The radial and transverse velocity of sound (c = 1) are obtained as

v2
r =

−C2(r2 − 3R2)

(r2 + 5R2)(C +D
√
r2 +R2)2

+
D2(r4 − 6r2R2 + 7R4)

(r2 + 5R2)(C +D
√
r2 +R2)2

+
CD(−2r4 + 7r2R2 + 9R4)√

r2 +R2(r2 + 5R2)(C +D
√
r2 +R2)2

, (4.41)

v2
t =

−2R2C2(r2 − 2R2)

(r2 +R2)(r2 + 5R2)(C +D
√
r2 +R2)2

+
2R2D2(r4 + 5r2R2 + 4R4)

(r2 +R2)(r2 + 5R2)(C +D
√
r2 +R2)2

+
CDR2(−r4 + 10r2R2 + 11R4)

(r2 +R2)
3
2 (r2 + 5R2)(C +D

√
r2 +R2)2

, (4.42)

v2 =
(r2 +R2) (G+H tan Γ)

Γ(r2 + 5R2)
× (−H(r2 +R2) +GΓ(r2 + 2R2))

[R(G−HΓ) + (H +GΓ) tan Γ]2

+
(r2 +R2) (G+H tan Γ)

Γ(r2 + 5R2)
× (G(r2 +R2) +HΓ(r2 + 2R2)) tan Γ

[R(G−HΓ) + (H +GΓ) tan Γ]2
, (4.43)

where
√

1 + r2

R2 = Γ. v2
r and v2

t are dpr
dρ

and dpt
dρ

respectively, described for the case of

anisotropy. For isotropic case, v2 denotes dp
dρ

, p being the pressure for prescribed model.

In this model the speed of sound are smaller than 1 in the interior of the star, i.e.,

0 ≤ dpr
dρ
≤ 1, 0 ≤ dpt

dρ
≤ 1 for anisotropic case and 0 ≤ dp

dρ
≤ 1 for isotropic case, which

has been shown graphically in Fig. 4.5.

4.5.6 Energy Condition

The energy conditions play a crucial role to study the nature of the matter content in GR.

The energy conditions are not physical constraints but are rather mathematically imposed

boundary conditions on the matter variables. They restrict some contraction of the stress

tensor at every spacetime point. The three main conditions studied here are: null energy
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condition (NEC), weak energy condition (WEC) and strong energy condition (SEC). The

expressions for the energy conditions are described as follows:

NECr : ρ(r) + pr(r) ≥ 0, NECt : ρ(r) + pt(r) ≥ 0,

WECr : ρ(r) ≥ 0, ρ(r) + pr(r) ≥ 0,

WECt : ρ(r) ≥ 0, ρ(r) + pt(r) ≥ 0,

SEC : ρ(r) + pr(r) + 2pt(r) ≥ 0.

However, for an isotropic fluid sphere, the equality of the radial and the transverse

pressure implies the expressions for the energy conditions as ρ + pr ≥ 0 and ρ + 3pt ≥ 0,

throughout the stellar interior. These quantities are shown to remain positive throughout the

compact sphere graphically in Fig. 4.6. Although it is quite obvious that for non-negative
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Figure 4.6: Variation of the various energy conditions, SEC for the anisotropic case (dashed
red), for the isotropic case (dashed blue), NEC for the anisotropic case in the radial direc-
tion (dashed black), in the transverse direction (solid red), NEC for the isotropic case (solid
blue) with the radial coordinate r corresponding to the pulsar 4U1608− 52.

density and pressures, their sum should also be non-negative. However for understanding

the nature of the energy conditions, I have studied Dominant Energy Conditions and Trace
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energy Conditions. The expressions for these energy conditions are given as :

DECr : ρ(r)− pr(r) ≥ 0, DECt : ρ(r)− pt(r) ≥ 0,

TEC : ρ(r)− pr(r)− pt(r) ≥ 0.

These energy conditions are shown to be fulfilled in Fig. 4.7. Trace Energy Conditions were

quite popular in the 50s and 60s to be a physically reasonable conditions, the discovery of

the stiff equation of state for the neutron star matter have somehow faded the need for

TEC (Barcelo and Visser, 2002).
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Figure 4.7: Variation of DEC in the radial direction (solid blue), transverse direction
(dashed black) for the anisotropic case, DEC for the isotropic case (dashed red) and TEC
(solid red) with the radial coordinate r corresponding to the pulsar 4U1608− 52.

4.5.7 Metric function

The smooth matching of the interior metric function with that of the Schwarzschild ex-

terior at the boundary is shown graphically in Fig. 4.8. However, the formulation of the

model constants obtained from the smooth matching at the boundary have been described
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in Sec. 4.4.
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Figure 4.8: Smooth matching of the metric potentials with the Schwarzschild exterior so-
lution at the boundary.

4.5.8 Equation of state parameter

To study cold high-density matter, compact stellar objects act as the natural laboratories

and such behavior is governed by the relation between pressure and density, known as the

Equation of State (EoS). We can study the mass and radius as well as other macroscopic

properties such as moment of inertia and tidal deformability of a compact star.

The equation of state parameter is given by

ωr =
pr
ρ
, ωt =

pt
ρ
. (4.44)

The variation of the pressure with the density is plotted in Fig. 4.9. It can be seen that

the anisotropic pressure generates more stiff EoS than that of isotropic pressure. Since we

know the stiffness of EoS can observed from the variation of the sound speed in stellar

medium. To be non-exotic in nature the value of ω = p/ρ should lie within 0 and 1.

The mathematical expressions for the EoS parameters can directly be obtained from the

Eqs. (4.20)-(4.22). Graphically, our model is shown to satisfy the conditions 0 ≤ ωr ≤ 1
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Compact Star R C D G H
(M�) (km)

SAX J1748.9-2021 12.7697 0.045989 −0.000197 0.344066 0.302342
Cen X-3 9.5572 0.056641 −0.000163 0.322235 0.306764
Vela X-1 8.7142 0.06778 0.000409 0.255118 0.316001

PSR J0030 + 0451 13.02+1.24
−1.06 18.7098 0.045295 −0.000407 0.457842 0.268874

Table 4.1: Values of the different model parameters corresponding to the different known
compact stars (Miller et al., 2019; Roupas and Nashed, 2020)

and 0 ≤ ωt ≤ 1 in Fig. 4.10.

Now stiffer EoS lead to larger tidal deformability with the anistropic pressure and the

presence of anisotropy can reduce the value of the dimensionless tidal deformability by

a significant amount for a given mass (Biswas and Bose, 2019). However, Biswas and

Bose (Biswas and Bose, 2019) have exclusively studied the case for positive anisotropy.
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Figure 4.9: Variation of the radial pressure for the anisotropic case (solid red) and the
isotropic case (solid blue) with respect to the density.
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Figure 4.10: Variation of the EoS parameters inside the star for the anisotropic case in
radial direction (solid red), transverse direction (dot dashed red) and for the isotropic case
(solid blue) with the radial coordinate r corresponding to the pulsar 4U1608− 52.

Matter variables SAX J1748.9− 2021 Cen X-3 Vela X-1 PSR J0030 + 0451

ρ|0 557.659 995.569 1197.49 259.772
ρ|b 210.926 352.714 345.562 136.949
λ 0.37823 0.35428 0.28857 0.52718
v2
r |0 0.56381 0.58101 0.64117 0.48499
v2
r |b 0.32863 0.33014 0.3392 0.3286
v2
t |0 0.76306 0.78027 0.84043 0.68426
v2
t |b 0.17529 0.16937 0.16679 0.22002
v2|0 0.27526 0.28898 0.34177 0.23487
v2|b 0.30125 0.31678 0.37189 0.23487

(ρ+ pr + 2pt)|0 1048.86 1931.26 2559.74 413.862
(ρ+ pr + 2pt)|b 202.906 345.893 363.771 123.771

(ρ+ 3p)|0 865.771 1598.53 2156.35 344.506
(ρ+ 3p)|b 210.925 352.714 345.562 136.949

z|b 0.35627 0.38586 0.48443 0.2183

Table 4.2: Numerical values of the matter variables for different compact stars. Here |0 and
|b denote the values of the matter variables at the center and the surface respectively.
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Mass (M�) Radius (km) ρ(0) (Walecka) ρ(0) (Model) Error %
2.485 11.271 31.62 23.74 24.92
2.543 11.644 25.12 21.65 13.81
2.579 12.027 20.00 19.29 0.035
2.583 12.433 15.85 16.60 −.047
2.577 12.521 15.00 15.98 −0.065
2.530 12.798 12.59 13.847 −0.0998
2.387 13.081 10.00 11.046 −0.1046
2.268 13.167 8.913 9.65 −0.08268
2.119 13.188 7.943 8.399 −0.057
1.919 13.126 7.080 7.135 −0.00776
1.670 12.949 6.310 5.936 0.059
1.400 12.651 5.623 4.909 0.126
1.280 12.486 5.340 4.5079 0.1558
1.123 12.229 5.012 4.0276 0.196
0.594 11.033 3.981 2.514 0.368

Table 4.3: Comparison of the prescribed model with a neutron star model based on
Walecka’s relativistic mean field theory. Here densities are given in 1014 gm/cc.

4.6 Stability analysis

4.6.1 Stability under different forces

Modeling of a compact star requires to examine the stability of the model. The important

characteristic to study the stability of any model is to check the equilibrium condition of

the model by using TOV equation. This stability equation given by Tolman (Tolman, 1939)

and Oppenheimer and Volkoff (Oppenheimer and Volkoff, 1939) symbolizes the internal

structure of a spherically static symmetric compact stellar object which is in equilibrium in

the presence of anisotropy. The generalized TOV equation can be expressed as

− MG

r
[ρ(r) + pr(r)]

A0(r)

B0(r)
− dpr(r)

dr
+

2(pt − pr)
r

= 0, (4.45)
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where MG(r) is the gravitational mass within the compact stellar objects of radius r which

can be derived using Tolman-Whittaker mass formula and it is defined by

MG(r) =
rB0(r)A′0(r)

A2
0(r)

. (4.46)

Now, substituting the value of MG(r), Eq. (4.45) can also be written as

−A
′
0(r)[ρ(r) + pr(r)]

A0(r)
− dpr(r)

dr
+

2(pt − pr)
r

= 0. (4.47)

Eq. (4.47) describe the equilibrium condition for the model under gravitational forces (Fg),

hydrostatic forces (Fh) and anisotropic forces (Fa). The TOV equation can be expressed in

a simple form as

Fg(r) + Fh(r) + Fa(r) = 0, (4.48)

where

Gravitational force : Fg(r) = −A
′
0(r)[ρ(r) + pr(r)]

A0(r)
,

Hydrostatic force : Fh(r) = −dpr(r)
dr

,

Anisotropic force : Fa(r) =
2(pt − pr)

r
. (4.49)

The expressions mentioned in Eq. (4.49) are examined graphically in the Fig. 4.11. It

portrays the stability of the model under various forces. It can clearly be seen that, to keep

the model stable in the equilibrium, hydrostatic force should be much larger such that it

can counterbalance the combined forces of gravitational and anisotropic forces. However,

in the presence of isotropy, the model should be in the stable equilibrium if the negative

gravitational force equalize the positive hydrostatic force.
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Figure 4.11: Variation of different forces for the anisotropic case (hydrostatic force (solid
red), gravitational force (dashed red), anisotropic force (dot dashed black)) and the isotropic
case (hydrostatic force (dashed blue), gravitational force (solid blue)) against the radial
coordinate r corresponding to the pulsar 4U1608− 52.

4.6.2 Stability under Causality Condition

To examine the stability of a physically acceptable model, the velocity of the sound must

be less than the light’s velocity (Abreu et al., 2007; Herrera, 1992). The sound velocity

inside the compact star is expressed by

vr(r) =

√
dpr(r)

dρ(r)
, vt(r) =

√
dpt(r)

dρ(r)
. (4.50)

Since velocity of light c = 1, Thus the causality condition becomes 0 ≤ vr(r), vt(r) < 1.

Fig. 4.5 shows the fulfillment of the causality condition for both anisotropic and isotropic

case. The stability of any compact stellar object under the radial perturbation is investigated

using Herrera’s cracking concept (Herrera, 1992) and it is shown that to be a potentially

stable model the absolute difference of sound speeds should be ≤ 1 (Andrèasson, 2009).

Fig. 4.12 portrays the stability condition for the prescribed model with the anisotropic

pressure. It is shown that the stability condition is satisfied by the model throughout the
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Figure 4.12: The absolute difference of the sound speeds is plotted against the radial coor-
dinate r corresponding to the pulsar 4U1608− 52.

structure with anisotropic pressure except at the point r = 5.4. However the difference of

the sound speed soon starts to increase right after this point.

4.6.3 Stability under Adiabatic Index

The adiabatic index, the ratio of the specific heats at the constant pressure and volume, is

the quantity which incorporates all the basic characteristics of the equation of state on the

instability formula and consequently consists the bridge between the relativistic structure

of a spherical static object and the equation of state of the interior fluid (Moustakidis,

2017). Essentially it is a function of the baryon density and consequently exhibits the

radial dependence on the instability criterion (Tooper, 1965). Since the positive anisotropic

factor may slow down the growth of instability which implies that the gravitational collapse

occurs in the radial direction (Maurya and Tello-Ortiz, 2019). Therefore, it is enough to

study about adiabatic index only in the radial direction which is given mathematically as

Γr(r) =
ρ(r) + pr(r)

pr(r)

dpr(r)

dρ(r)
. (4.51)
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For Newtonian fluid, the collapsing condition results in Γ < 4
3

(Bondi, 1999; Heintzmann
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Figure 4.13: The adiabatic indices for the anisotropic case (in the radial (dashed red) and
transverse direction (solid red)) and for the isotropic case (solid blue) are plotted against
the radial coordinate r corresponding to the pulsar 4U1608− 52.

and Hillebrandt, 1975). Now for relativistic fluid sphere some terms were added to the

previous conditions which is perceived as the correction to the former (Chan et al., 1992,

1993) and it is expressed as

Γ <
4

3

[
4

3

(pt0 − pr0)

r|p′r0|
+

8π

3

ρ0pr0r

|p′r0|

]
max

, (4.52)

where ρ0, pr0 and pt0 are respectively initial density, radial and tangential pressures in un-

perturbed equilibrium. The second term in the right hand side of Eq.(4.52) corresponds to

anisotropy and third term represents the relativistic corrections to the Newtonian perfect

fluid. Remarkably this relativistic corrections could be the reason of instability inside the

star (Chandrasekhar, 1964a) and the instability can be prevented by imposing strict condi-

tion on adiabatic condition, known as the critical value for adiabatic index. For stable stellar

structure, the critical value depends on the amplitude of the Lagrangian displacement from
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equilibrium and the compactness factor u = M
b

. Thus taking a particular form of amplitude

of the Lagrangian displacement the critical relativistic adiabatic index is given by

Γcrit =
4

3
+

19u

21
. (4.53)

Eventually the stability condition becomes Γ ≥ Γcrit. I have checked the stability criteria

graphically in Fig. 4.13 and it can be seen that the model remains stable under both the

anisotropic and isotropic pressures. In Fig. 4.14, adiabatic indices are found to be greater

than the critical value of adiabatic index.
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Figure 4.14: Variation of the adiabatic indices the anisotropic case (in the radial (dashed
red) and transverse direction (solid red)) and for the isotropic case (solid blue) with respect
to the radial coordinate r in presence of the critical value of the adiabatic index correspond-
ing to the pulsar 4U1608− 52.

4.6.4 Stability under the Harrison-Zeldovich-Novikov criterion

One of the most important step to test the stability of the anisotropic compact star model

is to check the stability of the mass of the model under Harrison (Harrison et al., 1965)



4.6. Stability analysis 117

and Zeldovich-Novikov (Zeldovich and Novikov, 1972) criterion. The general form is to

test whether the mass is increasing with the increase of central density of a compact star

model. Mathematically, dM
dρ(0)

needs to be < 0 to be stable structure, otherwise declared the

model to be unstable. For our model the mass can be written in the form central density as

following:

M(ρ(0)) =
b3ρ(0)

2(b2ρ(0) + 3)
, (4.54)

dM

dρ(0)
=

3b3

2(b2ρ(0) + 3)2
. (4.55)

The profile of the mass and the gradient of the mass in the form of the central density

have been depicted in Figs. 4.15 and 4.16 respectively. It can clearly be seen that dM
dρ

is

positive throughout the stellar configuration making it stable.
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Figure 4.15: Variation of the mass with respect to the central density.
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Figure 4.16: Variation of the gradient of the mass against the central density.

4.7 Mass-radius relationship and redshift

4.7.1 Mass function and mass-radius relationship

Recall that the mass function for the model is given in Eq (4.23). Since limb→0m(b) = 0,

so the mass function is regular at the center of the structure. Also Fig. 4.17 depicts the

positive and monotonically increasing nature of the mass function with respect to the radial

coordinate.
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Figure 4.17: The profile of the mass function plotted against the radial coordinate r corre-
sponding to the pulsar 4U1608− 52.



4.7. Mass-radius relationship and redshift 119

The mass-radius relationship for the model is plotted in Fig. 4.18 and the maximum

mass obtained is 1.731 M� corresponding to the radius 10.56 km considering the fixed

surface density 5.5×1014 gm/cc. Since we know from the works of Sharma et al. (Sharma

et al., 2017) and Sunzu et al. (Sunzu et al., 2014a), the mass radius relationship is not af-

fected by the pressure anisotropy. Hence the obtained mass-radius relation can be obtained

both for anisotropy and isotropy cases. Also for spherically symmetric stable structure,

Buchdahl limit (Buchdahl, 1959) needs to be satisfied, i.e. 2M
b

must be less than 8
9
.
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Figure 4.18: The mass-radius relationship for the prescribed compact stellar model. The
solid circle represents the maximum mass attained by the model.

4.7.2 Mass-central density relationship

The stability of any model depends on the variation of mass with the central density and

it is known as Harrison-Zeldovich-Novikov criterion (which is discussed in the previous

sub-section). This criterion states that the model is stable in stellar system only if the mass

of the model is increasing with the increase of central density. In Fig. 4.19 the increasing

nature of mass with respect to central density is quite evident. Also it is to be noted that

the central density does not vanish for the absence of mass. For the prescribed model, the

maximum mass of the model corresponds to the central density 6.537× 1015 gm/cc.
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Figure 4.19: The mass-central density relationship for the prescribed compact star model.
Here solid circle denotes the maximum mass for the model.

4.7.3 Radius-central density relationship

To examine any viable model it is important to investigate the central density against the

radius along with the mass of the model.
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Figure 4.20: The radius-central density relationship for the prescribed compact stellar
model. The solid circle represents the radius for which the maximum mass is attained.

The radius-central density relationship is plotted in Fig. 4.20. It can be observed that

central density increases with the increase of radius of the model. Here the maximum

central density corresponding to the radius 10.56 km is obtained as 4.63× 1015 gm/cc.
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4.7.4 Gravitational redshift

The compactness of the model is defined by a dimensionless parameter u(r) = m(r)
r

. Ac-

cording to Buchdahl limit (Buchdahl, 1959), the compactness of a model should be less

than 0.444 to be a stable structure. For the present model one can have the compactness of

the model as 0.2417 indicating the fulfillment of the Buchdahl condition.

The gravitational redshift of a spherically symmetric compact star object is defined by

z =
1√

1− 2u(r)
− 1, (4.56)

where u(r) = m(r)/r is the compactness parameter for the model.
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Figure 4.21: The gravitational redshift is plotted against the radial coordinate r correspond-
ing to the pulsar 4U1608− 52.

The gravitational redshift is plotted against the radial coordinate in Fig. 4.21.
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4.8 Discussions and summary

In the present work I have analyzed the field equations adopting the Finch-Skea ansatz (Finch

and Skea, 1989) and have obtained a solution that describes a compact star model with neg-

ative anisotropic pressure. Some salient features of the solution are described as follows:

(1) The profile for anisotropic pressure of the model have been studied in Fig. 4.1.

Though the anisotropic parameter satisfies the regularity at the center (r = 0),

it is shown to portray negative nature throughout the stellar structure, making the

anisotropic force acting on the model to be attractive and which is proven to make

the model less supportive against the gravitational collapse.

(2) All the matter variables for the compact stellar model satisfy the physical require-

ments to be a stable model. Energy density and the profile of pressures in the presence

of anisotropy as well as isotropy are plotted in Fig. 4.3. In presence of anisotropy,

transverse pressure is observed to be less than the radial one throughout the structure.

(3) Smooth matching of the interior solutions with the Schwarzschild exterior solutions

at the boundary in Fig. 4.8 helps to generate the general form for the constants which

further provides an outline of the compact stellar model.

(4) Variation of gradients of matter variables are shown to be negative throughout the

star with zero gradients at the center.

(5) The causality condition is satisfied by the variation of the sound speed as shown in

Fig. 4.5. Also the absolute difference of the sound speeds are plotted in Fig. 4.12,

implying that the model does not satisfy the stability condition by Herrera Cracking

concept.
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(6) Fulfillment of various energy conditions by the model in presence of anisotropy and

isotropy are shown in Fig. 4.6.

(7) The stability of the model under the effect of TOV equation is shown in Fig. 4.11.

The model is shown to remain in static equilibrium if the hydrostatic force neutralize

the combined effect of the anisotropic and gravitational forces.

(8) The monotonically increasing nature of the mass function and the gravitational red-

shifts are plotted in Figs. 4.17 and 4.21 respectively, which support the physical via-

bility of the prescribed model.

(9) The maximum mass, obtained for the prescribed model, is 1.731 M� corresponding

to the radius 10.56 km, which is stable as per Buchdahl limit. Also the radius-

central density relationship depicted in Fig. 4.20 illustrate that the central density

increases with the increase of radius of the model. The central density is obtained

to be 4.63 × 1015 gm/cc corresponding to the radius such that maximum mass is

obtained in Fig. 4.18.

Furthermore, I have represented tables for a comparative study considering some well

known stars. Table. 4.1 depicts the value of the model parameter while Table. 4.2 exhibits

the values of the matter variables for both anisotropic and isotropic scenario. Obviously

the obtained solution is reduced to the solution obtained by Finch-Skea (Finch and Skea,

1989) by assuming zero anisotropy.

Thus the model can be considered as a feasible candidate to describe spherically sym-

metric, static and anisotropic compact stellar structure.
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Appendix

The solutions for Eq. (4.28) are obtained using technical computing system as

A0(r) = 2
−1
4 (−R)

2n+3
2 s

3
2 [MIn(s)−N(−1)nKn(s)] ,

where n =
√

17
2

, s =
√
−2(r2+R2)

R2 and I, K are the modified Bessel’s functions of first and

second order respectively.

Solving the equations in another approach namely, by transformation, one can obtain

the following results.

If one uses Durgapal-Banerjii transformation (Durgapal and Bannerji, 1983), i.e., set

x = r2

R2 , Z(x) = 1
B2

0(r)
and A2y2(x) = A2

0(r), we get the the field equations along with the

anisotropic factor to be transformed as

8πρ =
1− Z(x)

xR2
− 2Z ′

R2
,

8πpr =
Z − 1

xR2
+

4Zy′

R2y
,

∆(x) =
x(1− x)

R2(1 + x)3
,

8πpt = 8πpr + ∆(x),

where (’) denotes differentiation of the respective function with respect to x. Now combin-

ing all the above equations and using the transformation Z(x) = 1
1+x

, one can get a second

order ODE as

4(1 + x)2y′′ − 2(1 + x)y′ + (1 + 2x)y = 0. (4.57)

Now we try to solve Eq. (4.57) using some known methods.
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If again we use the transformations as 1 + x = V and y = Y V
3
4 on Eq. (4.57), we get

the new transformed ODE as

V 2d
2Y

dV 2
+ V

dY

dV
+

(
V

2
− 1

)
Y = 0,

which cannot be simplified in Bessel’s form of differential equations. Now as per series

solutions, we cannot further use Frobenius Method to solve the above ODE as
(

1
V

)
is not

analytic at V = 0.



Chapter 5

Impact of spheroidal parameter for

Vaidya-Tikekar type anisotropic

compact star

5.1 Introduction

The singularity free interior solutions for compact stellar objects (white dwarf, neutron

stars, black holes) have been the study of massive interest for theoretical physicists for

over more than two decades now. Karl Scwarzschild was first to obtain two such solutions

which describe the exterior (Schwarzschild, 1916b) of the space–time geometry of perfect

fluid sphere in hydrostatic equilibrium and the second one, the interior Schwarzschild so-

lution (Schwarzschild, 1916a) is related to the interior geometry of a fluid sphere having

homogeneous distribution of energy density. The most ubiquitous way is to integrate the

Tolman-Oppenheimer-Volkoff (TOV) equations using a certain form of equation of state

(EoS). But observational data from compact stars indicates towards a discrepancy with

126
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standard theoretical models. At nuclear and supranuclear densities, the interior properties

of compacts stars depends heavily on the EoS. Theoretically this is achieved by estimating

masses and radii of the stars. However, the profile of pulsar does not depend only on the

stellar mass and radius, but also depends on several other features like moment of inertia,

quadrupole moment and higher multi-pole moments etc. (Kumar et al., 2018). The motiva-

tion to undertake such a task was initiated by the discovery of the pulsar PSR J1614-2230

that produced hot spots on the surface of compact stars (Hessels et al., 2005) led to several

interpretative problems such as neutron stars (NSs) and quark stars (QSs). Recent obser-

vation have also suggested that masses and radii of many compact stellar objects, namely,

X-ray burster 4U 1820-30 (Bombacci, 1997), X-ray pulsar Her X-1 (Li et al., 1995), X-ray

sources 4U 1728-34 (Li et al., 1999), PSR 0943+10 (Xu et al., 1999), RX J185635-3754 etc.

are not compatible with the standard neutron star models. These compact stellar objects are

observed to posses greater compactification factor (mass to radius ratio) having both larger

mass and radius than the standard neutron stars. Unknown matter distribution at the highly

dense core regions is still an unresolved issue in stellar modeling. Details of Neutron star

masses- radii and their impact on the EoS can be found in (Li et al., 2019; Özel and Freire,

2016). Another approach to obtain exact solutions for Einstein field equations (EFE) is

by considering certain metric ansatz. Vaidya and Tikekar (Vaidya and Tikekar, 1982) pro-

posed an ansatz for the metric component grr which is characterised by two parameters,

namely curvature parameter K and spheroidal geometry characterized by the parameter

L. Sharma et al (Sharma et al., 2020) have studied the VT model in the linear regime.

This chapter dives in the regime of polytropic EoS along with VT model. Thirukkanesh

et al (Thirukkanesh et al., 2020) have investigates new set of spherically symmetric solu-

tions for anisotropic compact star admitting similar type of polytropic EoS. In Astrophysics

polytropic EoS have helped the studying of the dynamics and stability of galaxies (Wolan-
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sky, 1999) to the description of the compact stellar object’s inner structure (Chandrasekhar,

1964a; Kovetz, 1967; Tooper, 1965), passing through mechanisms involved in stellar evo-

lution (Urango et al., 2022).

Numerous works have been done by including the pressure anisotropy in self gravitating

system in the frame work of general relativity (Bhar et al., 2022; Das et al., 2022a,b; Mau-

rya et al., 2019a, 2017; Paul et al., 2022) are to name a few.

Assuming the interior of a superdense stars to be filled with cold matter at a tempera-

ture of zero Kelvin along with a known form of equation of state, the relativistic models,

in equilibrium, is obtained conventionally. Now, the Einsteins’ field equations relate phys-

ical variables the energy density and fluid pressure of the matter with the interior geometry

and the exterior of these stellar structure is assumed to be vacuum (Tikekar and Jotania,

2007). Since the Einstein field equations are highly non linear, the complex hydrody-

namical system is analysed by adopting numerical procedures for obtaining their plausible

solutions. Lattimer and Prakash (Lattimer and Prakash, 2001) have studied the structure

of neutron stars by obtaining analytic solutions of field equation and carefully constrained

the equation of state (Goswami et al., 2022). The main motivation for using VT ansatz

is in the absence of reliable information about equation of state of matter content, the al-

ternative approach of prescribing suitable geometry for their 3-spaces leads to physically

viable models of superdense stars in equilibrium as suggested by Vaidya-Tikekar (Tikekar,

1990; Vaidya and Tikekar, 1982). Several remarkable works have been carried out using

Vaidya Tikekar ansatz; under infinitesimal radial pulsation, the stability criterion was dis-

cussed by Knutsen (Knutsen, 1988). For different choice of spheroidal parameter, Maharaj

and Leach (Maharaj and Leach, 1996) obtained a new set of solution of Tikekar superdense

star, Mukherjee et al (Mukherjee et al., 1997) have obtained a new set of uncharged solution
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using VT ansatz, later Gupta and Jasim (Gupta and Jasim, 2004) have obtained their work

in terms of Gegenbauer functions, an alternate form of the general solution. VT model

have also been extensively studied for charged compact stars; using Vaidya–Tikekar ansatz

to generate exact solutions of the field equation in charge analog Gupta and Kumar (Gupta

and Kumar, 2005) observed a particular form of electric field intensity, having positive gra-

dient. Later this form of electric field intensity was used by Sharma et al. (Sharma et al.,

2001). Additionally Komathiraj and Maharaj (Komathiraj and Maharaj, 2007) observed a

similar result, explicitly observed a relationship directly relating the spheroidal parameter

K to the electromagnetic field to show another kind of Vaidya–Tikekar type star. Bijalwan

and Gupta (Bijalwan and Gupta, 2011, 2012) obtained a closed form for charged perfect

fluid model of Vaidya–Tikekar type superdense stars with more generalized electric inten-

sity. Chattopadhyay et al (Chattopadhyay et al., 2012) have observed that the size of a

static compact charged star is more than that of a static compact star without charge, us-

ing VT metric with non-linear equation of state. Kumar et al. (Kumar et al., 2018) used

the Vaidya-Tikekar metric potential to explore a class of charged compact stellar objects

filled with self-gravitating, isotropic fluids. Bhar (Bhar, 2015b) observed physically ac-

ceptable solutions which admits conformal motions in the presence of a quintessence field

which is characterized by a parameter ωq where ωq ∈ (−1,−1
3
). Hansraj (Hansraj, 2017)

demonstrated that presecribing electric field intensity,the five-dimensional generalization

of spheroidal spacetimes is applicable to dense objects in Einstein-Gauss Bonnet gravity.

Sharma and researchers have studied a X-ray binary pulsar Her X-1 (Sharma and Mukher-

jee, 2001), low mass binary X-ray emitters SAX J1808.4 − 3658 (Sharma et al., 2002)

using Vaidya Tikekar ansatz. Recently the pulsar PSR B0943 + 10 (Kumar and Bharti,

2022) have been studied as an isotropic VT-type compact star. Additionally, an alternative

ansatz was proposed by Tikekar and Jotania (Tikekar and Jotania, 2005) where the physical
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3-space of the star has the geometry of a 3 pseudo spheroid immersed in a four dimensional

Euclidean space. Later, both these models were studied in a generalised way in higher di-

mensions (Chattopadhyay and Paul, 2010; Paul, 2004).

This Chapter has been organized as follows: the Einstein field equations to obtain the

solution have been discussed in Sec. 5.2. Exact solutions of the field equations for the

values of n = 1 and n = 2 are obtained in Sec. 5.3. Smooth matching of the exterior

spacetime with the interior is depicted in Sec. 5.4. Sec. 5.5 portrays the bounds on the

model parameters. The physical analysis and the stability analysis are given in Sec. 5.6 and

Sec. 5.7 respectively. Impact of the curvature parameter on various properties of the model

is discussed on Sec. 5.8. Finally Sec. 5.9 describes the concluding remarks.

5.2 The field equations

The interior of a spherically symmetric static star in Schwarzschild coordinates (xa) =

(t, r, θ, φ) is assumed to be described by the line element

ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + r2(dθ2 + sin2 θdφ2), (5.1)

where ν and λ are functions of radial coordinate r only.

We assume that the stellar interior matter is anisotropic in character and the energy-

momentum tensor has the specific form

Tij = (ρ+ pt)uiuj + ptgij + (pr − pt)χiχj, (5.2)

where ρ represents the energy-density, pr and pt, respectively denote fluid pressures along
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the radial and transverse directions, ui is the 4-velocity of the fluid and χi is a unit space-

like 4-vector along the radial direction so that uiui = −1, χiχj = 1 and uiχj = 0. The

Einstein field equations for the tensor given in Eq. (5.2) along with the spacetime given in

Eq. (5.1) then reduces to

ρ =

(
1− e−2λ

)
r2

+
2λ′e−2λ

r
, (5.3)

pr = − 1

r2

(
1− e−2λ

)
+

2ν ′

r
e−2λ, (5.4)

pt = e−2λ

(
ν ′′ + ν ′2 +

ν ′

r
− ν ′λ′ − λ′

r

)
, (5.5)

where primes denote differentiation with respect to r. In the field equations Eqs. (5.3)-

(5.5), it is assumed that the coupling constant 8πG
c4

to be set equal to 1 and the speed of light

scaled as c = 1. The system of equations Eqs. (5.3)-(5.5) governs the behaviour of the

gravitational field for an anisotropic imperfect fluid distribution.

By definition the mass contained within a radius r of the sphere is defined as

m(r) =
1

2

∫ r

0

ω2ρ(ω)dω. (5.6)

At this stage, we have system of three equations given in Eqs. (5.3)-(5.5) with five un-

knowns ν, λ,ρ, pr and pt. So to obtain a solution that describes physically realistic rel-

ativistic star, i.e. to obtain the solution for this highly non-linear system of equations, I

assume one metric potential to be described by Vaidya-Tikekar (VT) ansatz as

e2λ(r) =
1− Kr2

L2

1− r2

L2

. (5.7)

The VT metric has a definite geometric interpretation. In Schwarzschild coordinates, the
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t = constant hypersurface of the space-time metric has a spheroidal geometry characterized

by the parameters L and K. Here L has a dimension of a length and K denotes departure

from spherical geometry. This choice of metric potential is well motivated and well be-

haved for r < L and K < 1. For K = 1, the t = constant hypersurface represents flat 3

space–time.

The following transformation reduces the Einstein field equations in a different form as

follows

x =
r2

L2
, Z(x) = e−2λ(r), y2(x) = e2ν(r). (5.8)

Under the transformation Eq. (5.8), the system of equations Eqs. (5.3)-(5.5) become

1− Z
x
− 2Ż = L2ρ, (5.9)

4Z
ẏ

y
+
Z − 1

x
= L2pr, (5.10)

4xZ
ÿ

y
+
(

4Z + 2xŻ
) ẏ
y

+ Ż = L2pt, (5.11)

where dots denote differentiation with respect to the variable x. The mass function Eq. (5.6)

consequently takes the form

m(x) =
L3

4

∫ x

0

√
wρ(w)dw. (5.12)

For a physically realistic relativistic star the interior matter distribution should satisfy

a barotropic equation of state of the form pr = pr(ρ). For this particular problem I have

assumed that the matter distribution to follow the polytropic-type equation of state, given
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as

pr = αρ1+ 1
n − β, (5.13)

where α and β are a real constants and n is the polytropic index. Then one can write the

system of equations given in Eqs. (5.3) - (5.5) in the simpler form as

L2ρ =
1− Z
x
− 2Ż, (5.14)

pr = kρ1+ 1
n , (5.15)

pt = pr + ∆, (5.16)

L2∆ = 4xZ
ÿ

y
+ Ż

(
1 + 2x

ẏ

y

)
+

1− Z
x

, (5.17)

ẏ

y
=

k

4L
2
nZ

[
1− Z
x
− 2Ż

]1+ 1
n

+
1− Z
4xZ

− βL2

4Z
, (5.18)

where the quantity ∆ = pt − pr defines the measure of anisotropy in this model. This

system of equations governs the behaviour of the gravitational field for an imperfect fluid

source.

5.3 Exact solutions for the model

Under the transformation Eq. (5.8), the gravitational potential in Eq. (5.7) becomes

Z =
1− x

1−Kx
. (5.19)

Substituting Eq. (5.19) into Eq. (5.18) one can obtain

ẏ

y
=

k

4L2/n

(1−K)1+1/n

(1− x)

(3−Kx)1+1/n

(1−Kx)1+2/n
+

(1−K)

4(1− x)
− βL2(1−Kx)

4(1− x)
. (5.20)
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On principle, the equation Eq. (5.20) can be integrated if the values of n is specified. Here

the following two cases of physical interest have been considered.

5.3.1 The case n = 1

When n = 1 the equation Eq. (5.20) becomes

ẏ

y
=

k

4L2

(1−K)2

(1− x)

(3−Kx)2

(1−Kx)3
+

(1−K)

4(1− x)
− βL2(1−Kx)

4(1− x)
. (5.21)

On integrating Eq. (5.21) one can obtain

y = d1

(
1− Kr2

L2

)− α(K−3)2

4(K−1)L2
(

1− r2

L2

) 1
4

{
α(K−3)2

(K−1)L2−β(K−1)L2+K−1

}

× exp

[
−α {(5− 3K)L2 + 2(K − 2)Kr2}

2 (L2 −Kr2)2 − 1

4
βKr2

]
, (5.22)

where d1 is the constant of integration. Hence the system of equation describing the exact

model is given as follows

e2λ(r) =
L2 −Kr2

L2 − r2
, (5.23)

e2ν(r) = d1

(
1− Kr2

L2

)− α(K−3)2

2(K−1)L2
(

1− r2

L2

) 1
2

{
α(K−3)2

(K−1)L2−β(K−1)L2+K−1

}

× exp

[
−α {(5− 3K)L2 + 2(K − 2)Kr2}

(L2 −Kr2)2 − 1

2
βKr2

]
. (5.24)
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The matter variables, density and pressures can be written as

ρ =
(K − 1) (Kr2 − 3L2)

(L2 −Kr2)2 , (5.25)

pr =
α(K − 1)2 (Kr2 − 3L2)

2

(L2 −Kr2)4 − β, (5.26)

pt =
1

4(L− r)(L+ r) (L2 −Kr2)7

[
L12
{

28β2K2r6 + 36α(K − 1)2 − 2βK(55K

+ 1)r4 − 3(K − 1)2r2(6αβ − 1)
}

+ 4KL10r2
{
− 14β2K2r6 − 12α(K − 1)2

+ βK(53K + 3)r4 + (K − 1)2r2(21αβ − 4)
}

+ L8r2
{

70β2K4r8 + (K − 1)2(
35K2r4 + 81α2(K − 1)2 − 6αK(K + 17)r2

)
− 2βK2r4

(
79α(K − 1)2

+ 5K(25K + 3)r2
)}

+ 4KL6r4
{
− 14β2K4r8 + (K − 1)2

(
− 10K2r4

− 27α2(K − 1)2 + 64αKr2
)

+ 2βK2r4
(

19α(K − 1)2 +K(23K + 5)r2
)}

+ K2L4r6
{

28β2K4r8 + (K − 1)2
(

25K2r4 + 54α2(K − 1)2 + 4αK(8K − 53)r2
)

− 2βK2r4
(

39α(K − 1)2 +K(41K + 15)r2
)}

+K4r10
{
β2K4r8 + (K − 1)2

(
α2

+ K2
(
α + r2

)2 − 2αK
(
α + 3r2

) )
− 2βK2r4

(
α(K − 1)2 +K(K + 1)r2

)}
+ 4K3L2r8

{
− 2β2K4r8 + (K − 1)2

(
−2K2r4 − 3α2(K − 1)2 − 4α(K − 4)Kr2

)
+ βK2r4

(
5α(K − 1)2 +K(5K + 3)r2

)}
− 8βKL14r2

(
βr2 − 4

)
+ βL16

(
βr2 − 4

) ]
.

(5.27)

Also the anisotropic parameter becomes of the form,

∆ = β +
L12r2 [28β2K2r4 − 2β {9α(K − 1)2 +K(55K + 1)r2}+ 3(K − 1)2]

4(L− r)(L+ r) (L2 −Kr2)7

+
4L10r2

4(L− r)(L+ r) (L2 −Kr2)7

[
9α +K

{
− 14β2K2r6 + 3α(K(7K − 11) + 1)
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+ βK(53K + 3)r4 + (K − 1)2r2(21αβ − 4)
}]

+
L8r2

4(L− r)(L+ r) (L2 −Kr2)7[
70β2K4r8 + (K − 1)2

{
35K2r4 + 81α2(K − 1)2 − 2αK(95K + 117)r2

}
− 2βK2r4

{
79α(K − 1)2 + 5K(25K + 3)r2

}]
+

4KL6r4

4(L− r)(L+ r) (L2 −Kr2)7[
− 14β2K4r8 + (K − 1)2

{
− 10K2r4 − 27α2(K − 1)2 + 10αK(3K + 11)r2

}
+ 2βK2r4

{
19α(K − 1)2 +K(23K + 5)r2

}]
+

K2L4r6

4(L− r)(L+ r) (L2 −Kr2)7[
28β2K4r8 + (K − 1)2

{
25K2r4 + 54α2(K − 1)2 − 4αK(K + 83)r2

}
− 2βK2r4

{
39α(K − 1)2 +K(41K + 15)r2

}]
+

K4r10

4(L− r)(L+ r) (L2 −Kr2)7[
β2K4r8 + (K − 1)2

{
α2 +K2

(
α + r2

)2 − 2αK
(
α + 5r2

)}
− 2βK2r4

{
α(K − 1)2 +K(K + 1)r2

} ]
+

4K3L2r8

4(L− r)(L+ r) (L2 −Kr2)7[
− 2β2K4r8 + (K − 1)2

{
− 2K2r4 − 3α2(K − 1)2 + α(25− 3K)Kr2

}
+ βK2r4

{
5α(K − 1)2 +K(5K + 3)r2

}]
− 8βKL14r2 (βr2 − 4)− βL16 (βr2 − 4)

4(L− r)(L+ r) (L2 −Kr2)7 . (5.28)

The solution Eqs. (5.23) - (5.28) is given in simple elementary function so it may be used to

model an anisotropic star with quadratic equation of state. Moreover to investigate further,

I have study the model for n = 1 both analytically and graphically on the next sections.

5.3.2 The case n = 2

Now let us discuss the solution of the model for n = 2. When n = 2 the equation Eq. (5.20)

becomes

ẏ

y
=

k

4L

(1−K)3/2

(1− x)

(3−Kx)3/2

(1−Kx)2
+

(1−K)

4(1− x)
− βL2(1−Kx)

4(1− x)
. (5.29)
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On integrating Eq. (5.29) one can easily obtain the solution of the equation as:

y = d2Exp

[
−1

4L

(
βKL3(x− 1) + 2α

√
(K − 1)(Kx− 3)

(Kx− 1)2
−
√

2α(3K − 7)√
K − 1

tan−1


√

(K−1)(Kx−3)
(Kx−1)2

(Kx− 1)
√

2
√
K − 1

+
2α(K − 3)2

√
K2 − 4K + 3

tanh−1


√

(K−1)(Kx−3)
(Kx−1)2

(Kx− 1)
√
K2 − 4K + 3

+ (K − 1)L
(
βL2 − 1

)
log(x− 1)

)]
,

(5.30)

where d2 is the constant of integration. Hence an exact model for the system of equations

Eqs. (5.14) - (5.18) can be written as

e2λ =
L2 −Kr2

L2 − r2
, (5.31)

e2ν = d2 exp

[
− 1

2L

{−2α(K − 3)2 tanh−1

√
(K−1)

(
Kr2

L2 −3
)

√
K2−4K+3


√
K2 − 4K + 3

−
2α
√

(K − 1)
(
Kr2

L2 − 3
)

Kr2

L2 − 1
+

√
2α(3K − 7) tan−1

√
(K−1)

(
Kr2

L2 −3
)

√
2
√
K−1


√
K − 1

+ (K − 1)L
(
βL2 − 1

)
log

(
1− r2

L2

)
+ βKLr2

}]
.

(5.32)
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Also the density takes similar form as of Eq. (5.25). However the pressures take the form

as follows:

pr = α

(
(K − 1) (Kr2 − 3L2)

(L2 −Kr2)2

)3/2

− β, (5.33)

pt = pr + ∆, where (5.34)

∆ = β +
1

4L(L− r)(L+ r) (L2 −Kr2)5
√

Kr2

L2 − 3

[
2α(K − 1)3/2K4r10

{
K(βr2

− 1) + 2
}
− 2α(K − 1)3/2K3L2r8

{
(K
(
9βr2 − 8

)
+ 20

}
+ 12α(K − 1)3/2K2L4r6

{
K(5βr2 − 3) + 9

}
+ K3Lr8

√
Kr2

L2
− 3
{
β2K3r6 − 2βK2(K + 1)r4 + (K − 1)2(α2(K − 1)

+ Kr2)
}

+ L7r2

√
Kr2

L2
− 3
{
− 20β2K3r6 + 8βK2(9K + 1)r4

+ (K − 1)2(−27α2(K − 1)− 10Kr2)
}

+ 3KL5r4

√
Kr2

L2
− 3
{

5β2K3r6

− 4βK2(4K + 1)r4 + (K − 1)2(9α2(K − 1) + 4Kr2)
}

+K2L3r6

√
Kr2

L2
− 3{

− 6β2K3r6 + 8βK2(2K + 1)r4 − 9α2(K − 1)3 − 6(K − 1)2Kr2
}

− 18α(K − 1)3/2L10
(
βr2 − 2

)
+ 6α(K − 1)3/2KL8r2

(
11βr2 − 7

)
− 4α(K − 1)3/2KL6r4

{
K
(
23βr2 − 7

)
+ 18

}
) + βL13

(
βr2 − 4

)√Kr2

L2
− 3

− 6βKL11r2
(
βr2 − 4

)√Kr2

L2
− 3 + L9r2

√
Kr2

L2
− 3
{
K(15β2Kr4

− 2β(29K + 1)r2 + 3(K − 2)) + 3
}]
− α

(
(K − 1) (Kr2 − 3L2)

(L2 −Kr2)2

)3/2

. (5.35)
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5.4 Matching conditions

For a static star, at the boundary b, we need to match the interior solution with the Schwarzschild

exterior metric given by

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 − r2(dθ2 + sin2 θ dφ2), (5.36)

where M = m(b), the total mass of the star as seen by an external observer and r > 2M .

Continuity of metric functions states that the metric potentials Eq. (5.23) and Eq. (5.24)

must match smoothly with the exterior Schwarzchild solution Eq. (5.36) at the boundary

r = b. The matching conditions of a static star at the boundary are given by

eν(r=b) =

(
1− 2M

b

)
, eλ(r=b) =

(
1− 2M

b

)−1

, (5.37)

Additionally the continuity of the curvature states that at the finite value of the radial pa-

rameter r, radial pressure vanishes at the surface of the star known as the radius of the star

i.e.,

pr(r = b) = 0. (5.38)

The above junction conditions determine the arbitrary constants, which yields

L =
b
√

2MK −Kb+ b√
2M

d1 =

(
1− 2M

b

)(
1− Kb2

L2

) α(K−3)2

2(K−1)L2
(

1− b2

L2

)− 1
2

(
α(K−3)2

(K−1)L2−β(K−1)L2+K−1

)

× exp

[
α {(5− 3K)L2 + 2(K − 2)Kb2}

(L2 −Kb2)2 +
1

2
βKb2

]
, (5.39)
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For the case n = 2, the matching conditions are unable to produce any real value for the

model constant d2, for any value of K < 1. Thus I have discarded the case n = 2.

5.5 Bounds on the model parameters

For a physically acceptable stellar model, it is reasonable to assume that the following

conditions should be satisfied (Delgaty and Lake, 1998) (i) ρ > 0, pr > 0, pt > 0; (ii)

ρ′ < 0, p′r < 0, p′t < 0; (iii) 0 ≤ dpr
dρ
≤ 1; 0 ≤ dpt

dρ
≤ 1 and (iv) ρ + pr + 2pt > 0. In

addition, it is expected that the solution should be regular and well-behaved at all interior

points of the stellar configuration. Based on the above requirements, there are certain

bounds on the model parameters as discussed below:
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Figure 5.1: The metric potentials eν and eλ are plotted against the radial coordinate r
inside the stellar interior (left) and fall-off behaviour of energy density against the radial
coordinate r (right) corresponding to the pulsar 4U1608− 52.

5.5.1 Regularity conditions

1. The metric potentials eλ(r) > 0, eν(r) > 0 for 0 ≤ r ≤ b.

For appropriate choice of the model parameters, the above requirements are fulfilled

in our model. The gravitational potentials in this model satisfy, eν(0) = d1e
α(3K−5)

L2 =constant,
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eλ(0) = 1, i.e., finite at the centre (r = 0) of the stellar configuration. Also one can

easily check that (eν(r))′r=0 = (eλ(r))′r=0 = 0. These imply that the metric is regular

at the centre and well behaved throughout the stellar interior which will be analyzed

graphically in the following section.

2. A physically relativistic star needs to following relations ρ(r) ≥ 0, pr(r) ≥ 0, pt(r) ≥

0 for 0 ≤ r ≤ b. In our model, ρ(r = 0) = 3(1−K)
L2 ≥ 0 is satisfied as K < 1. Thus,

the density ρ is found to be regular and well behaved at the centre. Additionally,

pr(r = 0) = (kρ2 − β)r=0 is ≥ 0 if 3(1−K)
L2 ≥

√
β
k

. The positivity of tangential

pressure is ensured by the relation α > 0. The nature profile of the metric potentials

are discussed in the Fig. 5.1.

3. Continuity of the extrinsic curvature through the matching hyper-surface at the bound-

ary of the stellar structure leads to the following constraint , pr(r = b) = 0. This

leads to the relation β = α(K−1)2(Kb2−3L2)2

(L2−Kb2)4
. For specific choice of model parameter,

the nature of radial and tangential pressures are discussed graphically in Fig. 5.1 and

Fig. 5.2.
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Figure 5.2: Fall-off behaviour of pressures, the radial (solid green) and the transverse pres-
sure (solid blue)(left) and the variation of the anisotropy (right) against the radial coordinate
r corresponding to the pulsar 4U1608− 52.
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4. For any stable realistic stellar model, the gradient of energy density and radial pres-

sure should decrease monotonically from the centre to the surface boundary of the

structure. A realistic stellar model should have the following properties: dρ
dr
≤

0, dpr
dr
≤ 0, dpt

dr
≤ 0 for 0 ≤ r ≤ b. With the choices of the model parame-

ters within their proper bound it can be shown that both density and radial pressure

decreases radially outward. The nature of gradient of density and pressures are dis-

cussed graphically in Fig. 5.6.

5. Anisotropy in the compact stellar model needs to be positive throughout the structure

for the model to be stable as suggested by Gokhroo and Mehra (Gokhroo and Mehra,

1994). This specific model is shown to posses negative anisotropy upto 5 km but

after that the anisotropy is shown to be increasing monotonically. The variation of

anisotropy is seen in Fig. 5.2.

6. Zeldovich Condition: Any stable relativistic model needs to satisfy Zeldovich Con-

dition given as pr
ρ
≤ 1 at the centre (Zeldovich and Novikov, 1972). Applying Zel-

dovich condition at the centre we get the relation as

− 9α ≤ 3L2 +
βL4

1−K
. (5.40)

5.5.2 Causality condition

We also know that for a physically acceptable model, the velocity of the sound (both radial

and transverse) should be less than the speed of the light i.e., we should have dpr
dρ
, dpt

dρ
< 1

which is known as the causality condition. The causality condition is shown to satisfy

in Fig. 5.3 and for our model The causality condition demands that 0 ≤ dpr
dρ
≤ 1 and
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0 ≤ dpt
dρ
≤ 1 at all interior points of the star. Thus we obtain the following:

dpr
dρ

=
2α(K − 1) (Kr2 − 3L2)

(L2 −Kr2)2 , (5.41)

dpt
dρ

=
1

4(K − 1)K (L2 − r2)2 (Kr2 − 5L2) (Kr2 − L2)5

×

[
L16
{
β2(−K)(44K + 1)r4 + 2β(K − 1)

(
9α(K − 1) + 14Kr2

)
− 3(K − 1)2

}
− β2L20 + 2L14

{
(4β2K2(14K + 1)r6 − β(K − 1)Kr2(30α(K − 1)

+ (43K − 1)r2) + (K − 1)2
(
7Kr2 − 6α(17K + 3)

)}
+K5r12

{
β2
(
−K4

)
r8

− 2αβ(K − 1)2K2r4 + (K − 1)2(K2r4 + 3α2(K − 1)2 + 4α(K − 3)Kr2)
}

+ 2K4L2r10
{

(K − 1)2(−5K2r4 − α2(K − 1)2(K + 22)

− αK(K(K + 16)− 81)r2)−
(
α2(K − 1)2(K + 22)

)
− β(K − 1)2K2r4(Kr2

− 14α) + β2K4(K + 4)r8
}

+KL8r4
{

(K − 1)2(−5(K − 11)K2r4

+ 27α2(K − 1)2(14K + 17)− 4αK(K(32K + 53) + 25)r2) + 2β(K − 1)K2r4(
2K(31K − 10)r2 − α(K − 1)(33K + 167)

)
− 70β2K4(2K + 1)r8

}
+ 2KL10r2

{
(K − 1)2(−135α2(K − 1)2 +K(10K − 13)r4 + 3α(5(K − 20)K

− 17)r2)− 14β2K3(7K + 2)r8 + β(K − 1)Kr4(5K(17K − 3)r2 − 2α(K − 1)

(6K + 47))
}

+ 2K2L6r6
{

(K − 1)2(−K2(K + 30)r4 − 6α2(K − 1)2(14K + 45)

+ 2αK(K(103− 4K) + 161)r2)− 4β2K4(8K + 7)r8 + β(K − 1)K2r4(K(29K

− 15)r2 − 2α(K − 1)(9K + 74))
}

+ L12
{

(K − 1)2(−81α2(K − 1)2

+ 5K(1− 5K)r4 + 12αK(25K + 41)r2) + 2β(K − 1)Kr4(
3α(K − 1)(9K − 7) + 2K(38K − 3)r2

)
− 14β2K3(13K + 2)r8

}
+ K3L4r8

{
(K − 1)2(K2(K + 35)r4 + α2(K − 1)2(31K + 234)
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+ 4αK(K(5K − 7)− 148)r2) + 2β(K − 1)K2r4(2K(4K − 3)r2

− α(K − 1)(3K + 67))− β2K4(17K + 28)r8
}

+ 2βL18
(
K
(
5βr2 − 2

)
+ 2
) ]
.

(5.42)

Moreover, combining both the equations at r = 0, one can obtain the

dpr
dρ
|(r=0) =

6α(1−K)

L2
,

dpt
dρ
|(r=0) =

1

20(K − 1)KL16

×

[
2β(2− 2K)L18 + L16

(
18αβ(K − 1)2 − 3(K − 1)2

)
− 12α(K − 1)2

(17K + 3)L14 − 81α2(K − 1)4L12 − β2L20

]
.

Applying the causality condition on central sound speed in the radial direction, dpr
dρ

one

can easily obtain the relation, 6α ≤ L2

1−K .
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Figure 5.3: The radial (solid green) and transverse (solid blue) sound speeds against the
radial coordinate r corresponding to the pulsar 4U1608− 52.
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5.5.3 Energy Conditions

For an anisotropic fluid sphere all the energy conditions, namely the Weak Energy Con-

dition (WEC), the Null Energy Condition (NEC), the Strong Energy Condition (SEC) and

the Dominant Energy Condition (DEC) should be satisfied i.e., the fluid should statisfy the

following conditions:

(1) NEC : ρ+ pr ≥ 0, ρ+ pt ≥ 0,

(2) WEC : pr + ρ > 0, ρ > 0,

(3) SEC : ρ+ pr ≥ 0, ρ+ pr + 2pt ≥ 0,

(4) DEC : ρ > |pr|, ρ > |pt|.

Now, for positive density and pressures, it is quite obvious to satisfy the positivity of their

sums. Thus to understand the true nature of the energy conditions of the model we study

the DEC and the Trace Energy Condition (TEC). As suggested by Bondi (Bondi, 1999), a

compact anisotropic spherical structure to be physically reliable, TEC needs to be positive.

The TEC is expressed as: (5) TEC: ρ− pr − 2pt ≥ 0. The behaviour of the Dominant and

Trace Energy Conditions are discussed graphically in Fig. 5.4.

Using the SEC at the centre, we obtain

ρ+ pr + 2pt(r = 0) ≥ 0, (5.43)

which yields the following inequality

K − 1

L4

(
9α(K − 1)− 3L2 + 18α(K − 1)

)
≥ 3β. (5.44)
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Figure 5.4: Verification of several energy conditions, SEC (solid red), NEC in the radial
direction (dashed black), in the transverse direction (solid green), TEC (solid blue).

5.5.4 Adiabatic index

Stability of anisotropic compact star depends on the adiabatic index and it is described as

the ratio of specific heat at constant pressure to the specific heat at constant volume. The

adiabatic index determines the stability and the stiffness of the equation of state and is

defined as

Γ =
ρ(r) + pr(r)

pr(r)

dpr(r)

dρ(r)
, (5.45)

is related to the stability of a relativistic anisotropic stellar configuration. Any stellar config-

uration will maintain its stability if adiabatic index Γr > 4/3 (Heintzmann and Hillebrandt,

1975). For our solution, the adiabatic index Γ takes the value more than 4/3 throughout the

interior of the compact star as evident in Fig. 5.5.
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Figure 5.5: Variation of adiabatic index against the radial coordinate r corresponding to the
pulsar 4U1608− 52.

5.6 Physical analysis

Case -1 (n=1) is analyzed here in this section.

To study the physical features of the prescribed model we have considered the values

from the pulsar 4U 1608− 52, mass = 1.97+0.30
−0.29M� and radius = 9.8+1.8

−1.8 km, which leads

to the value of the model parameters as β = 0.0012, L = 22.9073, α = 9.4407, d1 = 0.419.

5.7 Stability analysis

5.7.1 Stability under different forces

To represent any physically relativistic anisotropic structure, the model needs to be sta-

ble under different forces and this stability is checked using Tolman-Oppenheimer-Volkoff

(TOV) equation. The TOV equation essentially represents the configuration of density and

radial pressure for any anisotropic fluid sphere. To check the equilibrium of the model, we
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Figure 5.6: Variation of gradient of the density (solid red) and the pressures (in the ra-
dial (solid green) and the transverse (solid blue) directions) against the radial coordinate r
corresponding to the pulsar 4U1608− 52.
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Figure 5.7: Variation of the mass function against the radial coordinate r corresponding to
the pulsar 4U1608− 52.
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Figure 5.8: Smooth matching of the metric potentials at the stellar boundary.
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(solid green) and anisotropic force (solid red) within the star corresponding to the pulsar
4U1608− 52.
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need to check the stability under three different forces, namely the anisotropic Fa, hydro-

static Fh and gravitational Fg forces. The general expression for TOV equation is expressed

as:
Mg

r2
(ρ+ pr)e

(λ−ν2 ) − dpr
dr

+
2

r
(pt − pr) = 0, (5.46)

where Mg is the gravitational mass within the compact stellar objects of radius r which can

be derived using Tolman-Whittaker mass formula and it is defined by

Mg =
1

2
r2e(

ν−λ
2 )dν

dr
. (5.47)

Thus we get the expressions for several forces in the form:

Fg = 1/2(ρ+ pr)
dν

dr
,

Fh = −dpr
dr

,

Fa =
2

r
(pt − pr).

Fig. 5.9 shows the stability of the model as negative gravitational force is seen to be bal-

anced by the combined force of hydrostatic and anisotropic forces.

5.7.2 Mass-radius relationship

The dynamic stability of any compact star model is checked by observing its mass-radius

relationship. Even, any observed compact stellar objects can be identified as black holes if

its maximum mass exceeds that of allowable limit for a stable compact stellar model (Hendi

et al., 2017; Shapiro and Teukolsky, 1983). For the surface density ρ(b) = 5.5 × 1014 gm

/cc, we have studied the mass radius relationship for the model in Fig. 5.10. It shows that
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as the value of spheroidal parameter is decreased, the compactness of the star increases.
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Figure 5.10: Mass-radius (M − b) relationship for the model corresponding to the surface
density ρ(b) = 5.5× 1014 gm /cc for different values of K.

5.7.3 Compactness and gravitational redshifts

The mass function of any stable compact stellar structure needs to be monotonically in-

creasing inside the configuration. The regularity of the mass function is checked graph-

ically in Fig. 5.7. Also the compactification factor of a compact star is defined by di-

mensionless term m(r)/r and for stable configuration 2M(b)/b should be less than 8/9 as

suggested by Buchdahl (Buchdahl, 1959). Fig. 5.11 supports the fact that model satisfy the

compactness factor.

Moreover, another important feature of the stellar structure is to study their gravita-

tional redshifts. The gravitational redshifts for a spherically symmetric stellar structure are

defined by ,

z(r) =
1−

√
1− 2u(r)√

1− 2u(r)
. (5.48)

The gravitational redshifts are supposed to attain maximum value at the centre and then de-

crease monotonically outwards. The variation of gravitational redshifts is depicted graph-
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Figure 5.11: The compactness factor are plotted inside the stellar interior (left) and vari-
ation of the gravitational redshifts (right) against the radial coordinate r corresponding to
the pulsar 4U1608− 52.

ically in Fig. 5.11 which shows the increasing nature of gravitational redshifts with the

radial coordinate. Studies by several authors have allowed us to specify an upper bound on

the surface redshifts. In absence of cosmological constant, z(r) ≤ 2 holds for an isotropic

star as proposed by Barraco and Hamity (Barraco and Hamity, 2002). This specific model

presented here satisfies the range z(r) ≤ 1 as predicted by Hewish et. al (Hewish et al.,

1968)

5.8 Impact of curvature parameter on the model
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Figure 5.12: Variation of the density (left) and variation of the radial pressure (right) against
the radial coordinate r for different values of K.
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To study the suitability of the model to describe the interior of compact fluid spheres in

equilibrium, we need to observe the curvature parameter. The law of variation of density

of matter in the configuration is determined by the requirement to be the space time of a

matter distribution in equilibrium be spheroidal (Sasidharan and Sabu, 2021).
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Figure 5.13: Variation of the transverse pressure (left) and variation of the anisotropy (right)
against the radial coordinate r for different values of K.

Detailed study of the curvature for several cosmological models can be found in (Burghardt,

2016). In this work, the effect of K, on the model has been studied graphically. For fixed

value of α and β, I have plotted the nature of primary matter variables . From Fig. 5.12, it

can be seen that the decrease of the value of K leads to the increasing nature of the value

density at the centre but the value at the surface seems to be decreasing. Same results can

be observed for radial pressure (Fig. 5.12) and transverse pressure (Fig. 5.13) also. For

anisotropy, higher the value of K, faster the anistropic pressure becomes positive.
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Properties Vela X-1 Cen X-3 SAX J1748.9− 2021

ρ|0 663.697 860.38 489.211
ρ|b 285.729 379.448 226.298
dpr
dρ
|0 0.4118 0.534 0.304

dpr
dρ
|b 0.177 0.235 0.1404

dpt
dρ
|0 0.523 0.699 0.368

dpt
dρ
|b 0.0189 0.0237 0.0353

(ρ+ pr + 2pt)|0 563.249 666.915 415.186
(ρ+ pr + 2pt)|b 239.888 294.93 215.506

Table 5.1: Numerical values of the matter variables for different compact stars assuming
K = −5. Here |0 and |b denote the values of the matter variables at the center and surface
respectively.

Properties Vela X-1 Cen X-3 SAX J1748.9− 2021

ρ|0 708.141 915.66 518.117
ρ|b 276.01 366.942 219.31
dpr
dρ
|0 0.439 0.568 0.321

dpr
dρ
|b 0.171 0.227 0.136

dpt
dρ
|0 0.589 0.781 0.415

dpt
dρ
|b 0.0415 0.0451 0.0513

(ρ+ pr + 2pt)|0 588.77 691.73 471.056
(ρ+ pr + 2pt)|b 238.978 296.701 213.505

Table 5.2: Numerical values of the matter variables for different stars assuming K = −10.
Here |0 and |b denote the values of the matter variables at the center and surface respectively.
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Properties Vela X-1 Cen X-3 SAX J1748.9− 2021

ρ|0 726.381 938.276 529.85
ρ|b 272.366 362.253 216.69
dpr
dρ
|0 0.450 0.582 0.3288

dpr
dρ
|b 0.169 0.2248 0.13448

dpt
dρ
|0 0.615 0.813 0.432

dpt
dρ
|b 0.048 0.0508 0.056

(ρ+ pr + 2pt)|0 598.89 701.334 478.97
(ρ+ pr + 2pt)|b 238.391 296.948 212.63

Table 5.3: Numerical values of the matter variables for different stars assuming K = −15.
Here |0 and |b denote the values of the matter variables at the center and surface respectively.

5.9 Discussions

In this work I have studied Vaidya-Tikekar model to anisotropic compact spherical struc-

ture using polytropic equation of state. The model is seen to represent a stable compact

stellar configuration. The model constants are obtained from the smooth matching of inte-

rior metric conditions with Schwarzschild exterior solution. Additionally, the model also

fulfills the following conditions:

Regularity Conditions: The metric potentials are regular, well behaved throughout the

structure. The energy density and pressures are finite and positive inside the star. The

anisotropic parameter, however, is negative for upto 5 km then it is seen to increase mono-

tonically throughout the star. The gradient of the density and pressures are negative inside

the star making the structure stable for physically relativistic. Smooth matching of the stel-

lar configuration with the Schwarzschild exterior spacetime leads the values of the model

paramters. Graphically smooth matching of the exterior spacetime with the structure at the

surface of the star in seen in Fig. 5.8.

Causality Conditions: The sound speed of the model is seen to satisfy the relations
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o ≤ dpr
dρ
, dpt
dρ
≤ 1.

Energy conditions: The model fulfills all the energy conditions inside the star. The positive

profile of density and pressures ensures the fulfillment of the energy conditions. Graphi-

cally we have studied the trace of the energy condition ρ− pr − 2pt ≥ 0, and it fulfills the

TEC as seen in Fig. 5.4.

Adiabtic Index: I have observed the nature of adiabatic index for our model and it is found

to be > 4/3 throughout the stellar structure.

TOV equation: Under the combined action of the gravitational, hydrostatic and anisotropic

forces, this model remains in equilibrium as seen in Fig. 5.9.

Buchdahl limit: This model satisfies the Buchdahl limit, see Fig. 5.11. Also the gravita-

tional redshifts z(r) is depicted graphically in Fig. 5.11 which shows the increasing nature

of gravitational redshifts with the radial coordinate.

Impact of curvature parameter: Moreover, I have studied the impact of K on our model.

I have shown graphically that density and pressures are increasing with the decrease of K.

Further we have checked this impact for other stars also and I have observed the similar

result. The values of the matter variables are presented in a tabular form in Tables. 5.1, 5.2

and 5.3 for K = −5, −10 and −15 respectively.



Chapter 6

Study on anisotropic stellar model of

embedding class-I satisfying

Karmarkar’s condition

6.1 The embedding problem

Riemannian geometry is the study of the geometric objects consisting of fields of the

non-singular, symmetric, second order covariant tensors defined on differentials mani-

folds (Willmore, 1959). One of the rudimentary ideas of Riemann was to develop the notion

of an n-dimensional “manifold” which will locally look like Rn. Essentially, a manifold

is a topological space covered by co-ordinate charts such that change of the co-ordinates

between any two charts is also a smooth map (Meinrenken, 2002). Mathematically a differ-

entiable manifold is associated with tangent space where at each point x, an inner product

ψx varies differentiably with x. Recall that the inner product is given by a function ψ which

maps a pair of contravariant vectors η, ζ to a real number such that

157
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(i) ψ is bilinear

(ii) ψ is symmetric i.e. ψ(η, ζ) = ψ(ζ, η) and

(iii) ψ(η, x) = 0 for all x imply ψ = 0.

Now the consideration of differential geometric surfaces naturally arise the question: is the

surface isometric to a submanifold in an Euclidean space ? This problem is known as the

Embedding problem.

This problem has been considered in various studies by several scholars. L. Schlaefli (Schlae-

fli, 1871) laid the foundation in 1871 when he conjectured that the spacetime can be em-

bedded into higher dimensional pseudo-Euclidean space. He discussed the local form of

this problem. He postulated that a neighbourhood in an n-manifold would generally re-

quire an 1
2
n(n+ 1) dimensional embedding space. In 1901 Hilbert (Hilbert, 1901) showed

that the hyperbolic plane which possess constant negative Gaussian curvature but is not

“smooth’ or “complete” surface in E3. Alternatively it can be state that a complete surface

of constant negative curvature cannot be C4-isometrically embed in Euclidean-3 space. one

specimen would would be n-torus which is not realizable in 2n-dimensions. Janet (Janet,

1927) solved the local problems for two manifolds which later Cartan (Cartan, 1927) ex-

tended to n-manifolds forming the famously known Janet-Cartan theorem which states that

if (Mn, g) is a real-analytic Riemannian manifold and N = 1
2
n(n+ 1), then every point of

M has a neighbourhood which has a real-analytic isometric embedding into Rn. There ex-

ist real analytic Riemannian n-manifolds which do not possess smooth local isometric em-

bedding in any Euclidean space of dimension strictly less than 1
2
n(n+ 1). For example, an

analytic Riemannian 3-manifolds can be locally and isometrically immersed into E6 (Ojha

and Saxena, 2021). Similarly to embed any 4-dimensional space-time, both locally and

isometrically, minimum 10-dimensions are needed. As an extension of local embedding,
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now the question of globally embedding manifold transpire. In 1936 H. Whitney (Whit-

ney, 1936, 1944a,b) proved that an n-manifold can always be embedded (without requiring

isometry) in the Euclidean 2n space E2n and can always be immersed as a closed set in

E2n−1. this result was finally proved by Nash (Nash, 1954) in his groundbreaking work

of forming Nash Embedding Theorem where he showed that any compact manifold with a

metric of class Ck, k ≥ 3 can be isometrically embedded in Rn where N = 1
2
n(3n + 11).

Every non-compact Riemannian n-manifold can be isometrically embedded in any small

portion of a Euclidean-N space where N = 1
2
n(n + 1)(3n + 11). Subsequently, it was

extended to manifold with an indefinite metric by Friedman (Friedman, 1965).

6.2 Embedding class one and Karmarkar’s condition

A gravitational field is described by a Riemannian metric of four dimension in general rel-

ativity. Thus to describe a compact stellar model in relativistic field this gravitational field

can be considered as a fields immersed in a flat space of higher dimensions. Embedding

of n dimensional space Vn into a n + p dimensional Euclidean space En+p is one of the

fascinating way of studying stellar structure. Although the concept has been introduced

much earlier but it has skyrocketed after the work on brane theory by Randall and Sun-

drum (Randall and Sundrum, 1999). An intriguing scheme to model stable configuration is

to embed a 4-dimensional spacetime into higher dimensional space though another partic-

ular form of Buchdahl metric is also studied by Vaidya and Tikekar (Vaidya and Tikekar,

1982) and Tikekar (Tikekar, 1990) by embedding a 3-hyperspace into 4-dimensional space.

Recently Buchdahl metric has been analyzed in spherically symmetric spacetime in terms

of embedding by Singh et. al (Singh et al., 2017) and in terms of Vaidya-Tikekar and

Finch-Skea model by Maurya et al (Maurya et al., 2019a). Condition for embedding a
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4-dimensional spacetime metric into 5-dimensional Euclidean space was first derived by

K. R. Karmarkar (Karmarkar, 1948), which is named after him as Karmarkar condition.

In this condition, two metric potentials need to be dependent on each other. The simple

expression between the metric potentials allows the researcher to choose general forms

of metric potential having physical viability to generate acceptable compact stellar mod-

els. Any solution of EFEs satisfying Karmarkar condition is considered to be of Class I.

Numerous researchers have devoted their time in the modeling of both charged and un-

charged stars using Karmarkar condition. Some of the recent literature backing the model-

ing of anisotropic compact stars using embedding class I condition are authored by Pandya

et al. (Pandya et al., 2020; Pandya and Thomas, 2019), Singh et al. (Singh et al., 2019,

2020a,b,c), Gedela et al. (Gedela et al., 2019a, 2020, 2019c) and many more (Fatema et al.,

2019; Jasim et al., 2020; Maurya et al., 2020c; Prasad et al., 2019; Rahaman et al., 2020;

Sarkar et al., 2019a,b; Shamir and Fayyaz, 2020; Tamta and Fuloria, 2020; Tello-Ortiz

et al., 2019, 2020b). Recently, Govender et al (Govender et al., 2020) have studied the

gravitational collapse of a spherically symmetric star by employing Karmarkar condition.

It is worth mentioning that Schwarzschild exterior solution is of class II and the interior

solution is of class I. The solution for the isotropic fluid sphere that satisfies Karmarkar

condition is either Schwarzschild interior solution (Schwarzschild, 1916a,b) in which in-

ner solution is conformally flat depicting limited configuration or Kohler-Chao (Kohler and

Chao, 1965) solution for which inner solution is conformally non-flat depicting limitless

configuration, yet is considered to obtain a new class of relativistic solutions.

The line element in 4D co-ordinate system (t, r, θ, φ) to describe the interior of a static

and spherically symmetric stellar configuration can be given as the following,

ds2 = eν(r)dt2 − eλ(r)dr2 − r2
(
dθ2 + sin2 θdφ2

)
, (6.1)



6.2. Embedding class one and Karmarkar’s condition 161

where the metric potentials eν(r) and eλ(r) or more precisely ν(r) and λ(r) are functions of

the radial coordinate ‘r’ only.

Assuming 8πG = c = 1 the Einstein field equations can be written as,

Gµν = −Tµν =

(
Rµν −

1

2
R gµν

)
, (6.2)

where Gµν , Tµν , Rµν , gµν andR are Einstein tensor, the stress energy tensor, Ricci tensor,

metric tensor and Ricci scalar respectively.

For an anisotropic matter distribution, the energy momentum tensor can be written as,

Tµν = (ρ(r) + pt(r))UµUν − pt(r)gµν + (pr(r)− pt(r))χµχν , (6.3)

where ρ(r) is the energy density, pr(r) and pt(r) represent pressures along the radial and

the transverse directions of the fluid configuration respectively. Uµ is the 4-velocity and χµ

is an unit 4-vector along the radial direction. The quantities obey the relations, χµχµ = 1

and χµUµ = 0.

The Einstein field equations given in Eq. (6.2) governing the evolution of the system read

as the following form for the metric given in the Eq. (6.1) along with the energy tensor in

Eq. (6.3),

ρ(r) =
1− e−λ

r2
+
e−λλ′

r
, (6.4)

pr(r) =
e−λ − 1

r2
+
e−λν ′

r
, (6.5)

pt(r) =
e−λ

2

(
ν ′′ +

ν ′ − λ′

r
+
ν ′2 − ν ′λ′

2

)
, (6.6)
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where ‘prime’ in Eqs. (6.4)-(6.6) denotes differentiation with respect to radial co-ordinate

r. Also, the anisotropic factor is defined as ∆(r) = (pt(r)− pr(r)) and its expression for

the stellar system is

∆(r) =
e−λ

2

(
ν ′′ +

ν ′2

2
− ν ′λ′

2
− ν ′ − λ′

r

)
+

1− e−λ

r2
. (6.7)

The general theory of relativity tells us that whenever an n dimensional spacetime is em-

bedded in a Pseudo Euclidean spacetime of n + p dimension then ‘p’ is called embedding

class. A symmetric tensor hαβ of 4 dimensional Riemannian space can be embed into a 5

dimensional Pseudo Euclidean space if it is satisfies Gauss (Gauss, 1827) and Codazzi (Co-

dazzi, 1868) condition and it can be written as,

Rαβij = ε (hαihβj − hαjhβi) , (6.8)

hαβ;i − hαi;β = 0, (6.9)

whereRαβij denotes curvature tensor.

Here, the parameter ε is given as, ε = 1, when normal to the manifold is spacelike

and ε = −1, when normal to the manifold is timelike and the symbol ‘;’ represent co-

variant derivative. Earlier Kasner (Kasner, 1921) investigated in the year 1921 that a 4

dimensional spacetime of spherically symmetric object can always be embedded in 6 di-

mensional Pseudo Euclidean space and later Gupta and Goyel (1975) (Gupta and Goyel,

1975) have shown the same result with another coordinate transformation. In 1924, Ed-

dington (Eddington Kasner, 1924) found that an n-dimensional spacetime can always be

embedded in m-dimensional Pseudo Euclidean space with m = 1
2
n(n + 1) and to embed,

the minimum extra dimension required is less than or equal to the number (m−n) or same
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as 1
2
n(n − 1). Therefore 4 dimensional spherically symmetric line element Eq. (6.1) is

of embedding class II. From Eq. (6.1), the components of Riemann curvature tensor are

expressed as,

R1414 = −eν
(
ν ′′

2
+
ν ′2

4
− λ′ν ′

4

)
, R1212 =

rλ′

2
,

R2323 = e−λr2sin2 θ(eλ − 1), R2424 =
1

2
ν ′reν−λ,

R3434 = R2424 sin2 θ, R1224 = 0,

R1334 = R1224 sin2 θ = 0. (6.10)

In 1948, K. R. Karmarkar derived a condition known as Karmarkar condition which allows

us to embed any 4 dimensional spacetime into 5 dimension flat space. Now the non zero

components of the tensor hαi corresponding to Eq. (6.1) are h11, h22, h33, h44 and h14(=

h41) due to its symmetric nature and h33 = h22 sin2 θ.

Using these aforementioned components Eq. (6.10) reduced to

R1414R2323 = R1212R3434 +R1224R1334, (6.11)

which is the expression for Karmarkar Condition. Later in 1981, Sharma and Pandey (Pandey

and Sharma, 1981) clarified that condition (6.11) is only necessary condition for a class one

spacetime to be 4 dimensional spacetime but it is not sufficient. In order to be a class one,

a spacetime must satisfies Eq. (6.11) along with R2323 6= 0.

On substituting all the values of Eq. (6.10) in Eq. (6.11), one can obtain the following

differential equation,
2ν ′′

ν ′
+ ν ′ =

λ′eλ

eλ − 1
, (6.12)
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with eλ 6= 1. Solving Eq. (6.12) the relationship between λ and ν is obtained as,

eν(r) =

[
C +D

∫ √
eλ(r) − 1dr

]2

, (6.13)

where C and D being non zero integrating constants. The distinctive feature of class I

spacetime is condition given in Eq. (6.13) i.e. the co-dependency of the metric potentials

which further provides scope to generate anisotropic model of embedding class I by specif-

ically choosing one of the metric potentials.

According to Maurya et. al (Maurya et al., 2015b), anisotropic factor becomes,

∆(r) =
ν ′(r)

4eλ

(
ν ′(r)eλ

2rD2
− 1

)(
2

r
− λ′(r)

eλ − 1

)
. (6.14)

Clearly, pressure anisotropy will vanish if either one of the term on RHS (right hand side) of

Eq. (6.14) will become zero. Now if the term
(
ν′(r)eλ

2rD2 − 1
)

vanishes then it leads to Kohler-

Chao solution and if
(

2
r
− λ′(r)

eλ−1

)
vanishes then it yields Schwarzschild interior solution.

6.3 Model I: anisotropic star with embedding class I

Figure 6.1: Behavior of metric potentials eν (left) and eλ (right) with respect to the radial
coordinate r for several compact stars corresponding to the numerical value of constants
given in Table 6.1.
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Maurya et al (Maurya et al., 2016) have investigated new solutions for EFEs using Kar-

markar condition considering a specific form of metric potential viz. eλ = 1 + (a−b)r2
1+br2

,

with a 6= b. In this paper, by utilizing the special case of this metric we have studied some

new features of compact stars which was not discussed in their work. I have studied a

solution of EFEs assuming a specific form of metric potential eλ = 2(1+Ar2)
2−Ar2 , A being the

constant parameter and r being the radial coordinate and hence delved into a relativistic

model of an anisotropic compact star of embedding class I in static, symmetric and spheri-

cal geometry. The metric used for the present work can easily be obtained by substituting

a = A and b = −A
2

in the metric considered by (Maurya et al., 2016). Since Buchdahl

metric (Buchdahl, 1959) is one such metric which satisfies all the criteria for physical ac-

ceptability of a stellar structure as listed by Delgaty and Lake (Delgaty and Lake, 1998), so

I have considered ansatz which is a special form of Buchdahl metric. The model is shown

to execute linear equation of state. The estimated mass and radius are revealed to be as sim-

ilar as the observed data for the stars SMC X−1, SAX J 1808.4−3658, 4U1608−52, PSR J

1903+327, Vela X−1 and 4U1538−52. Additionally, we have also studied the mass-radius

relationship and radius-central density relationship for the chosen metric. Comparing the

obtained result for a slow rotating configuration, I have also studied the mass-moment of

inertia relationship for our prescribed model.

The fundamental approach of theoretical modeling is to find the exact solutions of the

system of equations represented by Eqs. (6.4)-(6.6) thus leading to determine the structure

of spacetime for anisotropic fluid distribution. Clearly, if pr = pt then the above system

of equations lead to a perfect fluid like matter distribution. Now the EFEs are consist of

three equations with five unknowns namely λ(r), ν(r), ρ(r), pr(r) and pt(r). However,

Karmarkar condition furnish a relation between the two metric potentials λ(r) and ν(r),
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providing total four equations with five unknowns. To balance this system of equation we

consider the metric potential which is a special form of Buchdahl ansatz (Buchdahl, 1959).

Specifically this ansatz has been considered by Maurya et. al. (Maurya et al., 2017) and it

is given as

eλ(r) =
2(1 + Ar2)

2− Ar2
, (6.15)

where A is a non negative constant. It is also to be noted that as A = 0 makes the metric

function flat as eλ = 1, so clearly A 6= 0 making A strictly positive. Besides the regularity,

known singularity and the fact that metric function is finite at the center of the star (r = 0)

satisfies the basic physical requirement of a compact star thus making it a physically tenable

model.

Plugging Eq. (6.15) onto Eq. (6.13) one can have,

eν(r) =

[
C −

D
√

3(2− Ar2)√
A

]2

. (6.16)

Also the function eν needs to be finite and positive at the center. Observing Fig. 6.1 it

can be concluded that eν is monotonically increasing with radial coordinate ‘r’ through-

out the star, implying eν may produce a metric potential for a viable model as proposed

by Lake (Lake, 2003). Eventually the expressions for energy density, radial pressure and

transverse pressure are thus obtained as following,

ρ(r) =
3A(3 + Ar2)

2(1 + Ar2)2
, (6.17)

pr(r) =
A
(

3C
√

A
2−Ar2 − 5

√
3D
)

2(1 + Ar2)
(√

3D − C
√

A
2−Ar2

) , (6.18)



6.3. Model I: anisotropic star with embedding class I 167

pt(r) =
A
(

3C
√

A
2−Ar2 −

√
3D(5 + Ar2)

)
2(1 + Ar2)2

(√
3D − C

√
A

2−Ar2

) . (6.19)

The anisotropy becomes,

∆(r) =
3Ar3

4(1 + Ar2)
. (6.20)

Also the mass function and the compactness factor are given as,

m(r) = 4π

∫ r

0

ρ(ω)ω2dω =
3Ar3

4(1 + Ar2)
, (6.21)

u(r) =
m(r)

r
=

3Ar2

4(1 + Ar2)
. (6.22)

6.3.1 The boundary conditions

To analyze a compact stellar object in general theory of relativity it is important to model

the spacetime insofar two distinct manifolds are unified at a common boundary. These

junction conditions determine the constants for the anisotropic fluid configuration i.e. C,

D and A in this case and these are given as,

(i) Continuity of the first fundamental form at the boundary i.e. the interior solution should

be matched to the vacuum exterior Schwarzschild solution at the boundary r = b of the

star known as the radius of the star. Generally the process executed here is Darmois-Israel

formalism based on Gauss-Codazzi decomposition of spacetime. It expresses the surface

properties in terms of jump of extrinsic curvature across the boundary as the function of

boundary’s intrinsic coordinates (Mansouri and Khaorrami, 1966). Israel (Israel, 1966)

formulated his work considering the idea that the 4 dimensional coordinates may be chosen

independently on both side of the boundary. In his innovating work Darmois (Darmois,

1927) first calculated that the boundary of the structure is to be considered as the periphery
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of two different manifolds glued together at this boundary.

(ii) Continuity of the second fundamental form at the boundary i.e. the radial pressure must

vanish at the boundary. Mathematically pr(r = b) = 0 (Misner and Sharpe, 1964).

The exterior spacetime on Schwarzschild metric is expressed as,

ds2 =

(
1− 2M

r

)
dt2 −

(
1− 2M

r

)−1

dr2 − r2(dθ2 + sin2 θdφ2), (6.23)

at r > 2M , M being stellar mass. The advancement of metric function over the limiting

surface i.e. at the boundary yields,

eν(b) =

(
1− 2M

r

) ∣∣∣∣∣
b

, e−λ(b) =

(
1− 2M

r

) ∣∣∣∣∣
b

. (6.24)

Utilizing above equations with Eqs. (6.16) and (6.15) respectively we get,

(
C −

D
√

3(2− Ab2)√
A

)2

= 1− 2M

b
, (6.25)

2− Ab2

2(1 + Ab2)
= 1− 2M

b
. (6.26)

Again the later condition pr(r = b) = 0 gives,

A

(
3C

√
A

2− Ab2
− 5
√

3D

)
= 0, (6.27)

which prescribes a limitation on the model parameter A which can be further utilize to

find the radius of the compact star model. Furthermore Eqs. (6.25)-(6.27) generate the
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mathematical expressions of model parameter as,

A =
4M

b2(3b− 4M)
,

C =
5

2

√
1− 2M

b
,

D =

√
M

2b3
. (6.28)

Figure 6.2: Junction conditions are satisfied at the stellar boundary for each of the compact
stars.

In Fig. 6.2, I have illustrated the junction condition of the interior metric potentials with

the exterior Schwarzschild metric at the boundary for each stars and it depicts the smooth

matching of the boundary conditions.

6.3.2 Analysis of the features of the model

This section contains the inspection of various properties of the interior of the stellar struc-

ture. The significant features such as regularity, causality and stability criterion are dis-

cussed using numerical calculations and generating graphs. The spectrum of discussions

revolve around the pulsars SMC X-1 (Mass = 1.29M�, radius = 9.13 km (Rahaman et al.,
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Pulsar Mass (M�) Radius (km) A C D

SMC X-1 1.29 9.13 0.00461632 ±1.90917 ±0.0353565
SAX J 1808.4− 3658 0.9 7.951 0.00452972 ±2.04034 ±0.0363387

4U1608− 52 1.74 9.3 0.00673108 ±1.67344 ±0.0399421
PSR J 1903 + 327 1.667 9.438 0.00597525 ±1.73016 ±0.038241

Vela X-1 1.77 9.56 0.00626551 ±1.68415 ±0.0386528
4U1538− 52 0.87 7.866 0.00449277 ±2.05201 ±0.0363086

Table 6.1: Values of the model parameters for different compact stellar objects.

2014)), SAX J 1808.4− 3658 (Mass = 0.9 M�, radius = 7.951 km (Elebert et al, 2009)),

4U1608− 52 (Mass = 1.74 M�, radius = 9.3 km (Güver et al., 2010)), PSR J1903 + 327

(Mass = 1.667 M�, radius = 9.438 km (Freire et al, 2011)), Vela X-1 (Mass = 1.77 M�,

radius = 9.56 km (Rawl et al., 2011)) and 4U1538−52 (Mass = 0.87M�, radius = 7.866

km (Rawl et al., 2011)) .

6.3.2.1 Regularity condition

To be a physically viable model of an anisotropic compact star, the model ought to sat-

isfy some regularity conditions throughout the interior of the structure (Delgaty and Lake,

1998; Herrera and Santos, 1997; Leibovitz, 1969; Pant, 2011; Pant et al., 2010).

(i) The spacetime and hence the solutions need to be free from any singularity i.e. the en-

ergy density ρ and pressures (pr, pt) should be finite and positive throughout the star. Also

eλ(r) and eν(r) should be non zero and finite. Here eλ(r)
∣∣
r=0

= 1 and eν(r)
∣∣
r=0

= C2 i.e.

both are non zero and finite at the center. Also Fig. 6.1 shows that the metric potentials are

positive throughout the stellar structure.

(ii) Energy density and pressures must be maximum at the center and monotonically de-

creasing towards the boundary of the star. Fig. 6.3 depicts that both the pressures are

monotonically decreasing function of r with a maximum value at the center and radial

pressure vanishes at the boundary for each of the stars. Moreover from Fig. 6.4, it can



6.3. Model I: anisotropic star with embedding class I 171

be seen that energy density is monotonically decreasing in nature and the maximum value

can be obtained at the center of the compact stellar model. Analytically, dρ
dr

∣∣
r=0

= 0 and

d2ρ
dr2

∣∣
r=0

< 0. Also Fig. 6.4 also represents the positive nature of anisotropy inside the stellar

interior, which is an important feature for a stable compact stellar model as suggested by

Gokhroo and Mehra (Gokhroo and Mehra, 1994).

Figure 6.3: Variation of the radial (left) and the transverse (right) pressures against the
radial coordinate r for different compact stars.

Central density, central radial and transverse pressures are given as,

ρ(0) =
9A

2
, (6.29)

pr(0) = pt(0) = −
A
(

5
√

3D − 3C
√

A
2

)
2
(√

3D − C
√

A
2

) . (6.30)

SinceA is positive so central density is always positive. Also, equality of both the pressures

at the center indicates the absence of anisotropy at r = 0.

To configure a stable model it is require to satisfy Zeldovich’s Condition for pressure

and density which states that pr
ρ

must be ≤ 1 at the center (Zeldovich and Novikov, 1972).
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Therefore,

−
5
√

3D − 3C
√

A
2

9
(√

3D − C
√

A
2

) ≤ 1,

or,
D

C
≥
√

6A

7
. (6.31)

Figure 6.4: Behavior of the energy density (left) and anisotropy (right) with respect to the
radial coordinate r for various compact stars.

Again the gradient of density and pressures can be expressed as,

dρ

dr
= −3A2r(5 + Ar2)

(1 + Ar2)3
, (6.32)

dpr
dr

=
A2
(√

Ar2

2−Ar2 (6AC2 − 3A2C2r + 15D2(2− Ar2))−
√

3ACDr(17 + 7Ar2)
)

√
A

2−Ar2 (2− Ar2)2(1 + Ar2)2
(√

3D − C
√

A
2−Ar2

)2 ,

(6.33)

dpt
dr

=
A2
(√

Ar2

2−Ar2 (12AC2(2− Ar2) + 6D2(2− Ar2)(9 + Ar2))
)

2
√

A
2−Ar2 (2− Ar2)2(1 + Ar2)3

(√
3D − C

√
A

2−Ar2

)2

+

√
3A3CDr(A2r4 + 23Ar2 − 62)

2
√

A
2−Ar2 (2− Ar2)2(1 + Ar2)3

(√
3D − C

√
A

2−Ar2

)2 . (6.34)

For a stable compact stellar model dpr
dr

∣∣
r=0

= dpt
dr

∣∣
r=0

= 0 and d2pr
dr2

∣∣
r=0

< 0 and
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d2pt
dr

∣∣
r=0

< 0 need to satisfy inside the star i.e. gradient of density and pressures are neg-

ative within 0 < r < b. The negative nature of the gradient of density and pressures are

shown graphically in Fig. 6.5.

Figure 6.5: Variation of the energy density gradient and the pressures gradient against the
radial coordinate r for different compact stars.

Also pr(0) = pt(0) ≥ 0 gives the relation

√
3A

5
√

2
≤ D

C
≤
√
A

6
. (6.35)

Combining Eqs. (6.31) and (6.35) one can get the bounds on the model parameters as

√
6A

7
≤ D

C
≤
√
A

6
. (6.36)

6.3.2.2 Kretschmann scalar

In General Relativity, scalars are used to look for any singularity present in the metric. The

simplest is the Ricci Scalar but since for vacuum solution, Ricci scalar is zero everywhere

so to find any physical singularity present in the spacetime Kretschmann Scalar is used.
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The approach is quite straightforward. For any line element,

ds2 = e2µdt2 − e2κdr2 − e2ζ(dθ2 + sin2 θdφ2), (6.37)

Kretschmann Scalar is calculated as,

K = 4K2
1 + 8K2

2 + 8K2
3 + 4K2

4 , (6.38)

where,

K1 = e−(µ+κ) d

dr

(
dµ

dr
eµ−κ

)
,

K2 = e−2κdζ

dr

dµ

dr
,

K3 = e−(κ+ζ) d

dr

(
eζ−κ

dζ

dr

)
,

K4 = −e−2ζ + e−2κ

(
dζ

dr

)
.

Computing all the components we have obtained Kretschmann Scalar for various compact

stellar objects and it is shown graphically in Fig. 6.6. The divergence of Kretschmann

Scalar at r = 0 depicts that there is no singularity at the center of the compact stellar

model, although there is a singularity at r = 1.

6.3.2.3 The Tolman-Oppenheimer-Volkoff or TOV equation

To examine the stability of the model it is important to examine the equilibrium condition

of the model using TOV equation. This stability equation given by Tolman (Tolman, 1939)

and Oppenheimer and Volkoff (Oppenheimer and Volkoff, 1939) symbolizes the internal

structure of a spherically symmetric static compact stellar object which is in equilibrium
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Figure 6.6: Profile of Kretschmann scalar against the radial coordinate r for different com-
pact stars.

in presence of anisotropy. The generalized TOV equation can be expressed as (Ponce de

León, 1993; Varela et al., 2010),

− 1

r
(ρ(r) + pr(r))

dν

dr
− dpr(r)

dr
+

2(pr − pt)
r

= 0.

It can also be written as,

−Mg (ρ(r) + pr(r))

r2
e(λ−ν)/2 − dpr(r)

dr
+

2∆(r)

r
= 0,

(6.39)

where Mg(r) is the effective gravitational mass inside a sphere of radius ‘r’ and it can be

derived using Tolman-Whittaker mass formula is given by,

Mg(r) =
1

2
r2e

ν−λ
2
dν

dr
. (6.40)

The TOV equation can be expressed in a simple form to describe the equilibrium

condition by defining the forces as gravitational forces(Fg), hydrostatic forces(Fh) and
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anisotropic forces(Fa). Thus,

Fg(r) + Fh(r) + Fa(r) = 0, (6.41)

where,

gravitational force, Fg(r) = −ν
′ (ρ(r) + pr(r))

2
,

hydrostatic force, Fh(r) = −dpr(r)
dr

,

anisotropic force, Fa(r) =
2∆(r)

r
. (6.42)

For the prescribed model the expressions for these forces become,

Fg(r) =
A3Dr

(
3C
√

A
2−Ar2 −

√
3D(2− Ar2)

)
√

A(2−Ar2)
3

(1 + Ar2)2
(√

3D − C
√

A
2−Ar2

)(
AC −

√
3D
√
A(2− Ar2)

) ,
Fh(r) =

A2r
(√

3ACD(17− 7Ar2)− 3AC2
√

A
2−Ar2 (2− Ar2)− 15D2

√
A(2− Ar2)

3
2

)
√
A(2− Ar2)

3
2 (1 + Ar2)2

(√
3D − C

√
A

2−Ar2

)2 ,

Fa(r) =
A2r(4

√
3D − 3C

√
A

2−Ar2 )

(1 + Ar2)2(
√

3D − C
√

A
2−Ar2 )

. (6.43)

Equations alluded in Eq. (6.43) are examined graphically in the Fig. 6.7. It can clearly be

seen that negative gravitational force is balanced by the amalgamation of hydrostatic and

anisotropic forces to keep the model in equilibrium.
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Figure 6.7: Variation of different forces against the radial coordinate r for different compact
stars.

6.3.2.4 Energy condition

The acceptability of our model depends on fulfillment of some energy conditions namely,

Null energy condition (NEC), Weak energy condition (WEC), Strong energy condition

(SEC) and Dominant Energy Condition (DEC). All these energy conditions are some in-

equalities corresponding to stress-energy tensor and are defined as,

NECr : ρ(r) + pr(r) ≥ 0, NECt : ρ(r) + pt(r) ≥ 0.

WECr : ρ(r) ≥ 0, ρ(r) + pr(r) ≥ 0, WECt : ρ(r) ≥ 0, ρ(r) + pt(r) ≥ 0.

SEC : ρ(r) + pr(r) + 2pt(r) ≥ 0.

DEC : ρ(r) ≥ pr(r), pt(r). (6.44)

Analytically NEC suggests that an eyewitness crossing a null bend will quantify the sur-

rounding energy density to be non-negative. WEC implies that energy density estimated

by an eyewitness traversing a time like bend is positive. SEC implies that the trace of tidal

tensor estimated by the eyewitness is consistently positive (Maurya et al., 2020b). DEC
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essentially indicates that to any observer the local energy density appears non-negative and

local energy flow vector is non-spacelike (Hawking and Ellis, 1973).

I have discussed the energy conditions on our model graphically in Fig. 6.8, by plotting

LHS (left hand side) of above inequalities.

Figure 6.8: Behavior of different energy conditions against the radial coordinate r for dif-
ferent compact stars. The nature of Trace Energy Condition (TEC): ρ − pr − 2pt is also
plotted against the radial coordinate r for different compact stars.

Also for distinguishing configuration one can develop some limitation on our model pa-

rameter from inequalities in Eq. (6.44). Specifically I have obtained the following relations

for the center (r = 0) of the stellar structure,

NECr : ρ(0) + pr(0) ≥ 0, NECt : ρ(0) + pt(0) ≥ 0.

WECr : ρ(0) ≥ 0, ρ(0) + pr(0) ≥ 0.

WECt : ρ(0) ≥ 0, ρ(0) + pt(0) ≥ 0.

SEC : ρ(0) + pr(0) + 2pt(0) ≥ 0.

DEC : ρ(0) ≥ pr(0), pt(0)
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or
9A

2
≥
A
(

5
√

3D − C
√

A
2

)
2
(√

3D − C
√

A
2

)
or

D

C
≥
√

2A

3
. (6.45)

6.3.2.5 Causality condition

To study the stability of an anisotropic fluid stellar, L. Herrera (Herrera, 1992) proposed the

cracking method or overturning method which states that the velocity of sound speeds (ra-

dial and transverse) should never exceed the speed of light inside the star i.e. v2 = dp
dρ
< 1

should be maintained inside the stellar, taking the velocity of light c = 1. Also Le Chate-

lier’s principle allows the matter of the star to satisfy dp
dρ
≥ 0 to be a stable configura-

tion (Glendenning, 1997). The sound velocity inside the compact star is expressed by,

vr(r) =

√
dpr(r)

dρ(r)
, vt(r) =

√
dpt(r)

dρ(r)
. (6.46)

Combining the above conditions the causality condition becomes 0 ≤ vr(r), vt(r) < 1.

Fig. 6.9 supports the fulfillment of causality condition of the prescribed model. Now using

Figure 6.9: Variation of the radial (left) and the transverse (right) sound speeds against the
radial coordinate r for different compact stars.

the concept of cracking, Abreu et al. (Abreu et al., 2007) provided the stability conditions

with respect to the stability factor (= {vt(r)}2 − {vr(r)}2) for anisotropic fluid model. The
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conditions are : (i) The region is potentially stable if −1 < {vt(r)}2 − {vr(r)}2 ≤ 0 and

(ii) The region is potentially unstable if 0 < {vt(r)}2 − {vr(r)}2 < 1.

The expressions for velocity of sound speeds are given below,

v2
r = −

√
A

2−Ar2 (2− Ar2)(1 + Ar2)(3AC2 + 30D2 − 15AD2r2)

3
√

A
2−Ar2 (2− Ar2)2(5 + Ar2)

(√
3D − C

√
A

2−Ar2

)2

+

√
3ACD(1 + Ar2)(17− 7Ar2)

3
√

A
2−Ar2 (2− Ar2)2(5 + Ar2)(

√
3D − C

√
A

2−Ar2 )2
, (6.47)

v2
t = −

√
A

2−Ar2 (12AC2(2− Ar2) + 6D2(2− Ar2)2(9 + Ar2))

6
√

A
2−Ar2 (2− Ar2)2(5 + Ar2)(

√
3D − C

√
A

2−Ar2 )2

−
√

3ACD(A2r4 + 23Ar2 − 62)

6
√

A
2−Ar2 (2− Ar2)2(5 + Ar2)(

√
3D − C

√
A

2−Ar2 )2
. (6.48)

Clearly the conditions |vr2 − vt2| < 1 and −1 < {vt(r)}2 − {vr(r)}2 ≤ 0 are satisfied as

depicted in Fig. 6.10.

Figure 6.10: Variation of the absolute difference (left) and variation of the difference of
the sound speeds (right) with the radial coordinate r for different compact stars.
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6.3.2.6 Adiabatic Index

Stability of anisotropic compact star depends on the adiabatic index which is essentially

the ratio of specific heat at constant pressure to the specific heat at constant volume. The

adiabatic index determines the stability and the stiffness of the equation of state and it is

defined as,

Γ(r) =
ρ(r) + p(r)

p(r)

dp(r)

dρ(r)
. (6.49)

For the Newtonian limit, any stellar configuration will maintain its stability if adiabatic

gravitational collapse Γ(r) > 4/3 (Heintzmann and Hillebrandt, 1975) and stellar structure

will become catastrophic if< 4/3 (Bondi, 1964). Also, Chan et al. (Chan et al., 1993) have

suggested that this condition changes depending on the nature of anisotropy for a relativis-

tic fluid sphere. Additionally, Knutsen (Knutsen, 1988) showed that adiabatic index Γ is

more than 1 if the ratio of density and pressure is monotonically decreasing outwards.

For the present solution, the value of adiabatic indices Γr(r) and Γt(r) are more than

4/3 throughout the outer region of a compact star, as evident from Fig. 6.11.

6.3.2.7 Harrison-Zeldovich-Novikov criterion

Since compact star models that are only in stable equilibrium, are of astrophysical interest

so any acceptable model should satisfy the static stability criterion. The stability condition

for a compact star with respect to ‘r’ requires the calculation of eigen-frequency of the

fundamental mode (Haensel et al., 2007) of radial pulsation without any nodes as described

by Chandrasekhar (Chandrasekhar, 1964b). The complexity of stability criterion was later

simplified by Harrison-Zeldovich-Novikov (Harrison et al., 1965; Zeldovich and Novikov,
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Figure 6.11: Variation of the adiabatic indices against the radial coordinate r for different
compact stars.

1972). As per their suggestions, for stability of a compact stellar object the mass should

also increase with the increase of the central density ρ(0) i.e. dM(ρ(0))
dρ(0)

> 0 to be a stable

structure. The Harrison-Zeldovich-Noikov criterion is a necessary condition, it is not an

sufficient one. We write the mass function as function of central density as following,

M(ρ(0)) =
3b3ρ(0)

2 (2ρ(0)b2 + 9)
,

dM(ρ(0))

dρ(0)
=

27b3

2 (2ρ(0)b2 + 9)2 . (6.50)

Clearly the fulfillment of Harrison-Zeldovich-Novikov conditions are shown graphically

for several stars as shown in Fig. 6.12.

6.3.2.8 Buchdahl limit

The mass function of the proposed model is defined in Eq. (6.21) as m(r) = 3Ar3

4(1+Ar2)

which is directly proportional to r i.e. limr→0m(r) = 0 implying the regularity of the

mass function at the center of the star. Fig. 6.13 graphically depicts the mass functions of
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Figure 6.12: Variation of M and dM
dρ(0)

with respect to the central density ρ(0) for different
compact stars.

various compact stellar objects.

Figure 6.13: Variation of the mass function against the radial coordinate r for different
compact stars. Here the mass function is shown to be monotonically increasing function of
r.

For spherically symmetric configuration, the ratio of mass to the radius of a compact

stellar object is supposed to fall within the limit 2M
b

< 8
9

(considering 8πG = c = 1) as

suggested by Buchdahl (Buchdahl, 1959). This condition, named after Buchdahl, is clearly

satisfied for our model as shown in Table 6.2.
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6.3.2.9 Mass-radius relationship

For dynamical stability opposing gravitational collapse into a black hole, the maximum

mass of any model needs to be considered to separate compact star and black holes. In fact,

any observed compact stellar objects can be identified as black holes if the maximum mass

of the compact stellar object exceeds the allowable maximum mass for a stable compact

star model (Hendi et al., 2017; Shapiro and Teukolsky, 1983). To study the mass-radius

relation and to calculate maximum mass we have plotted the (M − b) graph in Fig. 6.14

considering the surface density ρ(b) = 9.5 × 1014 gm cm−3. I have considered surface

density which is roughly similar to that chosen by some researchers (Sharma and Maharaj,

2007; Thirukkanesh and Maharaj, 2008) to study the mass-radius relationship of a compact

stellar model.

Fig. 6.14 depicts the (M − b) graph for the prescribed model. The maximum mass for the
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Figure 6.14: (M − b) plot for the surface density ρ(b) = 9.5× 1014 gm cm−3. The solid
circle denotes the maximum allowable mass of the model.

model is calculated to be 4.632 M� with the radius 9.254 km. Though our model exceeds

the Rhoades and Ruffini limit (≈ 3.2 M�) (Rhoades and Ruffini, 1974) of maximum mass

for a neutron star, it remains within the prescribed range for the spheres in general rela-
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tivity with uniform density (5.2 M�) as suggested by Shapiro and Teukolsky (Shapiro and

Teukolsky, 1983).

I have also predicted masses and radii for several compact stars as given in Table 6.2. I

have computed the masses and radii from EoSs considering EoS parameter ω = 0.003 and

it can clearly be seen that predicted masses and radii are almost similar to that of observed

values.

Pulsar Name Observed Observed Predicted Predicted Compactness
Mass (M�) Radius (km) Mass (M�) Radius (km) Factor

SMC X-1 1.29 9.13 1.2513 8.9873 0.1392
SAX J 1808.4− 3658 0.9 7.951 0.8460 8.9168 0.0949

4U1608− 52 1.74 9.3 1.7242 7.9172 0.2178
PSR J 1903 + 327 1.667 9.438 1.6387 9.2310 0.1775

Vela X-1 1.77 9.56 1.7435 9.3755 0.1859
4U1538− 52 0.87 7.866 0.8273 7.7138 0.1072

Table 6.2: Observed and predicted masses, radii and compactness factors for different com-
pact stellar objects.

6.3.2.10 Compactness and gravitational redshifts

The dimensionless ratio m(r)
r

is known as the compactification factor u(r) of a compact

star. The expressions for compactness and gravitational redshifts are given as following,

u(r) =
m(r)

r
=

3Ar2

4(1 + Ar2)
,

z(r) =
1− (1− 2u)

1
2

(1− 2u)
1
2

=

√
2(1 + Ar2)

2− Ar2
− 1. (6.51)

The compactness for our model is depicted in Fig. 6.15 which indicates the increasing

nature of the compactification factor with respect to radial coordinate ‘r’. From Table. 6.2

it can be seen that the model allows compactness within the range (1
4
, 1

2
) as prescribed
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Figure 6.15: Variation of the compactness (left) and the gravitational redshift (right) with
the radial coordinate r for different compact stars.

in (Jotania and Tikekar, 2006).

The gravitational redshifts z(r) is depicted graphically in Fig. 6.15 which shows the

increasing nature of gravitational redshifts with the radial coordinate. Studies by several

authors have allowed us to specify an upper bound on the surface redshifts. In absence

of cosmological constant, z(r) ≤ 2 holds for an isotropic star as proposed by Barraco

and Hamity (Barraco and Hamity, 2002). Whereas the presence of cosmological constant

pushes the upper bound for an anisotropic star a bit higher, z(r) ≤ 5 (Böhmer and Harko,

2006). Though the maximum acceptable limit for the surface redshift of a compact star

is 5.211 (Ivanov, 2002), the model presented in this paper satisfies the range z(r) ≤ 1 as

predicted by Hewish et. al (Hewish et al., 1968) as can be seen in Table 6.3.

6.3.2.11 Equation of State

One of the significant features of a compact star is the description of its equation of state

(EoS) i.e. the relation of the pressure with the energy density for barotropic EoS which then

eventually designs the mass-radius relation. The form of the barotropic equation of state

can be linear, quadratic, polytropic or some other dependence. Clearly different EoSs lead

to different (M − b) relations. Several authors have suggested that EoS can be estimated in

the form of p = p(ρ) i.e. pressure p can be written as the linear function of energy density
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ρ in the presence of higher density to elucidate the structural properties of a compact stellar

object (Dey et al., 1998; Frieman and Olinto, 1989; Haensel and Zdunik, 1989; Harko and

Cheng, 2002; Maurya et al., 2019a; Prakash et al., 1990; Zdunik, 2000). I have obtained the

exact similar observation as that of (Gondek-Rosinska et al., 2000; Maurya et al., 2019a,b).

Figure 6.16: Variation of the radial pressure with the density for different compact star
corresponding to the numerical value of constants given in Table 5.1.

For stable configuration the equation of state parameter defined as ωr(r) = pr
ρ

and

ωt(r) = pt
ρ

should belong to (0, 1) (Rahaman et al., 2010) otherwise known as exotic con-

figuration. The radial EoS for various compact star are described graphically in Fig. 6.16,

which shows linear relationship.

I also have calculated the best fit for each EoSs for each stars by using least squares

method (Gondek-Rosinska et al., 2000; Zdunik, 2000). Fig. 6.17 describes graphically

best fit for each EoSs. The approximation for the best fitted relation for each stars are given
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as,

SMC X − 1 : pr = 0.27393 ρ− 101.376,

SAX J 1808.4− 3658 : pr = 0.223828 ρ− 91.344,

4U1608− 52 : pr = 0.416461 ρ− 183.463,

PSR J 1903 + 327 : pr = 0.37333 ρ− 153.083,

V ela X − 1 : pr = 0.408083 ρ− 168.934,

4U1538− 52 : pr = 0.220122 ρ− 90.0515.

Figure 6.17: Best fit for EoSs for each of the compact stars.

6.3.2.12 Moment of inertia and time period

The study of moment of inertia plays a very important role in modeling of compact stellar

objects as it allows us to test the stiffness of EoS. The empirical formula for the moment of

inertia I transforms a static system to rotating system as suggested by Bejger-Haensel (Be-

jger and Haensel, 2002) and it is given by,

I =
2

5
(1 + x)Mb2, (6.52)



6.3. Model I: anisotropic star with embedding class I 189

where the parameter x is defined as x = (M/M�)(km/b). Here the maximum mass of

uniformly slow rotating configuration gives the approximate moment of inertia. The nature

of moment of inertia I with respect to mass M is depicted in Fig. 6.18.
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Figure 6.18: Variation of the moment of inertia with respect to the mass. The solid circle
denotes the moment of inertia for the maximum mass for the model.

It can be seen that inertia I is an increasing as the increase of mass and it attains the

maximum value for the mass 4.627 M� before declining rapidly. Considering the surface

density ρ(b) = 9.5 × 1014 gm cm−3, I have calculated the Imax to be 1773.6 km3. Com-

paring the masses of the model star on the Figs. 6.14 and 6.18, it can be seen that the mass

corresponding to Imax is approximately lower by 0.11%.

This decline of mass indicate the softening of the EoSs without any strong high-density

due to hyperonization or phase transition to an exotic state (Bejger et al., 2005).

For any non-rotating structure, minimum time-period can be estimated as below provided

the EoS obey the sound speeds,

τ ≈ 0.82

√(
M�
M

)(
b

10 km

) 3
2

ms. (6.53)

Fig. 6.19 depicts the variation of time period with the mass of the model and the maxi-

mum time period is obtained to be 1.577 ms.
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Figure 6.19: Variation of the time period of rotation with the mass. The solid circle denotes
the time period corresponding to the maximum mass of the model.

6.3.2.13 Mass-central density relationship

It is evident that the models of cold static compact star represents one parameter family

i.e. they can be labeled by using central density or by using central pressure (Haensel,

2008). Fig. 6.20 portrays the profile of mass against the central density and it can be

observed that with the increase of the mass of the model, the central density also increases.

Moreover, maximum mass is found to be 4.461 M� corresponding to the central density

32.11× 1018 kg/m3.

0 5 10 15 20 25 30
0

1

2

3

4

5

ρ 0) × 10
18

(kg-m-3)

M
a
s
s
(M

⊙
)

Figure 6.20: Variation of the central density with the mass.
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6.3.2.14 Radius-central density relationship

The internal structure of any compact stellar model can be studied from its relationship of

the radius with any of the matter variable. One such physical test is to study the variation

of the central density with the radius of the model as this will allow us to comprehend

the nature of the prescribed model. The radius - central density relationship will guide

through the process of determining the mass of the compact stellar model and vice-versa.

I have studied the nature of the central density with the radius graphically in Fig. 6.21.

Here the radius increases with the increase of central density until it reaches the critical
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Figure 6.21: Variation of the central density with the radius. Solid circle denotes the the
radius for which maximum mass of the model is obtained.

radius (maximum allowable radius) to remain almost unchanged with the increase of central

density. However, the radius for which maximum mass is obtained in Fig. 6.14, corresponds

to the central density 2.851 × 1018 kg m−3. Additionally the maximum mass occurred in

Fig. 6.20 corresponds to the central density 1.11× 1018 kg m−3.

6.3.2.15 Bounds on the model parameter

Bounds on the parameters A, C, D are described as,
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Conditions At center (r = 0) At surface (r = b)

eλ(r) > 0 satisfied − 1
b2
< A < 2

b2

eν(r) > 0 satisfied satisfied

ρ(r) > 0 A > 0 A > 0

pr(r) > 0 6D2

C2 < A < 50D2

3C2
D
C

=
√
A

5
√

3(2−Ab2)

pt(r) > 0 6D2

C2 < A < 50D2

3C2 0 < A < 2
b2

,

3A
(2−Ab2)(5+Ab2)

< D2

C2

< A
3(2−Ab2)

∆(r) ≥ 0 0 A > 0

dρ
dr
≤ 0 0 A > 0

Zeldovich’s Condition D
C
≥
√

6A
7

-

SEC(r) > 0 A
6
> D2

C2
C2

D2 >
3(2−Ab2)

A

Herrera Condition 6D2

C2 < A < 32D2

3C2 same

I also have calculated dpr
dr

, dpt
dr

, dpr
dρ

, dpt
dρ

both at the center and at the surface and combin-

ing the above conditions one can get the following relations,

0 < A <
32

25b2
,

25D2

6C2
< A <

32D2

3C2
. (6.54)

6.3.2.16 Herrera-Ospino-Di Prisco generating functions

Feasible anisotropic solution of EFEs can be obtained by using L. Herrera’s (Herrera et al.,

2008) algorithm. This formalism is essentially an extension of an algorithm proposed by

Lake (Lake, 2003) and it introduces to all solutions with the help of generating functions.

More specifically there are two generating functions as suggested by (Herrera et al., 2008)
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to describe all the static spherically symmetric anisotropic fluid matter distribution and the

algorithm can be expressed as,

eλ(r) =
Z2(r)e

∫ (
4

r2Z(r)
+2Z(r)

)
dr

r2

[
F − 2

∫ Z(r)(1+Π(r)r2)e

∫ ( 4
r2Z(r)

+2Z(r)

)
dr

r8
dr

] , (6.55)

where F is an arbitrary integrating constant and the corresponding generating functions are

as follows,

Z(r) =
ν ′

2
+

1

r
, (6.56)

Π(r) = (pr(r)− pt(r)) . (6.57)

Here the generating function Z(r) is related to the geometry of the spacetime and Π(r)

is related to the matter distribution as proposed by Rahaman et. al (Rahaman et al.,

2019). Using Class-I embedding condition in Eq. (6.25), the generating functions given

in Eqs. (6.56)-(6.57) take the form,

Z(r) =
D
√
eλ(r) − 1

C +D
∫ √

eλ(r) − 1dr
+

1

r
, (6.58)

Π(r) = (pr(r)− pt(r)) . (6.59)

Thus the generating functions to find all exact solutions for our model are given by,

Z(r) =

√
3AD

√
Ar2

2−Ar2

AC −
√

3D
√

A
2−Ar2 (2− Ar2)

+
1

r
, (6.60)

Π(r) = −∆(r), (6.61)
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where ∆(r) is given in Eq. (6.20).

Figure 6.22: Behavior of the generating functions Z(r) (left side) and Π(r) (right side)
with respect to the radial coordinate r for several compact stars.

Clearly it can be seen in Fig. 6.22, the generating function Z(r) related to redshift func-

tion is always a positive and decreasing function of ‘r’ and the other generating function

Π(r) is always negative and decreasing in nature.

6.3.3 Discussions around various compact stellar objects

To understand our prescribed model I have calculated the parameters for the compact stars

SMC X−1, SAX J 1808.4−3658, 4U1608−52, PSR J 1903+327, Vela X−1 and 4U1538−

52 as given in Table 6.1. I have predicted the mass and radius of some compact stellar

objects using a fixed EoS parameter in Table 6.2. Further, I have calculated matter variables

such as density, radial and transverse sound speed and strong energy conditions for each of

the compact stars both at the centers and at the surfaces. The calculated values so obtained

are depicted in tabular form in Table 6.3. Here |0 denotes the value of the matter variable

at the center and |b denotes the same at the boundary of the stars. It can clearly be seen

that the value of the matter variables at the surface is smaller than that of the central value,

providing a more compact stellar structure. Additionally, the surface redshifts are also

provided in Table 6.3 and surface redshifts for each compact stars are within the prescribed

range.
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Pulsar ρ|0 ρ|b dpr
dρ
|0 dpr

dρ
|b dpt

dρ
|0 dpt

dρ
|b SEC|0 SEC|b z|b

SMC X-1 629.73 370.47 0.268 0.275 0.2025 0.1795 842.52 412.43 0.3095
SAXJ 1808.4− 3658 617.86 409.03 0.219 0.227 0.1425 0.1349 758.42 444.55 0.2253

4U1608− 52 918.31 437.95 0.417 0.394 0.3821 0.2841 1515.54 508.86 0.4939
PSRJ 1903 + 327 815.04 408.74 0.371 0.36 0.3264 0.2554 1268.52 470.10 0.445

Vela X-1 854.63 411.52 0.407 0.387 0.3707 0.2785 1394.45 477.24 0.4844
4U1538− 52 612.82 409.97 0.216 0.224 0.138 0.1313 747.06 444.63 0.2183

Table 6.3: Values of the matter variables for different compact stellar objects. Here |0 and
|b denote the values of the matter variables at the center and surface respectively.

6.4 Model II: Vaidya-Tikekar model

In astrophysics, the problem of understanding the nature and composition of relativistic

compact stars is an active field of research. In other words, the equation of state (EoS) of

the constituent matter of an ultra-compact star is not well understood till date. The model-

ing of compact stars, therefore, remains as one of the challenging problems in astro-particle

physics. In general, there are two different approaches for the modeling of relativistic ultra-

compact stellar objects. If EoS is known, the Einstein field equations are solved numeri-

cally by integrating the TOV equations to analyze the behavior of physical quantities of

the star. Alternatively, one assumes the geometry of the interior spacetime of the compact

star. In this approach, for a suitable choice of the metric potentials, physical viability of

the relevant physical quantities inside the star are analyzed (Dev and Gleiser, 2003; Esculpi

et al., 2007; Maharaj and Govender, 2005; Vaidya and Tikekar, 1982). A somewhat similar

approach is to suitably choose the energy density distribution inside the star and solve the

relevant field equations (Dev and Gleiser, 2002; Misner and Zapolsky, 1964; Sharma and

Maharaj, 2007). A combination of these two approaches can also be found in the literature

as well (Rahaman et al., 2010; Varela et al., 2010).

In the present work, to close the system of field equations, I have assumed the VT ansatz
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together with the Karmarkar’s condition for a spherically symmetric anisotropic matter dis-

tribution. In the high density regime of compact stars, anisotropy is expected to develop as

pointed out by many investigators in the past. Ruderman (Ruderman, 1972) theoretically

predicted the existence of anisotropy inside compact stars. Sharma & Maharaj (Sharma

and Maharaj, 2007) developed stellar models by assuming the pressure within a compact

star could be anisotropic in nature. Herrera et al. (Herrera et al., 2004) have prescribed a

general approach to solve the system of a spherically symmetric distribution of anisotropic

fluid. In the recent past, several researchers (e.g., see (Maurya and Gupta, 2013; Maurya

et al., 2015c; Maurya et al, 2019)) have developed relativistic model of compact stellar ob-

jects by introducing anisotropy.

In addition to anisotropic pressure, I have also assumed the Vaidya and Tikekar (VT) (Vaidya

and Tikekar, 1982) ansatz to close our system of equations. The Vaidya and Tikekar ansatz

has been utilized extensively in the past to develop realistic models of compact stars. In this

approach, one assumes the metric function gtt =
1−Kr

2

L2

1− r2

R2

, which has a clear geometric inter-

pretation. The considered metric function can be treated as the special case for the work

done by Maurya et al (Maurya et al., 2016). In Schwarzschild coordinates, this provides a

spheroidal geometry for the t = constant hyper-surface. The parameter K characterizes

the departure from the spherical geometry and L is the curvature parameter.

Vaidya and Tikekar (VT) (Vaidya and Tikekar, 1982) have shown that for the modeling

of realistic compact stars, the Einstein field equations can be solved by prescribing the

geometric part (Gab) of the Einstein field equations rather than specifying the matter part

(Tab) of the field equations. The VT prescription is outlined below.

Let us assume that the interior of a static spherically symmetric relativistic superdense star
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is described by the line element

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdφ2), (6.62)

where ν(r) and λ(r) are the gravitational potentials. The VT ansatz for the metric potential

eλ(r) has the form,

eλ(r) =
1−K(r2/L2)

1− (r2/L2)
. (6.63)

Geometric interpretation for ansatz (6.63) is the following.

Let us consider a 4-dimensional Euclidean flat space as,

dσ2 = dx2 + dy2 + dz2 + dw2. (6.64)

A 3-spheroid immersed in the 4-dimensional Euclidean flat space has the form

x2 + y2 + z2

L2
+
w2

b2
= 1. (6.65)

Note that the sections w = constant of 3 spheroid will form concentric spheres whilst

sections x =constant, y =constant or z =constant will generate confocal ellipsoid (Vaidya

and Tikekar, 1982). Further, the parametrization

x = L sin δ cos θ cosφ,

y = L sin δ sin θ sinφ,

z = L sin δ cos θ,

w = b cos δ,
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together with a transformation r = L sin δ and substitution 1− b2/L2 = K then allows us

to write

dσ2 =
1−K r2

L2

1− r2

L2

dr2 + r2(dθ2 + sin2 θdφ2), (6.66)

as the metric on the 3-spheroid. Therefore, in Schwarzschild coordinates, the t = constant

hypersurface of the space-time metric

ds2 = −eν(r)dt2 + dσ2 = −eν(r)dt2 +
1−K r2

L2

1− r2

L2

dr2 + r2(dθ2 + sin2 θdφ2), (6.67)

will have a spheroidal geometry characterized by the parameters L (which has dimension

of a length) and K (which denotes departure from spherical geometry). The metric will

be spherically symmetric and well behaved and also regular at the center for r < L and

K < 1. For K = 1, the spheroidal 3-space degenerates into flat 3-space. For K = 0,

the spheroidal becomes spherical offering the Schwarzschild interior solution.

One can utilize the VT ansatz to generate a class of solutions for the metric potential ν(r)

satisfying the Karmarkar’s embedding class-I condition.

To develop a physically reasonable model of the stellar configuration, I have already con-

sidered the VT ansatz

eλ =
1− Kr2

L2

1− r2

L2

, (6.68)

Using (6.68) in (6.13), one can obtain

eν =
(
C +D

√
(K − 1)(r2 − L2)

)2

. (6.69)

Subsequently, the matter density, radial pressure, transverse pressure and the mass function
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are obtained as

ρ =
(K − 1)(Kr2 − 3L2)

(L2 −Kr2)2
, (6.70)

pr =
(K − 1)

[
D(K − 3)

√
r2 − L2 + C

√
K − 1

]
(L2 −Kr2)

[
D(K − 1)

√
r2 − L2 + C

√
K − 1

] , (6.71)

pt =
(K − 1)

[
D(K − 3)L2

√
r2 − L2 +DKr2

√
r2 − L2 + CL2

√
K − 1

]
(L2 −Kr2)2

[
D(K − 1)

√
r2 − L2 + C

√
K − 1

] ,

(6.72)

∆ =
(K − 1)Kr2

[
D(K − 2)

√
r2 − L2 + C

√
K − 1

]
(L2 −Kr2)2

[
D(K − 1)

√
r2 − L2 + C

√
K − 1

] , (6.73)

m(r) =
(K − 1)r3

2(L2 −Kr2)
. (6.74)

For a given K, the solution has 3 unknown constants namely, C, D and L which can be

determined from the boundary conditions.

6.4.1 Exterior space-time and boundary conditions

The exterior spacetime of the static spherically star is described by the exterior Schwarzschild

solution

ds2 =

(
1− 2M

r

)
dt2 −

(
1− 2M

r

)−1

dr2 − r2
(
dθ2 + sin2 θdφ2

)
. (6.75)

The interior spacetime metric must be matched to the exterior Schwarzschild spacetime

metric at the boundary of the star r = b. The continuity of the metric functions across the
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boundary r = b yields

(
C +D

√
(1−K)(L2 − b2)

)2

=

(
1− 2M

b

)
, (6.76)

1− Kb2

L2

1− b2

L2

=

(
1− 2M

b

)−1

. (6.77)

The radius is defined as the distance from the center where the radial pressure drops to zero

i.e., pr(r = b) = 0 which yields

C
√

1−K = D(3−K)
√
L2 − b2. (6.78)

The above boundary conditions help us to determine the constants as

L =
b
√
b+ 2KM −Kb√

2M
, (6.79)

C = (b− 2M)(3−K)

√
b(1−K)

8M(L2 − b2)
, (6.80)

D = −
√
M

2b3
. (6.81)

Thus for a specified value of K, the constants can be determined in terms of mass and

radius of the star.

6.4.2 Physical analysis

The model has the following features:

1. The gravitational potentials in this model satisfy, eν(0) = (C + DL
√

1−K)2 = con-

stant, eλ(0) = 1, i.e., finite at the center (r = 0) of the stellar configuration. Moreover,

(eν(r))′r=0 = (eλ(r))′r=0 = 0. These imply that the metric is regular at the center and well
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behaved throughout the stellar interior as shown graphically in Fig. 6.23.
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Figure 6.23: Metric potentials eλ(r) and eν(r) plotted against the radial coordinate r corre-
sponding to the pulsar 4U1820− 30.

2. The central density and central pressure are obtained as

ρ(0) =
3(1−K)

L2
, (6.82)

pr(0) = pt(0) =
(1−K)

[
DL(3−K)− C

√
1−K

]
L2
[
C
√

1−K −DL(1−K)
] . (6.83)

Radial variation of density and two pressures and anisotropic parameter are shown in

Figs. 6.24, 6.25 and 6.26, respectively.

3. The gradient of energy density, radial pressure and tangential pressure are respectively
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Figure 6.24: Variation of the energy density is plotted against the radial coordinate r corre-
sponding to the pulsar 4U1820− 30.
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Figure 6.25: Variation of the radial pressure (dashed blue) and transverse pressure (solid
red) are plotted against the radial coordinate r corresponding to the pulsar 4U1820− 30.
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Figure 6.26: Anisotropic parameter ∆ plotted against the radial coordinate r corresponding
to the pulsar 4U1820− 30.

obtained as

dρ

dr
=

2Kr (1−K) (5L2 −Kr2)

(L2 −Kr2)3 , (6.84)

dpr
dr

=
2r (1−K)2√

(1−K) (L2 − r2) (L2 −Kr2)2 [C√1−K −D (1−K)
√
L2 − r2

]2[
Kr2 (3− 2K)−KD2(3−K)

√
1−K(L2 − r2)

3
2

+ CK
√

(1−K)(r2 − L2)− CDL2
(
1− 4K + 2K2

) ]
, (6.85)

dpt
dr

=
(1−K)2√

(1−K)(L2 − r2) (L2 −Kr2)3 [C√1−K −D(1−K)(L2 − r2)
][

4C2KL2r
√

(1−K) (L2 − r2) + 2D2Kr
(
L2 − r2

)3/2√
1−K{

(2K − 5)L2 +Kr2
}

+ CDr
{
KL2r2(6K − 11) +K2r4

}
− KD2(3−K)

√
1−K

(
L2 − r2

) 3
2 + CK

√
(1−K)(r2 − L2)

− CDL2
(
1− 4K + 2K2

) ]
. (6.86)
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The gradient of density, radial pressure and tangential pressure are negative inside the

stellar body as shown graphically in Fig. 6.27 which ensures the decreasing nature of den-

sity, radial pressure and tangential pressure within the stellar interior.
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Figure 6.27: Variation of the density (dot dashed blue), radial pressure (dashed red) and
transverse pressure (solid green) are plotted against the radial coordinate r corresponding
to the pulsar 4U1820− 30.

4. The radial and transverse velocity of sound are obtained as

v2
r =

dpr
dρ

=

√
(1−K) (L2 −Kr2)

K
√
L2 − r2(Kr2 − 5L2)

{
C
√

1−K −D(1−K)
√
L2 − r2

}2[
KD2(K − 3)

√
1−K(L2 − r2)3/2 −KC2

√
(1−K)(L2 − r2)

−CD(1− 4K + 2K2)
{
L2 + (3− 2K)Kr2

} ]
, (6.87)

v2
t =

dpt
dρ

= −
√

1−K
2K
√
L2 − r2(Kr2 − 5L2)(D(K − 1) + C

√
1−K)2[

4C2KL2
√

(1−K)(L2 − r2) + 2KD2
√

1−K(L2 − r2)3/2
{

(2K − 5)L2 +Kr2
}

+ CD
{
− 2

(
1− 7K + 4K2

)
L4 +K(6K − 11)L2r2 +K2r4

}]
. (6.88)
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In this model, the sound speeds are found to be within the limit [0, 1] within the stellar

interior, i.e., 0 ≤ dpr
dρ
≤ 1, 0 ≤ dpt

dρ
≤ 1 which are shown graphically in Fig. 6.28.
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Figure 6.28: Variation of the radial (solid blue) and transverse (dashed red) sound speeds
against the radial coordinate r corresponding to the pulsar 4U1820− 30.

5. Energy conditions for an anisotropic fluid sphere imply the positive values of the terms

ρ+pr ≥ 0, ρ+pt ≥ 0 and ρ+pr+2pt ≥ 0, throughout the stellar interior. These quantities

are shown to remain positive throughout the compact sphere graphically in Fig. 6.29 and

hence the energy conditions are satisfied.

6. Smooth matching of the interior metric functions with that of the Schwarzschild exterior

at the boundary are shown graphically in Figs. 6.30-6.31.

6.4.3 Observational compatibility

To examine the physical acceptability of the model, I have plugged in the observed values

of mass and radius of known pulsars as input parameters. For graphical study , I have



6.4. Model II: Vaidya-Tikekar model 206

ρ + pr

ρ + pt

ρ + pr + 2 pt

0 2 4 6 8 10
200

300

400

500

600

r (km)

E
C

(M
e
V
fm

-
3
)

Figure 6.29: Fulfillment of various energy conditions, SEC (dot dashed black), NEC in
radial direction (dashed red) and NEC in transverse direction (solid blue) within the stellar
interior.
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Figure 6.30: Matching of the metric eν(r) with the Schwarzschild exterior metric at the
boundary.
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Figure 6.31: Matching of the metric eλ(r) with the Schwarzschild exterior metric at the
boundary.

considered the pulsar 4U1820 − 30 whose estimated mass and radius are M = 1.46 ±

0.21 M� and b = 11.1 ± 1.8 km, respectively (Özel et al., 2016). Inserting these values

in Eqs. (6.76)-(6.78), I have determined the constants. Using the values of the constants

and also plugging in the values of G and c in appropriate places, I have shown the behavior

of physically interesting quantities in Figs. 6.23-6.27. The plots clearly show the regular

and well-behaved nature of all the physically meaningful quantities. The thermodynamic

relationship between the energy density and radial pressure which reflects the nature of the

equation of state (EoS) of the matter distribution of a given pulsar is plotted in Fig. 6.35

which shows an almost linear relationship. The mass function within the radius r is shown

in Eq. (6.74) and the profile of mass function is shown graphically in Fig. 6.32. Note that

the mass function is regular at the center. The surface redshift, defined as

z =

(
1− 2M

b

)− 1
2

− 1, (6.89)
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is plotted in Fig. 6.37.
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Figure 6.32: Variation of the mass function is plotted against the radial coordinate r corre-
sponding to the pulsar 4U1820− 30.

To show that this model can describe a wide range of compact stars, I have analyzed

the applicability of our model by considering some well known pulsars such as RX J

1856− 37 (Pons et al., 2002), EXO 1785− 248 (Özel et al., 2009), Her X-1 (Abubekerov

et al., 2008), PSR J 1614 − 2230, Cen X-3 and 4U 1608 − 52. The estimated masses and

radii of these pulsars are used to determine the corresponding model parameters as given

in Table 6.4. In The values of the physically meaningful parameters are given in Table 6.5

which are sufficient to justify the applicability of the model. Note that I have used ()|0 and

()|b to denote the evaluated values of the physical parameters at the center and surface of

the star, respectively. I also have denoted the left hand side of the strong energy condition,

ρ+ 2pr + pt by the notation SEC on the Table 6.5.

The model allows to examine the impact of departure from spherical geometry (K) of

homogeneous distribution to an inhomogeneous distribution of matter on the mass radius

relationship of a compact star. Fig. 6.33 portrays the impact of K by depicting the mass-
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radius relationship for different values of the spheroidal parameter K for a given surface

density. The plot indicates that the mass decreases as |K| increases within a given radius.

In other words, the compactness decreases with the departure from spherical geometry.

Note that the Schwarzschild interior solution for a spherical distribution of constant den-

sity matter provides a star of compactnessM/b = 4/9. However, a realistic star is expected

to have a decreasing density profile. Our results show how the curvature parameter can be

used to address the issue relating to the observed compactness of a wide range of stars. The

(M − b) relationship obtained for an assumed surface density 6× 1014 gm cm−3 for differ-

ent values of K is shown in Fig. 6.33. The chosen surface density is roughly similar to that

considered by Sharma et al (Sharma et al., 2017). It can be seen that maximum masses are

3.184 M� and 3.484 M� for the parameter K = − 100 and K = − 10 respectively.

Figure 6.33: Mass-radius (M − b) relationship for different K values. Assumed surface
density ρb = 6× 1014 gm cm−3.

I have studied the variation of the radius with the central density graphically in Fig. 6.34.



6.4. Model II: Vaidya-Tikekar model 210

It can easily be seen that the radius of the model increases gradually with the increase of the

parameter K. Comparing Fig. 6.33 and 6.34 we can conclude that, for the minimum value

of K (−100) the maximum mass is obtained for the radius b = 9.652 km corresponding

to the central density 2.57 × 1015 gm cm−3 and for the maximum value of the parameter

K = −10, the radius for the maximum mass so obtained is b = 10.26 km corresponding

to the central density 1.25 × 1015 gm cm−3. So, with the increase of the parameter K the

mass and the radius of the model also increases making the model less compact. Similar

results can be found in the work of Deb et al (Deb et al., 2018).

Figure 6.34: Relationship of the radius with the central density for different values of K.

The Equation of State (EoS) plays a crucial role in the modeling of a compact star which

in our case may be inferred from the plot of density against pressure. Fig. 6.35 shows that

the EoS corresponding to a particular set of values is linear. For the given set of values, we

obtain a linear equation of the form pr = − 25.5009 + 0.120308 ρ for the best fitted curve

of the EoS.
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Figure 6.35: Variation of the density is plotted against the radial pressure.
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Figure 6.36: Best curve fit for the Eos given in Fig. 6.35. Here the estimate −67.711
happens to have a standard error of 0.715407 and estimate of coefficients of x, 0.182717
have a standard error of 0.000869986.
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The regularity of EFEs motivate some certain bounds on the solutions and consequently

on stellar configuration. One of such decisive upper bound for the static spherically sym-

metric compact star is Buchdahl, Bondi limit (Bondi, 1964; Buchdahl, 1959, 1966; Islam,

1969). Theoretically, it describes maximum amount of mass that can exist in a sphere

before the sphere undergoes gravitational collapse to a black hole. Mathematically the

limit states that for a physically viable compact star mass to radius ratio (2M/R) must

be less than 8/9. Thus from the work of Buchdahl (Buchdahl, 1959) and Bondi (Bondi,

1964) it can be easily concluded that compactness factor u(r) = m(r)
r

must lie in the range

0 ≤ u(r) < 1
2
. For our model we have u(r) = 0.486 and it is less than 0.5. Hence Buchdahl

condition is being satisfied by our model.

Also, the gravitational redshift of a compact star can be determined from the Eq. (6.89).

The graphical representation of gravitational redshift of our model is shown in Fig. 6.37.
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Figure 6.37: Variation of the gravitational redshift plotted against the radial coordinate r
corresponding to the pulsar 4U1820− 30.

The value of maximum surface reshift obtained for our model is 0.765 which is less
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Pulsar Mass (M�) Radius (km) C D L

RX J 1856− 37 0.9± 0.2 ≈ 6 −19.7865 −0.0554339 48.4681
EXO 1785− 248 1.3± 0.2 8.849± 0.4 −19.9476 −0.0371973 72.7983

Her X-1 0.85± 0.15 8.1± 0.41 −22.0194 −0.034345 86.7668
PSR J 1614− 2230 1.97± 0.04 9.69± 0.2 −16.7655 −0.0399603 57.3568

Cen X-3 1.49± 0.08 9.178± 0.13 −19.1293 −0.0377009 68.9819
4U1608− 52 1.74± 0.14 9.52± 0.15 −17.9892 −0.0385656 63.5691

Table 6.4: Values of the model parameters for different compact stars, taking K = −50.

than 2 as predicted by Barraco and Hamity (Barraco and Hamity, 2002).

6.4.4 Stability analysis of the model

6.4.4.1 Stability under three different forces

A star remains in static equilibrium under the forces namely, the gravitational force, hy-

drostatic force and anisotropic force. This condition can be formulated mathematically

as

− MG(r)(ρ+ pr)

r
e
ν−λ
2 − dpr

dr
+

2

r
(pt − pr) = 0, (6.90)

where MG(r) is the gravitational mass of the star within the radius r, can be derived from

the Tolman-Whittaker formula and the Einstein’s field equations and is defined by

MG(r) =
1

2
re

λ−ν
2
ν′ . (6.91)

Using the expression of MG(r) in Eq. (6.90) one can obtain

− ν ′

2
(ρ+ pr)−

dpr
dr

+
2

r
(pt − pr) = 0. (6.92)
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The above equation is equivalent to

Fg + Fh + Fa = 0, (6.93)

where

Fg = −ν
′

2
(ρ+ pr), (6.94)

Fh = −dpr
dr

, (6.95)

Fa =
2

r
(pt − pr). (6.96)

Using the Eqs. (6.70)-(6.72), the expression for Fg, Fh and Fa can be written in terms of

model parameters as,

Fg =
2Dr2(1−K)2(DK(L2 − r2)

3
2 + CL2

√
1−K)

(L2 − r2)(L2 −Kr2)2(D(1−K)
√
L2 − r2 − C

√
1−K)

, (6.97)

Fh =
2r(1−K)2√

(1−K)(L2 − r2)(L2 −Kr2)2(C
√

1−K −D(1−K)
√
L2 − r2)2

(Kr2(2K − 3) +KD2(3−K)
√

1−K(L2 − r2)
3
2

− CK
√

(1−K)(r2 − L2) + CDL2(1− 4K + 2K2)), (6.98)

Fa =
2(K − 1)Kr[D(K − 2)

√
r2 − L2 + C

√
K − 1]

(L2 −Kr2)2[D(K − 1)
√
r2 − L2 + C

√
K − 1]

, (6.99)

which represent the gravitational, hydrostatics and anisotropic forces, respectively.

The three different forces are plotted in Fig. 6.38. The figure shows that hydrostatics

and anisotropic force are positive and is dominated by the gravitational force, which is

negative to keep the system in static equilibrium.
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Figure 6.38: The variation of three different forces, hydrostatic force (solid red), gravita-
tional force (dashed brown) and anisotropic force (dot dashed blue), acting on the system
are plotted against the radial coordinate r corresponding to the pulsar 4U1820− 30.

6.4.4.2 Adiabatic index

The adiabatic index which is defined as

Γ =
ρ+ pr
pr

dpr
dρ

, (6.100)

is related to the stability of a relativistic anisotropic stellar configuration. Accordingly to

Heinztmann and Hillebrandth Heintzmann and Hillebrandt (1975) an isotropic sphere will

be in stable equilibrium if the adiabatic index Γ > 4
3
. From Fig. 6.39, it can be seen that

Γr is greater than the value of 4/3 throughout the stellar interior and hence the stability

condition is fulfilled.
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Figure 6.39: Variation of the relativistic adiabatic index is plotted against the radial coordi-
nate r corresponding to the pulsar 4U1820− 30.

6.4.4.3 Causality condition

For a physically acceptable model of relativistic anisotropic star the radial and transverse

velocity speed of sound must be smaller than 1 (c = 1) in the interior of the star, i.e.,

0 ≤ dpr
dρ
≤ 1, 0 ≤ dpt

dρ
≤ 1. This condition is known as causality condition. Fig. 6.28 shows

that both the radial and transverse speeds of sound for the model are less than 1. Based on

Herrera’s “cracking” concept (Herrera, 1992), Abreau et. al (Abreu et al., 2007) found that

a compact stellar is potentially stable if−1 ≤ v2
st−v2

sr ≤ 0. Later Andréasson (Andrèasson,

2009) modified the result by concluding the range to be 0 < |v2
st − v2

sr| < 1 for a stable

compact star. The plots in Fig. 6.40 show that the model satisfies the causality condition.
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Figure 6.40: Variation of the absolute difference is plotted against the radial coordinate r
corresponding to the pulsar 4U1820− 30.

6.4.5 Generating functions

All the anisotropic solutions of the EFEs can be generated using L. Herrera’s method of

formulating generating functions Herrera et al. (2008) as given as:

eλ(r) =
Z2(r)e

∫ [
4

r2Z(r)
+2Z(r)

]
dr

r6

(
F − 2

∫ Z(r)(1+Π(r)r2)e

∫ [ 4
r2Z(r)

+2Z(r)

]
dr

r8
dr

) , (6.101)

where F is the constant of integration. The generating functions are given as following

Z(r) =
ν ′

2
+

1

r
, (6.102)

Π(r) = 8π (pr − pt) . (6.103)
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The embedding class-I condition thus produces the generating functions as:

Z(r) =
D
√
eλ(r) − 1

C +D
∫ √

eλ(r) − 1dr
+

1

r
, (6.104)

Π(r) = −8π∆(r). (6.105)

Incorporating the value of eλ(r) from Eq. (6.68) one can write the generating functions

as:

Z(r) =
Dr
√

1−K
L2−r2

C +D
∫
r
√

1−K
L2−r2dr

+
1

r
, (6.106)

Π(r) = −8π∆(r), (6.107)

where ∆(r) is given in Eq. (6.73).

6.5 Discussions

In this work, I have presented a model for spherically symmetric anisotropic sphere con-

sidering a specific eλ(r). The model is assumed to satisfy Karmarkar condition and smooth

matching of interior metric conditions with Schwarzschild exterior solution generate the

constants of the model. To analyze our obtained solutions I have considered the phys-

ical parameters for some well-known compact stars SMC X−1, SAX J 1808.4 − 3658,

4U1608− 52, PSR J 1903 + 327, Vela X−1 and 4U1538− 52 to examine the acceptability

of the model. Some of the key features of the obtained solutions are discussed briefly:

• Both the metric potentials are shown to be regular, well-defined and positive through-

out the stellar interior. Moreover, both the metric potentials are described to be finite

both at the center and at the boundary to provide an applicable compact stellar model,
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Fig. 6.1 supports that.

• The energy density of a compact star is positive and monotonically decreasing in na-

ture towards the surface with the maximum density at the center making the interior

compact. The radial pressure and as well as transverse pressure are monotonically

decreasing towards the surface. So all the potentials and parameters are well-valued

as illustrated in Figs. 6.3 and 6.4. Moreover, the anisotropy is positive as depicted in

Fig. 6.4 i.e. the anisotropic force is acting outwards and that leads to model a stable

configuration.

• For singularity test, I have also computed Kretchsmann Scalar and found that the

model has a singularity at r = 1 (see Fig. 6.6), though the model is free from any

singularity at the center.

• All energy conditions are satisfied for this anisotropic physical matter distribution

and evidently, one can see from Fig. 6.8 that our solutions satisfy all the energy

conditions within the star. Additionally it can also be seen that inequality ρ − pr −

2pt > 0 is satisfied within the stellar interior.

• Under the combined action of gravitational, hydrostatic and anisotropic forces our

model stays in equilibrium just like any anisotropic fluid configuration needs to be.

The behaviour of the model in the effect of TOV equation is shown in Fig. 6.7.

• Stability of our model has been checked using Herrera (Herrera, 1992) condition.

Also, the absolute value of the difference between radial and transverse sound speeds

fulfil Herrera (Herrera, 1992) and Andréasson (Andrèasson, 2009) criteria making

the model potentially stable.
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• Compactness and gravitational redshifts are examined graphically for our model in

Fig. 6.15. It is also examined numerically in Tables 6.2 and 6.3. Additionally,

Fig. 6.15 depicts that maximum value is attained at the surface and redshifts van-

ishes at the centre and Table 6.3 shows that maximum value of surface redshifts are

< 5.11 as suggested by Ivanov (Ivanov, 2002).

• I have plotted mass-radius plot in Fig. 6.14 and the maximum mass is obtained to be

4.632M� for the radius 9.254 km. Also Fig. 6.18 depicts the mass-inertia plot where

the maximum mass is approximately 0.11 % lower than that in Fig. 6.14, which

expresses the stiffness of EoS.

• I have tested the stability of the model by studying mass-central density and radius-

central density relationship of the model in the Figs. 6.20-6.21 respectively. The max-

imum radius of the model is obtained corresponding to the central density 32.11 ×

1018 kg/m3 in Fig. 6.20. Moreover, Fig. 6.21 suggests that the radius for which the

maximum mass is obtained corresponds to the central density 2.851× 1018 kg/m3.

All the stability criterion both analytically and graphically are tested. Additionally, I have

calculated mass and radius for some stars as given in Table. 6.2 taking a certain value of

the EoS parameter and one can agree that the predicted radii are in good agreement with

the observational data. The generating functions to find all possible exact solutions for our

model are also generated. It is shown graphically that Z(r) is always positive and decreas-

ing in nature and Π(r) is always negative and increasing in nature which is necessary to be

a stable compact star. Thus it can be concluded that the model I satisfies all the properties

to be anisotropic compact stellar configurations.

For the model II, using the VT metric ansatz as one of the metric potentials, a class
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of interior solutions is obtained by utilizing Karmarkar’s condition of embedding class-I.

These regular and well-behaved solutions have been shown to be viable models of static,

spherically symmetric anisotropic stellar matter distributions.

• The obtained solution is well behaved, singularity free and the regular throughout the

stellar structure. The physical analysis of the obtained solution suggests the model

satisfies all the properties for a feasible solution, namely, positive density, pressures

at the centre, monotonically decreasing density and pressures towards the boundary,

positive nature of anisotropy at the interior which vanishes at the centre,negative

gradients of the density and pressures inside the structure.

• The model passes all the stability criteria for the anisotropic stellar structure. This

model follows linear equation of state.

• I have analyzed the role of the curvature parameter, the deviation from sphericity of

3-surface geometry on the mass-radius relationship of the resultant configurations..

Assuming the surface density 6× 1014 gm cm−3, the mass-radius relationship corre-

sponding to the obtained model is shown in Fig. 6.33. Here the maximum masses are

3.184M� and 3.484M� for the parameterK = −100 andK = −10 respectively.

Observing the variation of the radius with the central density graphically in Fig. 6.34,

one can see that the radius of the model increases gradually with the increase of the

parameter K. Comparing Fig. 6.33 and 6.34 we can conclude that, for the minimum

value of K (−100) the maximum mass is obtained for the radius b = 9.652 km

corresponding to the central density 2.57 × 1015 gm cm−3 and for the maximum

value of the parameter K = − 10, the radius for the maximum mass so obtained is

b = 10.26 km corresponding to the central density 1.25× 1015 gm cm−3. So, with
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the increase of the parameter K the mass and the radius of the model also increases

making the model less compact.

Hence it can be conclude that the model can be consider as an acceptable model that de-

scribes spherically symmetric, static, anisotropic stellar structure.
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Chapter 7

Concluding remarks and future

prospects

7.1 Conclusions

This thesis deals with obtaining singularity-free closed form interior solutions for the Ein-

stein field equations that represent static, spherically symmetric, anisotropic stellar con-

figurations. Considering the highly non-linearity of the field equations, some assumptions

based on certain criteria are imposed to obtain the solutions. The goal of the thesis is to

generate classes of closed form solutions to the Einstein’s field equation that can be con-

sidered as viable models to describe spherically symmetric, static, anisotropic star and thus

the chapters in this thesis have considered some assumptions which are discussed below

briefly.

• Chapter. 2: Chapter 2 focuses on finding a new class of closed-form solutions of

the Einstein field equation for a spherically symmetric anisotropic matter distribu-

tion. Obtained solutions are found to fulfill all the physical properties for a stable
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structure. Furthermore the model checks the stability criteria for viable anisotropic

stellar configuration. The obtained model assumes a linear form of equation of state.

Considering the surface density 8 × 1014 gm/cc, the model displays the maximum

mass to be 3.024 M� which follows the Rhoades-Ruffini limit Rhoades and Ruffini

(1974). Also the radius corresponding to the maximum mass is found to be 10.31km.

• I have studied a model for a spherically symmetric anisotropic matter fluid sphere

by assuming a specific metric potential B2
0(r) in Chapter. 3. The field equations are

solved assuming a specific form of anisotropy. The obtained solution fulfills the nec-

essary physical and stability criteria. This model is found to maintain linear equation

of state. Assuming the surface density of 7.5 × 1014 gm/cc the maximum mass is

found to be 3.113M� corresponding to the radius 10.49 km. Moreover considering

slow rotation configuration and using the idea of perturbation the mass-moment of

inertia relationship have also been discussed. Interestingly it was found that the max-

imum mass obtained from the mass-radius plot is approximately 0.22% greater than

the mass obtained for the maximum inertia suggesting the stiffness of the EoS.

• Assuming the popular Finch-Skea ansatz (Finch and Skea, 1989), analytic solution

of the Einstein field equations have been investigated in Chapter. 4, that describes

a relativistic stellar model. A class of exact solutions to the field equations have

been examined after considering the corresponding two cases: (i) positive value of

anisotropic parameter, and (ii) absence of any anisotropy. One interesting feature

possesses by the model is the negative nature of anisotropy. The physical features

of the solutions thus obtained have been studied studied graphically as well as nu-

merically for some specific pulsars. The model is also found to be stable under the

stability tests.



7.1. Conclusions 226

• Exact solutions describing relativistic stellar configuration have been studied in Chap-

ter. 5 employing the Vaidya and Tikekar (Vaidya and Tikekar, 1982) type of metric

potentials. For a spherically symmetric, static and anisotropic stellar configuration,

in the Vaidya-Tikekar background spacetime, I have developed new exact class of

solutions by assuming a polytropic type equation of state pr = αρ1+ 1
n − β, where α,

β are real constants and n is the polytropic index. Recent data from observed pulsars

are taken as input parameters to validate the developed model. Moreover, the impact

of the spheroidal curvature parameter of the VT spacetime is observed on the stellar

behaviour and on the mass-radius relationship. It is observed that with the increase

in the departure from the spherical geometry, values of physical quantities, such as

density and pressure, increase.

• In Chapter. 6, two types of spherically symmetric, static, anisotropic stellar models

have been discussed. Both the models have been obtained from the Einstein field

equations by specific metric potentials and Class I Karmarkar embedding condition.

Model I depicts a anisotropic stellar configuration assuming Buchdahl ansatz and

this obtained solution describes a stable structure for anisotropic star of maximum

mass 4.6 M�. Model II represents a class of solutions for a spherically symmet-

ric anisotropic matter distribution in Vaidya and Tikekar spheroidal geometry. Thus

obtained model is found to be a stable viable stellar model. Additionally, the depen-

dence of the curvature parameter K of the model, which characterizes a departure

from homogeneous spherical distribution, is also examined. It is found that the ra-

dius of the structure increases with the increase of the parameter K. Hence the star

becomes less compact as K increases.
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7.2 Future scopes

This thesis emphasizes on obtaining closed form interior solutions of Einstein field equa-

tions that describe static, uncharged spherically symmetric structures. Using these solutions

one can fine-tune the stellar structure employing the followings:

• To construct more realistic compact stellar objects, one can incorporate charge within

the stellar interiors along with the pressure anisotropy. The presence of charge on a

spherically symmetric stellar objects prevents the gravitational collapse. Thus the

obtained solutions can be employed to find the solutions of Einstein-Maxwell field

equations thus obtaining solutions for charged structures.

• When considering the moment of inertia, I have used Bejger-Haensel concept which

permits to structure to consider as a slow rotating configuration. However these

non-rotating solutions can be used to investigate the rapidly rotating compact stellar

structure. Furthermore, these results can be extend to study universality relation.

These relations, such as I-Love-Q relation, exist withing the stellar observables, the

moment of inertia, I , compactness C (mass to radius ratio), love number associated

with the tidal deformability λ, spin induced Q. These relations are applicable to

study X-ray, radio and gravitational wave observations. The major benefit of using

these universal relations is that these relations do not depend solely on the EoS of the

matter distribution. This work can be broaden to study these stellar relations.

• Another approach to study relativistic compact stellar models is to consider the spher-

ical structure as core-envelope configuration where the core of the structure contains

the different matter fluid than its surrounding envelope. The present study can be

expand considering the structure as core-envelope model.
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