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Glossary of Notations

Ideal.

Filter associated with the ideal Z.

{z) }ren is Z-convergent to x.

{z) }ren is Z-convergent to x.

The class of all finite subsets of N.

The class of all subsets of N(or N x N) with natural density zero.
The class of all non-negative regular summability matrix.

The class of all non-negative RH-regular summability matrix.
{x1 }ren is AT-statistically convergent to L.

{Tpn }mnen is Ad-statistically convergent to L.

{2 }ren is AZ-summable to L.

{Zmn tmonen is AZ-summable to L.

{fn}nen is Z}-uniformly equally convergent to f.

{fn}nen is Z}-uniformly discretely convergent to f.

{fn}nen is Z}-strongly uniformly equally convergent to f.
{fn}nen is Z*a convergent to f.

{fn}nen is Za equally convergent to f.

The class of all Z}- uniform equal limit functions defined on X.
The class of all Z}- uniform discrete limit functions defined on X.
The class of all Z}-strongly uniform equal limit functions on X.

The class of all Za-equal limit functions defined on X.
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Abstract

This thesis is a detailed work on generalization of Korovkin approximation process and related
summability theory and some new types of convergence. As we know after the exploration of
Korovkin approximation theorem numerous paths have opened for researcher to investigate
the Korovkin set. Also summability theory is a very interesting part of mathematics as it
helps to approximate the limit of divergent sequences. We have combined these two branches
and derived some abundant theorems which have significant depth and utilities.

This Thesis contains four main chapters. In Chapter 2, we have established Korovkin
type approximation theorems for positive linear operators on UC,[0,00), the Banach space
of all real valued uniform continuous functions on [0, c0) with the property that zlgrglo f(z)
exists finitely for any f € UC,[0, 00) using the notion of AZ-statistical convergence and AZ-
summability method for real sequences and examined the Korovkin set on UC, ([0, 00) x [0, 00)).
In Chapter 3, we have approximated a sequence of positive convolution operators on Cla, b],
the Banach space of all real valued continuous functions on [a,b] endowed with the supre-

mum norm ||f|| = sup |f(x)| for f € Cla,b], based on the notion of AZ-summability and
z€la,b]

AT _statistical convergence and calculated corresponding rates of convergence. In Chapter
4, we have visited on topological spaces and introduced statistical A7-strong convergence
and AZ-strong convergence, both of which are generalizations of Ay-strong convergence in
Hausdorff spaces via a certain class of special functions. Similar to the classic scenario, we
find some correlations between AZ-statistical convergence and AZ-strong convergence. Ad-
ditionally, we obtain a characterization of AZ-statistical convergence. In Chapter 5, we have
introduced new forms of convergence, namely, Z*-ue, Z*-ud, Z}-sue and Za-equal convergence
and follow up some associated findings adding to the lattice features of the classes made up

of all those real valued functions defined on a metric space (X, d).
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Preface

We go over the relevant history and background information for this thesis in this prelude.
On the basis of a review of the literature on sequence, series, summability, and approximation
theory, we have written this chapter. We use the symbols N: set of natural numbers, and
R: set of real numbers throughout the thesis. The meaning of other symbols and notations
used in this thesis is as usual. In putting together this thesis, we reference a few books
[2, 18,7, 58], [72], and we are grateful to their writers. We must first go back to the fundamental
ideas behind this thesis, such as topological space, metric topology, neighbourhood basis,

subbasis, metrizability, Hausdorff space etc.

Definition 0.0.1. (Topology) Let X be a non-empty set. A collection T of subsets of X is
said to be a topology on X if T satisfies the following properties:

(i) Xerandlber,

(ii) any arbitrary union of members of T belongs to T,

(#i7) intersection of any finite number of members of T is in T.

If 7 is a topology on a set X then the pair (X, 7) is called a topological space. The

members of T are called the open sets of X.

Example 0.0.1. Let X be a non-empty set. Then 7 = {0, X} is a topology on X, called the

indiscrete topology.

Example 0.0.2. Let X be a non-empty set. Then 7 = P(X), the power set of X, is a
topology on X. Here every subset of X is an open set. This topology is called the discrete
topology.

If X is a topological space and z € X, a neighbourhood of z is a set U which contains an
open set V containing x. The collection U, of all neighbourhoods of x is the neighbourhood
system at x. A neighbourhood base at x in the topological space X is a subcollection B,
taken from the neighbourhood system U,, having the property that each U € U, contains
some V € B,.
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Definition 0.0.2. If X is a set, a basis for a topology on X is a collection B of subsets of X
(called basis elements) such that

(i) for each x € X, there is at least one basis element B containing x and

(73) if x belongs to the intersection of two basis elements By and Ba, then there is a basis

element B, containing x such that B, C B1 N Bs.

Definition 0.0.3. (Order Topology) Let X be a set containing more than one element with
a simple order relation <. Let B be the collection of all sets of the following types:

(1) All open intervals (a,b) in X.

(i) All intervals of the form [a,b), where a is the smallest element (if any) of X.

(7i1) All intervals of the form (a,b], where b is the largest element (if any) of X. The collection
B is a basis for a topology on X, which is called the order topology (usual topology, lower
limit topology, upper limit topology respectively).

Definition 0.0.4. (Hausdorff Space) A topological space X is called a Hausdorff space if for
each pair of distinct points u, v of X, there exist disjoint neighborhoods U and V' containing

preceding points respectively.

Definition 0.0.5. (Metric Space) Let X be a non-empty set. A function d: X x X — R is
said to be a metric on X if it satisfies the following conditions:
(1) d(z,y) >0 for all x,y € X and d(z,y) =0 if and only if v =y,
(i) d(z,y) =d(y,x) for all x,y € X (symmetry),
(7i7) d(x,y) < d(x,z) + d(z,y) for all x,y,z € X (triangle inequality).
A metric space is a non-empty set X equipped with a metric d on X and is denoted by

the pair (X,d) or simply X.

Different metrics can be defined on a single non-empty set and this gives rise to distinct
metric spaces. Given ¢ > 0, the set B(x,¢) = {y : d(x,y) < e} is called the e-ball centered at

x.
Example 0.0.3. The function d: R x R — R defined by

d(z,y) = |z —y| forallz,y €R
is @ metric on the set R. It is called the usual metric on R.

Example 0.0.4. The set C[0, 1] consisting of all real-valued continuous functions defined on

[0, 1] with the function d given by

1
d(f.g) = /0 F(x) — g(@)|dz. for all f.g € C[0,1]

1S a metric space.
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Theorem 0.0.1. In any metric space (X,d),
(i) the union of an arbitrary family of open sets is open.

(ii) the intersection of a finite number of open sets is open.

Definition 0.0.6. (Convergence) Let (X,d) be any metric space. A sequence {x,}nen of
points of X is said to converge to a point x of X, if for each € > 0 there exists a natural

number K such that d(x,,z) < e for alln > K.

Definition 0.0.7. Let (X,d) be a metric space and the collection of all e-balls B(x,¢), for
x € X and € > 0, is a basis for a topology on X. Then the topology is called the metric
topology induced by d.

Definition 0.0.8. A topological space X is said to be metrizable if there exists a metric d
on the set X that induces the topology of X. A metric space is a metrizable space X together
with a specific metric d that gives the topology of X.

The metric topology generated by the usual metric on R is called the usual topology on
R. Obviously, it is a metrizable space.

The lower limit topology 77, is a topology defined on the set R generated by the basis of
all half open intervals [a,b), where a and b are real numbers. The space R with lower limit
topology is called the Sorgenfrey line and is denoted by (R, 77) or R;. Interestingly, it is a
non metrizable Hausdorff space.

In approximation theory, positive approximation processes have numerous useful appli-
cations. It frequently occurs in issues involving the approximation of continuous functions,
especially when additional requirements for qualitative characteristics like monotonicity, con-
vexity, shape preservation, etc. are present. In order to determine if a given sequence
{Ln(f)}nen of positive linear operators on C[0, 1], the space of real-valued continuous func-
tions on [0, 1], is approximative, P.P. Korovkin [42] developed a powerful and straightforward
criterion in 1953. As a matter of fact, it suffices to confirm that L, (f) — f uniformly on
[0,1] only for the test functions f € {1, z,z?}.

Many academics have expanded Korovkin’s theorem to include other function spaces.
Numerous studies have been conducted to examine the test functions in relation to abstract
spaces, Banach lattices, Banach algebras, Banach spaces, and many other spaces. This study
introduces a new branch of mathematics known as Korovkin type approximation theory
(see[23), 48]). Using the “modulus of continuity”, numerous scholars simultaneously explored
the rates of various forms of convergence. Here, we review this widely used jargon that is
essential to our main chapters. The modulus of continuity is defined and denoted by

w(f,a)= sup | f(y) - f(=)].

ly—z|<a

3
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It gives the maximum oscillation of f in any interval of length not exceeding o > 0. That is
generally known that
lin%)w(f, a) =w(f,0) =0,

a—

and that for any constants a > 0 and p > 0,

w(f,pa) < (14 [p)w(f, a),

where [p] is the greatest integer not exceeding p.

On the other hand, divergent series were of non-debated part of mathematics. Divergent
series, which are infinite series that do not converge, were seriously studied by L. Euler.
A galaxy of extraordinarily talented mathematicians came after him. The foundation of
summability theory is the study of divergent series and it is now widely used in analysis and
practical mathematics.

The thought of statistical convergence for a real numbers sequence had been introduced
independently by Fast [32], Steinhaus [67] in 1951 based on the well known natural density
(or asymptotic density). In 1959, Schoenberg [63] reintroduced the same notion and studied
related summability methods. Interestingly, statistical convergence generalized the concept
of the ordinary convergence and expanded as a branch of mathematical analysis. Further, a
lot of analysis and investigations had been made on this area by Salat [59] and Fridy [33].

Let K C N, K,, denotes the set {k € K : k < n} and Card(K,) stands for the cardinality
of the set K,,.

- Card(K,
(Upper natural density of K) d(K) = lim sup arn()
Ky
(Lower natural density of K) d(K) = lim inf CQL().
¢ n n
If ZZ(K ) = d(K) then we say that the natural density (or asymptotic density) of K exists

d(K,
and it is simply denoted by d(K). Clearly d (K) = lirrln Carn()

of real numbers is said to be statistically convergent to L if for arbitrary € > 0 the set

K(e) ={n e N: |z, — L| > €} has natural density zero” [63]

. “A sequence {xn}nen

Define a sequence

1 when n=k?
Ty =
0 when n # k% where k=1,2,3,--- .
This sequence is statistically convergent to 0 but not usually convergent to 0. Any finite

subset of N has natural density zero. So, obviously statistical convergence is a generalization

of usual convergence. This area was explored in the works of Salat [59] and Fridy [33].

Example 0.0.5. The set {n?:n € N} has natural density zero.
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Note 0.0.1. The set of all bounded statistically convergent sequences of real numbers is
a linear subspace of the norm linear space of all bounded sequence of real numbers with

SUpremuIm norm.

After many years, Z-convergence and Z*-convergence for real numbers sequence were
introduced by Kostyrko et. al. [43] in 2001, generalizing the notion of statistical convergence
based on the certain class of subsets Z of P(N), called ideal. Later, Lahiri and Das continued
several developments on this branch (see [44] 45] [46], [70]). Subsequently, using the notion of
Z-convergence, several noteworthy investigations had been done for sequences of functions
with real value (see [5], 20} 41}, [50]).

A family Z C P(X) of subsets of a nonempty set X is known an ideal on X if it is closed
under finite union and satisfy hereditary property (i.e., A € Z, B C A implies B € 7). When
Z contains all singleton subsets of X, is referred to an admissible ideal. The family of sets
F(Z)={M cX: 3Ce€Z:M=X\C}is called the filter associated with the ideal Z.

Definition 0.0.9. [/3/. A sequence {xy}nen of real numbers is said to be I-convergent to
x € R if for each € > 0 the set A(e) ={n e N: |z, —x| >c} €.

Definition 0.0.10. [45] The sequence {xp }nen is said to be T*-convergent to x € R if there
isaset M e F(Z), M ={m3 <mg < ..<my<..} such that klim T, = T.
—00

Definition 0.0.11. An ideal Z C P(N) is known as a P-ideal (or said to satisfy the (AP)

condition) if it is admissible and for any countable family {C1,Cs,Cs, ...} of pairwise disjoint

sets in I there is a countable family {D1, Dy, Ds, ...} of sets such that C;AD; (i =1,2,--+)
oo

is finite and D = UDj el.
j=1

To know more about P-ideals, we can see [43].

Definition 0.0.12. [5]] An admissible ideal T C P(N) is known a good ideal if for any
countable family {C1,Ca,Cs, ...} of sets with C; ¢ T for each i € N there exists a countable

o0
family {D1, Dy, Ds, ...} of pairwise disjoint sets such that D; C C;, D; € T and UDi ¢T.
i=1

A real numbers sequence {yy }nen is called Z-divergent if for any M > 0, either {n € N :
yn <M} eZTor{neN:y,>—-M}eZ B.K. Lahiri defined these as Z-convergent to +oo

and Z-convergent to —oo respectively [44].

Definition 0.0.13. [/3] A sequence {x,}nen of elements of the metric space (X, p) is said to
be Z-convergent to & € X if and only if for each € > 0 the set A(e) = {n € N: p(x,,§) > ¢}
belongs to L. It is denoted by Z-lim = &.

n—oo
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If 7 is an admissible ideal, then the usual convergence in X implies Z-convergence in X.
Interestingly, the limit of any Z-convergent sequence is unique. The family Z, = {A C N :
d(A) = 0} forms a non-trivial admissible (or free) ideal of N. For Z = Z,, ideal convergence
yields statistical convergence and for 7 = Zy;,, the collection of all finite subsets of N, ideal

convergence coincides with usual convergence.

Definition 0.0.14. [/3] A sequence {x,}nen of elements of the metric space (X, p) is said
to be I*-convergent to & € X if and only if there exists a set M € F(Z), M = {m1 < mg <
oo <my < ...} such that lim p(zp,,&) = 0. It is denoted by T*- lim = &.

k—oo n—00

Proposition 0.0.1. [/5] Let T be an admissible ideal. If 7*- lim =&, then Z- lim = ¢.

Theorem 0.0.2. [/53] Let Z C P(N) be an admissible ideal. If the ideal T has the property
(AP) then I—JLH&O = & implies T* —nlgrgo =¢£.

On the other hand, Kolk [38] expanded statistical convergence to include A-statistical
convergence. Matrix summability and A-statistical convergence have since been the subject
of numerous investigations (see [I8, 22, B38]). The two methodologies indicated above were
combined, and the broad concept of AZ-statistical convergence was proposed and explored,
in particular in [60, [61) [62].

If # = {@y}yey Is a sequence of real numbers and A = (ank);—; i an infinite matrix,

then Ax is the sequence whose n-th term is given by
o0
Ap(x) = Z Apk Xk -
k=1

A matrix A is called regular if the limits of the convergent sequences are preserved, i.e.,
lim Ay (z) = lim xy, for all convergent sequence z = {zy}ren. It is well-known Silverman-
k—o0 k—o0
Toeplitz theorem states that the necessary and sufficient conditions for A to be regular are
1) supZ|ank| < o0
n

k
2) lirrln ani = 0, for each k;

3) lim Zank = 1(see[36]).
k

When the sequence {Ap},en is convergent, the sequence {zj}, y is called A-summable.
Following the notions of A-summability and Z-convergence, Das et. al. introduced the new
notion of AZ-summablity.

Recall the following definitions

Definition 0.0.15. [61, [62] Let A = (ank) be a non-negative regular matriz. For an ideal T
of N, a sequence {, nen is said to be AL-statistically convergent to L if for any € > 0 and
0 >0,
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{nEN: Z ank25}€1'

kEK (g)

where K(¢) = {k € N: |z — L| > €}. In this case, we write AL-st-lim z,, = L.
n

Definition 0.0.16 ([62]). Let A = (ank) be a non-negative regular matriz. Then a real

sequence © = {xp}ren is said to be AT-summable to a number L if for every e > 0,
{neN:|A,(x) — L| > e} € T where Ap(z) = Z AnkT-
k=1

Thus © = {xp}ren is AT-summable to o number L if and only if {An(x)}nen is I-

convergent to L. In this case, we write I—liﬁnZankxk = L.
keN

We have worked with double sequences too and uses the notion of convergence in Pring-

sheim’s sense [56].

Definition 0.0.17. [{9, [51] A real double sequence {Zmp }m nen is statistically convergent to
Jk o

L if for every e > 0, hIil
Js

A non-trivial ideal Z of N x N is called strongly admissible if {i} x N and N x {i} belong
to Z for each ¢ € N. It is evident that a strongly admissible ideal is admissible also. Let
Zop = {A C NxN: there is m(A) € Nsuch that i,j > m(A) = (i,5) ¢ A}. Then Z is a non-
trivial strongly admissible ideal [I7]. Let A = (@jgmn) be a four dimensional summability
matrix. For a given double sequence = = {Zpn}mnen, the A-transform of z, denoted by

Az := ((Ax);), is given by

(A2)jk = Y. GjkmnTmn
(m,n)€EN?

provided the double series converges in Pringsheim sense for every (j,k) € N2. A four-
dimensional analog of regularity was first proposed by Robison in 1926 [57] by taking the
extra premise of boundedness into account. Because a convergent double sequence is not
always bounded, this assumption was made.

Remember that if a four-dimensional matrix A = (ajrmy,) translates every bounded con-
vergent double sequence into a convergent double sequence with the same limit, it is said

to be a RH-regular. A four-dimensional matrix A = (a@jgmn) meets the Robison-Hamilton
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requirements and is deemed to be RH-regular if and only if

(1) lirllcrl @jkmn = 0 for each (m,n) € N2,
Js

(l’L) hrl? Z Ajkmn = L,
o (m,n)eN?

(iid) 1im > |@jkmn| = 0 for each n € N,
ok meN

(iv) 1n£2|ajkmn| = 0 for each m € N,
" neN

(v) Z |ajkmn| is convergent for each (j, k) € N2,
(m,n)eN2

(vi)  there exist finite positive integers My and Ny such that Z |@jkmn| < Mo
m,n>Noy

holds for every (j, k) € N2,
If A= (ajkmn) be a non-negative RH-regular summability matrix and K C N? then the
A-density of K is given by

s (mn)eK
provided the limit exists.

Definition 0.0.18. [38] A real double sequence {Tpmn}mmnen is said to be A-statistically

convergent to a number L if for every e >0
5f){(m,n) eEN?: |zpy — L >} =0.
Recall the following definitions

Definition 0.0.19. [28] A real double sequence {Xm n}tmnen s said to be Iy-statistically
convergent to L if for each ¢ >0 and § > 0,

{G.k) €N L{m < jin < ko — L] 2 e} > 6} € T.

Definition 0.0.20. [28] Let A = (ajkmn) be a non-negative RH-regular summability matriz.
Then a real double sequence {Tmm }m nen is said to be AZ -statistically convergent to a number

L if for every e > 0 and 6 > 0,
{(j,k)GNQ: Z ajkmn25}€I
(m,n)€Ks(e)

where K(€) = {(m,n) € N?: |gpy — L] > €},

We write, A% -st-lim @, = L.
m,n
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Convergence is one of the important concepts of topology. In a topological space summa-
bility theory is now playing a relevant role. Summability theory is the theory of assigning
limits to a scalar-valued or a linear space valued sequence, especially if the sequence is diver-
gent [9]. Some authors have studied summability theory in the topological spaces by assuming
the topological space to have a group structure or a linear structure. Also some are introduc-
ing certain summability methods those do not need a linear structure in the topological space
as A-statistical convergence [T}, 47, [69]. The idea of A-statistical convergence was introduced
by Kolk [39] using a non-negative regular matrix A (which subsequently included the ideas
of statistical, lacunary statistical or A-statistical convergence as special cases). More recent
works in this field can be found in [30] [40] 52] where many references are mentioned. We
need some definitions to follow. According to Lahiri et. al. [45] “A sequence {x}},y in a
topological space X is said to be Z-convergent to £ € X if for any nonempty open set U
containing &, the set {k e N:x, ¢ U} € Z.”

Now we recall some well-known notions from literature.

According to Maio et. al.[47] “Let A = (b,x) be a matrix in M;(RS). If {zf}ren is a
sequence in a Hausdorff space X such that for any open set U that contains &

m > b =0
" k:xp¢U

then the sequence {zy}ren is called A-statistically convergent to £ € X.”
In 1988-1989, J. S. Connor [12], [13] defined A-strongly convergence as “For a non-negative
regular summability matrix A = (b,), a sequence {xy}ren in a metric space (X, d) is said

to be A-strongly convergent to £ € X if
hﬁn ; d(mk, {)bnk = 0.//

The concepts of uniform equal convergence, uniform discrete convergence, and strong
uniform equal convergence for sequences of real valued functions were established and inves-
tigated by Papanastassiou in [55]. In a later study, Das and Papanastassiou [21] looked at a
number of lattice features of these classes of functions. Das et. al. [20] first proposed the idea
of Z*-uniform equal convergence of sequences of real valued functions. The lattice features of
these new classes of functions were further explored by Das and Dutta [19].

The notion of continuous convergence for a sequence of real valued functions was intro-
duced in the twentieth century (see [68]) and later it known as a-convergence in literature
(see also []).

Definition 0.0.21. [68] A sequence {fn}nen is known as a-convergent to f if for any

element x € X and for any sequence {x,}nen in X converging to x, { fn(xn)}nen converges

to f(x).
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Later R. Das [2I] introduced the notions of a-equally and a-uniformly equally convergence

and defined these in the following ways

Definition 0.0.22. [2]] A sequence {fn}nen is called a-equally convergent (or in short,

a-e convergent) to the function f if there exists a sequence {en}neny C RT with lim g, = 0
n

such that for each v € X and for any sequence {x,}neny C X converging to x, there exists a

natural number ko = ko(z, (x,,)) satisfying |fn(xn) — f(x)| < &y for all n > k.

Definition 0.0.23. [21] A sequence {fn}nen is called a-uniformly equally convergent
(or in short, a-ue convergent) to f if there exist a sequence {€, fneny C RT with lim &, = 0
n

and a natural number ky such that
Card{n € N: |fp(xn) — f(2)| > en} < ko
for each x € X and for any sequence {xp}nen C X converging to x.

In [20], Das et. al. introduced the idea of Z*-uniformly equally convergence generalizing

the idea of uniform eqal convergence.

Definition 0.0.24. [20] A sequence {fn}nen of functions is called T*-uniformly equally
convergent (or in short, T*-ue convergent) to the function f if there exist a sequence
{en}tnen C RT with lim e, =0, a set S := S({en}) belonging to F(Z) and a natural number
k= k({en}) such that

Card{n € M : |fn(z) — f(z)| > en} <k forallx € X.

We write this as fp L7 e, f.

Interestingly, it is observed that Z*-u convergence is stronger than Z*-ue convergence
which is again stronger than Z*-e convergence (see Example 3.2 and Example 3.3 in [19]).
It should be noted that, a-e convergence is intermediate between a-ue convergence and «
convergence.

For each class of functions ® on X, we must keep in mind the following widely recognized

definitions of the various forms of lattice [16].

Definition 0.0.25. (a) A class of functions, ®, is referred to as a lattice if it contains all
constants and for any f,g € ®, max(f,g), min(f,g) € ®. A lattice ® having translation
property (i.e., for any real number ¢ and f € ® | f +c € ®) is called a translation lattice.
(b) A translation lattice ® is referred to as a congruence lattice if f € ® implies —f € .
(c) A congruence lattice ® is referred to as a weakly affine if there is an unbounded set
S C (0,00) such that c € S and f € ® implies cf € P.

10
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(d) A congruence lattice ® is referred to as an affine lattice if ¢ € R, f € ® implies
cf € ®.

(e) A lattice ® is referred to as a subtractive lattice if f —g € ® for all f,g € ®.

(f) A subtractive lattice ® is referred to as an ordinary class if f.g € ® for all f,g € ®
and for any f € ®, s.t. f(x) #0 forallz e X, 1/f € ®.

We also need to think back to the Korovkin approximation theorem. Let X and Y be
two normed spaces. The collection of all linear operators from X into Y will be denoted by
L(X,Y). Then L(X,Y) is a linear(vector) space under the algebraic operations (S+7')(x) =
S(z) + T(z) and (aT)(x) = aT'(z). In fact, L(X,Y) is a normed linear space (or normed
spaces) under the operator norm ||T'|| = sup{||T'(z)|| : ||z|| = 1}. Moreover, if Y is a Banach
space, then L(X,Y) is also a Banach space.

Recall that a linear operator f : X — R, where X is a real vector space, is called a linear
functional on X. An operator T : X — Y between two normed spaces is called positive
if T(z) > 0 holds for all x > 0. We will close this chapter with a noteworthy convergence
feature for sequences of positive linear operators on C[0, 1] (thanks to P. P. Korovkin, see
[42]). Korovkin’s findings show how useful the order structures are.

Let T : C[0,1] — C[0,1] be a linear operator where C]0,1] is equipped with the sup
norm || - ||eo. For instance, lim fn = f in C]0, 1] will mean lim [|fn — fll =0, ie., {fn}tnen
converges uniformly to f. Also, 1, z and x? will denote the three functions of C[0, 1] defined

by 1(t) = 1, x(t) = t, and 2?(t) = t? for each t € [0, 1].

Theorem 0.0.3. [/2] (Korovkin approximation theorem) Let {T,}nen be a sequence of pos-
itive linear operators from C10,1] into C[0,1]. If liyrln T.f = [ holds when f equals 1, x and
x2 then 1i£n T.f = f holds for all f € C[0,1].

11



Introduction

All over the thesis, we use the abbreviation P.L.O. for “positive linear operators”; M;(RS)
denotes the class of all non-negative regular summability matrices; My(RH — RS) denotes
the class of all non-negative RH-regular summability matrices.

In Chapter 2, our primary interest is to obtain a general Korovkin type approximation
theorem for P.L.O. on the space UC, (D), the Banach space of all real valued uniform continu-
ous functions on D := [0, co) with the property that lim, .o, f(x) exists and finite, endowed
with the supremum norm | f|. = sug |f(z)| for f € UC.(D), using the concept of A”-

z€

T 2% We also construct

statistical convergence for real sequences and test functions 1,e~
an example which shows that our new result is stronger than its classical version. In section
2.3, we extend the Korovkin type approximation theorem for double sequence of P.L.O. on
UC, (]0,00) x [0,00)). In section 2.4, following the notion of AZ-summability method for real
sequences [61] we establish a Korovkin type approximation theorem for P.L.O. on UC\[0, c0),
the Banach space of all real valued uniform continuous functions on [0, 0o) with the property
that xll_}rgo f(z) exists finitely for any f € UC,[0,00). In the last section of the chapter, we
extend the Korovkin type approximation theorem for P.L.O. on UC, (|0, 00) x [0,00)). We
then construct an example which shows that our new result is stronger than its classical
version.

Convolution is a mathematical operation on two functions (f and g) in functional analysis
that results in a third function (f * g) that explains how the shape of one is changed by the
other. Convolution describes both the method of computation and the resulting function. It
is described as the integral of the two functions’ product after one of them has been shifted
and reflected around the y-axis. The function that is chosen to be reflected and moved before
the integral has no effect on the outcome of the integral.

In Chapter 3, following the concept of AZ-statistical convergence for real sequences intro-
duced by Savas et. al.[61], we deal with Korovkin type approximation theory for a sequence

of positive convolution operators defined on C|[a,b], the space of all real valued continuous

12
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functions on [a,b], in the line of Duman[27]. In the section 3.3, we study the rate of AZ-
statistical convergence using the modulus of continuity. In section 3.4, for a sequence of
positive convolution operators defined on Cla, b], the Banach space of all real valued contin-

uous functions on [a, b] endowed with the supremum norm ||f|| = sup |f(z)| for f € Cla,b]
z€[a,b]

we deal with Korovkin type approximation theory based on the notion of AZ-summability.
We construct an example to exhibit that the main result is more generalized than its statis-

tical A-summable version. We also study the rate of AZ-summability in section 3.5.

Recently study of strong convergence [71] has been introduced a class of functions with
the help of pre-metrics on a topological space and they have some certain properties which are
closely related to elements of topological base. We have studied strong convergence using A”
summability theory and shown that our results are stronger than classical strong convergence.
The main motivation for using A7 summability theory (introduced by Savas et. al. for real
sequences [62]) and AZ-statistical convergence is always to make a non-convergent sequence
to converge to a desirable limit.

Linear structure is required for study of strong ideal convergence in an arbitrary Haus-
dorff space. In section 4.3 of 4th chapter, we have introduced a convergence method that
extends the thought of strong ideal convergence to topological spaces. We have also de-
fined AZ-statistical convergence in topological space. We have developed a relation between
strong Ideal convergence and AZ-statistical convergence and also characterized AZ-statistical
convergence in arbitrary Hausdorff space in section 4.4.

For sequences of functions with values in R, the concepts of discrete and equal convergence
were initially established in 1975 by Csészar and M. Laczkovich [I5]. Later, these notions
were generalized in ideal setting namely, Z-discrete (or in short, Z-d) convergence, Z-equal (or
in short, Z-e) convergence and Z*-equal (or in short, Z*-e) convergence [20]. In 2005, Gezer
and Karakus generalized the idea of pointwise and uniform convergence in terms of ideal,
namely Z-pointwise convergence, Z-uniform (or in short, Z-u) convergence and Z*-uniform
(or in short, Z*-u) convergence [34]. We can look at [5] for additional results.

Following this line of research, in Chapter 5, we introduce three new forms of convergence,
namely, Z’-ue, Z>-ud and Z}-sue. We explore here a number of lattice features of the classes
made up of all those real valued functions defined on a metric space (X, d), which are Z*-ue
limits, Z}-ud limits and Z7-sue limits respectively for sequences of real valued functions belong
to a particular class of functions. In addition, we define the term Za-equal convergence and

follow up some associated findings.
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Korovkin type approximation theorem on an

infinite interval

2.1 Introduction

The necessary and sufficient conditions for the uniform convergence of {Ly, },cn to a function
f were first established by Korovkin [42] using the test functions e; = 1,es = x,e3 = 22 [2]
for a sequence {L;, }nen of P.L.O. on C(X), the space of real valued continuous functions on
a compact subset X of real numbers. An established field of research with a lengthy history
is the study of the Korovkin type approximation theory.

The idea of uniform statistical convergence has been used in recent years to show a number
of statistical approximation results ([26]). A-statistical convergence was used by Erkus and
Duman [31] to study a Korovkin type approximation theorem in the space H,(I?) where
I? = [0,00) x [0,00) and was extended by Demirci and Dirik [23, 25] for double sequences
of P.L.O. of two variables (see also [53]). By Dutta et al. |28 29], it was further expanded
for double sequences of P.L.O. of two variables in AZ-statistical sense and in the sense of
AZ-summability method.

In this chapter, we have introduced general Korovkin type approximation theorem for
P.L.O. on the space UC, (D), the Banach space of all real valued uniform continuous functions
on D := [0,00) with the property that lim, ,~ f(x) exists and finite, endowed with the
supremum norm || f|« = sup,cp | f(x) | for f € UCL(D), using the concepts of AZ-statistical
convergence and AZ-summability method for real sequences and test functions 1, e™%, e¥. In

section 2.3 and 2.5, for a double sequence of P.L.O. on UC. ([0, 00) % [0,00)), we expand the

This chapter is based on two research papers published in “ Acta Math. Univ. Comenianae, Vol.
LXXXIX (1) (2020), 131-142” and “Stud. Univ. Babeg-Bolyai Math., Vol. 65 (2) (2020), 243-254.".
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Chapter 2. Korovkin type approximation theorem on an infinite interval

Korovkin-type approximation theorem. Additionally, we create instances that demonstrate

how much stronger our new findings are than the corresponding classical version.

2.2 Korovkin-type approximation using A’-statistical conver-

gence

Throughout the section Z denotes the non-trivial admissible ideal in N. If L be a positive
linear operator then L(f) > 0 for any positive function f and we denote the value of L(f) at
z by L(f;x).

We now establish the following Korovkin type approximation theorem for P.L.O. on
UCL[0,00) with the property that mlgrc}o f(x) exists finitely for any f € UC\[0,c0), endowed
with the supremum norm ||f||. = sup |[f(z)| for f € UC.(]0,0)).

z€[0,00)

Theorem 2.2.1. Let {L,} be a sequence of P.L.O. from UC,[0,00) into itself and let, A =
(ajn) be a member of Mi(RS). Then for all f € UCL[0,00)

AT-st-tim (Lo (f) = fll. = 0
if and only if the following statements hold
AZ-st-hTan |Lp(e™™) — e, =0,k=0,1,2.

Proof. Since the necessity is clear, it is enough to proof sufficiency. Our objective is to show

that given € > 0 there exist constants Cy, C1, Cy (depending on € > 0) such that
1Ln(f) = flls < €+ Col|lLu(e™) = e ||x + Chl| Ln(e™) — e[« + Col| La(1) — 1]
If this is done then our hypotheses imply that fore >0, > 0
{neN: Z Qnp >0} €T
pEP(e)
where
P(e) ={p e N: ||Ly(f) — fllx = €}.

Let f € UC,[0,00). Then there is a constant M such that | f(z) |[< M for each z € [0, 00).
Let £ be an arbitrary positive number. By hypothesis we may find § := §(g) > 0 such
that for every t,x € [0,00), | et —e™® |< § implies | f(t) — f(x) |< e. Further note that
| f(t) — f(z) |< 2M for all t,x € [0, 00).

Also if | e7t — e7% |> 4, then

| f(t) = flz) |< 67(6% —e0)%
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Then for all ¢,z € [0, c0)
oM, ., .
|f(t)—f(fv)|<5+?(€t—€ ).

Consequently for n € N using the linearity and the positivity of the operators L,

La(F();2) — @) < Ll £(8) — £(2) [2)+ | F(@) || La(liz) — 1|
< Lot et e o)t | (@) || In(lz) — 1|

IN

52
2M _ —z
< et (e M) | La(li2) = 1| +55 Lal(e™ — 7% )
2M .
< et (e M) | La(liw) =1+ [ 72 || Lu(t) — 1]
2M 4M

tsr | Lp(e 2t z) — e 2% | tr e || Lu(e b x) —e ™ |
where | e |< 1Vt €[0,00) and k € N.
Now taking supremum over z € [0,00) we have

ILn(f) = fll« < €+ K{ILa(1) = Ll + [ Ln(e™) = e %[l + [ Ln(e™) —e™* |} (2.1)

where K = max{e + M + 25—]‘24, %4’ 46—]\24}. For a given r > 0 choose € > 0 such that € < r let

us define the following sets

D={neN:|Ln(f) = flls = 7}

r—e

Dy = L (1) — 1) >

1= {n e N[ La(1) =1} > 5=}

Dy={neN:|[Ly(e?) —e |l > "}
- 3K

r—e
3K g
It follows from ([2.1)) that D C Dy U Dy U D3. Therefore, for each n € N we may write

Zanp§ Z App + Z App + Z Anp

peED peD: pED2 pED3

D3 ={neN:|L,(e?) —e |, >

which implies that for any 0 > 0 and p € D
3

{nEN:Zanpza}QU{neN: Zanng}.

pED i=1 peD;

Since from hypotheses {n € N : Z Anp > %} € 7 for i = 1,2, 3, therefore

peD;
3 o
U{nGN: Z anng}EI.
=1 pEDi
Hence
{neN: ZaanU}EI-
peD
and this completes the proof. O
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Remark 2.2.1. We now demonstrate a sequence of P.L.O. {Ly} s.t.
ATt () = . = 0 but sta-tim | La(F) = Tl 0,

Let T be a non-trivial admissible ideal of N. Choose an infinite subset C = {q1 < q2 <
q3 < -} from T\ Zy. Let {ug}ren be given by

0 when k is odd
Uk =
1 when k is even.

Let A = (ank) be given by

1 when n = q;, k = 2q; for some i € N
ank = 4§ 1 when n # q;, foranyi, k=2n+1

0 otherwise.

Now for0 <e <1, K(¢) ={k € N: |up — 0| > ¢} is the set of all even integers. Notice that

1 ifn=gq; for someieN

Z ank =

kEK (e) 0 ifn # q;, for anyi € N.

So for any 6 > 0, {n eN: Z Qnk > 5} = C € T which shows that {uy}ren is AL-
keK (e)
statistically convergent to 0 though not A-statistically convergent.

We now consider the following Baskakov operators By, : UC[0,00) — UC,[0,00) defined

> n—14+k k —n—k k
B,f(x) = " (1+x fl—1.
(«) kg( h ) (12 (5)

by

Thus
B,(1,z)=1

By(e " z)=(1+x— y:e_%)_"
Bn(e_Qu,x) =(1+z- xe_%)_"

where x € [0, 00).

Let us define L,(f,x) = (1 4+ up)Bn(f,x) for any f € UCL[0,00). Then
AI-st-h}?HLn(fi) — fill« =0, i=0,1,2.

From previous theorem
AT st-lim ||L,(f) — f]+ = 0.
n

But as sta-limu, # 0 so st4-lim || L,(f) — f|l« # 0.
n n
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2.3 A Korovkin type approximation theorem for a sequence

of positive linear operators of two variables

Throughout the section Z denotes the non-trivial strongly admissible ideal in N x N. It should
be noted that, if we consider A = C(1, 1), the double Cesaro matrix defined as follows

_ Jik form < j,n < k;
Ajkmn =
0  otherwise

then AZ-statistical convergence coincides with the notion of Zy-statistical convergence. Again
if we replace the matrix A by the identity matrix for four dimensional matrices and Z = 7
then AZ-statistical convergence reduces to the Pringsheim convergence for double sequences.
For the ideal Z = 7, AZ-statistical convergence implies A-statistical convergence for double
sequences.

Now we establish the Korovkin type approximation theorem for a double sequence of
P.L.O. on UC, ([0,00) X [0,00)), the Banach space of all real valued uniformly continuous
functions defined on D := [0,00) x [0,00) with the property that lim f(z,y) exists

(z,y)—(00,00)

finitely for any f € UC.(D), endowed with the supremum norm || f|[«+ = sup |f(z,y)| for
(z,y)eD

f € UC.(D), in Af-statistical sense.

Theorem 2.3.1. Let {Lyn}tmanen be a sequence of P.L.O. on UC, ([0,00) x [0,00)), the
Banach space of all real valued uniform continuous functions defined on [0, 00) x [0, 00) with

the property that lim f(x,y) exists finitely for any f € UC\ (]0,00) x [0,00)) and let

(2,y)—(00,00)

A = (jgmn) € Ma(RH — RS). Then for any f € UC, ([0, 00) x [0,00)),
Az-st-lim || Zina(f) = Il = 0
is satisfied if the following hold
A%—st—g{% | Lonn (fi) = fill« =0, i =0,1,2,3. (2.2)
where fo=1, fi=e ™, fo=e Y, fs=e 2" 4 e 2,

Proof. Assume that (2.2]) holds. Let f € UC, (]0,00) x [0,00)). Our objective is to show
that for given £ > 0 there exist constants Cy, C1, Ca, C3 (depending on € > 0) such that

HLmnf - f”* <e+ C3HLmnf3 - f3H* + C2HLmnf2 - f2H*
+C1l|Limn f1 = fill« + Col|Limn fo — foll«-

If this is done then our hypotheses imply that for any € > 0, § > 0,
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{(j,k) en: Y ajkmnza} €T
)

(m.n)EKs(e
where Ky(¢) = {(m,n) € N®: || Linf — fll« > ¢}
To this end, start by observing that for each (u,v) € ([0, 00) x [0,00)) the function 0 <
Guv € UC, (]0,00) x [0,00)) defined by

Guv(s,t) = (e7% — e_“)2 +(e7t - e ?)?

satisfies guy = (e7%)%2 + (e7Y)2 — 2e7%e™® — 2e7%e Y + (e7%)? + (e7?)2. Since each Ly, is
a positive operator, Ly,gu, iS a positive function. In particular, we have for each (u,v) €

([0, 00) x [0, 00)),

0 < Lyngus(t, v)
= [L ((e )2+ (e7Y)? —2e e —2e eV + (e7) + (e7V)7; u,v)}
() + () 50,0) — () = ()]

U [Lonn (e7%5u,v) — €] — 27" [Lin (e7¥5u,v) — 7]
+{(e™)” + ()} [Luno = fo]
[ Lmn f3 = f3lls + 2¢7"|[Limn f1 = fillx 4+ 2€7"|[Lmn f2 — foll«
+{(™)*+ (™)} Zmnfo = foll--

mn )T+
= [Lmn )T+
2e”

IN

Let f € UC,(]0,00) x [0,00)). Then there exists a constant M such that |f(z,y)] < M
for each (z,y) € ([0,00) x [0,00)). Let & > 0 be arbitrary. Then by the uniform continuity
of f on ([0,00) x [0,00)) there exists a 6 = d(g) > 0 such that if | e — e ™™ |< 0§ and
| e™¥ —e " |< 0 then

2M —z —u\2 - —v\2
| f(z,y) — f(u,v) |<E+5T [(e —e ")+ (e —e") }

for all (z,y), (u,v) € [0,00) x [0,00). Since each Ly, is positive and linear it follows that

2M
_5Lmnf0 - TLmnguv < Lmnf - f(ua 'U)Lmnf()

0
2M
< 5Lmnf0 + ?Lmnguv-

Therefore

‘Lmn(f;uyv)*f(uvv)Lmn(fO;u)v” < 5+5[Lmn(f0§uav)*f0(uav)]

2M
+6TLmnguv
2M
< e+el|Lmnfo— foll« + ?Lmnguv-
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In particular, note that

’Lmn(f; U,’U) - f(u,v)] < ’Lmn(fS u,v) - f(uvv)Lmn(fOS u,v)\
+ ‘f(u,’U)’ |Lmn(f0auav) - fO(u U)|

2M
< 8_}—(‘1\4_*—5)||Lm7lfo fOH* s mnguv

which implies

||Lmnf - f“* <e+ C3HLmnf3 - f3||* + C2HLmnf2 - fQH*
+ClHLmnf1 - le* + COHLmnfO - fOH*

where there exist such A and B such that Cy = [ 52 ()2 4+ (e B2+ M + 5} ,

Ccp=4 526 A Oy = 45]\246 B and C5 = 2 52.1.e.

3
| Linf = flll« <€+ CY | Lmnfi — fillv, i =0,1,2,3
=0
where C' = max{Cy, C1, Co, C3}.

For a given v > 0, choose € > 0 such that € < 7. Now let

U={(m,n): || Lynnf — fll« >~}

and
Ui ={(m,n) : | Linnfi — fill« = %}, 1=0,1,2,3.
3
It follows that U C | JU; and consequently for all (j, k) € N?
=0

3
Z ajkmngz Z Ajkmn

(m,n)elU i=0(m,n)eU;

which implies that for any o > 0 and (m,n) € U,

3
{(jak)€N2: Z ajkngU}QU{(j7k)€N2: Z ajkmn_?)}
=0 (

(m,n)elU m,n)eU;

Therefore from hypotheses, { (j, k) € N2 : Z Qjkmn = 0 ¢ € T and this completes the
(m,n)eU

proof. O

Remark 2.3.1. We now show that our theorem is stronger than the A-statistical version

[24] (and so the classical version). Let I be a non-trivial strongly admissible ideal of N x N.

Choose an infinite subset C = {(pi,qi) : © € N}, from I\ Z; where Z; denotes the set of all

subsets of N x N with natural density zero, such that p; # q; for all i, p1 < ps < ... and
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Chapter 2. Korovkin type approximation theorem on an infinite interval

g <q <..
Let {tmn }mnen be given by

1 m,n are even
Umn =
0  otherwise.

Let A = (ajkmn) be given by

1 ifj=npi,k=q,m=2p;,n=2q for somei €N
Wjkmn =1 if (k) # (piva), for any iym =25 +1,n =2k + 1
0 otherwise.

Now for 0 < e <1, Ka(e) ={(m,n) € NXN: |up, —0| > e} = {(m,n) : m,n are even}.
Observe that

1 ifj=pik=q; for somei €N
Z Ajkmn =

(m,n)EKa(e) 0 if (4,k) # (pi i), for anyie€N.
Thus for any 6 > 0,

{(j,k:)GNxN: Z aj;mm25}:C€I
(m,n)eKa(e)

which shows that {Wmn }mneN @S AZ -statistically convergent to 0. Evidently this sequence is
not A-statistically convergent to 0.

Let K =1[0,00) x [0,00). We consider the following Baskakov operators By, : UCL(K) —
UCL(K) defined by

i jg k\ (m—-1+j5\(n—-1+k i ke i
an(f;m,y)=ZZf(,> ( . )( (14 2) " (1+y) " aly”
e L n'n J k
7=0k=0
Now we consider the double sequence {Lpn}mne v of P.L.O. defined by Ly (f;z,y) = (1+

Umn)an(fa xz, y)
Then observe that

Ly (fo; 2,y) = (1 + wumn) fo(x, y),

_a\-m
Lmn(fﬂ%,g):(l—i-umn)(l—i—a:—;(;e m) ,
_1\-n
Lm"(f%x?y):(1+umn)(1+y_y€ ") )

Lmn(f3§xay) = (1 + Umn) |:<1 +x— .7367%>_m + (1 +y— yerll)_n:|

Then

Ag-st-}g}% | Lo (fs) = fill« =0, i =0,1,2,3.
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Chapter 2. Korovkin type approximation theorem on an infinite interval

Therefore by previous theorem, for any f € UC.(K)
A%'St'gg%”Lmn(f) — fll«=0

But since {tmn }m,nen s not usual convergent and not A-statistical convergent, so we can
say that the classical version and A-statistical version of the previous theorem do not work

for the operator defined above.

Here we introduce our new approach to Korovkin type approximation theory via gener-

alized matrix summability methods using ideals.

2.4 Approximation process based on the notion of AZ-summability

Throughout this section Z denotes the non-trivial admissible ideal on N. It should be noted
that for Z = 7, the set of all subsets of N with natural density zero, AZ-summability reduces
to statistical A-summability [30].

We now establish a Korovkin type approximation theorem for P.L.O. on UC,[0, c0), the
Banach space of all real valued uniform continuous functions on [0, 00) with the property

that xlggo f(z) exists finitely for any f € UC,[0, o).

Theorem 2.4.1. Let {L,} be a sequence of P.L.O. from UC,[0,00) into itself and let, A =
(ajn) be a member of Mi(RS) then for all f € UCL[0,00)

0o
Tl 3 onbal) Sl =0
if and only if the following statements hold
0o
I-lign I kz_:l anpLp(e™P) — e P, = 0,p = 0,1,2.

Proof. Since the necessity is clear, then it is enough to proof sufficiency. Our objective is to

show that for given & > 0 there exist constants Cy , Cy , Cy (depending on € > 0) such that
(o] o0 (o]
1> ankLi(f) = flls <+ Coll D ankLi(e™™) = e 2| + Cul| Y ankLi(e™) — e
k=1 k=1 k=1

(o]
+Col Y ankLi(1) — 1.
k=1

If this is done then our hypotheses imply that for any ¢ > 0,

(neN: | Y aule(f)~ [ > e} € .

k=1

22
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Let f € UC.[0,00) then 3 a constant M such that | f(z) |< M for each x € [0, 00).
Let € be an arbitrary positive number. By hypothesis we may find § := d(e) > 0 such
that for every t,x € [0,00), | e7" —e™® |< § implies | f(t) — f(z) |< e. We can write
| f(t) = f(x) |<2M V t,z € [0,00). Also if | e7* — ™% |> § then

[ f(6) = f@) |< =5 (e = e )%

Then for all ¢,z € [0, 00),

2M

?(eit — 67‘70)2.

| f(t) = fz) |<e+

Then for n € N, using the linearity and the positivity of the operators L,,

| D ankLi(f(t);2) = f(2) | < Y awLa(] £(t) = f(2) ;)
k=1 k=1

+ | f(z Hzank[/klx)_l‘

k=1
> 2M
< Z ankLk(a + F(e_t _ e_I)Q; :L')
k=1
+ | f(x HzankLklx)_l‘
k=1
o0
< et (e+M)|[ D anpLlp(l;z) —1|
k=1
2M s _
+55 2 ankLi((e™ = e7")% )
k=1
o0
< et (e+M) Y anli(liz) — 1|
k=1
2M >
tsale > kzankLk(l;v’U) —1]
=1

M oo
I bl )
7x||ZankLk bLa)—e™™|

where | e7* |< 1Vt €[0,00) and k € N.

Then taking supremum over x € [0, 00) we have

o0
| Z ankLi(f) = fll« < e+ K{|| Z i Lie(1) = Ll + 1 Y annLi(e™) — e~

k=1 k=1

o0
1D aneLi(e™™) — e ||}
k=1
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Chapter 2. Korovkin type approximation theorem on an infinite interval

where K = max{e + M + 26—]‘24, 25—]\2/[, 45—]\2/[}. For a given r > 0 choose € > 0 such that ¢ < r let

us define the following sets

D={neN:|[|Y awli(f) - fl«>r}

k=1

> r—e
Dy ={neN: | awlp(l) —1]. > }

= - 3K

r—¢
3K}

DQ = {n S N: || Z ankLk(eit) - ewa* Z
k=1

o0
Ds={neN: Li(e=2) —e 20|, > %y,
5 ={n sz::lank ke —e e 2 53

It follows that D C Dy U Do U Ds3. Since from hypotheses D, Dy, D3 are belong to Z so
DeTie.
[o¢]
{neN: Y amLli(f) - fll e} eI

k=1
and this completes the proof. ]

2.5 Approximation for a sequence of positive linear operators
of two variables via matrix summability methods using
ideals

Throughout this section Z denotes the non-trivial strongly admissible ideal on N x N.

Recall the following definition

Definition 2.5.1 ([29]). Let A = (ajkmn) be a nonnegative RH-reqular summability matric.
Then a real double sequence x = { Ty tmnen is said to be Ag—summable to a number L if for
every e > 0, {(j, k) € N> : |(Az);x — L| > e} € T.

Thus © = {Zmn}tmneN s AZ-summable to a number L if and only if (Ax);x is I-
convergent to L. In this case, we write Zy-lim Z @jkmnTmn = L.
ik (m,n)eN?

It should be noted that, if we take Z = Z4, then A%-summability reduces to the notion of
statistical A -summability for double sequence[8].

We now establish the Korovkin-type approximation theorem for a double sequence of
P.L.O. on UC (]0,00) x [0,00)), the Banach space of all real valued uniform continuous
functions defined on [0, 00) x [0, 00) with the property that ~— lim  f(x,y) exists finitely for

,y)— (00,00

any f € UC\ (]0,00) x [0,00)) endowed with the supremum norm ||f|[ = sup |f(x,y)|,
z,y€[0,00)

in AZ-summability method. If L be a positive linear operator then L(f) > 0 for any positive
function f. Also we denote the value of L(f) at a point (z,y) € [0,00) x [0,00) by L(f;z,y).

24



Chapter 2. Korovkin type approximation theorem on an infinite interval

Theorem 2.5.1. Assume K :=[0,00) x [0,00) and let {Lpn}mnen be a sequence of P.L.O.
on UC, (K), the Banach space of all real valued uniform continuous functions defined on K

with the property that lim f(x,y) exists finitely for any f € UC,(K) and let A =

z,y)— (00,00)

(@jkmn) € Ma(RH — RS). Then for any f € UC, (K),
Zy-lim H Z ajkanmn(f) - f”* =0
7,k
(m,n)EN?
is satisfied if the following hold

Ty-lim| > GjgmnLon(fi) = fills =0, i=0,1,2,3 (2.3)
o (m,n)€EN?

where fo =1, fi=e7%, fo=e7Y, f3= e~ 4 o2,

Proof. Assume that (2.3) holds. Let f € UC,(K). Our aim is to establish that for given
e > 0 there exist constants Cy, C1, Co, C3 (depending on € > 0) such that

3
H Z ajkanmn(f) - f”* <e+ ZC’LH Z ajkanmn(fi) - fz”*

(m,n)eN2 1=0 (m,n)eN2

If this is accomplished then our hypotheses suggest that for any € > 0 |

{G,R) EN* | > ajkmnLmn(f) — fll« >} €T
(m,n)eN?
In order to achieve this, first note that for each (u,v) € K the function 0 < g, € UC, (K)
defined by
Guo(s,1) = (€75 —e7") 4+ (7" —e7")?

satisfies guy = (€7%)2 + (e7¥)?2 — 2e %% — 2e Ve Y + (e7%)%2 + (e7¥)%. Here Lynguw is a
positive function because each L,,, is a positive operator. In particular, we have for each
(u,v) € K,

0< Z ajkanmn(guv)(uv U)

(m,n)EN?

_ [ S GjpmnLomn (€77 4 (€79)? = 2677 = 2e7e ™V 4 (77 + () s, v)]
(m,n)eN?

i [ > gL (€77 4+ (7)) = (7" <ev>2]

(m,n)EN?

—2e7 [ > GjrmnLmn (€% u,0) — e“] e [ > @kmnLonn (€7 u,0) — e”]
( (

m,n)EN? m,n)EN?

+ {(eiu)2 + (671))2} Z ajkanmn(f0> - fO]

(m,n)EN?
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Chapter 2. Korovkin type approximation theorem on an infinite interval

< || Z ajk:anmn(f3) - f3H* + 26_u|| Z ajkanmn(fl) - fl”*

(m,n)eN? (m,n)eN?

—v —u\2 —u\2
+2¢7 Y agemnLun(f2) = ol { (™) + (€)H Y agemaLun(fo) = foll-.
(m,n)EN2? (m,n)EN2
Let f € UC4(K). Then, for each (z,y) € K, there exists a constant M such that

|f(xz,y)| < M. Let € > 0 be any numbers. Then there exists a § = d(¢) > 0 due to uniform
continuity of f on K such that if |e™* —e ™ |[< dand | e™¥ —e ¥ |< § then

2M

[ ) = fluw) [<et 5 (@ =)+ (¥ =)

for all (z,y), (u,v) € K.

Now positivity and linearity of L,,, follows that

2M
—€ Z ajkanmn(fo) — ? Z ajkanmn(guv)

(m,n)EN? (m,n)EN?

< Z ajkanmn(f) - f(uv U)Lmn(fo)
(m,n)eN2
2M

<e Z ajkanmn(f0> + 572 Z ajkanmn(guv)-

(m,n)EN? (m,n)EN?
Therefore

‘ Z ajkanmn<f;u)v) - f(u,v)Lmn(fo;u,v)|

(m,n)eN?
2M
<e+ 5[ Z ajkanmn(fo; u, U) - fO(u7 ?))] + ? Z ajkanmn(guv)
(m,n)eEN? (m,n)EN?
2M
<e+ 5” Z ajkanmn(f(]) - fOH* + ? Z ajkanmn(guv)-
(m,n)eN? (m,n)eN?

In particular, note that

‘ Z ajkanmn<f; u, U) - f(u7 2))|

(m,n)eN?

< | Z ajkanmn(f; u, U) - f(uv U) Z ajkanmn(fO; U, U)|

(m,n)eN? (m,n)eN?

+ ‘ Z ajkmnf(u,v)H Z ajkanmn(fo;va) - fO(ufU)‘

(m,n)EN? (m,n)EN?
2M
<e+ (M + 6)” Z ajkanmn(fO) - fOH* + ? Z ajkanmn(guv)
(m,n)eN? (m,n)eN?
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which implies

H Z (ljkanmn(f) - fH* < e+ C3|| Z ajkanmn(f3) - f3||*

(m,n)eN? (m,n)eN?

—|—C2H Z ajkanmn(f2) - f2||*

(m,n)eN2

—1—01H Z ajkanmn(fl) - f1||*

(m,n)eN2
+Co| Z ajkanmn(fO) — foll«

(m,n)eN2

where there exist such A and B such that Cy = {QM (™2 + (e B2+ M —|—€} , Cp =

5T
45—]‘246_‘4, Cy = %6_3 and C3 = 26—]\24. ie.

3
I > rmnLom(f) = flls <e+CY 1 D @jrmnLom(fi) = fill« i=0,1,2,3

(m.m)EN? =0 (m.n)eN?
where C' = max{Cy, C1, Co, C3}.

For a given number + > 0, choose a number € > 0 s.t. € <. Now let

U:={Gk) eN: || > ajimnLlon(f) = flls >}

(m,n)EN2

and

. — € .

U; := {(]7k) €N?: || Z ajkanmn(fz)_sz* > 1oc , 1=0,1,2,3.
4C
(m,n)EN?
3
Thus, it follows U C UUi’ By hypotheses, each U; € Z, i = 0,1,2,3 and accordingly U € 7
=0
i.e.
{(], k) S N2 : H Z ajkanmn(f) - f”* > 'Y} S
(m,n)EN2

The theorem’s proof is now finished. O

Remark 2.5.1. We now demonstrate the superiority of our theorem over the classical version
and the statistical A-summable version [2]|]. Let Z be a non-trivial strongly admissible ideal
of NxN. Choose an infinite subset C = {(pi,q;) : i € N where p; # qi, p1 <p2 < ..., and q1 <
g2 < ...} from T\ Zy. Let {tmn}mnen be given by

1 when m,n both are even
Umn =
0  otherwise.
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Let A = (ajkmn) be given by

1 ifj=pik=q,m=2p;,n=2q for somei N

0 otherwise.

1 ifj=pik=q; for somei €N
Yjk = Z AjkmnUmn =
(m,n)EN? 0 if (j,k) # (pi, i), for any i€ N.
Let ¢ > 0 be given. Then {(j,k) € N? : |yjx — 0| > e} = C € I. Then the sequence
{mn}mnen is AL-summable to 0. Evidently, this sequence is not statistically A-summable
to 0.
Let K = [0,00) x [0, 00). We consider the following Baskakov operators By, : UCL(K) —

UCL(K) defined by
& i K\ (m—1+4\(n—1+k i ki
Btz =35 (5) ("7 1) ("7 i
0 ke J
7=0k=0
We now consider the double sequence {Lymn}mmne n of P.L.O. defined by Ly (f;2,y) = (1 +

Umn)an(fv T, y)
Then observe that

Ly (fo;z,y) = (1 + wpn) fo(x, y),

Lm"(fl;x7y): (1+umn)(1+$—l‘€_%) ,
Lyn(foiz,y) = (1 + umn)(l +y— ye*%)i ,

Now as A is an element from Ma(RH — RS) and {twmn }mnen s AL-summable to 0 then for
any € > 0,

{(]7 k) S N2 : H Z ajkanmn(fi) - fz”* > 5} €Z,1=0,1,2,3.

(m,n)eN?

Therefore by previous theorem

{(jvk) S N2 : H Z ajk:anmn(f) _f||* > 5} el

(m,n)eN2?
The classical version and statistical A-summable version of the prior theorem, however, do
not apply to the operator stated above since {Umn}m neN @s not typically convergent and sta-

tistically A-summable.
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2.6 Conclusion

We conclude this chapter by pointing out some important features of this study. The result
that we have encountered, for a sequence {Ly,},en of P.L.O. on UC,[0, 00), established the
necessary and sufficient conditions using the notions of AZ-statistically convergence and AZ-
summability of {L,,(f)}nen to a function f by using the test functions fo =1, fi = e™%, fo =
e~2%. The same type result is also established for a sequence of P.L.O. of two variables by
using the test functions fo =1, fi = e, fo =e Y, fo = e 2* + ¢~ 2¥. The examples show
that our new results are stronger than its A-statistical version and consequently stronger

than its classical version.

29



Approximation of continuous function by

sequence of convolution operators

3.1 Introduction

In this chapter, following the concept of AZ-statistical and AZ-summability for real sequences
introduced by Savas et. al.[6I, [62] we deal with Korovkin type approximation theory for
a sequence of positive convolution operators defined on C|a,b], the space of all real valued
continuous functions on [a, b], in the line of Duman[27]. We also study the rate of convergence

for both AZ-statistical and AZ-summablity.

3.2 A’l-statistical approximation for a sequence of convolution
operators
Following the idea of AZ-statistical convergence we approach towards the succeeding theo-

rems. Note that for 7 = Zy;,, AT _statistical convergence becomes A-statistical convergence[39)].

We consider the Banach space Cla, b] endowed with the supremum norm || f|| = sup |f(z)]
z€a,b]

for f € Cla,b].
Theorem 3.2.1. Let {Ly}nen be a sequence of P.L.O. from Cla,b] into Cla,b]. If

AI—st—lign | Ln(fi) — fil =0

This chapter is based on two research papers published in “Kragujevac Journal of Mathematics,
Vol. 46 (3) (2022), 355-368” and “Sarajevo Journal of Mathematics, Vol. 19 (1) (32) (2023), 13-27.
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Chapter 3. Approximation of continuous function by sequence of convolution operators

with f; =t*, i =0,1,2

then for all f € Cla,b] then we have

AT -st-lim || Ln () = f|| = 0.

Proof. Our objective is to show that for given € > 0 there exist constants Cy,C1,Ca, (depend-

ing on € > 0) such that

[ Ln(f) = fIl < e+ Col[Ln(f2) — foll + CillLn(f1) — fill + CollLn(fo) — foll-

If this is done then our hypotheses imply that for ¢ > 0, 6 > 0

where K(¢) ={k € N :

{neN: Z ang, >0} €T
keK (e)

1Lk (f) = fll = €}

To this end, start by observing that for each = € [a,b] the function 0 < ¥ € Cla, b] defined

by ¥(t) = (t — x)%. Since each L, is positive, L,(¥;x) is a positive function. In particular,

we have

0< Lp(V;z) =

IN

for each x € [a,b]. Let

we can write

L, (t*;z) — 2xL,(t;x) + 2L, (1; z)
(Ln(t%;2) = 13(x)) = 22(Ly(t; 2) — t(2)) + 2 (Ln(1;2) — 1(2))
| Ln (%) = 2] + 2b]| L (t) — t]| + 0| Ly (1) — 1]

M = ||f]|. Since f is bounded on the closed bounded interval [a, b],

lf(t) — f(z)| < 2M, t,x € [a,b)].

Also, since f is continuous on [a, b], we have

[f(t) = f(z)] <e

for all ¢,z satisfying [t — x| < 0.
On the other hand, if |t — 2| > §, then it follows that,

2M

52

Therefore for all t € (—

2M

(t—x)? < —2M < f(t) — f(z) <2M < =——(t — z)°.

52

00,00) and all x € [a,b] we get,

70~ F@)] < e+ (i — )

where 4 is a fixed real number. Since each L, is positive, we have

2M

—eLn(fo;2) — —5 Ln(¥;2) < Ly (f(t);2) — f(2)Ln(fo;2) < eLn(fo; ) + %Ln(‘l’; ).

0

0
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Chapter 3. Approximation of continuous function by sequence of convolution operators

Next, let K = 25—1\2/[ and we get,

2M
eLln(fo;x) + 5—2Ln(\11; x)

= e+e[Ln(fo;x) — fo(z)] + KL, (P;x)
< e+ 5|Ln(f0§x) - fO(x)‘ + KLn(\I/;x)'

IN

’Ln(f<t)§ x) - f(x>Ln(f07x)‘

In particular,

(Lo (f(8); ) — f ()]

IN

[Ln(f(t); @) = f(@)Ln(fo; )| + [ f(2)[|Ln(fo; ) — fo(@)]
€+ KL,(V;2) + (M +¢€)|Ln(fo;2) — fo(z)]

A

which implies

1L (f) = Il < €+ CollLn(f2) = fall + C1l[La(f1) = fill + CollLn(fo) = foll

where, Cy = K, C; = 2bK and Cy = (¢ + b*’K + M) i.e. ,
2
1Ln(f) = FIl e+ C Y ILa(fi) = fill i =0,1,2
i=0

where C' = max{Cy, C1,Cs}. For a given £ > 0, choose € > 0 such that ¢ < ¢ and let us
define the following sets

D={n:|L(f) = fl =€}

’
£

Dy = {n: | Lulfo) = foll 2 55~
Dy = {n: |Lu(f1) = Al = 55"
Dy = {n: |La(f) - foll 2 557}

It follows that D C Dy U Dy U D3 and consequently for all n € N
Zankgzank+zank+zank
keD keDy keDoy keDs

which implies that, for any o > 0

3 o
{neN: Zankza}g U{nGN: Z ank2§}-
keD =1 keD;

Therefore from hypotheses,

{nEN:Zankza}EI.
keD

Hence the proof is done. O
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We will now have a look at the defined convolution operators on C|[a, b] below.

Lo(fiz) = /abf(y)Kn(y _2)dy, n €N, z € [a,8] and f € Cla, }] (3.1)

where a and b are two real numbers such that a < b. Throughout the chapter, we assume
that K, is a continuous function on [a — b, b — a] and also that K, (u) > 0 for all n € N and
for every u € [a — b,b — a]. Consider the function ¥ on [a,b] defined by ¥(y) = (y — x)? for
each x € [a, b].

Theorem 3.2.2. Let A = (ai;) be a member of Mi(RS) and let {Ly,}nen be a sequence of
convolution operators from Cla,b] into Cla,b].
If AI—st—li}lnHLn(fo) — fol = 0 with fo(y) = 1 and AI—st—liTILn||Ln(‘ll)|| = 0 then for all
f € Cla,b] we have

AZst-Tign | Ll ) — 1 = 0.

Proof. Given, ¥(y) := (y — z)? be a function on [a,b] where x € [a,b] and L,(f;x) =
fff(y)Kn(y —z)dy, n € N;x € [a,b] and f € C|a,b] where a, b are two real numbers such
that a < b. Since L,, is a positive linear operator then L, (¥;z) > 0.

Let M = | f]| and € > 0. By the uniform continuity of f € C[a,b] and x € [a,b] there
exists a > 0 such that

|f(y) — f(z)| < € whenever |y — x| <6
Let Is = [x — 6,z + 0] N [a, b]. So

fy) = f@)] = [fy) = F@)Vr ) + 1 fy) = F@)]Yay-15)
< e+2M 2 (y — x)2.

Since L,,’s are positive and linear so we have,
b
Lulfix) = f@] = || @Ky =)y = f(@)
b b
— | G~ f@)Ealy — )y + £(a) [ Kaly = 2)dy — (z)
b

b
< | [ U@ = s@)Ely =)y |+ 1 f@) || [ Kaly—2)dy—1
b
< [ 150 = 1@ | Kaw =)y | +] £@) || Lulfoia) = fo(a) |
< [ e 25y — 2P Kaly — )y + M | L)~ So@)|

e+ (e+ M) | Lo(fo; %) — fo(z) | +2M52 | Ly (¥; ) |
< e+ aof| La(fo;z) — fo(x) | + | Lu(¥;52) [}
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where o = max{e + M, 2}

Therefore

1L (f) = Il < e+ afllLn(fo) = foll + [ La(D)]]}-
For any given r > 0, choose € > 0 s.t. 0 < € < r and define the following sets
D= {n:|La(f) = fll = v}
Dy :=A{n:||Ln(fo) — fol =
Dy = {n: | Ln(W)] > 5=},

It follows that, D C D; U Dy and consequently for all n € N

Zanké Z ank + Z apk

keD keDq k€Do

which implies that, for any o > 0,
{neN: Zank>a}CU{n€N Zank> -}
keD keD;

Therefore from hypotheses

{neN:ZankZJ}EI.
keD

Hence the proof is conquered. O

Let ¢ be a positive real number so that § < b_T“ and let ||f|ls = sup |f(z)], f €
at+0<z<b—4d
Cla,b].

In order to give our main result we need the following lemmas.

Lemma 3.2.1. Let A = (a;;) be a member of Mi(RS). Assume that 0 is a fized positive
number such that § < b? If the conditions

1)
AI—st—lim/ Ky(y)dy =1 (3.2)
nJs
AT -st-lim(sup K,(y)) =0 (3.3)
7R

hold, then for the operators Ly, where L, (f;x) = ff fy)Kn(ly—2x)dy, n €N, x € [a,b], f€

Cla,b] and a,b are real numbers a < b, we have

AI—st—li}ln | Ln(fo) — folls = 0 with fo(y) =
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Proof. Let 0 < § < 5% and let = € [a 4 6,b — 6]. Then

d<z—a<b—a=—-(b—a)<a—z< -0
and

0<b—z<b—a.
Now L, (fo;x) = f;Kn( —x)dy = fb ¥ K, (y)dy. Then we have,
6 b—a

[, Kty < Euts) < [ )Kn<y>dy.

Therefore || L,,(fo) — folls < un where u,, := max{] fi; K, (y)dy—1|,| f (y)dy—1|}.

b
Therefore AZ-st-lim,, u,, = 0 for all § > 0 such that § < T Now for given £ > 0, define

the following sets
D :={n e N:|[Ln(fo) — folls = };
D' :={neN:u, >c¢c}.

So D C D'. Then for all n € N we have,

Z ang < Z ank-

keD keD’
Then for any o > 0,

{neN: Zankzo}g{neN: Z Api > O}
keD keD'

From hypothesis,
{neN: Z ani > o} €.

keD'
Hence
{neN: Zank;ZU}EI-
keD
Hence the proof. O

Lemma 3.2.2. Let A = (aj;) be a member of Mi(RS). If conditions [3.9 and [3.5 hold
for a fixed 5 > 0 such that 6 < b—Ta’ then for all convolution operators L, defined by
L,(f;x) = ff fWKy(y — z)dy, n € N;x € [a,b] and f € Cla,b] where a, b are two real

numbers such that a < b, we have

AT st lim | L (T)||s = 0 where ¥(y) = (y — z)°.
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Chapter 3. Approximation of continuous function by sequence of convolution operators

Proof. For a fixed 0 < § < Z’_Ta, let © € [a+ d,b— d]. Since ¥(y) = y*> — 22y + 2% then
U € Cla,b] for all z € [a + 6,b — 0]. Now L, (V;2) = Ly(fo;7) — 22 L, (f1;2) + 22 Ly (fo; 7)
with f;(y) =% i =0, 1,2. Then for all n € N

Ia(win) = [ (- ) Kaly — 2y

b—x
= [ Ky

—T

b—a
< / Y2 K, (y)dy
~(b—a)

Since the f, is continuous at y = 0, given £ > 0 there exists a 7 > 0 such that y? < ¢ for all

y satisfying | y |[< 7. We have two cases such that n >b—a or n <b—a.

Case 1: Let n > b — a. Therefore 0 < L,(¥;z) < sffzb“ﬂ) K, (y)dy. By condition
0 < Ln(V;7) < e and AZ-st- lién | L, (¥)|ls =0 for n > b — a.

Case 2: Let n < b — a. Therefore L, (¥;z) < - v K, (y)dy + f|y|§77 v K, (y)dy

and hence we obtain

b—a
ILa(W0)lls < an [ yPdy+e [ Ka)dy
n lyl<n
b— 3 _ .3
= ani( a:))) " + eby,

where a, = supy|>, Kn(y) and by = [, <, Kn(y)dy.
Also we have from hypotheses

AT st- lirrln an =0

and
AT st- limb, = 1.

Taking, M = max{w, e} we have for all n € N then

ILn(®)ls < &+ M(an+ | by —11).

For given r > 0, choose € > 0 such that € < r.

Let
D:={neN:|[Ly(¥)[[s = r};
r—e&
D1 :{nENQnZW},
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Chapter 3. Approximation of continuous function by sequence of convolution operators

r—e
Dy:={neN:b,—1|> i

Therefore D C Dy U D5. Hence for all n € N we have,

Zankg Z Qnk + Z ank

keD keD1 keDo

}.

which implies that for any o > 0,

2
{neN:Zankzo}giL:Jl{neN: Zankzg}.

keD keD;

Therefore from the hypothesis

{neN:> ap >0} el
keD

Hence the proof. ]
Now the following main result follows from Theorem 3.2.2 and Lemma 3.2.1, 3.2.2.

Theorem 3.2.3. Let A = (a;;) be a member of Mi(RS) and let {Ly}nen be a sequence of
convolution operators on Cla,b] given by (3.1). If conditions and hold for a fized 6 > 0
such that § < b_T“, then for all f € Cla,b] we have

AT -st-lim | Ln () = fls = 0.
If we take Z = Ty, the ideal of all finite subsets of N, we get the following

Corollary 3.2.1 (Corollary 2.5,[27]). Let A = (ai;) be a non negative regular summability

matriz and let {Ly}nen be a sequence of convolution operators on Cla,b] given by

Lalfia) = [ )ty — 2)dy

n € N,z € [a,b] and f € Cla,b] where a and b are two real numbers such that a < b. If

conditions 5
sta — lim/ Ky(y)dy =1
nJos
and

stqa — lim(sup K,(y)) =0
" yl>s
hold for a fized § > 0 such that § < b_T“, then for all f € Cla,b] we have

sta —lim | Lo (f) — fls = 0.
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Chapter 3. Approximation of continuous function by sequence of convolution operators

Remark 3.2.1. We now exhibit a sequence of positive convolution operators for which Corol-

lary 3.2.1 does not apply but Theorem 3.2.3 does. Let

1 for n even
Up =
0 otherwise.

Let T be a non-trivial admissible ideal of N. Choose an infinite subset C = {q1 < q2 < q3...}
from T\ Z,.
Let A = (ank) be given by

1 ifn=q,k=2q for someieN
ank = 4§ 1 ifn#q;, foranyi, k=2n+1
0 otherwise.
Now for 0 <e <1, K(¢) = {k € N: |up — 0| > e} is the set of all even positive integers. We

can find that
1 if n=gq; for somei €N

Z ank =

keK(e) 0 ifn #£q;, for anyi € N.

Thus for any § > 0, {n € N: Z ang >0y = C € T\ Zy. This shows that {ug}ren is
keK (g)
AT _statistically convergent to 0 but not A-statistically convergent.

Now let the operators Ly, on Cla,b] be defined by

n(

Up, b 20 N2
Lutfi) = ") [ et ey,

If we choose K,(y) = "(L\/;”)e*"Qf then

Lutdi) = " [ 1)y — )

Now for every § > 0 such that § < I’_T“, we have

n(l+ uy)

[ sty = [T ey [ iy
-5 ﬁ —00 ly|=6

2(1 + un) 0 —y? /OO 0
= — dy — Y dy).

[e.e]
Since [;° e Vidy = YT < oo, it is clear that lim e*y2dy =0.
nJén
Also since AT-st-lim(1 + uy,) = 1, we immediately get
n

0
AI—st—lim/ K, (y)dy = 1.
nJos
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On the other hand, we have

1
sup K, (y) = n(\_;un) sup e’
ly|>6 T lylzé
n(1+ up)
< on23?

Since lim % =0 and AT-st-lim(1 + u,) = 1, we conclude that
n en g n

AT -st-lim(sup K,(y)) = 0.
" lyl>e

Therefore from Theorem 3.2.8
AI-st-liTJEn | Ln(f) — flls = 0 for all f € Cla,b].

However note that, as {uy}ren is not A-statistically convergent to zero so K,, do not satisfy
the hypotheses of Corollary 3.2.1.

3.3 Rate of A’-Statistical Convergence

In this section we study the rates of AZ-statistical convergence in Theorem 3.2.3 using the
modulus of continuity already described.

Next we introduce the following definition

Definition 3.3.1. Let A = (ajn) be a member of Mi(RS) and let {c,}nen be a positive
non-increasing sequence of real numbers. Then a sequence © = {T, }nen 45 said to be AT-
statistically convergent to a number L with the rate of o(cy,) if for every e > 0, there exists a

1
d >0 such that {j e N: — Z ajn >0} €.

J {n:|zn—L|>e}
In this case we write AI—st—o(cn)-lim T, = L.

n

We establish the following Theorem

Theorem 3.3.1. Let A = (ajn) be a member of Mi(RS) and let {Ly,}nen be a sequence
of convolution operators given by (3.1)). Assume further that {c,}nen and {d,}nen are two

positive non-increasing sequences. If for a fized § > 0 such that § < b_Ta,

Az-st-o(cn)-liTan |1 Ln(fo) — folls =0

and
AI—st—o(dn)—lién w(f,an) =0
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where oy, := /|| Ln(¥)||s, then for all f € Cla,b] we have
AI—st—o(pn)—li;In [Ln(f) = flls =0
where py, := max{cy, d, }.

Proof. Let 0 < 6 < %52, f € Cla,b] and z € [a + §,b — §]. By positivity and linearity of the

operators L, and using the inequalities for any o > 0 we get

| Ln(f;2) — f ()|

IN

Lu(1f(y) = f(@)[;2) + [f(@)[[Ln(fo; ©) = folz)]

La(tf, a2y 1 F@IEn o) — o)
w0 L1+ 1Ay 4 F @I o 2) — fola)

w(f; e){Ln(fo; ) + %an; 2)} + |f (@) Ln(fo; ) = fo(z)]-

IN

IA

IA

Therefore for all n € N
1
1L (f) = flls = w(f, )L fo)lls + —5 [ La(W)lls} + MillLn(fo) = folls
where M := || f||s. Now let a := v, = /|| Ln(¥)||5, then we have

1L (f) = flls

IN

w(fs ) {l[Ln(fo)lls + 1} + Mil|Ln(fo) = folls
2w(f, o) +w(f, an)l[ Ln(fo) = folls + Ml Ln(fo) — folls-

IN

Let M = max{2, M;}. Then we can write for all n € N that

1Ln(f) = flls < M{w(f, an) + | Ln(fo) = folls} + w(f, an)l[Ln(fo) — folls-

Given € > 0, define the following sets:

D :={n:||L.(f)— flls > ¢};

_SM}
Dy = {n: w(f,an)l|La(fo) = folls = 3}

Dy :={n:w(f, ay)

Dy i={n: |La(fo) = folls > 5=}

Then D C D1 U Dy U D3. Also, we define

D= {n:w(f,am) 2 /5

Dy = (- ILa(fo) ~ folls 2 y/5),
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Therefore Dy C D/2 U Dg. Hence we get D C D1 U D/2 U Dg U Ds. Since p, = max{c,, d,} we
obtain for all j € N that

1 1 1 1 1
fzajngz Z ajn""j Z ajn"’; Z ajn"i_; Z Qjn -
Pj nep J neDy 7 neD), I nen!! J neDy
As
AF-st-0(cn)-lim || Ln(fo) — folls = 0
and
AI—st—o(dn)—liglw(f, ap) = 0.
Therefore
1
{jeN:Zajnzé}ez
J neD
i.e.
AI—st—o(pn)—ligLn |Ln(f) = flls = 0 for all f € Cla,b,
where p,, := max{c,,d,}. Hence the result. O

Now we enter the next section following the notion of AZ-summability.

3.4 Approximation on the notion of AZ-summability

We are concern that AZ-summability instantiates to statistical A-summability for 7 = I,
130].

We consider the Banach space Cla, b] endowed with the supremum norm || f|| = sup |f(z)]
z€a,b]

for f € Cla,b].

Theorem 3.4.1. Let { L, }nen be a sequence of P.L.O. from Cla,b] into Cla,b] and A = (ajp)

be a non-negative reqular matriz. If

Z-lim =0 with f;(y) =", i=0,1,2
J

> ajnln(fi) — fi
n=1

then for all f € Cla,b] we have

Z-lim
J

i ajnLn(f) — fH = 0.

n=1

Proof. We start by observing that for each = € [a, b], the function 0 < ¥ € C|[a, b] defined by

U(y) = (y — x)%. Since each L, is positive, L, (¥;z) is a positive function. In particular, we
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have for each z € [a, b]
o0
0 < Z ajnLn (Vs
n=1
o0 o0 (o]
= Z ajnLn(y2; x) — 2z Z ajnLn(y; ) + x? Z ajnLn(l;x
n=1 n=1
(o]
= Zajn y ) 2(56))_235(2%%[%(9; +:L‘ Z%n z) — 1(x))
Z ajnLn(1l) — 1” .

Fix f € Cla,b]. Let M = ||f||. Then we can write |f(y) — f(x)| < 2M for all y,z € [a,b].

Also, since f is continuous on [a, ], it is uniformly continuous on [a, b]. Hence for any £ > 0,

y|| + b2

IN

—l—2b

there exists a § > 0 such that |f(y) — f(x)| < ¢ for all y,x satisfying | y — = |< 6. On the
other hand, if | y — x |> 4, then it follows that,

2M 2M
—572(11 —1)’ < —2M < f(y) — f(z) <2M < 57(1/ —x)*.
Therefore for all y, z € [a, b] we get,

)~ f(@) 1< e+ 2ty — o)

where ¢ is a fixed real number. Since each L, is positive, we have

2M oo o0
—£ Z ajn fo, — ? Z ajnLn(\I/; x) S Z ajnLn(f(y Z a]n fo,
n=1
€ Z ajnLin(fo; ) 52 Z ajnls

IN

Next, let K = 25—1\2/[ and we get

il ajnLn(f(y); 2 Z ajnLln(fo;z)] < e Z ajnLn(fo; ) 52 Z ajnL
= e+4¢ [Z ajnLn(fo; ) fo(x)]
+K Z ajnLn (¥ 2
n=1
< e+e iajnLn(fo) — fo

o0
+K Y ajnln(V;x
n=1
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In particular,

Z a’j”Ln(f(y); l’) - f(l') < Z ajnLn(f(y Z ajn fO,
n=1 n=
+|f(x n(fo;z) — fo(x)
< €+Kzaan (V52) + (M +¢) Zajn (fo; ) — fo(x)

n=1 n=1

which implies

Z ajnLn(fl) -1

ZajnLn(f)_fH < 5+C2 Zajn f2) f2 +Cl
n=1 n=1
+Co ZG/]TL fO)
n=1

where, Oy = K, C1 = 2bK and Cy = (¢ + b*K + M) i.e. ,

<5+CZ Za]n — fi

=0 lIn=1

, 1 =20,1,2

where C' = max{Cy, C7, C3}. For a given £ >0, choose € > 0 such that ¢ < ¢ and let us
define the following sets

Ea]nn

D:{jEN:

. > e —¢
D, = {J eN: | ajuln(fo) — fol| > 30 };
n=1
. > e —¢
DzZ{JGNi ZajnLn(fl)_fl > 30 };
n=1
. > e —¢
D3:{]€N: ZajnLn(f2)_f2 > 30 }
n=1

It follows that D C D; U Dy U D3 and from hypotheses we have Di, Do, D3 belong to Z.
Therefore D € Z. Hence the proof is completed. O

In [73], the authors investigated the classical versions of the following results in two
variables and for sequence of infinite matrices. In particular, for Frechet ideal Z = Zy;,, the

following results give the classical versions for single variable.
Theorem 3.4.2. Let A = (aj,) be a member of My(RS) and let {Ly}nen be a sequence of
convolution operators from Cla,b] into Cla,b] as in (3.1)). If

Z aj?’b fO) fO

n=1

Z-lim =0 with fo(y) =
j
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and

Z-lim

w>|| ~0
then for all f € Cla,b] we have

Z-lim
J

i ajnLn(f) — fH = 0.

n=1

Proof. Fix f € Cla,b] and z € [a,b]. Let M = || f]| and € > 0. By the uniform continuity of
f € Cla,bl and = € [a, ], there exists a § > 0 such that | f(y)—f(z) |< € whenever | y—z |< 6.
Let I5 = [x — 0,2 + 0] N [a, b]. So

fw) = f@)] = [ fly) = f@) [ Or()+ | fy) = F@) | Yigp—15y)
< 5+2M5_2(y—x)2.

Since L,’s are positive and linear so we have,

[e'e) oo b
> anlalfin) = £@)| =[S a [ F@)Ealy — 2)dy - f(a)
n=1 n=1 a
) b
= 1Y g [ ()~ F@)Kaly — 2)dy
n=1 a
00 b
() S agn / Knly — 2)dy — f(x) |
n=1 a
) b
< X am [ @)~ @) Kaly = 2)dy
n=1 a
+1f Qjn (y—2z)dy —1
00 b
< Y am [ 11w) — F@)| Ky — )] dy
n=1 a
Z ajn va fO(x)
00 b
< > ajn/ (e +2M5 2 (y — 2)*) Ky (y — z)dy
n=1 @
n(fosz) — fo(x)
= (5+M Za]n an ) fo(l‘)
n=1
+2M 52 Za]n (U;x)
n=1
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< et a

S apuLn(for 2) — fole)

n=1

o0
+a Z ajnLn(¥; )
n=1

where o = max{e + M, 23f}.
Therefore

_l’_

Z ajnLn(f) — f
n=1

S5+a{

> ajnLa(fo) — fo
n=1

i a,jnLn(\I/) H } .
n=1

For given r > 0, choose € > 0 such that 0 < & < r and define the following sets

D:{jeN: S apLn(f) - f 27“};
n=1
Dlz{jeN: nz::lajnlzn(fo)*fo 27“2—()[5};

. > r—e¢
Dzz{jeN: > apnLa(¥)| > 5 }
n=1 @

It follows that D C Dy U Dy and since D1, Dy belong to Z so D € Z. Hence this completes
the proof. 0

Let § be a positive real number so that § < bfT“ and let ||f|ls =  sup | f(z) |,

a+6<x<b—4

f € Cla,b.

We now study the main theorem of this section.

Theorem 3.4.3. Let A = (ajn) be a member of Mi(RS) and let {Ly}nen be a sequence of

convolution operators on Cla,b] given by (1). If conditions

0 4
Z-lim )y ajn/ Kn(y)dy =1 (3.4)
et -8
I-lim Y ajn(sup Kn(y)) =0 (3.5)
J n=1 ly|>d

hold for a fired § > 0 such that § < bfTa, then for all f € Cla,b] we have

Z-lim =0.
j

Z ajnLn(f) — f
n=1

)

In order to prove our main result we need the following lemma.

45



Chapter 3. Approximation of continuous function by sequence of convolution operators

Lemma 3.4.1. Let A = (a;n) be a member of Mi(RS). Assume that § is a fived positive

—a If the conditions and hold, then for the operators Ly,

where Ly (f;x) = f f(y)Kn(y—x)dy, n € N, x € [a,b], f € Cla,b] and a,b are real numbers

a < b, we have

number such that 6 <

= 0 with fo(y) =

(i) Z-lim f0) =

)
and

=0 with U(y) = (y —z)>

i jn Ln (V)

n=1

(i) Z-lim
J

é
Proof. (i) Let 0<d <% andletx € [a+d,b—6]. Thend <z—-a<b—-a= —(b—a) <
a—rx<—-dandd <b—x<b—a. NowLn(fo;x):ffKn( —x)dy—fb » Ky (y)dy. Then
we have,

) b—a
/ Ky (y)dy < Ly (fo; x) S/ K,(y)dy.
-5

—(b—a)
Therefore

fo) = fol| <uy

0

Ajn y)dy — 1|, a]n y)dy — 1

}

h—
Therefore from given conditions, Z-limu; = 0 for all 6 > 0 such that J < Ta. Now for
J

where u; := max {

given € > 0

(say) D := {j€N3 0) — fo

a}g{jeN:ujZE}:D/ (say).
é

Since D' € Z, so D € Z. Hence this completes the proof of (7).

(74) For a fixed 0 < § < b2“, let 2 € [a+ 6,b — d]. Since ¥(y) = y? — 2zy + 22 then
U € Cla,b] for all x € [a+ 6,b — 6]. Now L, (V;z) = L,(f2;2) — 20L,(f1;7) + 22 Ly (fo; )

with fi(y) = %% i =0,1,2. Then for all n € N

La(i2) = [ (=) Kaly — 2y

b—x 9
= / y K (y)dy

—T

IN
\
7
S|
<
[\
2
—~~
<
~—
U
<

Since the function fo is continuous at y = 0, given € > 0 there exists 7 > 0 such that for

every y satisfying | y |< n, y? < € holds. We have two cases such that n > b—a or n < b— a.
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Case 1
Let 7 > b — a. Therefore 0 < L, (V;x) <€fb(_b“ o) Kn(y )dy

By Condltlon 0< Z ajnLy(V;z) < e and Z-lim Z ajnLn (V)
J

n=1 n=1

=0forn>b—a.

)

Case 2
Now let n < b — a. Therefore L, (V;x) < ly|>n v K, (y)dy + fly\én v K, (y)dy

and hence we obtain for all j € N,

00 ) b—a 00
> ajn L (¥ Z AjnPn / yidy + ¢ Z jn Kn(y)dy
n=1

lyl<n

b— _
= ( a 77 Z QjnPn + € Z G jinQdn

IN

)

where py, = supy,>, Kn(y) and ¢, = [, <, Kn(y)dy.
Also we have from conditions [3.4] and B.5]

o
Z-lim Z ajnpn =0
J

n=1

and

o
Z-lim Z Ajngn = 1.
J n=1

Taking, M = max{w, e} we have for all j € N then

[e.@]
Sé—l—M(Zajnpn-l-

n=1

)

For given r > 0, choose € > 0 such that € < r.
Let

D:{jGN:

U) >r};
é
r—E¢&
D1={J€N > Gjnpn > }
— 2M
r—e
> .
> i )

o
Z Ajndn — 1
Therefore D C D1 U Ds. Since from hypotheses, D1 and Dy belong to Z, so D € Z. Hence

DQZ{jEN:

n=1

this completes the proof. ]

Proof. Proof of Theorem B.4.3]
The main result (Theorem [3.4.3) follows from Theorem Lemma O
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If we take T = 74, we get the following

Corollary 3.4.1. Let A = (ajn) be a member of Mi(RS) and let {Ly}nen be a sequence of

convolution operators on Cla,b] given by

La(fia) = [ S0 Ky )y

n € Nyx € [a,b] and f € Cla,b] where a and b are two real numbers such that a < b. If

conditions
0 9
st-lim ) ajn/ Kn(y)dy =1
J n—1 -4

and

o0
st-lim Z ajn(sup K,(y)) =0
I =1 ly|>6

hold for a fixed 6 > 0 such that § < I’_T“, then for all f € C[a,b] we have

=0.

st-lim
J

Z ajnLn(f) = f
n=1

)

The above corollary can be proved independently in a straightforward way and it is the

statistical A-summable version of the Theorem 2.4. in [27].

Remark 3.4.1. We now exhibit a sequence of positive convolution operators for which Corol-
lary does not apply but Theorem [3.1.5 does. Let

1 for n even
Uy =
0 otherwise.

Let T be a non-trivial admissible ideal of N such that T # Lpiy, (Frechet ideal) and T # Z,.
Choose an infinite subset C = {p1 < pa < p3...} from I\ 1.
Let A = (ajn) be given by

1 if j = pi,n = 2p; for some i € N
ain =41 if j #pi, foranyi, n=25+1
0 otherwise.

Observe that

0 1 if 3 = p; for somei €N
Yi =D jntin =
n=1 0 ifj#pi, foranyieN.

Let ¢ > 0 be given and {j € N: |y; — 0| > ¢} = C € T\ Zy. Thus {up}nen is AZ-summable

to 0 but not statistically A-summable.
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Chapter 3. Approximation of continuous function by sequence of convolution operators

Now let the operators Ly, on Cla,b] be defined by

n(

b 2 2
Lu(fia) = " [ e ooy,

If we choose K, (y) = %e”ﬁyz then

Ln(f;) = n(l\;ﬂyn)

Now for every § > 0 such that § < I’_T“, we have
8 n(l+4+y,), [ 2,2 2,2
K.,(y)dy = ——=— / e "Vd —/ e ""Vd
/_ S En()dy NG () Y= s y)

2(1 —I—yn) /oo g2 /OO 2
= — e Y dy — e YV dy).
T ( ; v— | Y)

[ sty ~ 2y

. 00— q2 ﬁ . . . o0 2
Since [y~ eV dy = Y5~ < 00, it is clear that lim e ¥dy=0.
s,
Also since Z-lim ||1 + y;|| = 1, we immediately getn
J

o0 5
Z-lim Z ajn/ K, (y)dy = 1.
i = -5

On the other hand, we have

n(1+yn) —n?y?

sup K, (y) = ——=—supe "V
WECR VT e
< n(1l+ uy)
S o
. . n
Since lim —5= = 0 we conclude that
o
I'hm Z ajn<sup Kn(y)) =0
T =1 ly|>6

Therefore from Theorem [3.4.3

Z-lim =0 for all f € Cla,b).
J

Z ajnLn(f) — f
n=1

)

However note that, as {uy nen is not statistical A-summable to zero so Corollary|(3.4.1. do

not work for the operator defined above.

We now recall the following note from [I4] and make a remark in support of the existence

of the set C in the above remark.
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Chapter 3. Approximation of continuous function by sequence of convolution operators

Remark 3.4.2. The simple density ideal Z, for which ﬁ s bounded does not necessarily
coincide with Z, where in particular, Z is the simple density ideal generated by g(n) = n and
in fact Z = 1,. Consider the set Sy = [(2k)!, (2k + 1)!] for all k € N and S := UpSay. If we
consider the simple density ideal Z, where g : N — [0, 00) be defined by

n? if nes

n if n¢sS
then S € Z,\ Z [1]).

3.5 Rate of AZ-Summability

In this section we investigate the rates of AZ-summability in Theorem 3.4.3 using the modulus
of continuity.

Next we introduce the following definition

Definition 3.5.1. Let A = (ajn) be a member of Mi(RS) and let {c,}nen be a positive non-
increasing sequence of real numbers. Then a sequence x = {2y, }nen s said to be AT-summable

to a number L with the rate of o(cy,) if for every e > 0 such that

1 (o)
{jEN:|OZajna:n—L ZE}GI.

J n=1
In this case we write AT-sum-o(c,)-limz, = L.
n
In particular, for the non-increasing sequence {cp tnen, where ¢, = 1, n € N, Definition

m implies AT-summability to a number L.

We establish the following Theorem

Theorem 3.5.1. Let A = (ajn) be a member of Mi(RS) and let {Ly}nen be a sequence of
convolution operators given by (3.1). Assume further that {cp, }nenis a positive non-increasing

sequence. If for a fired § > 0 such that § < b_Ta,
AI—sum-o(cn)—liqgn L.(fo) = fo

and

where o 1= \l

Z-limw(f,a;) =0
J

1 oo
o Z ajnLn (V)

J n=1

, then for all f € Cla,b] we have

)

LS aula(f) - £ =0.

€ n=1

Z-lim
J

)
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Chapter 3. Approximation of continuous function by sequence of convolution operators

Proof. Let 0 < 6 < %52, f € Cla,b] and z € [a + §,b — §]. By positivity and linearity of the

operators L, and using the inequalities for any o > 0 we get

o Zam n —f(l’) < *Za]n n —f(.I) ’755)
J n=1 Jn 1
+ | flz Z ajnLn(fo;x) — fo(x)
-
1 NI
< ]nzjla]n n( 7 a >,l‘)
+ | f(z Z ajn L n(fo;z) — fo(x)
% =1
ly—= 7.
: anlajnn< [ a }x)
+ | flz Z ajn L n(fo;z) — fo(x)
€ n=1
< { Za]n f07 Za’]n }
= € n=1
+| flz Zajn (fo; ) — fo(=)].
Jn 1

Therefore for all n € N

Za]n n - < {‘ Zajn fO Zagn n }
Cj e 5 € n=1 € =1 §
Z“Jﬂ — fo
S 5

}ajnn

where M := || f||s. Now let o := oj = J , then we have

G =1 5
1 X
fzajnLn(f)_f < faaj { Zajn fO }
%=1 5 % p=1 5
Zajn — fo
€ n=1 5
< lfiay) +wlfian) |~ 3 amLalh) ~ f
- §
+My Zajn fo
% n=1 5
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Chapter 3. Approximation of continuous function by sequence of convolution operators

Let M = max{2, M, }. Then we can write for all n € N that

o Za]n n < M{ f,oz] Za]n _fO }
J 1 € n=1
n= 1) 1
fOz] Zajn _fO
- 5

Given € > 0, define the following sets:

§ajnn -

€ n=1

D::{jGN:

25}§
5

Dy —{JGN w(f,aj) > 3?\4}

3
DQ:Z{]GN nyaj Zajn 0) — fo 23}
% n=1 5
. g
Dgzz{]EN: jz:lam — fo >3]\4}
n 5

Then D C D1 U Dy U D3. Also, we define

D;=:{jefﬂzw(ﬂaﬁ)2 5};

Zajn _fO > g}
1

€ n=1
Therefore Dy C Dy U D;. Hence we get D C Dy U Dy U Dy U Ds. Since Dy, Dy, Dy, D3
belong to Z so D € Z. This completes the proof. O

Dgz{jeN:

3.6 Conclusion

We generalize Korovkin type approximation theory for a sequence of positive convolution
operators defined on C[a, b] in some sense of generalized matrix summability method, namely,
AT-summability method and AZ-statistical sense for real sequences. We construct examples
in support of this generalizations. We are very much interested whether the results of this
chapter are valid for the function f with two variables. Again we are interested whether the

results are relevant on infinite interval.

3.7 Open problem

We now leave an open problem that the results of this chapter may be extended to a larger
class of matrices, namely (Z, J)-regular matrices, the one which maps Z-convergent sequences

into J-convergent sequences and preserves the ideal limits, for some choice of ideals Z and

7 1.

52



Strong ldeal convergence in topological spaces

4.1 Introduction

Summability theory is currently playing an intriguing role in a topological space. A scalar-
valued or linear space valued sequence can be given limits using summability theory, especially
if the sequence is non-convergent [9]. Summability theory in topological spaces had been ad-
dressed by certain authors under the assumption that topological space has a group structure
or a linear structure. Additionally, there are some summability techniques that do not re-
quire a linear structure in the topological space, such as statistical convergence [32, B3] as
well as A-statistical convergence [39)] (see [LT), 47, 69, [64], 65]). The thought of Z-convergence
was given by Kostyrko et. al. in 2000-2001 [43] on metric spaces and the same notion was
explored by Lahiri et. al. in 2005 [45] on topological spaces.

A class of pre-metrics on arbitrary Hausdorff spaces, having several characteristics that are
quite similar to the topological base, had been used to introduce the study of strong conver-
gence, namely, A7-strongly convergence, in [71]. In this article, in the line of [71], we have
investigated strong convergence using the theory of Z-convergence, and we have demonstrated

that our findings are more robust than those of classical strong convergence.

4.2 AZF-Strong Convergence in a Topological Space

The idea of strong convergence can not be examined in arbitrary topological spaces because

of the dependence of the strong convergence on the metric functions. The well-known con-

This chapter is based on a paper communicated to an international journal.
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Chapter 4. Strong Ideal convergence in topological spaces

nection between strong convergence and statistical convergence can not, therefore, be easily
extended to topological spaces. In this section, we define AZ-statistical convergence in a topo-
logical space and introduce the notion of A%— -strong convergence using a particular function
defined on the topological space. We determine how these convergences relate to one another.

Throughout Z denotes the non-trivial proper (i.e., N ¢ Z, Z # {(}) admissible ideal on N.

Definition 4.2.1. Let A = (byy) be a member of Mi(RS). A sequence {xy}ren in a Haus-
dorff space X is said to be AT-statistically convergent to & € X if for any 6 > 0 and for any
open set U containing &
neN: > by>6p€el
kizp U

It is simple to observe that, in place of open sets, the members of the topology’s base can
be used to define AZ-statistically convergence.

Using the concept of pre-metric [I] and the following properties in topological space we
define AZ-strong convergence in topological space. Let (X,7) be a Hausdorff space and
§ € X. Throughout B¢ denotes the family of elements of the base of 7 that contains §
and Br(&,e) == {8 € X : T(5,€) < €}. Also we denote L£(X) as the set of functions
T:X x X — [0,00) that satisfy the condition “For any ¢ > 0 and for any £ € X there exists
U. € B¢ such that U. C Br(&,¢)” [T1]. Though any function from £(X) is a pre-metric (see,
for instance, [I]) on X, the topology need not be pre-metrizable. These pre-metrics are here

partly compatible with the topology because they satisfy that certain condition.

Definition 4.2.2. Let (X,7) be a Hausdorff space, A = (bnx) be a member of Mi(RS) and
T C L(X). A sequence {xk}ren in X is said to be statistical Ar-strongly convergent to

e X if foranyT € T, the sequence ZT(mk, {)bnk} is statistically convergent to zero,
k neN
provided the series is convergent for each n.

Definition 4.2.3. Let (X,7) be a Hausdorff space, A = (bnx) be a member of Mi(RS) and
T C L(X). A sequence {xk}ren in X is said to be AfIf-strongly convergent to £ € X if for
any € >0 and for any T € T

{n e N: ZT(mk,ﬁ)bnk > 8} €T,
k

provided the series is convergent for each n.

For 7 = 7,4, the above convergences coincide. Here we are giving an example of A%—

strongly convergent sequence in a non-metrizable Hausdorff space.
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Chapter 4. Strong Ideal convergence in topological spaces

Example 4.2.1. Consider the topological space (R, 11), where 11, be the lower limit topology.
It is a non-metrizable Hausdorff space [66]. Let us take the sequence {xy}ren defined by
0, ifk is even

T =
1, otherwise

and let us consider the family of functions T = {T,},>0 defined for any r > 0 that

rT—Y, T2Y
T (v,y) =
r, T <.
Then T, € T. Let I be a non-trivial admissible ideal of N such that I # ZLy;,. Consider an
infinite set D = {q1 < g2 < q3 < ---} from T and take the infinite matriz A = (byy) be given
by,
1 if n=gqi,k=2q forsomeiéeN
buk =1 if n#q,foranyik=2n+1

0 otherwise.

For any ¢ > 0 and £ € X we consider U. = [{,£{ +¢€) € B then for all f € U: we have
T(B,6) =p—&<e. SoT C LX) and {x}ren is not convergent in the corresponding
topology. But we have

r, k is even

T (zg, 1) =
0, otherwise.

Now for any r >0 and § > 0 we get that

ZT(-Tkyl)bnk = Z bnk = Z T Z )
k

ke2N ke2N

for n = q;. Thus for any 6 > 0, {n eN: ZT(ask,l)bnk > 5} = D € T showing that the
k

sequence {xy}reN is Afzr—strongly convergent to 1 but not Ay-strong convergent to 1. So A,Ir
strong convergence is stronger than Ay-strong convergence.

In particular, if we choose T # Ly, and T # Lg and the infinite set D € T\ I, then the
sequence {Tk}ren 1S A;r—strongly convergent to 1 but not statistical Ar-strongly convergent

to 1.

Connor [12], Khan and Orhan [37] established the relation between A-statistical conver-
gence and A-strong convergence. Also in the field of AZ-statistical convergence Savas, Das
and Dutta [61], 62] generalized its relation with AZ-summability.

We denote Q(X) as the set of functions 7' : X x X — [0, 00) that satisfy the condition: “ For
all £ € X and for all B € B¢ there exists M > 0 such that for all 8 ¢ B, T(8,&) > M” [T1].
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Chapter 4. Strong Ideal convergence in topological spaces

Theorem 4.2.1. Let X be a Hausdorff space and A = (b,i) be a member of M1(RS) and
let T C L(X). Then

(1) A%—-strongly convergence with T N Q(X) # @ implies A -statistically convergence.

(i) AT-statistically convergence with the condition

sup sup T'(zg, &) < 0o (4.1)
TeT k

follows A%—-strongly convergence.

Proof. (i) Let {z)}xen be AZ-strongly convergent to £ in X. Let B € Be and T € TN Q(X).
Then there exists M > 0 such that for all 8 ¢ B, T(8,£) > M. From non-negativity of T we
get,

S T(xk, Qb = >, T(@r bk + Y, Tk, &)bnk

k kxpeB k:x¢B

> T(wk, )bk

k:x¢B

M > b

k:xp¢B

v

v

Let § > 0 be given. Therefore

{nEN: Z bnkZ(S}Q{nEN:ZT(xk,g)bnkZ&M}.
k

k$k¢B

As {xg }ren is A?—strongly convergent to £ in X then the right side set belongs to Z and this
implies
{neN: > bnk25} el
k:x¢ B
As B is arbitrary, {z}}ren is AZ-statistically convergent to &. Hence the proof of (i) is com-
pleted.

(i) Let us suppose {y}ren is AZ-statistically convergent to € € X and holds (4.1) and
let T € T. Then for any € > 0 there exists B € B¢ such that for all 8 € B, T(8,§) < e.

Hence non-negativity of T' gives

S T(@r bk = Y. T(@e,Obur+ Y. T(k, )buk
k

k:xp€B lc:ackgéB
< ¢ Z bnk + sup SupT(mkaé.) Z bnk
k:xp€B TeT k k:x¢B
< e+ M Z bk
k:x¢B
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Chapter 4. Strong Ideal convergence in topological spaces

where M = sup sup T'(z, §). For a given 6 > 0 choose £ > 0 such that e < . Then
TET k

{nGN:zk:T(xk,f)bnk25} - {nEN: Z bop > 5]\—45}.

k:xy¢B

Since {x}, }ren is AZ-statistically convergent to & in X, the r.h.s. set is in Z and consequently

this implies that {zx }ren is AfIr—strongly convergent to . O

Remark 4.2.1. In Example we have given an example of an AfIr—strongly convergent
sequence and we can see that the family T is a subfamily of Q(X). For T, € T, £ € R and
U € B¢ we have U in the most general form of [£,~). Then for any B ¢ U, T.(B,§) = B—¢ for
B > &; otherwise T, (B,&) = 1. Also T(v,§) =v—& and > & = > v so, T,(8,&) > T(v,§).
Hence T,-(8,£) > min{g,T(v,&)}. Therefore, by Theorem the given sequence in Example
converges AL -statistically to 1 with respect to the given ideal.

On the other hand in the preceding example as the given sequence is AT-statistically
convergent to 1 and we can define a family of functions T = {T},},>0 for any r > 0 as
T—y, T2y

TT‘(:Ea y) =

w1 TSy

that satisfies (4.1) i.e., suppeg supy, T'(xg, 1) =1 < 0o and also T C L(X) N Q(X). Hence it
justifies part (i) of Theorem |4.2.1].
Let (X,d) be a metric space and d € L£(X) N Q(X). If T = {d} then any bounded

sequence satisfies (4.1) and we get the following corollary for Z = Z¢;p,.

Corollary 4.2.1. [12] “Let A=(b,) be a member of My(RS). A sequence in X which is A-
strongly convergent to £ € X, is also A-statistically convergent to €. For a bounded sequence

in X, A-statistically convergence and A-strongly convergence are equivalent.”

Theorem 4.2.2. Let A = (byx) be a member of My(RS) and let T C L(X) where X be a
Hausdorff space. If a sequence {x}}ren is AL-statistically convergent to € in X and satisfies
(2) if for any e > 0 and T € T there exists a compact subset F' C X such that
sup > (g, )bpk < €
" .TkéK

(ii) for any compact set C C X and T € T there exists M > 0 such that sup T(xy,§) < M
zpeC

then {xk}ren s AfIr—strongly convergent to £.

Proof. Let {x}}ren be a sequence in X and AZ-statistically convergent to €. Let € > 0 and
T € T Also, from the hypothesis there exists a compact set F' C X such that

e
sup Y T, bok <
" kxp¢F
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and there exists M > 0 such that

sup T'(zx, &) < M.
kxpeF

As T € L(X) there exists U, € B¢ such that U. C Br(&, §5). Now for any positive integer n

D Tk Obar = Y T(er,bur+ Y T(xk,&)bnk
B

kxR k:xp¢F

= Y TeErOdbm+ Y, T@nObuw+ Y, T(wk, )bk

k:xpeFNU: k:xpe F\U. kxp¢F

*ank‘F sup T(xg,§) Z bni + sup Z T(zk, )
ki €F kxkgéUE " kg F

< ank+M > bnk+
k:zp¢Ue

IN

As A = (ang) is a matrix from M;(RS) then for any given 6 > 0 choosing € < §

{nEN:Zk:T(xk,f)bnkzé} C {neN: > b > 5]\_45}.

k:l’kéU&*

Since the set on r.h.s. belongs to Z, {n eN: ZT(xk,ﬁ)bnk > (5} € 7 for any § > 0. Hence
k

the proof is done. O

4.3 Characterization of A’-statistical convergence

The last theorem determines a characterization of AZ-statistical convergence.

Theorem 4.3.1. Let X be a Hausdorff space. Let A = (bnx) be a member of Mi(RS) and
let T C L(X)NQ(X). Then a sequence {xy, ren in X is A -statistically convergent to ¢ € X
if and only if

.Tk,
—hle+T ) by = 0. (4.2)

Proof. First, assume that {3 }ren is AZ-statistically convergent to ¢ € X and let € > 0. As
T € L(X) there exists U, € Bg¢ such that U. C Br(§,¢). Then we have

T(l’k,€) o T(xk7 .’L'k,

xng z€Ue

Ings €U

< Z bk + €.

xp¢Ue

IN
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For any given § > 0 choose € > 0 such that ¢ < §. Then

{nGN Zl—i-lrfk? 75) Zé}g{nGN:ankZ5—s}.

zp¢Ue

Since {x}}ren is AT-statistically convergent to € € X, the set on r.h.s. is a member of Z.
Thus holds.

Conversely, assume that holds and let B € Be. Since T' € Q(X) there exists M > 0
such that for all 8 ¢ B,T(,£) > M. Then we have

1+M T(zk, &)
ey M xk¢B1+T(mk’£)

=M 1+ T(ag )
Therefore for any § > 0 choose € = ﬂ—% and then
xka
eN: bop >0 p C eN: E>E o,
{” %:B k= }—{n 21+T:ck,£) - }

Now (4.2)) gives that the r.h.s. set belongs to Z and hence {z}}ren is AZ-statistically conver-
gent to £ € X. O

The above Theorem readily follows the characterization of AZ-statistical convergence of

real sequences.

Corollary 4.3.1. Let A = (b)) be a member of Mi(RS) and let {zy}ren be a real sequence
in R endowed with usual topology. Then {x}}ren is AL-statistically convergent to a real

number L if and only if

—hmz ‘xk L] ‘bnk:O.

In particular for Z = Zy;,,, the above corollary follows the Corollary 3. in [71].

4.4 Conclusion

A new form of strong convergence method, namely, Afzr—strong convergence, is introduced here
utilizing a class of pre-metrics having characteristics similar to base on arbitrary Hausdorff
spaces to overcome the lacking of linearity. Considering this new type of strong convergence,
some interconnections with AZ-statistical convergence have been investigated. Finally, we

characterize AZ-statistical convergence to some extent.
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A note on generalized continuous convergence

in ideal setting

5.1 Introduction

In [15], Csészar and Laczkovich introduced equal (known also as Quasi-normal convergence
[10] in literature) and discrete convergences for real valued functions sequence (see also [16]);
later these notions were generalized to uniform discrete, uniform equal and strong uniform
equal convergence by Papanastassiou [55] and following year Das and Papanastassiou [21]
studied several lattice features for the classes consisting of the limit functions. After a long
period of time, these notions were generalized in terms of ideal convergence by Das et. al. in
[20] (see also [19]).

The notion of continuous convergence for a sequence of functions with real value was
introduced in the twentieth century (see [68]) and later it was known as a-convergence in
literature (see also [4]). Very recently, Banerjee et. al. introduced the notions of “Z*a-
uniform equal convergence” and “Z*a-strong uniform equal convergence” in [6] available in
arxiv:2201.10660v1[math.GN] 22 April, 2022.

In this chapter, our objective is to introduce the new ideas of convergence, namely, Z7-
uniform equal, Z*-uniform discrete and Z*-strong uniform equal. We study the relationship
between these new forms of convergence and then explore several lattice properties for these
new classes of limit functions. We also discuss some results relating to the concept of Za-equal
convergence

Throughout, let (X, d) be a metric space and f, f, : X = R, n=1,2,3,.... Here all the

This chapter is based on a research paper communicated in an international journal
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Chapter 5. A note on generalized continuous convergence in ideal setting

functions are real valued.

5.2 Key Outcomes

In this section, we review the Definition 4.1. from the work of Das et. al. [20]. Throughout
Card S means the cardinality of the set S. It is interesting to note that Z*-u convergence is
stronger than Z*-ue convergence, which is stronger still than Z*-e convergence (see Example
3.2 and Example 3.3 in [19]).

In addition, before introducing new kinds of convergence in this chapter, we would like to
review the definitions of “a-convergence” (also known as “continuous convergence”), “a-equal
convergence” and “a-uniform equal convergence”. At the same time, we must remember the
concepts of “a-equally and “a-uniformly equally” convergence established by R. Das [21].
It should be noted that, a-e convergence is intermediate between a-ue convergence and «
convergence.

Here we define the notions of Z}-uniform equal, Z}-uniform discrete, Z}-strongly uniform
equal convergence and investigate some of its lattice properties. Throughout Z denotes a

non-trivial admissible ideal on N.

Definition 5.2.1. A sequence { fn}nen is called ) -uniformly equally convergent (or in
short, I*-ue convergent) to f if there exist a sequence {e, tnen C RT with lilen en =0, a set
S = S({en}) belonging to F(I) and a natural number ko = ko({en}) s.t.

Card{n € S : |fu(yn) — f(y)| > en} < ko
for each y € X and for any sequence {yn }nen C X with yy, EN y. In symbols f, T;—ue f

The definition makes it apparent that Z}-ue convergence implies Z*-ue convergence; but

the converse implication fails.

Example 5.2.1. Consider an ideal T different from ZLy;,. Undoubtedly, there exists an
infinite set A belonging to . Let us take a pairwise disjoint family {An}neN\A, where each
A, #0, A, CR. Consider the sequence {fn}nen on R with usual metric defined by

fn = Xa, whenn € N\ A

= 1 whenn € A.

This sequence is I*-ue convergent to f = 0. Next, we consider a set D := {n € N\ A :

for some p,, € A, for finitely manyn} with finite cardinality and yo € R and take the sequence
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{Un}nen defined by
pn ifneD

Yn = Y Yo ZfTLE(N\A)\D
Yo ifné€ A

Then yn 2 yo. If for alln € N, e, < 1, then Card{n € N\ A : |fo(yn) — f(v0)| > en} =
Card{n e N\ A: f,(yn) > en} = Card D. Hence {fn}nen is not I} -ue convergent to 0.

Next we establish the equivalent condition of Z}-ue convergence.

Ii-
Theorem 5.2.1. f, N f iff there exist an I-divergent sequence {py}tnen of positive
integers, a sequence {en tneny C RT with lim e, = 0, a set S := S({e,}) € F(Z) and a natural
n
number ko = ko({en}) such that

Card{n € S : pn|fu(yn) — f(Y)| > Ve, } < ko

for each y € X and for any sequence {yntnen C X with yy, e 1.

Ir—
Proof. Suppose that f, SN f- Then from Definition [5.2.1] there is a positive sequence

{en}tnen with lim e, = 0, a set § := S({en}) belonging to F(Z) and a natural number
ko = ko({en}) such that

Card{n € S: [ fu(yn) = f(y)] = en} < ko (5.1)

for each element y € X and for any sequence {yn}tneny C X with y, EN y. Now, take a

sequence {pp }nen of positive integers defined as

Ven
= 1 ifngs.

Pn = [1] Jifne S

Clearly, {pn }nen is an Z-divergent sequence. Thus from (/5.1))

Card{n € S : pu|fu(yn) — f(Y)| > Ve, } < ko

for each y € X and for any sequence {yy, }neny C X with y, L.

Conversely, let there exist an Z-divergent sequence { py, }en of positive integers, a sequence
{en}tnen C RT with lim &, =0, a set §:= S({en}) € F(Z) and a number ko = ko({e,}) € N
such that

Card{n € S : pp|fulyn) — f(y)| > \/gn} < ko (5.2)
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for each element y € X and for any sequence {yp tneny C X with y, EN y. Define a sequence
{Hn}TLEN by

6, = Vo

= ,ifne S
Pn

1
= — if S.
- Jifn ¢

So lim ¢, = 0 and Card{n € S : |fn(yn) — f(y)| = 0,} < ko for each element y € X and for

*—ue

Tr—
any sequence {y, }neny C X with y, EN y. Hence f, —=—— f. O
Ik —ue 9 I5—ue
Lemma 5.2.1. If f,, —— 0 then f; —— 0.

Proof. Since f, Laue, 0, by definition, a sequence {&,}nen C RT with lirrln en = 0, a set
S:=S{en}) € F(Z) and k = k({en}) € N exist s.t.

Card{n € S :|fa(yn)| > en} <k
for each y € X and for any sequence {y, }neny C X with y, L, 2. Then
Card{n € S: |fa(yn)| > en} <k

for each y € X and for any sequence {y, tnen C X with y, L, 2. This implies the result. [

*
1r—ue

Lemma 5.2.2. Let f (# 0) be a constant function and f, Zaue, f then fn.f 12

Proof. Suppose f(x) = c¢(# 0) for all z € X, a nonzero constant. Since f, Zaue, f, there

exist a sequence {e,}ney C RT with lim &, = 0, a number k = k({en}) € N and a set
S :=S({en}) € F(Z) such that

Card{n € 5: [fu(yn) = f(y)| Z en} <k

for each y € X and for any sequence {y, }neny C X with y, EN y. Since |(fn-f)(yn) — f2(1)] <
lel| fn(yn) — f(y)|, we have

{neS:|(fa-f)yn) = (W) = enlel} S{n € S |fulyn) — F(W)| = en}

for each y € X and for any sequence {y}neny C X with y, EN y. Thus Card{n € S :
|(fa-f)(yn) — f2(y)| > en-|c|} < k for each y € X and for any sequence {y, }neny C X with

Un EN y. The proof is now complete. O

Lemma 5.2.3. Let f, g, fn,gn : X — R, n = 1,2,3,... and f,g be bounded functions. If

Ir— I*— Lo~
£, =25 f and gy ZaTHe, g then the product sequence fn.gn o f.g.
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- Ti— Ti— -
Proof. Since f, N f and g, SN g then f, +gn N f+gand f,—gn SN f—g.
—(f — TH
Now Lemma |5.2.1} |5.2.2| and expression f,.g, = (f"+g")24(f" ) Jeduce that frgn =25
fg. O

—ue

Lemma 5.2.4. If f, —>f then | fnl Laue, |f]-

Proof. Let f, ﬂ f. So there exist a sequence {e,}neny C RT with li7rln en = 0, a
set S := S({e,}) € F(Z) and a natural number k& = k({e,}) such that Card{n € S :
| fr(yn) — f(y)| > en} < k for each y € X and for any sequence {y,}neny C X with y, Loy
Now || ful (yn) = F1W)] < | fu(yn)—f(y)]- ThereforeC’ard{nES || fnl(yn) ]f\ ) >en} <k

—ue

—>\f|. d

for each y € X and for any sequence {yp tnen C X with y, EN y, i.e. |fnl

Assume that @ is any class of functions defined on the metric space (X,d). We denote
by ®Za~%¢ the class of functions {f : X — R: 3 a sequence {f, }nen in @ s.t. f, Lo, f}
Theorem 5.2.2. Let ® be a class of real valued functions on X. Then ®La=4 is q lattice if
® is a lattice.
Proof. Assume that ® be a lattice and since ® contains the constant functions, ®Za—ue
contains the constant functions By Lemma 4 if f € pLa—ue then \ f | € dla—ve Next we
show that if fn f, In —> g and p,q € R then pf, + qgn —> pf + qg. Indeed,
there exist the sets Sy, S, € F(Z), positive sequences {e, }nen with lim €, = 0, {\, }ren with
n
lim A, =0, and ny = nf({en}), ng =ng({M}) € N such that
Card{n € Sy : |pfu(yn) — pf(Y)| = Iplen} < ny

and

Card{n € Sy : |qgn(yn) — a9(y)| > lg|An} < ny.

for each y € X and for any sequence {y,}neny C X with y, EN y. Now assume that 6, =
Iplen + |q|An and kg = ny + ny. Hence we observe that

Card{n € Sf N Sg : ‘(pfn + qgn)(yn) - (pf + qg)(y) > 971}| < ko

for each y € X and for any sequence {Yn}nen € X with y, EN y, where Sy NS, E f( ) and

hrn 0, = 0. Hence pf, + qgn —> pf + qg. Therefore if f,g € ®Ta—ue fn f and
Jn Laue, g then f";g" + |f"29”| Ta- rnax(f, g) which implies that max(f,g) € ®La—ue,
Similarly it can be shown that min(f, g) € ®Za="¢, Thus ®Za~%¢ is a lattice. O

Note 5.2.1. ®La—u€ preserves the lattice characteristics of ®.

Theorem 5.2.3. Let ® be an ordinary class of functions defined on X. Let f € ®Ta=u¢ pe
bounded s.t. f(x) #0 for allz € X. Then + 7€ pLa—ue, pmmded L s bounded on X .
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Proof. Suppose % is bounded on X and then there exists p > 0 s.t. f2(x) > p for each x € X.
Since f € ®Ta~" as well as it is bounded then f2 € ®%a~%¢, Thus there must be a sequence
{fnlnen in @, aset S € F(I) and k € Ns.t. Card{n € S : |fulyn) — f2(y)] = 5} < k for
each y € X and for any sequence {yp }neny C X with y, EN y. Let gn(y) = max{fn(y), %} for
y € X. Then g, € ® for each n € N. Therefore

Card{n € S : gn(Yn) = fu(yn):9n(yn) — fQ(y” > 7713} <k

for each y € X and for any sequence {yp }nen C X with y, EN y. Again

{n €S :gnlyn) = %, 90 (yn) — F2(y)| > nlg}

—_

- {n €5 : gnlyn) = =, gnlyn) — f*(y) > 1}

n3

3

o{ne s g = 1 o) +120) 2 )
nes:pey<t-Slufnes: 2wz im + o)
[nes:pe<tlufnes: 2oz + 5}

N

N

Therefore Card {n €5:gn(yn) =L, lonlyn) — F2(y)| > %} < K + k = ki(say), where k' =

[i] + 1, for each y € X and for any sequence {yp }neny C X with yy, =N y. Now

{n €5 lgalya) — )] = 13}

n

= {ne S gnlom) = Folvn) loalwn) ~ PP0)] = o5}
1

U {n €5 gu(n) = = lgnlum) — 2()] > 1}.

n n3

This implies that C’ard{n €S |gnlyn) — f2(y)| > %} < k1 + k = ky (say) for each y € X

and for any sequence {y,}neny C X with y, EN y. Therefore

1 1 11
C’a'rd{n eS:|—————1|> n}
’gn(yn) f2(y) | nd3

|gn(yn)|’f2(y)‘ ~nd M

1
Card{n e s loalon) ~ )12 5}
< ko

IN

for each y € X and for any sequence {y,}neny C X with yy, EN y. Therefore f~2 € gTa—ue
and consequently f.f2=f"1¢ PLa—ue, .

We now offer the following concept which is analogous to the notion of Z*-uniformly

discretely convergence [19].
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Definition 5.2.2. A sequence { fn}nen is said to be I -uniformly discretely convergent
(or in short I -ud convergent) to the function f if there exist a set M belonging to F(I) and
a number k € N such that

CCL?“d{TL € M : ‘fn(yn) - f(y)| > O} S k

for each element y € X and for any sequence {yn}nen C X with yy EN y. Specifically, we
T*—ud
write frn SN f-

For a class ®, we use the notation ®Xa~%? to denote the class of functions {f : X —

R : 3 a sequence {fp}nen in @ s.t. fp Za—ud, f}

The following lattice properties of the class ®Za~%? readily follows from Definition
Theorem 5.2.4. ®La—vd pas the similar lattice characteristics as ®.

Theorem 5.2.5. Let ® be an ordinary class. Then
(i) f.g € ®Ta~"d implies f.g € Ta—ud

(ii) If f € ®Ta=vd st f(x) # 0 for each x € X and % is bounded on X then % belongs to
PLa—ud

Proof Let f,g¢€ <I>I —ud Then there exist sequences {f, }nen and {gn}neN in ® such that
fn Za—ud, f and gn Za—ud, g. Then from definition, it follows that f,.g, Za—ud, 79
Let f € ®%a="d and f(x) # 0 for each x in X and 3 7 is bounded on X. Now choose A > 0

such that f2(x) > A > 0 for each x € X. Let {f}nen C @ st fo M f. Given that ® is
an ordinary class, then for each n € N, f2 € ®. Assume that {0, },en be a positive sequence
that converges to zero and g, = max{f2 o,}. Then g, € ®. Since f, M f, then by
Definition [5.2.2]

Card{n € M : fu(yn) # f(y)} <k
for each y € X and for any sequence {y, }neny C X with y, EN y, which implies that
Card{n € M : g,(yn) # max{f?(y),on}} <k

for each y € X and for any sequence {y, }nen € X with y, L ie.,

1 1
gn(yn) a max{f2(y),an}} =k (53)

Card{n e M :

for each y € X and for any sequence {y, }neny C X with y, EN y. Now since lim o, = 0, there
n
exists a kg € N such that o, < A for all n € M s.t. n > kg. Therefore (5.3) becomes

1 1
Card {n e M : oD #* —fQ(y)} <k+kg
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for each y € X and for any sequence {yn tneny C X with y, EN y. Hence f~2 € ®Za—ud and
consequently f.f~%2 = f~1 € dla—ud, -

Next we introduce the new form of convergence analogous to the notion of “Z*-strongly

uniformly equally convergence” introduced by Das and Dutta [19].

Definition 5.2.3. A sequence { f, }nen is called I} -strongly uniformly equally conver-

gent (or in short I -sue convergent) to the function f if there exist a sequence {e }neny C R

with Y en < 00, a set S := S({en}) € F(T) and k = k({en}) €N such that

n=1
Card{n € S : [fu(yn) — (W) Z en} <k

-
Iy —sue

for each y € X and for any sequence {yn }nen C X with y, EN y. We write this as f,

f-

Assume that ®Za—sU¢ denotes, the class of all Z}-sue limits of sequences of functions

defined on X belonging to @ , i.e

sue

plo=sue — f£. X 5 R: Jasequence {fnlney in @ s.t. f;, Lazsue, f}

Example 5.2.2. Let S € F(Z) and {fn}nen be the sequence defined on R with usual metric
defined by

fn(y) = 7ifn€S
= 0, ifngs

S

ue

for ally € X. Then f, % 0 but f, Tazs 0.

The definition and preceding illustration follows that Z}-sue convergence is stronger than
Z}-ue convergence. The results below are simple to confirm, much like in the case of Z}-ue

convergence.

sue

Lemma 5.2.5. If fn =270 then f2 Lazsue g,

sue

Lemma 5.2.6. If f is bounded and f, —— f then f,.f 22— f2.

Theorem 5.2.6. Let fn,gn,f g: X >R, neNand f, g be bounded. If fn f and

—sue
Qn‘———>9 thenfngn———%fg

Theorem 5.2.7. If ® is a lattice then ®La—¢ s also a lattice.
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Proof. Due to the fact that ® is a lattice and as such contains constant functions, ®Za—sue
o

5 —
does too. Let f, ZaTHe, f. Then a positive sequence {e,}neny With an < 00, a set

S:=S({en}) € F(Z) and a number k = k({e,}) € N exist such that C’ar(?«{:?; €S |fulyn) —
f(y)| > en} < k for each element y € X and for any sequence {y,}neny C X with y, EN .
Now || ful(yn) = f1()] < [fu(yn) = f(y)|- Therefore Card{n € S : || fal(yn)=|f|(y)| = en} <k
for each y € X and for any sequence {yp tnen € X with y, EN Y, 1. | fnl Lasue, If].

Now we show that if f, Ta—oue fson Z;_sue, gand s,t EOOR then sfn—i;;fgn ﬂ sf+tg.

To see this, by Definition|5.2.3, there exist My, M, € F(I), an < 00, Z)\n <ocandny =

n=1 n=1

ng({en}), ng = ng({\n}) € N such that
Card{n € My : |sfn(yn) — sf(y)| = |slen} < ny
and
Card{n € Mg : |tgn(yn) —tg(y)| = [t[An} <y
for each y € X and for any sequence {yp}tneny C X with y, EN y. Let us choose 0, =
|slen + [t|An and kg = nf 4+ ng. Then we have
Card{n € My N Mg : |(sfn +tgn)(yn) — (sf +tg)(y) = On} < ko

for each y € X and for any sequence {yy, }neny C X with y, EX 1y where

[o@) o
Z@n = Z\sk:n + [t A\ < o0
n=1

n=1

sue

and MyNM, € F(Z). Hence sfn+tgn Zazsue, sf+tg. Therefore f,g € ®La=sve f, Zazsue, f

Tr— _ T* .
and g, —*— g imply that fn;gn + ‘fnggﬂ o max(f, g) ie., max(f,g) € ®Lasue,

Similarly, min(f, g) € ®Za=su¢. Thus ®Za~5u€ is a lattice. O

Note 5.2.2. ®La=5U€ preserves the lattice features of ®.

5.3 Za-equal Convergence

In 2010, Papachristodoulos et. al. [54] generalized the idea of a-convergence in ideal setting,
namely, Za-convergence. “A sequence {f,}nen of real valued functions defined on X is said
to be Za-convergent to f if for each x € X and sequence {z, } ey in X such that z, EN x,
fn(xn) EN f(x)” Specifically, we write f, ELN f.

Very recently, in [35], A. Ghosh proposed the notion of Z*«a-convergence. We indepen-

dently, here define the same notion in different aspects.
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Definition 5.3.1. A sequence {fn}nen is said to be I*a-convergent to the function f if

there exists a set P = {p1 < p2 < p3 < ...} € F(I) such that {fp, }ren is a-convergent to f.
. T*«x

We write f, — f.

Definition 5.3.2. A sequence { f, }nen is said to be Za-equally convergent (or in short Za-
e convergent) to the function f if there exists a sequence {e, }neny C RT with T — ligbn en =20
such that for each y € X and for any sequence {yn}nen of X with T — li7rln Yn = Yy there
exists a set A = A(y,{yn}) € T satisfying |fn(yn) — f(y)| < en for all n € A°. We write as

Ta—e

The definitions make it obvious that Za-equal convergence implies Z-equal convergence
but the reverse is not true. The following sequence is Z-equal convergent but not Za-equal

convergent.

Example 5.3.1. Let Z be an admissible non-trivial ideal and C € I. Let {e,}nen be a

positive sequence such that ey, L, 0. Consider a sequence { fntnen on [0,1] defined by
1 ifneC
y* ifng¢C

for each n € N and the function f defined by

fn(y) =

0 ifyelo,1)

1 ify=1

fly) =

Here, { fn}nen is Z-equal convergent to f but not Za-equal convergent to f aty = 1. Indeed,
take the sequence {yntnen = {1 — 2 }nen. So Yy L, 1. But

1 ifneC
(1-4Hr ifn¢cC

for each n € N. So I-nliﬁrréo fnlxn) = el #£1= f(1).

fn(yn) =

Theorem 5.3.1. If f, 2°=% f then f, =% f.

Proof. Let f, Laze, f. So there exists a positive sequence {ey,}nen with Z — liran en =0

such that for each y € X and sequence {y,}nen of X s.t. Z — lién Yn = y there exists
a set A = A(y,{yn}) € T satisfying |fn(yn) — f(y)| < e for all n € A ie, {n € N:
|falyn) — f(y)] < en} € F(D).

Now let € > 0 be given and since I—li;bn en =0then {n e N:¢g, <e} = M(say) € F(Z).
Since {n € N : |fu(yn) — f(¥)| <en} N M C{n e N:|fulyn) — f(y)| < e} N M and the left
hand set belongs to F(Z) for each y € X and y, L, y, hence {n € N: |fulyn) — fly)] <
e} N M € F(ZI) for each y € X and y, = y. Hence f,, =2 f. 0
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Theorem 5.3.2. Let f,,f: X — R, n e N. Then f, Loe, f iff there exist an T-divergent
sequence {pptnen of positive integers and a positive sequence {ep tnen with T — lim €, = 0
n
such that
{neN:pulfulyn) = (W) > Ve, } €T
for any element y € X and for any sequence {yn}nen C X with yy, EN Y.
Proof. Suppose that f, Lae, f. Then there exist a sequence {e, },en of positive real num-

bers with Z-lim ¢, = 0 s.t. for any y € X and {y, }nen in X with Z-lim y,, =y
n n

{neN:|falyn) = f(Y)| Z en} € T.

Consider a sequence {pp}neny = {[ \/1?]} . which is an Z-divergent sequence of positive
n n

integers. Hence
{n €N:pnlfalyn) = fW = Ve } €T

for any sequence {yn}nen C X with gy, EN 1.
Conversely, let there exist an Z-divergent sequence {py}nen of positive integers and a

sequence {e, }nen of positive reals with Z — lim g, = 0 s.t.
n

{n e N:pn|fnlyn) — f(y)| > \/C:n} S

for any y € X and for any sequence {y,}nen C X with y, EN y. Take a sequence {0, }nen,
where 6, = Y. Then Z-lim 6,, = 0 and {n e N:|fnlyn) — f(y)| = 0,} € T for each element

Pn n

TZa—e

y and for any sequence {y, }neny C X with y € X and y, EN y. Hence f, —— f. O
T« . . T

Note 5.3.1. f,, — f implies f, — f.

Note 5.3.2. [35] “fn ELN f implies fn EACN f, provided I be a good and P-ideal.”

Lemma 5.3.1. If {f,}nen Za-equally converges to zero then so is { f2}nen.

Lemma 5.3.2. Let f be a nonzero constant function. Then fy Loze, f implies fn.f Lae,

2.

Lemma 5.3.3. Let f,g, fn,gn : X — R, (n € N) and f,g be bounded functions. Then

fo 2225 F and gn 225 g imply fo.gn =% f.g.

The class of all functions defined on X that are Za-equal limits of sequences of functions

belonging to ® is denoted by the symbol ®7%~¢, i.e.,

Za—e

plo=¢ = {f: X - R: Jasequence {fylney in ® s.t. f, —= f}.

Theorem 5.3.3. ®L~¢ preserves the lattice properties of ®.
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5.4 Conclusion

For sequences of real valued functions defined on a metric space (X, d), we define a few novel
types of convergence in the current study and, to some extent, observe their relationships.
In this chapter, we attempt to investigate the lattice features of some specific classes of real
valued functions defined on the metric space. Through the ensuing figures, we accumulate

the key relationships between the convergences.

T*-e T*-ue T*-u

|

Lr-ue /

&
1r-sue

Figure 5.1: First Diagram

JE—

IT*a-e \ T-e

R

T« To

PE—
Z be a good
& P ideal

Figure 5.2: Second Diagram
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