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Chapter 1

Introduction

There were approximately 9.6 million cancer-related deaths worldwide in
2020 [8], according to the World Health Organization (WHO) report. Can-
cer is characterized by the uncontrolled growth and proliferation of cells,
which poses a significant challenge to human health. The interaction be-
tween tumors and the immune system plays a crucial role in determining
the outcome of this disease. The tumor-immune competitive system is a
complex network of interactions involving tumor cells, immune cells and
various signaling molecules. Understanding the dynamics of this complex
system is essential for formulating effective therapeutic strategies and max-
imizing treatment results. Mathematical modeling provides a powerful tool
for studying the tumor-immune competition, allowing researchers to gain in-
sights into the underlying mechanisms and explore potential interventions.
The preliminary focus of this thesis is to construct a mathematical model
that captures the dynamics of the tumor-immune competitive system. The
model will encompass crucial biological elements, such as tumor growth, in-
filtration of immune cells, activation of immune responses and the immune
evasion mechanisms utilized by tumors. The mathematical model will be for-
mulated using well-established principles of population dynamics, differential
equations, mathematical epidemiology, etc. It will incorporate variables rep-
resenting tumor cell populations, immune cell populations, cytokines, growth
factors and other relevant factors. By simulating the interactions within the
tumor-immune competitive system, the model will enable the investigation
of important phenomena including tumor growth dynamics, immune surveil-
lance, immune escape mechanisms and the impact of therapeutic interven-
tions. The model will also allow for the exploration of various parameters and
conditions that influence the outcomes of tumor development and immune
response. The findings of this research will contribute to our understand-
ing of the tumor-immune competitive system and provide valuable insights
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into the underlying mechanisms of cancer progression and immune system
interactions. Moreover, the developed mathematical model can serve as a
platform for studying different treatment strategies and predicting their ef-
fectiveness. Ultimately, the results of this thesis will help in designing more
personalized and targeted therapies for cancer patients. By optimizing treat-
ment approaches based on mathematical predictions and simulations, the aim
is to enhance the efficacy of immunotherapeutic interventions and improve
patient outcomes. This thesis aims to develop a mathematical model of the
tumor-immune competitive system to gain insights into the dynamics and
interactions between tumor cells and the immune system. The model will
provide a valuable tool for understanding the mechanisms of cancer progres-
sion, evaluating treatment strategies and guiding the development of novel
therapeutic interventions.

1.1 Tumor cells

Cancer has become the leading cause of death worldwide in the 21st century.
It is characterized by the uncontrolled growth of abnormal cells, leading to
the rapid proliferation of new cells. There are three distinct types of tumor
cells: benign tumors, premalignant tumors and malignant tumors. Benign
tumors are non cancerous and do no harm to the body. They do not spread to
other tissues or organs and are generally considered harmless. Premalignant
tumors, although not initially cancerous, have the potential to develop into
cancer over time. Some premalignant tumors progress and transform into
malignant tumors, which can spread to neighboring cells, glands and other
parts of the body. Cancer encompasses a variety of specific types that affect
different organs and tissues. Examples include glioma cancer, which origi-
nates in the brain; leukemia cancer, which affects the blood-forming tissue in
the bone marrow; lymphoma, involving T-lymphocytes or B cells; multiple
myeloma cancer, impacting plasma cells; melanoma, a type of skin cancer;
pancreatic cancer, occurring in the stomach and colorectal cancer, affecting
the rectum. The impact of cancer on global mortality rates underscores the
need for extensive research, prevention efforts, early detection methods and
effective treatments. Advancements of these areas are crucial for improving
patient outcomes, raising awareness and addressing the significant challenges
posed by cancer worldwide.

2



1.2 Immune system

The immune system is a complex network, comprising various cells and
cytokines, which play a crucial role in defending our body against foreign
invaders, including tumor cells. The key components of the immune system
are B cells, T cells (CD8+T cells or CD4+T cells), natural killer (NK) cells,
macrophages and different types of cytokines. These components collaborate
to establish a defense against harmful pathogens. Immune-effector cells
such as cytotoxic T-lymphocytes (CD8+T cells), macrophages and natural
killer cells are instrumental in combating threats [61]. They possess the
ability to directly eliminate targeted cells, including tumor cells. On the
other hand, dendritic cells act as antigen-presenting cells and they are
messengers between the adaptive and innate immune systems. Dendritic
cells play a vital role in activating immuno-stimulatory cytokines and
CD8+T cells, which are essential for reducing tumor cells and enhancing
an effective immune response against them. By orchestrating the activation
and interaction of these immune components, dendritic cells contribute to
the recognition and elimination of tumor cells.

The immune system and cytokines both have a vital role in maintaining
a robust defense, safeguarding us not only from tumor cells but also from
various other potential harms to our body. The tumor-immune interaction
system heavily relies on cytokines, which play a pivotal role in the process.
Regulatory T-cells (Tregs) serve as immuno-suppressive agents by inhibiting
the activation of CD8+T cells [97]. On the other hand, macrophages are
affected by various cytokines in the system. Interleukin-10 (IL-10), an
anti-inflammatory cytokine, downregulates Type 1 T-helper cell cytokines
(Th1 cytokines) and co-stimulatory molecules on macrophages [67]. Trans-
forming growth factor-beta (TGF-β) is produced by all white blood cells
and inhibits the activation of macrophages [4]. IL-12 is a pro-inflammatory
cytokine generated by antigen-presenting cells, such as dendritic cells and
macrophages [66]. IL-12 plays a vital role in activating effector cells to
effectively eliminate tumor cells. Interferon-gamma (IFN-γ) is another
important cytokine produced by natural killer cells and CD8+T cells [63].
IFN-γ not only promotes the proliferation of macrophages but also enhances
their ability to destroy tumor cells. Overall, cytokines significantly impact
the tumor-immune interaction system by modulating immune responses,
regulating immune cell activity and influencing the balance between immune
activation and suppression.

The immune system starts its response when it detects the presence of
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cancer cells. Although the immune system can identify cancer cells in many
cases, the response may not be robust enough to eliminate the tumor cells.
In such cases, patients are administered various therapeutic interventions,
including radiation therapy, chemotherapy, hormone therapy, immunother-
apy, etc. These treatments aim to enhance the immune system’s ability to
eradicate the cancer cells, providing patients with additional support in their
fight against the disease.

1.3 Some basic mathematical definitions and

theorems

In this section, we will explore fundamental mathematical concepts and tools
utilized to analyze the behavior of dynamical system. These mathematical
definitions and theorems will be applied to investigate the various models
proposed in this thesis.

1.3.1 Nonlinear system

A dynamical system focuses on the evolution of variables or states over time.
It involves determining what will change over time and establishing the rules
governing this evolution. Essentially, a dynamical system serves as a model
that describes how a system evolves over time. To study a dynamical system,
it is crucial to employ a differential equation, which captures the continuous
dynamics of a nonlinear system. By utilizing a differential equation, we can
mathematically express the relationship between the variables and their rates
of change, enabling us to analyze the system’s behavior and understand its
evolution. A nonlinear dynamical system is of the form

dx(t)

dt
= g(x(t)), (1.1)

where g is a nonlinear vector valued function and each element operates the
corresponding state vector

x(t) = [x1, x2, ........, xm]T . (1.2)

In a dynamical system, the elements of the state vector xi (i = 1, 2, ....,m);
exhibit changes over time, which are essential for the presence of dynamics
within the system. To construct a mathematical model for a dynamical
system, various types of differential equations can be employed, including
ordinary differential equations (ODEs), delay differential equations (DDEs),
and stochastic differential equations (SDEs), etc.
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1.3.2 Positivity

The positivity of the solution in the system (1.1) guarantees that for non-
negative initial conditions, the variables will remain nonnegative for all finite
time t, providing confidence in the validity and meaningfulness of the model’s
predictions. A set M ⊂ Rn is said to be positive invariant set if

M = {x ∈ Rn : ψ(x) = 0}, (1.3)

where x(0) = x0 ∈M implies x(t, x0) ∈M for all t ≥ 0 and ψ is a real-valued
function.

1.3.3 Existence and uniqueness theorem

Theorem 1.3.1. Let us assume that g ∈ C1(E), where E be an open subset
of Rn containing a point x0, then there exists a real number k > 0 such that
the dynamical system (1.1) with initial condition x(0) = x0 has a unique
solution in the interval [−k, k].

1.3.4 Boundedness and uniform persistent

Biologically, boundedness of the system means that the population cannot
be grow infinitely or unboundedly. On the other hand, to investigate the
long-term behavior of the system, we need to study the uniform persistence.

Definition 1.3.1. The nonlinear dynamical system (1.1) is said to be a
bounded if there exists a positive k such that lim sup

t→∞
x(t) ≤ k, where x(t) is

a solution of the system (1.1).

Definition 1.3.2. The nonlinear dynamical system (1.1) is said to be a
uniform persistent if lim inf

t→∞
x(t) > 0, where x(t) is a solution of the system

(1.1).

1.3.5 Equilibrium point

An equilibrium point in a dynamical system refers to a solution that remains
unchanged over time and is derived from a differential equation. Equilibrium
point is also known as singular point, fixed point, stationary point, etc.

Definition 1.3.3. A point x1 is said to be equilibrium point of the given
system (1.1) if dx1

dt
= g(x1) = 0.
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1.3.6 Local stability

The following section presents an overview of stability analysis. This is an
important topic in various branches of applied mathematics.

Definition 1.3.4. A fixed point x1 of the system (1.1) is said to be locally
stable, if for each ε > 0 there exists a positive δ such that every solution
x(t) of the system (1.1) with initial condition x(0) = x0, ||x0 − x1|| ≤ δ
⇒ ||x(t)− x1|| < ε ∀ t ≥ 0, where ||.|| is the Euclidean norm.

Definition 1.3.5. A fixed point x1 of the system (1.1) is said to be locally
asymptotically stable, if x1 is locally stable and there exists a positive µ such
that ||x0 − x1|| < µ ⇒ lim

t→∞
||x(t)− x1|| = 0.

Definition 1.3.6. A fixed point x1 of the system (1.1) is said to be unstable
if it is not stable.

1.3.7 Routh-Hurwitz criteria

Let us assume that M be a square matrix and In be the identity matrix of
order n and mi ∈ R for i = 1, 2, 3, ....n, mn 6= 0, then the characteristic
polynomial of the matrix M is given by

M(λ) = det(M − λIn) = λn +m1λ
n−1 +m2λ

n−2 + ......+mnλ+mn. (1.4)

The eigenvalues of the matrix M is negative or have negative real parts if
and only if

Mk =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

m1 m3 m5 ..... 0

1 m2 m4 ..... 0

0 m1 m3 ..... 0

. . . ..... .

. . . ..... .

0 0 0 ..... mk

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
> 0, for k = 1, 2, 3,.....n.

Followings are the Routh-Hurwitz criteria for n = 2, 3 and 4.

For n = 2 : m1 > 0, m2 > 0.

For n = 3 : m1 > 0, m3 > 0, m1m2 −m3 > 0.

For n = 4 : m1 > 0, m3 > 0, m4 > 0, (m1m2 −m3)m3 −m2
1m4 > 0.
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1.3.8 Bifurcation theory

In mathematics, bifurcation theory studies how the behavior of a system
changes as certain value of parameters are varied. It examines the points at
which a system transitions from one state to another or exhibits different
types of behavior. Bifurcation theory often involves the analysis of nonlinear
system, such as differential equations and describes how small changes in pa-
rameters can lead to significant qualitative changes in the behavior of system.

• Transcritical bifurcation

Transcritical bifurcation is a specific type of bifurcation that occurs
in dynamical systems when a parameter reaches a critical value. It
involves the exchange of stability between two fixed points or equilib-
rium points. The term “transcritical” indicates that the equilibrium
points pass through each other and change their stability character-
istics. During a transcritical bifurcation, the behavior of the system
changes qualitatively. As the control parameter varies, the stability of
these equilibrium points changes.

Let us assume that

dx

dt
= g(x, µ) (1.5)

be a system of ordinary differential equation, where x ∈ Rn, µ ∈ R and the
above system (1.5) has an equilibrium point x0.

Theorem 1.3.2. (Sotomayor’s theorem). Suppose that g(x0, µ0) = 0 and
that the m × n order matrix Λ ≡ g(x0, µ0) has a simple eigenvalue λ = 0
with eigenvector v and that ΛT has an eigenvector w corresponding to the
eigenvalue λ = 0. If the following conditions are satisfied:

wTΛ(x0; µ0) = 0; wT [DΛ(x0; µ0)v] 6= 0; wT [D2Λ(x0; µ0)(v, v)] 6= 0,

then the system experiences a transcritical bifurcation at the steady state x0

as the parameter passes through the bifurcation value µ = µ0.

• Hopf bifurcation

Hopf bifurcation is named after the mathematician Eberhard Hopf,
who made significant contributions to the field of dynamical system
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theory. Hopf bifurcation is mainly associated with the system of or-
dinary differential equations. Hopf bifurcation is a type of bifurcation
that occurs in dynamical systems when a parameter reaches a critical
value, then arises a stable limit cycle. It occurs when a stable equilib-
rium point loses stability as the control parameter varies and a limit
cycle arises.

Theorem 1.3.3. Let

dx

dt
= g(x, τ) (1.6)

be a system of continuous differentiable equation in Rn and τ ∈ R be a
parameter. The Jacobian matrix derived at equilibrium point E has one pair
of complex conjugate eigenvalues

λ = a(τ)± ib(τ), (wherea, b ∈ R)

such that for some critical value τ = τ1, it becomes purely imaginary, that
is, [Re(λ)]τ=τ1 = 0.

Then, the eigenvalues cross the imaginary axis if transversality condition
holds, that is, [

dRe(λ)

dτ

]
τ=τ1

6= 0.

Then, the given system (1.6) experiences a Hopf bifurcation at the critical vale
τ = τ1 around the equilibrium point E. The parameter τ is called bifurcation
parameter and τ1 is called bifurcation point.

1.4 Optimal control theory

Optimal control theory, a significant field in mathematics, focuses on opti-
mizing an objective function within a specified time interval of a dynamical
system to determine an optimal control. This theory finds diverse applica-
tions in physics, engineering, science, operations research and more. Suppose
an ordinary differential equation is of the following form

dz(t)

dt
= g(z(t)), (t > 0)

z(0) = z0. (1.7)
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Here, g is defined as g : Rn → Rn and z0 ∈ Rn is given as initial condition.
The unknown curve z : [0, ∞)→ Rn demonstrates the dynamical evolution
of the state of a mathematical system.

Let us assume that the function g is dependent on some control param-
eters U = (u1, u2, u3, ....uk) which belongs to the set U ⊂ Rk, such that
g : Rn × U → Rn. We choose some u ∈ U and consider the corresponding
dynamical system as

dz(t)

dt
= g(z(t), u(t)), (1.8)

z(0) = z0.

We can find out the evolution of our system by choosing the suitable value
of u. Now, we consider a function v : [0, ∞)→ U is following as

v(t) =


u1 , 0 ≤ t ≤ t1

u2 , t1 ≤ t ≤ t2

u3 , t2 ≤ t ≤ t3

and so on.

For time windows 0 < t1 < t2 < ..... and the values of control parameters
u1, u2, u3, ..... ∈ U , we can solve the following dynamical system (1.8). The
trajectory z(.) is the response of the above system (1.8) corresponding to each
control parameters u(t). Let us define L as the collection of all admissible
controls; then L is defined as follows:

L = {v : [0, ∞)→ U | v(.) is Lebesgue measurable function}.

We observe that the solution z(.) of the system (1.8) depends on v(.) and the
given initial condition. Then, we can write that z(.) = z(., v(.), z0). For the
admissible control set L, we define an objective function J such that

J(v(.)) =

∫ tf

0

[λ(z(t), v(t))]dt+ f(z(t)), (1.9)

where z(.) is the solution of the system (1.8) for the control v(.). Here,
λ : Rn × U → R and f : Rn → R are called as a running objective and
terminal objective functions, respectively. The finishing time is denoted as
tf > 0. We want to find a control v∗(.), which minimizes or maximizes the
objective function J(v(.)), resulting in J(v∗(.)) ≤ or ≥ J(v(.)) for all controls
v(.) ∈ L. The control v∗(.) is called an optimal control.
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1.5 Literature review

In the past few decades, cancer has emerged as the leading cause of death
worldwide. The interplay between our immune system and malignant tumor
cells can be likened to a predator-prey relationship. To comprehend the
dynamics of this interaction, various approaches have been employed in
cancer research. Mathematical models offer a unique perspective, enabling
us to gain insights into diverse dynamics associated with cancer. Numerous
researchers have utilized mathematical models for both analytical and
numerical analysis, deriving valuable findings from their investigations.
These models encompass a wide range of assumptions and generate diverse
results, ultimately enhancing our understanding of the underlying dynamical
systems. Mathematical modeling has became an essential approach in the
study of the relationship between tumor cells and the immune system. It
plays a crucial role in the pursuit of new knowledge and potential treatments
for cancer.

Over the past few years, a significant volume of research articles has
emerged, focusing on comprehending the complex dynamics of the tumor-
immune competitive system. From the perspective of mathematical biology,
the theoretical exploration of the interaction between tumors and the immune
system has a rich and extensive background. Many mathematical models for
the growth of tumor cells are delineated in the review article by Eftimie et
al [25]. The concept of mathematical modeling for tumor-immune interplay
was initiated by Thomlinson & Gray [98] in the year 1955. The details of the
mathematical models developed by numerous researchers for comprehending
the interactive dynamics of tumor-immune competitive system can be found
in the references [1, 4, 5, 12, 18, 24, 51, 56–58, 61, 63, 65–68, 80, 96, 108]. A
good result of the tumor-immune interaction system was written in a book
by Adam & Bellomo [1]. Kuznestov et al. [65] presented a mathematical
model by taking the effector cell, which interacts of an immunogenic
tumor. Their system was explored as immune stimulation of tumor growth,
“sneaking through” mechanisms of the tumor and progression of tumor
“dormant state”. Kirschner & Panetta [61] first introduced adoptive cellular
immunotherapy (cytokine IL-2) into their mathematical model to study the
dynamics of the tumor-immune interaction system. Their mathematical
model explored both short-term cancer oscillations in cancer sizes and
long-run cancer relapse. Also, they described under what circumstances
tumor cells can be destroyed in the presence of cytokine IL-2. Diefenbach
et al. [22] proposed that ectopic expression of murine NKG2D ligands in
some cancer cell lines followed the rejection of cancers by syngeneic mice
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and that this rejection was moderated by both natural killer cells (NK cells)
and cytotoxic T-lymphocytes. Based on the results of their experimental
work, de Pillis et al. [16] introduced a mathematical model that focused on
the interplays of the cytotoxic T-lymphocytes or CD8+T cells and natural
killer cells with various types of tumor cells utilizing a system of coupled
nonlinear ordinary differential equations. Moore et al. [70] proposed and
analyzed a blood cancer, that is, chronic myelogenous leukaemia (CML)
based mathematical model of interaction among naive T cells, effector cells
and CML cancer cells using a system of nonlinear ordinary differential
equations. The primary objective of this research was to identify the key
parameters that contribute significantly to the regression of tumor cells in
their proposed model. Dunn et al. [24] explored into the concept of cancer
immunoediting and its evolutionary dynamics. The authors discussed three
main stages of this process, namely equilibrium, escape and elimination,
which are also known as cancer immunosurveillance. The study provided
insights into how the immune system and cancer cells interact and evolve
over time, shedding light on the mechanisms behind tumor growth, evasion
and potential elimination by the immune response. de Pillis et al. [17]
presented a tumor-immune interaction system of differential equations
focusing on the role of effector cells (CD8+T cells and natural killer cells)
to understand the dynamics of immune-mediated tumor rejection. Banerjee
et al. [4] considered a set of nonlinear ordinary differential equations
representing the dynamics of brain tumors (specifically glioma cells) and
the immune system incorporating the immunotherapeutic drug T11 target
structure. This research article aimed to devise a potent therapy for brain
tumors by focusing on the design of an efficient treatment strategy. Mahasa
et al. [68] formulated a deterministic model for the tumor growth mediated
by NK cells and activated by CD8+T cells through a system of ordinary
differential equations. Their model includes multiple tumor cell population
and the tumor cells escape from immune surveillance according to this model.

In most cases, our immune system can not kill the tumor cell in-
stantaneously, it depends on the its past history. Time lags play an
important role in the dynamics of the tumor-immune interaction system.
The delayed responses cannot be neglected for the interaction between
tumor-immune system and most often the discrete time delays should
be considered to describe the time necessary for the development of
molecules, cell productions, cell differentiations and transport and so on
[34, 35, 43–45, 52, 53, 55, 103]. The delays can be categorized into two types:
discrete time delay and continuously distributed time delay. Numerous
research papers have been published on the dynamics of tumor-immune
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interactions, focusing specifically on discrete time delay. Baker et al. [2]
explored the importance of discrete time lag and compared their model
with related models. Also, the authors calculated the parameter values by
using the least square method. Banerjee et al. [3] introduced a time lag
τ in a kinetics of tumor-immune interaction system which was proposed
by Kirschner et al. [61]. Galach [34] studied a cancer-immune interplays
system mainly established by Kuznestov et al. [65] with considering the
discrete time lag. A discrete delay induced in three nonlinear coupled
ordinary differential equations taking tumor cells, resting immune cells and
hunting immune cells was presented by Sarkar & Banerjee [91]. In this work,
authors revealed that the proliferation of tumor cells can be influenced by
manipulating the activation rate of immune cells and the deactivation rate
of tumor cells, both of which have a threshold value that plays a crucial
role. Khajanchi & Banerjee [43] studied the immune activation discrete
time lag τ into the dynamics of tumor-immune competitive system, which
was proposed by Kuznetsov et al. [65]. To understand the complexity of
tumor-immune interactive dynamics, authors derived a single parameter
bifurcation diagram as well as a two-parameter bifurcation diagram. A
three nonlinear coupled differential equations of tumor cells, effector cells
and host cells was described by Khajanchi et al. [49]. In this manuscript,
authors studied how tumor cells developed and survived against our immune
system. Mainly, they focused on the existence of Hopf bifurcation, whereby
the time lag parameter is used as a bifurcation parameter. A tumor
growth mathematical model incorporating the immune system interplays
and phase-specific therapeutics was investigated by Villasana et al. [103].
Kronik et al. [63] described a simple mathematical model of tumor cells,
cytotoxic T-lymphocytes (CD8+T cells), major histocompatibility complex
(MHC) class I and MHC class II molecules and cytokines TGF-β and IFN-γ.
The mathematical model effectively reproduced the outcomes of clinical
trials demonstrating the efficacy of immunotherapy in treating recurrent
anaplastic oligodendroglioma and anaplastic astrocytoma, both classified as
WHO grade III tumors. Piotrowska et al. [77] modified this research article
by introducing three discrete time delays. They showed that in case of fast
growing of tumor cells, the intrinsic growth rate of the tumor cell is most
important parameter in their mathematical model. Khajanchi & Banerjee
[50] introduced four discrete time lags into their tumor-immune interaction
system. Main work of this paper is how the multiple delays effected to their
mathematical model in presence of immunotherapeutic drug T11 target
structure. Ghosh et al. [35] described a mathematical model of interaction
between host cells, effector cells and tumor cells with presence of two different
delays. Authors find out the parameters value for producing a chaotic attrac-
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tor with a system of without delay utilizing the technique of global attractor.

However, the number of research papers focusing on the tumor-immune
interaction system incorporating continuously distributed time delay is
limited. Caravagna et al. [10] studied a hybrid tumor-immune interaction
system by incorporating distributed delays. By utilizing simulations and
parametric sensitivity analysis, the authors measured the strength of the
immune surveillance in terms of probability distribution of the eradication
times. Yu et al. [110] introduced a distributed delay to study the interaction
between tumor cells and immune system. The article provides evidence that
the presence of distributed delay plays a significant role in regulating tumor
proliferation. Piotrowska et al. [78] considered continuously distributed
time delay in a generalization of tumor-immune interaction model and
numerically solved the system with Erlang probability densities by applying
the classic linear chain trick [64]. Yu et al. [111] proposed a special form of
distributed delay with kernel to study the tumor-immune interaction system.
Authors combine two different types of delay kernels, namely a monotonic
delay kernel demonstrating a fading memory and a non-monotonic delay
kernel representing a peaking memory. The non-monotonic delay kernel
changes the stability of the interior steady state. Impact of continuously
distributed delay into a system of tumor-immune interactive dynamics was
investigated by Sardar et al. [88]. In this paper, authors reveal that the
activation rate of CD8+T cells can prevent the oscillation of tumor-presence
equilibria as well as tumor-free equilibria of the system.

Despite development of medical treatments, there are so many challenges
remain against the treatment of cancer. Chemotherapy, hormone therapy,
radiation therapy and surgery are the most effective treatments for cancer
patients [7]. Appropriate treatment methods are utilized to identify the
nature, location and stage of the cancer. Immunotherapy is employed
to stimulate the immune system and impede the proliferation of cancer
cell populations, thereby enhancing immune responses and suppressing
cancer growth. This type of treatment is effective for enhancing the
immune response and obstructing the growth of cancer cell population
[44]. Chemotherapy has many harmful side effects, which can results the
patient becoming induced to infection as well as it reduces the immune
system’s power to fight against cancer cell. Therefore, an optimal control
problem has an important role in tumor-immune competitive system for the
minimizing the total drug [19]. Swan [93] studied a mathematical model for
tumor-immune interplays with cancer immunotherapy by applying optimal
control problem. In this study, the author applied both experimental and
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clinical outcomes for tumor cell population. Burden et al. [7] investigated
a tumor-immune interactive dynamics among tumor cells, effector cells and
cytokine interleukin-2 (IL-2), which was described by Kirschner and Panetta
[61]. Authors implemented the optimal control theory in their paper to
know under what circumstances tumor cells can be eradicated. Engelhart
et al. [26] investigated four different mathematical models of chemotherapy
with respect to optimal control of drug treatment schedules. They solved
optimal control problem numerically with Bock’s direct multiple shooting
method. de Pillis et al. [19] explained a dynamics of tumor-immune inter-
action system captured by tumor cells, effector-immune cells, circulating
lymphocyte cells and chemotherapy drug concentration. Authors established
the existence of optimal control and solved for both linear and quadratic
controls. An interesting fact of this paper is that the graphical region on
which the singular control is optimal. In [28], authors applied optimal
control strategy to develop optimal control technique for chemotherapeutic
drug. They applied chemotherapy to study the qualitative behavior of three
different cell-kill models. In each of the cases, authors minimized the drug
amount and tumor cell burden. Fister & Donnelly [29] implemented an
optimal control theory in a tumor-immune interaction system to eliminate
the tumor cells. To minimize the tumor cells and maximize the immune
cells, authors introduced the two types of objective functionals, the first
having one control and second having two controls. In each of the cases,
bang-bang optimal control exists. Also, the numerical results of this paper
proved that the cancer cells have a cyclic nature at the maximum level
of drug therapy. Khajanchi & Ghosh [44] introduced an optimal control
strategy in nonlinear dynamics of tumor-immune interaction system which
was described by Kuznestov et al. [65]. Authors implemented two types of
external treatment strategies: adoptive cellular immunotherapy (ACI) and
interleukin-2 (IL-2). An interaction of brain tumor (glioma) and immune
cells has been described with immune-therapeutic drug T11 target structure
(T11TS) in the research article [52]. In this work, authors introduced an
optimal control strategy in their mathematical model to minimize the glioma
burden and to maximized the immune cells (CD8+T cells and macrophages).

Based on the above discussions, it becomes evident that while several
studies have explored the tumor-immune interaction system, certain aspects
remain unexplored. Specifically, the influence of delay and optimal control
theory in tumor-immune interaction models has yet to be thoroughly exam-
ined. The gaps in knowledge from previous studies present an opportunity for
new ideas and advancements in research on tumor-immune competitive sys-
tem. Therefore, the primary objective of this thesis is to investigate discrete
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delay, continuously distributed delay and optimal control theory involving
ordinary differential equations in order to contribute to the development of
this field.

1.6 Outline of the thesis

The aim of the present thesis is to study the dynamics of tumor-immune in-
terplays with different factors/mechanisms responsible for complex behavior
in multi-species mathematical models. This is an attempt to analyze models
with discrete time delays, distributed time delay, environmental fluctuations,
and the theory of optimal control. An effort has been made to stabilize the
complex behavior in the models. Numerical illustrations are carried out to
explore the possibility of rich dynamics in the nonlinear models. The thesis
is organized in the following way:

• In the present chapter, we give a brief introduction to the dynamics of
tumor-immune interactions. The important concepts are overviewed
here. Brief discussion on tools/techniques used in this thesis is also
included. A brief literature review related work in this area has also
been presented.

• In chapter 2, we propose and analyze a conceptual mathematical
model that captures the dynamics of tumor-immune interactions,
considering the effect of discrete time delay. The model consists
of three coupled nonlinear ordinary differential equations (ODEs),
representing tumor cells, effector cells and the cytokine Interleukin-2
(IL-2). Although the model is simple, it exhibits complex dynamical
behaviors. We explore the qualitative properties of the mathematical
model including the existence and positivity of solutions. We identify
a tumor-free singular point and interior steady states in the model.
Additionally, we conduct local stability analysis for both delayed
system and non delayed system, focusing on biologically feasible
steady states. To further investigate the system dynamics, we analyze
Hopf bifurcation by considering the time delay parameter τ as a
bifurcation parameter and employing the transversality condition. We
have estimated the length of time delay parameter applying Laplace
transformation for preserving the stability of period-1 limit cycle that
provides the idea about the mode of action in controlling oscillations
in the growth of tumor cells. We performed numerical simulations and
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explored their biological implications to validate our theoretical anal-
ysis. We have also drawn bifurcation diagram of delayed model with
reference to the intrinsic growth rate α of tumor cell, deactivation rate
d1 of tumor cell, activation rate c2 of effector cell and death rate d2 of
effector cell. Theoretical and numerical analysis show that in presence
of IL-2, the effector cells can cause the tumor cell population to regress.

• In chapter 3, we have examined the impact of continuously dis-
tributed delay on the intricate interaction between tumor cells, tumor-
specific CD8+T cells, Helper T cells and the immuno-stimulatory
cytokine interleukin-2 (IL-2). This interaction is described by a
system of coupled nonlinear ordinary differential equations. Firstly, we
conduct an analysis of the qualitative properties of the model including
the positivity of solutions and the existence of biologically feasible
equilibrium points. Next, we explore and analyze the local asymptotic
stability of both the delayed system and non delayed system in
depth. Our model system experiences Hopf bifurcation with respect
to the activation rate λ1 of tumor-specific CD8+T cells. The effect of
continuously distributed delay involved in immune-activation on the
system dynamics of the tumor is demonstrated. Our study reveals
that the activation rate of CD8+T cells can prevent the oscillation
of tumor-presence equilibria as well as tumor-free equilibria of the
system. Then, we performed some numerical results and interpret
their biological implications to validate our analytical findings.

• In chapter 4, We put forward a mathematical model to explore the
progression of tumor cells and the influence of multiple discrete delays.
The suggested model comprises nine nonlinear coupled ordinary differ-
ential equations (ODEs) representing various components, including
tumor cells, tumor-specific CD8+T cells, dendritic cells, macrophages,
regulatory T-cells (Tregs), interleukin-10 (IL-10), interleukin-12 (IL-
12), transforming growth factor-β (TGF-β) and interferon-γ (IFN-γ).
Employing the quasi-steady-state approximation, we formulate a
system of four nonlinear coupled ordinary differential equations
(ODEs). This system captures the intricate interplay between tumor
cells, CD8+T cells, macrophages and dendritic cells. Additionally, we
incorporate three distinct discrete time delays into our deterministic
system. We thoroughly explore fundamental characteristics of the
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system, encompassing aspects such as existence, uniqueness, positivity,
boundedness and uniform persistence. The fixed points of the system
are also evaluated. The stability analysis of both the delayed system
and non delayed system has been performed and conditions for stability
and direction of Hopf bifurcation have been determined. Furthermore,
we assess the length of the time delay required to maintain the stability
of the period-1 limit cycle. Furthermore, the techniques of parameter
estimation are discussed and numerical simulations are provided to
substantiate and support our theoretical analysis. Notably, for the
existing set of parameter values, we observe that time delays have no
significant influence on the system behavior.

• In chapter 5, we explore a mathematical model that outlines the
nonlinear dynamics of the interplay between tumors and the immune
system, incorporating the effects of immunotherapy and chemotherapy.
The proposed model explored a system of coupled nine nonlinear
ordinary differential equations, which involves tumor cell, cytotoxic T-
lymphocytes (CD8+T cells), macrophages, dendritic cells, regulatory
T-cells (Tregs), IL-10, TGF-β, IL-12, IFN-γ and the concentration
of chemotherapeutic drug. We employ the optimal control theory to
understand the dynamics of under what conditions the tumor cells can
be eradicated by the immune system. We solved the control problem
with an objective functional that minimizing the tumor cell population
while simultaneously maximizing the immune components. The exis-
tence property of optimal control theory is established by boundedness
of solutions for each state variables. We characterized our optimal
control theory in which the state variables are coupled with costates.
Also, our study investigates the uniqueness property of optimal control
problem in a small time window. Finally, we demonstrate numerically
that the optimal control strategy minimizes the tumor cells burden
and maximizes the immune cells under different scenarios. Also, our
study investigates the uniqueness property of optimal control problem
in a small time window. Finally, we demonstrate numerically that
the optimal control strategy minimizes the tumor cells burden and
maximizes the immune cells under the different scenarios. Moreover,
the corresponding biological implications are given.

• In chapter 6, we included conclusion with the overall concluding ob-
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servations of this study along with a brief discussion on the scope for
future research work.
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Chapter 2

Exploring the dynamics of a
tumor-immune interplay with
time delay †

2.1 Introduction

Cancer is a worldwide problem in all populations, irrespective of wealth or
social status. The worldwide response to cancer has been intermittent and
inequitable. Due to the report by World Health Organization (WHO), cancer
is the second major cause of death throughout the world, accounting nearly
9.8 millions of deaths or one among six deaths, in the year 2018 [106]. The
most general types of tumor in men are prostate, stomach, lung, colorectal
and liver, while in women are thyroid, cervical, breast, lung and colorectal,
etc. Cancer primarily occurred by uncontrolled proliferation of normal tissues
which spread nearby organs of our body and invade to other parts. Mainly,
there are three different types of tumors, namely benign, premalignant and
malignant. Benign tumors are not cancerous. Most of the benign tumors are
not dangerous and they are unlikely to influence other organs of our body.
Premalignant tumors are not cancerous yet, but they have the capability to
become malignant ones. These types of cells proliferate and extent to other
parts of our body. But some of the benign tumors can become premalignant
and then malignant one. It is not surprising the researchers are working with
cancers and trying to control the cancers to ameliorate the patient’s daily
life. Cancer is a heterogeneous groups of neoplasms and it has unpredictable
growth.

†A considerable part of this chapter has been published in Alexandria Engineering
Journal, Volume 60(5), 4875–4888, https://doi.org/10.1016/j.aej.2021.03.041
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Immune system is the natural defence mechanism in our body, aids in
fighting against cancer cell. Nowadays, a very important things in cancer bi-
ology is to how the body’s immune system responds cancer progression [18].
Despite medical improvements, some challenges stay in the prognosis and
treatment of this disease from last 10-15 years. Different types of cytokines,
lymphoid tissues and cells have made our immune system that save our
body from different types of pathogens or foreign antigens including cancer
cells. Several kinds of immune cells like T-lymphocytes, B-lymphocytes,
natural killer cells, macrophages are considered as immune effector cells
[61]. Our immune system begins when the cancer cells are identified by the
body’s immune system. In most of the cases, cancer cells are recognized by
immune system, but responds of immune system may not be strong and can
not destroy tumor cells. Proliferation of effector cells are activated due to
the presence of cancer cells. Mainly, cancer cells and effector cells are play
as pre, predator role in our body. CD4+T cells produce the main cytokine
interleukin-2 (IL-2) which stimulates the growth of immune cells to destroy
or eliminate more cancerous cells [3, 61].

In the real world, the dynamic behavior of the system does not occur
instantly; instead, it is depended by the system’s past history. Hence, it
is crucial to integrate time delays into the model formulation to reflect
real-world situations. As we comprehend, the immune response to tumor
proliferation is highly intricate and frequently subject to delays. Therefore,
it becomes imperative to include the influence of time delay in our mathe-
matical model for an accurate portrayal of the dynamics of system. In the
present chapter, we have studied a three dimensional model of cancer cells,
immune effector cells and immuno-stimulatory cytokine IL-2. Due to the
clinical observations of [15, 36, 41], we can say that there is a stimulation of
immune effector cells by the immuno-stimulatory cytokine IL-2 and there is
a time delay among the recruitment of IL-2 by cytotoxic T-lymphocytes and
the immune cell proliferation due to IL-2 [3]. Thus, we have incorporated
a discrete time lag τ in our mathematical model. In this chapter, we have
explored the complicated dynamics of tumor-immune interplays arising
through Hopf bifurcation by altering time lag τ and other system parameters.

The remaining part of this chapter is arranged as follows. In the Sec-
tion 2.2, we propose a mathematical model for the cancer-immune interplays
with time lag and its dimensionalization. Section 2.3 investigates qualitative
behavior of system (2.2) includes the existence and positivity of the solu-
tions. Also, we have investigated the biologically relevant steady states and
their local stability analysis both in presence of time lag and in exclusion
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of time lag τ . Section 2.4 is devoted to the bifurcation analysis. Herein we
provide the conditions for the existence of Hopf bifurcation. The Section 2.5
described the estimation of the length of time lag to maintain stability of the
Hopf bifurcating limit cycle. Then, we carry out numerical simulations with
different system parameters including time lag τ for different set of parame-
ters in the Section 2.6. Numerical results fully demonstrate the complexity
of the dynamic behavior, which includes Hopf bifurcation and appearance
of limit cycles. These can be applied to illustrate some clinical phenomena
and the corresponding biological implications are explained. This chapter
concludes with a brief summary and conclusion in the Section 2.7.

2.2 The model

In the last few years, cancer-immune interaction mathematical models have
been developed in different types. For small sizes tumor cells, growth is
exponential but it slows for large sizes population. In many cases for non-
exponential growth, logistic or Gompertz equation is used for tumor cell.
Effector cells are the vital parts of the immune system that deactivate the
tumor cells. Our immune system can not destroy the tumor cells instan-
taneously, so there is a time lag between the recruitment of IL-2 due to
cytotoxic T-lymphocytes and the immune cell activation in presence of IL-2.
In this section, we have studied a three dimensional tumor-immune interac-
tion model through a coupled system of nonlinear ordinary differential equa-
tions. The model delineates the densities of cancer cells, effector cells such
as CD8+T cells, macrophages or natural killer cells and immuno-stimulatory
cytokine interleukin-2 (IL-2) are follows:

dT
dt̄

= αT (t̄)(1− βT (t̄))− δ1T (t̄)E(t̄),

dE
dt̄

= s2 + k2E(t̄− τ)I(t̄− τ)− δ2E(t̄),

dI
dt̄

= s3 + k3T (t̄)E(t̄)− δ3I(t̄),

(2.1)

where T , E and I indicate the density of cancer cells, effector cells and IL-2,
respectively.

First equation of (2.1) delineates the dynamics of cancer cell population.
We consider that the cancer cells can proliferate logistically due to non-
existence of immune cells [18, 49, 65], where α represents the proliferation
rate and β−1 designates the biotic capacity. The last term is the eradication
of cancer cells due to interplays with immune cells at the rate δ1.
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Second equation of model (2.1) designates the dynamics of the effector
cells. First term s2 indicates the external source of the immune cells.
Effector cells are activated by the interplays with effector cells and IL-2,
where k2 is the stimulation rate. Due clinical investigation [15, 36, 41] it is
observed that the immune cells are stimulated by the cytokine IL-2 and there
is a time lag among the recruitment of IL-2 due to cytotoxic T-lymphocytes
and the immune cell activation in presence of IL-2 [3]. Hence, we introduce
a time lag in the second term of the second equation of (2.1). Herein τ
represents time lag that has been incorporated due to the interaction delay.
End term marks the natural decay rate δ2 of immune cells.

The third equation of (2.1) designates the kinetics of the immunostim-
ulatory cytokine IL-2. s3 is the source term of IL-2. Next term of the final
equation of (2.1) indicates the activation of IL-2 by the effector cells. Here,
k3 is the activation rate of IL-2 by effector cells and last term δ3 is degrade
rate of IL-2.

The system (2.1) is normalized using the following scales:

[x(t), y(t), z(t)] =
(
T
T0
, E
T0
, I
T0

)
, with t̄ = t

T̄0
, and obtain the following

new parameters

α = αT0, β =
β

T0

, d1 = δ1,

c2 =
s2

T 2
0

, p2 = k2, d2 =
δ2

T0

,

c3 =
s3

T 2
0

, p3 = k3, d3 =
δ3

T0

.

Now, the system (2.1) becomes (T,E, I) 7→ (x, y, z), where x(t), y(t) and
z(t) represent normalized tumor cells, effector cells and cytokine IL-2, re-
spectively, as

dx
dt

= αx(1− βx)− d1xy,

dy
dt

= c2 + p2y(t− τ)z(t− τ)− d2y,

dz
dt

= c3 + p3xy − d3z,

(2.2)

with initial conditions:

x(ω) = φ1(ω), y(ω) = φ2(ω), z(ω) = φ3(ω), (2.3)

with φi(ω) ≥ 0 for i = 1 to 3 and ω ∈ [−τ, 0], where φi(ω) ∈ R3
+ are

continuous functions on [−τ, 0] that may display jumps at ω = 0.
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2.3 Qualitative behavior of the model

2.3.1 Existence and positivity of the solutions

In this subsection, we will study the existence and positivity of the solutions
of the delayed system (2.2). To do this, we consider the following lemma.

Lemma 2.3.1. Every solution of (2.2) with initial values (2.3) exists and
unique on [0,∞) with x(t) > 0, y(t) > 0 and z(t) > 0, ∀ t ≥ 0.

Proof. The model (2.2) can be expressed into the vector form as Ẏ (t) =
H(Y ), where Y ≡ (x, y, z)T , and the mapping H : C+ → R3

+,0; with H =
(H1, H2, H3)T , where Hi ∈ C∞(R+,0) for i = 1, 2, 3.

H1 = αx(1− βx)− d1xy,

H2 = c2 + p2y(t− τ)z(t− τ)− d2y,

H3 = c3 + p3xy − d3z.

Let Y (ω) = (φ1(ω), φ2(ω), φ3(ω)) ∈ C+ and φi(ω) ≥ 0, ∀ i = 1 to 3 with
ω ∈ [−τ, 0], τ > 0. The vector function H is locally Lipschitz and continuous
function of the variables x, y, z in Φ = {(x(t), y(t), z(t)) : x > 0, y > 0, z >
0}. Due to lemma [109], any solutions of (x, y, z) of (2.2) with initial values
(2.3) exists and unique on [0, ε0],∀ t ≥ 0, where 0 < ε0 <∞.

2.3.2 Biologically feasible steady states

In this subsection, we find the biologically meaningful singular points of the
delayed system (2.2). To do this, we set dx

dt
= dy

dt
= dz

dt
= 0 and take τ = 0.

Thus, we have

αx(1− βx)− d1xy = 0,

c2 + p2y(t− τ)z(t− τ)− d2y = 0,

c3 + p3xy − d3z = 0.

We find the tumor-free steady state E0(x0, y0, z0) as

E0 ≡ (x0, y0, z0) =
(

0, c2d3
d2d3−p2c3 ,

c3
d3

)
.

If d2 >
p2c3
d3
≡ d2 (say), then E0 exists. For the existence of interior steady

state E∗, we calculate for x 6= 0. Then, we get

E∗ ≡ (x∗, y∗, z∗) =

(
α−d1y∗
αβ

, y∗, αβc3+(α−d1y∗)p3y∗
αβd3

)
,
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where y∗ is the nonnegative root of the following equation

(y∗)3 + Σ1(y∗)2 + Σ2y
∗ + Σ3 = 0, (2.4)

where

Σ1 = − α
d1
,

Σ2 = −αβ(p2c3−d2d3)
d1p2p3

,

Σ3 = −αβc2d3
d1p2p3

.

It can be noted that Σ1 < 0 and Σ3 < 0. Thus, we can say that the number of
positive roots of (2.4) either 1 or 3 according to the sign of the Σ2. Now, we
find the number of positive roots from the signs of Σ2 and the terms ∇1, ∇2

and ∇3 obtained from the Sturm’s sequence, where

∇1 = Σ1Σ2 − 9Σ3,

∇2 = 2Σ2
1 − 6Σ2,

∇3 = 2Σ1
∇1

∇2
− 2
(∇1

∇2

)2 − Σ2.

The criteria for obtaining the number of positive roots are given in the Table
2.1.

Table 2.1: Number of positive roots of the equation (2.4) based on the sign
of the coefficients of Σ1, Σ2, Σ3 and the terms of ∇1, ∇2 and ∇3.

No. of positive roots Σ1 Σ2 Σ3 ∇1 ∇2 ∇3

1 - + - + + +
+ + -
+ - +
- + +
- - +
- - -

1 - - - any sign any sign any sign
3 - + - + - -

- + -

2.3.3 Local stability analysis of the steady states

In this subsection, we investigate the asymptotic stability of the biologically
meaningful singular points of the delayed system (2.2). To do this, we com-
pute the variational matrix of (2.2) around the singular point E(x, y, z) is
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given by

J(E) =


j11 j12 j13

j21 j22 j23

j31 j32 j33

 ,

with

j11 = α− 2αβx− d1y, j12 = − d1x, j13 = 0,

j21 = 0, j22 = p2ze
−λτ − d2, j23 = p2ye

−λτ ,

j31 = p3y, j32 = p3x, j33 = − d3.

The eigenvalues corresponding to the tumor-free singular point E0 without
time lag (τ = 0) are

λ0
1 = α− d1c2d3

d2d3−p2c3 ,

λ0
2 = p2c3−d2d3

d3
< 0, [since d2d3 > p2c3],

λ0
3 = −d3 < 0.

For λ0
1 < 0, we get d2 <

d1c2d3+αp2c3
αd3

≡ d2 (say). Thus, we can write the
following theorem.

Theorem 2.3.1. In absence of time lag (τ = 0), the system (2.2) is asymp-
totically stable around the tumor-free steady state E0 if d2 < d2 < d2.

Now, our aim is to investigate the qualitative dynamics of (2.2) around the
co-existing singular point E∗(x∗, y∗, z∗) in presence of delay, that is, τ 6= 0. In
case of delay parameter τ , the characteristic equation around E∗(x∗, y∗, z∗)
can be expressed as

A(λ) +B(λ)e−λτ = 0, (2.5)

with

A(λ) = λ3 + a1λ
2 + a2λ+ a3,

B(λ) = b1λ
2 + b2λ+ b3,

where

a1 = −(α− 2αβx∗ − d1y
∗ − d2 − d3),

a2 = d2d3 − (α− 2αβx∗ − d1y
∗)(d2 + d3),

a3 = −d2d3(α− 2αβx∗ − d1y
∗), b1 = − p2z

∗,

b2 = p2z
∗(α− 2αβx∗ − d1y

∗)− d3p2z
∗ − p2p3x

∗y∗,

b3 = p2(α− 2αβx∗ − d1y
∗)(p3x

∗y∗ + d3z
∗) + d1p2p3x

∗(y∗)2.
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Around the co-existing steady state E∗, in the exclusion of delay (τ = 0),
the characteristic equation (2.5) leads to

λ3 + (a1 + b1)λ2 + (a2 + b2)λ+ (a3 + b3) = 0. (2.6)

Using Routh-Hurwitz criteria, the roots of the characteristic equation (2.6)
are negative or negative real parts if

S1 = (a1 + b1) = − (α− 2αβx∗ − d1y
∗ − d2 − d3 + p2z

∗) > 0,

S2 = (a3 + b3)

= −d2d3(α− 2αβx∗ − d1y
∗) + p2(α− 2αβx∗ − d1y

∗)(p3x
∗y∗ + d3z

∗)

+ d1p2p3x
∗(y∗)2 > 0,

S3 = (a1 + b1)(a2 + b2)− (a3 + b3)

= −(α− 2αβx∗ − d1y
∗ − d2 − d3 + p2z

∗)[{d2d3

− (α− 2αβx∗ − d1y
∗)(d2 + d3)}+ {p2z

∗(α− 2αβx∗ − d1y
∗)

− p2d3z
∗ − p2p3x

∗y∗}]− S2 > 0.

(2.7)

We can encapsulate the outcomes in the theorem.

Theorem 2.3.2. The necessary and sufficient condition of (2.2) (exclusion
of delay, τ = 0) to be locally asymptotically stable around co-existing steady
state E∗(x∗, y∗, z∗) is that S1, S2, S3 > 0.

Now, we will investigate how the stability is affected by time lag τ by uti-
lizing τ as a threshold parameter. To obtain the periodic solutions of the
system (2.2), we substitute λ = iθ(θ > 0) into (2.5) and separating real and
imaginary parts, we have

a1θ
2 − a3 = (b3 − b1θ

2) cos(θτ) + b2θ sin(θτ),

θ3 − a2θ = b2θ cos(θτ)− (b3 − b1θ
2) sin(θτ).

(2.8)

Squaring and adding above expressions, we have

(a1θ
2 − a3)2 + (θ3 − a2θ)

2 = (b3 − b1θ
2)2 + (b2θ)

2.

For simplicity, we can write

θ6 + A1θ
4 + A2θ

2 + A3 = 0, (2.9)
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where

A1 = a2
1 − 2a2 + b2

1

= (α− 2αβx∗ − d1y
∗ − d2 − d3)2 − 2[d2d3

− (α− 2αβx∗ − d1y
∗)(d2 + d3)] + (p2z

∗)2,

A2 = a2
2 − 2a1a3 + 2b1b3 − b2

2

= [d2d3 − (α− 2αβx∗ − d1y
∗)(d2 + d3)]2

− 2d2d3(α− 2αβx∗ − d1y
∗)(α− 2αβx∗ − d1y

∗ − d2 − d3)

− 2p2z
∗[p2(α− 2αβx∗ − d1y

∗)(p3x
∗y∗ + d3z

∗) + d1p2p3x
∗(y∗)2]

− [p2z
∗(α− 2αβx∗ − d1y

∗)− d3p2z
∗ − p2p3x

∗y∗]2,

A3 = a2
3 − b2

3

= [d2d3(α− 2αβx∗ − d1y
∗)]2 − [p2(α− 2αβx∗ − d1y

∗)(p3x
∗y∗ + d3z

∗)

+ d1p2p3x
∗(y∗)2]2.

Equation (2.9) will have at least one positive root if

A1 > 0 and A3 = a2
3 − b2

3 = (a3 + b3)(a3 − b3) < 0.

From the above conditions, there is a positive root θ0 obeying equation (2.9),
that is, the characteristic polynomial (2.5) has a pair of complex roots in the
form ±iθ0. Simplifying both the equations of (2.8), we have

tan(θτ) =
b2θ(a1θ

2 − a3)− (θ3 − a2θ)(b3 − b1θ
2)

(a1θ2 − a3)(b3 − b1θ2) + b2θ(θ3 − a2θ)
.

Then, τn corresponding to θ0 leads to

τn =
1

θ0

arctan

[
b2θ0(a1θ

2
0 − a3)− (θ3

0 − a2θ0)(b3 − b1θ
2
0)

(a1θ2
0 − a3)(b3 − b1θ2

0) + b2θ0(θ3
0 − a2θ0)

]
+

2nπ

θ0

, n = 0, 1, 2, 3, ... (2.10)

For τn = 0, E∗ is stable, given the condition of Theorem (2.3.2) holds. Ac-
cording to Butler’s lemma [31], E∗ will be stable for τn < τ0, where τn = τ0

at n = 0.

2.4 Hopf bifurcation analysis

Now, we will prove that the transversality condition

[
d(Reλ)
dτ

]
τ=τn

> 0 [48],

which indicates that ∃ at least one eigenvalue with positive real part obeying
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τ > τn. Firstly, we are interested in complex roots of the form λ = iθ0 of
(2.5) indicates that |P (iθ0)| = |Q(iθ0)|, which determines the positive values
of τn. Our goal is to investigate the direction of motion of λ as τ is altered.
Now, we need to investigate that

Θ = sign

[
d(Reλ)

dτn

]
λ=iθ0

= sign

[
Re

(
dλ

dτn

)−1]
λ=iθ0

.

On differentiation of (2.5) with reference to τ gives

[(3λ2 + 2a1λ+ a2) + e−λτ (2b1λ+ b2)− τe−λτ (b1λ
2 + b2λ+ b3)]

dλ

dτ

= (b1λ
2 + b2λ+ b3)λe−λτ ,

which implies that(
dλ

dτ

)−1

=
3λ2 + 2a1λ+ a2

λe−λτ (b1λ2 + b2λ+ b3)
+

2b1λ+ b2

λ(b1λ2 + b2λ+ b3)
− τ

λ

=
3λ2 + 2a1λ+ a2

−λ(λ3 + a1λ2 + a2λ+ a3)
+

2b1λ+ b2

λ(b1λ2 + b2λ+ b3)
− τ

λ

=
2λ3 + a1λ

2 − a3

−λ2(λ3 + a1λ2 + a2λ+ a3)
+

b1λ
2 − b3

λ2(b1λ2 + b2λ+ b3)
− τ

λ
.

Therefore,

Θ = sign

[
Re

(
2λ3 + a1λ

2 − a3

−λ2(λ3 + a1λ2 + a2λ+ a3)

+
b1λ

2 − b3

λ2(b1λ2 + b2λ+ b3)
− τ

λ

)]
λ=iθ0

= sign

[
Re

(
−2iθ3

0 − a1θ
2
0 − a3

−θ2
0(−iθ3

0 − a1θ2
0 + ia2θ0 + a3)

+
−b1θ

2
0 − b3

−θ2
0(−b1θ2

0 + ib2θ0 + b3)
− τ

iθ0

)]
=

1

θ2
0

sign

{
Re

[
(a1θ

2
0 + a3) + 2iθ3

0

(a1θ2
0 − a3) + i(θ3

0 − a2θ0)
+

b1θ
2
0 + b3

(b3 − b1θ2
0) + i(b2θ0)

]}
,
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which implies that

Θ =
1

θ2
0

sign

[
(a1θ

2
0 + a3)(a1θ

2
0 − a3) + 2θ3

0(θ3
0 − a2θ0)

(a1θ2
0 − a3)2 + (θ3

0 − a2θ0)2

+
(b1θ

2
0 + b3)(b3 − b1θ

2
0)

(b3 − b1θ2
0)2 + (b2θ0)2

]
=

1

θ2
0

sign

[
2θ6

0 + (a2
1 − 2a2 − b2

1)θ4
0 + (b2

3 − a2
3)

(b3 − b1θ2
0)2 + (b2θ0)2

]
.

Thus, the transversality condition d(Reλ)
dτ
|θ=θ0,τ=τn > 0 holds for (a2

1 − 2a2 −
b2

1) > 0 and (b2
3 − a2

3) > 0 by virtue of A1 > 0 and A3 < 0. Therefore,
Hopf bifurcation experiences at θ = θ0, τ = τn. We encapsulate the results
as follows.

Theorem 2.4.1. The delayed tumor model (2.2) with initial values (2.3)
exists around interior steady state E∗. Thus,
(i) if τ ∈ [0, τn), then E∗ is asymptotically stable,
(ii) E∗ is unstable if τ > τn,
(iii) at τ=τn, the system (2.2) undergoes Hopf bifurcation at E∗.

2.5 Estimation of the length of delay to pre-

serve stability

In this section, we study the stability of bifurcating periodic oscillations and
try to compute the length of time lag to maintain the stability of periodic
limit cycle. The delayed model (2.2) with real valued continuous functions
defined on [−τ, +∞), satisfying the initial values on the interval [−τ, 0). We
linearized the system (2.2) at the co-existing singular point E∗(x∗, y∗, z∗)
leads to

dx
dt

= −αβx∗x− d1x
∗y,

dy
dt

= −d2y + p2z
∗y(t− τ) + p2y

∗z(t− τ),
dz
dt

= p3y
∗x+ p3x

∗y − d3z.

(2.11)

Applying Laplace transformation of (2.11) leads to

(ρ+ αβx∗)Lx(ρ) = −d1x
∗Ly(ρ) + x(0),

(ρ+ d2)Ly(ρ) = p2z
∗e−ρτ (Ly(ρ) +Ky(ρ))

+ p2y
∗e−ρτ (Lz(ρ) +Kz(ρ)) + y(0),

(ρ+ d3)Lz(ρ) = p3y
∗Lx(ρ) + p3x

∗Ly(ρ) + z(0),

(2.12)
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with

Ky(ρ) =
∫ 0

−τ e
−ρτy(t)dt and Kz(ρ) =

∫ 0

−τ e
−ρτz(t)dt,

where Lx(ρ), Ly(ρ) and Lz(ρ) are the corresponding Laplace transformations
of x(t), y(t) and z(t), respectively. By well-known results of Freedman et al.
[31] and utilizing Nyquist criteria [72], we observed that the criterion for the
locally asymptotically stability of E∗(x∗, y∗, z∗) are stated as

Im[M(iρ0)] > 0, (2.13)

Re[M(iρ0)] = 0, (2.14)

with

M(ρ) = ρ3 + a1ρ
2 + a2ρ+ a3 + e−ρτ (b1ρ

2 + b2ρ+ b3),

and ρ0 is the smallest nonnegative root of (2.14). We have investigated that
E∗ is stable in the exclusion of time lag (τ = 0). Equations (2.13) and (2.14)
can be explicitly written as

−ρ3
0 + a2ρ0 > (b3 − b1ρ

2
0) sin(ρ0τ)− b2ρ0 cos(ρ0τ), (2.15)

−a1ρ
2
0 + a3 = −b2ρ0 sin(ρ0τ)− (b3 − b1ρ

2
0) cos(ρ0τ), (2.16)

that gives sufficient conditions for the stability of co-existing steady state E∗

and we use them to obtain an estimate length of time lag τ . Our aim is
to find an upper bound ρ+ on ρ0, that is, independent on time lag τ , and
calculate length of τ . Thus, equation (2.15) holds ∀ values of ρ, 0 ≤ ρ ≤ ρ+

at ρ = ρ0. We rewrite the equation (2.16) as

a1ρ
2
0 = a3 + b3 cos(ρ0τ) + b2ρ0 sin(ρ0τ)− b1ρ

2
0 cos(ρ0τ). (2.17)

We maximize the right side of (2.17), and leads to

a3 + b3 cos(ρ0τ) + b2ρ0 sin(ρ0τ)− b1ρ
2
0 cos(ρ0τ),

subject to

| cos(ρ0τ)| ≤ 1, | sin(ρ0τ)| ≤ 1.

Therefore, from (2.17), we get

|a1|ρ2
0 ≤ |a3|+ |b3|+ |b2|ρ0 + |b1|ρ2

0.
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Hence, it can be expressed as

(|a1| − |b1|)ρ2
0 − |b2|ρ0 − (|a3|+ |b3|) ≤ 0.

From the above inequality, we have

ρ+ ≤ 1
2(|a1|−|b1|)

[
|b2|+

√
|b2|2 + 4(|a1| − |b1|)(|a3|+ |b3|)

]
. (2.18)

Then, it is obvious from (2.18) that ρ0 ≤ ρ+. Also, from the inequality
(2.15), we have

ρ2
0 < a2 + b2 cos(ρ0τ) + b1ρ0 sin(ρ0τ)− b3 sin(ρ0τ)

ρ0
. (2.19)

As E∗ is asymptotically stable without time lag, thus for enough small τ > 0
the inequality (2.19) will satisfied. Putting (2.17) into (2.19) and rearrange
leads to

(b3 − b1ρ
2
0 − a1b2)[cos(ρ0τ)− 1] +

{
(b2 − a1b1)ρ0 +

a1b3

ρ0

}
sin(ρ0τ)

< a1a2 − a3 − b3 + b1ρ
2
0 + a1b2. (2.20)

Using the bounds, we have

(b3 − b1ρ
2
0 − a1b2)[cos(ρ0τ)− 1] = 2(b1ρ

2
0 + a1b2 − b3) sin2

(
ρ0τ
2

)
≤ 1

2
|(b1ρ

2
+ + a1b2 − b3)|ρ2

+τ
2,

and{
(b2 − a1b1)ρ0 + a1b3

ρ0

}
sin(ρ0τ) ≤

{
|(b2 − a1b1)|ρ2

+ + |a1||b3|
}
τ.

After simplification of (2.20), we get

N1τ
2 +N2τ ≤ N3,

with

N1 = 1
2
|(b1ρ

2
+ + a1b2 − b3)|ρ2

+,

N2 =
{
|(b2 − a1b1)|ρ2

+ + |a1||b3|
}
,

N3 = a1a2 − a3 − b3 + b1ρ
2
+ + a1b2.

Hence, if

τ+ = 1
2N1

[−N2 +
√
N2

2 + 4N1N3],

for 0 ≤ τ ≤ τ+, the Nyquist criteria satisfied and τ+ estimates length of delay
that maintain the stability of limit cycle.
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2.6 Numerical illustrations

To complete the mathematical analysis of our system (2.2), it is important
to discuss the suitable parameters and initial conditions of both delayed and
non delayed (τ = 0) version. We have chosen most of the parameters from
previous published works [18, 88, 90]. To validate our theoretical analysis of
the system (2.2), we perform some numerical simulations utilizing MATLAB
and MATHEMATICA with set of system parameters are given in Table
2.2. At first, we have verified that the existence and stability condition
of the tumor-free equilibrium state E0 of (2.2) with no time lag (τ = 0).
For decay rate of effector cells d2 = 0.3743 [110] and rest of the system
parameters are given in Table 2.2, we compute d2 = 0.046111. Also, for

the same parameters set we have computed d2 = 0.511935. Therefore, the
existence criteria for the tumor-free steady state E0 is verified, that is,
d2(0.3743) > d2. Due to absence of time lag, that is, τ = 0 of (2.2) is locally
asymptotically stable at the tumor-free steady state E0, which is stated
in the Theorem 2.3.1. For d2 = 0.3743 and rest of system parameters are
given in Table 2.2, we have d2 < d2 < d2. Numerically, we have calculated
the tumor-free steady state E0(0, 0.359854, 0.37037) and corresponding
eigenvalues are −0.54, − 0.180752, − 0.328189 and all the eigenvalues are
negative. Thus, the cancer-free singular point E0, the model (2.2) without
delay parameter (τ = 0) is asymptotically stable that has been drawn in
Figure 2.1 with initial values [x(0), y(0), z(0)] = [0, 0.3, 0.3].

We take initial values [x(0), y(0), z(0)] = [4.5, 0.2, 2.6] and the set of
system parameters are listed in Table 2.2. The model (2.2) has a unique
co-existing steady state E∗(4.52127, 0.253529, 2.68414) and the eigenvalues
are −0.977779, − 0.0140229 ± 0.2614791i. Since all the eigenvalues are
negative or negative real parts, then the co-existing singular point E∗ is
asymptotically stable. According to the Theorem 2.3.2, we obtained that
S1 = 1.00582 > 0, S2 = 0.0670441 > 0 and S3 = 0.0295054 > 0, which
ensure that the stability of the co-existing steady state E∗ of (2.2) (in
absence of time lag, τ = 0) (see the Figure 2.2).

For the specified set of system parameters in Table 2.2, we calculate
A1 = 1.04327 > 0 and A3 = −0.00449491 < 0 that gives that the equation
(2.9) has only one positive real root θ0 = 0.228484. Numerically, we compute
τn ≈ 0.67724 from the equation (2.10). According to the Theorem 2.4.1, we
noticed that the delayed model (2.2) is locally asymptotically stable at the
co-existing equilibrium E∗ for τ < τn ≈ 0.67724. We have plotted the figure
(See the Figure 2.3(A)) for τ = 0.12. The figure 2.3(A) describes the lower
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Figure 2.1: Time series evolution of (2.2) (without time delay τ = 0) for
tumor cells, effector cells and IL-2 at the tumor-free singular point E0 =
(0, 0.359854, 0.37037) with initial values [x(0), y(0), z(0)] = [0.0, 0.3, 0.3]. We
consider d2 = 0.3743 and rest of system parameters are given in Table 2.2.
The time series solutions represent the locally asymptotically stability of E0.

critical value of τn of (2.2) goes a stable singular point in co-existing singular
point E∗. For this condition, tumor cell populations are non-invasive and
non spreadable which means that the cancerous cells are remain under
control and can reach the cancer dormant or steady state [52]. Again, we
observe that our delayed model (2.2) is unstable at interior singular point
E∗ for τ > τn ≈ 0.67724, which has been shown in the Figure 2.3(B) for
τ = 0.82. Hence, the co-existing singular point E∗ experiences a Hopf
bifurcation (Figure 2.4) as time lag τ passes through its critical threshold

τ > τn. We also calculate

[
d(Reλ)
dτ

]
θ=θ0, τ=τn

= 0.538194 > 0 that implies that

transversality criteria of Hopf bifurcation is satisfied. The occurrence of the
Hopf bifurcation in this scenario is that around the interior singular point
E∗, a limit cycle is occurred at the bifurcation point and as a consequences
a stable periodic oscillations [52]. The occurrence of periodic oscillations in
the tumor cell populations describes that the cancer level may oscillate at a
singular point without any drugs or therapeutics. Such type of scenario is
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Table 2.2: The set of system parameters of tumor-immune interaction system
used for numerical illustrations.

Par. Description Values Source

α Proliferation rate of cancer cells 0.431 [18]

β Biotic capacity of cancer cells 0.2×10−6 [3]

d1 Deactivation rate of cancer cells due to
effector cells

1.7 fit to data

c2 Activation rate of effector cells 0.1181 [110]

p2 Proliferation rate of CD8+T cells by IL-2 0.1245 [61]

d2 Natural decay rate of effector cells 0.8 fit to data

c3 Constant source rate of IL-2 0.2 [3]

p3 Stimulation rate of IL-2 by cancer cells
and effector cells

1.09 [88]

d3 Degradation rate of IL-2 0.54 [88]

called Jeff’s phenomena [99].

For various values of time lag τ we have drawn the 2-dimensional phase
diagram (see the Figure 2.5) to better understand the kinetics of the cell
interactions, namely tumor cells and immune cells, tumor cells and IL-2,
immune cells and IL-2. For τ = 0.12, the phase portrait of cancer cells and
immune cells, cancer cells and IL-2, immune cells and IL-2 are shown in
the first column of the Figure 2.5(A), which designates the stable solutions
of the respective cells. Middle column of the Figure 2.5(B) indicates the
phase portraits of cancer cells and immune cells, cancer cells and IL-2,
immune cells and IL-2 for the time lag τ = 0.41 that implies the stable
oscillations with large periodic oscillations than the Figure 2.5(A). Right
column of the Figure 2.5(C) designates the phase portrait of the cancer cells
and immune cells, cancer cells and IL-2, immune cells and IL-2 for the time
lag τ = 0.82 that designates that the periodic solutions of the respective cells.

We have plotted the Hopf bifurcation diagram of (2.2) taking α (intrinsic
growth rate of cancer population), d1 (deactivation rate of cancer population
due to immune cells), c2 (influx rate of immune cells) and d2 (death rate of
immune cells) taking as the bifurcation parameters in the Figure 2.6, Figure
2.7, Figure 2.8 and Figure 2.9, respectively. From Figure 2.6, we noticed that
when α crosses the critical level α∗ = 0.425, the equilibrium values for tumor
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Figure 2.2: Time series evolution of (2.2) (without time lag τ = 0)
for tumor cells, effector cells and IL-2 around interior singular point
E∗ = (4.52127, 0.253529, 2.68414) with initial values [x(0), y(0), z(0)] =
[4.5, 0.2, 2.6] and rest of system parameters are given in Table 2.2. The time
series solutions represent the locally asymptotically stability of E∗.

cells, effector cells and IL-2 divided into minimum/maximum of the periodic
solutions and interior singular point becomes unstable for τ = 0.12 and rest
of system parameters are listed in Table 2.2. From Figure 2.7, it is clear
that for τ = 0.12 and rest of system parameters given in Table 2.2, when d1

passes through the critical value d∗1 = 1.862, then the minimum/maximum
of the periodic solutions for cancer cells, immune cells and IL-2 are merged
into the steady state value indicating the stability of interior singular point,
that is, E∗ is asymptotically stable. For the parameter c2, the dynamics of
(2.2) is shown using the bifurcation diagram (see the Figure 2.8). In this
case, the bifurcation point is c∗2 = 0.115, that is, when c2 passes through
the threshold value c∗2 = 0.115, minimum/maximum of the periodic solutions
for cancer populations, immune system and IL-2 are merged into the steady
state value indicating the stability of interior equilibrium E∗, that is, E∗ is
asymptotically stable. We have drawn the bifurcation diagram (Figure 2.9)
of (2.2) for cancer populations, immune system and IL-2 with respect to
the d2 by choosing τ = 0.12 and rest of system parameters given in Table
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Figure 2.3: The left column (A) and the right column (B) shows that
the time series solutions of (2.2) for τ = 0.12 and τ = 0.82, respec-
tively, of cancer cells, immune cells and IL-2 around the interior equilib-
rium E∗ = (4.52127, 0.253529, 2.68414) with initial values [x(0), y(0), z(0)] =
[4.5, 0.2, 2.6] and rest of system parameters are listed in Table 2.2. The time
series solutions of (2.2) represents the local asymptotic stability for τ = 0.12
and periodic oscillations for τ = 0.82.
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Figure 2.4: Bifurcation diagram of (2.2) for tumor cells, immune cells and
IL-2 with reference to the discrete time lag τ and rest of system parameters
are given in Table 2.2.

2.2. We have seen that when d2 crosses threshold level d∗2 = 0.778, then the
equilibrium values of every cells are divided into minimum/maximum of the
periodic solutions and the interior steady state becomes unstable.

2.7 Conclusion

In this chapter, we have studied a conceptual mathematical model of
tumor-immune dynamics by incorporating the effect of time lag. Our simple
mathematical model plays a crucial role to delineates the cancer-immune
interaction system with and without discrete time delay τ . The results
from theoretic analysis not only show the role of time lag on the dynamical
behaviors but also help to exhibit some complex dynamical phenomena
through numerical simulations. On the other hand, the numerical sim-
ulations provide some important information, including the complexity
of the dynamic behavior of the model, the diversity of its dependence
on antigenicity, and the explanation of some clinical phenomena that
incorporate observed in [61, 65]. The obtained results in this chapter
exhibits the significance of discrete time delay in controlling the prolif-
eration of cancer cells. The aim of this chapter is how the time delay
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Figure 2.5: Numerical illustration shows the stable phase portraits of (2.2) at
the interior equilibrium E∗ = (4.52127, 0.253529, 2.68414) with initial values
[x(0), y(0), z(0)] = [4.5, 0.2, 2.6] and rest of system parameters are given in
Table 2.2. The left column (A) represents phase diagram for τ = 0.12 ,
the middle column (B) represents phase diagram for τ = 0.41 and the right
column (C) represents phase diagram for τ = 0.82.
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Figure 2.6: The figure shows the bifurcation diagram of (2.2) for tumor cells,
effector cells and IL-2 with reference to the intrinsic growth rate α of tumor
cell. Taking τ = 0.12 and rest of system parameters are listed in Table 2.2.
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Figure 2.7: The figure represents the bifurcation diagram of (2.2) for tumor
cells, immune cells and IL-2 with reference to the deactivation rate d1 of
tumor cell. Taking τ = 0.12 and rest of system parameters are given in
Table 2.2.
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Figure 2.8: The figure represents the bifurcation diagram of (2.2) for tumor
cells, effector cells and IL-2 with reference to activation rate c2 of effector
cell. Taking τ = 0.12 and rest of system parameters are listed in Table 2.2.

influence the dynamics of our system in presence of the cytokine IL-2. Our
mathematical model interplays the kinetics of cancer population, immune
cell populations and immuno-stimulatory cytokine IL-2. At first, we have
examined existence and positivity of the solutions of our mathematical
model. Also, we have investigated local stability analysis of the biologically
feasible steady states both in presence and absence of discrete time lag τ .
To analyze the Hopf bifurcation, we prove that the transversality condition[
d(Reλ)
dτ

]
θ=θ0, τ=τn

> 0, utilizing time delay τ is a threshold parameter. Also,

we have computed the length of time lag to maintain stability of bifurcating
limit cycle. We have performed some numerical illustrations to validate
the theoretical findings. Local asymptotic stability of the delayed and non
delayed system has been investigated to better understand the dynam-
ics of the tumor-immune competitive system by steady state analysis [46, 47].

We incorporate a discrete time lag in our mathematical model. At first,
we find the tumor-free singular point E0 and tumor-presence or interior
singular point E∗. We get a condition d2 < d2 < d2, for our system (2.2) is
asymptotically stable around E0 without time lag (τ = 0). In Figure 2.1, we
have drawn the model (2.2) without delay parameter (τ = 0) is asymptoti-
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Figure 2.9: The figure shows bifurcation diagram of (2.2) for tumor cells,
effector cells and IL-2 with reference to death rate d2 of effector cell. Taking
τ = 0.12 and rest of system parameters are given in Table 2.2.

cally stable around the tumor-free singular point E0. If S1, S2, S3 > 0, then
the model (2.2) is stable asymptotically at the co-existing singular point
E∗, which has been shown in the Theorem 2.3.2. Time series evolution of
model (2.2) (without time lag τ = 0) represent the locally asymptotically
stability around interior singular point E∗, which is shown in Figure 2.2. We
explored numerical integration of our system in presence of time lag τ . If
delay parameter τ is less than its corresponding critical value τn ≈ 0.67724,
then our delayed system (2.2) is asymptotically stable around co-existing
singular point E∗ (in Figure 2.3(A), for τ = 0.12). Again, around co-existing
equilibrium point E∗, our system (2.2) is unstable if time lag τ is greater
than the threshold value τn (in Figure 2.3(B), for τ = 0.82). Hence, our
co-existing equilibrium E∗ experiences a Hopf bifurcation as the discrete
time lag τ passes its critical level τn, which is plotted in Figure 2.4. The
significance of the Hopf bifurcation is that a limit cycle is occurred at the
bifurcation point around co-existing equilibrium E∗ and thus, occurring a
stable periodic oscillations. For τ = 0.12, the phase portrait of tumor cells
and immune cells, tumor cells and IL-2, immune cells and IL-2 are shown
in the Figure 2.5(A), which designates the stable solutions of the respective
cells. Figure 2.5(B) indicates the phase portraits of tumor cells and immune
cells, tumor cells and IL-2, immune cells and IL-2 for the time lag τ = 0.41
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that implies the stable oscillations with large periodic oscillations than the
Figure 2.5(A). Figure 2.5(C) represents the phase portrait of the tumor
cells and immune cells, tumor cells and IL-2, immune cells and IL-2 for
the time lag τ = 0.82 that signals the periodic solutions of the respective
cells. Our mathematical model shows complicated dynamics that has been
noticed in the numerical part by altering parameters such that proliferation
rate of tumor populations α, deactivation rate of tumor population due to
immune system d1, constant influx rate of immune system c2 and decay rate
of immune system d2. If we increase α and d2, then the co-existing singular
point E∗ of our mathematical model (2.2) goes from stable to unstable one
in Figure 2.6 and Figure 2.9, respectively. On the other hand, for increasing
the value of d1 and c2, our mathematical model (2.2) goes from unstable
position to stable position in Figure 2.7 and Figure 2.8, respectively at
co-existing singular point E∗.

In this chapter, we have analyzed Hopf bifurcation of our delayed model
by transversality condition. We have studied that phase portrait of two
dimensional cells, that is, tumor cells and immune cells, tumor cells and
IL-2, immune cells and IL-2 for various values of delay parameter τ. We
have investigated nature of solutions of respective cells for different values of
τ . At last but not least, we have estimated length of time delay parameter
τ for preserving the stability of period-1 limit cycle that provides the idea
about the mode of action in controlling oscillations in the growth of tumor
cells.

The result of this chapter provides an initial analytical skeleton in
investigating tumor-immune interaction with time lag τ . Our simple tumor
model explore how to the time lag effect in presence of the cytokine IL-2
in tumor-immune interaction system. However, we can investigate the role
of other cytokines likelihood TGF-β, IL-10, IL-35, porstaglandin-E2, IL-12,
interferon-gamma (IFN-γ) that are related to cancer-immune interplays to
cancer evolution and how these cytokines influence the kinetics of the system.
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Chapter 3

The impact of distributed time
delay in a tumor-immune
interaction system †

3.1 Introduction

According to the World Health Organization (WHO) report, cancer is the
second-leading cause of death globally and is responsible for an estimated
9.6 million deaths in 2019 [106]. Cancer is a generic term for a large group
of diseases characterized by the abnormal growth of tissues beyond their
usual boundaries, which can then invade nearby parts of the body and
spread to the other organs. Other common terms can be used are malignant
tumors and intracranial neoplasms. Cancer can affect any part of the body
and has many anatomic and molecular subtypes that each requires specific
management strategies. Despite medical advances, several challenges remain
in the diagnosis and treatment of this disease. One great tool which has
shown its potential to better understand of such a complicated biological
system is mathematical modeling [4, 17, 18, 23, 47, 61, 65, 73]. Mathematical
modeling gives realistic and quantitative representations of indispensable
biological scenarios and biological elucidation of their outcomes can provide
insight to make realistic predictions of the state of cancer under different
situations [13, 45, 54, 62, 69, 74, 84].

One of the most important and challenging questions in immunology
and cancer research is to understand how the immune system affects tumor

†A considerable part of this chapter has been published in Chaos, Solitons and
Fractals, Volume 142, 110483, https://doi.org/10.1016/j.chaos.2020.110483
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progression and development [4, 17, 18, 84]. The mechanisms underlying
the interaction between tumor and immune system are critically important
for understanding tumorigenesis and immunotherapy [62, 74]. The immune
system is a very complicated network of cells and signals, which protect
our body from pathogens or foreign antigens including tumor cells. The
immune response begins when tumor cells are recognized by different kinds
of immune cells like B-cells, cytotoxic T-lymphocytes or activated CD8+T
cells considered as effector cells, Helper T cells, macrophages, etc. secreting
different types of cytokines and hence, stimulating both B-cells and T-cells,
and so on [1, 4]. In most of the cases, our immune system can recognize the
tumor cells, but the responses are not sufficient to destroy the tumor cells
[104]. Tumor cells are mainly the prey of the CD8+T cells, on the other
hand, proliferation of CD8+T cells are stimulated due to the existence of
tumor cells. However, tumor cells also cause a loss of CD8+T cells and
intensity of an influx of CD8+T cells may rely on the size of the tumor
cells [23]. Helper T cells are stimulated through antigen presenting cells
(APCs), namely macrophages or dendritic cells and release the cytokines to
stimulate proliferation of CD8+T cells to kill more and more tumor cells [23].

In reality, the duration of any process can never be constant and it usu-
ally fluctuates around some value. Therefore, it is believed that delay should
be distributed around some average values instead of being concentrated in
points. This approach, which allows to more closely mimic the reality, leads
to integro-differential systems, where the integral part derives form taking
into account the distributed nature of the delay. The density of the delay is
called delay kernel. The constant delay case, thus may be considered a limit
case of a distributed delay, where the delay kernel is a Dirac’s delta function
[64].

The organization of this chapter is as follows: In Section 3.2, we develop
a mathematical model for tumor-immune interaction and its normalization.
Section 3.3 contains some preliminary results of existence, non negativity and
boundedness of solutions. The qualitative behavior of the model is described
in the Section 3.4. Qualitative behavior includes nonnegativity of the solu-
tions, existence of the biologically feasible equilibrium points and their local
stability analysis. We introduce continuously distributed delay by consid-
ering kernel function as an additional compartment in the Section 3.5. We
also investigate the existence of equilibrium points and their local stability
analysis in the same section. Our model system experiences Hopf bifurcation
with respect to activation rate λ1 of CD8+T cells, which has been explored
in the Section 3.6. Section 3.7 deals with the numerical results and their
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biological interpretations for the analytical findings. Finally, we give a brief
conclusion in the Section 3.8.

3.2 Model formulation

Our aim of this section is to formulate a mathematical model which allows
sufficient complexity so that the model will qualitatively generate clinically
observed in vivo tumor growth patterns, while it simultaneously maintains
sufficient simplicity to perform model analysis. In this chapter, we examine
the characteristics of shares in comparison to the tumor-immune interaction
model introduced by de Pillis et al. [18], Khajanchi [44], Kirschner & Panetta
[61] and Yu et al. [110]. A kernel function as immune activation continuous
delay is introduced in the proliferation of CD8+T cells, which is activated
by Helper T cells. The model describes the kinetics of CD8+T cells, Helper
T cells, tumor cells and immuno-stimulatory cytokine IL-2, using a system
of coupled nonlinear ordinary differential equations:

dT
dτ

= a1T (1− b1T )− i1TCT ,
dCT
dτ

= c2 −m2CT + n2CTH + g2TCT + f2CT IL,

dH
dτ

= c3 −m3H + n3TH,

dIL
dτ

= i4TCT −m4IL,

(3.1)

where T , CT , H and IL represent the number tumor cells, tumor specific
CD8+T cells, Helper T cells and cytokine IL-2, respectively at any time t.

The first equation of (3.1) describes the rate of change of the density of
tumor cells. We assume that the tumor cells can grow logistically without
any immune intervention [18, 65], where a1 is the intrinsic growth rate and
1/b1 is the maximum carrying capacity of the tumor cells. The second
term corresponds to the elimination of tumor cells due to interaction with
tumor-specific CD8+T cells. Elimination rate of tumor cells by CD8+T
cells is i1.

The second equation of the system (3.1) corresponds to the rate of
change of tumor-specific CD8+T cells. The first term c2 represents the
constant source rate of CD8+T cells. CD8+T cells have a natural lifespan
of an average 1/m2 days. n2 is the activation rate of CD8+T cells due to
interaction of Helper T cells. CD8+T cells are assumed to be activated to
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the tumor site as a direct result for the presence of tumor cells. Here, g2 is
activation rate of CD8+T cells due to tumor cells. Tumor-specific CD8+T
cells are stimulated by IL-2 and f2 is the stimulating rate of CD8+T cells
due to the cytokine IL-2.

The third equation of (3.1) stands for the rate of change for Helper T
cells. Helper T cells are produce in the thymus with birth rate c3. Helper T
cells have a natural lifespan of an average 1/m3 days. n3 is the stimulation
rate of Helper T cells due to presence of tumor antigens.

The last equation of (3.1) gives the rate of change for the concentration
of the immuno-stimulatory cytokine IL-2. Its source is the tumor-specific
CD8+T cells that are stimulated by interaction with the tumor cells. i4
represents the activation rate of the cytokine IL-2. The final term m4

represents loss or degraded rate of the cytokine IL-2.

In order to consider a weak proliferation of tumor-specific CD8+T cells
are stimulated by tumor cells, we can simplify this system (3.1) by omitting
the CD8+T cells stimulating from Tumor cells (that is, ignoring the term
g2TCT ) [110], while keeping the essential dynamical properties of the original
system. Then, we obtain the following simplified tumor-immune system:

dT
dτ

= a1T (1− b1T )− i1TCT ,
dCT
dτ

= c2 −m2CT + n2CTH + f2CT IL,

dH
dτ

= c3 −m3H + n3TH,

dIL
dτ

= i4TCT −m4IL,

(3.2)

with initial conditions T (0) = T0 > 0, CT (0) = (CT )0 ≥ 0, H(0) = H0≥ 0,
IL(0) = (IL)0≥ 0.

To non dimensionalize the system (3.2), we introduce new variables

x1 =
T

T0

, y1 =
CT
T0

, z1 =
H

T0

, u1 =
IL
T0

, τ =
t

i1T0

;

and the corresponding parameters are

α =
a1

i1T0

, β = b1T0, λ1 =
c2

i1T 2
0

, θ1 =
m2

i1T0

, ρ1 =
n2

i1
, µ1 =

f2

i1
,

λ2 =
c3

i1T 2
0

, θ2 =
m3

i1T0

, ρ2 =
n3

i1
, µ2 =

i4
i1
, θ3 =

m4

i1T0

.
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Then, the model system (3.2) becomes the following form as

dx1
dt

= αx1(1− βx1)− x1y1,

dy1
dt

= λ1 − θ1y1 + ρ1y1z1 + µ1y1u1,

dz1
dt

= λ2 − θ2z1 + ρ2x1z1,

du1
dt

= µ2x1y1 − θ3u1,

(3.3)

with the nonnegative initial conditions,

x1(0) = 1, y1(0) ≥ 0, z1(0) ≥ 0, u1(0) ≥ 0,

where x1(t), y1(t), z1(t) and u1(t) represent the non dimensionlize quantity
of tumor cells, CD8+T cells, Helper T cells and IL-2, respectively.

3.3 Some preliminary results

3.3.1 Existence and uniqueness of the solution of the
system

Proposition 3.3.1. Every solution of the system (3.3) with respect to the
nonnegative initial conditions exists and is unique.

Proof. The system (3.3) can be written in vector form

Ẋ = G(X(t)),

with X(t) = (x1, y1, z1, u1)T and G(X) = (G1(X), G2(X), G3(X), G4(X))T

such that G1 = αx1(1 − βx1) − x1y1, G2 = λ1 − θ1y1 + ρ1y1z1 + µ1y1u1,
G3 = λ2 − θ2z1 + ρ2x1z1, G4 = µ2x1y1 − θ3u1.

Then, G is the mapping from R4
+ to R4 with G ∈ C∞(R4),

Gi(X) |Xi(t)=0, X∈R4
+

= Gi(0) ≥ 0, ∀ i = 1, 2, 3, 4. Thus, vector function
G is a locally Lipschitzian and completely continuous function of the vari-
ables x1, y1, z1, u1 in the nonnegative interior region of R4

+ = {(x1, y1, z1, u1) :
x1, y1, z1, u1 > 0}. Applying the lemma in [109], we can say that any solution
(x1, y1, z1, u1) of the system (3.3) with nonnegative initial values exists and
is unique in the interval [0, c], for all t ≥ 0, where c is a finite positive real
number.

47



3.3.2 Nonnegativity

In this subsection, we discuss the nonnegativity of the solution for the system
(3.3) as the populations cannot be negative. We start with a theorem which
assure that the system (3.3) is nonnegative in the interior of R4

+, where R4
+

is defined as

R4
+ = {(x1, y1, z1, u1) : x1, y1, z1, u1 > 0}.

Proposition 3.3.2. Solution of (3.3) with respect to the nonnegative initial
conditions is nonnegative in the interior of R4

+.

Proof. The system (3.3) can be written in vector form in terms of X(t) =
(x1, y1, z1, u1)T ∈ R4

+ and G(X) = (G1(X), G2(X), G3(X), G4(X))T as

Ẋ = G(X(t)),

where . ≡ d
dt

, with initial conditions in vector form

X0 = X(0) = (x1(0), y1(0), z1(0), u1(0)) ∈ R4
+.

Consider the mapping

G : R4
+ −→ R4 with G ∈ C∞(R4).

It is obvious that in the system (3.3),

Gi(X) |Xi(t)=0, X∈R4
+

= Gi(0) ≥ 0, ∀ i = 1, 2, 3, 4.

Due to the lemma in [109], the solution of the system (3.3) with initial condi-
tions X0 ∈ R4

+, in such a way that X(t) = X(t, X0), X(t) ∈ R4
+ ∀ t > 0,

that is, it remains nonnegative throughout the region R4
+ ∀ t > 0.

3.3.3 Boundedness

Proposition 3.3.3. All feasible solutions of the sys-
tem (3.3) are uniformly bounded in the region Eε ={

(x1, y1, z1, u1) ∈ R4
+ : x1 + u1 ≤ 1

β
+ ε, y1 ≤ βλ1

βθ1−ρ1k1β−µ1 + ε, z1 ≤ βλ2
βθ2−ρ2 + ε

}
.

Proof. Let V (x1, u1) = x1 + u1, then we have
dV
dt

= αx1(1− βx1)− x1y1 + µ2x1y1 − θ3u1 (by using (3.3))
≤ αx1(1− βx1)− (1− µ2)x1y1
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≤ αx1(1− βx1) (if µ2 < 1).
By using theory of differential inequality, we have

lim sup
t→∞

[x1(t) + u1(t)] ≤ 1

β
.

Thus, x1(t) + u1(t) is bounded and defined on [0,∞) ∀ t ≥ 0.
From third equation of the system (3.3), we have

dz1

dt
= λ2 − θ2z1 + ρ2x1z1,

⇒ dz1

dt
≤ λ2 − θ2z1 +

ρ2z1

β
,

⇒ dz1

dt
+ (θ2 −

ρ2

β
)z1 ≤ λ2.

Applying the standard theory of differential inequality, we get

z1 ≤
λ2

θ2 − ρ2
β

(
1− e−(θ2− ρ2β )t

)
+ z1(0)e−(θ2− ρ2β )t,

⇒ lim sup
t→∞

z1(t) ≤ βλ2

βθ2 − ρ2

= k1(say), when βθ2 > ρ2.

Therefore, z1(t) is bounded and defined on [0,∞) ∀ t ≥ 0.
From second equation, we have

dy1

dt
= λ1 − θ1y1 + ρ1y1z1 + µ1y1u1,

⇒ dy1

dt
+ (θ1 − ρ1k1 −

µ1

β
)y1 ≤ λ1.

Again, applying the standard theory of differential inequality we obtain,

lim sup
t→∞

y1(t) ≤ βλ1
βθ1−ρ1k1β−µ1 , if βθ1 > ρ1k1β + µ1.

So all the solutions of (3.3) with nonnegative initial values are confined in
the region

Eε =

{
(x1, y1, z1, u1) ∈ R4

+ : x1 + u1 ≤
1

β
+ ε, y1 ≤

βλ1

βθ1 − ρ1k1β − µ1

+ ε,

z1 ≤
βλ2

βθ2 − ρ2

+ ε

}
,

for any ε > 0. Hence, the result.
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3.4 Qualitative behavior of the system

3.4.1 Equilibria

In order to investigate the steady states of the system (3.3), we write dx1
dt

=
dy1
dt

= dz1
dt

= du1
dt

= 0. Then, we have

x1[α(1− βx1)− y1] = 0,

y1(θ1 − ρ1z1 − µ1u1) = λ1,

z1(θ2 − ρ2x1) = λ2,

µ2x1y1 − θ3u1 = 0.

(3.4)

We obtain the tumor-free singular point E0 is given by

E0 = (x0
1, y

0
1, z

0
1 , u

0
1) =

(
0,

λ1θ2

θ1θ2 − ρ1λ2

,
λ2

θ2

, 0

)
.

E0 exists, if ρ1 <
θ1θ2
λ2
≡ ρ0

1 (say).

For the existence of tumor-presence singular point E1, we set x1
1 6= 0.

Then, we get

E1 = (x1
1, y

1
1, z

1
1 , u

1
1) =

(
x1

1, α(1− βx1
1),

λ2

θ2 − ρ2x1
1

,
αµ2x

1
1(1− βx1

1)

θ3

)
and x1

1 is the positive root of the given equation

F (x1
1) ≡ (x1

1)4(α2β2µ1µ2ρ2)− α2µ1µ2(β2θ2 + 2βρ2)(x1
1)3

+(2α2βµ1µ2θ2 + αβθ1θ3ρ2 + α2µ1µ2ρ2)(x1
1)2

+(αβλ2θ3ρ1 + θ3λ1ρ2 − αθ1θ3ρ2 − αβθ1θ2θ3 − α2µ1µ2θ2)(x1
1)

+(αθ1θ2θ3 − λ1θ2θ3 − αλ2θ3ρ1) = 0,

(3.5)

which is a fourth order equation and it has at most four positive roots.
Analytically, it is quite difficult to find an explicit form of existence of tumor-
presence singular point. We use numerical methods to explore the effect of
target parameters upon tumor-presence different singular points and their
stability analysis. By varying λ1, we obtain one positive root for λ1 = 0.9,
two positive roots for λ1 = 0.052, three positive roots for λ1 = 0.6, and four
positive roots for λ1 = 0.0052 and other parameters value are taken from
Table 3.2. This scenarios can be shown in the Figure 3.1.
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Figure 3.1: The figures represent the number of positive roots of the
biquadratic equation (3.5). The figure (a) indicates the unique posi-
tive root x1

1(= 6.82384) for λ1 = 0.9; (b) indicates two positive roots
x1

1(= 0.244011, 6.82372) for λ1 = 0.052; (c) indicates three positive roots
x1

1(= 1.48454, 1.74751, 6.69677) for ρ1 = 0.6; (d) indicates four positive roots
x1

1(= 0.266121, 1.22575, 1.41656, 6.82372) for λ1 = 0.0052 and other parame-
ters value are specified in the Table 3.2.

3.4.2 Local stability analysis

In this subsection, we perform local asymptotically stability analysis (LAS)
for the biologically feasible equilibrium points E0 and E1. In order to study
the LAS, we compute the Jacobian matrix around the equilibrium point
E(x1, y1, z1, u1) is given by
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J(E) =


α− 2αβx1 − y1 −x1 0 0

0 −θ1 + ρ1z1 + µ1u1 ρ1y1 µ1y1

ρ2z1 0 −θ2 + ρ2x1 0

µ2y1 µ2x1 0 −θ3

 .

At the tumor free equilibrium point E0, the Jacobian matrix J(E0) for
the system (3.3) is given by

J(E0) =


α− λ1θ2

θ1θ2−ρ1λ2 0 0 0

0 −θ1 + ρ1
λ2
θ2

ρ1
λ1θ2

θ1θ2−ρ1λ2 µ1
λ1θ2

θ1θ2−ρ1λ2

ρ2
λ2
θ2

0 −θ2 0

µ2
λ1θ2

θ1θ2−ρ1λ2 0 0 −θ3

 .

The eigenvalues corresponding to the Jacobian matrix J(E0) are given
by

ε1 = α− λ1θ2
θ1θ2−ρ1λ2 ,

ε2 = −θ1 + ρ1
λ2
θ2

= ρ1λ2−θ1θ2
θ2

< 0, [since (θ1θ2 − ρ1λ2) > 0],

ε3 = −θ2 < 0,

ε4 = −θ3 < 0.

If ε1 < 0, then we have ρ1 > θ1θ2
λ2
− λ1θ2

αλ2
≡ ρ1

1(say). Thus, we have the
following theorem.

Theorem 3.4.1. The tumor-free singular point E0 of the system (3.3) is
locally asymptotically stable if ρ1

1 < ρ1 < ρ0
1.

Now, we compute the Jacobian matrix around the interior equilibrium
point E1 is given by

J(E1) =


α− 2αβx1

1 − y1
1 −x1

1 0 0

0 −θ1 + ρ1z
1
1 + µ1u

1
1 ρ1y

1
1 µ1y

1
1

ρ2z
1
1 0 −θ2 + ρ2x

1
1 0

µ2y
1
1 µ2x

1
1 0 −θ3

 .
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The characteristic equation of J(E1) takes the following form

D(ε) ≡ ε4 + b1ε
3 + b2ε

2 + b3ε+ b4 = 0, (3.6)

where

b1 =

[
αβx1

1 + λ1
y11

+ λ2
z11

+ θ3

]
,

b2 =

[
αβx1

1
λ1
y11

+ αβx1
1
λ2
z11

+ λ1
y11

λ2
z11

+ (αβx1
1 + λ1

y11
+ λ2

z11
)θ3 − µ1µ2x

1
1y

1
1

]
,

b3 =

[
αβx1

1
λ1
y11

λ2
z11

+ θ3(αβx1
1
λ1
y11

+ αβx1
1
λ2
z11

+ λ1
y11

λ2
z11

)− λ2
z11
µ1µ2x

1
1y

1
1

− αβx1
1µ1µ2x

1
1y

1
1 + ρ1ρ2x

1
1y

1
1z

1
1 + µ1µ2x

1
1(y1

1)2

]
,

b4 =

[
αβx1

1
λ1
y11

λ2
z11
θ3 − αβx1

1
λ2
z11

+ λ1
y11

λ2
z11
µ1µ2x

1
1y

1
1 + ρ1ρ2θ3x

1
1y

1
1z

1
1

+ λ2
z11
µ1µ2x

1
1(y1

1)2

]
.

According to the Routh-Hurwitz criterion, we obtain a set of necessary
conditions such that all roots of equation (3.6) are negative or have negative
real parts if and only if b1 > 0, b1b2 − b3 > 0 and (b1b2 − b3)b3 − b2

1b4 > 0.
From the expression, it is clear that b1 > 0. Now, we consider that

b1b2 − b3 = Γ−∆,
where

Γ =
(
αβx1

1

)2(λ1
y11

+ λ2
z11

+ θ3

)
+
(
λ1
y11

)2(
αβx1

1 + λ2
z11

+ θ3

)
+
(
λ2
z11

)2(
αβx1

1 + λ1
y11

+ θ3

)
+ θ2

3

(
αβx1

1 + λ1
y11

+ λ2
z11

)
+ 2αβx1

1
λ1
y11

λ2
z11

+ 2θ3

(
αβx1

1
λ1
y11

+ αβx1
1
λ2
z11

+ λ1
y11

λ2
z11

)
,

and

∆ = x1
1y

1
1µ1µ2

(
λ1
y11

+ θ3 + y1
1

)
+ ρ1ρ2z

1
1 .

So, we can say that b1b2 − b3 > 0 for Γ > ∆.
Thus, we have the following theorem.

Theorem 3.4.2. The interior singular point E1 of the system (3.3) is locally
asymptotically stable if Γ > ∆ and (Γ−∆)b3 > b2

1b4.

3.5 Dynamics of delayed model

In reality, the dynamical behavior of the system does not happen instanta-
neously, but rather depends on the influence of the past history of the system.
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Thus, it is very necessary to introduce time delays into model formulation to
reflect the real scenarios. As we know that the activation of immune response
against the progression of tumor development is very complicated and often
delayed, such as, the immune activation delays of CD8+T cells by tumor
cells and Helper T cells by tumor cells [34, 43, 110], and the immune ac-
tivation delay of CD8+T cells by Helper T Cells [35, 44, 49, 52, 69] and so on.

The immune cells will take more time to give a suitable response after
recognizing the tumor cells [50, 110], we only consider such delay in this study.
Therefore, we need to take into account the effect of time delay to describe the
proliferation of CD8+T cells stimulating by Helper T cells. The time delays
can be classified into two types: discrete time delays (directly incorporate
delay term, for example, m1C(t−τ)H(t−τ) with τ > 0) [44] and distributed
delay (introducing a kernel function as an additional compartment) [40].
In this study, we are mainly interested in continuously distributed delay
M(t) =

∫ t
−∞ be

−b(t−s)z1(s)ds to represent the immune activation delay, then
we obtain the following system:

dx1
dt

= αx1(1− βx1)− x1y1,

dy1
dt

= λ1 − θ1y1 + ρ1y1M + µ1y1u1,

dz1
dt

= λ2 − θ2z1 + ρ2x1z1,

du1
dt

= µ2x1y1 − θ3u1,

dM
dt

= l1z1 − l1M,

(3.7)

where l1(t) (> 0) represents the strength of delay and a probability distribu-
tion function z1(t) is the distributed delay kernel. l1(t) is defined by

l1(t) =
tj−1bj

(j − 1)!
,

with b is a constant, (j − 1) is the order of the delay and j is a positive
integer. We take j = 1, then we have

l1(t) = b.
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Then, the system (3.7) becomes

dx1
dt

= αx1(1− βx1)− x1y1,

dy1
dt

= λ1 − θ1y1 + ρ1y1M + µ1y1u1,

dz1
dt

= λ2 − θ2z1 + ρ2x1z1,

du1
dt

= µ2x1y1 − θ3u1,

dM
dt

= bz1 − bM.

(3.8)

If we put t− s = v, then M(t) can be written as

M(t) =

∫ ∞
0

be−bvz1(t− v)dv.

It can be noted that the weight function of z1(t − v) is be−bv = b
ebv

and
monotonically decreasing with respect to v. The mean delay for the weight
function be−bv is ∫ ∞

0

vl1(v)e−bvdv =
1

b
.

Thus, the immune activation depends on the density of Helper T cells at the
present time t for large b. On the other hand, when b is sufficiently small,
the activation depends also on the concentration of Helper T cells at the past
time t− v.

3.5.1 Equilibria and their stability analysis

The system (3.8) has a tumor-free singular point

E† = (x†1, y
†
1, z
†
1, u
†
1,M

†) =

(
0,

λ1θ2

θ1θ2 − ρ1λ2

,
λ2

θ2

, 0,
λ2

θ2

)
.

E† exists when ρ1 < ρ0
1.

The system (3.8) has an interior singular point

E⊥1 = (x⊥1 , y
⊥
1 , z

⊥
1 , u

⊥
1 ,M

⊥)

= (x⊥1 , y
⊥
1 , z

⊥
1 , u

⊥
1 , z

⊥
1 )

=

(
x⊥1 , α(1− βx⊥1 ), λ2

θ2−ρ2x⊥1
,
αµ2x⊥1 (1−βx⊥1 )

θ3
, λ2
θ2−ρ2x⊥1

)
,
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and x⊥1 is the positive real root satisfying the equation

(x⊥1 )4(α2β2µ1µ2ρ2)− α2µ1µ2(β2θ2 + 2βρ2)(x⊥1 )3+

(2α2βµ1µ2θ2 + αβθ1θ3ρ2 + α2µ1µ2ρ2)(x⊥1 )2+

(αβλ2θ3ρ1 + θ3λ1ρ2 − αθ1θ3ρ2 − αβθ1θ2θ3 − α2µ1µ2θ2)x⊥1 +

(αθ1θ2θ3 − λ1θ2θ3 − αλ2θ3ρ1) = 0.

(3.9)

The nonnegative roots for the system (3.9) is already studied for equation
(3.5). Now, we investigate the stability of the two biologically feasible
singular points of E† and E⊥ for the system (3.8).

We compute Jacobian matrix J(E) around the equilibrium point
E(x1, y1, z1, u1,M) for the system (3.8) is given by

J(E) =



(α− 2αβx1 − y1) −x1 0 0 0

0 (−θ1 + ρ1M + µ1u1) 0 µ1y1 ρ1y1

ρ2z1 0 (−θ2 + ρ2x1) 0 0

µ2y1 µ2x1 0 −θ3 0

0 0 b 0 −b


.

Now, at the equilibrium point E†
(

0, λ1θ2
θ1θ2−ρ1λ2 ,

λ2
θ2
, 0, λ2

θ2

)
, the Jacobian

matrix J(E†) is given by

J(E†) =



α− λ1θ2
θ1θ2−ρ1λ2 0 0 0 0

0 −θ1 + ρ1
λ2
θ2

0 µ1
λ1θ2

θ1θ2−ρ1λ2 ρ1
λ1θ2

θ1θ2−ρ1λ2

ρ2
λ2
θ2

0 −θ2 0 0

µ2
λ1θ2

θ1θ2−ρ1λ2 0 0 −θ3 0

0 0 b 0 −b


.
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The eigenvalues corresponding to the Jacobian matrix J(E†) are given by

ε11 = α− λ1θ2
θ1θ2−ρ1λ2 ,

ε12 = −θ1 + ρ1
λ2
θ2

= ρ1λ2−θ1θ2
θ2

< 0, [since (θ1θ2 − ρ1λ2) > 0],

ε13 = −θ2 < 0,

ε14 = −θ3 < 0,

ε15 = −b < 0.

For the system (3.8), it can be seen that all the eigenvalues are negative if
and only if ρ1

1 < ρ1 < ρ0
1. Thus, we have the following theorem.

Theorem 3.5.1. The tumor-free singular point E† of the system (3.8) is
locally asymptotically stable if ρ1

1 < ρ1 < ρ0
1.

The Jacobian matrix of the system (3.8) at E⊥ is given by

J(E⊥) =



α− 2αβx⊥1 − y⊥1 −x⊥1 0 0 0

0 −θ1 + ρ1M
⊥ + µ1u

⊥
1 0 µ1y

⊥
1 ρ1y

⊥
1

ρ2z
⊥
1 0 −θ2 + ρ2x

⊥
1 0 0

µ2y
⊥
1 µ2x

⊥
1 0 −θ3 0

0 0 b 0 −b


.

The characteristic equation of J(E⊥) takes the form

ε5 +B1ε
4 +B2ε

3 +B3ε
2 +B4ε+B5 = 0, (3.10)

where

B1 = b+ b1,

B2 = b2 + bb1,

B3 = bb2 + b3 − b5, (where b5 = ρ1ρ2δ3x
⊥
1 y
⊥
1 z
⊥
1 )

B4 = bb3 + b4 − b5,

B5 = bb4.

According to the Routh-Hurwitz criterion, all the roots of equation
(3.10) are negative or have negative real parts if and only if Bi > 0,
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for i= 1 to 5, B1B2 − B3 > 0, (B1B2 − B3)B3 − B2
1B4 > 0 and

(B1B2 −B3)(B3B4 −B2B5)− (B1B4 −B5)2 > 0.

From the expression, it is easy to verify that B1 > 0.
Further, we can check that B1B2 − B3 > 0. In fact, B1B2 − B3 =

b2b1 + bb2
1 + b5 + (b1b2 − b3) > 0, since b1b2 − b3 > 0 when Γ > ∆. Thus, we

have the following theorem.

Theorem 3.5.2. The tumor-presence singular point E⊥ of the system (3.8)
is locally asymptotically stable if Γ > ∆, B3 > 0, B4 > 0, (B1B2 − B3)B3 −
B2

1B4 > 0 and (B1B2 −B3)(B3B4 −B2B5)− (B1B4 −B5)2 > 0.

We have also summarized the existence and stability criteria of the sin-
gular points of the systems (3.3) and (3.8) in Table 3.1.

Table 3.1: Community composition and the stability of singular points:

singular
points

Non delay system (3.3) Delay system (3.8)

Tumor-free
singular point

Existence criterion: Existence criterion:

ρ1 < ρ0
1 ρ1 < ρ0

1

Stability criterion: Stability criterion:

ρ1
1 < ρ1 < ρ0

1 ρ1
1 < ρ1 < ρ0

1

Tumor-
presence
singular point

Existence criterion: Existence criterion:

Eq.(3.5) has a posi-
tive root with x1

1 <
min{ 1

β
, θ2
ρ2
}

Eq.(3.9) has a positive root
with x⊥1 < min{ 1

β
, θ2
ρ2
}

Stability criterion: Stability criterion:

Γ > ∆ and (Γ−∆)b3 >
b2

1b4

Γ > ∆, B3 > 0, B4 > 0,
(B1B2 − B3)B3 − B2

1B4 >
0 and (B1B2 − B3)(B3B4 −
B2B5)− (B1B4 −B5)2 > 0
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3.6 Hopf bifurcation analysis

In this section, we investigate Hopf bifurcation analysis for the model system
(3.3), with respect to the recruitment rate λ1 of activated CD8+ T cells.

Let us assume that σ : (0,∞) → R be a continuously differentiable
function for λ1, then we can write

σ(λ1) = b1(λ1)b2(λ1)b3(λ1)− b2
3(λ1)− b2

1(λ1)b4(λ1). (3.11)

The assumptions for the occurrence of Hopf bifurcations are the usual
ones and this is essential that σ(λ1) = {ε : D(ε) = 0} of the characteristic
equation is such that :

(i) ∃ λ∗1 ∈ (0,∞), at which a pair of imaginary eigenvalues (ε(λ∗1), ε̄(λ∗1)) ∈
σ(λ1) are such that

Re{ε(λ∗1)} = 0, Im{ε(λ∗1)} = ω0 > 0,

and the transversality condition

d

dλ1

[
Re{ε(λ1)}

]∣∣∣∣
λ1=λ∗1

6= 0. (3.12)

(ii) All other elements of σ(λ1) have negative real parts.
Mathematically, we can write the above two assumptions for Hopf bifurca-
tion are as follows.

At an equilibrium point E1, Hopf bifurcation occurs for λ1 = λ∗1 ∈ (0,∞)
if and only if

σ(λ∗1) = 0, d
dλ1

[
Re{ε(λ1)}

]∣∣∣∣
λ1=λ∗1

6= 0, (3.13)

and all other eigenvalues are of negative real parts, where ε(λ1) is purely
imaginary at the threshold λ1 = λ∗1.

The existence of λ∗1 ∈ (0,∞) is ensured by solving the equation
σ(λ∗1) = 0. At λ1 = λ∗1, the characteristic equation (3.6) can be expressed as

(
ε2 + b3

b1

)(
ε2 + b1ε+ b1b4

b3

)
= 0.
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The above equation has four roots, say ε1, ε2, ε3, ε4 with pair of purely
complex roots at λ1 = λ∗1 . Thus, we get

ε3 + ε4 = −b1, (3.14)

ω2
0 + ε3ε4 = b2, (3.15)

ω2
0(ε3 + ε4) = −b3, (3.16)

ω2
0ε3ε4 = b4, (3.17)

where ω0 = Im{ε1(λ∗1)}. From the equations (3.14) and (3.16), we have

ω2
0 = b3

b1
. (3.18)

Since ω0 > 0, then we must have b3 > 0 as b1 > 0. Now, if ε3 and ε4
are complex conjugate, then from (3.14) it follows that 2Re{ζ3} = −b1 < 0.
If they are real roots, then by equations (3.14) and (3.17), we have ε3 < 0,
ε4 < 0 when b4 > 0. To complete our discussion, we need to satisfy the
transversality condition (3.12).

Since σ(λ1) is a continuously differentiable function of all its roots, then
there exists an open interval λ1 ∈ (λ∗1 − ε, λ∗1 + ε), with ε > 0. Let ε1
and ε2 are complex conjugate for λ1. Suppose, their general forms in this
neighborhood are

ε1(λ1) = β1(λ1) + iβ2(λ1), (3.19)

ε2(λ1) = β1(λ1)− iβ2(λ1). (3.20)

Now, we need to verify the transversality condition

d
dλ1

[
Re{εj(λ1)}

]∣∣∣∣
λ1=λ∗1

6= 0; for j = 1, 2. (3.21)

Substituting ε1(λ1) = β1(λ1) + iβ2(λ1) into the characteristic equation
(3.6) and compute the differentiation, separating the real and imaginary
parts, we have

A(λ1)β
′
1 −B(λ1)β

′
2 + C(λ1) = 0,

B(λ1)β
′
1 + A(λ1)β

′
2 +D(λ1) = 0,
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where

A(λ1) = 4β3
1 − 12β1β

2
2 + 3b1(β2

1 − β2
2) + 2b2β1 + b3,

B(λ1) = 12β2
1β2 − 4β3

2 + 6b1β1β2 + 2b2β2,

C(λ1) = b1β
3
1 − 3b

′
1β1β

2
2 + b

′
2(β2

1 − β2
2) + b

′
3β1,

D(λ1) = 3b
′
1β

2
1β2 − b

′
1β

3
2 + 2b

′
2β1β2 + b

′
3β2.

If B(λ1)D(λ1) + A(λ1)C(λ1) 6= 0 at the threshold λ1 = λ∗1, we have

d
dλ1

[
Re{εj(λ1)}

]∣∣∣∣
λ1=λ∗1

=
B(λ∗1)D(λ∗1)+A(λ∗1)C(λ∗1)

A2(λ∗1)+B2(λ∗1)
6= 0.

Therefore, the transversality condition holds for Hopf bifurcation is veri-
fied. We may summarized the above discussion in the form of the following
theorem.

Theorem 3.6.1. If the positive singular point E1 of the system (3.3) exists,
then the system around E1 enters into the Hopf bifurcation at the critical
value λ1 = λ∗1 provided σ(λ∗1) = 0, b3

∣∣
λ1=λ∗1

> 0, b4

∣∣
λ1=λ∗1

> 0, B(λ∗1)D(λ∗1) +

A(λ∗1)C(λ∗1) 6= 0.

3.7 Numerical simulations

To check the feasibility of our analytical findings regarding stability
conditions, we conduct some numerical computation using MATLAB and
MATHEMATICA by choosing the parameters value specified in the Table
3.2. Here, recruitment rate λ1 of CD8+T cells and the activation rate µ1

of CD8+T cells due to IL-2 are two most important parameters under
investigation. The main purpose of this section is to study the dynamical
behavior of the systems [(3.3),(3.8)] for a wide range of above parameters
value. For the parameter set in the Table 3.2, we have checked that the
condition for the existence of the tumor-free singular point E0 of system
(3.3) is satisfied. For the CD8+T cells recruitment rate λ1 = 0.9 and other
parameters from Table 3.2, we have ρ1

1 = 0.169056 and ρ0
1 = 0.388308. Thus,

the existence condition for tumor-free singular point E0 is satisfied, that is,
ρ1(= 0.18) < ρ0

1. In order to verify the stability condition for the tumor-free
singular point E0, we checked the statement of the Theorem 3.4.1. For
λ1 = 0.9 and other parameters value are in Table 3.2, we have ρ1

1 < ρ1 < ρ0
1.
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Table 3.2: Parameters for tumor-immune interaction model; their description
and sources.
Par. Description Values Source

α Intrinsic growth rate of tumor cells 1.636 [110]

β Maximum carrying capacity of tumor cells 0.7 [43]

λ1 Recruitment rate of CD8+T cells 0.052 [46, 105]

θ1 Natural death rate of CD8+T cells 0.9743 [69]

ρ1 Activation rate of CD8+T cells by Helper T
cells

0.18 fit to data

µ1 Activation rate of CD8+T cells due to IL-2 0.7 fit to data

λ2 Activation rate of Helper T cells 1.38 [18]

θ2 Natural death rate of Helper T cells 0.55 [52]

ρ2 Stimulation rate of Helper T cells due to tumor
cells

0.08 [43]

µ2 Production rate of IL-2 due to interaction be-
tween tumor cells and CD8+T cells

1.09 fit to data

θ3 Degrade rate of IL-2 0.54 [61]

b Nonnegative delay constant 1.04 fit to data

Numerically, we obtain the singular point E0(0, 1.72195, 2.50909, 0) and
the corresponding eigenvalues are −0.55, − 0.54, − 0.522664, − 0.0859488.
It can be observed that all the eigenvalues of J(E0) are negative. Therefore,
the tumor-free singular point E0 for the system (3.3) is locally asymptotically
stable (LAS).

For the existence of tumor-presence singular point E1, we obtain a
biquadratic equation (3.5) for tumor cells of the system (3.3). From the
fourth-degree equation, it is clear that the equation (3.5) has at most four
roots. For λ1 = 0.9 and other parameters value are specified in Table 3.2,
the equation (3.5) has a unique positive root x1

1 = 6.82384 (See Figure
3.1(a)). For λ1 = 0.052 and other parameters value are taken from Table 3.2,
the equation (3.5) has two positive roots x1

1 = 0.244011 and x2
1 = 6.82372

(See Figure 3.1(b)). To get three positive roots x1
1 = 1.48454, x2

1 = 1.74751
and x3

1 = 6.69677 (See the Figure 3.1(c)), we choose λ1 = 0.6 and other
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Figure 3.2: The left panel (A) of the figures shows the time series evolution for
the model system (3.3); the right panel (B) of the figures shows the time series
evolution for the model system (3.8). For the left panel (A) parameters value
are specified in the Table 3.2 and for right panel (B) ρ1 = 0.118 and other
parameters value are specified in the Table 3.2 with initial condition x1(0) =
0.3, y1(0) = 1.37, z1(0) = 2.61, u1(0) = 0.67 and M(0) = 2.61. The time
series curves for the system (3.3) and (3.8) represent periodic oscillations.

parameters value are specified in Table 3.2. If we choose λ1 = 0.0052 and
other parameters are specified in the Table 3.2, we get four positive roots
x1

1 = 0.266121, x2
1 = 1.22575, x3

1 = 1.41656 and x4
1 = 6.82372 (See the Figure

3.1(d)).

3.7.1 Role of recruitment rate λ1 of CD8+T cells

Now, we shall study the impact of one of the most important parameters,
namely the recruitment rate λ1 of CD8+T cells. At first, we set λ1 = 0.052
and other parameters are specified in the Table 3.2, there exist a unique
tumor-free E0 and a unique tumor-presence E1 singular point for the
non delayed system (3.3) as well as a unique tumor-free E† and a unique
tumor-presence E⊥ singular points for the delayed system (3.8). For the
non delayed system (3.3), at λ1 = 0.052, E0(0, 0.0994904, 2.50909, 0)
has the following eigenvalues are 1.53651, -0.55, -0.54, -0.522664 and E1
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Figure 3.3: The left panel (A) of the figures shows the time series evolution
for the model system (3.3); the right panel (B) of the figures shows the time
series evolution for the model system (3.8). λ1 = 0.39 for left panel (A) and
for right panel (B) λ1 = 0.39, ρ1 = 0.248 and other parameters value are
specified in the Table 3.2, with initial condition x1(0) = 0.3, y1(0) = 1.37,
z1(0) = 2.61, u1(0) = 0.67 and M(0) = 2.61. The time series curves for the
system (3.3) represents periodic oscillations and (3.8) represents the locally
asymptotically stability.

(0.24401, 1.35656, 2.60142, 0.66816) has the following eigenvalues are
-1.14178, -0.53076, 0.142144 ± 0.483779i. Also, for the delayed system
(3.8), we set λ1 = 0.052 and ρ1 = 0.118, then E†(0, 0.0766705, 2.50909, 0,
2.50909) has the following eigenvalues are 1.55933, -0.55, -0.54, -0.678227,
-1.04 and E⊥(0.3575, 1.22659, 2.64672, 0.885133, 2.64672) has the following
eigenvalues are -1.24128, -0.521843, -1.04, 0.124959 ± 0.4702591i. Thus, E1

is periodic oscillation in nature which has been demonstrated in the left
panel (A) of the Figure 3.2 and E⊥ is also periodic oscillation in nature
which has been shown in the right panel (B) of the Figure 3.2.

If we choose λ1 = 0.39 and other parameters are in the Table 3.2,
there exist one tumor-free E0 and one tumor-presence E1 equilibrium point
for the non delayed system (3.3) as well as one tumor-free E† and one
tumor-presence E⊥ equilibrium point for the delayed system (3.8). For
the non delayed system (3.3), at λ1 = 0.39, E0(0, 0.746178, 2.50909, 0)

64



0 500 1000 1500
0

0.2

A
x 1

0 500 1000 1500
1

2

3

y 1

0 500 1000 1500
2.5

2.55

2.6

z 1

0 500 1000 1500
0

0.5

time

u 1

0 500 1000 1500
2.5

2.55

2.6

z 1
0 500 1000 1500

0

0.5

u 1

0 500 1000 1500
2.5

2.55

2.6

time

M

0 500 1000 1500
1

2

3

y 1

0 500 1000 1500
0

0.2

B

x 1

0 0.2 0.4
1

2
3

2.6

2.8

x
1

y
1

z 1

Figure 3.4: The left panel (A) of the figures shows the time series evolution
for the model system (3.3); the right panel (B) of the figures shows the time
series evolution for the model system (3.8). λ1 = 0.585 for left panel (A)
and for right panel (B) λ1 = 0.585, ρ1 = 0.15 and other parameters value are
specified in the Table 3.2, with initial condition x1(0) = 0.3, y1(0) = 1.37,
z1(0) = 2.61, u1(0) = 0.67 and M(0) = 2.61. The time series curves for the
system (3.3) and (3.8) represent the locally asymptotic stability.

has the corresponding eigenvalues are 0.889822, -0.55, -0.54, -0.522664 and
E1(0.120138, 1.49842, 2.55372, 0.363367) has the corresponding eigenvalues
are -1.02884, -0.540379, 0.045488 ± 0.452586i. Also, for the delayed system
(3.8), at λ1 = 0.39 and ρ1 = 0.248, E†(0, 1.10781, 2.50909, 0, 2.50909) has
the corresponding eigenvalues are 0.52819, -0.55, -0.54, -0.352046, -1.04 and
E⊥(0.0454355, 1.58397, 2.52578, 0.145269, 2.52578) has the correspond-
ing eigenvalues are -0.546169, -0.832104, -1.04, −0.00317304 ± 0.33723i.
Therefore, E1 is unstable which has been plotted in the left panel (A) of
the Figure 3.3 and E⊥ is locally asymptotically stable which has been also
plotted in the right panel (B) of the Figure 3.3.

If we set λ1 = 0.585 and other parameters from Table 3.2, we obtain
a tumor-free singular point E0 = (0, 1.11927, 2.50909, 0) and a unique
interior singular point E1 = (0.0651269, 1.56142, 2.53309, 0.205264) and
the corresponding eigenvalues for E0 are given by −0.55, −0.54, −0.522664,
0.51673. Also, the eigenvalues for the interior equilibrium point E1 are given
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Figure 3.5: Bifurcation diagram of the system (3.8) for tumor cells, CD8+T
cells, Helper T cells, IL-2 with respect to the activation rate λ1 of CD8+T
cells and other parameters value are specified in the Table 3.2.

by −0.93625, −0.544679, −0.0265453 ± 0.377604i. Numerically, we have
also checked the Routh-Hurwitz criteria (b1b2− b3)b3− b2

1b4 = 0.0394294 > 0.
Numerically, We have also verified the Theorem 3.4.2 and obtained that
b1b2 − b3 = Γ −∆ = 0.883444 and (Γ −∆)b3 − b2

1b4 = 0.0394294 > 0 which
ensure the asymptotic stability of the interior singular point E1. From the
eigenvalues of E1 and the Theorem 3.4.2, it is clear that the tumor-presence
singular point E1 is locally asymptotically stable for λ1 = 0.585. The left
panel (A) of the Figure 3.4, shows that the tumor-presence singular point
E1 of the system (3.3) is locally asymptotically stable.

Now, we shall investigate the existence and local asymptotic stability for
the delayed system (3.8). For λ1 = 0.585, ρ1 = 0.15 and other parameters
from Table 3.2, the delayed system (3.8) has a unique tumor-free singular
point E† = (0, 0.978365, 2.50909, 0, 2.50909) and the corresponding eigenval-
ues are−0.55, −0.54, −0.597937, 0.657635, −1.04. Also, the delayed system
(3.8) has a unique tumor-presence singular point E⊥ = (0.0969665, 1.52495,
2.54499, 0.298477, 2.54499) with corresponding eigenvalues are -0.542198, -
1.02123, -1.04, −0.00673919±0.427909i. In order to verify the Theorem 3.5.2
for the stability of E⊥, we compute the followings for Routh-Hurwitz criteria:
B1 = b+b1 = 2.61691, B2 = b2 +bb1 = 2.39792, B3 = bb2 +b3−b5 = 1.07962,
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B4 = bb3 + b4 − b5 = 0.404532, B5 = bb4 = 0.105468. Also, we checked the
expressions B1B2 − B3 = 5.19551, (B1B2 − B3)B3 − B2

1B4 = 2.83885 and
(B1B2 − B3)(B3B4 − B2B5) − (B1B4 − B5)2 = 0.0466174, which ensure
the asymptotic stability of interior singular point E⊥. The right panel
(B) of Figure 3.4 demonstrates that the model system (3.8) is locally
asymptotically stable around the positive interior singular point E⊥.

If we gradually increase the recruitment rate λ1 of CD8+T cells the
tumor-presence singular point E⊥ becomes stable to unstable (period-1
oscillation) around tumor-presence steady state, unstable to stable around
tumor-presence steady state and finally, delayed system (3.8) becomes
tumor-free (E†) stable situation from the stable position around the
tumor-presence steady state. Numerical simulation for the delayed system
(3.8) shows that the tumor-presence singular point exists in stable nature
for λ1 ∈ (0, 0.22]. Tumor-presence system exhibits one periodic limit
cycle oscillations in the range 0.023 ≤ λ1 ≤ 0.522 and the delayed system
(3.8) becomes unstable round interior equilibrium point E⊥. The delayed
tumor-immune system (3.8) undergoes a stable situation around the positive
interior steady-state E⊥ for the interval 0.523 ≤ λ1 < 0.856. Finally, the
delayed system (3.8) goes into the tumor-free stable situation from the
stable situation around the interior equilibrium state for λ1 ≥ 0.856. Thus,
there exist three threshold values for λ1 which are denoted by λ0

1 ≈ 0.023,
λ∗1 ≈ 0.523 and λc1 ≈ 0.856. Our numerical simulations suggest that the
occurrence of oscillating behavior around tumor-presence singular point,
a minimum threshold of recruitment rate λ1(≈ 0.023) of CD8+T cell is
required. The tumor-presence oscillations become stable when λ1 crosses
a critical value λ∗1 ≈ 0.523. Thereafter, the tumor cannot present in the
patient’s body when λ1 passing through the threshold λc1. This result
indicates that there is a maximum threshold of the recruitment rate λc1
(≈ 0.856) of CD8+T cells above which the tumor-presence situation cannot
persist. Therefore, the recruitment rate can prevent the tumor-presence
oscillations as well as makes tumor-free in the system. To make it more
clear, we plot the bifurcation diagram (see the Figure 3.5) of the system
(3.8) by considering λ1 as a bifurcation parameter, we obtained that the
delayed system (3.8) undergoes a Hopf bifurcation at the threshold value
λ∗1 = 0.523. Analytically as well as numerical simulations, we obtain that
d
dλ1

[Re{ζj(λ1)}]
∣∣
λ1=λ∗1

= 0.146659 6= 0, which implies that the transversality

condition for the Hopf bifurcation is satisfied.

It is clear from the bifurcation diagram that for lower threshold values for
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λ1 the system (3.8) is stable, but above the critical value of λ1(= λ0
1 ≈ 0.023)

the system losses its stability. If we further increase the magnitude of
λ1 and it crosses the critical value λ∗1 ≈ 0.523 the system becomes stable
through Hopf bifurcation. In the range of 0 < λ1 < 0.856, the growth
of tumor cells are well controlled by our immune system, and the tumor
is in benign state or non-invasive. For the range of 0.023 ≤ λ1 ≤ 0.522,
the interaction between tumor and immune system leads to the periodic
behavior of the model. For 0.523 ≤ λ1 ≤ 0.856, the model (3.8) has an
exponential time domain behavior, reaching a stable critical point in the
equilibrium state. This is similar to the spheroid tumor growth in the
avascular phase, which is exponential and finally reaches the equilibrium
state. We finally conclude that there is a critical value of recruitment rate
λ1 of CD8+T cells (λmax1 = λc1 ≈ 0.856), so that the tumor-presence interior
steady-state switches from stable E⊥ to stable tumor-free planar interior
steady-state E†.

3.7.2 Effect of activation rate µ1 of CD8+T cells due
to IL-2 in both non delayed system (3.3) and
delayed system (3.8)

Here, we shall study the impact of another most important parameter; the
activation rate µ1 of CD8+T cells due to IL-2. In order to check the stability,
we vary the parameter µ1 with fixed λ1 = 0.052 and rest of the parameters
are specified in the Table 3.2. If we consider µ1 = 0.385, then there exist a
single tumor-free E0 and a single tumor-presence E1 singular point for non
delayed system (3.3) as well as one tumor-free E† and one tumor-presence
E⊥ equilibrium point for the delayed system (3.8). For the non delayed sys-
tem (3.3) at µ1 = 0.385, E0(0, 0.0994904, 2.50909, 0) has the eigenvalues are
1.53651, -0.55, -0.54, -0.522664 and E1(0.553906, 1.00167, 2.72896, 1.11993)
has the eigenvalues are -1.17093, -0.509026, −0.0259931 ± 0.326694i. For
delayed system (3.8) at µ1 = 0.385 and ρ1 = 0.197, E†(0, 0.108331, 2.50909,
0, 2.50909) has the eigenvalues are 0.55269, -0.55, -0.54, -1.04, -0.480009
and E⊥(0.462003, 1.10691, 2.68985, 1.03227, 2.68985) has the eigenvalues
are -1.13228, -0.515322, -1.04, 0.00925187 ±0.37525i. Therefore, E1 is stable
and E⊥ is unstable, which has been plotted the left panel (A) of the Figure
3.6 and right panel (B) of the Figure 3.6, respectively.

If we choose µ1 = 0.49 and other parameters are specified in the
Table 3.2, there exist single tumor-presence singular point for non delayed
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Figure 3.6: The left panel (A) of the figures shows the time series evolution
for the model system (3.3); the right panel (B) of the figures shows the time
series evolution for the model system (3.8). µ1 = 0.385 for left panel (A) and
for right panel (B) µ1 = 0.385, ρ1 = 0.197 and other parameters value are
specified in the Table 3.2, with initial condition x1(0) = 0.3, y1(0) = 1.37,
z1(0) = 2.61, u1(0) = 0.67 and M(0) = 2.61. The time series curves for the
system (3.3) represents the locally asymptotic stability and (3.8) represents
the periodic oscillations.

system (3.3) as well as a single tumor-presence E⊥ equilibrium point for
the delayed system (3.8). For the non delayed system (3.3) at µ1 = 0.49,
E1(0.381849, 1.19871, 2.65665, 0.923926) has the eigenvalues are -1.15188,
-0.520537, −0.0661466 ± 0.426065i, which indicates the stable oscillat-
ing behavior. For delayed system (3.8) at µ1 = 0.49 and ρ1 = 0.117,
E†(0, 0.0763879, 2.50909, 0, 2.50909) has the eigenvalues are 1.55961, -1.04,
-0.680736, -0.55, -0.54. E⊥(1.3305, 0.112482, 3.1111, 0.302053, 3.1111)
has the corresponding eigenvalues are -1.5366, -0.757572, -1.04, -0.437629,
-0.237582. Thus, E1 is unstable and E⊥ is locally asymptotically stable,
which has been demonstrated the left panel (A) of the Figure 3.7 and
right panel (B) of the Figure 3.7, respectively. Here, we have also summa-
rized some of the numerical results of the systems (3.3) and (3.8) in Table 3.3.

If we increase the activation rate µ1 of CD8+T cells the tumor-presence
singular point E⊥ of the system (3.8) becomes stable to unstable state. In
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Figure 3.7: The left panel (A) of the figures shows the time series evolution
for the model system (3.3); the right panel (B) of the figures shows the time
series evolution for the model system (3.8). µ1 = 0.49 for left panel (A) and
for right panel (B) µ1 = 0.49, ρ1 = 0.117 and other parameters value are
specified in the Table 3.2, with initial condition x1(0) = 0.3, y1(0) = 1.37,
z1(0) = 2.61, u1(0) = 0.67 and M(0) = 2.61. The time series curves for the
system (3.3) represents periodic oscillations and (3.8) represents the locally
asymptotically stability.

order to understand this scenario, we plot the bifurcation diagram of the
system (3.8) with respect to the parameter µ1 (see the Figure 3.8). From
the Figure 3.8, it is clear that the system (3.8) undergoes Hopf bifurcation
at the threshold value µ1 = 0.406. From the bifurcation diagram, it can be
observed that for lower values of µ1 the system (3.8) is stable, but above
the threshold value of µ1(= µ∗1 = 0.406) the system losses its stability and
periodic solution arises through Hopf bifurcation. In the range 0 < µ1 < 0.7,
the tumor cell growth is well controlled by the immune system, and the
tumor is benign and non-invasive. For the range of 0 < µ1 < 0.406, the
system (3.8) has an exponential time domain behavior, acquiring a stable
equilibrium point in the steady state. For the range of 0.406 < µ1 < 0.7, the
interplay between tumor and immune system leads to the periodic behavior
of the model. The significance of Hopf bifurcations in this context is that at
the bifurcation point, a limit cycle is formed around the singular point, thus
resulting in stable periodic oscillations [103]. Existence of periodic solutions
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Table 3.3: Dynamics of the systems (3.3) and (3.8) for different important
parameters value and the other parameters are fixed as in Table 3.2:

Parameter
value

Dynamics of Non delay
system (3.3)

Dynamics of Delay system
(3.8)

ρ1 = 0.118 oscillatory behavior
around E1 (0.24401,
1.35656, 2.60142,
0.66816) with small
period

oscillatory behavior around
E⊥(0.3575, 1.22659, 2.64672,
0.885133, 2.64672) with high
enough period

λ1 = 0.39,
ρ1 = 0.248

oscillatory behavior
around E1(0.120138,
1.49842, 2.55372,
0.363367)

stable nature at
E⊥(0.0454355, 1.58397,
2.52578, 0.145269, 2.52578)

λ1 = 0.585,
ρ1 = 0.15

stable nature at
E1(0.0651269, 1.56142
, 2.53309, 0.205264)

stable nature at
E⊥(0.0969665, 1.52495,
2.54499, 0.298477, 2.54499)

µ1 = 0.385,
ρ1 = 0.197

stable nature at
E1(0.553906, 1.00167,
2.72896, 1.11993)

oscillation nature around
E⊥(0.462003, 1.10691,
2.68985, 1.03227, 2.68985)

µ1 = 0.49,
ρ1 = 0.117

oscillation nature
around E1(0.381849,
1.19871, 2.65665,
0.923926)

stable nature at E⊥(1.3305,
0.112482, 3.1111, 0.302053,
3.1111)

implies that tumor population may oscillate around the fixed point even in
the absence of any treatment or drug. Such phenomena can be observed
clinically and is known as Jeff’s Phenomena [43, 103].

For better visualization of the stability dynamics of the delayed system
(3.8), we draw the stability region of the singular points E† and E⊥. We
draw the stability region of the delayed system (3.8) in µ1 − λ1 parameter
space (see the Figure 3.9). In Figure 3.9, the red shaded region (R1)
indicates the stability region of the tumor-presence singular point (E⊥), the
black region (R2) indicates the limit cycle oscillation of the tumor-presence
singular point (E⊥) and the blue shaded region (R3) indicates the stable
region around the tumor-free singular point (E†). We observe that for the
constant value of activation rate µ1 of CD8+T cells, if the recruitment rate
λ1 of CD8+T cells is less than a maximum threshold value λc1 (≈ 0.856),
the tumor-presence singular point stable or limit cycle oscillations nature
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Figure 3.8: Bifurcation diagram of the system (3.8) for tumor cells, CD8+T
cells, Helper T cells, IL-2 with respect to the activation rate µ1 of CD8+T
cells due to IL-2 and other parameters value are specified in the Table 3.2.

depending on sufficiently small (or higher) or moderate value of λ1. If λ1 is
greater than a critical value of λc1, then the system becomes tumor-free with
stable nature. For the lower value of activation rate µ1 of CD8+T cells,
tumor cells exist within the system with stable nature when the recruitment
rate λ1 of CD8+T cells is less than λc1. For λ1 < λc1, if the value of µ1 is
high enough, the system becomes tumor-presence with stable and oscillatory
nature according to as the sufficiently small and large value of λ1.

3.8 Conclusion

Nowadays, it is very important to take into account natural phenomena by
introducing continuously distributed time delays in the description of the
tumor-immune interaction model. A simple mathematical model can play
an important role to describe the dynamics of tumor-immune interplays and
help us for better understand the effect of distributed delay. The simple
model is very interesting in the fact that it takes into account interplays
of tumor cells, tumor-specific CD8+T cells, Helper T cells, immuno-
stimulatory cytokine IL-2, and the continuously distributed time delay. We
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Figure 3.9: Domain of stability and instability of the delayed system (3.8)
in µ1 − λ1 parameter space where other parameters value are specified in the
Table 3.2. The horizontal axis represents the the activation rate µ1 of CD8+T
cells due to IL-2 and the vertical axis represents the recruitment rate λ1 of
CD8+T cells. The red region (R1) depicts that the tumor-presence singular
point E⊥ is stable; the black region (R2) depicts that the the tumor-presence
singular point E⊥ is one period oscillation in nature (unstable); on the other
hand, the blue region (R3) indicates the stability region of tumor-free singular
point E† is stable.

prove preliminary results like existence, non negativity and boundedness
of solutions for the system (3.3). We investigate the biologically feasible
equilibrium points for the delayed and non delayed system. The novelty
of this study is to incorporate a continuously distributed time delay by
introducing a kernel function as an additional compartment, which can be
regarded as the distributed immune activation delay. For understanding such
complex biological scenarios, we performed extensive numerical simulations
to validate the analytical findings.

In this study, we modified the system (3.3) by ignoring a weak immune
activation of CD8+T cells due to interaction with tumor cells. Then, we
incorporate a distributed time delay to the proliferation of CD8+T cells
boosting by the Helper T cells, since the immune cells take more time
to activate CD8+T cells [50, 110]. If we directly introduce the discrete
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time delay term, it is difficult to compute the transcendent characteristic
equation. Thus, we introduce a kernel function M(t) =

∫∞
0
be−bvz1(t− v)dv

as an additional compartment to model this immune activation delay effect.
The immune activation depends on the density of Helper T cells at the
present time t, when large b indicates a weak delay effect, meanwhile the
system is more dependent on the past time t − v, while a small b indicates
a strong delay effect. Then, we investigate the local asymptotic stability
by establishing the well-known Routh-Hurwitz criterion. Our model system
(3.8) undergoes Hopf bifurcation with respect to the recruitment rate λ1 of
CD8+T cells.

Next, we performed local asymptotic stability of the non delayed and
delayed system (3.3) and (3.8), respectively. Numerically, we performed
Hopf bifurcation analysis for two most important parameters λ1 (recruitment
rate of CD8+T cells) and µ1 (CD8+T cells activation due to IL-2) for the
model system (3.8) at the singular point E⊥. If we increase the value of
λ1, then tumor-presence singular point E⊥ becomes unstable from stable
situation (one periodic oscillation), unstable to stable and finally, delayed
system (3.8) goes into tumor-free (E†) stable situation from the stable
situation around the tumor-presence steady state. Thus, the recruitment
rate can prevent the tumor-presence oscillation as well as makes tumor-free
in the system. But, for increasing value of µ1 the tumor-presence singular
point E⊥ of the system (3.8) goes from stable to unstable steady state. For
better visualization of the stability dynamics of the delayed system (3.8), we
draw the stability region of the delayed system (3.8) in µ1 − λ1 parameter
space. In order to make the model more useful in clinical applications, the
parameters that have the most influence in the system dynamics under
different situations, and their effects on the dynamics of the model were
investigated in detail. We have shown that both the low and high tumor
burden can have oscillatory dynamics. As the CD8+T cells recruitment rate
λ1 decreases, the interaction between tumor and their environment become
more complex, and that leads to periodic oscillations. As the CD8+T
cells activation rate µ1 increases, the interaction between tumor and their
environment become more complex, and that leads to periodic oscillations.

Our model system is very simple and does not take into account the
biological complexity of tumor growth pattern such as genomic instability,
expression for a given inhibition factor, etc. but focuses on the generic
interplays between the different cell kinetics. The results of this work provide
an initial analytical framework for studying tumor-immune interplays in
combination with continuously distributed delay. In system (3.8), we

74



introduce the delay effect by a weak kernel, that is, G(v) = be−bv(b > 0).
In future, we can incorporate the effect of delay by a non-monotone kernel,
that is, G(v) = brve−bv(b > 0) with r > 0.
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Chapter 4

A mathematical model for
tumor-immune competitive
systems with multiple time
delays †

4.1 Introduction

Cancer is increasingly becoming one of the leading causes of death through-
out the world but our knowledge about its growth kinetics, prevention and
eradication is still an enigma. According to the report by the Indian Council
of Medical Research (ICMR), the estimated mortality due to cancer in India
was 8.5 lakhs in 2020 [9]. This statistics emphasizes the ongoing significance
of cancer as a major health issues in India. Cancer is characterized by the
uncontrolled growth of cells, resulting in endless cell proliferation. There
are three types of tumor cells like that benign, premalignant and malignant.
Benign tumors are not cancerous and pose no harm, as they do not spread to
other tissues or organs. Premalignant tumors, initially non-cancerous, can
develop into cancer over time. Certain premalignant tumors may progress
and evolve into malignant tumors, which can spread into neighboring cells.

The immune system is an intricate network composed of cells, tissues
and organs that plays a significant role in defending the body against
infections, diseases and foreign invaders. Its primary function is to identify
and neutralize harmful substances such as bacteria, parasites, viruses and
abnormal cells to maintain the body’s health and integrity. Cytotoxic

†A considerable part of this chapter has been communicated.
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T-lymphocytes (CD8+T cells), B-lymphocytes, natural killer cells (NK
cells) and macrophages are referred as the effector cells [61] in the immune
system. These specialized cells are play an important role in executing the
immune response against pathogens, effectively neutralizing threats and
maintaining the body’s health and defense mechanisms. Dendritic cells, also
known as antigen-presenting cells (APCs) are specialized immune cells that
play a crucial role in initiating and modulating the immune response. By
functioning as messengers between innate and adaptive immune responses,
dendritic cells contribute significantly to the body’s defense against infec-
tions and diseases, making them pivotal role in immune surveillance. After
recognizing cancer cells, the immune system initiates its responses in human
body. In many cases, the immune system can identify tumor cells; however,
its response may not be sufficient to eliminate the tumor cells. This often
results from the interaction between cancer cells and immune effector cells,
which can be likened to a prey-predator relationship in the human body. The
immune effector cells act as the predators targeting the cancer cells, while the
cancer cells act as the prey. This dynamic interplay between the cancer cells
and immune system highlights the complexity of cancer immunology and
the challenges in developing effective immune-based therapies against cancer.

In the tumor-immune interaction model, cytokines play an important
role. The present chapter describes the interaction among tumor cells,
immune cells, as well as immuno-suppressive and immuno-stimulatory
cytokines. IL-10 recognized as a Cytokine Synthesis Inhibitory Factor
(CSIF), serves as an anti-inflammatory cytokine [27]. IL-10 is produced by
several immune cells including macrophages, B cells and dendritic cells [67].
IL-12 serves as a pro-inflammatory cytokine generated by antigen-presenting
cells, such as dendritic cells and macrophages [66]. When encountering
foreign pathogens or antigens, dendritic cells and macrophages initiate an
immune response by secreting IL-12. Then, this cytokine stimulates the
activation of natural killer cells and T cells, promoting a robust immune
defense against cancers. Regulatory T-cells, commonly known as Tregs
play a vital role in immune regulation. One of their essential functions
is to down-regulate CD8+T cell activation [97], which are responsible for
targeting and eliminating infected or abnormal cells. Tregs achieve this by
suppressing the proliferation and activation of CD8+T cells. The immuno-
suppressive cytokine TGF-β is produced by white blood cells and tumor
cells. TGF-β inhibits the activity of effector cells, particularly macrophages
[4]. The cytokine IFN-γ is produced by several types of immune cells
including cytotoxic T-lymphocytes, Helper T cells and natural killer cells
[4, 63]. IFN-γ is a potent pro-inflammatory cytokine that plays a vital role
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in enhancing the immune response against cancer cells and pathogens. It
activates macrophages and enhances their ability to kill the cancer cells.

The immune activation against tumor proliferation involves a complex
sequence of events and the response of immune cells may take time to reach
its full potential after recognizing tumor cells. By incorporating time delays
into our mathematical model, we can accurately represent the intricate and
delayed nature of the immune response. Time delay plays an significant
role in describing the interaction between immune cells, cytokines and
tumor cells. The incorporation of time delays in our model is crucial for
gaining a deeper understanding of the dynamics involved in tumor-immune
interactions. There are mainly two types of time delays: distributed delay
[88, 111] and discrete time delay [50, 89]. In this chapter, we are mainly
interested in discrete time delay.

This chapter is structured as follows: Section 4.2 presents the develop-
ment of a mathematical model that captures the interactions among tumor
cells, immune cells, and cytokines. Additionally, we perform model simplifi-
cation by considering the multiple time scales associated with tumor growth.
Furthermore, we introduce three discrete time delays in our model. Section
4.3 discusses the basic properties of the system, which includes existence,
uniqueness, positivity, boundedness and uniform persistence. Biologically
feasible fixed points are obtained in this section. In Section 4.4, we performed
stability analysis of the possible steady states for both the non delayed and
delayed system. Furthermore, we establish the conditions for stability of
Hopf bifurcation, investigate the direction of Hopf bifurcation and estimate
the length of the time delay in this section. In Section 4.5, we discuss the
parameter estimation techniques. In Section 4.6, we conduct numerical sim-
ulations of the proposed model in order to ensure our theoretical analysis.
Finally, this chapter ends with a brief conclusion.

4.2 The mathematical model

A mathematical model for the tumor-immune interplays is formed in this
section. Our mathematical model provides a structured framework for repre-
senting the complicated biological system, making it easier to understand the
underlying mechanisms and their behavior. Our model comprises of a system
of nine coupled ordinary differential equations (ODEs), namely tumor cells
(T ), CD8+T cells (T8), macrophages (M), dendritic cells (D), regulatory T-
cells or Tregs (Tg), interleukin-10 or IL-10 (I10), transforming growth factor-β
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or TGF-β (Tβ), interleukin-12 or IL-12 (I12) and interferon-γ or IFN-γ (Iγ).
The proposed mathematical model for tumor-immune interplays is described
by the following ODEs

dT

dt
= rTT (1− bTT )− (α

′
TM + γ

′
TT8)T

g
′
T + I10

,

dT8

dt
=

α
′
8I12

g
′
8 + Tg

− δ8T8,

dM

dt
= sm +

α
′
mIγ

(g′m + Iγ)
· 1

(g
′
m1 + Tβ)

− γmMT − δmM,

dD

dt
= sd +

αdT

gd + T
− δdD, (4.1)

dTg
dt

= αgT8 − δgTg,

dI10

dt
= α10M − δ10I10,

dTβ
dt

= sβ + αβT − δβTβ,

dI12

dt
= α12D − δ12I12,

dIγ
dt

= αγT8 − δγIγ.

• The first equation in (4.1) describes the density of tumor cells at any
time t. First term rTT (1− bTT ) describes the logistic growth of tumor
cells without any immune response [1], where rT represents the intrinsic
growth rate and the maximum carrying capacity of tumor cells is 1

bT
.

The second term designates the elimination of tumor cells due to in-
teraction with macrophages [4] and CD8+T cells [65] with elimination
rate α

′
T and γ

′
T , respectively. The term g

′
T represents the half satu-

ration constant, where 1

g
′
T+I10

serves as the major immuno-suppressive

factor for both macrophages and CD8+T cells.

• Second equation of (4.1) describes the density of CD8+T cells, where
the first term depicts the activation of CD8+T cells with activation rate
α
′
8. The activation of CD8+T cells relies on the presence of CD4+T

cells, which are boosted by the cytokine IL-12 [66]. At the same time,
the activation of CD8+T cells is suppressed by regulatory T-cells [97].
The natural death rate of CD8+T cells is δ8.

• The density of macrophages is described in third equation of (4.1). sm
denotes the constant source rate of macrophages [67]. α

′
m designates
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the recruitment rate of macrophages due to the direct presence of IFN-
γ, while g

′
m denotes the half saturation constant [4, 67]. Meanwhile,

the term 1

g
′
m1+Tβ

acts as a immuno-suppressive factor for macrophages,

where g
′
m1 is the half-saturation constant. Third term delineates the

inactivation of macrophages due to interaction with tumor cells at the
rate γm [4] and δm is the natural death rate of macrophages.

• Fourth equation of (4.1) delineates the density of antigen-presenting
dendritic cells. sd is the constant source rate of dendritic cells [59].
The coefficient αd incorporates the activation rate of dendritic cells due
to the direct presence of tumor cells, where gd is the half saturation
constant followed by Michaelis-Menten kinetics [101]. Dendritic cell
death rate is δd.

• Dynamics of Tregs is explained in the fifth equation of (4.1). Regulatory
T-cells is produced from activated CD8+T cells [108] with activation
term αg and natural degradation rate of Tregs is δg.

• Sixth equation of the model (4.1) illustrates the density of anti-
inflammatory cytokine IL-10. IL-10 is activated by macrophages [67]
with activation rate α10 and δ10 is the decay rate of IL-10.

• Concentration of TGF-β is stated by the seventh equation of the model
(4.1). sβ is the constant source rate of TGF-β [4]. The second term
represents the source term, which is directly proportional to the size
of the tumor cells, with αβ representing the release rate per tumor
cell [63]. The last term accounts for the decay of immuno-suppressive
cytokine TGF-β at a constant rate of δβ.

• Density of IL-12 is expressed in eighth equation of (4.1). IL-12 is acti-
vated by dendritic cells, where α12 is the release rate per single antigen-
specific dendritic cells [66]. The degradation rate of IL-12 is δ12.

• The last equation of the system (4.1) is represented for the dynamics
of IFN-γ. We assumed that IFN-γ is produced by CD8+T cells [4, 63]
with production rate αγ. The last term indicates the degradation of
IFN-γ at a constant rate of δγ.

The system consists of nine coupled nonlinear ODEs with 29 parameters.
To facilitate a comprehensive model analysis, we estimated these parameters
from existing literatures.
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4.2.1 Reduced model

Growth of tumor cells takes various time scale. Tumor cell proliferation hap-
pens over both long and short time scale, ranging from months to years and
shorter time scales, ranging from weeks to months. The activation of CD8+T
cells, macrophages and dendritic cells occurs over time span ranging from
days to weeks. The secretion and degradation of both immuno-stimulatory
and immuno-suppressive cytokines happen within a time frame of seconds
to hours. To understand the interactive dynamics of the tumor-immune in-
teraction system, we simplify our model by employing the quasi-steady-state
approximations [92] for the concentrations of cytokines. According to the
hypothesis, the cytokine equations, that is, from fifth to nine equation of
(4.1) leads to

Tg =
αg
δg
T8, I10 =

α10

δ10

M, Tβ =
sβ
δβ

+
αβ
δβ
T,

I12 =
α12

δ12

D, Iγ =
αγ
δγ
T8.

After substituting these cytokine expressions into the first to fourth equa-
tion of (4.1), we derive the following four ODEs governing the tumor-immune
interactive system

dT

dt
= rTT (1− bTT )− (αTM + γTT8)T

gT +M
,

dT8

dt
=

α8D

g8 + T8

− δ8T8, (4.2)

dM

dt
= sm +

αmT8

(gm + T8)
· 1

(gm1 + T )
− γmMT − δmM,

dD

dt
= sd +

αdT

gd + T
− δdD,

where

αT =
δ10

α10

α
′

T , γT =
δ10

α10

γ
′

T , gT =
δ10

α10

g
′

T , α8 =
δg
αg

α12

δ12

α
′

8,

g8 =
δg
αg
g
′

8, αm =
δβ
αβ
α
′

m, gm =
δγ
αγ
g
′

m, gm1 =
δβ
αβ
g
′

m1 +
sβ
αβ
.

The system (4.2) has to be studied subject to the following positive initial
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values:

T (0) = T0 > 0, T8(0) = T80 > 0, M(0) = M0 > 0,

D(0) = D0 > 0. (4.3)

Our assumption considers all system parameters to be strictly positive.

4.2.2 Delayed model

In reality, the dynamical behavior of the system does not occur instanta-
neously; instead, it is influenced by the past history of the system. There-
fore, it is essential to incorporate time delays into the model formulation to
accurately reflect real-world scenarios. As we understand, the immune ac-
tivation against tumor proliferation is very complicated and often delayed.
After recognizing the tumor cells, our immune cells will require more time to
provide a suitable response. Hence, it is necessary to incorporate the effect of
time delay in our mathematical model to accurately describe the dynamics of
the system. To enhance its compatibility with real-world scenarios, we have
incorporated multiple discrete time delays into our model. Macrophages and
CD8+T cells play an important role to eliminating tumor cells, but the acti-
vation of these effector cells is inhibited by the immuno-suppressive cytokine
IL-10 [50]. These interactions do not occur instantaneously; instead, they
are characterized by certain time lags. As a consequence, there is a delayed
interaction between macrophages and CD8+T cells with tumor cells. Thus,
we introduce discrete time delays τ1 and τ2, due to interaction delay between
tumor cells and macrophages, tumor cells and CD8+T cells, respectively.
During the interaction between tumor cells and macrophages, not only the
tumor cells are destroyed, but macrophages are also inactivated by tumor
cells. This process is not instantaneous but is instead followed by a time
lag represented by τ3 [50]. Therefore, we employ discrete time delays in
our reduced model (4.2) and obtained the following system of coupled delay
differential equations:
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dT

dt
= rTT (1− bTT )− αTM(t− τ1)T (t− τ1)

gT +M(t− τ1)
− γTT8(t− τ2)T (t− τ2)

gT +M(t− τ2)
,

dT8

dt
=

α8D

g8 + T8

− δ8T8, (4.4)

dM

dt
= sm +

αmT8

(gm + T8)
· 1

(gm1 + T )
− γmM(t− τ3)T (t− τ3)− δmM,

dD

dt
= sd +

αdT

gd + T
− δdD.

The initial history of the delayed system (4.4) is satisfied within the in-
terval [−max{τ1, τ2, τ3}, 0], as defined in the space

C+ = {ϕ ∈ S([−τm, 0],R4
+) : T (ζ) = ϕ1(ζ), T8(ζ) = ϕ2(ζ), M(ζ) = ϕ3(ζ),

D(ζ) = ϕ4(ζ)}, (4.5)

where τm = maxi=1,2,3{τi} with ϕ = (ϕ1, ϕ2, ϕ3, ϕ4) ∈ S([−τm, 0],R4
+), the

Banach space of all continuous mapping in the interval [−τm, 0) to R4
+ for

ϕi(ζ) ≥ 0 (ζ ∈ [−τm, 0], i = 1, 2, 3) and (ϕ1(0), ϕ2(0), ϕ3(0), ϕ4(0)) > 0, with
R4

+ = {(T, T8,M,D) : T > 0, T8 > 0,M > 0, D > 0}.

4.3 Qualitative behavior of the delayed sys-

tem

In this section, the existence and uniqueness property of the solution for the
delayed model (4.4) will be studied. Additionally, an investigation will be
carried out to determine whether the solution of the delayed model (4.4)
remains positive and bounded. This aspect is crucial in a biological context,
since the cell population must remain nonnegative and bounded to prevent
uncontrolled growth.

4.3.1 Existence, uniqueness, positivity and bounded-
ness

Proposition 4.3.1. Every solution of (4.4) with initial history (4.5) exists,
unique in [0,∞) and positive ∀ t ≥ 0.
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Proof. The delayed system (4.4) can be expressed in the vector form G =
(T, T8,M,D)T ∈ R4 and

G(Y ) =


rTT (1− bTT )− αTM(t−τ1)T (t−τ1)

gT+M(t−τ1)
− γTT8(t−τ2)T (t−τ2)

gT+M(t−τ2)
α8D
g8+T8

− δ8T8

sm + αmT8
(gm+T8)

· 1
(gm1+T )

− γmM(t− τ3)T (t− τ3)− δmM
sd + αdT

gd+T
− δdD

 ,

where the mapping G : C+ → R4 and G ∈ C∞(R4), then our delayed system
(4.4) reduces to

Ẏ = G(Y ), (4.6)

where . ≡ d
dt

. Let G(ζ) = (ϕ1(ζ), ϕ2(ζ), ϕ3(ζ), ϕ4(ζ)) ∈ C+ and ϕi(ζ) ≥ 0,∀
i = 1 to 4 while ζ ∈ [−τm, 0], where τm = maxi=1,2,3{τi}. It is obvious that the
vector function G is locally Lipschitz and continuous function of the variables
T, T8,M,D in the region Σ = {(T (t), T8(t),M(t), D(t)) : T > 0, T8 > 0,M >
0, D > 0}. Due to the Lemma [109], any solution of (T, T8,M,D) of the
delayed system (4.4) with initial history (4.5) exists and unique in the interval
[0, s0],∀ t ≥ 0, where 0 < s0 <∞.

Next, our objective is to demonstrate the boundedness of the solution for
(4.4) concerning the initial history given in (4.5).

Proposition 4.3.2. All solutions of (4.4) with respect to the initial history
(4.5) is bounded ∀ t ≥ 0.

Proof. From the first equation of (4.4), we have the following inequality

dT

dt
≤ rTT (1− bTT ).

Using Kamke comparison theory [42], we obtain

lim sup
t→∞

T (t) ≤ 1

bT
= Tmax (say).

Third equation of (4.4) can be written as

dM

dt
≤ sm +

αmT8

(gm + T8)
· 1

(gm1 + T )
− δmM

= sm +
αm

(gm1 + T )
− αmgm
gm + T8

· 1

(gm1 + T )
− δmM

⇒ dM

dt
+ δmM ≤ sm +

αm
(gm1 + T )

,
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which implies

dM

dt
+ δmM ≤ sm +

αm
gm1

, [by positiveness of T ].

After some algebraic manipulation, we have

M ≤ 1

δm

(
sm +

αm
gm1

)
+ cme

−δmt, [cm is an arbitrary constant].

Thus, the maximum value of macrophages M(t) is

lim sup
t→∞

M(t) ≤ 1

δm

(
sm +

αm
gm1

)
= Mmax (say).

The last equation can be written as

dD

dt
= sd + αd −

αdgd
gd + T

− δdD

⇒ dD

dt
+ δdD ≤ sd + αd.

Thus, the maximum value of dendritic cell D(t) is

lim sup
t→∞

D(t) ≤ 1

δd
(sd + αd) = Dmax (say).

From second equation of (4.4), we have

dT8

dt
=

α8D

g8 + T8

− δ8T8.

Above equation can be written as

dT8

dt
≤ α8Dmax

g8 + T8

− δ8T8.

Due to positiveness of T8, we have

dT8

dt
+ δ8T8 ≤

α8Dmax

g8

.

Then, the maximum value of CD8+T cells T8(t) is

lim sup
t→∞

T8(t) ≤ α8Dmax

g8δ8

= T8max (say).

Therefore, the solution of our delayed system (4.4) is bounded in the region
z defined as

z = {(T (t), T8(t),M(t), D(t)) ∈ R4
+ : 0 < T (t) ≤ Tmax, 0 < T8(t) ≤ T8max,

0 < M(t) ≤Mmax, 0 < D(t) ≤ Dmax}.
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4.3.2 Fixed points

The delayed system (4.4) has two biologically feasible steady states, namely
(i) tumor-free fixed point

E0 ≡ (T 0, T 0
8 , M

0, D0)

=
(

0, T 0
8 ,

smgm1(gm + T 0
8 ) + αmT

0
8

δmgm1(gm + T 0
8 )

,
sd
δd

)
,

where T 0
8 is the unique positive root of the given equation

(T 0
8 )2 + g8T

0
8 −

α8sd
δ8δd

= 0, (4.7)

which implies

T 0
8 =

−g8 +

√(
g2

8 + 4α8sd
δ8δd

)
2

.

(ii) Interior fixed point is E1(T 1, T 1
8 ,M

1, D1). Finding the explicit form of
the interior fixed point E1 is a very difficult task. Hence, we find out its
existence and stability by numerically.

4.3.3 Uniform persistence

In this subsection, we intend to show the uniform persistence of the system
(4.4) without delay, that is, τ1 = τ2 = τ3 = 0.

Theorem 4.3.1. The system (4.4) without delay, that is, τ1 = τ2 = τ3 = 0 is
uniformly persistent if the interior fixed point exists and following sufficient
conditions hold:

(i) rT >
αTM

0 + γTT
0
8

GT +M0
, (ii) δ8 =

α8D
0

T 0
8 (gT + T 0

8 )
,

(iii) δm =
1

M0

(
sm +

αmT
0
8

gm1(gm + T 0
8 )

)
, (iv) δd =

sd
D0

.

Proof. To prove this theorem, we construct an average Lyapunov function
Ω : R4

+ → R as follows:

Ω(T, T8, M, D) = TΩ1TΩ2
8 MΩ3DΩ4 ,
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where Ω1,Ω2,Ω3 and Ω4 are positive constants. We see that Ω is nonnegative
function defined in R4

+. Then, we have

Φ(T, T8, M, D) =
Ω̇(T, T8, M, D)

Ω(T, T8, M, D)
= Ω1

Ṫ

T
+ Ω2

Ṫ8

T8

+ Ω3
Ṁ

M
+ Ω4

Ḋ

D

= Ω1

(
rT (1− bTT )− αTM + γTT8

gT +M

)
+ Ω2

( α8D

T8(g8 + T8)
− δ8

)
+ Ω3

{ 1

M

(
sm +

αmT8

(gm + T8)(gm1 + T )

)
− γmT − δm

}
+ Ω4

{ 1

D

(
sd +

αdT

gd + T

)
− δd

}
.

It is enough to show that Φ(T, T8, M, D) > 0, to prove the uniform persis-
tence of (4.4) without delay, that is, τ1 = τ2 = τ3 = 0, for a suitable choice
of Ω1, Ω2, Ω3, Ω4 > 0. Then, we have following conditions

Φ(E0) = Φ(0, T 0
8 , M

0, D0)

= Ω1

(
rT −

αTM
0 + γTT

0
8

gT +M0

)
+ Ω2

( α8D
0

T 0
8 (g8 + T 0

8 )
− δ8

)
+ Ω3

{ 1

M0

(
sm +

αmT
0
8

gm1(gm + T 0
8 )

)
− δm

}
+ Ω4

( sd
D0
− δd

)
> 0.

Above inequality holds, if the following sufficient conditions are satisfied

(i) rT >
αTM

0 + γTT
0
8

GT +M0
, (ii) δ8 =

α8D
0

T 0
8 (gT + T 0

8 )
,

(iii) δm =
1

M0

(
sm +

αmT
0
8

gm1(gm + T 0
8 )

)
, (iv) δd =

sd
D0

.

This completes the proof.

4.4 Stability analysis and Hopf bifurcation

In this section, our goal is to determine the stability of the delayed system
(4.4) at any point E(T, T8,M,D). We have linearized the delayed system
(4.4) at the point E is given by

dX

dt
= A1X(t) + A2X(t− τ1) + A3X(t− τ2) + A4X(t− τ3), (4.8)

87



where

A1 =


rT (1− 2bTT ) 0 0 0

0 − α8D
(g8+T8)2

− δ8 0 α8

g8+T8

− αmT8
gm+T8

· 1
(gm1+T )2

αmgm
(gm+T8)2

· 1
gm1+T

−δm 0
gdαd

(gd+T )2
0 0 −δd

 ,

A2 =


− αTM
gT+M

0 − αT gTT
(gT+M)2

0

0 0 0 0

0 0 0 0

0 0 0 0

 ,

A3 =


− γTT8
gT+M

− γTT
gT+M

γTT8T
(gT+M)2

0

0 0 0 0

0 0 0 0

0 0 0 0

 ,

A4 =


0 0 0 0

0 0 0 0

−γmM 0 −γmT 0

0 0 0 0

 ,

and

X(.) =


T (.)

T8(.)

M(.)

D(.)

 .

At the any point E(T, T8,M,D), the corresponding variational matrix of the
linearized system (4.8) can be written as

JE =


j1 + j11e

−λτ1 + j111e
−λτ2 j12e

−λτ2 j13e
−λτ1 + j131e

−λτ2 0

0 j22 0 j24

j3 + j31e
−λτ3 j32 j33 + j331e

−λτ3 0

j41 0 0 j44

 ,

88



where

j1 = rT (1− 2bTT ), j11 = − αTM

gT +M
,

j111 = − γTT8

gT +M
, j12 = − γTT

gT +M
,

j13 = − αTgTT

(gT +M)2
, j131 =

γTT8T

(gT +M)2
,

j22 = − α8D

(g8 + T8)2
− δ8, j24 =

α8

g8 + T8

,

j3 = − αmT8

gm + T8

· 1

(gm1 + T )2
, j31 = − γmM,

j32 =
αmgm

(gm + T8)2
· 1

gm1 + T
, j33 = − δm,

j331 = −γmT, j41 =
gdαd

(gd + T )2
,

j44 = −δd.

Then, the characteristic equation becomes

det(A1 + A2e
−λτ1 + A3e

−λτ2 + A4e
−λτ3 − λI4) = 0,

where I4 is the 4th order identity matrix. The above characteristic equation
leads to

Π(λ, τ1, τ2, τ3) = a(λ) + b(λ)e−λτ1 + c(λ)e−λτ2 + d(λ)e−λτ3

+ g(λ)e−λ(τ1+τ3) + h(λ)e−λ(τ2+τ3) = 0, (4.9)

where

a(λ) = λ4 + a1λ
3 + a2λ

2 + a3λ+ a4,

b(λ) = b1λ
3 + b2λ

2 + b3λ+ b4,

c(λ) = c1λ
3 + c2λ

2 + c3λ+ c4,

d(λ) = d1λ
3 + d2λ

2 + d3λ+ d4,

g(λ) = g1λ
2 + g2λ+ g3,

h(λ) = h1λ
2 + h2λ+ h3,
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with

a1 = −j1 − j22 − j33 − j44,

a2 = j1j22 + j1j33 + j1j44 + j22j33 + j22j44 + j33j44,

a3 = −j1j33j44 − j1j22j33 − j1j22j44 − j22j33j44,

a4 = j1j22j33j44,

b1 = −j11,

b2 = j11j22 + j11j33 + j11j44 − j3j13,

b3 = −j11j22j33 − j11j22j44 − j11j33j44 + j3j13j22 + j3j13j44,

b4 = j11j22j33j44 − j13j24j32j41,

c1 = −j111,

c2 = j22j111 + j33j111 + j44j111 − j3j131,

c3 = −j12j24j41 − j22j33j111 − j22j44j111 − j33j44j111 + j3j22j131 + j3j44j131,

c4 = j12j24j33j41 + j22j33j44j111 − j24j32j41j131,

d1 = −j331,

d2 = j1j331 + j22j331 + j44j331,

d3 = −j1j22j331 − j1j44j331 − j22j44j331,

d4 = j1j22j44j331,

g1 = j11j331 − j13j31,

g2 = −j11j22j331 − j11j44j331 + j13j22j31 + j13j31j44,

g3 = j11j22j44j331,

h1 = j111j331 − j31j131,

h2 = j22j31j131 + j31j44j131 − j22j111j331 − j44j111j331,

h3 = j12j24j41j331 + j22j44j111j331.

We observed that the equation (4.9) is transcendental in λ. We shall
investigate the local stability analysis of the delayed and non-delayed system
around the interior fixed point E1(T 1, T 1

8 ,M
1, D1) by investigating the sign

of real parts of the roots of (4.9). It is well-known that the interior fixed
point E1 will be locally asymptotically stable if and only if all the roots of
(4.9) are negative or have negative real parts. The transcendental equation

90



governing our system will result in an infinite number of roots. Therefore,
the Routh-Hurwitz criteria fails for local stability analysis of the delayed
system.

Case 1: τ1 = τ2 = τ3 = 0.

If there are no delays, we can represent the characteristics equation (4.9)
as follows

λ4 + p1λ
3 + p2λ

2 + p3λ+ p4 = 0, (4.10)

with

p1 = a1 + b1 + c1 + d1,

p2 = a2 + b2 + c2 + d2 + g1 + h1,

p3 = a3 + b3 + c3 + d3 + g2 + h2,

p4 = a4 + b4 + c4 + d4 + g3 + h3.

The classical Routh-Hurwitz criteria will be applied to determine the sign
of the roots of the characteristic equation (4.10). Thus, we have following
theorem.

Theorem 4.4.1. At the interior fixed point E1(T 1, T 1
8 ,M

1, D1), the system
(4.4) (without delay) will be locally asymptotically stable, if the conditions
p1 > 0, p4 > 0, P1 = p1p2 − p3 > 0 and P2 = (p1p2 − p3)p3 − p2

1p4 > 0 hold.

Case 2: τ1 > 0, τ2 = τ3 = 0.

Let us consider, the time delay between tumor cells and macrophages,
that is, τ1 > 0 and τ2 = τ3 = 0, then the characteristic equation (4.9)
becomes

Π(λ, τ1, 0, 0) = λ4 + q1λ
3 + q2λ

2 + q3λ+ q4

+ e−λτ1(l1λ
3 + l2λ

2 + l3λ+ l4) = 0, (4.11)
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where

q1 = a1 + c1 + d1,

q2 = a2 + c2 + d2 + h1,

q3 = a3 + c3 + d3 + h2,

q4 = a4 + c4 + d4 + h3,

l1 = b1,

l2 = b2 + g1,

l3 = b3 + g2,

l4 = b4 + g3.

The equation (4.11) reduces to the equation (4.10) for τ1 = 0 and the con-
ditions of Theorem (4.4.1) hold for the local asymptotically stability at the
fixed point E1(T 1, T 1

8 ,M
1, D1). But, our aim is to investigate the system

(4.11) in presence of time delay, that is, τ1 > 0. If the roots of the equa-
tion (4.11) crosses imaginary axis, then the stability around the fixed point
E(T, T8,M,D) will change. Now, we substituting λ = iθ (θ > 0), into the
system (4.11) and separating real and imaginary parts, we get

θ4 − q2θ
2 + q4 = (l2θ

2 − l4) cos(θτ1) + (l1θ
3 − l3θ) sin(θτ1),

−q1θ
3 + q3θ = (l1θ

3 − l3θ) cos(θτ1)− (l2θ
2 − l4) sin(θτ1). (4.12)

Squaring and adding above equations, we have

θ8 + s1θ
6 + s2θ

4 + s3θ
2 + s4 = 0, (4.13)

with

s1 = q2
1 − 2q2 − l21,

s2 = q2
2 + 2q4 − 2q1q3 − l22 + 2l1l3,

s3 = q2
3 − 2q2q4 + 2l2l4 − l23,

s4 = q2
4 − l24.

Substituting θ2 = η in the equation (4.13), then we get the following bi-
quadratic equation

K(η) = η4 + s1η
3 + s2η

2 + s3η + s4 = 0. (4.14)
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If s4 = q2
4− l24 < 0, then K(0) < 0 and K(+∞) = +∞, which means that the

equation (4.14) has at least one positive root. Then, we can say that there
is a unique positive root η0 satisfying the equation (4.14). Consequently, the
equation (4.13) has at least one positive root denoted by θ0. Since θ0 is a
root of the system (4.13), then the characteristic equation (4.11) has a purely
imaginary roots of the form ±iθ0. Solving the both equations of (4.12), we
get

tan(θτ1) =
(θ4 − q2θ

2 + q4)(l1θ
3 − l3θ)− (q3θ − q1θ

3)(l2θ
2 − l4)

(θ4 − q2θ2 + q4)(l2θ2 − l4) + (q3θ − q1θ3)(l1θ3 − l3θ)
.

Then, τ c1 corresponding to θ0 is given by

τ c1 =
1

θ0

arctan

[
(θ4

0 − q2θ
2
0 + q4)(l1θ

3
0 − l3θ0)− (q3θ0 − q1θ

3
0)(l2θ

2
0 − l4)

(θ4
0 − q2θ2

0 + q4)(l2θ2
0 − l4) + (q3θ0 − q1θ3

0)(l1θ3
0 − l3θ0)

]

+
2πc

θ0

, c = 0, 1, 2, .... (4.15)

For τ c1 = 0, the interior fixed point E1 will be locally asymptotically stable,
if the conditions of Theorem 4.4.1 hold. Due to Butler’s lemma [31], we can
say that E1 will remain stable for τ1 < τ c1 . To study the Hopf bifurcation,

we shall verify the transversality condition

[
d(Reλ)
dτ1

]
τ1=τc1

> 0. It implies the

existence of at least one eigenvalue with a positive real part, fulfilling τ1 > τ c1 .
It is necessary to verify the transversality condition

Θ = sign

[
d(Reλ)

dτ c1

]
λ=iθ0

= sign

[
Re

(
dλ

dτ c1

)−1]
λ=iθ0

.

Differentiate the equation (4.11) with respect to τ1, we have[
(4λ3 + 3q1λ

2 + 2q2λ+ q3) + e−λτ1(3l1λ
2 + 2l2λ+ l3)

− τ1e
−λτ1(l1λ

3 + l2λ
2 + l3λ+ l4)

] dλ
dτ1

= (l1λ
3 + l2λ

2 + l3λ+ l4)λe−λτ1 ,

which implies that(
dλ

dτ1

)−1

=
4λ3 + 3q1λ

2 + 2q2λ+ q3

−λ(λ4 + q1λ3 + q2λ2 + q3λ+ q4)
+

3l1λ
2 + 2l2λ+ l3

λ(l1λ3 + l2λ2 + l3λ+ l4)

− τ1

λ
.
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At the point τ1 = τ c1 , (that is, λ = iθ0), we calculate

Θ = sign

[
Re

(
4λ3 + 3q1λ

2 + 2q2λ+ q3

−λ(λ4 + q1λ3 + q2λ2 + q3λ+ q4)

+
3l1λ

2 + 2l2λ+ l3
λ(l1λ3 + l2λ2 + l3λ+ l4)

− τ1

λ

)]
λ=iθ0

=
1

θ0

sign

[
Re

(
(−3q1θ

2
0 + q3) + i(−4θ3

0 + 2q2θ0)

(−q1θ3
0 + q3θ0)− i(θ4

0 − q2θ2
0 + q4)

+
(−3l1θ

2
0 + l3) + i.2l2θ0

(l1θ3
0 − l3θ0) + i(−l2θ2

2 + l4)
− τ1

iθ0

)]

=
1

θ0

sign

[(
(−3q1θ

2
0 + q3)(−q1θ

3
0 + q3θ0)− (−4θ3

0 + 2q2θ0)(θ4
0 − q2θ

2
0 + q4)

(−q1θ3
0 + q3θ0)2 + (θ4

0 − q2θ2
0 + q4)2

+
(−3l1θ

2
0 + l3)(l1θ

3
0 − l3θ0) + 2l2θ0(−l2θ2

0 + l4)

(l1θ3
0 − l3θ0)2 + (−l2θ2

0 + l4)2

]
.

After calculating both equations of (4.12), we get

(−q1θ
3
0 + q3θ0)2 + (θ4

0 − q2θ
2
0 + q4)2 = (l1θ

3
0 − l3θ0)2 + (−l2θ2

0 + l4)2.

By using above condition and after some algebraic manipulation, we have

Θ = sign

[
4θ6

0 + 3s1θ
4
0 + 2s2θ

2
0 + s3

(l1θ3
0 − l3θ0)2 + (−l2θ2

0 + l4)2

]
, (s1, s2 and s3 has been stated before).

Using equation (4.14), we obtain

Θ =
sign{K ′(θ2

0)}
(l1θ3

0 − l3θ0)2 + (−l2θ2
0 + l4)2

.

Therefore, the transversality condition

[
d(Reλ)
dτ1

]
τ1=τc1

> 0 holds for K ′(θ2
0) >

0. Thus, we can state the following theorem.

Theorem 4.4.2. For τ1 > 0 and τ2 = τ3 = 0, the interior fixed point
E1(T 1, T 1

8 ,M
1, D1) will be locally asymptotically stable if τ1 < τ c1 . Moreover,

our system (4.4) with τ1 > 0 and τ2 = τ3 = 0 experiences Hopf bifurcation
around the fixed point E1 at τ1 = τ c1 if K ′(θ2

0) > 0.
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4.4.1 Estimation of the length of time delay

Now, we shall estimate the time delay length to preserve the stability of
period-1 limit cycle. We consider the characteristic equation (4.11) and the
space of all continuous real-valued function defined on the interval [−τ1, +
∞), which satisfy the initial history (4.5) on the interval [−τ1, 0]. At first,
we linearize our delayed system (4.4) for τ1 > 0 and τ2 = τ3 = 0 around the
interior fixed point E1(T 1, T 1

8 ,M
1, D1). Then, we have

dT

dt
=

[
rT (1− 2bTT

1)− γTT
1
8

gT +M1

]
T − αTM

1

gT +M1
T (t− τ1)

− αTgTT
1

(gT +M1)2
M(t− τ1)− γTT

1

gT +M1
T8 +

γTT
1
8 T

1

(gT +M1)2
M,

dT8

dt
= −

[
α8D

1

(g8 + T 1
8 )2

+ δ8

]
T8 +

α8

g8 + T 1
8

D, (4.16)

dM

dt
= −

[
αmT

1
8

gm + T 1
8

· 1

(gm1 + T 1)2
+ γmM

1

]
T +

αmgm
(gm + T 1

8 )2
· 1

gm1 + T 1
T8

− (δm + γmT
1)M,

dD

dt
=

gdαd
(gd + T 1)2

T − δdD.

Taking Laplace transformation of the above linearized system, we get[
ρ− rT (1− 2bTT

1) +
γTT

1
8

gT +M1

]
LT (ρ) = − αTM

1

gT +M1
e−ρτ1LT (ρ)

− αTM
1

gT +M1
e−ρτ1KT (ρ)

− αTgTT
1

(gT +M1)2
e−ρτ1KM(ρ)

− γTT
1

gT +M1
LT8(ρ)

+
γTT

1
8 T

1

(gT +M1)2
LM(ρ) + T (0),
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[
ρ+

α8D
1

(g8 + T 1
8 )2

+ δ8

]
LT8(ρ) =

α8

g8 + T 1
8

LD(ρ) + T 8(0),

[ρ+ (δm + γTT
1)]LM(ρ) = −

[
αmT

1
8

gm + T 1
8

· 1

(gm1 + T 1)2
+ γmM

1

]
LT (ρ)

+
αmgm

(gm + T 1
8 )2
· 1

gm1 + T 1
LT8(ρ)

+ M(0),

[ρ+ δd]LD(ρ) =
gdαd

(gd + T 1)2
LT (ρ) +D(0),

where

KT (ρ) =

∫ 0

−τ1
e−ρτ1T (t)dt,

KM(ρ) =

∫ 0

−τ1
e−ρτ1M(t)dt.

LT (ρ), LT8(ρ), LM(ρ) and LD(ρ) are the Laplace transformations of
T (t), T8(t), M(t) and D(t), respectively.

By well-known property of Freedman et al. [32] and using Nyquist crite-
ria [72], we looked the conditions for the locally asymptotically stability of
interior fixed point E1(T 1, T 1

8 ,M
1, D1) are stated as

Re[Q(iµ0)] = 0, (4.17)

and

Im[Q(iµ0)] > 0, (4.18)

where

Q(ρ) = ρ4 + q1ρ
3 + q2ρ

2 + q3ρ+ q4 + e−ρτ1(l1ρ
3 + l2ρ

2 + l3ρ+ l4),

and µ0 is the smallest root of the expressions (4.17) and (4.18). We have
investigated that E1 remains stable in the absence of time delays (τ1 = τ2 =
τ3 = τ4 = 0). Equations (4.17) and (4.18) can be explicitly written as

µ4
0 − q2µ

2
0 + q4 = (l2µ

2
0 − l4) cos(µ0τ1) + (l1µ

3
0 − l3µ0) sin(µ0τ1),(4.19)
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and

−q1µ
3
0 + q3µ0 > (l1µ

3
0 − l3µ0) cos(µ0τ1)− (l2µ

2
0 − l4) sin(µ0τ1), (4.20)

that give sufficient conditions for the stability of the interior fixed point E1

and we use them to estimate the length of time delay τ1. Our goal is to
calculate an upper bound µ+ on µ0, that is, not depends on time delay τ1

and estimate the length of τ1, then equation (4.20) holds for all values of µ,
where 0 ≤ µ ≤ µ+ at the point µ = µ0. We rewrite the equation (4.19) leads
to

µ4
0 = q2µ

2
0 − q4 + l2µ

2
0 cos(µ0τ1)− l4 cos(µ0τ1) + l1µ

3
0 sin(µ0τ1)

− l3µ0 sin(µ0τ1). (4.21)

The value of the time delay is estimated by maximizing the right-hand side
of (4.21) and it is written as

q2µ
2
0 − q4 + l2µ

2
0 cos(µ0τ1)− l4 cos(µ0τ1) + l1µ

3
0 sin(µ0τ1)− l3µ0 sin(µ0τ1),

subject to

| cos(µ0τ1)| ≤ 1 and | sin(µ0τ1)| ≤ 1.

Therefore, we obtain

µ4
0 ≤ |l1|µ3

0 + |l2|µ2
0 + (q2 + |l3|)µ0 + (|l4| − q4).

If µ+ is the unique positive root of the equation

µ4
0 − |l1|µ3

0 − |l2|µ2
0 − (q2 + |l3|)µ0 + (q4− |l4|) = 0,

then µ+ ≥ µ0. It is observed that µ+ is independent of τ1. Now, we shall
estimate τ1 from the inequality (4.20), holds for 0 ≤ µ ≤ µ+ using the
bounds | sin(µ0τ1)| ≤ µ0τ1 and |1− cos(µ0τ1)| ≤ 1

2
µ2

0τ
2
1 . Then, we rewrite the

inequality (4.20) as

1

2
(l1µ

2
0 − l3)µ2

0τ
2
1 + (l4 − l2µ2

0)τ1 < (q3 − q1µ
2
0) + (l3 − l1µ2

0). (4.22)

From equation (4.22), we can write that

L1τ
2
1 + L2τ1 < L3,
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with

L1 =
1

2
(l1µ

2
+ − l3)µ2

+,

L2 = (l4 − l2µ2
+),

L3 = (q3 − q1µ
2
+) + (l3 − l1µ2

+).

Then, for 0 ≤ τ1 ≤ τ+
1 , Nyquist criteria [72] holds, and we have

τ+
1 =

1

2L1

(−L2 +
√
L2

2 + 4L1L3).

Then, the maximum length of discrete time delay τ+
1 preserves the stability

of period-1 limit cycle. Therefore, we have the following theorem.

Theorem 4.4.3. If there exists τ1 > 0 in the interval 0 ≤ τ1 ≤ τ+
1 such that

L1τ
2
1 +L2τ1 < L3, then τ+

1 is the maximum length of time delay τ1 for which
the interior fixed point E1(T 1, T 1

8 ,M
1, D1) is locally asymptotically stable.

4.4.2 Direction and stability of Hopf bifurcation

In the Theorem 4.4.2, we have proved that our delayed system (4.4) expe-
riences Hopf bifurcation around the interior fixed point E1(T 1, T 1

8 ,M
1, D1)

at the threshold value τ1 = τ c1 for τ1 > 0 and τ2 = τ3 = 0. Main goal of
this subsection is to determine the direction of Hopf bifurcation and the
stability of bifurcating periodic solutions around the interior fixed point
E1(T 1, T 1

8 ,M
1, D1) at τ1 = τ c1 by using center manifold theory and the

normal form method introduced by Hassard et al. [37]. We assume that
(i) characteristic equation (4.11) has a pair of imaginary roots±iθ0 at τ1 = τ c1 ,

(ii) K
′
(θ2

0) 6= 0,

(iii) and the other roots of characteristic equation (4.11) have negative real
parts.

To investigate the direction and stability of Hopf bifurcation, we first need
to transformation v1(t) = T (τ1t) − T 1(t), v2(t) = T8(τ1t) − T 1

8 (t), v3(t) =
M(τ1t)−M1(t), v4(t) = D(τ1t)−D1(t), X(t) = (v1(t), v2(t), v3(t), v4(t))T ,
τ1 = τ c1 + µ and the delayed system (4.4) transformed into a functional
differential equation (FDE) in C = C([−1, 0],R4) as

X
′
(t) = Sµ(Xt) + f(µ,Xt), (4.23)
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where vt(ψ) = v(t+ψ), for ψ ∈ [−1, 0), Ck[−τ1, 0] = {η|η : [−1, 0)→ R4}, η
has k-th order continuous derivative and Sµ : C → R, f : R × C → C are
given by

Sµ(η) = (τ c1 + µ)

×


rT (1− 2bTT

1)− γTT
1
8

gT+M1 − γTT
1

gT+M1

γTT
1
8 T

1

(gT+M1)2
0

0 − α8D1

(g8+T 1
8 )2
− δ8 0 α8

g8+T 1
8

− αmT 1
8

(gm+T 1
8 )(gm1+T 1)2

− γmM1 αmgm
(gm+T 1

8 )2(gm1+T 1)
−δm − γmT 1 0

αdgd
(gd+T 1)2

0 0 −δd



×


η1(0)

η2(0)

η3(0)

η4(0)

+ (τ c1 + µ)


− αTM

1

gT+M1 0 − αT gTT
1

(gT+M1)2
0

0 0 0 0

0 0 0 0

0 0 0 0



×


η1(−1)

η2(−1)

η3(−1)

η4(−1)

 , (4.24)

and

f(µ, η) = (τ c1 + µ)



−rT bTη2
1(0)− γT η1(0)η2(0)

gT+M1 + γTT
1η2(0)η3(0)

(gT+M1)2

+
γTT

1
8 η1(0)η3(0)

(gT+M1)2
− γTT

1T 1
8 η

2
3(0)

(gT+M1)3

−αT gT η1(−1)η3(−1)
(gT+M1)2

+
αTT

1η23(−1)

(gT+M1)2

α8D1η22(0)

(g8+T 1
8 )2
− α8η2(0)η4(0)

g8+T 1
8

αmT 1
8 η

2
1(0)

(gm+T 1
8 )(gm1+T 1)3

− αmgmη22(0)

(gm+T 1
8 )3(gm1+T 1)

+ αmgmη1(0)η2(0)

(gm+T 1
8 )2(gm1+T 1)2

− γmη1(0)η3(0)

−αdgdη
2
1(0)

(gd+T 1
8 )2



. (4.25)

By the Riesz representation theorem, there exists a 4 × 4 matrix-valued
function ε(., µ) : [−1, 0]→ R4×4 defined as

Sµη =

∫ 0

−1

dε(ψ, 0)η(0), for η ∈ C1[−1, 0). (4.26)
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In fact, we can choose

ε(ψ, µ) = (τ c1 + µ)

×


rT (1− 2bTT

1)− γTT
1
8

gT+M1 − γTT
1

gT+M1

γTT
1
8 T

1

(gT+M1)2
0

0 − α8D1

(g8+T 1
8 )2
− δ8 0 α8

g8+T 1
8

− αmT 1
8

(gm+T 1
8 )(gm1+T 1)2

αmgm
(gm+T 1

8 )2(gm1+T 1)
−δm − γmT 1 0

αdgd
(gd+T 1)2

0 0 −δd

 δ(ψ)

− (τ c1 + µ)


− αTM

1

gT+M1 0 − αT gTT
1

(gT+M1)2
0

0 0 0 0

0 0 0 0

0 0 0 0

 δ(ψ + 1), (4.27)

where δ(ψ) is a Dirac delta function. For η ∈ C1([−1, 0),R4), we define

I(µ)η(ψ) =

{
dη(ψ)
dψ

, for ψ ∈ [−1, 0)∫ 0

−1
dε(ψ, µ)η(θ), for ψ = 0

}
, (4.28)

and

J(µ)η(ψ) =

{
0, for ψ ∈ [−1, 0)

f(µ, η), for ψ = 0

}
. (4.29)

Now, the system (4.23) is equivalent to the differential equation

X
′

t = I(µ)Xt(ψ) + J(µ)Xt(ψ), (4.30)

with Xt(ψ) = X(t+ ψ) for ψ ∈ [−1, 0).

Now, for π ∈ C1([−1, 0), (R4)1), where (R4)1 is a four dimensional space
of row vectors and the adjoint of I, I1 is defined as

I1(µ)π(k) =

{
−dπ
dk
, for k ∈ (0, 1]∫ 0

−1
dεT (t, 0)π(−t), for k = 0

}
. (4.31)

A bilinear inner product, defined for η ∈ [−1, 0) and π ∈ [0, 1], takes the
first term to be the conjugate linear and the second term to be linear in the
following form

< π(k), η(ψ) > = π(0)η(0)−
∫ 0

ψ=−1

∫ ψ

σ=0

π(σ − ψ)dε(ψ)η(σ)dσ,(4.32)
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where ε(ψ) = ε(ψ, 0). Then, I(0) and I1 are adjoint operators. From previous
subsection, we know that ±iθ0τ

c
1 are the eigenvalues of I(0) and ∓iθ0τ

c
1 are

the eigenvalues of I1.

Proposition 4.4.1. Let us consider m(ψ) = (1, a, b, c)T eiθ0τ
c
1ψ be the

eigenvector of I(0) corresponding to the eigenvalue iθ0τ
c
1 and m1(ψ) =

D(1, a1, b1, c1)T eiθ0τ
c
1ψ be the eigenvector of I1 corresponds to eigenvalue

−iθ0τ
c
1 . Then, < m1,m >= 1, < m1,m >= 0, where D = [(1 + aa1 +

bb1 + cc1) +
(
αTM

1

gT+M1 + b αT gTT
1

(gT+M1)2

)
τ c1e

iθ0τc1 ]−1.

Proof. Since m(ψ) is the eigenvector of I(0) corresponding to eigenvalue
iθ0τ

c
1 , then I(0)m(ψ) = iθ0τ

c
1m(ψ). Now, from equations (4.24), (4.26) and

(4.27), we have

τ c1


a11 − iθ0 a12 a13 0

0 a22 − iθ0 0 a24

a31 a32 a33 − iθ0 0

a41 0 0 a44 − iθ0

m(0) =


0

0

0

0

 ,

with

a11 = rT (1− 2bTT
1)− γTT

1
8

gT +M1
− αTM

1

gT +M1
e−iθ0τ

c
1 ,

a12 = − γTT
1

gT +M1
,

a13 =
γTT

1
8 T

1

(gT +M1)2
− αTgTT

1

(gT +M1)2
e−iθ0τ

c
1 ,

a22 = − α8D
1

(g8 + T 1
8 )2
− δ8,

a24 =
α8

g8 + T 1
8

,

a31 = − αmT
1
8

(gm + T 1
8 )(gm1 + T 1)2

− gmM1,

a32 =
αmgm

(gm + T 1
8 )2(gm1 + T 1)

,

a33 = −δm − γmT 1,

a41 =
αdgd

(gd + T 1)2
,

a44 = −δd.
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After some simple calculations, we obtain

m(0) = (1, a, b, c)T

=
(

1,− a24c

a22 − iθ0

,−a31 + aa32

a33 − iθ0

,− a41

a44 − iθ0

)T
.

Since m1(k) = D(1, a1, b1, c1)T eiθ0τ
c
1ψ is the eigenvector of A1 corresponding

to eigenvalue −iθ0τ
c
1 , then we have

τ c1


a11 + iθ0 0 a31 a41

a12 a22 + iθ0 a32 0

a13 0 a33 + iθ0 0

0 a24 0 a44 + iθ0

 (m1(0))T =


0

0

0

0

 ,

which implies

m1(0) = D(1, a1, b1, c1)

=
(

1,−a12 + b1a32

a22 + iθ0

,− a13

a33 + iθ0

,−(a11 + iθ0) + b1a31

a41

)
.

To determine the expression of D, we assume that < m1(k),m(ψ) >= 1.
Then, from equation (4.32), we get

< m1(k),m(ψ) >= D(1, a1, b
1
, c1)(1, a, b, c)T

−
∫ 0

ψ=−1

∫ ψ

σ=0

D(1, a1, b
1
, c1)e−iθ0τ

c
1 (σ−ψ)dε(ψ)(1, a, b, c)T eiθ0τ

c
1σdσ

= D{(1 + a1a+ b
1
b+ c1c)−

∫ 0

ψ=−1

(1, a1, b
1
, c1)ψeiθ0τ

c
1ψdε(ψ)(1, a, b, c)T}

= D
{

(1 + a1a+ b
1
b+ c1c) +

( αTM
1

gT +M1
+ b

αTgTT
1

(gT +M1)2

)
τ c1e
−iθ0τc1

}
.

Therefore, we can choose

D =
1

(1 + aa1 + bb1 + cc1) +
(
αTM1

gT+M1 + b αT gTT 1

(gT+M1)2

)
τ c1e

iθ0τc1

.

By adjoint property, we can write

< π, Iη >=< I1π, η > .
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Again, we have

−iθ0τ
c
1 < m1,m >=< m1, Im >=< I1m1,m > = < −iθ0τ

c
1m

1,m >

= iθ0τ
c
1 < m1,m > .

Therefore, we get

< m1,m >= 0.

The proof of the proposition is completed.

For the remaining portion of this subsection, we use the procedures as
introduced by Hassard et al. [37]. At first, we obtain the coordinates to
describe the center manifold C0 at µ = 0. Let us assume that the equation
(4.30) has a solution Xt for µ = 0. We define

w(t) = < m1, Xt >,

G(t, ψ) = Xt − w(t)m(ψ)− w(t)m(ψ)

= Xt(ψ)− 2Re{w(t)m(ψ)}. (4.33)

On the center manifold C0, we have G(t, ψ) = G(w(t), w(t), θ) with

G(w,w, ψ) = G20(ψ)
w2

2
+G11(ψ)ww +G02(ψ)

w2

2

+ G30(ψ)
w3

2
+ ..., (4.34)

where w, w are the local coordinates for center manifold C0 in the directions
of m1, m1. Observing that if Xt is real, then G is real. Here, we allow only
real solutions. From equation (4.34), we have

< m1, G > = < m1, Xt − wm− wm >

= < m1, Xt > −w < m1,m > −w < m1,m >= w − w = 0.

For the solution Xt ∈ C0 in equation (4.30), we have

ẇ(t) = < m1, Ẋt >

= < I1(0)m1, Xt > +m1(0)f(0, Xt)

= < −iθ0τ
c
1m

1, Xt > +m1(0)f0(w,w)

= iθ0τ
c
1w +m1(0)f0(w,w)

= iθ0τ
c
1w(t) + g(w,w),
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where

g(w,w) = g1(0)f0(w,w)

= g20
w2

2
+ g11ww + g02

w2

2
+ g21

w2w

2
+ .... (4.35)

From equations (4.33) and (4.34), we have

Xt(ψ) = (X1t(θ), X2t(θ), X3t(θ), X4t(θ))
T = G(t, ψ) + 2Re{w(t)m(t)}.(4.36)

Then, we have

Xt(ψ) = G(w(t), w(t), ψ) + wm+ wm

= G20(ψ)
w2

2
+G11(ψ)ww +G02(ψ)

w2

2
+ w(1, a, b, c)T eiθ0τ

c
1ψ

+ w(1, a, b, c)T e−iθ0τ
c
1ψ + ... (4.37)

We can write this expression as
X1t(ψ)

X2t(ψ)

X3t(ψ)

X4t(ψ)

 =


G1(ψ)

G2(ψ)

G3(ψ)

G4(ψ)

+ w


1

a

b

c

 eiθ0τ
c
1ψ + w


1

a

b

c

 e−iθ0τ
c
1ψ ≡


∆1

∆2

∆3

∆4

 ,

where

∆1 = weiθ0τ
c
1ψ + we−iθ0τ

c
1ψ +G1

20(ψ)
w2

2
+G1

11(ψ)ww +G1
02(ψ)

w2

2
+ h.o.t.,

∆2 = aweiθ0τ
c
1ψ + awe−iθ0τ

c
1ψ +G2

20(ψ)
w2

2
+G2

11(ψ)ww +G2
02(ψ)

w2

2
+ h.o.t.,

∆3 = bweiθ0τ
c
1ψ + bwe−iθ0τ

c
1ψ +G3

20(ψ)
w2

2
+G3

11(ψ)ww +G3
02(ψ)

w2

2
+ h.o.t.,

∆4 = cweiθ0τ
c
1ψ + cwe−iθ0τ

c
1ψ +G4

20(ψ)
w2

2
+G4

11(ψ)ww +G4
02(ψ)

w2

2
+ h.o.t..

It follows that

Xt(ψ) =


X1t(ψ)

X2t(ψ)

X3t(ψ)

X4t(ψ)

 ,
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and

G(w,w, ψ) =



G1(ψ)

G2(ψ)

G3(ψ)

G4(ψ)


.

Then, we get

X1t(0) = w + w +G1
20(0)

w2

2
+G1

11(0)ww +G1
02(0)

w2

2
+ h.o.t.,

X2t(0) = aw + aw +G2
20(0)

w2

2
+G2

11(0)ww +G2
02(0)

w2

2
+ h.o.t.,

X3t(0) = bw + bw +G3
20(0)

w2

2
+G3

11(0)ww +G3
02(0)

w2

2
+ h.o.t.,

X4t(0) = cw + cw +G4
20(0)

w2

2
+G4

11(0)ww +G4
02(0)

w2

2
+ h.o.t.,

X1t(−1) = we−iθ0τ
c
1 + weiθ0τ

c
1 +G1

20(−1)
w2

2
+G1

11(−1)ww

+ G1
02(−1)

w2

2
+ h.o.t.,

X2t(−1) = awe−iθ0τ
c
1 + aweiθ0τ

c
1 +G2

20(−1)
w2

2
+G2

11(−1)ww

+ G2
02(−1)

w2

2
+ h.o.t.,

X3t(−1) = bwe−iθ0τ
c
1 + bweiθ0τ

c
1 +G3

20(−1)
w2

2
+G3

11(−1)ww

+ G3
02(−1)

w2

2
+ h.o.t.,

X4t(−1) = cwe−iθ0τ
c
1 + cweiθ0τ

c
1 +G4

20(−1)
w2

2
+G4

11(−1)ww

+ G4
02(−1)

w2

2
+ h.o.t.,
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X2
1t(0) = w2 + 2ww + w2 + (G20(0) + 2G11(0))w2w + h.o.t.,

X2
2t(0) = a2w2 + 2|a|2ww + a2w2

+ (aG2
20(0) + 2aG2

11(0))w2w + h.o.t.,

X2
3t(0) = b2w2 + 2|b|2ww + b

2
w2

+ (bG3
20(0) + 2bG3

11(0))w2w + h.o.t.,

X2
4t(0) = c2w2 + 2|c|2ww + c2w2

+ (cG4
20(0) + 2cG4

11(0))w2w + h.o.t.,

X1t(0)X2t(0) = aw2 + (a+ a)ww + aw2

+ [G3
11(0) +

1

2
G3

20(0) + aG1
11(0) +

(a
2

)
G1

20(0)]w2w + h.o.t.,

X1t(0)X3t(0) = bw2 + (b+ b)ww + bw2

+ [G3
11(0) +

1

2
G3

20(0) + bG1
11(0) +

( b
2

)
G1

20(0)]w2w + h.o.t.,

X2t(0)X3t(0) = abw2 + (ab+ ab)ww + abw2

+ [aG3
11(0) +

a

2
G3

20(0) + bG2
11(0) +

b

2
G2

20(0)]w2w + h.o.t.,

X2t(0)X4t(0) = acw2 + (ac+ ac)ww + acw2

+ [aG4
11(0) +

a

2
G4

20(0) + cG2
11(0) +

c

2
G2

20(0)]w2w + h.o.t.,

X1t(−1)X3t(−1) = bw2e−2iθ0τc1 + (b+ b)ww + b
2
w2e2iθ0τc1

+ [G3
11(−1)e−iθ0τ

c
1 +

1

2
G3

20(−1)eiθ0τ
c
1 + bG1

11(−1)e−iθ0τ
c
1

+
( b

2

)
G1

20(0)eiθ0τ
c
1 ]w2w + h.o.t.,

X2
3t(−1) = bw2e−2iθ0τc1 + 2bbww + b

2
w2e2iθ0τc1

+ [2bG3
11(−1)e−iθ0τ

c
1 + bG3

20(−1)eiθ0τ
c
1 ]w2w + h.o.t..
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From definition of q and equation (4.25), we have

q(w,w) = m1(0)f0(w,w)

= m1(0)f(0, Xt)

= τ c1D(1, a1, b
1
, c1)

×



−rT bTX2
1t(0)− γTX1t(0)X2t(0)

gT+M1 + γTT
1X2t(0)X3t(0)
(gT+M1)2

+
γTT

1
8X1t(0)X3t(0)

(gT+M1)2
− γTT

1T 1
8X

2
3t(0)

(gT+M1)3

−αT gTX1t(−1)X3t(−1)
(gT+M1)2

+
αTT

1X2
3t(−1)

(gT+M1)2

α8D1X2
2t(0)

(g8+T 1
8 )2
− α8X2t(0)X4t(0)

g8+T 1
8

αmT 1
8X

2
1t(0)

(gm+T 1
8 )(gm1+T 1)3

− αmgmX2
2t(0)

(gm+T 1
8 )3(gm1+T 1)

+ αmgmX1t(0)X2t(0)

(gm+T 1
8 )2(gm1+T 1)2

− γmX1t(0)X3t(0)

−αdgdX
2
1t(0)

(gd+T 1
8 )2



.

After simple calculation, we get

q(w,w) = τ c1D

[
X2

1t(0)

(
− rT bT + b

1 αmT
1
8

(gm + T 1
8 )(gm1 + T 1)3

− c1 αdgd
(gd + T 1

8 )2

)

+ X2
2t(0)

(
a1 α8D

1

(g8 + T 1
8 )2
− b1 αmgm

(gm + T 1
8 )3(gm1 + T 1)

)

+ X2
3t(0)

(
− γTT

1T 1
8

(gT +M1)3

)

+ X1t(0)X2t(0)

(
− γT
gT +M1

+ b
1 αmgm
(gm + T 1

8 )2(gm1 + T 1)2

)

+ X2t(0)X3t(0)

(
γTT

1

(gT +M1)2

)
+X1t(0)X3t(0)

(
γTT

1
8

(gT +M1)2
− b1

γm

)

+ X2t(0)X4t(0)

(
− a1 α8

(gT + T 1
8 )

)
+X2

3t(−1)

(
αTT

1

(gT +M1)2

)

+ X1t(−1)X3t(−1)

(
− αTgT

(gT +M1)2

)]
.
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Above equation leads to

q(w,w) = τ c1D
[
− rT bT + b

1 αmT
1
8

(gm + T 1
8 )(gm1 + T 1)3

− c1 αdgd
(gd + T 1

8 )2

]
× [w2 + 2ww + w2 + (G20(0) + 2G11(0))w2w + h.o.t.]

+ τ c1D
[
a1 α8D

1

(g8 + T 1
8 )2
− b1 αmgm

(gm + T 1
8 )3(gm1 + T 1)

]
× [a2w2 + 2|a|2ww + a2w2 + (aG2

20(0) + 2aG2
11(0))w2w + h.o.t.]

+ τ c1D
[
− γTT

1T 1
8

(gT +M1)3

]
[b2w2 + 2|b|2ww + b

2
w2

+ (bG3
20(0) + 2bG3

11(0))w2w + h.o.t.]

+ τ c1D
[
− γT
gT +M1

+ b
1 αmgm
(gm + T 1

8 )2(gm1 + T 1)2

]
× [aw2 + (a+ a)ww + a2w2

+ [G3
11(0) +

1

2
G3

20(0) + aG1
11(0) +

a

2
G1

20(0)]w2w + h.o.t.]

+ τ c1D
[ γTT

1

(gT +M1)2

]
[abw2 + (ab+ ab)ww + abw2

+ [aG3
11(0) +

a

2
G3

20(0) + bG2
11(0) +

b

2
G2

20(0)]w2w + h.o.t.]

+ τ c1D
[ γTT

1
8

(gT +M1)2
− b1

γm

]
[bw2 + (b+ b)ww + bw2

+ [G3
11(0) +

1

2
G3

20(0) + bG1
11(0) +

b

2
G1

20(0)]w2w + h.o.t.]

+ τ c1D
[
− a1 α8

(gT + T 1
8 )

]
[acw2 + (ac+ ac)ww + acw2

+ [aG4
11(0) +

a

2
G4

20(0) + cG2
11(0) +

c

2
G2

20(0)]w2w + h.o.t.]

+ τ c1D
[ αTT

1

(gT +M1)2

]
[bw2e−2iθ0τc1 + 2bbww + b

2
w2e2iθ0τc1

+ [2bG3
11(−1)e−iθ0τ

c
1 + bG3

20(−1)eiθ0τ
c
1 ]w2w + h.o.t.]

+ τ c1D
[
− αTgT

(gT +M1)2

]
[bw2e−2iθ0τc1 + (b+ b)ww + b

2
w2e2iθ0τc1

+ [G3
11(−1)e−iθ0τ

c
1 +

1

2
G3

20(−1)eiθ0τ
c
1 + bG1

11(−1)e−iθ0τ
c
1

+
b

2
G1

20(0)eiθ0τ
c
1 ]w2w + h.o.t.]. (4.38)
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Comparing the coefficient of w2, ww, w2 and w2w from the equations (4.35)
and (4.38), we have

g20 = 2τ c1D
[
− rT bT + b

1 αmT
1
8

(gm + T 1
8 )(gm1 + T 1)3

− c1 αdgd
(gd + T 1

8 )2

+ a2a1 α8D
1

(g8 + T 1
8 )2
− a2b

1 αmgm
(gm + T 1

8 )3(gm1 + T 1)
− b2 γTT

1T 1
8

(gT +M1)3

− a
γT

gT +M1
+ ab

1 αmgm
(gm + T 1

8 )2(gm1 + T 1)2
+ ab

γTT
1

(gT +M1)2

+ b
γTT

1
8

(gT +M1)2
− bb1

γm − aca1 α8

g8 + T 1
8

+ be−2iθ0τc1
αTT

1

(gT +M1)2

− be−2iθ0τc1
αTgT

(gT +M1)2

]
,

g11 = τ c1D
[
− 2rT bT + 2b

1 αmT
1
8

(gm + T 1
8 )(gm1 + T 1)3

− 2c1 αdgd
(gd + T 1

8 )2

+ 2|a|2a1 α8D
1

(g8 + T 1
8 )2
− 2|a|2b1 αmgm

(gm + T 1
8 )3(gm1 + T 1)

− 2|b|2 γTT
1T 1

8

(gT +M1)3

− (a+ a)
γT

gT +M1
+ (a+ a)b

1 αmgm
(gm + T 1

8 )2(gm1 + T 1)2

+ (ab+ ab)
γTT

1

(gT +M1)2
+ (b+ b)

γTT
1
8

(gT +M1)2
− (b+ b)b

1
γm

− (ac+ ac)a1 α8

g8 + T 1
8

+ 2bb
αTT

1

(gT +M1)2
− (b+ b)

αTgT
(gT +M1)2

]
,

g02 = 2τ c1D
[
− rT bT + b

1 αmT
1
8

(gm + T 1
8 )(gm1 + T 1)3

− c1 αdgd
(gd + T 1

8 )2

+ a2a1 α8D
1

(g8 + T 1
8 )2
− a2b

1 αmgm
(gm + T 1

8 )3(gm1 + T 1)
− b2 γTT

1T 1
8

(gT +M1)3

− a2 γT
gT +M1

+ a2b
1 αmgm
(gm + T 1

8 )2(gm1 + T 1)2
+ ab

γTT
1

(gT +M1)2

− b
γTT

1
8

(gT +M1)2
− bb1

γm − aca1 α8

g8 + T 1
8

+ b
2
e2iθ0τc1

αTT
1

(gT +M1)2

− b
2
e2iθ0τc1

αTgT
(gT +M1)2

]
,
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g21 = 2τ c1D
[
(G20(0) + 2G11(0))

(
− rT bT + b

1 αmT
1
8

(gm + T 1
8 )(gm1 + T 1)3

− c1 αdgd
(gd + T 1

8 )2

)
+ (aG2

20(0) + 2aG2
11(0))

(
a1 α8D

1

(g8 + T 1
8 )2

− b
1 αmgm
(gm + T 1

8 )3(gm1 + T 1)

)
− (bG3

20(0) + 2bG3
11(0))

γTT
11T 1

8

(gT +M1)3

+ (G3
11(0) +

1

2
G3

20(0) + aG1
11(0) +

a

2
G1

20(0))

(
− γT
gT +M1

+ b
1 αmgm
(gm + T 1

8 )2(gm1 + T 1)2

)
+ (aG3

11(0) +
a

2
G3

20(0) + bG2
11(0)

+
b

2
G2

20(0))
γTT

1

(gT +M1)2
+ (G3

11(0) +
1

2
G3

20(0) + bG1
11(0)

+
b

2
G1

20(0))

(
γTT

1
8

(gT +M1)2
− b1

γm

)
− (aG4

11(0) +
a

2
G4

20(0) + cG2
11(0) +

c

2
G2

20(0))a1 α8

g8 + T 1
8

+ (2bG3
11(−1)e−iθ0τ

c
1 + bG3

20(−1)eiθ0τ
c
1 )

αTT
1

(gT +M1)2

− (G3
11(−1)e−iθ0τ

c
1 +

1

2
G3

20(−1)eiθ0τ
c
1 + bG1

11(−1)e−iθ0τ
c
1

+
b

2
G1

20(−1)eiθ0τ
c
1 )

αTgT
(gT +M1)2

]
.

From the above expressions of g21, it is clear that G11 and G20 involve in g21.
From equations (4.30) and (4.33), we have

Ġ = Ẋt − ẇm− ẇm

=

{
I(0)G− 2Re{m1f0m(ψ)}, for ψ ∈ [−1, 0)

I(0)G− 2Re{m1f0m(ψ)}+ f0(w,w), for θ = 0

}
,

which implies

Ġ = I(0)G+ L(w,w, ψ), (4.39)

where

L(w,w, ψ) = L20(ψ)
w2

2
+ L11(ψ)ww + L02(ψ)

w2

2
+ ... (4.40)
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On the other way, the center manifold C0 around the origin is

Ġ = Gwẇ +Gwẇ. (4.41)

Together from equations (4.39) and (4.40), we obtain

(I(0)− 2iθ0τ
c
1)G20(ψ) = −L20(ψ), I(0)G11(ψ) = −L11(ψ)... (4.42)

For ψ ∈ [−1, 0), from equations (4.35) and (4.39), we get

L(w,w, ψ) = −2Re{m1(0)f0(w,w)m(ψ)}

= −2Re{q(w,w)m(ψ)}

= −q(w,w)m(ψ)− q(w,w)m(ψ)

= −
(
g20

w2

2
+ g11ww + g02

w2

2
+ g21

w2w

2
+ ...

)
×m(ψ)

−
(
g20

w2

2
+ g11ww + g02

w2

2
+ g21

w2w

2
+ ...

)
×m(ψ).(4.43)

Comparing equations (4.40) and (4.43), we have

L20(ψ) = −g20m(ψ)− g20m(ψ), (4.44)

and

L11(ψ) = −g11m(ψ)− g11m(ψ). (4.45)

From equations (4.28), (4.42) and (4.44), we get

Ġ20(ψ) = I(0)G20(ψ) = 2iθ0τ
c
1G20(ψ)− L20(ψ)

= 2iθ0τ
c
1G20(ψ) + g20m(ψ) + g02m(ψ).

After using m(ψ) = (1, a, b, c)T eiθ0τ
c
1ψ, we have

Ġ20(ψ) = 2iθ0τ
c
1G20(ψ) + g20m(0)eiθ0τ

c
1ψ + g02m(0)e−iθ0τ

c
1ψ.

With respect to G20(ψ), the above equation is a first order linear differential
equation. After solving, we have

G20(ψ) =
ig20

θ0τ c1
m(0)eiθ0τ

c
1ψ +

ig02

3θ0τ c1
m(0)e−iθ0τ

c
1ψ + F1e

2iθ0τc1ψ, (4.46)

where F1 = (F 1
1 , F

2
1 , F

3
1 , F

4
1 ) ∈ R4 is a constant vector in R4. Similarly, we

obtain

G11(ψ) = − ig11

θ0τ c1
m(0)eiθ0τ

c
1ψ +

ig11

θ0τ c1
m(0)e−iθ0τ

c
1ψ + F2, (4.47)
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where F2 = (F 1
2 , F

2
2 , F

3
2 , F

4
2 ) ∈ R4 is a constant vector in R4.

Now, our goal is to explain correct form of the constant vectors F1 and
F2. Thus, from equations (4.28) and (4.42), we have∫ 0

−1

dε(ψ)G20(ψ) = 2iθ0τ
c
1G20(ψ)− L20(ψ), (4.48)

and ∫ 0

−1

dε(ψ)G11(ψ) = −L11(ψ), (4.49)

where ψ = 0, that is, ε(0, ψ) = ε(ψ). Putting ψ = 0 in L(w,w, ψ), we have

L(w,w, 0) = −q(w,w)m(0)− q(w,w)m(0) + f0(w,w)

= −
(
g20

w2

2
+ g11ww + g02

w2

2
+ g21

w2w

2
+ ...

)
×m(0)

−
(
g20

w2

2
+ g11ww + g02

w2

2
+ g21

w2w

2
+ ...

)
×m(0)

+


∧11w

2 + ∧12ww + ∧13w
2 + ∧14w

2w + ...

∧21w
2 + ∧22ww + ∧23w

2 + ∧24w
2w + ...

∧31w
2 + ∧32ww + ∧33w

2 + ∧34w
2w + ...

∧41w
2 + ∧42ww + ∧43w

2 + ∧44w
2w + ...

 ,

where

∧11 = −rT bT −
aγT

gT +M1
+
bγT (aT 1 + T 1

8 )

(gT +M1)2
− b2γTT

1T 1
8

(gT +M1)3

+
bαT (T 1 − gT )

(gT +M1)2
e−2iθ0τc1 ,

∧12 = −2rT bT −
(a+ a)γT
gT +M1

+
(ab+ ab)γTT

1 + (b+ b)γTT
1
8

(gT +M1)2

− 2|b|2γTT 1T 1
8

(gT +M1)3
+

2bbαTT
1 − (b+ b)αTgT

(gT +M1)2
,
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∧13 = −rT bT −
a2γT

gT +M1
+
bγT (aT 1 + T 1

8 )

(gT +M1)2
− b

2
γTT

1T 1
8

(gT +M1)3

+
b

2
αT (T 1 − gT )

(gT +M1)2
e2iθ0τc1 ,

∧14 = −rTbT [G20(0) + 2G11(0)]− γT
gT +M1

[G3
11(0) +

1

2
G3

20(0) + aG1
11(0)

+
a

2
G1

20(0)] +
γTT

1

(gT +M1)2
[aG3

11(0) +
a

2
G3

20(0) + bG2
11(0) +

b

2
G1

20(0)]

+
γTT

1
8

(gT +M1)2
[G3

11(0) +
1

2
G3

20(0) + bG1
11(0) +

b

2
G1

20(0)]

− γTT
1T 1

8

(gT +M1)3
[bG3

20(0) + 2bG3
11(0)]− αTgT

(gT +M1)2
[G3

11(−1)e−iθ0τ
c
1

+
1

2
G3

20(−1)eiθ0τ
c
1 + bG1

11(−1)e−iθ0τ
c
1 +

b

2
G1

20(0)eiθ0τ
c
1 ]

+
αTT

1

(gT +M1)2
[2bG3

11(−1)e−iθ0τ
c
1 + bG3

20(−1)eiθ0τ
c
1 ],

∧21 =
a2α8D

1

(g8 + T 1
8 )2
− acα8

g8 + T 1
8

,

∧22 = 2|a|2 α8D
1

(g8 + T 1
8 )2
− α8(ac+ ac)

g8 + T 1
8

,

∧23 = a2 α8D
1

(g8 + T 1
8 )2
− α8ac

g8 + T 1
8

,

∧24 =
α8D

1

(g8 + T 1
8 )2

[aG2
20(0) + 2aG2

11(0)]− α8

g8 + T 1
8

[aG4
11(0) +

a

2
G4

20(0)

+ cG2
11(0) +

c

2
G2

20(0)],

∧31 =
αmT

1
8

(gm + T 1
8 )(gm1 + T 1)3

− a2αmgm
(gm + T 1

8 )3(gm1 + T 1)

+
aαmgm

(gm + T 1
8 )2(gm1 + T 1)2

− bγm,
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∧32 =
2αmT

1
8

(gm + T 1
8 )(gm1 + T 1)3

− 2|a|2αmgm
(gm + T 1

8 )3(gm1 + T 1)

+
(a+ a)αmgm

(gm + T 1
8 )2(gm1 + T 1)2

− (b+ b)γm,

∧33 =
αmT

1
8

(gm + T 1
8 )(gm1 + T 1)3

− a2αmgm
(gm + T 1

8 )3(gm1 + T 1)

+
a2αmgm

(gm + T 1
8 )2(gm1 + T 1)2

− bγm,

∧34 =
αmT

1
8

(gm + T 1
8 )(gm1 + T 1)3

[G20(0) + 2G11(0)]

− αmgm
(gm + T 1

8 )3(gm1 + T 1)
[aG2

20(0) + 2aG112(0)]

+
αmgm

(gm + T 1
8 )2(gm1 + T 1)2

[G3
11(0) +

1

2
G3

20(0) + aG1
11(0) +

a

2
G1

20(0)]

− γm[G3
11(0) +

1

2
G3

20(0) + bG1
11(0) +

b

2
G1

20(0)],

∧41 = − αdgd
(gd + T 1

8 )2
,

∧42 = − 2αdgd
(gd + T 1

8 )2
,

∧43 = − αdgd
(gd + T 1

8 )2
,

∧44 = − αdgd
(gd + T 1

8 )2
[G20(0) + 2G11(0)].

Comparing the corresponding coefficients of the above equation with equation
(4.40) for ψ = 0, we have

L20(0) = −g20m(0)− g20m(0) + 2τ c1


∧11

∧21

∧31

∧41

 , (4.50)
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and

L11(0) = −g11m(0)− g11m(0) + 2τ c1


∧12

∧22

∧32

∧42

 . (4.51)

From definition of I and equations (4.28) and (4.42), we get(
iθ0τ

c
1I −

∫ 0

−1

eiθ0τ
c
1ψdε(ψ)

)
m(0) = 0,

(
− iθ0τ

c
1I −

∫ 0

−1

e−iθ0τ
c
1ψdε(ψ)

)
m(0) = 0.

After substituting equations (4.46) and (4.48) into the equation (4.50), we
get

(
2iθ0τ

c
1I −

∫ 0

−1

e2iθ0τc1ψdε(ψ)
)
F1 = 2τ c1


∧11

∧21

∧31

∧41

 ,

which leads to
iθ0 − a11 −a12 −a13 0

0 iθ0 − a22 0 −a24

−a31 −a32 iθ0 − a33 0

−a41 0 0 iθ0 − a44




F 1
1

F 2
1

F 3
1

F 4
1

 = 2


∧11

∧21

∧31

∧41

 .
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Solving F1, we obtain

F 1
1 =

2

∧

∣∣∣∣∣∣∣∣∣∣
∧11 −a12 −a13 0

∧21 iθ0 − a22 0 −a24

∧31 −a32 iθ0 − a33 0

∧41 0 0 iθ0 − a44

∣∣∣∣∣∣∣∣∣∣
,

F 2
1 =

2

∧

∣∣∣∣∣∣∣∣∣∣
iθ0 − a11 ∧11 −a13 0

0 ∧21 0 −a24

−a31 ∧31 iθ0 − a33 0

−a41 ∧41 0 iθ0 − a44

∣∣∣∣∣∣∣∣∣∣
,

F 3
1 =

2

∧

∣∣∣∣∣∣∣∣∣∣
iθ0 − a11 −a12 ∧11 0

0 iθ0 − a22 ∧21 −a24

−a31 −a32 ∧31 0

−a41 0 ∧41 iθ0 − a44

∣∣∣∣∣∣∣∣∣∣
,

F 4
1 =

2

∧

∣∣∣∣∣∣∣∣∣∣
iθ0 − a11 −a12 −a13 ∧11

0 iθ0 − a22 0 ∧21

−a31 −a32 iθ0 − a33 ∧31

−a41 0 0 ∧41

∣∣∣∣∣∣∣∣∣∣
,

with

∧ =

∣∣∣∣∣∣∣∣∣∣
iθ0 − a11 −a12 −a13 0

0 iθ0 − a22 0 −a24

−a31 −a32 iθ0 − a33 0

−a41 0 0 iθ0 − a44

∣∣∣∣∣∣∣∣∣∣
.

Similarly, substituting equations (4.47) and (4.49) into the equation (4.51),
we get 

a11 a12 a13 0

0 a22 0 a24

a31 a32 a33 0

a41 0 0 a44




F 1
2

F 2
2

F 3
2

F 4
2

 =


∧12

∧22

∧32

∧42

 .
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Solving F2, we have

F 1
2 =

2

Σ

∣∣∣∣∣∣∣∣∣∣
∧12 a12 a13 0

∧22 a22 0 a24

∧32 a32 a33 0

∧42 0 0 a44

∣∣∣∣∣∣∣∣∣∣
,

F 2
2 =

2

Σ

∣∣∣∣∣∣∣∣∣∣
a11 ∧12 a13 0

0 ∧22 0 a24

a31 ∧32 a33 0

a41 ∧42 0 a44

∣∣∣∣∣∣∣∣∣∣
,

F 3
2 =

2

Σ

∣∣∣∣∣∣∣∣∣∣
a11 a12 ∧12 0

0 a22 ∧22 a24

a31 a32 ∧32 0

a41 0 ∧42 a44

∣∣∣∣∣∣∣∣∣∣
,

F 4
2 =

2

Σ

∣∣∣∣∣∣∣∣∣∣
a11 a12 a13 ∧12

0 a22 0 ∧22

a31 a32 a33 ∧32

a41 0 0 ∧42

∣∣∣∣∣∣∣∣∣∣
,

with

Σ =

∣∣∣∣∣∣∣∣∣∣
a11 a12 a13 0

0 a22 0 a24

a31 a32 a33 0

a41 0 0 a44

∣∣∣∣∣∣∣∣∣∣
.

We can find out G20(ψ) and G11(ψ) from the equations (4.46) and (4.47).
With respect to parameters and delay of our system, we can be find out g21.
Therefore, we can obtain each gij in terms of discrete time delay and different
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parameters of our system. Then, we have the following results

c1(0) =
i

2τ c1θ0

(
g20g11 − 2|g11|2 −

|g20|2

3

)
+
g21

2
,

µ2(0) = − Re{c1(0)}
Re{λ′(τ c1)}

,

β2 = 2Re{c1(0)}, (4.52)

T2 = −Im{c1(0)}+ µ2Im{λ
′
(τ c1)}

θ0τ c1
.

The sign of µ2 refers the direction of Hopf bifurcation, the sign of β2 refers
the stability of Hopf bifurcating periodic solutions and T2 refers the period
of bifurcating periodic solutions at the threshold value τ1 = τ c1 for center
manifold. Therefore, results from Hassard et al. [37], we can assure the
properties of Hopf bifurcation at the threshold value τ1 = τ c1 in the following
theorem.

Theorem 4.4.4. In the expression of equation (4.52), the following results
hold by Hassard et al. [37]:

(i) The Hopf bifurcation is subcritical or supercritical if µ2 < 0 or µ2 > 0.

(ii) The bifurcating periodic solutions are stable or unstable if β2 < 0 or
β2 > 0.

(ii) The period of the bifurcated periodic solution decreases or increases if
T2 < 0 or T2 > 0.

Case 3: τ1 > 0, τ3 > 0, τ2 = 0.

Now, our aim is to investigate the dynamics of delayed system (4.4) in
presence of two discrete time delays τ1 and τ3. In this scenario, we consider
two positive interaction delays τ1 and τ3 while τ2 = 0. Then, the character-
istics equation (4.9) becomes

Π(λ, τ1, 0, τ3) = λ4 + [(a1 + c1) + b1e
−λτ1 + d1e

−λτ3 ]λ3 + [(a2 + c2) + b2e
−λτ1

+ (d2 + h1)e−λτ3 + g1e
−λ(τ1+τ3)]λ2 + [(a3 + c3) + b3e

−λτ1

+ (d3 + h2)e−λτ3 + g2e
−λ(τ1+τ3)]λ (4.53)

+ [(a4 + c4) + b4e
−λτ1 + (d4 + h3)e−λτ3 + g3e

−λ(τ1+τ3)]

= 0.
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We shall study the local asymptotic stability of the interior fixed point
E1(T 1, T 1

8 ,M
1, D1) of the delayed system (4.4). To do this, we investigate

the sign of the real parts of the characteristic equation (4.53). Now, we have
the following theorem.

Theorem 4.4.5. [83] For τ1 > 0, if all the roots of the characteristic equation
(4.11), that is, Π(λ, τ1, 0, 0) = 0 have negative real parts, then all the roots
of the polynomial (4.53), that is, Π(λ, τ1, 0, τ3) = 0 have negative real parts
and there exists a positive τ c3(τ1), (τ c3 depends on τ1) such that τ3 < τ c3(τ1).

Proof. Let us assume that the equation (4.11), Π(λ, τ1, 0, 0) = 0 has no root
with positive real part. If τ1 > 0 and τ3 = 0, then from equation (4.53), we
have Π(λ, τ1, 0, τ3) = 0 has no root with positive real part. Now, we assume
that τ3 is a parameter. Then, the equation (4.53) is analytic in λ and τ3. For
τ1 varies, sum of the multiplicity of zeroes of the left hand side of the equation
(4.53) in the right half plane can only alter if a root crosses the imaginary
axis. Since all the roots of (4.53) have negative real parts for τ3 = 0, then
there exists a positive τ c3(τ1), (τ c3 depends on τ1) such that all the roots of the
characteristic equation (4.53) have negative real parts with τ3 < τ c3(τ1).

Case 4: τ1 = 0, τ2 > 0, τ3 > 0.

Theorem 4.4.6. [83] For τ3 > 0, if all the roots of the characteristic equation
Π(λ, 0, 0, τ3) = 0 have negative real parts, then all the roots of the polynomial
Π(λ, 0, τ2, τ3) = 0 have negative real parts and there exists a positive τ c2(τ3),
(τ c2 depends on τ3) such that τ2 < τ c2(τ3).

Proof. Proof is similar to the Theorem 4.4.5.

4.5 Parameter estimation

The behavior and analysis of the mathematical model is influenced by the
system parameters. In this section, we estimate some of the parameters of
our system (4.1) from the existing literature. We used following procedure
to estimate the system parameters.

Natural death rate of CD8+T cells, δ8: The approximate half-life of
CD8+T cells (T8) is 3.9 days [95]. We calculate the death rate δ8 of CD8+T
cells is given by

1

2
T8(0) = T8(0)e(−δ8t

T8
1/2

),
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which leads to

δ8 =
ln 2

3.9
day−1 = 0.178 day−1.

Natural death rate of macrophages, δm: Wacker et al. [107] re-
ported that the half-life of macrophages is 12.4 days. Thus, the death rate
of macrophages is calculated as

δm =
ln 2

12.4 day
= 0.056 day−1.

Natural death rate of dendritic cell, δd: The half-life of dendritic
cells is ranges 3−4 days [38]. We assume that the median half-life of dendritic
cells is 4 days. Consequently, the death rate δd is

δd =
ln 2

4 day
= 0.17 day−1.

Activation rate of dendritic cells production, αd: The half-
saturation constant for tumor cells is represented by gd. Then, we have

T

gd + T
=

1

2
.

Coventry et al. [14] found that the density of dendritic cells in breast cancer
patient is D = 4× 10−4 cells. By considering the steady state of the fourth
equation of (4.1), we have

αd
T

gd + T
= δdD,

which leads to

αd = 1.36× 10−4 cell/day.

Source rate of dendritic cells, sd: In a healthy individual, the presence
of tumor cells leads to the absence of dendritic cell production. Therefore,
at steady state, we have

sd = δdD ⇒ sd = 0.68× 10−4 cell/day.

Natural degradation rate of Tregs, δg: According to the report of
Q. Tang [94], the half-life of regulatory T-cells is 32 hours, that is, 1.3 days
(approximately). Then, we have

δg =
ln 2

1.3
day−1 = 0.53 day−1.
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Activation rate of Tregs, αg: The average estimated count of circulat-
ing regulatory T-cells in an adult human is around 0.25× 109 pg ·ml−1 [94].
Additionally, we assume that the density of CD8+T cells is 2× 107 cells/ml.
The steady state of the fifth equation of (4.1), we have

0 = αgT8 − δgTg,

which implies that

αg =
δgTg
T8

=
0.53× 0.25× 109

2× 107
(day−1.pg.ml−1)/(cell.ml−1)

= 6.62 pg.day−1.cell−1.

Degradation rate of interleukin-10, δ10: The half-life of interleukin-
10 (I10) is 4.5 hours [39] ≈ 0.1875 days. Thus, the decay rate of interleukin-10
(I10) is δ10 given by

δ10 =
ln 2

0.1875
day−1 = 3.696 day−1.

Activation rate of interleukin-10, α10: Toossi et al. [100] found that
106 alveolar macrophages produce (in vitro) 3,200 pg/mL of interleukin-10
(I10). Using the steady state of sixth equation of (4.1), we have

α10M − δ10I10 = 0,

which implies

α10 =
3.696 × 3200

106
(day−1.pg.ml−1)/(cell.ml−1)

= 1.182× 10−2 pg.day−1.cell−1.

Decay rate of TGF-β, δβ: The median half-life of TGF-β is estimated
to be around 50 minutes, that is, 0.83 days [82]. Therefore, the decay rate
of TGF-β is

δβ =
ln 2

0.83
day−1 = 0.832 day−1.

Source rate of TGF-β, sβ: Peterson et al. [76] found that the density
of TGF-β (Tβ) is 609 pg/ml. We take the volume of cerebral spinal fluid
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to be 150 ml. In the absence of cancer production of TGF-β, at the steady
state, we observe that

sβ = δβTβ = 0.832 day−1 × 150 ml× 60.9 pg ·ml−1

= 7.6× 103 pg · day−1.

Release rate of TGF-β by tumor cells, αβ: The mean level of the
immuno-suppressive cytokine TGF-β (Tβ) is 609 pg/ml×150 ml = 91350 pg
[76] for a high-grade glioblastoma patients. Using the seventh equation of
the system (4.1) at an equilibrium state, we get

αβ =
δβTβ − sβ

T
=

91350 pg× 0.832 day−1 − 7.6× 103 pg · day−1

106 cell

= 6.84× 10−2 pg.day−1.cell−1.

Degradation rate of interleukin-12, δ12: The half-life of the
interleukin-12 (I12) is 30 hours, that is, 1.25 days [11]. Then, the degra-
dation rate of interleukin-12 (I12) is

δ12 =
0.693

1.25 day
≈ 0.55 day−1.

Release rate of IL-12 by dendritic cells, α12: For a breast cancer
patient, concentration of interleukin-12 in the blood serum is 1.5 × 10−10

pg/ml [21]. Also, the concentration of dendritic cells is 4× 10−4 cell/ml [14].
Therefore, steady state of the eighth equation of (4.1) implies that

α12 =
δ12I12

D
=

1.5× 10−10 pg ·ml−1 × 0.55 day−1

4× 10−4 cell ·ml−1

= 2.06× 10−7pg.day−1.cell−1.

Decay rate of IFN-γ, δγ: The median half-life of IFN-γ is 6.8 hours ≈
0.283 days [102]. Therefore, the decay rate of IFN-γ is

δγ =
ln 2

0.283
day−1 ≈ 2.45 day−1.

Production rate of IFN-γ by CD8+T cells, αγ: In a specific exper-
imental study, Kim et al. [60] reported that 200 pg/ml of IFN-γ is produced
by CD8+ T cells. Based on this data, we made the assumption that the
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concentration of CD8+ T cells is 2 × 107 cell/ml. Therefore, from steady
state of ninth equation of (4.1), we get

αγ =
δγIγ
T8

=
200 pg ·ml−1 × 2.45 day−1

2× 107cell ·ml−1

= 2.45× 10−5 pg.day−1.cell−1.

Table 4.1 and Table 4.2 represent the summary of all the model parameters.

4.6 Numerical simulations

In this section, we proceed to validate the feasibility of stability criteria
through numerical simulations. At first, we derive solutions for different cell
population and investigate their behavior in the context of tumor-immune
interplays without considering discrete time delay. Subsequently, we
investigate the dynamics of tumor-immune interaction with time delay in
the model, considering both analytical and numerical approaches. The
model parameters used for the numerical illustrations are given in Table 4.1
and Table 4.2. For the numerical illustrations, several parameters are ob-
tained from existing literature [4, 12, 33] and some parameters are estimated.

MATLAB and MATHEMATICA are used to solve numerically the delay
differential equations with reference to the parameters are reported in Table
4.1 and Table 4.2. At first, we simulate our tumor model without time
delay, that is, τ1 = τ2 = τ3 = 0 and obtained the tumor-free fixed point
E0 (0, 2.94586 × 10−11, 9678.57, 0.0004). The corresponding eigenvalues
of tumor-free fixed point E0 are −0.865106, − 0.178, − 0.17, − 0.056,
which are all real and negative. Hence, the system (4.4) without
time delay is locally asymptotically stable around the tumor-free
fixed point E0. There are two tumor-presence fixed points, with one
being the low tumor-presence fixed point E1

l (0.179273, 2.94586 ×
10−11, 3886.16, 0.0004) and the other being the high tumor-presence
fixed point E1

h(800000, 5.56441 × 10−11, 0.00145511, 0.00075). The
eigenvalues around E1

l are −0.300816,−0.178,−0.17, 0.161346, implying
that our system (4.4) without delay is unstable around E1

l . On the other
hand, the eigenvalues around the high tumor-presence fixed point E1

h are
−372480,−0.5822,−0.178, − 0.17. It is noted that all of the eigenvalues are
real and negative. Consequently, our system (4.4) without delay is locally
asymptotically stable around the high-tumor presence fixed point E1

h.
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Figure 4.1: The figure shows that the dynamics of tumor cells and im-
mune cells (CD8+T cells, macrophages and dendritic cells) with τ1 ∈
{0, 0.02, 0.07, 0.2, 0.7} and τ2 = τ3 = 0. The parameters value are spec-
ified in the Table 4.1 and Table 4.2 with initial values (0.012, 2.9459 ×
10−9, 3000, 0.0002).

Now, we shall validate our theoretical analysis with the aid of numer-
ical illustrations with discrete time delay(s). To better understand the
tumor-immune interaction model with discrete time delays, we consider the
following cases.

Strategy I: τ1 ∈ {0, 0.02, 0.07, 0.2, 0.7}, τ2 = τ3 = 0.

Equation (4.13) has no real roots for the specified parameters value in
Table 4.1 and Table 4.2. In this situation, no Hopf bifurcation exists. In
Figure 4.1, we present a comparison of our work for different values of the
delay τ1 and we fixed τ2 = τ3 = 0. In this figure, the density of tumor
cells and immune components are represented by black, magenta, green, red
and blue lines corresponding to τ1 = 0, 0.02, 0.07, 0.2, 0.7, respectively.
The tumor cell population reaches their equilibrium state after 20 days for
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different values of τ1 (see Figure 4.1A). There is no significant changes in
the cell count of immune components, namely CD8+T cells, macrophages
and dendritic cells for both non delayed and delayed cases (see Figures 4.1B,
4.1C and 4.1D).
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Figure 4.2: The figure shows that the dynamics of tumor cells and im-
mune cells (CD8+T cells, macrophages and dendritic cells) with τ1 = τ3 ∈
{0, 0.02, 0.07, 0.2, 0.7} and τ2 = 0. The parameters value are spec-
ified in the Table 4.1 and Table 4.2 with initial values (0.012, 2.9459 ×
10−9, 3000, 0.0002).

Strategy II: τ1 = τ3 ∈ {0, 0.02, 0.07, 0.2, 0.7}, τ2 = 0.

We now taken into account two discrete time delays τ1 and τ3, while
setting τ2 = 0 for the dynamics of tumor cells and the immune system.
We take different values of τ1 and τ3, that is, τ1 = τ3 = 0 (black line),
τ1 = τ3 = 0.02 (magenta line), τ1 = τ3 = 0.07 (green line), τ1 = τ3 = 0.2
(red line) and τ1 = τ3 = 0.7 (blue line). We observe that the time delays
do not exert any effect on the dynamics of tumor cells. Moreover, there is
no impact on the dynamics of immune components when varying the two
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discrete time delays τ1 and τ3.
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Figure 4.3: The figure shows that the dynamics of tumor cells and im-
mune cells (CD8+T cells, macrophages and dendritic cells) with τ2 = τ3 ∈
{0, 0.02, 0.07, 0.2, 0.7} and τ1 = 0. The parameters value are spec-
ified in the Table 4.1 and Table 4.2 with initial values (0.012, 2.9459 ×
10−9, 3000, 0.0002).

Strategy III: τ2 = τ3 ∈ {0, 0.02, 0.07, 0.2, 0.7}, τ1 = 0.

In the Figure 4.3, we consider τ1 = 0 and study the impact of different
values of two delays τ2 and τ3 on the dynamics of tumor cells and the
immune components (CD8+T cells, macrophages and dendritic cells). In
this case, the interaction delays have no influence on the growth of tumor
cells (see Figure 4.3A) and the immune components (see Figures 4.3B, 4.3C,
4.3D).

Strategy IV: τ1 = τ2 ∈ {0, 0.02, 0.07, 0.2, 0.7}, τ3 = 0.
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Figure 4.4: The figure shows that the dynamics of tumor cells and im-
mune cells (CD8+T cells, macrophages and dendritic cells) with τ1 = τ2 ∈
{0, 0.02, 0.07, 0.2, 0.7} and τ3 = 0. The parameters value are spec-
ified in the Table 4.1 and Table 4.2 with initial values (0.012, 2.9459 ×
10−9, 3000, 0.0002).

When we introduce two delays τ1 and τ2 into our delayed model, we find
that the dynamics of tumor cells and immune system remain unchanged
when compared with the without delay and with delays (see Figures 4.4A,
4.4B, 4.4C and 4.4D).

Strategy V: τ1 = τ2 = τ3 ∈ {0, 0.02, 0.07, 0.2, 0.7}.

In the previous strategies, we considered only two delays; however, in
the current approach, we now taken into account all three discrete time
delays in our delayed system. Figure 4.5 illustrates the dynamics of tumor
cells, CD8+T cells, macrophages and dendritic cells for τ1 = τ2 = τ3 ∈
{0, 0.02, 0.07, 0.2, 0.7}. For all three delays, the dynamics of tumor cells
and immune cells exhibit no significant changes (see Figures 4.5A, 4.5B, 4.5C
and 4.5D).
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Figure 4.5: The figure shows that the dynamics of tumor cells and immune
cells (CD8+T cells, macrophages and dendritic cells) with τ1 = τ2 = τ3 ∈
{0, 0.02, 0.07, 0.2, 0.7}. The parameters value are specified in the Table
4.1 and Table 4.2 with initial values (0.012, 2.9459× 10−9, 3000, 0.0002).

4.7 Conclusion

This section summarizes the key findings of the research and highlights the
contributions to the field of cancer-immune interaction model with multiple
time delays. This study introduces a mathematical model, based on biolog-
ical principles, to depict the interaction between tumors and the immune
system. A coupled system of ordinary differential equations is utilized to
construct the model, which incorporates different cells such as tumor cells,
CD8+T cells, macrophages, antigen-presenting dendritic cells and several
cytokines including regulatory T-cells or Tregs, IL-12, TGF-β, IL-10 and
IFN-γ. To get a better visualization of the tumor-immune interplays, we
simplified our model by employing quasi-steady-state approximations for
the cytokines concentration [92]. The reduced model provides a detailed
representation of the interactions between tumor cells, CD8+T cells,
macrophages and dendritic cells. Our immune cells need additional time to
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provide an appropriate response after identifying the tumor cells. Therefore,
incorporating time delays into our mathematical model is necessary to
accurately describe the dynamics of tumor-immune competitive system. To
better understand the tumor-immune dynamics, we introduced multiple
time delays in our model. In this chapter, we have demonstrated that
the incorporating of delays does not impact the tumor-immune system
significantly, and it may not always result in regular or irregular periodic
oscillations. This observation is based on the analysis of a realistic set of
parameters value presented in this chapter. Analytically, we established the
conditions for existence, uniqueness, positivity and boundedness property
of the solution for the delayed model. These mathematical analyses ensure
that the solutions of the model are well-defined, nonnegative and remain
within certain bounds for studying the behavior and properties of the
tumor-immune competitive system. In order to conduct the fixed point
analysis, we have found the biologically feasible equilibrium points. We
derive some conditions to study the uniform persistence of the system
(4.4) without delay. We provide analytical results concerning local stability
analysis for both the tumor-immune interaction model without delays and
the model incorporating delays. This study also examines the existence
of Hopf bifurcation and determines the maximum length of discrete time
delay to preserve the stability of period-1 limit cycle. Additionally, we
investigate the direction of Hopf bifurcation and evaluate the stability of
bifurcating periodic solutions of the delayed model. Using the skill presented
by Khajanchi et al. [50], we performed an analysis of our delayed system
considering two distinct discrete time delays.

This chapter distinguishes itself from existing literature in this direction
through the introduction of three discrete time delays and its subsequent
analysis. However, it is observed that despite the incorporation of multiple
time delays, their influence on the dynamics of tumor-immune interaction
system (4.4) is limited. In contrast to the typical expectation of delays lead-
ing to the destabilization of the stable steady state, our findings indicate that
such destabilization does not occur in our proposed tumor-immune system.
For the biologically relevant parameters value, multiple time delays had a
negligible impact on the model dynamics. This observation suggests that
delays can be considered as a supplementary elements with minor impact on
the overall dynamics of the tumor model. This unique finding underscores
the robustness of the model and suggests that other factors may play an
important role in governing the behavior of the tumor-immune competitive
system. This study contributes valuable insights to our understanding of
the impact of multiple time delays on the tumor-immune interactions and
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provides a foundation for further investigations in this field.
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Table 4.1: Parameter values utilized in the simulations for the tumor-immune
interaction model
Par. Description Value Units Source

rT Intrinsic growth rate of tumor cells 0.5822 day−1 [68]

bT 1/bT is carrying capacity of tumor
cells

1.25×10−6 cell−1 Fit to
data

α
′
T Tumor cells elimination rate by

macrophages
1.5 pg.day−1.cell−1 [4]

γ
′
T Tumor cells elimination rate by

CD8+T cells
2.4 pg.day−1.cell−1 [12]

g
′
T Half-saturation constant 104 pg [80]

α
′
8 CD8+T cells activation due IL-12 3.5 cell.day−1 [33]

g
′
8 Tregs reduce parameter for CD8+T

cell production
102 pg [81]

δ8 CD8+T cells death rate 0.178 day−1 Est.

sm Constant source rate of
macrophages

5.42× 102 cell.day−1 [86]

α
′
m Recruitment rate of macrophage by

IFN-γ
0.69 pg.cell.day−1 [87]

g
′
m Half-saturation constant of IFN-γ 1.05× 104 pg [4]

g
′
m1 TGF-β reduce parameter for

macrophages
104 pg [4, 76]

γm Macrophages inactivation rate due
to tumor cells

0.4656 cell−1.day−1 [4]

δm Natural death rate of macrophages 0.056 day−1 Est.

sd Constant source rate of dendritic
cells

0.68×10−4 cell.day−1 Est.

αd Dendritic cells activation rate 1.36×10−4 cell.day−1 Est.

gd Half-saturation constant 106 cell [61, 65]

δd Dendritic cells death rate 0.17 day−1 Est.
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Table 4.2: Parameter values utilized in the simulations for the tumor-immune
interaction model
Par. Description Value Units Source

αg Activation rate of tregs due to
CD8+T cells

6.62 pg.day−1.cell−1 Est.

δg Tregs degradation rate 0.53 day−1 Est.

α10 Activation rate of IL-10 due to
macrophages

1.182×10−2 pg.day−1.cell−1 Est.

δ10 IL-10 degradation rate 3.696 day−1 Est.

sβ Constant source rate of TGF-β 7.6× 103 pg.day−1 Est.

αβ Release rate of TGF-β by tumor
cells

6.84×10−2 pg.day−1.cell−1 Est.

δβ TGF-β decay rate 0.832 day−1 Est.

α12 Release rate of IL-12 by dendritic
cells

2.06×10−7 pg.day−1.cell−1 Est.

δ12 IL-12 degradation rate 0.55 day−1 Est.

αγ Activation rate of IFN-γ due to
CD8+T cells

2.45×10−5 pg.day−1.cell−1 Est.

δγ IFN-γ decay rate 2.45 day−1 Est.
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Chapter 5

Modeling the dynamics of
mixed immunotherapy and
chemotherapy for the
treatment of immunogenic
tumor †

5.1 Introduction

Tumors arise from the abnormal proliferation and differentiation of cells
in our body. Many benign tumors are under the effective control of the
immune system and hence they do not affect patients’ life. However, some
malignant tumors (such as lymphoma, meningioma, melanoma, mesothe-
lioma, epithelial cancer, and so on) pose a serious threat to human life and
can significantly impact patients’ quality of life [17, 61]. As per report by
the World Health Organization (WHO) [8], cancer is the second largest
cause of death globally, estimated to account for around 1 crore deaths in
2020. Nowadays, the most significant and demanding questions in oncology
are how the immune system prevents cancer growth and evolution [4, 17].
The interaction between tumor and the immune system is a complicated
process. So far, the underlying mechanisms are still not fully understood
and have been the focus of research in many disciplines including medicine
and mathematics. Mathematical modeling has been proven to be an
effective tool for understanding the interaction and providing guidelines on
controlling the growth of tumor [17, 19, 61, 65].

†A considerable part of this chapter has been communicated.
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Our immune system is also a very complicated network composed
of many cells, signals and proteins that defend our body against tumor
cells and foreign invaders or pathogens. Different kinds of B-cells, T-cells
(CD8+T cells or CD4+T cells), macrophages, natural killer cells (NK cells),
antigen-presenting dendritic cells (such as dendritic cells, macrophages
and Langerhans cells) and cytokines (immuno-stimulatory) are primary
componenets of our immune system. Macrophages, CD8+T cells and NK
cells are generally considered as effector cells. They can either destroy
the tumor cell population or inhibit their proliferation. Meanwhile, tumor
cells can in turn neutralize immune-effector cells, leading to a competitive
relationship among these two types of cells [71]. On the other hand, in
the presence of a tumor, it can promote the production of effector cells by
releasing tumor antigens. In other words, the tumor can promote the growth
of effector cells to some extent. Thus, there is an interaction between the
tumor and the immune system analogous to the predator-prey relationship,
with tumor cells as prey and effector cells as predators. [6]. As a result,
models on the tumor-immune system dynamics typically incorporate these
relationships of competition and predation. To simplify the mechanism
underlying tumor-immune interactions and facilitate mathematical analysis,
some dynamical models with effector cells and tumor cells only are proposed
[43, 65].

Despite medical improvements, many challenges remain in the prognosis
and treatment of malignant tumors. The most effective treatments for cancer
patients are chemotherapy, surgery, hormone therapy, radiation therapy
and so on [7]. The primary method of treatment is used to determine the
appropriate position, nature and stage of cancer. Immunotherapy stimulates
our immune system against cancer cell population to eliminate them.
This type of treatment is effective in promoting an immune response and
obstructing the growth of the cancer cell population [44]. Chemotherapy
has many harmful side effects, which can result in the patient becoming
susceptible to infections and it also reduces the immune system’s ability
to fight against the cancer cell population. Therefore, an optimal control
problem is used in the cancer growth model with chemotherapy to minimize
the total drug dosage [19].

The remaining portion of this chapter is described follows. We describe
the mathematical model with biological justification in the Section 5.2. In the
Section 5.3, we investigate the stability analysis around biologically feasible
singular points of the given system. We define the control problem in our

134



stated model in the Section 5.4. Section 5.5 describes the existence of the
control problem. We use Pontryagin’s Maximum Principle [79] to analyze the
characteristics of the optimal control problem in Section 5.6. In the Section
5.7, we study the uniqueness property of the optimality system, in which
the state variables are coupled with adjoint or costate variables. Section 5.8
deals with extensive numerical simulations for our optimal control problem.
Finally, this chapter ends with a brief conclusion in Section 5.9.

5.2 Deterministic model

In this section, we studied a mathematical model for nine coupled system of
ordinary differential equations (ODEs) that takes into account the role of var-
ious cells and cytokines, namely tumor cells (T (t)), cytotoxic T-lymphocytes
(T8(t)), macrophages (M(t)), dendritic cells (D(t)), tregs (Tg(t)), IL-10
(I10(t)), TGF-β (Tβ(t)), IL-12 (I12(t)) and IFN-γ (Iγ(t)). The mathemat-
ical model is given by the following system of ODEs:

dT

dt
= rTT (1− bTT )− (α

′
TM + γ

′
TT8)T

g
′
T + I10

,

dT8

dt
=

α
′
8I12

g
′
8 + Tg

− δ8T8,

dM

dt
= sm +

α
′
mIγ

(g′m + Iγ)
· 1

(g
′
m1 + Tβ)

− γmMT − δmM,

dD

dt
= sd +

αdT

gd + T
− δdD, (5.1)

dTg
dt

= αgT8 − δgTg,

dI10

dt
= α10M − δ10I10,

dTβ
dt

= sβ + αβT − δβTβ,

dI12

dt
= α12D − δ12I12,

dIγ
dt

= αγT8 − δγIγ.

135



To better understand the interactive dynamics of tumor-immune competi-
tive system, we simplify our model system by utilizing the quasi-steady-state
approximations [92] for the concentrations of cytokines. Based on the hy-
pothesis, the cytokine equations, that is, from fifth to nine equations of (5.1)
lead to

Tg =
αg
δg
T8, I10 =

α10

δ10

M, Tβ =
sβ
δβ

+
αβ
δβ
T,

I12 =
α12

δ12

D, Iγ =
αγ
δγ
T8.

After substituting these cytokine expressions into the first to fourth equa-
tions of (5.1), we obtain the following four ordinary differential equations for
the tumor-immune interactive dynamics

dT

dt
= rTT (1− bTT )− (αTM + γTT8)T

gT +M
,

dT8

dt
=

α8D

g8 + T8

− δ8T8, (5.2)

dM

dt
= sm +

αmT8

(gm + T8)
· 1

(gm1 + T )
− γmMT − δmM,

dD

dt
= sd +

αdT

gd + T
− δdD,

where

αT =
δ10

α10

α
′

T , γT =
δ10

α10

γ
′

T , gT =
δ10

α10

g
′

T , α8 =
δg
αg

α12

δ12

α
′

8,

g8 =
δg
αg
g
′

8, αm =
δβ
αβ
α
′

m, gm =
δγ
αγ
g
′

m, gm1 =
δβ
αβ
g
′

m1 +
sβ
αβ
.

By employing the role of chemotherapeutic drug and introduce the optimal
control theory, we obtain the following system of ODEs:

dT
dt

= rTT (1− bTT )− (αTM+γTT8)T
gT+M

− kT (1− e−ηTC)T,

dT8
dt

= α8D
g8+T8

− δ8T8 + u2(t)− k8(1− e−η8C)T8,

dM
dt

= sm + αmT8
(gm+T8)

· 1
(gm1+T )

− γmMT − δmM + u3(t)− km(1− e−ηmC)M,

dD
dt

= sdu4(t) + αdT
gd+T

− δdD − kd(1− e−ηdC)D,

dC
dt

= −γC + vc(t),

(5.3)
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with the following initial values:

T (0) = T0 ≥ 0, T8(0) = T80 > 0, M(0) = M0 > 0, D(0) = D0 > 0,

C(0) = C0 > 0. (5.4)

Here,

• the term rTT (1 − bTT ) represents the logistic growth of tumor cell
population without any immune response, where rT is intrinsic growth
rate and 1

bT
is carrying capacity of tumor cells.

• The function (αTM+γTT8)T
gT+M

is the clearance term of tumor cells due to
macrophages and CD8+T cells with clearance rates αT and γT , re-
spectively. Here, gT is the Michaelis-Menten term and the term 1

gT+M

represents the major immuno-suppressive factor for both macrophages
and CD8+T cells.

• Last term of the first equation of system (5.3) represents the tumor
death induced by chemotherapy, where kT is the rate of chemotherapy
induced tumor death and ηT is the chemotherapy efficacy coefficient.

• α8D
g8+T8

is the activation term of cytotoxic T-lymphocytes (CD8+T cells)
due to the direct presence of dendritic cells and the activation rate is α8.
g8 is the half-saturation constant of CD8+T cells in Michaelis-Menten
term.

• The natural death rate of CD8+T cells is δ8.

• u2(t) serves as the control parameter regulating the CD8+T cell pop-
ulation. This parameter plays a pivotal role in implementing an im-
munotherapeutic strategy aimed at enhancing the immune response. It
represents a crucial factor in the design and execution of immunother-
apy. In this approach, the introduction of antigen-specific cytotoxic
immune cells empowers the body’s immune system to more effectively
target and eliminate cancer cells.

• k8(1 − e−η8C)T8 is the CD8+T cells death induced by chemotherapy,
where k8 is the rate of chemotherapy induced CD8+T cell death and
η8 is the chemotherapy efficacy coefficient.

• sm is the constant source rate of macrophages. The function αmT8
(gm+T8)

·
1

(gm1+T )
is activation term of macrophages. αm is the activation rate

of macrophages due to the presence of CD8+T cells, where gm is the
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half-saturation constant in Michaelis-Menten dynamics. 1
(gm1+T )

is the
immuno-suppressive factor of macrophages and gm1 is the suppressive
parameter.

• γm represents the loss of macrophages due to interaction of tumor cells.

• Natural death rate of macrophages is δm.

• u3(t) acts as a control parameter for macrophages, regulating various
aspects of macrophage behavior and function within the immune sys-
tem. It plays a crucial role in directing the body’s immune response to
cancer cells. The function of u3(t) can vary depending on the specific
biological context and the particular immune responses under consid-
eration.

• km(1− e−ηmC)M is the macrophages death induced by chemotherapy,
where km is the rate of chemotherapy induced macrophages death and
ηm is the chemotherapy efficacy coefficient.

• The variable u4(t) represents a control input or a control function that
can be applied to modulate or regulate the constant source rate of den-
dritic cells, sd. This implies that the production or supply of dendritic
cells can be influenced externally. This control input could be in the
form of a signal, treatment, medication or any other intervention aimed
at enhancing the immune response against tumor cells.

• The coefficient αd incorporates the activation rate of dendritic cells due
to the direct presence of tumor cells, where gd is the half-saturation
constant following Michaelis-Menten term.

• The loss of dendritic cells is given by δd.

• Last term of the fourth equation of (5.3) represents the decay of den-
dritic cells induced chemotherapy. ηd is the chemotherapy efficacy coef-
ficient and kd is the rate of chemotherapy induced dendritic cells decay.

• Chemotherapy decays at a rate (γ) is proportional to its concentration
[20].

• vc(t) is a dynamic control parameter that regulates the administration
of chemotherapeutic drugs in a tumor-immune interaction system. It
is an important component of personalized cancer treatment strategies,
aiming to strike a balance between effectively targeting the tumor and
minimizing harm to healthy tissues while considering the individual
characteristics of patient and the tumor’s behavior over time.
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• The chemotherapy interacts each of the cell T , T8, M and D through a
term of the form in [26]. This term indicates the fractional killing rate
of the drug.

5.3 Dynamical overview

In this section, we shall study the stability analysis around the biologically
feasible steady states to understand the dynamics of our control system (5.3).
To do this, we assumed that u2(t) = u2, u3(t) = u3, u4(t) = u4, vc(t) = vc,
where u2, u3, u4 and vc are all constants. The system has the following two
steady states:
(i) Tumor-free singular point is E0(0, T 0

8 ,M
0, D0, C0), where

M0 =
1

δm + km
(
1− e−

ηmvc
γ
)[sm + u3 +

αmT
0
8

gm1(gm + T 0
8 )

]
,

D0 =
sdu4

δd + kd
(
1− e−

ηdvc
γ
) ,

C0 =
vc
γ
,

and T 0
8 is defined in following quadratic form:

n1(T 0
8 )2 + n2T

0
8 + n3 = 0, (5.5)

with

n1 = δ8 + k8

(
1− e−

η8vc
γ
)
,

n2 = n8g8 − u2,

n3 = −(u2g8 + α8D
0).

Since n3 < 0, then above second degree equation (5.5) has a unique positive
root is given by

T 0
8 =

−n2 +
√
n2

2 − 4n1n3

2n1

.
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To know the dynamical nature around the singular point E(T, T8, M, D, C),
first we calculate the Jacobian matrix JE is derived as

JE =



a11 a12 a13 0 a15

0 a22 0 a24 a25

a31 a32 a33 0 a35

a41 0 0 a44 a45

0 0 0 0 a55


,

where

a11 = rT − 2rT bTT −
(αTM + γTT8)

gT +M
− kT

(
1− e−ηTC

)
,

a12 = − γTT

gT +M
,

a13 = −(gTαT − γTT8)T

(gT +M)2
,

a15 = −ηTkTTe−ηTC ,

a22 = − α8D

(g8 + T8)2
− δ8 − k8

(
1− e−η8C

)
,

a24 =
α8

g8 + T8

,

a25 = −η8k8T8e
−η8C ,

a31 = − αmT8

(gm + T8)(gm1 + T )2
− γmM,

a32 =
αmgm

(gm + T8)2(gm1 + T )
,

a33 = −γmT − δm − km
(
1− e−ηmC

)
,

a35 = −ηmkmMe−ηmC ,

a41 =
gdαd

(gd + T )2
,

a44 = −δd − kd
(
1− e−ηdC

)
,

a45 = −ηdkdDe−ηdC ,
a55 = −γ.
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At the tumor-free singular point E0, the Jacobian matrix JE0 has the follow-
ing eigenvalues

e0
1 = rT − αTM

0+γTT
0
8

gT+M0 − kT
(
1− e−

ηT vc
γ
)
,

e0
2 = − α8D0

(g8+T 0
8 )2
− δ8 − k8

(
1− e−

η8vc
γ
)
,

e0
3 = −δm − km

(
1− e−

ηmvc
γ
)
,

e0
4 = −δd − kd

(
1− e−

ηdvc
γ
)
,

e0
5 = −γ.

All the eigenvalues are negative if e0
1 < 0. Therefore, the tumor-free singular

point E0 is locally asymptotically stable (LAS) if

rT <
αTM

0 + γTT
0
8

gT +M0
+ kT

(
1− e−

ηT vc
γ
)
.

(ii) Let us assume the interior singular point to be E1(T 1, T 1
8 , M

1, D1, C1).
To determine this interior singular point, we analyze the conditions dT

dt
=

dT8
dt

= dM
dt

= dD
dt

= dC
dt

= 0. Subsequently, we can express the values of
T 1, T 1

8 , M
1, D1 and C1 as follows

C1 =
vc
γ
, D1 =

sdu4(gd + T 1) + αdT
1

(gd + T 1)[δd + kd(1− e
−ηdvc
γ )]

,

M1 =
γTT

1
8 + kTgT (1− e

−ηT vc
γ )− gT rT (1− bTT 1)

rT (1− bTT 1)− αT − kT (1− e
−ηT vc
γ )

,

T 1
8 =

u2 − δ8g8 − g8k8(1− e
−η8vc
γ )

2[δ8 + k8(1− e
−η8vc
γ )]

+

√
[δ8g8 − u2 + g8k8(1− e

−η8vc
γ )]2 + 4(α8D1 + u2g8)[δ8 + k8(1− e

−η8vc
γ )]

2[δ8 + k8(1− e
−η8vc
γ )]

,

and

sm +
αmT

1
8

(gm + T 1
8 )(gm1 + T 1)

+ u3 = [γmT
1 + δm + km(1− e

−ηmvc
γ )]M1.

Obtaining an analytical expression for the interior singular point E1 from
the given expressions presents a substantial analytical challenge. As a result,
we determine the singular point through numerical simulation. To evaluate
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the stability of the interior singular point E1, we proceed by calculating the
variational matrix around the interior singular point E1, as defined below

J(E1) = [jij] =



j11 j12 j13 j14 j15

j21 j22 j23 j24 j25

j31 j32 j33 j34 j35

j41 j42 j43 j44 j45

j51 j52 j53 j54 j55


,

where

j11 = rT − 2rT bTT
1 − (αTM

1 + γTT
1
8 )

gT +M1
− kT (1− e

−ηT vc
γ ),

j12 = − γTT
1

gT +M1
, j13 = −(gTαT − γTT 1

8 )T 1

(gT +M1)2
,

j14 = 0, j15 = −ηTkTT 1e
−ηT vc
γ ,

j21 = 0, j22 = − α8D
1

(g8 + T 1
8 )2
− δ8 − k8(1− e

−η8vc
γ ),

j23 = 0, j24 =
α8

g8 + T 1
8

, j25 = −η8k8T
1
8 e
−η8vc
γ ,

j31 = − αmT
1
8

(gm + T 1
8 )(gm1 + T 1)2

− γmM1,

j32 =
αmgm

(gm + T 1
8 )2(gm1 + T 1)

, j33 = −γmT 1 − δm − km(1− e
−ηmvc

γ ),

j34 = 0, j35 = −ηmkmM1e
−ηmvc

γ ,

j41 =
gdαd

(gd + T 1)2
, j42 = j43 = 0,

j44 = −δd − kd(1− e
−ηdvc
γ ), j45 = −ηdkdD1e

−ηdvc
γ ,

j51 = j52 = j53 = j54 = 0, j55 = −γ.
The characteristic equation at the interior singular point

E1(T 1, T 1
8 , M

1, D1, C1) is

φ5 +B1φ
4 +B2φ

3 +B3φ
2 +B4φ+B5 = 0,
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where

B1 = −
5∑
i=1

jii, B2 =
5∑

i,j=1

jiijjj −
5∑

i,j=1

jijjji,

B3 =
5∑

i,j,k=1

jijjjijkk −
5∑

i,j,k=1

jiijjjjkk −
5∑

i,j,k=1

jijjjkjki,

B4 =
5∑

i,j,k,l=1

jiijjjjkkjll +
5∑

i,j,k,l=1

jijjjijkijll −
5∑

i,j,k,l=1

jijjjijkljlk

−
5∑

i,j,k,l=1

jijjjijkkjll −
5∑

i,j,k,l=1

jijjjkjkljli,

B5 = −det(J(E1)).

For all of the expressions mentioned above, it holds that i 6= j 6= k 6= l.
According to the Routh-Hurwitz conditions, all roots of the characteristic
equation have negative or negative real parts if B1 > 0, B5 > 0, B1B2−B3 >
0, (B1B2 −B3)B3 −B1(B1B4 −B5) > 0 and (B1B2 −B3)(B3B4 −B2B5) +
(B1B4 − B5)(B5 − B1B4) > 0. If the eigenvalues have negative real parts,
then the interior singular point is considered stable.

5.4 Optimal control problem

This section describes the control problem in our model (5.3) to minimize
the tumor cell population and maximize the immune components. Thus, we
assume our control set U as follows

U = {u2(t), u3(t) , u4(t), vc(t) are piecewise continuous :

0 ≤ u2(t), u3(t) , u4(t), vc(t), ∀ t ∈ [0, tf ]}.

We would like to maximize the immune components (CD8+T cells and
macrophages) to eliminate the tumor cell population. Therefore, we define
the following objective functional

J(u2, u3 , u4, vc) =

∫ tf

0

[T (t) +
1

2
ε2u

2
2 +

1

2
ε3u

2
3 +

1

2
ε4u

2
4 +

1

2
εcv

2
c ]dt, (5.6)

where ε2, ε3, ε4 and εc are positive constants. We must have to show J is
concave and its minimum value can be obtained. We suggest the objective
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functional J is a function of u, then our main aim is to characterize the
optimal control u∗(t) = (u∗2(t), u∗3(t) , u∗4(t), v∗c (t)) in such a way that

J(u∗) = max
0≤u
{J(u2, u3 , u4, vc)}.

5.5 Existence of optimal control

In this section, we shall prove the existence property of optimal control for the
given system with the control set U due to the method described by Fleming
& Rishel [30]. For this, we need to show that in a finite time interval the
solution of each state equations of the system is bounded. Thus, we calculate
the upper bounds (super-solutions) of T , T8, M , D and C for the system (5.3).
The first equation of (5.3) can be written as

dT

dt
≤ rTT (1− bTT ),

which implies that

T ≤
m1

1
bT

m1 + e−rT t
, m1 being an arbitrary constant.

Then, we have

lim sup
t→∞

T (t) ≤ 1

bT
= Tmax (say).

Third equation for the system (5.3) can be written as

dM

dt
= sm +

αm
gm1 + T

− αmgm
(gm + T8)(gm1 + T )

− γmMT − δmM

+ u3 − km(1− e−ηmC)M

≤ sm +
αm
gm1

− δmM + u3,

which implies that

dM

dt
+ δmM ≤ (sm + u3)gm1 + αm

gm1

.

After solving above inequality, we have

M ≤ (sm + u3)gm1 + αm
gm1δm

+m3e
−δmt, m3 being an arbitrary constant.
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For t > 0, we get

lim sup
t→∞

M(t) ≤ (sm + u3)gm1 + αm
gm1δm

= Mmax (say).

Now, from the fourth equation of (5.3), we have

dD

dt
= (sdu4 + αd)−

αdgd
gd + T

− δdD,

which leads to

dD

dt
+ δdD ≤ (sdu4 + αd).

For t > 0, we get

lim sup
t→∞

D(t) ≤ sdu4 + αd
δd

= Dmax (say).

By using the upper bound of D(t), we get the following inequality

dT8

dt
≤ α8Dmax

g8 + T8

− δ8T8 + u2

dT8

dt
+ δ8T8 ≤

α8Dmax

g8

+ u2.

Solving the above inequality for t > 0, we have

lim sup
t→∞

T8(t) ≤ α8Dmax + u2g8

g8δ8

= T8 max (say).

Again, the last equation of (5.3) implies that

dC

dt
+ γC = vc

⇒ lim sup
t→∞

C(t) =
vc
γ

= Cmax (say).

By using the bounds of Tmax, T8 max, Mmax, Dmax, Cmax we have a set of
upper bound solutions for the system (5.3). By denoting these notations
T , T8, M, D and C, we have

dT
dt

= rTT ,

dT8
dt

= α8D + u2,

dM
dt

= sm + αmT8 + u3,

dD
dt

= sdu4 + αdT ,

dC
dt

= vc,

(5.7)
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are bounded in a finite time interval. The above system can be written as

T

T8

M

D

C



′

=



rT 0 0 0 0

0 0 0 α8 0

0 αm 0 0 0

αd 0 0 0 0

0 0 0 0 0





T

T8

M

D

C


+



0

u2

sm + u3

sdu4

vc


.

We found a linear system with bounded coefficients, then the super-solutions
T , T8, M, D, C are uniformly bounded. Now, we use the boundedness of
solutions of each state variables for established the existence of an optimal
control.

Theorem 5.5.1. For the given optimal control problem and the objective
functional J(u2, u3 , u4, vc) =

∫ tf
0

[T (t) + 1
2
ε2u

2
2 + 1

2
ε3u

2
3 + 1

2
ε4u

2
4 + 1

2
εcv

2
c ]dt,

with the control set

U = {u2(t), u3(t), u4(t), vc(t) are piecewise continuous :

0 ≤ u2(t), u3(t), u4(t), vc(t), ∀ t ∈ [0, tf ]},

subject to state equations with initial solutions T (0) = T0, T8(0) =
T80, M(0) = M0, D(0) = D0, C(0) = C0, there exists an optimal control
u∗(t) ∈ U, which minimizes J(u∗), that is,

J(u∗) = max
0≤u
{J(u2, u3, u4, vc)},

given by the following conditions are satisfied:
(i) The admissible control set U, the optimal control u(t) with initial solutions
along with each of the given state variables are non-empty.
(ii) The admissible optimal control set U is closed and convex.
(iii) By adding the sum of bounded control, right hand side of given system
(5.3) is continuous and bounded above and state equations can be expressed
as a linear function of u with coefficients depend on sufficient time interval
and the state variables.
(iv) The integrand of objective functional J(u) is concave on U and bounded
by c1 + c2|u2|2 + c3|u3|2 + c4|u4|2 + cc|vc|2, where c1 is the upper bound of T (t)
and depends on T (t), T8(t), M(t), D(t), C(t) and cc = εc

2
, ci = εi

2
for i =

2, 3, 4.
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Proof. Due to the theory developed by Fleming and Rishel [30], we prove the
above theorem.
(i) An optimal control set U is continuous and the coefficients of given model
are bounded. Also in the finite time interval, solutions of the given system
are bounded.
(ii) By definition, U is closed and convex.
(iii) The right hand side of given optimal control system is continuous. Let
σ(t,X) be the right hand side of (5.3) excluding terms of u2, u3, u4, vc.
Then,

H(t,X, u2, u3, u4, vc) = σ(t,X) +



0

u2

u3

sdu4

vc


,

where X = [T (t), T8(t), M(t), D(t), C(t)]T . Considering the upper bounds
of solutions, we get

|H(t,X, u2, u3, u4, vc)| ≤

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣



rT 0 0 0 0

0 0 0 α8 0

0 αm 0 0 0

αd 0 0 0 0

0 0 0 0 0





T

T8

M

D

C



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0

u2

u3

sdu4

vc

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≤ H1(|X|+ |u|),

with H1 depends on the coefficients of the system.
(iv) It can be noted that in U, the integrand of J(u) is concave. Also, T (t) +
1
2
ε2u

2
2 + 1

2
ε3u

2
3 + 1

2
ε4u

2
4 + 1

2
εcv

2
c ≤ c1 + c2|u2|2 + c3|u3|2 + c4|u4|2 + cc|vc|2, where

c1 is the upper bound of T (t) and depends on T (t), T8(t), M(t), D(t), C(t)
and cc = εc

2
, ci = εi

2
for i = 2, 3, 4.

Hence, all conditions of the theorem are proved.

5.6 Characterization of optimal control

We use the theory of calculus of variation for prove the necessary conditions of
given optimal control problem. To determine the characterization of optimal
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control, we employ the Pontryagin’s Maximum Principle [79]. To perform
the necessary conditions, at first we define the Hamiltonian as

H = T (t) +
1

2
εc(vc(t))

2 +
1

2
ε2(u2(t))2 +

1

2
ε3(u3(t))2 +

1

2
ε4(u4(t))2

+ A1

[
rTT (1− bTT )− (αTM + γTT8)T

gT +M
− kT (1− e−ηTC)T

]
+ A2

[ α8D

g8 + T8

− δ8T8 + u2(t)− k8(1− e−η8C)T8

]
+ A3

[
sm +

αmT8

(gm + T8)
· 1

(gm1 + T )
− γmMT − δmM

+ u3(t)− km(1− e−ηmC)M
]

+ A4

[
sdu4(t) +

αdT

gd + T
− δdD − kd(1− e−ηdC)D

]
+ A5[−γC + vc(t)],

where Ai(t) (i = 1, 2, 3, 4, 5) are adjoint variables. Since the controls
u2(t), u3(t), u4(t) and vc(t) are bounded, we define the Lagrangian as

L = H +Q1(t)vc(t)−Q2(t)(1− vc(t)) +Q3(t)u2(t)−Q4(t)(1− u2(t))

+ Q5(t)u3(t)−Q6(t)(1− u3(t)) +Q7(t)u4(t)−Q8(t)(1− u4(t)),

with penalty multipliers Qi(t) ≥ 0 satisfy the equations

Q1(t)vc(t) = 0,

Q2(t)(1− vc(t)) = 0,

at the optimal control v∗c (t);

Q3(t)u2(t) = 0,

Q4(t)(1− u2(t)) = 0,

at the optimal control u∗2(t);

Q5(t)u3(t) = 0,

Q6(t)(1− u3(t)) = 0,

at the optimal control u∗3(t) and

Q7(t)u4(t) = 0,

Q8(t)(1− u4(t)) = 0,

at the optimal control u∗4(t).
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Theorem 5.6.1. For the control u∗ with corresponding solutions of state
variables at interior steady state E1(T 1, T 1

8 , M
1, D1, C1) that minimizes the

objective functional J(u), there exists costates Ai(t); (i = 1 to 5) satisfying
the following equations

A
′
1 = −

[
1 + A1

{
rT (1− 2bTT )− αTM+γTT8

gT+M
− kT (1− e−ηTC)

}
− A3

{
αmT8

(gm+T8)·(gm1+T )2
+ γmM

}
+ A4

αdgd
(gd+T )2

]
,

A
′
2 = −

[
− A1

γTT
gT+M

− A2

{
α8D

(g8+T8)2
+ δ8 + k8(1− e−η8C)

}
+ A3

αmgm
(gm+T8)2(gm1+T )

]
,

A
′
3 = −

[
− A1

(αT gT−γTT8)T
(gT+M)2

− A3(γmT + δm + km(1− e−ηmC))
]
,

A
′
4 = −

[
A2

α8

g8+T8
− A4(δd + kd(1− e−ηdC)

]
,

A
′
5 = A1ηTkTTe

−ηTC + A2η8k8T8e
−η8C + A3ηmkmMe−ηmC

+ A4ηdkdDe
−ηdC + A5γ,

(5.8)

where Ai(tf ) = 0; (i=1 to 5) known as transversality terminal conditions.
Also, v∗c , u

∗
2, u

∗
3, u

∗
4 are represented by

v∗c = min
(

1,
(−A5

εc

)+)
,

u∗2 = min
(

1,
(−A2

ε2

)+)
,

u∗3 = min
(

1,
(−A3

ε3

)+)
,

u∗4 = min
(

1,
(−A4sd

ε4

)+)
.

Proof. We use Pontryagin’s Maximum Principle [79], to obtain the costates
and transversality conditions. By differentiating Lagrangian L with reference
to given state equations, we get A

′
1 = − ∂L

∂T
, A

′
2 = − ∂L

∂T8
, A

′
3 = − ∂L

∂M
, A

′
4 =

− ∂L
∂D
, A

′
5 = − ∂L

∂C
. To obtain the optimal controls of v∗c , u

∗
2, u

∗
3, u

∗
4; we set
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∂L
∂vc

= ∂L
∂u2

= ∂L
∂u3

= ∂L
∂u4

= 0. Then, we have

εcvc + A5 +Q1(t) +Q2(t) = 0,

ε2u2 + A2 +Q3(t) +Q4(t) = 0,

ε3u3 + A3 +Q5(t) +Q6(t) = 0,

ε4u4 + A4sd +Q7(t) +Q8(t) = 0.

By using standard optimality condition, we have

v∗c = min
(

1,
(−A5

εc

)+)
,

u∗2 = min
(

1,
(−A2

ε2

)+)
,

u∗3 = min
(

1,
(−A3

ε3

)+)
,

u∗4 = min
(

1,
(−A4sd

ε4

)+)
,

where the notation is

s+ =

{
s, if s ≥ 0
0, if s < 0.

Hence, the proof.

After getting the explicit expression of the optimal controls u∗2, u
∗
3, u

∗
4, v

∗
c ;

the adjoint or costate equations coupled with the state system including
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transversality conditions, we obtain optimality system as follows

dT
dt

= rTT (1− bTT )− (αTM+γTT8)T
gT+M

− kT (1− e−ηTC)T,

dL
dt

= α8D
g8+T8

− δ8T8 + min
(

1,
(
−A2

ε2

)+)
− k8(1− e−η8C)T8,

dM
dt

= sm + αmT8
(gm+T8)

· 1
(gm1+T )

− γmMT − δmM + min
(

1,
(
−A3

ε3

)+)
− km(1− e−ηmC)M,

dD
dt

= sd

(
min

(
1,
(
−A4sd
ε4

)+))
+ αdT

gd+T
− δdD − kd(1− e−ηdC)D,

dC
dt

= −γC + min
(

1,
(
−A5

εc

)+)
,

A
′
1 = −

[
1 + A1

{
rT (1− 2bTT )− αTM+γTT8

gT+M
− kT (1− e−ηTC)

}
− A3

{
αmT8

(gm+T8)·(gm1+T )2
+ γmM

}
+ A4

αdgd
(gd+T )2

]
,

A
′
2 = −

[
− A1

γTT
gT+M

− A2

{
α8D

(g8+T8)2
+ δ8 + k8(1− e−η8C)

}
+ A3

αmgm
(gm+T8)2(gm1+T )

]
,

A
′
3 = −

[
− A1

(αT gT−γTT8)T
(gT+M)2

− A3(γmT + δm + km(1− e−ηmC))
]
,

A
′
4 = −

[
A2

α8

g8+T8
− A4(δd + kd(1− e−ηdC))

]
,

A
′
5 = A1ηTkTTe

−ηTC + A2η8k8T8e
−η8C + A3ηmkmMe−ηmC

+ A4ηdkdDe
−ηdC + A5γ,

(5.9)

where T (0) = T0, T8(0) = T80, M(0) = M0, D(0) = D0, C(0) = C0 and
Ai(tf ) = 0 for i = 1 to 5.

5.7 Uniqueness of optimal control

By the boundedness property of the given optimal control system, the state
equations and adjoint or costate equations both have bounded coefficients.
For the small time interval, we shall prove the uniqueness of solution of the
optimal system (5.3).

Theorem 5.7.1. The solution of the optimal control system is unique for
sufficient small time interval tf .

Proof. Let us consider (T, T8, M, D, C, A1, A2, A3, A4, A5) and
(T , T8, M, D, C, A1, A2, A3, A4, A5) are two distinct solutions of the
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optimal system. Suppose, λ > 0 be such that T = eλtp1, T8 = eλtp2, M =
eλtp3, D = eλtp4, C = eλtp5, A1 = e−λtq1, A2 = e−λtq2, A3 = e−λtq3, A4 =
e−λtq4, A5 = e−λtq5, T = eλtp1, T8 = eλtp2, M = eλtp3, D = eλtp4, C =
eλtp5, A1 = e−λtq1, A2 = e−λtq2, A3 = e−λtq3, A4 = e−λtq4, A5 = e−λtq5.
Also, we consider

v∗c (t) = min
(

1,
(−e−λtq5

εc

)+)
, v∗c(t) = min

(
1,
(−e−λtq5

εc

)+)
;

u∗2(t) = min
(

1,
(−e−λtq2

ε2

)+)
, u∗2(t) = min

(
1,
(−e−λtq2

ε2

)+)
;

u∗3(t) = min
(

1,
(−e−λtq3

ε3

)+)
, u∗3(t) = min

(
1,
(−e−λtq3

ε3

)+)
;

u∗4(t) = min
(

1,
(−e−λtq4sd

ε4

)+)
, u∗4(t) = min

(
1,
(−e−λtq4sd

ε4

)+)
.

We use T = eλtp1 in first equation of the optimality system (5.9), then
the state equation leads to

ṗ1 + (λ− rT )p1 = −rT bT eλtp2
1 −

αTp1p3e
λt

gT + eλtp3

− γTp1p2e
λt

gT + eλtp3

− kTp1(1− e−ηT p5eλt),

with ṗ ≡ dp
dt

. Similarly, after putting A1 = e−λtq1 in sixth equation of (5.9),
we have

−q̇1 + λq1 = eλt + q1

{
rT (1− 2bT e

λtp1)− (αTp3 + γTp2)eλt

gT + eλtp3

− kT (1− e−ηT p5eλt
}
− eλtq3

{ αmp2

(gm + eλtp2)(gm1 + eλtp1)2
+ γmp3

}
+

q4αdgd
(gd + eλtp1)2

]
.

At first, the equations of T and T , T8 and T8, M and M , D and D, C and
C, A1 and A1, A2 and A2, A3 and A3, A4 and A4, A5 and A5 are subtracted.
The resulting equations are multiplied by a suitable difference of functions
and integrated from 0 to tf . After that, we add all 10 integral equations and
estimates to find the uniqueness of the optimality system. As for example,
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some integrals are listed as

1

2
(p1 − p1)2(tf ) + (λ− rT + kT )

∫ tf

0

(p1 − p1)2dt

≤ rT bT

∫ tf

0

eλt(p1 + p1)(p1 − p1)2dt

+ αT

∫ tf

0

eλt(p1 − p1)
[gT (p1p3 − p1p3) + eλtp3p3(p1 − p1)

(gT + eλtp3)(gT + eλtp3)

]
dt

+ γT

∫ tf

0

eλt(p1 − p1)
[gT (p1p2 − p1p2) + eλt(p1p2p3 − p1p2p3)

(gT + eλtp3)(gT + eλtp3)

]
dt

+ kT

∫ tf

0

e−ηT p5e
λt

(p1 − p1)2dt.

Now, we shall obtain the bounds on the right-hand sides of the integral
equations. Since pi, pi ≥ 0 (i = 1 to 5), we estimate

(gT + eλtp3) ≥ gT ,

(gT + eλtp3) ≥ gT .

Then, we obtain

1

2
(p1 − p1)2(tf ) + (λ− rT + kT )

∫ tf

0

(p1 − p1)2dt

≤ 2µ1rT bT

∫ tf

0

eλt(p1 − p1)2dt

+
αT
gT

∫ tf

0

eλt(p1 − p1)(p1p3 − p1p3)dt

+
αTµ

2
3

g2
T

∫ tf

0

e2λt(p1 − p1)2dt

+
γT
gT

∫ tf

0

eλt(p1 − p1)(p1p2 − p1p2)dt

+
γT
g2
T

∫ tf

0

e2λt(p1p2p3 − p1p2p3)(p1 − p1)dt

+ kT

∫ tf

0

e−ηT p5e
λt

(p1 − p1)2dt,
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where µi are upper bound of both pi and pi (i = 1, 2, 3, 4, 5). Now, we shall
analyze the term

∫ tf
0

(p1p2p3 − p1p2p3)(p1 − p1)dt explicitly. To evaluate this
estimate, we apply the Cauchy-Schwarz inequality to separate linear terms
from quadratic terms. It can be observed that

(p1p2p3 − p1p2p3) = (p1p2 − p1p2)p3 − p1p2(p3 − p3),

and we get∫ tf

0

(p1p2p3 − p1p2p3)(p1 − p1)dt ≤
∫ tf

0

p3(p1 − p1)(p1p2 − p1p2)dt

+

∫ tf

0

p1p2(p1 − p1)(p3 − p3)dt

≤ µ3

∫ tf

0

(p1 − p1)(p1p2 − p1p2)dt

+ µ1µ2

∫ tf

0

(p1 − p1)(p3 − p3)dt

≤ µ1µ2

2

∫ tf

0

(p3 − p3)2dt

+
µ1µ3

2

∫ tf

0

(p2 − p2)2dt

+
µ1µ2 + 2µ2µ3 + µ1µ3

2

∫ tf

0

(p1 − p1)2dt.

Again, we can write that

1

2
(q1 − q1)2(tf ) + (λ− rT + kT )

∫ tf

0

(q1 − q1)2dt

≤
∫ tf

0

2rT bT e
λt(p1q1 − p1q1)(q1 − q1)dt

+

∫ tf

0

αT e
λt
{ p3q1

gT + eλtp3

− p3q1

gT + eλtp3

}
(q1 − q1)dt

+

∫ tf

0

γT e
λt
{ p2q1

gT + eλtp3

− p2q1

gT + eλtp3

}
(q1 − q1)dt
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+

∫ tf

0

αme
λt
{ p2q3

(gm + eλtp2)(gm1 + eλtp1)2

− p2q3

(gm + eλtp2)(gm1 + eλtp1)2

}
(q1 − q1)dt

+

∫ tf

0

γme
λt(p3q3 − p3q3)(q1 − q1)dt

+

∫ tf

0

αdgd

{ q4

(gd + eλtp1)2
− q4

(gd + eλtp1)2

}
(q1 − q1)dt

+ kT

∫ tf

0

e−ηT p5e
λt

(q1 − q1)2dt.

It is to be noted that∫ tf

0

αT e
λt
{ p3q1

gT + eλtp3

− p3q1

gT + eλtp3

}
(q1 − q1)dt

≤ αT
gT

∫ tf

0

eλt(p3q1 − p3q1)(q1 − q1)dt

+
αT
g2
T

∫ tf

0

e2λtp3p3(q1 − q1)2dt.

Again, we have ∫ tf

0

αme
λt
{ p2q3

(gm + eλtp2)(gm1 + eλtp1)2

− p2q3

(gm + eλtp2)(gm1 + eλtp1)2

}
(q1 − q1)dt

≤ αm
gmg2

m1

∫ tf

0

eλt(p2q3 − p2q3)(q1 − q1)dt

+
2αm
gmg3

m1

∫ tf

0

e2λt(p2q3p1 − p2q3p1)(q1 − q1)dt

+
αm

gmg4
m1

∫ tf

0

e3λt(p2q3p
2
1 − p2q3p

2
1)(q1 − q1)dt
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+
αm

g2
mg

2
m1

∫ tf

0

e2λt(p2q3p2 − p2q3p2)(q1 − q1)dt

+
2αm
g2
mg

3
m1

∫ tf

0

e3λt(p2q3p1p2 − p2q3p1p2)(q1 − q1)dt

+
αm

g2
mg

4
m1

∫ tf

0

e4λt(p2q3p
2
1p2 − p2q3p

2
1p2)(q1 − q1)dt.

To obtain the specific expression, we consider∫ tf

0

(p2q3p
2
1p2 − p2q3p

2
1p2)(q1 − q1)dt

≤
∫ tf

0

p2
1p2(p2q3 − p2q3)(q1 − q1)dt+

∫ tf

0

p2q3(p2
1p2 − p2

1p2)(q1 − q1)dt

≤ µ1µ
2
2ν3

∫ tf

0

(p1 − p1)2dt+ µ2
1µ2ν3

∫ tf

0

(p2 − p2)2dt

+
2µ2

1µ2ν3 + µ2
1µ

2
2 + 2µ1µ

2
2ν3

2

∫ tf

0

(q1 − q1)2dt+
µ2

1µ
2
2

2

∫ tf

0

(q3 − q3)2dt,

where νi are the upper bounds of qi and qi (i = 1, 2, 3, 4, 5). We add all
the integrals of (pi − pi) (for i = 1 to 5) and (qj − qj) (for j = 1 to 5) for
proving uniqueness of optimal control system. Since maximum fraction of
killing rate by chemotherapeutic drug is 1, then |e−ηT p5eλt | < 1. Thus, we
have the following inequality:

1

2
(p1 − p1)2(tf ) +

1

2
(p2 − p2)2(tf ) +

1

2
(p3 − p3)2(tf ) +

1

2
(p4 − p4)2(tf )

+
1

2
(p5 − p5)2(tf ) +

1

2
(q1 − q1)2(tf ) +

1

2
(q2 − q2)2(tf ) +

1

2
(q3 − q3)2(tf )

+
1

2
(q4 − q4)2(tf ) +

1

2
(q5 − q5)2(tf ) + (λ− rT + kT )

∫ tf

0

(p1 − p1)2dt

+ (λ+ δ8 + k8)

∫ tf

0

(p2 − p2)2dt+ (λ+ δm + km)

∫ tf

0

(p3 − p3)2dt

+ (λ+ δd + kd)

∫ tf

0

(p4 − p4)2dt+ (λ+ γ)

∫ tf

0

(p5 − p5)2dt
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+ (λ− rT + kT )

∫ tf

0

(q1 − q1)2dt+ (λ+ δ8 + k8)

∫ tf

0

(q2 − q2)2dt

+ (λ+ δm + km)

∫ tf

0

(q3 − q3)2dt+ (λ+ δd + kd)

∫ tf

0

(q4 − q4)2dt

+ (λ+ γ)

∫ tf

0

(q5 − q5)2dt

≤ C1e
4λt

∫ tf

0

[(p1 − p1)2 + (p2 − p2)2 + (p3 − p3)2 + (p4 − p4)2 + (p5 − p5)2

+ (q1 − q1)2 + (q2 − q2)2 + (q3 − q3)2 + (q4 − q4)2 + (q5 − q5)2]dt.

We use the nonnegativity of the variables at the initial and final time and
simplifying, then the above inequality is reduced to the following expression:

(λ− C2 − C1e
4λt)

∫ tf

0

[(p1 − p1)2 + (p2 − p2)2 + (p3 − p3)2 + (p4 − p4)2

+ (p5 − p5)2 + (q1 − q1)2 + (q2 − q2)2 + (q3 − q3)2 + (q4 − q4)2 + (q5 − q5)2]dt

≤ 0;

where C1, C2 depend on the coefficients and their bounds of the state
variables. If we choose that λ > C2 +C1, then we have λ−C2−C1e

4λt > 0.
Since logarithm is increasing function, thus tf <

1
4λ

ln
(
λ−C2

C1

)
, then pi = pi

(for i = 1 to 5) and qj = qj (for j = 1 to 5). Therefore, in the small time
interval, the solution of (5.9) is unique.

From the mathematical perspective, we can assert that the uniqueness
of the solution of the control system satisfied for a sufficiently small time
interval, where the state system has initial solutions and the adjoint or costate
system has the final time conditions. The given optimal controls u∗2, u

∗
3, u

∗
4

and v∗c are characterized in terms of the unique solution of the optimal system.

5.8 Numerical results

This section described the extensive numerical illustrations to validate our
theoretical analysis including stability and the implementation of different
treatment strategies. We have plotted our optimal control model numer-
ically using MATLAB by choosing suitable parameters value are obtained
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from existing literature that are given in the Table 4.1, Table 4.2 and Table
5.1. To study the impact of treatment strategies, we compare the numerical
illustrations without treatment strategy and with treatment strategies for
proposed control model (5.3).

5.8.1 Numerical results without treatment strategy

In this subsection, we study numerical behavior of (5.3) without implemen-
tation treatment strategy. In view of this, at first we check the existence of
biologically feasible singular point(s) in absence of control (that is, u2 = u3 =
u4 = vc = 0). We calculate the tumor-free steady state E0 (0, 0, 9678.57, 0, 0)
and the corresponding eigenvalues are −0.9, −0.865109, −0.178, −0.17, −
0.056. Since all the eigenvalues are negative, then we can say that tumor-
free singular point E0 is locally asymptotically stable. It is quite difficult to
find the explicit form of interior singular point E1(T 1, T 1

8 , M
1, D1, C1).

So, we calculate interior singular point by numerically using the parameters
value given in the Table 4.1, Table 4.2 and Table 5.1. There are two types
of tumor-presence singular point. One is low tumor-presence singular point
and another is high tumor-presence singular point. From the parameters in
Table 4.1, Table 4.2 and Table 5.1, the low tumor-presence steady state El

is (0.179273, 1.05623 × 10−17, 3886.15, 1.43419 × 10−10, 0) and the corre-
sponding eigenvalues are −0.9, − 0.300816, − 0.178, − 0.17, 0.161346,
which shows that low tumor-presence singular point El is unstable in
nature. On the other hand, high tumor-presence singular point Eh is
(800000, 2.61855×10−11, 0.00145511, 0.0003555, 0) and the corresponding
eigenvalues are −372480, − 0.9, − 0.5822, − 0.178, − 0.17. Since all of the
eigenvalues are negative, then we can say that high tumor-presence steady
state Eh is asymptotically stable.

5.8.2 Numerical results with treatment strategy

In this subsection, we investigate our proposed model with the implemen-
tation of different treatment strategies. We have introduced four different
treatment strategies, namely u2(t), u3(t), u4(t) and vc(t) to destroy the
tumor cell population. We performed the numerical simulation for the
state variables by using Runge-Kutta forward method and the equations for
the adjoint or costate variables by using Runge-Kutta backward method.
To perform the numerical illustrations, we consider the initial values
T (0) = 0.01, T8(0) = 0.2 × 10−7, M(0) = 3000, D(0) = 0.0002 and
time-window 200 days with taking parameters value are specified in the
Table 4.1, Table 4.2 and Table 5.1. To know the better treatment techniques,
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Table 5.1: Parameters value for tumor-immune interaction model used in the
simulations
Par. Description Value Units Source

kT Chemotherapy induced tumor
death rate

0.8 Day−1 [20, 75]

ηT Chemotherapy efficacy coefficient 0.1 Liter.mg−1 Fit to data

k8 Chemotherapy induced CD8+T
cell decay rate

0.6 Day−1 [20, 75]

η8 Chemotherapy efficacy coefficient 0.1 Liter.mg−1 Fit to data

km Chemotherapy induced
macrophages decay rate

0.4 Day−1 Fit to data

ηm Chemotherapy efficacy coefficient 0.1 Liter.mg−1 Fit to data

kd Chemotherapy induced dendritic
cell decay rate

0.6 Day−1 Fit to data

ηd Chemotherapy efficacy coefficient 0.1 Liter.mg−1 Fit to data

γ Decay rate for chemotherapeutic
drug

0.9 Day−1 [20]

we consider the following control strategies.

Strategy I: Implementation of only one treatment strategy.

Strategy II: Implementation of two different treatment strategies.

Strategy III: Implementation of three different treatment strategies.

Strategy IV: Implementation of four different treatment strategies.

Figure 5.1 illustrates the impact of tumor cells, CD8+T cells,
macrophages and dendritic cells in the presence of a single treatment
strategy, denoted as (u2(t), u3(t), u4(t), vc(t)), as well as in the absence
of any treatment strategy (that is, u2(t) = u3(t) = u4(t) = vc(t) = 0). In
Figure 5.1, the red curve represents the state variables without any optimal
control strategy, while the black curve describes the state variables with
only one treatment strategy, specifically u2(t) = 0.8. The blue, green and
magenta curves correspond to each of the state variables when u3(t) = 0.8,
u4(t) = 0.8 and vc(t) = 0.8, respectively. From the time series plot (see
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Figure 5.1), it is evident that without application of any control strategy in
our proposed model, the reduction of tumor cells takes more time than when
a single control strategy is employed. Additionally, we observe that effector
cells initially increase but decrease as time progresses. The utilization of a
single control strategy proves to be more effective than administering no
control at all.
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Figure 5.1: The figure shows that the comparison of the state variables with-
out introduction of treatment strategy and with the implementation of single
control.

Figure 5.2 illustrates the impact of various state variables under the
influence of two optimal control strategies. These strategies are denoted
as follows: u2(t), vc(t); u3(t), vc(t); u4(t), vc(t); u2(t), u3(t); u3(t), u4(t);
u2(t), u4(t); and a scenario without any control strategy. In this visualiza-
tion, the red curve represents the state variables when no control strategy
is employed, while the black curve signifies the state variables when two
control strategies are implemented, specifically u2(t) = vc(t) = 0.8. The
blue curve illustrates the state variables with the application of two control
strategies, namely u3(t) = vc(t) = 0.8. The green curve indicates the state
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variables when two different controls are utilized, that is, u4(t) = vc(t) = 0.8.
The magenta curve represents the state variables under the influence of two
control strategies, where u2(t) = u3(t) = 0.8. The crayon curve depicts the
state variables with two treatment strategies, specifically u3(t) = u4(t) = 0.8.
Finally, the maroon curve explores the state variables with two treatment
strategies, where u2(t) = u4(t) = 0.8. Analyzing the time series plot
shown in Figure 5.2, it becomes obvious that when employing two different
optimal control strategies, the tumor cells rapidly reach their equilibrium
point. Meanwhile, the immune components initially experience an increase
but eventually saturate over time. Consequently, We can conclude that
employing two control strategies is more effective compared to a scenario
with no treatment strategies.
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Figure 5.2: The figure describes that the comparison of the state variables
without implementation of any treatment strategy and with the application
of two treatment strategies.

The time series plot in Figure 5.3 illustrates the roles of tumor cells,
CD8+T cells, macrophages and dendritic cells in the presence of three con-
trol strategies: u2(t), u3(t), vc(t); u3(t), u4(t), vc(t); u2(t), u3(t), u4(t) and
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without the introduction of any control strategy. The red curve represents
the state variables without any control strategy, while the black curve depicts
the state variables under three different treatment strategies, specifically
u2(t) = u3(t) = vc(t) = 0.8. The blue curve shows the state variables under
three distinct control strategies, where u3(t) = u4(t) = vc(t) = 0.8. Finally,
the green curve illustrates the state variables when three control strategies
are introduced, with u2(t) = u3(t) = u4(t) = 0.8. Figure 5.3 clearly
demonstrates that employing a combination of three control strategies
proves more effective when compared to the scenario with no treatment
strategy.
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Figure 5.3: The figure indicates that the comparison of the state variables
without introduction of any treatment strategy and with the application of
three different control strategies.

The time series plot in Figure 5.4 depicts the application of four different
control strategies alongside the scenario without any control strategy for
the state variables. To visualize these four treatment strategies, we set the
control variables as follows: u2(t) = u3(t) = u4(t) = vc(t) = 0.8. From the
time series plot in Figure 5.4, it is evident that implementing four different
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treatment strategies is more effective than using no treatment strategy, a
single treatment strategy (Figure 5.1), two different treatment strategies
(Figure 5.2) or three different treatment strategies (Figure 5.3). Addition-
ally, in Figure 5.4, it is noticeable that tumor cells are rapidly eliminated
and immune components are maximized upon the implementation of these
four distinct control strategies.

To visualize the dynamics of the adjoint or costate variables A1, A2, A3

and A4 with the implementation of four different control strategies, we have
drawn Figure 5.5. To do this, we consider the values of the control variables
as follows: u2(t) = u3(t) = u4(t) = vc(t) = 0.8. The plot clearly illustrates
that the costate variables are directly linked to changes in the values
of the Lagrangian. The time derivatives of the costate variables are neg-
ative with respect to the corresponding partial derivatives of the Lagrangian.
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Figure 5.4: The figure shows that the comparison of the state variables with-
out implementation of any treatment strategy and with the implementation
four different treatment strategies.
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Figure 5.5: The figure shows that the nature of the adjoint or costate vari-
ables with the implementation of four different treatment strategies.

To visualize the dynamic behavior of the controls, we plot the control
parameters in the Figure 5.6. The plot of the four graphs represents the
optimal control functions with the implementation of four control strategies,
namely u2(t) = u3(t) = u4(t) = vc(t) = 0.8. From the Figure 5.6, it can be
noticed that control values decreased and eventually reach 0. The control
parameters vanish before 40 days due to the fact that our adjoint or costate
variables vanish.

The model is closely tied to the study of optimal control strategies within
the context of tumor cell dynamics and the immune response. It explores into
various control approaches, including the manipulation of tumor cell levels
and key immune components (such as CD8+T cells, macrophages and den-
dritic cells), all with the aim of achieving specific biological outcomes. Our
immune system, with its pivotal role in identifying and eliminating abnor-
mal cells, including cancer cells, stands as a critical factor. Investigating how
these control strategies impact the immune response can provide valuable in-
sights into fortifying the body’s inherent defenses against cancer. The signif-
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icance of control parameters like u2(t), u3(t), u4(t) and vc(t) cannot be over-
stated, as they are intricately linked to immune components such as CD8+T
cells, macrophages, dendritic cells and chemotherapeutic drugs. Their rele-
vance lies in their potential to augment the immune response against cancer
cells, thereby potentially enhancing the body’s capacity to identify and elim-
inate cancer cells. Through comparisons of the efficacy of diverse control
strategies (ranging from single to four treatments) in reducing tumor cell
proliferation and maximizing the immune response, this model serves as a
valuable tool for identifying the most promising avenues in cancer treatment.
The control parameters represent the capacity to deploy multiple treatment
strategies either individually or in combination. Moreover, the adaptability
of these control parameters allows for a personalized approach to cancer treat-
ment. Their biological significance is underscored by the ability of treatment
strategies to individual patients, accounting for unique tumor characteris-
tics and immune system profiles. Each of these parameters exerts a distinct
influence on the dynamics of tumor cells and the immune response. Their
biological significance lies in their potential to preserve precise control over
tumor growth, ultimately suppressing the proliferation of cancer cells and
potentially leading to tumor regression or even elimination.

5.9 Conclusion

Nowadays, it is very important and challenging question in immunology
and oncology research is to understand how the immune system influences
tumor progression and development. This study explores the dynamic
behavior of a nonlinear tumor-immune interaction model using the theory
of optimal control. Various scenarios for implementing different treatment
strategies to eliminate the tumor cell population are considered. Here,
we construct a mathematical model of nine nonlinear coupled ordinary
differential equations (ODEs) by introducing different cells and cytokines,
namely tumor cells, cytotoxic T-lymphocytes (CD8+T cells), macrophages,
dendritic cells, tregs, IL-10, TGF-β, IL-12 and IFN-γ. Next, we simplify the
proposed model into a system of four ODEs, which represent tumor cells,
CD8+T cells, macrophages and dendritic cells, using the quasi-steady-state
approximations method [92].

In this chapter, we analyzed a mathematical model for tumor-immune
interaction with treatment strategies. Our goal is to provide an improved
treatment strategy by eliminating the tumor cell population using both
chemotherapeutic and immunotherapeutic drugs. To do this, we introduce
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Figure 5.6: The figure shows the optimal controls as a function of time
corresponding to the implementation of the single control u2(t), u3(t), u4(t)
and vc(t).

four control parameters, namely u2(t), u3(t), u4(t) and vc(t). To minimize
the tumor cells and maximize the immune cells, we define an objective
functional J(u∗). We prove the existence of control by applying the
boundedness of super-solutions of the system. Additionally, we determine
the characterization of the control by employing Pontryagin’s Maximum
Principle. We calculate the variation of the Lagrangian function to delineate
the maximization of our optimal controls u∗2(t), u∗3(t), u∗4(t) and v∗c (t).
Finally, we establish the uniqueness of the solution for the given optimal
control system holds for a sufficient small time interval tf .

We conducted a numerical study of our control system (5.3) under
various conditions, including scenarios without a control strategy, with
a single treatment strategy, with two treatment strategies, with three
treatment strategies and with four treatment strategies. In Figure 5.1, we
observed that a single control strategy proves more efficient than having
no treatment strategy. Similarly, in Figure 5.2, the implementation of
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two treatment strategies led to a rapid attainment of equilibrium in the
tumor cell population compared to using a single treatment strategy or
having no treatment strategy. Furthermore, the combination of three and
four treatment strategies yielded remarkable results in minimizing the
tumor cell burden, eventually leading to its complete elimination. This is
demonstrated in Figure 5.3 and Figure 5.4, respectively. Simultaneously, the
immune components, including CD8+T cells, macrophages and dendritic
cells, reached their maximum levels, as shown in Figure 5.3 and Figure 5.4.
In conclusion, our findings suggest that employing a combination of four
different treatment strategies is highly effective in quickly reducing the tumor
burden when compared to the other control strategies, including three,
two or single control strategies, as well as having no treatment strategy.
Additionally, this approach maximizes the presence of immune components,
such as CD8+T cells, macrophages and dendritic cells, surpassing the results
achieved by the alternative control strategies.

The innovative method we employ to understand and manage tumor-
immune interactions is what sets our research apart. By systematically
evaluating multiple treatment strategies and optimizing their effectiveness,
we have provided a comprehensive framework for addressing a complex
and pressing challenge in immunology and oncology. Our findings not only
underscore the significance of having structured control strategies but also
highlight the potential of combining multiple treatment strategies to achieve
unprecedented results in tumor elimination. This novel perspective not only
contributes to the theoretical foundations of the field but also holds great
promise for practical applications in cancer treatment.

We expect that the outcomes from our mathematical model will prove
valuable to future researchers engaged in the study of tumor-immune in-
teraction system, particularly those applying optimal control theory. This
study can offer significant assistance to researchers seeking to implement op-
timal control theory in various areas of research. Furthermore, we aspire to
contribute to the improvement of cancer patient treatment by presenting a
mathematical model that incorporates tumor cells and the immune system,
potentially offering a more effective approach for the management of cancer
patients.
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Chapter 6

Conclusion and future
directions

In this thesis, we studied tumor-immune competitive systems and incorpo-
rated the effect of discrete and distributed time delay, and the theory of
optimal control. Discrete and distributed time delays has been added as
the interaction in the cell populations is not an instantaneous process and
followed by some time lag(s). We have also investigated the effect of drugs
through optimal control theory. The summary of the results are given se-
quentially.

6.1 Conclusion

Our thesis focuses on developing a mathematical model to better understand
the dynamics of the interaction between tumor cells and the immune system.
Through the utilization of mathematical modeling techniques, the thesis
investigates the interplay between tumor growth and the immune response.
Considering various factors, including tumor growth and mortality rates,
immune cell activity and death rates, the model provides a framework for
simulating and analyzing the dynamic competition between the tumors
and the immune system. The thesis highlights the significance of a com-
prehensive mathematical model in studying tumor-immune interactions, as
it allows for a systematic exploration of various parameters and scenarios.
By integrating experimental data and theoretical analysis, the model can
be calibrated and validated, thus providing a realistic representation of
the dynamics of tumor-immune interaction system. Overall, our thesis
contributes to the field of cancer biology by providing a mathematical frame-
work to understand the tumor-immune competitive system. It underscores
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the importance of interdisciplinary approaches, combining mathematical
modeling and experimental data to gain a deeper understanding of complex
biological systems and improve cancer treatment strategies. Throughout the
thesis, we have discussed the research contributions in a point-wise manner.
The main contributions of the thesis can be summarized as follows:

• We have investigated the dynamics of the tumor-immune interaction
system, considering the presence or absence of discrete time delay
denoted as τ . The main objective is to understand the influence of
time delay on the system dynamics, particularly in the presence of
the cytokine IL-2. Initially, we examine the positivity and existence
of the solutions for our mathematical model. We also conduct a local
stability analysis of the biologically feasible steady states, both with
and without the discrete time lag τ . This analysis provides insights
into the stability of the system under different conditions. In addition
to the local stability analysis, we investigate the local asymptotic
stability of both the delayed and non delayed system. To analyze
the Hopf bifurcation theorem, we establish that the transversality
condition, utilizing the time delay τ as a threshold parameter, which
plays a crucial role in our system. Furthermore, we calculate the length
of the time lag required to maintain the stability of the bifurcating
limit cycle of our delayed system. If we increase growth rate of tumor
population α and decay rate of immune cell d2, then the co-existing
singular point E∗ of our delayed model goes from stable to unstable.
On the other hand, for increasing the value of deactivation rate of
tumor population due to immune cell d1 and constant source rate
of immune system c2, our mathematical model goes from unstable
position to stable position at co-existing singular point E∗. Overall,
our model contributes to the field by delineating the impact of discrete
time delay on the proliferation of tumor cells in the presence of
cytokine IL-2 of the dynamics of tumor-immune interaction system.

• In the study of tumor-immune interaction system, there is a grow-
ing recognition of the importance of incorporating continuously
distributed time delays to capture natural phenomena accurately.
By incorporating this type of delay, a simple mathematical model
can effectively capture the dynamics of tumor-immune interplays and
enhance our understanding of the effects of distributed time delay. It is
a remarkable observation that the simple model captures the interplay
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among tumor cells, tumor-specific CD8+T cells, Helper T cells,
immuno-stimulatory cytokine IL-2 and the continuously distributed
time delay. Preliminary results such that existence, nonnegativity
and boundedness of solutions was established of the non delayed
system. Moreover, the biologically feasible equilibrium points are
investigated for both the delayed and non delayed system, providing
valuable insights into the system’s behavior under different conditions.
A novel aspect of this study is the incorporation of a continuously
distributed time delay through the introduction of a kernel function as
an additional compartment. This compartment can be interpreted as
the distributed immune activation delay, further enriching the model
and capturing the complexity of biological scenarios. To validate
the analytical findings of the dynamics of the system, a extensive
numerical simulations have been performed. Numerically, we per-
formed Hopf bifurcation analysis for two most important parameters
λ1 (recruitment rate of CD8+T cells) and µ1 (CD8+T cells activation
due to IL-2) for the delayed system at the singular point E⊥. If
we increase the value of λ1, then tumor-presence singular point E⊥

becomes unstable from stable situation (one periodic oscillation),
unstable to stable and finally, delayed system goes into tumor-free
(E†) stable situation around the tumor-presence steady state. Thus,
the recruitment rate can prevent the tumor-presence oscillation as
well as makes tumor-free in the system. But, for increasing value of
µ1, the tumor-presence singular point E⊥ of the delayed system goes
from stable to unstable steady state. For better visualization of the
stability dynamics of the delayed system, we draw the stability region
of the delayed system in µ1 − λ1 parameter space.

• We have constructed a mathematical model for tumor-immune compet-
itive system using a biologically inspired approach. The model is based
on a coupled system of ordinary differential equations, incorporating
various components such as tumor cells, CD8+T cells, macrophages,
antigen presenting dendritic cells, regulatory T-cells (Tregs) and var-
ious cytokines including IL-10, TGF-β, IL-12 and IFN-γ. To better
understand the tumor-immune interactive dynamics, we have simpli-
fied the model by employing quasi-steady-state approximations for the
cytokine concentrations. Our immune system requires more time to
give a suitable response after recognizing the tumor cells. Hence, it
is crucial to incorporate time delays into our mathematical model to
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accurately depict the interplay between the tumors and immune sys-
tem. In order to gain deeper insights into this interaction, we introduce
multiple time delays into our model. We have analytically defined the
criteria for the existence, uniqueness, positivity and boundedness of so-
lutions in the context of the delayed model. These mathematical results
guarantee that solutions of the model are well-defined, nonnegative and
remain within certain bounds for studying the tumor-immune compet-
itive system. In order to conduct the fixed point analysis, we have
found the biologically feasible equilibrium points. Furthermore, we de-
duce certain conditions to investigate the uniform persistence of the non
delayed system. Our analytical findings encompass the local stability
analysis for both the tumor-immune interaction model without delays
and the model that incorporates delays. This study also examines the
existence of Hopf bifurcation and determines the maximum length of
discrete time delay to preserve the stability of period-1 limit cycle. Ad-
ditionally, we investigate the direction of Hopf bifurcation and evaluate
the stability of bifurcating periodic solutions of the delayed model. Our
analysis encompasses the delayed system, considering two separate dis-
crete time delays. We have shown that the introduction of delays does
not markedly affect the tumor-immune interaction system; it may not
invariably lead to regular or irregular periodic oscillations. This ob-
servation is based on the analysis of a realistic set of parameters value
presented in this study. It is observed that despite the incorporation of
multiple time delays, their influence on the dynamics of tumor-immune
interaction system is limited. In contrast to the typical expectation
of delays leading to the destabilization of the stable steady state, our
results reveal that such destabilization does not occur in our proposed
tumor-immune interaction system. Across biologically relevant param-
eter values, the influence of multiple time delays on model dynamics
was found to be negligible. This observation implies that delays can
be regarded as supplementary components with limited impact on the
overall dynamics of the tumor-immune interaction system.

• We have utilized the theory of optimal control to investigate the
dynamical behavior of a nonlinear tumor-immune interaction model.
The focus is on exploring different treatment strategies to eliminate the
tumor cell population. To achieve this, a mathematical model consist-
ing of nine nonlinear coupled ordinary differential equations (ODEs) is
constructed. To simplify the analysis, the proposed model is reduced
to a system of four ODEs. These equations describe the dynamics of
tumor cells, cytotoxic T-lymphocytes (CD8+T cells), macrophages,
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dendritic cells and the concentration of chemotherapy. The reduction
is achieved through the utilization of the quasi-steady-state approxi-
mations method. We conducted an analysis of a mathematical model
that described the interaction between tumors and the immune system,
specifically focusing on treatment strategies. Our primary objective
was to propose an improved treatment approach for eliminating tumor
cells by combining chemotherapeutic and immunotherapeutic drugs.
To achieve this, we introduced four control strategies denoted as
u2(t), u3(t), u4(t) and vc(t). In order to minimize the population of
tumor cells and maximize the presence of immune cells, we formulate
an objective functional denoted as J(u∗). The existence of control is
proven by utilizing the boundedness of super-solutions of the system.
Moreover, the characterization of the optimal control is determined
by applying Pontryagin’s Maximum Principle. We take the variation
of Lagrangian function for delineate the minimization of objective
functional J(u∗). Finally, we establish the uniqueness of the solution
for the given optimal control system within a sufficiently small time in-
terval tf . We conducted numerical studies on our control system under
various scenarios, including without control strategy, single treatment
strategy, two treatment strategies, three treatment strategies and
four treatment strategies. By exploring these different situations, we
aimed to assess the effectiveness and impact of varying treatment
strategies on the control system. Implementing control strategies,
we observed a notable phenomenon that the tumor cell population
reached an equilibrium point quickly, while the immune components
were maximized. This finding suggests that the application of controls
measure effectively controlled the tumor cell growth and enhanced the
immune response. By effectively managing the dynamics of the system
through control interventions, we were able to achieve a more favorable
balance between tumor cells and immune components, contributing to
better overall outcomes in terms of tumor control and immune system
activation.

6.2 Future research

The scope of our future study will encompass, but is not limited to, the
following topics:

• The use of stochasticity can help enhance our comprehension of the

172



intricate relationship between tumor cells and the immune system.

• Utilizing the Allee effect on a stochastic tumor model can provide
valuable insights into comprehending the tumor extinction in a
tumor-immune interaction system.

• Exploring the impact of impulsive therapy on enhancing treatment
strategies in a tumor-immune interaction model.

• Undertaking a more comprehensive study of the tumor-immune inter-
action system by incorporating fractional order derivatives.
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