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Abstract

The present thesis investigates the elasto-plastic behaviour of axisymmetric bars and
rotating disks subjected to mechanical and thermal loads. In case of bars, the loading is uniaxial
and the problem is essentially one-dimensional. A one dimensional problem is attributed by the
presence of one-dimensional fields, e.g., stress, strain, displacement, etc. In case of rotating
disks, the loading is in-plane and the presence of radial and tangential stress field makes the
problem two-dimensional. In this class also the basic problem is defined in terms of radial
displacement field. Hence, the mathematical analysis of axisymmetric bar and disk problems are
quite similar. In the present thesis problem, the material of construction is assumed to be of two
types, (a) isotropic and homogeneous and (b) isotropic and functionally graded. The elastic
analysis of bar and rotating disk is solved upto limit (yield) state using total minimum potential
energy principle. The limit elastic study is then extended to post-elastic domain to investigate the
effect of material non-linearity of the performance of the structures. The post-elastic
investigation of axisymmetric bar and rotating disk is addressed using an extension and
application of minimum potential energy principle in Hencky’s total deformation theory of
plasticity In this case, the strain energy is computed from hydrostatic and deviatoric stress-strain
components. The von-Mises yield criterion and its associated flow rule assuming linear strain
hardening (bilinear) material behaviour is adopted for the present work. The study on the
extension of the linear strain hardening model for multiple straight line segments is also carried
out. The entire formulation for all the simulation studies of the present thesis work is
displacement based and the unknown displacement field is approximated by finite linear
combination of admissible orthogonal coordinate functions and unknown coefficients. The set of
functions come from a suitably selected start function and the higher order orthogonal functions
are generated numerically by using Gram Schmidt orthogonalization scheme. The solution
algorithm is actualized with the assistance of MATLAB® computational simulation software.

The elasto-plastic analysis of statically indeterminate non-uniform bars subjected to
concentrated axial load has been performed using an iterative variational method. The elasto-
plastic behaviour of thermo-mechanically loaded non-uniform bars is also studied. The results
obtained for these one dimensional problems are in good agreement with the available results
and with the results generated by a known finite element package, Abaqus. Some of the results

XXXI



presented for these problems showing the effect of geometry parameters like aspect ratio,
slenderness ratio and the type of taperness.

In the present thesis, the effect of disk geometries and temperature distribution on the
thermo elastic stresses and deformation states has been carried out. The effect of temperature on
various material properties is also studied. Limit angular speed of the disks is calculated under
thermo-mechanical loading and reported in dimensional form as limit peripheral speed and
dimensionless form as normalized limit angular speed. The elasto-plastic analysis of FGM disk
under thermo-mechanical loading is also addressed in the present work. The material of the FG
disk is considered to be metal-ceramic composite with a continuous variation of volume fraction
of metal and ceramic along the radial direction. The results obtained from the present numerical
method have been compared with benchmark results and good agreement is observed
establishing the validity of the proposed methodology. Some of the results presented for these
problems are new of their kind and may serve as benchmarks for further study. It is believed that
the outcome of the present simulation embodied in the thesis will be helpful for both industrial

design development and academic point of view.
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Chapter 1
INTRODUCTION

1.1 Objectives of the study

Axisymmetric objects belong to the class of solids of revolutions which are loaded
symmetrically. Both the objects (bar and rotating disk) are axisymmetric. In case of bars,
because the length is much greater than its other two dimensions and the loading is uniaxial, the
problem is essentially one-dimensional, attributed by the presence of one-dimensional stress field
while the loading is in-plane in case of rotating disks. Presence of radial and tangential stress
field makes rotating disk, a two-dimensional problem. In this class, the basic problem is defined
in terms of radial displacement field. These objects find vast applications in various engineering
applications such as in steam and gas turbine rotors, turbo generators, turbojet engines,
centrifugal compressors, components like gears, flywheels, etc. and various other branches of
mechanical, civil and aeronautical engineering. A few of the important fields of application of
the commercially used axisymmetric objects used in industries, machineries, automobiles and
aeronautical structures are shown in Figures 1.1(a-d).

Analysis and design of these axisymmetric structures is therefore of continuing interest to
the scientific and engineering communities. Accurate and conservative assessments of maximum
load carried away by the structure, as well as the equilibrium path in both elastic and inelastic
range are therefore of paramount importance in understanding the integrity of the structure.
Determination of the equilibrium path in the elastic and inelastic range usually involves a
complex analysis. Although elasticity and plasticity theories have found vast applications in
engineering problems over the last few decades, there still exist certain cases where a rigorous
solution cannot be obtained and approximate methods have to be applied. Or for that matter even
if analytical solutions are obtained by applying classical theories of elasticity and plasticity,
approximate methods are observed to provide equally efficient solutions with the added power of
tackling those problems for many additional complicating effects. The objective of this thesis
work is to determine the displacement field and stress distribution of axisymmetric structures in
elasto-plastic domain using variational method. The usefulness of the method has been
successfully adopted in solving various practical complexities associated with bar and rotating

disk applications.
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c. Axial members: cables of Mackinaw bridge, struts in aircraft engine mounts and hydraulic

cylinders in a dump truck

g,

d. Ship propeller and electrically driven pump

Figure 1.1. Applications of axisymmetric bars and rotating disks.
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The present thesis employs an energy based variational approach for the analysis of the
problems. The governing set of equations is obtained by the application of suitable variational
principles to the energy functionals, derived conforming to the system under consideration. The
entire formulation for all the simulation studies is displacement based and the unknown
displacement field is approximated by finite linear combination of admissible orthogonal
coordinate functions and unknown coefficients. The set of functions come from a suitably
selected start function and the higher order orthogonal functions are generated numerically by
using Gram Schmidt scheme.

Elasto-plastic analysis has important applications in physics and engineering design. It is
important to consider the elasto-plastic behaviour of solid slender bars for the assessment of
ultimate load carrying capacity. For a designer apart from elastic limit load of bars at which
yielding initiates, another important parameter is the plastic collapse load of bars at which the
entire bar has undergone yielding. The yield front propagation of statically indeterminate non-
uniform bars has been carried out in the present thesis.

The extension and application of minimum potential energy principle in Hencky’s
deformation theory of plasticity based on von-Mises yield criterion and for linear strain
hardening behaviour is adopted for mathematical formulation. Both determinate and
indeterminate problems have been considered. For determinate problems domain decomposition
method has been established and to overcome its insufficiency for indeterminate problems, an
iterative variational method has been proposed successfully. The effect of geometry parameters
like aspect ratio, slenderness ratio and the type of taperness on the post-elastic performance of
the bar is also investigated.

Some particular applications of clamped-clamped bars involves thermal loading due to
thermal expansion of the bars. Thermo-mechanically loaded bars are used extensively in industry
as an extended surface or a fin that find numerous applications in compact heat exchangers,
specialized installations of single and double pipe heat exchangers, etc. It is a well-known fact
that the temperature gradient is higher at the base and gradually decreases towards the fin tip and
this can be achieved with functional grading of material to take the advantage of excellent
thermal performance of ceramics with the toughness of metals. This gave way to the idea of
gradient-based varying of microstructure from one material to another material. This transition is

usually based on power series. Investigation of the elasto-plastic behaviour of clamped-clamped
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non-uniform bars under thermo-mechanical loading has been carried out by using numerical
technique based on variational principle following von-Mises yield criterion and deformation
theory of plasticity. This analysis is undertaken for both the material models: bilinear and
multilinear. The temperatures corresponding to onset of yielding and total collapse are
considered as markers of yield limit and collapse loads. The effect of geometry parameters,
material parameters and nature of thermal load on limit temperature and stress distribution is
investigated.

Estimation of stress and deformation of disk at high rotational speeds have been a subject
of longstanding attention to many a researcher. The most important design parameter of a
rotating disk is its operating range of angular speed. It is important to estimate the angular speed
and the stress distribution of a rotating disk in fully plastic state in order to achieve an optimal
structural design. The limiting speed being earmarked by initiation of yielding in the disk is
termed as elastic limit speed. If the rotational speed of the disk is increased beyond limit angular,
yield region expands from its initiation location and at a particular speed the entire disk comes
into plastic regime. This particular speed is termed as plastic limit speed or collapse speed.

The stress and deformation state of rotating disks under thermo-mechanical loading is
investigated both in the elastic and elasto-plastic range of the disk material. For elastic analysis
of rotating disks, the governing equation for the system is obtained by applying the minimum
potential energy principle. The effect of temperature field on material properties is studied. The
influence of disk geometry and temperature field variation on the performance of rotating disks
is considered in the present work and the effect on elastic limit angular speed is investigated.

Rotating disk when subjected to thermal load results in a disk of variable material
properties. Mechanical design of disks involves the evaluation of centrifugal and thermal stresses
and they need to be designed for approximate uniform stress distributions. Optimization of the
design of a rotating disk and assessment of failure risk requires understanding its behaviour in
the post-elastic domain. In this context, it is reported in various numerical and analytical works
to predict the deformation, stress and strain fields and failure of a uniform rotating disk under
different loading conditions. The stress field in a uniform rotating disk under elastic or elasto-
plastic loading condition is not uniform and maximum resultant stresses occurs near the axis of
rotation. The non-uniform stress distribution is a key barrier in designing the optimized disk with

enhanced performance (e.g., uniform stress distribution, minimum weight design, maximum
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stored energy, etc.). This phenomenon gave birth to the idea of varying the thickness of the
rotating disk along its radius to make the stress distribution near-uniform. In the present work the
effect of geometry variation on disk performance is considered for four types of geometry
variation, namely, uniform, taper, exponential and parabolic.

Functionally graded structures are those in which the volume fractions of two or more
materials are varied continuously as a function of position along certain dimension(s) of the
structure (Reddy (2000) and Suresh and Mortensen (1998)) to achieve a required function. These
materials are mainly constructed to operate under high temperature conditions. In recent years,
the use of FGM increases due to their functional gradation for optimal design. In a turbine rotor,
there is always a possibility that the heat from the external surface transmits to the shaft and from
it to the bearings causing adverse effects on its functioning and efficiency. To deal with this
situation and prevent heat from being transferred to the shaft and bearings, the disk can be made
of FGM with ceramic rich at the outer surface and metal-rich at the inner surface. While the heat
resistant property of the ceramic at the outer surface prevents heat from being transferred, the
metal at the inner surface helps carry the stress for the transmission of torque from the disk to the
shaft. However, for some specific applications such as in aerospace engineering where the
component’s weight and durability in high temperature environment are so crucial, the
components need to be fabricated using special material such as a functionally graded material
(FGM). FGMs are usually made of a mixture of ceramic and metals. The ceramic constituent of
the material provides the high temperature resistance due to its low thermal conductivity. The
ductile metal constituent, on the other hand, prevents fracture caused by stress due to high
temperature gradient in a very short period of time. The elasto-plastic analysis of FGM disk
under thermo-mechanical loading is addressed in the present work. The material of the FG disk
is considered to be metal-ceramic composite with a continuous variation of volume fraction of
metal and ceramic along the radial direction. The effect of geometry variations, temperature
distributions and variation of material properties on limit speeds of rotating FG disk is
investigated. The study on limit temperatures for different disk geometries under different

temperature field distributions has also been carried out.
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1.2 Introduction to material models

In earlier years, mechanical designs were based on linear models to easier the analysis
and computational cost. In fact the linear assumptions are only valid in certain conditions for
example, small strains, small displacements, small rotations, small changes in temperature, and
so on. Such linear analysis provides an acceptable approximation of real-life characteristics for
most problems design engineers encounter. Nevertheless, occasionally more challenging
problems arise, problems that call for a nonlinear approach. The need for non-linear analysis has
increased in recent years due to the need for use of optimized structures, use of new materials,
addressing safety related issues of structures, etc. This has been possible due to the advent of
powerful desktop computers and availability of improved non-linear solution algorithms and is
required to make realistic predictions regarding the non-linear behaviour of mechanical systems.
Material nonlinearities occur in solid mechanics due to nonlinear relationship between stress and
strain. Material nonlinearity includes the non-linear behaviour of a material based on current
deformation, deformation history, temperature, etc. Generally two types of non-linear material
behaviours are encountered in mechanical structures namely rate independent and rate
dependent. Rate independent refer to the case of material nonlinearity which is assumed to be
time independent whereas rate dependent is the case of time dependent material nonlinearity.
Post-elastic analysis of structural elements can have any one of the material nonlinearities or
both of them depending upon the nature of the problem. Elasto-plastic analysis is an important
area of research for solving various practical complexities associated with the structural elements

applications.

1.2.1 Yield (Failure) criteria

A vyield criterion describes a material failure in the phenomenon of plasticity. The
adoption of proper yield criteria in the structural design is very important as the estimated load-
bearing ability of structures is significantly affected by the choice of different yield criteria.
Experimental uniaxial tension tests determine the mechanical properties of structural materials.
Thus, when considering structures subjected to load, the allowable stress on which the design is
based is taken as some fraction of the yield or ultimate stress obtained from these simple tension
tests. Various theories of failure have been established to determine the allowable design stresses
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for multi-axial stress condition. Failure refers to either yielding (ductile failure) or fracture
(brittle failure) of the material. The failure can be in brittle or ductile manner or both depend on
the conditions such as temperature, state of stress, loading rate, etc. However, for most practical
situations, a material may be classified as either brittle or ductile. In case of ductile materials,
yielding occurs first, whereas for brittle materials ultimate stress is considered as the basis of
failure theories. There are two established yield criteria for ductile materials at present are
Tresca’s and von-Mises yield criteria. The present study is based on von-Mises yield criteria
according to which total strain energy in a body can be resolved into two parts: one associated
with the change in volume and the other with the distortion or change in shape. The strain energy
of distortion is attributable to the yielding. The general condition of yielding based on the

distortion energy theory is given by (o,-0,) +(0,-0,) +(0s—0,) =202, where
o,,0,,0, are the principal stresses. This theory explains that the phenomenon of yielding of

materials is independent of hydrostatic pressure.

The solution of elastic-plastic problems using Tresca's yield criterion needs separate
treatment in each region due to different forms of the yield criterion in different parts of the
plastic zone. In particular, in the case when a plastic region expands over a plastically
predeformed region the task becomes quite cumbersome. On the other hand, a single formulation
has to be carried out for the whole plastic region in the case of the von Mises yield criterion. Due
to the nonlinearity involved in the use of von Mises yield criterion, the analysis is essentially

numerical.

1.2.2 Post-elastic behaviour

Plasticity is a class of material nonlinearity which is characterized by an irreversible
straining which is not time dependent and which can only be sustained once a certain level of
stress has been reached (Owen and Hinton (1980)). Plastic deformation is essentially irreversible
on unloading and is incompressible in nature. The onset of plastic deformation (or yielding) is
governed by a yield criterion and post-yield deformation generally occurs at a greatly reduced
material stiffness.

If uniaxial behaviour of a material is considered, the exhibition of non-linear elastic or

plastic behaviour can be determined by the non-linear relationship of stress-stain only, it is
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determined by unloading part of the curve. The elastic material follows the same path in loading
and unloading while the plastic materials shows path dependent on unloading and the solution
relies upon the loading history of the plasticity problem. The formulation of elasto-plastic
deformation model covers the following fundamental points:

e An explicit description between stress and strain must be formulated to describe
material behaviour under elastic conditions, i.e., before the onset of plastic
deformation.

e A yield criterion to define specific stress combinations that will initiate the non-
elastic response to define initial yield surface.

e After initiation of yielding, two general categories that relate the plastic stress and
strain: flow theory of plasticity and deformation theory of plasticity.

e A hardening rule that predicts the change in the yield surface with the progression of
plastic deformation. A stress-strain relationship must be developed for post-yield
behaviour, i.e. when the deformation is made up of both elastic and plastic

components.

Stress 9

v

&y Strain

Figure 1.2. Linear elastic and linear strain hardening elasto-plastic behaviour.

An important phenomenon governing the plastic behaviour of a material is the strain-

hardening or work-hardening. The phenomenon occurs after initial yielding when the stress level
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at which further plastic deformation arises may be dependent on the current degree of plastic
straining. It is necessary to idealize the stress-strain behaviour of materials in order to obtain
solution of a deformation problem. There are various types of elasto-plastic models such as
elastic-perfectly plastic, elastic-linearly work-hardening, elastic-non-linear hardening, Ramberg-
Osgood, etc. The present thesis considers linear elastic and linear strain hardening elasto-plastic
material behaviour as shown in Figure 1.2, where the gradient in the elastic region with elasticity

modulus E and the gradient in the plastic region with tangent modulus E,. o, and ¢, are the

yield stress and yield strain of the material respectively. The study on the extension of the linear
strain hardening model for multiple straight line segments is also carried out. The more line
segments that exist, the better the measured stress-strain behaviour can be modelled.

1.2.3 Functionally graded materials

The idea of FGMs, i.e., functionally graded material was at first presented by Japanese
researchers in the mid-1980 s (YYamanoushi et al. (1990)), as high temperature resistant materials
for various engineering applications such as fusion reactors and chemical plants, aircraft
components, space vehicles and various other branches of mechanical, electrical and civil
engineering. The mixture of metal and ceramic in FGM with desirable volume fractions gives
continuous variation of mechanical and physical properties in the desired direction. Due to
excellent characteristics of ceramics to resist severe environmental effect, such as high
temperature, wear, and corrosion in combination with the toughness of metals acquire FGM
structures which can withstand extensive mechanical loadings under high temperature
conditions.

The continuous change in the microstructure of functionally graded materials (FGMSs)
distinguish them from the fiber-reinforced laminated composite materials, which have a
mismatch of mechanical properties across an interface due to two discrete materials bonded
together. As a result, the constituents of the fiber-matrix composites are prone to debonding at
extremely high thermal loading. Further, cracks are likely to initiate at the interfaces and grow
into weaker material sections. Additional problems include the presence of residual stresses due
to the difference in coefficients of thermal expansion of the fiber and matrix in the composite

materials.
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Many theoretical research works on FGMs for engineering structures have been
significantly increased in the last few decades which found uses in electrical devices, energy
transformation, biomedical engineering, optics, etc. (Suresh and Mortensen (1998)). (Suresh and
Mortensen (1998)) also provided some introduction about the fundamentals of FGMs. For other
applications, FGMs can be used for a variety of potential applications in transport systems,
energy conversion systems, cutting tools, machine parts, semiconductors, optics, biosystems, etc.
Different potential applications require different key issues. For example, in aerospace and
nuclear energy applications, the key issue is reliability rather than cost. Hence, FGMSs used in
these applications could be produced from a high quality of material constituents in order to have
the combinations of incompatible functions such as refractoriness with toughness or chemical
inertness with toughness. On the other hand, for applications of cutting and engine components,
the main issue is to use FGMs to satisfy the cost/performance ratio reliability. The requirements
of FGMs for these applications are wear, heat, and corrosive resistances as well as high strength
of the materials. From a mechanics viewpoint, the main advantages of material property grading
appear to be improved toughness, wear and corrosion resistance, and reduced residual and

thermal stresses.

1.3 Thermal effect

Thermal effects due to change in temperature are very important for predicting stresses
and strains in a structure. Most of the mechanical structures are subjected to temperature
variation. Temperature variation causes expansion or contraction of the structural material. The
change in temperature makes material to expand and if this expansion is restrained, stresses are
induced which affect expected performance of structure. In restrained condition, very large force
is generated and its ignorance can lead to unsafe design. When structure is subjected to high
temperature, it results in reduction in stiffness and strength which significantly affects the
structural performance. Moreover, exposure of structures to high temperature is an extreme

condition leads to change in material properties and consequently change in overall behaviour.

10
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1.3.1 Thermal parameters

Thermal properties are characteristics of materials defining the substance and its relation
to temperature. To understand the change of materials performance under high temperature
conditions, material properties such as thermal expansion, density and thermal conductivity
needs to be evaluated. The effect of temperature on the material properties of steel is an
important factor taken into account for the assessment of performance resistance of steel at high
temperatures. In the case of steel, in particular, the yield strength and modulus of elasticity are
strongly influenced by temperature increase.

To overcome some of the problems of durability and steel corrosion, advances in recent
years led to the development of fiber-reinforced composite materials. Composites offer several
advantages such as improved strength, stiffness, impact resistance, thermal conductivity and
corrosion resistance. These composite materials are ideal and cost effective for structural
applications where high strength to weight and stiffness to weight ratios are needed such as in
aircraft and spacecraft structures. However, these composites can sustain low temperatures
which introduce large residual stresses because of the mismatch of the thermal expansion
coefficients between the fiber and the matrix. Micro cracks are likely to develop at the interfaces
leads to debonding of composites subjected to high thermal loading. These problems are avoided
by the development of functionally graded materials where the volume fraction of constituents is
gradually varied across an interface as discussed in the previous section. Thus a new material
concept of FGMs emerged and led to the development of superior heat resistant materials. Such
materials withstand severe thermo mechanical loadings. FGMs are considered as a potential

structural material for future high-speed aircraft and power generation industries.

1.3.2 Thermal stress

The evaluation of thermal stresses in structures subjected to thermal loading is an
important part of structural analysis. Structures such as heat exchangers, jet engine turbine
blades, supersonic aircraft and missiles, or space structures should be designed to withstand
thermal loading. The thermal loading can have a large number of effects on structures ranging
from induced thermal strain to accelerated viscoelasticity and plasticity. Thermal stresses are
induced by three main sources: (i) non-uniform temperature distributions that create non-uniform

strains within a structure, (ii) external constraints that prevent the free deformation of a structure,
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and (iii) differences in coefficients of thermal expansion that appear in heterogeneous structures.
Two important aspects of thermal deformations must be emphasized. First, thermal strains are
purely extensional: temperature changes induce no shear strains. Second, thermal strains do not
generate any internal stresses, in contrast with mechanical strains that are related to internal
stresses through the material constitutive law. Consequently, an unconfined material sample
subjected to a uniform temperature change simply expands, but no internal stresses are
developed.

Most situations in real structures under temperature field variation have a complex mix of
mechanical strains due to applied loading and mechanical strains due to restrained thermal
expansion. The behaviour of structures when subjected to thermal effects is governed by the

fundamental relationship & The deformed shape of the structure

total = “thermal * “mechanical”
is governed by the total strains through compatibility conditions. The state of stress (elastic or
plastic) of the structure depends only on the mechanical strains. When the thermal strains are free
to develop in an unrestricted manner and there are no external loads, axial expansion results from

Etotal = Ethermal whereas when the thermal strains are fully restrained without external loads,

thermal stresses result from ¢ 0.

thermal T €mechanical ~

1.4 Method of analysis

In the present work, approximate solution for stress and deformation of axisymmetric
problems is obtained through variational principles and the governing equations are obtained by
applying suitable variational principles to the corresponding energy functional of the system.
Once the governing equations are obtained, approximate solution method is employed to get the
solution of the problem. The present formulation is based on displacement fields of the system
and so appropriate stress-strain and strain displacement relationships are employed to reduce the
energy functional in terms of displacement fields of the system.

Most widely used variational method in structural mechanics using which the governing
equations of the system are obtained from the energy functional is the method of virtual work. It
states that a body is in equilibrium if the internal virtual work equals the external virtual work for
every kinematically admissible displacement field. The principle of minimum total potential

energy is another specific form of principle of virtual work. It states that for conservative
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systems, of all the kinematically admissible displacement fields, those corresponding to
equilibrium extremize the total potential energy and if the extremum condition is minimum, the
equilibrium state is stable. Kinematically admissible displacements are those that satisfy the
single-valued nature of displacements (compatibility) and the boundary conditions. The total

potential energy (I7) of a body is defined as the sum of total strain energy (U) and the work
potential (V) ie. IT =U +V. According to minimum total potential energy principle, the
equilibrium condition of the system is obtained by letting 5(/7)=0, where & is the variational

operator.

Various approximate methods are used in axisymmetric problems to obtain the
approximate solution of the governing equations obtained through the application of variational
principles to suitably formed energy functional as discussed above. Most widely used among
them are the Rayleigh-Ritz method and the Galerkin method. In approximate method, the
unknown field (u) is approximated by finite linear combinations of admissible coordinate
functions (¢,) and unknown coefficients (c,) as u(£)=Y.c,4. The approximated field is
substituted in the governing equations and the variational operation at this stage gives rise to
simultaneous algebraic equations. These sets of equations are expressed in matrix form as

[K]J{c}={f}, where the vector {c} represents the unknown coefficients c,. The terms associated
with the unknown coefficients form the stiffness matrix [K] of the system and the right hand side

forms the load vector {f} The stiffness matrix may be linear or nonlinear depending on the

problem. Solution of this algebraic set of equations gives the values of the coefficients which in
turn give the unknown field.

Galerkin method is a weighted residual method in which the approximate displacement
field is assumed as mentioned in the previous paragraph. When this assumed solution is

substituted in the governing equation, an error is induced called the residual (g) This method
minimizes this residual by using the coordinate functions as the weight functions. If the set of
functions ¢, comes from an orthogonal set, the solution becomes simpler and to this end, Gram
Schmidt orthogonalization scheme is used. The higher order functions are generated through a

numerical implementation of the Gram Schmidt orthogonalization scheme. To cater to the need
of the numerical scheme, all the functions are defined numerically at some suitably selected
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gauss points. For the present thesis, the weight function is chosen as unity and the interval is
fromOto 1.

The post-elastic behaviour of the axisymmetric problems is investigated on the basis of
von-Mises yield criterion, its associated flow rule assuming linear strain behaviour. The post-
elastic formulation is based on Hencky’s Total Deformation Theory of Plasticity. A yield
criterion is a hypothesis concerning the limit of elasticity under any possible combination of
stresses. Generally mechanical properties are obtained by simple tension test, where the
specimen is axially loaded in tension. The relationship between the strength of a mechanical
component subjected to a complex state of stress and the mechanical properties of the simple
tension test is obtained by theories of failure which in turn set the yield criterion. In the present
thesis, von-Mises yield criterion is used which states that failure of mechanical component
subjected to multi-axial stresses occurs when the strain energy of distortion per unit volume in
the component becomes equal to the strain energy of distortion per unit volume in a standard
tension test specimen when yielding starts.

The flow rule specifies the increment of plastic strain once the material has yielded. The

total strain increment de is given as follows, de =desj +de;. Here the elastic part is obtained

using Hooke’s law while the plastic part of strain increment is given by dep :dlai'j. This

equation is based on flow theory of plasticity (Kachanov (1971)), where the flow rule describes
the increment of plastic strain when yielding occurs and at each load step the strain increments
are calculated. However there exists another theory known as Hencky’s total deformation theory
of plasticity (Kachanov (1971)), which expresses the total and plastic strain components as

e=¢;+¢ and gl =dAoy. According to total deformation theory of plasticity, the final state

of stress at a given loading is independent of the stress-strain path during the loading. Hence the
components of total plastic strain are proportional to the corresponding deviatoric stress
components. In situations where loading is continuous, Hencky’s equations lead to results in
good agreement with the observations. Furthermore, due to the advantages of mathematical

convenience, Hencky’s relations are used in applications where strains are small.

o(G)

Under plastic deformation, the plastic strain increment may be written as de = d1——=,

aaij

where ‘G’ is the plastic potential. If the plastic potential is substituted by yield function then the
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plastic strain increment is proportional to the gradient of the yield surface and is, therefore,
normal to the yield surface. This is usually referred to as the normality condition. A flow rule
obeying the normality condition is referred to as an associated flow rule. In the present work, ‘G’
is replaced by von-Mises yield criterion and hence the investigation is said to be carried out

under von-Mises yield criterion and its associated flow rule.

1.5 Layout of the thesis

In the present work, the effect of thermal loading on post-elastic behaviour of
axisymmetric objects has been studied. Bars and disks of various types of axisymmetric
geometry are considered. The material of construction is assumed to be of two types, ()
isotropic and homogeneous and (b) isotropic and functionally graded. Effect of thermal loading
is first observed in elastic domain of the material and then the effect is studied in post-elastic
domain as well. A brief layout of the thesis is given below.

Chapter one introduces the subject matter of the proposed work through a brief
discussion of thesis objectives. In this chapter, a concise discussion on various applications of
axisymmetric bars and rotating disks is provided and an understanding of the mathematics and
numerical techniques involved in the analysis is introduced.

In chapter two, an exhaustive literature survey in the proposed area of research is carried
out and presented which lead to the identification of the present scope of work. The literature
review focuses mostly on the topics that are useful and relevant to this research. However, many
other complicated effects and associated problems are also reviewed and presented.

The limit elastic analysis of rotating disks is presented in chapter three. The objective of
this analysis is to determine the stress and deformation states in a rotating disk under thermo-
mechanical loading. The analysis is accomplished for different disk geometries as well as
temperature distribution profiles. Results on limit elastic behaviour of solid and annular disks of
varying geometry under centrifugal, thermal and thermo-mechanical loadings are validated and
reported. The effect of disk geometry and temperature field variation on the performance of
rotating disks is considered and normalized value of limit angular speed is furnished. The effects
of temperature field on material properties are also reported.

Chapter four introduces the mathematical formulation to investigate the growth of elastic-
plastic front of a statically indeterminate non-uniform bar in post-elastic regime. In this chapter,
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the extension and application of minimum potential energy principle in Hencky’s deformation
theory of plasticity based on von-Mises yield criterion and for linear strain hardening behaviour.
An iterative variational method using domain decomposition method is introduced to overcome
the insufficiency of domain decomposition method for indeterminate problems. The effect of
geometry parameters like aspect ratio, slenderness ratio and the type of taperness on the post-
elastic performance of the bar is investigated and the relevant results are obtained in
dimensionless form.

The fifth chapter deals with the investigation of growth of yield front of a thermo-
mechanically loaded non-uniform bar with clamped ends in post-elastic domain. Uniform, linear
and parabolic types of temperature distribution over the length of the bar are considered. The
yield limit temperature and plastic collapse temperature are studied. The temperatures and limit
load factors for different bar geometries and temperature distributions are reported. The results
are presented showing the effect of geometry parameters and the nature of thermal load on the
thermo-elasto-plastic deformation of clamped bar.

Chapter six presents the elasto-plastic analysis of functionally graded disks under thermo-
mechanical loading using variational principle. The material of the FG disk is considered to be
metal-ceramic composite with a continuous variation of volume fraction of metal and ceramic
along the radial direction. The effect of geometry variation, variation of material properties and
variations in temperature distribution field are reported. Results are presented for the initiation of
yield front and its growth with increase in rotational speed and temperature.

Chapter seven draws the conclusions of the present thesis work and provides the future
work related to this research for future development and investigation.

Finally, the list of research works and books cited in the thesis are provided.
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LITERATURE REVIEW

2.1 Introduction

Different researchers have carried out various theoretical and experimental studies to
investigate the elasto-plastic analysis of structural elements. The accounts of literatures are
presented only for axisymmetric structural elements namely, bars and rotating disks. The
materials of construction of the axisymmetric objects are found to be of various types and they
are focused in a separate section. A section is also dedicated for elastic and post elastic behaviour
of a particular material type. The type of loading, considered in the present research work,
mainly comes from two different sources: thermal loading and centrifugal loading. However in
literature review, various types of loading are also addressed in a separate section. Static analysis
of bars and rotating disks provides many fronts in which research is carried out unidirectionally.
Host of other research work exists taking the combinations of these complicating effects as well,
the other related peripheral literatures are also considered for completeness. A host of research
work aimed at the dynamic behavior of bars and rotating disks, but such literatures are not
included in the scope of this review. The following sections briefly describe various literatures
available related to research work on bars and rotating disks which are relevant and useful for
further investigation of this research.

2.2 Analysis of bar problems

Slender bars are often encountered in various structures which are used mainly to take up
axial load. Bars may be subjected to tensile or compressive loadings of various forms such as
externally applied surface forces, body force due to gravity, impact loadings etc. The simple
analytical solution of the problem available in textbook are valid for uniform cross-section bar
but the non-linearity associated with the study of stresses in elastic-plastic regimes is
complicated. However, due to the advancement and efficiency of computational machines during
the last two decades, the study of non-linearity associated with the study of stresses in elasto-

plastic regimes becomes easier.
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2.2.1 Elasto-plastic analysis of isotropic bars

Theoretical investigation of elastic-plastic behaviour of solid slender bars of various
types of geometry as well as loading is a relevant area of work for the designers (Kachanov
(21971); Hill (1950); Chakrabarty (1987); Johnson and Mellor (1962)). The load deflection
behaviour of a uniform bar under body force loading in the post-elastic region is found in the
textbook of Owen and Hinton (1980) as an example problem. Reddy (2005) had dealt with the
same problem in greater detail, based on finite element method. Kim et al. (2006) performed
fully plastic analyses for notched bars and plates through finite element limit analysis, based on
nonhardening plasticity behaviour to determine the plastic limit loads and stress fields. Gang et
al. (2003) carried out integrity assessment of defective pipelines by using an iterative algorithm
for the kinematic limit analysis of rigid perfectly plastic bodies. The effects of various shapes
and sizes of part on the plastic collapse of pipelines under internal pressure, bending moment and
axial force had been investigated.

Yankelevsky (1999) analyzed the elasto-plastic behaviour of a shallow two bar truss
under tension or compression loading, as well as for reversal loading, to correlate the external
work to the central displacement and follow the elasto-plastic stresses and strains in the bars
along the loading history. Auciello (2001) used both Rayleigh-Ritz and Lagrangian approach to
consider the upper and lower bounds for free vibration frequencies of axially-loaded slender
beams. Non-linear dynamics of a pin-ended elasto-plastic beam with both kinematic and
isotropic hardening had been discussed by Savi and Pacheco (2001) using an iterative numerical
procedure and the results indicated the practical problems in predicting the response of the beam.
Genna and Symonds (1998) studied the effects of slenderness ratio and damping on dynamic
plastic instabilities for certain fixed-pin supported beams, deformed plastically by a transverse
pressure.

Abdalla et al. (2007) presented a simplified technique to determine the shakedown limit
load of a structure using finite element method and it was applied and verified by using two
bench mark shakedown problems. Problem of two-bar structure subjected to constant axial force
and cyclic thermal loading, and the three cylinders subjected to constant internal pressure and
cyclic high temperature variation had been solved analytically. In a subsequent work, Abdalla et
al. (2011) further developed a simplified technique to handle cyclic biaxial loading resulting in

multi-axial states of stress within the large square plate with a small central hole problem. In this
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study, two material models were adopted: an elastic-linear strain hardening material model and
an elastic-perfectly-plastic (EPP) material model. The dynamic behavior of non-uniform taper
bars in post-elastic regime has been addressed by Das et al. (2009a, b) where loading was
controlled statically to take the bar to its post-elastic state so as to predict its dynamic behavior in
the presence of plastic deformation. Kolodziej and Gorzelanczyk (2012) analyzed both elastic
and elasto-plastic torsion of prismatic bars by means of the Picard iteration. The analysis was
based on Saint-Venant displacement assumption and Hencky’s deformation theory of plasticity.
Mukhtar and Al-Gahtani (2016) used a well-known meshless method, radial basis functions to
solve the torsion of a prismatic bar having a rectangular/square cross-section. Biondi and
Caddemi (2007) provided closed form solutions for multiple singularities in the flexural stiffness
of clamped-clamped beam by making use of distributions such as unit step and Dirac’s delta
functions. The authors proposed an integration procedure that leads to closed form solutions,
dependent on boundary conditions only and independent of continuity conditions along the beam
span. Ghuku and Saha (2016) introduced a semi-analytical solution method using domain
decomposition technique for elastic solution of statically indeterminate bar problem.

Dwivedi et al. (2002) reported springback analysis of thin rectangular bars with non-
linear work hardening using finite difference method. Tayyar (2016) presented a curvature based
kinematic displacement theory (KDT) for elasto-plastic finite strain solution of cantilever beams
under a uniform moment distribution. In KDT, deflection is generated without assuming
geometry and using differential equations of the deflection curve. Lal et al. (2017) carried out the
springback analysis of hollow rectangular bars with linear work-hardening materials using
deformation theory of plasticity. In this study, the elastic-plastic boundary was determined by
using deformation theory of plasticity. Canales and Mantari (2017) studied the vibrational
analysis of taper bars under uniform axial loading in post-elastic regime by considering shear
deformation and rotary inertia. In this work, the Timoshenko beam theory and the dynamic
version of the principle of virtual work are used to derive the eigenvalue problem. Vaz-Romero
et al. (2016) conducted dynamic tensile tests and presented results on dynamic neck evolution in
steel bars of varying diameters ranging from 1.5 mm to 4 mm. The authors also investigated this
behaviour by using two different kinds of numerical calculations: (i) axisymmetric finite element

simulations and (ii) one dimensional finite difference computations.
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2.2.2 Elasto-plastic analysis of composites and FGM bars

Many materials are known to exhibit different behaviour when subjected to compressive
and tensile loading. The continuous effort of engineers to design efficient materials which must
be as light and economic as possible yet strong enough to withstand the most demanding
functional requirements arising during their service life gave birth to a new class of materials; the
functionally graded material (FGM). In material science the FGM is a non-homogeneous
composite which performs as a single-phase material, by unifying the best properties of its
constituent phase materials. FGMs are deemed to have an advantageous behavior over laminated
composites due to the continuous variation of their material properties yet in all three dimensions
which alleviate delamination, de-bonding and matrix cracking initiation issues. Functionally
graded materials were developed for making engineering components which are subjected to
mechanical loads under high temperature environment.

An approximate solution for homogeneous anisotropic bars was introduced in
Martynovich and Martynovich (1984), reducing the problem to the solution of a Fredholm
integral equation of the second kind with a regular kernel. Realistic engineering problems are
solved by numerical techniques. The finite difference methods was used for both non-
homogeneous and compound prismatic bars with simply and multiply connected boundaries by
Ely and Zienkiewicz (1960). Katsikadelis and Sapountzakis (1985) presented boundary element
method for the solution of torsion problem of composite cylindrical bars. The authors formulated
the problem in terms of terms of torsion function by solving Neumann-type boundary value
problem. Horgan and Chan (1999) investigated the effects of material inhomogeneity on the
torsion response of linearly elastic isotropic bars. In this analysis, optimal upper and lower
bounds for the torsional rigidity for non-homogeneous bars of arbitrary cross-section were
established. Horgan (2007) investigated the torsion problem for inhomogeneous anisotropic bars.
The results were presented on warping of cross-sections in torsion and torsional rigidities.
Katsikadelis and Tsiatas (2016) formulated the torsion problem for non-homogeneous
anisotropic bars in terms of the warping function and also developed a boundary-only solution to
solve the resulting partial differential equation with variable coefficients under Neumann type
boundary condition. Ecsedi (2013) presented some analytical solutions for Saint-Venant torsion
of non-homogeneous anisotropic bars with solid and hollow cross-sections. In this study, the
shear flexibility moduli were considered to be smooth functions of Prandtl’s stress function of
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corresponding homogeneous problem. Sapountzakis and Tsipiras (2009) presented the Boundary
Element Method (BEM) to the elastic-plastic problem of composite cylindrical bars with
arbitrary cross-section subjected to uniform torsional loading, taking into account the effect of
geometric nonlinearity.

The earliest FGMs were introduced by Japanese scientists in the mid-1980s as ultra-high
temperature resistant materials for aerospace applications (Yamanoushi et al. (1990)). Miyamoto
et al. (1999) discussed the methods of FGM fabrication and general information about FGMs
including microstructure analysis of the graded materials. Suresh and Mortensen (1998) provided
an introduction to the fundamentals of FGMs. Noda (1991) presented an extensive review that
covers a wide range of topics from thermoelastic to thermoinelastic problems. The author
discussed the importance of temperature dependent properties on stresses and suggested that
those properties of the material should be taken into account in order to perform more accurate
analysis. Cho and Oden (2000) studied the thermal stress characteristics of functionally graded
materials using finite element method. Different thermal stress characteristics for different
material variations and sizes of FGM were observed. Shabana et al. (2000) analyzed the elasto-
plastic thermal stresses in functionally graded materials by sing microscopic combination law.
The finite element model of the formulation is developed by considering elasto-plasticity theory.
Pitakthapanaphong and Busso (2002) described the thermo-elastic and thermo-elasto-plastic
behaviour of FGM through analytical and semi-analytical solutions. The homogenization of the
local elastoplastic FGM behaviour in terms of the properties of its individual phases was
performed using a self-consistent approach and power-law strain hardening behaviour was
assumed for the FGM metallic phase. Eraslan and Akis (2005) obtained the plane strain
analytical solutions for functionally graded elastic and elastic-plastic pressurized tube problems.
The plastic modelling was based on Tresca’s yield criterion, its associated flow rule and ideally
plastic material behaviour.

Alibeigloo (2010) studied FG beams integrated with piezoelectric actuator and sensor
subjected to an applied electric field and thermo-mechanical load using analytical solution. In
this study, the FGM properties were assumed to vary exponentially in the thickness direction and
the poisson’s ratio was held constant. Wattanasakulpong et al. (2011) employed an improved
third order shear deformation theory to investigate thermal buckling load of FGM beam under
uniform temperature rise. Ma and Lee (2012) obtained closed form solution for the non-linear
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static responses of FGM beams subjected to a uniform in-plane thermal loading. The governing
equations for the axial and transverse deformations of FGM beams were based on the non-linear
first order shear deformation theory. Bayat and Toussi (2015) solved the elastoplastic torsion
problem of hollow FGM circular shafts. The torsional shaft is considered as a thick-walled
axisymmetric inhomogeneous cylindrical object, while the FG material is composed of ceramic
and metallic parts with power function distribution only across the radial direction. Xin et al.
(2016) investigated the elasto-plastic response of FG thick-walled tube subjected to internal
pressure by using the relation of the volume average stresses of constituents and the macroscopic
stress of composite material. Garg and Pant (2017) simulated thermal fracture in functionally
graded materials by implementing element-free Galerkin method (EFGM). Zhang and Liew
(2016) presented postbuckling analysis of axially compressed functionally graded carbon
nanotube resting on Pasternak foundations by utilizing an element-free approach. Shen et al.
(2017) investigated the non-linear vibration behaviour of functionally graded graphene-
reinforced composite laminated cylindrical shells in thermal environments. Tsiatas and
Babouskos (2017) employed a new integral equation solution to the elasto-plastic torsion
problem of functionally graded bars of arbitrary cross-section, by using deformation theory of
plasticity. Huang et al. (2014) presented a semi-analytic solution to analyze the buckling
behaviour of elasto-plastic functionally graded cylindrical shells under torsional loading by
assuming multilinear hardening model for materials. Niknam et al. (2014) investigated the non-
linear bending of tapered functionally graded beams by implementing analytical and numerical
approaches subjected to thermal and mechanical loading. Paul and Das (2016) presented non-
linear post-buckling load of FGM Timoshenko beam under non-uniform temperature rise across
the thickness of the beam at steady-state condition.

2.3 Material behaviour of rotating disks

From the material viewpoint, further sub-classification is done on basis of yielding, either
elastic or post elastic. Within elastic region, the material behaviour is classified into two major
groups, isotropic and anisotropic. On the other hand, post-elastic stress analysis is further
categorized into two groups depending on the failure criterion, viz. Tresca’s or Von Mises

criterion.
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2.3.1 Disks made of isotropic materials

Research work involving disks made of isotropic material have been carried out
extensively. As such literatures can be further classified depending on the state of stresses, i.e.,
elastic or elastic-plastic. It is found that a major portion of the work relating to elastic-plastic
stress studies has been carried out during the last two decades. One can easily comprehend the
existence of nonlinearity associated with study of stresses in elastic-plastic regimes and realize
the contribution of advanced and efficient computational machines during the last two decades in

the analysis.

2.3.1.1 Analysis of rotating disks in elastic region

Investigations pertaining to the behavior of rotating disks within elastic zone can be
traced back to Thompson (1946) wherein he provided a numerical approach to the turbine disk
by considering point to point variation in thickness and other physical parameters, except
Poisson’s ratio. Manson (1947) presented a finite difference solution of the equilibrium and
compatibility equations for elastic stresses in a symmetrical disk, which was capable of
incorporating the variation in Poisson’s ratio and other complexities such as shrink fits. Manson
(1950) presented a simplified method for determining the disk profile to incorporate arbitrary
elastic stress distribution arising out of centrifugal loading or combination of centrifugal and
thermal loading. For similar loading combination and variation in physical properties at various
parts of disks at different operating temperatures, Leopold (1948) calculated elastic stresses in
disks with variable thickness using semi-graphical method. Theoretical studies pertaining to
elastic and elastic-plastic stress analysis of rotating disk made of isotropic material were almost
absent for the next two decades except the literature reported in textbooks by Calladine (1969),
Timoshenko and Goodier (1970) and Srinath (2003). Sherbourne and Murthy (1974) applied
dynamic relaxation technique effectively to carry out the analysis of elastic stresses for isotropic
material, possessing non-linear stress-strain relationship (Ramberg-Osgood stress-strain
relations). They commented on the simplicity and accuracy of the proposed method when
applied to non-linear material behaviour coupled with variable geometry in rotating disks.
Analysis of elastic stress state in rotating disks up to the point of yielding with the objective to
determine limit angular speed has also been carried out recently. Apatay and Eraslan (2003)
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presented analytical solution for elastic deformation of rotating solid and annular disk with
parabolically varying thickness with free, radially constrained and pressurized boundary
conditions. They reported lowered induced stresses in parabolic disks as compared to constant
thickness disks and observed the effect of various geometry parameters on elastic limit angular
velocities using Von Mises criterion.

Vivio and Vullo (2007) investigated the elastic stress states of rotating converging
conical solid and annular disks having radial density variation subjected to thermal load based on
two independent integrals of the hypergeometric differential equation describing the
displacement field disks. In a subsequent work, Vullo and Vivio (2008) investigated nonlinearly
variable thickness rotating solid and annular disks having radial density variation subjected to
thermal load. Two powerful analytical methods, namely homotopy perturbation method (HPM)
and Adomian's decomposition method (ADM) have been introduced to obtain distributions of
stresses and displacements in rotating annular elastic disks with uniform and variable thicknesses
and densities by Hojjati and Jafari (2008). They reported approximate solutions in the form of an
infinite power series for nonlinear equations, without linearization, perturbation or discretization,
by using ADM. Bayat et al. (2008) presented elastic solutions for variable thickness rotating
disks made of functionally graded material having power-law variations in geometry and
material properties and reported the effects of the material grading index and the geometry of the
disk on the stresses and displacements. Bhowmick et al. (2008) performed an energy functional
based numerical analysis to obtain limit angular speed for externally loaded rotating disks of
non-uniform thickness. Chen and Fang (2011) studied the non-axisymmetric warping of a
clamped-free heavy disk. The von Karman’s plate model was adopted to derive the equations of
motion and for the experimental study, a floppy disk was used to demonstrate the non-
axisymmetric deformations when the disk is either stationary or rotating. Nejad et al. (2014)
determined the stresses and displacements in a rotating cylindrical shell with variable thickness
under uniform pressure by using a semi-analytical solution. In this analysis, the thick cylinder
was divided into disk from layers with their thickness corresponding to the thickness of the
cylinder. The governing equations of the disk layers were obtained based on first-order shear
deformation theory due to the existence of shear stress in the thick cylindrical shell. Danesh and
Asghari (2014) investigated the mechanical behaviour of micro-rotating disks by using strain
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gradient theory. The governing equations and boundary conditions were derived with the use of

variational method.

2.3.1.2 Elasto-plastic analysis of rotating disks

Laszlo (1948) has first reported theoretical analysis of rotating disks in plastic regime or
in region of permanent deformation, where he discussed plastic deformation of rotating rings and
disks and reported that under certain conditions depending upon the stress-strain curve of the
material the equilibrium of rotating rings and disks may attain instability. Millenson and Manson
(1948) extended the elastic finite difference solution proposed by Manson (1947) to analyze the
stress distribution in rotating disk under conditions of plastic flow and creep. Lee Wu (1950)
presented an exact solution of rotating disk based on deformation theory of plasticity with axial
symmetry in strain hardening range and subsequently in Lee Wu (1951) reported a partly
linearized solution of plastic deformation of rotating disk considering finite strain. Manson
(1951) also presented solutions for disks of work hardening materials based on von-Mises theory
and deformation theory of plasticity. Mellor and Percy (1963) extended the same work for larger
strain by implementing Hencky's deformation theory.

Study of non-linear behavior found resurgence in 1980s when Gamer (1983) reported that
the stress distribution in a rotating solid disk obtained by several researchers and also given in
many textbooks on plasticity, is not meaningful since the corresponding displacement field is
incompatible with the necessary continuity requirements at the elastic-plastic interface. Later,
considering the fact that the plastic core of the disk consists of two parts with different forms of
yield condition, Gamer (1984a, 1984b, 1985) obtained a consistent analytical solution for the
elastic-plastic response of a rotating uniform thickness solid disk using Tresca's yield condition
and its associated flow rule. Gamer (1984c, 1984d) also obtained analytical solutions for the first
time for elastic and elastic-plastic deformation caused by pressurized disk edges and explained
the effect of increasing pressure on formation and propagation of plastic region. Guven (1994)
investigated linearly hardening rotating solid disk with variable thickness for fully plastic state.
The thickness was considered to vary hyperbolically along the radius. Exponential variation of
thickness was first discussed by Guven (1995a) although he was not able to present a solution
satisfying all boundary and continuity conditions. Guven (1995b) also investigated rotating disks
with power function thickness profile. In Guven (1998), stresses in a rotating hyperbolic disk
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with rigid inclusion were studied analytically and were found to be affected by thickness
parameter. Guven (1997) also investigated the deformations of constant thickness rotating
annular disks with rigid inclusion in the fully plastic state. In all these reported works Guven
assumed Tresca’s criterion and its associated flow rule along with linear strain hardening
material behaviour. Guven et al. (1999) extended Gamer’s (1983, 1984c, 1984d) work for
rotating annular disks with two different boundary conditions. The problems were first treated
for fixed inner and outer boundary conditions and secondly for free inner and fixed outer
boundary conditions. Closed form solutions were obtained for both the cases, based on Tresca’s
yield criterion, its associated flow rule and linear strain hardening behaviour.

Applicability of Tresca’s criterion, associated flow rule and linear strain hardening
behaviour presented simple and easy analytical solution and hence found mention in numerous
investigations carried out by Eraslan (2003), Eraslan and Orcan (2002a, 2002b), Orcan and
Eraslan (2002) and other researchers. Eraslan and Orcan (2002a) extended Gamer’s work to a
solid convex disk with exponentially varying thickness and unlike Guven (1995a) obtained an
analytical solution. Numerical results were reported for different values of geometry parameters.
A similar work was carried out for power function thickness variation by Orcan and Eraslan
(2002). In both of the work, the similarity in elastic plastic deformation behaviour of the convex
profiles with that of uniform thickness disks was reported. However, Eraslan and Orcan (2002b)
studied the elastic-plastic deformation behaviour of variable thickness solid disks having
concave profiles and reported its difference from that of uniform thickness disk. Eraslan (2002a)
studied inelastic stresses and displacements in rotating solid disks of exponentially varying
thickness using Tresca’s and von Mises yield criteria. Eraslan (2003) studied elasto-plastic
deformations of disks with different parameter values of parabolic thickness functions,
representing a wide range of non uniform cross-sectional profiles. He obtained closed form
solutions in terms of hypergeometric functions, by performing displacement based formulation.

In recent past, elasto-plastic analysis of stress and deformation states in rotating solid and
annular shafts using Tresca’s yield criterion and its associated flow rule for ideally-plastic and
linearly hardening materials has been performed extensively. Gamer and Lance (1983) reported
an analytical solution for a linearly hardening rotating annular shaft with fixed ends. Mack
(1991a, 1991b) performed a similar analysis on a rotating annular shaft and solid shaft
respectively exhibiting ideally plastic behaviour with free ends and obtained the closed form
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solution. In a later work, Gamer et al. (1997) studied the stresses in an elastic-plastic rotating
solid shaft of ideally-plastic material behaviour with fixed ends. Recently, Eraslan (2003)
extended the work of Mack (1991b) and Gamer et al. (1997) on solid shafts made of linearly
hardening materials. Elastic-plastic deformation analysis of rotating solid and annular shafts
exhibiting ideally-plastic behaviour with fixed as well as with free ends using Von Mises yield
criterion deformation theory of elasticity and Swift-type hardening law was carried out by
Eraslan (2004). The nonlinearities associated with Von Mises yield criterion were handled
numerically by applying nonlinear shooting method using Newton-Raphson iterations with
numerically approximated tangents.

Due to non linearity involved with the application of Von Mises criterion, the analysis
demands for a numerical solution. But the advantage in using VVon Mises criterion is that unlike
Tresca’s Criterion, here a single formulation takes care of the whole plastic region. Rees (1999)
studied elastic plastic deformation of rotating solid and annular disks of uniform thickness made
of elastic-perfectly plastic material and compared the solutions obtained from the two different
failure criterion. Numerical procedure for solving the governing differential equation while
adopting Von Mises criterion constituted of a combination of Runge-Kutta and predictor-
corrector method. Radial and hoop stress distribution obtained using both the criterion showed
small differences for annular disks but noticeable differences in radial stress distribution was
observed for solid disks. Eraslan (2002a) extended the work of Rees (1999) to variable thickness
solid disks made of elastic linearly hardening materials and studied inelastic stress state of solid
disks with exponential thickness variation using both Tresca’s and Von Mises criterion. Plastic
limit angular speeds were established using both the criteria for different values of geometric
parameter. In a recent paper Eraslan (2005) presented an analytical solution for rotating disks
with elliptical thickness variation and made of linearly hardening material using Tresca’s
criterion and its associated flow rule. In the same paper a computational model is developed to
obtain solutions using Von Mises criterion, deformation theory of plasticity and Swift-type
hardening law. Non linear shooting method using Newton-Raphson iterations with its numerical
derivatives is used to solve non linearity associated with VVon Mises criterion. Eraslan and
Argeso (2002) calculated the elastic and plastic limit angular speed for rotating disks of variable
thickness in power function form. They presented analytical solutions to determine elastic limit

speeds for annular disks with and without rigid inclusion and also presented numerical solution
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for solid disks to determine elastic limit speeds. For calculation of plastic limit speeds, Von
Mises criterion and its flow rule is applied, both linear and nonlinear hardening material
behaviours are treated numerically. Eraslan (2002b) extended Guven’s work (1997, 1998) to
include VVon Mises criterion, nonlinear isotropic hardening, any functional form of thickness
variability and small and large values of hardening parameter. The thickness variation in this
work is described by power and exponential functions. Ma et al. (2001) studied the stresses and
deformations of rotating constant and linearly varying thickness solid and annular disks,
considering unified yield criterion proposed by Yu (1983). This criterion, with suitable
adjustment of weighing coefficients may be reduced to one of Tresca’s, Von Mises or Yu
criterion. However, the constant radial and hoop stresses at the centre of the disk reported in this
paper fail to satisfy the equation of equilibrium.

Some other literatures related to elastic-plastic stress analysis using numerical
computations are also available. Sterner et al. (1994) presented a new numerical scheme based
on Taylor’s expansion combined with iterative root finding method where the governing
equilibrium equation and the constitutive relations were expressed in terms of radial stress. You
et al. (1997) and You and Zhang (1999) presented numerical schemes based on perturbation
method and power series solution method to investigate elastic-plastic deformations of rotating
disks with uniform thickness. Based on Von Mises yield criterion combined with polynomial
yield stress equivalent strain relation the stresses and displacements were computed. The results
were compared favorably with those obtained using finite element solutions and analytical
solutions using Tresca’s criterion. This work was further extended by You et al. (2000) using
Runge-Kutta numerical procedure, to compute elastic-plastic stresses in rotating annular disks of
variable thickness and variable density. Alexendrova and Alexendrov (2004) aimed at
demonstrating the effect of yield criterion on the size of the plastic zone. A semi analytical
solution for an elastic perfectly plastic annular rotating disk and its associated flow rule was
presented and comparison with solutions based on Tresca’s criterion is drawn. In another work,
Alexendrova et al. (2004) developed a semi analytical method based on Von Mises yield
criterion and its associated flow rule to determine displacement field and strain distribution in a
thin annular rotating disk of constant thickness. The influences of rotational speed and thickness
variation on the plastic solution of hyperbolic annular disks in terms of von-Mises yield criterion
and its associated flow rule has been reported in a work by Alexendrova and Villa Real (2006).
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Bhowmick et al. (2010) investigated the growth of elastic-plastic front in rotating solid disks of
non-uniform thickness having exponential and parabolic geometry variation. The problem is
solved through an extension of a variational method in elasto-plastic regime. The formulation is
based on von-Mises yield criterion and linear strain hardening material behaviour and the
solution of the governing equation is obtained using Galerkin’s principle. Alexendrova (2012)
obtained continuous stress-displacement solution to thin rotating solid disk for elastic-perfectly
plastic material based on equation of motion, Hooke’s law, yield criterion, and conditions of
continuity of stresses and/or displacement at the elastic/plastic boundary. The author reported
that both the displacement field derived from the flow rule associated with Mises yield criterion
and the stress distributions are continuous at the elastic/plastic boundary in contrast with the
discontinuous solution based on Tresca yield criterion and its associated flow rule. Toussi and
Farimani (2012) investigated the elasto-plastic deformation of rotating disks beyond its limit
speed. In this study, the concepts of failure and limit speed of disks were studied by using two
types of material properties including the elastic perfectly plastic and Ramberg Osgood models.
Pirumov et al. (2013) presented a semi-analytical solution for the elasto-plastic stress and strain
distribution in a thin annular disk subjected to pressure over its inner radius. Fanelli et al. (2015)
evaluated the elastic-plastic stiffness behaviour and plastic front in spot welded joints. The spot
weld joint was modelled with circular finite plate of variable thickness and with central rigid
nugget. Alexandrov et al. (2018) used Drucker-Prager yield criterion and its associated flow rule
to find the elastic-plastic stress and strain distributions within the rotating annular disks. Jeong
and Chung (2016) provided the elasto-plastic stress distribution of rotating annular hyperbolic
disks by using Drucker-Prager vyield criterion. Lomakin et al. (2016) used von-Mises yield
criterion to determine the elastic-plastic stress and strain distributions in rotating annular disks

made of perfectly plastic material.

2.3.2 Disks made of anisotropic materials

Based on type of material, the review of literature available on rotating disks made of
material with general anisotropy is addressed first. Tang (1969) presented closed form solutions
for rotating anisotropic disks having uniform geometry by considering elasticity theory of an
anisotropic body and assuming the material to be cylindrically anisotropic with principal axis of

anisotropy coinciding with principal axis of the disk. In the work, the author studied stress
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distribution of a solid disk, disk mounted on a rigid shaft, and disk with a central hole. Murthy
and Sherbourne (1970) studied elastic stress distribution for rotating anisotropic disks of variable
thickness considering similar assumptions as considered by Tang (1969). Thickness of the disk
was assumed to vary hyperbolically along the radial direction. They presented complete
analytical solution of stress distribution for annular disk and disk mounted on a rigid shaft.
Sherbourne and Murthy (1974) applied the technique of dynamic relaxation for analyzing disks
of variable profile made of anisotropic material. They carried out the analysis for uniform solid
disk, and annular disk of variable profile, the variation in thickness being a hyperbolic function
of radius. The results were compared with those obtained using exact analysis in Murthy and
Sherbourne (1970) and were found to be in good agreement. In the work by Reddy and Srinath
(1974), closed form solutions for stresses and displacement in an anisotropic rotating circular
disk of variable thickness and variable density are reported. The distribution of elastic stresses
and displacements are reported and plotted for annular disks with free boundary condition and
disks mounted on rigid shaft. Results indicate lower values of stresses and displacement for a
disk with radially increasing density. Ari-Gur and Stavsky (1981) presented a closed form
solution for rotating polar orthotropic circular disks for a particular singularity defined by
orthotropy parameter that arose in classical solution provided by Glushkov (1939) when elastic
stiffness coefficient in tangential direction was considered to be nine times the elastic stiffness
coefficient in radial direction. In their work, they also concluded that different optimization
criteria are needed for different boundary conditions in order to optimize the orthotropy
parameter.

Tutuncu (1995) determined stresses set up due to centrifugal forces in specially
orthotropic circular plates by modeling it as a disk attached to a shaft with free and fixed outer
boundaries individually. He concluded that higher stiffness ratio or orthotropy parameter results
in reduced radial stress build up in both cases and reduced tangential stresses in case of free outer
boundary. But in case of fixed outer boundary, higher stiffness ratio resulted in larger tangential
stresses at the outer boundary thus contributing to stability against local buckling. Horgan and
Baxter (1996) studied the effect of curvilinear anisotropy on the stress response of anisotropic
rotating disks. Both radial and circumferential anisotropy was considered and stress response
was studied under both cases. Stress singularities were reported to arise due to focusing of
anisotropy at the origin. Jain et al. (1999) studied polar orthotropic rotating disk of constant
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thickness and proposed that by suitably varying orthotropy parameter anisotropic elastic
constants can be tailored radially to obtain equal radial and tangential stresses. The results were
found to closely agree with those obtained using FEM. Zhou and Ogawa (2002) considered a
special type of Cartesian orthotropic material known as cubic anisotropic material to study the
stress states of a rotating disk. They presented a rather simple approach by assuming a
displacement field and formulated a closed form solution. However, the approach was found to
be applicable in case of solid disks only.

All the literatures mentioned in this section, dealt with elastic analysis of disks made of
anisotropic material. The work on elasto-plastic analysis is presented by Durban and Birman
(1983) who used a finite strain approach for the axisymmetric problem of rotating annular disk.
Material behaviour was modelled based on a anisotropic flow theory proposed by Hill.
Alexendrova and Alexendrov (2004a) who explained the effect of plastic anisotropy on
development of plastic zone in a rotating disk by applying Hill’s quadratic orthotropic yield
criterion and provided a semi analytical solution to study the stress state. Alexendrova and Villa
Real (2006) studied the effect of material anisotropy on the stress—strain state in a plastically
anisotropic, thin rotating disk of constant thickness and density using semi-analytical method.
The material of the disk is assumed to be plastically anisotropic obeying the Hill’s quadratic
yield criterion. In a subsequent work by Alexendrova and Villa Real (2007) presented elasto-
plastic stress distributions and limit angular velocities of rotating annular disks with hyperbolic
geometry variation in terms of the von-Mises yield criterion and its associated flow rule.
Callioglu et al. (2006) studied the elastic-plastic stress analysis of a curvilinearly orthotropic
annular disk for strain hardening material behaviour. Eraslan et al. (2014) studied the stress and
deformation states in partially plastic, orthotropic, variable thickness and non-isothermal annular
disks under external pressure. Hill's quadratic yield condition and a Swift type nonlinear
hardening law were used to describe the governing differential equation. Jeong and Pirumov
(2017) used Hill’s orthotropic yield criterion to find out the elasto-plastic stress and strain

distributions in anisotropic rotating annular disks.

2.3.2.1 Disks made of composites and FGMs: Elastic analysis

Composites are gradually being used as structural materials in many aerospace and
automobile applications. Functionally graded composite materials are characterized by a
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spatially variable microstructure. For the purpose of analysis, functionally graded materials are
modeled as inhomogeneous materials with continuously varying properties. The inability of
conventional materials to survive under extreme working conditions has evolved such materials.
Rotating disks made of functionally graded materials are highly useful in applications where the
disk is exposed to elevated temperature field. Apart from enduring severe thermal loading they
also present an advantage of being light in weight. Functionally graded composite materials
(FGMs) have been the subject of intense researches and attracted considerable attention in recent
years. FGMs are being used as interfacial zone to improve the bonding strength of layered
composites, to reduce the residual and thermal stresses in bonded dissimilar materials and as
wear resistant layers in machine and engine components. One of the advantages of FGMs over
laminates is that, due to continuous material property variation, there is no stress build-up at
sharp material boundaries thus eliminating potential structural integrity issues such as
delamination. Farshad (1974) first carried out an investigation on stress and deformation states of
thin rotating solid disks made of bi-linear elastic materials. The results were compared with
linear elastic solutions and possible application of the method of analysis in predicting the
behaviour of fiber-reinforced composites was reported. Parmaksizoglu and Guven (1988) carried
out an analysis of rotating annular disk having bi-linear elastic material behaviour and obtained
solution of stress and displacement for restrained inner and outer boundary conditions. Fukui et
al. (1993) extended their previous work by considering a thick-walled FG tube under uniform
thermal loading. They investigated the effect of graded components on residual stresses.
Tanigawa (1995) studied the applications of FGMs in many engineering sectors especially for
working in high temperature environments where thermal effects due to temperature change
must be taken into account. FGM circular cylinder and hollow sphere were considered by Obata
and Noda (1994) to carry out the analysis of thermal stresses. Adali et al. (1998) carried out
design optimization analysis of composite disks under multiple loads. Explicit solutions for free-
free, fixed free and free-fixed boundary conditions were obtained and optimal fiber orientations
and ply angle combinations were reported.

Reddy et al. (1999) studied axisymmetric bending and stretching of functionally graded
solid and annular circular plates using the first-order shear deformation Mindlin plate theory. The
solutions for deflections, force and moment resultants of the first-order theory are presented in
terms of the corresponding quantities of isotropic plates based on the classical Kirchhoff plate
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theory. Horgan and Chan (1999) investigated the effects of material inhomogeneity on the stress
response of linearly elastic isotropic solid circular disks and presented exact solutions for the
case when Young’s modulus has power law dependence on radial coordinate. It is also shown
that suitable tailoring of material inhomogeneity may generate identical radial and hoop stresses
throughout the disk. The potential benefits of using fiber reinforced functionally graded material
for rotating solid and annular disks were highlighted by Durodola and Attia (2000). Arnold et al.
(2001) developed an analytical model capable of performing an elastic stress analysis for
layered, annular/solid, anisotropic/isotropic disk systems, subjected to pressure surface tractions,
body forces (in the form of temperature-changes and rotation fields) and interfacial misfits. The
key design variables are identified and their associated influence defined. The proper
performance based on the specific stored energy, in the presence of multiaxiality and material
anisotropy has been addressed for disks with annular or solid geometry. Interestingly annular
anisotropic disk was reported to be stronger than solid anisotropic disk where as the reverse is
reported in case of solid isotropic disks.

Reddy (2000) presented a theoretical formulation, Navier's solutions of rectangular
plates, and finite element models based on the third-order shear deformation plate theory for the
analysis of through thickness functionally graded plates. Numerical results of the linear third-
order theory and non-linear first-order theory are presented to show the effect of the material
distribution on the deflections and stresses. Nemirovskii and Yankovskii (2002) proposed an
iterative method for solving problems dealing with rational profiling of thermoelastic three-
layered reinforced rotating disks of gas turbines. The conditions of equal-stressed reinforcement
of the mid-layer and the condition of equal-strength binder of the reinforced layer or external
isotropic layers are used as criteria for rational designing. Tahani et al. (2005) proposed a semi-
analytical method for deformation and three dimensional stress fields in rotating annular disks
made of cylindrically orthotropic nested rings using layerwise theory and the Hamilton principle.
Numerical results are obtained in a clamped free and a free-free rotating disk made of two nested
circumferentially wound rings. Bekta et al. (2005) analyzed elastic-plastic stresses of a thin
aluminium-metal-matrix composite disk under internal pressure. Assuming Tsai-Hill yield
criterion and satisfying the elastic-plastic stress-strain relations and boundary conditions for
small plastic deformations, an analytical solution is reported.

33



Chapter 2

Kordkheili and Naghdabadi (2007) proposed a semi-analytical thermo-elasticity solution
for hollow and solid rotating axisymmetric disks made of functionally graded materials with
power law distribution for the thermo-mechanical. Bayat et al. (2008) presented elastic solutions
for axisymmetric rotating disks made of functionally graded material with variable thickness.
They assumed the material properties and disk thickness profile to be represented by two power
law distributions. In the case of hollow disk, based on the form of the power-law distribution for
the mechanical properties of the constituent components and the thickness profile function, both
analytical and semi-analytical solutions are given under free-free and fixed-free boundary
conditions. For the solid disk, only semi-analytical solution is presented. Zenkour (2009)
presented accurate elastic solution and reported numerical results for displacement and stresses at
the interfaces of the composite structure disks composed of three-layer sandwich solid disks with
faces made of different isotropic materials and core made of FGM. The axisymmetric
displacements and stresses in functionally graded hollow cylinders, disks and spheres subjected
to uniform internal pressure, using plane elasticity theory and ‘Complementary Functions’
method, has been proposed by Tutuncu and Temel (2009). Peng and Li (2012) investigated the
elastic problem of rotating FGM orthotropic disks. The authors presented a method for
transforming the problem into solving a Fredholm integral equation. Leu and Chien (2015)
presented thermoelastic behaviour of FGM disks with variable thickness involving axisymmetric
thermal loads including non-uniform heat source, heat flux, and temperature boundary
conditions. Shahzamanian et al. (2013) presented finite element contact analysis of functionally
graded brake disk subjected to centrifugal body force, bending loads, thermal loads and frictional
heat. The material properties of the brake disk were assumed to be represented by a power law
distribution along the thickness where the free surface was full-metal and contact surface full-
ceramic. Ghafoori and Asghari (2012) proposed a three-dimensional elasticity solution for FGM
cylinders with variable thickness profile. The authors investigated the variation of different
parameters like stress and strain components as well as the radial displacement along the
thickness for different profile functions. Kothari and Mukhopadhaya (2013) investigated the
thermo-mechanical interactions inside a FGM hollow disk based on thermo-elasticity theories.
The material properties were assumed to follow a volume-fraction based rule with a power law.
The inner and outer surfaces of the disk were subjected to different thermal and mechanical
boundary conditions. Kadkhodayan and Golmakani (2014) studied the non-linear analysis of FG
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solid and hollow disks with uniform and variable thicknesses subjected to bending load. The
authors used first order shear deformation theory and the large deflections von-Karman equations
for the non-linear formulations and assumed Mori-Tanka distribution of material properties
along the radial direction. First-order shear deformation theory (FSDT) was employed by Nejad
et al. (2015) to carry out analysis on FG rotating thick hollow cylinder with variable thickness
and clamped ends. The authors imposed boundary conditions and continuity conditions between
the layers, radial displacement and stresses to obtain solution of the governing equation. Dai and
Dai (2016) employed a semi-analytical approach for the displacements and stress fields in a
rotating FGM hollow disk with variable thickness and angular speed. In this study, the material
properties were assumed to vary along the radial coordinate and related to the volume fraction of
each material. The modulus of elasticity and the coefficient of thermal expansion were
temperature-dependent. Khorsand and Tang (2018) employed co-evolutionary particle swarm
optimization (CPSO) approach coupled with a differential quadrature (DQ) to optimize the
weight of functionally graded disk of varied thickness under thermoelastic loading conditions.

2.3.2.2 Disks made of composites and FGMs: Post-elastic analysis

The phenomenon of the elastic-plastic is appeared because of the structural material
exhibited to load exceeding the required critical load to produce initial yielding condition in the
material. This phenomenon plays an important role in diverse applications including pressure
vessels, flywheels, driving shafts, shafts in turbines and generators, and solid propellant grain.
The problems of elastic-plastic for thick-walled cylinders have been solved by most investigators
based cylinders subjected to mechanical loadings such as internal and external pressures with
either thermal loading or angular velocity. Due to the advantages of FGMs over conventional
composites and solid materials, these materials have been broadly studied for potentials
applications of structural elements. The analysis of the elasto-plastic deformation in FGMs is
another progressive field of research. Hojjati and Jafari (2009) reported analytical solutions for
the elastic—plastic stress distribution in rotating annular disks with uniform and variable
thicknesses and densities under plane stress assumption, Tresca’s yield criterion, its associated
flow rule and linear strain hardening behaviour using homotopy perturbation method. Hojjati and
Hassani (2008) reported numerical method using variable material properties (VMP) theory for
stress—strain analysis of rotating discs with non-uniform thickness and density. In this study, a
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numerical solution based on Runge-Kutta’s method for solving the governing differential
equation in elastic and plastic regimes was presented. Nie and Batra (2010) analyzed
axisymmetric deformations of a rotating disk made of a rubberlike material with its thickness,
mass density, thermal expansion coefficient and shear modulus varying in the radial direction.
The problem was analyzed by using an Airy stress function and the non-homogeneous ordinary
differential equation with variable coefficients for stress function was solved by the differential
quadrature method. Jahromi et al. (2012) provided an analytical method for evaluating the elasto-
plastic stresses in a functionally graded rotating disk with varying elastic and plastic properties in
the radial direction. The effect of different metal-ceramic grading patterns as well as the relative
elastic moduli and densities of the ceramic and metallic constituents on the developed stresses
were studied. Hassani et al. (2012) presented semi-exact method of Liao’s homotopy analysis
method (HAM) and finite element method (FEM) to obtain the stress and strain components of
functionally graded elastic-strain hardening rotating disks with non-uniform thickness and
material properties subjected to thermo-elasto-plastic loading. Farimani and Toussi (2013)
studied the effect of volume fraction distribution on the plastic radius and limit speed in FG disks
subjected to centrifugal and isothermal loadings. The variable material property theory was used
for the determination of stress and deformation fields. Nejad et al. (2014) employed an exact
closed-form solution for analysis of elasto-plastic rotating functionally graded disks in which
Tresca’s yield criterion is adopted. For various values of inhomogeneity constant, the effect of
increasing the angular speed on the propagation of the plastic zone is investigated. Callioglu et
al. (2015) studied the elasto-plastic stress of functionally graded rotating disks by using
analytical and numerical methods. The yielding behaviour of the disk material is supposed to be
non-work hardening using von-Mises yield condition. In another study, Demir et al. (2017)
analyzed the elasto-plastic stresses of functionally graded hyperbolic disks subjected to uniform
temperature. Nayebi et al. (2015) studied the influence of continuum damage mechanics on FG
rotating disk subjected to cyclic temperature gradient loading through non-linear kinematic
hardening rule. The formulation was developed on the basis of von-Mises yield criterion and the
material properties were assumed to be independent of temperature. Mahdavi et al. (2016)
presented thermo-mechanical analysis of elasto-plastic FG disk with variable thickness by using
variable material property theory. The authors investigated the effect of the boundary conditions,
temperature gradient, and thickness profile on the stress behavior of disk by the VMP method.
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Kalali et al. (2016) used analytical method to provide a solution for elasto-plastic stress
distribution in axisymmetric problems (rotating disk, cylindrical and spherical vessel) based on

von-Mises yield criterion by assuming an isotropic material model.

2.4 Types of loading on rotating disk

A host of research work aimed at the investigation of effect of various types of loading on
rotating disk behaviour. Some of them are centrifugal, thermal and a combination of both, i.e.,
thermo-mechanical loading. For efficient design and material usage, the determination of stresses

in disks subject to loading conditions is important in many industrial applications.

2.4.1 Disks under centrifugal loading

Rotating disks work mostly at high angular velocity. High speed results in large
centrifugal forces in disks and induces large stresses and deformations. Estimation of elastic and
especially plastic limit angular velocities in the design of disks rotating at high speeds is an
important subject due to a large number of applications in mechanical engineering. For this
reason, the theoretical investigation of stresses and displacement in such structures has been
receiving considerable attention and the topic was discussed in many standard textbooks by
Calladine (1969), Timoshenko and Goodier (1970) and Srinath (2003). Tutuncu (1995)
determined the stresses and deformations resulting from centrifugal forces in rotating specially
orthotropic circular plates. The classical laminated plate theory is employed in the analysis and
the results are presented in a manner which illustrates the effect of anisotropy. Ma et al. (2001)
used a unified yield criterion to derive the stress distributions and the plastic limit angular
velocities of rotating solid disk and annular disc with variable thickness. Hojjati and Jafari
(2008) used homotopy perturbation method (HPM) and Adomian’s decomposition method
(ADM) to solve the rotating annular disks with uniform and variable thicknesses and densities.
The material is assumed to follow an elastic-strain hardening behaviour and the angular velocity
has been selected to limit the maximum stress below the yield limit of the material. Bhowmick et
al. (2008) performed an energy functional based numerical analysis to obtain limit angular speed
for externally loaded rotating disks of non-uniform thickness. Maziere et al. (2009) investigated
the burst speed of elastoviscoplastic rotating disks both from experimental and computational
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point of view. Two twin disks (B-disk and S-disk) made of the same nickel based super alloy
were tested and finite element simulations of the B-disk were performed by using either arc
length control method to overcome the limit point or dynamic simulations. Jafari (2011) obtained
semi-analytical solutions for the elastic stress distribution in rotating annular disks with uniform
and variable thicknesses and densities. The author used Karush-Kuhn-Tucker (KKT) optimality
conditions to achieve minimum weight design for optimum disk profile. Mohan and Maiti (2013)
studied the structural optimization of an axial flow compressor rotating disk. The authors used a
constraint nonlinear optimization procedure based on genetic algorithms. Khalili and Peddieson
(2014) evaluated the stress and deformation of elasto-plastic rotating disks of both constant and
variable thicknesses by using finite difference method combined with an iterative incremental
method. Nejad and Fathei (2015) studied the exact elasto-plastic deformations and stresses of
rotating thick-walled FG cylindrical pressure vessels. The plastic stresses and deformations were
obtained using Tresca’s yield condition and its flow rule under the assumption of perfectly
plastic material behavior. Zheng et al. (2016) studied the stress field in FG rotating disks with
non-uniform thicknesses variable angular velocity by using finite difference method for the case

of fixed-free boundary conditions.

2.4.2 Disks under thermal loading

Thermal loading is induced in a rotating disk due to existence of variable temperature
field in the disk. This results in a variation in various material properties, as these are
temperature dependent. Typical applications of such types of rotating disks are gas turbine disks
and the problem has been treated by several researchers such as Thompson (1946), Leopold
(1948), Manson (1947, 1950, 1951), Millenson and Manson (1948), Mendelson (1968), Yeh and
Han (1994), Jahed et al. (2005), Farshi et al. (2004), Jahed and Sherkati (2000), Jahed and
Shirazi (2001), etc. The method of analysis followed by Thompson (1946), Leopold (1948),
Manson (1947, 1950, 1951), Millenson and Manson (1948), Jahed et al. (2004) and Farshi et al.
(2004). These literatures have already been mentioned in previous sections. Mendelson (1968)
proposed an iterative scheme based on Lame’s solution to obtain thermoplastic solution of
inhomogeneous disks.

Jahed and Sherkati (2000) applied the variable material properties (VMP) method and

obtained stresses for an inhomogeneous rotating disk with variable-thickness under steady
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temperature field assuming the material properties as field variables. Jahed and Shirazi (2001)
analyzed both loading and unloading behaviours and reported loading and residual stresses along
with associated strains and displacements. Another form of axisymmetric thermal loading in
disks due to exposure to circular heat source has also been studied. Gamer (1967) first
investigated radial stresses in a perfectly plastic disk subjected to a circular heat source and
reported temperature and stress distribution. Gamer and Mack (1985) assumed Tresca’s yield
criterion and its associated flow rule to study the stress distribution in a circular disk exposed to a
circular heat source. Gamer and Mack (1987a, 1987b) extended the previous study and explained
elastic-plastic deformation at edges of the disk and studied the transient stress distribution. In
another study, Ghosh Dastidar and Ghosh (1972) presented a numerical solution based on J,
deformation theory to determine the stresses and strains in plastic range in an annular disk due to
steady-state thermal gradient. Sayman (2004) and Callioglu (2004) conducted analytical
investigation and presented closed form solutions on thermal stresses in an orthotropic
aluminium metal-matrix composite and a glass-fiber/epoxy orthotropic disk respectively. Radial
temperature variation is assumed to be parabolic in both studies and variations of tangential and
radial stresses with temperature are reported. Sayman (2004) reported a close agreement between
analytical and finite element solutions. An experimental study has been carried out by Sayman et
al. (2005) to investigate thermal elastic-plastic stresses on a steel fiber-reinforced thermoplastic
composite disc under uniform thermal distribution. Assuming non work hardening material
behaviour, a numerical solution is also provided for plastic stress distribution. Sen and Sayer
(2006) investigated elasto-plastic thermal stresses in a thermoplastic composite disc that is
reinforced by steel fibers, curvilinearly. Finite element method (FEM) was used to calculate the
thermal stress distribution in the model of composite disc. The solution was performed by
ANSYS software code. Radial and tangential stresses were calculated under a uniform
temperature distribution which was selected from 60 °C to 120 °C.

Callioglu (2007) investigated the stresses on rotating rectilinearly or polar orthotropic
discs subjected to various temperature distributions. Vivio and Vullo (2007) studied stresses and
strains in variable-thickness annular and solid rotating elastic disks subjected to thermal loads
and having a variable density along the radius. Callioglu (2008) studied the stress analysis of the
rotating hollow discs made of functionally graded materials under internal and external
pressures. Nejad and Rahimi (2009) used the infinitesimal theory of elasticity to obtain closed
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form solutions for one-dimensional steady-state thermal stresses in a rotating functionally graded
(FGM) pressurized thick-walled hollow circular cylinder under generalized plane strain and
plane stress assumptions, respectively. The direct method is used to solve the heat conduction
and Navier equations. Peng and Li (2010) addressed the thermo-elastic problem of a rotating
functionally graded hollow circular disk with varying material properties to analytically
investigate steady thermal stresses. The associated boundary value problem is reduced to a
Fredholm integral equation. Afsar and Go (2010) presented finite element analysis of thermo-
elastic field in a thin functionally graded rotating disk subjected to a thermal load. The disk is
assumed to have exponential variation of material properties and a solution is presented using
finite element method. Calderale et al. (2012) carried out theoretical analysis of hyperbolic disks
subjected to thermal load by expressing the temperature distribution along the radius by a
polynomial relation. Ghadimi et al. (2013) determined the temperature field in the wheel-
mounted brake disk. The brake disc and fluid zone were simulated as a 3D model with a thermal
coupling boundary condition. Taamneh (2017) investigated thermal steady and transient analysis
of turbine disk integrated with heat pipes. The steady and transient temperature variations in the
presence and absence of heat pipes were investigated for various parameters such as the thermal
conductivity of the disk, the convective heat transfer coefficient for the air and heat pipes, the
dimension of the disk, and the number of heat pipes.

2.4.3 Disks under thermo-mechanical loading

Research work involving disks under thermo-mechanical loading have been carried out
extensively. Rotating disks have many applications in aerospace industry such as gas turbines
and gears. These disks normally work under thermo-mechanical loads. Eslami et al. (2002)
analyzed one-dimensional steady state thermal stresses in a hollow thick cylinder made of
functionally graded material. The authors assumed the temperature distribution to be a function
of radius, with general thermal and mechanical boundary conditions along the inside and outside
surfaces. Liew et al. (2003) developed an analytical model for the thermo-mechanical behaviour
of FG hollow circular cylinders subjected to the action of an arbitrary steady state or transient
temperature field. Shao (2005) presented the solutions of temperature, displacements, and
thermal/mechanical stresses in a functionally graded circular hollow cylinder by using a multi-

layered approach based on the theory of laminated composites. The cylinder was subjected to
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axisymmetric thermal and mechanical loads. Ma and Shao (2008) studied thermo-mechanical
analysis of functionally graded hollow circular cylinders subjected to mechanical loads and
linearly increasing boundary temperature. Thermo-mechanical stresses were obtained by
employing Laplace transform techniques and series solving method for ordinary differential
equation. Bayat et al. (2009) reported thermo-elastic solutions for rotating functionally graded
disk with variable thickness under a steady temperature field and related material grading index
and the geometry of the disk to thermo-elastic solutions. Kursuna et al. (2011) studied the elastic
stress analysis of annular discs made of functionally graded materials subjected to both uniform
pressures on the inner surface and a linearly decreasing temperature distribution. Callioglu et al.
(2011) studied the stress analysis of functionally graded rotating annular disks subjected to
internal pressure and various temperature distributions in radial direction. The solution was
obtained by using infinitesimal deformation theory of elasticity and power law functions for
graded parameters. Callioglu (2011) presented an analytical thermoelasticity solution for a disc
made of functionally graded materials. Infinitesimal deformation theory of elasticity and power
law distribution for functional gradation were used in the solution procedure. Hojjati et al. (2012)
carried out the theoretical and numerical analysis of rotating disks with non-uniform thickness
and material properties subjected to thermo-mechanical loadings by variable material properties
(VMP), Runge-Kutta’s (RK) and finite element (FE) methods using VVon-Mises theory as failure
criterion. Alexendrov et al. (2012) proposed two solutions to design a thin annular disc of
variable thickness subject to thermo-mechanical loading and controlled the initiation of plastic
yielding by Mises yield criterion. In a paper, Alexendrov and Lyamina (2012) considered the
plastic limit state of a thin hollow axisymmetric disk subjected to thermo-mechanical loading
with a uniform pressure distribution on the inner contour and a temperature increasing during
deformation. Sharma and Yadav (2013) used finite difference method to investigate thermo-
elastic-plastic stresses of a rotating FG stainless steel composite cylinder under internal and
external pressure. In this study, non-linear strain hardening law and von-Mises yield criterion
were considered. Mahmoudi et al. (2015) investigated the effects of using FG materials in the
wheel mounted brake disk on its thermo-mechanical behaviour by using finite element model.
The uncoupled thermo-mechanical analysis was performed for the disk made of FG Al-
A359/SiC,, aluminum and ductile cast iron materials. Mazarei and Nejad (2016) obtained the
exact thermo-elasto-plastic stresses and deformations of FG spheres. The authors assumed
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perfectly plastic material behaviour and von-Mises yield criterion for the analysis. Zarandi et al.
(2016) presented finite element analysis of circular disks subjected to uniform temperature
loading based on von-Mises yield criterion. Temperature-dependent mechanical properties were
considered for the matrix material only. Kamal et al. (2017) carried out 3D finite element method
of the thermo-elasto-plastic stress analysis in thick walled cylinders subjected to a radial thermal
gradient. The strain hardening behaviour of the material of the cylinder taken into account based

on Tresca’s yield criterion and its associated flow rule.

2.5 Some related area and complicating effects

Apart from stress and deformation analysis of rotating disks in elasto-plastic domain,
together with several complicated effects mentioned so far, some other features related to
rotating disk behaviour are also investigated. Research work related to application of numerical
methods, modelling of creep behaviour and experimental works are focused in the following

sections.

2.5.1 Application of numerical methods

Generally, analysis of actual engineering problems involves solution of nonlinear
differential equations or linear differential equations with variable coefficients. Except for a
limited number, these problems cannot be solved explicitly and normally fails to yield to exact
solutions. There are two approaches to solve rotating disks problems, namely, analytical and
numerical methods. For analytical solutions of rotating disks of uniform thickness, a closed-form
solution is available in many standard textbooks Calladine (1969), Timoshenko and Goodier
(1970), Rees (1999). However, such exact solutions do not exist for non-uniform thickness disks.
Among the numerous articles reporting the results of research conducted on the subject, the most
recent ones relevant to this investigation are reviewed below.

As pointed out by Hojjati and Hassani (2008), the closed-form solution of rotating discs
are only available for the very basic problems of uniform material and geometrical properties and
simple boundary conditions. Nevertheless there are powerful numerical methods such as FEM,
BEM and FDM which are applicable in more complicated geometries and material properties.
Sterner et al. (1994) pointed out these numerical analyses usually require extensive computer
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resources, are tedious to perform due to extensive meshing requirements and are expensive,
making them unsuitable for preliminary design type analysis. As many rotating components in
use have complex cross-sectional geometries, they cannot be dealt with using the existing
analytical methods. Numerical methods, such as the finite element method by many researchers
Bhavikatti and Ramakrishnan (1980), Shanbhag (1984), Babu et al. (2008), Aurora et al. (2010),
Elhefny and Guozhu (2013), Mohan and Maiti (2013) and the boundary element method by
Raveendra and Banerjee (1991) can be applied to cope with these rotating components. You et
al. (1997) and You and Zhang (1999) presented numerical schemes based on perturbation
method and power series solution method to investigate elastic-plastic deformations of rotating
disks with uniform thickness. Based on Von Mises yield criterion combined with polynomial
yield stress equivalent strain relation the stresses and displacements were computed. The results
were compared favorably with those obtained using finite element solutions and analytical
solutions using Tresca’s criterion.

Hojjati and Jafari (2007) employed variational iteration method (VIM) to obtain the
elastic analysis of non-uniform thickness and density rotating disks subjected to only centrifugal
loadings. Hojjati and Hassani (2008) used an elastic-linear hardening material for elastic—plastic
analysis of rotating disks. They employed variable material properties and numerical methods of
Runge-Kutta and finite element method to analyze the behavior of rotating disks in elastic and
plastic regimes. Hojjati and Jafari (2008) studied the elastic analyses of non uniform thickness
and density rotating disk under only centrifugal body loadings. They used two semi-exact
methods, namely the homotopy perturbation and Adomian’s decomposition. Turkyilmazoglu
(2010) used homotopy analysis method for rotating disk flow problem and derived the solution
of steady, laminar, incompressible, viscous fluid of the boundary layer flow due to a rotating disk
in the presence of a uniform suction or injection. Hassani et al. (2011) obtained the analytical
solutions of functionally graded (FGM) rotating disks subjected to thermo-elastic loadings by
means of He’s variational iteration (VIM), Adomian’s decomposition (ADM) and Liao’s
homotopy analysis methods (HAM). They finally compared their analytical results with those of
numerical Runge-Kutta’s method. They showed that there are so good agreements between
different applied methods which is demonstrate the ability of VIM, ADM and HAM to handle
the FGM thermo-elastic rotating disks. Haslinger et al. (2016) introduced an enhanced
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incremental procedure used for the numerical evaluation and reliable estimation of limit load in

deformation plasticity based on compliance.

2.5.2 Modelling of creep behaviour

Rotating disks are the most critical part of rotors, turbines, flywheel etc. In most of these
applications, the disk has to operate under elevated temperature and is simultaneously subjected
to high stresses caused by disk rotation at high speed. As a result of severe mechanical and
thermal loadings, the disk undergoes creep deformations, which may severely affect its
performance. In the following paragraphs a brief account of some of the relevant research works
available in literature is provided.

Wahl et al. (1954) conducted the creep test in a rotating disc made of steel and simulated
the results theoretically using von Mises and Tresca yield criteria describing creep behavior by
power law relation and noticed that the creep deformation based on Mises criterion yielded
slightly lower values compared to the experimental values. However, the theoretical results
based on maximum shear theory, was found to be in a better agreement with the test values. The
1960s and 1970s lead to numerous other serious efforts in analyzing the rotor, and introducing
different designs for the flywheel, with the onset of composite material development giving
added impetus. A detailed review of the rotating disk problem up through the late 1960s is given
by Seireg (1970). Creep analysis of orthotropic disks was carried out by Arya and Bhatnagar
(1979), when they investigated the stress and strain distribution using Hill yield criterion. Ma
(1959) derived some formulae based on the maximum shear theory associated with the Mises
flow rule for calculating creep deformations and stress distributions in rotating solid disks of
variable thickness and uniform temperature, and used the exponential function creep law at
steady state conditions. Further Ma (1960) derived some formulae based on the theory of the
Tresca criterion and its associated flow rule using the exponential function creep law at steady
state conditions for creep strains and stress analysis in rotating solid disks of variable thickness
and uniform temperature. Ma (1961) presented the stress analysis of rotating solid disks having
variable thickness and variable temperature. The analysis was based on the theory of Tresca
criterion and its associated flow rule, and used the exponential function creep law for steady state

conditions.
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Use of composites, although has allowed working at elevated temperatures, and reduced
component weight, but application of aluminium and aluminium based alloys is challenged by its
enhanced creep behaviour. Singh and Ray (2001) studied steady state creep response described
by Norton’s law in a particle reinforced isotropic functionally graded rotating disk. The particle
distribution was assumed to vary linearly along the radius and increased tangential stresses but
lower creep parameters at the region near the inner radius due to increased particle density the
disk under investigation is made of composite containing silicon carbide in a matrix of 6061
aluminium alloy. Singh and Ray (2002) investigated the effect of anisotropy on steady state
creep rate using Hill yield criterion in an aluminium silicon carbide composite rotating disk by
comparing the tangential and radial stresses and consequent creep rates in the disk. Gupta et al.
(2004a) investigated the steady state creep response in a rotating disk made of isotropic
composites containing silicon carbide in an aluminium matrix using Sherby’s constitutive creep
model. Radial and tangential strain rates were reported to reduce with reducing particle size,
increasing particle content and decreasing operating temperature. Gupta et al. (2004b) extended
their previous work to rotating composite disks operating under radial thermal gradient. Linear
particle distribution was assumed and significantly lower steady state strain rates as compared to
isotropic disks with uniform particle distribution were reported. Gupta et al. (2005) modeled the
creep behaviour of rotating disk made of aluminium-silicon carbide composite in presence of
radial thermal as well as composition gradient. Creep response was studied following Sherby’s
creep law and results were compared with those obtained following Norton’s creep law. Reduced
steady state creep rates due to simultaneous presence of thermal and composition gradients were
also reported by them. In a paper, Loghman et al. (2011) investigated the time-dependent creep
stress redistribution analysis of rotating disk made of AI-SiC composite using Mendelson’s
method of successive elastic solution. Material creep behavior was described by Sherby’s
constitutive model using Pandey’s experimental results on Al-SiC composite. Displacement was
obtained using equations of equilibrium, stress strain, and strain displacement, a differential
equation, containing creep strains. Mangal et al. (2013) investigated the steady-state creep in a
cylinder made up of functionally graded material rotating at uniform angular speed. The thermal
gradient in the rotating cylinder of FGM was calculated using finite element method. The study
revealed that the presence of particle gradient & thermal gradient significantly affected the
radial, axial and tangential and effective stresses in the cylinder. Dharmpal et al. (2015)
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developed mathematical model to investigate steady state creep in a functionally graded rotating
disc having variable thickness. The SiC, content was assumed to decrease from the inner to outer
radius of the disc. The creep behavior of the disc material was described by threshold stress
based law with a stress exponent of 5. Khanna et al. (2015) investigated secondary creep in a
rotating Al-SiC,, disc having different thickness profiles and reinforcement (SiC,) gradients. The
creep behavior was described by threshold-stress based law and yield following Tresca criterion.
Rattan et al. (2016) investigated the effect of thermal residual stress on steady-state creep
behavior of thermally graded isotropic disc rotating at elevated temperature. The creep analysis
was carried out using isotropic Hoffman yield criterion. Bose and Rattan (2017) made an attempt
to model steady-state creep for thermally graded rotating disc made of linearly varying
functionally graded material. The analysis indicated that stress in disk operating under thermal
gradient slightly increases in comparison to disk operating at constant temperature. The steady
state creep behaviour of parabolically varying functionally graded disk subjected to thermal
gradient was studied by Bose and Rattan (2018) in a subsequent work.

2.5.3 Experimental work

Several researchers have carried out experimental work with an objective to verify or
establish the validity of a theoretical simulation study. Due to the increase in developed
numerical algorithms and computational capabilities of computers in recent years, the
mechanical behaviour of various structural elements has been investigated by simulation studies.
However the significance of experimental has not diminished, which are now used to investigate
the effect of different parameters on rotating disk behaviour. The parameters included are
numerous and some of them are strength and ductility (Holms and Jenkins (1948)), strength and
ductility in presence of material and fabrication defects (Holms et al. (1951)), temperature
gradient (Wilterdink et al. (1952)), etc. The experimental investigations provided excellent
practical insights into the behaviour of rotating disks.

The credit for initiating an experimental analysis probably goes to Robinson (1944) when
he tested solid and annular disks of both constant thickness and conical profile. He evolved a
semi-empirical criterion according to which bursting of disk is supposed to occur only when the
average tangential stress was at par with the tensile strength of the material. Skidmore (1951)

further extended the criterion by conducting a series of experiments and confirmed the results
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proposed by Robinson (1944). Waldren et al. (1965) conducted experiments on bursting of
rotating disks made of vacuum melted steel and on comparing the theoretical and experimental
results concluded that the large plastic strains that occurred were in proportion with the strain
predicted using plasticity theory. Further burst test experiments in vacuum were carried out by
Percy et al. (1974) on disks made of vacuum melted disks and the permanent strain distributions
along with instability and fracture conditions were observed. The experimental results were
compared with theoretical ones and good correlation was obtained for ratio of radii exceeding
10. It was also observed that for annular disks of uniform thickness, at instability, the bore
bifurcates into an oval shape due to formation of two necks at the bore. In a recent work, Maziere
et al. (2009) investigated the bursting of turbo-engine disk both experimentally and
computationally in case of over speed for twin disks made of the nickel based super-alloy.

2.6 Summary

A detailed literature survey in the proposed area of research has been carried out and
presented in the preceding sections which lead to the identification of the present scope of work.
Literature is abundant with studies on static analysis of rotating disks in elastic regime subjected
to different loading conditions. With regards to material nonlinearity, static analysis in post-
elastic regime under thermo-mechanical loading is dealt with in quite a few of the works
reviewed.

Review of existing literature reveals that studies of elasto-plastic analysis of statically
determinate bars have been carried out by various analytical and numerical methods. However,
research work on post-elastic analysis of statically indeterminate bars is scarce and research
work addressing complete post-elastic analyses of non-uniform bars by using domain
decomposition technique based on a direct variational method is not reported in the literatures. It
is also noted that emphasis on stress and deformation problem of uniform geometry bar subjected
to thermal loading is mainly addressed in elastic domain only and literatures clarifying elasto-
plastic behaviour of clamped non-uniform bars under thermo-mechanical loading are rare.

There exist in published literature, a plethora of studies on investigation of elastic and
thermo-elastic analysis of rotating disks. Based on the literature review as presented above, it is
evident that many researchers have concentrated their attention on investigating behaviour of
engineering structures made of FGMs for over the last decade. Due to several advantages of
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FGMs in terms of high strength and toughness as well as thermal and corrosive resistances, the
materials have attracted interest from researchers continuously to further investigate more
significant features. The power law distribution has been used widely to define effective material
properties of FGMs. Very few reports dealing with elasto-plastic stress analysis of FG disks
under thermo-mechanical loading were found in literature. Moreover, there is no dedicated work
on plastic limit speed and plastic limit temperature under thermo-mechanical loading. Most of
them presented only the results for elastic and thermo-elastic stress analysis of FG disks.
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ELASTIC LIMIT ANGULAR SPEED OF ROTATING DISKS
UNDER THERMO-MECHANICAL LOADING

3.1 Introduction and literature review

Rotating disks are important components in various mechanical applications such as
circular saws, disk brakes, hard disks, steam and gas turbine rotors, flywheels, gears, centrifugal
compressors, internal combustion engines and in aerospace industries. Mechanical design of
disks involves the evaluation of centrifugal and thermal stresses and they need to be designed for
approximate uniform stress distributions. The basic idea behind carrying out a limit elastic
analysis is to study stress and deformation behaviour of structural elements up to limit state of
elasticity beyond which an infinitesimal increment of load causes the onset of yielding. The
corresponding load at which yielding is initiated is termed as limit elastic load. For rotating
disks, the most important design parameter of a rotating disk is its operating range of angular
speed. The operating speed at which onset of yield is observed in a rotating disk is called limit
elastic speed. The dimensionless angular speed corresponding to the onset of yielding is defined
as normalized limit angular speed and has been considered as one of the most important design
parameters.

The analyses of stresses and strains of these rotating elements have been investigated by
many authors and researchers. The closed form analytical solution only deals with homogeneous
disk with uniform thickness and constant material properties. However, the analytical solution of
disks with variable thicknesses, variable material properties, etc., is usually difficult to find.
Various types of theoretical, semi-analytical or numerical methods are used to solve complicated
problems involving different thickness profiles, variation in mechanical and physical properties
and boundary conditions, etc. The behavior of rotating disks under high temperature had been
investigated by Thompson (1946) wherein he gave a numerical approach to the turbine disk
problem by taking into account point to point variation in disk thickness and in all other physical
properties except Poisson’s ratio. In structural design procedure, it is inevitable that the
estimation of the stress distribution and the angular velocity of a rotating disk in a fully plastic
state is important and found momentum in 1980s where several researchers employed the Tresca
yield criterion. Gamer (1983) pointed out that the displacement field calculated according to
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Tresca’s criterion and its associated flow rule at the elasto-plastic interface of a rotating disk, was
discontinuous and a negative plastic strain caused by a tensile stress. To solve this problem,
Gamer (1984, 1985) suggested an additional linear strain hardening for a rotating disk of
constant thickness of elastic plastic material with a state of plane stress. Rees (1999) applied von
Mises criteria and its associated flow rule to avoid the insufficiency of Tresca solution in the
elasto-plastic stress distribution of rotating disk by using a numerical iteration method. Tresca’s
yield condition has been found to predict slightly lower limit angular velocities than that of von
Mises. The idea was extended by Eraslan (2003) in presenting an analytical solution for elastic-
plastic deformation of rotating variable thickness annular disks with free, pressurized and
radially constrained boundary conditions.

Analysis of elastic stress state in rotating disks up to the point of yielding with the
objective to determine limit angular speed has also been carried out. Vivio and Vullo (2007) and
Vullo and Vivio (2008) studied the stresses and strains in variable thickness annular and solid
rotating elastic disks subjected to thermal loads and having a variable density along the radius.
Hojjati and Jafari (2008) reported approximate solutions of similar problems in the form of an
infinite power series for nonlinear equations, by using Adomian's decomposition method
(ADM). Bhowmick et al. (2008) performed an energy functional based numerical analysis to
obtain limit angular speed for externally loaded rotating disks of non-uniform thickness. Chen
and Fang (2011) studied the non-axisymmetric warping of a clamped-free heavy disk. The von
Karman’s plate model was adopted to derive the equations of motion and for the experimental
study, a floppy disk was used to demonstrate the non-axisymmetric deformations when the disk
is either stationary or rotating. Nejad et al. (2014) determined the stresses and displacements in a
rotating cylindrical shell with variable thickness under uniform pressure by using a semi-
analytical solution. In this analysis, the thick cylinder was divided into disk from layers with
their thickness corresponding to the thickness of the cylinder. The governing equations of the
disk layers were obtained based on first-order shear deformation theory due to the existence of
shear stress in the thick cylindrical shell. Danesh and Asghari (2014) investigated the mechanical
behaviour of micro-rotating disks by using strain gradient theory. The governing equations and
boundary conditions were derived with the use of variational method.

In the present chapter, the influence of thermo-mechanical loading on stresses and

deformation states in a rotating disk with varying thicknesses is investigated. For this purpose, a
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numerical method based on variational principle has been proposed to formulate the problem and
to obtain an approximate solution of the unknown displacement field from the governing
equation. MATLAB® computational simulation software is used to implement the solution
algorithm. The analysis is carried out for various disk geometries and temperature distribution
profiles. Limit angular speed of the disks is calculated under thermo-mechanical loading and
reported in dimensional form as limit peripheral speed and dimensionless form as normalized
limit angular speed. The effect of temperature on yield stress and subsequently on the limit
peripheral speed is also studied for any given temperature distribution and results are furnished
in dimensional form. The effects of temperature field on other material properties are also
studied. The results of some reduced problems are validated with those available in literature and
very good agreement is observed. The new results, furnished graphically as design monograms,

might prove helpful for the practicing engineers.

3.2 Mathematical formulation

In the development of the mathematical model, it is assumed that the disk material is
homogeneous, isotropic and linear elastic. For the problem under consideration, a response
analysis of thermo-elastic stresses is investigated within the framework of small deformation.
The disk is thin, symmetric with respect to the mid-plane and plane stress (o, =0) assumption is
justified.

Radial displacements will occur in a rotating disk, due to the both centrifugal load and
thermal load. Besides the magnitude of loading, the radial displacement field is also governed by
the boundary conditions of the disk. The solution for the displacement field is obtained from the
minimum total potential energy principle, 5(U +V)=0, where U is the strain energy stored in
the disk and V is the potential energy arises both from centrifugal force and thermal load. It is
already stated that the material of the disk is isotropic, so the thermal strain at any location of the

disk is same in all the directions. If « is thermal expansion coefficient and T(r) is the change in

temperature at any radius r, then the thermal strain is given by & = aT(r).
The total strain is obtained by adding the elastic strain and the thermal strain. Thus, the
components of the total strain are given by ¢ =e, +& and ¢, =e, +¢& , where ¢, and ¢,

denote the radial and circumferential components, respectively, with respect to the total strain
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and e, and e, are the radial and circumferential components of the elastic strain. The elastic
strain components are related to stresses by Hooke’s law and thus the expression of total strain
components become, ¢, = (o, —vo,)/E+aT(r) and ¢, =(c, —vo, )/E +aT(r), where E and
v are elastic modulus and Poisson’s ratio. For axisymmetric problems with small strains, the
relations between strains and radial displacement are given by ¢, =du/dr and &, =u/r. The
total strain energy that comes from the stress and strain field of the disk, and expressed as

=— I(Gghv == (Grgr +0,8, )jV. (3.1)

VoI

Substituting the relations between stress-strain and strain-displacement, Eq. (3.1)

becomes,

b
m="=_] —+2vu%+r[d“j (1+v)aTr[5 d“j hdr. (3.2)
1-ve)alr dr dr r dr

Here the total energy I7 is decomposed into two parts. One part is the strain energy U

and the other part is the potential energy V. The first part of potential energy V.. cOmes

from centrifugal force field, while the second part V comes from the thermal load. The

thermal

expressions for U, V, iqq. @and Vi are given below.

b 2
u-—"5_| “—+2vud—“+r[d“j hdr (3.3)
1-v?)alr dr dr
b
Vcentrifugal = _Zﬂpa)z.[urzhdr (34)

2nE u
Vyormal = (1—)(1 +v)a| r[ JThdr (3.5)

So, the expression for potential energy V under combined loading becomes,

b 27k u
Y =—27zpa)2jur2hdr—(—)(l+v)ajr£ )Thdr (3.6)
a 1
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On substitution of Egs. (3.1) and (3.6) in the energy principle S(U+V)=0, the

governing equilibrium equation is obtained as,

(—)ﬂE CPWCI LT b 2nE(L+v)at (u  du
5|: 1—\/2 i{T"‘ZVUE'Fr[Ej }hdr—Zﬂpa)ziurzhdr—wir[F_i_EjThdr =0.
(3.7)

Eq. (3.7) is expressed in normalized co-ordinate, & (=(r—a)/(b—a)) and using the

notation r =b—a, it takes the following form,

EF tf W 2wfdu) (FExa)(du) | . o ot v
R N

2E(l+v)aF}(r§ +a)[( u +d—ujThd§}=0-

 1-v?) FE+a) fdé

The boundary conditions of the displacement function u(§) for a solid disk are u|(0) =0

(3.8)

and ar|(b) =0, whereas for an annular disk, these conditions are Gr|(a) =0 and Gr|(b) =0. The

necessary displacement function used to generate the higher order orthogonal functions that
satisfies above boundary conditions are given below, for solid and annular disks.

¢0(r)=m{bz(l—v)—{ﬂﬂ+g[(1+v)fT(r)rdr+(1_k‘;—2)r2tj)T(r)rdr} (3.99)

8E (3+v) r 2

e L A

+ %[(1+ v)iT(r)rdr + -y 2:22 _+§+ Ve’ iT(r)rdr}

(3.9b)

For computational purpose, the set of orthogonal functions are used to approximate the

displacement function u(¢) as follows,
u(é)=xcd i=12,..n. (3.10)

Function ¢, (r) is normalized and the governing equation in matrix form is obtained by

substituting Eq. (3.10) in Eq. (3.8).

53



Chapter 3

5{(1 e {(Zcigbi y 2 {(zCiqsi)d(chqﬁj )} (rg_j a)(d(Zciq}i )Hh 0
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Replacing operator ‘0” in Eq. (3.11) by o/dc;,j=1,2,..,n the governing yields

according to Galerkin’s error minimization principle as,

(%)ZZC}{ " +t(¢;¢j+¢i¢-j)+(Fé+a)¢{¢}}hd§

i-1j=1 0 (F§+a) r r
Ea ot

$1{re vays haz = S+ (re - al o,
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(3.12)

M=

po°T

o

where () indicates differentiation with respect to normalized coordinate £. Eq. (3.12) can be
expressed as [K]{c}={f}, which yields the solution vector {c,} through a single step matrix

inversion process. The problem considered in the present paper is von-Mises yield criterion

under plane stress can be written in the form

2 _
vm

o} ol —0,0,+0) 2 65. (3.13)

From the solution vector of Eq. (3.12), the resulting displacement field is post-processed
to determine the von-Mises stress corresponding to the thermal and centrifugal loading. The
loading is initiated at low values and increments are provided until the condition of yielding is

reached.

3.3 Results and discussion

The effect of temperature on the limit angular speed for any given temperature
distribution and boundary conditions are established in the present study. The analysis is carried
out for four different profiles of disk, uniform, taper, exponential and parabolically varying

thickness. The expression for an exponentially varying disk given by h(¢)=h, expl— n(g)kJ,

whereas for a parabolically varying disk the expression becomes, h(&)=h, [1— n(¢) J where h_

indicates disk thickness at the inner radius of the disk. With the form of disk profile function for
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parabolic thickness variation, a uniform thickness disk is obtained by setting n =0 and a linearly
varying thickness (taper) is obtained by setting k =1. The profiles considered in this study are
derived by using constant volume criteria, which would help to characterize the performance of
the disk. The thickness of the uniform disk is taken as 5% of its outer radius and corresponding
to this volume, other disk profiles are calculated. It is further assumed that for disks of varying
thickness, the tip thickness is 1% of outer radius. This particular assumption is indeed necessary

to determine the geometry parameters n and k, as shown in Table 3.1.

Table 3.1: Disk geometry

h, =0.075m
Uniform  {h, =0.03m| Taper k=1
n=0.92
| |
o S
‘ s ‘ ! 9 s h R — 1
| i .
[+ e
e E - —— .
i b |
h0 =0.12m ho 0.09m
Exponential k=1.19 Parabolic k =0.43
n=2.99 n=0.95
I | -
L - | S
heo _r_]?_[_ i —| | { E —
1 L |
- T il - —'ﬁ

The dimensionless angular speed,  b./p/c, corresponding to the onset of yielding is
defined as normalized limit angular speed (@ ) and considered as the design parameter for disks

under uniform temperature environment. The analysis is also carried out for various varying
temperature profiles following uniform, linear, exponential and parabolic temperature

distribution, as expressed in Eq. (3.14) and shown in Figure 3.1(a) and (b). It may be noted that
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the mathematical relations for the four types of temperature distributions are not identical with

that of the thickness distribution relations.

In the definition of dimensionless angular speed a)yb,/p/a , It is assumed that the disk

material properties E, p, o,, o and v remain constant in the variable thermal field T(r). The

preliminary part of the study is carried out based on this assumption but in the later part, when

the disk material properties are assumed to be function of thermal field T(r), dimensional value

of limit angular tip speed, w b in (m/s) is used as the design parameter. The numerical analysis

of the present study is carried out by considering system parameter values as, E =210 GPa,

v=0.3, p=7800 Kg/m®, a=11.5x10"°°C™ and initial yield stress o, = 350 MPa.
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Figure 3.1. Rotating disk under various temperature distribution profiles for (a) specified outer

surface temperature (T,) and (b) specified inner surface temperature (T, ).

Uniform: T(£)=T, or T,

Linear: T(£)=T, +(T, -T,)¢

Exponential: T(£)= (% _Ir-:-zb)/lggb/g) +T,

Parabolic: T(£)=T, +(T, - T, &2
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The temperature field pattern is a function of temperature boundary conditions also. Two

different, increasing and decreasing, temperature boundary conditions are assumed i) T, =0°C,
T, =1000 °C and ii) T, =1000 °C, T, =0 °C, where T, and Ty, are the inner and outer surface

temperature of the isotropic disk at r=a and r =b respectively. The temperature distribution

profiles, shown in Figure 3.1(a) and (b), correspond to these two boundary conditions.

3.3.1 Convergence and validation of the formulation

First a convergence study for the adequate number of functions is carried out on
normalized limit angular speed for a uniform disk and is reported in Figure 3.2. It is observed
that the normalized limit angular speed minimizes with the number of functions and the figure
shows that a good convergence is achieved with nine functions and hence the subsequent
computation for various parameter variations is carried out with 11 coordinate functions. The
computational time as shown in the figure is also a governing criterion for selection of the

number of functions. All the functions are denoted numerically by using 24 Gauss points.
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Number of co-ordinate functions

Figure 3.2. Plot of convergence of normalized limit angular speed with co-ordinate
functions.
The validation of the present numerical scheme is made with the results of Vivio and
Vullo (2007) and is presented in Figures 3.3(a)-(f). The numerical values of the system

parameters used in the validation study of steel turbine rotors are E=204 GPa, v=0.3,
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p=7800 Kg/m®, o =12x10°°C™. Figure 3.3(a) shows the comparison for displacement
field and radial and tangential stresses for steel solid conical disk of constant density under

constant rotational speed, =314 rad/s. The outer radius, b=0.8m and thickness are
h, =0.1m and h, =0.02 m respectively. Figure 3.3(b) shows the comparison for steel annular
conical disk of constant density with a=0.1m, b=0.8 m, h, =0.09m and h, =0.02m. The

disk is rotating at angular velocity, =314 rad/s and not loaded either at outer or at inner

surfaces. Figure 3.3(c) shows the comparison for annular conical disk under thermal loading
only, featuring the same disk geometry as in the case of Figure 3.3(b), not loaded either at inner

surface or at outer surface and subjected to a temperature gradient along its radius according to
polynomial ~ T(r)=T, +K,r+K,r? +K,r>  where T, =20°C, K, =102°C/mm,
K, =10*°C/mm? and K, =107 °C/mm?®. Figure 3.3(d) shows the comparison for annular
conical disk not subjected to thermal load, but rotating at angular velocity, © =314 rad/s and
having variable density along its radius according to density distribution
p(r)=p, + pir +p,r% +pr® where p, =7800Kg/m®, p, =10Kg/m®, p, =100Kg/m?,
and p, =1000 Kg/m?. The rotating annular disk featuring the same disk geometry as in the case

of Figure 3.3(b). Figure 3.3(e) shows the comparison for displacement field and radial and

tangential stresses for rotating annular conical disk of variable density under thermal load with
angular velocity, @ =314 rad/s. T =T(r) and p = p(r) variation is same as in previous cases.

In all the cases a fairly good agreement is obtained.

3.3.2 Effect of temperature distributions

The effect of temperature distributions (T, ) on the normalized limit angular speed (ay)

is presented in Figures 3.4(a)-(d) for annular disks and in each figure, variation is shown for four

different disk geometries.
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Figure 3.3. Comparison of displacement (u), radial (o, ) and tangential stresses (o, ) for: (a)

solid taper disk, (b) annular taper disk, (c) annular taper disk subjected to temperature gradient,
(d) annular taper disk with density variation and (e) annular taper disk subjected to both density
and temperature gradient.
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The inner surface temperature T, is set to 0 °C and the ratio of the outer radius to the

inner radius (b/a) is taken as 8. It is assumed that material properties E, @, p and v remain
constant in the variable thermal field of the disk. It is observed that with increase in outer surface
temperature Ty, the normalized limit angular speed decreases for all type of disk geometries.
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Figure 3.4. Plots for normalized limit angular speed (ay) with outer surface temperature (T,)

having different temperature distributions: (a) uniform, (b) linear, (c) exponential and (d)
parabolic.

However, for uniform temperature distribution the normalized limit angular speed
remains constant. Amongst the different geometries, normalized limit angular speed is maximum
for exponential disk geometry. Again, in case of exponential temperature distribution, the
decrease of normalized limit angular speed is prominent for different disk geometries. It is
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observed in the analytical study that among all the physical parameters, co-efficient of thermal
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expansion o has the predominant effect on the variation in @, .

A b
18 [ e e . N | .__.__.__H——I——.——.
*r———0— 00— — 00—
16 .___’__.__’__.——.——.—_.
o+ 1.6 — .__4___.__._4——4——4—_’
14—
1.2 —
e e L A S S
— 1.2 —
——t %

=
%

ol
£

&
=

—+— Uniform disk
—4— Taper disk
— Exponential disk

0.8

—+— Uniform disk
—— Linear disk
—— Exponential disk

Normalized limit angular speed

&
2

— —@— Parabolic disk —@— Parabolic disk

| | | | I | | | | | | | | |
0.4
0 200 400 600 800 1000 1200 1400 1600 0 200 400 600 800 1000 1200 1400 1600

Normalized limit angular speed

[}

y
[ ]
L ]

1.6 —

\,

1.2 —

—+— Uniform disk
—&— Taper disk
— Exponential disk — Exponential disk
—&— Parabolic disk —&— Parabolic disk
0.4 | | | | I | | 0.4 | | | | 1 | 1
0 200 400 600 800 1000 1200 1400 1600 0 200 400 600 800 1000 1200 1400 1600

T T

a a

Figure 3.5. Plots for normalized limit angular speed (ay) with inner surface temperature (Ta)
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having different temperature distributions: (a) uniform, (b) linear, (c) exponential and (d)
parabolic.

A similar study on the normalized limit angular speed variation with temperature is
indicated in Figures 3.5(a)-(d), for the prescribed disk geometries and temperature distributions.
Here, the inner surface temperature T, is varied but the outer surface temperature T, is kept
fixed at 0 °C. In Figures 3.4 and 3.5, the change in material properties (E, a, p and v) are not
considered and as obvious from Eq. (3.12) that the effect comes from thermal loading only. This
thermal effect is not significant due to outer free boundary conditions.
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In Figure 3.5(a), the normalized limit angular speed is constant for uniform temperature
distribution as that of the previous case while in Figures 3.5(b)-(d), the normalized limit angular

speed increases with increase in inner surface temperature T, for different disk geometries for all

types of temperature distributions. These figures show that the normalized limit angular speed is
maximum for exponential disk geometry. The results also indicate that for exponential
temperature distribution; the increase of normalized limit angular speed is prominent for

different disk geometries.
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Figure 3.6. Distribution of radial (c, ), tangential (c,) and von-Mises stress (o, ) field

corresponding to yield limit state in an annular disk subjected to (a) pure centrifugal loading due

to rotation only, (b) combined loading with higher inner surface temperature (Ta) and (c)

combined loading with higher outer surface temperature (T, ).
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To explore the phenomenon in greater detail radial (o, ), tangential (o, ) and von-Mises
stress (o, ) fields of an annular disk (b/a=8) is plotted in Figures 3.6(a)-(c) corresponding to the

yield limit state, attained by centrifugal and the two types of thermal loading. Figure 3.6(a)
indicates the stress states corresponding to limit angular speed, and Figures 3.6(b, c) considers
temperature field effect corresponding to higher value of inner and outer surface temperatures,

respectively. The radial stress (o, ) field is almost similar in all the cases but there is a variation
in tangential stress (o, ). The reduction in tangential stress field towards the outer radius is most

prominent in Figure 3.6(c), which correspond to the case of higher outer surface temperature

(Tb), whereas in Figure 3.6(b) the decrement is minimum. The tangential stress field coming

from pure centrifugal loading, as shown in Figure 3.6(a), appears to be in an intermediate state.

Hence the nature of variation in (a)y) as observed in Figures 3.4 and 3.5 is quite justified for

combined centrifugal and thermal loading.

The effect of disk geometries on behavior of thermally loaded disks is also investigated
for the normalized limit angular speed variation with temperature and shown again in Figures
3.7(a)-(d). The individual figures are for particular disk geometry and in each figure the inner

surface temperature T, is set to 0 °C and outer surface temperature T, is varied up to 1500 °C.
For all temperature distributions the normalized limit angular speed (ay) initiate from the same

initial value and decreases with increase in the surface temperature of the other boundary.
However, for uniform temperature distribution, the curve remains constant. It is also seen that
the decrease of normalized limit angular speed is more for exponential temperature distribution,
in all the cases of different thickness profiles. Again, when the four figures are compared, it is

observed that the initial value of normalized limit angular speed (ay) iIs maximum for

exponential disk geometry and minimum for uniform disk geometry.
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Normalized limit angular speed
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Figure 3.7. Effect of outer surface temperature distributions (T, ) on normalized limit angular

speed (@, ) for different disk geometries: (a) uniform, (b) taper, (c) exponential and (d)

parabolic.

In Figures 3.8(a)-(d), the variations in normalized limit angular speed with increasing

inner surface temperature T, are also presented for the prescribed disk geometries and
temperature distributions. Now, the outer surface temperature T, is set to 0 °C while the inner
surface temperature T, is varied up to 1500 °C. In these figures also, the initial value of

normalized limit angular speed is same for all temperature distributions and it increases with
increase in the inner surface temperature, except for uniform temperature distribution. Figures
3.7 and 3.8 shows the combined effect of centrifugal and thermal load on the normalized limit

angular speed (ay) comes from linear superposition in elastic range. The combined effect is
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justified by the plot for von-Mises stress (o, ) in Figures 3.6(b, c). The reduction in von-Mises

stress field towards the outer radius is most prominent in Figure 3.6(c), which correspond to the

case of higher outer surface temperature (Tb), whereas in Figure 3.6(b) the decrement is
minimum. Hence the nature of variation in (ay) as observed in Figures 3.7 and 3.8 is quite

justified for combined centrifugal and thermal loading.
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Figure 3.8. Effect of inner surface temperature distributions (T, ) on normalized limit angular

speed (@, ) for different disk geometries: (a) uniform, (b) taper, (c) exponential and (d)

parabolic.

In the next part of the study it is assumed that the disk material properties p, o, and E

are functions of thermal field T(r), and hence limit angular tip speed, w,b in (m/s) is used as
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the design parameter. The variations in properties are shown in Figure 3.9 for structural steel
with grade S350GD+Z, following Outinen and Makelainen (2002).
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Figure 3.9. Variation of disk material properties p, o, and E with temperature: (a) density (p)
(b) yield Stress (ay) and (c) Elasticity modulus (E) for structural steel with grade S350GD+Z at

different specified temperatures.

The effect of density variation with temperature is obtained by using the relation

p(r)=p,[1-{3aT(r)}], graphical representation of which is shown in Figure 3.9(a). The figure

corresponds to o =11.5x107° °C™, but for other values of thermal expansion coefficient, the

effect would be different. Variation in yield stress (oy) and elasticity modulus (E) with
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temperature field is obtained by using best fit curves on the tabulated values of Outinen and
Makelainen (2002).
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Figure 3.10. Effect of density variation on limit angular tip speed for different temperature

distributions of outer surface T, : (a) uniform, (b) linear, (c) exponential and (d) parabolic

temperature.

3.3.3 Effect of temperature on the variation of density

Figures 3.10(a)-(d) show the effect of various disk geometries and temperature

distributions on the limit angular tip speed (coyb), taking the temperature effect of density
variation in to consideration. The inner surface temperature T, is set to 0 °C and outer surface

temperature T, is varied up to 1600 °C.
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Figure 3.11. Effect of density variation on limit angular tip speed for different temperature

distributions of inner surface T,: (a) uniform, (b) linear, (c) exponential and (d) parabolic

temperature.

As can be seen, with increase in T,, the limit angular tip speed decreases for all the

temperature distributions. But in case of uniform temperature distribution, the curve remains
constant. The temperature effect on density is apparently not much pronounced in Figures
3.10(a)-(d), but for higher values of thermal expansion coefficient, the effect is found to be more.

The effect of density variation with temperature for the prescribed disk geometries and
temperature distribution are also depicted in Figures 3.11(a)-(d). In this case, the outer surface

temperature T, is set to 0 °C and the limit angular tip speed variation with increasing inner
surface temperature T, is plotted. The variation of density is governed by the same relation of

the previous case, as shown in Figure 3.9(a). As the inner surface temperature increases the limit
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angular tip speed increases except for uniform temperature distribution just like in the previous
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case.
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Figure 3.12. Yield Stress variation in the disk for (a) linear temperature distribution and (b)

parabolic temperature distribution.

3.3.4 Effect of temperature on yield stress

The effect of temperature on yield stress is studied considering other material property
values E, a, p and v as constant. The analysis is carried out for four different temperature
distribution profiles and disk profiles. For each of the non-uniform temperature distribution
profiles as presented graphically in Figure 3.1(a), the temperature boundary condition is assumed
as T, =0°C and T, =1000°C. The variation of yield stress with temperature is already reported
in Figure 3.9(b). Figures 3.12(a) and (b) shows the variation of yield stress with the disk radius
using T, as a parameter for a disk with linear and parabolic temperature distributions. The
figures are derived from the temperature variation with radius and yield stress variation with
temperature, i.e., from the combination of Figure 3.1(a) and Figure 3.9(b). It can be seen that in
both the cases the yield stress decreases as radius of the disk increases and outer surface

temperatures increases.
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Figure 3.13. Variation of von Mises stress (o) for parabolic temperature distribution profile
for uniform disk at (a) @ =0 rad/s and (b) @ =1000 rad/s, at four different outer surface

temperatures (T, ).
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Figure 3.14. Variation of von Mises stress (o, ) for parabolic temperature distribution profile

for (a) uniform disk and (b) parabolic disk, at four different angular speeds.

The effect of temperature variation on von Mises stress is studied first and the stress
distribution with radius is plotted in Figures 3.13(a) and (b) for uniform disk with parabolic
temperature distribution profile. The study is carried out for two different angular speeds

=0 rad/s and © =1000 rad/s respectively. It is observed that von Mises stress (o, ) first

decreases towards the inner radius of the disk and then remains constant for all the specified
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outer surface temperatures and again there is an increase in von Mises stress (o, ) towards the

outer radius of the disk. It is also observed that the induced von Mises stress profile increase with
outer surface temperature values. For the two different cases of static and rotating disk, the von
Muises stress is higher for the rotating one, being apparent in Figure 3.13(b).

In the next study, the variation of von Mises stress for different values of angular speeds
is considered and shown in Figures 3.14(a) and (b). In this case, temperature distribution is
assumed to be parabolic and the two figures present results for uniform and parabolic thickness

disks. It is observed that von Mises stress (o, ) increases with increase in angular speeds but the

increase is significantly lower in parabolic disk geometry as compared to uniform disk geometry.
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Figure 3.15. Solid lines indicate the distribution of radial (o, ), tangential (c,) and von-Mises
stress (o, ) field corresponding to yield limit state in an annular disk subjected to combined

loading with higher outer surface temperature. Dotted lines indicate the variation of yield stress

with temperature as reported in Figure 3.9(b).

To explore the phenomenon as observed in Figures 3.13 and 3.14, the radial (o—r) and
tangential (o, ) and von-Mises stress (o, ) fields of an annular disk (b/a=8) is plotted in Figures

3.15 corresponding to the yield limit state, attained by combined effect of centrifugal and thermal
loading. From the Figure 3.15, it is observed that the von-Mises stress reaches the uniaxial yield

stress value at the outer edge thereby initiates yielding at the outer edge and propagates towards
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the root of the disk. As a consequence, the growth of post-elastic region with increase in thermo-

mechanical loading is unidirectional until it attains a fully plastic state and in such a situation, the

domain of the disk beyond yield limit is divided into two regions (inner elastic-outer plastic).

Further load increment divides the disk into three regions (inner plastic-intermediate elastic-outer

plastic). Additional load increments cause the disk to attain a fully plastic state. This

phenomenon is well explained in chapter 6 of the thesis.
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Figure 3.16. Plots of limit peripheral speed with outer surface temperature (Tb) having different

temperature distributions: (a) uniform, (b) linear, (c) exponential and (d) parabolic temperature.

A comparison of the induced stress profile of von Mises stress (o,,) due to thermo-

mechanical loading with the allowable yield stress profile (as shown in Figure 3.12) would

establish the limit angular speed for any given temperature distribution and boundary conditions.
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This angular speed is not amenable for normalization by the parameter o, b,/ p/a , a8 o, isa
field variable here. Hence this speed is called as limit peripheral speed and is presented in
dimensional form. Figures 3.16(a)-(d) show the variation of limit peripheral speed with T, for

different disk geometries and temperature distributions. From these figures it is illustrated that,
there is a fall of limit peripheral speed with increase in outer surface temperature and this
reduction is more prominent after 400 °C. The observation is supported by the fact that beyond

this temperature the yield stress also falls rapidly with temperature, as shown in Figure 3.12.

3.3.5 Effect of temperature on elasticity modulus

The effect of temperature on elasticity modulus is studied considering the numerical
values of the system parameter as o,=350MPa, v=03, p=7800 Kg/m3 and
a=11.5x10" °C™. For each of the non-uniform temperature distribution profile as presented
graphically in Figure 3.1(a), the temperature boundary condition is assumed as T, =0°C,
T, =1000 °C. The variation of elasticity modulus with temperature is obtained from the

experimental values reported by Outinen and Makelainen (2002) and presented earlier in Figure

3.9(c).
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Figure 3.17. Variation of elasticity modulus along the radius of the disk having different

temperature distributions (a) linear and (b) parabolic temperature.
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The variation of elasticity modulus with radius is presented in Figures 3.17(a) and (b) for
a disk with linear and parabolic temperature distributions at different specified outer surface
temperatures. It is seen that in both the cases the elasticity modulus decreases with radius and

this trend becomes more predominant with increase in the values of outer surface temperatures.
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Figures 3.18(a)-(d) indicates the variations of normalized limit angular speed

(a)yb p/ay ) with outer surface temperature T, for different disk geometries and in each figure

the effect is shown for four different temperature distributions. These figures indicate fall of

normalized limit angular speed with increasing outer surface temperatures except for uniform
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temperature distribution, where it remains constant. The reduction is more prominent in

exponential temperature distribution. It may be noted that @, has been used as design parameter

because density and yield stress is assumed to be constant in this analysis.

3.3.6 Effect of temperature on simultaneous variation of density and elasticity

modulus

The effect of temperature on both density and elasticity modulus is considered in this
section with the same variation of density and elasticity modulus with temperature, as considered
previously. The simultaneous variation of density and elasticity modulus with temperature is
presented in Figure 3.19 once again, being the simultaneous plots of Figures 3.9(a) and 3.9(c)
upto 1000 °C.
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Figure 3.19. Simultaneous variation of density and elasticity modulus (E) with temperature.

The effect of temperature on both density and elasticity modulus with temperature for the
prescribed disk geometries and temperature distribution are depicted in Figures 3.20(a)-(d). In

this case, the temperature boundary condition is assumed as T, =0 °C, and outer surface
temperature T, is varied up to 1000 °C. The variation of limit peripheral speed b with

increasing outer surface temperature T, is plotted, for each of the four temperature distribution

profiles. The effects of four different disk geometries are presented in each of these figures.
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There is a decrease in limit peripheral speed when outer surface temperature increases but
exception exists for uniform temperature distribution. The decrease of limit peripheral speed is
more for exponential temperature distribution, in line with the observations of previous cases,
but the effect is slightly more prominent due to the combined effect of temperature on both
density and elasticity modulus.

0 b
o o o o o o o W
I—H*.*.\.\.
H‘N

W
-3
=y
[
2
&
=
|

[

S

=
I

9

&

=]
|

Limit peripheral speed
| T
Limit peripheral speed

— 4
—+— Uniform disk —®— Exponential disk

.. —+— Uniform disk -@— Exponential disk
—4— Taper disk —& Parabolic disk

—— Taper disk —#- Parabolic disk
180 | | ] | | | | | | ] | | |

=
=3
T

0 200 400 600 800 1000 0 100 200 300 400 500 600 700 800 900 1000
Tb Tb
420 420
c d
H—I—I—I——.—H__.
=
S 360 — ’_H\k‘\‘\\‘ T 360 - o9+ —9o o9 o+
L L
= =
wn wn
—_— —_— 0—0—0——0-_4._._0__.__.
£ 300 - S 300
) )
= =
L L
- -
W 240 — W 240 —
2. 2. W
= =
£ £ N -
E 180 — 5 180 —  —+ Uniform disk -8 Exponential disk
—+— Uniform disk —®— Exponential disk —&— Taperdisk —@— Parabolic disk
—— Taper disk —#— Parabolic disk
120 | 1 | | | | | | | 120 | 1 | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
Tb Tb

Figure 3.20. Plots of limit peripheral speed with outer surface temperature (Tb) having different

temperature distributions: (a) uniform, (b) linear, (c) exponential and (d) parabolic temperature.
Finally, 3D and contour plots of von Mises stress showing its simultaneous variation with

rotational speed and temperature for four different disk geometries is presented in Figures
3.21(a)-(d). In these figures, temperature field is assumed to have linear variation, with the
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temperature boundary conditions: T, =0 °C and T, = prescribed. However, the physical

parameters of the disk material are assumed to be constant, in these plots. It is observed that with

increase in T, as well as rotational speed, von Mises stress increases.
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Figure 3.21. 3D and contour plots of von Mises stress showing its variation with rotational

speed (rad/sec) and T, (°C) for various disk geometries: (a) uniform, (b) taper, (c)

exponential and (d) parabolic.
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3.4 Summary

The chapter presents the rotating disk behavior for combined thermal load and rotational
inertia effects by using an approximate solution. The approximate solution of the unknown
displacement field from the governing equation is obtained by assuming a series approximation
following Galerkin’s principle. The proposed method has been validated successfully with
existing literatures and very good agreement is reported. The effect of disk geometry and
temperature field variation on the performance of rotating disks is considered and normalized
value of limit angular speed is furnished. The effect of temperature on yield stress is also studied
and the limit peripheral speed for any given temperature distribution and boundary conditions is
established under thermo-mechanical loading in dimensional form. Also the effect of
temperature field on the material properties such as density, elasticity modulus and combination
of both density and elasticity modulus is considered in the present chapter and the numerical
results are furnished. A future study in this direction would give more insight into the design of
rotating disks with various industrial applications. These results are furnished graphically as
design monograms which might prove helpful for the practicing engineers.
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ANALYSIS OF STATICALLY INDETERMINATE BAR
PROBLEM IN POST ELASTIC DOMAIN

4.1 Introduction and literature review

Axially loaded solid slender bar is a widely used machine element found in almost every
application of structural engineering. In the arena of mechanical, civil and aeronautical
engineering also, such an element is often used to model machine components, elements of a
building, aeronautical structures, etc. During a heavy external loading, the material of an axially
loaded bar element goes into its non-linear range of behavior when the yield limit load is
exceeded. The simple analytical solution of the problem available in textbook are valid for
uniform cross-section bar but the non-linearity associated with the study of stresses in elastic-
plastic regimes is complicated. The problem becomes further complicated when the nature of
loading on the bar renders it statically indeterminate. Solution of statically indeterminate
problems for different structural elements is well known for linear elastic material behaviour
(Timoshenko (1930)) and the elasto-plastic behaviour of solid slender bars of various types of
geometry as well as loading is a relevant area of work for the designers (Hill (1950)).

The load deflection behaviour of a uniform bar under body force loading in the post-
elastic region is found in the textbook of Owen and Hinton (1980) as an example problem.
Reddy (2005) had dealt with the same problem in greater detail, based on finite element method.
Kim et al. (2006) performed fully plastic analyses for notched bars and plates through finite
element limit analysis, based on nonhardening plasticity behaviour. Gang et al. (2003) carried
out integrity assessment of defective pipelines by using an iterative algorithm for the kinematic
limit analysis of rigid perfectly plastic bodies. The effects of various shapes and sizes of part on
the plastic collapse of pipelines under internal pressure, bending moment and axial force had
been investigated.

Yankelevsky (1999) analyzed the elasto-plastic behaviour of a shallow two bar truss
under tension or compression loading, as well as for reversal loading, to correlate the external
work to the central displacement and follow the elasto-plastic stresses and strains in the bars
along the loading history. Auciello (2001) used both Rayleigh-Ritz and Lagrangian approach to
consider the upper and lower bounds for free vibration frequencies of axially-loaded slender
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beams. Non-linear dynamics of a pin-ended elasto-plastic beam with both kinematic and
isotropic hardening had been discussed by Savi and Pacheco (2001). Genna and Symonds (1988)
studied the effects of slenderness ratio and damping on dynamic plastic instabilities for certain
fixed-pin supported beams, deformed plastically by a transverse pressure.

Abdalla et al. (2007) presented a simplified technique to determine the shakedown limit
load of a structure using finite element method and it was applied and verified by using two
bench mark shakedown problems. Problem of two-bar structure subjected to constant axial force
and cyclic thermal loading, and the three cylinders subjected to constant internal pressure and
cyclic high temperature variation had been solved analytically. In a subsequent work, Abdalla et
al. (2011) further developed a simplified technique to handle cyclic biaxial loading resulting in
multi-axial states of stress within the large square plate with a small central hole problem.

The dynamic behavior of non-uniform taper bars in post-elastic regime has been
addressed by Das et al. (2009a, b) where loading was controlled statically to take the bar to its
post-elastic state so as to predict its dynamic behavior in the presence of plastic deformation.
Kolodziej and Gorzelanczyk (2012) analyzed both elastic and elasto-plastic torsion of prismatic
bars by means of the Picard iteration. The analysis was based on Saint-Venant displacement
assumption and Hencky’s deformation theory of plasticity. Mukhtar and Al-Gahtani (2016) used
a well-known meshless method, radial basis functions to solve the torsion of a prismatic bar
having a rectangular/square cross-section. Biondi and Caddemi (2007) provided closed form
solutions for multiple singularities in the flexural stiffness of clamped-clamped beam by making
use of distributions such as unit step and Dirac’s delta functions. The authors proposed an
integration procedure that leads to closed form solutions, dependent on boundary conditions only
and independent of continuity conditions along the beam span. Ghuku and Saha (2016)
introduced a semi-analytical solution method using domain decomposition technique for elastic
solution of statically indeterminate bar problem. Tayyar (2016) presented a curvature based
kinematic displacement theory (KDT) for elasto-plastic finite strain solution of cantilever beams
under a uniform moment distribution. In KDT, deflection is generated without assuming
geometry and using differential equations of the deflection curve. Lal et al. (2017) carried out the
springback analysis of hollow rectangular bars with linear work-hardening materials using
deformation theory of plasticity. In this study, the elastic-plastic boundary was determined by
using deformation theory of plasticity. Canales and Mantari (2017) studied the vibrational

80



Analysis of Statically Indeterminate Bar Problem in Post Elastic Domain

analysis of taper bars under uniform axial loading in post-elastic regime by considering shear
deformation and rotary inertia. In this work, the Timoshenko beam theory and the dynamic
version of the principle of virtual work are used to derive the eigenvalue problem.

It is evident from the above discussion that extensive studies of elasto-plastic analysis of
statically determinate bars have been carried out by various analytical and numerical methods.
However, research work addressing complete post-elastic analyses of non-uniform bars by using
domain decomposition technique based on a direct variational method is not reported in the
literatures. Research work on post-elastic analysis of statically indeterminate bars is scarce and
hence in the present chapter, a numerical method based on variational principle for elasto-plastic
analysis of such taper bars has been proposed. The solutions of statically indeterminate bar
problems are critical in general, because they are not amenable to a ready analytical solution. A
clamped axially loaded bar problem becomes indeterminate when the load is concentric, and it
result in a singularity point in the domain. In the present bar problem more such singularity
points arise when the bar is in post-elastic state, at higher magnitude of concentrated load and the
other points come from the yield front location. The computational domain is divided into sub-
domains based on the location of singularity points. The formulation is based on von-Mises yield
criterion and for linear strain hardening type material behaviour. The governing equation is
derived through an extension of a variational method in elasto-plastic regime and solution is
obtained by using Galerkin’s approximation principle. The approximate solution further needs an
iterative method to locate the growth in the yield front. The solution algorithm is implemented
with the help of MATLAB® computational simulation software and validation of the formulation
is carried out successfully for some reduced problems. The present mathematical model is also
successfully validated with analytical results and the results of finite element analysis software
Abaqus CAE. The effect of geometry parameters like aspect ratio, slenderness ratio and the type
of taperness on the post-elastic performance of the bar is investigated and the relevant results are
obtained in dimensionless form. The term bar used in this thesis is in generic sense and hence the

formulation is applicable for all one dimensional elements, e.g., rods, pipes, truss members, etc.
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4.2 Mathematical formulation

The present problem employs an energy based variational approach to get the appropriate
governing equations for the non-uniform bars in elasto-plastic state. The formulation is
displacement based and the unknown displacement field is approximated by finite linear
combination of admissible orthogonal functions. Present analysis is carried out for isotropic,
homogeneous and bilinear material model, but the proposed method is generalized enough to
include any other non-linear material behaviour, as well. However formulation of the present
problem is valid for monotonic loading only and possible load reversal from plastic region is not
included into consideration.

According to total deformation theory of plasticity (Kachanov (1971)), the final state of
stress at a given loading is independent of the stress-strain path during the loading. Hence, the
components of total plastic strain at the end of each load-step are proportional to the
corresponding deviatoric stress components. It should be noted that the expressions for the
plastic strains are exact for proportional loading and in such situations Hencky’s equations
(1924) lead to results, in good agreement with the observations. However, several authors (Chen
(1986); Jahed and Dubey (1997); Budiansky (1959)) pointed out the applicability of total
deformation theory for a range of loading paths other than proportional loading without violating
the general requirements for physical soundness of a plasticity theory.

4.2.1 Deviatoric stress and strain intensities

The stress tensor in terms of principal stresses has the form T_ =0T, +D_, where,

o !

o=(c,+0,+0,)/3 is the mean or hydrostatic pressure, T, is unit matrix and D_ is stress

deviatoric tensor that characterizes the tangential (shear) or deviatoric stress. The second
invariant of stress deviatoric, being a non-negative quantity is used to define deviatoric or shear

stress intensity as follows:

S=+1,(D _ L (01—02)

G

2

+ (02 — O3 )2 + (03 _01)2- (4.1)
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Similarly the strain tensor T, can be conveniently represented as T, = %Tl + D, , where

e=¢,+¢&, +¢&, Isthe relative change in volume and &T, is a tensor corresponding to volume
dilation. The second invariant (1,(D,)) of strain deviatoric is a non-negative quantity which

defines deviatoric or shear strain intensity as follows:
r = +21/I2i D, ) = \/%\/(81 —82)2 +(82 —83)2 +(83 —81)2 . (4.2)

It is already stated that material of the bar is isotropic, homogeneous and linear-elastic

followed by linear strain hardening. Further, the analysis is carried out based on the assumptions
that the volumetric change is an elastic deformation, proportional to the mean pressure, ¢ = 3ko

where k = (1— 2v)/E . As the stress and strain deviatorics are proportional, D, = wD_ where, y
is a scalar quantity. It is evident that the stress and strain deviatoric are coaxial and their principal
values are respectively proportional. In form of components of the strain and stress deviatorics,

€ij = V55 (4.3)

Using Eq. (4.3), the shear strain intensity 7", can be expressed in terms of deviatoric

(shear) stress intensity, S as

I =2yS. (4.4)
With the help of total deformation theory of plasticity, the total strain can be expressed as

&y =kKoo; +ys;. (4.5)

Eq. (4.5) is known as Hencky’s relations, which can easily be transformed to solve for

stresses as follows:

g 1

Oj
'3k v

4.2.2 Work of deformation

Computation of strain energy stored in a loaded bar is usually done from its principal
stress and strain fields. However, beyond elastic regime it is convenient to express the stress and
strain fields through their hydrostatic and deviatoric components. Hence, to maintain a uniform
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formulation althrough in the present study, strain energy is computed from hydrostatic and
deviatoric components, starting from the very beginning of loading. So, with the aid of Eq. (4.5),
the increment to the work of deformation can be expressed as:

dU’ =o,de, =d(A +yS?)+S2dy, 4.7)

where A denotes the elastic energy of volumetric compression (A' =3ko?/2 =32/6k) and
eliminating the function w from Eq. (4.7), we find dU " = ode + SdI". Here the first term is the
elastic energy of volumetric compression and the second is the increment in the work of shape

deformation. The expressions of dU " differ in elastic, exact yield and post-elastic states and they

are given below for ready reference.

4.2.2.1 Linear elastic state (Hooke’s law)

In linear elastic state (v =1/2G), the increment in work of deformation is the total

differential of the elastic potential and is given by

U =%K82+%GF2. (4.8)

Here K = E/(3(1-2v)) is the bulk modulus, G = E/(2(1+v)) is the modulus of rigidity

and v is Poisson’s ratio.

4.2.2.2 Yield state

Assuming von-Mises yield criterion, at yield, the deviatoric stress intensity attains the

value of shear stress at yield S =z, and hence from Eq. (4.4), v = I" /27, . The potential of work

of deformation is given by
1.,
U :EKE +7. 0. (4.9)

4.2.2.3 Hardening state

In the post yield hardening state w becomes a function of the intensity of shear and, if the

shear strain intensity is taken as a measure of the hardening, then we obtain a relation of the form
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S =g(r)r, where g(r) is some positive function, characteristic for a given material. By virtue

of Eq. (4.4), we obtain w =1/(2g(r")). The increment in work of deformation is expressed as

U’ :%ngﬂg(l“)['df. (4.10)

The second term characterizes the work of the change of shape of an element of the body.
In hardening state, the expression in Eqg. (4.10) is solved using method of successive
approximations (Kachanov (1971)).

4.2.3 Description of the bar problem

The present analysis is carried out for taper bars of solid circular cross-section as shown
in Figure 4.1(a) where the solid line indicates linear variation in diameter and the dotted line
indicates linear variation in cross-sectional area. The diameter of the bar (q)d) at any axial
location X is given by, d =d, — &(d, —d, ), where d, is the largest diameter at x =0 and d, is
the smallest diameter at the other end of the bar (x = L). Location X is expressed in terms of the
normalized axial coordinate é(z x/L), where L is the total length of the bar. For a bar with linear
variation in area similar definition is given by, A=A, —&(A, - A,), where A, and A,

represents the areas corresponding to the diameters d, and d, respectively. Hence, in this case

the variation in diameter is non-linear, being given by the relation d =\/[do2 —f(do2 —df)J.

Furthermore, the geometry of the bar is defined by the slenderness ratio (ratio of length to radius
of gyration corresponding to the minimum radius of the bar) and aspect ratio (ratio of difference
in radii of two ends to length). The slenderness ratio is a measure of lateral stability and its

mathematical expression is given by S, =L/k(r,), where k(r,) is the radius of gyration of the
bar, corresponding to the minimum cross-section, i.e., k(rl)zwlll/Al. The aspect ratio is the
measure of overall taper of bar and is expressed as A, =(r, —r,)/L. The nature of variation in

taperness with length is the third geometry parameter and is given mathematically by diameter
gradient.
When the bar is subjected to an internal concentrated axial load F, the whole domain is

decomposed into two sub-domains about the point of application of the load, as shown in Figure
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4.1(b). The lengths of the two domains (marked as 1 and 2) are denoted by L, and
L,(= (L-L,)). The normalized axial coordinates in domain 1 and domain 2 are given by.
& = x/ L, and &, = (x - L, )/(L - L, ) respectively. For the purpose of computation, the lengths
of domain 1 and 2 are denoted by using normalized length parameters &, =L /L and
£ = (L - L, )/L. Although a clamped-clamped bar is shown in Figure 4.1(a, b) in line with the

present analysis, but a clamped-free bar is also considered for the validation study. For clamped

ended bars internal force F will produce reactions F, and F, at the respective boundaries

which are not shown in Figure 4.1(b) but discussed in detail later in section 4.3.1.

(b)
Figure 4.1. (a) Taper bar geometry and (b) The loaded bar with domain 1 and domain 2. Solid

and dotted lines indicate bar with uniform and non-uniform taperness respectively.
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4.2.4 Solution of the problem

The solution for the elasto-plastic displacement field of a body under equilibrium is
obtained from the application of minimization of total potential energy principle (5(U +V)= 0).

In the post elastic region of material behaviour the principle is applied by using Hencky’s total
deformation theory. U is the strain energy stored in the bar in form of increment in work of
deformation and V is the potential energy developed by the applied force F. It is assumed that
the principle of minimum potential energy remains valid for bilinear material model, unless one
considers a cyclic loading problem.

The axial displacement field (u) in the member can be computed from the linear-strain
displacement relation, ¢, =du/ dx, where, ¢, is the axial strain. On substituting ¢, and I" in

Eq. (4.8), the expression of U, under elastic conditions, is obtained as

U= (jt[ K(1-2v)’ + 26(L+v)’ jA(x)[a—ujzdx. (4.11)

2 3 OX
The expression for work potential is given by
V :—Fu|§f . (412)

Further analysis for solution of U starts with fully elastic domain which goes into post-

elastic domain when applied load exceeds elastic limit load (Fy)

4.2.4.1 Elastic solution

When domain 1 and domain 2 are considered fully elastic, substituting Eq. (4.11) and Eq.

(4.12) in the energy principle §(U +V )=0, the governing equilibrium equation becomes,

5&( KA-2v)] 26(L+v) jA(x)[a—ujde ~Fu, } _o. (4.13)

2 3 OX

Eq. (4.13) is expressed in the global normalized co-ordinate, & and is obtained as,
K(1-2v)* 2G(1+v) [1}1 ou [ éu [ ]
— [T AE) — || — [;d& - Folu =0. 4.14
{ St WALS o 12\ 5 )| €)._., (4.14)
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Eq. (4.14) provides the governing equation of the global system, which is subsequently

expressed in terms of domain 1 and 2,

S 9 G 34 G A L R

~Fsu(¢),_.. ]: 0.

To facilitate the numerical computation, Eq. (4.15) is expressed in domain specific

normalized co-ordinates &, and &,, and the governing equation takes the form,
K{d-2v) 2GQA+v) ) 1) 2 |t ou . éu
LRSS B [EA R A
2 3 L)L¢&; Jo o0&, ) \ 0&,

EpelaH ] oo

The global displacement function u(é) is approximated by a linear combination of sets of

(4.16)

orthogonal coordinate functions as u(&)= Y c,¢;, i=1,2,...,n,, where ¢, is the set of orthogonal
functions developed through Gram-Schmidt scheme and n, is number of functions. {c} is a set
of unknown parameters, which indicates the contribution of individual displacement functions,

and need to be evaluated for obtaining u(é). The necessary starting function to generate the

higher order orthogonal functions is selected by satisfying the relevant geometric boundary
conditions, i.e. u=0at £=0, u=0at £ =1 and j—zzo at ¢ =¢, .

For the purpose of computation, the respective portions of global displacement functions
in domain 1 and domain 2 are expressed as u(&, )= > c,¢, and u(&,)= X c,¢,,, Where ¢, and
¢,, are portions of the function ¢, in domain 1 and domain 2. Substituting these assumed

displacement functions in Eq. (4.16) and replacing operator ¢ by a/ac,. , the governing equation

in matrix form is obtained as
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2 3

:{F.¢j\§f }

where () indicates differentiation with respect to normalized coordinateé(le L).

(K2 2SI 2 e i« 2t o b, e

(4.17)

Solution of Eq. (4.17) is quite straight forward, which yields the solution for axial displacement
u for any prescribed value of concentrated axial load F. Strain field is computed from the
displacement field and subsequently stress field is obtained. The stress field yields reaction

forces F, and F, at fixed ends, which are developed to establish static equilibrium of the

clamped bar system. The formulation holds for any bar geometry and load application point but

fails when the magnitude of F is high enough (F > F, ) to induce stress beyond yield value.

4.2.4.2 Solution for post-elastic domain

For statically indeterminate bar, yielding will occur with increasing load at a particular
point and its location depends on the geometry and load application point of the bar. It is obvious
that yielding initiates at the heavily stressed region and hence, yielding may initiate at any one of

the domain end points: (x= Lf) or (x=L) Afterwards with increase in load intensity the yield

region grows, thereby giving rise to three-regions. The interface between elastic and plastic
region is termed as plastic front location. Three-region formulation contains a part elastic and a
part plastic region for one domain and a fully elastic region for another domain and remains valid
until the yielding starts at another domain as well. When yielding exists at both the domains,
four-region formulation holds good, in which, each of the domains contain elastic and plastic
region simultaneously.

The particular value of axial load at which yielding initiates at the location of load

application point (x = Lf) in the bar is termed as elastic limit load (Fyl) of domain 1 and the
value of load at which yielding occurs at x = L is termed as elastic limit load (Fyz) of domain 2.
Hence F,, and F, are domain specific elastic limit loads and not dependent on the order of

occurrence of yielding. With further increase in load intensity, the plastic front of domain 1
proceeds towards the origin x =0 and elastic-plastic region coalesces at a particular load,
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termed as plastic collapse load (F,) for domain 1. For domain 2, the plastic front proceeds

towards the domain 1 and elastic-plastic region coalesces at the location of load application point

x=L, at a particular load, termed as plastic collapse load (F_,) of domain 2. In view of the

variations in the location of initiation of yielding and the behavior in the growth of post-elastic
region, mathematical formulations have been reported in two different sections. In both the
cases, location(s) of plastic front at any load is obtained numerically by an iterative method.

42421 Three region formulation

In this section, it is assumed that yielding initiates at x = L of domain 2. So, the whole
bar has now three regions with fully elastic domain 1 and elasto-plastic domain 2. The notations
for a statically indeterminate taper bar for this case have been indicated in Figure 4.2(a). But for
some combination of geometry and load application point, yielding may also initiate at domain 1
(three-region of second kind). In this case, the bar has three regions with elasto-plastic domain 1
and fully elastic domain 2. To maintain brevity, the condition is not shown in Figure 4.2(a). It is
to be mentioned here that identification for three region formulation becomes obvious when
yielding initiates at any one of the domain. There is a particular situation when yielding will
occur simultaneously in both the domains and it would give rise to four region problem directly
which is discussed in the next section.

In the three region problem, as shown in Figure 4.2(a), L, and L, are the lengths of the

elastic and the plastic regions of domain 2 and the corresponding normalized length parameters

are denoted by ¢&; and &P respectively. Hence in line with the earlier notation,
& = (x— L, )/Lbe and &) =(x— L, — L )/pr. Displacement functions for domain 1 is
expressed as u(&, )= Y. c,¢,, , as mentioned previously in fully elastic problem and for domain 2,
u(&,) is broken up into elastic and plastic domains, as u(&;)=Yc,¢5, and u(£? )= ¥
respectively, where ¢ and ¢° are portions of the functions ¢,, in elastic and plastic regions

respectively. Substituting these assumed displacement functions, the governing equation is

obtained in matrix form and is given as
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iiciHK(l—Zv)z L 26(L+v) J(L_iji(A(gl)Mﬁ)jgl

i=1j=1 2 3
KL=2v? 261 +v) ) 2 Vo afselee so |y e
+( ( 2 ) + (3 ) J(L Jg(A(gz )(biz(bjz)jgz (4.18)
be
K(l—2v) 29(T)t+v,) .
+ ( ) + I( (gz )(buz(bjz)jgz {F.(bj‘ }
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Figure 4.2. Representation of nomenclatures: (a) Three region and (b) Four region.

91



Chapter 4

The expressions of the strain energies in the three different regions, necessary in the
derivation of the above equation, are not mentioned to maintain brevity. The solution procedure
of Eq. (4.18) is identical to that of Eq. (4.17) although it requires some more iterative numerical

computations. g(F) is the modulus of plasticity which is set equal to modulus of rigidity G, at
the zeroth approximation, and the problem is solved as an extension of elastic solution. In
subsequent approximations the value of g(F) is updated until a final convergence is achieved,

following the iterative scheme of Kachanov (1971). The mathematical relations for the three
region problem of second kind are not reported here to maintain brevity and due to its similarity

with the present formulation.

4.2.42.2 Four region formulation

In this case, yielding occurs in both the domains and so, the whole bar now has four
regions, namely, 1a, 1b, 2a and 2b, out of which 1a and 2a are elastic regions whereas 1b and 2b

are plastic regions as shown in Figure 4.2(b). L, and L, denote the lengths of the elastic and
plastic regions of domain 1 respectively, and hence the corresponding normalized coordinates
are &7 =x/L,and&p = (x— L )/pr. L,. and L, are the lengths of the elastic and plastic
regions of domain 2 and the corresponding normalized coordinates are &¢ = (x - L )/Lbe and
£F =(x—L, — Ly )Ly,

Displacement functions of elastic and plastic regions for domain 1 and domain 2 is
expressed as u(ﬁf)chiqbfl, u(e? )= o, u(é;); Y ¢4 and u(gzp); Y.c.b respectively,
where ¢ and ¢ are portions of the functions ¢, in elastic and plastic regions and ¢, and ¢
are portions of the functions ¢., in elastic and plastic regions respectively. Substituting these

assumed displacement functions, the governing equation is obtained as
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>3, K K-2v)', 26Q+v) J{iﬁ (e, g e +

2 3 L Jo

K@a-2v) 20l fiev,f J(iJi(A(él)cbﬁ'cbﬁ)iéf’ :

2 3 L,

K(L-2v)  2G(+vy J(Libeﬁ(A(@mb;)ﬁ; N

(4.19)

2 3

K-2v)’ + 29(r, )(1+Vp)2 J(AJ}(A(Q )¢ig'¢jp2')j§2p:| = {F¢i ‘gf }’

2 3 Ly, Jo

where g(Fl) and g(Fz)are the modulus of plasticity as applicable for domain 1 and domain 2

respectively.

4.3 Validation study

The present analysis is mainly carried out for bilinear (linear elastic and linear strain
hardening elasto-plastic) material behavior, as shown in Figure 4.3. From the stress-strain
diagram of Figure 4.3(a), elastic modulus (E) and tangent modulus (E,) of the bar material are
obtained. In Figure 4.3(b), the relations of deviatoric stress (S) and shear strain (I") are shown,
which yields shear modulus (g(I")=G") of the bar material at each state of the post-elastic
region. Results are generated using E =210 GPa, E, =70 GPa and yield stress of the bar

material o, =350 MPa. The value of Poisson’s ratio v of the bar in elastic state is taken as 0.3
and after initiation of yielding, Poisson’s ratio in post-elastic state (vp), is taken as 0.5. The

length of the bar L is taken as 1.2 m.
Another trilinear material model has also been used to establish generalized applicability
of the present method. The results are presented for trilinear material behavior using tangent

modulus E,, =90GPa and E,; =58 GPa as shown in Figure 4.4(a). In Figure 4.4(b), relations

of deviatoric stress (S) with shear strain (7°) are shown for the trilinear material model.
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Figure 4.3. (a) Linear elastic and linear strain hardening elasto-plastic behavior and (b)
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Figure 4.4. (a) Linear elastic and bilinear strain hardening elasto-plastic behavior and (b)

deviatoric stress-shear strain diagram for bilinear strain hardening material.

Convergence study is carried out to ascertain the minimum number of orthogonal

functions required to represent the displacement field. Convergence study is undertaken for a

clamped-clamped bar with increasing number of functions. It is found that converged results are
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obtained when n; >9. Therefore, numbers of functions are taken as eleven for all subsequent

analysis.

The results are generated with aspect ratio ranging from 0 to 0.1 and slenderness ratio

ranging from 20 to 100. The smaller diameter d, is calculated from the slenderness ratio as
d, =(2\/§ L)/sR and the larger diameter d, is calculated from the aspect ratio relation as

d, =d, +(2LAQ). Although critical buckling load may be exceeded for certain combinations of

parameter values, the elastic instability consideration is not included in the scope of the present
analysis.

To determine the applicability of present formulation, a comparative study has been
carried out between the present method and analytical method for a clamped-free taper bar under
uniaxial tensile load F acting at the free end. The expression of stress field, as given below,

comes directly from applied load and beam geometry and it is independent on material type,

L (4.20)

For the clamped-free taper bar, validation plot for normalized plastic front location with
normalized load is provided in Figures 4.5(al,a2) for bilinear and trilinear material behaviour
which shows very good agreement with the same results obtained using analytical method and
hence the correctness of the present formulation is established. In another comparison, plot of

normalized stress field (o/oy) has been validated in Figures 4.5(b1,b2), indicating excellent

agreement. The normalized stress fields correspond to collapse load (Fc) for three different
geometries, as specified in the figure. A similar validation plot has been provided in Figures
4.6(al,bl) and (a2,b2) for a clamped free non-uniform taper bar with bilinear and trilinear
material behaviour and in this case also good agreement is observed.

Two different cases of taperness, uniform and non-uniform taper has been considered. In
both the cases, initiation of yielding occur at the tip and the particular value tensile loading is

termed as elastic limit load Fy(z Alo'y). With increase in load the plastic front gradually

proceeds towards the fixed end and ultimately coalesces there at a load termed as plastic collapse

load F.. Beyond yielding the normalized load is given by F" = F/Fy and corresponding to it the
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normalized plastic front location is given by &, = xp/L, where x, represents the location of

the plastic front.

60 40
<o (@D A=0.1 (b1) Ag=0.1
so * —— Analytical - Ana]ytics;l]
- ® Present Study . + Present Study
~ % 30|
ST 7
7]
g 2
Nt
T30~ “ 20
= S.=60 > Si=60
= 2R -
Enl E
= =
= 10
Zo 10
10
Sg=20
$=20
0 l ! 0 \ |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normalized plastic front location () Normalized length & (x/L)
60 40
S=100
(a2) ~ (b2) A=0.1 [t
S,.=100 AR_'D'_I — Analytical
S0 — — Analytical -~ + Present Study
- ® Present Study % 30
%40 -
7]
E 2
Nt
T30 2 20
E g 5,=60
s -
E 2 E
z £
= 10
o 10
10 z
§,=20
0 0 - | —— r | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normalized plastic front location (£) Normalized length £ (x/L)

Figure 4.5. Validation plots for a uniform taper bar (AR = 0.1) with different values for S, for

(a#) normalized load vs. normalized plastic front location and (b#) normalized stress vs.
normalized length with (#1) bilinear and (#2) trilinear material behaviour.
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Figure 4.6. Validation plots for a non-uniform taper bar (AR = 0.1) with different values for S,

for (a#) normalized load vs. normalized plastic front location and (b#) normalized stress vs.
normalized length with (#1) bilinear and (#2) trilinear material behaviour.

A comparative study for a statically indeterminate problem has also been carried out with

that of finite element analysis software Abaqus CAE (version 6.8) for clamped-clamped taper bar

with L=1.2m, & =05, Sgz=100and A; =0.025 as shown in Figures 4.7(a) and (b). The two

figures have been clubbed together and presented again in Figure 4.10(b) at a later stage. The bar
subjected to a concentrated load at the midpoint, is modeled by using 8 node linear brick element
with 1920 elements in Abaqus. The continuous non-uniform stress field obtained in the present
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study at four different load levels shows a discrepancy with that of the results obtained from

Abaqus CAE, where a singularity in stress field is observed at load application point. Hence the

present mathematical formulation has been revised with domain decomposition method, to

accommodate singularity in the solution field.
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Figure 4.7. Plot of stress fields for a clamped-clamped taper bar as obtained in (a) Abaqus CAE

and (b) Present study.

4.3.1 Revised formulation using iterative variational method

In domain decomposition method, the whole domain is decomposed into two sub-

domains about the point of application of the load F. The reaction forces of axial load F,

developed at the two fixed ends are denoted by F, and F, respectively where F=F, +F, as

shown in Figure 4.8. The notations of the bar and the nomenclatures of the two domains remain

identical.

98



Analysis of Statically Indeterminate Bar Problem in Post Elastic Domain

Figure 4.8. Taper bar with reaction forces at fixed ends.

4.3.1.1 Iterative variational method (VM) using domain decomposition (DDM)

The expression of strain energy and work potential for domain 1 under elastic conditions
is obtained as:

, :Lb[f (K(l—ZZV) N 2G(l3+ V) JA(XI{%J dx, (4.22)
and
V. =-FK u(51]§1=1- (4.22)

On substituting Egs. (4.21) and (4.22) in the energy principle 6(U1+V1)=0, the

governing equilibrium equation for domain 1 is expressed in normalized coordinate &, as

| (B o e

Similarly, the governing equation for domain 2 in normalized coordinate &, is given by

[ K(1—2 v)' 26 (13+ V)’ J[L%JE A, ){%J&[%Jdgz } ~Falue). o (4.24)

The global displacement function u(é) is approximated by a linear combination of sets of

orthogonal coordinate functions as before.
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For the purpose of computation, the respective portions of displacement functions in

domain 1 and domain 2 are expressed as U(&,)=Y.c,¢, and u(&,)=>d.4,, where ¢, and ¢,
are portions of the function ¢ in domain 1 and domain 2. Substituting these assumed
displacement functions in Eqgs. (4.23) and (4.24) and replacing operator 6 by a/ac,., the

governing equation in matrix form is obtained as

(K(HV)Z L 26(Ley) j_i iHLJ(A(;w;l)d;}{ci}= Fos. (4.25

2 3 i=1j=1 | L,
and
K(l-2v)  2G(1+v) |o o[ 2 y ~
( ;T 3 ji_leZ_lHL—bJ(A(éz)sbmqﬁjz)déz}{di}—{F1¢,- 52_0}. (4.26)

Eqgs. (4.25) and (4.26) can be clubbed together in matrix form as [K]{C}z {f} where, [K]

is the stiffness matrix, {C} is the column matrix of displacement coefficients and {f} is the

column matrix of forces which are of the form given below:
ky, Kk : F
[K]:{ 11 12i|, {C}:|:{Cl}i| and {f}:{{ 0}i|
k21 k22 {dl } {Fl }
The elements of the stiffness matrix are easy to identify from Eqgs. (4.25) and (4.26).

4.3.1.2 The iterative scheme for revised formulation

In this method it is needed to estimate the contribution of the axial load (F) in both the
regions (F, for domain 1 and F, for domain 2). In order to estimate these loads an iterative

technique is employed based on the compatibility condition (u|§1=1 =u|§2=0). The procedure

followed is mentioned below and flow chart of the solution algorithm is shown in Figure 4.9.
1. Load F s initiated at a very low value and an increment AF is selected suitably. Yield

load is achieved at i load step (Fiz Fy) and elastic relations are valid upto this point.

Hence sharing of F, at the two boundaries ( F,, and F;;) are obtained analytically.
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Set x; =L and for the next load step F,=F +AF, the plastic front location (xp) s

determined first from elastic domain assumption.

. A load sharing parameter (a) for load increment AF is assumed and another loop with
counter j is initiated. Corresponding to F,,,, the actual load sharing is obtained at j"
step, when compatibility condition is satisfied, Corresponding to this load values of F
and F, are Fy,, =Fy + jadF and Fy,,) =F; +(1- jo)AF.

Here it is assumed that domain 1 remains fully elastic and based on the yield front

location (xp), ¢5 and ¢% are portions of the functions ¢,, in elastic and plastic regions
of domain 2 and function ¢, is defined for fully elastic domain 1. Using these functions
elastic stiffness matrix for domain 1 [Ke] and elastoplastic stiffness matrix [KepJ for

domain 2 is obtained. Using F,.;) and Fy;,,), load vectors {FO} and {Fl} for both the

i+1
domains are obtained. Coefficients {c,} and {d, } are computed as {c, }=[K,]*{F,} and
{d,}= [Kep J*{F, ). From the displacement fields of both the domains, the difference in

displacements at load application point (u(m)

— U ) is found to be zero at j"
&1=1 (i+1) &2=0

step.

Corresponding strain and stress fields are obtained and location of yield front (xp) IS

calculated, and updated as x; =x,. For same load step F, but with updated g(I")
displacement fields are computed again as mentioned above. The process of updating the

material parameter g(r") is well documented in Kachanov (1971) and it was

implemented in the earlier part of the analysis as well. Once the convergence in x, is

obtained load step F .., is solved.

i+1

Increment F; ,=F

.., + AF is given and the entire procedure is repeated for subsequent
load steps.

Once a particular value of F is reached yielding also starts at domain 1 and both the
region becomes elastoplastic which leads to four region formulation. The solution

procedure is identical and other details are not mentioned here to maintain brevity.
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Define bar geometries 4,, 4,. L andL,. material properties £, E,, X ,G and o,.assume an initial very low
axial load F and select load increment AF

(: ) Store E set j = ], F;=F, Obtain Fj and F);; Increment load F_,=F, + AF;
Compute stress field in domain 1 (o) and domain 2 (o, ); Start loop 1

Elastic analysis

* Three region formulation
Set j=1 (xﬁ)[.=L;

Set (x;?),. = (x,,;)i
¥

(o™ > Yield stress)

Four region

Obtain ¢ and ¢ based on (x,, ) : formulation
Determine [K]; Start loop 2 v

3 Further
" detailing [ :)
Assume load sharing parameter (a) for AF; omitted
Determine Fy,. ) = Fy; + joAF and Fy.p) = Fy; +(1-ja)aF;

Determine {f}, Start loop 3

? 9

»r *
Compute {;} and {d,}: Find u), = Ycuh; anduy, = Y dydhs:
&l &1

;2-0)
N Y

j=j+1 Obtain stress field; Update g(I"); Compute (xp2 _)(_

Determine & = (u(“) |:J-1 Ui

@

Update (x;lld),' s (xsﬂ ),'

?

@__ Next load step
i=i+1

* Assumed domain 1 elastic and domain 2 elasto-
plastic.
Loop 1: For load increment (A):
Loop 2: For identification of plastic front (B);
Loop 3: For determination of actual load sharing
F, 0(i+1) and F, Kis1) ©)

g;=10"and e, =10"*
g

Figure 4.9. Flow chart for the solution algorithm.
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Results obtained from the revised formulation using domain decomposition method with
iterations for the clamped-clamped taper bar is shown in Figure 4.10(a), which successfully
validates the present method with that of the finite element analysis software. For ready
reference, the earlier results of comparative study are also shown in Figure 4.10(b). The percent
error of the results of the present method (DDM and DDM with 1VM) and Abaqus CAE are also
presented in Table 4.1.

1050

1050

Ap=0.025, S,=100
b £=0.5 (L=0.6)
—— Abaqus CAE

+ DDM with IVM

A,=0.025, S,=100

700 £=0.5 (L=0.6)

~1
=
=

—— Abaqus CAE
- - - DDM alone

L

173
n
=

i)

w
h
=

Stress (MPa)
Stress (MPa)

-350 F=1363000 N 350+ F=1363000 N
B F=2068000 N
F=2068000 N ® F=3008000 N
-700 <700 [~ & F=4183000 N
F=3008000 N
-1050 -1050
F=4183000 N
-1400 ' ' -1400 ' . ‘ ‘
0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2
Length (m) Length (m)

Figure 4.10. Validation plot for a clamped-clamped taper bar with Abaqus CAE using (a) DDM
with IVM and (b) DDM alone.

Table 4.1: Validation of results on F =300800 N for a clamped-clamped taper bar

. . Error (%) Error (%)
Ieni]\;(r:a(lm) DDM DDM\‘;IV ™ | Abaqus | (DDMand | (DDM with IVM
Abaqus) and Abaqus)
0.2 280.7 312.14 306.83 8.52 1.73
0.4 369.72 397.48 399.93 7.55 0.61
0.8 -234.21 -401.63 -403.17 41.90 0.38
1.0 -364.47 -552.30 -546.58 33.32 1.05
1.2 -535.97 -877.74 -879.33 39.04 0.18

4.3.2 Analytical solution of the problem with variationally based boundary

conditions
To determine the applicability of the present formulation, a further validation study with
the present method and analytical method for a clamped-clamped taper bar under elastic
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conditions have also been carried out. In order to calculate the exact displacement fields for
domain 1 and domain 2, the stationary condition of /1, (=U1 +V1) and 17, (: U, +V2) is used

and the governing differential equations and the natural boundary conditions are generated as
mentioned in Bathe (2006).

For domain 1, we have

, = E{IA()( J ] [Ix ] (4.27)

Setting o771, =0 and using integration by parts, we obtain

4 [ 10ul))
du(x,)|  _
EA(x, ) m M¢f_FO (4.29)

The solution of Eq. (4.28) subjected to the natural boundary condition in Eq. (4.29) and

the essential boundary condition u|X1:0 =0 gives the exact solution of the given problem. For

uniform taper bar, the analytical displacement field for domain 1 is obtained as

u(x,)= AL L L (4.30)
' ”E(do_dl) _ﬁ(do_dl) dy .

Similarly, the analytical displacement field for domain 2 is obtained as

u(xz)_ —-4F L 1 1

= - (4.31)
ﬁE(dO _dl) do _)I(_Z(do _dl) dl

The analytical displacement fields for the two domains of non-uniform taper bar is

obtained in a similar way and they are given by
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U(X1)=ﬂEjE°Ld2 n Xdoz (4.32)
R EHERCHETE

and
_4F,L d?

u(x, ) TR : (4.33)

:ﬂE(doz—dlz) " dz_ﬁ(dz_dz) .
0 L 0 1

The reaction forces F, and F, at the two boundaries are unknown initially as the
problem is statically indeterminate. F, and F, is determined by setting u(x,)=u(x,) at x =L,

and satisfying the force relation F =F, + F,. Plot for displacement fields with length for

uniform and non-uniform taperness is provided in Figures 4.11(a) and (b) for two different load
application points which matches exactly with the results obtained using present method. The
analytical solution of the problem, as reported in Egs. (4.30)-(4.33) is possible for elastic
material only, because in post-elastic state E becomes dependent on space variable x. So, exact
analytical solution in post-elastic state is not possible and implementation of the numerical
solution scheme is appreciable for such problem, as exemplified earlier in Figures 4.5 and 4.6 for
statically determinate clamped free bars. In case of the present statically indeterminate clamped-

clamped bar implementation of numerical solution scheme becomes much more involved.

4.4 Results and discussion

The purpose of this study is to reveal the yield front propagation of statically
indeterminate taper bar in axial direction with uniform and non-uniform taperness in post-elastic
regime. In addition the effect of aspect ratio and slenderness ratio on non-dimensional collapse
load of clamped-free and clamped-clamped taper bar is studied in subsequent sections. The range

of values of A, and S; are kept identical as mentioned in the previous validation sections. For

clamped-free taper bar, non-dimensional collapse load is given by A, =F, / F, whereas for

clamped-clamped taper bar, two different non-dimensional collapse load A, and A, are used.
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Results are presented for two different types of taperness. However, for uniform taperness, load
application point is considered at five different locations but for non-uniform taperness, result is

provided for a particular load application point.

8E-007 . 1.2E-006 ,
(a) $,=100, A,=0.025 (b) $,=100, A,=0.025
A L=0.4 \ L=0.6
AECN 1E-006 —
) A |2
6E-007 — L] V|
o L ~ _— o ),
E o £ sE-007 o \..
et _" I \1 - ".r' . \\
g ',- ! \- g ” : s,
[} Al
5 4E-007 — ' S 5 6E-007— ! \ 8
- d | & ~ 1 \
E it I 2 & “" : 1 \
(=% ] | A f=H A 1 8
-2 ! 2 4E-007 d ' \
a ! a / |
2E-007 — " @ Anallytical (uniform taper) # @ Analytical I(unil‘ﬂrm taper)
— Present study (uniform taper) 2E-007 — Present study (uniform taper)
O Ana:lyticnl (non-uniform taper) O Analytical {nnn-unifm‘m taper)
- = Predent study (non-uniform taper) - - Present study (non-uniform taper)
0 | | | | 0 | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2
Length (m) Length (m)

Figure 4.11. Plot of displacement fields for a clamped-clamped uniform and non-uniform taper

bar as obtained in analytical method and present study for (a) L; =0.4 and (b) L, =0.6.

4.4.1 Effect of aspect ratio and slenderness ratio on clamped-free taper bar

For clamped-free bar with uniform and non-uniform taper, 3D and contour plots of non-
dimensional collapse load showing it’s simultaneous variation with aspect ratio and slenderness
ratio has been presented in Figures 4.12(a) and (b). In both the cases, it is observed that with

increase in A; aswellas Si, A, increases.

4.4.2 Post-elastic behaviour of clamped-clamped uniform taper bar

For clamped-clamped bar, results are presented for non-dimensional collapse load in
domain 1 and domain 2. Non-dimensional collapse load for domain 1 and domain 2 are given by

A = Fcl/Fyl and A, = FCZ/Fyz . Change in geometry of uniform taper bar for typical values of

A, and S, are shown in Table 4.2 through graphical representation. For better understanding the
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elastic and plastic limit loads for domain 1 and 2 have been furnished in Table. 4.3 for different

load application points for two different geometries (case A and B) of Table 4.2.

(@)

Figure 4.12. 3D and contour plots of non-dimensional collapse load (/IC) showing it’s variation

~ 100

with A; and S for (a) uniform taper and (b) non-uniform taper.

Table 4.2: Graphical representation of clamped-clamped uniform taper bar

R |20 50 100
AR
o | 1 - > ¢
dy =289.70 mm,d; =169.70 mm | d, =187.88mm,d; =67.88 mm dy =153.94mm, d; =33.94 mm
e _E::::::::::} — 8 T
dy =409.70 mm,d; =169.70 mm | d, =307.88 mm,d; =67.88 mm | dy, =273.94 mm,d; =33.94 mm
0.1

)
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Table 4.3: Elastic and plastic limit loads for domain 1 and domain 2 of taper bar for two
different geometries with bilinear material model (case A and B of Table 4.1)

Case A Case B

St | Fu(kN) | Ry (kN) | Fp(kN) | R (kN) | Ry (KN) - R (KN) | o (KN) | Ry (KN)

0.3 | 39221.47 | 72559.72 | 62754.35 | 112957.83 | 7178.85 | 13404.05 | 11342.59 | 20416.66

0.4 | 35786.23 | 66920.25 | 39364.85 | 97624.84 | 6481.43 | 11472.12 | 6999.94 | 15949.92

0.5 | 34280.93 | 82058.30 | 26992.86 | 81788.37 | 6596.65 | 13852.96 | 4780.18 | 12906.48

0.6 | 33573.83 | 67147.67 | 16786.92 | 65468.98 | 6263.33 | 11900.33 | 2940.53 | 10291.86

0.7 | 33206.38 | 56107.34 | 16357.83 | 48746.32 | 6033.90 | 9171.53 |2832.82 | 7931.89

3D and contour plots of non-dimensional collapse load for domain 1 and domain 2
showing it’s variation with aspect ratio and slenderness ratio for five different load application
points have been presented in Figures 4.13((al,a2)-(el,e2)). It is evident from the figures that

with increase in A; as well as with S;, A, and A, attain highest values at A; =0.1 and

Sz =100 for all load application points. A, decreases and A, increases as the load application

points shift from higher diameter end to lower diameter end.

To analyze the growth of yield front in greater details, the variation of stress field with
load for a uniform taper bar is reported in Figures 4.14(a-d) through waterfall plots. Figures are
provided for four different load application points (£, =0.4, 0.5, 0.6 and 0.7) and in each figure
several stress profiles are shown for loads ranging from initial yield limit to ultimate collapse
limit. It is observed for all the cases that stress increases with increase in load, initial yielding

occurs at (x= L) and with increase in load intensity yielding also occurs at (x =L, ) When the

load reaches F_, entire bar becomes elastoplastic.

From the stress fields, as shown in waterfall plots of Figure 4.14, plastic front locations
are captured at different load levels and their location with load is provided in Figures 4.15(a-d).
For a clamped-clamped uniform taper bar, the figures capture the advancement of plastic front
with increasing load for domain 1 and domain 2, for the four load application points.
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(al) (a2)
(b1) (b2)
” (©2)
(d1) ‘1; (d2)
e €

Figure 4.13. 3D and contour plots of non-dimensional collapse load A, and 4., showing it’s
variation with A; and Sy for load application point (al, a2) &, =0.3 (b1, b2) &, =0.4 (c1, c2)
&, =05 (d1,d2) & =0.6and (el,e2) & =0.7.
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Stress (MPa)

Stress (MPa)

0.4
0.6

0.8
Length g,

Stress (MPa)

, Stress (MPa)

0.2
0.4 0.6

0.8
Length (m) 1

1.2 05

(d)
Figure 4.14. Waterfall plot of stress variation with load for a uniform taper bar with A; =0.025

and S, =100 for different load application point (a) &, =0.4 (b) &, =0.5 (¢) &, =0.6 (d)

£ =0.7.

4.4.3 Post-elastic behaviour of clamped-clamped non-uniform taper bar

For a clamped-clamped non-uniform taper bar, 3D and contour plots of non-dimensional

collapse load, showing it’s variation with aspect ratio and slenderness ratio for load application

point (éf = 0.5) are presented in Figures 4.16(a, b), for domain 1 and domain 2 respectively. The

observation for this case remains almost same as that mentioned for uniform taper bars except

for the fact that the increase in A, is much more than 4. Similar observations as that for load
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application point at £, =0.5, are found for all the other load application points but are not

reported here to maintain brevity.
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Figure 4.15. Plot of plastic front location variation with load for a uniform taper bar for load
application point (a) &, =0.4 (b) £, =0.5 (c) &, =0.6 (d) &, =0.7.

In Figures 4.17(a-d) the variation of stress field in the bar is reported through waterfall

plots and the observation for this case also remains same as that for uniform taper bars, but in

this case the yield load and plastic collapse load for both the domains (F,,, F, and F,, F;)

are higher. From these waterfall plots the plastic front locations are captured at different load
levels and their location has been provided in Figures 4.18(a-d) with increasing load for domain
1 and domain 2.
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Figure 4.16. 3D and contour plots of non-dimensional collapse load A, and 4., showing it’s

variation with A; and Sy for load application point (a, b).

4.4.4 Results for clamped-clamped uniform taper bar with trilinear material

model

The elastic and plastic limit loads for domain 1 and 2 have been furnished in Table. 4.4

for different load application points for two different geometries (case A and B of Table 4.2).

The values of F, and F, for uniform geometry bar (case C of Table 4.2) remains same, as
expected for a material with given o, and o, values. From Table 4.4, it is also observed that

the elastic limit loads for both the domains (F,, and F,,) remain same for bilinear and trilinear

material model. There is a change in plastic collapse loads and it is observed that the plastic
collapse load is more in case of trilinear material model for all the load application points and for
both the domains. For better understanding, sample 3D and contour plots of non-dimensional
collapse load, showing it’s variation with aspect ratio and slenderness ratio for load application

point (gf = 0.5) are presented in Figures 4.19(a, b). The plots are compared with cases (c1, c2) of

Figure 4.13 and it is found that but the nature of plots are identical but magnitudes of loads are

more.
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Stress (MPa)

Stress (MPa)
Stress (MPa)
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Figure 4.17. Waterfall plot of stress variation with load for a non-uniform taper bar with

A; =0.025and S; =100 for load application point (a) &, =0.4 (b) &, =0.5 (c) &, =0.6 (d)

£ =07.
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Figure 4.18. Plot of plastic front location variation with load for a taper bar with linear variation
in area for load application point (a) £; =0.4 (b) &, =0.5 (¢c) & =0.6 (d) &, =0.7.

Table 4.4: Elastic and plastic limit loads for domain 1 and domain 2 of taper bar for two

different geometries with trilinear material model

Case A Case B

So | Fu(kN) | Ry (kN) | Fp(kN) | R (kN) | Ry (KN) R (KN) | R (KN) | Ry (KN)

0.3 | 39221.47 | 76481.87 | 62754.35 | 117664.41 | 7178.85 | 14057.70 | 11342.59 | 21870.30

0.4 | 35786.23 | 71572.46 | 39364.85 | 100201.44 | 6481.43 | 12162.85 | 6999.94 | 16203.57

0.5 | 34280.93 | 82617.05 | 26992.86 | 82328.23 | 6596.65 | 14550.15 | 4780.18 | 13826.24

0.6 | 33573.83 | 67987.01 | 16786.92 | 66476.19 | 6263.33 | 12379.42 | 2940.53 | 11785.37

0.7 | 33206.38 | 60523.96 | 16357.83 | 58888.17 | 6033.90 | 11039.48 | 2832.82 | 9756.20
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100

Figure 4.19. 3D and contour plots of non-dimensional collapse load A, and 4., showing it’s

variation with A; and Sy for load application point (a, b) for trilinear model.

45 Summary

In this chapter, the investigation of yield front propagation of statically indeterminate
taper bar is formulated through the extension and application of minimum potential energy
principle in Hencky’s deformation theory based on von-Mises yield criterion and for linear strain
hardening behaviour. Both determinate and indeterminate problems have been considered. For
determinate problems domain decomposition method has been established and to overcome its
insufficiency for indeterminate problems, an iterative variational method has been proposed
successfully. The results obtained by the present methodology have been validated with that of
analytical results of a clamped-free taper bar under uniaxial tensile load and excellent agreement
is obtained. The results obtained through the revised formulation using domain decomposition
method are validated successfully by finite element analysis software Abaqus CAE for a
clamped-clamped taper bar. Some new results are presented which show that the variations in
aspect ratio and slenderness ratio have significant effect on the yield front propagation of
clamped-clamped bar. The results are presented graphically to become design friendly. Waterfall

plots showing the variation in stress field with increase in load have also been presented.
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GROWTH OF YIELD FRONT IN THERMO-MECHANICALLY
LOADED ISOTROPIC AND FG BARS

5.1 Introduction

The thermo-elasto-plastic analyses of non-uniform bars are important for efficient
designing of mechanical, aerospace and civil structures. The phenomenon of elastic-plastic
regime in the bar material is exhibited when thermal load exceeds the critical load to produce
initial yielding condition in the bar. Due to the absence of comprehensive analytical solution of
the problem, several efforts have been made to obtain effective methods of solution in the elasto-

plastic region due to induced thermal stress.

4p =(d,-d;)f2L

F A B s D
Sq = (242L)/a, z Ap 0 0.1 0 0.1
i 5 20 20 100 100
T T M e }
@do j— ———————————— —/ od, [,
| B ]
0
Elastic region Plastic region D)
(a) (b)
Figure 5.1. (a) Schematic diagram of geometry of taper bar and (b) four typical geometries for
L=1.2 m.

A taper bar of solid circular cross-section with linear and parabolic variation in diameter
is considered in the present analysis as represented by the solid and dotted lines in Figure 5.1.

For linear taper geometry, the diameter at location x is given by, d =d, - &(d, —d,), where

d, is the largest diameter at x =0, d, is the smallest diameter at the other clamped end and &

is the normalized axial coordinate. Total length of the bar L is used to frame the normalizing
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parameter é(z x/ L). For parabolic geometry, the variation in diameter is given by
d=d, +((d0 —-d,; k/l-é). The geometry of the bar is also characterized by the aspect ratio (AR)
and slenderness ratio (SR), as detailed in Figure 5.1(a). Four typical geometries for different A,

and Sy values are shown in the Figure 5.1(b) for a bar of length 1.2 m. Moreover, various other

types of geometries are furnished in Table 4.1 of the preceding chapter 4 of the thesis.

The basic method of analysis for both these problems remains the same and is similar to
the one presented in the preceding chapter for the analysis of statically indeterminate non-
uniform bar problem in post elastic domain by an iterative variational method. The present
chapter endeavors to address the thermo-elasto-plastic behaviour of isotropic and functionally
graded non-uniform bars by using a numerical technique based on variational principle. The
solution algorithm of the governing equation has been proposed for predicting the unknown
displacement field in an iterative manner based on von-Mises yield criterion and Hencky’s

deformation theory of plasticity by assuming an isotropic material model.

5.2 Thermo-elasto-plastic analysis of isotropic non-uniform bars

This section deals with the analysis of elasto-plastic behaviour of isotropic non-uniform
bars subjected to thermal load. A quick review of the available literatures significantly related to
this problem is provided here. Theoretical investigation of elastic-plastic behaviour of solid
slender bars of various types of geometry as well as loading is a relevant area of work for the
designers (Kachanov (1971); Hill (1950); Chakrabarty (1987); Johnson and Mellor (1962)).
Grysa and Kozlowski (1982) presented one-dimensional transient thermoelastic problems of heat
flux and determined the unknown functions describing heat flux and temperature on the surface
of an isotropic infinite slab. Horgan and Chan (1999) investigated the effects of material
inhomogeneity on the torsion response of linearly elastic isotropic bars. In this analysis, optimal
upper and lower bounds for the torsional rigidity for non-homogeneous bars of arbitrary cross-
section were established.

Aleksandrov and Lyamaina (2012) obtained a semi-analytical solution of the formulated
boundary value problem of a thin hollow disk subjected to thermo-mechanical loading with a
uniform pressure distribution on the inner contour and a gradually increasing thermal load.

Alexandrov and Alexandrova (2001) gave a closed-form solution, predicting thermal effect on
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the development of plastic zones in thin plates. They assumed uniform temperature field which
varies monotonically with time. Haslinger et al. (2016) introduced an incremental procedure for
numerical evaluation and estimation of limit load in deformation plasticity based on variational
formulation.

From the literature review, it is revealed that stress and deformation problem of uniform
geometry bar subjected to thermal loading is mainly addressed in elastic domain only and
literatures clarifying elasto-plastic behaviour of clamped non-uniform bars under thermo-
mechanical loading are rare. The purpose of the present study is to investigate the growth of
yield front in post-elastic domain of a thermo-mechanically loaded non-uniform bar with
clamped ends. The problem is solved through an extension of the variational method in post-
elastic regime. It is assumed that yield stress is the only physical parameter dependent on
temperature variation of the bar and all other material properties remain constant corresponding
to the value at ambient temperature. The bar is axisymmetric and during thermal loading its
plane cross-sections remain plane maintaining axisymmetry. This analysis of the energy based
variational formulation is carried out by Galerkin’s principle, using a linear combination of sets
of orthogonal co-ordinate functions which satisfy prescribed boundary conditions. The
approximate solution additionally needs an iterative technique to find the growth in yield front
for the type of prescribed temperature field manner based on von-Mises yield criterion and
deformation theory of plasticity by assuming an isotropic material model. The solution algorithm
is actualized with the assistance of MATLAB® computational simulation software. Uniform,
linear and parabolic types of temperature distribution over the length of the bar are assumed and
some numerical results in dimensional form are presented and discussed for a clamped-clamped
mild steel bar. The temperatures corresponding to onset of yielding and total collapse are
considered as markers of yield limit and collapse loads. The temperatures and limit load factors
for different bar geometries and temperature distributions are provided. Results obtained from
the proposed mathematical model are compared with those of finite element analyses using the
commercial software, Abaqus. The results reveal that the thermo-elasto-plastic deformation of
clamped bar is significantly influenced by the effect of geometry parameters and by the nature of
thermal load.
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5.2.1 Mathematical formulation

The present section performs analysis for clamped-clamped taper bars subjected to
thermal load. Both bilinear and multilinear models of material behaviors are considered for the
present analysis. An energy based variational approach is used by employing von-Mises criterion
and total deformation theory of plasticity to get the governing equations. In the presence of
temperature field the analysis of plastic behaviour becomes more complicated, because the yield
limit and stress-strain relation depends on temperature. It is assumed that the temperature rise is
not permanent so that effect of creep can be neglected. In the presence of a variable temperature
field the relative volumetric change will produce strain, which is given by the well-known

expression & =3ko + 3aT where k(=(1-2v)/E) is the coefficient of volumetric compression,
a is the coefficient of linear thermal expansion and T is the temperature rise. It is assumed that
the stress and strain deviatorics are coaxial and their principal values are proportional i.e.,
e; =s;, where v is a scalar. It is also obvious that the components of strain deviatoric €;

does not involve thermal expansions and so, using total deformation theory of plasticity, the total
strain can be expressed as

& =%5ij +e; =koo; +aTd; +ys;. (5.1)

ij 1

The solution for the thermo-elasto-plastic displacement field of a body under equilibrium
is obtained from the application of minimum potential energy principle (5(U +V)=O) in
Hencky’s total deformation theory. U is the strain energy stored in the bar in form of increment
in work of deformation and V is the potential energy developed by the thermal loading. The
expression of total potential energy under elastic conditions can be reduced to an identical
expression given by Eq. (4.13) in section 4.2.4.1 of the thesis with the effect of thermal loading

contributed to the work potential and is given by,

- ZH K(1—22v)2 . 2G(13+V)2 J(u' f —3K(1-2v)aTu’ |A(x)dx, (5.2)

where ( ) indicate first derivative with respect to the coordinate variable. /I is the total

potential energy in which one part is similar to the strain energy U stored in the bar and the
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other part is work function due to temperature gradient loading. So, the expression for strain

energy U is given by,

U :H(K(l—Zv)Z . 2G(1+v)’ J(u')Z}A(X)dxi (5.3)

2 3

where u’ is the axial strain &,. The expression for potential energy V, arising from the thermal

loading is given by,

V = —[BK(1-2v)aTu’ JA(x)dx. (5.4)

0

As the bar remains axisymmetric, the shear deformation consideration is not included in
the present analysis.

The initiation of yielding occurs at the smaller fixed end (x = L) of the taper bar at a
particular value of temperature Ty termed as elastic limit thermal load. With increase in
temperature the plastic front gradually proceeds towards the larger fixed end (x=0) and
ultimately coalesces there at a temperature T, termed as plastic collapse thermal load. The

domain of the bar beyond elastic limit load gets divided into two regions, an elastic region (0 to

L, ) of higher diameter and a relatively smaller diameter plastic region (L, to L). Hence in the
post elastic state the total strain energy U consists of an elastic (U, ) and a plastic (U p) part.

Expression of strain energy in the elastic part is given by,

U, - T[K(l—;v)z N 2G(13+v)2 jA(x)(u')z i (5.5)

and the strain energy for the post-elastic region is obtained from the expression

U, = 'I-[K(l—ZV)2 N 2.CJ(F)(1+vp)2 JA(X)(U')de, (5.6)

2 3

where g(F ) is the modulus of plasticity and v, is the Poisson's ratio in post-elastic region.
Substituting Egs. (5.3) to (5.6) in the energy principle 5(U +V)=0, the governing

equilibrium equation becomes
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0

s JrLILE[K(l—ZZV)2 N 29(F)(;+vp)2 JA(X)(U')de _o. (5.7)

~TRK (L 2v)oTu  JA(x)dx

The normalized length parameters are denoted by £° and &° in elastic and post-elastic
regions, respectively and they are framed by &° = x/L, and £° =(x-L,)/L,, where L, and
L, are the lengths of the elastic and post-elastic regions respectively. The displacement function
u(é) in Eq. (5.7) is approximated by a linear combination of sets of orthogonal coordinate
functions as u(§)=20i¢i, i1=1,2,...,n;, where ¢, is the set of n; number of orthogonal
functions developed through Gram-Schmidt scheme and c, is the set of unknown coefficients.
The necessary start function ¢, is given by ¢, = &(1 - &) which satisfies the geometric boundary
conditions of the bar, i.e., u=0 at £=0 and u=0 at & =1. Displacement functions in the
elastic and post-elastic regions are expressed as u(f e); Y.c.é° and u(f P ); Y.C.h° respectively.
Substituting these assumed displacement functions and replacing operator &6 by

8/80 =1,2,...,n, according to Galerkin error minimization principle, we obtain the

governing differential equation in matrix form

iquK(l—zv)z L 26(1+v) J(iﬁ( Ale Yo gt et
(1-

i=1j=1 3 L

e

[K 2v ) (r)(31’+vp)2J[L%ﬁ(A(5p)¢lp'¢1p')jgp} (5.8)
K(1- 2v)asz( AE)p; .

Solution of Eq. (5.8) yields the solution vector {ci } obtained through a single step matrix

inversion process. The axial displacement field (u) can be found out for any prescribed value of

temperature T which in turn gives strain and stress fields. However, the numerical scheme
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requires some more iterative numerical computations to ascertain the location of yield front, i.e.,
the elastic-plastic boundary. The modulus of plasticity g(F) is set equal to modulus of rigidity
G, at the zeroth approximation, and the problem is solved as an extension of elastic solution. In
subsequent approximations the value of g(F) is updated until a final convergence is achieved,

following the iterative scheme of Kachanov (1971). A flowchart of the iterative solution
algorithm is similar to that of Figure 4.9 of the preceding chapter 4 of the thesis.

5.2.2 Results and discussion

This chapter mainly presents result for thermo-elasto-plastic behavior of non-uniform
bars taking uniform as well as non-uniform thermal load for various bar geometries. The present
analysis is carried out for linear elastic and linear strain hardening elasto-plastic material
behavior, as shown in Figure 5.2 for a mild steel (MS) bar. Another multilinear material model
with four segments has also been incorporated afterwards in the present study. From the

idealized stress-strain diagram of Figure 5.2(a), elastic modulus (E) and tangent modulus (E, ) of
the bar material are obtained. In Figure 5.2(b), the relations of deviatoric stress (S) and shear

strain (") are shown, which yields shear modulus (g(F):G') of the bar material. As the

prevailing state of stress is different at each location of the bar in post elastic region, value of (G)
is also different. From the idealized post-elastic behaviour of linear strain hardening material, the

values of elasticity modulus and tangent modulus are obtained as E =210 GPa,
E, =12.23 GPa and initial yield stress of the bar material o, =260 MPa. The value of
Poisson’s ratio v is taken as 0.3 in elastic state and v, in post-elastic region is taken as 0.5. The

length of the bar L is taken as 1.2 m and coefficient of thermal expansion, « =11.5e—6/°C.
For the various geometries of the bar, the range for aspect ratio is 0 to 0.1 and slenderness

ratio varies from 20 to 100. The smaller diameter d, is calculated from the slenderness ratio as

d, :(Z\EL)/SR and the larger diameter d, is calculated from the aspect ratio relation as

d, =d, + (2LA;).
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Figure 5.2. (a) Stress-strain plot for mild steel (MS) at 20 °C showing linear elastic and linear
strain hardening elasto-plastic behavior and (b) deviatoric stress-shear strain diagram, for linear

strain hardening material.

The analysis is also carried out for three different types of temperature distributions:
uniform T(£)=T,, linearly decreasing T(£)=T, - ({T, - T,}¢) and parabolically decreasing
T(£)=T, -({T, =T, )¢?) where T, =ambient temperature and T, =maximum temperature. A

sample of the nature of temperature variations are shown in Figure 5.3 taking T, =20°C and

T, =100°C. When T, and T, appears at x=0 and x=L, we get increasing temperature
distribution and the relations for linearly increasing and parabolically increasing ones are given
by T(£)=T, + ({T, - T, }¢) and T(£)=T, +({T1 -T, }52). The elastic limit loads T, for linearly

increasing and decreasing temperature distributions are same as the induced elastic strains

remain same for both the cases. However, there is a change in plastic collapse temperature T, for

these two cases as shown in Figure 5.4(a) for linearly varying temperature distributions. The
same phenomenon is also observed for parabolically increasing and decreasing temperature

distributions and the elasto-plastic strains are presented in Figure 5.4(b).
The effect of aspect ratio and slenderness ratio on elastic limit thermal load (Ty) and
plastic collapse thermal load (T,) of clamped bar is studied in subsequent sections. Results for

the two different geometries namely taper and parabolic under three different types of

temperature distributions are presented in elasto-plastic regime of material behaviour. Results are
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presented for both the material models: bilinear and multilinear with four segments. However,
for bilinear material model, both linear taper and parabolic geometries are considered but for
multilinear material model, results are provided for only linear taper geometry. Results are also
presented for clamped-clamped linear taper bars for bilinear material model considering yield
stress variation with temperature.

Normalized length (&) Normalized length (¢ )
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Figure 5.3. Variations in temperature (a) increasing and (b) decreasing.
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Figure 5.4. Plot of elasto-plastic strain for clamped taper bar ( A, =0.025 and S =100 )
corresponding to plastic collapse temperature T, : (a) linear and (b) parabolic temperature

distribution.
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5.2.2.1 Validation study

Figure 5.5 shows the validation of the present method with that of finite element analysis

software Abaqus CAE (version 6.8) for a clamped linear taper bar with L =1.2m, S; =20 and

A, =0.1. The bar, subjected to uniform temperature, is modeled by using 8 node thermally

coupled linear brick element with 2400 elements in Abaqus. This comparison successfully

validates the present method for both elastic and post-elastic regime of bar material. The percent

error of the results of the present method and Abaqus CAE are also presented in Table 5.1.
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“® T=99.35°C
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Present study (elastic region)

-1000
0
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- - - Present study (post-elastic region) \ T=220.59 °C
® Abaqus CAE \
T =256.49 °C
| | | | |
0.2 0.4 0.6 0.8 1 1.2

X (m)

Figure 5.5. Validation plot of stress field for clamped taper bar.

Table 5.1: Validation of compressive stress for clamped linear taper bar

Axial T, =62.23°C T, =256.49°C

xia

length Compressive stress (MPa) Compressive stress (MPa)
(m) Present method | Abaqus | Error (%) | Present method | Abaqus Error (%)
0.2 -51 -53 3.77 -292.67 -295.89 1.09
0.4 -65.14 -67.17 3.02 -351 -355 1.13
0.6 -85.33 -88.13 3.39 -411.50 -413.47 0.48
0.8 -115.50 -113.43 1.82 -510 -507.28 0.54
1.0 -163.83 -165.79 1.18 -641 -644.33 0.52
1.2 -260 -260.79 0.30 -940.83 -942.33 0.16
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Figure 5.6. 3D and contour plots of elastic limit temperature (Ty) and plastic collapse
temperature (T, ) with its variation with A, and S, for clamped taper bars under (al,a2)

uniform, (b1,b2) linearly decreasing and (c1,c2) parabolically decreasing temperatures.

5.2.2.2 Elasto-plastic behaviour of clamped-clamped linear taper bar

For clamped taper bars, 3D and contour plots of elastic limit temperatures and plastic

collapse temperatures are shown in Figure 5.6 depicting simultaneous variation in aspect ratio
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and slenderness ratio. The figures has been presented for three types of temperature distribution:
uniform (al,a2), linearly decreasing (b1,b2) and parabolically decreasing (c1,c2). It is observed

that with increase in A, as well as S, the elastic limit temperature (Ty) decreases whereas the
plastic collapse temperature (T, ) increases for all the three cases of temperature distribution.

The observations are obvious, because at lower values of A; and high values of S_, bar

geometry tends to be uniform and smaller in diameter. It should be noted that the higher

temperature regions ('say T >1000 °C) shown in the diagram are not physically realizable and

the effect of variations in material properties with temperature are not considered. The elastic

limit and plastic collapse temperatures are higher for parabolic temperature distributions and
lower for uniform temperature distributions for all values of A, aswell as S,. Temperatures T,
and T, as presented in Figure 5.6 represent cases of different bar geometries having different

material volume, as shown in Figure 5.7. Figure 5.7(a) represents the volume of a taper bar with

variation in aspect ratio and slenderness ratio.

Volume
Volume

Figure 5.7. 3D plot of volume showing its variation with A, and S, for (a) taper and (b)

parabolic bars.

For a more meaningful comparison, 3D and contour plots of T, and T, are expressed per

unit volume of bar and presented in Figure 5.8 for different temperature distributions. From these

figures, it is observed that, with increasing A, and S, values, T, /V remains constant over a
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wide region of S, A; values but T /V is continuously decreasing for all the temperature

distributions.

—
=5

20

—

——
==

—
==

0.1
20

—
——
Z=

=
0.1

—
==

Z
—

=

252
=

=

e

Figure 5.8. 3D and contour plots of elastic limit temperature and plastic collapse temperature per

unit volume with its variation with A, and S for taper bars under (al,a2) uniform, (b1,b2)

linearly decreasing and (c1,c2) parabolically decreasing temperatures.
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The concept of limit load factor, defined by the ratio of collapse load to yield limit load,
is also used in this work, but here it is defined by the ratio Tc/Ty. 3D plots of this factor is
shown in Figure 5.9 for various combinations of A, and S_ values. It is observed that TC/Ty
increases with increase in A, and S, for all the cases. It is also evident from the figures that
with increase in A; as well as with S, TC/Ty attain highest values at A; =0.1 and S; =100
for all the temperature distributions. The 2D representations of TC/Ty with A, for different S,

values are presented in Figure 5.10.
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Figure 5.9. 3D and contour plots of limit load factor (TC/TY) showing its variation with A and

S, for ataper bar of L=1.2 m for (a) uniform, (b) linear and (c) parabolic temperature variations.
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Figure 5.10. Plot of limit load factor (T, /T, ) variation with A, for different S, for a taper bar

of L=1.2 m for (a) uniform, (b) linear and (c) parabolic temperature variations.

To analyze the growth of yield front in a taper bar under thermal loading, the stress fields
are reported in Figures 5.11(a)-(c) at different temperatures through waterfall plots and their
superimposed projected views. The plots are shown for three types of temperature distributions
and in each of them temperature range from initial yield limit to ultimate collapse limit. The
plots are shown for a particular bar geometry A; =0.1, S; =20, L=1.2m as indicated in case
(B) of Figure 5.1(b). It is observed that the compressive stress increases with increase in
temperature for all the three cases of temperature distributions, yielding initiates at the smallest
fixed end (x = L) of the bar and with increase in temperature the yield front starts propagating

towards the largest fixed end and the entire bar becomes elasto-plastic. The compressive stress is
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more for uniform temperature as compared to decreasing linear and parabolic temperature

distributions.
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Figure 5.11. Waterfall plot and projections of stress fields at different temperatures for a taper

bar of A, =0.1 and S, =20, under (a) uniform, (b) linearly decreasing and (c) parabolically

decreasing temperatures.
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From the stress fields of waterfall plots in Figure 5.11, the plastic front locations are
captured at different temperature levels and their location with temperature is provided in
Figures 5.12(a)-(c), for the clamped-clamped linear taper bar. The figures indicate the
advancement of plastic front locations with increasing temperatures for all the three types of
temperature distributions.
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Figure 5.12. Plot of plastic front location variation with temperature for a taper bar of A, =0.1
and S, =20, under (a) uniform, (b) linearly decreasing and (c) parabolically decreasing

temperatures.
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Figure 5.13. 3D and contour plots of elastic limit temperature (Ty) and plastic collapse

temperature (TC) with its variation with A, and S, for parabolic bars under (al,a2) uniform,

(b1,b2) linearly decreasing and (c1,c2) parabolically decreasing temperatures.

5.2.2.3 Elasto-plastic behaviour of clamped-clamped parabolic bar
For clamped parabolic bars, 3D and contour plots of elastic limit temperatures and plastic

collapse temperatures are shown in Figure 5.13, depicting simultaneous variation in aspect ratio
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and slenderness ratio. The figures has been presented for three types of temperature distribution:

uniform (al,a2), linearly decreasing (b1,b2) and parabolically decreasing (c1,c2).

&

Figure 5.14. 3D and contour plots of elastic limit temperature and plastic collapse temperature

per unit volume with its variation with A, and S for parabolic bars under (al,a2) uniform,

(b1,b2) linearly decreasing and (c1,c2) parabolically decreasing temperatures.



Chapter 5

The observation for this case remains same as that of taper bars but for parabolic
geometry bars, the elastic limit temperature (Ty) and the plastic collapse temperature (T, ) are
lower than that of linear taper bars for all A; aswell as S, values.

The volume of a parabolic bar with variation in aspect ratio and slenderness ratio is
presented in Figure 5.7(b) is used to obtain 3D and contour plots of T, and T_ per unit volume
of bar and they are presented in Figure 5.14 for different temperature distributions. The

observation for this case remains almost same as that mentioned for taper bars except for the fact

that there is more decrease in T, /V .
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Figure 5.15. 3D and contour plots of limit load factor (Tc/Ty) showing its variation with A, and

Sy for a parabolic bar under (al,a2) uniform, (b1,b2) linear and (c1,c2) parabolic temperature

variations.

136



Growth of Yield Front in Thermo-mechanically Loaded Isotropic and FG Bars

3D and contour plots of limit load factor are shown in Figure 5.15 for various

combinations of A; and S. values for parabolic bars. The observation for this case also remains
same as that mentioned for taper bars except for the fact that the limit load factors are lower. The

2D representations of T, /Ty with A, for different S_ values are presented for parabolic bars in

Figure 5.16.
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Figure 5.16. Plot of limit load factor (TC/Ty) variation with A, for different S for a parabolic

bar of L=1.2 m for (a) uniform, (b) linear and (c) parabolic temperature variations.

In Figures 5.17, the variation of stress field in parabolic bar is reported through waterfall
plots with their superimposed projected views for three types of temperature distributions. The

compressive stress for this case also increases with increase in temperature for all the three types
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of temperature distributions. However the compressive stress is more for linearly decreasing

temperature distribution as compared to other two temperature distributions.
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Figure 5.17. Waterfall plot and projections of stress fields at different temperatures for a
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parabolically decreasing temperatures.
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From these waterfall plots, the plastic front locations are captured at different temperature
levels and their locations has been provided in Figures 5.18.
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Figure 5.18. Plot of plastic front location variation with temperature for a parabolic bar of
A; =0.1 and S, =20, under (a) uniform, (b) linearly decreasing and (c) parabolically

decreasing temperatures.

5.2.2.4 Results for multilinear (four segment) material model

The results are also presented for multilinear material behavior with four segments using

tangent modulus E,, =26.47 GPa, E,, =17.39 GPa and E,. =3.80 GPa as shown in Figure

5.19(a). In Figure 5.19(b), relations of deviatoric stress (S) with shear strain (1°) are shown for

multilinear material model.
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Figure 5.19. Linear elastic and trilinear elasto-plastic behaviour (multilinear with four segment

material model).

3D and contour plots of elastic limit and plastic collapse temperatures with simultaneous
variation in aspect ratio and slenderness ratio has also been presented in Figures 5.20(al,a2)-
(c1,c2) for multilinear material model. These plots are compared with Figures 5.6(al,a2)-(c1,c2)
and it is observed that the elastic limit temperatures remain same for both bilinear and
multilinear material model, as expected. However, there is a change in the plastic collapse
temperatures and is more for multilinear material model for all the cases of temperature
variations.

The nature of waterfall plots and their projections depicting variation of stress field at
different temperatures are shown in Figures 5.21(a)-(c) for multilinear material model. It is
apparent that the nature of stress fields are identical but the compressive stress is more for all the
temperature variations as compared to bilinear material model.

The plastic front locations with temperatures are plotted in Figures 5.22(a)-(c) for
multilinear material model, and their change with the corresponding plot for bilinear model are

obvious. It is observed that the elastic limit temperature (Ty) remain same for both the material

models but the plastic collapse temperature (T_) is more for multilinear material model for all

the cases of temperature variations. For uniform temperature distribution, there is not much
difference in plastic front locations for both the models at lower temperatures. However, the
difference in plastic front locations is prominent for linear and parabolic temperature

distributions.
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Figure 5.20. 3D and contour plots of elastic limit temperature (Ty) and plastic collapse
temperature (T, ) with its variation with A, and S, for clamped taper bar with multilinear

material model under (al,a2) uniform, (b1,b2) linearly decreasing and (c1,c2) parabolically

decreasing temperatures.
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Figure 5.21. Waterfall plot and projections of stress fields at different temperatures for a taper

bar of A, =0.1 and S, =20 for multilinear material model under (a) uniform, (b) linearly

decreasing and (c) parabolically decreasing temperatures.
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decreasing temperatures.

5.2.2.5 Elasto-plastic behaviour considering yield stress variation with temperature

The results are presented for clamped taper bar considering the effect of temperature on
yield stress of mild steel as obtained from an article by Martinez (2016). The experimental data
points taken from Martinez (2016) are presented graphically by best fit curve in Figure 5.23(a)

where initial yield stress, o, =260 MPa. 3D and contour plots of elastic limit and plastic

collapse temperatures with simultaneous variation in aspect ratio and slenderness ratio has been
presented in Figures 5.24(al,a2)-(cl,c2) considering bilinear material behaviour. In Figure
5.23(b), the initial yield stress at three different temperatures are considered as 100 MPa, 180
MPa and 260 MPa. From this figure, it is obvious that the E value remains constant but there is a
decrease in E; value with increase in yield stress. However, the effect of E; is not considered for
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the present analysis. These plots are compared with Figures 5.6(al,a2)-(c1,c2) with constant
yield stress and it is observed that there is a decrease in elastic limit temperatures and plastic

collapse temperatures for yield stress variation for all the cases of temperature variations.
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Figure 5.23. (a) Yield stress variation with temperature of mild steel, after Martinez (2016) and
(b) Stress-strain plot for yield stress variation showing bilinear material behaviour.

The stress field variation and their projected views at different temperatures are presented
in Figures 5.25(a)-(c) considering yield stress variation with temperature. These plots are
compared with the waterfall plots of Figure 5.11 and it is observed that the nature of stress fields
are identical in this case also but the compressive stress is more for linear and parabolic
temperature distributions. From these waterfall plots in Figure 5.25, the plastic front locations
with temperatures are plotted in Figures 5.26(a)-(c) and their comparison with the corresponding

plot for constant yield stress are shown. It is observed that the elastic limit temperature (Ty) and
the plastic collapse temperature (T,) is less for all the cases of temperature variations

considering yield stress variation in temperature.
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Figure 5.24. 3D and contour plots of elastic limit temperature (Ty) and plastic collapse
temperature (T, ) with its variation with A, and S, for taper bars considering yield stress

variation with temperature under (al,a2) uniform, (b1,b2) linearly decreasing and (c1,c2)

parabolically decreasing temperatures.
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Figure 5.25. Waterfall plot and projections of stress fields at different temperatures for a taper
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decreasing and (c) parabolically decreasing temperatures.
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decreasing temperatures.

5.3 Thermo-elasto-plastic analysis of functionally graded non-
uniform bars

Elasto-plastic analysis of functionally graded non-uniform bars subjected to thermal loads
is reported in this section. The earliest FGMs were introduced by Japanese scientists in the mid-
1980s as ultra-high temperature resistant materials for aerospace applications (Yamanoushi et al.
(1990)). Miyamoto et al. (1999) discussed the methods of FGM fabrication and general
information about FGMs including microstructure analysis of the graded materials. Suresh and
Mortensen (1998) provided an introduction to the fundamentals of FGMs. Noda (1991)
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presented an extensive review that covers a wide range of topics from thermoelastic to thermo
inelastic problems. The author discussed the importance of temperature dependent properties on
stresses and suggested that those properties of the material should be taken into account in order
to perform more accurate analysis.

Cho and Oden (2000) studied the thermal stress characteristics of functionally graded
materials using finite element method. Different thermal stress characteristics for different
material variations and sizes of FGM were observed. Shabana et al. (2000) analyzed the elasto-
plastic thermal stresses in functionally graded materials by sing microscopic combination law.
The finite element model of the formulation is developed by considering elasto-plasticity theory.
Pitakthapanaphong and Busso (2002) described the thermo-elastic and thermo-elasto-plastic
behaviour of FGM through analytical and semi-analytical solutions. The homogenization of the
local elasto-plastic FGM behaviour in terms of the properties of its individual phases was
performed using a self-consistent approach and power-law strain hardening behaviour was
assumed for the FGM metallic phase. Eraslan and Akis (2005) obtained the plane strain
analytical solutions for functionally graded elastic and elastic-plastic pressurized tube problems.
The plastic modeling was based on Tresca’s yield criterion, its associated flow rule and ideally
plastic material behaviour.

Alibeigloo (2010) studied FG beams integrated with piezoelectric actuator and sensor
subjected to an applied electric field and thermo-mechanical load using analytical solution. In
this study, the FGM properties were assumed to vary exponentially in the thickness direction and
the poisson’s ratio was held constant. Wattanasakulpong et al. (2011) employed an improved
third order shear deformation theory to investigate thermal buckling load of FGM beam under
uniform temperature rise. Ma and Lee (2012) obtained closed form solution for the non-linear
static responses of FGM beams subjected to a uniform in-plane thermal loading. The governing
equations for the axial and transverse deformations of FGM beams were based on the non-linear
first order shear deformation theory. Bayat and Toussi (2015) solved the elasto-plastic torsion
problem of hollow FGM circular shafts. The torsional shaft is considered as a thick-walled
axisymmetric inhomogeneous cylindrical object, while the FG material is composed of ceramic
and metallic parts with power function distribution only across the radial direction. Xin et al.
(2016) investigated the elasto-plastic response of FG thick-walled tube subjected to internal
pressure by using the relation of the volume average stresses of constituents and the macroscopic
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stress of composite material. Garg and Pant (2017) simulated thermal fracture in functionally
graded materials by implementing element-free Galerkin method (EFGM). Zhang and Liew
(2016) presented post buckling analysis of axially compressed functionally graded carbon nano
tube resting on Pasternak foundations by utilizing an element-free approach. Shen et al. (2017)
investigated the non-linear vibration behaviour of functionally graded graphene-reinforced
composite laminated cylindrical shells in thermal environments. Tsiatas and Babouskos (2017)
employed a new integral equation solution to the elasto-plastic torsion problem of functionally
graded bars of arbitrary cross-section, by using deformation theory of plasticity. Huang et al.
(2014) presented a semi-analytic solution to analyze the buckling behaviour of elasto-plastic
functionally graded cylindrical shells under torsional loading by assuming multilinear hardening
model for materials. Niknam et al. (2014) investigated the non-linear bending of tapered
functionally graded beams by implementing analytical and numerical approaches subjected to
thermal and mechanical loading. Paul and Das (2016) presented non-linear post-buckling load of
FGM Timoshenko beam under non-uniform temperature rise across the thickness of the beam at
steady-state condition.

The present study concentrates on the growth of yield front of functionally graded
material (FGM) non-uniform bars subjected to thermal loads. FGM is modeled by considering
continuous distribution of metal and ceramic constituents across the length using power law
variation of volume fraction. Moreover, the FGM bar is assumed to be modeled as linear elastic
ceramic and the metal as an elastic-linear hardening material. The problem is solved through a
variational method, taking yield stress and elasticity modulus of the metallic part, being a
function of temperature whereas the elasticity modulus corresponding to the value at ambient
temperature is considered for the ceramic part. The elasto-plastic analysis based on deformation
theory of plasticity and von-Mises yield criterion is carried out by assuming a series
approximation of the unknown displacement field. Galerkin’s principle is used to obtain the
solution of the governing differential equation. An iterative process is applied to locate the
growth of the yield front for the approximate solution and for the prescribed temperature field.
MATLAB® computational simulation software is used to implement the solution algorithm.
Some numerical results of the thermo-elasto-plastic field are presented graphically showing the
effect of material parameters on clamped-clamped functionally graded non-uniform bars having

various geometries subjected to uniform and non-uniform thermal loads.

149



Chapter 5

5.3.1 Mathematical formulation

A functionally graded bar comprised of a ceramic phase and metal phase is considered in

this investigation. For FGM modeling, a continuous variation of volume fraction of metal and

ceramic along the axial direction is assumed. The volume fraction of ceramic (V,) and metal
(V) constituents along the axial direction follows the power law distribution (Farimani and

Toussi (2013)

V, (x) =V, (8 (5.92)
and
V. +V, =1, (5.9b)

where, V is the volume fraction of the constituents with subscripts ¢ and m, which corresponds to
the ceramic and metallic constituents. V,, is volume fraction of the ceramic in the right fixed end
of the bar and n is the volume fraction exponent. The FG bar becomes a pure metallic bar when
V,, =0 and n=0 denotes a bar with uniform distribution of ceramic phase. For V_ =1, the left
and right ends of the bar comprises of purely metal and purely ceramic parts, respectively.

For the elasto-plastic analysis of FGM bars, it is assumed that the metal matrix has

bilinear elastic-plastic behaviour model with elastic modulus E, , tangent modulus E,, and

yield stress o, whereas the ceramic is assumed is assumed to be linear elastic with elastic

ym?
modulus, E, as shown in Figure 5.27. In the present investigation, TTO homogenization scheme

is adopted for the modeling of elasto-plastic FGMs as defined by Tamura et al. (1973) for the
estimation of FGM effective properties. The model was extended by Bocciarelli (2008) for
ceramic/metal compound to depict the elasto-plastic behaviour of FGMs.
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Stress (o)

Strain (g)
Figure 5.27. Schematic bilinear stress-strain curve for the FGM.

The TTO model assumes that the composite yields once the metal constituent yields (Gao
and Ogden (2003). Thus, the elasto-plastic behaviour of FGM is obtained by the introduction of
the ratio of stress to strain transfer q(: q EC) where, q is the stress transfer parameter (G > 0). It
should be noted q =0 represents that FGMs flow plastically once the metallic constituents reach

their yield limit. The value of g depends on many factors such as composition, material
microstructure, loading condition, etc. However, g is assumed to be constant beyond the elastic
range due to lack of experimental data. The elasto-plastic material properties of FGM bar along

the axial location can be defined by Nakamura et al. (2000) as

E(X):{VmEm[S:EC J+VCEC:|/{Vm[2::C J+Vc:| (5103.)

o, (x)= ay{vm +[Ziim J:—v} (5.10b)

El(x){VmEm[ a+E. }FVCEC}/{V{ a+E. }V‘?} (5.10¢)
q+Elm q+Elm

where E(x) is elastic modulus, o,(x) is the overall yield stress and E,(x) is the tangent

modulus of the FGM bar as shown in Figure 5.25.
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The coefficient of linear thermal expansion «(x) of FGM bar can be determined by using

the modified rule of mixtures (Suresh and Mortensen (1998)) as provided below.
a(X)=a,V, +a\V,. (5.10d)

However, Poisson’s ratio is assumed to be constant in this analysis for both the phases

(metal and ceramic) as there is small change in value between ceramic and metal; therefore an

average value is considered throughout the FGM. However, v and v are Poisson’s ratios in

elastic and post-elastic regions respectively.

5.3.1.1 Solution of the problem

The present section performs analysis for clamped-clamped FGM taper bars subjected to
thermal load. Both bilinear (Figure 5.2) and multilinear (Figure 5.19) models of material
behaviors are considered for the present analysis. The FGM bar is considered to be locally
isotropic and an energy based variational approach is used by following von-Mises criterion and
Hencky’s total deformation theory of plasticity to get the governing equations. In the presence of
temperature field the analysis of plastic behaviour becomes more complicated, because the yield
limit and stress-strain relation depends on temperature. It is assumed that the temperature rise is
not permanent so that effect of creep can be neglected. Using the similar expressions from Eq.
(5.1) to Eq. (5.7), the governing differential equation for the FGM bar is given by

o] [(Z [ K2 2 erp s

= e /0 2 2 (5.11)
{Liji[m—z o), 200N J(A(é"%"abf)ié"] 18K (1-2v)aT (A

The solution procedure of Eq. (5.11) is identical to that of Eq. (5.8).

5.3.2 Results and discussion

The present analysis is carried out for functionally graded non-uniform bars subjected to
thermal load. The material properties of the bar are represented in Table 5.2 that is used in the
analyses taken from Farimani and Toussi (2013). The value of Poisson’s ratio v is taken as 0.3
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in elastic state and v, in post-elastic region is taken as 0.5 for the FGM bar. The length of the

bar L is taken as 1.2 m.

Table 5.2: Material properties of the FGM bar

E(GPa) | o, (MPa) | ¢ (10°/°C) E, (GPa) q (GPa)
Metal 208 260 115 80
17.2
Ceramic 324 - 7.7 -

The results are presented for three different volume fraction of the ceramic content in the
right fixed end, V., , considering their values as 0.5, 0.8 and 1. The volume fraction exponent, n
is taken as 0.5 and 2. A plot of Eq. (5.9) is presented in Figure 5.28 for different n and V_, values
for six materials, FGM Al, FGM BI, FGM All, FGM BII, FGM Alll and FGM BII|.
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Figure 5.28. Plots for ceramic volume fraction V, for six materials, FGM Al, FGM BI, FGM
All, FGM BIl, FGM Alll and FGM BI|I.

As the V_ and V,, values are functions of axial location, it is obvious from Egs. 5.10(a)-

(c), that the material properties of the bar are also functions of axial location. The material
properties of the FGM bar are given in detail in Table 5.3, indicating the elasticity modulus,
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tangent modulus and yield stress of the bar. The analysis is carried out for three different types of
temperature distributions as described in Figure 5.3(b).

Table 5.3: Material properties of the bar at different normalized co-ordinates for FGM Al

Normalized length Elasticity modulus, Tangent modulus, Yield stress,
(3] E (GPa) E, (GPa) o, (MPa)
0.00 208.00 80.00 260.00
0.01 208.01 80.01 260.00
0.03 208.07 80.06 260.00
0.06 208.24 80.20 260.01
0.09 208.61 80.51 260.02
0.13 209.27 81.07 260.03
0.18 210.35 81.99 260.06
0.23 211.95 83.37 260.10
0.28 214.19 85.35 260.16
0.34 217.18 88.06 260.23
0.40 221.03 91.69 260.32
0.47 225.81 96.42 260.43
0.53 231.60 102.50 260.56
0.60 238.43 110.22 260.70
0.66 246.29 119.97 260.86
0.72 255.12 132.17 261.02
0.77 264.77 147.34 261.19
0.82 275.03 165.99 261.35
0.87 285.53 188.55 261.50
0.91 295.82 215.03 261.64
0.94 305.33 244.61 261.77
0.97 313.45 274.96 261.87
0.99 319.56 301.79 261.94
1.00 324.00 320.00 262.00
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The present analysis is carried out by considering the effect of temperature on yield stress
and elasticity modulus of the metallic part of the bar as obtained from Martinez (2016) whereas
the elasticity modulus value at ambient temperature is considered for the ceramic part althrough.
The plot for normalized yield stress and elasticity modulus with temperature are presented
graphically by best fit curve from the experimental data points taken from Martinez (2016) in

Figure 5.29, where o, =260MPa and E, =208GPa are the values at the ambient
temperature.
The effect of aspect ratio, slenderness ratio, the volume fraction of ceramic in the right

end (Vco), the volume fraction exponent (n) and temperature field distributions on elastic limit
thermal load (Ty) and plastic collapse thermal load (T, ) of clamped FGM bar are studied and

presented in subsequent sections. Results are presented for both bilinear and multilinear material
models. However, for bilinear material model, both linear taper and parabolic geometries are
considered but for multilinear material model, results are provided for only linear taper

geometry.
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Figure 5.29. Normalized yield stress and elasticity modulus variation with temperature of mild
steel, after Martinez (2016).
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Figure 5.30. Waterfall plot of stress fields at different temperatures for FGM taper bar of

A; =0.1 and S, =20, under (a) uniform, (b) linearly decreasing and (c) parabolically

decreasing temperatures.

5.3.2.1 Elasto-plastic behaviour of FGM taper bar

For clamped-clamped FGM bar, to analyze the growth of yield front under thermal
loading, the axial distribution of stress fields are reported in Figures 5.30(a)-(c) at different
temperatures through waterfall plots. The ceramic volume fraction at the right fixed end, V, =1

and volume fraction exponent, n=2 is considered for this analysis. The plots are shown for three
types of temperature distributions and in each of them temperature range from initial yield limit
to ultimate collapse limit.
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Figure 5.31. Plot of propagation of yield front location with increase in temperature for FGM
taper bar of A, =0.1 and S, =20, under (a) uniform, (b) linearly decreasing and (c)

parabolically decreasing temperatures.

The plots are presented for a particular bar geometry A; =0.1, S; =20 and L =1.2m.

It is observed for all the cases of temperature distributions that the compressive stress increases

with increase in temperature, initial yielding occurs at the smallest fixed end (x = L) of the bar
and when the temperature reaches T_, entire bar becomes elastoplastic. For uniform temperature

field, the compressive stress is more as compared to decreasing linear and parabolic temperature
field distributions. From the waterfall plots of stress fields in Figure 5.30 for the clamped FGM
taper bar, the yield front locations are captured at various temperature levels and their
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temperature with location are given in Figures 5.31(a)-(c). These figures indicate the yield front

locations advancement with increasing temperatures for all the three types of temperature field
distributions.
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Figure 5.32. Plot of propagation of yield front location with increase in temperature for different

V,, values for FGM taper bar under (a) uniform, (b) linearly decreasing and (c) parabolically

decreasing temperatures.

5.3.2.2 Effect of material parameters V,, and n

To understand the significance of the material parameters on FGM taper bar, a parametric

study by changing the values of V_, for a particular volume fraction exponent, n is carried out.
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The results are also obtained by changing the values of n for a particular ceramic content at the
right end, V.
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Figure 5.33. Plot of propagation of yield front location with increase in temperature for different
n values for FGM taper bar under (a) uniform, (b) linearly decreasing and (c) parabolically

decreasing temperatures.

53221 Effect of the ceramic content at the right fixed end, V,,

The yield front locations with temperatures are plotted in Figures 5.32(a)-(c) for FGM
taper bar under different types of temperature distributions. Each plot contains three different

values for V_, (equals to 0.5, 0.8 and 1) with n=2 and the effect of the V_, values are observed. It
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is obvious that the elastic limit thermal load (Ty) and plastic collapse thermal load (T,)

increases when V., is increased for all the temperature field distributions. From this analysis it is

evident that the increase in ceramic content in a ceramic-metal FGM bar improves the limit

temperatures.

5.3.2.2.2 Effect of the volume fraction exponent, n

The plots for yield front locations with temperatures for FGM taper bar under different
types of temperature distributions are presented in Figures 5.33(a)-(c). In each plot two different
values for n (equals to 0.5 and 2) with V, =1 is considered and the effect of change in n values
are observed. It is found that the elastic limit thermal load (Ty) and plastic collapse thermal load
(T.) increases when n is decreased for all the temperature field distributions. Here, it may be

presumed that a smaller value of ‘n’ which means more percentage of ceramic in a ceramic-

metal FGM bar increases the plastic collapse thermal load.

5.3.2.3 Elasto-plastic behaviour of FGM parabolic bar

In Figure 5.34, the yield front locations at different temperature locations are captured
and their locations have been provided for FGM parabolic bar for different temperature
distributions. These figures also furnish the results of Figure 5.31 for FGM taper bar in solid

lines and it is observed that the elastic limit thermal load (Ty) and plastic collapse thermal load

(T.) are lower for parabolic bar for all the temperature distributions.
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Figure 5.34. Plot of propagation of yield front location with increase in temperature for FGM
taper and parabolic bar under (a) uniform, (b) linearly decreasing and (c) parabolically

decreasing temperatures.

5.3.2.4 Results for multilinear (four segment) material model for FGM taper bar

The results are presented for multilinear material model for FGM taper bar under
different types of temperature distributions. In this analysis the ceramic volume fraction at the
right fixed end V, =1 and volume fraction exponent, n=2. The waterfall of stress fields at
different temperatures is presented in Figures 5.35(a)-(c) for multilinear material behaviour.
These plots are compared with the corresponding waterfall plots of Figure 5.30 for bilinear

material model. It is found that the nature of stress fields are identical but the compressive stress

is more for multilinear model for all the temperature field distributions.
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Figure 5.35. Waterfall plot of stress fields at different temperatures for FGM taper bar of
A, =0.1 and S, =20, for multilinear material model under (&) uniform, (b) linearly decreasing

and (c) parabolically decreasing temperatures.

The vyield front locations with temperatures are presented in Figures 5.36(a)-(c) for

multilinear material behaviour which depicted their change with the corresponding plot for
bilinear material model. These figures showed that the elastic limit temperature (Ty) remain
same for both bilinear and multilinear material models. However, there is an increase in plastic
collapse temperature (T.) for multilinear model for all cases of temperature field distributions.

There is not significant difference in yield front locations for uniform temperature distribution at
lower temperatures for both the material models. However, the difference is prominent in yield

front locations for linear and parabolic temperature field distributions.
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Figure 5.36. Plot of propagation of yield front location with increase in temperature for FGM
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54 Summary

The chapter presents the yield front propagation of thermo-mechanically loaded clamped-
clamped isotropic and functionally graded bars. The problem is formulated through the extension
of minimum potential energy principle in Hencky’s deformation theory using von-Mises yield
criterion and for both bilinear and multilinear material models. The results obtained by the

proposed methodology are validated successfully with that of finite element analysis software
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Abaqus CAE for a clamped linear taper bar under uniform temperature field. Some new results
are presented which indicates that the yield front propagation of clamped-clamped bar with
various temperature distributions are affected significantly by the variations in aspect ratio and
slenderness ratio. The variation in stress fields with increase in temperature has been presented
through waterfall plots and from the projection of these plots, growth in yield front is captured.
Effect of temperature on yield stress is considered for isotropic bars and from the waterfall plots
of stress field, it is observed that there is decrease in elastic limit and plastic collapse

temperatures. Various results are presented to show the effects of material parameters V., and n

on FGM bars and it is observed that increase in ceramic content in a ceramic-metal FGM bar
improves the limit temperatures. The results are also presented for the stress fields through
waterfall plots and growth of plastic fronts for FGM taper and parabolic bar geometries under
different types of temperature distributions and it is observed for all the cases that for parabolic

temperature variation, the yield and collapse temperature are higher.
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ELASTOPLASTIC ANALYSIS OF THERMO-MECHANICALLY
LOADED FGM DISKS

6.1 Introduction and literature review

Functionally graded materials (FGMs) with spatially varying properties are mainly
constructed to work in high temperature environments that find their application in turbine
rotors, flywheels, gears and in aerospace industries which operate under complex thermal and
mechanical loading conditions. In the past two decades, there have been many works relating to
the studies on FGM disks. In particular, various numerical and analytical investigations have
been extensively used by several researchers to predict the elastic and thermo-elastic analysis of
functionally graded disks under different loading conditions (Bayat et al. (2009), Kordkheili and
Naghdabadi (2007), Afsar and Go (2010) and Peng and Li (2010)). However, optimizing the
design of a rotating disk and understanding its behavior in the elasto-plastic regime provides a
better insight towards effective usage of the disk material.

The necessity of post-elastic analysis of mechanical structures arises from demand of
complete use of strength resources of bodies and leads to a progressive method of calculating the
load bearing ability of machines and structures. The economic value of the use of processes
involving plastic deformation of metals in hot and cold conditions is well known and as a result
the analysis of forces necessary to accomplish these processes constitutes an important area for
the application of plasticity theory. The problem of stresses in rotating disks is important in
practical engineering applications to rotating machinery, such as turbines and generators, and
wherever large rotational speeds and temperatures are involved. The phenomenon of the elastic-
plastic state in the rotating disks is exhibited corresponds to a load exceeding the required critical
load to produce initial yielding condition in the material. For a designer, apart from the limit
elastic load of the rotating disks, another important parameter is the fully plastic load at which
the entire disk has undergone yielding.

Nowadays the use of FGMs are extending, new methodologies need to be developed to
characterize, analyze and design structural components made of these materials. The main reason
for using FGM rotating disks is their reduced weight and material consumptions which may
result in the fabrication of high rotational speed disks as reported in many papers. The non-

165



Chapter 6

linearity associated with the study of stresses in elastic-plastic regimes is an important aspect as
the analysis requires advanced and efficient computational techniques, developed during the last
two decades. A very brief account of the research work related to the elasto-plastic analysis of
thermo-mechanically loaded FGM disks is mentioned here. The theoretical investigation of
elastic-plastic behaviour of rotating disks subject to various end conditions has been treated at
great length in standard textbooks (Kachanov (1971), Hill (1950), Timoshenko (1930) and
Chakrabarty (1987)). For the elasto-plastic analysis of disks, the Tresca yield criterion in
conjunction with its associated flow rule presented simple and easy analytical solution to the
stresses and strains in rotating disks under plane stress conditions (Gamer (1984), Eraslan and
Orcan (2002) and Eraslan (2003)). Based on von Mises yield criterion, You et al. (2000)
developed a unified numerical method based on polynomial stress train relationship and
deformation theory of plasticity for the analysis of elasto-plastic rotating disk of varying
thickness. Bhowmick et al. (2010) performed a variational formulation based on von Mises yield
criterion and linear strain hardening material behaviour to locate the growth of yield front in
rotating disks.

Jahromi et al. (2012) provided an analytical method for evaluating the elasto-plastic
stresses in a functionally graded rotating disk with varying elastic and plastic properties in the
radial direction. The effect of different metal-ceramic grading patterns as well as the relative
elastic moduli and densities of the ceramic and metallic constituents on the developed stresses
were studied. Hassani et al. (2012) presented semi-exact method of Liao’s homotopy analysis
method (HAM) and finite element method (FEM) to obtain the stress and strain components of
functionally graded elastic-strain hardening rotating disks with non-uniform thickness and
material properties subjected to thermo-elasto-plastic loading. Farimani and Toussi (2013)
studied the effect of volume fraction distribution on the plastic radius and limit speed in FG disks
subjected to centrifugal and isothermal loadings. The variable material property theory was used
for the determination of stress and deformation fields. Callioglu et al. (2015) studied the elasto-
plastic stress of functionally graded rotating disks by using analytical and numerical methods.
The yielding behaviour of the disk material is supposed to be non-work hardening using von-
Mises yield condition. In another study, Demir et al. (2017) analyzed the elasto-plastic stresses
of functionally graded hyperbolic disks subjected to uniform temperature. Mahdavi et al. (2016)
presented thermo-mechanical analysis of elasto-plastic FG disk with variable thickness by using
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variable material property theory. The authors investigated the effect of the boundary conditions,
temperature gradient, and thickness profile on the stress behavior of disk by the VMP method.

In the present study, the elasto-plastic analysis of FG disks has been proposed by a
numerical method based on variational principle. The material of the FG disk is considered to be
metal-ceramic composite with a continuous variation of volume fraction of metal and ceramic
along the radial direction. The solution of the unknown displacement field from the governing
equation is achieved in an iterative manner based on von-Mises yield criterion and Hencky’s
deformation theory of plasticity by assuming elastic linear strain hardening material behaviour.
The results obtained from the present mathematical model are validated with those of other
researchers for appropriate values of system parameters and good agreement is obtained.
Furthermore, some numerical results of the elasto-plastic field problem under thermo-mechanical
loading are presented showing the effect of variation of material properties on rotating FG disks
having various geometries and temperature distributions. The results depicting the initiation of
yield front and its growth with increase in rotational speed and temperature are also furnished in
the present study.

6.2 Mathematical formulation

Post-elastic study of a thermo-mechanically loaded functionally graded rotating disk
having inner radius, a and outer radius, b is considered. The symmetry of the loading, geometry
and boundary condition of the problem makes the analysis axisymmetric. The disk rotates at an
angular velocity @ and simultaneously is subjected to thermal loading, thus producing radial and
tangential strain field coming from both the effects. At a certain speed, the maximum value of
stress field of the disk exceeds the yield limit value giving rise to yield initiation corresponding

to the relevant temperature. The particular speed is termed as elastic limit speed «,, and the
corresponding location of the maximum stress point is termed as yield front location (ry )“’

Similarly, at a given rotational speed, if temperature of the disk is increased, the induced stress

will exceed yield limit at a particular temperature known as yield limit temperature T,
corresponding to that rotational speed and the associated yield front location is designated by

(ry )T . Analysis of these two types of limit loads is considered for FGM disks.
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6.2.1 Material properties determination for FGM

A functionally graded disk composed of ceramic and metal constituents is considered in
this section. In a ceramic-metal disk, the ceramic reinforcement particles are distributed in the
metal matrix of the compound. For FGM modeling, a continuous variation of volume fraction of
metal and ceramic along the radial direction is assumed while in the axial direction it is assumed
to be constant. The continuous variation of volume fraction of ceramic reinforcement along the

radial direction is given by the power law distributions (Farimani and Toussi (2013))

r-a\
Vir)=V_|—— 6.la
)=V 2] (6.12)
and
V.4V, =1, (6.1b)

In Eqg. (6.1), V denotes the volume fraction with subscripts ¢ and m, which corresponds to

the ceramic and metallic constituents. V,, is the ceramic volume fraction in the outer radius and
n is the power exponent. In this model, V., =0 represents a pure metallic disk and n=0

signifies a uniform distribution of ceramic phase in the disk. For V =1, the inner and outer

radii of the disk comprises of purely metal and purely ceramic parts, respectively.
In the present analysis, FGM disks are also analysed in the post-elastic regime of the

FGM material. Linear hardening model is assumed for the metal matrix with elastic modulus

E.. tangent modulus E,, and yield stress o,,, whereas the ceramic is assumed to have linear

ym?
elastic behaviour althrough with elastic modulus, E_ as shown in Figure 5.25 of the preceding

chapter 5.

For elasto-plastic modelling of FGMs, Tamura et al. (1973) defined the rule of mixtures
for metallic constituents and it is named TTO model. The model was extended by Bocciarelli
(2008) for metal ceramic compound in which the material flow of FGMs is assumed to be
induced by plastic deformation of ductile metallic constituents. According to Nakamura et al.
(2000), the elasto-plastic material properties of FGMs can be calculated using the modified rule

of mixtures P, =PV, +PV,, V. +V, =1 where P, and P, are the material properties of the

cc?

ceramic and metal constituents respectively. The post-elastic behaviour of FGM is obtained by
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introducing the ratio of stress to strain transfer parameter q(: q EC) where, @ is the stress
transfer parameter g(>0). It should be noted @ =0 represents that FGMs flow plastically once
the metallic constituents reach their yield limit. Generally, the parameter g depends on several
factors (e.g. mechanical characteristics of each constituent, material microstructure and loading
condition, etc.). However, g is assumed constant in most applications even beyond the elastic
range due to lack of experimental data. The material properties of the metal-ceramic composite

disk at radius r is given by

E(r)=[VmEm[q+ E }/[v } (6.22)
q +E
ay(r)=aym[vm [Z:E E: v } (6.2b)

El(r)={VmElm[q+E° J+VCEC}/{ [‘“E jw@ (6.2¢)
q+E,, g+E

where E(r) is elastic modulus, o,(r) is the overall yield stress and E, (r) is the tangent
modulus of the FGM disk as shown in Figure 5.25 of the previous chapter 5.
To determine the density p(r) and the coefficient of thermal expansion «(r) of FGM

disks, modified rule of mixture are used as provided below.
p(r)=puVo + PV, (6.2d)
a(r): amvm + acvc (623)

As before, the subscripts m and c in Egs. (6.2d) and (6.2e) stand for metallic and ceramic
parts, respectively. In this analysis, the Poisson’s ratios are assumed to be constant for both the
phases (metal and ceramic) and an overall value is considered throughout the FGM. However,

when the disk is in post-elastic state, v and v, are Poisson’s ratios in elastic and plastic regions

respectively.
The FGM disk is considered to be locally isotropic and yields following von-Mises
criterion. The TTO model in conjunction with Hencky’s deformation theory of plasticity is used

to describe the mechanical behavior of FGM disk beyond the elastic limit.
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6.2.2 Formulation of the thermo-mechanical problem

In the presence of temperature field T(r), the analysis of plastic behaviour of a FGM
disk becomes more complicated due to additional material parameters. The additional parameters
considered in the present work include the elastic modulus, the tangent modulus and the yield
stress. The parameter values at a particular radius are now evaluated corresponding to the
temperature at that location. It is assumed that the temperature rise is not permanent so that effect
of creep can be neglected. Further, the analysis is carried out based on the assumptions that the
relative volumetric change induced by variable temperature field T is elastic in the entire regime
of deformation and is given by the expression & =3ko +3aT where k(=(1-2v)/E) is the
coefficient of volumetric compression, o is the mean stress and « is the coefficient of thermal
expansion. It is assumed that the stress and strain deviatorics are coaxial and their principal

values are proportional i.e., e; =ys;, where y is a scalar. As deviatoric strains do not produce

any change in volume, it is obvious that the components of strain deviatoric €; do not involve
thermal expansions. Hence using total deformation theory of plasticity, the total strain can be

expressed as

£
&j =§5ij +e; =kooy +ald; +ys;. (6.3)

Under thermo-mechanical loading, radial displacements will occur in a disk due to the
centrifugal load as well as due to the thermal load. The magnitude of this displacement field is

also governed by the boundary conditions of the disk. It is assumed that the disk is symmetric

with respect to the mid-plane, and a state of plane stress (o, = 0) persists in the loaded disk. The
solution for the displacement field is obtained from the application of minimum potential energy
principle (5(U +V)=O) in Hencky’s total deformation theory. U is the strain energy stored in

the disk in form of increment in work of deformation and V is the potential energy developed
from both the centrifugal and thermal load. For axisymmetric problems, the relations between

strain components and radial displacement are given by &, =du(r)/dr and &, =u(r)/r, where

u(r) is the radial displacement. As the disk remains axisymmetric, the shear deformation is not
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. . . . . \%
taken into consideration in the present analysis. It should be noted that ¢, :—(1 )(gr +e&,)
-V

does not produce any work as o, =0.

The expression of total potential energy under elastic conditions can be reduced to an
identical expression given by Eq. (4.13) in section 4.2.4.1 of the thesis and is given by,

SRt )
1-2vY" 26 (c1-v?+4v))udu
+(K( 1—vj 3 1-v) Jr dr}

—pa)zru—BKaT(l_ZVJ(£+d—uj hrdr.
1-v Ar dr

(6.4)

Here, the total potential energy 77 is decomposed into two parts in which one part is
similar to the strain energy U stored in the disk coming from the associated stress field and the

other part is work function due to centrifugal and thermal loading. The first part of potential

energy Veentrifugal COMes from centrifugal force field, while the second part Ve, comes from
the thermal load. The expressions for U, Veenirifugal @ Vipermg are given below.
K[l—Zvjz 2G (1+vZ—v) u? [dujz
bl 2\ 1-v 3 (1-v) r dr
U=2r] , hrdr (6.5)
a [1—2vj 2G !—1—v2+4v! u du
+| K +— -
1-v 3 (1-v) r dr
b
Vcentrifugal = 270" [ pur *hdr (6.6)
b —
Vi =271 3KaT[l 2v j{ﬂ n d—ujhrdr (6.7)
a 1-v \r dr
So, the expression for potential energy V under combined loading becomes,
b b —
V = 270 [ purhdr —2ﬂj3KaT[l 2Vj[£+d—ujhrdr. (6.8)
a a 1-v Ar dr
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6.2.3 Total PE in post elastic state of FGM

The von-Mises theory is taken as the failure criteria and in the present analysis von-Mises
stress is determined from the relation o2 =c’ —o,0, +o/. The stress components o, and
o, for a given thermo-mechanical loading are obtained from the post processing of
displacement field u(r), which becomes known from the solution of Eq. (6.4).

Whenever the von-Mises stress at a particular radial location of a thermally loaded
rotating disk reaches the uniaxial yield stress value, the plastic front initiates at that location and
the rotational speed corresponding to the relevant temperature is termed as elastic limit speed
o,; . On further increase in rotational speed, a certain region of the disk attains post-elastic state

and when this region encompasses the entire disk we get plastic limit speed or collapse speed

(w, ). Similarly, the entire disk will undergo vyielding with increase in temperature

corresponding to a given rotational speed and it is termed as collapse temperature (TZw). For a
uniform thickness disk, initiation of yielding occurs at the inner radius, but for typical disk
geometries it may occur at any radius (Bhowmick et al. (2010)).

However, the geometry and loading conditions of the present FG disk is considered to be
such that yielding initiates at the root of the disk corresponding to the particular value of elastic

limit speed o, or yield limit temperature T, . Hence in the present analysis, (ry )“’ = (ry )T -a.

With further increase in rotational speed or temperature, the plastic front gradually proceeds
towards the disk periphery.
The domain of the disk beyond elastic limit state gets divided into two regions, an inner

plastic region (r=a tor=r,) and an outer elastic region (r =r, tor =b). Hence in the post
elastic state the total strain energy U consists of an elastic (U,) and a plastic (U p) part. The
interface between the outer elastic and the inner post elastic region is demarcated by the radius
r=r,.

Expression of strain energy in the elastic part for the outer region is given by,
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5[1—2vjz+§(1+v2—v) ﬁJ{d_ujz
A N P G
U, =2r

€ 2

z {K[l—Zvj EMJEO'_U

1-v 3 1-v) rdr

hrdr (6.9)

and the strain energy for the inner post-elastic region is obtained from the expression

Sy b)) (]
+[K(1—2vj2 . 2g(r)(-1-v,* +4vp)j£du

1-v 3 (1—vp)2 rdr

fy
U, = 27r£ hrdr, (6.10)

where g(F ) is the modulus of plasticity and v, is the Poisson's ratio in post-elastic region.
Substituting Eqgs. (6.8)-(6.10) in the energy principle §(U +V)=0, the governing
equilibrium equation becomes
5(1_2VJ2+2g(r)(1+vp2_vp) ﬁJ{d_qu
ry 2\ 1-v 3 (1—Vp)2 rz dr
27 |

a J{K(l—ZvJZ . 29(1“)(—1—vp2 +4vp)j£du

hrdr

=0. (6.11)

b
+27 | hrdr

r _ 2 _1_2
Y +[K(1 ZVJ +£MJEd_U

b
—270° [ pur®hdr

a

b —
—27rj3KaT(1 ZVJ[E+d—thrdr
a 1-v \r dr

The normalized parameters are denoted by &, £ and £¢ in total, post-elastic and elastic

regions, respectively and they are framed by & =(r-a)/(b-a), &" =(r-a)/(r, -a) and

ge:(r—ry)/(b—ry), where r=b-a, r=r,—a and r,=b-r,. To facilitate the
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numerical computation, Eqg. (6.11) is expressed in specific normalized co-ordinates, and the
governing equation takes the form,

| [E(ll—jv J L 29 éf) [ Zlv— pi p—)zvp )J{E (r_lgup 2+ J (r& :_1+ a)( dd;p H
(2t

K 1—2vJ2 2G (1+v? —v)| = 2 (Eé‘wry)( du Jz
— + — rz — =+ —

3 (1-v) (ee+r,) r, dée

(—1—v2+4v) ! du

(1_v)z dée

hdé®

=0.(6.12
de 0.(6.12)

o
+
O—r /~ N
A
TN
IHll—\
|
<R
N7
N
w |8

-1 1-2v u du |~
_—2rj3KaT( = J((F5+a)+Fd5J(r5+a)tndg

The displacement function u(é) in Eq. (6.12) is approximated by a linear combination of
sets of orthogonal coordinate functions as u(é) =>Cé, 1=1,2,..n;, where ¢, is the set of n;
number of orthogonal functions developed through Gram-Schmidt scheme and c, is the set of
unknown coefficients. The necessary start function ¢, which satisfies the boundary conditions of
the annular disk, i.e., Gr|(a) =0 and G"|(b) =0 is given by
¢,(r)= —pa)zg(: ij){(bz +a? Xl—v)—{g—Ll(;:zvgz } +b%a’ (1+2V)}

.
+%[(1+v)iT(r)rdr + (L-v? 2:22 j;%jL v)a° aiT(r)rdr}.

(6.13)

For the purpose of computation, displacement functions in the elastic and post-elastic
regions are expressed as u(ée); Y cd and u(ép); Y.C.¢." respectively. Substituting these
assumed displacement functions and replacing operator 6 by 8/8cj, j=1,2,...,n, according to

Galerkin error minimization principle, we obtain the governing differential equation in matrix

form
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o 2q(r) v, v, )J[ ((¢ ) (r_lﬁp_+a)(¢ip-¢jp')J

p
ré®+ a) r de?

M=
M=
o
O —ar

Il
[
—
Il
[

r,&* +r) r,

3
0 e

hd&® | (6.14)

[1_va2 L 29(r) L+’ _V)J[r—( (#07) |, (e + ry)(¢ie.¢je. )J
(

Se—pr T

2—n
ory
j=1

{re+a)p, Jphde + 3:]3K T(l ZVJ{qs F+(FE+a) jhde

=10

where () indicates differentiation with respect to normalized coordinate &. The solution of Eq.

(6.14) yields the solution vector {ci } obtained numerically through a single step matrix inversion

process. The radial displacement field (U) can be found out for any prescribed value of rotational

speed w and temperature T from which the strain components of the field are evaluated. From
these strains, the effective and shear strains are calculated as available in section 4.2.1 of the
thesis. However, the numerical scheme requires some more iterative numerical computations to

ascertain the location of yield front, i.e., the elastic-plastic boundary. The modulus of plasticity

g(F) is set equal to modulus of rigidity G, at the zeroth approximation, and the problem is

solved as an extension of elastic solution. In subsequent approximations the value of g(F ) is
updated until a final convergence on yield front location is achieved, following the iterative
scheme of Kachanov (1971). If convergence is achieved then the stress and strain values are
finally post-processed, else, the procedure is repeated until convergence is achieved. Once
convergence is achieved, the problem is then post-processed and taken to next load step with the

updated yield front location.

6.2.4 Post-processing

For a converged load step speed above limit elastic speed at a particular temperature, the

radial and tangential strains can be calculated from the radial displacement field as stated earlier.
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Using the radial and tangential strains the effective and shear strains are calculated. The effective
plastic strain is calculated from a relation obtained as given below,

2(1+v)
3E

gv?n =&m— Oym: (615)

In Eq. (6.15), ¢p is the effective plastic strain and o, is the effective or von-Mises

stress. The radial, tangential and axial strains at each coordinate inside the post-elastic region of

the disk can be decomposed into elastic and plastic parts as given below

e =g +&! +al (6.164a)
gy =€, +e&) +aTl (6.16b)
g, =&, +e +aTl (6.16¢)

where the superscript ‘e’ and ‘p’ denote the elastic and plastic part of the strains respectively.
The relations between stresses and elastic strains can be derived from generalized Hooke’s law.
The deformation theory of plasticity is used with the usual assumptions that the directions of the
principal strains coincide with the direction of the principal stresses and that the volume remains
constant in the plastic range. These assumptions imply (Mendelson and Manson (1957)),

E —& E,—¢& E, =&
r 0 _ ~06 z _ Zz r :kl (6173.)
O, =0y Oy —0, o, — O,
p p p p p p
E, — & Ey, — & E, — &
r 4 — 4 7z _ %z r :kz (617b)
O, =0y Gy — 0, G, -0,
l+v
p p D_O
and & +¢, +¢, =0. (6.17c)

Using Egs. 6.17(a-c), the plastic part of radial and tangential strain is calculated as

p
p_lgvm

r _3 < (28r — &y _82) (618)

&
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p
p_lgvm

&, (289 -&, - 82) (6.19)

3 &y,

6.3 Results and discussion

The present section performs analysis for functionally graded rotating disks subjected to
thermo-mechanical loading. The parameters of the present problem are described first, next some
validation studies are carried out and finally results of the present study are furnished.

6.3.1 The description of parameters

The geometry of disk, its material properties and the induced temperature field are
described in the following sections.

6.3.1.1 Geometrical properties of the disk

The inner and outer radii of the disks are a=0.1 m and b=0.6 m, respectively. Four types
of thickness profile h of the disk are considered: uniform, taper, exponential and parabolic. The

thickness is considered to vary radially according to the relations
h(&)=h, exp[— n(& )kJ and (6.20)

h(g)=h,[L-n(e) | (6.21)

following exponential and parabolically thickness variation respectively. In these equations, the
non-dimensional radial co-ordinate, &=(r-a)/f where F=(b—-a), and h, is the root
thickness of the disk (i.e. at £ =0.0). The variation in the geometry is controlled through the

parameters n and k of Egs. (6.20) and (6.21) and it may be noted that uniform and taper disks are
two special cases of thickness variation. The detail values of the parameters for complete
specification of the geometries are indicated in Table 3.1 in chapter 3 of the thesis.
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6.3.1.2 Material properties of the disk

The material properties of the disks that are used in the analyses are taken from Farimani
and Toussi (2013) and provided in Table 6.1. For the FGM disk, the value of Poisson’s ratio v is

taken as 0.3 in elastic state and v, in post-elastic region is taken as 0.5.

Table 6.1: Material properties of the FGM disk

E(GPa) | o, (MPa) | p (kg/m?) | « (10°/°C) | E, (GPa) | q (GPa)
Metal 208 300 7860 11.5 80 17
Ceramic 324 - 5000 7.7 - '

1 -7Vl FGM AI (n=2)

T FGM BI (n=0.5)
Z 0.8 el V=08 FGM All (n=2)
S -7 FGM BII (n=0.5)
2 ) -
™ -
= 0.6 , Pk
w . 7
£ R - AV4=0.5 FGM AIll (n=2)
= C AT FGM BIII (n=0.5)
S 04l P S
-2 /s - -7
E ,f s - -7
g e
8 0.2 —f:,'l - - — n=2
X --- n=05
0 | ! |
0.1 0.2 0.3 0.4 0.5 0.6

Radial co-ordinate (m)

Figure 6.1. Plots for ceramic volume fraction V, for six materials, FGM Al, FGM BI, FGM All,
FGM BIl, FGM Alll and FGM BI|I.

In this analysis, the results are presented for three different volume fraction of the

ceramic content in the outer radius, V,,, considering their values as 0.5, 0.8 and 1. The ceramic
distribution coefficient, n is taken as 0.5 and 2. A plot of Eq. (6.1) is presented in Figure 6.1 by
considering the different n and V,, values for six materials, FGM Al, FGM BI, FGM All, FGM
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Bll, FGM Alll and FGM BIII. As the V, and V,, values are functions of radial location, it is
obvious from Egs. (6.2a)-(6.2c), that the material properties of the disks are also functions of
radial location. For FGM Al, some sample plots of material properties, considering bilinear
material model, are presented in Figures 6.2(a)-(c) at three different locations, r=0.2 m, 0.3m and

0.5m, of the disk.
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Figure 6.2. Stress-strain plots at locations (a) r=0.2m, (b) r=0.3 mand (c) r= 0.5 m for FGM Al.

The material properties of the FGM disk are given in detail in Table 6.2, indicating the

elasticity modulus, tangent modulus and yield stress of the disk. A graphical representation of the
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variation of the material properties with radial co-ordinate are shown in Figure 6.3 for six FGM

materials.

Table 6.2: Material properties of the disk at different normalized co-ordinates for FGM Al

Normalized radial Elasticity modulus, Tangent modulus, Yield stress,
co-ordinate (&) E (GPa) E, (GPa) o, (MPa)

0.0 208 80 300

0.12 209.27 81.07 300.03
0.22 211.95 83.37 300.12
0.31 217.18 88.06 300.27
0.40 221.03 91.68 300.37
0.53 231.60 102.50 300.65
0.64 246.28 119.97 300.99
0.72 255.12 132.17 301.18
0.82 275.03 165.99 301.56
0.91 295.82 215.03 301.90
0.99 323.14 319.51 302.28

6.3.1.3 Effect of temperature on FGM disk

The analysis is carried out for various varying temperature profiles following uniform

T(E)=T,, linear T(&)=T,+({T,-T,}¢), exponential T(g)z(Ta_I;]r(bb)/lng/gth and

parabolic T(£)=T, +(T, —T,)¢* temperature distributions, where T, and Ty are the inner and

outer surface temperature of the FGM disk at r =a and r=b respectively. A sample plot for

temperature variations are shown in Figure 6.4 taking, T, =100°C and T, =300°C.

180



Elastoplastic Analysis of Thermo-mechanically Loaded FGM Disks

340

350
(a) FGM Al (b) |FGm AL
- FGM BI /| FGM BI

el
=
=]

FGM Al
FGM BII

=
wn
=

FGM All
FGM Alll “/| FGM BII

FGM BIII

—
o
=

FGM Alll
FGM BIII

Elasticity modulus (GPa)
Tangent modulus (GPa)
[
=
[—]

100

180 L | L | 50 | | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.1 0.2 0.3 0.4 0.5 0.6
Radial co-ordinate (m) Radial co-ordinate (m)
302.5
FGM Al
FGM BI
302
. FGM AII
S FGM BII
é.ﬁm.s
wn
w
o
E FGM Alll
wn
= 301 FGM BIII
=2
-

300.5."

0.1 0.2 0.3 0.4 0.5 0.6
Radial co-ordinate (m)

Figure 6.3. Variation in material properties of the disk: (a) elasticity modulus, (b) tangent

modulus and (c) yield stress.
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Figure 6.4. Plot for temperature variation.
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The degradation of normalized yield stress and elasticity modulus with increasing

temperature is shown in Figure 6.5 (Seif et al. (2016)), where o, =300MPa and

E, =208GPa are the values at the ambient temperature. The effect of temperature on elasticity

modulus and yield stress of the metallic part of the disk is considered in the present analysis

whereas the value of elasticity modulus at ambient temperature is considered for the ceramic part

althrough.

s
%

e
=N

S
'S

and elasticity modulus

Normalized yield stress
e
(]

- G_‘.(T)I' Gyo
—— E(T)E,

| | | | | | |
0
0 100 200 300 400 500 600 700 800

Temperature (°C)

Figure 6.5. Normalized yield stress and elasticity modulus variation with temperature for mild
steel (Seif et al. (2016)).

6.3.2 Validation study

The validation of the present method is carried out for elasto-plastic functionally graded
disk without considering thermal load with the result reported by Farimani and Toussi (2013).
The material properties of the FG disk along the radial direction used for validation are modelled
by using modified rule of mixtures in Eq. (6.1). The inner and outer radii of the disks are a=0.1
m and b=0.6 m. The thickness variation of the FG rotating disk is used for validation in the

following form:
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h(r)= hO(LJd (6.22)

where d =-0.2. The plot for plastic limit speed (w,) versus ceramic distribution coefficient (n)
for two different V_, values has been validated and is presented in Figure 6.6(a) for the disk

geometry as shown in Figure 6.6(b). A fairly good agreement is obtained in this case.

800

! (a) —— V,=0.5 (Present study) .
—_ \ - -~ V=09 (Present study) (b) The disk geometry
% 750 N ® Farimani and Toussi (2013) !
£ | |
~ . :
g 700 — | !
T ‘ ! B b
g |
2. 650 !
7 | L
= ]
£ I
= 600 —a -
B L T
1;; |
= | |
& 550 : b |
: d
| 1 1 | 1 3
500 ko B ~
0 1 2 3 4 5 6 h(' )— hﬂ [gj where /1,=0.03 m, d=-0.2
Ceramic distribution coefficient, n

Figure 6.6. (a) Plastic limit speed (w,) versus ceramic distribution coefficient (n) for two

different ceramic volume fraction (V,, ) values, (b) the disk geometry.

A further validation of the present method is also carried out for elasto-plastic
functionally graded disks subjected to thermo-mechanical loading with the results of Hassani et
al. (2012). The similar modified rule of mixtures, as given in Eq. (6.1), is used. The same
thickness variation is used by Hassani et al. (2012) as in Eqg. (6.22) with d =-0.5. The

temperature field distribution of the FG rotating disk is used for validation is given by:
T(r)=(T, -T,)&% +T,, (6.23)

where T, =100°C and T, =300°C. The inner and outer radii of the disks are a=0.1 m and

b=0.6 m. The disk is rotating at angular velocity, o =535rad/s. The plots for radial, tangential
and von-Mises presented in Figures 6.7 (a, b) along with the results of Hassani et al. (2012),

indicating good validation. The plots for total radial and tangential strains are plotted next in

183



Chapter 6

Figure 6.8. This plot also exhibits very good agreement establishing validity of the present
elasto-plastic analysis method. The percent error of the results of the present method and Hassani
et al. (2012) are also presented in Table 6.3 for radial, tangential and von-Mises stresses as

shown in Figures 6.7.
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Figure 6.7. Validation of (a) radial and tangential stresses and (b) von-Mises stress.
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Figure 6.8. Validation of total radial and tangential strains.
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Table 6.3: Validation of stresses for FG (V,=1 and n=2) disk subjected to thermo-
mechanical loading

Radial co-ordinate (m) 0.1 0.2 0.3 0.4 0.5 0.6
Present
- 194.6 227.15 178.43 98.53 -
method
(o) | Hassaniet ; 184 21154 | 171.05 | 9331 ;
(MPa) al. (2012)
% error - 5.76 7.38 4.31 5.59 -
Present | 30713 | 33625 | 24861 | 12971 | -16.36 |-137.13
method
(o) Hassani et
372.02 344.96 248.99 131.32 -16.03 | -136.56
(MPa) | al. (2012)
% error 1.37 2.52 0.15 1.22 2.05 0.41
Present | 30713 | 20240 | 23860 | 15974 | 109.65 | 137.13
method
(G m ) Hassani et
(MPa) al. (2012) 372.02 300.01 232.88 155.42 102.01 136.56
% error 1.37 2.53 2.45 2.78 5.52 0.41

6.3.3 Present results

The effect of geometry variation, the volume fraction of the ceramic content in the outer
radius (Vco), the ceramic distribution coefficient (n) and temperature distributions on elastic
limit speed (@, ) and collapse speed (w,;) of FGM disk are studied and presented in
subsequent sections. The yield limit temperature (T, ) and collapse temperature (T, ) are also
presented for different disk geometries considering linear temperature distribution field, while
the disk is rotating at 20%, 40%, 60% and 80% of elastic limit speeds (w,; ). Results are mainly

presented for bilinear material model. However, for trilinear material model, results are provided

only for linear temperature distribution for different disk geometries.
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Figure 6.9. Waterfall plots of variation of von-Mises stress with rotational speed under linear
temperature field for (a) uniform, (b) taper, (c) exponential and (d) parabolic disk geometries.

6.3.3.1 Effect of geometry variation on elasto-plastic behaviour of FGM annular disk

The effect of geometry variation on performance of functionally graded disk in elasto-
plastic regime for four different disk geometries under linear temperature distributions is

investigated in this section. In this analysis the ceramic volume fraction in the outer radius,

V,, =1 and ceramic distribution coefficient, n=2.
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Figure 6.10. Plot of propagation of yield front with increase in rotational speed for (a) uniform,
(b) taper, (c) exponential and (d) parabolic disk geometries, under linear temperature field.

To analyze the growth of yield front in a FGM disk under thermo-mechanical loading,
the radial distribution of von-Mises stress are reported in Figures 6.9(a)-(d) at different rotational
speeds through waterfall plots. The plots are shown for four types of disk geometry variations
subjected to linear temperature distribution with T, =100°C and T, =300°C and in each of
them rotational speed range from initial yield limit to ultimate collapse limit. From Figure 6.9, it
is observed for all the cases that von-Mises stress increases with increase in rotational speed,
initial yielding occurs at the inner radius at ,, and when the rotational speed reaches «,, entire
disk becomes elasto-plastic. The von-Mises stress at fully plastic speed (w,; ) is maximum for

uniform disk geometry and minimum for exponential disk geometry at the inner radius of the
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disk. Due to the effect of variation in thickness, higher rotational speed is required to yield at the
inner surface of the disk, so the elastic limit speed and plastic collapse speeds are more for
exponential disk thus resulting into higher strength disks.

1400 1600
(a)
,=1234.56,
~ 1200 ~ 1400
e e
= =
= =
= 1000 = 1200
= =
%] %]
Q Q
2 500 21000
= =
s :
2 600 2 800
3 3
=) =)
& 7 —@— No thermal load &
400 . 600 B
I - - - Thermal load L —8— No thermal load
- i - - - Thermal load
200 (=252 | | | 400 [21=440-40 | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.1 0.2 0.3 0.4 0.5 0.6
Radial co-ordinate (m) Radial co-ordinate (m)
1800 1750
(C) ©,=1700.72 (d) ©;=1622.26

1500 1500

1250

1200

900 1000

Rotational speed (rad/s)
Rotational speed (rad/s)

*~w,,=561 —8— No thermal load - —@— No thermal load
- - - Thermal load T - - - Thermal load
0, =502
300 | ! | ! 500 & | ! | |
0.1 0.2 0.3 0.4 0.5 0.6 0.1 0.2 0.3 0.4 0.5 0.6
Radial co-ordinate (m) Radial co-ordinate (m)

Figure 6.11. Plot of propagation of yield front with increase in rotational speed with and without

thermal loading for (a) uniform, (b) taper, (c) exponential and (d) parabolic disk geometries.

From the stress fields of waterfall plots in Figure 6.9, the plastic front locations are
captured at different rotational speeds and their location with rotational speed are provided in
Figures 6.10(a)-(d), for the FGM annular disk. The figures indicate the advancement of plastic
front locations with increasing rotational speeds for all the four types of disk geometries and the

line demarcates the elastic-plastic region of the disk from fully elastic to fully plastic region.
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In a subsequent study, the plastic front locations are captured at different rotational
speeds without considering thermal load and their growth with rotational speed are provided in
Figure 6.11. These figures also furnish the results of Figure 6.10 in dotted lines and it is observed

that the elastic limit speed and plastic limit speed are higher for all the disk geometries without
thermal load.
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Figure 6.12. Plot of propagation of yield front with temperature for (a) uniform, (b) taper, (c)
exponential and (d) parabolic disk geometries.
6.3.3.2 Study on the yield and collapse limit temperature

Figures 6.12(a)-(d) shows the advancement of yield front locations with increasing
temperatures for all the four disk geometries considering linear temperature distribution with

T, =100°C and T, =300°C. These figures are provided at 20%, 40%, 60% and 80% of elastic
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limit speeds (w,; ) as reported earlier in Figures 6.10(a)-(d). For all types of disk geometries, the

yield limit and collapse temperature is more for lower value of rotational speed. With increase in
rotational speed, the yield and collapse temperature decreases. It is also evident from these
figures that the yield limit temperature is highest for exponential disk and lowest for uniform
disk for all values of rotational speeds whereas the collapse temperature is highest for uniform
disk and lowest for taper disk.

6.3.3.3 Effect of material parameters V, and n

To understand the significance of the ceramic content at the outer radius V,, a

parametric study is carried out by changing the values of V_, for a particular ceramic distribution

coefficient, n. Similarly, the results are also presented for two different n values considering a

particular ceramic content at the outer radius, V.

6.3.3.3.1 Effect of the ceramic content at the outer radius, V

The plastic front locations with rotational speed under linear temperature distribution
with T, =100°C and T, =300°C are plotted in Figures 6.13(a)-(d) for the four different disk

geometries. Each plot contains three different values for V , (equals to 0.5, 0.8 and 1) with n=2
and the effect of the V, values are observed. It is obvious that the elastic limit speed (w,; ) and
the plastic limit speed (w,, ) increases when V, is increased for all the disk geometries. This

may be presumed that the ceramic part in a ceramic-metal FGM disk improves the limit speeds.

As discussed earlier in Section 6.3.3.1, it is evident that for exponential disk geometry, the elastic
limit speed and plastic limit speed are more for all the V,, values as compared to other disk

geometries.

190



Elastoplastic Analysis of Thermo-mechanically Loaded FGM Disks

1000 1200 (b)
@ 800 > Oy
S = 1000 -
] ]
St St
S S
T 600 51
Q Q
o S 800
g 400 g
= =
= g n=2 = =2
Z . = Z —0=s
é 2(33 3 o Va0s é 600 ---- V=05
— - = V=08 - -V =08
— V=10
0 o — V=10
0 | L | | s | L | |
0.1 0.2 0.3 0.4 0.5 0.6 0.1 0.2 0.3 0.4 0.5 0.6
Radial co-ordinate (m) Radial co-ordinate (m)
1400 1200
(©) (d)
War
21200 - - I
S . = 1000 —
] &
St L)
S S
S 1000 - 51
Q ")
o 2 500
g 800 -
= =
< n=2 < n=2
= ---- V=05 s 600 - - V=05
600 _
& 00 7 - -V,~08 = - =V,~08
1T
— V10 Oyr — V10
400 | L l \ 400 | l | l
0.1 0.2 0.3 0.4 0.5 0.6 0.1 0.2 0.3 0.4 0.5 0.6
Radial co-ordinate (m) Radial co-ordinate (m)

Figure 6.13. Effect of material parameter V_, on propagation of yield front with increase in

rotational speed for (a) uniform, (b) taper, (c) exponential and (d) parabolic disk geometries,
while the disk is under linear temperature distribution.

6.3.3.3.2 Effect of the ceramic distribution coefficient, n

The plots for plastic front locations with rotational speed under linear temperature
distribution are plotted in Figures 6.14(a)-(d) for the four different disk geometries. Each plot
contains two different values for n (equals to 0.5 and 2) with V,, =1 and the effect of n values
are observed. It is observed that the elastic limit speed (w,, ) and the plastic limit speed (w,; )

increases when n is decreased for all the disk geometries. From this analysis, it is revealed that a
smaller value of ‘n” which means increase of ceramic particles in a ceramic-metal FGM disk

increases the plastic limit speed.
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Figure 6.14. Effect of material parameter n on propagation of yield front with increase in
rotational speed for (a) uniform, (b) taper, (c) exponential and (d) parabolic disk geometries,

while the disk is under linear temperature distribution.

6.3.3.4 Effect of the nature of temperature distribution

To study the influence of different temperature distributions such as uniform, linear,
exponential and parabolic, waterfall plots of von-Mises stress and yield front propagation are
plotted in Figures 6.15 (a)-(d) and Figures 6.16 (a)-(d) for uniform disk. The ceramic volume

fraction in the outer radius V_, =1 and ceramic distribution coefficient, n=2 for this analysis. In

all the cases, the temperature field is considered as in Figure 6.4 by taking

T, =100°C and T, =300°C. From Figure 6.15, it is observed that the von-Mises stress is
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maximum for uniform temperature distribution for uniform disk and minimum for exponential
temperature distribution.
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Figure 6.15. Waterfall plots of variation of von-Mises stress with rotational speed for uniform

disk under (a) uniform, (b) linear, (c) exponential and (d) parabolic temperature distributions.

6.3.3.5 Results for FGM disk with trilinear material model

The results are presented for trilinear material model for the four different disk

geometries under linear temperature distributions with T, =100°C and T, =300°C. In this
analysis the ceramic volume fraction in the outer radius V, =1 and ceramic distribution

coefficient, n=2. The waterfall plots of von-Mises stress at different rotational speeds are shown
in Figures 6.17(a)-(d) for trilinear material model. These plots are compared with the
corresponding waterfall plots of Figure 6.9 where bilinear material model was considered. It is
observed that the nature of stress fields are identical but the von-Mises stress is more for trilinear

model for all the disk geometries. The plastic front locations with rotational speed are plotted in
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Figures 6.18(a)-(d) for trilinear material model and their change with the corresponding plot for

bilinear model are shown. It is observed that the elastic limit speed (w,, ) remain same for both
bilinear and trilinear material model. However, there is a change in plastic collapse speed (@, )

and it is observed that the plastic collapse speed is less in case of trilinear material model for all

the disk geometries considering linear temperature distribution.
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Figure 6.17. Waterfall plots of variation of von-Mises stress with rotational speed for trilinear
material model for (a) uniform, (b) taper, (c) exponential and (d) parabolic disk geometries,

while the disk is under linear temperature distribution.

6.3.3.6 Study on plastic strain

The plots of radial and tangential plastic strain at fully plastic speed for the respective
disk geometries under linear temperature distribution are shown for bilinear material behaviour
in Figures 6.19 (a)-(b). In Figures 6.20 (a)-(b), the radial and tangential plastic strains at fully
plastic speed for different disk geometries under linear temperature distribution are plotted for
trilinear material behaviour. The radial strain remains almost same as that for bilinear model but

there is a decrease in tangential strain for trilinear model.
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Figure 6.18. Plot of propagation of yield front with increase in rotational speed for (a) uniform,
(b) taper, (c) exponential and (d) parabolic disk geometries, for trilinear material model.
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Figure 6.19. Plots of (a) radial and (b) tangential plastic strain at fully plastic speed for different

geometries under linear temperature distribution for bilinear model.
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Figure 6.20. Plots of (a) radial and (b) tangential plastic strain at fully plastic speed for different

geometries under linear temperature distribution for trilinear model.

6.4 Summary

The elasto-plastic stress fields and yield front propagation of thermo-mechanically loaded
FGM rotating disk are presented in this chapter. The problem is formulated through a variational
method in an iterative manner based on von-Mises yield criterion and Hencky’s deformation
theory of plasticity. Both the material models: bilinear and trilinear are considered. The results
obtained from the present mathematical model are validated with those of other researchers for
appropriate values of system parameters and good agreement is obtained. Some new results are
presented for von-Mises stress fields through waterfall plots and growth of plastic fronts for
different disk geometries under different types of temperature distribution fields and it is
observed for all the cases that the elastic limit speed and plastic collapse speed are more for
exponential disks. Furthermore, some numerical results of the elasto-plastic field problem under

thermo-mechanical loading are presented showing the effect of material parameters V., and n

on rotating FG disks having various geometries and temperature distributions. It is observed that

the increase in ceramic content in a ceramic-metal FGM disk improves the limit speeds.
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CLOSURE

7.1 Conclusions

The present thesis work focuses on the investigation of the elasto-plastic analysis of
axisymmetric bars and rotating disks subjected to mechanical and thermal loads. The
mathematical technique to carry out the above mentioned investigation is based on the extension
and application of minimum potential energy principle in Hencky’s deformation theory of
plasticity. The von-Mises yield criterion and its associated flow rule assuming linear strain
hardening (bilinear) material behaviour is adopted for the present work. The entire formulation
for all the simulation studies of the present thesis work is displacement based and the unknown
displacement field is approximated by finite linear combination of admissible orthogonal
coordinate functions and unknown coefficients. The start functions for the above mentioned set
of orthogonal functions are suitably selected so as to satisfy the boundary conditions. The higher
order orthogonal functions are generated numerically by using Gram Schmidt scheme from the
selected start functions. Due to the consideration of material non-linearity, the set of governing
equations are found to be non-linear in nature. The set of non-linear equations are solved using
an iterative variational method. The solution algorithm is actualized with the assistance of
MATLAB® computational simulation software.

The elastic analysis of rotating disk upto limit (yield) state, for combined thermal load
and rotational inertia effects, is reported. The attainment of yield state is defined on the basis of
von-Mises yield criterion. The proposed method has been validated successfully with existing
literatures and very good agreement is reported. The effect of geometry variation is reported by
considering uniform, taper, exponential and parabolic variations. The effect of four types of
temperature distributions, namely uniform, linear, exponential and parabolic, on the performance
of rotating disks is considered. Limit angular speed of the disks is calculated under thermo-
mechanical loading and reported in dimensional form as limit peripheral speed and in
dimensionless form as normalized limit angular speed. The effects of temperature on material
properties such as density, elasticity modulus, yield stress and combination of both density and
elasticity modulus is also studied and the limit speed for any given temperature distribution and
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boundary conditions is established under thermo-mechanical loading. The important conclusions
are:

a. The normalized limit angular speed remains constant for uniform temperature
distributions for all the disk geometries and maximum for exponential disk geometry.

b. For all other temperature distributions, the normalized limit angular speed decreases with
increase in outer surface temperatures whereas increases with increase in inner surface
temperature. The normalized limit angular speed is maximum for exponential disk
geometry and minimum for uniform disk geometry.

c. From the effect of temperature on von-Mises stress, it is observed that the induced von
Mises stress profile increase with outer surface temperature values and the von Mises
stress is higher for the rotating one as compared to the static disk.

d. At a particular temperature, it is also observed that von Mises stress increases with
increase in angular speeds but the increase is significantly lower in parabolic disk

geometry as compared to uniform disk geometry.

The elasto-plastic analysis of statically indeterminate non-uniform bars is reported. The
investigation of yield front propagation of statically indeterminate taper bar is formulated
through the extension and application of minimum potential energy principle in Hencky’s
deformation theory based on von-Mises yield criterion. Bilinear and multilinear material model
is considered. Domain decomposition method has been established for determinate problems and
to overcome its insufficiency for indeterminate problems, an iterative variational method has
been proposed successfully. The results obtained by the present methodology have been
validated with that of analytical results of a clamped-free taper bar under uniaxial tensile load
and excellent agreement is obtained. The results obtained through the revised formulation using
domain decomposition method are validated successfully by finite element analysis software
Abaqus CAE for a clamped-clamped taper bar. The effect of aspect ratio and slenderness ratio on
yield front propagation of clamped-clamped bar has been studied. Waterfall plots showing the
variation in stress field with increase in load have been presented. The important conclusions are:

a. For clamped-clamped uniform taper bar, non-dimensional collapse load for domain 1

(lcl) decreases and non-dimensional collapse load for domain 2 (lcz) increases as the

load application points shift from higher diameter end to lower diameter end.
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The observation for non-uniform taper bars remains almost same as that mentioned for

uniform taper bars except for the fact that the increase in A, is much more than 4.
The yield load and plastic collapse load for both the domains (F,,, F, and F,, F,)

are higher for non-uniform taper bars as compared to uniform taper bars.

The elastic limit loads for both the domains (F, and F,,) remain same for bilinear and

trilinear material model. However, the plastic collapse load is more in case of trilinear

material model for all the load application points and for both the domains.

The elasto-plastic analysis of isotropic and functionally graded non-uniform bars

subjected to thermal load is carried out for both bilinear and multilinear material models through

the extension of minimum potential energy principle in Hencky’s deformation theory using von-

Mises yield criterion. The results obtained by the proposed methodology are validated

successfully with that of finite element analysis software Abaqus CAE for a clamped linear taper

bar under uniform temperature field. The yield front propagation of clamped-clamped bar with

various temperature distributions are affected significantly by the variations in aspect ratio and

slenderness ratio. The temperatures and limit load factors for different bar geometries and

temperature distributions are provided. The variation in stress fields with temperature are

reported through waterfall plots. The conclusions are:

a.

The elastic limit temperature (Ty) and plastic collapse temperature (T, ) are higher for

parabolic temperature distributions and lower for uniform temperature distributions for
all values of aspect ratio and slenderness ratio.

For taper bar geometry, the compressive stress is more for uniform temperature as
compared to decreasing linear and parabolic temperature distributions.

For parabolic bar geometry, (Ty) and (T,) are lower than that of linear taper bars for all
the temperature distributions.

The limit load factors are lower for parabolic bars as compared to linear taper bars.

There is a decrease in (Ty) and (T,) values by considering yield stress variation with

temperatures as compared to constant yield stress.
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f. The increase in ceramic content in a ceramic-metal FGM bar improves the limit

temperatures.

Elasto-plastic analysis of functionally graded rotating disks under thermo-mechanical
loading is performed. An extension of minimum total potential energy principle based on von-
Mises yield criterion, its associated flow rule and Hencky’s total deformation theory is used.
Linear and bilinear strain hardening material behavior is assumed. The validation of the proposed
formulation is established by comparing the results with benchmark solutions. The effect of disk
geometries under different temperature distributions on the stress distribution of the disk is
reported starting from the initiation of yielding till the attainment of fully plastic state. The
representation of von-Mises stress in waterfall plots also give a good insight into the plastic state
of the disk. The effect of material parameters on FG disk is also addressed for different disk
geometries and temperature distributions. The important conclusions are:

a. The von-Mises stress at fully plastic speed (@, ) is maximum for uniform disk geometry
and minimum for exponential disk geometry at the inner radius of the disk.

b. The elastic limit speed and plastic collapse speeds are more for exponential disk.

c. The elastic limit speed and plastic limit speed are higher for all the disk geometries
without considering thermal load.

d. The increase in ceramic content in a ceramic-metal FGM disk improves the limit speeds.

e. The von-Mises stress is maximum for uniform temperature distribution for uniform disk
and minimum for exponential temperature distribution.

f.  The elastic limit speed (w,; ) remain same for both bilinear and trilinear material model.
However, the plastic collapse speed (w,, ) is less in case of trilinear material model for

all the disk geometries considering linear temperature distribution.

7.2 Future scope of work

Due to wide spread industrial applications, the study of axisymmetric bars and rotating
disks working at elevated temperatures has been throughout an interesting area of research. The
nature of application defines the type of material to be used, the initial and boundary conditions,

the type of load and its range that acts on the structures, and possible modes of failure. Based on

202



Closure

these inputs, a researcher aims at finding the elasto-plastic solution for static and dynamic

behaviour of these structures. In the present thesis, the elasto-plastic analysis of axisymmetric

bars and rotating disks under mechanical and thermal loads is presented based on various

assumptions. Each one of the assumptions may lead to different domains of research. The present

method of formulation readily gives the kernel for solution of many other complicating effects.

In addition, like any analysis software the present one also has the potential to save cost and time

of prototype production process. Different aspects of the present work in which more elaborate

studies can be directed are detailed below:

The present thesis work considers linear elastic and linear strain hardening elasto-plastic
material behaviour and the extension of the linear strain hardening model for multiple
straight line segments for the post-elastic analysis of axisymmetric structures. However,
the problem can be conveniently formulated for non-linear strain hardening behaviour
wherein the local post-elastic stress-strain gradient can be calculated from the
experimental uni-axial stress-strain diagram and incorporated into the formulation.

The change in initial geometry of axisymmetric bars and disks should be considered in
the mathematical modelling of elasto-plastic analysis and can be taken up as an extension
of the present thesis work.

The dynamic analysis of bars and disks in different loading conditions is also well within
the future scope of work.

The condition of buckling should be incorporated in the fixed-fixed bar problem.

An investigation of the change in thermal material properties (thermal conductivity, k and
convective heat transfer coefficient, h), in the associated problem of temperature field
determination needs to be conducted.

The post-elastic analysis of non-uniform bars by using domain decomposition technique
based on a direct variational method has been presently evaluated. The same domain
decomposition method can be further taken up for rotating disk with attached mass
problem.

The present work can be extended to investigate the creep behaviour of rotating disks.
Experimental studies can be taken up on the problems for which simulation studies have

been carried out in the present thesis.
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