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Abstract

The numerical radius w(T') of a bounded linear operator T' defined on a complex Hilbert space
H, is defined as the radius of the smallest circular disc with centre at the origin that contains
the numerical range, i.e, w(T) = sup{|[(Tz,z)| : © € H,||z| = 1}. Recall that the numerical
range W (T') of T is defined as the subset of complex plane C whose elements are the image of
the unit circle of Hilbert space H under the continuous mapping x — (T'z, z) from H to C, i.e.,
W(T) = {(Tz,z) : x € H, ||z| = 1}. There are several generalizations of numerical radius, one

of them is Euclidean operator radius. Euclidean operator radius of any d-tuple operator T =

(T1,Ty,...,Ty) € BYH) is defined as w.(T) = sup { (Zzzl |<Tkm,x)|2> ‘ired, ||z = 1} ,
where B4(H) is the collection of all d-tuple of bounded linear operators defined on . The
main focus of this thesis is to develop stronger lower and upper bounds of the numerical radius
and Euclidean operator radius using various technique. Applying Euclidean operator radius in-
equalities we obtain various numerical radius inequalities which are finer than existing numerical
radius inequalities. Among many inequalities, we obtain improvements and generalizations of
the inequalities 1| 7T + TT*|| < w*(T) < 3||T*T + TT*|. Then we obtain new bounds for
the zeros of a complex monic polynomial p(z) of higher degree by applying the bounds of nu-
merical radius developed here. Next we study the Euclidean operator radius inequalities of a
pair of bounded linear operators which improve existing ones. Then we present bounds for the
numerical radius of bounded linear operators which generalize and improve on the well-known
numerical radius bounds using Euclidean operator radius inequalities. We also study gener-
alized Euclidean operator radius inequalities and their applications. Next we obtain power
inequality for d-tuple operator and applying these power inequality we obtain the Euclidean
operator radius bounds for product of two d-tuple operators. Finally we obtain bounds for
Euclidean operator radius of d-tuple operator and of n X n operator matrix whose entries are

d-tuple operators.
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CHAPTER 1

INTRODUCTION

The study of quadratic forms was the object of chief interest in the early studies of Hilbert
space by renowned mathematicians such as Hilbert, Hellinger, Toeplitz, and others. Quadratic
forms occupy a central place in various branches of Mathematics like number theory, linear
algebra, group theory, differential geometry etc. In linear algebra, the concept of a quadratic
form associated with a matrix and its applications are quite well known. Extension of the idea of
quadratic form in both finite and infinite dimensional spaces comprises the theory of numerical
range and numerical radius. The numerical range when considered on finite dimensional spaces
is sometimes referred to as Field of values, a term commonly used in matrix theory. The first,
that is, numerical range is mostly preferred by operator theorists. The concept of numerical
range was initiated by Toeplitz and Hausdorff in 1918 for matrices, that is, in finite dimensional
spaces, but this definition is equally applicable to operators on infinite dimensional Hilbert
spaces. The study of numerical range, numerical radius and its generalizations and applications
has great deal of research interest in many branches of pure and applied mathematics such
as operator theory, functional analysis, Banach algebra, matrix norm, inequalities, numerical
analysis, perturbation theory, quantum computing etc. The numerical radius and the distance
of numerical range to the origin are used in studying perturbation, stability, convergence and
approximation problems. In particular, as an example, very often, the numerical radius has been
used as a reliable indicator for rate of convergence of iterative methods. It also plays a crucial
role in the stability analysis of finite difference approximations of solutions to hyperbolic initial
value problems. Furthermore, numerical radius has recently been associated with stability issues

of Hermitian generalized eigen-problems and of higher order dynamical systems. The numerical
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range is used as a rough estimate of eigenvalues of an operator. There are several generalization
of numerical range, such as joint numerical range. In connection with joint numerical range,
one such natural multivariable generalization of the classical numerical radius of a bounded
linear operator is Euclidean operator radius which is useful in various theoretical and applied
subjects, in particular, in control system. Let us now turn attention to the word “inequalities”.
Inequality has been studied in various branches of Mathematics over the years. Two books
about inequalities, the first one written by G. H. Hardy, J. Littlewood and J. Polya in 1934 and
the second one written by E. Bechanbach and R. Bellman in 1961, turned the field of inequalities
into a well organized field and provided motivations, ideas, techniques and applications for new

research. Before proceeding further we now introduce notations and terminologies.

1.1 Introduction and preliminaries

First we introduce inner product space which is nothing but generalization of Euclidean space.

Definition 1.1. Let V be a vector space over the field F (=R or C). An inner product on 'V is
a function that assigns to every ordered pair of vectors x and y in'V to a scalar in F, denoted

(x,y), such that for all x,y and z in'V and all ¢ € F, the following hold:

Z) <‘T + Zay> = <I,y> + <Zay>’

i) (cx,y) = c(z,y),

(
(
(iid) (x,x) =0, if and only if z = 0,
(
(

v) (z,y) = (y,2),

where (x,y) denotes the complexr conjugate of (x,y). Note that (v) reduce to {z,y) = (y,z) if
F =R. A vector space V equipped with such an inner product (-,-) is known as inner product

space and is denoted as (V,(-,-)).

If (V,(-,-)) is an inner product space then it is easy to see that the function ||| : V — R defined
by ||lz|| = (=, x}é for all x € V satisfies the following:

e |lz|| > 0 for all z € V (non-negativity), and ||z|| = 0 if and only if z = 0.
o ||z +y| < |zl +||y|] for all z,y € V (triangle inequality).

o ||az| = |af||z| for all « € F and for all z € V (homogeneity).
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Therefore, the function | - || induced by the inner product (-,-) satisfies all the conditions of a
norm and so (V.|| - ||) is a normed linear space. In general, a vector space V is said to be a
normed linear space if there is a function || - || on V satisfying the above three properties.

Now we recall few basic properties on an inner product space.

1. (Cauchy-Schwarz inequality) Let (V, (-,-)) be an inner product space. Then

[{z y)| < [l=l[lyl]  for all .,y € V.

2. (Parallelogram law) Let (V,(-,-)) be an inner product space. Then

lz +yl* + llz = yl* = 2([l2[* + lyll*) for all z,y € V.

3. (Polarization identity) Let (V,(-,-)) be an inner product space. Then

4a,y) =z +yl* =z =yl +i (lz + iy|? — [lz —iyl*) forall z,yeV.

A Hilbert space is an inner product space (V, (-, -)) such that the space is complete with respect
to the metric d(z,y) = ||z —y|| = (z—y, —y)% for all z,y € V, induced from the inner product
(+,+). Throughout, we restrict the symbol H for a complex Hilbert space with inner product
(.,.). Let B(H) denote the C*-algebra of all bounded linear operators acting on H. The norm
induced by the inner product (.,.) is denoted by || - ||. The numerical range of a bounded linear

operator T € B(H) on a complex Hilbert space H is a subset of complex plane C is defined by
W(T) = {(Tz,z), x € I, |[lz]| = 1},
and the numerical radius of T € B(H) is defined as
w(T) =sup{|A| : A € W(T)}.

Thus, the numerical range W (T') is the image of unit circle in H under the quadratic form
f(z) = (T'x,z) from H to C and the numerical radius of T is the smallest radius of a circular disc
centred at the origin which contains the numerical range W (7T'). It is clear from the definition
of the numerical range and numerical radius that these two are nearly related. For T' € B(H),
T* denotes the adjoint of T and |T| stands for the positive operator (T*T)Y/2. The Cartesian
decomposition of T' € B(H) is given by T' = R(T) + iS(T'), where R(T) and I(T') denote the
real part and the imaginary part of an operator T respectively, that is, ®(7T) = %(T +T%)



Chapter 1. Introduction

and S(T) = & (T — T*). The spectrum of an operator 7 € B(H), denoted by o(T), is the
complement of the resolvent set, i.e, (1) = C\ p(T'), where p(T') is the resolvent of T'. Note
that the resolvent set p(7") is defined as the collection of all scalars A for which (7' — \I)~! exists
as a bounded linear operator on H. The spectral radius r(T") of a bounded linear operator T is

the supremum of the absolute values of the elements of its spectrum, i.e,
r(T) =sup{|\|: A€ a(T)}.

The spectral radius of a bounded linear operator T' is connected with the norms of its power
by the formula r(T) = nh_}rrolo | 7™/, where ||T|| denotes the operator norm of T. Recall that
|T|| = sup{||Tz| : € K, ||z| = 1}. If T is self-adjoint, i.e, T' = T*, then | T||? = [|T*T|| = | T?||
and so, by induction, ||T||>" = ||T?"||. Therefore, for the self-adjoint operator T, r(T) =
lim 72" 1/2" = T,

The properties of the numerical range W (T') are given below :
(i) W (al +pT)=a+ pW(T) for all a, 5 € C.
(i) W(T*) ={A: xe W(T)}.
(iii) W (U*TU) = W(T) for every unitary operator U € B(H).

(iv) (Ellipse lemma, [51, Lemma 1.1-1]) If T' is an operator on a two-dimensional space JH,

then W(T) is an ellipse whose foci are the eigenvalues of T.

(V) (Toeplitz-Hausdorff theorem, [51, Th. 1.1-2]) The numerical range of an operator is

convex.
(vi) The numerical range is a compact subset of C, if the space H is finite-dimensional.

(vii) W(T') is a real segment [«, 5] if and only if T" is a Hermitian matrix with its smallest and

the largest eigenvalues being o and S, respectively.

Thus, geometric properties of numerical ranges helps us classify special types of operators, for
example, the self adjoint, normal, unitary among others. Also given the numerical range of an
operator, one is capable of making deductions on the properties of the operator, both algebraic
and analytic .

Another fundamental theorem on numerical range is known as spectral inclusion theorem,

which reads as follows.

Theorem 1.1. (Spectral inclusion theorem, [51, p. 6] ) Let T € B(H). Then o(T) is contained
in the closure of W(T), that is, o(T) C W(T).
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Thus, the numerical range is useful to locate the spectrum of an operator since the spectrum
is known to be contained within closure of numerical range of the operator. The bounds for
the numerical radius of a bounded linear operator have been studied by many mathematicians
in recent years and a considerable improvement of the same has been obtained. From Spectral
inclusion theorem it is easy to say that the spectral radius r(T') of T always satisfies r(T") < w(T).
A Dbasic property for the numerical radius is that it satisfies the power inequality, i.e., for
T € B(K), w(T™) < w™(T) for all n € N. Here, N denotes the set of all natural numbers. Now

we give a classical bound for numerical radius of a bounded linear operator T' € B(H),
1
ST = w(T) < |IT1. (1.1)

Therefore, the numerical radius norm is equivalent to the operator norm on B(H). Let us note
here that w(:) fails to be a norm if the Hilbert space is considered over the real field. The
inequalities in (1.1) are sharp, w(T) = ||T|| if T is normal (i.e., T*T = TT*) and w(T) = %||T||
if T2 = 0. Therefore, The upper and lower norm bounds, dilations with simple structure, among
others can also be obtained for some special class of operators. Here we note some important
improvement of the inequalities for the numerical radius of a bounded linear operator T. In [64],

Kittaneh improved the upper bound in (1.1) by establishing that for T' € B(H),
1
w() < 5 (IT)+ VT2 (1.2)
Again, Kittaneh [63] improved the inequalities in (1.1) by establishing that
1 * * 2 ]' * *
T T+ TT|| < w(T) < S|IT°T + TT". (1.3)

Observe that the upper bounds in (1.2),(1.3) are not comparable, in general. In [42], Dragomir
obtained an another inequality, namely, for T' € B(H),

wX(T) < 5 (IT] +w(T?), (1.4)

DO | =

which improve on the right hand inequality in (1.1). Further, Abu-Omar and Kittaneh in [2]
obtained that for T € B(H),

1 1 1 1
5C(TQ) + 47T+ TT| < w*(T) < T+ 1T+ 5w(TQ). (1.5)

Clearly, the lower bound in (1.5) is stronger than the first inequality in (1.3). Also, the upper
bound in (1.5) is stronger than the corresponding inequalities in (1.2), (1.3) and (1.4). Using



Chapter 1. Introduction

the Aluthge transform, Yamazaki [86] proved that if T' € B(H), then
1 ~
<= .
() < 5 (IT) +w(T)), (1.6)

where the Aluthge transform of T, denoted as T, is defined as T = |T|%U|T|%, while U is the
partial isometry associated with the polar decomposition of T and so kerT = kerU. Since
w(T) < ||T|| < +/[T?]], so the inequality in (1.6) is stronger than that in (1.2). After that, in
[3], Abu-Omar and Kittaneh improved the inequality (1.6) by using t-Aluthge transformation
establishing that

1 ~
< — i .
o) < 5 (171+ guin w(@) (17)
where T} is the t-Aluthge transformation of T, defined by
T, = [T1'UT) ¢ € [0, 1],

Here U is the partial isometry associated with the polar decomposition of T. Another improve-

ment of the second bound in (1.1) is proved by Bhunia and Paul in [24], is given by

w(r) < 5 (IT)+ VAOTTD) (1.8)

where r(.) is the spectral radius of an operator. Another improvement of the first inequality in

(1.3) is proved by Bhunia and Paul in [25] by established the inequality
2 1 * * 1 2 Cx 2
wi(T) 2 T T +TT| + SR = IS (1.9)
After that in [27], Bhunia and Paul proved the inequality
2r 1 2r * |21 1 T |T
w(T) = 2T + [T + w77, (1.10)

for all » > 1, which is stronger than second inequality of (1.3). Another generalization of the

second inequality in (1.5) is given by
2r 1 *\T *\T 1 (2
W (T) < LITTY + (T + qur (1), (111)

for all » > 1, proved by Bhunia, Bag and Paul in [30].
For further improvements of (1.1) - (1.11) we refer the interested readers to [2, 10, 18, 24,
25, 26, 27, 30, 64, 74, 75, 80, 81, 86]. For further readings on the numerical range and the
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numerical radius inequalities, see the books [17, 51, 85].
Now, let B4(H) = B(H) x B(H) x ... x B(H) (d times) and let T = (T, Tb,...,T;) € BY(H)
be a d-tuple operator. The joint numerical range, Euclidean operator radius, joint Crawford

number and joint operator norm of T are defined respectively as follows:

JIW(T) = {({(Thz,z), (Taz,x), ..., (Tex,x)) : x € H,||z| = 1},

{ |
{
1T —Sup{<Z|lTkw| ) z eIl =1

It is well known that the joint numerical range JtW (T) is not a convex subset of C? if

)
d 2
<Z |<Tkx,x>|2> e,z =15,
k=

{(
we(T) = sup

1

1
d 2
Z|<Tkx,$>l2> rx e Xzl =10,

k=1

ce(T) = inf

d > 2, (in general) (see [51]). Many eminent researchers have studied matrices with certain
commutativity properties that have convex joint numerical ranges, see, [31, 32, 37, 39]. In
particular, Dash [37, Proposition 2.4] proved that W (T3, T, ..., Ty) is always convex for any

commuting family {731, Ts, ..., Ty} C Ma, where My is the set of all 2 x 2 matrices with complex
1

entries. From the definition of joint operator norm, it is easy to see that | T|| = szzl TyT,

As defined in [78], there is a new norm and “spectral radius” on B%(%H), which are

||(T17T2,...,Td)||e: sup ‘|)\1T1+)\2T2+...+/\de||
(A1y0-5Aq)EBg
and
Te(Tl,TQ,...,Td): sup T()\1T1+)\2T2—|—...+>\de),
A1y Aa) EBg

where By is the unit ball in C? and r(T) denotes the usual spectral radius of an operator
T € B(H).
Next, we summarize some of the basic properties of the Euclidean operator radius of a

d-tuple of operators T = (T1,Ts,...,Ty) € B4(H).

Theorem 1.2. The Euclidean operator radius w, : BY(3H) — [0,00) for d-tuples of operators

satisfies the following properties:
(i) we(T1,Ta,...,Ty) =0ifand only if Th =To = ... =T3 =0,

(i1) we(ANT1, AT, ..., A\Tq) = | Mwe(T1,Th, ..., Ty) for any A € C,
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(iii) we(Ty +T{, To + Ty, ..., Ta+ T)) < we(T1,To, ..., Ty) + we(T7,T5, ..., T)),
(iv) we(UTWU,U*TU, ..., UTyU) = we(Th, Tn, ..., Ty) for any unitary operator U € B(H),
(W) we(X T X, X*ToX, ..., X*TyX) < || X|Pwe(T1, T, . .., Ty) for any operator X € B(H),
(vi) SI(TL, T, To)lle < wel(T1, To, ..., Ty) < (T4, To, .. Ta) e,
(vii) re(T1,To, ..., Tq) < we(Th,To,...,Tq),
(ix) we is a continuous map in the norm topology.
Next, we state the following results:

Proposition 1.1. [78, Corollary 2.3] If (T1, T, ..., T;) € B4(H), then

we(Tl,TQ,...,Td) = sup w(/\1T1+)\2T2+...+/\de).
()\1,...,/\(1)615(1

As pointed out in [78], we(-) is a norm on B?(H) and satisfies the following inequality:

d d

1 1 1

— TiT|2 < we(T) < T Ty 2,

2\/ngE:l kLl 2 < we( )_Ilgz1 . Ll
1

i.e, ——||T|| < we(T) < ||T. 1.12
=Tl < (D) < |7 (112)

Here the constant —~ and 1 are best possible.

2Vd
In particular for d = 2, Dragomir [43, Th. 1] proved that if T7,Ts € B(H), then

1
Su(TT+T3) <w?(T, To) < ||T7 T + T3 T (1.13)

where the constant % is best possible in the sense that it cannot be replaced by a larger constant.
For d = 2, lower bound in (1.13) is stronger than the first bound in (1.12) when both 71, T5
are self adjoint operators. Various other inequalities and their applications about Euclidean
operator radius have been studied by many mathematicians [4, 5, 11, 31, 34, 35, 36, 41, 43, 45,
58, 73, 78, 79, 82].

In this thesis, we develop various new upper and lower bounds for the Euclidean operator
radius which refine the bounds mentioned in (1.12), (1.13). Also, we develop various new upper
and lower bounds for the numerical radius of bounded linear operators defined on H which

improve the existing above bounds in (1.1) - (1.11). We next give a brief outline of the thesis.
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1.2 Outline of the thesis

The thesis consists of seven chapters including the Introductory one. In the introductory chapter
we provide a brief history about numerical range and its multivariable generalization, joint
numerical range along with terminologies and preliminary notations to be used throughout the
thesis.

In chapter 2, We develop various lower bounds for the numerical radius w(T') of a bounded
linear operator T defined on a complex Hilbert space, which improve the existing inequality

w?(T) > %HT*T + TT*||. In particular, for r > 1, we show that

1 1/1 1 B
T < (GRS 4 HIRD) - SOI) < ),

where R(T') and (T) are the real and imaginary parts of T, respectively. Furthermore, we ob-
tain upper bounds for w?(T) refining the well-known upper bound w?(T) < 3 (w(T?) + || T||?).
Separate complete characterizations for w(T) = @ and w(T) = 3.\/|T*T +TT*|| are also
given.

In chapter 3, We present some new upper and lower bounds for the numerical radius of
bounded linear operators on a complex Hilbert space and show that the bounds are stronger
than the existing ones. In particular, we prove that if T is a bounded linear operator on
a complex Hilbert space H and if R(T'), I(T') are the real part, the imaginary part of T,

respectively, then

||

1 N o
w(T) 2 557 IR + ST = [R(T) = S|

and

b

W (T) > LT + T + [ IR(T) + S| ~ [R(T) - ST

where w(-) and ||-|| denote the numerical radius and the operator norm, respectively. Further, we
obtain refinements of the inequalities for the numerical radius of the product of two operators.
Finally, as an application of the second inequality mentioned above, we obtain an improvement
of upper bound for the numerical radius of the commutators of operators. Also, we develop
inequalities involving numerical radius and spectral radius for the sum of the product operators,

from which we derive the following inequalities

w?(T) < —sw(|[TP +1[T") < |IT]",

L
V2
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for all p > 1. Further, we derive new bounds for the zeros of complex polynomials.

In Chapter 4, we present an improvement of the inequalities in (1.13), that is,
ST} +T5) <wi(T, Ty) < |T{ Ty + T3 T -

Further, applying those improve inequality we derive a numerical radius inequality of a bounded

linear operator 7' € B(H) which improves the bounds in (1.3), i.e
1 * * 2 1 * *
T T+TT|| < w(T) < SIT°T + TT.

Next, we derive some improvement and generalization of well known Euclidean operator radius
inequality for 2-tuple operator and as its application we get known numerical radius inequality.

In Chapter 5, we present various lower and upper bounds for Euclidean numerical radius
of 2-tuple bounded linear operator which generalize and improve the well-known bounds and
applying these bound we derive some numerical radius inequality of a bounded linear operator

stronger than the bounds both in (1.14) and (1.15), that is,
1 1 N
w(T) 2 SITN + SR = IS (1.14)

and

1 1
T) > \/4||T*T HTTH + SR = 13D, (1.15)

proved by Bhunia and Paul in [25]. Further, we give necessary and sufficient condition for
equality of the inequalities in (1.14) and (1.15).
In Chapter 6, we establish new inequalities for the Euclidean operator radius of a d-tuple

bounded linear operator which is stronger than the first inequality in (1.12) i.e,

ST < we(T),

where T = (T1,Ts,...,T;) € B4H). Further, we develop power inequality for Euclidean
operator radius of d-tuple operator T = (T1,Tb, ..., Ty) € BY(H), namely we(T") < vVdw?(T).
Next, using this power inequality we obtain Euclidean operator radius for the product of two
d-tuple operator. Further, we study the Euclidean operator radius inequalities of 2 x 2 operator
matrices whose entries are d-tuple operators. We also obtain an Euclidean operator norm
inequality of 2 x 2 operator matrices.

In Chapter 7, We develop several Euclidean operator radius bounds for the product of

10



Chapter 1. Introduction

two d-tuple operators using positivity criteria of a 2 x 2 block matrix whose entries are d-
tuple operators. From these bounds, by using the polar decomposition of operators, we obtain
Euclidean operator radius bounds for d-tuple operators. Among many other interesting bounds,

it is shown that

d

Z Tx| + |T3:1)

k=

we(T) <

Iy 1/2
< \/EH |

where we(T) and ||T| are the Euclidean operator radius and the Euclidean operator norm,
respectively, of a d-tuple operator T = (T, Tb, ..., Ty) € B(H). Further, we develop an upper
bound for the Euclidean operator radius of n x n operator matrix whose entries are d-tuple

operators.

Before we end this section we would like to mention that in the beginning of each of the fol-
lowing chapter we provide a brief motivation along with the relevant notations and terminologies

necessary to keep each chapter independent for the convenience of the reader.

11



CHAPTER 2

IMPROVED INEQUALITIES FOR
NUMERICAL RADIUS VIA CARTESIAN
DECOMPOSITION

2.1 Introduction

The purpose of the present chapter is to obtain improvements of the existing well-known upper
and lower bounds for the numerical radius of bounded linear operators acting on Hilbert spaces

in terms of their real and imaginary parts. Let us first introduce some notation and terminology.

Let 3 be a complex Hilbert space with the inner product (-, -) and the corresponding norm
|l - || induced by the inner product. Let B(H) denote the C*-algebra of all bounded linear
operators on H with the identity I. Let T' € B(H). We denote by |T| = (T*T)% the positive
square root of T*T, and R(T') = %(T + T%*) and X(T) = %(T — T%), respectively, stand for
the real and imaginary parts of T. The numerical range of T, denoted as W(T'), is defined by
W(T) = {{Tx,z) : © € H,||z|| = 1} . We denote the operator norm, the Crawford number and

Content of this chapter is based on the following paper:
P. Bhunia, S. Jana, M. S. Moslehian and K. Paul, Improved Inequalities for Numerical Radius via
Cartesian Decomposition, Funct. Anal. Appl., 56 (2022), no. 3, 123-133.

12



Chapter 2. Improved inequalities for numerical radius via Cartesian decomposition

the numerical radius of T by ||T||, ¢(T) and w(T), respectively. Recall that

1T = sup [T,
lef=1

o(T) =inf {|(Tz,x)| : z € K, ||z|| = 1}

and
w(T) =sup{|(Tz,x)| : z € K, ||z|| = 1}.
2.2 Lower Bounds for the numerical radius

of operators

We start with the observation that for every T' € B(H),

%HT*TJFTT*H _ %H(?R(T))Z-i-(S(T))ZH
ST\ 2 - 3(1)\’
e

First by using the identity (2.1), we obtain the following improvement of the first inequality
in (1.3).

Theorem 2.1. If T € B(H), then

Rl
< JIRT@) + SO + FIRT) - SO
< FIR(T) + ST + FIRT) ~ ST + TERT) + S(T)) + 1A R(T) — H(T))
< w*(T).
Proof. Tt follows from (2.1) that
LT T+ TT* = JIRT) + S(T))? + (R(T) — (D)

< ZIR(T) + ST + FIRT) - S

This is the first inequality, and the second follows trivially.
Now we prove the third inequality. Let x € H with ||| = 1. Then from the Cartesian

13



Chapter 2. Improved inequalities for numerical radius via Cartesian decomposition

decomposition of T', we get

<8‘E(T)x,m>2 + <%(T)a:,m>2
(R(T)z,z) + (3(T)x,z))* + % (R(T)x, ) — (3(T)z, z))*

| (T, z) |?
1
2
1 1

S ((R(T) + (7)), x)? + S ((R(T) = 3(1))z, )%,
Therefore, we have the following two inequalities:

S (R(T) +3(T)) + %H%(T) =S| < w*(T) (2:2)

and

It follows from (2.2) and (2.3) that

LIRET) + ST + LIR(T) — ST + AR(T) + 3(T)) + 1 (R(T) — $(T)) < wA(T).

Clearly, Theorem 2.1 refines the first inequality in (1.3). Now, the following corollary is

trivially inferred from Theorem 2.1.

Corollary 2.1. If T € B(H), then

|T*T + TT*| + 302(%(T) + (7)) + 1CQ(%(T) - 3(T)) < w*(T).

5L
4 4

Also, the next result follows easily from (2.2) and (2.3).

Corollary 2.2. If T € B(H), then w?(T) > max {B1, B2}, where

B = 5P (R(T) +S(T) + L|IR(T) — (D),

B = S R(T) = S(T)) + S IR(T) + (D)

14



Chapter 2. Improved inequalities for numerical radius via Cartesian decomposition

Remark 2.2. (i) We have

max {1, F2}
_1 {02(5}3@) + (1)) + [R(T) = (D) + (R(T) = S(T)) + IR(T) + S(T)||2}
2 2
41 { [IR(T) + S(D)|” = IR(T) = S(D)|* + AR(T) = I(T)) — A(R(T) +3(T)) | }
2 2
= i {AR(T) + (D)) + AR(T) = (T))} + i”(?R(T) = (1) + (R(T) + (1))
+ i [IR(T) + S(D)? ~ [R(T) = S(D)* + *(R(T) = H(T)) — R(T) + (1))
= LT 4 TT 4+ ZER(T) + (D)) + (A (R(T) — S(T))

+ i HIR(T) + S(DP = IR(T) = S(D)|* + AR(T) = (T)) = (R(T) + (7)) | -
Thus,

w?(T) %HT*T +TT*| + ECQ(R(T) + (1)) + =P (R(T) — (1))
+ % IR(T) + S(D)P = [R(T) = SDP + AR(T) = H(T)) — (R(T) + (D)) -

(i) Also, we remark that Corollary 2.2 is stronger than the recently obtained inequality in [106,
Th. 2.3].

To prove the next refinement of the first inequality in (1.3), we need the following lemma,

which can be found in [28, Th. 2.17].

Lemma 2.1. Let S,T € B(K). Then
1
IS+ TI* < ISI* + 171" + 511978 + T*T| + w(S*T)

and

1
IS+ TI* < ISI° + 171" + 515" + TT*[| + w(ST™).

Theorem 2.3. If T € B(H), then

1

1||T*T+TT*H

1

2
2

< w?(T).

< 1{3IRD) + SO+ JIRD) - SO+ IR + SOPIRD) - SO

15
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Proof. To prove this theorem we use the technique similar to [28, Th. 2.18]. It follows from

(2.1) that

1
1—6||T*T+TT*H2
2

LR+ (D) | (RD) - S(D)?
v < Tz ) - <ﬂ>
_ %H(?R(T) +3(T))? + (R(T) — (T))*?
< % {H?R(T) FST)E + IR — ST+ S| (R(T) + ST))* + (RT) - %‘<T>>4II}

+ 1eu((R(T) + S(T)PR(T) - (1)), (nsing Lemma 2.1)
< % {HM) + (D) + [R(T) = S(D)* + % (IR(T) +S(D)* + IR(T) — %(T>|4)}

+ e IR(T) + ST PIR(T) - SO

1(3 ~ 3 IS & 2 R 2
= 7515 1R + D" + SIRT) = SO+ [IR(T) + SD)PR(T) - (D) }
< w'(T),
where the last inequality is deduced from (2.4) and (2.5). -

Now, we state a lemma.

Lemma 2.2. (/22, Th. 2.2]) Let S,T € B(K). Then

IS +T|? < 2max {||S*S + T*T|, ||SS* +TT*|}.

Based on the above lemma, we obtain the following refinement of the first inequality in

(1.3).

Theorem 2.4. If T € B(H), then

T*T +TT7| < (IR(T) + S + [RT) - SD4)? < w(T).

1
2v/2

Proof. We prove this theorem by similar technique as in [28, Th. 2.13]. It follows from (2.1)

L
4
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that
1 * * 1 x 2 X 2
AT +TT = ZO(T) + (1)) + (RUT) = (D)7l
! R) R 2 emma
< SaIRIM+ M)+ RT) =@Mz, (by L 2.2)
1 Cx 4 - 4 %
NG (IR(T) + D) + IR(T) = (D))
< w(T),
where we deduce the last inequality from (2.4) and (2.5). O

We observe here that the convexity of the function f(t) = t? ensures that the first inequality
in Theorem 2.4 is better than the first inequality in Theorem 2.1. Also, we observe that the
second inequality in Theorem 2.4 is better than the second inequality in Theorem 2.3.

In the next theorem, we obtain another improvement of (1.3). First we note that (2.2) and

(2.3) imply the following two inequalities, respectively:

SIR(T) — (1) < w(T) (24)
and
SIR(T) + (7)1 < w?(T). (25)

Now, by employing the convexity property of the function f(¢) = ¢", » > 1, in the first inequality
in Theorem 2.1 and using inequalities (2.4) and (2.5), we get the following inequality.

Theorem 2.5. If T € B(H), then forr > 1,

1 1/1 1 v
JTTHTT < 3 (GIRD) + @I + FIRD) - D) < u)

Remark 2.6. Clearly, Theorem 2.5 is a generalization of Theorem 2.4. We would like to

remark that the second inequality in Theorem 2.5 gives more refinement as r increases.
To prove our next result, we need the following lemma.

Lemma 2.3. ([38]) Let S,T € B(H) be positive. Then
1
15 + T < max {[|S|, [[T[|} + [|ST|>.

17



Chapter 2. Improved inequalities for numerical radius via Cartesian decomposition

Theorem 2.7. If T € B(H), then

1
Z”T*T + 71T
1
< 7 [max {[IR(T) + S(D)|%, [R(T) = S(T)|*} + IR(T) + SDIR(T) = S(T)]]
< w?(T).
Proof. To prove this theorem we use the technique similar to [28, Th. 2.10]. It follows from
(2.1) that
1 * *
1 |T*T + 1T

= JIRT) + ()2 + (R(T) - 3(1)?)

< 1 [max {IRET) + STV, IRET) — (TP} + IR(T) + (D) (R(T) — S(T))]
< i [max {|R(T) + (D)%, [IR(T) = SO} + [(R(T) + ST)IRT) — SD))I]
< w(T),
in which we employ (2.4) and (2.5). O

We now concentrate our study on the equality of the first inequality in (1.3).

Corollary 2.3. Let T € B(H). If w*(T) = Y| T*T + TT*||, then the following assertions hold:

(i) There ezists a sequence {xyn} in H with ||z,|| = 1 such that

lim |(R(T)xy, zn)| = ILm {S(T)zp, )|

(ii) | R(T) + S(D)|* = |R(T) = (D)|* = 3l|T*T + TT|.

Proof. Let w?(T) = §||T*T+TT*||. It follows from Theorem 2.1 that c(R(T)+3(T)) = ¢(R(T)—
$(T)) = 0. This implies that there exist sequences {y,} and {z,} in H with |ly,| = ||zn]| =1
such that lim, oo ((R(T) + (7)) Yn, yn) = 0 and limy, oo (R(T) — (T")) 20, 2n) = 0. Thus (i)
holds.

Also, from (i) of Remark 2.2, we have ||R(T) + S(T)||? = [|R(T) — I(T)|>. In addition, we

conclude from Theorem 2.5 that | R(T) + I(T)|? = %HT*T + TT*||, which yields (ii). O
Considering the matrix T' = , we conclude that the converse of Corollary 2.3 is not
0 i
true.

18
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Remark 2.8. Considering the following two examples, we observe that the bounds obtained in
Theorems 2.8 and 2.7 (also, Theorems 2.4 and 2.7) are not comparable, in general.

242¢ 0 2 0 2 0
(i) Let T = e . Then R(T) = and S(T) = . Clearly, |R(T) +
0 0 0 0 0 0

S(T)|| =4 and |R(T) — S(T)|| = 0. By simple calculations, we have

1
2v/2

L SIR) 4 S + SIRT) = ST+ IRD) + SDPIRT) - ()P}

(IR(T) + S| + |R(T) — S(T)[[4)? = 4v/2 ~ 565685424949,

1
2

= 26 ~ 4.89897948557,

i [max {[IR(T) + (DI, IR(T) = (D)} + IR(D) + SDOIRT) = (D] = 4.

342 0 30 20
(i) LetT:( 20N Then §R(T):<
0

and $(T) = . Therefore,
43 0 0 0 4

IR(T) +(T)|| =5 and |R(T) — I(T)|| = 4. By simple calculations, we get

1

— (IR(T) + S(T) |+ |R(T) - S(T)*)F = —L_ VBRI ~ 10.4940459309,

2v2

HSIRD) + 3D+ JIRD) - SO+ IR + SOPIRD) - SO

1 /17215
=1V 10 © 10.37274071,

7 [max {[R(T) + (DI, [R(T) = (D)} + [R(T) + SDIIR(T) = S(T)]]

45
= — =11.25.
1 )

g

|—=

2

2.3 Upper Bounds for the numerical radius

of operators

Now, we obtain an upper bound for the numerical radius of bounded linear operators. For
this, we need the following two lemmas. The first one is known as Buzano’s inequality, and the

second one is known as the weighted arithmetic-geometric mean inequality.

Lemma 2.4. (/33]) Let x,y,e € H with |le|| = 1. Then

| (z,e){e,y) [< %(I (@) | +llzllllyll) -
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Lemma 2.5. (/53)) If a,b >0 and 0 < o < 1, then
a®b'=® < aa+ (1 — a)b.

Theorem 2.9. Let T € B(H). Then

|

1 2
w?(T) < 3 [||T|2 <tn[1[i)rh |¢T*T + (1 — t)TT*||) +w(T?) + w(T?)||T*T + TT*||| .
€0,

Proof. Let € 3 with ||z|| = 1. Then

~
8
8

) 2
Tz, z){x, T*x) |

)

N~ N =N~

—— =~

IN

(| (Ta, T*x) | +||Tx|||[|T"z||) (using Lemma 2.4)

1
(T, T ) * + || Tl | T ||* + 2T, T ) || T || T ]| }

IA
ol

|<T2m, x)\Q +{(T"Tx,x)(TT" z,z) + |<T2x,w>|<(TT* + Tz, x)}

(T?z, )|? + (T*Tx, x) (TT*z, 2) " (T* T, ) N (TT*z, z)!

1
2

+ T2z, 2)|((TT* + T*T)z, ZL‘>}

< ;{|(T2x,a¢>|2 +((tT*T + (1 = )TT")z, 2)((1 — ) T*T 4+ tTT*)z, )

-

2
+ (T2, 2)|((TT* + T*T)x,x)} (using Lemma 2.5)

1
< 2{|<T2x,x>|2 T T + (1 — TT*|||(1 — )T*T + tTT*|

(T?x, 2)|(TT* + T*T)z, $>}2

+ |
:
< ;{|<T2x,x>|2 FETT + (1= TT*||| T + (T2, 2)|(TT* + T*T)x’@}
3
= ;{W(TQ) + [T + (1= OTT||T|* + w(T*)|TT* + T*T||} ,
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Taking supremum over ||z|| = 1, we get

wi(T) < = [ITI? (ItT*T + (1 — )TT*|)) + w*(T?) + w(T?)|T*T + TT*||]% .

DN =

This holds for all ¢ € [0, 1], so considering minimum over ¢ € [0, 1], we have

1

1 2
Mavs2Uﬂ2ﬁ%%WWT+a—wTWD+wﬁ@%+w@%MWWJTH ,
€0,

as required. O

Remark 2.10. (i) Dragomir [42, Th. 1] proved that for T € B(H),
1
(1) < 5 (ITIP +w(T?). (2.6)

We would like to remark that the inequality in Theorem 2.9 is sharper than that in Dragomir’s
result [42, Th. 1].

010
(i) Now, we consider T =10 0 1|. Then, by simple calculations, we arrive at
000

1

1 2
3 [||T||2 ( n%in} |¢T*T + (1 — t)TT*||> +wi(T?) + w(T?||T*T + TT*|| = %
te[o,1

and
1
§||T*T+TT*|| =1.
0 2 0
Again, considering another operator T =10 0 0 |, we have
00 V2
1 2 : 22 2 :
3 1Tl tH[lérh ItT*T + (1 —)TT*|| ) + w*(T°) +w(TH|T*T +TT*||| = V5
€10,
and

1
§||T*T +TT*|| =2.
Thus, we conclude that the second inequality in (1.3) and our obtained inequality in Theorem
2.9 are not comparable, in general.
In the following theorem, we present another refinement of (2.6).
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Theorem 2.11. Let T € B(H). Then

1
wH(T) < = [w?(T?) + = H (T*T)* + (TT*)?|| + iw(T*TQT*) + w(T?)||T*T + TT*|

1
4

Proof. Let x € H with ||z|| = 1. Tt follows from Lemma 2.4 that

(T"Tx,x){TT*x,x) = (T"Tx,z)(x, TT"z)

o T T|||TT 2| + (TT"2, T"Tx)|

- 2
1 1

< 3 (HT*Tﬂfll2 +TT"a|?) + ST T T, )]
1 k 1 k *

= i<( +(TT*)?) =, x>+§|<T T*T*x, x)|
1

< 3 H(T*T) +(TT*)?|| + w (T*T°T™).

Following the proof of Theorem 2.9, we infer that

(T, ) |*

E {\ (T?x,2)|? + (T* Tz, 2} (TT*x, x) + |(T?z, z)|(TT* + TT)x, )}

| AN

< - { + (T*Tx,z)(TT*x, x) +w(T2)HTT* +T7|}

1
<1 {wZ(TQ) +7 |(T*T)? + (TT*)?|| + w (T*T*T* )+w(T2)||T*T+TT*||}.

Considering supremum over ||z|| = 1, we arrive at the desired inequality. O

Remark 2.12. Clearly, for T € B(H), we have

i [wQ(TZ) + i |(T*T)? + (TT*)?|| + 1w(T*TQT*) +w(TH|T*T + TT*||}

< g [T+ ST 4 ST 4 2u@lT
< 5 2@+ ST+ 1T+ 2w
- [tz e

2

Therefore, Theorem 2.11 refines inequality (2.6).

In our next theorem, we obtain an inequality involving norm and numerical radius of a
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bounded linear operator. First we recall the following well-known identity from [86, p. 85]:

w(T) = sup HS‘E(eieT)H . (2.7)

Theorem 2.13. Let T € B(H). Then

W) < ¢ [w(T) + TN + ()| T°T + T77].

-

Proof. By a short calculation, we get
3 1 3 1 2 *2 1 * *
Dis (T):jR(T )+§(TT +T T)—I—E(T T+ TT*R(T).

Since R(T) is selfadjoint, we have

1 1 1
IR = H4§R(T3) + g(TQT* +T7°T) + (T + TT*)?R(T)H
1 1 * % 1 * *
< ZIR@ |+ || + 77|+ T T+ 7T R

1 1 1 .
< Mm@+ 2z i+ ST ).
Now let # € R. Replacing T with €T in the last inequality yields that
07113 1 31073 L2 L . i0
IREDP < 7 ||RETH]| + L ITHITI + 17T + T [RET)].
Taking supremum over all # € R and using identity (2.7), we derive that

wH(T) < 2 [w(T) + ITIIT?| + w(T)|T°T + T,

E,

as desired. 0

Remark 2.14. Let T € B(K) with T # 0 and T? = 0. It follows from Theorem 2.13 that

1
w(T) < V[T +TT7.

This inequality combined with the first inequality in (1.3) ensures that

1
w(T) = 5V/[T°T +TT7.

It should be mentioned that the reverse part is not true, in general. To see this, consider the
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010
matrix 7= [0 0 1 |. Then one can easily verify that w(T') = % = 3/|IT*T + TT~], but
0 00

T2 £0.
At the end of the article, we give separate complete characterizations for w(T) = %||T| and
w(T) = $/|T*T + TT*|. First we need the following lemma.

Lemma 2.6. (/25, Th. 2.14)) Let T € B(H). Then

(i) w(T) = %HTH if and only zfm is a circular disk with center at the origin and radius
31Tl

(ii) w(T) = l |T*T + TT*|| if and only if W(T) is a circular disk with center at the origin
and mdws |T*T + TT*|.

Theorem 2.15. Let T € B(H). Then
(i) w(T) = L||T| if and only if w(T + AI) = 3| T|| + |A| for all X € C;

(it) w(T) = $/|IT*T + TT*|| if and only if w(T+ ) = 3\/||[T*T + TT*||+|A| for all X € C.

Proof. (i) The sufficient part is trivial, so we only prove the necessary part. Let w(T) = 3T
Clearly, W(T + XI) = W(T) + X for all A € C. Therefore, it follows from Lemma 2.6(i) that
W(T + \) is a circular disk with center at A and radius £7||. This implies that w(T + ) =
LT+ AL

(ii) The proof follows as in (i). O

Remark 2.16. Let T € B(H). We would like to remark that if W(T) is a circular disk with
center at the origin, then w(T + X ) = w(T) + |A| for all A\ € C. Hence, it follows from [25,
Lemma 2.13] that if |R(e’T)| = k (a constant) for all 0 € R, then w(T + M) = w(T) + |A| for
all A € C. This shows that if HS‘E(eieT)H = k (a constant) for all 0 € R, then w(T + X)) > w(T')
for all X\ € C, that is, T is Birkhoff-James numerical radius orthogonal to I (for the details of
Birkhoff-James numerical radius orthogonality, we refer to [70, 87]). Finally, we remark that if
either w(T) = %||T|| or w(T) = %\/m, then T is Birkhoff-James numerical radius
orthogonal to I.
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CHAPTER 3

REFINED INEQUALITIES FOR THE
NUMERICAL RADIUS AND ITS
APPLICATIONS

3.1 Introduction

In this chapter, we present some new upper and lower bounds for the numerical radius of
bounded linear operators on a complex Hilbert space and show that the bounds are stronger
than the existing ones. Further, we obtain refinements of the inequalities for the numerical
radius of the product of two operators. As an application of some inequality proved in this
chapter, we obtain an improvement of upper bound for the numerical radius of the commutators
of operators. In last section, using bounds of numerical radius we derive the bounds of zeros of
complex monic polynomials.

Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert space H

with inner product (.,.) and the corresponding norm ||.|| induced by the inner product (., .). For

Content of this chapter is based on the following two papers:
P. Bhunia, S. Jana and K. Paul, Refined inequalities for the numerical radius of Hilbert space operators,
Rocky Mountain J. Math., To appear (2023).
P. Bhunia, S. Jana and K. Paul, Numerical radius inequalities and estimation of zeros of polynomials,
Georgian Math. J., To appear (2023).
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Chapter 3. Refined inequalities for the numerical radius and its applications

T € B(H), let T* be the adjoint of T and |T| = (T T)% Let R(T) and I(T) denote the real
part and the imaginary part of T, respectively, i.e., R(T) = 3(T + T*) and S(T) = %(T — T*).
Let ||T|| and w(7T') denote the operator norm and the numerical radius of T', respectively. Recall
that

w(T) = sup{ (T, )| = € 3, |zl = 1}.

The Aluthge transform of T, denoted as T, is defined as T = \T|%U|T\%, where U is the partial
isometry appearing in the polar decomposition T = U|T| of T with kerT' = ker U. It follows
from the definition of T that |T|| < ||T||. Also, w(T) < w(T).

3.2 Numerical radius inequalities of opera-

tors

We start our work with the following improvement of the first inequality in (1.1).

Theorem 3.1. If T € B(H), then

w(T) = ||T||+ (T) + (D) = [R(T) = (D[] -

IIII%

Proof. Let x € H with ||z|| = 1. Then by the Cartesian decomposition of 7', we have

|{Tz,2)| = VR(D)z,2)? + (I(D)a, x)?

1 (93

ﬁ(l R(T)z, ) | + | (S(T)z, ) |)
1
7 |

Taking supremum over all x € H, ||z|| = 1, we get

v

v

w(T) = (T) £ 3(D)]-

R
\f I
Thus,

w(T) = —=max{|[R(T) + S(T)[|, [R(T) = S(D)I}-

Sl
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Chapter 3. Refined inequalities for the numerical radius and its applications

Now,
\}m ax{[[R(T) + (D), [R(T) = (D)1}
_ {II% DI+ IR =S IR + SO - [IR(T) = D] I}
V3 2 2
(1)) +iR(T) = S(TNI |, [IRT) + SO - [R(T) — SO |
- f{ 2 * 2 }
_ {II A+ 9T IR + @I = R = S I}
V2 2
_ T |||gca T) + (D) - [IR(T) — (D)l |
2 22 ’
This completes the proof. O

Remark 3.2. (i) Clearly, the inequality in Theorem 3.1 refines the first inequality in (1.1).
(ii) If w(T) = ”TH , then || R(T) + (7)) || = |R(T) — S(T)||, but the converse is not necessarily
true. For e:mmple, if T is (non-zero) self-adjoint, then |R(T) + S(T)|| = ||R(T) — S(T)|| and
w(T) # 131,

(iii) In [25, Th. 2.1], Bhunia and Paul proved that

w(@) = LT+ 5 RO - IS (3.1)

Clearly, if T € B(H) is (non-zero) self-adjoint, then

1 1 o 1], IR + SO = [R(T) = 3D |
3 1T+ 5 TR = IS > 5 + 302

. 1+i 0
and if T = , then
0 0

1 1 N 1], IR + S = [R(T) = S| |
S T+ 5 IR = IS < == + Wi :

Thus, we conclude that the inequality in Theorem 3.1 and the inequality (3.1) are not comparable,

i general.

Next we prove the following inequality which improve on the first inequality in (1.3).

Theorem 3.3. If T € B(H), then

w(T) > IIT*T+TT*H+ [IR(T) + SO~ [R(T) = SO |-
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Proof. As the proof of Theorem 3.1, we have

w(T) 2 %max{II%(T) + (D)7, IR(T) = (D)}

Now,
%maX{II%(T) + (D)2 IR(T) = (D)1}
_ 1 { IR(T) + SD)° + IRD@) = SDN* | [IRT) + SO — IRT) = (D) }
2 2 2
> ;{II(%(T) +3(7))? -2F (R(T) — S(T))?|| L IR + (7)) g IR(T) — (T)|? I}
_ T IR + 37— IRT) — (D) |
4 4 '
This completes the proof. O

Remark 3.4. (i) Clearly, the inequality in Theorem 3.3 refines the first inequality in (1.3).
(ii) If w*(T) = w, then ||R(T) + X(T)|| = ||R(T) — S(T)||, but the converse is not
necessarily true.

(111) In [25, Th. 2.9], Bhunia and Paul proved that if T € B(H), then
2T) > LT TT 4 L IR - (D)2 3.2
wiT) =z JITT+TT + 5 [IRDI = IS (3.2)

Considering the same examples as in Remark 3.2 (iii), we conclude that the inequality in The-

orem 3.3 and the inequality (3.2) are not comparable, in general.

Next we obtain an upper bound for the numerical radius which improve on (1.6). For this

purpose, first we need the following lemma, based on polarization principle.

Lemma 3.1. Let T € B(H), and let z,y € H. Then

(Tz,7) = <T<w+y>,x+y>;<T<xfy>,xfy>

“ (T(z +iy),z +iy) — (T(z —iy),z — iy)
. .

Theorem 3.5. If T € B(H), then

w(T) <

< & (I + w?(@) + w(TIT + TiT)) )
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Chapter 3. Refined inequalities for the numerical radius and its applications

Proof. First we note that
w(T) = sup ||R(e¥T)|| = sup w(R(T)).
9€R 9€R
Let T'= U|T| be the polar decomposition of 7. Then, by Lemma 3.1, we have
(e9Tx, ) = (e |T |2, U*x)
1 . . . .
= 1 ((\T|(619:13 + U*z), % 4+ U*z) — (|T)(e%x — U*z), %2 — U*:c))

+ i ((\T|(eiex +iU*x), %z +iU*z) — (|T|(e%2 — iU*z), ¥z — iU*x)) .
Therefore, we have

, 1 : : : .
Re(e¥Tz, z) = 1(<|T|(e‘0x +U*z), % + U*z) — (|T|(e%2 — U*x), %2 — U*x))

1 . .

< Z<|T‘(61993 +U*x), % + U*x)
1 . .

= {7+ OT|" + Uz, 2)
1

il
1 1. *\ [ —i 1 * *
= ZIHTI2(69+U Je P+ )Tz (|T*T| = |TT*|))

e )T + UM

1 s s
= 20T+ T + 0T
= ST+ R(ET)|

2|2
(171 + »(T)) H

1
2

T2 4+ (R(eT))? + |T|R(T) + R(T)|T|

T2+ (R(T))? + R (TIT + TI7)) ||

IN
N~ N~ N~ N~

(W) + |R(°T) |2 + |R(°(TIT + TiT)) ) *

1
2

IN
—

5 (W) + w*(T) + w(TIT + TIT))

Since Re(eTx,2) = (R(T)x,z), so taking supremum over 6 € R, we get
1 2 27 5o 2
() < 5 (ITI? +w(@) + w(TIT + TIT))
as desired.
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Chapter 3. Refined inequalities for the numerical radius and its applications

Remark 3.6. From [/8] we have if T, X € B(H), then w(T*X + XT) < 2|T||w(X) and so

ITI? + w(T) +w(TIT + TIT)) < |71 +w*(T) + 2/||T||w(T)
= |ITI* + w*(T) + 2T w(T)
= (1Tl +w(T)).

Therefore,

w(T) < 3 (1T +w*(F) + w(TIT + TIT)* < AT+ w())

N | —

Thus the inequality in Theorem 3.5 is stronger than the inequality (1.6).

Next we need the following two lemmas, first one is known as Heinz inequality and second

one is known as Buzano’s inequality.

Lemma 3.2. (/60]) Let T € B(K). Then, for all z,y € H,
(T, ) < (ITPw,2) (| TPy, y),

for all o € [0,1].

Lemma 3.3. ([33]) Let a,b,e € H with |le|| = 1. Then
1
[{a, e)e, b)| < 5 (I(a, )] + [la]ljo1])-

Now we are in a position to prove an upper bound which improves on both the upper bounds

in (1.2) and (1.3).

Theorem 3.7. If T € B(H), then
1 1
wA(T) < |71 + 1T 4 Sw (10T,

for all a € [0,1].
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Proof. Let € 3 with ||z|| = 1, then by Lemma 3.2, we have

(Tza)P < (TP, )T, a)

= (TP, 2) (e, |77 a)
]‘ (0% * —Q 1 « * —Q

< SNTPolIT* PO + SHIT P, |72 )| (by Lemma 3.3)
1 1

= ST, 2) T, )7 4 S (TP, 7720 a))
1 4da *14(l—a) 1 2a *12(1—a)

< 7 ((Trew @) + (T1A0a,2)) + S (TP, 720 )|

_ 1 da «14(1—a) L wi2(1—a) | p2a
2 (T + TR0 @) 4 S (T 2O T2, )

1 1
< Z|||T|40¢ + |T*|4(1—a)H + §w (|T*|2(1—a)|T|2a) )
Therefore, taking supremum over x € H, ||z|| = 1, we get
2 1 4o *14(1—a) 1 *12(1—a) || 2
WHT) < ZITH + T O] 4 S (TR0 )

as desired. ]

In particular, considering oo = % in Theorem 3.7, we get the following inequality [27, Cor.
2.6]

1 * 1 *
w(T) < ZHITI2 + (TP + Fw (T7T) - (3.3)

Next, considering the minimum over « € [0, 1] in Theorem 3.7, we get the following corollary.

Corollary 3.1. If T € B(H), then

1
w?(T) < min { H|T|4a + |74 0=e)
0<a<1 | 4

1 12(1—0) | 200
+ 5w ([T T ¢
Clearly, we have

1 1 1 1
. - T4a T* 4(1—04)H - (T* 2(1—a)T2a) < Z|IT)? T*|2 - T .
0g;21{4)‘| o T 10| 4 S (JT PO T2 b < TR + TP+ 5w (TNIT)

In order to appreciate the inequality in Corollary 3.1 we give the following example.

Example 3.8. Let

o O =
o N O
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Then by simple calculation, we have

1 0 0 1 0 0
|T|4a + |T*|4(1—a) =lo0 1+ 161-« 0 and |T*|2(1—a)|T|2a — 10 4l o
0 0 16 0 0 0

Therefore, we have

14167 if 0<a<rmg
T4 4 |T* |4 =)
16% if o <a<l,

where 16™ = HT‘/FE’. Also,

gl=o if 0<a<l1
w(|T*|2(17a)|T‘2a) —

1 if a=1.
Now,
1 1 11—« 41—a \/
min { + 16 + } = 33+ V65 + 4v2 ~ 2.0724.
0<a<rg 4 2 4(1 + v 65) 2vV' 1+ 4/65
« l—«
min £ + 4 = L+ V65 + 4v2 ~ 2.0724.
ro<a<1 | 4 2 8 2v/1 + /65
Thus,

1 1
min {|||T|4a TR 4 2y (|T*|2(10‘)|T|20‘)} ~ 2.0724.
<a<l 4 2

Also, we have

1 1 9
TP+ (T2 + w (|T*||T]) = = = 2.25.
JITP 1T P+ Jw (T = 5

Hence, for the matriz T,

1 1 1 1
3 - T4a T* 4(17&) - (T* 2(17Q)T204) - T2 T*2 - T* T .
0@;21{4II o T 4 S (T PA TR < TP + T2 + 5w (1T7)/T))

Thus the inequality in Corollary 3.1 is a refinement of the inequality (3.3) and hence it also
refines the inequalities (1.2) and (1.3).
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3.3 Numerical radius inequalities of prod-

uct of operators

We begin this section with the following two lemmas, first one can be found in [83, p. 20] and

second one is obvious.

Lemma 3.4. Let T € B(H) be posittive and let x € H with ||z| = 1. Then for all r > 1, we
have

(Tx,z)" <(T"z,x).

Lemma 3.5. For all a,b € R, we have |a + b| < v/2|a + ib|.

We now prove an improvement of the numerical radius bounds product of two bounded

linear operator namely in [40], if S,T € B(H) and r > 1, then

w'(T8) < S (IS + [TP"])). (3-4)

N =

Theorem 3.9. Let S,T € B(H). Then, for all T > 1,

1
w? (T*S) < §w2 (IS +1[T*) .

Proof. Let x € H with ||z|| = 1. Then we have,

(T*Sz,z)[”" = |(Sw,Tx)"

< ISl T >

< (S| @) (T 2, z) (by Lemma 3.4)
1 r r 2

< 7 (8Prz,2) + (TP, 2))
1

< S |ISPre, @) +i(T1"2,2)|" (by Lemma 3.5)
1 T : T 2

= S (S +ilT*") 2, )|
1

< g (ISP +ilTP).

Taking supremum over x € H, ||z|| = 1, we get

w? (S*T) <

1
< Swd(SPr i),
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as required. M

It is easy to verify that, w?(|S|>" +i|T|*") < |||S|* +|T'|*"||. Thus, the inequality in Theorem
3.9 refines the inequality (3.4) for r > 2.

For next result we need the following lemma, that can be found in [9].

Lemma 3.6. Let f be a non-negative increasing convex function on [0,00) and let S, T € B(H)

()

Theorem 3.10. If S,T € B(H), then forr > 1,

be positive. Then
<

(GRS
2

w2r (T*S) <

1 <|\T|2|S|2+ Eiklvaldl

,
1 4 4
. ) + 2 i+ 181

N |

Proof. Let x € H with ||z|| = 1. Then, we have

(T* Sz, z)|? (S, Tz)[?

15| 7]
(|S[Pz, 2)(| Tz, )

1 2 2 2
7 (18, 2) + (T2, 2))

1
1

IN A

IN

(IS +|T) 2, z))°

IN

(1S + |T%)* 2, z)

((ISI*+ 1T+ [SPIT + |TP|SP) @, 2)

[N IS Y

IN

S+ 1T+ [SPTE + 72|82 |

1 1
ST+ T+ L IISPITE + TSI

IN

Thus, we have

(TS, )"

IN

1 1 "
(GHIS1-+ 7141+ ISP + 17PIs P )
LS T (ST RIS
2 2 2 2
IISPIT + (TR

2

IN

IA

1 1 r
ZH|Sl4r + T || + 3 < ) (by Lemma 3.6).
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Hence, taking supremum over z € H, ||z| = 1, we get

1?1512 + S|2T|2|>T

1 1
2r * 4r 4r
T < - + =|||T|™ + .

Remark 3.11. By using convezity property of f(t) =t",r > 1, we have

1 (TRISE +SPITPLY | 1
3 ( + S sy

2
L (TPISE+ISPITEY | Ly g
- ek r
g (5 2T s
< l 1 TZSZ 1 SZTZ " 1 T4T S47‘
< L (SulrrIs® + uqsere)) + i sy
2\ 2 2 4
1 1
< LW TRISE) +wr(SETR) + ST+ 18]
1 1
= LW TRISP) + ST 1517,

Thus, for all ™ > 1 , we have

2r (T*S)

IN

T S2+S TP 1 , ,

1
2
1 4r 4r
W w'(IT?|S?) + *IIITI +1517]-

IN

Therefore, the inequality in Theorem 3.10 is a refinement of w? (T*S) < %wr(|T|2|S|2) I
Tl +1S1*7l, that in [54].

Finally, as a direct application of Theorem 3.3, we obtain the following inequality for the

generalized commutators of operators.

Theorem 3.12. Let S,T,X,Y € B(K). Then

w(SXT £ TYS)

< V2T max {|| X||, [|Y[|} \/w2(5) _ LIR(S) +3(9)|2 - IR(S) =S |

Proof. Let x € H with ||z|| = 1. If | X|| <1 and ||Y|| < 1, then by Cauchy Schwarz inequality,

35



Chapter 3. Refined inequalities for the numerical radius and its applications

we get
((SX £YS)z,z)] < [(Xa,S%z)|+ |(Sz,Y"z)|
< [I57z] + (1S
< Va(|Sa]? + |1 S2]?)?
< V2|S5* + 5782
Taking supremum over ||z|| = 1, we get
w(SX £YS) < v2|SS* + 59|z, (3.5)

when || X]| <1 and ||Y|| < 1. Now we consider the general case, that is, X, Y € B(H) are arbi-

trary. If X =Y =0, then (3.5) holds trivially. If max {||X]||, ||Y]|} # 0, then HWH <1
and HWH < 1, and so it follows from the inequality (3.5) that
w(SX £YS) < v2max {|| X, |V} ||SS* + S*S||=. (3.6)

Replacing X by XT and Y by TY in the inequality (3.6) we get,

w(SXT £ TYS) < V2max {|XT|, |TY |} ||SS* + S*SH%.
This implies that

w(SXT £TYS) < V2T max {|| X[, [Y [} |SS* + S|
Therefore, by using the inequality in Theorem 3.3, we have

w(SXT £ TYS)
< 23T max {| X||, [V} \/wg(s) _ LIRS + SO ; IR(S) — S(S)II” |,

as desired. 0

Considering X = Y = I (the identity operator) in Theorem 3.12 we get the following

corollary.

Corollary 3.2. If S,T € B(H), then

W(STETS) < 2ATIur(s) - LB+ SEIF—TRE) - SEIPT

36



Chapter 3. Refined inequalities for the numerical radius and its applications

Remark 3.13. Let S,T € B(H). (i) Fong and Holbrook [/8] proved that
w(ST +TS) < 2V2||T||w(S). (3.7)

Clearly, the inequality in Corollary 3.2 is stronger than the inequality (3.7).
(ii) Hirzallah and Kittaneh [55] improved on the inequality (3.7) to prove that

_ LRGP = IS@IP |
2

w(ST+TS) < 2\/§||T||\/w2(8) (3.8)

Considering the same examples as in Remark 3.2(iii), we see that the inequalities in Corollary
3.2 and (8.8) are not comparable, in general.

(iii) It follows from the Corollary 3.2 that if w(ST £+ TS) = 2v/2||T||w(T), then
[R(S) + () = [R(S) = ().

At the end of this section, we give a sufficient condition for the equality of w(T) = 3||T*T +

TT*Hl/ 2. For this purpose first we note the following known lemma.

Lemma 3.7. [66] Let S,T € B(H) be positive. Then, ||S + T = ||S|| + |T|| if and only if
ST = ISTT-

Theorem 3.14. Let T € B(H). Then ||T||* = |R2(T)SI?*(T)|| implies
2 1 * *
w(T) = Z”T T+TT7.

Proof. We have

ITI* = [IROSAHD)] < [RHONISHD) = IRD)|PIS(D)]*
< % (IR + ISIF) < max (IR 1T
< WNT) < |7

This implies that
IR*(T)S*(T) || = [IR(T)I*IS(T) 1> (3.9)
Also, we have

(IR + IS(D)]*) = max (IR (IS(TD)IF) = w(T). (3.10)

N
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This implies that
IR = IS(T)]| = w(T). (3.11)
Now, by using Lemma 3.7, it follows from the identity (3.9) that

SR+ D) = (IR +ISAT)])

(
(IR(D)I1? + IS(T)I1)
IR(T)||? = w*(T) (using (3.11)).

1
2
1
2

This completes the proof.
O

It should be mentioned here that the converse of Theorem 3.14 is not true, in general.

0 30
For example, we consider T = [0 0 0. Then, w?(T) = %HT*T +TT| = %, however
0 01

ITI1* # [RH(T)S*(T)].

3.4 Application : Bounds for zeros of poly-

nomials

Suppose p(z) = 2" + ap,z" "' 4 ... + azz + a; is a complex monic polynomial of degree n > 2
and a; # 0. Location of the zeros of p(z) have been obtained by applying numerical radius
inequalities to Frobenius companion matrix of the polynomial p(z). The Frobenius companion

matrix of the polynomial p(z) is given by

—an —ap—-1 .... —ay —ai
1 0 0 0
Co=1] 0 1 0 0
0 0 1 0
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The characteristic polynomial of C, is the polynomial p(z). Thus, the zeros of p(z) are exactly

the eigenvalues of Cp, see [57, p. 316]. The square of C) is given by

b b1 ... bs by b1
—ap  —Aap-—1 —as —az2 —ai
1 0 0 0 0
Cr =
P
0 1 0 0 0
0 0 1 0 0
where b; = apa; —aj_q for j =1,2,...,n, with ag = 0.
Also,
Cn Cn—1  eeees Cq C3 C C1
bn b1 ... by bs b b1
—an  —an_1 —ay —az —ay —ap
ci=1| 1 0 o 0 0 o0 [,
0 1 0 0 0 0
0 0 1 0 0 0
where b; = apa; — aj_1 and ¢; = —apb; + ap—1a; —aj_o for j =1,2,...,n, with ag =a_1 =0,
and
dn  dp—1 ... ds dy d3 dg dy
Cp, Cp—1  ceees Cs Cq C3 C2 C1
bn, b1 ... bs by b3 b b1
ol —Qp  —0p—1 —as —a4 —a3 —a2 —ai
P )
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
where bj = apa; —Gj—1, Cj = —anbj +an—105 —a;—2, and dj = —apCj — anflbj71 +an—2a;—a;_3
for j=1,2,...,n, with ap =a_1 =a_s =0.

The exact value of ||C,|| is well known (see in [67]), it is given by

(3.12)

)

a+ 1+ /(a+1)2 —4|a;?
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where a = Y77 [a;]?.

An estimation of [|C7|| obtained in [64] is as follows

o+1 §—1)2 4+ 468
|C§||<\/ VO DR (313)

whete § = 4 (a+ 5+ @ BEFARE) and o = § (o + 6+ /@ = I+ ATE), a =
i lai? 8 =301 i1 ol = Y g lail?, B = Y g b2y = = 205 dgby, Y = = Yo i_g ajby.
We note that

1/2
1 S+14++/(6—1)24+48 a+ 1+ (a+1)2—4|a|?
IC21% < \/ 0y S\/ Ve b P Al o),

Motivated by the above estimation, here we will obtain an estimation of ||C’z‘||1/ 4. For this

purpose first we note the following norm inequality for the sum of two positive operators.

)

Now, we are in a position to obtain an estimation of ||C;1H1/4. Let Cf; =R+ S5+ T, where

Lemma 3.8. [66] If S, T € B(H) are positive, then

IS+ T <

N

1 1
<||S| T+ 0180~ T2 + 4 5¢T8

dp dp—1 ... ds dy ds do dy
Cn Cp—1 .ee.. Cs C4 C3 C2 C1
R=|0 o .. 00 0 0 0f,

0 0 0O 0 O 0 O
0 0o ... 0 0 0 0 0
0 0o ... 0 0 0 0 0
by, bp—1 ... bs ba b3 by b1

S=\|-an —apn —as —a4 —az —az —ai

0 0 0 0 0 0 0
0 0 0 0 0 0 0
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and
0 0 ... 0 00 0O
0 0 ... 0 00 0O
00 ... 0 0 0 0O
00 ... 00 0O0OTDO

T:

10 .. 00 O0O0TDO
0 1 0 00 0O
0 0 1 00 0O

Now,

ICoIP = |IR+S+T|

I(R+S+T)(R+S+T)|
IR*R + S*S + T*T|| (since R*S = R°T = S*R = S*T = T*R = T*S = 0)
IR*R+ S*S|| + |T*T||

3 (VI 1812 + VURIE = [SI2 + 4175 [2) +1 (by Lemma 5.5).

IN

IN

By simple calculations, we have

IRI* = |R"RIl = |RR"|

= % (041 + B1 + V(a1 — Br)? +4|71|2> =01,

where a1 = 30, |d;%, 1= 20, |oi? s m = X7 dj,

IS = lIs*s| = lI1$S5”]|

1
_ 1 V) 2) _
5 (a+ 8+ V@=BP+ahP) =4,
where oo = 371 |a;*, =377, b, v = — X072, b,

1RS*||?

1 9 ~ ~
— 5 (P bl b+ sl v ((al + Paf) = (al? + sl + 4 +

= 527

where yo = 377 djbj, v3 = Yy djdy, va = 3051 ¢iby, s = Doy €5
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Therefore,

1
Gyl < \/2 (61 +8+ /(61 —6)2+ 452) +1. (3.14)

We observe that the estimation of HC’?HI/ 4in (3.14) is incomparable with the existing esti-

mation of [[C2||'/2 in (3.13). In the following theorem we derive an upper bound for the spectral

radius of the Frobenius companion matrix Cp, by using the estimations in (3.13) and (3.14).

Theorem 3.15. The following inequality holds:

r(Cp)g{i <5+1+ (g—l)2+45/> +z(;(51+5+ /—(51_5)2+452)+1>2}4,

where § = (a +ﬂ/+\/a—6’) _|_4|,H>

(o)

01 =3 (041 + 81+ /(a1 — Br)? +4|71\2>,

=3 <|72|2 T sl bl 4 P24 (el + hsl2) = (al? + s l2)? + 4eTa + 7375|2>’
o = Yjslal, B = i lbil* v = = i sy,

a=37 1 lail?, 8= b v == baj,

ar =30 1512 B =0 ol = X djeg,

Yo = oy diby, vs = Sy iy, ya = Sy o5, s = Yoy ¢

Proof. Let T € B(H). Putting 7' = T? in the inequality w?(T) < 1(|T*T + TT*|| + $w(T?) (see
[2, Th. 2.4]), we get

1 1
WATY) < |7 TR + S,
It follows that
1
() = (1) < () < {1+ gy}
ie.,
1
L2 w22l L | ?
r(T) < 5 [IT2R 4 1R + Swrh (3.15)

Now, it follows from (3.15) and the inequality ||CCy, +CpCx|| < [|Cp||>+||C3]| (see [24, Remark
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Chapter 3. Refined inequalities for the numerical radius and its applications

3.9]) that
1
Ll 22 w2l Ly
G < {7 |Ica+ieyR| + sueh
1
1 1 4
< {Goezr i+ pen}
1
1 2112 3 A4 1
< {3l +3en}
Therefore, the required inequality follows by using the estimations in (3.13) and (3.14). O

By using the fact |\;(Cp)| < 7(Cp), where A;(Cp) is the j-th eigenvalue of C), we infer the

following estimation for the zeros of the polynomial p(z).

Theorem 3.16. If z is any zero of p(z), then

1

Lol
1[(64+1+/(6—1)2+40 3/1 2|
|z|§{4< (2 ) >+4<2(5l+5+\/(616)2+462)+1> } ,

where 0, 01, 02 and &' are same as in Theorem 3.15.

Applying the spectral mapping theorem, we conclude that if z is any zero of p(z) then
2| < ||C;,1||% Thus, by using the inequality (3.14) we achieve another new estimation for the

zeros of p(z).

Theorem 3.17. If z is any zero of p(z), then

1 3
Z|<{2 ((51+5+\/((51—5)2+4(52)+1} ,
where §, 01 and do are given in Theorem 3.15.

Again, putting 7 = 7?2 in the inequality w(T) < % (||T|| + HT2||%) (see [64, Th. 1]), and
proceeding as (3.15), we get

1
1 1 1]?2
) < i g} (3.16)

Proceeding similarly as in Theorem 3.15 we obtain the following estimation by using the in-

equalities in (3.16), (3.13) and (3.14).
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Theorem 3.18. If z is any zero of p(z), then

=
(NI

1 [d4+1+/(6—-1)24+48 1/1 4
2| < 2\/ (2 ) +2(2(51+5+\/(61—5)2+462)+1> ;

where §, 61, 61 and §’ are given in Theorem 3.15.
Finally, we compare the bounds obtained here for the zeros of p(z) with the existing ones.
First we note some well known existing bounds. Let z be any zero of p(z). Then

Linden [69] obtained that

NI=

2] < M+ n—1 n—1+zn:|a-|2_ |an|®
o n - J n
Jj=1
Montel [50, Th. 3] obtained that
|z] < max{1,|ai|+ -+ |an|}.
Cauchy [57] obtained that

|z| <1+ max{|ai], - ,|an]}-

Kittaneh [65] proved that

1 n—1
2l < 5 [lanl + 1+ [ (lan| —1)% +4 > lagl?
7j=1

Fujii and Kubo [49] obtained that

i 1 "
o] < cos ——= 45 | lanl+ | D lay?
J=1

Bhunia and Paul [19, Th. 2.6] proved that

™ 1 o 1 1
|z‘2 < cos? — + an—1] + 1 (\an| + ﬂ) + 5\/04 — Jan|? + 5\/5,

where a = 377, |aj|?.

We consider a polynomial p(z) = 23 4 22 + %z + 1. Different upper bounds for the modulus
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of the zeros of this polynomial, mentioned above, are as shown in the following table.

Linden [69] 1.9492
Montel[50] 2.5
Cauchy[57] 2
Kittaneh[65] 2.0547

Fujii and Kubo[49] | 1.9571
Bhunia and Paul[19] | 1.96761

However, Theorem 3.16 gives |z| < 1.38047091798, Theorem 3.17 gives |z| < 1.3798438819 and
Theorem 3.18 gives |z| < 1.381095966, which are better than the above mentioned bounds.
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CHAPTER 4

EUCLIDEAN OPERATOR RADIUS AND
INEQUALITIES OF A PAIR OF
BOUNDED LINEAR OPERATORS

4.1 Introduction

The main objective of this chapter is to obtain several sharp lower and upper bounds for the
Euclidean operator radius of a pair of bounded linear operators defined on a complex Hilbert
space. As applications of these bounds we deduce a chain of new bounds for the classical
numerical radius of a bounded linear operator which improve on the existing ones.

Let H be a complex Hilbert space with inner product (-,-) and the norm | - || induced
by the inner product. Let B(H) denote the C*-algebra of all bounded linear operators on K.
For T € B(H), T* denotes the adjoint of T and |T| = (T*T)% denotes the positive square
root of T. The real part and imaginary part of T, denoted by (7)) and (7T), are defined as
R(T) = %(T +T*) and S(T') = %(T — T*) respectively. The numerical range of 7', denoted
by W(T), is defined as W(T') = {(Tz,z) : x € H, ||z|| = 1} . We denote the operator norm, the

Content of this chapter is based on the following paper:
S. Jana, P. Bhunia and K. Paul, Euclidean operator radius inequalities of a pair of bounded linear
operators and their applications, Bull. Braz. Math. Soc. (N.S.), 54 (2023), no. 1, Paper No. 1, 14 pp.
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Crawford number and the numerical radius of T' by ||T||, ¢(T") and w(T), respectively. Note
that
oT) = inf {[{Tz, z)| : x € I, [|]| =1}

and

w(T) =sup{|(Tx,z)| : x € H, ||z|| = 1}.

Let T1,T, € B(H), the Euclidean operator radius of 77 and T5, denoted by we (11, ), is
defined as

we(T1,T3) = sup { /[T, ) + [(Toz, )7+ 0 € 3, lal| = 1}

Following [78], we(., .) : B2(3) — [0,00) is a norm that satisfies the inequality

V2

1 1
THTle + 51|12 < we(Th,T2) < || I7Th + T 1o 2. (4.1)

The constants 2 and 1 are best possible in (4.1). If T and T are self-adjoint operators, then

4
(4.1) becomes

V2

1 1
YENTE + THE < w1, T) < |72+ T (42)

We note that for self-adjoint operators T} and Tb, we(T1,T2) = w(T} + iT5), its proof follows
easily from the definition of we(77,7%). In [43, Th. 1], Dragomir proved that if 77, T» € B(H),
then

1 * *
5w(T12 +13) < wl(T1,T) < |TiT + Ty T, (4.3)

4.2 Euclidean operator radius inequalities

To prove our first theorem we need the following lemma.

Lemma 4.1. [60](Cauchy-Schwarz inequality) If T € B(H) and 0 < o < 1, then
(T, y)|* < (T, 2)(|T**" Dy, y)

for all x,y € H.
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Theorem 4.1. Let Ty, T» € B(H), then

%w(Tl2 +T3) + %max{w(Tl),w(Tg)}‘w(Tl +T3) — w(Ty — T)|

< wg(T1, Tp) < min {w(|Ta] + il w(T7] + | T5)), w(| T3] + i T3 w (| TY| + il T2))} -
Proof. Let x be an unit vector in H. Then we have

|(Tha,a) P+ [(Toz,2) P > o (|{Taa) | + | (T, @) |)?

> - ({Tix,z) £ (T, z) |)?

| ((Ty £ To)z, z) |°.

N =N =N =

Taking supremum over all z in K, ||z|| = 1, we get
2 L o
we(Tl,Tg) 2 iw (Tl + TQ) (44)
Therefore, it follows from the inequalities in (4.4) that

1
wg(Tl, TQ) > 5 max{wQ(Tl + Tz), w2(T1 — Tg)}
w(Ty + Ty) + w?(Ty — Td) N |wX(Ty + Tp) — w*(Ty — T2)|

o w((T+ T2)2;1+ w((Th — T»)%) '
- 4
Hw(Ty +T) + w(Th — T)) (T +T2) - (i~ T3)]
S w(Th +To)? + (Ty — T»)?)
- 4
Ty £ Ty + (T — Ty) |w(Th + T) - w(fi - )|
Therefore,
W2 (T, Ty) > w(T122+ ) “’(;‘Fl) |w(Ty + Tp) — w(Ty — T)|. (4.5)
Interchanging 77 and Ts in (5.18), we have that
W2(Ty,Ty) > “’(T122+ ) w(QTQ) |w(Ty + Tp) — w(Ty - T)|. (4.6)

Therefore, the desired first inequality follows by combining the inequalities in (4.5) and (4.6).
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Now we prove the second inequality. Let z € H with ||z| = 1.

(L1, 2) [ + | (Tax, z)

IN

(ITh|z, ) (|17 |2, ) + (| Tale, x) (| T5 |2, ) (using Lemma 4.1)

1

(T, 2 + (| Bele, 2 (T 0, 2)? + (T3], 2)%) }

(by the inequality (ab+ cd)? < (a* + ¢*)(b? + d?) for a,b,c,d € R)
:{\mwxwmﬂnuw|mnwaHQBMx|}

(T + Tz, ) P{OTT ]+ ilT3 D, ) )2

< w(Ti| +iTolw(T7| +ilT5)).

IN

Taking supremum over all z in H with ||z|| = 1, we get

wy(T1,T2) < w(|Ta| + | To))w(|T7| + i|T5]). (4.7)
Replacing T5 by T in (5.20), we have

wi (T, T2) < w(|Ta| + T3 w(|T| +1|T2)). (4.8)

Therefore, combining the inequalities in (4.7) and (4.8) we obtain the desired second inequality.

O

We would like to remark that the lower bound of we(T7,T5) obtained in Theorem 4.1 is
stronger than the lower bound in (4.3). Also, it is not difficult to verify that w?(|T1| +i|T3|) <
| T3y + T3 To|| and w?(|T5| +i|T5|) < | TVTY + ToTy||. Therefore,

w( |+ i) w( T +ilT3]) < [T+ TG |1 + 1T 2.
Similarly,

w( | +iT3w(TY | +ilTa) < [T+ DT |2 |1 + T3 2.
Therefore, it follows from the second inequality in Theorem 4.1 that

1 1 1 1
w1, To) < win {7+ T T I + ToT3013, T + ToT3)3 | 13Ty + T5 Tl |

The above bound for we(T7,Ts) is better than the upper bound in (4.1) if |77} + ToT5| <
1Ty Ty + T5 T
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Also, it follows from Theorem 4.1 that w?(Ty,Tb) = fw(T? + T3) implies w(T} + o) =
w(Ty — Ts). But, by considering T5 = 0, we conclude that the converse part does not always
hold.

The following corollary is an immediate consequence of Theorem 4.1 assuming 77 and T3 to

be self-adjoint operators.

Corollary 4.1. Let T, T> € B(H) be self-adjoint, then

1 1
§||T12 + T3 + §maX{IIT1II, T2l }IITy + T2l — || Ty — T2ll|
< w?(Ty, Ty) < w?(|Th| + i|T3)). (4.9)

We remark that the second inequality in (4.9) gives better bound than that in (4.2).

Next lower bound for we(T1,T5) reads as follows.

Theorem 4.2. Let T1,T» € B(H), then

1
5max {wQ(Tl + TQ) + 62(T1 — Tg),wQ(Tl — TQ) + C2(T1 + Tg)} < wg(Tl,TQ).

Proof. Let x be an unit vector in H. Then we have
[(Tva,z) + (o, 2) > + | (T, ) — (Tow, ) |* = 2(| (Tha, @) | + | (Tow, ) ).
Therefore,

(T + To)z, @) P+ [ (1L — To)z,2) |2 = 2(| (Tha,z) |* + | (Tow, z) [°)
< 203(Ty, Ty).

Thus,

(T + o)z, 2) [P < 20X(Th, To) — |{(Th — To)z, z) |?
< 2wg(T1,T2) — C2(T1 — Tg)

Taking supremum over all x in H with ||z|| = 1, we get

w?(Ty 4+ Ty) < 2w(Ty, Ty) — A(Ty — Th),
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that is,
w?(Ty 4 Ty) + (1) — Tp) < 2w(T1, Td). (4.10)
Similarly, we can prove that
w?(Ty — To) + (T + Ty) < 2w?(Ty, Tp). (4.11)
Combining the inequalities (4.10) and (4.11) we get,
%max {wQ(Tl +Ty) + A(T) — Ty), w(Ty — Ty) 4+ A(T1 + )} < w?(Ty, Ty),

as desired. 0

Remark 4.3. (i) Clearly, the bound in Theorem 4.2 is stronger then the first bound in [{3, Th.
2], that is, %maX {wQ(Tl + 1), w?(Ty — TQ} < wZ(Tl, T5).
(ii) For self-adjoint operators T1, Ty € B(H), the bound in Theorem 4.2 is of the form

1

3 max {||T1 + To||* + *(Th — To), || Ty — o> + (T1 + To) } < wi(T1, Th).

We next obtain the following inequality.

Theorem 4.4. Let T1,T» € B(H), then
max{wz(Tl) + 02(T2)7U)2(T2) + cZ(Tl)} < wg(Tl,Tg).
Proof. Let € 3 with ||z|| = 1. Then we have
(T2, 2) + (Tex, ) |* + | (Tva,z) — (Tox, ) [P = 2(| Tz, @) | + | (Tow, 2) ),
that is,
(11 + To)a,2) |2 + [ {(Th = o)z, @) |* = 2(| (Thz, @) [ + | (T, ) ).
This implies that

wz(T1 + T, T} — Tg) = 2w2(T1,T2). (4.12)
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Now replacing Ty by T + T> and T> by T7 — T in Theorem 4.2 we obtain that
2max {w?(Th) + A(Tp), w(T2) + A(T1)} < wi(Th + To, Tt — T»). (4.13)

Therefore, the required inequality follows from (4.13) by using the fact (4.12).
O]

Remark 4.5. (i) Following Theorem 4.4, we have for Ti,To € B(H), we(T1,T2) = w(T1)
implies if imy, o0 (T Ty, )| = w(TY) then limy, o0 [{Toxy, n)| = 0. It should be mentioned
here that the converse part is not necessarily true.

(ii) For normal operators T1,To € B(H), the inequality in Theorem 4.4 turns into the form
max {|T1]* + ¢*(To), [|T2]* + *(T1) } < wi(Th, To).

To prove the next result we need the following inequality for vectors in H, knows as Buzano’s

inequality.

Lemma 4.2. ([33]) Let z,y,e € H with ||e|| = 1, then

| (z,e)ey) [< 5 (@) [+l -

1
2

Theorem 4.6. Let T1,T» € B(H), then

w2(Ty, ) < min {w*(T} + 1), w*(T1 — To) } + SITETo + DT ||+ w(Ti T).

Proof. Let x be an unit vector in H. Then we have

| (Tyx,x) |? — 2R[(Tox, x) (T, 2)] + | (Thx,x) |2 = | (Tox,z) — (Thz,z) |2
= [{(Tr — T)z,)
< w2(TQ — Tl).
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Thus,
[(Tox,z) >+ | (Thz,z) > < w’(Ty —T)) + 2R[(Thx, z) (Thz, x)]
< w(Ty —T1) + 2| (Tox, z) (Tyz, ) |
< w¥(Ty = T1) + || Toxl|| T l| + [(Tox, Ty z)| (by Lemma 4.2)
< W -Th)+ %(HTzfvll2 + Ty 2]?) + w(TiTy)
< W (Ty —T1) + %HTQ*TQ + TV T5 || + w(TiTy).

Therefore, taking supremum over all x in H with ||z = 1, we get

wi(Ty, Tz) < w?(Th — T) + %HT;TQ + T + w(T1T3). (4.14)
Replacing Ty by —T5 in the above inequality, we obtain that

WA(T3,Ty) < wP(Ty + ) + 5| TSTs + VTS| + w(TiTy). (4.15)

Hence, the desired bound follows from (4.14) and (4.15). O

In particular, taking 77 = To = T in (4.14), we get the following upper bound (see [2]) for

the numerical radius of a bounded linear operator 7" on H:
2 1 * * 1 2
w?(T) < 1||T T+TTH|| + iw(T ).
In [43, Th. 1], it is proved that if T3, T are bounded linear operators on H, then

1 1
w (2T12 + 2T§> <w?(Ty, Ty). (4.16)

In the next result we establish a generalization of the above lower bound for the Euclidean

operator radius for a pair (71, 7%) of two bounded linear operators on H.

Theorem 4.7. Let T1, Ty € B(H), then
max w (an +(1- a)T22) < wi (T, T»). (4.17)

0<a<1

Proof. Let  be an unit vector in 3. Then applying the inequality (ab+cd)? < (a®+c?)(b? +d?)
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for real numbers a, b, ¢, d, we have

A\
=
B
\&/
o
+
=
8
B
>
D=
S
[3&)
+
S
|
L
=
D=

Val(Tiz,z)| + V1 — a|(Tox, z))

for any a € [0, 1].

Therefore,
(T, 2)? + (T, 2)P)2 > val(Tiz,z)| + VI - al(Taw, )|
= |(Valiz,2)| + (V1 - alhz, 2)|
> [(VaTiz,z) £ (V1 — aTyx, )|

((VaTy £ V1 —aTy) z,z)|.

Taking supremum over all x in H with ||z|| = 1, we get
we(Tl,TQ) 2 w(\/aTl + vV 1— OéTQ).

Therefore,

2w2(Ty, ) > w(VaTi+V1—ah) +w?(Vali — V1 —aTy)
> w((vaTy +V1—ahy)?) +w((VaTi — V1 —aTb)?)
> w((VaTi +vV1—ahy)’ + (VaTi — V1 - aT})?)
= 2w(aT? + (1 —a)T3).

This implies w?(T1,Ty) > w(aT? + (1 — «)T%). This holds for all a € [0,1] and so we get the

desired inequality. O

Now, we would like to remark that the inequality (4.17) is a refinement of the inequality
10

(4.16) obtained in [43, Th. 1]. To see that the refinement is proper, consider T} = and
00

0 0
Ty = . Then we get,
0 2

1 1
w <2T12 + 2T22> =2<4= Orggé(lw(ale + (1 —a)T3).

Next, we prove the following theorem.
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Theorem 4.8. Let Ty, T» € B(H), then
w?(Ty, Ty) < w?(vaT) + V1= aly) +w?(V1 — ol + VaTy),
for all a € [0,1].

Proof. Let & be an unit vector in H. Then we have

[Tz, 2)|* + [(Tox,z) > = |(VaTiz,z)+ (V1 - aTx, z)|? + |(V1 — aTyz,z) — (VaTr, x)|?
((VaTi + V1= aTy)z,2)]* + (V1 — oTy — VaTy)z,z)[?
< w(Valy + V1 —aly) + w? (V1 — aTy — aTy).

Therefore, taking supremum over all x in H with ||z|| = 1, we get
wg(Tl,Tg) < wQ(\/&Tl +v1-— OéTQ) + wQ(\/ 1—aT) — \/&Tg),

as desired. O

Remark 4.9. (i) In particular, if we consider o = % in Theorem 4.8, then we get the following

upper bound (see [43, Th. 2]) for Euclidean operator radius
1
wg(Tl,TQ) < 5 (wQ(Tl + Tg) + w2(T1 — TQ)) .

(ii) Putting Ty = R(T') and Ty = S(T') in Theorem 4.8 we obtain the following upper bound for

the numerical radius of a bounded linear operator T on H,
w}(T) < [VaR(T) + V1= aS(T)|* + V1= aR(T) — VaS(T)|?,

for all a € [0, 1].

To prove the next upper bound we need the following lemma known as Jensen’s inequality,

obtained from more general result for superquadratic functions [1].

Lemma 4.3. The following inequality

1 n p 1 n 1 n 1 n
=Y a | <= p_ —— P
DTS IEED SEEED SIS ol
k=1 k=1 k=1 j=1
holds for p > 2 and for every finite positive sequence of real numbers ai,az, ..., Gy,.

55



Chapter 4. FEuclidean operator radius and inequalities of a pair of bounded linear operators

Theorem 4.10. Let T1,Ts € B(H) , then

1 1
wZT(Tl,TQ) < iw%(ﬂ +T5) + éw%(ﬂ 1) — 2" ”11|’|1f |R((Tz, a:><T2x )|

holds for every r > 2.
(Here R(\) denotes the real part of the complex number A, i.e., R(\) = (A + N)/2.)

Proof. Let x be an unit vector in . Then

((Tyz, 2)|* + |{Tha, x)|2)r

1 T
| (Tyz,x) + (Thx, z) |* + f| (Thz,z) — (Tox,x) |2>

(s

— (31T + Do) P 5 (0 - T )
1
2

< SH(T+ o)z, a) [ + | (1 = To)z, ) [
5|5 KT+ T, ) P = S (T3~ o), ) [
1,1 1 r .
—§‘§| (Ty — To)x, x) |2 — f\ (Ty + To)zx, x) |2| (using Lemma 4.5)
1 T '
= ST+ D)z, 2) >+ | (1 = o)z, ) [*
1 r
—5 (T + Tz, z) 2= 1{(T1 — To)z, x) |
1 2r o 2% TN
= SN+ )z, 2)| | (11 = o)z, 2) [T = 5 R((Thz, 2)(Taz, )]
1 1
< §w2T(T1 +T5) + P (T —Ty) — 27 Hl‘rllf1 |R((T1, x)(TQI x))l.
Therefore, taking supremum over all x in H with ||z|| = 1, we get the desire result. O

Next we need the following lemma, called generalized Cauchy-Schwarz inequality [68].

Lemma 4.4. If f and g be two non-negative continuous functions on [0, 00) satisfying f(t)g(t) =

t for allt € [0,00), then
(T, y)| < IFATD= Mg (T [y,

for all T € B(KH) and z,y € H.
Finally, we obtain the following inequality involving non-negative continuous functions.

Theorem 4.11. Let T1,Ty € B(H) and let f,g be two non-negative continuous functions on
[0,00) satisfying f(t)g(t) =1t for allt € [0,00), then

%IITl +Dol* < we(£2(1TD), S T2D)we (g (1T71), ° (1 T51)).-
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In particular,

1 * *
T+ Tol* < we(|Thl, | Ta)we (77, |T5))-

Proof. Let x,y be two unit vectors in H. Then

(T1 + To)z, )
(Tya,y) + (Tow,y)[?

< 2T, y) 2+ (T, y) )
< 21T Nl lg(TE Dy + 11Tz |2Ng(TEDel?) (using Lemma 4.4 )
= (TN ) AT Dy 1) + (Tl )1 T3 Dy, )
< 2({PT1Dw, ) + (P Tal)e,2)2)? (2T D 2 + (g2(T5 D 2)?) 2
< 2w (AT, PTD) w23, 2 TS]))-

Taking supremum over ||z]| = |[y|| = 1, we get

%HTl + Dol < we(£2(1 D), S T2D)we (g (1T71), ° (1 T51))-

In particular, if we take f(t) = g(t) = t%, then
1
ST+ Tol* < wel|Th, | Tal)we (177 |T51),

as desired. As an application to the inequalities obtain here we develop numerical radius

inequalities of a bounded linear operator T

4.3 Application to numerical radius inequal-
ities

Considering T3 = R(T) and To = I(T') in (4.9) we obtain the following new upper and lower

bounds for the numerical radius of a bounded linear operator T'.

Corollary 4.2. Let T € B(H), then

%IIT*T+TT*H + %maX{H?R(T)IL ISR + (D) = [R(T) = (D]
< w(T) < w(R(T)| +i[S(T))).
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Chapter 4. FEuclidean operator radius and inequalities of a pair of bounded linear operators

Remark 4.12. It is easy to show that w?(|R(T)| + i|S(T)|) < 4| T*T + TT*||. Therefore,
the inequality in Corollary 4.2 is stronger then the inequality (1.3). Also, %HT*T +TT*| <
IR(T)1? + |S(T)||%. So, the upper bound for w(T) in Corollary 4.2 is stronger than the well-
known bound w(T) < /| R(T)|2 + |S(T)|>.

Now, if we consider T7 =T and To = T™ in Theorem 4.1, we get the following inequality.

Corollary 4.3. Let T € B(H), then

%II%(TZ’)II + %w(T)HI%‘i(T)H = IS < w*(T) < Sw(|T| +i|T* Nw(|T*| +i[T]).

N |

Remark 4.13. Clearly, the first inequality in Corollary 4.3 is sharper than the existing inequal-
ity %||§R(T2)|| < w?(T), given in [}3, Remark 2]. Observe that %w(|T| + 3| T*)w(|T*| +4|T)) <
%HT*T + TT*||, and so the second inequality in Corollary 4.3 is stronger then the second in-
equality in (1.3).

Remark 4.14. Replacing Ty by R(T) and Tz by S(T) in Theorem 4.2 we get the following
lower bound for the numerical radius of T € B(XH):

w*(T) >
%max {IR(T) + ()| + (R(T) — (1)), IR(T) — S(T)|> + (R(T) + S(T)) } -

This bound appeared recently in [18, Cor. 2.3].

Remark 4.15. If we replace T1 by R(T) and T by S(T') in the inequality in Theorem 4.4,
then we get the following lower bound (see [30, Th. 3.3]) for the numerical radius of a bounded

linear operator T' on H:
max { [ R(T)|* + *(3(T)), IS(D) > + R(T)) } < w*(T).
Further, replacing Ty by R(T') and Ty by I(T) in Theorem 4.7, we obtain that for T € B(JH),
[a(R(T)) + (1 — a)(S(T))*]| < w*(T), (4.18)

for all a € [0,1]. In particular, for o = %, we get the well-known lower bound

1
T T +TT7| < w?(T).
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CHAPTER 5

EUCLIDEAN OPERATOR RADIUS AND
NUMERICAL RADIUS INEQUALITIES

5.1 Introduction

Let T be a bounded linear operator on a complex Hilbert space H. We obtain various lower and
upper bounds for the numerical radius of T' by developing the Euclidean operator radius bounds
of a pair of operators, which are stronger than the existing ones. In particular, we develop an

inequality that improves on the inequality
1 1 1 1 1
() 2 3T+ J IR - 5171+ 5| ISl - 51,

Various equality conditions of the existing numerical radius inequalities are also provided. Fur-
ther, we study the numerical radius inequalities of 2 x 2 off-diagonal operator matrices. Applying

the numerical radius bounds of operator matrices, we develop the upper bounds of w(T') by using

Content of this chapter is based on the following papers:
S. Jana , P. Bhunia and K. Paul, Euclidean operator radius and numerical radius inequalities.
arXiv:2308.09252
S. Jana, P. Bhunia and K. Paul, Refinements of generalized Euclidean operator radius inequalities of
2-tuple operators. arXiv:2308.09261
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Chapter 5. Euclidean operator radius and numerical radius inequalities

t-Aluthge transform. In particular, we improve the well known inequality
1 1~
w(T) < ST+ Fw(T),

where T = |T|Y/2U|T|"/? is the Aluthge transform of T and T = U|T is the polar decomposition
of T.
Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert space
(H,(.,.)). For T' € B(H), T* denotes the adjoint of T" and |T'| = (T*T)%. The Cartesian
decomposition of T'is T' = R(T) +iS(T), where R(T) = (T +T*) and S(T) = (T —T*). For
0 <t < 1, the t-Aluthge transform of T' € B(H) is defined as T; = |T|*U|T|*~*, where T = U|T|
is the polar decomposition of T' and U is the partial isometry. In particular, for ¢ = %, let
T = T% = |T)"/2U|T|"/? be the Aluthge transform of 7. The numerical radius of 7', denoted by
w(T), is defined as w(T') = sup {|(Tz,z)| : x € K, ||z|| = 1}.

For T}, T € B(H), the Euclidean operator radius of 77 and Ts, denoted by w.(T,T3), is
defined as

we (T, Th) = sup {\/|<T1x,x>\2 + [(Tox,2)|?: x € H, ||z|| = 1} )

The Euclidean operator radius we(., .), defines a norm on B?(H)(= B(H) x B(K)), which satisfies
the inequality (see [78])

1 % * *
T+ T Tl < wi(Th, To) < |TTTh + T5To||. (5.1)
Here the constants % and 1 are best possible. In [43, Th. 1], Dragomir proved that

1
W (T +T3) <wi(Th, T») (5.2)

and the constant % is best possible.

5.2 FEuclidean operator radius inequalities

We begin with the following proposition that gives lower bounds for the Euclidean operator

radius we (71, T2).

Proposition 5.1. Let 71,75 € B(H). Then the following inequalities hold:
(i) we(T1,To) > max{w(T1), w(T2)}.

(i3) we (T, T) > %w (Ty + €T3) for all 6 € R.

(iii) we(Ty, Ty) > \/%w (T2 + e®T3) + 3 |w2(T1) — w2(To)| for all § € R.
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Chapter 5. Euclidean operator radius and numerical radius inequalities

(iv) we(Ty, Ty) > \/%w (TV T + ToT)).

Proof. (i) Follows trivially from the definition.
(ii) We have

we(Ty,T2) = Sup VT, )| + [(Tow, x) 2
z||=1

sup A/ 1 (T30 2)] + | (Th, )]

flzll=1

1 _
sup \/ ((Tya, ) + e (Tyx, z)|)?
Jlafj=1 V 2

1 .
= —w (T1 + e’9T2> .

V2

v

v

(iii) From (i), we have

wi(Th, 1) = max {w?(Th), w?(T2)}
= ST +wd(T) + Gl (Th) —w(T)
> 1 (wT) +w(TD) + kAT v (D)
> Jw(T?+ T3 + gt (T) — (1))

(iv) From (ii), we have w,(Th,T2) > %w (T1 + T) and we(Th,T2) > %w (Th — T3) . Thus,

1 1
2wg(T1,T2) > 5’11]2 (Tl + Tg) + 5’[1}2 (Tl — TQ)

1 1

> §w ((T1 + TQ)Q) + iw ((T1 — T2)2)
1

> iw ((T1 + T2)2 — (Tl — T2)2)

= w (TlTQ + T2T1) .

This completes the proof. O

Clearly, Proposition 5.1 (iii) generalizes and improves the inequality we (71, T2) > 4/ %w (T12 -+ T22),
proved in [43, Th. 1]. Now, by using Proposition 5.1 we prove the following theorem.

Theorem 5.1. Let T1, Ty € B(H). Then

1 1 1
\/47«U(T12 +T3) + 7 @H(T) + w(Te)) + 5 [w(T) = w(T2)] < we(Th, T).
Proof. Take t; = max {w?(T1), 3w (T2 +T3) } , t2 = max {w*(13), dw (T + T3) },
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Chapter 5. Euclidean operator radius and numerical radius inequalities

my = |w?(Th) — sw (T2 + T3)| and my = |w?(Th) — Sw (T + T%)| . From the inequalities (i)

and (iii) of Proposition 5.1, we have

wg(Tl, Tg) > max{tl, tg}

2

1 1 1
= (wQ(Tl) + w2(T2)) + z’w(le + TQZ) + Z(ml + mg) + §|t1 — t2|

1 1 1
(w(T?) +w(T3)) + Zw(Tl2 +T3) + 7 (m1+m2) + 5\751 — by

1 1 1
w(T{ +T35) + ~w(Tf +T3) + 1(7711 +ma) + §|t1 — ta

1
w(T{ +T3) + 7 (m1 +m2) + iftl — to

1 1
= —(t1 +t2)+ 5\751 — t

=R

)

i o o Rl

w(T? +T3) + ¢ (P(T0) + 0 (1) + 5 |w?(T3) (7))

W

as desired. O

Remark 5.2. (i) Clearly, the inequality obtained in Theorem 5.1 is a refinement of the inequal-

ity \/ 3w (T2 +T2) < we(Th,T»), given in [43, Th. 1].

(ii) If we(T1,T2) = %w (T} +T%), then from Theorem 5.1 it follows that w(Ty) = w(Tz) =
sw (T2 +T2). However, the converse, in general, may not hold. As for ezample, consid-

ering a non-zero normal operator Ty = To, we get w(T1) = w(Ty) = %w (Tl2 +T22), but

we(Ty, To) = V2w(Ty) # w(Ty) = \/ 3w (T + T%).

(iii) If we(Th,Ty) = \/%w (T2 +T3) + 3 |[w?(T1) — w(T»)| then from Theorem 5.1 it follows

that w (T12 + T22) = w?(Ty) +w? (T2) and we(T1,T2) = max{w(T1),w(T2)}. The converse of the

result is also valid.

As an immediate consequence of Theorem 5.1 we have the following result.

Corollary 5.1. Let Th, Ty € B(H) be normal, then

1 1 1
we(Th,T2) > \/4||T12 + T30+ (TP +1T20?) + 5 Tl = (17201

)

1 1 1
5 HT12 +T22H + —(p1+p2) + *|51 — 832
2 4 2

where sy = max {| 1% 3|17 + T3||}, s2 = max {|T2|*, 51T7 + T3]}, p1 = [IT2]1* — 3l|TF +
T3 and p2 = || T2|* — 3|7 + T3]I|-

Here we note that Corollary 5.1 is better than the first inequality in (5.1) when T} and T»

are self-adjoint operators.
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Chapter 5. Euclidean operator radius and numerical radius inequalities

Next, we obtain an upper bound for the Euclidean operator radius we (71, T2).

Theorem 5.3. If T1, Ty € B(H) then for all t € [0,1],

we(Th, T>)

N[

< |7+ (1 - t)QTQ*TQH% + \;5 {w*(1 = )1 + tT2) + w?((1 — )T — tT)}

In particular, fort = %

N
—~~
ot
w
~

L et 1
we(T1, ) < ZTTT + T5To)2 + —= {w(T1 + o) + w?(Th — T2)}
2 2v/2
Proof. Take x € H with ||z|| = 1. We have

([(Tiz, @) + [(Tyz, )[2)
(JtT1z, ) + (1 — £)(Tya, ) + | (1 — £)(Toz, x) + t{Tyz, z)[2) 2
(P Tz, 2)* + (1 — t)*[(Tha, 96>|2)% + (1 = t)*[(Thz, 2)|* + *[(Tox, z) )

NI

IN

(by Minkowski inequality)
1
(N1 Tz]® + (1 — )| Toa]|*) 2

IN

[SIE

+ (GO =0T + ) )+ L1~ 0T; TP

1
2

1 1 1
< | EPTIT 4+ (1 - )T Ta||? + {2w2((1 — )T + tT) + 5wZ((l — )Ty — tTg)}
Taking supremum over all x € H with ||z|| = 1, we get the first inequality. In particular,
considering t = % we get the second inequality. O

To present our next result need the following Hermite-Hadamard inequality, see [76, p. 137].

For a convex function f:J — R and a,b € J, we have

atv\ [ ) /(@) + 1 (b)
f( ; >§/0 flta+ (1 —t)b)dt < . (5.4)

2
Also, we need the following lemmas.

Lemma 5.1. [14, (4.24)] Let T € B(H) be self-adjoint with spectrum contained in the interval
J and let x € H with ||z|| = 1. If f is a convex function on J, then

[Tz, z)) < (f(T)x,z).
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Chapter 5. Euclidean operator radius and numerical radius inequalities

Lemma 5.2. [60](Generalized Cauchy-Schwarz inequality) If T € B(H), then
(T, y)|* < (T, 2)(|T* Py, y),

for all x,y € H and for all a € [0,1].

Now we are in a position to prove our result.

Theorem 5.4. Let T1,T, € B(H). If f : [0,00) — [0,00) is an increasing operator convez

function, then

IN

1
Finm) < | e e - om +T2T;>>dtH

1 * *
< SIFOT+ ) + [T + TRT3)|
Proof. Take x € H with ||z|| = 1. We have

F((Tia, @) + (T, 2)]?)
< F((T1lw, @) (T7 |2, @) + {|Tole, @) (| T e, 2)) (by Lemma 5.2)
< f ({UTafe2)? + (ol )2 3 {(| T o, ) + (T3, 2)%) )

(3UTT: + T3Ta))o,0) + DT + DT

IN

f
/ (HTTT + T5Th)) + (1 — ) (VT + ToTy))z, x)) dt (by (5.4)).
Now,

<(fUTTT + T5Th) + (1 = t)(IVIT + ToTy))z, z) (by Lemma 5.1)
SHATTT + Ty To)x, o) + (1= (DT + ToTy)z, @),

where the last inequality follows form operator convexity of f. Therefore,

f (T + T5T2) + (1 — (VT + ToTy)) @, a)) dt

\

IN

O\H

f Tl T + T2 TQ) + (1 — t)(TlTl* + TQT§))dfCL‘,ZL‘>

(

IN

ST+ T, ) + (F(TT} + 1T, ).
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Taking the supremum over = € H with ||z|| = 1, we get

1
fwi(T, o)) < ‘ / fUTTT + T3 T) + (1= t)(TTY + TQTZ*))dtH
0
1 * * * *
< 5 [f(TTT + T5Ts) + fF(TVTT + T2T5) -
Thus, we complete the proof. O

Since for 1 < r < 2 the function f(z) = 2", z > 0 is an increasing operator convex function,

we have

w?' (11, Th)

IN

1
/@gmmew+u_mﬂﬁ+ngme (5.5)
0

IN

1 * * * *
§||(T1 T + T2 TQ)T + (T1T1 + T2T2 )TH (56)
In particular, for r =1,

w2(T1, Ty) < ’

1
/ (T + T5Te) 4+ (1 — ) (T Ty + ToT5)) dtH
0
1 * * * *
< §||(T1 T+ 15Ts) + (TVIT + TT5) (5.7)
The above inequality can also be derived from

wg(Th, Tp) < [|a( 1P + | T2) + (1 — o) (|77 P + 175 )

[, 0<a<l,

proved by Moslehian et al. [73, Prop. 3.9]. Now, if we take 73 = 75 = T in (5.5) we obtain the

following numerical radius inequality.

Corollary 5.2. Let T € B(H), then

1/r 1/r

(T*T)" + (TT*)"
2

1
w(T) < ‘/ (tT*T + (1 — t)TT*)"dt
0

< |

)

for1 <r<2.

Next, in the following theorem we develop a lower bound for the numerical radius of a

bounded linear operator T

Theorem 5.5. Let T € B(H), then

ZITI+ 3 IR+ IS + 5 IR - ST < w(T).
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Proof. From the Cartesian decomposition of 7', it is easy to verify that ||[R(T)| < w(T),
IS(D)| < w(T) and F|T| < w(T). Take ry = [[RD)] = 5ITN], r2 = [IS(D)] = 3T,
a1 = max {IR(D)] 3T} and g = max {|S(D)], 1T} . We have

w(T) > max{q,q}
= Lo+ i |
= @ +o) +gla-e
1 1 N 1 1
= LTI+ SR IS@D + 20a ) + L~ e
1 1 . 1 1
> LTI+ LR@) 4 S@) L)+ L -
4 4 4 2
1 1 1
= §||T||+Z(T1+T2)+§|Q1—QQ‘
1 1 1 1 1 1
— _ _ _ _ Cx _ _ _
= SITI+ 5 IR = 5171+ £ 18D = F171] + o — e
1 1 1
= LT+ L R+ 18 + 2w - s,
as desired. 0

Remark 5.6. (i) It follows from [56] that

1 1 1 1], 1
171+ 3 IR = S|+ |13 = 5171 < v (5:5)

Clearly, the inequality in Theorem 5.5 refines the inequality (5.8).
(ii) It follows from Theorem 5.5 that if

1 1 1 1], Lol
171+ 3 IR = 5171+ |18l - 31171] = wi)

then max {|R(T)|, 37|} = max {||S(T)|, 3| T||} . However, the converse may not be true.
(iii) For T € B(H), Bhunia and Paul [25, Th. 2.1] proved that

SITI -+ S IR~ S]] < w(D) (59)

Clearly, the inequality in Theorem 5.5 refines (5.9).
(iv) It follows from Theorem 5.5 that if w(T) = ||T|| + 3||R(D)|| — |S(D)||, then ||T|| =
IR + 1S(D)]| and w(T) = max{||R(D)|, |S(T)||}. The converse is also true.

As an application to the bounds develop here we develop numerical radius bounds of bounded

linear operator T'.
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5.3 Application to numerical radius inequal-
ities

From Corollary 5.1 we obtain the following numerical radius bound of a bounded linear operator
T.

Corollary 5.3. Let T € B(H). Then

\/ ST 4 T 4 3 (IR + IS + 5 IR ~ ST < w(T),

Proof. Considering T1 = R(T') and Tz = $(T) in Corollary 5.1 we obtain that

w(T) ¢ ST T £ T 4+ 3 (IR + [ST2) + 5 IR ~ (T2

AV

\/ ||T*T+TT*||+1(a+B h 8,

where a = ||R(T)||? — JIT*T + TT*|||, 8 = |[|S(T)||? = ;IT*T + TT*|]|,
’)/:max{H?R(T)HQ HTT*—}-T*TH} and 0 = max{||(‘ H2 HTT*—i—T*TH}. O

Remark 5.7. (i) Clearly, the bound obtained in Corollary 5.8 is stronger than the bound ob-
tained in [25, Th. 2.9], which is,

VT + T 4 LRI — 18D < (), (5.10)

(ii) From Corollary 5.8 it follows that, if \/%HT*T—FTT*H + %‘H?R(T)HQ —[IS(M)I?| =
w(T), then 3||T*T + TT*|| = [RD)|? + [X(D)|* and w(T) = max{||R(D)], [|S(T)|}. The

converse also holds.
Using Corollary 5.1 we also obtain the following lower bound for the numerical radius.

Corollary 5.4. Let T € B(H), then

B~

VT + T LR + @+ IR - D) +

where 3 = |H§R(T) + S(T)||* = [IR(T) )| |
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R(T)+3(T)

Proof. Considering 17 = 7

and Ty = w in Corollary 5.24, we have

w(T)

Y

VST T 4T + L () + SO+ 1RT) - D) + 2

1 1 1
\/4||T r+TTr ||+Z(’Y+5)+§|f*77|7

where
_ ‘|§1'-3(T)+2%‘(T)II2 —illT*TﬂLTT*H ,
5 H%(T);S(T)HQ_iHT*TJrTT*H :
€ = mun (RO Ly
) = e { OSSO Loy,

Remark 5.8. (i) In [16, Th. 2.3] authors developed the inequality

VT 4 T+ LR + @12 - IR - S0P < ().

It is easy to conclude that the inequality obtained in Corollary 5.4 is a refinement of the above
imequalty.

(i) From the inequality developed in Corollary 5.4, it follows that if

VT £ TT 4 SR + S~ IRT) - ST = ()

then ||T*T + TT*|| = |R(T) + (T)||? + |R(T) — (T)||? and

o) max{ IR(T) + 3(T)]| [R(T) = 3(T)]| } |

V2 V2

The converse also holds.
Our next result reads as follows.

Theorem 5.9. Let T € B(H), then the following inequalities hold:

1 1
(7) \/4||T*T +TT*|+a<w(T) < \/4||T*T +TT*| + 8,
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1 1
) \/4||T*T+TT*|| +v<w(T) < \/4|T*T+TT*|| + 4,
where
[IR(T) + S(T)||> = |R(T) = (D)7,

(IR(T) + D) + [R(T) = D)) -

e Rl N

Proof. (i) First inequality follows from [25, Th. 2.9] and the second inequality follows from the
inequality (5.3) by considering T3 =T and T, = T*.

(ii) First inequality follows from [16, Th. 2.3] and the second inequality follows from the
inequality (5.3) by considering To = R(T") and Tp = (7). O

5.4 Numerical radius bounds of 2 x 2 oper-

ator matrices

Using the numerical radius inequalities obtained in Section 2, here we develop the numerical

radius bounds of 2 x 2 off-diagonal operator matrices. Suppose H @ H is the direct sum of two

) B X . . B X x
copies of H, and € B(H®H) is a 2 x 2 operator matrix, defined by =
Y C Yy C Y
Bz + Xy x o 0 X .
, v € H @ H. Considering T = € B(H & H) in Theorem 5.5,
Yz + Cy Y Y 0
Corollary 5.8, Corollary 5.4 and Theorem 5.9 respectively, we get the following bounds for the
0 X
numerical radius of the 2 x 2 off-diagonal operator matrix
0
0 X o »
Theorem 5.10. Let T = v € B(H @ H), then the following inequalities hold:
0

69



Chapter 5. Euclidean operator radius and numerical radius inequalities

+1HX+YW+HXfYW LI[X+Y*| X =Y
4 2 2 2 ’
X*X +YY*| || XX*+Y*Y
(ZZ) wZ(T) Z max H + H7|| + H
8 8
+1IW+YW?HW7YW2 LIIX + Y X —Y*?
4 4 4 4
X*X+YY*| || XX*+Y*Y
(ZZZ) wZ(T) > ma H + H7|| + H
8 8
LA =)X + 1 +)Y*? (1 +)X — (1 —49)Y*|?
+-= +
8 4 4
1HH*UX+U+®WW HQ+QX7(7@W2
+,
4 4
X*X+YY*| || XX*+Y*Y X+Y*? X — Y*2
() W(T) < max{| aeapbesE. |} ‘| sl sl
X*X +YY* XX* Y*Y
(’U) wZ(T) S max{' I H7|| + |}
1‘“1—@X+%1+UYW2 H1+UX’ —i)Y*|?
+4 4

Remark 5.11. (i) We remark that the bound in Theorem 5.10 (i) is stronger than the same in
[15, Th. 2.7], namely,

w(T) >

I Iy LY flX Y
27 2 2 '

(i1) It is easy to verify that the bound in Theorem 5.10 (ii) is stronger than the same in [15,
Th. 2.12], namely,

@) > [ POV XV 1‘|X+Y*|2_||X—Y*2

4 ’ 4 4

Now, by applying the operator matrix technique we develop upper bounds for the numerical

radius of a bounded linear operator 7' by using the t-Aluthge transform. First we give the

0
following upper bound for the numerical radius w , where X\ Y € B(H).
Y O
0 X
Theorem 5.12. [23, Th. 2.5 and Cor. 2.6] Let X, Y € B(H) and T = eB(HBH).
Y O
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IfS=|XP?+|Y*? and P = |X*|* +|Y|?, then

X
w2 [0 = w*(T) < v/min{B,7},

Y 0

where

1 1 1
8= TGHSHQ + ZwQ(YX) + gw(YXS +SY X),

1 1 1
N = 176Hp||2 + Zuﬂ(xy) + gw(XYP + PXY).

For X, Y € B(H), we have the following inequalities:

2

XY 0 0 X , [0 X
w(XY) < w =w <w . (5.11)
0 YX Y 0 Y 0

Now, by using (5.11) and Theorem 5.12, we prove the following result.

Corollary 5.5. Let T € B(H). If P, = [T|20) + |T)?, 0 < t < 1, then

1 1.~ 1 - ~
1 1~
< iR | 4 Sw .
4 2
In particular, fort = %
1 9o 1 5= 1 = ~
w(T) < /7T + 7w(T) + Jw(TIT| +[T1T) (5.13)
1 1~
< 7T + zw(T).
< SITH+ Zw(T)

Proof. Taking X = U|T|'*"* and Y = |T'|* in Theorem 5.12 (in the expression 3) we obtain the
inequality (5.12), and the next inequality follows from the inequality (see [48]) w(XY +Y*X) <
2||Y||[w(X) for all X,Y € B(H). The rest of the inequalities follows by considering ¢t = 3. [

Remark 5.13. (i) Let T € B(H). Then, clearly the inequality (5.12) refines the bound w(T) <
LNTRPA=Y + |72t + Lw(Ty), obtained by Kittaneh et al. [62, Cor. 2.2].

(i) We would like to remark that the inequality (5.13) is stronger than the inequality w(T) <
LT+ %w(f) (S T+ 3 ||T2H1/2) , proved by Yamazaki [86, Th. 2.1].

Note that the inequality (5.13) is already proved in [16, Th. 2.6] but the approach is different

and simple. Finally, we prove the following result.
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Corollary 5.6. Let T € B(H). If Q; = |T**=8) + |T|?, 0 <t < 1, then

1 1 1
w(T) < \/16 Q1% + (D) + g@(TQ:+Q:T) (5.14)
1 1
< LT RO-0 47 4 b
1
< 5 H|T*‘2(1_t) + |T|2tH )
Proof. Taking X = U|T|'~!, Y = |T'|" in Theorem 5.12 (in the expression ) we obtain the

inequality (5.14). The second inequality follows from w(XY + Y*X) < 2||Y|w(X) for all
X,Y € B(H) (see [48]). The last inequality follows trivially. O

Remark 5.14. Let T € B(H). Then, clearly the bound in (5.14) is sharper than the bound
w(T) < H||T*PA=0 + |T12Y| + Sw(T), proved by Kittaneh et al. [62].

5.5 Generalized Euclidean operator radius
inequalities
Every positive operator A in B(JH) defines the following positive semi-definite sesquilinear form:

(LA HXxH—=C, (z,y) = (x,y)a = (Az,y).

Seminorm || - |4 induced by the semi-inner product (.,.)4, is given by |[z||la = (Az,z)'/? =

|AY/2z||. This makes H into a semi-Hilbertian space. It is easy to verify that the seminorm
induces a norm if and only if A is injective. Also, (K, ||-||4) is complete if and only if the range
space of operator A, denoted by R(A), is closed subspace of H. Henceforth, we reserve the
symbol A for a non-zero positive operator in B(JH). We denote the A-unit sphere and A-unit

ball of the semi-Hilbertian space (3, || - [4) by Sy, and By , respectively, i.e.,
Spy, ={zed:|zfa=1}, By, ={z e |x]a<1}.

For T € B(H), let c4(T) and w4 (T) denote the A-Crawford number and the A-numerical radius

of T, respectively and are defined as

caA(T) = inf{|<T:c,x>A\ (x € SH'HA} , wa(T) = sup {|<Tx,x>A| tx € SH'HA} .
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Note that w4 (T) is not necessarily finite, see [29]. An operator S € B(J) is called an A-adjoint
of T € B(H) if for every x,y € H, (Tx,y)4 = (x, Sy) 4 holds, i.e., S is a solution of the operator
equation AX = T*A. There are operators T' for which A-adjoint may fail to exist, when it
do exist then there may be more than one A-adjoint. The set of all operators in B(JH) which

possess A-adjoint is denoted by B 4(H). By Douglas theorem [39], we have

Ba(H) = {T eB(X): R(T"A) S R(A)}
= {T e€B(H): 3 X >0 such that |ATxz| < M|Az||, Vo € H}.

If T € B4(H), then there exists a unique solution of AX = T*A, is denoted by TH4 | satisfying

R(TH#4) C R(A), where R(A) is the norm closure of R(A). For simplicity we will write T* instead
# Jk

of T#4. If T € Ba(J(), then T* € B4(J(). Moreover, [T*]" = Pr 5T Pr 45 and [[Tﬁ} } =T,

where PW denotes the orthogonal projection onto R(A). For more about T*%, the reader can

see [7, 8]. Again, clearly we have

B i (H) = {T e B(H) : R(I*AY?) C R(AUQ)}
{T €B(H): 3 X>0 such that | Tx|la < A|z||a, Yz € H}.

An operator in B 41/2(H) is called A-bounded operator. The inclusion B4(H) C B 41/2(H)
always holds. Both of them are subalgebras of B(H) which are neither closed and nor dense in

B(J{). The semi-inner product (.,.)a induces the A-operator seminorm on B 41/2(3H) defined as

follows:
Tzx| A
IT|la = sup IT=] :sup{HTxHA: xGSH.HA}<oo.
o el
z#0

Also, it is easy to verify that

HTHA = Ssup {‘<T$7y>A| B TS SH'HA} .

By Cauchy-Schwarz inequality, it follows that [(Tx,x)a| < ||[Tz| al|z||a for all z € H, and so
wa(T) < ||T||a for all T € B 41/2(H). For A-selfadjoint operator T' (i.e., AT = T*A), we have
wA(T) = ||T| 4, see in [88]. An operator T' € B 4(H) can be expressed as T = R4 (T) +iSa(T),
where R4(T) = $(T+T%) and Sa(T) = 5 (T —T%4). This decomposition is called A-Cartesian
decomposition, using this we have [(R(T)z, x) 4|+ [(Sa(T)z, z) a|* = |(Tz, x) 4|? for all z € H.
This implies [|[Ra(T)||la < wa(T) and |[|Sa(T)]|a < wa(T), since R4(T") and S4(T") both are
A-selfadjoint. Therefore, ||T]|4 < [|RA(T) +iSa(T)||a < 2wa(T). Thus, for every T € B 4(H),
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we get wa(T) < ||T||a < 2wa(T). One can also easily verify that the above inequality holds for
every T' € B 41/2(3H), and wa(T™) < [wa(T)]™ holds for every positive integer n, see [12]. The
A-numerical radius inequalities have been studied by many mathematicians [20, 21, 72] over the
years. The A-Euclidean operator radius of d-tuple operators T = (11, T3, ......,Ty) € B 41,2 (J{)d

is defined as

J 1/2
wae(T) = sup (Z (T, x>A|2> T €8y,
k=1

This is also known as A-joint numerical radius of T. The A-Euclidean operator seminorm of

d-tuple operators T = (T}, T, .....,; Ty) € B 41/2(H)? is defined as

4 1/2
|IT[|4 = sup (Z ITkw||,24> T E S,
k=1

Clearly, the A-Euclidean operator radius and A-Euclidean operator seminorm of d-tuple op-
erators are generalizations of A-numerical radius and A-operator seminorm of an operator in
B 41/2(3). Observe that for A =1, || -[[a = || - ||, wa(:) = w(:), ca(:) = ¢(-), wae(-) = we(-)
and || - ||a,e = || - || are the usual operator norm, numerical radius, Crawford number, Euclidean
operator radius and Euclidean operator norm, respectively.

In this section, we obtain several inequalities involving A-Euclidean operator radius and A-
Euclidean operator seminorm of 2-tuple operators, and we show that these inequalities improve
on the earlier related inequalities.

We end this introductory section with a brief description of the space R(AY/?) ( see [6]) as
follows: The semi-inner product (., .) 4 induces an inner product on the quotient space H/N (A),
defined by [z,7] = (Az,y), V T,y € H/N(A). The space (H/N(A),[.,.]) is, in general, not a
complete space. The completion of (H/N(A),[.,.]) is isometrically isomorphic to the Hilbert
space R(A/?) via the canonical construction mentioned in [32], where R(A'/?) is equipped with

the inner product

(A1/2.’I,', A1/2y) = <me7 Pmy% v.’L’, y e .

In the sequel, the Hilbert space (R(A'Y2),(.,.)) will be denoted by R(A'/?) and we use the
symbol [| - [[g(41/2) to represent the norm induced by the inner product (.,.). Note that, the
fact R(A) C R(AY?) implies that (Az, Ay) = (z,y)a, Vz,y € H. This gives |Az|lg(a1/2) =
|lz]|a, Ya € H. Now, we give a nice connection of an operator 7' € B 41/2(H) with an operator

T € B(R(A'/2)), in the form of the following proposition, see [6].

Proposition 5.2. Let T € B(H). Then T € B 1/2(H) if and only if there exist a unique
T € B(R(AY?2)) such that ZoT = TZ4, where Z, : H — R(AY?) is defined by Zax = Ax.
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We begin with the following sequence of known lemmas.

First lemma is known as Holder-McCarthy inequality.

Lemma 5.3. [71] If T € B(H) is positive, then the following inequalities hold: For any x € H,
Tz, x) > ||| (Te, )", for r>1

and

Tz, ) < ||| (T, 2)", for 0<r<1.

Second lemma is related to A-selfadjoint operators.

Lemma 5.4. [/6] Let T € B(H) be A-selfadjoint. Then T* is also A-selfadjoint and [T#]* = T*,

Fourth lemma is related to semi-Hilbertian space operator T" and Hilbert space operator T.

Lemma 5.5. [6, 47] Let T € Bo(H). Then

—~—

(i) Tt = (T)" and (T#1)ta =T.
(i0) |Tla = |1 Tl ggarrzy)s wa(T) =w(T) and ca(T) = c(T).

Here |T 1/2yy denotes the usual operator norm ofT .
B(R(A'/?))

Now, we prove the following result related to A-Euclidean operator radius and Euclidean

operator radius.

Theorem 5.15. Let T = (11,15, ...,Ty) € Bju1/2 (J{)d. Then

wA,e(T) - ’LUA’E(Tl,TQ, "'7Td) = we(ﬁyga 75:’;) = wE(T)7

where T = (T, Ty, ...., Ty) € B(R(AY2))".

Proof. First we prove wa (T) < we(T). We recall that

d 2
wae(T) = sup <Z|<sz,x>|2> czeXH, |zlla=1

N|=

d
= sup} | Y (AT, Az)* | : z € H, ||Azllgarzy = 1

1
2

d
= sup <Z|(TiAm,Ax)2> cx € X, ||Az|[garz) =1
(using Proposition 5.2).
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From the decomposition H = N'(AY/?) & R(A!/2), we obtain that

d 2
walT) = sup{<2|<ﬁAx,Aw>|2) . 7 €R(ATP), |Ax||R<A1/2):1}. (5.15)
=1

Now,

d 3

_ sup{<z| Ty ) yeR(A) |y|R<Am>—1}
d

= Sup{<2| A1/2 A1/2 )|>

d
Z| A1/2 A1/2 )| >

D=

x e H, AV x| lgarey = 1}

1
2

HF S R(A1/2), HAI/Q‘%‘HR(AV?) = 1} . (516)

Since R(A) C R(AY2), (5.15) together with (5.16) implies wa(T) < we(T).

Next we show the reverse inequality, i.e, wA('f) < wa,(T). Suppose that

d
€ { (Z (T;AY 2z, A1/2x>|2>
i=1

So, there exists # € R(A/2) with HAI/Q.THR(Al/Q) =1 such that

W=

: € R(AV?), HA1/212||R(A1/2) = 1} = We(T), (say).

1
2

d
8= (Z (TAVa, Al/zx)?)
i=1

Since A2z € R(AY?) and R(A) is dense in R(A'/?), there exist a sequence {z,} in H such

1

that limy, e || Az, — Al/QxHR(Al/Q) = 0. Hence 8 = lim, (ZZ 1|(TA:vn,Amn)| )7 and

hmn_mo ||A$n||R(A1/2) = 1. I\IOW7 let Yn = m Then Clearly we have,
1

B = lim, 00 (2?21 |(jv}-Ayn,Ayn)|2)§ and || Aynllg a1/2y = 1. Therefore,

=

€ {(Z (ﬁAw,Aﬂf)P) x € R(A), ||Az|lgiarrzy = 1} = Wae(T), (say).
Hence, W,(T) C W4,e(T). This implies we(T) < wa,¢(T), and this completes the proof. O
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Now, we are in a position to prove the bounds of A-Euclidean operator radius. In the
following theorem we obtain upper and lower bound for the A-Euclidean operator radius of

2-tuple operators in B4 (H) involving A-numerical radius.

Theorem 5.16. Let Ty, Ty € B4 (H), then

1 1
5wA(Tf +T3) + 5max{wA(Tl),wA(TQ)}|wA(T1 +Ty) —wa(Ty — To)|
< w124,e(T17T2)

1 .
< —QwA((Tle +T3Ty) + i(T T + ToT3)).
Proof. Let € 3 with ||z]|4 = 1. Then we have,

(T, @) 4 |* + | (Tow, 2) o P (| (Tha, ) 4 | + | (Tow, ) 4 1)

Vv

v

((Tiz,2) 4 + (Toz, @) 4 |)°

N =N =N =

(11 £ Tz, ) 4 [
Taking supremum over all x € H, ||z||4 = 1, we get

wh (1, T2) > wi(Ty = Tb). (5.17)

| =

Therefore, it follows from the inequalities in (5.17) that

1
wz,e(Tl,Tz) > 3 max{w? (T} + Ty), w4 (T1 — T»)}

wi (Ty 4+ 1) + wi(Th — T3) N (Wi (Ty + T2) — wi (T — Td)|

: 1
> wA((Tl + TQ)Q) + wA((T1 _ TQ)Z)
a 4
H(wa(Ty +To) + wa(Th — Ty)) |wa(Ty + T) - wa(Th — T)]
o wa((Th+ T5)° + (Th — T3)%)

4

Tz)) |wA(T1 + TQ) — wA(T1 — T2)|

+wa((Ty + To) + (11 — 1

Therefore,

wA(Tl2 + TQQ) n w

wh (T, T) > 5

AT (14T - waTy - T (59
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Interchanging 77 and T» in (5.18), we arrive

wa(TE+T2)  w
wz%l,e(Tl’TQ) > ally 2) +

> 5 A;TQ) lwa(T1 + Tz) — wa(Ty — To)|. (5.19)

The inequality (5.18) together with (5.19), gives the first inequality.

Next, we prove the second inequality. Let « € H with ||z|| = 1. Then we have,

([ (L1, 2) [* + | (Taz, z) [*)?
< (| Tale, 2) (T} |2, ) + (| Tole, 2) (| T5 |z, 2))* (using Lemma 4.1)
(| Tifw, @) + (| Tolar, 2)*) (| TF |2, 2)* + (|T5 |2, 2)?)
(since (ab+ cd)? < (a® + P)(b* + d?) for all a,b,c,d € R)
(|1 P2, z) + (| To)Pz, 2)) (| T} P2, 2) + (| T3 [*2, z)) (using Lemma 5.5)
(TTTy + T5 1)z, @) (TVTT + 1215w, x)
(T + T D), 2) + (T + TaT3)z,2)°

IN

IN

—~

IN

(TiT + T3 To)a, ) + i (TTY + ToTy)z, x) [

N RN RN DN -

(YT + T3T) + (T Ty + ToTy))a, ) [

IN

W (TFT + To o) + i(NVT + ToTy)).
Taking supremum over all z € 3 with ||z|| = 1, we get

1 % * . % *
w?(Ty, Ty) < ﬁw((Tl Ty + TyT) + (T Ty + ToTy)). (5.20)

As T1, Ty € B 41/2(H), following Proposition 5.2, there exist unique Ty and T} in B(R(A?))
such that Z,T, = ﬁZA and Z Ty = T;ZA. The inequality (5.20) implies that

w?(Ty, Ty) < (I T+ T To) +i(M Ty + Tl ). (5.21)

1
—w
V2
Since (ﬁ)* = Tlﬁ , the inequality (5.21) becomes

—_ 1 ~_ I —~
w2(T1,Ty) < —=w((TYTy + TITy) + (T T + ToTh)). (5.22)

V2

For any S,T € B 41,2(%), it is easy to see that ST = ST and S/;L\_)\/T =S+ AT for all A € C.
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So, the inequality (5.22) is of the following form

WAL T) < Jsul(THT + T3Ts) + (T + o). (5.23)
Now, by applying Theorem 5.15 and Lemma 5.5, we have

W11, T3) € Sswa(TET + T35) + (T TS + o)),
This completes the proof. O

Remark 5.17. (i) The lower bound of we(T1,T2) in Theorem 5.16 is stronger than the lower
bound in [44, Th. 2.8], namely, %wA(Tf +1T2) < wi,e(Tl,Tg). Also, it is not difficult to verify
that

1 .
—wA(TI + TIT) + i(TV TP + ToTY)) <

1
NG {ITiT + T + 11T} + ToTgI5 )

1
V2
Therefore, the upper bound of wa ((T1,T>) in Theorem 7.1 is better than the upper bound in [/,
Th. 2.8], namely, w} (T1,To) < |TAT§ + ToTh||a if |TVT] + ToT5)| 4 < || T{Ty + T5T3) 4.

(ii) Following Theorem 5.16, wi)e(Tl, T) = fwa (T2 + T3) implies wa(Ty +To) = wa(Ty —

T5). However, the converse is not true, in general.
The following corollary is an immediate consequence of Theorem 5.16.

Corollary 5.7. If T1,T5 € Bao(H) are A-selfadjoint, then
Lo 2 1 2
SITE + T3l + 5 max{{|T1 ][4, [ ol ad 173 + Tolla = 1Tt = Tolla| < wih o(T1, T2).

Next we obtain an upper bound for the A-Euclidean operator radius of 2-tuple operators

admitting A-adjoint. First we need the following proposition.

Proposition 5.3. Let © € H with ||z|]|a = 1. Suppose that T = x @4 x, is defined as Tz =
(x®@x)z = (2,x)ax , Yz € H. Then we have

la =1 < [[oT = I]a < max {1, |a — 1]},

for all o € C. Moreover, if |« — 1| > 1, then ||aT —I||a = |a — 1].
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Proof. For any z € H, we have

I(aT = Dzl% = ((aT — 1)z, (aT ~I)2)a

||| T2 — a(Tz, 2)a — alz, Tz)a + ||2]1%

= [(z,2)al(la)® —a—a) + 2|5
= [z, 2)al(la =17 = 1)+ |1z]4 (5.24)
max{1, |a — 12} z|%. (5.25)

IN

Taking supremum over ||z||4 = 1, we have
laT — 1|4 < max{1, | —1|}.
Again, from the equation (5.24) we have,
1T = Dzl + [(z,2)al* = (2, 2)aPla = 112 + [|I[.

This implies that
[(aT = I)z]|la = [z, ) allc = 1].

Taking supremum over ||z]|4 = 1, we get

laT —1I|| > sup |(z,2)alla—1| > |a—1].
[zl a=1

This completes the proof. O

By using the above proposition we obtain a generalization of Buzano’s inequality ([33]), in

the setting of a semi-Hilbertian space.
Lemma 5.6. If x,y,e € H with |le]|4 = 1, then

| (#,y)a | +max{l, |o — 1}|z][ally]l 4
o

| (z,e)a{e,y)a [<

)

for all non-zero scalar c.
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Proof. Suppose that T'=e ®4 e. Then we have,

| O‘<Tmay>z4 - <513,y>,4 |
| (T = D)z, y)a |

[T = I| allz]|allylla

| a(z,e)ale,y)a—(,y)a |

IN I

IN

max{1, | — 1|}|z||allylla (by Proposition 5.3).
This gives that

| a(z,e)ale,y)a [< AL Jo =1}zl allylla + [(z, y) al

This completes the proof. O

Note that the inequality in Lemma 5.6 was studied (for the case A = I) in [61, Cor. 2.5],

using different approaches. In particular, for « = 2 in Lemma 5.6, we have

llzll allylla + [{z,y)al
2 )

| (z,e)ale,y)a |< (5.26)

which was also obtained in [13].
Now, by using Lemma 5.6 we obtain the following upper bound for A-Euclidean operator

radius.

Theorem 5.18. If T1, Ty € BA(H), then

max{1, |1 — a[}|(T1, 1) | aell(TF, T5)l ae + wa(TE) + wa(T3)
al

wh o (T1, Tp) <

)

for any non-zero scalar .
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Proof. Let x € H with ||z||l4 = 1. Then we have,

[Ty, z) 4 >+ | (Tow,x) 4 |2

= |(Tiz,z)ale, Tix) a| + |(Tow, ) alz, Tiz) a
max{1, | — 1}|Tia|al|Tia|a + [(Tha, Tiz) 4|

<
laf
1l — 1T Tt Tox, TF
_|_max{ o [H| 2x|A0|J| 233||A+|< 27, 2x>A| (using Lemma 5.6)
_ max{L, |a — 1} (| Tz aTiel|a + | Tox al| T2 4)
laf
+|<T1m,fo>A| + |<T21",T2ux),4\
[
1 1
_ max{1 o — 1}(|Taw |} + |1 Toe]| )= (|1 T2l + | T5e]l%)
= laf
T, 2)al + (T3, )
[
o max{Llo — (T B)ac| (T Tl ae | walTE) +wa(T)

o] |af

Taking supremum over all x € H with [|z|| 4 = 1, we get the desired inequality.
Next bound reads as follows:

Theorem 5.19. If T}, Ts € B4(H), then

wh (T, To) < min{w?(T1 — To), wi(Ty + T2)}
L max{l, |1 — ATy + TV TP 4 + 2wa(TV To)

9

|l
for any non-zero scalar «.
Proof. Let x € H with ||z||4 = 1. Then we have,
| (Tax, @) 4 |2 = 2R[(Ta, @) 4 (T, ) 4] + [Tz, )4 P = [(Tow,2) 4 — (T, )4

= {((Th =Tz, 2),
w‘24(T2 7T1).

IN
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Thus,

| (Lo, ) o | + | (T2, ) 4 |

< 'LU%(TQ —T) + 2R[(Tox, ) 4, (Thx, x) 4]
< wi(Tg —Th) + 2| (Tox,x) 4 (Thz,z) 4 |
2 1o — 1]V T Tt W Tz, TF
< WA(Th—T) + max{1l, |a HH2MTH1MM+ szleIMmema5®
(0]

1,1 — Toxl|% + (| TE2]2) + 2wa (T, T
< wi(TQ_TleaX{ 1 —al}(]] 2w|,TaJ|r |T72)%) + 2wa(T1T3)

1|1 = oY Ty + Ty Tt 2wA(TyT:
< wi(TQ_Tl)erax{ L= al}|T5T5 + ThTY||a + 2wa(T1T2)

o

Taking supremum over all z € H with ||z]|4 = 1, we get

max{1, |1 — a|}|T5Ty + TiT?| 4 4 2wa(T1 Ty)

Wi (T, To) < wi(Ty — Tp) + o] (5.27)
Replacing Ty by —T5, we obtain that
WP (T4, To) < WA (Ty + T + Xl O‘|}”T§T2|;L| TiTflla+ 2wa(ThTy) (5.28)
Following the inequality (5.28) together with (5.27), we get the desired inequality. O]
In particular, considering o = 2 in Theorem 5.19, we get
W} o(T1, Tp) < min{wi(Ty — T), wi(T1 + To)} + I73T> + TyTf|a + 2wa(iTy) (5.29)

2

Finally, we obtain the following upper and lower bounds for A-Euclidean operator radius

involving A-numerical radius.

Theorem 5.20. Let T1,Ts € B(H), then
wi (VaTy £ V1 = aTy) < w? (T1, o) < wi(VaTi + V1 —aTy) + wi(V1— o1 + VaTy),

for all a € [0,1].

Proof. Let x € H with ||z||4 = 1. Then we have,

Val(Tiz, z) al + V1 — a|(Tex, z) 4|
< ((Tya, 2) al? + [(Tow, 2) 42)2 (V)2 + (VI — )?)3
((Tya,z) al? + |(Toz, z) %)%,

(SIS

[
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Therefore,
1
({Tiz, @) al? + [(Tow,2) )2 > [(VaTiz,z)a| + (V1= aloz, ) 4l
> |(VaTiz,z)a + (V1 — aTex, z) 4|

((VaTy £ V1 —aTy) z,z) .

Taking supremum over all x in H with ||z||4 = 1, we get the first inequality, i.e.,
wae(T1, To) > wa(vaTi £ V1 - aTy).

Next, we prove the second inequality. By simple calculation, we get

(i, z)al* + |(Tow, z) |

((VaTiz,z)a + (V1 — aTax,z) 4> + (V1 — aTiz,z) 4 — (VaTyx, x)a)?
{(VaTi + V1= aby)a,z)al” + (V1= aTy = VaTy)a,z) |

< wi(VaT +V1—aly) + wi(V1—ali — VaTly).

Taking supremum over all z in H with ||z]|4 = 1, we get
whe(T1, To) < wi(VaTi + V1 —aly) +wi(V1—aTi — VaTy),

as desired. O

Remark 5.21. (i) It is easy to verify that

w,24,e(T1,T2) > Orélgglw%(\/&ﬂimn)

v

1
5 max w? (1 £ Ty)

1
§TUA(T12 + T22)

Y

(7i) Putting Ty = Ra(T) and Ty = S4(T) in (i) we obtain that

1
wi(T) > 5 max|Ra(T) £l

1
> 1||TﬁT +TTH 4.

As an application to the inequalities obtain here we develop A-numerical radius inequalities

of bounded linear operator 7.
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Chapter 5. Euclidean operator radius and numerical radius inequalities

5.6 Application to A-numerical radius in-
equalities

Considering 71 = [Ra(T)]* and Ty = [34(T)]* in Theorem 5.16, and the using the Lemma 5.4.
we obtain the following new upper and lower bounds for the A-numerical radius of a bounded

linear operator T' € B4(H).

Corollary 5.8. If T € B4(H), then
1 o 1
TP+ TTH 4 + 5 max{|Ra(T) |, |Sa(T)|[a} € wA(T) < S| TT*+ T 4,
4 2 2

where o = |H§RA(T) +3a(T) |4 — [|RA(T) — %A(T)||A|-

Again, considering T; = T and Ty = T* in Theorem 5.16, we get the following new lower
bound for the A-numerical radius of T € B 4(%).

Corollary 5.9. Let T € B4(H), then

SIRAT) s+ S IRAT)]L 4~ [S4(T)]La] < wi(T)

In particular, considering T7 = T5 = T in Theorem 5.18, we obtain the following corollary.

Corollary 5.10. If T € B4(H), then

max{1, |1 — a}|T|% +wa(T?)

wi(T) < o]

)

for any non-zero scalar «.

For a = 2,

wi(T) < 5 (ITI +wa(T?),

| =

which was also obtained in [44, Cor. 2.5].
Again, considering T7 = T5 = T in Theorem 5.19, we get the following upper bound for the
A-numerical radius of T' € B4 (H):

tmax{1, |1 — a}|T*T + TT*|| 4 +wa(T?)

|

w(T) < : (5.30)
Putting a = 2 in (5.30), we get

1 1
WA(T) < {IT9T + TTH| s + Swa (1),
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Chapter 5. Euclidean operator radius and numerical radius inequalities

which was also obtained in [88, Th. 2.11].
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CHAPTER 6

EUCLIDEAN OPERATOR RADIUS
INEQUALITIES OF D-TUPLE
OPERATORS

6.1 Introduction

In this chapter, we study Euclidean operator radius inequalities of d-tuple operators, as well as
the sum and the product of d-tuple operators. A power inequality for the Euclidean operator
radius of d-tuple operators is also studied. Further, we study the Euclidean operator radius
inequalities of 2 X 2 operator matrices whose entries are d-tuple operators.

The numerical radius has various applications in sciences, more precisely, perturbation problem,
convergence problem, approximation problem and iterative method as well as recently devel-
oped quantum information system. Because of the importance of the numerical radius, various
generalizations of it has been studied over the years. The Euclidean operator radius of d-tuple
operators is one such generalization and it helps to study various problems in multivariable

operator theory.

Content of this chapter is based on the following paper:
S. Jana, P. Bhunia and K. Paul, Euclidean operator radius inequalities of d-tuple operators and operator
matrices. arXiv:2304.08033v1

87



Chapter 6. Euclidean operator radius inequalities of d-tuple operators

Let 3 be a complex Hilbert space with inner product (-,-) and let || - || be the norm in-
duced by the inner product. Let B(H) denote the C*-algebra of all bounded linear operators
on H and let 7 € B(H). The numerical range of T is given by W(T) = {(Tz,z) : z €
X, ||z|]| = 1}. The numerical radius of T, denoted by w(T), is defined as w(T) = sup {|A| :
A€ W(T)}. Tt is well known that the numerical radius w(-) defines a norm on B(H) and it
satisfies (|7 < w(T) < || T||. Now, let B4(H) = B(H) x B(H) x ... x B(H) (d times) and let
T = (T1, s, ..., Ty) € BYH) be a d-tuple operator. The joint numerical range of T is defined
as JtW(T) = {((Thz,z), (Tex,x),...,(Tyz,z)) : x € H, ||z|| = 1}. Following [78], the Euclidean

operator radius, the Euclidean operator norm of T are defined respectively as follows:

1
d 2
we(T) = sup (Z |<Tkw,x>l2> rw ezl =1,

k=1
d 3
|T| = sup <Z ||Tk:v||2> cxeH, |z =1
k=1

As pointed out in [78], the Euclidean operator radius we(+) is a norm on B4(3) and it satisfies

the following lower and upper bounds:

1 1
2 2

d d
1
| < wem) < || 1T (6.1)
2vd k=1 k=1
Here the constant —~ and 1 are best possible.

2v/d

Definition 6.1. Let T = (Ty,Ts,...,Ty) € BYH) be a d-tuple operator. Then T is said to be
commuting if T;T; = T;T; for alli,j =1,2,...,d.

Definition 6.2. [36] Let T = (T}, Ty, ..., T;) € BYH) be a d-tuple operator. Then T is said

to be joint normal (or simply normal) if T is commuting and each T; is normal.

For d-tuple operators S = (S1,5,...,8;), T = (T1,T5,...,Ty) € BYH), we write ST =
(S1T4, 5915, ..., SqTy), S+T = (S1+T1,Se+Ts, ..., Sq+Ty) and aT = (aTy,aTs, . .., aTy) for
any scalar « € C. Also, for X = (X1, Xo,...,Xq), Y = V1,Ys,....Yy), Z = (Z1,2s,...,2Zy),
W = (W, W, ..., Wy) € BYH), the 2 x 2 operator matrix, whose entries are d-tuple operators
X,Y,Z, W, is

X 'Y X1 Y1 X2 }/2 Xd Yd
7 W Z Wil | 2e Wol T zy Wy
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Chapter 6. Euclidean operator radius inequalities of d-tuple operators

The inner product of the Hilbert space H & H is ((z1,x2), (y1,y2)) = (x1,y1) + (x2,y2) for all
(z1,22) and (y1,y2) € H @ H.

6.2 Euclidean operator radius of d-tuple op-

erators

We begin this section with the following proposition, proof of which follows from the definition

of the Euclidean operator norm.

Proposition 6.1. [/5] If T = (Ty, Ts, ..., Ty) € BY(H), then

1T = ITITy + T3T> + .+ Tyl

Combining Proposition 6.1 and (6.1), we obtain
T < we(T) < 1T (62)
— w . .
ovd' T T T
Now, we prove the following inequality involving the Euclidean operator radius.

Theorem 6.1. Let T = (T1,Ts,...,Ty) € BYH). Then

1
d d d 2
S Tl + 3 | (T )| < 2V (T) (z |Tkx|2) el
k=1 k=1 k=1

for all x € H.

Proof. Let A\ and 0 (k=1,2,...,d) be real numbers with Ay # 0. Then, we have

d d
Tzl +) ¥ (Tiz, x
k
k=1 k=1
d ' . »
= 30 {GORP TR 4 A T, M T + 2 )

1 , , ,
f§<)\k62wkaQa§ - )\lzlelakax, e Tx — A,;lx>}.
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Hence,

d d
D Tz + ) ¥ (T, z) |
k=1 k=1

d
L N | ]
< Sl T 4+ AT P T e T + A7 )|

d d
1 : _ 1 : _
<> iw(Tk)H)\ke’ekam AP iw(Tk)H/\kewkax a2
k=1 k=1
1

Since [(Tiz, z)| < (Zgzl |<Tkm,x>\2)§ for all z € H, w(T}) < we(T). Thus,

d d
Z | Ty |® + Z %0k <T,§x,x>|

k=1 k=1
a4 ‘ d_q ‘

<D pwe(T) e ™ Tow + N al* + ) swe (T) | A ™ Tiw — A ]|
k=1 k=1

1 A iekT /\71 2 1 A inT )\71 2

§|| ke Thx + A x| +§H pe*Tpw — A x|

PRI T + 22117} -

Suppose Tz # 0 for all k = 1,2,...,d and we choose 6, in such a way that e (Tka,x) =

(T2z, )| and A, = /iy for all k = 1,2,.....,d. Then, we have
d d d
YMoT | + ) (TRw,x)| < 2we(T) Y || Th|||]]-
k=1 k=1 k=1
Therefore, the Cauchy-Schwarz inequality implies that
d d d %
DolTal® + Y [(Tw,x)| < 2vdwe(T) (Z ||Tkx||2> [[]].
k=1 k=1 k=1

Also, this inequality holds when || T;z|| = 0 for all or some k € {1,2,...,d}. This completes the
proof. O

Applying Theorem 6.1, we obtain a refinement of the first inequality in (6.2).
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Corollary 6.1. Let T = (T4, Ts,...,Ty) € BY(H) and ||T|| #0. Then

1 ce(T?) w
v (1T Sy 5 e

1
2

where ce(T) = inf { (Zizl |<Tk:c7ac>|2) cxeH, x| = 1} .

2
Proof. From Theorem 6.1 and together with Zi:l (T2z,z)|> < (Zzzl (T2, :Jc>|) , we have

d d % d %
> T + (Z |<T§w,x>2> < 2Vdw(T) (Z ITkxl2> [l]]-
k=1 P

k=1
Taking ||z|| = 1,
1 1
d d 2 d 2
St + (Ylrtnat) < 2vinm (Y ma
k=1 k=1 k=1
< 2Vdw(T)||T|.
Hence,
1
d d 2
Yo IThe|? < 2Vdw (T)||T| - <Z| Tiw,x) )
k=1 k=1
< 2Vdwe(T)|T| — c.(T?).
Taking supremum over all x € H with [|z|| = 1, we get
IT|? + ce(T?) < 2vdwe(T)| T|,
as desired. 0

Considering the following example we show that the inequality in Corollary 6.1 is a proper

improvement of the first inequality in (6.2).

10
Consider T = (T3, Ts) € B%(H) is a 2-tuple operator, where Ty = , Ty =
0

‘ =

Then the inequality (6.2) gives
we(T).

Next result for d-tuple normal operators.

< we(T), whereas Corollary 6.1 gives ﬁ (1 + %) <

S

2
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Theorem 6.2. Let T = (T1,Ts,...,T;) € BYH) be a d-tuple normal operator. Then

T2 = |(T{ Ty, T3 T, ... TiTa)| < |ITI* = |T*|* < V| T?|.

Proof. Take x € H with ||z|| = 1. We have

1
d 2
T2 = (77, 7%,...,T3)ll = sup (ZITﬁmHQ)

l=ll=1 \ =1

1 1
d 2 d 2
= sup (Z (T}, Tkx>> = sup (Z(Tkax,Tkax>>
[|lz]|=1 1 [lzll=1 k=1
1

d 2
= sup (Z TiTyx, Ty T;ﬂ:)) (since each Ty is normal)
lell=1 \ =1

d 2
- (Z ||Tka$||2> = [(TYT, Ty T, - .- T Ta) |-
z 1

Now,
1
d 2
(T Ty, T3 Ty, ..., T5T,)|| = sup (ZHT;TkxP)
lzl=1 \z—1
1
d 2
< sup (ZIIT;§II2IITMII2>
lell=1 \x=1
1
d 2
< H81H110 <Z||T||2||Tkx|2>
z||=1 k::

(since

1
d 2
|Th|| < <Z IITkxl2> s | Tell < IT|| for each k)

k=1

llll=

1
= [IT[| sup (anu?) = [T,

Also, we have

1/2 1/2
T = sup <Z||Tkw|> = sup (ZIITMV) = [T7].

llzll=1 ll=ll=1
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Again,
d d
IT|? = sup <Z|T x| ) = sup (Z(Tkx,Tkm>>
lzll=1 \ =, lzll=1 \ =1
d d
= o (i) < s (3 immaia
lzll=1 \ =1 lzlI=1 \ =1
d 2
< Vdsup (Z |T,:Tkx||2> (by Cauchy-Schwarz inequality)
lzll=1 \ =1
1
d 2
= Vdsup (Z |T,3m||2> (since each Ty, is normal)
llzll=1 \ ;=1
= Vd|T?.
This completes the proof of the theorem. O

Remark 6.3. If we take Ty, (k =1,2,...,d) is a d x d matriz whose only (k, k) diagonal entries
is 1 and others are zero, then the first inequality in Theorem 6.2 becomes equality. Also if we
take Ty, = v/dI (I is the d x d identity matriz), then the second inequality in Theorem 6.2

becomes equality. Thus, we would like to remark that the inequalities in Theorem 6.2 are sharp.
Next we develop a power inequality for the Euclidean operator radius.

Theorem 6.4. If T = (T1,Ts,...,T;) € B4(H), then

we(T™) < Vdw?(T).

1

Proof. Let © € H with ||z]] = 1. The inequality |(Tyz,z)| < (Zzzl \(Tkx,x)|2>2 implies
w(Ty) < we(T) for each k = 1,2,...,d. Thus, if we(T) < 1, then w(T}) < 1 for each k =
1,2,...,d. The power inequality [77] implies that w(7}') <1 for each k =1,2,...,d, whenever
w(Ty) < 1. Therefore, if w(T}) < 1, then

d 3 d 3 d 3
we(T™) = sup (Z (TP, )| ) < (Z sup |<Tgx,x>|2> < (ZwQ(Tg)>
k=1

lzll=1 1 =1 lzll=1
< V.
Now, if we take T,; = (T) for all k =1,2,...,d, then w.(T") = 1, where T = (T{,TQ,, e ,T(/l).
So, w(T},) < 1. Thus, we((T)™) < v/d, which gives we(T™) < vdw?(T). O
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Applying Theorem 6.4, we get the following result.

Corollary 6.2. Let T = (T1, Ty, ..., Ty) € BYH). If w.(T) < 1, then
T[] < 2d.
Proof. From (6.2) and Theorem 6.4, we get

T n n
eV we(T™) < Vdw?(T) < Vd.

OJ

In the following theorem we obtain the Euclidean operator radius bounds for the product
of d-tuple operators. For this, we need the following lemma in which we study the Euclidean

operator norm is submultiplicative and the Euclidean operator radius is subadditive.

Lemma 6.1. Let S = (S1,5,...,5;), T = (T1,Ts,...,T;) € BYH). Then
(a) [IST] < [IS]I[T-
(0) we(S 4+ T) < we(S) 4+ we(T).

Proof. Take x € H with ||z|| = 1. We have

1 1
d 2 d 2
sup (ZISkTWHZ) < sup <ZIISkIIQIITkaI2>

IST|| =
llzll=1 \ = lzl=1 \ x;—
d 3 d 3
< P (Z |S|2|Tkl“||2> (since [|Spz| < (Z |5k$||2> » 1Skl < [ISI[)
z||= k=1 k=1

1
d 3
= IISIIHS1”1p1 (Z IITkwI2> = [IS|I[|Tl-
ZI=4 \k=1

The subadditive property of the Euclidean operator radius is known, it follows from the norm
of we(+).
O

Theorem 6.5. IfS = (S1,5s,...,5), T = (T1,Ts,...,Ty) € BYH), then
we(ST) < 4dw,(S)w,(T).
Proof. From Lemma 6.1 (a) and (6.2), we have

we(ST) < [IST[| < [[S[[[T]| < 4dwe(S)we(T).
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Further, we develop a bound of w(ST) when ST = TS.

Theorem 6.6. Let S = (S1,5%,...,54), T = (T\, Ty, ..., Ty) € BYK). If ST = TS (i.e, if
SkTy = TSk for allk =1,2,...,d), then

we(ST) < QﬁWE(S)we(T)
Proof. Suppose we(S) = we(T) = 1. Then, we have

w(ST) = w, (i(s +T) - i(s - T)2>

1 1
S 1we ((S + T)Q) + 1we ((S — T)Q)
(using Lemma 6.1 (b) and the fact we(cT) = |clwe(T))
< \{EwZ(S +T)+ \{lng(S —T) (using Theorem 6.4)
< \{E (we(S) + we(T))? + \{E (we(S) 4+ we(T))? (using Lemma 6.1 (b))
= 2Vd.
This completes the proof of theorem. O

Next we develop a bound for w.(ST) when S, T are joint normal operators.

Theorem 6.7. Let S = (S1,55,...,5), T = (T1,Ts,...,Ty) € BYK). If S, T are joint
normal, then

We(ST) < we(S)we(T).

Proof. We have w.(ST) < ||ST|| < |IS|||T|| = we(S)we(T), where the last equality follows from
IT|| = we(T) and ||S|| = we(S) (see [35]). O
6.3 Euclidean operator radius of 2 x 2 oper-

ator matrices
We begin this section with proving the following lemma.

Lemma 6.2. Let X = (X1, X,...,Xy),Y = (Y1,Ys,...,Yy) € BYH). Then the following
results hold:
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X 0
(a) we ( 0y ) = max {we(X), we(Y)}.
o |17 21| = max g, vy
0
(© 0 X_ B _0 Y
TNy ol T x o
(d) 0 x = 0 x for all @ e R
We v 0 = W, Gy 0 or a .
XY
(e) we< v x =max{we(X -Y), w.(X+Y)}.
, 0o Y[\ _
In particular we([Y 0 )_ (Y).

Proof. (a) Let u = (z,y) € H ® K with |Jul| =1, i.e., |2]|* + |ly|* = 1. Then,

B i

2 d 2
(X, x)|2> + (Z Yy, y)|2> (using Minkowski inequality)

< 1 k=1

< we(X) |z + we ()l

< max {we(X), we(Y)} (l]* + yll*) = max {we(X), we(Y)} .

X O
0 Y

I

1
2

M= T T

IN
o~
I

Taking supremum over |lul| = 1, we get

X 0
We
0 'Y

Suppose u = (x,0) € H & H where ||z|| = 1, then

a by :
(ZM )gk ﬁ}u,un?) —<Z|<ka,x>|2> .
k=1 k

) < max {we(X), we(Y)} .
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Taking supremum over ||z|| = 1, we get

[N

d
Xr O
sup [ YK wu)l* | =we(X)
llz|l=1 k=1 0 Yk
Ca X 0 . X 0
This implies that w, > we(X). Similarly, we > we(Y). Hence,
0'Y 0'Y
X 0 .
We > max {we(X),w.(Y)}. This completes the proof (a).
0'Y

(b) Let u = (z,y) € H & K with ||jul| = 1, i.e., [|z]|* + ||ly||*> = 1. Then, we have

2

d d
X; 0
> ul =Xk, Yay) |
k=1 0 Y k=1
d
= >l Xkl + 1Yiyl?
k=1
< IXIPl® + 1Y 1Py
< max {[IXJ% Y]} (l2l® + [ll*) = max {[IX]%, [Y]?} .
Taking supremum over |Ju|| = 1, we get

X

0 < max {|[ X[, [Y][}-

Now, let u = (x,0) € H & H with ||z|| = 1, then

2
d d
X, 0
> ul =) I Xez|”
k=1 0 Y k=1
2
. d Xk: 0 2 .. .
Taking supremum over ||z|| = 1, we get that sup » ;_,; v u|| = ||X]]*. This implies
llefl=1 0 Y

X 0 . X 0 X 0
that > || X]|. Similarly, > ||Y||. Therefore, > max {||X|, Y]} .
0 Y 0 Y 0 Y

This completes the proof (b).
(c) It is easy to verify (see also [78, Section 2]) that

we(Tl, TQ7 e 7Td) == ’we(U*TlU, U*TQU, ey U*TdU) (63)
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for every unitary operator U. The proof (c) follows from (6.3) by taking U =

I 0
(d) The proof (d) follows from (6.3) by taking U = 0
0

e?I|
I I X Y X Y, 0
(e) Let U = X and T, = | ° F| . Thew Pmu = |7F 7F . Using
-1 1 Yk Xk 0 Yk + Xk
X 'Y
(a) and (6.3), we get w, = max {we(X —Y),w.(X+Y)}.
Y X
. . 0 Y .
In particular, if we take X = 0, then w, v = we(Y). This completes the proof
0

Next, we develop an upper bound for the Euclidean operator radius of general 2 x 2 operator

matrices whose entries are d-tuple operators.

Theorem 6.8. Let X = (X1, Xs,...,Xy), Y = N1, Ys,...,Yy), Z = (Z1,2Z2,...,2Z4), W =
(W1, Wa, ..., Wy) € BYH). Then

X Y| _ we(X) Y|
<w
zZ W 1Z]  we(W)

We
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Proof. Let u = (x,y) € H @ H with |jul| =1, i.e., ||z]|* + ||y]|* = 1. Now,

(NI

X Y

2
u, )|
Zy Wy

I

2

| (Xpx + Yy, Zrx + Wiy), (x7y)>|2>

- g T

1

| Xz, z) + (Wey, y ) (Z’ (Yiy, x) + (Zyx, y)’ )

using Minkowski inequality)

o~
Il

(X2, )| )1 <Z|ka, )2 (i]zﬂy)

k=1

IN
STV
=

:
¥
: ()

1 k=1

(using Minkowski inequality)

1
d
we(X) ]| + we (W) lyl|* + (ZIZM |y||2> +<Z|kall2|w||2>

k=1
< we(X) |z + we(W) iy + 12111y + 1Y [yl ]

IN
NI

we(X) Y] | - ~
= (| 7,7), where T = (||, lyl)) € C*.
1Z]  we(W)
Thus,
- 1
X Y i 1x. v 5\
We = sup Z|< u, u)| u e HDH, ||ul| =1
7 W k=1 Zk Wk
we(X) Y]]
1Z]]  we(W)

O

Since we(X) < HXH,’U)e(W) < ||W|| and w ([aij]gxg) <w ([bij]gxg), for 0 < a;j < bij for all

1, j, the following corollary is immediate from Theorem 6.8.
Corollary 6.3. Let X = (X17X27 ce 7Xd); Y = (YLYYQ, ce 7Yd); Z = (Zl, ZQ, ey Zd)7 W =
(W1, Wa, ..., Wy) € BYH). Then

X Yl _ X[ Y
<w
zZ W 1Z]| [[W]]

We
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Now, we need the following lemma.

Lemma 6.3. [52, p. 44] Let B = [b;j] be an nxn matric such that by; > 0 for alli,j =1,2,...,n.
Then

w(B) =r ([LJ’;IWD 7
where r(-) denotes the spectral radius.

Applying Theorem 6.8 and using Lemma 6.3, we obtain the following result.

Corollary 6.4. Let X = (X1, Xs,...,.Xy), Y = W, Ys,...,Yy), Z = (Z1,Zs,...,Z4), W =
(W1, Wa, ..., Wy) € BYH). Then

X 'Y 1
We <z
Z W 2

(we(X) + we(W) + /(we(X) = w(W))? + (1Y + [Z])?) .

By using the power inequality obtained in Theorem 6.4, we develop a lower bound for the

Euclidean operator radius of 2 x 2 off-diagonal operator matrices.

Theorem 6.9. Let X = (X1, Xo,..., Xq), Y = (Y1,Ya,...,Yy) € BYH). Then

1 0 X
2l — max{w.((XY)"), w.((YX)?)} < w,
\/\/a Y 0
0 X 9 (XY)" 0 )
Proof. Let T = . Then T“" = forallm =1,2,3,.... Using Lemma
Y O 0 (YX)™

6.2 (a) and Theorem 6.4, we get

max{we((XY)"), w.((YX)™")} = we(T?") < \/gwE"(T)

Next bounds reads as follows.

Theorem 6.10. Let X = (X1, Xo,...,Xy), Y = (Y1,Ys,...,Yy) € BYH). Then

1 0 X 1
§max{we(X+Y),we(X7Y)} < we v 0 < §(we(X+Y)+we(X7Y)).
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Proof. Tt follows from Lemma 6.2 (e) that

0 X+Y
we(X+Y) = w,
X+Y 0
0 X 0 'Y
= we
Y 0 X 0
0 X 0 Y ‘
< we + we (using Lemma 6.1)
Y O X
0 X
= 2w, (using Lemma 6.2 (c)). (6.4)
Y O
Replacing Y by —Y, we have
X 0 X
we(X —Y) < 2w, = 2w, (6.5)
-Y O Y O
Therefore, the first inequality follows from (6.4) and (6.5). To prove the second inequality,
-1
consider an unitary operator U = % . Then we have,
11
0 X o xy 1o x, o xy
We = we |U UU u,...,.U U
Y 0 Yi 0 Yo 0 Yo 0
1 X+Y X-Y
= —w
2\ |-X-Y) -(X+Y)
1 X+Y 0 0 X-Y
_= 7w6 +
2 0 —(X+Y) -X-Y) 0
1 X+Y 0 1 0 X-Y
< —we + SWe
2 0 —-(X+Y) 2 -X-Y) 0

We(X+Y) +we(X—Y)

2

(using Lemma 6.1)

(using Lemma 6.2).

As an application of Theorem 6.10, we derive the following inequalities.

Corollary 6.5. Let T = (T1, T, ..
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decomposition of T, k=1,2,...,d. If X = (X1, X9,..., Xy) and Y = (Y1,Ys,...,Yy), then

T 0 X
w6( ) < we . < we(T);
2 'Y 0

for all 6 € R.

Proof. Replacing Y by 7Y in Theorem 6.10 and then using Lemma 6.2, we have

max {we(X +17Y), w.(X —iY)} < 0 X < We(X 4+ 1Y) + we(X — 1Y)
w
2 -\ ey o) T 2

)

as desired.
Now, we prove the following pinching inequalities.

Lemma 6.4. Let X = (Xl,XQ,...,Xd), Y = (Yl,}/Q,...,Yd), = (Zl,ZQ,...,Zd), W
(Wi, Wa,...,Wyq) € BYH). Then

XY X 0
We > We
Z W 0 W
and ~ _ ~
X Y 0Y
We > We
Z W Z 0

Proof. Let u = (z,0) € H & H with |lu]| =1, i.e., ||z|| = 1. Now, we have

1 1
2 2

d
Z|< )Z( \if u7u>‘2 |<(Xk$,ka),($,0)>|2>

d
k=1 k=1
d

= < |<ka,x>|2>
k=1

2

Taking supremum over ||u|| = 1, we get
d X Y 2 d 3
2 2
sup ( u,u)|” | = sup ( (X, )| ) = we(X)
[lull=1 ; Z W llell=1 ;
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This gives,
X Y
we(X) < we . (6.6)
7Z W
Similarly,
X 'Y
we(Y) < we ) (6.7)
Z W

Therefore, the desired first inequality follows from (6.6) and (6.7) together with Lemma 6.2 (a).

. . . 0Y XY =X
To prove the second inequality, we write =3 + 5 . It follows
Z 0 Z W Z -W

0 1 XY 1 -X Y

from Lemma 6.1 that w, < Swe + SWe . By con-
Z 0 Z W Z -W

o . 0 -1

sidering the unitary operator U = , we have

1
-X Y -X Y; -X Y, -W -Z
v | Y oo | P oo T T o = . So, from

the weakly unitary invariant property of the Euclidean operator radius we infer that

XY 1 -W -Z

0Y 1
We < —w,e + —wWe ) (6.8)
Z 0 2 Z W 2 -Y -X
. e . 0
Again, considering the unitary operator U = , we have
I 0
-W —Z Wy —Z Wy —Z -X -Y
U S A s Lo T T | = and so
-7 -Xi =Yy, —Xo Y, —Xy4 -7 -W
-W -Z -X -Y X Y )
We = W, = W, . This completes the proof of
-Y -X -7Z -W Z W

the lemma.

Using the above pinching inequality we obtain the following result.
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Theorem 6.11. Let X = (X1, Xo,...,Xq), Y = (Y1,Ys,...,Yy) € BYH). Then

X Y
max {we(X), we(Y)} < we v x < we(X) 4+ we(Y).

Proof. The first inequality follows from Lemma 6.4 together with Lemma 6.2. For the other

part,
X Y X 0 0 Y
We = We +
-Y X 0 —-X -Y o
X 0 0 Y _
< we + W, (using Lemma 6.1)
0 —-X -Y o
= we(X) + we(Y).

Taking Y = X in Theorem 6.11, we get the following result.

Corollary 6.6. If X € BY(3), then

X X
we(X) < we < 2w, (X).
-X =X
Using Theorem 6.10, we obtain the following lower and upper bounds for the Euclidean

operator radius of general 2 x 2 operator matrices.

Theorem 6.12. Let X = (X1, Xo,...,Xq), Y = V1,Yo,....Yy), Z=(Z1,25,...,Z4), W =
(W1, Wa, ..., Wy) € BYH). Then

X 'Y _
We > max{we(X),we(W),we <Y+ Z) , We <Y Z)}
Z W 2 2

and

XY Y +Z Y -Z
€ < €X7 EW e e .
w - < max {we(X), we(W)} + w, < 5 >+w ( 3 >
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Proof. Tt follows from Lemma 6.4 that

XY
We
Z W
X 0 0Y
> max<{ We , We
0 W Z 0
0 Y ‘
= max { We(X), we(X), we z (using Lemma 6.2(a))
0
Y +Z Y -Z
> max{we(X),we(W),we< ;r >,we( 5 )} (using Theorem 6.10) .

Again, it follows from Lemma 6.2(a) and Theorem 6.10 that

X 'Y X 0 0Y
We = We +
Z W 0 W Z 0
X 0 0Y
< we + we (using Lemma 6.1)
0 W Z 0
Y +Z Y-Z
< max{we(X),we(W)}—i—we( ;— >+we< 5 )

Next inequality reads as follows:
Theorem 6.13. Let X = (X1, Xs,...,Xy), Y = (Y1,Ys,...,Yy) € BYH). Then

0 X[ ), |weX+Y) —w(X-Y)

v o 5 < we(X) 4+ we(Y).

We

Proof. From Theorem 6.10, we have

0 X _ we(X +Y) +w. (X —-Y)
Y 0 - 2

[we(X +Y) — we(X —Y)]

= max{w.(X+Y),w.(X-Y)} -

we(X) + we(Y) — lwe (X +Y) g we(X ~Y)|

2

IN
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Next theorem is as follows:

Theorem 6.14. Let X = (X1, X9,...,Xy), Y = (1, Ya,...,Yy), A = (A1, 49,...,4;), B=
(B1,Ba, ..., Bg) € BYXH). Then

X
we(A"XB + B"YA) < 2| A|||Bl|we

In particular, for X =Y

we(A*XB + B*XA) < 2||A||B|lwe(X).

Proof. Let x,y € H be non-zero and let z = m(m,y) Then z is an unit vector in
H @ H and so
1 d 1
2 2
0 X ‘1o X, o\’ (Zkz:l [(Xky, 2) + <Yk:v,y>|2)
We > Z }< 2 Z>| = 2 2
Y 0 2Ny g (=l + 1)
2 2 0 X d 2\ 2
Therefore, (||z]|? + [ly[|*) we v 0 > (Zk:l (Xry, x) + Yz, y)| ) for all z,y € H.
C e 9 9 0 X
This implies that (||z]|* + [ly||*) we v > |(Xpy,x) + (Yiz,y)| holds for each k =
0
1,2,...,d. Now, replacing = and y by A,z and Bz, respectively and then summing, we get
d d 0 X
> [(XkBia, Agz) + (Vidpa, Ber)| < Y | (1 Akz|® + || Bl|*) we
k=1 k=1 Y 0
[ 1\ d
0 X
= we > (1Akz))? + | Be|®)
_Y 0_ k=1
0 2 2 2
< we (AN + 1IBI) I
Y 0

So,

1
d 2 d
<§:|<Xk3kw,Akx>+<Y%Aer3kxﬂ2> < Y |(XiBrx, Agx) + (YiAg, By)|
k=1 o

(LA + IB) fl].

=

Y
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Taking supremum over ||z|| = 1, we have

0 X
we(AXB + BYA) < (A + B we | | ) (6.9)

. . . . 1
Therefore, the desired inequality follows from (6.9) by replacing A and B by tA and ; B

respectively, where t = %. -

Next, we obtain the following inequality which involves the Euclidean operator norm and

the classical operator norm.

Theorem 6.15. Let X = (Xl,XQ,...,Xd), Y = (Yl,}/é,...,yd), Z = (Zl,ZQ,...,Zd), W =
(Wl,WQ, . ,Wd) S Bd(j‘f). Then

XY i e
z w 1Z[ (W]
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Proof. Let u = (z,y) € H © H with |Jul| = 1, i.e., ||2]|*> + ||y||*> = 1. Then we have,

2
X, Y
Zy, Wy
Xy Y Xr Y
= < u, U>
Zy Wy Zy Wy

(1 Xz + Yay|® + | Zoz + Wiyl?)

1= 1= I1M= I

(1 Xk + 1Yayll? + | Zkz))® + |[Wey|? + 2Re( Xy, Yiy) + 2Re(Wiy, Ziz))

>
Il
—

(where Re{x,y) means real part of (x,y))

(1 Xk + 1Yayll? + 1| Zkz))® + [Weyll? + 2/(Xkz, Yiy)| + 2/(Wiy, Zyz)|)

IN
< M-

d d d
< Xkl + Y IYaol® + D 1 Zeel® + D 1 Wayl?
k=1 k=1 k=1 k=1
d d
+2 ) Xzl [Yiyll + 2> | Ze | Wiyl
k=1 k=1
< XN+ Y 1Pl + 0202 ) + WPy )2
d 2 d 2 d % d %
o (Smeatt) (Somint?) 2 (St (i)
k=1 k=1 k=1 k=1
(by Cauchy-Schwarz inequality)
< (XN +0Z02) Nl + (Y12 + W) Tyl + 20XY [z iyl -+ 20Z] W]yl
>S4/ R R >STa b 4 N . - c?
= { Z,T) (where T = (|lz]], [ly]) € C°)
1zl Wi {1zl Wl
* 2
XA I | el
1zl Wi {1zl [Twl 1zl Wi
Therefore,
J 2\ 1/2
XY X, Y X Y
— sup Z k k u < H ” ” H
Z W =t \;=2 ||| 26 Wi 1Z]| W]

O

Finally we provide an example presenting different bounds obtained from different inequali-
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ties studied here. Consider X = (X1,X3), Y = (Y1,Y3), Z = (Z1, Z3), W = (W1, W>) € B2(H),

10 0 0 01 0 0 0 0 0
WhereXlz >X2: 7}/1: ,Yé: 721: 722: ’
0 0 1 00 10 10 00
0 0 1 0
Wi = , Wy = . Then
0 1 00
. . XY
(i) Theorem 6.8 gives we <2
Z W
. : XY
(ii) Corollary 6.3 gives we <2.
Z W
- TR & O )
(iii) Theorem 6.9 gives 75 S we v o (for n =1).
iv) Th 6.10 gi L < 0 Y <2
(iv) Theorem 6.10 gives 75 S Wwe _— < /2.
, X Y
(v) Theorem 6.12 gives 1 < w, <142
Z W
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CHAPTER 7

ESTIMATIONS OF EUCLIDEAN
OPERATOR RADIUS

7.1 Introduction

In this chapter, we develop several Euclidean operator radius bounds for the product of two
d-tuple operators using positivity criteria of a 2 x 2 block matrix whose entries are d-tuple
operators. From these bounds, by using the polar decomposition of operators, we obtain Eu-
clidean operator radius bounds for d-tuple operators. Let B(XH) denote the C*-algebra of all
bounded linear operators on a complex Hilbert space H with inner product (-,-) and || - || be
the corresponding norm. Let 7 € B(H) and let |T| = (T*T)'/2, where T* is the adjoint of T.

The numerical radius of T is defined as

w(T) = sup [(Tx,z)|.
]| =1

It is well known that w(-) : B(H) — R defines a norm and satisfies the following relation

1
SIT) < w(T) < 7).

Content of this chapter is based on the following paper:
P. Bhunia, S. Jana and K. Paul, Estimations of Euclidean operator radius. arXiv:2308.09258
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The Euclidean operator radius of d-tuple operators is one such generalization. Let T =
(T1,Ts, ...,T,;) be a d-tuple operator in B*(H) = B(H) x B(H) x ... x B(H) (d times) and
let (Tz,y) = (Tyz,y), (Tox,y), ..., (Tyz,y)) € C? for all z,y € H. The Euclidean operator

radius and the Euclidean operator norm of T are defined respectively as

1
d 2
w(T) = sw <Z|<Tkx,x>|2> e 3 ol =1
k=1

and

1
d 2
IT| = sup (ZlTkxn?) ze X |af =1

k=1

A d-tuple operator T = (Ty, Ty, ...,Ty) € BY(H) is said to be positive if each T}, is pos-
itive for all k = 1,2,...,d. We write |T|' = (|T1|%, |Ta]%, ..., |T4|") for t > 0, and aT =
(a1, Ty, ..., aT,) for any scalar o € C . For S = (S1,S55,...,54) € BYH), we write TS =
(1151, 1552, ..., T4Sq), T+S = (T1 + S1,T2 + Sa,..., Ty + Sg). Let T;; = (Tll],TZ%, . ,Tg) €
]E%d(iH), 1 <4,j5 < n. Then the n x n operator matrix, whose entries are d-tuple operators Tjj,

is defined as

= 1 2 d d d
[l = (2] 2] [, € (290,

It is well known that the Euclidean operator radius defines a norm on B%() and satisfies

the following relation

1
—||T|| £ we(T) < || T 7.1
STl < we(T) < | r.)
which can be found in [78]. Note that the constants 2—\1/3 and 1 are best possible.

This chapter is organized as follows: In Section 2, by using positivity of a 2 x 2 block matrix,
whose entries are d-tuple operators, we obtain several upper bounds of the Euclidean operator
radius of the product of two d-tuple operators. From these estimations and by using the polar
decomposition, we develop several upper bounds for the Euclidean operator radius of d-tuple
operators. In Section 3, we develop an upper bound for the Euclidean operator radius of n x n
operator matrix whose entries are d-tuple operators. As an application of these bounds we

derive upper bounds for the Euclidean operator radius of d-tuple operators.
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7.2 FEuclidean operator radius of d-tuple op-

erators

We begin this section with the following lemmas. First lemma is known as McCarthy inequality.

Lemma 7.1. [71] Let T € B(H) be positive, and x € H with ||z|| = 1. Then
(Tx,z)? < (TPz,x),

for allp > 1.
Second lemma, is known as Buzano’s inequality, which is an extension of Schwarz’s inequality.
Lemma 7.2. [35] Let x,y,z € H be such that ||z|| = 1. Then

]yl + [z, v)|
5 :

(2, 2)(z,9)| <

Third lemma is on non-negative real numbers and is known as Bohr’s inequality.

Lemma 7.3. [84] Let a, > 0 for k=1,2,...,n. Then

n p n
(Z ) <n’ ) af
k=1 k=1
for allp > 1.

The next lemma involves 2 X 2 operator matrix, whose entries are d-tuple operators.

Lemma 7.4. Let T = (T1,Ts,...,Ty),S = (S1,59,...,54),X = (X1, Xo,...,Xq) € BYH),

T X*
where T and S are positive (i.e., T, and Sy are positive for each k =1,2,...,d). If S

s positive, then

d
|(Xz, y)||? < Z Trx, ) {(Sky,y), for all z,y € H.
k=1
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Proof. Take x,y € H. We have

Xz, ) = [(Xez, )]

<Tkxg x 0>
leSk 07y

Zd:<Tk x| |a x><Tk x| |o o>
=\ | X Sk| [0o] |0 Xi Se| |v] |y

by Cauchy-Schwarz inequality for positive operators)

2

M= IM-

=~
Il

AN

|
M= = T

(Tiw, 2)(Sky, y)-

e
Il
—

We are now in a position to prove our first theorem.

Theorem 7.1. Let T = (Ty, T, ..., Ty),S = (S1,59,...,54),X = (X1, Xo,...,Xy) € BYH),
where T and S are positive (i.e., Ty, and Sy are positive for each k =1,2,...,d). If )T( XS*
is positive, then

6w < 3|5 12+ 59|

(i) we(X) < \/SITIIS] + S (T8).

(i) we(X) < |4 | S (32 + 59) | + w.(TS).

Proof. Let € 3 with |z| = 1.
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(i) From Lemma 7.4, we have

(X, 2)[* =

M&

d
| (X, ) Z Tyx, x)(Skz, )
k=1

o~
Il
—

IN

IN
M= IM= I
N | —

N |

(Tyz, z)? + (S, m>2)

N |

(TEz,x) + (Siz,z)) (using Lemma 7.1)

(TR + SP)z, @)

N | f
a

—
#M&

(T,? + Si)x,m>

=1

IN
N |

This holds for all x € H with [|z| = 1 and so taking supremum we get the desired inequality.

(ii) Again from Lemma 7.4, we get

d d
Xz, z)||? = Z kam ZTkmm (Skx, x)
k=1 k=1
1
< 3 (| Txx||||Skz|| + |{(Tkx, Skx)|) (using Lemma 7.2)
1
1 1
1 d 2 d 2 1 d
< 5 <Z||Tkl'|2> <Z|Skx||2> + 5 2 I(Th, Sya)
k=1 k=1 k=1
(using Cauchy-Schwarz inequality)
1
d 2
1 Vd
< T — T 2 ing L :
< 2H ISl + 5 (;Hx, kSkm>|> (using Lemma 7.3)
Vd

1
< T —we(TS).
< SITIISI+ Fwe(TS)

Taking supremum over all z € 3, ||z| = 1, we get the desired result.
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(iii) From Lemma 7.4, we have

d d
Xz, z)|? = Z (Xyx, x) Z Tix, z)(Skx, )
k=1

IN

Tk (1S, |l + [(Thz, Skx)|) (using Lemma 7.2)

d

1
(I + 1Sk 1) + 3 > [Tie, Syz)|
k=1 i=1

IA
N
M=

d

d
= S () ¢ (S 0) + D (T i)
k=

=1

—_

d d
1 1
= @+ 5D a) + 5 3 (T, S|

w
Il
MR
x>
I
—

1 d \/g d %
< 1 <Z (T + S7) =, x> t5 (Z |<$,Tk5kl‘>|2> (using Lemma 7.53)
k=1 k=1
d
1 Vd
< 4 S (T +SH)| + 5 we(TS)
k=1
Taking supremum over all x € H, ||z|| = 1 we obtain the desired bound. O

As an application of Theorem 7.1, we obtain the following bounds for the Euclidean operator

radius of the product of two d-tuple operators.

Corollary 7.1. Let S = (S1,52,...,54),P = (P1, Py,..., Py) € BYXH), then
() welsP) < |4 [ (it + 1) |
(ii) w.(SP) < /1[SS*[[[P*P| + Yw.(S(PS)P).

(i) we(SP) < /LI i, 1714+ |Puft] + Ylu (S(PS)P).

SS*  SP

Proof. Observe that is positive. Using this positive operator matrix in Theorem
P*S* P*P

7.1, we obtain the desired inequalities. O

In the next results, we obtain an upper bound for the Euclidean operator radius of d-tuple

operators.

Corollary 7.2. Let T = (Ty,Ts,...,Ty) € BYK), then

d
S AT R |
k=1

we(T) <
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forallt, 0 <t <1. In particular,

we(T) <

N =

d
ST + 1 Tk]?)
k=1

Proof. Let Ty, = Ug|Ty| be the polar decomposition of Ty, for each k = 1,2, ...,d. Considering
Sy = Up|Ti|* =t and Py, = |T}|! in Corollary 7.1 (i), we get

we(T) <

N |

d
> (O TePO-0T7)2 + | Ag|4)
=1

Since Uy|Ti |20 0U; = |T;[2(="), we obtain the first inequality. And the second inequality

follows by considering ¢ = % O

Corollary 7.3. Let T = (T1,Ts,...,Ty) € BYH), then

we(T)

IN

1 %12(1— Vd 2t | | 2(1—1)
\/2|||T =0 T2 + (T T+ 20-0)

d

Z |TI:‘4(1—t)

k=1

d

> ITif

k=1

—

Vd 2t 2(1—t)
+ 5we (TP PY),

forallt, 0 <t <1. In particular,

A

w(T) < \/;HT*IIIITIH\fwe(lTllT*)

+ Ty,

d
> Tk

k=1

1
2

d
> TP
k=1

Proof. Let Ty, = Ug|Ty| be the polar decomposition of T}, for each k = 1,2,...,d. Considering
Sy = Ug|Ty|'~t and P, = |T}|* in Corollary 7.1 (ii) and using similar arguments as Corollary
7.2, we obtain the desired bounds. O

Corollary 7.4. Let T = (T, Ty, ..., Ty) € BYH), then

1 Vd 2t 2(1—t)
< %
we(T) +*2 we(|I| |'T™| )v

d
Z (|T1:|4(1—t) + |Tk|4t)
k=1
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for allt, 0 <t < 1. In particular,

w(T) < YT

1
4

d
> (TR + 1 Tef?)
k=1

Proof. Let Ty, = Uy|T| be the polar decomposition of Ty for each k = 1,2,...,d. Considering
S), = Up|Ti|* =t and Py, = |T}|* in Corollary 7.1 (iii) and using the similar argument as Corollary

7.2, we get the desired results. O
To obtain our next result we need the following lemma.

Lemma 7.5. [68] Let S,T € B(H) be such that |S|T = T*|S|. Let f and g be two non-negative
continuous functions on [0,00) such that f(N)g(A) = A, for all A € [0,00). Then

(ST, y)| < r(T)IIF1SD N g(1S™ Dy,

for all x,y € H.

The following result provides an upper bound for the Euclidean operator radius of the

product of two d-tuple operators.

Theorem 7.2. Let S = (S1,55,...,54), P = (P, Py,...,Py) € BYH) be such that |S|P =
P*[S| (i.e., |Sk|Py = P}|Sk| for all k = 1,2,...,d). If f,g : [0,00) — [0,00) are continuous
function with f(A)g(A) = A for all A > 0, then

we(ST) < s muse(r(Po)} we (F2(1) + ig*(S7)

IN

1
— rnkax {r(Pg)}

V2

d
ST (S +g4<|5;;>)H-
k=1
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Proof. Let x € H with ||z|| = 1. Then we get,

d
[(SPz,2)|> = > [(SkPya, )
k=1
d
< @ISkl lg(|SED2l|*  (using Lemma 7.5)
k=1
d
= PP (P(SkD T, 2) (g7 (1SE e, @)
k=1
d
1 *
< §ZT2(Pk) ((F2(SkDz, 2)? + (g (ISk Dz, 2)?)
k=1
1 2 2 e 2
= 527“ (B (ISkDz, ) + i{g”(|Sk])z, )]
k=1
1 d
< Lmaxr2(P0} Y () + g (1St D). o)
k=1
1 . *
< g max{r®(Py) b (F(IS]) + ig*(IS™)-
Therefore, taking supremum over all € J, ||z|| = 1, we obtain the first inequality. Next, we
see that
2(f2(|3|) +ig?(Is™)))
= ||Sl\|lplz 2(ISkN)a, 2)* + (g*(ISk])a, 2)?)
TI=t =1
< sup Z (IS, ) + <g4(|S,:|)x,J:>) (using Lemma 7.1)
l=ll=1} =1
d
= sup Y ((F1(ISKD) + g (1SE)) @)
lzll=13 2
d
= ||Sl\|lp1 <Z FHISKD + g (158) =, >
x 1
d
= (f4(|5k|)+94(|52|))| :
k=1
which gives the second inequality. O

The inequalities in Theorem 7.2 include several Euclidean operator radius inequalities for

d-tuple operators. Some of these are demonstrated in the following corollaries.

Corollary 7.5. Let T = (Ty, Ty, ..., Ty) € BYH) and let f,g : [0,00) — [0,00) be continuous
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functions, where f(\)g(

we(T)

forallt, 0 <t < 1.

A) =

IN

IN

A for all A\ > 0. Then

5 masc (T e (2T + i T )

1
Zymax{IT)

1 t
EIITH J

d
S AT + gH(TE )
k=1

d
YT + g (TR |
k=1

Proof. Let Ty, = Ug|T| be the polar decomposition of T for each k = 1,2,...,d. Considering

Sy = Uk|Tk|1_t and P, =

we(T)

IN

IN

|Tk|" in Theorem 7.2, we obtain

L max{r(|Tg]) Jwe (£ (IT'") +ig® (|T*'))

NG
\}5 mac{|| 74| b (£2 (IT') +ig? (IT"]'))
d
\}émsx{llmt} ,;f‘* (ITe[1=) + g* (IT711)
d
jﬁlTVJ §f4(\Tk\1—t>+g4(|T5|l—t) -

Since || Tx|| < ||T|| for all k£ = 1,2,...,d, the last inequality follows easily. This completes the

proof.

Remark 7.3. Suppose T
(i) Considering f(\) = A* and g(A) = A7, 0 < a < 1, in Corollary 7.5, we get

we(T) <

IA

IN

for all a,t, 0 < a,t < 1.

O

= (T, Ty, . .., Ta) € BY(H).

\2 mkaX{”TkHt}we (|T|2a(17t) + 7;|T*|2(17a)(17t))
1 d

max{||T||* T[4 =t) 4 | T [4(1—a)(1-1)
Nokk' {707} ;?:1(' | 73| )

d
Z ‘Tk‘4a(17t)+|T];k|4(1fa)(17t)) ’
k=

”T"tJ
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.. . 1
(ii) In particular, fort = 3,

we(T) < ngx{HTkHl/Q} o (T i (=)

V2
1 d
< —z max{|T;|*} | Ty |22 + [T [20-2)
Syt [ e
1 d
< T [Ty [2 + T 20-2)
ST |3 (e z0-0)
foralla, 0 <a < 1.
(i5i) In particular, for a = %,
we(T) < S ma {212 w1+ T )
(& = \/5 k
1 d
< —max{ T 1/2} (|1T%| +1T3%1)
S B [Tk || kZ::| k| + |
d
< T (1Tl +1721)
< \/5” | z;| k| =+ |

Next, we obtain an upper bound for the Euclidean operator radius of product of two d-tuple

operators.

Theorem 7.4. Let S = (S1,52,...,54), P = (P, P,,...,Py) € BYKH). Then

we(SP) < —zwe(|P[* +i[S*[*).

1
V2
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Proof. Let x € H with ||z|| = 1. Then we have

[(SPz,z)[|* =

IN

M= 1=

IA

<

N | = TT
—_

N =

E B
M= M= T~

— =

N = N
S

d
[(Sk P, x) Z (Ppx, Six)|?
=1

1P| Sg | =

w
ol

—_

({| Pz, z)?

d

k=1

(1 Pel” +alSEI?) 2, 2) 2

([P +i[S™]%).

([ Pel?, ) +i{| Sk [P, )

Therefore, taking supremum over ||z|| = 1, we get desired result.

Corollary 7.6. Let T =

Using Theorem 7.4, we obtain the following bounds.

we(T)

for allt, 0 <t < 1. In particular,

Proof. Let Ty, = Ug|T| be the polar decomposition of T}, for each k = 1,2, ...

Sy = Up|Ti|'~" and Py, = |T}|! in Theorem 7.4, we get the desired bounds.

we(T)

(T17T23"'7Td

) € BYK), then
< iwe(|T|2t+i|T*|2(1_t))
NG
1 d
< T 4(1—t)+ T 4t
< % %0 il ITy[*)
< w1 +ilT)
——w, i
V2
J 1/2
< 7 ; (IT¢ [ + T3 )
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7.3 Euclidean operator radius of operator

matrices

In this section, first we develop an upper bound for the Euclidean operator radius of n x n

operator matrix whose entries are d-tuple operators.

Theorem 7.5. Let T = |T;; be an n x n operator matriz, where Ty € BY(H), 1 < 4,5 < n.
1] )

nxn

If f,9:]0,00) — [0,00) are continuous functions, satisfy f(N)g(A\) = A, for all X € [0,00), then

we (T) < w ([aij}m) 7

we(Tyj) when i=j

where a;; = W (£20m3) + 9T ) we (£2(Tyl) + 2(THD)  when i < j

0 whent > j.

Proof. Let Ty = (Tllj,Tl%,,Tf]l) € BYH), 1 <4,j <n,and u = (21,22,...,2,) € B H
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with [[ul] = 1, ie., |lz1]2 + [22])? + ... + [lzal? = 1. Now,

n
(Tu, w)|| = || > (Tyjaj, )
ij=1
n n
< DD (Mg, )| + || D (Tyjag, )
i=1 ij—=1
i#j
n n
< N Tss, x|+ Y Ty, i) + (This, ) |
i—1 ij=1
i<j
n n d 9 2
< ST+ 3 (3 [(rhem) + (180} )
i=1 ig=1 \k=1
i<j
1
n n d 9 2
< > INTw @)l + Y (Z(\(Ti’;xj,@ + |[(Thwi,a))) )
i=1 ig=1 \k=1
i<j
<

S (T3 i
i=1
v 3 (3 (loomson] oo

ij=1 \k=
i<j

meju)2>z (72)

where the last inequality follows by using Lemma 7.5. Now, by Cauchy-Schwarz inequality we

get

o ot )
((£20TED + 1T ) gy ) ((FPATED + 2T D) >>

-~

(lramses | s v

IN
-~

10 0 -

) NG [ d ) o\ d
< ( ((r20e)) + (T >)xj,xj>\> (Z)<(f2<m%|>+g2<m’;— >)wi,xi>>
k=1 k=1
(using Cauchy-Schwarz mequalzty)
< w? (F(Tyl) + ¢ (IT50) w? (F2UT5l) + g*(IT5D) [l [l
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Hence, from (7.2), we obtain that

n
Tu )| < D we(Ta)aal?
i=1

n

1 1
+ > we (FP(Ty) + g*(IT5HD) wg (F2(T5D) + g (IT5)) Nl
z,i]<:jl

= (Tlul;ul),
1]
22| o : : L

where |u| = | | € C" is an unit vector and T' = [aij] is an n x n complex matrix with
nxn

[l

we(Ty;) when i=j

ay = (P(Tl) + (T wé (F20Ty)) + 2 (TH))  when i < j

0 wheni > j.
Therefore,
{Tu, w)l < (Tlul, [u]) < w(T),
holds for all u € &}, H with |lu|| = 1. This completes the proof. O

By Considering f(\) = A* and g(A) = A=), 0 < a < 1 in Theorem 7.5, we obtain the

following corollary.

Corollary 7.7. Let T = |Ty; be an nxn operator matriz, where Ty; € BYH), 1 <1i,j < n.
ij 3

nxn
Then
we (T) < w <[bij:|n><n> ;

we(Ty5) when i=j
1 1
where bij = § w2 (T[> + | T[20-9) ) w? (| Tyl + |TH20-)  wheni < j

0 wheni>j,
for all a, 0 < a < 1. In particular,

we (T) < w <[bgﬂ}nxn> ’
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we(Ty;) when i=j

where bl; = \/we(Tji|+|T;‘j|)we(Tij|+|T3‘i|) when i < j

0 when i > j.

Since w,(T) < || T for every T € B4(H) (see (7.1)) and w ([aij]nxn) < w ([bij]nxn) , When
0 < ay; < by; for all ¢, j, the following corollaries are immediate from Theorem 7.5 and Corollary
7.7, respectively.

Corollary 7.8. Let T = {Tij] be an n xn operator matriz, where Ty € BY(H), 1 <4,5 < n.

nxn

If f,9:]0,00) = [0,00) are continuous functions, satisfy f(N)g(A\) = A, for all X € [0,00), then

we (T) < w ([cij}nx) 7

we(Tyj) when i=j

1 1
2 2

where cij = 4 | 2(T5)) + g2 T))

Ty + > (T30

when i < j

0 when i > j.

Corollary 7.9. Let T = [Tij] be an n xn operator matriz, where T; € BYH), 1 <i,j <n.

Then o
we (T) <w <{dij}n><n> ;

we(Tyj) when i=j
1 1
2 2

where d;; = H|Tji|2a + |T§j|2(1—a)

T2 + [T 20

when i < j

0 wheni>j,
for all a, 0 < a < 1. In particular,

wem<w([g] ).

we(Ty) when i=j

1
2

1
!/ * x ?
where dj; H|Tji| + T ([Tl + T

when i < j

0 when i > j.

Now, it is well known that if B = [bjj]xn is an n x n complex matrix with b;; > 0 for all

o) =[] )
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see in [52, p. 44]. By employing this argument, the bounds in Corollary 7.7 and 7.9 can be

written as in the following remarks, respectively.

Remark 7.6. Let T = [Tij} be an n X n operator matriz, where Tj; € IB%d(U-C), 1<4,7<n.

Then o
wmso(fe] ).

" we(Tyj) when i=j
wnere eij = 1 1
bw? (ITyif2 + TGP0 wé (T2 + TP when i # j.

for all a, 0 < a < 1. In particular,

we (T) <w <[e;j]n><n> '

we(Tyj) when i=j

1o
where €;; =

1 1
Lwd (1Tl + T ) we (1Tl + |TH)  when i # j.

Remark 7.7. Let T = [Tij} be an n x n operator matriz, where Ty; € BY(H), 1 <4,j < n.

Then -
We (T) <w <[fij}n><n> s

we(Ty;) when i=j
where f;; = oy

[Tyl + T30

1
2

|2+ 20

% when i # 7.

for all a, 0 < a < 1. In particular,

we(Tyj) when i=j

where Z»’j = 1 1
1 2 2 . .
5 when i # j.

’\Tji| + |T5]

Ty + [T

Considering n = 2 in Remark 7.6 and Remark 7.7, we develop the following bounds for the

Euclidean operator radius of 2 x 2 operator matrices whose entries are d-tuple operators.

Corollary 7.10. Let P, Q, R, S € BY(H). Then

we | | 3] = 5 (P wels) 4 @) () 4 ).
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where = /w, (|Q + [R*])) w, (IR] + Q"))

Corollary 7.11. Let P, Q, R, S € B4(H). Then

We ; 2 < % <we(P) + we(S) + \/(we(P) —we(S))? —|—'72> :
where v = [|Q] + [R*[||2 [[|R] + Q]2

In [59], we proved that w. (T") < v/d w? (T) for every T € B(H) and for every positive
integer n. Using this power inequality, we develop an upper bound for the joint numerical radius

of the product of two d-tuple operators.

Theorem 7.8. If P, Q € BY(H), then

we(PQ) < \fwe (P +1Q) we ((I1Q] + [P*])).-

Proof. Following [59, Lemma 3.1], we have

_PQ 0
we(PQ) < max{we(PQ),w.(QP)} = we
0 QP
- 2
0 P
= We
Q 0
< \/gwg 0 P
Q 0

Using Corollary 7.10, we have

we(PQ) < ——we(([P] + Q7)) we((1Q[ + [P7])).

vd
4
O

Finally, using the above theorem we develop an upper bound for the Euclidean operator

radius of d-tuple operators.

Corollary 7.12. If T € B4(H), then

Vd

we(T) < = Fwe ([T + [T[7) we (T + [T),
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forallt, 0 <t <1.

Proof. Suppose T = (T1,Ts,...,Ty), P = (P1, P, ..., Py), Q= (Q1,Q2,...,Qq) € BYH). Let
Ty, = Ui|Tx| be the polar decomposition of T}, for all k = 1,2, ..., d. Considering P, = Uy|Py|' ™
and Qy = |Tx|! in Theorem 7.8, we get the desired result. O
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