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Preface

The aim of this doctoral thesis is to study Ricci solitons and CPE con-
jecture within the framework of various differentiable manifolds. The thesis
consists of five chapters. An introduction of the Differential Geometry, Ricci
soliton and critical point equation (shortly CPE) conjecture are presented in

Chapter 1.

In the second chapter, we consider 3-dimensional trans-Sasakian man-
ifold of type (o, 5) to admit a Ricci soliton and characterize the covariant
derivative of potential vector field along the Reeb vector field as well as the
nature of the soliton. Later, we initiate the study of *-n-Ricci soliton and gra-
dient almost *-n-Ricci soliton within the framework of Kenmotsu manifold and
obtain some characteristics of the manifold and the potential vector field. Fi-
nally we deliberate *-n-Ricci soliton admitting (k, u)’-almost Kenmotsu man-
ifold and proved that the manifold is Ricci flat and is locally isometric to

HH(—4) x R".

In the third chapter, we establish some results regarding conformal 7-
Ricci soliton and conformal Ricci soliton on (LCS),, manifold satisfying some
curvature conditions such as £-conharmonically semi-symmetric, £-concircularly
semi-symmetric and £-quasi-conformally semi-symmetric and obtain some re-
sults regarding the nature of the manifold as well as the nature of the struc-

tural vector field £. Later, we initiate the study of conformal n-Ricci soliton
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and almost conformal n-Ricci soliton within the framework of para-Sasakian
manifold and we are able to find some attributes of the manifold, the scalar
curvature of the manifold and the potential vector field of the soliton. Fur-
ther, we evolve the characterizations of the Kenmotsu manifold and the nature
of the potential vector field when the manifold satisfies *-conformal n-Ricci
soliton and gradient almost x-conformal n-Ricci soliton. Eventually, we have
contrived *-conformal n-Ricci soliton admitting (&, )’-almost Kenmotsu man-
ifold and proved that the manifold is Ricci flat and is locally isometric to

H+(—4) x R™.

In fourth chapter, we demonstrate the nature of the soliton if Kenmotsu
manifold admits almost conformal Ricci soliton. We also able to observe some
properties of the scalar curvature of the manifold and the soliton function,
and potential vector field of the soliton. Then we prove that if an n-Einstein
para-Kenmotsu manifold admits conformal Ricci soliton and *-conformal Ricci
soliton, then it is Einstein. Further, we acquire that 3-dimensional para-
cosymplectic manifold is Ricci flat if the manifold satisfies conformal Ricci
soliton where the soliton vector field is conformal. Next, we evolve the nature
of scalar curvature when the 3-dimensional trans-Sasakian manifold of type

(o, B), provided ar # 0 satisfies *-conformal Ricci soliton.

In the fifth chapter, we study the critical point equation (shortly CPE)
conjecture and *-critical point equation (shortly *-CPE) conjecture within the
framework of various contact metric manifolds. First, it is proved that if a
compact Sasakian manifold admits CPE, then either the manifold is Einstein
or the potential function is harmonic in an open subset. Later, It is shown
that if the manifold satisfies *-CPE then the manifold is 7-Einstein. Later,
we establish that Kenmotsu manifold satisfying the CPE either becomes an
Einstein manifold or the derivative of potential function along characteristic
vector field satisfy a certain relation on the distribution of 7. Next, we study
CPE on (k, pr)'-almost Kenmotsu manifold and obtained that the manifold is
Einstein. In case of 3-dimensional trans-Sasakian manifold, we get that either

the manifold becomes a-Sasakian or it becomes Einstein.
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Introduction

1.1 Introduction to differentiable manifolds

The concept of a manifold is central to many parts of geometry and modern mathematical
physics because it allows more complicated structures to be described and understood in
terms of the relatively well-understood properties of Euclidean spaces. A manifold is

defined as below,

Definition 1.1.1 (Manifold). [62] A topological space M is said to be a n-dimensional
manifold if it is Hausdorff, second countable and each point of M has a neighbourhood

that is homeomorphic to an open subset of R™ i.e., locally Fuclidean of dimension n.

1-dimensional manifolds include lines and circles. 2-dimensional manifolds are also
called surfaces. The unit n-sphere, n-dimensional real projective space are some examples
of n-dimensional manifolds.

A chart on a n-dimensional manifold M is a pair (U, ¢), where the domain U is an
open subset of M and ¢ is a homeomorphism from U to an open subset of R”. An atlas
is a collection of charts whose domains cover M. Moreover, an atlas A is called smooth
atlas if any two charts in A are smoothly compatible to each other. A maximal smooth
atlas defines a differentiable structure or smooth structure on a manifold.

In mathematics, a differentiable manifold is a type of manifold that is locally similar
enough to a linear space to allow one to do calculus. One may apply ideas from calculus
while working within the individual charts, since image of each chart lies within a linear
space to which the usual rules of calculus apply. If the charts are smoothly compatible,

then computations done in one chart are valid in any other differentiable chart.



Let M be a smooth manifold with or without boundary. A Riemannian metric,
usually denoted by g, is a smooth, symmetric, covariant 2-tensor field on M that is positive
definite at each point. The pair (M, g) is called a Riemannian manifold. A Riemannian
metric is not the same thing as a metric in the sense of metric spaces, although the two
concepts are related.

If g is a Riemannian metric on M, then for each point p € M, the tensor g, is an
inner product on the tangent space of M at the point p, denoted by T,,M. We often define
the real number ¢,(X,Y) by (X,Y), for X, Y € T,M. In any smooth local coordinates

(x%), the Riemannian metric g can be expressed as
g = gijda'da?,

where (g;;) is a symmetric, positive definite matrix of smooth functions. It is well known
that every smooth manifold with or without boundary admits a Riemannian metric. There
may have enormous number of Riemannian metrics which can be defined in a manifold.
For any point p € M, we can define length or norm of a tangent vector and angle between
two nonzero tangent vectors on 7,M using the Riemannian metric g.

In differential geometry, a pseudo-Riemannian manifold or a semi-Riemannian man-
ifold, is a differentiable manifold M with a covariant 2-metric tensor g that is smooth,
symmetric and everywhere nondegenerate. This is a generalization of a Riemannian man-
ifold in which the requirement of positive-definiteness is relaxed. A well known result
from linear algebra permits us to make a change of basis such that in the new base, g is
represented by a diagonal matrix with —1 or 1 elements in the diagonal. If there are ¢, —1
elements and 7, 1 elements in the diagonal, the tensor is said to have signature (4, 7). The
signature will be invariant in every connected component of M, but usually the restriction
that it be a global invariant is added to the definition of a pseudo-Riemannian manifold.
Unlike a Riemannian metric, some manifolds do not admit a pseudo-Riemannian metric.

Pseudo-Riemannian manifolds are crucial in Physics and in particular in General
Theory of Relativity where space-time is modeled as a 4-pseudo Riemannian manifold
with signature (1,3). Intuitively pseudo-Riemannian manifolds are generalizations of
Minkowski’s space just as a Riemannian manifold is a generalization of a vector space
with a positive definite metric. The fundamental theorem of Riemannian geometry is
true for pseudo-Riemannian manifolds as well. This allows one to speak of the Levi-

Civita connection on a pseudo-Riemannian manifold along with the associated curvature



tensor.

Definition 1.1.2 (Einstein manifold). [108] An Einstein manifold which is named after
Albert FEinstein, is a Riemannian or pseudo-Riemannian manifold whose Ricci tensor
is proportional to the metric. In other language, a Riemannian or pseudo-Riemannian
manifold M is called an Finstein manifold if there exists some constant k such that S =
kg, where the Ricci tensor of the manifold is denoted by S. Furthermore, if k = 0 then
the manifold is called Ricci flat manifold.

Definition 1.1.3 (Killing vector field). [108] A wvector field X on a Riemannian or
pseudo-Riemannian manifold is said to be Killing vector field if the Lie derivative with
respect to X of the metric g vanishes, i.e., Lxg = 0. Killing vector field is named after

the German mathematician Wilhelm Karl Joseph Killing.

Definition 1.1.4 (Koszul’s formula). [29] If (M, g) is a Riemannian manifold (or pseudo-
Riemannian manifold) with a Levi-Civita connection ¥V, then for arbitrary vector fields

X, Y and Z on M the Koszul’s formula is defined by,

QQ(VXY7 Z) = Xg(Y7 Z>+Y9(Z’X)_ZQ(X7Y>_9(X7 [Y7 Z])_g(Y7 [X> Z])+g(zv [X7 Y])
(1.1.1)

We want to revisit some well known formulas from Yano[107] which are used exten-
sively through out the entire thesis. On a Riemannian manifold (or semi-Riemannian

manifold) (M, g) the following properties hold,

(LyV)(X,Y) = LyVxY = VxLyY — VyxY, (1.1.2)
(LvV29—=VzLyvg = Vyz9)(X,Y) = —g((LyV)(X, 2),Y) = g(LvV)(Y, Z), X),
(1.1.3)
R(X,Y)Z =VxVyZ —VyVxZ - VixyZ, (1.1.4)
(LyR)(X,Y)Z = (VxLyV)(Y, Z) — (VyLyV)(X, Z), (1.1.5)

where XY, Z € x(M) and R is the Riemannian curvature tensor.

Now we revisit some of the important contact and para-contact manifolds which form

the basis of this thesis. These manifolds have been used broadly throughout the thesis.
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1.1.1 Contact manifold

A differentiable manifold M of dimension (2n + 1) is said to have an almost contact
structure or (¢,&,n) structure if M admits a (1,1) tensor field ¢, a vector field &, an
1-form n satisfying,

¢* = —I+n®¢,
nE = 1,

where [ is the identity mapping. Generally, ¢ and n are called characteristic vector field
or Reeb vector field and almost contact 1-form respectively (for more details we refer to
[17], [85]).

A Riemannian metric g is said to be compatible metric if it satisfies

9(¢X,0Y) = g(X,Y) = n(X)n(Y), (1.1.8)

for arbitrary vector fields X and Y on M. A manifold having almost contact structure
along with compatible Riemannian metric is called almost contact metric manifold.

An almost contact metric manifold (M, ¢, &, 7, g) has the following properties,

P& = 0, (1.1.9)

no¢ = 0, (1.1.10)
9(X,§) n(X), (1.1.11)
g(pX,Y) —g(X, 0Y), (1.1.12)

for arbitrary X,Y € x(M).

A (2n + 1)-dimensional manifold M is said to have a contact structure and it is
called a contact manifold [86] if it carries a global 1-form 7 such that the volume form
n A (dn)™ is non-zero everywhere on M. This 1-form 7 is called a contact form on M. For
a contact form 7 there exists a global vector field ¢ satisfying dn(¢, X) = 0 and n(§) = 1.
This vector field £ is called associated vector field to 1. Every contact manifold M with
contact form n admits an almost contact structure (¢, &, 7, g) such that

9(X,9Y) = dn(X,Y), (1.1.13)
hold for arbitrary vector fields X and Y on M.
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The fundamental 2-form @ is defined on an almost contact metric structure (¢, &, 7, g)
by ®(X,Y) = g(X, ¢Y). An almost contact structure constructed from a contact form 7
is called contact metric structure associated to n and a manifold with such a structure is
called a contact metric manifold. An almost contact metric structure with ® = dn is a
contact metric structure (for details see [47]).

An almost complex structure J is defined on M xR where M is a (2n+1)-dimensional

almost contact metric structure and R is the real line, by

TX P9y = (60X — fen(x) ),
where f is a smooth function on M xR. It is easy to verify that J? = —I. If J is integrable,
we say that the almost contact structure is normal. The normality of an almost contact
structure is equivalent with the vanishing of the tensor N, = [¢, ¢| + 2dn ® £, where [¢, @]

is the Nijenhuis tensor of ¢ (for more details we refer to [17]).

Sasakian manifold

Sasakian manifold is named after the great Japanese geometer Shigeo Sasaki and is defined

as below.

Definition 1.1.5 (Sasakian manifold). If the contact structure of a differentiable manifold

is normal, then the manifold is called Sasakian manifold or normal contact manifold.

It is equivalent to say that, an almost contact metric manifold M?" (¢, &, n, g) is a

Sasakian manifold if and only if
(Vx@)Y = g(X,Y){ —n(Y)X, (1.1.14)

holds for any vector fields X and Y of x(M).

A contact manifold is called a K-contact manifold if the characteristic vector field &
is Killing vector field. A Sasakian manifold is a K-contact manifold. The converse is also
true but only for 3-dimensional manifold.

On a (2n + 1)-dimensional Sasakian manifold the following relations hold ([10], [81],
40))

Vil = —6X, (1.1.15)
(Vxn)Y = g(X,¢Y), (1.1.16)
R(X,Y)E = nY)X —n(X)Y, (1.1.17)



R(X, Y = n(Y)X —g(X,Y)E, ( )
Qe = oQ, (1.1.19)
S(X.8) = 2m(X) & QF = 2ng, ( )
S(@X,0Y) = S(X,Y) = 2nn(X)n(Y), ( )

for all X|Y € x(M), where V,R,Q, S are Levi-Civita connection with respect to the

metric g, Riemannian curvature tensor, Ricci operator and Ricci tensor respectively.

Kenmotsu manifold

In 1969, S. Tanno[96] classified the connected almost contact metric manifolds whose

automorphism groups have maximal dimensions as follows,

(i) Homogeneous normal contact Riemannian manifolds with constant ¢-holomorphic

sectional curvature if k(&, X) > 0;

(ii) Global Riemannian product of a line or a circle and a Kéhlerian manifold with

constant holomorphic sectional curvature if k£(¢, X) = 0;

(iii) A warped product space R x; N, where R is the real line and N is a Kéhlerian
manifold, if k(&, X) < 0;

where k(£, X)) denotes the sectional curvature of the plane section containing the charac-
teristic vector field ¢ and an arbitrary vector field X.

In 1972, K. Kenmotsu in [58] obtained some tensor equations to characterize the
manifolds of the third class using the wraping function f(¢) = ce' on the interval J =
(—€,€). Since then the manifolds of the third class were called Kenmotsu manifolds.
Conversely, every point on a Kenmotsu manifold has a neighbourhood which is locally a

warped product J x; N, where f is given by the above mentioned relation.

Definition 1.1.6 (Almost Kenmotsu manifold). An almost Kenmotsu manifold is an

almost contact metric manifold where i is closed, i.e., dn =0 and d® = 2n N .

Definition 1.1.7 (Kenmotsu manifold). A normal almost Kenmotsu manifold is called

Kenmotsu manifold.



By [17], if in an almost contact metric manifold M the 1-form 7 and the (1,1)-tensor
field ¢ satisfy the following condition for arbitrary X,Y € x(M)

(Vx@)Y = g(oX, V)¢ —n(Y)oX, (1.1.22)

then the manifold M is called a Kenmotsu manifold. It is easy to verify that the above
mentioned relation is equivalent with the normality condition of the manifold.

In Kenmotsu manifold of dimension (2n + 1) the following relations hold,

Vxé = X —n(X), (1.1.23)
(Vxn)Y = g(X,Y) = n(X)n(Y), (1.1.24)
R(X,Y)¢ = n(X)Y —n(Y)X, (1.1.25)
S(X,8) = —2nn(X) < Q¢ = —2nk, (1.1.26)
Leg(X,Y) = 29(X.Y) —2n(X)n(Y), (1.1.27)

for arbitrary X,Y € x(M), R is Riemannian curvature tensor, S is the Ricci tensor and

L is the lie derivative operator.

(k, )" almost Kenmotsu manifold

On an almost contact manifold we consider two (1, 1)-type tensor fields h = %quﬁ and
h' = h o ¢ and an operator ¢ = R(.,£){, where L¢¢ is the Lie derivative of ¢ along the
direction €.

Some renowned mathematicians defined many nullity distributions on contact man-
ifolds. In 1995, Blair et al. in [18] have defined (x, p)-nullity distribution on a contact

metric manifold M?** (¢, &n, g), for two real numbers x and p, by

N(k,p) :p— Ny(k,p) ={Z € T,M|R(X,Y)Z =r(g(Y, Z)X — g(X, Z)Y)+
u(g(Y, Z)hX — g(X, Z)hY)},

for arbitrary vector fields X and Y on M. So, if the characteristic vector field £ belongs
to the (k, u)-nullity distribution, then

R(X,Y)E = w(n(Y)X —n(X)Y) + u(n(Y)hX — n(X)hY).

This nullity distribution is a generalization of x-nullity distribution. If we consider u =

0, then (k,pu)-nullity distribution reduces to x-nullity distribution. A contact metric
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manifold whose characteristic vector field ¢ belongs to s-nullity distribution, i.e., the
relation R(X,Y)¢ = k(n(Y)X —n(X)Y) holds, is called a N(k)-contact metric manifold.
A N(k)-contact metric manifold is Sasakian if and only if kK = 1.

In 2009, Dileo and Pastore [35] first considered some nullity distributions like (x, p)-
nullity distribution, (, x)-nullity distribution on almost Kenmotsu manifold.

The tensor fields h and h’' play vital roles in almost Kenmotsu manifold. Both of

them are symmetric and satisfy the following relations,

Vyé =X —n(X)¢+ WX, (1.1.28)
he = h'¢ =0, (1.1.29)
hé = —oh, (1.1.30)

tr(h) =tr(h") =0,

for any X,Y € x(M), where V is the Levi-Civita connection of the manifold M. In

addition the following curvature property is also satisfied,
R(X,Y)E=n(X)(Y +hY) —n(Y)(X + W X)+ (V)Y — (Vyh)X, (1.1.31)
where R is the Riemannian curvature tensor of (M, g).

Definition 1.1.8 ((k,u)-almost Kenmotsu manifold). An almost Kenmotsu manifold

whose the characteristic vector field & satisfies the (k, p) -nullity distribution,
R(X,Y)E = k(n(Y)X = n(X)Y) + p(n(Y)W'X — n(X)KY), (1.1.32)

forany X, Y € x(M), where k and p are real constants, is called (k, )" -almost Kenmotsu

manifold.
On a (k, p)"-almost Kenmotsu manifold M we have (see [35]),
MAX) = —(n+ DX - n(X)E], (1.1.33)

X)) = —(k+1)[X —n(X)E], (1.1.34)

for X € x(M). From previous relation it follows that A’ = 0 if and only if Kk = —1 and
R # 0 otherwise. Let X € Ker(n) be an eigenvector field of 2’ orthogonal to £ with
respect to the eigenvalue a. Then, from (1.1.33) we get a? = —(k + 1) which implies

k < —1. Dileo and Pastore proved that on a (k,u)’-almost Kenmotsu manifold with

8



k < —1, we have p = —2 (Proposition 4.1 of [35]). We use (x, —2)-almost Kenmotsu
manifold throughout.
We recall some useful results on a (2n + 1) dimensional (k, —2)'-almost Kenmotsu

manifold M with x < —1 as follows,

R(EX)Y = r(g(X,Y)§—n(YV)X) = 2(g(WX,Y){ —n(Y)I'X),  (1.1.35)
QX = —2nX +2n(k + 1)n(X)E — 20k (X), (1.1.36)

r o= 2n(k—2n), (1.1.37)
(Vxn)Y = g(X,Y) = n(X)n(Y)+g(h'X,Y), (1.1.38)
(Vxh)Y = —g(WX +h?X,Y)E—n(Y)(W'X + h?X), (1.1.39)

where XY € x(M), Q,r are the Ricci operator and scalar curvature of M respectively.

Trans-Sasakian manifold

An almost contact metric manifold M is called a trans-Sasakian manifold if (M xR, J, G),

where G is the product metric on M x R, belongs to the class W, (see [46]).

Definition 1.1.9 (Trans-Sasakian manifold). An almost contact manifold M ($,&,n,g) is

called trans-Sasakian manifold of type (a, B) if there are smooth functions o, B satisfying,
(Vx0)Y = alg(X,Y)E = n(Y)X] + Blg(éX, V)¢ = n(¥)oX), (1.1.40)
where X, Y € x(M) are arbitrary.

a, 3 are called structure functions of the manifold. Trans-Sasakian manifolds of
type (0,0), («,0), (0, ) are called cosymplectic, a-Sasakian, S-Kenmotsu manifolds re-
spectively. Form (1.1.40) we can deduce that,

Vx€ = —a(9X) + B(X = n(X)S). (1.1.41)

Marrero [65] showed that a trans-Sasakian manifold of dimension > 5 is either cosymplec-

tic or a-Sasakian or S-Kenmotsu. So proper trans-Sasakian manifold exists for dimension
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3. In a 3-dimensional trans-Sasakian manifold the following relations hold,

R(X,Y)Z =(5 + 268 = 2(a> = ) (9(Y. )X = g(X. 2)Y) — (Y. Z)[(5 + &
3(a% = B2)(X)E — n(X)(@Da — D) + (X5 + (6X)a)e] + (X, Z)
(5 +88—3(a” = B))m(Y)¢ = n(Y)(@Da — D) + (Y5 + (#Y )a)¢)
—[(ZB+ (6Z)a)n(Y) + (YB+ (¢Y)a)n(Z) + (5 + 8 = 3(a” = %)

n(Y)n(2)X +[(Z8 + (6Z)a)n(X) + (XB + (6 X)e)n(Z) + (g +&8

= 3(a” = B)(X)n(2)]Y. (1.1.42)
S(XLY) =(5+8 = (a? = B)g(X.Y) = (5 + €8 = 3(a® = F)n(X)m(Y))-
(VB + (8Y)an(X) = (XB + (6X)a)n(Y), (1.1.43)

where D f denotes the gradient of the smooth function f and «, 8 are smooth functions
on the manifold (for details see [72]).
If we restrict the smooth functions a, § to be constant functions ([37]), then we got

some special relations compatible to our restrictions,

R(X,Y)E = (® = B)(n(Y)X —n(X)Y), (1.1.44)
S(HY) = (5 = (@? = B))g(X.Y) = (5 = 3(a® = B)n(X)m(Y)). (1.1.45)

1.1.2 Para-contact manifold

The notion of almost para-contact manifold was first introduced by Sato [87]. Later
Kaneyuki and Williams [57] associated pseudo-Riemannian metric with an almost para-
contact manifold after Takahashi [95] intoduced pseudo-Riemannian metric in contact
manifold, in particular, in Sasakian manifold.

A (2n + 1)-dimensional smooth manifold M is said to have an almost para-contact
structure if it admits a vector field &, (1,1)-tensor field ¢ and an 1-form 7 satisfying the

following conditions
)@ =I-net (1.1.46)
it) n(&) =1, (1.1.47)
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i1i) ¢ induces on the 2n-dimensional distribution D = ker(n), an almost paracomplex
structure P i.e., P? = I, and the eigensubbundles D and D, corresponding to the
eigenvalues 1, —1 of P respectively, have equal dimensions n; hence D = Dt @ D~.

The vector field £ is called characteristic vector field or Reeb vector field. An imme-

diate consequence of those relations are

o€ = 0, (1.1.48)
no¢p = 0. (1.1.49)

The tensor field ¢ induces an almost paracomplex structure on each fibre of Ker(n) i.e.,

the eigendistributions corresponding to eigenvalues 1 and —1 have same dimension n.
Zamkovoy in [109] proved that any almost para-contact structure admits a pseudo-

Riemannian metric. If a manifold with an almost para-contact structure (M, ,&,n)

admits a pseudo-Riemannian metric g of signature (n + 1,n) such that
96X, 9Y) = —g(X,Y) + n(X)n(Y), (1.1.50)

holds for any X, Y € x(M), then g is called compatible metric and the manifold (M, ¢, £, 7, g)
is called almost para-contact metric manifold.

The fundamental 2-form @ is defined on an almost para-contact metric manifold
(M, 9,&,m,9) by ®(X,Y) = g(X,9Y) for any vector fields X and Y on M. Clearly
the skew-symmetricness of the 2-form & inherits from ¢. An almost para-contact metric

manifold for which

O(X,Y) = dp(X,Y) = g(X, oY), (1.1.51)

is said to be para-contact metric manifold. In this case, n becomes a contact form i.e.,
n A (dn)™ # 0. On a para-contact metric manifold M?"™1(¢, &, n, g) we consider a self-
adjoint operator h = %ﬁgqb, where L denotes the Lie derivative along £. This operator h

is symmetric and satisfies

hé = —oh, (1.1.52)
he = 0, (1.1.53)
Vxé = —¢X + ohX, (1.1.54)

where V is the operator of covariant differentiation w.r.t. the metric g. The normality

of a para-contact metric manifold (M, ¢, &, n, g) is equivalent to vanishing of the (1,2)-
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torsion tensor defined by Ny(X,Y) = [¢,¢|(X,Y) — 2dn(X,Y)E, where [¢,9](X,Y) =
P[X, Y]+ [¢X, Y] = ¢[X, ¢Y] — ¢[¢X, Y] for any X, Y € x(M).

Para-Kenmotsu manifold

On the analogy of Kenmotsu manifold, Welyczko [104] introduced the notion of para-

Kenmotsu manifold (in short p-Kenmotsu manifold).

Definition 1.1.10 (almost para-Kenmotsu manifold). If an almost para-contact metric

manifold satisfies
(Vxo)Y = g(¢X,Y){ = n(Y)9X, (1.1.55)

for arbitrary vector fields X and Y, then the manifold is called almost para-Kenmotsu

manifold.

Definition 1.1.11 (para-Kenmotsu manifold). A normal almost para-Kenmotsu manifold

15 called para-Kenmotsu manifold.

The following properties hold on a (2n + 1)-dimensional para-Kenmotsu manifold

Vxé = X —n(X), (1.1.56)
(Vxn)Y = ¢g(X,Y) —n(X)n(Y), (1.1.57)
Q¢ = —2n¢, (1.1.58)
R(X,Y)¢ = n(X)Y —n(Y)X, (1.1.59)
(Leg)(X,Y) = 2[g(X,Y) = n(X)n(Y)], (1.1.60)

for any X, Y € x(M) where, £ and V are the operators of Lie differentiation and covariant
differentiation of g respectively. ) denotes the Ricci operator associated with the Ricci

tensor S defined by S(X,Y) = ¢(QX,Y) and R denotes the Riemannian curvature tensor.

Para-Sasakian manifold

Sato and Matsumoto [88] defined and studied a para-Sasakian manifold (in short p-
Sasakian manifold) as special case of an almost paracontact manifold. Adati et al. [1]

deduced some fundamental properties of para-Sasakian manifold.
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Definition 1.1.12 (para-Sasakian manifold). A normal para-contact metric manifold is

called a para-Sasakian metric manifold.

It is equivalent to say, an almost para-contact metric manifold is called a para-

Sasakian manifold if it satisfies
(Vxo)Y = —g(X,Y)§ +n(Y)X, (1.1.61)

for arbitrary X,Y € x(M). In a para-Sasakian manifold the operator h vanishes and the

manifold satisfies,

Vxé = —¢X, (1.1.62)
RIX,Y)¢ = n(X)Y —n(Y)X, (1.1.63)
Q¢ = —2n¢, (1.1.64)

for all vector fields X and Y on M and R, () denote Riemannian curvature tensor and

Ricci operator associated with the Ricci tensor S defined by S(X,Y) = g(QX,Y).

Para-cosymplectic manifold

In 2004, Dacko [26] introduced the notion of para-cosymplectic manifold.

Definition 1.1.13 (para-cosymplectic manifold). An almost para-contact metric manifold
i1s said to be almost para-cosymplectic if the forms n and ® are closed, i.e., dn = 0 and
d® = 0 respectively. In addition if the normality of almost para-cosymplectic manifold is

fulfilled then the it is called para-cosymplectic manifold.

Equivalently we can say an almost para-contact metric manifold is para-cosymplectic
if the forms n and ® are parallel with respect to the corresponding Levi-Civita connection
V of the metric g i.e., Vg = 0 and V& = 0 respectively. We recall some useful relations

which are satisfied for any para-cosymplectic manifold.

R(X,Y)¢ = 0, (1.1.65)
(Vxo) = 0, (1.1.66)
Vxé = 0, (1.1.67)
Q¢ = 0, (1.1.68)

where X is an arbitrary vector field and R, V, .S and () are the usual notations mentioned

earlier.
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Lorentzian concircular structure manifold

The notion of Lorentzian concircular structure manifold, briefly (LCS),, manifold, is first
introduced in 2003 by Shaikh (for details see [89]). A n-dimensional smooth connected
para-contact Hausdorff manifold is called a Lorentzian mani fold if it admits a Lorentzian
metric. Lorentzian metric is named after great Dutch Physicist Hendrik Lorentz. A
Lorentzian metric tensor g is a smooth symmetric tensor field of type (0,2) such that for
each point p € M, the tensor g, : T,M x T,M — R is a non degenerate inner product
of signature (—,+,...... ,+) , where T, M is the tangent space of M at p and R is the real
number space. A non-zero tangent vector v € T,M is said to be timelike, non-spacelike,
null or spacelike if it satisfies g,(v,v) < 0, <0, =0 or > 0 respectively.

In a Lorentzian manifold (M, g) a vector field p is defined by ¢g(X, p) = n(X), is said

to be concircular vector field if,
(Vxm)(Y) = o{g(X,Y) + w(X)n(Y)},

is satisfied where « is a non-zero scalar field, w is a closed 1-form and V is the covariant
derivative operator w.r.t. Lorentzian metric g.
Let M be a Lorentzian manifold admitting a unit timelike concircular vector field &,

called charecteristic vector field or the generator of the manifold, then we have,

Since ¢ is a concircular vector field there must exists a non-zero 1-form 7, such that,

9(X, &) = n(X), (1.1.69)
(Vxn)(Y) = aofg(X,Y)+n(X)n(Y)}, (1.1.70)

hold for arbitrary vector fields X, Y € x(M) and « is a non-zero scalar field which satisfies,
Vxa=(Xa)=da(X) = pn(X).

p being certain scalar function which is given by p = —(£a). If we define ¢p.X = éV x¢,
then from (1.1.70), we can deduce that

#*X = X +n(X)E. (1.1.71)
Clearly ¢ is a symmetric (1,1) tensor which is called structure tensor of the manifold.
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Definition 1.1.14 (Lorentzian concircular structure manifold). A n-dimensional Lorentzian
manifold M together with the unit timelike concircular vector field &, 1-form n and (1,1)

tensor ¢ is said to be Lorentzian concircular structure (briefly (LCS),) manifold.

If we take o = 1, then the manifold reduces to LP-Sasakian manifold of Matsumoto
[67].
A (LCS),, manifold satisfies the following properties,

n(§) = -1, (1.1.72)
no¢=0, (1.1.73)

P€ =0, (1.1.74)

9(¢ X, ¢Y) = g(X,Y) +n(X)n(Y), (1.1.75)
R(X,Y)¢ = (o = p)(n(Y)X — n(X)Y), (1.1.76)
(Leg)(X,Y) = 20{g(X,Y) + n(X)n(Y)}, (1.1.77)

for arbitrary vector fields X and Y on M, where R is the Riemannian curvature tensor.

Here, we want to evoke some useful important definitions,

Definition 1.1.15 (n-Einstein manifold). [108] An almost contact (or almost para-contact)
metric manifold M s said to be n-Einstein manifold if there exists two constants a and b

which satisfies the following relation,
S(X,Y) = ag(X,Y) + bn(X)n(Y), (1.1.78)

for all XY € x(M). Clearly if b = 0 then n-Einstein manifold reduces to FEinstein

manifold.

Definition 1.1.16 (Contact vector field). [44] A wvector field X on a contact manifold
is said to be a contact vector field if it preserve the contact form n i.e., if there exist a
smooth function f such that Lxn = fn. When f =0 on M, the vector field X is called a

strict contact vector field.

Definition 1.1.17 (Infinitesimal contact transformation). [108/ On an almost contact
(or almost para-contact) metric manifold M, a vector field X is said to be infinitesimal
contact transformation if Lx& = f&, for some smooth function f. In particular, we call

X as a strict infinitesimal contact transformation if Lx& = 0.
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Definition 1.1.18 (Torse forming vector field). A vector field & is called torse forming if
it satisfies

Vi€ = fX +~v(X)E, (1.1.79)

for a smooth function f € C®°(M), 1-form v and for all vector field X on M. A torse

forming vector field is called recurrent if f = 0.

Definition 1.1.19 (Conformal vector field). [108] On an almost contact (or almost para-
contact) metric manifold M, a vector field V is said to be conformal Killing vector field

or simply conformal vector field if there is a smooth function p such that

Lyvg = pg.

p 1s called the conformal coefficient. If we consider the conformal coefficient p to be zero

then the conformal vector field reduces to Killing vector field.

1.2 Introduction to Ricci solitons

A Riemannian manifold (or pseudo-Riemannian manifold) (M, g) is said to admit a Ricci
soliton, which is a generalization of Einstein metric (i.e, S = ag for some constant a), if

there exists a smooth non-zero vector field V' and a constant A such that,
1
éﬁvg +S+ Mg =0, (1.2.80)

where Ly denotes Lie derivative along the direction V and S denotes the Ricci curvature
tensor of the manifold. The vector field V' is called potential vector field and A is called
soliton constant.

The Ricci soliton is a self-similar solution of the Hamilton’s Ricci flow [49] which is
defined by the equation 8%—2” = —25(g(t)) with initial condition g(0) = g, where g(¢) is a
one-parameter family of metrices on M. The potential vector field V' and soliton constant
A play vital roles while determining the nature of the soliton. A soliton is said to be
shrinking, steady or expanding according as A < 0.\ = 0 or A > 0. Now if V' is zero or
Killing then the Ricci soliton reduces to Einstein manifold and the soliton is called trivial

soliton.
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If the potential vector field V' is the gradient of a smooth function f, denoted by D f

then the soliton equation reduces to,
Hessy+ S5+ Ag =0, (1.2.81)

where Hessy is Hessian of the smooth function f. Perelman [76] proved that a Ricci
soliton on a compact manifold is a gradient Ricci soliton.

In 2014, Kaimakamis and Panagiotidou [56] modified the definition of Ricci soliton
where they have used *-Ricci tensor S* which was introduced by Tachibana [94] and

Hamada [48] respectively, in place of Ricci tensor S. The *-Ricci tensor S* is defined by
1
§°(X,Y) = S (trace{6.-R(X, 6Y)})

for all vector fields X and Y on M. They have used the concept of x-Ricci soliton within
the framework of real hypersurfaces of a complex space form. A pseudo-Riemannian
metric ¢ is called a *-Ricci soliton if there exists a constant A and a vector field V' such
that

Lyg+25"+2\g=0. (1.2.82)

Note that, *-Ricci soliton is trivial if the vector field V' is Killing, and in this case, the
manifold becomes x-Einstein. By *-Einstein manifold we mean a manifold whose *-Ricci
tensor is proportional to the metric. Thus, *-Ricci soliton is considered as a natural
generalization of *-Einstein metric. A *-Ricci soliton is said to be almost *-Ricci soliton
if \ is a smooth function on M. Moreover, an almost *-Ricci soliton is called shrinking,
steady and expanding according to as A is positive, zero and negative, respectively.

In [56], it was studied that a real hypersurfaces of a non-flat complex space form
admitting a *-Ricci soliton whose potential vector field is the structure vector field and
was proved that a real hypersurface in a complex projective space does not admit a -
Ricci soliton. They have also shown that a real hypersurface of complex hyperbolic space
admitting a *-Ricci soltion is locally congruent to a geodesic hypersphere.

In 2005, Fischer [38] has introduced conformal Ricci flow which is a mere generali-
sation of the classical Ricci flow equation that modifies the unit volume constraint to a

scalar curvature constraint. The conformal Ricci flow equation was given by,

dg g

2 19 2y = —

B + (S+n) Py,
T(Q) - _]-7
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where 7(g) is the scalar curvature of the manifold, p is scalar non-dynamical field and
n is the dimension of the manifold. Corresponding to the conformal Ricci flow equation
in 2015, Basu and Bhattacharyya [9] introduced the notion of conformal Ricci soliton

equation as a generalization of Ricci soliton equation given by,
2
Lyg+25+2X—(p+ H)]g = 0. (1.2.83)

If we consider the potential vector field V' to be gradient of a smooth function f

defined on M, then the soliton becomes gradient conformal Ricci soliton and is defined

by,

1
Hessy +5+ (A — (§+E)]g:0' (1.2.84)

Replacing the Ricci tensor S by *-Ricci tensor S* in the previous two equations, we
get the equations for *-conformal Ricci soliton and gradient x-conformal Ricci soliton,

respectively and these equations are given by,

2

Lyg+25 +2\—(p+ 5)}9 = 0, (1.2.85)
1

Hess; + S* + [\ — <§ +-)g = 0. (1.2.86)

Furthermore if A is considered to be a smooth function then the above mentioned solitions
are called almost solitons.
In 2009, Cho and Kimura [24] introduced the concept of n-Ricci soliton which is

another generalization of classical Ricci soliton and is given by,
Leg+2S+2Mg+2un®@n =0, (1.2.87)

where 1 is a real constant, 1 is an 1-form defined as n(X) = ¢g(X,§) for any X € x(M).
Clearly it can be noted that if 4 = 0 then the n-Ricci soliton reduces to Ricci soliton.
In 2020, S. Dey et al. [31] defined *-n-Ricci soliton as

Leg+ 25" +2 g + 2un @ n = 0.

The results concerning *-n-Ricci soliton were studied when the potential vector field V'
is the characteristic vector field £&. Motivated from this we generalize the definition by

considering the potential vector field as arbitrary vector field V' and define as,
Lyg+2S"+2 g+ 2un®@n=0. (1.2.88)
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Now if we consider the potential vector field V' as the gradient of a smooth function f,

then the *-n-Ricci soliton equation can be rewritten as
Hessf +S*+Ag+un®@n=0. (1.2.89)

Recently Siddiqi [92] established the notion of conformal n-Ricci soliton which gen-
eralizes both conformal Ricci soliton and 7n-Ricci soliton. The equation for conformal

n-Ricci soliton is given by,
2
Lvg+28+ 20 = (p+ —)lg + 2um @ n = 0. (1.2.90)

In the foregoing equation if we consider the soliton vector field as a gradient of a
smooth function f, then the soliton equation changes to

1
Hessf—f—S—f—[/\—(g+ﬁ)]g—|—lm7®n:0, (1.2.91)

and the soliton is called gradient conformal 7-Ricci soliton.
Again by replacing Ricci tensor S by *-Ricci tensor S* we can define x-conformal

n-Ricci soliton and gradient s-conformal n-Ricci soliton by,

2

Lvg+25+ 22— (p+ g+ 2umen = 0, (1.2.92)
1

Hess;+ S+ = (5 + lg+men = 0. (1.2.93)

All the solitons related to n-Ricci soliton are called almost solitons if we consider A

and p to be smooth functions.

1.3 Introduction to critical point equation

Let M be a n-dimensional compact orientable manifold of unit volume and M be the
set of all Riemannian metrics defined on M. The Einstein-Hilbert functional is the total

scalar curvature functional restricted on M, § : M — R, defined by,

S(g):/ rydu,g,
M

where 7, is the scalar curvature and dv, is the volume form determined by the metric and
orientation. It is well known that the critical points of S are Einstein metrics (for details

see chapter 2 of [13]).
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The classical Yamabe problem ensures the existence of many Riemannian metrics
with constant scalar curvature. Let us assume a subset C of M with constant scalar
curvature. Restricting the Einstein-Hilbert functional to C, we can restate the above
equation as,

Hessgh — (AgA)g — NSy = Sy — %g, (1.3.94)

where ) is a smooth function and Hess,, Ay, S, stand for Hessian, Laplacian and Ricci

tensor corresponding to the Riemannian metric g, respectively. The smooth function A

is called the potential function. Tracing the equation (1.3.94), we obtain A\ = —5{’\1 g.

Using this relation we can rewrite (1.3.94) as,

r

Hessgh+ (—=g = S,)A = 5, - %’g. (1.3.95)

n —
If we consider the potential function A to be constant in (1.3.95), then g becomes Einstein.

So, to obtain non-trivial solution of (1.3.95), we consider the potential function to be non-

constant. The critical point equation (shortly CPE) is defined by,

Definition 1.3.1 (Critical point equation). A compact oriented Riemannian metric man-
ifold (M™, g) of unit volume and dimension n > 3 with constant scalar curvature together
with non-constant smooth potential function \ satisfying the equation (1.3.95) is called a

critical point equation.

In 2019, Dey and Majhi [32] modified the definition of critical point equation where
they have used *-Ricci tensor S* in place of Ricci tensor S. The *-critical point equation
on a (2n + 1)-dimensional manifold is given by [32],

* *

* T_ — g _ r
Hess A — (S an))\ S 1Y (1.3.96)

where r* is the x-scalar curvature, obtained by tracing the %-Ricci tensor.

Besse [13] conjectured that a critical point equation metric is always Einstein. Since
then, proving the conjecture has become the motivation for many mathematicians. Till
now, no one can prove it but some partial results are developed under some particular
curvature assumptions. Lafontaine, in [61], proved that the conjecture is true for a locally
conformally flat manifold. Then some improvements of the result were made under half
conformally flat assumption by Barros and Ribeiro [7]. In [53], Hwang concluded that

the CPE conjecture is true under the certain assumption on the bounds of the potential
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function. Neto [71], provided a necessary and sufficient condition on the norm of the

gradient of potential function for a CPE metric to be Einstein.

Many authors considered CPE in the context of many odd dimensional Riemannian
manifolds, e.g. on K-contact manifold and (k, u)-contact manifold [73]; on almost Ken-
motsu manifold [75]; on 3-dimensional trans-Sasakian manifold [33]; on f-cosymplectic
manifold [59] etc. Like CPE, x-critical point equation was also studied on almost Ken-

motsu manifold [34], on N(k)-contact manifold [32] etc.

Apart from the introductory chapter, this thesis consists of four chapters. A brief

summary is given of these chapters as follows,

In the second chapter, we consider 3-dimensional trans-Sasakian manifold of type
(o, B) to admit a Ricci soliton and characterize the covariant derivative of potential vector
field along the Reeb vector field as well as the nature of the soliton. Later, we initiate
the study of *-n-Ricci soliton and gradient almost *-n-Ricci soliton within the framework
of Kenmotsu manifold and obtain some characteristics of the manifold and the potential
vector field. Finally we deliberate *-n-Ricci soliton admitting (k, )"-almost Kenmotsu
manifold and proved that the manifold is Ricci flat and is locally isometric to H" ™ (—4) x
R".

In the third chapter, we establish some results regarding conformal 7-Ricci soliton
and conformal Ricci soliton on (LCS), manifold satisfying some curvature conditions
such as £-conharmonically semi-symmetric, ¢é-concircularly semi-symmetric and &-quasi-
conformally semi-symmetric and obtain some results regarding the nature of the manifold
as well as the nature of the structural vector field £&. Later, we initiate the study of
conformal 7-Ricci soliton and almost conformal n-Ricci soliton within the framework of
para-Sasakian manifold and we are able to find some attributes of the manifold, the
scalar curvature of the manifold and the potential vector field of the soliton. Further, we
evolve the characterizations of the Kenmotsu manifold and the nature of the potential
vector field when the manifold satisfies *-conformal n-Ricci soliton and gradient almost
x-conformal 7-Ricci soliton. Eventually, we have contrived k-conformal 7-Ricci soliton
admitting (k, u)"-almost Kenmotsu manifold and proved that the manifold is Ricci flat

and is locally isometric to H"™!(—4) x R",
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In fourth chapter, we demonstrate the nature of the soliton if Kenmotsu manifold
admits almost conformal Ricci soliton. We also able to observe some properties of the
scalar curvature of the manifold and the soliton function, and potential vector field of the
soliton. Then we prove that if an n-Einstein para-Kenmotsu manifold admits conformal
Ricci soliton and *-conformal Ricci soliton, then it is Einstein. Further, we acquire that
3-dimensional para-cosymplectic manifold is Ricci flat if the manifold satisfies conformal
Ricci soliton where the soliton vector field is conformal. Next, we evolve the nature of
scalar curvature when the 3-dimensional trans-Sasakian manifold of type («, ), provided
a # 0 satisfies x-conformal Ricci soliton.

In the fifth chapter, we study the critical point equation (shortly CPE) conjecture
and x-critical point equation (shortly x-CPE) conjecture within the framework of various
contact metric manifolds. First, it is proved that if a compact Sasakian manifold admits
CPE, then either the manifold is Einstein or the potential function is harmonic in an
open subset. Later, It is shown that if the manifold satisfies *-CPE then the manifold
is n-Einstein. Later, we establish that Kenmotsu manifold satisfying the CPE either
becomes an Einstein manifold or the derivative of potential function along characteristic
vector field satisfy a certain relation on the distribution of 7. Next, we study CPE on
(k, pt)'-almost Kenmotsu manifold and obtained that the manifold is Einstein. In case of 3-
dimensional trans-Sasakian manifold, we get that either the manifold becomes a-Sasakian

or it becomes Einstein.
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On Ricci soliton and x — n Ricci soliton

2.1 Introduction

This chapter is divided into five sections. Fist two sections consist of introduction and

preliminaries.

In the third section, we show that a 3-dimensional trans-Sasakian manifold of type
(c, B) admits a Ricci soliton where the covariant derivative of potential vector field in the
direction of unit vector field ¢ is orthogonal to &. It is also shown that if the structure
functions satisfy a? = 52 then the covariant derivative of the potential vector field in the
direction of £ is a constant multiple of £&. Finally, we present an example to verify our

findings.

In next section, we initiate the study of *-n-Ricci soliton within the framework of
Kenmotsu manifold as a characterization of Einstein metric. Here we display that a
Kenmotsu metric as a *-n-Ricci soliton is Einstein metric if the soliton vector field is
contact. Further, we have developed the characterization of the Kenmotsu manifold or
the nature of the potential vector field when the manifold satisfies gradient almost *-7-

Ricci soliton. We also furnish two examples to support our findings.

In the last section, we deliberate *-n-Ricci soliton admitting (x, —2)'-almost Ken-
motsu manifold with k < —1 and proved that the manifold is Ricci flat and is locally

isometric to H"1(—4) x R™.
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2.2 Preliminaries

In the introductory chapter, definitions and some fundamental properties of trans-Sasakian
manifold, Kenmotsu manifold and (x, —2)"-almost Kenmotsu manifold are given. Here we

look back on some pertinent results and use these in our work.

Lemma 2.2.1. [30] On a 3-dimensional trans-Sasakian manifold, the x-Ricci tensor S*
satisfies,

SUXY) = %(T —4(a® = B7)[g(X,Y) — n(X)n(Y)]. (2.2.1)

for arbitrary vector fields X and Y of x(M).

Lemma 2.2.2. [99] The Ricci operator () on a (2n+ 1)-dimensional Kenmotsu manifold

satisfies

(VxQ)§ = —QX —2nX, (2.2.2)
(VeQ)X = —2QX —4nX, (2.2.3)

for an arbitrary vector field X on the manifold.

Lemma 2.2.3. [99] The %-Ricci tensor S* on a (2n+1)-dimensional Kenmotsu manifold
1s given by

S*(X,Y) = S(X,Y) + (2n — 1)g(X,Y) + n(X)n(Y), (2.2.4)

for arbitrary vector fields X and'Y on the manifold.

Let a (2n+1)-dimensional Kenmotsu metric manifold be n-Einstein manifold. Now
considering X = ¢ in (1.1.78) and using (1.1.26) we have, a + b = —2n. Contracting
(1.1.78) over X and Y we get, r = (2n + 1)a + b where r denotes the scalar curvature of
the manifold. Solving these two we have, a = (1 + 5-) and b = —(2n + 1 + 5-). Using
these values we can rewrite (1.1.78) as,

S(X,Y) = (1+ %)g(X, Y)— (2n+1+ %)n(X)n(Y). (2.2.5)
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Lemma 2.2.4. [27] On a (k,—2)'-almost Kenmotsu manifold with k < —1 the x-Ricci

tensor is given by
SXY) = —(k+2)(9(X,Y) = n(X)n(Y)), (2.2.6)

for all vector fields X and Y .

2.3 A 3-dimesional trans-Sasakian manifold admit-
ting a Ricci soliton

In this section we consider the metric of 3-dimensional trans-Sasakian manifold as a Ricci
soliton and proved the following result. We also produce an example at the end of this

section.

Theorem 2.3.1. Let M be a 3-dimensional trans-Sasakian manifold of type («, 5) ad-
mitting a Ricci soliton where the structure functions o and [ are constant. Then the

following relations are satisfied,

(i) If V¢V is orthogonal to &, then the soliton is shrinking for o < 2, steady for

a? = 32 and expanding for o® > 2.

(11) If o* = B2, then the covariant derivative of the potential vector field V in the direc-

tion of £ is a constant multiple of &.

Proof. In a 3-dimensional trans-Sasakian manifold where the structure functions a and 3
are constants, we know from (1.1.45) that the Ricci operator can be written as,
r r

QX = (5 — (0® = )X = (5 = 3(e? — F)(X)E, (23.1)
where r denotes the scalar curvature of the manifold and X € x(M) is any vector field.
The aforementioned equation implies that it is an n-Einstein manifold. Now, considering
covariant derivative of (2.3.1) along the direction of an arbitrary vector field Y, we acquire

1

(V@)X = S0mX = S (Yin(X)6 (5 — 3(a* — B7)[-ag(eY, X)¢

+89(X,Y)§ — an(X) (oY) + Bn(X)Y = 26n(X)n(Y)E].  (2.3.2)

Contracting X and using the well-known formula trace{X — (VxQ)Y} = 1(Y7r) in
(2.3.2), we have
Er = —2rB +12(a* — BHB. (2.3.3)
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Using (1.1.45) in the definition of Ricci soliton (1.2.80), we have
(Lvg) (Y, Z) = (2A =1 +2(a” = f%)g(Y, Z) + (r — 6(c” = B*))n(Y)n(2),  (2.34)

for all vector fields Y, Z € x(M). Now taking covariant derivative of (2.3.4) along an
arbitrary vector field X € yx(M), we get

(VxLyg)(Y,Z) == (Xr)g(Y. Z) + (Xr)n(Y)n(Z) + (r — 6(a” — §%))[—ag(¢X, Y)n(Z)
+B9(¢X, 0Y)n(2) — ag(oX, Z)n(Y) + Bg(¢X, ¢Z)n(Y)].  (2.3.5)

Since V is Riemannian metric connection, Vg = 0. Using symmetry of £V in (1.1.3)

and combining with (2.3.5), we have

(LyV)(X,Y) == S(X)Y = J(VP)X + S(6X, 6V)Dr + L (Xr)(V)E + 5 (Vrin(X)g

+(r = 6(a” = 5%))[~an(Y)oX — an(X)oY + Bg(6X,0Y)E],  (2.3.6)

for all vector fields X and Y on M. Taking covariant derivative with respect to arbitrary

vector field X, we have

(Vi Ly V)Y, Z) = — %g(Z, Ve Dr)Y — %g(Y, Yy Dr)Z + %g(qﬁY, 62)(V x Dr)—

on(Z)(X)6Y —an(¥)(Xr)oZ + S[(Zrn(Y) + (Y rin(Z)](Vx€)

+ %[g(Y, VxDrin(Z) — a(Yr)g(X, Z) + Bg(o X, ¢Z)(Yr)+

92,V Drin(Y) — a(Zr)g(0X, Y) + Bg(0X, ¥ )(Zr)+
29(6Y, 62)(X1IE + 3lag(6X, Yn(Z) ~ Bo(6X, 6V In(Z)
+ag(oX, Zn(Y) — Bg(6X, 6Z)n(Y)|Dr + (r — 6(a” — 7))
[{0%0(0X. Z) — aBg(6X. 62)}0Y + {ag(6X. Y )~

aBg(X, 0V )}07 — an(Z)((Vx0)Y) — an(Y)(Vx6)Z)
+B9(0Y, 67)(VxE) + {aBg(6X,V)n(Z) ~ Fg(6X, Y )n(Z)
+aBg(6X, Z)n(Y) — Pg(6X, 6Z)n(Y)}e]
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Using (1.1.5) in the last equation, we get

(LvR)(X,Y)Z =39(2, 9y Dr)X — Sg(Z,VxDr)Y + S{~a(Yr)g(oX, Z) ~ B(Vr)
96X, 02) + g(Z, NV xDrn(Y) — a(Zr)g(¢X,Y) + a(X1)g(¢Y, Z)
+ B89(¢Y, ¢Z)(X1) — g(Z, Vy Dr)n(X) + a(Zr)g(¢Y, X) }&+
an(Z)(Yr)oX —an(Z)(X)6Y + a{n(X)(Vr) ~ n(¥)(Xr)}6Z+
S{00(0X.Y)0(2) + ag(X, 6V (Z) — ag(6X, Z)n(Y) — g(6X 67)
51(Y) — ag(0Y, Z)n(X) + Ba(6Y. 6ZIn(X)}Dr + Z{(Yrin(Z)+
(Zn(N}TxE) — A XP)n(Z) + (Zr)n(X)H(TrE) + Sa(6Y: 67)
(VxDr) — 5g(6X, 62)(VyDr) + (r — 6(a? — 5°)) [{aBg(6Y, 67) -
D90V, 2)}0X — {aBg(0X,67) — a?g(6X, Z)}6Y + 2079(6X, Y )67
+{2009(0X. Y 0(2) + aBg(6X, DY) ~ P(6X, 6Z)n(Y)~
0B9(0Y, Z)n(X) + Fg(0Y, 6Z)n(X)}E + B(0Y, 62)(Vx€)~
B9(6X. 62)(Vr€) — an(Z)(Vx)¥) — an(Y)(Vx0)Z) + an(Z)
(Vy6)X) + an(X)(Vy)2). (237)

This equation holds for any X,Y, Z € x(M). Contracting X in (2.3.7), we get
(LyS)Y,Z) = (% —6a* + 1273 — 68* +ra* — rBHg(oY, 62), (2.3.8)
for any Y, Z € x(M). Again from (1.1.45) we have,
(LvS)(Y, 2) =39(8Y, 62)(Vr) + (5 — (0% = F){g(Vy V. 2) +g(¥, T,V )} -
r

(5 = 3(a® = D2 (VymY) + (V) (Vvm)Z) +n(Z)n(VyV)

+nY)n(VzV)} (2.3.9)
Comparing (2.3.8) with (2.3.9), yields

(5~ 6ot 1 120%8° — 68 + 7o — r8?)g(6Y.02) = L {g(0Y.0Z)(VY)

2
(5~ (@ = Bg(VyV, 2) + (¥, V2V)} = (5 = 3(a* = 8){n(2)
(Vym)Y) +n(Y)(Vvn)Z) + n(Z)n(VyV) +n(Y)n(VZV)}. (2.3.10)
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Now, letting Y = Z = ¢ gives rise to (a? — 8*)n(VV) = 0. Now, there will arise two
cases either n(V¢V) =0 or (o — %) = 0. From the definition of Ricci soliton (1.2.80) we
have,

%(Q(VXV, Y)+9(VyV, X))+ S(X,Y) = \g(X,Y), (2.3.11)

for any vector fields X and Y. For first case n(V¢V) = 0 which implies V¢V is orthogonal
to &, putting X =Y = £ in (2.3.11) gives 2(a? — %) = X. It directly implies that the
soliton is shrinking if o < 32, steady if o = 3? and expanding if o > 2.

For the second case where a? = 32, then it follows from (2.3.11) that V.V = X¢ i.e.,
the covariant derivative of the potential vector field V' in the direction of £ is a A multiple

of €. O]

Example 2.3.1. We consider the manifold as M = {(z,y,z) € R® : y # 0}, where
(x,y,2) are the standard coordinates in R3. The vector fields as defined below,

222 QZQ €3 = 2
0z’

ox’ oy’

are linearly independent at each point of M. The Riemannian metric g is defined by,

€1 —¢€ €y = €

1, ifi=jandi,je{1,2 3},
9ij =
0, otherwise.

Let &€ = e3. Then the 1-form n is defined by n(Z) = g(Z,e3), for arbitrary Z € x(M),

then we have the following relations,

n(er) =0, n(ez) = 0, n(es) = 1.
Let us define the (1,1)-tensor field ¢ as
per = ez, pez = —ey, pes =0,
then it satisfies,
¢*(2) = —Z+n(Z)es,
9(oZ,oW) = g(Z, W) =n(Z)n(W),

for arbitrary Z,2W € x(M). Thus (¢,£,1n,9) defines an almost contact metric structure

on M. We can now easily conclude,

le1, e2) =0, le2, €3] = —2e, [e1, €3] = —2ey.
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Let V be the Levi-Civita connection of M. Then from (1.1.1), we can have,

velel - 2637 v6162 = 07 v€1€3 - _2617
vegel = 07 V62€2 = 2637 v6263 = _2627
Vegel = O, Ve362 == O, ve3€3 =0.

From here we can easily verify that the relations (1.1.40) and (1.1.41) are satisfied. Hence
the considered manifold is trans-Sasakian manifold of type (0, —2). The components of

Riemannian curvature tensor are given by,

R(ey,ex)e; = —4es, R(eq,e0)es = —4ey, R(ey,ez)es =0,
R(eq,e3)er = 4deg, R(eq,e3)es =0, R(eq,e3)es = —4ey,
R(eg, 63)61 = O, R(EQ, 63)62 = —462, R(@Q, 63)63 = —462.

And the components of Ricci tensor are given by,
S(@l, 61) = O, 5(62, 62) = O, 5(63, 63) = —8.

From here we can easily deduce that the scalar curvature of the manifold r = Z?Zl S(e; e;) =

—8. Let us define a vector field by, V = &£. Then we can obtain,

(Lvg)(er,er) = —4, (Lyg)(ea, e2) = —A4, (Lyvg)(es,e3) =0.

Contracting (1.2.80) and using the result r = —8 we deduce A = 4. So g defines a Ricci

soliton on this trans-Sasakian manifold for A = 4.

2.4 x — n-Ricci soliton on Kenmotsu manifold
In this section we consider that the metric g of a (2n+ 1)-dimensional Kenmotsu manifold
represents a *-7-Ricci soliton and a gradient almost *-n-Ricci soliton.

Theorem 2.4.1. Let MV (¢ €. n,g) be a Kenmotsu manifold. If the metric g rep-
resents a *-n-Ricci soliton and if the soliton vector field V' is contact, then V is strictly

infinitesimal contact transformation and the manifold is FEinstein.

Proof. Since the metric g of the Kenmotsu manifold represents a *-n-Ricci soliton so both

of the equations (1.2.88) and (2.2.4) are satisfied. Combining these two, we have
(Lvg)(X,Y) = =25(X,Y) = @A+ 4n = 2)g(X,Y) = 2(u+ Dn(X)n(Y).  (24.1)
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Taking covariant derivative along arbitrary vector field Z and using (1.1.24), we obtain
(VzLyg)(X,Y) = =2(Vz5)(X,Y) = 2(n+ 1){g(X, Z)n(Y)
+9(Y, Z)n(X) — 20(X)n(Y)n(Z)}, (2.4.2)

for all X,Y,Z € x(M). Since V is the metric connection i.e., Vg = 0. So (1.1.3) reduces
to,

(VzLyg)(X,Y) = g(LvV)(X, 2),Y) + g((LyV)(Y, Z), X), (2.4.3)

for all vector fields X, Y, Z on M. Combining (2.4.2) and (2.4.3) and by a combinatorial
computation and applying the symmetry of (£, V), the foregoing equation yields

g((‘CVv)(Xv Y),Z) = (VZS)(X’ Y) - (VXS)(K Z) - (VYS)(Z7X)
—2(p+ D{g(X,YVIn(Z) =n(X)n(Y)n(2)},  (244)
for arbitrary vector fields X, Y and Z on M. Using (2.2.2) and (2.2.3) in (2.4.4), we get
(LyV)(X,€) = 20X + 4nX, (2.4.5)

for all X € x(M). Now differentiating covariantly to (2.4.5) with respect to arbitrary

vector field Y, we achieve
(VyLo)(X,§) =2(VyQ)X — (Lv)(X,Y) +n(Y)(2QX + 4nX). (2.4.6)
In view of (2.4.6), the relation (1.1.5) can be rewritten as,

(LyR)(X,Y)E = 2{(VxQ)Y — (VyQ)X} + 27(X)(QY + 2nY) — 20(Y)(QX + 20 X),

(2.4.7)

for arbitrary vector fields X and Y on M. Setting Y = £ in the aforementioned equation
and using (1.1.26), (2.2.2) and (2.2.3) we get

(LvR)(X,£)€ = 0. (2.4.8)

Now, taking (2.4.1) in account, the Lie derivative of g(§, &) = 1 along the potential vector
field V' yields

n(Ly&) = A+ p. (2.4.9)

Plugging Y = ¢ and noting that (1.1.7) and (1.1.11), the equation (2.4.1) provides
(Lym)X — g(X, Lv€) = —(2X + 2)n(X), (24.10)
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which holds for arbitrary vector field X on M. From (1.1.25) we compute, R(X,&)¢ =
n(X)& — X. Taking Lie derivative along the potential vector field V' and inserting (2.4.9)

and (2.4.10) in account, this reduces to

(LvR)(X,£)€ = 2(A + p)(X — (X)), (2.4.11)

for all X € x(M). Finally comparing (2.4.8) and (2.4.11) we have, 2(A+pu)(X —n(X)¢) =
0. Since this holds for arbitrary X € x(M) so, we infer

A= —p. (2.4.12)

Invoking the relation (2.4.12) in (2.4.9), we easily obtain n(Ly§) = 0. Since we have
considered the potential vector field V' as contact vector field so there must exists a
smooth function f such that £y = f¢. Making use of this in (2.4.9), we get f = A + p.
Therefore by using the relation (2.4.12), we get f = 0 and thus £{ = 0. Finally the
equation (2.4.10) reduces to

Lyn = 0. (2.4.13)

So, V' is strictly infinitesimal contact transformation.
Inserting Y = ¢ and using (1.1.23), Ly¢ = 0 and (2.4.13) in the relation (1.1.2) yields,
(LyV)(X,€&) = 0. Substituting this in (2.4.5), we deduce QX = —2nX VX € x(M),

which settles our claim. O

x-1-Ricci soliton is a generalisation of x-Ricci soliton, where we consider p = 0 in

(1.2.88) to get *-Ricci soliton equation. We can rewrite the above theorem as:

Corollary 2.4.1. Let M@+ (¢, €. n,g) be a Kenmotsu manifold. If the metric g rep-
resents a *-Ricci soliton and if the soliton vector field V' is contact, then V is strictly

infinitesimal contact transformation and the manifold is Einstein.

Example 2.4.1. Let us consider the set M = {(z,y, z,u,v) € R%} as our manifold where
(x,y,2,u,v) are the standard coordinates in R®. The vector fields defined below:

0 0 0 0 0

v —v —v —v
— ey =€ V= e3 =e '— eg =e '— es = —
ox’ oy’ 0z’ ou’ ov’

are linearly independent at each point of M. We define the metric g as

e =e€

1, ifi=jandi,je€{l1,2,3,4,5},
g(€i7€j) =
0, otherwise.

31



Let n be an 1-form defined by n(X) = g(X, es5), for arbitrary X € x(M). Let us define
(1,1)-tensor field ¢ as,
¢(e1) = es, p(e2) = e, ¢(e3) = —er, p(ed) = —e, ¢(es5) = 0.

Then the relations (1.1.6), (1.1.7) and (1.1.8) are satisfied, where & = e5. So, (M, ¢,&,1,9)
defines an almost contact structure on M.

We can now deduce that,

[e1, e2] = 0, [e,e3] = 0, [e1,e4] =0, le1, e5] = e,
[ea, €1] = 0, [ea, €3] = 0, [ea, €4] = 0, [ea, €5] = €,
e, e1] =0, [es, e2] =0, es, e4] = 0, [e3, 5] = es,
lea, e1] = 0, leq, ea] = 0, lea, e3] = 0, leq, €5] = e,
[65761] = —éy, [65,62] = —ég, [65, 63] = —e€g, [65764] = —€4.

Let V be the Levi-Civita connection of M. Then from (1.1.1), we can have

V.. e1 = —es, Ve e2 =0, Vee3 =0, Vees =0, V.5 =eq,
Ve,e1 =0, Ve, €92 = —eés, Ve,e3 =0, Ve,eq4 =0, Ve,€5 = €3,
ve3€1 = 0, ve3€2 = 0, ve3€3 = —é€5, Ve3€4 = 0, Ve3€5 = €3,
Ve4€1 = 0, ve4€2 = O, ve4€3 = O, Ve4e4 = —¢€5, Ve4e5 = €4,
Vee1 =0, Vee2 =0, Ve.e3 =0, Veeq =0, Vese5 = 0.

Therefore (1.1.22) is satisfied for arbitrary X,Y € x(M). So (M, ¢,&,1n,9) becomes a
Kenmotsu manifold.

The non-vanishing components of curvature tensor are,

R(er, ea)er = —ex, R(ei,e3)es = —ey, R(eq,eq)eq = —eq,
R(e1,e5)es = —ey, R(ey1, es)e; = e, Rley, es)er = es,
R(er, eq)er = ey, R(e1,es)er = es, R(es, e3)es = e3,
R(es, e4)eq = ey, Rl(ey, es5)es = es, R(es, e3)es = —es,
R(eg, e4)eq = —ey, R(eq, e5)es = —ea, R(es, e4)es = ey,
R(es, e5)es = es, R(es, eq)eqs = —eg, Rley, e5)es = es,
R(es,e3)es = e, R(es,eq)es = ey



Now from the above results we have, S(e;,e;) = —4 fori=1,2,3,4,5 and
S(X,)Y)=—-49(X,Y) VXY € x(M). (2.4.14)

Contracting this we have r = 30, S(e;,e;) = —20 = —2n(2n + 1) where dimension of
the manifold 2n + 1 = 5. Also, we have

~1, ifi=1,2,3,4,

S*(e;,€;) =
0, ifi=5
and r* =7 +4n* = —20+ 16 = —4. So
SYX,Y)=—g(X,Y)+n(X)nY) VX,Y € x(M). (2.4.15)
Now we consider a vector field V' as
V—x%+y%+z%+u%+%. (2.4.16)

Then from the above results we can justify that
(Lvg)(X,Y) = 4{g(X,Y) = n(X)n(Y)}, (2.4.17)

which holds for all X,Y € x(M). From (2.4.15) and (2.4.17), we can conclude that g
represents a x-n-Ricci soliton i.e., it satisfies (1.2.88) for potential vector field V' defined
by (2.4.16), A= —1 and pu = 1.

Theorem 2.4.2. Let M"Y (¢, & 1, g) be a Kenmotsu manifold. If the metric g repre-
sents a gradient almost x-n-Ricci soliton then either M s Einstein or there exists an open

set where the potential vector field V' is pointwise collinear with the characteristic vector
field €.

Proof. In view of (2.2.4), from the gradient almost *-n-Ricci soliton equaion (1.2.89), we
acquire

VxDf =—QX — (A +2n— DX — (u+ Dn(X)E, (2.4.18)

for any vector field X on M. Taking covariant derivative along arbitrary vector Y and

using (1.1.23), (1.1.24), yields

VyVyDf = — (VyQ)X — Q(VyX) — Y(N)X — (A +2n — 1)(VyX)
— (p+D{g(X, V) =2n(X)n(Y)E +n(Vy X)E+n(X)Y}.  (2.4.19)
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Applying this in the expression of Riemannian curvature tensor (1.1.4), we obtain

RX,Y)Df = (VyQ)X — (VxQ)Y + Y(N)X = X(N)Y — (u+ D{n(Y)X —n(X)Y}.
(2.4.20)
Moreover an inner product with £ and use of (2.2.2) and (2.2.3) yields

g(R(X,Y)DF, &) = Y (AN)n(X) = X(A\)n(Y), (2.4.21)

for X, Y € x(M). Furthermore the inner product of (1.1.25) with the potential vector
field D f provides

g(R(X,Y)Df,&) = n(Y)X(f) = n(X)Y (f), (2.4.22)
for arbitrary X and Y on M. Comparing (2.4.21) and (2.4.22) and plugging ¥ = £, we
have X (f + A) = &(f + M)n(X). From this we achieve

d(f +A) = &(f + M. (2.4.23)

So, (f+A) is invariant along the distribution Ker(n) i.e., if X € Ker(n), then X (f+\) =
d(f+2)X =0.
Now, if we take inner product along arbitrary vector field Z after plugging X = ¢ in
(2.4.20), we get

G(R(E,Y)D, Z) = S(Y, Z) + (20— €N + p + 1)g(Y, Z) + Y (Nn(Z) — (1 + n(Y In(Z).

(2.4.24)

Again noting that from (1.1.25), we can easily deduce for arbitrary vector fields Y and Z
on M,

9(R(E,Y)DS. Z) = £(f)g(Y. Z) = Y()n(Z). (2.4.25)

Comparing the equations (2.4.24) and (2.4.25) and applying (2.4.23), we obtain

S, Z) ={&(f+A) —p—2n—1}g(Y, 2) ={&(f + A) —p— 1}n(Y)n(Z).  (2.4.26)

Since the above equation holds for arbitrary Y and Z, so the manifold is n-Einstein. Now
tracing (2.4.26), we infer
r

§(f+A) =g+ p+2n+2. (2.4.27)

Plugging this in (2.4.26), we acquire
r r
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for arbitrary vector fields Y and Z on M which is exactly same as (2.2.5). Contracting
X in (2.4.20), the equation reduces to

S(Y.Df) = %Y(r) + oY (M) = 2n(u + Dn(Y), (2.4.28)

which holds for any Y € x(M). Now, taking into with (2.2.5), we compute
(r+2n)Y (f)— (r+2n2n+1))n(Y)E(f) —nY (r) —4n?Y (A) +4n?(u+1)n(y) = 0, (2.4.29)
for all Y € x(M). Setting Y = £ and then in view of (2.4.27), we easily derive the relation
E(r) = =2(r+2n(2n +1)). (2.4.30)

Since d* = 0 and dn = 0, from (2.4.23) it follows drAn = 0 i.e., dr(X)n(Y)—dr(Y)n(X) =
0 for arbitrary X,Y € x(M). After inserting Y = £ and applying (2.4.30) it reduces to
X(r) = =2(r+2n(2n+ 1))¢. Since X is an arbitrary vector field, we conclude that

Dr = =2(r +2n(2n + 1))¢. (2.4.31)
Let X be a vector field of the distribution Ker(n). Then, (2.4.29) provides
(r+2n)X(f) — 4n*X(\) = 0.
Invoking (2.4.23) and (2.4.27) we obtain, (r+2n(2n+1))X(f) = 0. From here we conclude

(r+2n(2n+1))(Df = £(f)€) = 0.

If r = —2n(2n + 1), then from (2.2.5) we acquire that the manifold is Einstein with
Einstein constant —2n.

If r # —2n(2n + 1) on some open set O of M, then Df = £(f)¢ on that open set
that is, the potential vector field is pointwise collinear with the characteristic vector field

&, which completes the proof. O

Example 2.4.2. Let us consider the set M = {(x,y, z,u,v) € R*} as our manifold where
(x,9,2,u,v) are the standard coordinates in R®. The vector fields defined below,
0 0 0 0 0

€1 = UV— €y = V— es = —U—
ox’ ou’ ov’



forms a linearly independent set of vector fields on M. We define the metric g as

We consider the reeb vector field & = e;

(927‘ ) =

10
01
0 0
0 0
0 0

o O = O O

0
0
0
1
0

0
0
0
0
1

then the 1-form n is defined by n(X) = g(X, es),

for arbitrary X € x(M) then, n = dv. Let us define (1,1)-tensor field ¢ as,

¢(€1) = €y,

¢(€2) = —¢€1,

d(es) = eu,

¢(64) = —é€s3,

¢(es) = 0.

Then the relations (1.1.6), (1.1.7) and (1.1.8) are satisfied. So, (M, ¢,&,n,g) defines an
almost contact structure on M.

Let V be the Levi-Civita connection of M. Then from (1.1.1), we can have,

Ve €1 = —es,
v62€1 = 07
Veser =0,
Vee1 =0,
v13561 - 07

VeleQ = 0:
V62€2 = —¢€s,
Vegea =0,
Ve,e2 =0,
ve5€2 - 07

V6163 - 07
V6263 = 07
V6363 = —¢€5,
Ve,e3 =0,
Ve5€3 - 07

V6164 = 07
V62€4 = 07
Vegeq =0,
Ve,e4 = —és,
V€5€4 - 07

Ve, 65 = ey,
V62€5 = €,
V63€5 = €3,
Ve, 65 = ey,
Ve5€5 = 0.

Therefore (Vx@)Y = g(¢X,Y)E — n(Y)pX is satisfied for arbitrary X, Y € x(M). So
(M, p,€,1m,9) becomes a Kenmotsu manifold.

The non-vanishing components of curvature tensor are,

R(eb 63)63 —€1,
—ey, R(eb 62)61 = €,
€4, R(el, 65)61 = €5,
€4, R(€27 65)62 = €5,
—eég, R(eq, e5)es = —ea,
€5, R(€3, 64)64 = —é€g3,
es, R(es,eq)es = ey.



Now from the above results we have, S(e;,e;) = —4 fori=1,2,3,4,5 and
S(X,)Y)=—-49(X,Y) VXY € x(M). (2.4.32)
So, the manifold is Finstein. Also, we have

-1, ifi=1,2,3,4,
S*<€i>ei) =
0, if1=>5.
and
S*X,Y)=—g(X,)Y)+n(X)nY) VX,Y € x(M). (2.4.33)
Let f: M — R be a smooth function defined by
2

F(,y,2u,0) =2 4y + 2%+ + 7. (2.4.34)
Then the gradient of f, Df is given by
0 0 0 0 0
Df =2x— 4+2y— + 22— + 2u— —. 2.4.
f x8x+ y8y+ Z@z+ u8u+vav (2.4.35)

Then from the above results we can verify that
(Lprg)(X,Y) =2{g(X,Y) = n(X)n(Y)}, (2.4.36)

which holds for all XY € x(M). From (2.4.33) and (2.4.36) we obtain that g represents
a gradient almost x n-Ricci soliton i.e., it satisfies (1.2.89) for V = D f, where f is defined
by (2.4.34), A\=0 and p = 0.

2.5 x-n-Ricci soliton on (k, —2)’-almost Kenmotsu man-

ifold with x < —1

In this section we consider the manifold as a (2n + 1)-dimensional almost Kenmotsu
manifold where the characteristic vector field £ satisfies (x, —2)'-nullity distribution. Then

we let the metric g to represent a *-n-Ricci soliton.

Theorem 2.5.1. Let MZtD(¢. € n,g) be an almost Kenmotsu manifold such that &
belongs to (k,—2)'-nullity distribution where k < —1. If the metric g represents a *-

n-Ricci soliton satisfying X + p # 0 then, M is Ricci-flat and is locally isometric to
H" 1 (—4) x R".
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Proof. Combining (1.2.88) with (2.2.6), we derive
(Lvg)(X,Y) = (26 = 2A + 4)g(X, Y) = 2(k + p + 2)n(X)n(Y), (2.5.1)

for all vector fields X and Y on M. Now taking covariant derivative of the foregoing

equation along arbitrary vector field Z and using (1.1.38), we get

(VzLyg)(X,Y) = =2(k+p+2)(Y)9(X,Z) +n(X)g(Y,Z) +n(Y)g9(h Z, X)
+n(X)g(W'Z,Y) = 2n(X)n(Y)n(Z)].

By a straightforward combinatorial computation, using (2.4.3) and the symmetry of

(Ly'V) in the aforementioned equation, we acquire
(LyV)(X,Y) = =2(k + n+ 2)[g(X,Y) + g(W'X,Y) = n(X)n(Y)], (2.5.2)
for all X,Y € x(M). Replacing Y = ¢ and using (1.1.7), (1.1.11) and (1.1.29), we have
(LvV)(X,§) =0, (2.5.3)

for arbitrary vector field X on M. Now taking (1.1.28) and (2.5.2) into account and

differentiating (2.5.3) covariantly along arbitrary vector field Y, one can obtain

for any vector fields X and Y on M. Setting Z = £ and using (2.5.4) repeatedly in (1.1.5),
we achieve

(LvR)(X,Y)E =0, (2.5.5)

for arbitrary X,Y € x(M). Now taking Lie derivative of (1.1.32) along the potential
vector field V' and considering (1.1.7) and (1.1.29) into account, we get

(LvR)(X,§)¢ = r[g(X, LyE)E — 2n(Lv&)X — ((Lyn)X)E] + 2[2n(Ly§)R'X
—n(X)(W'(LvE€)) — g(W X, Ly§)§ — ((Lvh) X)), (2.5.6)

for any vector field X on M. Plugging Y = ¢ in (2.5.1), we infer
(Lyn) X — g(X, LvE) = =2(A + p)n(X), (2.5.7)
for all X € x(M). Setting X = £ in the foregoing equation, we acquire
n(Lyv) = A+ p. (2.5.8)
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With the help of (2.5.5),(2.5.7) and (2.5.8), one can rewrite the equation (2.5.6) as
KA+ 1) (X =n(X)E) —2(A+ )W X +n(X)W (Ly&)+g(' X, Ly§E+(Lvh)X = 0. (25.9)
Taking inner product of the foregoing equation with arbitrary vector field Y, we obtain

A+ w[r(g(X,Y) = n(X)n(Y)) + g(h' X, Y)] + g((Lvh)X,Y)
+n(X)g(W(LyE),Y) + g(W X, LyE)n(Y) = 0.

Since the above equation holds for any vector fields X and Y on M, by replacing X by
»X and Y by ¢Y and taking (1.1.10) into account, we arrive at

(A4 1) [rg(¢X, 0Y) — 2g(W 0 X, ¢Y)] + g((Lvh' )0 X, ¢Y) = 0, (2.5.10)

for all X, Y € x(M). Since spec(h') = {0, a, —a}, let X and V belong to the eigenspaces
of —a and « denoted by [—a] and [a] respectively. Then ¢X € [a] (for more details we
refer to [35]. Then (2.5.10) can be rewritten as

A+ p) (k5 = 20)g(6 X, 9Y) + g((Lvh')¢ X, ¢Y) = 0, (2.5.11)

for all X,Y € x(M). It is remained to find the value of g((Lyh')¢pX, ¢Y"). To get this we
prove a more generalized result: In a (k, —2)-almost Kenmotsu manifold (Lxh')Y = 0,
where X and Y belong to same eigenspaces.

Without loss of generality we assume that X,Y € [a], where spec(h') = {0, a, —a}.

If we consider a local orthonormal ¢-basis as {, e;, ¢e; },i = 1,2,...,n then
VxY =) g(VxYe)e — (a+1)g(X,Y)E,
i=1

and

(Lxl)Y = Lx(BY) = (LxY)
= a(LxY) = I(LxY)
= a(VyY — VyX) - K(VyY — VyX)
= ala+1)g(X,Y)§ — afa+1)g(X,Y)E
= 0.
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Similarly we can prove that the above results hold if X,Y € [—a]' (For more details we

refer to [35]). Now (2.5.11) reduces to
A+ p)(k —2a)g(pX,0Y) =0 (2.5.12)

for any vector fields X and Y on M. Since by hypothesis A + p # 0, from the foregoing
equation we infer that x = 2a. Again form o® = —(k + 1) we get @« = —1 and k = —2.
Plugging the value of  in (2.2.6) we have S* = 0, i.e., the manifold is Ricci-flat.

Again we get spec(h') = {0,1,—1}. From corollary 4.2 of [35] we get M is locally
symmetric. From proposition 4.1 of [35] we finally conclude that M is locally isometric to
H" "1 (—4) x R™, where H""!(—4) is the hyperbolic space of constant curvature —4. So,

the proof is completed. O

As we know, setting u = 0 in (1.2.88) gives rise to the equation of x-Ricci soliton, we

can revisit the last theorem and can note the statement as:

Corollary 2.5.1. Let M(¢,&,n,9) be a (2n+ 1)-dimensional almost Kenmotsu manifold
such that & belongs to (k, —2) -nullity distribution where Kk < —1. If the metric g repre-
sents a *-Ricci soliton satisfying X # 0 then, M is Ricci-flat and is locally isometric to

H ! (—4) x R™,
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On conformal n-Ricci soliton

3.1 Introduction

This chapter consists of six sections. Fist two sections contain introduction and prelimi-
naries, respectively.

In the third section, we establish some results regarding conformal 7n-Ricci soliton
and conformal Ricci soliton on (LCS), manifold satisfying some curvature conditions
such as {-conharmonically semi-symmetric, ¢-concircularly semi-symmetric and &-quasi-
conformally semi-symmetric and obtained the nature of the soliton as well as the nature
of the structural vector field &.

In the later section we initiate the study of conformal n-Ricci soliton and almost
conformal n-Ricci soliton within the framework of para-Sasakian manifold. We prove
that if para-Sasakian metric admits conformal 7n-Ricci soliton, then the manifold is 7-
Einstein and either the soliton vector field V' is Killing or it leaves ¢ invariant. Here, we
have shown the characteristics of the soliton vector field V' and scalar curvature when the
manifold admitting conformal 7-Ricci soliton and vector field is pointwise collinear with
the characteristic vector field £. Next, we show that a para-Sasakian metric endowed an
almost conformal n-Ricci soliton is n-Einstein metric if the soliton vector field V' is an
infnitesimal contact transformation. We have also displayed that the manifold is Einstein
if it represents a gradient almost conformal n-Ricci soliton. We have developed an example
to display the alive of conformal 7-Ricci soliton on 3-dimensional para-Sasakian manifold.

In the fifth section, we deliberate %-conformal n-Ricci soliton within the framework

of Kenmotsu manifolds. Here we have shown that a Kenmotsu metric as a *-conformal
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n-Ricci soliton is Einstein metric if the soliton vector field is contact. Further, we have
evolved the characterization of the Kenmotsu manifold or the nature of the potential
vector field when the manifold satisfies gradient almost *-conformal n-Ricci soliton. Then,
we have constructed some examples to illustrate the existence of x-conformal n-Ricci
soliton, gradient almost *-conformal 7n-Ricci soliton on Kenmotsu manifold.

In the last section, we contrive *-conformal n-Ricci soliton admitting (k, 1)'-almost
Kenmotsu manifold with k < —1 and proved that the manifold is Ricci flat and is locally

isometric to H"(—4) x R™. We also provide an example to establish our findings.

3.2 Preliminaries

Definitions and some properties of Lorentzian concircular structure manifold, para-Sasakian
manifold, Kenmotsu manifold and (k, p)'-almost Kenmotsu manifold are already stated
in the first chapter. Here we want to recall some results on these manifolds proved by

some eminent mathematicians which are useful to get the results stated in this chapter.

If (g,V, A\, p, ) is a conformal n-Ricci soliton on an n-dimensional Lorentzian concir-

cular structure manifold, then we can deduce the following,

SOCY) = (C o Lo x = )g(XY) — (e + an(X)n(Y), (3.2.1)

where S is the Ricci tensor of the manifold.

The conharmonic curvature tensor, denoted by H, is defined on an n-dimensional

manifold M by [3],

H(X,Y)Z =R(X,Y)Z — [S(Y,Z)X — S(X, 2)Y +g(Y, 2)QX — g(X, Z2)QY],

(n—2)
(3.2.2)

where X, Y and Z are arbitrary vector fields on M.
A manifold M is said to admit the &-conharmonically semi-symmetric curvature

property if for the characteristic vector field &, the following property holds
R(&,X).H =0,

for any vector field X in x(M).
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The concircular curvature tensor on an n-dimensional manifold M, denoted by C, is

defined by [3],

r

C(X,Y)Z = R(X,Y)Z — "D

9(Y, Z2)X — g(X, Z2)Y]. (3.2.3)

where X, Y and Z are arbitrary vector fields in x(M).
A manifold M is said to admit the £-concircularly semi-symmetric curvature property

if for the characteristic vector field &, the following property holds
R(£,X).C =0,

for any vector field X.

The quasi-conformal curvature tensor on an n-dimensional manifold M, denoted by

C, is defined by [3],

C(X,Y)Z = aR(X,Y)Z+bS(Y,2)X — 8(X,2)Y + g(Y, 2)QX — g(X, Z)QY]

T L a)g(Y, 2)X — ¢(X, Z)Y] (3.2.4)

Tni(n—1)
where a and b are non-zero constants and X, Y and Z are any vector fields in x(M).

A manifold M is said to admit the &-quasi-conformally semi-symmetric curvature

property if for the characteristic vector field &, the following property holds
R(¢,X).C =0,

for an arbitrary vector field X on M.

Lemma 3.2.1. [70] In a para-Sasakian manifold, the Ricci operator Q) commutes with

the tensor field ¢, i.e.,
Qo = ¢Q. (3.2.5)

Prakasha and Veeresha in established another beautiful result on para-Sasakian man-

ifold (see lemma-1 of [80]) which using (3.2.5) can be restated as

(VeQ)X = 0, (3.2.6)
(VxQ)§ = QdX +2npX. (3.2.7)
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3.3 Conformal n-Ricci soliton on Lorentzian concir-

cular structure [or (LCS),] manifold

In this section we consider the metric g of a n-dimensional Lorentzian concircular structure
manifold to represent a conformal n-Ricci soliton where the manifold satisfies some curva-
ture properties like £-conharmonically semi-symmetric, &-concircullarly semi-symmetric

and &-quasi-conformally semi-symmetric curvature properties.

3.3.1 (LCS),, manifold admitting ¢-conharmonically semi sym-

metric curvature property

Theorem 3.3.1. A conformal n-Ricci soliton in (LCS), manifold (M,qg,&,n,¢), admit-
ting &-conharmonically semi-symmetric curvature property, satisfies the following proper-

ties,
(i) A+ (n—1)a®>=L+pu+(n—1)p+2,
(i1) & is a geodesic vector field,

(111) VeS =0 and VeQ = 0.

Proof. Taking inner product of (3.2.2) along ¢ and using (1.1.76) and (3.2.1), we have

P 2 2\ o
=2 =2 -2 =2 -2

(9(Y; Z)n(X) — 9(X, Z)n(Y)). (3.3.1)

nH(X,Y)Z) = (& —p—

Here we have considered the {-conharmonically semi-symmetric curvature property, i.e.,

R(¢,X).H =0, which yields
RE, X)H(Y, Z)W — H(R(E, X)Y, )W — H(Y, R(g, X)Z)W — H(Y, Z)R(E, X)W = 0.
Applying (1.1.76) in the above equation, we have

g( X, HY, Z)W)§ —n(H(Y, Z)W)X — g(X,Y)H (& Z)W +n(Y)H(X, Z)W -
g(X, 2)VH(Y,OW + n(Z)H(Y, X)W — (X, W)H(Y, Z)¢ + n(W)H (Y, Z)W = 0.
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By taking inner product of the previous equation with &, we get

g(X, H(Y, Z)W) +n(H(Y, Z)W)n(X) + g(X, Y )n(H(E, Z2)W)—
n(Y)n(H (X, Z)W) + g(X, Z)n(H(Y, )W) = n(Z)n(H(Y, X)W )+
9 X, W)n(H(Y, Z)§) —n(W)n(H(Y, Z)W) = 0.

After using (3.3.1) the equation reduces to,

2 _p—2)\—a+u]
n(n —2) (n—2)

(9(X, Z)g(Y, W) — g(Z,W)g(X,Y)) = 0.

g(X,H(Y, Z)W) + [O‘Z —pP—

Let us consider the set {e;}!; as an orthonormal basis of the manifold. Then replacing

X =Y =¢; in the above equation, yields

1
)\+(n—1)a2:g+u+(n—1)p+;.

Hence (i) is proved.

Now considering X = £ we can rewrite (1.2.90) as,
oV, 2) +9(Y, V1) + 25(Y, 2) + 20 = (p+ Slo(Y, 2) + 2un(¥ )n(2) = 0,
for all Y, Z € x(M). Simplifying using (3.2.1), the above equation reduces to,
9(Vy&, Z) + g(Y,V 2§) = 2a(g(Y, Z) + n(Y)n(2)] = 0. (3.3.2)
Considering Z = £ in the above equation, we get
9(Veg,Y) = 0.

Since the aforementioned relation holds for any Y € x(M), so V¢ = 0. This concludes
that £ is a geodesic vector field. Thus (i7) is proved.
Taking covariant derivative of (3.2.1) we can find the general expressions of V.S and

V@ as,

(Vx9)(Y,Z2) = —(u+a)[g(Y,VxEn(Z) + g9(Z,VxEn(Y)], (3.3.3)
(VxQ)Y = —(u+a)[g(Y,Vx&E+n(Y)VxE], (3.3.4)

for any XY, Z € x(M). Letting X = ¢ in (3.3.3) and (3.3.4) we get, V¢S = 0 and
V@ = 0. It completes our results. O
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Theorem 3.3.2. If £ is a torse forming conformal n-Ricci soliton in (LCS), manifold
(M, g,&,m, @) with dimension > 1, satisfying &-conharmonically semi-symmetric curvature
property, then n is colsed. Furthermore if & is a recurrent torse forming vector field then

it 1s Killing vector field.

Proof. Let £ be a torse forming vector field. Then we have from (1.1.79) that, Vx& =
fX +v(X)E, for a smooth function f € C*(M), 1-form ~ and for all vector field X on
M. Taking inner product with &, yields

9(Vx&,§) = fn(X) —y(X).
Hence we get fn = ~. After applying this result, (1.1.79) becomes
Vx§ = fIX +n(X)E]. (3.3.5)
Applying (3.3.5) in (3.3.2), we get

2(f = )[g(Y, Z2) = n(Y)n(Z)] = 0,

for all vector fields Y and Z. Since n > 1, contracting the foregoing equation, we get

f = a. Thus (3.3.5) reduces to,
Vxé = alX +n(X)¢] = ag®(X), (3.3.6)

i.e., Vx& is collinear to ¢?(X) for all X. Hence we get dnp = 0, which means that 7 is
colsed.
Now let us consider £ to be recurrent vector field. So, f = a = 0. Thus (3.3.5) yields

that £ is a concurrent vector field i.e., Vx& = 0 for all vector field X on M. Also we have,
(Leg)(X,Y) = g(VxEY) + g(X, Vy§) =0,
for all X and Y on M. Thus we can conclude ¢ is Killing vector field. O]

We know conformal n-Ricci soliton reduces to conformal Ricci soliton if we consider
p to be zero in (1.2.90). Accordingly the results of theorem 3.3.1 change while the results
of theorem 3.3.2 remain the same for conformal Ricci soliton. We can state the modified

results of theorem 3.3.1 as,
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Theorem 3.3.3. A conformal Ricci soliton in (LCS), manifold (M, g,&,n,®), admitting
the &-conharmonically semi-symmetric curvature property, satisfies the following proper-

ties,
(i) A+(n—1)a>=2+(n—1)p+1,
(i1) & is a geodesic vector field,

(117) VeS =0 and VeQ = 0.

3.3.2 (LCS), manifold admitting {-concircularly semi symmet-

ric curvature property

Theorem 3.3.4. A conformal n-Ricci soliton in (LCS), manifold (M, g,&,n,¢), admit-

ting &-concircularly semi-symmetric curvature property satisfies the following properties,

(i) A+ (n—1)a> =8+ pu+(n—1)p+ =,

(ii) & is a geodesic vector field,
(111) VeS =0 and VeQ = 0.
Proof. Considering inner product of (3.2.3) w.r.t. £ and using (1.1.76), we have

2 r

n(CX,Y)Z) = (" —p— m)(Q(Y, Z)n(X) = g(X, Z)n(Y')). (3.3.7)

Here we have considered ¢-concircularly semi-symmetric curvature property i.e., R(§, X).C' =

0, which yields
R X)C(Y,Z)W — C(R(,X)Y, Z)W —C(Y,R(&, X)Z)W — C(Y, Z)R(&, X)W = 0.
Applying (1.1.76) in the above equation, we have
9(X,C(Y, Z)W)§ = n(C(Y, Z)W)X — g(X,Y)C(& Z)W +n(Y)C(X, Z)W —
9(X, Z)C(Y, W +n(Z)C(Y, X)W — g(X,W)C(Y, Z)§ + n(W)C(Y, Z)W = 0.
By taking inner product in the previous equation with &, we get
9(X, CY, Z)W) +n(C(Y, Z)W)n(X) + g(X,Y)n(C(E, 2)W) —
n(Y)n(C(X, 2)W) + g(X, Z)n(C(Y, W) — n(Z)n(C(Y, X))
+9(X, Wn(C(Y, Z2)§) —n(W)n(C(Y, Z)W) = 0.
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After using (3.3.7) the equation reduces to,

r

9 X, C(Y, Z)W) + (a® —p — nln— 1)

)9(X, 2)g(Y, W) — g(Z,W)g(X,Y)) = 0.

Then replacing X =Y = e; in the above equation, where the set {e;}! ; is an orthonormal

basis of the manifold, yields

[g n % —A—a—(n=1)(a®=p)lg(ZW) = (u+a)n(Z)n(W) = 0.

Since this holds for arbitrary Z, W € x(M), setting Z = W = £ we have,

1
A+(n—1)o¢2:§+u+(n—1)p+ﬁ.

This proves (i), the first assertion of this theorem and the expression is identical with re-
lation () of theorem 3.3.1. Other two outcomes (ii) and (7i¢) are immediate consequences

and can be proved similarly like theorem 3.3.1. O

Theorem 3.3.5. If £ is a torse forming conformal n-Ricci soliton in (LCS), manifold
(M, g,&,n, @) with dimension n > 1, satisfying &-concircularly semi-symmetric curvature
property, then n is colsed. Furthermore if & is a recurrent torse forming vector field then

it 1s Killing vector field.

Proof. Since the results of theorem 3.3.4 for concircular curvature tensor are same as of
theorem 3.3.1 for conharmonic curvature tensor, the proof of this theorem is identical

with the proof of theorem 3.3.2. O

We know conformal 7-Ricci soliton is a mere generalisation conformal Ricci soliton.
If we let p to be zero in (1.2.90) then it reduces to conformal Ricci soliton. The results
of theorem 3.3.4 change while the results of theorem 3.3.5 remain the same for conformal

Ricci soliton. We can state the results of theorem 3.3.4 as,

Theorem 3.3.6. A conformal Ricci soliton in (LCS), manifold (M, g,&,m, @), satisfying

the &-concircularly semi-symmetric curvature property, satisfies the following properties,

(i) A+ (n—1a” =F+(n—1)p+ .
(ii) € is a geodesic vector field,
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3.3.3 (LCS),, manifold admitting {-quasi-conformally semi sym-

metric curvature property

Theorem 3.3.7. A conformal n-Ricci soliton in (LCS), manifold (M, g,&,m, @), satisfy-
ing &-quasi-conformally semi-symmetric curvature property, admits the following proper-

ties,

() A+ (n=Da?=F+p+(n—1)p+;

(ii) & is a geodesic vector field,
(111) VeS =0 and VeQ = 0.
Proof. Taking inner product of (3.2.4) w.r.t. £ and using (1.1.76), we have

MOK,Y)Z) = [ala> = p) +b(p+ = 20—t ) — (4 20)
(9(Y, Zn(X) — g(X, Z)n(Y)). (338)

Here we have considered &-quasi-conformally semi-symmetric curvature property i.e.,

R(£,X).C =0, which yields
R, X)C(Y, Z)W — C(R(£, X)Y, Z)W — C(Y, R(§, X) Z)W — C(Y, Z)R(§, X)W = 0.
Applying (1.1.76) in the above equation, we have
9(X, C(Y, Z)W)& = n(C(Y, Z)W)X — g(X,Y)C(&, Z)W +n(Y)C(X, Z)W —
9(X, Z)C(Y, )W +n(Z)C(Y, X)W — g(X, W)C(Y, Z)§ + n(W)C(Y, Z)W = 0.

By taking inner product in the previous equation w.r.t. &, we get

9(X,CY, )W) + n(C(Y, Z)W)n(X) + (X, Y )n(C(§, Z)W) —
n(Y)n(C(X, Z)W) + g(X, Z)n(C(Y, )W) = n(Z)n(C(Y, X)W)
+g(X, W)n(C (Y, 2)€) — n(W)n(C(Y, Z)W) = 0.

After using (3.3.8) the above equation reduces to,

9(X,C(Y,Z2)W) + [a(e? —p)+b(p+% — 2\ —a+p)— %(ni -
(g(X7 Z)g(Y, W) - 9(27 W)g(Xv Y)) = 0.

)]
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Then replacing X =Y = ¢; in the above equation, where the set {e;}! ; is an orthonormal

basis of the manifold, yields

[a -+ (n = 2)bS(Z,W) + [br =~ (a+2(n — DY)]g(Z, W) + [ala® — p) +

2 r,oa
b — =2\ — — —(——+2b)]g(Z, W) =0.
b+ atp) = (= +20)]9(Z,W)
Since this holds for arbitrary Z, W € x(M), setting Z = W = £ we have,

1
)\+(n—1)a2:‘g+u—|—(n—1)p+ﬁ.

Hence first assertion of this theorem is proved.

(77) and (i7i) can be proved in similar manner like the proof of theorem 3.3.1. O

Theorem 3.3.8. If £ is a torse forming conformal n-Ricci soliton in (LCS), manifold
(M, g,&,m, @) with dimension n > 1, admitting &-quasi-conformally semi-symmetric cur-
vature property, then n is colsed. Furthermore if & is a recurrent torse forming vector field

then it is Killing vector field.

Proof. The proof can be done in similar fashion like theorem 3.3.2. [

To get conformal Ricci soliton from conformal n-Ricci soliton we assume pu = 0 in
(1.2.90). Consequently the results of theorem 3.3.7 change while the results of theorem
3.3.8 remain unchanged for conformal Ricci soliton. We can rewrite the results of theorem

3.3.7 as,

Theorem 3.3.9. A conformal Ricci soliton in (LCS), manifold (M, g,&,n,®), admitting

&-quasi-conformally semi-symmetric curvature property satisfies the following properties,
(i) \+(n—1)a> =8+ (n—1)p+=,
(i1) & is a geodesic vector field,
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3.4 Para-Sasakian manifold admitting conformal 7-

Ricci soliton

In this section, we have studied conformal n-Ricci soliton and almost conformal n-Ricci
soliton on (2n + 1)-dimensional para-Sasakian manifold. It follows from (1.2.90) that
almost conformal n-Ricci soliton is the generalization of almost n-Ricci soliton because
it involve two smooth functions A and p. First we prove the following lemma which has

been used to prove the next theorems.

Lemma 3.4.1. If the metric g of a para-Sasakian manifold represents a conformal n-Ricci

soliton, then

N(Lvé) = —(Lyn =\ —7 — oy I (3.4.1)

Proof. As the metric g satisfies conformal n-Ricci soliton equation (1.2.90), using (1.1.64),

we can easily obtain

for arbitrary vector field X. Lie differentiation of the relation n(X) = ¢(X,§) along
the soliton vector field V' yields (Lyg)(X, &) = (Lyn)X — g(X, Ly€). Using this in the

foregoing equation, we have
(Lym)X — g(X, Lv€) = —2(A =¥ — ——— — 20 + pyn(X). (3.4.2)

Finally taking Lie derivative of (1.1.47) along V into account, we can easily obtain our

desired result (3.4.1). O

Theorem 3.4.1. Let M*" "1 (¢,&,n, g) be a para-Sasakian manifold. If the metric g rep-
resents a conformal n-Ricci soliton then the manifold is n-FEinstein and either the soliton

vector field V' is Killing or it leaves ¢ invariant.

Proof. Taking covariant derivative of (1.1.47) along arbitrary vector field Y and using
(1.1.62), we can easily have (Vyn)X = ¢g(¢X,Y).
Since the metric g of the manifold represents a conformal 7-Ricci soliton, taking

covariant derivative of (1.2.90) along arbitrary vector field Z, we obtain
(VzLvg)(X,Y) = =2(VzS)(X,Y) — 2u[g(¢X, Z)n(Y) + g(¢Y, Z)n(X)],  (3.4.3)
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for all vector fields X, Y and Z on M. Now, V is the metric connection on M i.e., Vg = 0.
So the equation (1.1.3) reduces to,

(VxLvg)(Y,Z) = g(LvV)(X,Y), Z) + g(LvV)(X, Z),Y), (3.4.4)
for all vector fields X, Y, Z on M. Combining (3.4.3) and (3.4.4), we have
gLy V)X, Z2),Y)+g((LyV)(Y, Z), X) = =2(VzS5)(X,Y)
—2u[g(o X, Z)n(Y) + g(oY, Z)n(X)].
By a straightforward combinatorial computation, the foregoing equation yields
+2ulg(¢ X, Z)n(Y) + g(¢Y, Z)n(X)], (3.4.5)

for all X, Y, Z € x(M). Setting Y = £ and making use of (Vz9)(X,Y) = ¢((VzQ)X,Y),
(3.2.5), (3.2.6) and (3.2.7), we obtain

(LvV)(X,8) = 2(p — 2n)(9X) — 2Q9X. (3.4.6)

Differentiating the last equation covariantly with respect to arbitrary vector field Y and

using (1.1.61) and (1.1.62), we acquire
(VyLvV)(X,€) = (LvV)(X,9Y) —2(VyQ)(¢X) — 2n(X)(QY)
—2ug(X, Y )¢ + 2(u — 2n)n(X)Y. (3.4.7)
Using (3.2.6), (3.4.6) and (3.4.7) in (1.1.5), we get
(LvR)(X, §)§ = 4 — 2n) X — 4QX — 4yn(X)E, (3.4.8)

which holds for an arbitrary vector field X. Again, from (1.1.63) we get R(X,£)¢ =
n(X)¢ — X. By virtue of (3.4.1) and (3.4.2), Lie differentiation of the last relation along
V yields

(LyR)(X, )6 =200~ — 1 _on 4 X —n(x)el. (3.4.9)

Substituting the value of (Ly R)(X, &) from (3.4.8) in the foregoing equation and taking

inner product with arbitrary vector field Y, we obtain
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for all X,Y € x(M). This transforms the soliton equation (1.2.90) to

(Lv)(X.Y) = (5 + 5=

20— A= @)[g(X,Y) +n(X)n(Y)). (3.4.11)

Differentiating (3.4.10) covariantly along arbitrary vector field Z, we get (VzS)(X,Y) =
sA =8 — 55 —2n—p)[g(oX, Z)n(Y) + g(¢Y, Z)n(X)]. Repeated use of this in (3.4.3),

gives rise to
LoV XY ==L - L o L ) @X) +n(X)6Y),  (34.12)

for arbitrary vector fields X and Y on M. Covariant differentiation of the aforementioned

equation along arbitrary vector field Z and use of (1.1.61), yields

(LvS)(V,2) =200 =L = L _on - p[@n+ (v )n(2) — g, 2)].  (34.13)

(Lr8)(Y, 2) =50 = = = 20— wl(LymY)n(Z) + 0¥ (Lvn)2)] + 50— &
e E e oo 2) 2
(3.4.14)

20— — 2t )20+ (Y02 — 9, 7)) =
0= L L o (LY )n(2) + (L) 2]+
bt L e oo 2) (2] 3419

Substituting Y and Z by ¢?Y and ¢Z respectively and using (1.1.46), (1.1.49) and (1.1.51),

we obtain

p 1 D 1 B
(A 2n + ) (A 5 " a1 +2n — p+4)dn(Y, Z) =0, (3.4.16)
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VY, Z € x(M). As we know, in para-Sasakian manifold dn # 0, we have (A — 2 — ;-2— —
2n 4+ p)(A — 5 — 2n1+1 +2n — p+4) = 0. This gives either A = £ 4+ == 4+ 2n — p or

2n+1
A=b+ 5 —2n+pu—4

Case-I: I[f A = §+ﬁ—|—2n—,u, then (3.4.10) reduces to S(X,Y) = (u—2n)g(X,Y)—
un(X)n(Y) i.e., the manifold is n-Einstein. Also (3.4.11) gives Ly g = 0. So, V' is Killing

vector field.

Case-II: Using A = £ + ﬁ —2n+p—4in (3.4.10), we get S(X,Y) =2¢(X,Y) —
2(n + 1)n(X)n(Y). So, the manifold is n-Einstein. Substituting Y by ¢Y and setting
Z = & in (3.4.15), we obtain (Lyn)(¢Y) = 0. Further, replacing Y by ¢Y and using

(1.1.46), (3.4.1) and A = £ + Tlﬂ —2n+ p—4, we get

Lyn=22n—pu+2)n.

Exterior differentiation of the foregoing equation and use of well-known relation d(Lyn) =

Lydn and (1.1.51), yields
(Lydn)(X,Y) =22n—p+2)g9(X,dY), (3.4.17)
for arbitrary vector fields X and Y on M. Lie differentiation of (1.1.51) along V/, infers
(Lodn)(X,Y) =220 — i+ 2)g(X, 6Y) + g(X, (Lyo)Y), (3.4.15)

VX,Y € x(M). Comparing this with (3.4.17) gives Lyy¢ = 0, as X and Y are arbitrary

vector fields. So, V' leaves ¢ invariant. m

Theorem 3.4.2. If the metric g of a para-Sasakian manifold M represents a conformal
n-Ricci soliton and if the soliton vector field V' is pointwise collinear with the characteristic
vector field & then V is a constant multiple of & and the scalar curvature of the manifold

1S constant.

Proof. Since the soliton vector field V' is pointwise collinear with the characteristic vector
field &, so, V = f¢ where, f is a smooth function on M?** ™! Substituting V = f¢ in
(Lyg)(X,Y)=g(VxV,Y)+ g(X,VyV) and using (1.1.62), we get

(Lvg)(X,Y) = (X[)n(Y) + (Y f)n(X), (3.4.19)
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for arbitrary vector field X and Y on M. Using (3.4.19) in the soliton equation (1.2.90),

we obtain

(XY )+ fHn(X)+25(X, Y)+2un(X)n(Y)+2()\_g_2n1+ 1

Setting Y = ¢ and using (1.1.47) and (1.1.64), the above equation becomes

)g(X,Y) =0. (3.4.20)

Df=2[2n+g+2n1+1 —%(U)—A—M]g. (3.4.21)

Taking inner product with respect to Reeb vector field £, we acquire

ff:2n—|—g+2n+1—>\—u. (3.4.22)

From previous theorem we obtained either A = g—i—ﬁjﬂn— por A= E+4 2n1+1 —2n+p—4.

If we consider A = £ + 2n1+1 + 2n — p, then from (3.4.22) we get £f = 0. Substituting
these values in (3.4.21), yields

Df =0. (3.4.23)

Now, if we consider A = §+5-1=—2n+pu—4, then from (3.4.22) we obtain { f = 2(2n—pu+2)
and from (3.4.21), we get

Df = (¢f). (3.4.24)

Taking (1.1.62) into account, differentiating the foregoing equation along X and then
taking scalar product with arbitrary vector field Y, leads to

g(VxD[,Y) = (X(Ef))n(Y) — (£)g(6X,Y). (3.4.25)

Anti-symmetrizing the last equation and using ¢(VxDf,Y) = g(X,Vy Df), we have

(XEMY) = (V(ES)n(X) = 2(£f)g(¢X,Y) =0, (3.4.26)

for arbitrary vector fields X and Y. If we let X to be unit vector (i.e., g(X,X) =1) in
Ker(n), then ¢X also becomes a unit vector with g(¢X, ¢Y) = —1. Now replacing Y by
»X in (3.4.26), we get £f = 0. Substituting this value in (3.4.24) leads to

Df =0. (3.4.27)

Combining (3.4.23) and (3.4.27) we can conclude that Df = 0 in entire manifold. There-
fore f is constant. So, V' is a constant multiple of &.

The equation (3.4.20) reduces to QX +2(A = § — 5-25) X + 2un(X )¢ = 0. Tracing of this

equation leads to 7 =2 — 2u + (2n + 1)(p — 2\), where r denotes the scalar curvature of
the manifold. This completes the proof. O
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Theorem 3.4.3. Let M*"*! be a para-Sasakian manifold with n > 1. If g represents an
almost conformal n-Ricci soliton with the soliton vector field V' as infinitesimal contact
transformation, then the manifold is n-Finstein and either the soliton vector field V is

Killing or it leaves ¢ invariant.

Proof. Since V' is of infinitesimal contact transformation, there exists a certain a €
C>°(M) such that
Lyn = an. (3.4.28)

Taking d(Lyn) = Lydn into account, exterior derivative of (3.4.28) gives
Lydn = (da) A n+ adn.
Using (1.1.51), the foregoing equation can be rewritten as
(Lvdn)(X,Y) = %[(XG)U(Y) —n(X)(Ya)] + ag(X, oY), (3.4.29)

for arbitrary vector fields X and Y on M. Lie differentiation of (1.1.51) along the soliton
vector field V', yields

(Lydn)(X.,Y) = g(X, (Lyd)Y) — 2g((A— & —

5~ g )X T QX 0Y), (3.4.30)

VX,Y € x(M). Comparing the aforementioned equation with (3.4.29), we obtain

2Ly )Y =n(Y)(Da) — (Ya)é + (2a + 4\ — 2p — )(oY) 4+ 4Q¢Y,  (3.4.31)

2n+1
for any vector Y in x(M). Setting Y = £ and using (1.1.47) and (1.1.48), we get

2Ly ¢)E = Da — (€a)t. (3.4.32)

Taking (1.2.90) and (3.4.28) into consideration, Lie differentiating g(£,£) = 1 and g(X, €) =
n(X) along V', we achieve

D 1
Lyvé = (a+2X—p— 5T dn 4 2p)€. (3.4.34)
Combining above two relations, we get
S SIS (3.4.35)
a=2n pt5tgs 1 4.
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Lie differentiating (1.1.48) along the soliton vector field V' and using (3.4.35), we obtain
(Ly¢)¢ = 0. Combining this with (3.4.32) we have Da = (£a)¢, which further implies

da = (§a)n. (3.4.36)

Operating the foregoing equation by exterior derivative operator d and using d* = 0,
yields

d(&a) A+ (a)dn = 0.
Taking n An =0 and n A dn # 0 into account, wedge product of the above equation with
respect to the 1-form 7 gives {a = 0. Substituting this in (3.4.36) we get da = 0 and so a

is constant. Then the equation (3.4.31) reduces to

(Lyd)Y = (a+2) —p— )(6Y) +2Q0Y, (3.4.37)

2n+1
for any vector field Y on M. Operating (1.1.46) by Ly and using (3.4.28) and (3.4.34) we
get Ly ¢? = 0. Consequently, we get (Ly¢)(dX) + ¢(Ly¢)X = 0 for an arbitrary vector
field X. After repeated application of (3.4.37) and use of (1.1.46), (1.1.64) and (3.2.5),
the aforementioned relation leads to

ey _p_ 1 e, _p__1
QX = (2 + A 5 It 1)X—i—( + A 2n)n(X)¢, (3.4.38)

for any vector field X of M. Covariant derivative of (3.4.38) along an arbitrary vector

field Y yields

(VrQX = (§HA-E - —am)lg(¥, 0X)6—n(X) (V)| - (YN [X —n(X)g]. (3.4.39)

It is well-known that Xr = g((VxQ)e;,€;) and Xr = g((V.,Q)X,¢;), where {e;}"7"
is an orthonormal basis of the manifold. Successive application of (3.4.39) in these two

relations infers

Xr = —2n(X\), (3.4.40)
Xr = =2(X\)+2n(X)(EN), (3.4.41)

for an arbitrary vector field X. Since the characteristic vector field ¢ is a Killing vector field
in a para-Sasakian manifold, it follows that {r = 0. Plugging this in (3.4.40), we obtain
¢X = 0as we assume n # 0. Consequently, (3.4.41) reduces to Xr = —2(X\),VX € x(M).
Setting this in (3.4.40), we get

(n—1)(XA) =0.
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Since n > 1 and X is an arbitrary vector field, we conclude that A is a constant. Thus
it follows from (3.4.35) that p is also constant. Then the soliton reduces to conformal

n-Ricci soliton and the result follows from theorem-3.4.1. n

Theorem 3.4.4. Let M*'! be a para-Sasakian manifold of dimension > 3. If g rep-
resents a gradient almost conformal n-Ricci soliton, then the soliton reduces to gradient

almost conformal Ricci soliton and the manifold is Einstein.

Proof. From the gradient almost conformal n-Ricci soliton equation (1.2.91), we easily
obtain

VXDf:_QX+(g+2n+1

—AN)X — un(X)E, (3.4.42)

for an arbitrary vector field X of M. Taking covariant derivative along an arbitrary vector

field Y, we acquire

1
VyVxDf = — (VyQ)X — Q(Vy X) + (g 5 = NV X) - (YNX
— (Y)n(X)€ = ulg(6 X, Y)E + n(Vy X)§ — n(X)(6Y)].
Plugging the above equation along with (3.4.42) in (1.1.4), we infer

R(X,Y)Df = (VyQ)X — (VxQ)Y + (YAN)X — (XN)Y + (Yu)n(X)¢
— (Xp)n(Y)E + pu[2g9(0 X, Y)E —n(X)(@Y) +n(Y) (X)), (3.4.43)

for all X|Y € x(M). Setting Y = ¢ in the foregoing equation and using (3.2.6) and
(3.2.7), we get

R(X,6)Df = =QoX + (n = 2n)(¢X) + (EX)X — (XN + (§u)n(X)€ — (Xp)€.

Combining the last equation with (1.1.61) and (1.1.63), we obtain

9(Vx@)Y,Df) = = g(QdX,Y) + (u = 2n)g(¢ X, Y) + (EN)g(X,Y)
— (XM)n(Y) + Ep)n(X)n(Y) — (Xp)n(Y), (3.4.44)

for arbitrary vector fields X and Y on M. Replacing X and Y by ¢X and ¢Y in the

foregoing equation, we achieve

9(Vex @)oY, Df) = g(QoX,Y ) —(n—2n)g(¢X,Y)—(EN)[g(X,Y) —n(X)n(Y)], (3.4.45)
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where we have used (1.1.46), (1.1.47), (1.1.50), (1.1.64) and (3.2.5). Subtraction of (3.4.44)
from (3.4.45) yields

9(Vex )oY — (Vx9)Y, Df) = 29(QdX,Y) — 2(n — 2n)g(oX,Y) -

26N g(X,Y) + (ENn(X)n(Y) + (XN)n(Y) = (§u)n(X)n(Y) + (Xp)n(Y).  (3.4.46)

From Zamkovoy [109], we know
(Vox @)oY — (Vx@)Y = 29(X,Y)E = n(Y)[X +n(X)E], (3.4.47)

holds for arbitrary vector fields X and Y in a para-Sasakian manifold (for proof see
lemma-2.7 of [109] and here we have used h = 0 which holds in para-Sasakian manifold).

Taking (3.4.47) into account, (3.4.46) can be rewritten as

29(X,Y)(ES) = n(Y)X[) = n(X)n(Y)(Ef) = 29(QeX,Y) = 2(n — 2n)g(¢X,Y)

= 2(EN)g(X,Y) + (A n(X)n(Y) + (XM)n(Y) = (Eu)n(X)n(Y) + (Xp)n(Y).  (3.4.48)
Anti-symmetrizing the last equation and then replacing X and Y by ¢.X and ¢Y’, respec-
tively we get Qo X = (u—2n)(¢X). Further, substitution of X by ¢X in the last relation

yields
QX = (p—2n)X — un(X)<E. (3.4.49)

Covariant differentiation of (3.4.49) along an arbitrary vector field Y and using that
expression of (Vy @)X in (3.4.43), we obtain

R(X,Y)Df = (Y)X — (Xp)Y + (YNX — (XN, (3.4.50)

VX,Y € x(M). Contraction of (3.4.43) and (3.4.50) over X, yields

QUDS) = (Dr) +20(DX) + (i) - (Eme. (3.4.51)
Q(Df) = 2n(Du+ D). (3.4.52)

Comparing the last two relations we get

1

(2n —1)Dp = §(D7’) — (Ep)é. (3.4.53)

Tracing (3.4.49), we find r = 2nu — 2n(2n + 1). So, Dr = 2nDu. Plugging this relation
in (3.4.53), we obtain
(n—1)Du+ ()€ = 0. (3.4.54)
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As we know g((V,,Q)&,¢e;) = %(fr), we can easily obtain &r = 0. Combining this result
with Dr = 2nDpu, we get £ = 0. Using this in (3.4.54), we have Dy = 0 (since n # 1),
so u is constant. Scalar product of (3.4.52) with respect to the characteristic vector field
¢ and use of (1.1.64), yields

E(f+A) =0, (3.4.55)

as n > 1. Now, setting ¥ = ¢ in (3.4.50) and using (1.1.63), we obtain

(X(f+A)E = (E(f + )X, (3.4.56)

for an arbitrary vector field X. Plugging equation (3.4.55) in the above equation, we get
that f + X\ is constant. As we have p and f + A\ are constants, replacing X by Df in
(3.4.49), we get

ul(Df) = (££)E] = 0. (3.4.57)

We suppose, u is a non-zero constant. Then, from last equation, we get Df = (£f)<E.

Substitution of D f by (£f)¢ in (3.4.42) and use of (1.1.62), yields

p
(XENE - €N@X) = &+ 5

for any vector field X of x(M). Taking inner product of the foregoing equation with

—A—p+2n)X, (3.4.58)

respect to £ and substituting the resultant relation in (3.4.58), we get

(€f)(eX) + (g + 2n1+ - = A= 20)[X - p(X)¢) =0,

Contracting the last equation over X and using n # 0, we obtain £+ ﬁ —A—p+2n = 0.
Since p is a constant, we have \ is also constant. As we know f + X is constant, this yields
f is constant. This contradicts the fact that the soliton vector field V' is non-zero as we
get V.=Df =0.

So, u must be identically equal to zero and the soliton reduces to gradient almost conformal
Ricci soliton. Finally, the equation (3.4.49) reduces to QX = —2nX VX € x(M). So, the

manifold becomes Einstein with Einstein constant —2n. Furthermore, the scalar curvature

of the manifold can be expressed as r = —2n(2n + 1). O

Example 3.4.1. We consider the example of the paper [70]. In this paper, authors con-
sidered the Euclidean space M = R® with Cartesian coordinates (x,y,2) and defined the

normal almost paracontact metric structure (p,&,m,g9) on M as follows,

0 0 0 0 0 0
@(@) = oy (’D(ﬁ_y) = 5. Y3y 90(8—2) =0,
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1
n= i(dz + ydx),

(95) =

sl O w‘ e
O IRk O
== O R

and authors have shown that the manifold M is para-Sasakian. Authors have taken
pseudo-orthonormal @-basis e; = 20y, es = 20x — 2y0z and e3 = £ = 20z and also

obtained the expressions of the curvature tensor and the Ricci tensor respectively as fol-

lows,
R(eq,e2)er = —3eq, R(eq,e2)es = —3ey, R(eq,ez)es =0,
R(e1,e3)e; =&, R(ey1,e3)es =0, R(e1,e3)es = —eq,
R(es,e3)er =0, R(es, e3)es = —¢, R(es, e3)es = —ea,
and
S(ey,e1) = 2, S(eg, €2) = —2, S(es, e3) = —2.
Also the scalar curvature r=2. Thus
S(X,Y) = 29(X,Y) — dp(X)n(Y), VX,V € y(M). (3.4.59)
Let f : M — R be a smooth function defined by,
22 P
flz,y,2) = PRI 22, (3.4.60)

Then the gradient of f, Df is given by,

Now (Lpyg)(e1,e1) = —2g(e1,e1) =2, (Lprg)(ea, e2) = 29(ez, e2) = —2 and (Lpyg)(es, e3) =

4. Then from the above results we can verify that,
(Lprg)(X,Y) = 2{g(X,Y) +n(X)n(Y)}, (3.4.61)

for all XY € x(M). From (8.4.59) and (3.4.61) we obtain that g represents a gradient
almost conformal n-Ricci soliton i.e., it satisfies (1.2.91) for V.= Df, where f is defined
by (3.4.60), A\ =25 —3 and p = 3.

3

61



3.5 x-conformal 7-Ricci soliton on Kenmotsu mani-

fold

In this section we consider that the metric g of a (2n+ 1)-dimensional Kenmotsu manifold

represents a x-conformal 7-Ricci soliton and a gradient almost *-conformal n-Ricci soliton.

Theorem 3.5.1. Let M(2”+1)(¢,5,77,g) be a Kenmotsu manifold. If the metric g repre-
sents a x-conformal n-Ricci soliton and if the soliton vector field V' is contact, then V' is

strictly infinitesimal contact transformation and the manifold is Einstein.

Proof. Since the metric g of the Kenmotsu manifold represents a x-conformal 7-Ricci
soliton so both of the equations (1.2.92) and (2.2.4) are satisfied. Combining these two,

we have

(Lvg)(X,Y) = =25(X,Y) - (2A—p— +4n = 2)g(X,Y) = 2(p + 1)n(X)n(Y).
(3.5.1)

Taking covariant derivative w.r.t. arbitrary vector field Z and using (1.1.24), we have

(2n+1)

(VzLyg)(X,Y) = =2(Vz9)(X,Y) = 2(p + 1){g(X, Z)n(Y)
+9(Y, Z2)n(X) = 2n(X)n(Y)n(2)}, (3.5.2)

for all XY, Z € x(M). Since V is the metric connection i.e., Vg = 0, the equation (1.1.3)

reduces to,
(VzLyg)(X,Y) = g((LvV)(X, Z),Y) + g((Lv V)Y, Z), X), (3.5.3)

for all vector fields X, Y, Z on M. Combining (3.5.2) and (3.5.3) and by a straightforward
combinatorial computation and using the symmetry of (£V), the foregoing equation

yields

g(LyV)(X,Y), Z) = (Vz9)(X,Y) = (Vx)(Y, Z) — (VyS5)(Z, X)
—2(p + D{g(X, Y)n(Z) = n(X)n(Y)n(2)},  (3.5.4)

for arbitrary vector fields XY and Z on M. Using (2.2.2) and (2.2.3), the foregoing
equation yields

(LyV)(X,€) = 2QX + 4nX, (3.5.5)
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for all X € x(M). Now differentiating covariantly this with respect to arbitrary vector
field Y, we get

(VyLo)(X,§) =2(VyQ)X — (Lv)(X,Y) +n(Y)(2QX + 4nX). (3.5.6)
Using (3.5.6) in (1.1.5), we get

(LyR)(X.Y)E = 2{(VxQ)Y — (VyQ)X} +2(X)(QY + 2nY) — 20(Y)(QX + 2nX),

(3.5.7)

for arbitrary vector fields X and Y on M. Setting Y = £ in the aforementioned equation
and using (1.1.26),(2.2.2) and (2.2.3), we get

(LvR)(X,§)€=0. (3.5.8)

Now, taking (3.5.1) in account, the Lie derivative of g(£, &) = 1 along the potential vector
field V' gives rise to,

b 1
MLve) = A =3 2n+ 1)

Setting Y = ¢ and using (1.1.7) and (1.1.11) in the equation (3.5.1), we get

+ 1. (3.5.9)

2
(2n+1)

which holds for arbitrary vector field X on M. From (1.1.25) we have, R(X,§)¢ =
n(X)¢ — X. Taking Lie derivative along the potential vector field V' and taking (3.5.9)

(LymX — g(X, LyE) = (p+ —2) = 2u)n(X), (3.5.10)

and (3.5.10) in account, we acquire

(LvR)(X,6)§ = (2A + 21 —p — )X = n(X)$), (3.5.11)

(2n+1)
for all X € x(M). Finally comparing (3.5.8) and (3.5.11), we have (2X\ + 2y — p —

ﬁ)(X —n(X)&) = 0. Since this holds for arbitrary X € x (M), so it reduces to

1
A= g + [ (3.5.12)

(2n+1
Using the relation (3.5.12) in (3.5.9) we easily obtain, n(Ly€) = 0. Since we have con-

sidered the potential vector field V' as contact vector field so there must exists a smooth

function f such that Ly§ = f¢. Making use of this in (3.5.9) we get f = A—£ — m—i-,u.

Using (3.5.12), we get f = 0 and thus £/{ = 0. Finally the equation (3.5.10) reduces to,
Lyn = 0. (3.5.13)
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So, V is strictly infinitesimal contact transformation.
Setting Y = ¢ in (1.1.2) and using (1.1.23), Ly/§ = 0 and (3.5.13), we get (L V)(X, &) =
0. Substituting this in (3.5.5), we finally obtain QX = —2nX VX € x(M). This proves

our result. O

x-conformal n-Ricci soliton is a mere generalisation of conformal *-Ricci soliton where
we consider = 0 in (1.2.92) to get conformal *-Ricci soliton equation. We can rewrite

the above theorem as,

Corollary 3.5.1. Let M@tV (¢,&,n,g) be a Kenmotsu manifold. If the metric g repre-
sents a conformal x-Ricci soliton and if the soliton vector field V' is contact, then V 1is

strictly infinitesimal contact transformation and the manifold is Einstein.

Example 3.5.1. Let us consider the set M = {(x,y, z,u,v) € R*} as our manifold where

(2,9, 2,u,v) are the standard coordinates in R5. The vector fields defined below,

9 e —e’”2 e —e’”ﬁ e —e’”2 e _ 9
ox’ 2T Gy ST 92 T ou T o’

are linearly independent at each point of M. We define the metric g as,

—v

€1 = e

1, ifi=jand i, je€ {1,2,5},
gleiej) =4 —1, ifi=jandi,j € {3,4},
0, otherwise.

Let n be an 1-form defined by n(X) = g(X,e5), for arbitrary X € x(M). Let us define
(1,1)-tensor field ¢ as,
¢(e1) = es, P(e2) = eu, P(e3) = —ex, Pes) = —e2, ¢(es) = 0.

Then the relations (1.1.6), (1.1.7) and (1.1.8) are satisfied, where £ = e5. So, (M, ¢,&,m, g)
defines an almost contact structure on M.

We can now deduce that,

[e1, e2] =0, leq,e3] = 0, le1,e4] =0, le1, e5] = e,
[ea, e1] =0, lea, e3] = 0, le2, eq] = 0, [ea, €5] = €2,
[e3,e1] =0, [e3, ea] = 0, les, e4] =0, les, €5] = e3,
leq, €1] =0, leq, €2] = 0, [e4, €3] = 0, leq, €5] = e,
[es, e1] = —ex, [e5, 2] = —eq, [es, €3] = —es, les, €4] = —ey.
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Let V be the Levi-Clivita connection of M. Then from Koszul’s formula (1.1.1), we can

have,
V.. e1 = —es, V2 =0, Vees3=0, Vees=0, V.5 =eq,
Ve,e1 =0, Ve, = —es, Ve,e3 =0, Ve,eq4 =0, Ve,€5 = €3,
ve3€1 = 0, Ve3€2 = 0, Ve3€3 = —é€5, V6364 = 0, V6365 = €3,
Ve,e1 =0, Ve,e2 =0, Ve,e3 =0, Ve,e4 = —és, Ve,€5 = €y,
v6561 = 0, v6562 = 0, V6563 == 0, V6564 == 0, V65€5 =0.

Therefore (1.1.22) is satisfied. So, (M, ¢,&,m,g) becomes a Kenmotsu manifold.

The non-vanishing components of curvature tensor are,

€1 = €2, R 61763)61 = €3,

€1 = ¢es, R(ea, 63)62 = €3,
€5 = —€9, R )

€3 = €4,

€4 = —€3, R(eq, 65)6 = €s,

W

(ex,e2) (ex,¢3) (
(ex,5) (ex,e2) (
(e, 1) (ex,es) (

Res, eq4)e2 = ey, R(ea, e5)es = es, R(eq, e3)es = —eo,
(e2,04) (e2,5) (
(€3, 5) (ea,e:) (
(€5, €3) (€5, €4)

€5 = €4.
Now from the above results we have, S(e;,e;) = —4 fori=1,2,3,4,5 and,
S(X,Y)=—-49(X,)Y), VXY € x(M). (3.5.14)

Contracting this we have r = 30_, S(e;,e;) = —20 = —2n(2n + 1) where dimension of
the manifold 2n + 1 = 5. Also, we have,

—1, ifi=1,2,3,4,

S*(ei,ei) =
0, ifi=5
and, r* =r +4n? = —20 + 16 = —4. So,
SX,Y) = —g(X,Y) +n(X)n(Y) VX,V € x(M). (3.5.15)

Now we consider a vector field V' as,

Vool gy 029,20, 0 (3516
x Y



Then from the above results we can justify that,
(Lvg)(X,Y) =4{g(X,Y) = n(X)n(Y)}, (3.5.17)

which holds for all XY € x(M). From (3.5.15) and (3.5.17) we can conclude that g
represents a *x-conformal n-Ricci soliton i.e., it satisfies (1.2.92) for potential vector field

V defined by (3.5.16), A\=2 — 2 and u = 1.

2 5

Theorem 3.5.2. Let M+ Y(¢. & n, g) be a Kenmotsu manifold. If the metric g repre-
sents a gradient almost x-conformal n-Ricci soliton then either M is Einstein or there
exists an open set where the potential vector field V' is pointwise collinear with the char-

acteristic vector field &.

Proof. Using (2.2.4) in the definition of gradient almost *-conformal 7-Ricci soliton, given

by the equation (1.2.93), we get

_ P
VxDf =—QX -(A—73 (2n + 1)

+2n—1X — (u+ Dn(X)E, (3.5.18)

for any vector field X on M. Taking covariant derivative along arbitrary vector Y and

using (1.1.23), (1.1.24), we get

VyViDf = —(VyQ)X = Q(VyX) = Y()X — (A~ % - G T2 DY)
—(p+ D{g(X, Y)E = 2n(X)n(Y)E +n(Vy X)§ +n(X)Y}. (3.5.19)

Applying this in the expression of Riemannian curvature tensor, we get

RX,Y)Df = (VyQ)X — (VxQ)Y + Y ()X = X(\)Y — (u+ D{n(Y)X —n(X)Y}.
(3.5.20)
Moreover an inner product with £ and use of (2.2.2) and (2.2.3), yields

g(R(X,Y)DF, &) = Y (A)n(X) = X(A)n(Y), (3.5.21)

for X, Y € x(M). Furthermore the inner product of (1.1.25) with the potential vector
field D f gives,

9(R(X,Y)DF, &) = n(Y)X(f) = n(X)Y (f), (3.5.22)
for arbitrary X and Y on M. Comparing (3.5.21) and (3.5.22) and setting Y = £ we have
X(f+ X =¢&(f+Mn(X). From this we obtain,

d(f +X) =&(f + M. (3.5.23)
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So, (f+A) is invariant along the distribution Ker(n) i.e., if X € Ker(n) then X(f+\) =
d(f+X)X = 0. Now, if we take inner product w.r.t. arbitrary vector field Z after plugging
X = ¢ in (3.5.20), we get

gR(EY)Df, Z) = S(Y, Z) + (2n — §(A) + p+ 1)g(Y, Z2) + Y (\)n(Z) — (n+ D)n(Y)n(Z).
(3.5.24)
Again from (1.1.25) we can easily obtain for arbitrary vector fields Y and Z on M,

9(R(&,Y)Df, Z) = £(f)g(Y, Z) = Y (f)n(Z). (3.5.25)
Comparing the equations (3.5.24) and (3.5.25) and using (3.5.23), we obtain
S, 2) ={(f +A) —p=2n = 1}g(Y, Z) = {&{(f + A) —p = 1pn(Y)n(Z).  (3.5.26)

Since the above equation holds for arbitrary Y and Z, so the manifold is n-Einstein. Now
contracting (3.5.26), we acquire
£(f+)\):%+u+2n—|—2. (3.5.27)
Plugging this in (3.5.26), we achieve
S(Y.2) = (5= + Dg(¥. Z) = (5 +2n+ (Y In(2),

for arbitrary vector fields Y and Z on M which is exactly same as (2.2.5). Now contracting

(3.5.20) with X gives rise to,
S(Y.Df) = %Y(T) F2nY () — 20(p+ Dn(Y), (3.5.28)
which holds for any Y € x(M). Now, comparing this with (2.2.5), we obtain
(r+2n)Y (f)—(r+2n2n+1)n(Y)E(f) —nY (1) —4n?Y (N\) +4n?(u+1)n(Y) = 0, (3.5.29)
for all Y € x(M). Now, setting Y = ¢ and using (3.5.27), we get the relation
E(r) =—2(r+2n(2n +1)). (3.5.30)

Since d? = 0 and dn = 0, from (3.5.23) we obtain drAn = 0 i.e., dr(X)n(Y)—dr(Y)n(X) =
0 for arbitrary X,Y € x(M). After considering Y = £ and using (3.5.30) it reduces to
X(r) = —2(r+2n(2n+ 1))¢. Since X is an arbitrary vector field, so we conclude that

Dr = —=2(r +2n(2n+ 1))¢. (3.5.31)
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Let X be a vector field of the distribution Ker(n). Then, (3.5.29) reduces to
(r+2n)X(f) — 4n*X(X\) = 0.
Using (3.5.23) and (3.5.27) we obtain, (r+2n(2n+1))X(f) = 0. From here we conclude,

(r+2n(2n +1))(Df = £(f)€) = 0.

If » = —2n(2n + 1), then from (2.2.5) we get that the manifold is Einstein with
Einstein constant —2n.

If r # —2n(2n + 1) on some open set O of M, then Df = &(f)¢ on that open set
that is, the potential vector field is pointwise collinear with the characteristic vector field

¢ O

If we let the coefficient of n ® n in (1.2.93) to be zero then the soliton reduces to
gradient almost conformal *-Ricci soliton. The aforementioned result in the framework

of gradient almost conformal *-Ricci soliton can be stated as,

Corollary 3.5.2. Let M) (¢ € 1, g) be a Kenmotsu manifold. If the metric g repre-
sents a gradient almost conformal x-Ricci soliton then either M is Einstein or the potential

vector field V' is pointwise collinear with the characteristic vector filed & on an open set

on M.

Example 3.5.2. Let us consider the set M = {(x,y, z,u,v) € R*} as our manifold where
(x,y,2,u,v) are the standard coordinates in R®. The vector fields defined below,

0 0 9, 0 0
€1 =UV~—, €y = V—, €3 = UV—, €4 =UV—, € = —UV~—,
ov

ox oy 0z ou

forms a linearly independent set of vector fields on M. We define the metric g as,

1
0
(95) =10
0

0
1
0
0
0

o O = O O

0 0
0 0
0 0
10
0 1

0

We consider the reeb vector field & = es then the 1-form n is defined by n(X) = g(X, es5),
for arbitrary X € x(M) then, n = dv. Let us define (1,1)-tensor field ¢ as,

¢(€1) = €3, ¢(€2) = —é€y, <Z5(€3) = €4, <Z5(€4) = —és, ¢(€5) =0.
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Then the relations (1.1.6), (1.1.7) and (1.1.8) are satisfied. So, (M, ¢,&,n,g) defines an
almost contact structure on M.

Let V be the Levi-Civita connection of M. Then from Koszul’s formula (1.1.1), we

can have,
Ve e1 = —es, Ve eo =0, Ve =0, Ve eq =0, Ve €5 = €1,
v62€1 = 0, V62€2 = —€5, V62€3 = 0, V62€4 = 0, v62€5 = €9,
Ve,e1 =0, Vesea =0, V.3 = —eés, Veseq =0, Ves€5 = €3,
v6461 = 0, v6462 = 0, v6463 = 0, V6464 = —€5, V6465 = €4,
V%el = 0, V%eQ = 0, Ve5€3 = 0, V65€4 = 0, Ve5€5 = 0.

Therefore (1.1.22) is satisfied for arbitrary X,Y € x(M). So (M, ¢,&,1n,9) becomes a
Kenmotsu manifold.

The non-vanishing components of curvature tensor are,

R(ei,ez)es = —eq, R(eq,e3)es = —ey, R(e1,eq)eq = —ey,
R(ey,e5)es = —ey, R(ey,ex)e; = eq, R(ey,e3)e; = es,
R(ey,e4)e1 = ey, R(ey,e5)er = es, R(ey, e3)es = €3,
R(es, eq)es = ey, R(es, e5)es = es, R(es, e3)e3 = —eo,
R(es, eq)eq = —eo, R(ea, e5)es = —ea, R(es, eq)es = ey,
R(es, e5)es = es, R(es, eq4)ey = —es, R(ey,e5)eq4 = €5,
R(es, e3)es = es, R(es, eq)es = ey

Now from the above results we have, S(e;,e;) = —4 fori=1,2,3,4,5 and,
S(X,Y)=—-49(X,Y), VXY € x(M). (3.5.32)
So, the manifold is Einstein. Also, we have,

—1, ifi=1,2,3,4,
S*(ei,ei) =
0, ifi=H5.

and,

SHX,Y) = —g(X,Y) +n(X)n(Y), VX,Y € x(M). (3.5.33)
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Let f : M — R be a smooth function defined by,

2

F,y,2u,0) = 2 4y + 2% 4 u® + (3.5.34)

Then the gradient of f, Df is given by,

0 0 0 0 0
Then from the above results we can verify that,
(Lprg)(X,Y) = 2{g(X,Y) = n(X)n(Y)}, (3.5.36)

which holds for all X,Y € x(M). From (3.5.33) and (3.5.36) we obtain that g represents
a gradient almost x-conformal n-Ricci soliton i.e., it satisfies (1.2.93) for V.= Df, where

[ is defined by (3.5.34), A = § +% and p = 0.

3.6 x-conformal n-Ricci soliton on (x, —2)'-almost Ken-

motsu manifold with k < —1

In this section we consider the manifold as a (2n + 1)-dimensional almost Kenmotsu
manifold where the characteristic vector field £ satisfies (x, —2)'-nullity distribution. Then

we let the metric g to represent a x-conformal n-Ricci soliton.

Theorem 3.6.1. Let MP"+V(4, € n,9) be an almost Kenmotsu manifold such that &
belongs to (k,—2)'-nullity distribution where k < —1. If the metric g represents a *-

conformal n-Ricci soliton satisfying p # 2\ + 2u — i then, M s Ricci-flat and is

2
2n+1)

locally isometric to H" ™ (—4) x R™.

Proof. Combining (1.2.92) with (2.2.6), we get

(Lyg)(X,Y) = (p+2k — 2\ + 4+ )9(X,Y) = 2(k + p + 2)n(X)n(Y), (3.6.1)

2
(2n+1)
for all vector fields X and Y on M. Now taking covariant derivative of the foregoing

equation along arbitrary vector field Z and using (1.1.38), we get

(VzLyg)(X)Y) = =2(k+p+2)[n(Y)9(X,Z) +n(X)g(Y,Z) +n(Y)
g(WZ, X) +n(X)g(WZ,Y) = 2n(X)n(Y)n(Z)].
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By a straightforward combinatorial computation, use of (3.5.3), the symmetry of (L V)

in the aforementioned equation, we get
(LyV)(X,Y) = =2(k + n+2)[9(X,Y) + g(W'X,Y) = n(X)n(Y)], (3.6.2)
for all X,Y € x(M). Replacing Y = £ and using (1.1.7), (1.1.11) and (1.1.29), we have
(LyV)(X,€§) =0, (3.6.3)
for arbitrary vector field X on M. Now taking (1.1.28) and (3.6.2) into account and
differentiating (3.6.3) covariantly along arbitrary vector field Y, we get
(VyLyV)(X, &) = 2(k+ p+2)[g(X,Y) —=n(X)n(Y) + 29(h' X, V) + g (WX, V)¢ (3.6.4)

for arbitrary vector fields X and Y on M. Setting Z = ¢ in (1.1.5) and using (3.6.4)
repeatedly, we obtain

(LvR)(X,Y)E =0, (3.6.5)
for arbitrary X,Y € x(M). Now taking Lie derivative of (1.1.32) along the potential
vector field V, taking (1.1.7) and (1.1.29) into account, we get

(LyR)(X, 8¢ = klg(X, Lv)E = 2n(LvE) X — ((Lvn)X)E] + 2[2n(LyE)
WX = n(X) (W (LvE)) — g(W X, LvE)E — (Lvh)X)],  (3.6.6)
for any vector field X on M. Plugging Y = ¢ in (3.6.1), we obtain

2
X 3.6.7
for all X € x(M). Setting X = £ in the foregoing equation, we get
p
— L\
With the help of (3.6.5),(3.6.7) and (3.6.8), we can rewrite the equation (3.6.6) as

(LymX —g(X, LyE) = (p— 2\ —2pu +

). (3.6.8)

2 /
H(p—2A—2M+m)(X—U(X)5) —2(p—2XA=2p+ (2n+1))hX—

WX (Ly€) = 291 X, Ly E)E — 2Ly W)X = 0. (3.6.9)
Taking inner product of the foregoing equation with arbitrary vector field Y on M, we

obtain

(pP—2A—2p+ )E(g(X,Y) = n(X)n(Y)) — 29(h'X,Y)]

2
(2n+1)
—2n(X)g(W (LyE),Y) = 29(W X, LyE)n(Y) — 29((Lvh)X,Y) = 0.

(3.6.10)
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Since the above equation holds for any vector fields X and Y on M, by replacing X by
»(X) and Y by ¢(Y) and taking (1.1.10) into account, we get

(p—2X\— 2+ )[kg(6X, 6Y) —29(W' 6 X, 6Y)] —29((Lvh)dX, $Y) = 0, (3.6.11)

2z
(2n+1)
for all X, Y € x(M). Since spec(h’) = {0, a, —a}, let X and V belong to the eigenspaces
of —a and « denoted by [—a]’ and [« respectively. Then ¢X € [ (for more details we
refer to [35]). Then (3.6.12) can be rewritten as,

(0— 22— 2+ ﬁ)(m — 2)g(6X, 6Y) — 2((Ly)6X, V) =0, (3.612)

for all X,Y € x(M). It is remained to find the value of g((Lyh')¢X, ¢Y). To get this we
prove a more generalized result: In a (k, —2)"-almost Kenmotsu manifold (Lxh')Y = 0,
where X and Y belong to same eigenspaces.

Without loss of generality we assume that X, Y € [a] where spec(h') = {0, o, —a}.

If we consider a local orthonormal ¢-basis as {, e;, ¢e; },i = 1,2, ..., n then,
VxY =Y g(VxYe)e — (a+ 1g(X,Y)E.
i=1
and,
(Lx)Y = Lx(WY)—-h(LxY)
== oz(,CXY) - h,<£XY)
= a(VXY — VyX) — h’(VXY — VyX)
= afa+1)g(X,Y)§ —ala+1)g(X,Y)E
= 0.

Similarly we can prove that the above results hold if X|Y € [—a]" (for more details we

refer to [35]). Now (3.6.12) reduces to,

2
-2\ —2 — (k=2 X,0Y)=0 3.6.13
(p u+<2n+1>(f€ )9(6X, $Y) =0, ( )
for any vector fields X and Y on M. Since by hypothesis p # 2\ + 2u — m, from the
foregoing equation we infer that x = 2a. Again form a? = —(k + 1) we get @ = —1 and

k = —2. Plugging the value of k in (2.2.6) we have S* = 0, i.e., the manifold is Ricci-flat.
Again we get spec(h') = {0,1,—1}. From corollary 4.2 of [35] we get M is locally
symmetric. From proposition 4.1 of [35] we finally conclude that M is locally isometric to

H"*1(—4) x R", where H"*!(—4) is the hyperbolic space of constant curvature —4. [
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As we know, setting p = 0 in (1.2.92) gives rise to the equation of conformal *-Ricci

soliton, we can revisit the last theorem and can note the statement as:

Corollary 3.6.1. Let M(¢,&,n,9) be a (2n+ 1)-dimensional almost Kenmotsu manifold
such that £ blongs to (k, —2) -nullity distribution where k < —1. If the metric g represents
a conformal x-Ricci soliton satisfying p # 2\ — =—— then, M is Ricci-flat and is locally

(@n+1)
isometric to H" ™ (—4) x R™.

Example 3.6.1. We consider the manifold as M = {(z,y,z) € R3 : y # 0}. We define
three vector fields ey, es and es as,

0 0 0 o 0

97 62:8_3/’ 63:2x%_8_y+%'

Then the set {e1, ez, e3} forms a linearly independent set of vector fields on M. We define

€1 —

the metric g as
gij = 65, Vi,j € {1,2,3}.
Then it is easy to verify that {ey, ea, e3} forms an orthonormal basis on M. Let the 1-form
n be defined by n(X) = g(X, e3), for arbitrary X € x(M). Let us define (1,1)-tensor field
¢ as,
p(e1) = —e, p(e2) = e, ¢(es) = 0.

Then we can verify that the relations (1.1.6), (1.1.7) and (1.1.8) are satisfied where £ = e3.
So, (M, ¢,&,m,q) defines an almost contact structure on M.

We also can compute that,
[e1,e2] = 0, e, 3] = 0, le1, es] = 2e;.

Let V be the Levi-Civita connection of M. Then from Koszul’s formula (1.1.1), we can

have,
v6161 = _2637 veleZ = 07 v6163 = 2617
V6261 = O, V€2€2 = O, v62€3 = 0,
V6361 = 0, Ve362 = O, Ve3€3 = 0.

Therefore it is easy to verify that the structure (M, ¢,&,n,g) is not Kenmotsu manifold,

but almost Kenmotsu manifold. Now let us define the operator h' as,

h'(e1) = ey, W (ez2) = —ea, W (ez) = 0.
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By straightforward computation we have the components of curvature tensor as,

R(eq,ez)e; =0, R(eq,e9)es =0, R(eq,e2)es =0,
R(@Q, 63)61 = 0, R(@Q, 63)62 = 0, R(eg, 63)63 = O,
R(eq,e3)er = 4des, R(ei,e3)es =0, R(e1, e3)es = —4e.

Now from the above results and taking (1.1.32) in account we conclude that the Reeb
vector field & belongs to the (k, —2)'-nullity distribution with kK = —2. So, the manifold is
(=2, —2) -almost Kenmotsu manifold.
Now from (2.2.6) we get S*(X,Y) =0 VX,Y € x(M). Let us consider a vector field
V' as,
V= 622% +4(y + z)%

Then from the above results one can get,

(3.6.14)

(Lvg)(er,er) =0, (Lvg)(ez, e2) =
(ng)(elv 62) =0,

From here we can conclude that g represents a x-conformal n-Ricci soliton i.e., it satisfies

(1.2.92) for potential vector field V' defined by (3.6.14), A = § — % and p = 4. From

Dileo and Pastore[35] we can further conclude that the manifold is locally isometric to

H2(—4) x R.

With this example we conclude the chapter.
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Some types of conformal Ricci solitons

4.1 Introduction

This chapter contains seven sections of which the first two sections are introduction and
preliminaries.

In the third section, we study conformal almost Ricci soliton within the framework
of Kenmotsu manifolds. First, we demonstrate that if the potential vector field is Jacobi
along Reeb vector field, then the soliton reduces to conformal Ricci soliton. Then, we also
show that either the manifold is of constant scalar curvature or the potential vector field
is contact, if the manifold is n-Einstein Kenmotsu manifold. After that when we consider
the soliton vector field as of infinitesimal contact transformation then either the gradient
of A is pointwise collinear with the Reeb vector field or the manifold becomes 7-Einstein.
Lastly, we develop an example of conformal almost Ricci soliton on Kenmotsu manifold.

In the later section, we deliberate conformal Ricci soliton within the framework of
para-Kenmotsu manifold. Here we prove that if the manifold admits a conformal Ricci
soliton then either the Lie derivative of Reeb vector field along potential vector field is
orthogonal to ¢ or the manifold becomes Einstein. We also show that if an n-Einstein
para-Kenmotsu manifold admits conformal Ricci soliton then it is Einstein.

In the next section, we consider x-conformal Ricci soliton on para-Kenmotsu mani-
fold. Here, we show that if an n-Einstein para-Kenmotsu manifold admits a *-conformal
Ricci soliton then the manifold becomes Einstein with constant scalar curvature. We also
provide an example to support our result.

In the sixth section, we show that 3-dimensional para-cosymplectic manifold is Ricci
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flat and the scalar curvature of the manifold is harmonic if the manifold satisfies conformal
Ricei soliton where the soliton vector field is conformal.
In the final section, we evolve the nature of scalar curvature when the 3-dimensional

trans-Sasakian manifold of type («, ), provided a # 0, satisfies x-conformal Ricci soliton.

4.2 Preliminaries

Discussions regarding Kenmotsu manifold, para-Kenmotsu manifold, para-cosymplectic
manifold and trans-Sasakian manifold are made in the introductory chapter. Here, we
want to take the opportunity to recall some useful results which are used to prove the

results.

Lemma 4.2.1. [58] Let M be a Kenmotsu manifold. The Riemannian curvature tensor

R satisfies the following two conditions for arbitrary vector fields X,Y,Z on M,

R(X,Y)9Z —¢R(X,Y)Z = g(Y,2)9X —g(X, Z)¢Y +

(
9(X,2)Y — g(Y,02)X, (4.2.1)
R(¢X,¢Y)Z — R(X,Y)Z = g(Y.Z)X — g(X,Z)Y +
g(Y.02)pX — g(X,9Z)Y. (4.2.2)

Lemma 4.2.2. [4/3] On a Kenmotsu manifold the Ricci operator and ¢ commutes, i.e.

Qo = ¢Q.

Lemma 4.2.3. [43] Let {e; : i = 1,.....,2n + 1} be a local orthonormal frame on the

Kenmotsu manifold. Then,

2n+1

Z g((VxQ)de;,e;) = 0, (4.2.3)
2n+1
3 o(Vor QoY e) = —%(w) — (r 4 402+ 20)n(Y). (4.2.4)

i=1
Let a (2n+1)-dimensional almost para-Kenmotsu metric manifold be n-Einstein manifold.
Considering X =Y = ¢ in (1.1.78) and using (1.1.58), we have a +b = —2n. Contracting
(1.1.78) over X and Y we get r = (2n + 1)a + b, where r denotes the scalar curvature of
the manifold. Solving the last two equations, we get @ = (14 5-) and b = —(2n+ 14 3-).
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Using these values we can rewrite (1.1.78) as

S(X,Y) = (1+ %)g(X, Y)— (2n+1+ %)n(X)n(Y). (4.2.5)

Lemma 4.2.4. [98] The x-Ricci tensor on a (2n + 1)-dimensional para-Kenmotsu man-

ifold is given by,
SU(X,Y) = =S(X.Y) = (2n — 1)g(X,Y) = n(X)n(¥), (4.2.6)
for all vector fields X andY on M.

If we consider the para-cosymplectic manifold is of dimension 3, then the Riemannian

curvature tensor satisfies the following relation, for any vector fields X, Y, Z in x(M)

RX,Y)Z = g(Y.Z)QX — g(X, Z2)QY +g(QY. Z)X — g(QX, 2)Y
—g[g(Y, 2)X — g(X, 2)Y]. (4.2.7)

Using this result we deduce that 3-dimensional para-cosymplectic manifold satisfies,

S(LY) = Slg(xY) —n(X)n(Y)), (4.28)
QX = SX (). (4.2.9)

Lemma 4.2.5. [60] For a 3-dimensional para-cosymplectic manifold, we have

§(r) =0. (4.2.10)

4.3 Conformal almost Ricci soliton on Kenmotsu man-

ifold

Theorem 4.3.1. Let M(¢,&,1,9) be a (2n + 1)-dimensional Kenmotsu manifold where
n > 1. If the metric g represents a conformal almost Ricci soliton (g, V, \) whose potential
vector field V' 1is Jacobi along characteristic vector field &, then the soliton reduces to

conformal Ricci soliton.

Proof. We differentiate covariantly the soliton equation (1.2.84) along an arbitrary vector

field Z to find,
(VZ/JVg)(X, Y) + 2(VZS)(X, Y) + 2(Z>\)g(X, Y) =0, (431)
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for any vector fields X and Y on M. We know V is the metric connection, i.e., Vg = 0.
So, the equation (1.1.3) reduces to

(VzLyg)(X,Y) = g(LvV)(X, 2),Y) + g((Lv V)(Y, Z), X), (4.3.2)

for all vector fields X, Y, Z on M. We combine the identities (4.3.1) and (4.3.2) and by a
combinatorial computation and utilizing the symmetry of (£, V), the foregoing equation

yields

g(LyV)(X,Y), Z) = (ZN)g(X,Y) = (XNg(Y, Z) = (YN)g(X, Z) +
(Vz9)(X,Y) = (Vx)(Y, Z2) = (VyS)(X, 2),

for arbitrary vector fields X, Y and Z on M. Setting Y = £ in the foregoing equation
and using (1.1.11), (2.2.2) and (2.2.3), we acquire

(LyV)(X,€) = 20X +4nX + n(X)(DA) — (XA)E — (EN)X. (4.3.3)

The above equation holds for any vector field X. Now, covariant derivative of this equation

along arbitrary vector field Y and use of (1.1.23), provides
(Vy Ly V)(X, ) + (LvV)(X,Y) = g(X, Y)DA +2n(Y)QX — g(X, Vy DA)E

+2(VyQ)X + n(X)(VyDA) + 4np(Y)X — (XA)Y — (YA)X — n(VyDAX.  (4.3.4)

Repeatedly using (4.3.4) in (1.1.5) and taking the symmetry of Hessian of a smooth

function into account, we obtain

(LvR)(X,Y)E =2[(VxQ)Y — (VyQ)X] +2[n(X)QY —2n(Y)QX] + 4n[n(X)Y —
2n(Y)X]+n(Y)(VxDA) = n(X)(VyDA) = n(Vx DAY +n(VyDA)X,
(4.3.5)

VX,Y € x(M). Making use of (1.1.26) in the soliton equation (1.2.84), we achieve

(Lyn)X = g(X,LvE) + (p+

dn —2\)n(X 4.3.

for any X € x(M). Lie differentiating (1.1.25) along the soliton vector field V' and
manipulating using (1.1.25) and (4.3.6), we acquire

(LvR)(X,8)¢ = (p+ +4n = 2X)[n(X)¢ — X], (4.3.7)

2n+1
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for arbitrary vector field X on M. Now, plugging Y = ¢ in (4.3.5) and bringing (1.1.7),
(1.1.26), (2.2.2) and (2.2.3) into play, we have

(LyR)(X,€)¢ = VxDA = n(X)(VeDA) — (Vx DA)E + (Ve DN)X, (4.3.8)

which holds for any vector field X. We compare the above two equations to infer,

VxDX=n(X)(VeDA) =n(Vx DA +n(VeDAN)X = (p+ +4n —2A)[n(X)§ — X].

(4.3.9)

2n+1

We contract (4.3.9) over X to obtain,

div(D)) = —(2n — 1)5(VeDA) — 2n(p + +dn — 2)). (4.3.10)

2n+1

Taking (4.3.6) into account, we can rewrite (1.1.25) as

(LvR)(X,Y)E =g(X, Ly )Y — g(V, LvE) X — R(X,Y)LyE+

(p+ +4n —2\)[n(X)Y —n(Y)X].

2n+1

Comparing the previous equation with (4.3.5), we achieve
2[(VxQ)Y — (VyQ)X] +2[n(X)QY — 2n(Y)QX] + 4n[n(X)Y — 2n(Y) X]+
n(Y)(VxDA) = n(X)(VyDA) = n(Vx DAY +n(VyDAN)X = g(X, Lv§)Y —

g(Y, Ly &)X — R(X,Y)LyE + (p +

o1 T4 20M(X)Y —9()X],  (43.11)

for arbitrary vector fields X and Y on M. Tracing the foregoing equation over Y and

using (1.1.26), (4.3.10), we find

S(Y, Lyv€) =Y +2(r +2n(2n + 1))n(Y) + (2n — 1)n(VeDA)n(Y)
— (2n — 1)n(VyDX) —2ng(Y, Lv§), (4.3.12)

VY € x(M). Replacing X and Y of (4.3.11) by ¢X and ¢Y and using (1.1.10) and
(1.1.12) and finally tracing over X, we have

SY,Ly&) =Yr+2(r+2n2n+1))nY) = n(VyDA) + n(Y)In(VeDX) — 2ng(Y, Ly€),
(4.3.13)
for arbitrary vector field Y, where we have used (1.1.6), (4.2.3) and (4.2.4). Comparing
(4.3.12) and (4.3.13) and using the symmetry of Hessian of a smooth function, we can

conclude that

VeDA = (£(EN))S, (4.3.14)
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as by hypothesis n > 1. As Hessian of a smooth function is symmetric, operating (4.3.9)

by (4.3.14), we secure

VxDA=(p+ +dn =22+ £(EA)[n(X)E — X+ (£(EN))n(X)E,  (4.3.15)

2n+1
for any vector field X on M. Using (4.3.15) and (1.1.23) in (1.1.4), yields

R(X,Y)D\=(p+

2n2—i— 7 +4n — 2\ + 25(EN) (V)X —n(X)Y]+
(2(XA) = X(EEN))Y —n(Y)E] — (2(YA) = Y(§(EN)))
[X = n(X)E] + (X (EEN)IN(Y)E — (Y(E(EN)))n(X)E, (4.3.16)

VX,Y € x(M). Taking (1.1.7) and (1.1.25) into account, setting ¥ = £ in the previous

relation, we acquire

Fdn — 20 = EA+26(6A) +E(E(EA)) X — (X A€+ (X(£(EN)))E

+4n — 2\ — 26X 4 2E(EN) 4+ 2E(E(EN)))n(X)E = 0, (4.3.17)

P+ 5,

— bt

for any vector field X. Again, considering inner product with respect to &, we have
d(N —E(EN)) = E(N — &(EN))n, where d is the exterior derivative operator. Keeping this

relation in mind, (4.3.16) can be revised as

R(X,Y)DX =(p+ ot 1 +4n — 2\ — EA+ 26(EN) + £(E(EN))

MY)X —n(X)Y]+ (XN)Y — (YN X. (4.3.18)
We replace X and Y by ¢ X and @Y, respectively, in the previous equation and use (4.2.2)

to derive

R(X,Y)DX = (X\)Y — (YNX, (4.3.19)

VX,Y € x(M). Since X and Y are arbitrary vector fields on M, plugging (4.3.19) in
(4.3.18), we achieve

p+

o1 T4 T 24— EAH2(EN) +E(E(EN) = 0. (4.3.20)

Since by hypothesis V' is Jacobi along &, so, V¢V V — R(§,V)¢ = 0. Therefore, using
this relation in (1.1.4), we obtain (LyV)(§,€) = 0. Plugging (4.3.3), (1.1.7) and (1.1.26)

in the last relation, we get DX\ = 2(£A)€. From here we can easily obtain
EX=0. (4.3.21)
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Taking (4.3.21) into account, (4.3.20) can be restated as A = £ + 2n1+1 + 2n, e, Ais

constant. So, the soliton reduces to conformal Ricci soliton. O

Theorem 4.3.2. Let M*" (¢, €, 1, g) be an n-Einstein Kenmotsu manifold of dimension
greater than 1. If the metric g represents a conformal almost Ricci soliton (g,V,\), then
either the manifold is of constant scalar curvature or the potential vector field is a contact

vector field.

Proof. In light of (2.2.5), we infer

OX = (1+ %)X —(2n+1+ %)n(x)g. (4.3.22)

We differentiate covariantly the previous equation along arbitrary vector field Y and utilize
the equation (1.1.23) to deduce

Yr

(Vv@)X = 3

[X = n(X)&] = (1+2n+ %)[Q(Xv V)&= 2n(X)n(Y)E+n(X)Y] (4.3.23)

VX € x(M). Setting Y = £ in (4.3.5) and using (1.1.26), (4.3.22) and (4.3.23), we achieve
&r
n

N(X)(VeDA) = n(VxDN)E +n(VeDN)X,

(Ly R)(X,€)€ =>-(¢°X) +4(1 + 20 + ) (6 X) + (VxDA)-

for any vector field X on M. Plugging (4.3.5), (1.1.26), (2.2.2) and (2.2.3) in the last
relation, yields

&+ 2(r +2n(2n +1)) = 0. (4.3.24)

Let us consider an orthonormal basis {e; : i = 1,2.....,2n + 1} of the manifold. As it is
known that 37 (VxS)(ei, e;) = Xr and 377 (V.,S) (X, e;) = 2 (X7) for an arbitrary
vector field X, using these results in (4.3.2), we get

(LyV)(ei, e;) = (2n—1)DA. (4.3.25)
Again manipulating (4.3.2) using (4.3.23) and (4.3.24), we acquire
(LyV)(es,e5) = (2n— 1)DA + (1 — %)D'r - %)(gr)g. (4.3.26)
As by hypothesis n > 1, comparing these last two equations, we have
Dr = (&r)é. (4.3.27)
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We plug (4.3.23) in (4.3.2) and then replace Y by & to obtain

(LvV)(X,€) = (DA)n(X) = (XA)E = (EA)X — g—;[X —n(X)¢l, (4.3.28)

for an arbitrary vector field X on M. Using (1.1.23),(4.3.27), (4.3.28) and keeping the

symmetries of Hessian of A and £,V in mind, we can rewrite (1.1.5) as
(LvR)(X,Y)E = (VxDAJn(Y) — (T x DA)Y — (Vy DA(X) + 5(Vy DA)X, (43.29)

for an arbitrary vector fields X and Y. As Hessian of a smooth function is symmetric,
tracing the foregoing equation over X and inserting (4.3.10), (4.3.14), we get

2
2n +1

(LyS)(Y, &) =2n(2\ —p — 4n — m(y), (4.3.30)

for any vector field Y of x(M). Lie differentiating (1.1.26) along arbitrary vector field
Y, from (4.3.6), we obtain (LyS)(Y,€) = 2n(2\ — p — 4n — 2= )n(Y) — S(Y, Ly €) —

2n+1
2ng(Y, Ly€). Plugging this relation along with (2.2.5), (1.2.84) and (1.1.26) in (4.3.30),

we acquire
(I 2n 4 VgV Lve) — A —2m—L = L oy =0 (4.3.31)
Ty T T /T i
VY € x(M). Asn # 0, either r = —2n(2n + 1) or Ly§ = (A —2n — § — 515)¢. This
completes the proof. O

Theorem 4.3.3. Let the metric g of a (2n+1)-dimensional Kenmotsu manifold M (¢p,&,n, g)
represents a conformal almost Ricci soliton (g, V, \). If the soliton vector field V is of in-

finitesimal contact transformation then,

(i) gradient of the soliton function is pointwise collinear with the characteristic vector

field, and

(i) the manifold becomes n-FEinstein manifold.

Proof. Since the soliton vector field V' is of infinitesimal contact transformation, there

exists a smooth function f on M such that
Lyn = fn. (4.3.32)
From (1.1.23), we can easily obtain for arbitrary vector fields X and Y of x(M),
(Leg)(X,Y) =2[g(X,Y) — n(X)n(Y)], (4.3.33)
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holds. Taking (1.2.84) and (1.1.26) in account, Lie derivative of (4.3.33) along soliton
vector field V', yields

(LvLeg)(X,Y) =—45(X,Y) —2(2A —p — )9(X,Y) —29(X, Ly&)n(Y)

2n+1
—29(Y, Ly&)n(X) —4(4n — 2\ +p+

o) 1Em(Y),  (43.34)

for any vector fields X and Y on M. Again, taking Lie derivative of the soliton equation

(1.2.84) w.r.t. characteristic vector field £, we acquire

(LeLyvg)(X,Y) =2(p+ +4n — 2\ = EN)g(X,Y)

2
2n+1

2n+1
+202\—4n—p—

In(X)n(Y), (4.3.35)

VX,Y € x(M). Since it is well known that LxLyg — LyLxg = Lixy]g, subtracting
(4.3.35) from (4.3.34), we deduce

(Lwg)(X,Y) =—=29(X, W)n(Y) —29(Y,W)n(X) — 2(4n — EN)g(X,Y)
o 1)1En(Y), (4.3.36)

where we have considered W = [V,¢] = Ly¢. Manipulating (4.3.32) using (1.2.84) and
(1.1.26), we have

—45(X,Y) —2(4n — 2\ + p +

2
= 2\ —4n —p — . 4.3.
L= (f+20—n—p— )¢ (43.37)
Now, we insert X = ¢ in (4.3.6) and plug (4.3.37) to yield
p
=2 — — 4.3.
f n+2+2n+1 (4.3.38)

Using the value of f in (4.3.37), we get W = (A—2n—£ — inﬂ)f. Covariant differentiation

of the foregoing equation along an arbitrary vector field X, yields

Vel = XN+ —2m—P - 1 iy —px)e. (4.3.39)

Taking (1.1.8) and (4.3.39) into account, we can easily get

(Lwg)(X,Y) = (XN)n(Y) + (Y A)n(X) + (2A —4n —p - )9(0X, ¢Y).  (4.3.40)

2n+1
We combine the equation (4.3.40) with (4.3.36) to deduce

(XMn(Y)+ Y A)n(X)+4S(X,)Y)+ (p+4n + 1 2X0)n(X)n(Y)

—2(EN)]g(X,Y) =0, (4.3.41)

IN—p+dn —
2A—ptin— o
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for arbitrary vector fields X and Y on M. Setting Y = £ in the last equation and using
(1.1.26), we have DX = ({A)€. Hence first part of our theorem is proved.

Replacing X and Y by ¢X and ¢Y, respectively in (4.3.41) and using the result of
lemma 2.5, (1.1.8), (1.1.10) and (1.1.26) we have S(X,Y) = i[p + 527 + 2(£A) — 2A —

Anlg(X,Y) + 12X —p —4n — 2n2+1 —2(&EN)|n(X)n(Y). This completes the proof. O

Example 4.3.1. Let M = {(z,y,2z,u,v) € R®} be a 5-dimensional manifold, where
(x,y, z,u,v) be the standard coordinates in R>. Now, let us consider an orthonormal basis
{e1, €9, €3,e4,e5} of vector fields on M, where,
0 0 0 0 0
€1 =UV~—, €y = V—, €3 =UV—, - = .
0z

ox oy
Define (1,1) tensor field ¢ as follows,

¢(€1) = €9, ¢(62) = —é€y, ¢(€3) = €4, ¢(€4) = —€g, ¢(65) =0.

The Riemannian metric is given by,

1, ifi=j

0, otherwise.

g(ei7 ej) =

and N(X) = g(X, e5) for any X € x(M?®). Then for & = es, the relations (1.1.6), (1.1.7)
and (1.1.8) are satisfied. Thus, (¢,&,m,g) is an almost contact structure.

Using (1.1.1) non-zero components of the Levi-Civita connection ¥V can be found as

Ve, e1 = Ve,e9 = Vee3 =V, eq4 = —e5, (4.3.42)
Ve es = €1, Ve,es = €3, Vg5 =e3, Ve,e5 = ey.

By wvirtue of this we can verify (1.1.22) and therefore M®(p,€&,n,g) is a Kenmotsu mani-
fold.
Using the well known expression of curvatute tensor (1.1.4), we now compute the

following non-zero components
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Using this, we compute the components of the Ricci tensor as follows: S(e;, e;) = —4, for

1=1,2,3,4,5 and therefore
S(X,Y)=—49(X,Y), forall X,Y € x(M?). (4.3.43)

Let f: M — R be a smooth function defined by

2

fl@,y, 2z,u,0) = 2° + 4 + 22 +u? + % (4.3.44)

The potential vector field is given by,

0 0 0 0 0
= Df = 20— + 2 + 22— + Qv 434
V=Df =225+ Vg, T 2%a; T g, TV, (4.3.45)
Then with the help of (4.3.42) we can show that
(Lvg)(X,Y) =2{g(X,Y) —n(X)n(Y)}, (4.3.46)

for all X, Y € x(M?). So, combining (4.3.43) and (4.3.46), we observe that soliton Eq.
(1.2.84) holds for A = 137 + & i.e., the metric g is a conformal almost Ricci soliton with

this potential vector field V = Df and A = % + 5.

4.4 A para-Kenmotsu metric as conformal Ricci soli-

ton

In this section we consider the metric of para-Kenmotsu manifold as a conformal Ricci

soliton. The following lemma will be used to prove one of the our main results.

Lemma 4.4.1. Let (M,¢,£,1n,9) be a (2n + 1)-dimensional para-Kenmotsu manifold.

Then the Ricci operator satisfies
(LeQ)X = —2QX —4nX = (VQ)X (4.4.1)
for any vector field X on M.

Proof. From (1.1.60), we have (L¢9)(Y,Z) = 2[g(Y,Z) —n(Y)n(Z)] for all Y, Z € x(M).
Covariant derivative of that along an arbitrary vector field X on M and use of the equation

(1.1.57), leads to
(VxLeg)(Y, Z) = 22n(X)n(Y)n(Z) — g(X,Y)n(Z) — g(X, Z)n(Y)] (4.4.2)
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for all Y, Z € x(M). As g is the metric connection i.e., Vg = 0, the relation (1.1.3)

reduces to
(VxLvg)(Y, Z2) = g(LyV)(X,Y), Z) + g((LvV)(X, Z),Y). (4.4.3)
for all vector fields X, Y, Z on M. Combining (4.4.2) and (4.4.3), we have
9(LeVIX,Y), Z)+9((LV)(X, 2),Y) = 220(X)n(Y)n(Z)—g(X, Y )n(Z)—g(X, Z)n(Y)].
By a combinatorial computation, the foregoing equation yields
(L)Y, Z) = 2[n(Y)n(Z)§ — g(Y, Z)¢] (4.4.4)

for all Y, Z € x(M). Taking covariant derivative of the above equation with respect to an

arbitrary vector field X on M and using (1.1.56) and (1.1.57), we have

(VxLVNY, Z) =2[g(X, Y )n(Z)€ + g(Y, Z)n(X)E + g(X, Z)n(Y)E
—g(Y, Z)X +n(Y)n(Z)X — 3n(X)n(Y)n(Z)].

Using the foregoing relation in (1.1.5), we can compute
(LeR)(X,Y)Z =2[g(X, Z2)Y = g(Y, Z2)X +n(Y)n(Z2)X —n(X)n(Z)Y] (4.4.5)
for all vector fields X, Y, Z on M. Contracting (4.4.5) over X, we get
(LeS)(Y, Z) = dn[n(Y)n(Z) — g(Y, Z)]. (4.4.6)
The Lie derivative of S(Y, Z) = ¢(QY, Z) along the direction of £, yields
(LSIY, Z) = (Leg)(QY, Z) + 9((LQ)Y, Z). (4.4.7)

On the other hand, replacing X and Y by QY and Z respectively in (1.1.60) and using
(1.1.58), we have

(Leg)(QY, Z) = 2[g(QY, Z) + 2nn(Y)n(Z)]. (4.4.8)
Combining (4.4.6), (4.4.7) and (4.4.8) all together, we infer
(LeQ)Y = —2QY — 4nY (4.4.9)
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for any Y € x(M). Again we know that

(LeQ)Y = L(QY) — Q(LeY)
= Ve(QY) = Vv — Q(VeY) + Q(Vy€)
= (VeQ)Y — Voyé + Q(Vyd).

By virtue of (1.1.56) and (1.1.58) we see that (L£Q)Y = (VeQ)Y for arbitrary vector
field Y. Hence the result is proved. O

Theorem 4.4.1. If the metric g of a para-Kenmotsu manifold (M, ¢,&,n, g) of dimension

> 3 represents a conformal Ricci soliton then either of the following properties holds:

(i) The Lie derivative of  in the direction of the potential vector field V' of the soliton
i.e., Ly& is orthogonal to €.

(ii) The manifold is Einstein with Einstein constant —2n.

Proof. Let M be a (2n 4+ 1) dimensional para-Kenmotsu manifold where n > 1. From
(1.1.59), we have R(X,&)¢ = n(X)¢—X. Now Lie derivative of the Riemannian curvature
tensor along the vector field V', yields

(LyvR)(X,8)§ = ((Lym)X)E — g(X, LyvE)E + 2n(LvE) X (4.4.10)

for all vector fields X on M. Now the covariant derivative of (1.2.84) along an arbitrary

vector field Z € x(M) provides
(VzLyg)(X,Y) = =2(V;S)(X,Y) (4.4.11)
for any X,Y € y(M). Using (4.4.3), we can rewrite (4.4.11) as
g(LvV)(X,Y), Z) + g((LvV)(X, Z),Y) = =2(Vz5)(X,Y).

By some combinatorial computation and using the symmetry of the (1,2)-tensor L'V,

the aforementioned yields
g(LyV)(X,Y), Z) = (V25)(X,Y) = (VxS)(Y, Z) — (V¥ 5)(Z, X). (4.4.12)

Again differentiating the above equation covariantly with respect to an arbitrary vector

field X of M and using (1.1.56), we can find from (1.1.58) that
(VxQ)E = —QX — 2nX (4.4.13)
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for all X € x(M). Making use of (4.4.1) and (4.4.13) and considering Y = ¢ in (4.4.12),
we achieve

(LyV)(X,€) = 2QX + 4nX (4.4.14)

for any vector field X on M. Now considering covariant derivative of the last equation

with respect to an arbitrary vector field Y of M and using (1.1.56), we acquire
(Vy Ly V)(X,€) = A9y Q)X — (LyV)(X,Y) +2(Y)QX + dny(Y)X.  (4.4.15)
Now letting Z = ¢ in (1.1.5) and using (4.4.15) in the foregoing equation, we have

(Ly R)(X, Y)E = Anln(X)Y —n(Y)X] +2[(VxQ)Y — (VyQ)X] + 2[1(X)QY — n(¥)QX]

(4.4.16)
for all X,Y € x(M). Considering Y = ¢ in the aforementioned equation and using
(1.1.58) and (4.4.1) in it, we obtain

(LvR)(X,£)§ = 0. (4.4.17)

Now, taking into account (1.2.84), the Lie derivative of g(&,&) = 1 along the direction of
V', leads to
nLyé) =A—= — —— —2n. (4.4.18)

Again, using (1.1.58) and letting Y = £, (1.2.84) implies

(Lyn)X —g(X, LyE) = (4n — 2\ +p +

o). (4.4.19)

After using (4.4.17), (4.4.18) and (4.4.19), the equation (4.4.10) reduces to

(2\ —p —4n — )$*X = 0. (4.4.20)

2
2n—+1

1
ntl”

Since the last equation holds for any X € x(M), we can conclude that A = £ +2n +
Using this result in (4.4.18) we have, n(Ly€) = 0. From here the following two cases have

arisen,

Case-I: L€ is orthogonal to &.

Case-1I: Liy¢ = 0 for any vector field X of M. Then additionally using the value of
A, (4.4.19) reduces to (Lyn)X = 0. Which further can be reduced to Lyn = 0, since X
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is an arbitrary vector field on M. Replacing Y by ¢ and using (1.1.56) and the relations
Lyv¢=0and Lyn=0in (1.1.2), we obtain

(LvV)(X,€) = 0.

Finally substituting this in (4.4.14), we get S(X,Y) = —2ng(X,Y) for any arbitrary
vector fields X and Y on M. From this we can conclude that the manifold is Einstein

with Finstein constant —2n. O

Theorem 4.4.2. Let M be a (2n+1)-dimensional n-Einstein para-Kenmotsu manifold
where n > 1. If the metric of the manifold represents a conformal Ricci soliton, then the

manifold is Einstein.

Proof. Let the metric g of an n-Einstein para-Kenmotsu manifold M whose dimension is
greater than 3 represents a conformal Ricci soliton. Then clearly it satisfies (1.2.84) as

well as (4.2.5). Combining these two relations, we have

T 4n
Y,Z)=(p—2\—— —
(Lvg)(Y,Z) = (p T a1

V(Y. Z) + (4n + 2 + %)n(Y)n(Z), (4.4.21)

for all Y, Z € x(M). Covariant derivative of (4.4.21) with respect to an arbitrary vector
field X on M and use of (4.4.3), leads to

g(LvV)(X,Y), Z) + g(LvV)(X, 2),Y) =(4n+ 2 + %)[Q(X, Yn(Z) +9(X, Z)n(Y)—

(X ()]~ =g, 2) 4 (Y (2),
(4.4.22)

for any vector fields X, Y and Z on M. By combinatorial computation of the last equation,

keeping the symmetry of (£, V) in mind, provides
2n(LyV)(X,Y) = (Xr)n(Y)§ — (Xr)Y + (Yr)n(X)§ — (Yr)X + (Dr)g(X,Y) —

(Dr)n(X)n(Y) +2(4n* + 2n + 1) [g(X, Y)E — n(X)n(Y)g](4.4.23)

where Dr is the gradient of r. Let us consider a local orthonormal basis of the manifold
as {e;}3"T1. Next, setting X = Y = ¢; and summing over 1 < i < 2n + 1 in the last

equation, we infer
n(LyV)(es,e;) = (Er)E + (n — 1)Dr + 2n(4n® + 2n + r)E. (4.4.24)
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After considering X =Y = e; and summing over i, (4.4.12) reduces to g((Ly V) (e;, €;), Z) =
Zr — %ZT — %Z r=0. Since this holds for an arbitrary vector field Z, this can be rewritten
as

(LyV)(ei,e;) = 0. (4.4.25)
Comparing (4.4.24) and (4.4.25), we get (£r)€+ (n—1)Dr +2n(4n?+2n+r) = 0. Taking
inner product with &, we have
Er = —2(4n* +2n + 7). (4.4.26)
Again it further implies that Dr = (£r)¢. Next substituting Y by £ in (4.4.23), we get

2n(Ly V)(X,§) = (&r) (=X +n(X)E). (4.4.27)

Covariant derivative of the foregoing equation with respect to an arbitrary vector field Y

and using (1.1.56), (1.1.57) and (4.4.27), leads to

20(Vy Ly V)(X, &) =(Y (§r)) (=X +n(X)€) — 2n(Ly V)(X,Y) + (&r)[9(X, V)¢
+0(X)Y = n(Y)X —n(X)n(Y)E]. (4.4.28)

Using the relation (4.4.28) in (1.1.5), we achieve

2Ly R)(X, Y)E = (X(67) (=Y +n(Y)E)— (¥ (€r)) (= X +5(X)E)+2(€r) (n(¥) X —(X)Y).

(4.4.29)
Contracting this over X, we have (LyS)(Y,{) = 0, where we have used Dr = ({r)€.
Finally using (LyS)(Y,€) = 0, (4.2.5) and (4.4.21) in the Lie derivative of S(Y,&) =
—2nn(Y), we obtain

4n
2n+1

2n <p— 20— +4n—|—2)17(Y) + (1 +2n+ %)g(Y, Ly§) = <2n+ 1+ %)U(Y)ﬁ(ﬁvf)

(4.4.30)

1
2n+1"

Setting Y = Z = £ in (4.4.21) and using the value of A\, we obtain n(Ly¢) = 0. Using

for any vector field Y on M. Taking Y = ¢ in the last equation, we get A = £ +2n +

these two relations, the equation (4.4.30) can be written as
(2n(2n+1) +7)Ly€ = 0. (4.4.31)

We suppose r # —2n(2n + 1) on some open set O of M. Then (4.4.31) implies that
Lv¢ = 0, which further implies with help of (1.1.56) that V.V =V —n(V){. Using
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these relations along with (1.1.56), (4.4.21) and (4.4.27) in (1.1.2) we obtain {r = 0. As
Dr = (&r), so, Dr = 0 i.e., the scalar curvature is constant. So, from (4.4.26), we
can find that » = —2n(2n + 1) on O, which is a contradiction to our assumption that
r# —2n(2n+ 1) on O. Thus from (4.4.31), we can infer r # —2n(2n + 1) on the entire
manifold. Finally from (4.2.5), we have S(X,Y) = —2ng(X,Y) for all X,Y € x(M). So,

the manifold is Einstein with Einstein constant —2n. O

4.5 A para-Kenmotsu metric as x-conformal Ricci

soliton

In this section we assume that the metric of para-Kenmotsu manifold represents a -

conformal Ricci soliton.

Theorem 4.5.1. Let M*" " (¢p,&,n,9),n > 1 be an n-Einstein para-Kenmotsu manifold.
If g represents a x-conformal Ricci soliton, then the manifold is Finstein with constant

scalar curvature —2n(2n + 1).

Proof. Let M be a (2n+ 1)-dimensional n-Einstein para-Kenmotsu manifold of dimension
> 3 whose metric g represents a s-conformal Ricci soliton. So, the relations (1.2.85),
(4.2.5) and (4.2.6) are satisfied. Rewriting (1.2.85) with the help of the rest two relations,

we have

(Lvg)(Y.2) = (p— 22+ — +4n + J9(Y.2) = (dn+ D(Y)n(2)  (45.)

2n+1
for all Y, Z € x(M). Differentiating the above equation with respect to an arbitrary
vector field X of M and using (1.1.57), we achieve

(VxLvo)(V, 2) =2 g(¥, 2) = Zln(¥)n(2) — (4 + D) lo(X, ¥ )n(2)
+9(X, Z)n(Y) = 2n(X)n(Y)n(Z)] (4.5.2)

for any vector fields X,Y and Z of M. Again from (4.4.3), we know (VxLyg)(Y,Z) =
g((LyV)(X,Y), Z2)+g9((LyV)(X, Z),Y). Using this and by a combinatorial computation,
keeping in mind that £V is a symmetric operator, the foregoing equation gives
20(LyV)(X,Y) = (Xn)[Y —n(Y)E] + (Yr)[X —n(X)§] = (Dr)[g(X,Y) —n(X)n(Y))]
—2(4n” +1)[g(X,Y) = n(X)n(Y)&. (4.5.3)
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The covariant derivative of (1.2.85) with respect to an arbitrary vector field X, yields
(VxLyvg)(Y,Z) = =2(VxS*)(Y, Z). (4.5.4)
By computation and use of the relation (4.4.3) in the equation (4.5.4), leads to
g(LyV)(X,Y), Z) = (V257)(X,Y) = (Vx5)(Y, Z) = (Vy57)(Z, X). (4.5.5)

Again, taking covariant derivative of (4.2.6) with respect to an arbitrary vector field Z of

M and then using (1.1.57), we get
(V25 )X)Y) = =(VzS)(X,Y) —g(X, Z)n(Y) —g(Y, Z)n(X)+2n(X)n(Y)n(Z). (4.5.6)
Combining (4.5.6) with (4.5.5), yields
9(LyV)(X,Y), Z) =(VxS)(Y, Z) + (Vy5)(Z,X) — (V29)(X,Y)
+29(X, Y)n(Z) = 2n(X)n(Y)n(Z). (4.5.7)

Now, let us consider a local orthonormal basis {e; }2"*

Y =e¢; in (4.5.3), we have

of the manifold. Replacing X =

2n(LyV) (e, €) = —2(6r)€ — 2(n — 1)(Dr) — 4n(4n® + r)E. (4.5.8)
Again, substituting X and Y by e; in equation (4.5.7) and summing over i, we get
(LyV) (e, e;) = 4nk. (4.5.9)
Combining the above two relations we directly have
(€r)E + (n — 1)(Dr) + 2n(4n* + 2n + )€ = 0. (4.5.10)

The inner product with respect to &, reduces the aforementioned equation to &r =
—2(2n(2n + 1) + 7). As n > 1, using this relation in the equation (4.5.10) we easily
obtain Dr = (&r)€. After substituting Y by £ in (4.5.3) and using (1.1.46), we infer

2(LyV)(X,€) = (6r)*(X), (4.5.11)

for all X € x(M). Differentiating (4.5.11) with respect to an arbitrary vector field Y and
using (1.1.56), (1.1.57) and (4.5.11), we get

2n(Vy Ly V)(X,€) +2n(LyV)(X,Y) =(Y(§r)¢* X — (€r)[g(X, Y)é+
N(X)Y —n(Y)X —n(X)n(Y). (4.5.12)
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Using this in the well known formula (1.1.5), we have
2n(Ly R)(X,Y)E = (X(6n))0"Y — (Y (§r)¢° X — 2(&r)[n(Y)X —n(X)Y],  (4.5.13)

for all X,Y € x(M). Contracting the above equation over X and using the relation
Dr = (&r)€, we have (LyS)(Y,€) = 0. Using (4.2.5), (4.5.1) and (LyS)(Y,€) = 0 in the
Lie derivative of S(Y,&) = —2nn(Y), we get

r

2n(p — 2\ + o

Jn(Y) + (20 + 1+ =) [g(Y, Lv€) —n(Y)n(LvE)] = 0. (4.5.14)

2n +1

_1

In the last equation considering Y = £, we obtain A = & + - =}

as n > 1. Again setting
Y =7 = ¢ in (4.5.1), we have n(Ly§) = 0. Applying these relations, we can rewrite
(4.5.14) as

(2n(2n+1) +7r)Ly€& =0. (4.5.15)

We suppose r # —2n(2n + 1) on some open set O of M. Then from (4.5.15), directly we
obtain L€ = 0. From (1.1.56), we deduce that V¢,V =V —n(V)¢. Again taking Z = ¢
in (4.5.1) and using A = £ + ﬁ, we have Lyn = 0. Using these relations along with
(1.1.56) and (4.5.11) in the identity (1.1.2), we obtain {r = 0. As Dr = (&r)€, so, Dr =0
i.e., the scalar curvature r is constant. So, from the relation {r = —2(2n(2n + 1) 4 ),
we can find that r = —2n(2n + 1) on O, which is a contradiction to our assumption that
r# —2n(2n+ 1) on O. Thus from (4.5.15), we can conclude that r = —2n(2n + 1) on
the entire manifold M. Moreover from (4.2.5), we have S(X,Y) = —2ng(X,Y) for all

X,Y € x(M). So, the manifold is Einstein with Einstein constant —2n. O

Example 4.5.1. We consider the manifold as M = {(z,y,z) € R3}, where (x,y,z) are
the standard coordinates in R3. The vector fields are defined by

0 0 0 o 0

= a0 ) =T+ _+_7
= Bz Ay = Yor y(?y 0z

are linearly independent at each point on M. The metric g is defined by
glei,er) = g(es,e3) = 1, g(ez,e2) = —1, gle1,e2) = g(ea, e3) = glez, e1) = 0.

Let & = e3. Then the 1-form n is defined by n(X) = g(X,e3), for arbitrary X € x(M),

then we have the following relations
nler) =0, n(e2) =0, n(es) = 1.
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Let us define the (1, 1)-tensor field ¢ as

pes = ey, pe; = e, pes =0,

then the relations (1.1.46), (1.1.47) and (1.1.50) are satisfied. Thus (¢,&,m,q) defines an

almost paracontact metric structure on M. We can now easily conclude
[e1,e2] =0, [ea, €3] = e, e1, €3] = €.

Let V be the Levi-Civita connection of M. Then by Koszul’s formula (1.1.1), we obtain

Ve €1 = —es, Vee2 =0, Ve e3 = eq,
v6261 - 07 v6262 = €3, v6263 = €2,
V63€1 = 0, Veseg = O, Veseg =0.

From here we can easily verify that the relation (1.1.55) is satisfied. Hence the consid-
ered manifold is para-Kenmotsu manifold. The components of the Riemannian curvature

tensor are given by

R(eb 62)61 = €2, R(é’l, 62)62 = €1, R(eh 62)63 =0,
R(eq,e3)e; = es, R(eq,e3)es =0, R(eq,e3)es = —ey,
R(62,€3)€1 =0, R(€27 63)62 = —€g, R(€2763)€3 = —é€a.

And the components of Ricci tensor and x-Ricci tensor are given by

S(ela 61) - _27 S<627 62) - 27 5(637 63) = _27
S*(el,el) = 1, S*<62, 62) = —1, S*(€3,€3> =0.
From here we can easily deduce that the scalar curvature of the manifold r = —6 and
S(X,Y)=—-29(X,Y)VX,Y € x(M). Let us define a vector field by
0 0 0
V=(@-1— 1=+ =.
(@ )8x+(y )8y+8Z

Then we can obtain

(Lvg)(er,er) =2, (Lvg)(es,en) = —2, (Lyg)(es,e3) =0.

Contracting (1.2.84) and using the result 1 = —6 we deduce A = 2 + 2. So g defines a
conformal Ricci soliton on this para-Kenmotsu manifold for X = £ + %.

Again contracting (4.2.6) we get, r* = —r —4 =2 (asr = —6). Now contracting (1.2.85)

5

and using the previous result we obtain X = & — 3. So, g defines a x-conformal Ricci

soliton on this para-Kenmotsu manifold for A\ =% — 3.
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4.6 A 3-dimensional para-cosymplectic metric as con-

formal Ricci soliton

In this section, we first prove some lemmas whose results are used to deduce our main

result.

Lemma 4.6.1 ([107]). If an n-dimensional Riemannian manifold admits a conformal

vector field V' then we have

(LvS)(X.Y) = —(n—2g(VxDp.Y) + (Ap)a(X,Y), (46.1)
Lyr = 2(n—1)Ap—2pr, (4.6.2)

for any vector fields X andY , where D and A denote the gradient and Laplacian operator

with respect to g respectively and r represents the scalar curvature of the manifold.

Lemma 4.6.2. If the metric g of a 3-dimensional para-cosymplectic manifold represents

a conformal Ricci soliton then the following properties hold

neve) = A-L- 2, (163)
(Lym)§ = —A+ g + % (4.6.4)

Proof. As the vector field £ is a unit vector field, we have g(¢,£) = 1. Taking Lie derivative
of the previous relation with respect to vector field V', we have (Ly¢)(&, &)+ 2n(Ly€) = 0.
Using (1.2.84), (1.1.47) and (4.2.8), we acquire

p 1
LyE)=—=—-.

n(LvE) 53

Taking Lie derivative of (1.1.47) along the direction of the vector field V' and using (4.6.3),

we achieve

N

O

Theorem 4.6.1. If the metric g of a 3-dimensional para-cosymplectic manifold (M3, ¢,&,n, g)
which admits a conformal vector field V', represents a conformal Ricci soliton then the

scalar curvature of the manifold s harmonic and the manifold is Ricci flat.
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Proof. Since, V' is a conformal vector field, there exists a smooth function p such that
Lyg=2pg. (4.6.5)
Combining (1.2.84) and (4.6.5) for 3-dimensional para-cosymplectic manifold, we have
(204 2\ —p— %)g(X,Y) +25(X,Y)=0
for any X,Y € x(M). Contracting the above equation, we get
p= é(3p—6)\— 2r + 2). (4.6.6)

Using (4.6.6) in (4.6.1) and (4.6.2), we get

(LyS)(X,Y) = %g(VXDr, ) - é(Ar)g(X, ¥, (4.6.7)
Lyr = —%(Bp — 6\ —2r 4 2)r — %(AT). (4.6.8)

Taking Lie derivative of (4.2.8) in the direction of the vector field V' and using (1.2.84),
(4.2.8), (4.6.7) and (4.6.8), we have

2
g(VxDr,Y) =— (Ar+ %)g(X, Y) + [g(3p — 6A 47+ 2) + 2(AR)]p(X)n(Y)
3r
— 5 [((Lym)X)n(Y) +n(X)(Lym)Y)]. (4.6.9)
Covariant derivative of (4.2.10) along an arbitrary vector field X, yields ¢(VxDr, &) = 0.
Now setting X = Y = ¢ in the equation (4.6.9) and using the aforementioned relation

along with the equation (4.6.4), we get
Ar = 0. (4.6.10)

Hence the scalar curvature r of the manifold is harmonic.
Now considering Y = ¢ in (4.6.9) and using the relation g(Vx Dr, &) = 0, (4.6.10), (4.6.4),

we obtain the following relation

(L) X) = (5 + % ~\)n(X) (4.6.11)

for an arbitrary vector field X on M. Making use of the last equation, (4.2.9) and (4.6.10)
in (4.6.9), we achieve
VxDr=—-rQX (4.6.12)

for any arbitrary X € x(M). Now contracting it with respect to X, we get Ar = —r?

and combining with (4.6.10), we infer » = 0 i.e., the manifold is Ricci flat. ]
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4.7 *-Conformal Ricci soliton on 3-dimensional trans-

Sasakian manifold

Theorem 4.7.1. Let M be a 3-dimensional trans-Sasakian manifold of type (c, B) where
the structure functions o and B are constant with o # 0. If the metric g represents
a *-conformal Ricci soliton then the scalar curvature of the manifold is given by r =
(1-5)G+5— A+,

a?

Proof. Since the metric g represents a x-conformal Ricci solition, using (2.2.1) in the

definition of #-conformal Ricci solition (1.2.85), we get

(Lvg)(X,Y)=(p+ g +4(a? = B2 —r =20 g(X,Y) + (r—4(a® = 8))n(X)n(Y) (4.7.1)

for all vector fields X and Y on M. If we consider covariant derivative along an arbitrary

vector field Z, then (4.7.1) reduces to

(VzLyg)(X,Y) =(Zr)n(X)n(Y) — g(X,Y)] — (r — 4(a® — %)) [ag(¢Z, X)n(Y)—
Bg(pX,0Z)n(Y) + ag(¢Z,Y )n(X) — Bg(oY, ¢Z)n(X)], (4.7.2)

for all X|Y,Z € x(M). As V is the metric connection i.e., Vg = 0, so (1.1.3) reduces to

for all vector fields X, Y, Z on M. Combining (4.7.2) and (4.7.3) and by a straightforward
combinatorial computation and using the symmetry of (£/V) along with (1.1.12), the

foregoing equation yields

(L V)X, ¥) =5 (DN)[g(X,Y) = n(X)n(¥)] = S (XP)Y = n(¥)e] = 507X ~ n(X)e]

+(r —4(a” = 87))[Bg(¢X, 9Y)€ — an(Y)(¢X) — an(X)(¢Y)], (4.74)
for arbitrary vector fields X and Y on M. Setting Y = ¢ in (4.7.4), we have
(L V)(X,6) =~ (€)X —n(X)¢] —alr — 4(a® — P(6X).  (475)

Applying covariant derivative w.r.t. arbitrary vector field Y and making use of (1.1.40)
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and (1.1.41), we obtain

(Vy Ly 9)(X,€) =a(LyV)(X, 0¥) ~ B(LyT)(X,Y) = (V€)X ~ n(X)el+
S (Enag(0X, Y )E + 5g(0X, ¥ )E — am(X)(9) + fn(X)¥ -

Bn(Y)X] — a(Yr)(¢X) — a(r — 4(e” — 5))[ag(X,Y)s~
an(X)Y + Bg(¢Y, X)€ — Bn(X) (oY) + Bn(Y) (¢ X)]. (4.7.6)

Using (4.7.6) in (1.1.5), we get
(£vR)(X,Y)E =a(LyV)(6X, Y) — alLyV)(X, 6Y) — S(X(EN)Y — (Y )e + 5 (¥ (€r))

X~ n(X)¢] + 5(Er)2ag(X, 0¥ )& — an(¥)(6X) + an(X)(6Y )+
269(V)X — 260(X)Y] ~ a(X7)(6) + a(¥r)(6X) — alr — 4(a® ~ 7))
an(X)Y — an(Y) X +289(6X, ¥ )& +28n(X)(6Y) — 200(Y) (6X)].

Setting Y = £ in the foregoing equation, we get

(L)X, = S(E(En)X —n(X)E] + BEn[X —n(X)e] -
2a(r — 4(a® — ) [—aX + an(X)¢ — B(¢X). (4.7.7)

Again, Lie differentiation of the equation (1.1.44) along soliton vector field V' and use of
(1.1.42) and (1.1.44), leads to

(LvR)(X, )¢ = (o = B%)[9(X, LvE)E — (Lym)X)E — 2n(LvE) X] (4.7.8)
which holds good for arbitrary vector field X on M. Setting Y = £ in (4.7.1), implies

(Lvm)X — g(X, £vE) = (p+ > — 2\)n(X). (4.7.9)

Taking (4.7.9) into account, Lie derivative of n(§) = 1 along the direction of V', leads to

(L) = —(p + ; — o). (4.7.10)

After using (4.7.9) and (4.7.10), the equation (4.7.8) reduces to

(EvR)(X,€)6 = (02 = B)(p+ 5 — 20X —n(X)¢], (@71)
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for all X € x(M). Comparing (4.7.7) with (4.7.11), we achieve

(02— )+ 2 — W)X —n(X)e] = S(E(ENX —n(X)e] + B(er)

[X = n(X)€] = 2a(r — 4(a® = B%))[~aX + an(X)¢ - B(¢X), (4.7.12)
for X € x(M). Inner product with arbitrary vector field Y, gives

[5(E(E) + BEr) +20%( — 4(0? — 57)) — (0> = F)(p+ & — 2]

[9(X,Y) = n(X)n(Y)] + 2aB(r — 4(a” — 5%))g(¢X,Y) = 0. (4.7.13)
Anti-symmetrizing the foregoing equation yields,
5 EE) + 66 +20%(r — 4(0? = 7)) — (0 = B)(p+ 5 — 2V]g(6X, 6Y) = 0. (47,14

Since this equation holds for arbitrary vector fields ¢ X and ¢Y and as we know from
(2.3.3) that &r = —2r3 + 128(a? — ?) holds in 3-dimensional trans-Sasakian manifold,
we can easily conclude that the scalar curvature of the manifold satisfies r = (1 — g—z)(g +

5 — A +4a?). O
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CPE conjecture on some differentiable
manifolds

5.1 Introduction

In this chapter we study critical point equation (shortly CPE) and x-critical point equa-
tion (shortly *-CPE) conjectures within the framework of various contact metric mani-
folds. This chapter is divided into six sections. First two sections being introduction and

preliminaries, the rest four sections are arranged as follows,

In the third section, it is proved that if a compact Sasakian manifold admits CPE,
then either the manifold is Einstein or the potential function is harmonic in an open
subset. Later, It is shown that if the manifold satisfies *-CPE then the manifold is -
Einstein and obtain an expression for *-Ricci tensor. Finally we have constructed an

examples to illustrate the existence of CPE and *x-CPE on Sasakian manifold.

In later section, we establish that Kenmotsu manifold satisfying the CPE either
becomes an Einstein manifold or the derivative of potential function along characteristic

vector field satisfy a certain relation on the distribution of 7.

In the next section, we study CPE on (k, p1)’-almost Kenmotsu manifold and obtained

that the manifold is Einstein. We also construct an example to verify our outcome.

In the final section, in case of 3-dimensional trans-Sasakian manifold satisfying CPE,
we get that either the manifold becomes a-Sasakian or it becomes Einstein. Finally we

give an example of 3-dimensional trans-Sasakian manifold to support our result.
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5.2 Preliminaries

In the previous chapters, we have considered the definitions and properties of Sasakian
manifold, Kenmotsu manifold, (x, pt)’-almost Kenmotsu manifold and trans-Sasakian man-
ifold. Here we want to bring some lights on some special relations.
The *-Ricci tensor in a (2n + 1)-dimensional Sasakian manifold is given by [Lemma
3.1 of [40]],
S*X,Y)=S8(X,)Y)—(2n—1)g(X,Y) —n(X)n(Y), (5.2.1)

for arbitrary vector fields X and Y. Tracing the foregoing equation we obtain
A (5.2.2)
On a (2n + 1)-dimensional Kenmotsu manifold, Ricci tensor S satisfies,
S(pX,0Y) = S(X,Y) 4+ 2nn(X)n(Y), (5.2.3)

for arbitrary vector fields X and Y on M.

5.3 CPE and *-CPE on Sasakian manifold

This section deals with the Sasakian manifold which satisfy the critical point equation
(1.3.95) and *-critical point equation (1.3.96). First we prove a lemma which is used to

deduce the later results,

Lemma 5.3.1. Let (g, \) be a non-constant solution of the critical point equation on a
(2n + 1)-dimensional Riemannian manifold M. Then the Riemannian curvature tensor

R can be expressed as,

R(X,Y)DA = (XA)QY —(YNQX+A+1)(VxQ)Y —(A+1)(VyQ)X + (X f)Y — (Y )X,

(5.3.1)
for any vector fields X, Y € x(M) and f = —r(ﬁ + 2n1+1).
Proof. Since (g, \) is a non-constant solution of the critical point equation, so, S — i1l =

(=g — S)A — Hess(\). Tracing this equation we get, AgA = —ry2-. Thus the above

mentioned equation can be exhibited as,
VxDX=(A+1)QX + fX,
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1
2n+1

for an arbitrary vector field X, where f = —7‘(% + ). Now taking covariant derivative

of the above equation with respect to an arbitrary vector field Y, we obtain
Vy(VxDX) = (YA)QX + A+ D[(VyQ)X + Q(Vy X)) + (Y /)X + fVyX.
Then we apply the expression in (1.1.4) to get our required result. O

Theorem 5.3.1. Let M*""1(¢, &, n,9) be a compact Sasakian manifold. If (g,)\) is a
non-constant solution of the critical point equation then either the manifold is Finstein

or X is harmonic in a scalar flat open subset.

Proof. First, differentiating (1.1.20) covariantly along arbitrary vector field X and using
(1.1.15), we get

(VxQ)¢ = QpX — 2npX. (5.3.2)

Since, ¢ is Killing in a Sasakian manifold, we have £S5 = 0, i.e., (L:Q)X = 0 for arbitrary
vector field X on M. Which further follows that,

0 =Le(QX) — Q(LeX)
=(VeQ)X + Vox& + Q(VxE).
Plugging (1.1.15), (1.1.19) and (5.3.2) in the above relation, we acquire
VeQ = 0. (5.3.3)

Keeping (1.1.17), (1.1.19), (1.1.20) and (5.3.2) into account, scalar product of the result
of lemma-5.3.1 with &, yields

(2n + DX N)n(Y) = Y X)n(X)] + (X )nY) = Y [)n(X)
2N+ D[S(6X,Y) — 2ng(¢X,Y)] =0, (5.3.4)

VX,Y € x(M). Substituting ¢X and ¢ in place of X and Y respectively in the foregoing
equation and using (1.1.9), (1.1.10), (1.1.21), we obtain

(2n + 1)¢(DA) + ¢(Df) = 0. (5.3.5)

Since the scalar curvature r is constant, as (g, A) is a non-constant solution of CPE, the
above equation reduces to

[r — 2n(2n + 1)]¢p(DA) = 0, (5.3.6)
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where n > 1. So, from here two cases arise, either r = 2n(2n + 1) or ¢(DA) = 0.

Considering r = 2n(2n+1), we can rewrite f = —r(3-+ sorp) 88 f = —(2n+1)A—2n.

It easily follows that
Df=—2n+1)DA. (5.3.7)

Keeping (1.1.18), (1.1.20), (5.3.2), (5.3.3) and (5.3.7) into account, plugging ¥ = &, we

can manipulate (5.3.1) as
A+ DQ(dX) — 2n(¢X)] — (EN)[QX — 2nX] =0,

VX € x(M). Further, considering scalar product with an arbitrary vector field Y, we

acquire
A+ 1D)[S(0X,Y) —2ng(¢X,Y)] — (EN)[S(X,Y) — 2ng(X,Y)] = 0. (5.3.8)

Interchanging X and Y in the foregoing equation and then adding with that equation, we
get

(EN[S(X,Y) —2ng(X,Y)] =0, (5.3.9)
for any vector fields X and Y on M, where we have used (1.1.19). If we consider
¢X = 01in (5.3.8), as A is a non-constant solution, we obtain S(¢X,Y) = 2ng(¢X,Y)
for any vector fields X and Y of x(M). Replacing X by ¢X, the last relation yields
S(X,Y) = 2ng(X,Y), where we take (1.1.6) and (1.1.20) into consideration. So, the

manifold is Einstein and this proves our first assertion.

Now, if possible suppose r # 2n(2n + 1) on some open subset O of M. Then (5.3.6)
implies that ¢(DA) = 0 in that open subset O. Using (1.1.6), we can easily achieve
D) = ((XN)€. Differentiation of this relation along an arbitrary vector field X, yields

VxDA = (X(EX))§ — (EA)(9X). (5.3.10)

Plugging (5.3.10) in (1.3.94), we have

r

A+ 1DRX + AN - o——

JX = (X(EA)E§ = (EN)(0X),

for an arbitrary vector field X of x(M). Setting X = £ in the above equation, we get the

following relation,
r

2n+1°

§(EN) =2n(A+1) + AX — (5.3.11)
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Contracting X in (5.3.10), we achieve
AN = E(EN). (5.3.12)

Comparing the last two relations, we can conclude r = 2n(2n + 1)(A + 1). Differentiating
this along the Reeb vector field £ we get €A = 0, as the scalar curvature r is constant
and n > 1. Putting this in (5.3.12), we have A\ = 0. Again tracing (1.3.94) and using
AN = 0, we acquire 7 = 0 as A is a non-constant function. So, we can conclude that X is

harmonic in a scalar flat open subset. O

Theorem 5.3.2. Let M*" (¢, &,n,g) be a compact Sasakian manifold. If (g, \) is a

non-constant solution of the x-critical point equation then,
(i) the manifold is n-Einstein,
(ii) the x-Ricci tensor is given by S* = (5- —2n —1)[g —n® 7).

Proof. Using (5.2.1) and (5.2.2) in the *-critical point equation (1.3.96), we obtain

Tl A ey,

HessgM(X,Y) = (1 + N)[S(X,Y) = n(X)n(Y)] — (2n +1 2n

for any vector fields X and Y of x(M), which further yields

r—1 +/\r
2n+1  2n

VxDA = (1+N[QX —n(X)E] — ( A)X, (5.3.13)

for an arbitrary vector field X on M. Differentiating along an arbitrary vector field Y,

keeping (1.1.15) and (1.1.16) into account, we achieve

Uy Vx DA =(YN)[QX = (5= = DX = n(X)¢] + (1 + 1) Vy(QX) = (1+ 1)

r—1 A7
— — A X). 3.14
2n—|—1+2n )(VY ) (53 )

[9(¢X,Y)E + n(Vy X)E = n(X)oY] — (
Using (5.3.13) and (5.3.14) in (1.1.4), we have

R(X,Y)DA =(XN[QY —n(Y)§] = (Y N)[Q@X —n(X)E]+ (1 + V[(VxQ)Y — (VyQ)X]
— (1+)[29(¢Y, X)§ = n(Y)oX + n(X)oY] - (% - DIXNY = (YA X],

(5.3.15)
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for arbitrary vector fields X and Y on M. Plugging Y = £ in the foregoing equation and
making use of (1.1.7), (1.1.9), (1.1.20), (5.3.2) and (5.3.3), we obtain

R(X,§)DA =(2n — 1)(XA)§ — (EN[QX — n(X)E] + (1 + N [Q(eX) — (2n — 1)9X]

r

= (5 = DIXAE = (EA)X]. (5.3.16)

Use of the above equation in (1.1.18), yields

(2n-+1= ) (XNE— (EVIQX —n(X)E]+(5- ~2) ENX+(1+1)[Q(6X) —(2n—1)$X] = 0,
(5.3.17)
for any vector field X of x(M). Taking scalar product with an arbitrary vector field Y,
we get
(2n+1- %)(XA)U(Y) — (ENSXY) = n(X)n(Y)] + (1 +A)
[S(6X,Y) = (2n = Dg(6X, V)] + (5 — 2(ENg(X,Y) = 0. (5.3.18)

Anti-symmetrizing this equation, we achieve

(2n+1-— %)[(X)\)W(Y) —(YA)n(X)] =21+ N)[(2n—1)g9(¢X,Y)—S(¢pX,Y)]. (5.3.19)

Asn # 0, keeping (1.1.7) and (1.1.9) into account, setting X = ¢ in the foregoing equation,
we have

(r—2n2n+1)[(EXN)n(Y) — (YN)] =0, (5.3.20)

for an arbitrary vector field Y on M.

If possible suppose r = 2n(2n + 1) on an open set O of M. Then (5.3.19) reduces
to S(pX,Y) = (2n — 1)g(¢X,Y), VX,Y € x(M), as A is a non-constant function. Re-
placing X by ¢X, in the above equation and using (1.1.6), (1.1.11) and (1.1.20), we
get S(X,Y) = (2n — 1)g(X,Y) +n(X)n(Y). Tracing the foregoing equation we obtain

r = 4n?, which is a contradiction to our assumption.

So, r # 2n(2n + 1) in the entire manifold. Therefore, (5.3.20) equation reduces to
D) = (ENE. (5.3.21)
Using (5.3.21), we can rewrite (5.3.18) as
(2(n+1) = )EMXIN(Y) = (NSXY) + (5= — 2)(ENg(X,Y)

T (1 N[S(OX,Y) — (2n — 1)g(6X,Y)] =0, (5.3.22)
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for any vector fields X and Y on M. Interchanging X and Y in the previous equation

and taking sum with (5.3.22) and keeping (1.1.12), (1.1.19) into account, we achieve
ENIS(X,Y) ~ (5= 2)g(X.Y) ~ 2n+ 1) — (X =0, (3:323)
If X =0, from (5.3.21) we get, DA = 0. This is a contradiction as A is not a constant
function. So, from (5.3.23), we acquire
S(XY) = (5= = Dg(X.Y) + 2(n+1) - 5

— (XY
- 5 (X)),
for any vector fields X and Y of x(M). So, the manifold is n-Einstein, which proves the
first assertion of our theorem. Using the above relation in (5.2.1), we obtain
. r
SUXY) = (5 —2n = Dlg(X,Y) = n(X)n(Y)],

which completes this theorem. O

Example 5.3.1. Let us consider the set M = {(x,y, z,u,v) € R®} as our manifold where
(a,b,c,d,e) are the standard coordinates in R®. The vector fields defined below,

g 0 0 2 g 9] 0

ox’
are linearly independent at each point of M. We define the metric g as

€1 —

1, ifi=y

0, ifi#j.
Let n be a 1-form defined by n(X) = g(X,e3), for arbitrary X € x(M). Let us define
(1,1)-tensor field ¢ as,

g<€i’ ej) =

P(er) = ea, P(ez) = —ey, P(e3) = 0, P(eq) = es, b(es) = —ea.

Then it is easy to verify that the relations (1.1.6)-(1.1.8) are satisfied. So, for & = es,
(M, p,€,1m,9) defines an almost contact structure on M.

We can now deduce that,

le1,e1] =0, le1, e2] = 2e3, e, e3] =0, [er,eq) =0, le1,e5] = 0,
g, e1] = —2e3,  [e2,€2] =0, [e2,e3] =0, e, e4] =0, [e2, 5] = 0,
les,e1] =0, les, ea] =0, les,e3] =0,  [es,eq] =0, les, es5] = 0,
leg, €1] = 0, leq, €2] = 0, les,e3] =0,  [eq,e4] =0, [eq, €5] = 2e3,
les, e1] = 0, les, €2] = 0, les,e3] =0,  [es,eq] = —2e3, les,es5] =0.
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Let V be the Levi-Civita connection of M. Then from (1.1.1), we can compute the fol-

lowing relations,

Velel = 0, Veleg = €3, Veleg = —€2 V61€4 = 0, v6165 = 0,
V6261 = —€3, v62€2 = 0, Ve2€3 = €1, V62€4 = 0, v62€5 = 0,
Veer = —ez,  Vegep=e,  Veez =0, Veses = —€5,  Veyes = ey,
Ve461 = O, v5462 = 0, ve4€3 = —é€s5, V€4€4 = O, Ve4e5 = €3,
Ve561 = O, V85e2 = 0, v6563 = €4, Ve5€4 = —€s3, Ve5e5 = 0.

Therefore (1.1.14) is satisfied and (M, ¢,&,n, g) becomes a Sasakian manifold.

Using (1.1.4), we can compute the non-vanishing components of curvature tensor as

R(e1,ez)er = 3ea, R(er, ez)es = —3ey, R(e1, e2)eq = 2es,
R(e1,ez)es = —2ey, R(ei,e3)er = —es, R(e1, es3)es = ey,
R(eq,eq)er = e5, R(e1,eq)es = —eg, R(eq,e5)es = —ey,

(€1, €2) (e1,€2) (€1, €2)
(€1, €2) (e1,€3) (€1, €3)
(€1, €4) (€1, €4) (€1, €5)
Rer, es)eq = e, R(ez, e3)e2 = —es, R(eg, e3)e3 = —eg,
(€2, €4)er = —es, R(es, €4) (€2, €5)
(€2, €5) (€3, €4) (€3, €4)
(€3, €5) (€3, €3) (€4, €5)
(€4, €5) (€4, €5) (€4, €5)

€2,€4 €5 = €1, R(ez,e5)er = ey,
R €9,€5)€4 =— —€1, R €3,€4)€3 = —€4, R €3,€4)€4 = €3,
R(es, e5)es = —es, Rfes, e5)es = es, R(ey, e5)er = 2ey,
R(ey, e5)eq = —2ey, R(ey, e5)eq = 3es, R(ey,e5)es = —3ey

Now from the above results we have,
-2, if i =j, where i, j € {1,2,4,5}
S(ei,ej) =<2,  ifi=j, wherei,je {3}
0, otherwise.

Contracting this we have r = Z?:l S(ei, e;) = —6. Also, we have,

=5, ifi=j, wherei,j € {1,2,4,5}
S*(eiej) = =2, ifi=j, wherei,jec {3}
0, otherwise.

and, 7 = 320 S*(e;,e;) = —22 = 7 — 4n® = —6 — 16, where n = 2. So, (5.2.1) and
(5.2.2) are satisfied.
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Now we consider a non-constant smooth function A\ as, A = e". Then we get D\ =
ey and AN = \. From here we can easily verify that, the critical point equation (1.3.95)

and x-critical point equation (1.3.96) are satisfied. This example verifies our results.

5.4 CPE on Kenmotsu manifold

Theorem 5.4.1. Let M ($,&,1m, g) be a (2n+1)-dimensional Kenmotsu manifold. If (g, \)

is a non-constant solution of the CPFE, then
(i) the scalar curvature of the manifold is —2n(2n + 1),
(ii) either the manifold is Einstein or EX =14 X in kernel of 0.

Proof. Plugging Y = £ in equation (5.3.1) and using (1.1.26), we acquire
R(X,§) DA = [(X [) —2n(XN)[E+ A+ 1) [(VxQ)E— (VeQ) X] - (ENQX — () X. (5.4.1)

for an arbitrary vector field X on M. Using (1.1.25), (2.2.2) and (2.2.3) in (5.4.1), we

achieve
(X )= Cn+ DXV + (EN[X —QX] - (€)X + (A +1)[QX +2nX] =0, (54.2)

for any vector field X in y(M). Considering inner product of (5.4.2) along ¢ and taking

(1.1.26) into account, we get
X[ = @n+DXXN) + (20 + 1)(ENn(X) = (€)n(X) = 0, (5:4.3)

VX € x(M). Since (g, ) is a non-constant solution of CPE, the scalar curvature r is
constant and therefore df = —5-d\. As n # 0, using this in (5.4.3), we obtain

[r + 2n(2n + D](XA — (EN)3(X)) = 0. (5.4.4)

As, X is an arbitrary vector field in the above relation, from here two cases arise, either
r=—2n(2n+1) or DX = ({N)E.
Let us consider the case DA = (£X)€. Covariant derivative along an arbitrary vector

field X, yields
Vx DA = (X(EN))§ + (EN)X — (EMn(X)E, (5.4.5)
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where we have used (1.1.23). From critical point equation (1.3.95), using (5.4.5), we
acquire

A
TX+

1 X =—
( +AQ 2n 2n+1

X+ (X(EAN)E + (EM)X — (EA)n(X)s.

Considering X = ¢ in the last equation and using (1.1.7) and (1.1.26), we have

E(EN) + T 1 + ;‘—:; +2n(14+A) =0. (5.4.6)

Contracting X in (5.4.5), we get AN = £(EN) + 2n(EN). Again, in the proof of lemma
5.3.1, we get A\ = —rﬁ. Combining these last two relations we get

E(EN) + % +2n(EXN) = 0. (5.4.7)

Since n # 0, manipulating (5.4.6) using (5.4.7), yields

r

Differentiating (5.4.8) along &, as r is constant, we have £(EA\) = X, Using this relation
in (5.4.7), we obtain (1 + X)[r 4+ 2n(2n + 1)] = 0. Since A is a non-constant function, we
can conclude that r = —2n(2n + 1).

Considering (5.4.2) along an arbitrary vector field Y and the replacing X and Y by
¢ X and @Y, respectively, we have

(1+ A= ENIS(X.Y) + 2ng(X,Y)] = 0.

VX,Y € x(M), where we have used (1.1.8), (1.1.10), (5.2.3) and r = —2n(2n + 1). So,
either the manifold is Einstein with Einstein constant —2n, or €A =1+ A.

Let us consider the case where £ = 1 + A. Differentiating this relation along an
arbitrary vector field X and using (1.1.23), we get Hessy(X, &) = (EA)n(X). Replacing Y
by £ in (1.3.95) and using (1.1.23) and the expression of Hessian we get n(X) = 0. From

here we can easily obtain our desired result. O]

Note: Now if we consider a ¢-basis {e;, ¢e;, {0 = 1,2,3,....,n of M such that
Qe; = pie;. Then we have ¢Qe; = p;pe;. Using the ¢-basis and (1.1.26) we can conclude

that the scalar curvature r of the manifold is

r=g(Q58)+ Y [9(Qei ei) + g(Qges, dei)] = —2n+2>  pi.
=1

=1
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Let us suppose Y ., p; = k. Then from the critical point equation, we have

A 1
f==rg t 7
n—K +2n—2/<;
on on+1"°

5.5 CPE on (k,—2)-Kenmotsu manifold

Theorem 5.5.1. Let M(¢,£,n,9) be an (2n + 1)-dimensional (k, —2)'-almost Kenmotsu
manifold with k < —1. If (g, \) is a non-constant solution of the critical point equation,

then M 1is an Finstein manifold.

Proof. From (1.1.32), we have
R(§,Y)DA = k[(YA)§ — (ENY] = 2[(MY)N)E = (EMRY], (5.5.1)

for an arbitrary vector field Y of yx(M). Differentiating (1.1.36) and using (1.1.29),
(1.1.28), (1.1.33) and (1.1.39), we obtain the following two relations

(VxQ)E =2n(k + 2)WX, (5.5.2)
(VeQ)X =0, (5.5.3)

for any vector field X on M. Using these above two relations along with (1.1.36) in

(5.3.1), we acquire
R(E,Y)DA = (ENQY — 2nk(YNE — 2n(A + 1)(k + 2R'Y + (€)Y — (YF)E,  (5.5.4)

VY € x(M). As the scalar curvature r is constant in critical point equation, comparing

(5.5.1) with (5.5.4) and using f = —r(2 + 5-=), (1.1.36) and (1.1.37), we achieve

n(k+ DIENNY)E = (YA + ((RY)A)E = [(n+1)(EA) +n(A+ 1) (s +2)](RY), (5.5.5)

for any Y € x(M). Considering scalar product with the Reeb vector field &, the foregoing
equation reduces to

(PY)A = n(r+ DYA) = (EN)n(Y)], (5:5.6)
where we have used (1.1.29). Taking (5.5.6) into account, from (5.5.5), we have

€N = —(n+1)()\+1)(/<+2). (5.5.7)
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Differentiating the above equation along the direction of the characteristic vector field &,

we get

Hessy(£,6) = — (k+2)(EN).

n
(n+1)
Using this relation in the critical point equation (1.3.95) and considering (1.1.36), (1.1.37)
and (5.5.7), we obtain

An*(n+1)(k+ 1) + (2n + 1)(2n*k — Kk + 2n*)X = 0.

Since k is a constant, we get A is a constant. So, we can conclude that the manifold is

Einstein. O

Example 5.5.1. We consider the manifold as M = {(x,vy, z,u,v) € R*}, where (z,y, 2, u, v)

are the standard coordinates in R>. Let e1, es, €3, eq, €5 are 5 vector fields which satisfy,

le1, €2] =0, le1, e3] = —2es, le1, e4] = —2ey, le1,e5] =0,

le;,ej] =0 where 1,7 =2,3,4,5.
Now we define a metric g on M as,

1, ifi=j

0, otherwise.

glei, e5) =
Let n be an 1-form defined by n(X) = g(X, e1) for arbitrary X € x (M), then we have the
following relations,
n(er) =1, n(e;) = 0;where 1 =2,3,4,5.
Let us define a (1,1)-tensor field ¢ as,
dler) =0, dlez) =e3,  dles) = —ea,  @les) =5,  @les) = —eu

Then the relations (1.1.6), (1.1.7) and (1.1.8) are satisfied. Thus for e; =&, (6,€,1,9)

defines an almost contact metric structure on M. Moreover,
hlf = 0, h/€2 = €2, h/€3 = €3, h/€4 = O, h/€5 =0.
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Let V be the Levi-Civita connection of g. Then from (1.1.1) we can have,

Ve€ =0, Veey =0, Vees =0, Veeqs =0, Vees =0,
Ve, =0, V€2 =0, Ve,e3 =0, Ve,eq4 =0, Ve,e5 =0,
Ve & = 2es, Vesea =0, Vese3 = —2€, Ve,eq =0, Veses =0,
Ve, & = 2ey, Ve,e2 =0, V.3 =0, Ve,e4 = —2€, Ve,e5 =0,
V& =0, Vese2 =0, Ve.es =0, Veeqs =0, Vese5 = 0.

From the above relations we can easily conclude that the relation Vx& = —¢*X + WX
holds for arbitrary X € x(M). So M is an almost Kenmotsu manifold.
By the above results, we can easily calculate the components of the curvature tensor

R as follows
R(E, e3)¢ = 4es, R(&, e4)§ = 4ey, R(&, e3)es = —4&,
R(&, eq)eqy = —4E, R(es, eq)es = dey, R(es, eq)eq = —4es.

From here we can conclude that the characteristic vector field & belongs to the (k,—2) -

nullity distribution with k = —2. So the manifold is a (k, —2)'-almost Kenmotsu manifold.

5.6 CPE on trans-Sasakian manifold

Theorem 5.6.1. Let M(¢,&,n,g) be a 3-dimensional trans-Sasakian manifold where the
structure functions a, 8 are constant. If (g, \) is a non-constant solution of the critical
point equation then either the manifold becomes a-Sasakian manifold or the manifold

becomes Einstein.

Proof. From (1.1.44), we deduce
R(§,Y)DX = (® = B°)[(Y N — (EN)Y], (5.6.1)
for an arbitrary vector field Y on M. Again, setting X = ¢ in (5.3.1), we obtain
R(&,Y)DA = (EMQY — (Y N)QE+ (A+ D)[(VeQ)Y = (VyQ)E] + (£/)Y — (Y ), (5.6.2)

From (1.1.45) we have these following two relations,

QY = (5 — (0> = )Y — (5 = 3(e” = F)m(¥ ), (5.6.3)
Q¢ =2(o - B)¢, (5.6.4)
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for any vector field Y of x(M). As the scalar curvature r is constant in a critical point

equation, taking covariant derivative of (1.1.45) along an arbitrary vector field X, we get

r

(VxQ)Y = —=(5 = 3(a” = )NI(VxmY)E +n(Y) (VX))

Making use of (1.1.41) in the above equation, yields

(VeQ)Y =0, (5.6.5)

(VyQ)¢ = (5 = 3(a” = B9)[agY — BY + Bn(Y)¢). (5.6.6)

VY € x(M). Using (5.6.3), (5.6.4), (5.6.5) and (5.6.6) in (5.6.2), we acquire

R(E,Y)DA =[(N)(5 — (a? = B) + B+ 1)(5 = 3(a” = 82) + (€)Y -

[(g = 3(a” = B2)((EN) + BN+ 1))n(Y) +2(a” = B*)(YN)~
(Y 1)I§ = a(r + 1)(5 - 3(a* = 8))8(Y), (5.6.7)
for any vector field Y on M. As we know f = —r(4 + 4) and the scalar curvature r is

constant in a critical point equation, comparing (5.6.1) with (5.6.7), we get

(5 = 3(e% = B [BA+ Y = (¥)§) = (ENn(Y)E + (YA€ — a(A+ 1)g¥] = 0.

Taking scalar product of the aforementioned equation with arbitraty vector field X, we

get

(5 - 3(a* = ) [BO+ D{g(X,Y) = n(X)n(Y)} = (En(X)m(Y)

+ (Y N)n(X) = a(A+ 1)g(X, ¢Y)] =0.
Interchange of X and Y in the last equation, yields

(5 - 3(a* = ) [BO+ D{g(X,Y) = n(X)n(Y)} = (En(X)n(Y)

+ (XN(Y) = a(A+ 1)g(¢X,Y)] = 0.
Adding the above two equations and using (1.1.12), we obtain

(5 = 3(a® = %) 260 + D{g(X,Y) = n(X)n(¥)} = 2€Nn(Xn(Y)

+ (Y)n(X) + (X\)n(Y)] = 0. (5.6.8)
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Tracing (5.6.8), we have
BA+1)[r —6(a” = %) =0.
Since A is a non-constant function, from here two cases arise. If § = 0, the manifold

becomes a-Sasakian. If r = 6(a? — 4?), from (1.1.45) we can conclude that the manifold

is Einstein with Einstein constant 2(a? — 3?). O

Note: If we further assume o =  where «, 8 are constant functions. If (g, \) is
a non-constant solution of the critical point equation then either the manifold becomes

a-Sasakian manifold or the manifold is scalar flat.

Example 5.6.1. Let M = R3. The vector fields defined as

0 0 0 0
=92 =2 =2— + 2y—
“ 0z’ 2 oy’ “s ox + y(?z’

are linearly independent at each point on M. Now we define a metric g on M as,

9(61761) (62762) (63,63) =1,

=g =g
gler,ea) = gles, e3) = gles, e1) = 0.

Let n be an 1-form defined by n(X) = g(X,e1), for arbitrary X € x(M), then we have
n= %(dz — ydz) which satisfies the following relations,

n(er) =1, n(ez) =0, n(es) = 0.
Let us define a (1,1)-tensor field ¢ as
¢(e1) =0, p(e2) = e, p(e3) = —e.

Then the relations (1.1.6), (1.1.7) and (1.1.8) are satisfied. Thus for & = ey, (6,€,1,9)

defines an almost contact metric structure on M. We can now easily conclude
[61, 62] = 0, [62, 63] = 261, [61, 63] =0.

Let V be the Levi-Clivita connection of M. Then from Koszul’s formula (1.1.1), we can

have,
velel - 07 V61€2 = —é€sg, V6163 = €2,
V@el = —€g3, Ve2€2 = 0, Ve2€3 = €1,
vegel = €9, v63€2 = —€1, v63€3 = 0.
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Finally from (1.1.40) we can conclude that « =1 and f = 0 and M is a 3-dimensional
trans-Sasakian Manifold.
Now, from (1.1.4) we obtain the following components of Riemannian curvature ten-

sor,

R(€1,€2)€1 = —é€y, R(61,€2)€2 = €1, R<€1a 62)63 =0,
R(61763)€1 = —é€g3, R(61,€3)€2 =0, R(€1, 63)63 = €1,
R(EQ, 63)61 = O, R(eg, 63)62 = 363, R(BQ, 63)63 = —362.

The non-zero components of Ricci tensor are given by,
S(ehel) = 27 S<€27€2) - _27 S<€3763) = —2.

So, the scalar curvature is obtained as r = —2.1If we consider A\ = €Y, then D\ = %)\62 and
we can easily verify that it satisfies the trace of (1.3.95) and the manifold is a-Sasakian

manifold where o = 1. It verifies the last theorem.
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Abstract

In the present paper, we initiate the study of *-n-Ricci soliton within the framework
of Kenmotsu manifolds as a characterization of Einstein metrics. Here we display that
a Kenmotsu metric as a *-n-Ricci soliton is Einstein metric if the soliton vector field
is contact. Further, we have developed the characterization of the Kenmotsu manifold
or the nature of the potential vector field when the manifold satisfies gradient almost
x-17-Ricci soliton. Next, we deliberate x-1-Ricci soliton admitting («, )’-almost Ken-
motsu manifold and proved that the manifold is Ricci flat and is locally isometric to
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1 Motivations and background

In recent years, geometric flows, in particular, the Ricci flow have been an interesting
research topic in differential geometry and geometric analysis as it naturally extends
Einstein metric. Many mathematicians and physicists are very interested in the Ricci
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soliton as it has significant applications in mathematical fluid dynamics, string theory,
general relativity etc. So, it enhances a motivational and predominant concern to
explore Ricci soliton and also to allocate them topologically and geometrically in
the field of Riemannian manifolds. Further, in modern mathematics, the methods of
contact geometry plays an important role. Contact geometry has evolved from the
mathematical formalism of classical mechanics. In 1969, Tanno [26] classified the
connected almost contact metric manifolds whose automorphism groups have maximal
dimensions as follows.

(a) Homogeneous normal contact Riemannian manifolds with constant ¢-holomorphic
sectional curvature if k(¢, X) > 0;

(b) Global Riemannian product of a line or a circle and a Kdhlerian manifold with
constant holomorphic sectional curvature if k(¢, X) = 0;

(¢) A warped product space R x ¢ N, where R is the real line and N is a Kéhlerian
manifold, if k(&, X) < 0; where k(&, X) denotes the sectional curvature of the
plane section containing the characteristic vector field & and an arbitrary vector
field X.

In [16], K. Kenmotsu first introduced and studied a particular class of almost contact
metric manifolds, obtained some tensor equations to characterize the manifolds of the
third class using the wraping function f(t) = ce’ on the interval J = (—e, €). Since
then the manifolds of the third class were called Kenmotsu manifolds. Conversely,
every point on a Kenmotsu manifold has a neighbourhood which is locally a warped
product J x r N, where f is given by the above mentioned relation.

A pseudo-Riemannian manifold (M, g) admits a Ricci soliton which is a general-
ization of Einstein metric (i.e, S = ag for some constant a) if there exists a smooth
vector field V and a constant A such that

1
Eﬁvg—i—S—i—)Lg:O,

where Ly denotes Lie derivative along the direction V and S denotes the Ricci cur-
vature tensor of the manifold. The vector field V is called potential vector field and A
is called soliton constant.

The Ricci soliton is a self-similar solution of the Hamilton’s Ricci flow [13] which
is defined by the equation a%# = —285(g(¢)) with initial condition g(0) = g, where
g(t) is aone-parameter family of metrics on M. The potential vector field V and soliton
constant A plays an indispensable role while determining the nature of the soliton. A
soliton is said to be shrinking, steady or expanding according as A < 0, A = 0 or
A > 0. Now if V is zero or Killing then the Ricci soliton reduces to Einstein manifold
and the soliton is called trivial soliton.

If the potential vector field V is the gradient of a smooth function f, denoted by

Df then the soliton equation reduces to
Hessf +S+1g =0,

where Hessf is Hessian of f. Perelman [17] proved that a Ricci soliton on a compact
manifold is a gradient Ricci soliton.
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*-n-Ricci soliton and contact geometry

In 2009, Cho and Kimura [4] introduced the concept of n-Ricci soliton which is
another generalization of classical Ricci soliton and is given by

Leg +25+20g +2un®n =0,

where p is areal constant, 1 is a 1-form defined as n(X) = g(X, &) forany X € yx(M).
Clearly it can be noted that if ;© = 0 then the n-Ricci soliton reduces to Ricci soliton.

In 2014, Kaimakamis and Panagiotidou [15] modified the definition of Ricci soliton
where they have used *-Ricci tensor S* which was introduced by Tachibana [25], in
place of Ricci tensor S. The *-Ricci tensor S* is defined by

S*(X,Y) = %(trace{qﬁ -R(X,pY)))

for all vector fields X and Y on M, where ¢ is a (1, 1)—tensor field. They have used the
concept of x-Ricci soliton within the framework of real hypersurfaces of a complex
space form.

In 2020, Dey et al. [7] defined *-n-Ricci soliton as

£§g+25*+2)»g+2,u,n®n=().

As per the authors knowledge, the results concerning *-1-Ricci soliton were studied
when the potential vector field V is the characteristic vector field &. Motivated from
this we generalize the definition by considering the potential vector field as arbitrary
vector field V and define as:

Lyg+28*+2rg +2un®n =0, (1.1)

where we considered the manifold as (2n + 1)-dimensional. Now if we consider the
potential vector field V as the gradient of a smooth function f, then the *x-n-Ricci
soliton equation can be rewritten as

Hessf +S*+ g+ un®n=0. (1.2)

By gradient almost *-n-Ricci soliton we mean, gradient x-n-Ricci soliton, where
we consider A as a smooth function.

Recent years, many authors have been studied Ricci soliton and n-Ricci soli-
ton on contact and paracontact geometries. First, Sharma [24] initiated the study of
Ricci solitons in contact geometry. Further, Ghosh [11] designed Ricci soliton on 3-
dimensional Kenmotsu manifold. Later Cilin and Crasmareanu [2], Ghosh [12], Wang
[29] etc. measured Kenmotsu metric in term of Ricci soliton on contact manifolds.
In [27], authors have strained *-Ricci solitons and gradient almost x-Ricci solitons
on Kenmotsu manifolds and obtained some needful results. They have developed if a
3-Kenmotsu manifold admits a *-Ricci soliton, then the manifold is of constant nega-
tive curvature — 1. They also get that if an 5-Einstein Kenmotsu manifold of dim > 3
admits a *-Ricci soliton then the manifold becomes Einstein.
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Next, Chen [3] considered a real hypersurface of a non-flat complex space form
which admits a *-Ricci soliton whose potential vector field belongs to the principal
curvature space and the holomorphic distribution. Many authors have been studied
x-Ricci soliton and thier generalizations on contact and paracontact metric manifolds
(e.g., see [5,6,9,10,18-23,28,30]). Recently, Wang [28] proved that if the metric of
a Kenmotsu 3-manifold represents a *-Ricci soliton, then the manifold is locally
isometric to the hyperbolic space H>(—1). Based on the above facts and discussions
in the research of contact geometry, a natuaral question arises.

Are there contact metric almost manifolds, whose metrics are x-n-Ricci soliton?

In later sections, we show that indeed the answer to this question is affirmative. The
paper is organized as follows: in Sect. 2, the basic definitions and facts about contact
metric manifolds, Kenmotsu manifolds and (k, it)’-almost Kenmotsu manifolds are
given. In the later section, we consider Kenmotsu metric as *-n-Ricci soliton and
gradient almost *-1-Ricci soliton and obtain some useful results. We also provide
some examples to support our findings in that section. In Sect 4, we consider the
metric of («, 1) -almost Kenmotsu manifold to represent *-n-Ricci soliton along with
a special condition and obtained that the manifold is Ricci flat and is locally isometric
to H"t1(—4) x R™.

2 Notes on contact metric manifolds

By [1], a differentiable manifold M of dimension (2n + 1) is called an almost contact
structure or (¢, &, n) structure if M admits a (1, 1) tensor field ¢, a vector field &, a
1-form 7 satisfying:

' =-T+nQE, @2.1)
neé) =1, 2.2)

where [ is the identity mapping. Generally, & and 7 are called characteristic vector
field or Reeb vector field and almost contact 1-form respectively.
A Riemannian metric g is said to be compatible metric if it satisfies:

g@X, YY) = g(X,Y) —n(X)n(¥) 2.3)

for arbitrary vector fields X and Y on M. An almost contact manifold endowed with
a compatible Riemannian metric is said to be an almost contact metric manifold and
is denoted by (M, ¢, &, n, g).

In a almost contact metric manifold (M, ¢, &, n, g) the following conditions are
satisfied:

& =0, (2.4)

nod =0, 2.5)
(X, €) = n(X), 2.6)
g@X.Y) = —g(X, pY) @.7)

@ Springer



*-n-Ricci soliton and contact geometry

for arbitrary X, Y € x(M). The normality of an almost contact structure is equivalent
with the vanishing of the tensor Ny = [¢, ¢]+2dn ® &, where [¢, ¢] is the Nijenhuis
tensor of ¢ (for more details we refer to [1]).

Definition 2.1 On an almost contact metric manifold M, a vector field X is said to be
contact vector field if there exist a smooth function f such that Lx& = f§&.

Definition 2.2 On an almost contact metric manifold M, a vector field X is said to be
infinitesimal contact transformation if Lxn = fn for some function f. In particular,
we call X as a strict infinitesimal contact transformation if Lxn = 0.

2.1 Kenmotsu manifold

We define the fundamental 2-form & on an almost contact metric manifold M by
D(X,Y) = g(X, ¢Y) for arbitrary X, Y € x(M). We recall from [14], an almost
Kenmotsu manifold is an almost contact metric manifold, where 7 is closed, i.e.,
dn =0and d® = 2n A ®. A normal almost Kenmotsu manifold is called Kenmotsu
manifold.

By [1] if in a almost contact metric manifold M the 1-form 5 and the (1, 1)-tensor
field ¢ satisfy the following condition for arbitrary X, Y € x(M):

(Vx9)Y =g(¢X,Y)§ —n(Y)$X, 2.8)

where V denotes the Riemannian connection of g, then the manifold M is called a
Kenmotsu manifold. It is easy to verify that the above mentioned relation is equivalent
with the normality condition of the manifold.

In Kenmotsu manifold of dimension (2n 4 1) the following relations hold:

Vx§ = X —n(X)§, 29
(VxmY = g(X,Y) = n(X)n(Y), (2.10)
R(X,Y)E = n(X)Y —n(V)X, (2.11)
S(X,§) = —2nn(X), (2.12)
(Le)g(X,Y) =2g(X,Y) = 2n(X)n(Y) (2.13)

for arbitrary X, Y, Z, W € x(M), where L is the Lie derivative operator, R is the
Riemannian curvature tensor and S is the Ricci tensor.

A (2n+1)-dimensional Kenmotsu metric manifold is said to be a n-Einstein Ken-
motsu manifold if there exists two smooth functions a and b which satisfies the
following relation

SX,Y)=ag(X,Y)+bnX)n¥) (2.14)
forall X,Y € x(M). Clearly if b = 0 then n-Einstein manifold reduces to Einstein
manifold. Now considering X = & in the last equation and using (2.12) we have,

a + b = —2n. Contracting (2.14) over X and Y we get, r = (2n + 1)a + b, where r
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denotes the scalar curvature of the manifold. Solving these two we have, a = (1 + ﬁ

and b = —(2n + 1 + 5). Using these values we can rewrite (2.14) as
r r
S(X,Y) = (1 n —) (X, Y) — <2n F1+ —) n(X)n(Y). (2.15)
2n 2n

2.2 (k, )’ almost Kenmotsu manifold

On an almost Kenmotsu manifold we consider two (1, 1)-type tensor fields 7 = %Lfgq&
and i’ = h o ¢ and an operator £ = R(., )&, where L¢¢ is the Lie derivative of ¢
along the direction &. The tensor fields z and i’ plays an important role in an almost
Kenmotsu manifold. Both of them are symmetric and satisfy the following relations:

Vxé =X —n(X)§ +h'X, (2.16)
heE =hE =0, (2.17)
he = —¢h, tr(h) = tr(h') =0 (2.18)

for any X,Y € x(M), where V is the Levi-Civita connection of the metric g. In
addition the following curvature property is aslo satisfied:

R(X, V)& =n(X)(Y +h'Y) = n(Y)(X + W' X) + (Vxh)Y — (Vyh")X, (2.19)

where R is the Riemannian curvature tensor of (M, g).

By (k, t)’-almost Kenmotsu manifold we mean almost Kenmotsu manifold where
the characteristic vector field & satisfies the («, n)’-nullity distribution (for details see
[8]),i.e.,

RX,Y)E =k(m(X)X —n(X)Y) + u(m(Y)h'X —n(X)h'Y) (2.20)

forany X, Y € x (M), where k and p are real constants. On a («, ()"-almost Kenmotsu
manifold M, we have (see [8])

W (X) = =G + DIX — n(XE], (2.21)

h*(X) = —(k + DIX — n(X)E] (2.22)
for X € x(M). From previous relation it follows that #’ = 0 if and only if « = —1
and 4’ # 0 otherwise. Let X € Ker(n) be an eigenvector field of 4’ orthogonal to
& w.rt. the eigenvalue . Then, from (2.21) we get @> = —(k + 1) which implies
x« < —1. Dileo and Pastore proved that on a («, t)’-almost Kenmotsu manifold with
k < —1, we have u = —2 (Proposition 4.1 of [8]). Since the same symbol p is used

in the coefficient of  ® 7 in the definition of *-n-Ricci soliton and in («, ) -almost
Kenmotsu manifold, so to reduce the complications in notations we use («, —2)'-
almost Kenmotsu manifold throughout this paper.
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We recall some useful results on a (2n + 1) dimensional (k, —2)’-almost Kenmotsu
manifold M with k < —1 as follows:

RE X)Y = k(g(X.YV)§ —n(¥)X) —2(g(h'X, Y)E —n(V)N'X)  (2.23)

0X = —2nX 4+ 2n(k + Dn(X)& — 2nh'(X), (2.24)
r =2n(k — 2n), (2.25)
(Vxn)Y = g(X,Y) —n(X)n(¥Y)+gh'X,Y), (2.26)

where X, Y € x(M), Q, r are the Ricci operator and scalar curvature of M respec-
tively.

3 %-n-Ricci soliton on Kenmotsu manifold

In this section we consider that the metric g of a (2n 4+ 1)-dimensional Kenmotsu
manifold represents a *-n-Ricci soliton and a gradient almost *-1-Ricci soliton. We
recall some important lemmas relevant to our results.

Lemma 3.1 [27] The Ricci operator Q on a (2n + 1)-dimensional Kenmotsu manifold

satisfies

(Vx0)¢ = —-0X —2nX, 3.1
(VeOQ)X = -20X —4nX (3.2)
for arbitrary vector field X on the manifold.
Lemma 3.2 [27] The x-Ricci tensor S* on a (2n + 1)-dimensional Kenmotsu manifold
is given by

S*(X,Y)=8X,Y)+ 2n—DgX,Y) +n(X)nY) (3.3)

for arbitrary vector fields X and Y on the manifold.

Theorem 3.3 Let M@tV (¢, &, 0, g) be a Kenmotsu manifold. If the metric g repre-
sents a *-n-Ricci soliton and if the soliton vector field V is contact, then V is strictly
infinitesimal contact transformation and the manifold is Einstein.

Proof Since the metric g of the Kenmotsu manifold represents a *-n-Ricci soliton so
both of the Egs. (1.1) and (3.3) are satisfied. Combining these two we have

(Lyg)(X.,Y) = —285(X,Y) — 21 +4n —2)g(X.Y)
—2(u + Dn(X)n(Y). 34

Taking covariant derivative w.r.t. arbitrary vector field Z and using (2.10), we obtain

(VzLy)(X,Y) = =2(VzS)(X,Y) — 2(n + Dfg(X, Z)n(Y)
+&(Y, Z)n(X) = 2n(X)n(¥)n(2)} (3.5
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forall X, Y, Z € x(M). Again from Yano [31] we have the following commutation
formula

(LyVzg —=VzLyg — Viv,218)(X,Y) = =g((LyV)(X, Z2),Y)
_g((ﬁvv)(Y, Z)? X)5

where g is the metric connection i.e., Vg = 0. So the above equation reduces to
(VzLyg)(X,Y) =g((LyV)(X,2),Y)+ g(LyV)(Y. Z), X) (3.6)

for all vector fields X, Y, Z on M. Combining (3.5) and (3.6) and by a straightfor-

ward combinatorial computation and applying the symmetry of (Ly V) the foregoing

equation yields

gLy V)X, Y), Z) = (Vz)(X,Y) = (VxHY, Z) = (V¥ H(Z, X)
—2(u + Dig(X, Y)n(2) — n(X)n(Y)n(Z)} (3.7

for arbitrary vector fields X, ¥ and Z on M. Using (3.1) and (3.2), the foregoing
equation yields

(LyV)(X,E) =20X +4nX (3.8)

forall X € x (M). Now differentiating covariantly this with respect to arbitrary vector
field Y, we achieve

(VyLyV)(X,§) =2(Vy Q)X — (LyV)(X, Y) + n(Y)(20X +4nX). (3.9)

We know that, (LyR)(X,Y)Z = (VxLyV)(Y,Z) — (VyLyV)(X, Z). In view of
(3.9) in the previous relation we acquire

(LyR)(X, Y)E =2{(Vx Q)Y — (Vy Q) X} + 2n(X)(QY + 2nY)
—2n(Y)(QX +2nX) (3.10)

for arbitrary vector fields X and Y on M. Setting Y = & in the aforementioned equation
and using (2.12), (3.1) and (3.2) we get

(LvR)(X,§)§ =0. (3.1

Now, taking (3.4) in account, the Lie derivative of g(&,£&) = 1 along the potential
vector field V yields

n(Lyé) =1+ u. (3.12)
Plugging Y = & and noting that (2.2) and (2.6), the Eq. (3.4) provides

(LymX —g(X, Ly§) = =21+ 2u)n(X), (3.13)
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which holds for arbitrary vector field X on M. From (2.11) we compute, R(X, £)& =
n(X)&€ — X. Taking Lie derivative along the potential vector field V and inserting
(3.12) and (3.13) in account, this reduces to

(LvR)(X, §)§ =2( + ) (X — n(X)§) (3.14)

for all X € x(M). Finally comparing (3.11) and (3.14) we have, 2(A + u)(X —
n(X)&) = 0. Since this holds for arbitrary X € x (M) so, we infer

A= —p. (3.15)

Invoking the relation (3.15) in (3.12), we easily obtain n(Ly&) = 0. Since we have
considered the potential vector field V as contact vector field so there must exists a
smooth function f suchthat Ly & = f&. Makinguse of thisin (3.12) we get f = A+pu.
Therefore by using the relation (3.15), we get f = 0 and thus Ly & = 0. Finally the
Eq. (3.13) reduces to

Lyn =0. (3.16)

So, V is strictly infinitesimal contact transformation.

We know the well-known formula from Yano [31] that (Ly V)(X,Y) = Ly VxY —
VxLyY — Vv x1Y. Inserting ¥ = £ and using (2.9), Ly& = 0 and (3.16) yields,
(LyV)(X, &) = 0. Substituting this in (3.8), we deduce QX = —2nX VX € x (M),
which settles our claim. O

#-1-Ricci soliton is a generalisation of x-Ricci soliton, where we consider u© = 0
in (1.1) to get x-Ricci soliton equation. We can rewrite the above theorem as:

Corollary 3.4 Let M@tV (¢, £, 1, g) be a Kenmotsu manifold. If the metric g repre-
sents a x-Ricci soliton and if the soliton vector field V is contact, then V is strictly
infinitesimal contact transformation and the manifold is Einstein.

Example 3.5 Let us consider the set M = {(x, v, z, u, v) € R’} as our manifold where
(x,y, z, u, v) are the standard coordinates in R5. The vector fields defined below:

are linearly independent at each point of M. We define the metric g as

1, ifi=jandi,je{l,2,3,4,5}
0, otherwise.

glei, ej) :{

Let n be a 1-form defined by n(X) = g(X, es), for arbitrary X € x(M). Let us define
(1,1)-tensor field ¢ as:

ple1) =e3, P(er) =eq, Ple3) =—e1, ¢Pleg) =—ex, Ples)=0.
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Then it satisfy the relations n(§) = 1, $*(X) = —X + n(X)€ and g(¢X, pY) =
g(X,Y) — n(X)n(Y), where & = e5 and X, Y is arbitrary vector field on M. So,
(M, ¢, &, n, g) defines an almost contact structure on M.

‘We can now deduce that,

le1,e2] =0
le2,e1] =0
[ez,e1] =0
le4,e1]1 =0
les, e1] = —ey

le1,e3]1 =0 [e1,e4] =0
[e2,e3]1 =0 [e2,e4] =0
[e3, e2] =0 [es, e4a] =0
[e4, €21 =0 le4,e3]1 =0
[es, e2] = —en les, e3] = —e3

[e1, es] = e
[e2, es] = €2
[es, es] = e3
[e4, e5] = eq4
[es, e4] = —eq.

Let V be the Levi—Civita connection of g. Then from K oszul’s f ormula for arbitrary
X,Y,Z € x(M) given by:

28(VxY, 2) = Xg(Y, 2) + Yg(Z,X) — Zg(X,Y) — g(X,[Y, Z])
—8(Y,[X, Z]) +¢(Z,[X,Y]),

we can have:

Velel = —é5
VQel =0
Veser =0
Ve,e1 =0
Vesel =0

Ve,e2 =0
Vezeg = —é5
Veser =0
Ve,e2 =0
Vesez =0

Vee3 =0
Veze3 =0
Ve,e3 = —es
Ve,e3 =0
Vesez =0

Vee4 =0 Ve, 5 =€
ng e4 = 0 Ve2 e5 = e)
Veseq =0 Veses = e3
Vee4 = —e5 Vo5 =ey
Veses =0 Veses = 0.

Therefore (Vx¢)Y = g(¢ X, Y)E — n(Y)¢X is satisfied for arbitrary X, Y € x(M).
So (M, ¢, &, n, g) becomes a Kenmotsu manifold.
The non-vanishing components of curvature tensor are:

R(ey, ex)er =

R(ey, es)es
R(ey, e4)eq

R(ez, e4)er

R(ez, eq)eq =

R(e3, e5)e3

R(es, e3)es = e3

—el R(e1, e3)e3 = —eg
—e] R(ey, ex)er = ea
e4 R(er, es)el = es
ey4 R(e, es)ex = es
—e R(ez, e5)es = —ep
es R(e3, eq)eq = —e3

R(es, eq)es = eq.

R(e1, eq)eq = —e
R(ey, e3)e; = e3
R(ez, e3)er = e3
R(ez, e3)e3 = —e2

R(e3, eq)ez = ey

R(e4, e5)eq = es

Now from the above results we have, S(e;, ¢;) = —4 fori =1,2,3,4,5 and
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Contracting this we have r = Z?zl S(ei, e;) = —20 = —2n(2n—+1) where dimension
of the manifold 2n + 1 = 5. Also, we have

—1, ifi=1,2,34
S* .’ . — E) 9 9 9
(@i e1) {o, ifi=S5.
andr*:r—|—4n2=—20+l6=—4.so
S*(X,Y) = —g(X,Y)+n(X)n¥) VX,Y € x(M). (3.18)

Now we consider a vector field V as
)
V=x—+y—+z—+tu—+_—. (3.19)
X z u

Then from the above results we can justify that
(Lye)(X,Y) =4Hg(X,Y) —n(X)n(Y)}, (3.20)

which holds for all X, Y € x(M). From (3.18) and (3.20), we can conclude that g
represents a *-7-Ricci soliton i.e., it satisfies (1.1) for potential vector field V defined
by 3.19), . =—land u = 1.

Theorem 3.6 Let M@tV (¢, &, 0, g) be a Kenmotsu manifold. If the metric g repre-
sents a gradient almost x-n-Ricci soliton then either M is Einstein or there exists an

open set where the potential vector field V is pointwise collinear with the characteristic
vector field &.

Proof In view of (3.3) in the definition of gradient almost *-n-Ricci soliton give by
Eq. (1.2), we acquire

VxDf = —-0X —(A+2n—- DX — (n+ DHn(X)& (3.21)

for any vector field X on M. Taking covariant derivative along arbitrary vector ¥ and
using (2.9), (2.10) yields

VyVxDf = =(VyQ)X — Q(VyX) =Y (W)X — (A +2n — D(Vy X)
—(n+ D{g(X, Y)§ = 2n(X)n(Y)§
+n(Vy X)§ + n(X)Y}. (3.22)

Applying this in the expression of Riemannian curvature tensor we obtain

R(X,Y)Df = (VyQ)X — (VxQ)Y + Y(MX — X(WY
—(+D{n(N)X —n(X)r}. (3.23)
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Moreover an inner product w.r.t. £ and use of (3.1) and (3.2) yields
g(R(X,Y)Df, &) =Y()n(X) — X(M)n(Y) (3.24)

for X,Y € x(M). Furthermore the inner product of (2.11) with the potential vector
field Df provides

gR(X,Y)Df, &) =n()X(f) = n(X)Y(f) (3.25)

for arbitrary X and Y on M. Comparing (3.24) and (3.25) and plugging ¥ = &, we
have X (f 4+ 1) = &(f 4+ A)n(X). From this we achieve

d(f +21) =§(f + M. (3.26)
So, (f + A) is invariant along the distribution Ker(n) i.e., if X € Ker(n) then
X(f+r=d(f+1X=0.
Now, if we takhe inner product w.r.t. arbitrary vector field Z after plugging X = &
in (3.23) we get

gREY)DfF,Z) =S¥, Z)+2n—EM) +u+Dg¥,Z2) +Y(M)n(2)
—(u+ Dn(¥)n(2). (3.27)

Again noting that from (2.11), we can easily deduce for arbitrary vector fields ¥ and
ZonM

§RE. Y)Df, 2) =§(f)gY, 2) =Y (/in(2). (3.28)

Comparing the Egs. (3.27) and (3.28) and applying (3.26), we obtain

SY,Z2)=((f+2) —u—2n-1}gY,Z2) = {§(f + 1) — nu—1In(Y)n(2).
(3.29)

Since the above equation holds good for arbitrary Y and Z, so the manifold is 7n-
Einstein. Now contracting (3.29), we infer

r

Ef 4R = +u+n+2 (3.30)
Plugging this in (3.29), we acquire
S, 2) = (5= +1) 87, 2) = (o= + 20+ 1) n(¥)(Z
(’)_ﬂ 8, 72) T n(¥Y)n(Z)

for arbitrary vector fields ¥ and Z on M which is exactly same as (2.15). Now con-
tracting (3.23) w.r.t. X reduces to

S(Y, Df) = %Y(r)+2nY()\) —2n(u + Dn(Y), (3.31)
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which holds for any Y € y (M). Now, taking into with (2.15), we compute

(r+2n)Y(f) — (r +2nQ2n + D)n(Y)E(f) — nY (r)
—4n%Y () +4n*(n+ Dn(y) =0 (3.32)

forall Y € x(M). Now, setting Y = £ and then in view of (3.30), we easily derive the
relation

E(r) = =2(r +2n(2n + 1)). (3.33)

Since d*> = 0 and dn = 0, from (3.26) it follows dr A n = 0 i.e., dr(X)n(¥Y) —
dr(Y)n(X) = 0 for arbitrary X,Y € x(M). After inserting ¥ = & and applying
(3.33) itreduces to X (r) = —2(r +2n(2n + 1))&. Since X is an arbitrary vector field
so we conclude that

Dr = =2(r +2n(2n + 1))&. (3.34)
Let X be a vector field of the distribution Ker(n). Then, (3.32) provides
(r+2m)X(f) —4n*X (%) = 0.

Invoking (3.26) and (3.30) we obtain, (r 4+ 2n(2n + 1))X(f) = 0. From here we
conclude

(r+2n2n+ D) (Df —§(f)§) =0.

If r = —2n(2n 4+ 1), then from (2.15) we acquire that the manifold is Einstein with
Einstein constant —2n.

If r # —2n(2n 4 1) on some open set O of M, then Df = £(f)& on that open set
that is, the potential vector field is pointwise collinear with the characteristic vector
field £, which finishes the proof. O

Example 3.7 Letus consider the set M = {(x, y, z, u, v) € RS } as our manifold where
(x,y, z, u, v) are the standard coordinates in R5. The vector fields defined below:

0
e =v—, e =v—, e3=v—, e =v—, es = —v—

ax dy 0z ou v

forms a linearly independent set of vector fields on M. We define the metric g as

1 0O 0 0 O
O 1 0 0 O
(g)=10 0 1 0 0
O 0 O 1 0
0O 0 0 0 1
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We consider the reeb vector field £ = e5 then the 1-form 7 is defined by n(X) =
g(X, es), for arbitrary X € x (M) then, n = dv. Let us define (1,1)-tensor field ¢ as:

pler) =er, Pler) =—e1, Plez) =eq, P(es)=—e3, P(es)=0.
Then it satisfy the relations n(£) = 1, ¢>(X) = —X + n(X)& and g(¢X, ¢pY) =
g(X,Y) — n(X)n(Y) where X, Y is arbitrary vector field on M. So, (M, ¢, &, 1, g)
defines an almost contact structure on M.

Let V be the Levi-Civita connection of g. Then from Koszul'sformula for arbi-

trary X, Y, Z € x(M) given by:

28(VxY, 2) = Xg(Y, 2) +Yg(Z,X) — Zg(X,Y) — g(X,[Y, Z])
(Y. [X.Z]) +¢(Z.[X.Y]),

we can have:

Vglel = —é5 Velez =0 Veley, =0 Vele4 =0 Vele5 =]

Ve,e1 =0 Ve,020 = —e5  Vee3 =0 Ve,e4 =0 Ve, €5 = €
Vese1 =0 Veseo =0 Vese3 = —e5  Veeq =0 Veses = e3
Ve,e1 =0 Ve,e0 =0 Ve,e3 =0 Vese4 = —e5  Vee5 = ey

VeSel =0 V65€2 =0 V35€3 =0 Vese4 =0 Vese5 =0.

Therefore (Vx¢)Y = g(¢ X, Y)é — n(Y)pX is satisfied for arbitrary X, Y € x(M).
So (M, ¢, &, n, g) becomes a Kenmotsu manifold.
The non-vanishing components of curvature tensor are:

R(ey, e2)er = —ey R(e1, e3)ez = —e R(e1, es)eq = —ey
R(ey, es)es = —e R(ey,e2)e1 = e R(ey, e3)e; = e3
R(ey, eq)e) = e4 R(ey, es)e; = es5 R(ez, e3)er = e3
R(ez, eq)er = ey R(ez, es)er = es R(ez, e3)e3 = —e
R(ez, eq)eqs = —e2 R(ez, es)es = —en R(e3, eq)ez = ey
R(e3, es)ez = es R(e3, eq)eq = —e3 R(eq, e5)eq = es
R(es, e3)es = e3 R(es, eq)es = ey.
Now from the above results we have, S(¢;, ¢;) = —4 fori =1,2,3,4,5 and
S(X,Y)=—-4g(X,Y) VX, Y € x(M). (3.35)

So, the manifold is Einstein. Also, we have

-1, ifi=1,2,3,4

S*(e;, e;) =
(@ e1) {0, ifi=Ss.
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and
S*X,Y)=—g(X,Y)+n(X)nX) VX,Y € x(M). (3.36)

Let f : M — R be a smooth function defined by

2,2, 2, 2,V
fx,y,zu,v)=x"+y +z"4u +7. (3.37)
Then the gradient of f, Df is given by
a 0 0 0 a
Df =2x—+2y—+2z—+2u— +v—. (3.38)

ox ay 0z ou v

Then from the above results we can verify that

(Lorg)(X,Y) =2{g(X,Y) —n(X)n(¥)}, (3.39)
which holds forall X, Y € x(M).From (3.36) and (3.39) we obtain that g represents a
gradient almost *x n-Ricci soliton i.e., it satisfies (1.2) for V.= Df, where f is defined
by (3.37), . =0and u = 0.
4 %-n-Ricci soliton on (k, )’-almost Kenmotsu manifold with x < —1
In this section we consider the manifold as a (2n + 1)-dimensional almost Kenmotsu
manifold where the characteristic vector field £ satisfies («, —2)’-nullity distribution.
Then we let the metric g to represent a x-n-Ricci soliton. Here we look back on some

pertinent results and used these in our work.

Lemma 4.1 [6] On a («, —2) -almost Kenmotsu manifold with k < —1 the *-Ricci
tensor is given by

S'X,Y) = —(k +2)(g(X, Y) — n(X)n(Y)) 4.1

for any vector fields X and Y.

Theorem 4.2 Let MV (¢, &, 1, g) be an almost Kenmotsu manifold such that &
belongs to (k, —2) -nullity distribution where k < —1. If the metric g represents a
x-1-Ricci soliton satisfying A + u # 0 then, M is Ricci-flat and is locally isometric
to H"t1(—4) x R,

Proof Combining (1.1) with (4.1), we derive
(Lvg)(X,Y) =2k =20 +4Hg(X, Y) = 2(k + u + 2)n(X)n(Y) (4.2)
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for all vector fields X and Y on M. Now taking covariant derivative of the foregoing
equation along arbitrary vector field Z and using (2.26) we get

(VzLy ) (X, Y) = =2(k + n +D[n(Y)g(X, Z) + n(X)g(Y, Z) +n(¥)
§W'Z,X)+n(X)g(h'Z, Y) = 2n(X)n()n(2)].  (43)

By a straightforward combinatorial computation, use of (3.6), the symmetry of (Ly V)
in the aforementioned equation we acquire

(LyV)(X,Y) = =20k + u+2)[g(X,Y) + g X, Y) —n(X)n(Y)IE (44)
forall X,Y € x(M). Replacing Y = & and using (2.2), (2.6) and (2.17), we have
(LyV)(X,8) =0 (4.5)

for arbitrary vector field X on M. Now taking (2.16) and (4.4) into account and
differentiating (4.5) covariantly along arbitrary vector field Y one can obtain

(VyLyV)(X, &) =20+ +2)[g(X, ¥)—n(X)n(Y)+2g(h'X, Y)+g(h">X, Y)E
(4.6)

for any vector fields X and Y on M. Again from Yano we have the well-known
curvature property, (Ly R)(X,Y)Z = (VxLyV)(Y, Z) — (Vy Ly V)(X, Z). Setting
Z = & and using (4.6) repeatedly we achieve

(LyR)(X,Y)§ =0 4.7

for arbitrary X, Y € x(M). Now taking Lie derivative of (2.20) along the potential
vector field V, taking (2.2) and (2.17) into account we get

(LvR)(X,§)§ = k[g(X, LyE)E —2n(LyE)X — (LymX)E] +2(2n(LvE)
WX —nX)(W (Lv§)) — gh'X, LvE)E — (LvhHX)] (4.8)

for any vector field X on M. Plugging Y = £ in (4.2), we infer
(LymX —g(X, Ly§) = (=21 = 2p)n(X), (4.9)
for all X € x(M). Setting X = £ in the foregoing equation, we acquire
n(Lyé) = —(=1 — ). (4.10)
With the help of (4.7), (4.9) and (4.10), one can rewrite the Eq. (4.8) as

K (=22 = 2 (X — n(X)§) — 2(=21 — 2u)h'X
=2n(X)h'(LyE) —2g(W' X, LyE)E —2(Lyh )X = 0. (4.11)
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Taking inner product of the foregoing equation with arbitrary vector field Y on M, we
obtain

(=21 = 2wk (g(X, Y) = n(X)n(Y)) — 2g(h'X, Y)]
—20(X)g(h'(LvE),Y) —2g(W'X, LyE)n(Y) — 2g((Lvh)X,Y) = 0. (4.12)

Since the above equation holds for any vector fields X and ¥ on M, by replacing X
by ¢(X) and Y by ¢(Y) and taking (2.5) into account we arrive at

(2% =2k g(@X., ¢Y) — 2g(h'$pX, ¢Y)] = 28(Lyh)$X, ¢Y) =0 (4.13)

for all X,Y € x(M). Since spec(h’) = {0,a, —a}, let X and V belong to the
eigenspaces of —a and o denoted by [—a] and [«]’ respectively. Then ¢ X € [«] (for
more details we refer to [8]). Then (4.13) can be rewritten as

(=22 =2 (k = 2)8(@X. ¢Y) — 28 ((Lvh)pX, ¢Y) =0 (4.14)

for all X,Y € yx(M). It is remained to find the value of g((Lyh")¢X, ¢Y). To
get this we prove a more generalized result: In a («, u)’-almost Kenmotsu manifold
(Lxh)Y =0, where X and Y belong to same eigenspaces.

Without loss of generality we assume that X,Y € [a], where spec(h’) =
{0, @, —a}. If we consider a local orthonormal ¢-basis as {&, ¢;, pe;}, i = 1,2,...,n
then

n

VxY =) g(VxY,e)ei — (@ + Dg(X, VE.

i=1
and

(Lxh)Y = Lx(W'Y) — h (LxY)
=a(LxY) —h'(LxY)
= a(VxY — VyX) — ' (VxY — VyX)
=ale+ 1)g(X,Y)§ —a(a+ Dg(X,¥)§
=0.

Similarly we can prove that the above results hold good if X, Y € [—«]’. For more
details we refer to [8]. Now (4.14) reduces to

(=22 =2 (k —=2)g(@X, ¢Y) =0 (4.15)

for any vector fields X and Y on M. Since by hypothesis A+ # 0, from the foregoing
equation we infer that k = 2a. Againforma? = —(k+1) wegeta = —landx = —2.
Plugging the value of « in (4.1) we have $* = 0, i.e., the manifold is Ricci-flat.
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Again we get spec(h’) = {0, 1, —1}. From corollary 4.2 of [8] we get M is locally
symmetric. From proposition 4.1 of [8] we finally conclude that M is locally isometric
to HH (—4) x R”, where H"t!(—4) is the hyperbolic space of constant curvature
—4. So, the proof is completed. O

As we know, setting © = 0in (1.1) gives rise to the equation of *-Ricci soliton, we
can revisit the theorem-4.2 and can note the statement as:

Corollary 4.3 Let M (¢, &, n, g) be a 2n + 1)-dimensional almost Kenmotsu manifold
such that & blongs to (i, —2) -nullity distribution where k < —1. If the metric g
represents a x-Ricci soliton satisfying . # 0 then, M is Ricci-flat and is locally
isometric to H't (—4) x R™.
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Abstract. The goal of the paper is to deliberate conformal Ricci soliton and »-conformal Ricci soliton within
the framework of paracontact geometry. Here we prove that if an n-Einstein para-Kenmotsu manifold
admits conformal Ricci soliton and *-conformal Ricci soliton, then it is Einstein. Further we have shown
that 3-dimensional para-cosymplectic manifold is Ricci flat if the manifold satisfies conformal Ricci soliton
where the soliton vector field is conformal. We have also constructed some examples of para-Kenmotsu
manifold that admits conformal and #-conformal Ricci soliton and verify our results.

1. Introduction

The notion of almost paracontact manifold was first introduced by Sato [23]. Later Kaneyuki and
Williams [15] associated pseudo-Riemannian metric with an almost paracontact manifold after Taka-
hashi [26] intoduced pseudo- Riemannian metric in contact manifold, in particular, in Sasakian manifold.
Zamkovoy in [30] proved that any almost paracontact structure admits a pseudo-Riemannian metric with
signature (1 + 1, 7). In recent years paracontact geometry has become area of interest for many authors ([5],
[18], [16]). On the analogy of Kenmotsu manifold, Welyczko [28] introduced the notion of para-Kenmotsu
manifold. Para-Kenmotsu manifold (in short p-Kenmotsu manifold) and special para-Kenmotsu manifold
(briefly sp-Kenmotsu manifold) was studied by many authors, namely: Blaga [4], Adigond and Bagewadi
[1], Prakasha and Vikas [20], Sinha and Prasad [24] and many others.

A pseudo-Riemannian manifold (M, g) admits a Ricci soliton which is a generalization of Einstein metric
if there exists a smooth vector field V and a constant A such that
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where Ly denotes Lie derivative along the direction V and S denotes the Ricci curvature tensor of the
manifold. The vector field V is called potential vector field and A is called soliton constant.
The Ricci soliton is a self-similar solution of the Hamilton’s Ricci flow [12] which is defined by the

geometric evolution equation % = —25(g(t)) with initial condition g(0) = g where g(t) is a one-parameter

family of metrices on M. The potential vector field V and soliton constant A play vital roles while determining
the nature of the soliton. A soliton is said to be shrinking, steady or expanding according as A <0, A =0
or A > 0. Now if V is zero or Killing then the Ricci soliton reduces to Einstein manifold and the soliton is
called trivial soliton.

In 2005, Fischer [10] has introduced conformal Ricci flow which is a variation of the classical Ricci flow
equation that modifies the unit volume constraint to a scalar curvature constraint. The conformal Ricci flow
equation was given by

99

99 g
T +2(S + n)

—P9,
-1,

r(g)

where 7(g) is the scalar curvature of the manifold, p is scalar non-dynamical field and 7 is the dimension of
the manifold. Corresponding to the aforementioned conformal Ricci flow equation, Basu and Bhattacharyya
[2] introduced the notion of conformal Ricci soliton equation as a generalization of Ricci soliton equation is
given by

Lyg+2S+[2A —(p + %)]9 =0. (1)

In 2014, Kaimakamis and Panagiotidou [14] modified the definition of Ricci soliton where they have used
+-Ricci tensor S* which was introduced by Tachibana [25], in place of Ricci tensor S. The *-Ricci tensor S* is
defined by

S(X,Y) = %(trace{qD.R(X, oY)h)

for all vector fields X and Y on M. They have used the concept of *-Ricci soliton within the framework of
real hypersurfaces of a complex space form. A pseudo-Riemannian metric g is called a *-Ricci soliton if
there exists a constant A and a vector field V such that

Lyg+25 +21g = 0.

Further Majhi and Dey [17] in 2020 revised the aforementioned definition of *-Ricci soliton with the help of
(1) and defined *-conformal Ricci soliton as

Lyg+25 +12A~(p+ D)y =0, ®)

As follows in the literature, Ricci soliton on paracontact geometry studied by many authors ([3], [6], [21]). In
particular, Calvaruso and Perrone [6] explicitly studied Ricci soliton on 3-dimensional almost paracontact
manifolds. Conformal Ricci solitons have been studied in many contexts: on Kenmotsu manifold [2], on
3- dimensional trans-Sasakian manifold [8], on f-Kenmotsu manifold ([13], [19]) etc. by many authors.
In 2018, Ghosh and Patra [11] first studied *-Ricci soliton on almost contact metric manifolds. The case
of »-Ricci soliton in para-Sasakian manifold was treated by Prakasha and Veeresha in [22]. Recently in
2019, Venkatesha, Kumara and Naik [27] considered the metric of n-Einstein para-Kenmotsu manifold as
+-Ricci soliton and proved that the manifold is Einstein. Erken [9] in 2019 considered Yamabe solitons
on 3-dimensional para-cosymplectic manifold and proved some vital results like the manifold is either
n-Einstein or Ricci flat.

Motivated by above mentioned works, in this paper, we consider conformal Ricci soliton and *-conformal
Ricci soliton in the framework of para-Kenmotsu manifold and conformal Ricci soliton in the framework
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of 3- dimensional para-cosymplectic manifold. We have organized this paper as follows: in first section we
look back on some elementary properties of para-Kenmotsu manifolds; in later section first we prove that if
a para-Kenmotsu manifold satisfies conformal Ricci soliton then Ly ¢ is orthogonal to £ or the manifold is
Einstein, secondly we prove that an n-Einstein para-kenmotsu manifold is Einstein if it admits a conformal
Ricci soliton and then we prove the same for *-Conformal Ricci soliton. In the next section, we consider
3-dimensional para-coysmplectic manifold with a conformal Ricci soliton and deduce some relations on
the scalar curvature of the manifold and finally, we provide some examples to verify our results.

2. Some preliminaries on para-Kenmotsu manifold

A (2n + 1)-dimensional smooth manifold M is said to have an almost paracontact structure if it admits
a vector field &, (1,1)-tensor field ¢ and a 1-form 1) satisfying the following conditions

Dp? =1-n®¢&, )

in(&) = 1. (4)

iif) ¢ induces on the 2n-dimensional distribution O = ker(n), an almost paracomplex structure ¥ i.e.,
P2 = I o) and the eigensubbundles D" and D, corresponding to the eigenvalues 1, —1 of P respectively,
have equal dimension #; hence D = D* @ D~

If a manifold with an almost paracontact structure (M, ¢, &, n) admits a pseudo-Riemannian metric g of
signature (n + 1, 1) such that

9(@X, pY) = —g(X, Y) + n(X)n(Y) (5)

holds for any X, Y € x(M), then g is called compatible metric and the manifold (M, ¢, &, 1, g) is called almost
paracontact metric manifold. If an almost paracontact metric manifold satisfies

(Vx@)Y = g(@X, Y)¢ - n(Y)pX (6)

for arbitrary vector fields X and Y, then the manifold is called almost para-Kenmotsu manifold. The
normality of an almost paracontact structure (M, ¢, &, 17) is equivalent to vanishing of the (1,2)-torsion tensor
defined by Ny(X,Y) = [¢,¢]l(X,Y) — 2dn(X, Y)E, where [¢, ¢] is the Nijenhuis torsion tensor of ¢ and is
defined by [¢, p1(X,Y) = ¢*[X, Y] + [¢pX, Y] — ¢[X, Y] — ¢[X, ¢Y] for any X, Y € x(M). A normal almost
para-Kenmotsu manifold is called para-Kenmotsu manifold.

The following properties hold on a (27 + 1)-dimensional para-Kenmotsu manifold

P& =0 7)
no¢ = 0, 8)
Vxé = X-n(X), )
(VxnY = g(X,Y)—nX)n), (10)
Q¢ = -2n¢, (11)
RX,Y)E = nX)Y-n)X, (12)
RX, Y = gX,Y)é-n(X (13)
(L)X, Y) = 2[g(XY) = nX)nY)], (14)

for any X, Y € x(M) where, £ and V are the operators of Lie differentiation and covariant differentiation of
g respectively. Q denotes the Ricci operator associated with the Ricci tensor S defined by S(X, Y) = g(QX, Y)
and R denotes the Riemannian curvature tensor.
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3. A para-Kenmotsu metric as conformal Ricci soliton

In this section we consider the metric of para-Kenmotsu manifold as a conformal Ricci soliton. The
following lemma will be used to prove one of the our main results.

Lemma 3.1. Let (M, ¢, &, 1, 9) be a (2n + 1)-dimensional para-Kenmotsu manifold. Then the Ricci operator satisfies
(£L:Q)X = ~20X - 4nX = (Ve Q)X (15)
for any vector field X on M.

Proof. From (14), we have (L:9)(Y, Z) = 2[g(Y, Z) —n(Y)n(Z)] for all Y, Z € x(M). Covariant derivative of that
along an arbitrary vector field X on M and use of the equation (10), leads to

(VxLeg)(¥, 2) = 2120(0n()(Z) = g(X, () = 9(X, Z)n(¥)] (16)
for all Y, Z € x(M). Again from Yano [29], we have the following commutation formula

(LuVxg = VxLvg = Vivagl¥,2) = =Ly Y),2) = g(LyV)(X, 2), V), a7
where g is the metric connection i.e., Vg = 0. So, the above equation reduces to

(VxLvg)(¥,2) = g(Ly V)X V), 2) + 9(Ly V(X D), Y). (18)
for all vector fields X, Y, Z on M. Combining (16) and (18), we have

9ULV)X, ), 2) + g(LV)(X, 2), Y) = 2020(X)n(IN(Z) = 9(X, YIN(Z) = 9(X, DV
By a straightforward combinatorial computation, the foregoing equation yields

(LeV)(Y, Z) = 2ln(VIn2)E - (Y, Z)E] (19)

forall Y,Z € x(M). Taking covariant derivative of the above equation with respect to an arbitrary vector
field X on M and using (9) and (10), we have

(VxLeV)(Y, 2) = 2[g(X, V)n(Z)e + g (Y, 2)n(X)e + g(X, Z)n(Y)E = g(¥, 2)X + n(Y)n(Z)X = 3n(X)n(Y)n(Z)].
From Yano [29], we have the well known commutation formula

(LvR)X, V)Z = (VxLvV)(Y, Z) = (VY Ly V)(X, Z). (20)
From here we can compute

(LeR)(X, Y)Z = 2[9(X, 2)Y = (Y, Z)X + n(V)n(Z)X = n(X)n(Z)Y] (21)
for all vector fields X, Y, Z on M. Contracting (21) over X we get

(LeS)(Y, Z) = dnn(Y)n(Z) = g(Y, Z)]. (22)
The Lie derivative of S(Y, Z) = g(QY, Z) along the direction of &, yields

(LeS)Y, 2) = (Leg)(QY, Z) + g((L:Q)Y, 2). (23)
On the other hand, replacing X and Y by QY and Z respectively in (14) and using (11), we have

(Lep)(QY, Z) = 2[g(QY, Z) + 2nn(Y)n(Z)]. (24)
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Combining (22), (23) and (24) all together, we infer
(L:Q)Y = -2QY —4nY (25)

for any Y € x(M). Again we know that

(L:QY L:(QY) = Q(L:Y)
Ve(QY) = Voré = Q(VeY) + Q(Vy )
= (VeQ)Y - Vor& + Q(Vyé).

By virtue of (9) and (11) we see that (L:Q)Y = (V:Q)Y for arbitrary vector field Y. Hence the result is
proved. [J

Theorem 3.2. If the metric g of a para-Kenmotsu manifold (M, ¢, &, n, g) of dimension > 3 represents a conformal
Ricci soliton then either of the following properties holds:

i) The Lie derivative of & in the direction of the potential vector field V of the soliton i.e., Ly ¢ is orthogonal to €.
ii) The manifold is Einstein with Einstein constant —2n.

Proof. Let M be a (2n+ 1) dimensional para-Kenmotsu manifold where n > 1. From (12), we have R(X, )& =
n(X)é — X. Now Lie derivative of the Riemannian curvature along the vector field V, yields

(LvR)(X, €)E = (LymX)E — g(X, LvE)E + 2n(LyvE)X (26)

for all vector fields X on M. Now the covariant derivative of (1) along an arbitrary vector field Z € y(M)
provides

(VzLvg) (X Y) = -2(VzS)(X, Y) (27)
for any X, Y € x(M). Using (18), we can rewrite (27) as
g(LyV)XY), Z) + g(LvV)(X, Z),Y) = =2(Vz5)(X, Y).

By a straightforward combinatorial computation and using the symmetry of the (1,2)-tensor LyV, the
aforementioned yields

(L)X, Y), Z) = (Vz5)(X, Y) = (Vx5)(Y, Z) = (V¥ S)(Z, X). (28)

Again differentiating the above equation covariantly with respect to an arbitrary vector field X of M and
using (9), we can find from (11) that

(VxQ)& = —QX - 2nX (29)
for all X € x(M). Making use of (15) and (29) and considering Y = £ in (28), we achieve
(LyvV)(X, &) = 20X + 4nX (30)

for any vector field X on M. Now considering covariant derivative of the last equation with respect to an
arbitrary vector field Y of M and using (9), we acquire

(VyLyV)(X, &) = 2(VyQ)X = (LyV)(X, Y) + 2n(Y)QX + 4nn(Y)X. (31)
Now letting Z = £ in (20) and using (31) in the foregoing equation, we have

(LvR)(X, Y)E = 4n[n(X)Y — n(Y)X] + 2[(VxQ)Y — (VYQ)X] + 2[n(X)QY — n(Y)QX] (32)
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for all X,Y € x(M). Considering Y = £ in the aforementioned equation and using (11) and (15) in it, we
obtain

(LvR)(X, &)E = 0. (33)

Now, taking into account (1), the Lie derivative of g(&, &) = 1 along the direction of V leads to

NLyE) = A -5 — ———2n. (34)

Again, using (11) and letting Y = ¢, (1) implies

2
2n+1

(LynX — g(X, LyE) = (4n—2A +p + NX). (35)

After using (33), (34) and (35), the equation (26) reduces to

2
QA-p—4n- m)qﬁx =0. (36)

Since the last equation holds for any X € x(M), we can conclude that A = § +2n + 5-15.

(34) we have, n(Ly&) = 0. From here the following two cases have arisen

Using this result in

Case-I: Ly¢ is orthogonal to &.

Case-II: Ly¢ = 0 for any vector field X of M. Then additionally using the value of A, (35) reduces to
(Lvn)X = 0. Which further can be reduced to Ly = 0, since X is an arbitrary vector field on M.
On other hand, we have a renowned relation (see [29]):

(LyV)XY) = LxVxY = VxLyY - Viyx Y, (37)

which holds for arbitrary vector fields X and Y of M. Now replacing Y by & and using (9) and the relations
Ly& =0and Lyn = 0in the foregoing equation we obtain

(LVV)(X/ é) = 0

Finally substituting this in (30), we get S(X,Y) = —2ng(X, Y) for any arbitrary vector fields X and Y on M.
From this we can conclude that the manifold is Einstein with Einstein constant —2n. [J

A (2n+1)-dimensional almost para-Kenmotsu metric manifold is said to be n-Einstein para-Kenmotsu
manifold if there exists two smooth functions a and b which satisfies the following relation

S(X,Y) =ag(X,Y) + bn(X)n(Y) (38)

forall X, Y € x(M). Clearly, if b = 0 then n-Einstein manifold reduces to Einstein manifold. Now considering
X =Y = £ in the last equation and using (11), we have a + b = —2n. Contracting (38) over X and Y we get
r = (2n + 1)a + b, where r denotes the scalar curvature of the manifold. Solving the last two equations, we
geta=(1+5;)and b = —(2n + 1 + 5.). Using these values we can rewrite (38) as

S(XY) = (1+ %)g(x, Y)-(@n+1+ é)n(X)n(Y). (39)

Theorem 3.3. Let M be a (2n+1)-dimensional n-Einstein para-Kenmotsu manifold where n > 1. If the metric of the
manifold represents a conformal Ricci soliton, then the manifold is Einstein.
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Proof. Let the metric g of an n-Einstein para-Kenmotsu manifold M whose dimension is greater than 3
represents a conformal Ricci soliton. Then clearly it satisfies (1) as well as (39). Combining these two
relations, we have

r 4n

(Y, Z) + (4n + 2+ Dn(n(2) (40)

forall Y, Z € x(M). Covariant derivative of (40) with respect to an arbitrary vector field X on M and use of
(18), leads to

(L)X, Y), Z) + g(LvV)(X, 2),Y) =(4n + 2 + %)[H(X, )n(Z) + g(X, Z)n(Y) = 2n(X)n(Y)n(2)]

- 21900, 2) + O0n(2)] @)

for any vector fields X, Y and Z on M. By straightforward computation of the last equation, keeping the
symmetry of (LyV) in mind, provides

2n(LyV)(X,Y) = (Xnn(Y)E = (Xn)Y + (YNn(X)é = (YnX + (Dr)g(X, Y) = (Dr)n(X)n(Y)
+2(4n” + 21+ 1)[g(X, V)& = n(X)n(Y)<], (42)

where Dr is the gradient of 7. Let us consider a local orthonormal basis of the manifold as {e;}"!. Next,
setting X = Y = ¢; and summing over 1 < i < 2n + 1 in the last equation, we infer

n(LyV)(ei, ¢) = (Er)E + (n — 1)Dr + 2n(4n* + 2n + r)E. (43)

After considering X = Y = ¢; and summing over i, (28) reduces to g((LvV)(ei, e:), Z) = Zr — %Zr - %ZrzO.
Since this holds for an arbitrary vector field Z, this can be rewritten as

(LvV)(ei,e) = 0. (44)

Comparing (43) and (44), we get (¢7)E + (n — 1)Dr + 2n(4n* + 2n + r) = 0. Taking inner product with & this
implies that

Er = =2(4n® + 2n + 7). (45)
Again it further implies that Dr = (£r)&. Next substituting Y by & in (42), we get
2n(LyV)(X, &) = (En (=X + n(X)&). (46)

Covariant derivative of the foregoing equation with respect to an arbitrary vector field Y and using (9), (10)
and (46), leads to

2n(Vy LyV)(X, &) = (Y(EN(=X+n(X)&) —2n(Ly V)X, Y) + (EN[9(X, Y)E+n(X)Y —n(Y)X - n(X)n(Y)E]. (47)
Using the relation (47) in (20), we achieve
2n(LyR)(X, Y)E = (X(EnN)(=Y + n(Y)E) — (Y(EN)(-X + n(X)<E) + 2(En(n(Y)X — n(X)Y). (48)

Contracting this over X, we have (LyS)(Y, &) = 0, where we have used Dr = (£r)€. Finally using (LvS)(Y, &) =
0, (39) and (40) in the Lie derivative of S(Y, &) = —2nn(Y), we obtain

r

2n(p -2A - o

+4n+2)(Y) + (1+2n + = )g(¥, Lv&) = (2n + 1+ %)n(l/)n(ljvé) (49)

4n
2n+1

for any vector field Y on M. Taking Y = £ in the last equation, we get A = g +2n+ 3 n1+1. Setting Y =Z =&
in (40) and using the value of A, we obtain n(Ly<&) = 0. Using these two relations, the equation (49) can be

written as

2n@2n+1)+rLyé=0. (50)
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We suppose v # —2n(2n + 1) on some open set O of M. Then (50) implies that Ly & = 0, which further
implies with help of (9) that V:V = V — n(V)<&. Using these relations along with (9), (40) and (46) in (37) we
obtain &r = 0. As Dr = (&r)E, so, Dr = 0 i.e., the scalar curvature is constant. So, from (45), we can find that
r = —2n(2n + 1) on O, which is a contradiction to our assumption that » # —2n(2n + 1) on O. Thus from (50),
we can infer r # —2n(2n + 1) on the entire manifold. Finally from (39), we have S(X,Y) = —2ng(X, Y) for all
X, Y € x(M). So, the manifold is Einstein with Einstein constant —2n. [

4. A para-Kenmotsu metric as *-conformal Ricci soliton

In this section we assume that the metric of para-Kenmotsu manifold represents a *-conformal Ricci
soliton. Venkatesha, Kumara and Naik[27] have deduced the expression of *-Ricci tensor for para-Kenmotsu
manifold as

S(XY)=-5(XY) - (2n-1)g(X,Y) — n(X)n(Y) (51)
for all vector fields X and Y on M.

Theorem 4.1. Let M*"*1(¢p, &,1,9),n > 1 be a n-Einstein para-Kenmotsu manifold. If g represents a +-conformal
Ricci soliton, then the manifold is Einstein with constant scalar curvature —2n(2n + 1).

Proof. Let M be a (2n + 1)-dimensional -Einstein para-Kenmotsu manifold of dimension > 3 whose metric
g represents a *-conformal Ricci soliton. So, the relations (2), (39) and (51) are satisfied. Rewriting (2) with
the help of the rest two relations, we have

2
2n+1

(Ly(G2) = (p =20+ = +dn + ==)g(¥,Z) - (dn + Sn(V)n(2) 52)

for all Y, Z € x(M). Differentiating the above equation with respect to an arbitrary vector field X of M and
using (10), we achieve

(VxLrg)(%2) = 2-90%,2) = Znn@) = @n + g, 0n(@) + 9%, 2000 = 2000@] (53

for any vector fields X,Y and Z of M. Again from (18), we know (VxLvg)(Y,Z) = g(LvV)(X,Y),Z) +
g((LvV)(X, Z2),Y). Using this and by a combinatorial computation, keeping in mind that LV is a symmetric
operator, the foregoing equation gives

2n(LyV)(XY) = (XY =n(V)E] + YN)[X - n(X)é] = (Dn)[g(X, Y) = n(X)n(Y)]
=2(4n* + 1)[g(X, Y) = n(X)n(Y)IE. (54)

The covariant derivative of (2) with respect to an arbitrary vector field X, yields
(VxLvg)(Y,Z) = =2(VxS )Y, Z). (55)
The straightforward computation and use of the relation (18) in the equation (55), leads to
gJ(LvV)X,Y),Z) = (V25 )X, Y) = (VxS)Y, Z) = (VySHZ, X). (56)

Again, taking covariant derivative of (51) with respect to an arbitrary vector field Z of M and then using
(10), we get

(Vz5)(X, Y) = =(Vz5)(X, Y) = g(X, Z)n(Y) = g(Y, Z)n(X) + 2n(X)n(Y)n(Z). (57)
Combining (57) with (56), yields

9J(LvV)X,Y), Z) = (VxS)(Y, Z) + (VyS)(Z, X) = (V25)(X, Y) + 29(X, Y)n(Z) = 2n(X)n(Y)n(Z). (58)
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2n+1

Now, let us consider a local orthonormal basis {e;}:";

have

of the manifold. Replacing X =Y = ¢; in (54), we

2n(LyV)(e;, e)) = =2(Ené — 2(n — 1)(Dr) — 471(4112 +7)&. (59)

Again, substituting X and Y by e; in equation (58) and summing over i, we get

(LvV)(ei, ei) = 4né&. (60)
Combining the above two relations we directly have

(ENE + (n — 1)(Dr) + 2n(4n® + 2n + r)& = 0. (61)
The inner product with respect to &, reduces the aforementioned equation to &r = =2(2n(2n + 1) + 7). As

n > 1, using this relation in the equation (61) we easily obtain Dr = ({r)E. After substituting Y by & in (54)
and using (3), we infer

20(LyV)(X, &) = (EnNg*(X) (62)

for all X € y(M). Differentiating (62) with respect to an arbitrary vector field Y and using (9), (10) and (62),
we get

2n(Vy LvV)(X, &) + 2n(Ly V)X, Y) = (Y(EN)P*X — (ENIg(X, VE + n(X)Y = (V)X = n(X)n(VEL.  (63)
Using this in the well known formula (20), we have
2n(LyR)(X, )& = (X(EMNP*Y = (Y(EN)P?X = 2EN[n(X = n(X)Y] (64)

for all X,Y € x(M). Contracting the above equation over X and using the relation Dr = ({r)&, we have
(LvS)(Y, &) = 0. Using (39), (52) and (LyS)(Y, &) = 0 in the Lie derivative of 5(Y, &) = —2nn(Y), we get

2n(p - 21 + () + (2n+1+ é)[g(y, LyE) - n(V)n(Lyvé)] = 0. (65)

2n+1

In the last equation considering Y = &, we obtain A = § + 71= asn > 1. Again setting Y = Z = £ in (52), we

have n(Lyé&) = 0. Applying these relations, we can rewrite (65) as

@n@2n +1) +rLyE = 0. (66)

We suppose r # —2n(2n + 1) on some open set O of M. Then from (66), directly we obtain Ly & = 0. From
(9), we deduce that V:V = V — n(V)&. Again taking Z = £ in (52) and using A = g + 51— we have Lyn=0.

2n+1’/

Using these relations along with (9) and (62) in the identity (37), we obtain & = 0. As Dr = (&r)é, so,
Dr = 0 i.e., the scalar curvature r is constant. So, from the relation &r = —2(2n(2n + 1) + r), we can find
that » = —2n(2n + 1) on O, which is a contradiction to our assumption that r # —2n(2n + 1) on O. Thus

from (66), we can conclude that » = —2n(2n + 1) on the entire manifold M. Moreover from (39), we have
S(XY) = -2ng(X,Y) for all X, Y € x(M). So, the manifold is Einstein with Einstein constant —2n. [

5. A 3-dimensional para-cosymplectic metric as conformal Ricci soliton

In 2004, Dacko [7] introduced the notion of para-cosymplectic manifold. The fundamental 2-form @ is
defined on an almost paracontact metric manifold (M, ¢, &, 1, g) by @(X, Y) = g(X, ¢Y) for any vector fields
X and Y on M. Clearly the skew-symmetricness of the 2-form @ inherits from ¢.

An almost paracontact metric manifold is said to be almost para- coymplectic if the forms 7 and @ are closed,
ie, dn = 0and d® = 0 respectively. In addition if the normality of almost para-cosymplectic manifold is
fulfilled then the it is called para-cosymplectic manifold. Equivalently we can say an almost paracontact
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metric manifold is para-cosymplectic if the forms 1 and ® are parallel with respect to the corresponding
Levi-Civita connection V of the metric gi.e., Vi) = 0 and V@ = 0O respectively. We recall some useful relations
which are satisfied for any para-cosymplectic manifold.

RX,YV)E = 0, (67)
Vxp) = 0, (68)
Vxé = 0, (69)
5(X,¢) = 0, (70)
Q¢ =0 (71)

where X is an arbitrary vector field and R, V, S and Q are the usual notations. For the 3-dimensional case,
we have

R(X, YV)Z = g(Y, 2)QX — g(X, Z)QY + g(QY, 2)X — g(QX, Z)Y ~ E[Q(Y, 2)X - 9(X, 2)Y1. (72)
Using this result we deduce that 3-dimensional para-cosymplectic manifold satisfies
SXY) = Sl V) -] 73)
QX = FIX-n(X)] 74)
for any X, Y € x(M).

A vector field V is said to be conformal Killing vector field or simply conformal vector field if there is a
smooth function p such that

Lvg =2py. (75)

p is called the conformal coefficient. If we consider the conformal coefficient p to be zero then the conformal
vector field reduces to Killing vector field. Now we first prove some lemmas whose results are used to
deduce our main result.

Lemma 5.1 ([29]. If a n-dimensional Riemannian manifold admits a conformal vector field V then we have
(LvS)X,Y) = —(n-2)g9(VxDp,Y) + (Ap)g(X,Y), (76)
Lyr = 2(n-1)Ap-2pr (77)

for any vector fields X and Y, where D and A denote the gradient and Laplacian operator of g respectively and r
represents the scalar curvature of the manifold.

Lemma 5.2. If the metric g of a 3-dimensional para-cosymplectic manifold represents a conformal Ricci soliton then
the following properties hold

_ ,_P_1

n(Lvé) = A 573 (78)
_ _a.P.1

(Lyn)é = —A+ 5 + 3 (79)

Proof. As the vector field £ is a unit vector field, we have g(&, £) = 1. Taking Lie derivative of the previous
relation with respect to vector field V, we have (Lyg)(&, &) +2n(Ly &) = 0. Using (1), (4) and (73), we acquire

_,_P_1
n(Lyvé)=A 573
Taking Lie derivative of (4) along the direction of the vector field V and using (78), we achieve
__a4PL 1
(Lyn)é = )\+2+3.
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Lemma 5.3. For a 3-dimensional para-cosymplectic manifold, we have
&(r) =0. (80)
Proof. For proof we refer to [9]. O

Theorem 5.4. Ifthe metric g of a 3-dimensional para-cosymplectic manifold (M®, ¢, &, 1, g) which admits a conformal
vector field V, represents a conformal Ricci soliton then the scalar curvature of the manifold is Harmonic and the
manifold is Ricci flat.

Proof. Combining (1) and (75) for 3-dimensional para-cosymplectic manifold, we have
2
(2p+21-p- 5)g(x, Y)+25(X,Y) =0
for any X, Y € y(M). Contracting the above equation, we get
1
p=z@p-61-2r+2) (81)

Using (81) in (76) and (77), we get

(LX) = 597xDrY) - 3(ANg(X, ) (82)
Lyr = —%(3]0 —6A —2r+2)r - %(Ar). (83)

Taking Lie derivative of (73) in the direction of the vector field V and using (1), (73), (82) and (83), we have

2
g(vxDr,Y) = ~(Ar+ = )g (X, Y)+[%(3r1—6?\+r+2)+2(Ar)]n(X)n(Y)—%r[((£v77)X)n(Y)+n(X)((£v17)Y)]- (84)

Covariant derivative of (80) along an arbitrary vector field X, yields g(VxDr, &) = 0. Now setting X =Y = &
in the equation (84) and using the aforementioned relation along with the equation (79), we get

Ar=0. (85)
Hence the scalar curvature r of the manifold is Harmonic.

Now considering Y = £ in (84) and using the relation g(VxDr, &) = 0, (85), (79), we obtain the following
relation

_ (P .1
(LX) =1(5 + 3= A)10) (86)
for an arbitrary vector field X on M. Making use of the last equation, (74) and (85) in (84), we achieve
VxDr = —-rQX (87)

for any arbitrary X € x(M). Now contracting it with respect to X, we get Ar = —+* and combining with (85),
we infer 7 = 0 i.e., the manifold is Ricci flat. O

6. Examples

In this section we provide some examples to verify our outcomes.



S. Sarkar et al. / Filomat 35:15 (2021), 5001-5015 5012

Example 6.1. We consider the manifold as M = {(x, y, x) € R}, where (x, y, z) are the standard coordinates in R>.
The vector fields are defined by

9 9 9. 9 . 9

“T Gy oy O oy T

are linearly independent at each point on M. The metric g is defined by

gle,e1) = gles,e3) = 1, gler,e0) = -1, gler,e2) = glez, e3) = gles,er) = 0.

Let & = e3. Then the 1-form n is defined by n(X) = g(X, e3), for arbitrary X € x(M), then we have the following
relations

n(e1) =0, n(e) =0, n(es) = 1.
Let us define the (1,1)-tensor field ¢ as
Pper = e, Per = e, $e3 =0,
then it satisfies
PX) = X-n(X)es,
9(@X,9Y) = —gXY)+nX)n(¥)

for arbitrary X, Y € x(M). Thus (¢, &, 1, g) defines an almost paracontact metric structure on M. We can now easily
conclude

le,e2] =0, le2, e3] = e, ler, es] = eq.
Let V be the Levi-Civita connection of g. Then the Koszul's formula for arbitrary X, Y, Z € x(M) is given by
29(VxY, Z) = Xg(Y, Z) + Yg(Z,X) - Zg(X, Y) - g(X, [Y, Z)) - g(%, [X, Z]) + 9(Z, [X, Y]).

Using this we obtain

Vee1 = —e3, Ve,e2 =0, Vee3 = e,
Ve,e1 =0, Ve,e2 = €3, Ve,e3 = e,
Vesel = 0, Vg362 = 0, V83€3 =0.

From here we can easily verify that the relation (6) is satisfied. Hence the considered manifold is para-Kenmotsu
manifold. The components of the Riemannian curvature tensor are given by

R(e1,e2)e1 = e, R(e1,e2)er = ¢4, R(e1,e2)ez =0,
R(e1,e3)er = e3, R(ey,e3)ex =0, R(e1, e3)es = —ey,
R(ez,e3)er = 0, R(ep, e3)er = —e3, R(ez, e3)e3 = —ey.

And the components of Ricci tensor and =-Ricci tensor are given by

S(e1,e1) = -2, S(er,e0) =2, S(es, e3) = =2,
S*(er,e1) =1, S'(ez,e2) = -1, S*(e3, e3) = 0.

From here we can easily deduce that the scalar curvature of the manifold r = —6 and S(X,Y) = -29(X,Y) VX, Y €
X(M). Let us define a vector field by

Jd d

0
V:(X—l)aﬁ'(y—l)@-Fg.
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Then we can obtain
(Lvg)e,er) =2, (Lvg)e,e) = -2, (Lvg)(es,e3) = 0.

Contracting (1) and using the result r = —6 we deduce A = § + 2. So g defines a conformal Ricci soliton on this

para-Kenmotsu manifold for A = & + 2.

Again Contracting (51) we get, r* = —r — 4 = 2 (as r = —6). Now contracting (2) and using the previous result we
P_5

obtain A = § — 3. So, g defines a x-conformal Ricci soliton on this para-Kenmotsu manifold for A = § — 3.

Example 6.2. Let us consider the set M = {(x, y,z,u,v) € R%} as our manifold where (x, y,z,u,v) are the standard
coordinates in R. The vector fields defined below

e1 =e '—, e =e '— e3=¢e"

ox ay’

9 J 9 9

v — 5,0

dz’
are linearly independent at each point of M. We define the metric g as

1, ifi=jandi, je{1,2,5}
glei,e)) =3-1, ifi=jandi,je€ {3,4}
0, otherwise.

Let 1 be a 1-form defined by n(X) = g(X, es), for arbitrary X € x(M). Let us define (1,1)-tensor field ¢ as
(P(el) =e3, (]5(62) = 64, @(63) =e, (1)(84) = e, ¢(65) =0.
Then it satisfies the relations $*(X) = X — n(X)& and n(&) = 1, where & = es and X is an arbitrary vector field on M.

So, (M, ¢, &, 1, g) defines an almost paracontact structure on M.
We can now deduce that

[e1,e2] =0, [e1,e3] =0, [e1,e4] =0, [e1,e5] = e1,
[e2,e1] =0, [e2,e3] =0, [e2, 4] =0, [e2, 5] = €2,
[es, e1] =0, [es, e2] =0, [es, e4] =0, les, e5] = e3,
les, e1] =0, [es, e2] =0, les, 3] =0, les, e5] = e4,
[es,e1] = —e1, [es, e2] = —e2, [es, e3], = —e3, [es, e4] = —ey.

Let V be the Levi-Civita connection of g. Then Koszul's formula is given by
29(VxY,2) = Xg(Y, Z) + Yg(Z, X) - Zg(X, Y) = (X, [X, Z]) = (Y, [X, Z]) + 9(Z, [X, Y]),

for arbitrary X, Y, Z € x(M). Using this we get

V.61 = —es, Ve 2, =0 Vee3 =0, Vees =0, V65 = ey,
V62€1 = 0, VezeZ = —¢€s5, V32€3 = O, V32€4 = O, V62€5 = ey,
Vgsel = 0, V63€2 = O, Ve3e3 = €5, V33€4 = O, V33€5 =e3,
Ve4e1 = 0, Ve4€2 = 0, Ve4€3 = 0, Ve4€4 = es5, Ve4€5 = &4,
Vee1 =0, Vee2 =0, Vee3 =0, Vees =0, Ve,e5 = 0.

Therefore (Vx@)Y = g(¢X, Y)E — n(Y)$pX is satisfied for arbitrary X,Y € x(M). So (M, $,¢&,n,g) is an almost
para-Kenmotsu manifold. The previous outcomes can easily be verified using this example.
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7. Conclusion

In this article, we have used the methods of local Riemannian or semi-Riemannian geometry to inter-
pretation solutions of (1) and (2) and impregnate Einstein metrics in a large class of metrics of conformal
Ricci solitons and *-conformal Ricci solitons on paracontact geometry, specially on para-Kenmotsu and
para-cosymplectic manifold. Our results will not only play an indispensable and incitement role in para-
contact geometry but also it has significant and motivational contribution in the area of further research of
complex geometry, specially on Kdhler and para-Kahler manifold etc. and we can think about the physical
interpretation of conformal Ricci solitons and *-conformal Ricci solitons also in differential geometry. There
are some questions which arise from our article to study in further research:

(i) Are the results of theorem 3.2 and theorem 3.3 true if we assume the dimension of the manifold as 3?
(ii) Does theorem 4.1 hold without assuming n-Einstein condition?
(iii) If we consider the dimension more than 3, then is theorem 5.4 true?
(iv) What can we say about theorem 5.4 if we assume vector field V is not conformal?
(v) Which results of the our paper are also true in nearly Kenmotsu manifolds or f-Kenmotsu manifolds
or f-cosymplectic manifolds?
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ABSTRACT. An n-dimensional Lorentzian concircular structural manifold (in
short (LCS),, manifold) has enormous applications in Mathematical Physics as it
has Lorentzian metric g as well as a contact form 7. In this note we have established
some results regarding conformal n-Ricci soliton and conformal Ricci soliton on
(LCS),, manifold satisfying some curvature conditions like {-conharmonically semi-
symmetric, £-concircularly semi-symmetric and &-Quasi-conformally semi-symmetric
and obtained the nature of the soliton as well as the nature of the structural vector

field &.
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manifold.

1. INTRODUCTION

Richard S. Hamilton introduced the concept of Ricci flow (for details see [17]) which
was named after great Italian mathematician Gregorio Ricci-Curbastro. If we take
a smooth closed (compact without boundary) Riemannian manifold M equipped
with a smooth Riemannian metric g then the Ricci flow is defined by the geometric

evolution equation,

W0 — 25(9(0) (1)

where S is the Ricci curvature tensor of the manifold and g(t) is a one-parameter
family of metrices on M.

A Riemannian manifold (M, g) is called a Ricci soliton if there exists a vector
field V' and a constant A such that the following equation holds,

1
§£vg+S+)\g:0 (2)
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where Ly denotes Lie derivative along the direction V and A is a non-zero constant.
The vector field V' is called potential vector field and A is called soliton constant.
Ricci soliton which is a natural extension of Einstein manifold is a self-similar so-
lution of Ricci flow. The potential vector field V' and soliton constant A\ play vital
roles while determining the nature of the soliton. A soliton is said to be shrinking,
steady or expanding according as A < 0, A =0 or A > 0. Now if V is Killing then
the Ricci soliton reduces to Einstein manifold. Compact Ricci solitons are the fixed
points of the Ricci flow (1.1) projected from the space of metrics onto its quotient
modulo diffeomorphisms and scalings, and often arise as blow-up limits for the Ricci
flow on compact manifolds.

In 2005, A. E. Fischer [2] has introduced conformal Ricci flow which is a variation
of the classical Ricci flow equation (1.1) that modifies the unit volume constraint to
a scalar curvature constraint. The conformal Ricci flow equation was given by,

0
£+2(5+%) = -1y

ot
r(g) = -1 (3)

where 7(g) is the scalar curvature of the manifold, p is scalar non-dynamical field and
n is the dimension of the manifold. Corresponding to the aforementioned conformal
Ricci flow equation N. Basu and A. Bhattacharyya [15] introduced the notion of
conformal Ricci soliton equation as a generalization of Ricci soliton equation given
by,

Lyg+2S+2A— (p+ %)]g =0. (4)

In 2009, J. T. Cho and M. Kimura [11] introduced the concept of n-Ricci soliton
which is another generalization of classical Ricci soliton and is given by,

Lyg+2S+2 g+ 2une@n=20 (5)

where p is a real constant, 1 is a 1-form defined as n(X) = g(X,V) for any X €
X(M). Clearly it can be noted that if 4 = 0 then the n-Ricci soliton (g, V) A, i)
reduces to Ricci soliton.

Recently Md. D. Siddiqi [14] established the notion of conformal n-Ricci soliton
which generalizes both conformal Ricci soliton and n-Ricci soliton. The equation for
conformal 7-Ricci soliton is given by,

2
Lxg+2S+[2)\—(p+ﬁ)]9+2,u77®77:0. (6)

If we take p =0 in (1.6) then it reduces to conformal Ricci soliton (1.4).
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Ricci solitons have been studied in many contexts: on Kdahler manifolds[16],
on contact and Lorentzian manifolds [5],[6], on K-contact manifolds [18] etc. by
many authors. Nagaraja and Premalatha [10] studied the nature of Ricci soliton on
Kenmotsu manifold; Calin and Crasmareanu [7] on f-Kenmotsu manifold; He and
Zhu [8] on Sasakian manifold; Ingalahalli and Bagewadi [9] on a-Sasakian mani-
fold; Y. Wang [24] on 3-dimensional cosymplectic manifold and S. Pahan and A.
Bhattacharyya on 3-dimensional trans-Sasakian manifold [21].In 2016, T. Dutta,
N. Basu and A. Bhattacharyya studied conformal Ricci soliton on 3-dimensional
trans-Sasakian manifold[23].

S. R. Ashoka, C. S. Bagewadi and G. Ingalahalli [22] gave some insight on Ricci
soliton in (LCS),, manifold. Many authors have developed several results on many
context of (LCS),, manifolds like: Yadav, Chaubey, Suthar[20]; Hui and Chakraborty
[19]; Baishya [12]; Blaga [3] etc. on 7-Ricci Soliton. Chaubey and Siddigi have
studied almost conformal n-Ricci solitons in 3-dimensional (LCS)s manifolds.

Motivated from above mentioned well praised works we have studied behaviour
of conformal n-Ricci soliton on n-dimensional Lorentzian concircular structure man-
ifold (briefly (LCS), manifold) satisfying certain curvature properties such as &-
conharmonically semi-symmetric, £&-concircularly semi-symmetric and £-Quasi-conformally
semi-symmetric which are represented by,

R(¢,X).H =0, R(¢,X).C =0, R(£,X).C =0

respectively. In the later section we have revisited some definitions and important
properties of (LCS),, manifold and there after the main results of this paper have
been described.

2. SOME PRELIMINARIES ON (LCS),, MANIFOLD

The notion of Lorentzian concircular structure manifold, briefly (LCS),, manifold is
first introduced in 2003 by Shaikh (for details see [1]). An n-dimensional smooth
connected paracontact Hausdorff manifold is called a Lorentzian manifold if it
admits a Lorentzian metric. Lorentzian metric is named after great Dutch Physicist
Hendrik Lorentz. A Lorentzian metric tensor g is a smooth symmetric tensor field
of type (0,2) such that for each point p € M, the tensor g, : T, M x T,M — R is a
non degenerate inner product of signature (—,+,...... ,+) , where T, M is the tangent
space of M at p and R is the real number space. A non-zero tangent vector v € T, M
is said to be timelike, non-spacelike, null or spacelike if it satisfies g,(v,v) < 0,
< 0, =0 or > 0 respectively.

In a Lorentzian manifold (M, g) a vector field p is defined by g(X, p) = n(X), is
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said to be concircular vector field if,
(Vxn)(Y) = a{g(X,Y) + w(X)n(Y)} (7)

is satisfied where « is a non-zero scalar field, w is a closed 1-form and V is the
covariant derivative operator w.r.t. Lorentzian metric g.

Let M be a Lorentzian manifold admitting a unit timelike concircular vector
field &, called charecteristic vector field or the generator of the manifold, then we
have,

Since € is a concircular vector field there must exists a non-zero 1-form 7, such that,
9(X.§) = n(X) (9)
(Vxm(Y) = ag(X,Y)+n(X)n(Y) (10)

hold for arbitrary vector fields X,Y € x(M) and « is a non-zero scalar field which
satisfies,
Vxa = (Xa) = da(X) = pn(X) (11)

p being certain scalar function which is given by p = —(é«). If we define ¢ X =
1V x¢, then from (10) we can deduce that,

pX = X +n(X)E. (12)

Clearly ¢ is a symmetric (1,1) tensor which is called structure tensor of the manifold.
Thus the n-dimensional Lorentzian manifold M together with the unit timelike
concircular vector field £, 1-form 7 and (1,1) tensor ¢ is said to be Lorentzian
concircular structure (briefly (LCS),,) manifold. If we take a = 1, then the manifold
reduces to LP-Sasakian manifold of Matsumoto [13].

A (LCS),, manifold satisfies the following properties,

FX = X+n(X)E, nE=-1, nod=0, ¢£=0 (13)
9(0X,9Y) = g(X,Y)+n(X)n(Y) (14)
N(R(X,Y)Z) = (o= p)(g(Y,Z)n(X) - g(X, Z)n(Y)) (15)
RX,Y)e = (o® = p)(n(Y)X —n(X)Y) (16)
R(&X)Y = (a = P)(9(X,Y)E = n(Y)X) (17)
(Leg)(X,Y) = 2a(g(X,Y) +n(X)n(Y)) (18)
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where R is the Riemannian curvature tensor. Furthermore if (g, V, A, p, ) is a con-
formal n-Ricci soliton then we can deduce the following,

SY) = B4 A—a)g(XY) — (et am(Xn)  (19)
QX = (B X)X — (ut (X (20)
ro= (§+%—/\—a)n+(u+a) (21)

where S is the Ricci tensor, @) is the Ricci operator and r is the scalar curvature of
the manifold. We now want to recall some useful definitions [4],

Definition 1. A wvector field £ is called torseforming if it satisfies
Vx&=fX+~(X)§ (22)

for a smooth function f € C°°(M), 1-form ~ and for all vector field X on M. A
torse forming vector field is called recurrent if f = 0.

3. MAIN RESULTS

Theorem 1. A conformal n-Ricci soliton in (LCS), manifold, say (M,g,&,n, @),
admitting &-conharmonically semi-symmetric curvature property, satisfies the fol-
lowing properties,

a) A+ (n—1a?=L+p+(n—-1)p+2,

b) £ is a geodesic vector field,

c) VeS =0 and VeQ = 0.
Proof. The conharmonic curvature tensor H is defined by,
H(X.Y)Z = R(X,Y)Z - [S(Y,2)X =S(X,Z2)Y +9(Y, 2)QX —g(X, Z)QY].

(23)

_
(n—2)
Now taking inner product w.r.t. £ and using (15), (19) and (20) we have,
P 2 2 o 7
H(X,Y)Z) = (a*—p— - _
NHXY)Z) = (& == =y Ty T2 -2
(9(Y, Z)n(X) — g(X, Z)n(Y)). (24)
Here we have considered £-conharmonically semi-symmetric curvature property, i.e.,
R(¢, X).H = 0, which yields,

R X)H(Y,Z)W—-H(R(&X)Y, Z)W—-H(Y,R(&, X)Z)W—-H(Y,Z)R(&, X)W =0.
(25)
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Applying (17) in the above equation we have,

g( X, Z2)HY, )W +n(Z)H(Y, X)W — g(X,W)H(Y, Z)§ + n(W)H(Y,Z)W = 0.
(26)
By taking inner product of the previous equation with £ we get,
9(X, H(Y, Z)W) +n(H(Y, 2)W)n(X) + g(X,Y)n(H(E, 2)W) -
n(Y)n(H (X, Z)W) + (X, Z)n(H (Y, )W) = n(Z)n(H(Y, X)W)
+9(X, Wn(H(Y, 2)§) = n(W)n(H (Y, Z)W) = 0. (27)
After using (24) the equation reduces to,
2 P 2 2\ o
g X, HY,Z)W) + (o — p -2 n(n—2)+(n—2)+(n—2)
& - 3 (90X 2)g(Y. W) = (2, W)g(X,Y) = . (28)

Let us consider the set {e;}" ; as a basis of the manifold. Then replacing X =Y =¢;
in the above equation yields,

1
)\+(n—1)a2=g+u+(n—1)p+g. (29)

Hence (a) is proved.
Now considering X = £ we can rewrite (6) as,

9(Vy& Z) + 9(¥,V5€) +25(Y, Z) + 2~ (p+ - )Jg(¥, Z) + 2un(Y n(2) = 0 (30)

for all Y, Z € x(M). Simplifying using (19), the above equation reduces to,

9(Vy¢§, Z) +9(Y,Vz8) = 2alg(Y, Z) +n(Y)n(Z)] = 0. (31)
Considering Z = £ in the above equation, we get,
9(Veg,Y) = 0. (32)

Since the aforementioned relation holds for any Y € x(M), so V¢& = 0. This
concludes that ¢ is a geodesic vector field. Thus (b) is proved.
Taking covariant derivative of (19) and (20) we can find the general expressions

of VS and VQ as,
(Vx9(Y.2) = —(p+a)g(Y,VxEn(Z) + 9(Z,VxEn(Y)] (33)
(VxQ)Y = —(p+a)[g(Y,VxEE+n(Y)VxE] (34)

for any Y, Z € x(M). Letting X = £ in (33) and (34) we get, V¢S =0 and VeQ = 0.
It completes our results.
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Theorem 2. If £ is a torse forming conformal n-Ricci soliton in (LCS), manifold,
say (M, g,&,m, @), satisfying -conharmonically semi-symmetric curvature property,
then n is colsed. Furthermore if £ is a recurrent torse forming vector field then it is
Killing vector field.

Proof. Let £ be a torse forming vector field. Then we have from (22) that Vx& =
fX +~v(X)E, for a smooth function f € C°(M), 1-form ~ and for all vector field X
on M. Taking inner product w.r.t. £ it yields,

9(Vx&,€) = fn(X) —v(X).
Hence we get fn = ~. After applying this result, (22) becomes,
Vx§ = fIX +n(X)E]. (35)
Applying (35) in (31) we get,
2(f = a)lg(Y, Z) = n(Y)n(Z)] = 0,
for all vector fields Y and Z and hence we get f = a. Thus (35) reduces to,
Vx¢ = alX +n(X)¢] = ad*(X), (36)

i.e., Vx¢& is collinear to ¢?(X) for all X. Hence we get dn = 0, which means that 7
is colsed.

Now let us consider £ to be recurrent vector field. So, f = o = 0. Thus (35)
yields that & is a concurrent vector field i.e., Vx& = 0 for all vector field X on M.
Also we have,

(Leg)(X,Y) = g(VxEY) 4+ g(X,Vy{) =0 (37)

for all X and Y on M. Thus we can conclude ¢ is Killing vector field.

Remark 1. We know conformal n-Ricci soliton reduces to conformal Ricci soliton
if we consider p to be zero in (6). Accordingly the results of theorem 1 change while
the results of theorem 2 remain the same for conformal Ricci soliton. We can state
the modified results of theorem 1 as:

A conformal Ricci soliton in (LCS), manifold, say (M,g,&,n, @), admitting &-
conharmonically semi-symmetric curvature property, satisfies the following proper-
ties,

a) \+(n—1)a?=L+(n—-1)p+1,

b) € is a geodesic vector field,

c) VeS =0 and VeQ = 0.
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Theorem 3. A conformal n-Ricci soliton in (LCS), manifold, say (M,g,&,n,9),
admitting &-concircularly semi-symmetric curvature property satisfies the following
properties,

a) A+ (n—1)a?=L+pu+n-1)p+1,

b) € is a geodesic vector field,

c) VeS =0 and VeQ = 0.

Proof. The concircular curvature tensor C' is defined by,

C(X,Y)Z=R(X,Y)Z — 9V, 2)X —g(X,2)Y]. (38)

n(n —1)
Now taking inner product w.r.t. £ and using (15) we have,

2 T

n(C(X,Y)Z) = (a —P—m)(g(Y,Z)W(X)—9(X7Z)77(Y))- (39)

Here we have considered &£-concircularly semi-symmetric curvature property i.e.,
R(§,X).C = 0, which yields,

R X)CY,Z) W -C(R(&,X)Y,Z)W-C(Y,R(&, X)Z)W -C(Y, Z)R(, X )W = 0.
(40)
Applying (17) in the above equation we have,
9(X,C(Y,2)W)§ —n(C(Y,Z)W)X — g(X,Y)C(&, Z)W +n(Y)C(X, Z)W —
9(X, 2)C(Y, W +n(2)C(Y, X)W — g(X,W)C(Y, 2)§ +n(W)C(Y, Z)W = 0.

(41)
By taking inner product in the previous equation with & we get,
9(X, C(Y, Z)W) +n(C(Y, Z)W)n(X) + g(X,Y)n(C(§, Z)W) —
n(Y)n(C(X, Z)W) + g(X, Z)n(C(Y, )W) — n(Z)n(C(Y, X)W)
+9(X, W)n(C(Y, Z2)§) — n(W)n(C(Y, Z)W) = 0. (42)

After using (33) the equation reduces to,

r

9(X,C(Y, Z)W) + (a® = p - nn—1)

)9(X, 2)g(Y, W) — g(Z,W)g(X,Y)) = 0.
(43)

Then replacing X =Y = e; in the above equation, where the set {e;}" ; is a basis
of the manifold, yields,
1

5+-—A—a—(m—1=p)g(Z W)= (u+a)n(Zn(W)=0.  (44)
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Since this holds for arbitrary Z,W € x(M), setting Z = W = £ we have,
1
)\+(n—1)a2:§+u+(n—1)p+ﬁ. (45)

This proves (a) and the expression is identical with (29). Other two outcomes (b)
and (c) are immediate consequences and can be proved similarly like theorem 1.

Theorem 4. If £ is a torse forming conformal n-Ricci soliton in (LCS), mani-
fold, say (M, g,&,n,¢), satisfying &-concircularly semi-symmetric curvature prop-
erty, then n is colsed. Furthermore if £ is a recurrent torse forming vector field then
it 1is Killing vector field.

Proof. Since the results of theorem 3 for concircular curvature tensor are same as of
theorem 1 for conharmonic curvature tensor, the proof of this theorem is identical
with the proof of theorem 2.

Remark 2. We know conformal n-Ricci soliton is a mere generalisation conformal
Ricci soliton. If we let p to be zero in (6) then it reduces to conformal Ricci soliton.
The results of theorem 8 change while the results of theorem 4 remain the same for
conformal Ricci soliton. We can modify the results of theorem 3 as:

A conformal Ricci soliton in (LCS), manifold, say (M,g,&,n,®), satisfying &-
concircularly semi-symmetric curvature property, satisfies the following properties,

a) \+(n—1)a?=5+(n—-1)p+1,

b) € is a geodesic vector field,

c) VeS =0 and VeQ = 0.

Theorem 5. A conformal n-Ricci soliton in (LCS), manifold, say (M, g,&,n, @),
satisfying &-Quasi-conformally semi-symmetric curvature property, admits the fol-
lowing properties,

a) A+ (n—1a?=8+pu+(n—-1)p+1,

b) € is a geodesic vector field,

c) VeS =0 and VeQ = 0.

Proof. The Quasi-conformal curvature tensor C is defined by,

C(X,Y)Z = aR(X,Y)Z+b[S(Y,2)X — S(X,2)Y + g(Y, 2)QX — g(X, Z)QY]

— L b)Y, 2)X — (X, Z)Y] (46)

n (n—1)
where a and b are non-zero constants. Now taking inner product w.r.t. £ and using
(15) we have,

NOX,Y)Z) = [of0® =) +b(p+ 2~ 22—t p) — - (4 20)
(9(Y, Z)n(X) = 9(X, Z)n(Y)). (47)
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Here we have considered {-Quasi-conformally semi-symmetric curvature property
ie., R(& X).C =0, which yields,

R(§, X)C(Y, Z)W = C(R(&, X)Y, Z)W = C(Y, R(¢, X) Z)W = C(Y, Z)R(&, X)W = 0.
Applying (17) in the above equation we have,

9(X, C(Y, )W)E = n(C(Y, Z)W)X — g(X )Q(s )W +n(Y)C(X, )W —
9(X, Z)CY, W +n(Z)C(Y, X)W = g(X, W)C(Y, )¢ +n(W)C(Y, Z)W =0.

By taking inner product in the previous equation w.r.t. £ we get,

) +0(CY, Z)W)n(X) +g(X, Y )n(C(, 2)W) —
W) +g(X, Z)n(C(Y, W) = n(Z)n(C(Y, X)W)
Y, 2)¢) = n(W)n(C(Y, Z)W) = 0. (50)

After using (43) the above equation reduces to,

g(X, é(Y Z)W

n(Y)n(C(X, Z)
+g(X, W)n(C(

9(X, ¥, ZYW) + a0 — p) 4 bp+ = 20— ot 1) — -(— 2 4 20)]
(9(X, 2)g(Y, W) = g(Z, W)g(X,Y)) = 0. (51)

Then replacing X =Y = e; in the above equation, where the set {e;}" | is a basis
of the manifold, yields,

[a+ (n— 2)b]S(Z, W) + [br — %(a +2>n — D)B)]g(Z, W) + [a(a® — p) +

2 T, a
b — =2\ - — —(——+2b)]g(Z,W) =0. 52
P+ atp) = (=g +20)]g(Z, W) (52)
Since this holds for arbitrary Z,W € x(M), setting Z = W = £ we have,

1
A—i—(n—l)azzg—i-u—i-(n—l)p—i-;. (53)
Hence (a) is proved.

(b) and (c) can be proved in similar manner like the proof of theorem 1.

Theorem 6. If £ is a torse forming conformal n-Ricci soliton in (LCS), manifold,
say (M,g,&,n,¢), admitting &-Quasi-conformally semi-symmetric curvature prop-
erty, then n is colsed. Furthermore if £ is a recurrent torse forming vector field then
it 1is Killing vector field.
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Proof. The proof can be done in similar fashion like theorem 2.

Remark 3. To get conformal Ricci soliton from conformal n-Ricci soliton we as-
sume = 0 in (6). Consequently the results of theorem & change while the results of
theorem 6 remain unchanged for conformal Ricci soliton. We can revise the results
of theorem 5 as:

A conformal Ricci soliton in (LCS), manifold, say (M,g,&,n, @), admitting &-
Quasi-conformally semi-symmetric curvature property satisfies the following proper-
ties,

a) A+ (n—1)a =5+ (n—1p+q,

b) € is a geodesic vector field,

c) VeS =0 and VeQ = 0.

Acknowledgements. The first author is the corresponding author and this
work was financially supported by UGC Senior Research Fellowship of India, Sr.
No. 2061540940. Ref. No:21/06/2015(1)EU-V.

REFERENCES

[1] A. A. Shaikh, Some results on (LCS), manifolds, J. Korean Math. Soc. 46, 3
(2009), 449-461.

[2] A. E. Fischer, An introduction to conformal Ricci flow, Class. Quantum Grav.
21 (2004), S171-S218.

[3] A. M. Blaga, Almost n-Ricci solitons in (LCS), manifolds, Bull. Belg. Math.
Soc., Simon Stevin 25 (2018),641-653.

[4] A. M. Blaga, M. Crasmareanu, Torse-forming n-Ricci solitons in almost para-
contact n-Einstein Geometry, Filomat 31, 2 (2017), 499-504.

[5] C. S. Bagewadi, G. Ingalahalli, Ricci solitons in Lorentzian alpha-Sasakian
manifolds,Acta Math. Academiae Paedagogicae Nyiregyhdziensis 28, 1 (2012), 59-
68.

[6] C. S. Bagewadi, G. Ingalahalli, S. R. Ashoka, A Study on Ricci Solitons
in Kenmotsu Manifolds, ISRN Geometry, Article ID 412593 (2013), 6 pages,
https://doi.org/10.1155/2013/412593.

[7] C. Calin, M. Crasmareanu, From the Eisenhart problem to Ricci solitons in
f-Kenmotsu manifolds, Bull. Malaysian Math. Sci. Soc. 33, 3 (2010), 31-38.

8] C. He, M. Zhu, The Ricci solitons on Sasakian manifolds,
arxiv:1109.4407v2.2011.

[9] G. Ingalahalli, C. S. Bagewadi, Ricci solitons in a-Sasakian manifolds, ISRN
Geometry, Article ID 421384 (2012), 13 pages, https://doi.org/10.5402/2012/421384.

31



S. Sarkar, S. Pahan, A.Bhattacharyya — Conformal n-Ricci soliton .. .

[10] H. G. Nagaraja, C. R. Premalatha, Ricci solitons in Kenmotsu manifolds, J.
Math. Anal. 3, 2 (2012), 18-24.

[11] J. T. Cho, M. Kimura, Ricci solitons and real hypersurfaces in a complex space
form, Tohoku Math. J. 61 (2009), 205-212.

[12] K. K. Baishya, More on n-Ricci solitons in (LCS),-manifolds, Bulletin of the
Transilvania University of Brasov, 11, 60(1) (2018), 1-12.

[13] K. Matsumoto, On Lorentzian almost paracontact manifolds, Bull. Yamagata
Univ. Nat. Sci. 12 (1989), 151-156.

[14] Md. D. Siddiqi, Conformal n-Ricci solitons in 0-Lorentzian trans Sasakian man-
ifolds, International Journal of Maps in Mathematics 1, 1 (2018), 15-34.

[15] N. Basu, A. Bhattacharyya, Conformal Ricci soliton in Kenmotsu manifold,
Global Journal of Advanced Research on Classical and Modern Geometries 4 (2015),
15-21.

[16] O. Chodosh, Rotational symmetry of conical Kahler-Ricci solitons, Mathema-
tische Annalen 364 (2016), 777-792.

[17] R.S. Hamilton, The Ricci flow on surfaces, Contemp. Math. 71 (1988), 237-261.

[18] R. Sharma, Certain results on K-contact and (k, p)-contact manifolds, J. Geom.
89 (2008), 138-147.

[19] S. K. Hui, D. Chakraborty, eta-Ricci solitons on n-Einstein (LCS), manifolds,
Acta Univ. Palacki. Olomuc., Fac. rer. nat. 55, 2 (2016), 101-109.

[20] S. K. Yadav, S. K. Chaubey, D. L. Suthar, Some geometric properties of n-
Ricci soliton and gradient Ricci soliton on (lcs), manifolds, CUBO A Mathematical
Journal 19, 2 (2017), 33-48.

[21] S. Pahan, A. Bhattacharyya, Some Properties of Three Dimensional trans-
Sasakian Manifolds with a Semi-Symmetric Metric Connection, Lobachevskii Journal
of Mathematics 37, 2 (2016), 177-184.

[22] S. R. Ashoka, C. S. Bagewadi, G. Ingalahalli, A Geometry on Ricci solitons in
(LCS),, manifolds, Differential Geometry-Dynamical Systems 16 (2014), 50-62.

[23] T. Dutta, N. Basu, A. Bhattacharyya, Almost Conformal Ricci Soliton on 3-
dimensional Trans-Sasakian Manifold, Hacettepe Journal of Mathematics and Statis-
tics 45, 5 (2016), 1379-1392.

[24] Y. Wang, Ricci solitons on 3-dimensional cosymplectic manifolds, Mathematica
Slovaca 4, 67 (2017), 979-984.

Sumanjit Sarkar
Department of Mathematics,
Jadavpur University,

32



S. Sarkar, S. Pahan, A.Bhattacharyya — Conformal n-Ricci soliton .. .

Kolkata-700032, India.
email: imsumangit@gmail.com

Sampa Pahan

Department of Mathematics,
Mrinalini Datta Mahavidyapith,
Kolkata-700051, India.

email: sampapahan25@gmail.com

Arindam Bhattacharyya
Department of Mathematics,
Jadavpur University,
Kolkata-700032, India.

email: bhattachar1968Qyahoo.co.in

33



	Total Papers.pdf
	1 ∗-η-Ricci soliton and contact geometry, Santu Dey et.al..pdf
	
	Abstract
	1 Motivations and background
	2 Notes on contact metric manifolds
	2.1 Kenmotsu manifold
	

	
	
	Acknowledgements
	References


	2 35-15-3-15291.pdf
	3 96_1609_conformal_eta-ricci_on_(lcs)_n.pdf
	Introduction
	Some preliminaries on (LCS)n manifold
	Main results





