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ABSTRACT 

 
Human cornea exhibits viscoelastic behavior as in other living tissues. The cornea is 

mainly dominated by the stroma which constitutes 90% of the corneal thickness. A 

number of experiments on tensile strip of human bovine corneas show that the tissue 

exhibits anisotropic, non-linear, rate dependent, viscoelastic mechanical stress-strain 

response and also a highly nonlinear creep response that depends on the applied stress.  

The work comprises two different areas; the first one is related to mathematical modeling 

of viscoelsticity of cornea. The second part is related to development of corneal 

substitute. 

 

The first phase of the work is a computational analysis of a blunt body impact on corneal 

viscoelastic behavior; simultaneously comparison is drawn between the tissue behaviors 

with corresponding cases considering the tissue to be elastic in other simulated model.  

A simulation model of eye is set up based on the information of cadaver eyes done in the 

earlier works in this domain.  Three dimensional models of corneal tissue were subjected 

to blunt body impact at different velocities in ALTAIR platform to study the nature of 

injury on the tissue material. The variation in the strain due to impact on the cornea for 

the material behaviors, range in the order 10
-2

±0.002 and that for the stress, the 

magnitude gets almost double for elastic nature of cornea. The results shows that the 

viscoelastic biomechanics of the tissue predict higher resistance to any foreign body 

impacting on the surface of cornea preventing it from further indentation into the tissue. 

The viscoelastic model provided in this work can be incorporated for the synthesis of 

artificial corneas and soft contact lenses. 

 

A mathematical approach has been taken further in this work to trace out the rate 

dependent, anisotropic and viscoelastic response. Two basic classical models have been 

taken into account to compare and predict the rate dependent response. On one hand as 

the K-V Model shows similar nature, Maxwell Model violates the same with a large 

discrepancy and thus giving rise to the Fractional operator FMM. Fractional calculus 

approach has hence been taken into account in modeling human corneal viscoelastic 
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behavior. The degree of both elasticity and viscosity is much convenient to consider when 

described in terms of the fractional order parameters. FMM plays an essential role to 

study viscoelastic properties. This paper presents modeling of the human cornea when 

subjected to simple stress in the order of few MN/m
2
 by FMM. The governing fractional 

equation involving two fractional parameters α and β have been considered to model the 

stress-strain relationship of human cornea. The analytical solution of the fractional 

equation has been obtained for values of α and β using Laplace transform methods. The 

effect of the fractional parameter values on the stress-deformation nature has been 

observed and studied. A comparison between experimental values and computational 

values for the various fractional order of the Maxwell model equation clearly describes 

the mathematical model of choroidal and scleral strips and also shows range of values of 

the parameters for which the mathematical model depicts the real time stress-strain 

relationship of human cornea. It can also be seen that this model concludes to the 

Classical Maxwell model as a special case for α = β = 1 and that human eye does not 

clearly obey the Maxwell model viscoelastic property. 

 

The experimental part of the study is mainly focused on the synthesis and development of 

Silica-Collagen Hybrids that can substitute normal healthy cornea of human. The main 

issue that concerns the patients and doctors after a donor corneal transplant is Auto-

Immune Rejection by host body which may be due to biocompatibility, 

haemocompatibility or cytotoxicity. The research thrives for synthesis of a composite 

comprised of Collagen, the basic protein that can be abundantly found in human body 

and silica which is biosafe and biocompatible to physiological system and can act as a 

scaffold for tissue engineering and drug delivery. The starting materials of the synthesis 

are diluted Silica precursor and two types of collagen-I and III which is predominantly 

found on the epithelium and basement membrane of the cornea. Sol Gel technique has 

been applied for the synthesis of the composite and finally lyophilized after the pH has 

been stabilized around 7.2-7.4 to obtain dehydrated silica collagen composite. Optical 

property of the developed composite closely mimics the collagen hybrids from earlier 

work in this field. The composite exhibits crystallinity as it evidenced from its XRD plot. 
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Other material characterizations, viz. FTIR and SEM have been performed on the sample 

to identify the nature of the composite.  

Despite significant advance in the research front, one of the major concern is the price of 

commercial collagen and unavailability of indigenous components. This is the reason 

which has given path to extraction of nascent collagen from fish skin in this research. 

 

Sperata Aor, commonly known as Indian Catfish has a thick layer of epidermal tissue 

which is a reserve of basic protein, collagen and fats. The objective of the work is to 

extract the collagen present in the skin. The skin has been carefully removed and treated 

with stock solution to loosen the non-protein bonds and further treated with butyl alcohol 

to remove fats. To loosen the thick fibres of the skin it is finally suspended in acetic acid 

and finally filtered and washed with deionized water followed by centrifugation and 

salting. Salting helps to remove any traces of acetic acid and finally pH has been 

maintained and lyophilized for 48hours in -60
o
C which lead to a porous spongy mesh of 

collagen. The presence of Amide A and Amide I&II confirms the material thus extracted 

is predominantly collagen type I. SEM images has shown fibrillar structures with some 

knotted structure which also confirms it to be Collagen. This collagen can be used for 

preparation of tissue engineering scaffolds and for development of Biomimetic structure 

exhibiting both physiological and electrical properties. 

 

In conclusion the studies in the thesis has been organized under  three major sections 

which have given better understanding on the physiology and biomechanical behavior of 

the delicate tissue whose damage may cause severe injury and even death sometimes. 

Through the experimental investigation an insight has been developed about Sol-Gel 

technique and the property and structure of the collagen protein for possible application 

in drug delivery and tissue engineering. 
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1.1 INTRODUCTION  

 

Biology is the branch of science that deals with the study of living things and mechanics 

is the study of motions and applied loads that causes them while biomechanics is the 

study of the structural and functional behavior of biological systems such as humans, 

animals, plants, organs, and cells by means of mechanical science. Biomechanics is a 

branch of engineering, as it applies engineering sciences to analyze biological systems. 

Some simple applications of Newtonian mechanics or materials sciences can supply 

correct approximations to the mechanics of many biological systems. Applied mechanics, 

most notably mechanical engineering disciplines such as continuum mechanics, 

mechanism analysis, structural analysis, kinematics and dynamics play prominent roles in 

the study of biomechanics. 

 

Herein, biomechanics is the development, extension and application of mechanics for the 

purposes of better understanding of the influence and application of mechanical loads on 

the biological structures, properties and function which makes the domain of 

biomechanics wide. It comprises of the effects of loads of wind and gravity on the plant 

growth, flights of birds and human gait and athlete performances to summarize in short 

among many other analysis and studies. Additionally, biomechanics also deals many 

health issues, disease, injury, and their path of treatment in biotic society. 

 

1.2 BRIEF ANATOMY OF HUMAN EYE 
 

Humans are profoundly visual animal groups as a significant piece of data about the 

world comes to Central Nervous System (Brain and Spinal Cord) through eyes and the 

vast majority of the social and scholarly data is put away and transmitted as words, 

pictures, and contemplations to which vision gives access and importance. Along these 

lines, the better learning of human eye gives an exact flawlessness to the world and circle 

of understanding. Ocular mechanical examination and study give a reasonable idea and 

pathway to tread away different wounds and sicknesses which could prompt lethal issue 

or could assert life. A layoff of human eye has been shown in Figure 1.1. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1.1: The Human Eye 

https://en.wikipedia.org/wiki/Human
https://en.wikipedia.org/wiki/Human
https://en.wikipedia.org/wiki/Animal
https://en.wikipedia.org/wiki/Animal
https://en.wikipedia.org/wiki/Organ_%28anatomy%29
https://en.wikipedia.org/wiki/Cell_%28biology%29
https://en.wikipedia.org/wiki/Engineering
https://en.wikipedia.org/wiki/Classical_mechanics
https://en.wikipedia.org/wiki/Materials_science
https://en.wikipedia.org/wiki/Biological_systems
https://en.wikipedia.org/wiki/Mechanical_engineering
https://en.wikipedia.org/wiki/Mechanical_engineering
https://en.wikipedia.org/wiki/Continuum_mechanics
https://en.wikipedia.org/wiki/Continuum_mechanics
https://en.wikipedia.org/wiki/Mechanism_%28engineering%29
https://en.wikipedia.org/wiki/Structural_system
https://en.wikipedia.org/wiki/Kinematics
https://en.wikipedia.org/wiki/Dynamics_%28mechanics%29
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1.2.1. Geometry of Human Eye 

 

The eyeball is comprised of two circles joined at the limbus (intersection of the cornea 

and sclera). The cornea is the littler front circle of sweep 7.8 mm, and the sclera is the 

bigger back circle of range 17 mm.  

 

The general geometry of the grown-up human eye is relatively round, more accurately 

ovoid fit as a fiddle. It can be considered as two circles with their focuses 5 mm apart 

(Grand and Hage, 1980). Geometrically, a circle with a range of 12 mm can speak to the 

back bit of the eye while the foremost part can be portrayed by a small circle having a 

sweep of 8 mm. Actually, the back of the eye is marginally straightened and its range of 

ebb and flow changes around the eye. For example, the level tropical range is typically 

bigger in the nasal side contrasted and the transient side. In an investigation on the state 

of human eye utilizing an MRI of 22 tests, demonstrates that all things considered that the 

eyes were 23.0 mm long, 22.7 mm wide, and 22.4 mm high(Atchison et al., 2004). A ton 

of variety had additionally been seen between subjects as the pivotal length of the eye 

extended from 21.4 to 24.3 mm, the width from 20.6 to 24.6 mm and the stature ran from 

20.4 to 24.0 mm.  

 

By and large, there is variety in eye measure between people, yet the normal pivotal 

length of the globe is 24 mm (extend 21-26 mm). The level length is around 23.5 mm. 

Figure 1.2 demonstrates a romanticized geometry of Eye proposed by Reno, 2010. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Fig.1.2: Idealized Geometry of Human Eye (Reno. 2010) 
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1.2.2 Components of Human Eye 

 

The basic structure of human eye includes:  
1. The Protective Structures  

 The Orbit
 The Lids
 The Sclera



2. The Anterior Segment  
 The Cornea
 The Aqueous Humour
 The Iris
 The Pupil
 The Crystalline Lens and Ciliary Muscle



3. The Posterior Segment  
 The Retina
 The Vitreous Humour



1.2.2.1 Corneo-scleral shell 

 

The external layer of the eye frequently referred to as the corneo-scleral shell, is an 

intense sinewy tissue that encases and secures the intraocular structures (McBrien and 

Gentle, 2003; Ethier et al., 2004). The corneo-scleral shell is made out of the cornea 

anteriorly and the sclera posteriorly (Fig.1.4). The cornea and the sclera meet at the 

limbus. The external layer of the eye contains up to 90% collagen (McBrien and Gentle, 

2003), giving it its quality. An imperative capacity of the corneo-scleral shell is to keep 

up a settled hub length with the end goal that the light is centered around the retina at 

untouched. Along these lines, the external layer of the eye needs to oppose the variety in 

intraocular weight, which is the liquid weight inside the eye, and the powers produced by 

the additional visual muscles amid eye developments. It likewise needs to give an 

inflexible structure to the ciliary muscle to guarantee exact settlement.  

 

The cornea is straightforward because of its avascularity and to the profoundly consistent 

course of action of its collagen strands. The stroma, which is the primary piece of the 

cornea, comprises layers of lamellae stacked together. Each layer has its own favored 

course and inside every lamella, the collagen fibrils are close equidistant and impeccably 

parallel to each other (Pinsky et al., 2005). The thickness of the cornea is around 500 μm 

in the middle and increments to around 650 μm at the outskirts. The sclera is the white 
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piece of the eye which is obscure because of the sporadic course of action of its collagen 

filaments. A favored collagen fiber introduction in the sclera can be found close to the 

additional visual muscle connection destinations (Thale et al., 1996) and around the optic 

nerve (Thale and Tillmann,1993). The thickness of the sclera is most minimal anteriorly 

and builds consistently to achieve a maximum of around 1.25 mm at the back of the eye 

(Le Grand and El Hage, 1980a). The sclera is the primary load-bearing part of the eye 

(Girard et al., 2008). Figure 1.3 demonstrates the external and internal shell of the human 

eye containing watery cleverness and vitreous diversion individually. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.1.3: Horizontal Section of Human Eye; ha is the Aqueous Humor  

(Reno, 2010) 

 

1.2.2.2 Middle tunic 

 

The middle tunic is made up of the iris, the ciliary body, and the choroid. These 

structures are highly vascularised and pigmented. The iris is a circular structure that lies 

between the lens and the cornea and the eye color is determined by the color of iris. Iris 

musculature relaxes and contracts to control the diameter of the pupil and therefore the 

amount of light entering the eye based on the ambient illumination. In bright light the 

pupil diameter can contract upto 2 mm whereas complete darkness produces a pupil 

diameter of about 8 mm (Le Grand and El Hage, 1980a). 

 

The ciliary body is composed of the ciliary muscle and the ciliary processes. The ciliary 

muscle can be classified into three types based on the orientation of the muscle fibres: 

longitudinal, radial, and circular. The main function of the ciliary muscle is 

accommodation which is required to bring near objects into focus. During 

accommodation, the ciliary muscle contracts pulling the ciliary body forward and inward 
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(Tamm et al., 1991). The inward movement causes a release of tension of the zonules 

leading to a change in shape of the lens. The main function of the ciliary process is the 

production of aqueous humor which is a liquid that nourishes avascular tissues such as 

the lens and the cornea. Aqueous humor fills the space of the anterior chamber which lies 

between the posterior surface of the cornea and the anterior surface of the iris and the 

lens. Aqueous humor flows from the ciliary processes around the iris and drains mainly 

into Schlemm’s canal located at the angle of the iris and the limbus. Proper balance 

between aqueous humor production and outflow is critical for the maintenance of normal 

intraocular pressure (IOP). 

 

The choroid is a layer of highly vascularised tissues situated between the retina and the 

sclera. The main function of the choroid is to supply oxygen and nutrients to the outer 

retina where the energy-demanding photoreceptors (rods and cones) are located. The 

blood vessels in the choroid swell and contract with the cardiac cycle which causes 

variation in choroidal thickness producing a change in IOP known as the ocular pulse 

(Ethier et al., 2004). 

 

1.2.2.3 The lens 

 

The lens is a transparent optical component capable of adjusting its refractive power to 

focus light coming from different distances. The lens is suspended by the zonules which 

are attached to the ciliary body. When focusing on a near object, the tension on the 

zonules is released causing the lens to fatten and change its curvature which results in an 

increase in dioptric power. The result is a close object focused on the retina and a clear 

image. With accommodation at rest, the lens accounts for roughly 1/3 of the total 

refractive power of the eye and its dioptric power range available for accommodation is 

around 10 dioptres (D) in young adults (Allen and O'Leary, 2006). The dioptre is 

commonly used in optometry as a measure of the optical power of a lens and is equal to 

the reciprocal of the focal length in metres. For instance, a 4 D lens brings parallel rays of 

light into focus at a distance of 1/4 metres behind the lens. The dioptre is also used to 

specify the optical power of the eye. 

 

1.2.2.4 Vitreous body 

 

The vitreous body is a transparent gel that fills the space of the vitreous chamber which 

lies between the posterior surface of the lens and the anterior surface of the retina. Its 

main functions are to support and inflate the eye; to provide nutrients and eliminate 

cellular waste; and to maintain the vitreous pressure. Studies in monkeys showed that 

during accommodation, the vitreous pressure increases while the anterior chamber 
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pressure (IOP) decreases such that a pressure gradient across the lens is present 

(Young,1981). 

 
1.2.2.5 Retina 

 

The retina is the innermost layer of the eye consisting of light sensitive tissue. Light 

striking the retina is converted into nerve impulses sent to the brain via the optic nerve 

(Reno, 2010). 

 

1.3 OCULAR BIOMECHANICS 

 

Regardless of advanced experimental and clinical methods some visual mechanisms still 

remain generally unknown. Ocular biomechanics represents a subset of the field of 

biomechanics related to human eye. By definition, biomechanics combines the laws of 

physics, applied mathematics and engineering concepts to study a biological 

phenomenon, describe parts in motion, couples associated and the forces acting upon 

them during activity. This systematic biomechanical approach has numerous advantages; 

particularly, this treatment has been very successful in the understanding of physiological 

processes. 

 

As any other biological entity the eye also needs to perform a series of complex and 

interrelated activities in order to work adequately and sufficiently. If any of these 

activities is somehow altered, the entire system may suffer. (Moreover, some of the 

treatments used to correct a given anomalous condition interfere with present eye 

activities, partially modify them and, thus, may cause unwanted secondary effects.). 

Studying the various ocular phenomenon is of great medical relevance for the 

understanding of these processes and their treatments, their causes and also the 

consequences. A detailed investigation on the functioning of primary eye systems is not 

only important for the clinical ophthalmologic practice, but also crucial for general 

concepts of human eye. Such ocular biomechanical studies provide a platform for the 

correct explanations for normal as well as diseased pathological performances and thus 

show directions for diagnostics and treatment of some ocular abnormalities thus reducing 

the scope for a riskful surgery. 

 

The combination of various experimental studies, both in vivo and in vitro, and 

mathematical descriptions of phenomena is of invaluable help to analyze and explain the 

visual mechanisms and gain a better insight into ophthalmologic conditions. Important 

data, provided by experiments, are interpreted within the context of an analytical 

framework, while theoretical simulations are used to test the consistency of sets of 

previous experimental measurements, suggesting where further laboratory studies are 
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needed. Numerical analysis has been helpful in the understanding of biomedical 

processes by means of computer simulations. Other major contributions brought to the 

medical community by computational facilities include the ability to analyze, manage and 

visualize vast amounts of data. The integration of these techniques has become widely 

accepted as investigative tools for systematic analyses. 

 

A detailed review of literature has been provided in the next chapter. 

 

 

 

 

1.4 ORGANIZATION OF THESIS 

 

The thesis has been organized into chapters. This present chapter introduces the 

introductory area of the complete research work.  

 In this chapter a concise introduction has been provided on the anatomy and 

physiology of human eye and various aspects of biomechanics and its 

mathematical formulation.  

 Chapter 2 contains a comprehensive Literature Survey of the full thesis which has 

supported the research methodically, technically and mathematically. 

 Mathematical formula and constitutive equations has been discussed here in this 

chapter briefly which has been further broadly described in Chapter 3 along with 

various conditions that has been applied to those equations to obtain results with 

its proper discussions according to the nature of human soft collagenous tissue. 

 Chapter 4 gives a brief summary of the Impact nature of Cornea due to impacting 

foreign projectile at various deformation speed leading to variation in resulting 

strain on the tissue. 

 The next section of the thesis has been discussed in Chapter 5that deals with the 

mathematical biomechanics for fractional order derivatives of the conventional 

viscoelastic models and the nature of the corneal tissue in accordance with the 

aforementioned models. 

 Chapter 6 discusses the experimental rig for the development and synthesis of 

Human Collagenous tissue and mechanical and morphological characterization 

and discussion of the so formed collagen composite. This chapter also discuss 

about the extraction of natural collagen from biological tissue. 

The complete research has been summarized under this heading which gives a brief but 

complete understanding and content of the present thesis. 
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2.1 LITERATURE SURVEY 

 

Eye is one of the most important sensing organs in human body and very much prone to 

various external injuries. Therefore, the study of the human eye and its various aspects 

have always been a vital topic of importance in biology related science and engineering. 

One of the major engineering challenges with the eye is its proper modeling both 

mathematical and mechanical and its further use in various constructive ways be it 

artificial lens designing or even study the impact of changes due to its mechanical 

properties. A slight change in the properties of eye predicts ocular trauma or several other 

ophthalmologic disabilities or abnormalities. Prediction of any disease specific changes 

can also be made on how the properties vary. Many a number of works including 

mathematical modeling, simulation based analysis or a direct in-vitro experimental 

pathogenesis has been done in this respect to trace out the mechanical properties and 

hence a variation in them in the past few years. In this work, we have mainly stressed on 

the similarity and differences of a human corneal structure with a conventional 

viscoelastic or partly elastic mechanical model and a newly generated fractional calculus 

model. In that regard a lot of studies have been observed showing and thus proving the 

Viscoelasticity of a number of soft tissues including human eye and also on how and why 

the fractional calculus have been preferred in this case. The theoretical computed values 

and nature can be drawn comparison with few experimental works performed lately or 

recently. 

 

The whole state of art is broadly classified into several areas of interest: as few authors 

have experimented and worked on human cornea experimentally or mathematically, 

whereas other works on viscoelastic soft tissues proves the behavior of human cornea, 

also a section of Fractional Maxwell Model also can be shown which describes how it 

can be used in modeling viscoelastic properties. 

 

2.1.1 Studies on Cornea & Its Properties 

 

Cornea of several other animals except humans has been an area of interest too in many 

literatures. Boyce et al., 2006 did a study on the viscoelastic response of bovine corneas 

characterized using in vitro load-controlled uniaxial tension. The cornea’s structural 

performance is dominated by the stroma which constitutes 90% of the cornea thickness. 

Another literature comparison was made with regard to mechanical anisotropy. 

Kampmeier et al., 2000 found that porcine corneas were stiffer along the Inferior-

Superior (IS) axis than the Nasal-Temporal (NT) axis, which is consistent with the 

present observations on bovine corneas where the effect was much less pronounced. As 

expected, the cornea exhibited significant Viscoelasticity as evidenced by: (a) asymmetry 

in the ramp loading–unloading response (b) corresponding hysteresis in the stress–strain 
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response (c) exponential recovery at low stresses after ramp cycles, and (d) time-

dependent creep behavior at a variety of hold stresses. 

 

Another work on the Viscoelastic material properties of the peripapillary sclera in normal 

and early glaucoma monkey eyes by Downs et al., 2004 had the purpose to test the 

hypothesis that changes in the viscoelastic material properties of peripapillary sclera are 

present within monkey eyes at the onset of early experimental glaucoma. It showed that 

peripapillary sclera from the early-glaucoma eyes exhibited an equilibrium modulus (7.46 

+ 1.58 MPa) that was significantly greater than that measured in normal eyes (4.94 + 1.22 

MPa; mean + 95% confidence interval, P<0.01, ANOVA). As a conclusion the long-term 

viscoelastic material properties of monkey peripapillary sclera are altered by exposure to 

moderate, short-term, chronic IOP elevations. In an investigation of the role of scleral 

creep in the axial elongation of chick and tree shrew eyes with induced myopia also 

demonstrated that In both chick and tree shrew, posterior and equatorial scleral samples 

from myopic eyes had significantly (P, 0.05) greater creep extensions than equivalent 

samples from control and normal eyes (n 5 10, each group) (Phillips et al., 2000). 

 

Hence resultantly, it can be well defined and concluded that animal cornea or scleral 

strips do exhibit time dependent anisotropic viscoelastic behavior under various abnormal 

or appropriate conditions. 

 

Next discussed section is dealing with the biomechanical properties of human and bovine 

corneas that present the similarity and dissimilarities among them both mechanically and 

property wise. Ahmed et al., 2008 and Yanjun et al., 2000 both throws light on the 

comparison between the corneas of both. Ahmed extracted Thirty seven human donor 

corneas and thirty four ex-vivo porcine corneas and tested them under inflation 

conditions to determine their short-term stress-strain behavior and long-term creep 

behavior up to 2.8 h (10,000 s). Human and porcine corneas were observed to have 

almost the same form of behavior under short and long-term loading. They both exhibited 

non-linear stress-strain behavior and reacted to sustained loading in a similar fashion. 

However, human corneas were significantly stiffer than porcine corneas. They also crept 

less under long-term loading and could sustain their stress state for longer compared to 

porcine corneas. 

 

Yanjumon the other hand directly accepted that as it is difficult to obtain human 

corneas,pig corneas are often substituted as models for cornea research. Instron apparatus 

was accounted in this case to determine the tensile strength, stress–strain relationship, and 

stress-relaxation properties of both human and bovine corneas. The work stated that the 

tensile strength and stress–strain relation were very similar but significant differences 
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between the two tissues were observed in the stress-relaxation relationship. Yanjum also 

stressed on the point that the porcine cornea relaxed much more than human cornea. 

 

In the terminology of material science, the cornea is a complex anisotropic composite 

with non-linear elastic and viscoelastic properties. It is a composite because its properties 

are determined by the interaction of disparate materials like collagen and a polyanionic 

ground substance and anisotropic because its properties are not directionally uniform. 

The cornea is also highly heterogeneous in the central to peripheral, anterior to posterior 

and rotational dimensions (William & Steven, 2006). 

 

Viscoelastic property in cornea arises from the time-dependent nature of biomechanical 

responses in biological soft tissues. And henceforth, these properties are represented by 

the phenomena of hysteresis, stress relaxation and creep. Results on the distribution of 

strain in the human cornea indicate that the strain distribution is unexpectedly non 

uniform with statistically significant variations between regions and with a minima 

occurring approximately half-way between the apex and the limbus (Thomas et al.,1997). 

Thus the anisotropic time dependent nonlinear nature of human cornea has beenstudied 

and analysed greatly which predicts the viscoelastic stress-strain response of the same 

(Nguyen et al., 2008; Khaow et al., 2014; Long & Brian, 2007,2006; Alberto,2013). 

 

Christian et al., 2009 presented three consecutive papers in the two following year on the 

Viscoelastic response of passive eye muscles in primates. The 1
st

 paper conducted an in-

vivo study of the mechanics of passive eye muscles in deeply anesthetized and paralyzed 

monkeys and static forces and consequently step responses were applied to derive the 

mechanical properties which seemed similar to various biological tissues. In the second 

and the third paper the same specimen were studied under natural elongation forces and 

concluded of the earlier discussed behavior. Works on the determination of the elastic 

moduli of human cornea clearly served our purpose in this case as it illustrated the stress-

strain time dependent nature of cornea and hence demonstrated the viscoelastic nature of 

the tissue which is the most important surveying topic in this work (Friberg and 

Lace,1988;Ahmed and David, 2007;Hsichun et al., 1996). 

 

Two more important factors to be kept in mind while modeling human cornea are the 

elasticity and viscosity of the muscles which combines to produce the time dependent 

viscoelastic nature actually (Nguyen et al., 2008). Change in either of them deflects the 

normal behavior thus giving rise to the unwanted error of hysteresis; accordingly change 

in the mechanical properties of elasticity and viscosity produces change in hysteresis. 

Low hysteresis can be associated with either high elasticity or low elasticity, depending 

on the viscosity (Dianne at al., 2007). 
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2.1.2 Studies on Viscoelasticity 

 

That viscoelastic property prevails in biological soft tissues have been proved and 

explained by many a works. Lee & Bok in their book mentioned of an experimental work 

to assess instrumentation and methods for measuring the pressure and deformation of soft 

body tissues, mainly points to the rate dependent viscoelastic anisotropic properties of 

biological soft tissues and hence design and testing of a viscoelastic testing instrument 

consisting of a centre indenter. This determination and study of the Viscoelasticity of the 

soft tissues helped in evaluation of skin and other soft tissue damage from mechanical 

causes including edema, ulceration & necrosis. 

 

Zhang, 2005 also proposed such a piece of work where he postulated a new method for 

evaluating the viscoelastic properties of biological tissues such as tendons and ligaments. 

This method obtains the complex modulus of these tissues to characterize their 

viscoelastic properties. With this method, the stresses and strains measured in time are 

first transformed (using FFT), and the complex modulus is then obtained. The complex 

modulus contains sufficient information about the viscoelastic characteristics of the 

biological tissues. With this method, the mechanical properties of biological tissues can 

be measured without making prior assumptions regarding their structures, and the 

measurements can be made in real time. In another study based on measurement of the 

elastic properties of blood vessels the proposed method was based on the deformation of 

the Polyvinyl alcohol (PVA) samples representing artificial networks of arteries as well 

as on the applied stress inducing the deformation and it was concluded that the modulus 

of elasticity of blood vessels being three times larger than the modulus of elasticity of 

PVA, it is thus possible to derive mechanical properties of blood vessels (Ilic et al.,2005). 

 

As a result Viscoelasticity was noticed even as a non-uniform change in elasticity in 

collapsible blood vessels and that did have some effect or the other on the pathology 

(Tracy & Gary, 2000). A change in blood Viscoelasticity can also be observed during a 

cardiac surgery (Thurston et al., 1989). Other examples of viscoelastic soft tissues can be 

those of muscles (Levin & Wyman, 1927), lung tissues (Béla et al., 1994), brainstem 

(Ning et al., 2006), aortic valves (Grashow et al., 2006), pericardium (Sacks, 2000) and 

articular cartilage (Hayes and Mockros, 1971). 

 

2.1.3 Studies on Fractional Model 

 

The growing utility and field of fractional mathematical modeling specifically Fractional 

Maxwell Modeling (FMM) for viscoelastic behavior exhibiting tissues and objects have 

significantly increased in the past few years. Fractional derivative model has been 

proposed for modeling viscous dampers by a number of literatures. 
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Among them as for example, Markis et al., in 1991 presented a paper where A fractional-

derivative Maxwell model is proposed for viscous dampers, which are used for vibration 

isolation of piping systems, forging hammers, and other industrial equipment, as well as 

for vibration and seismic isolation of building structures. The proposed model is 

validated by dynamic testing and very good agreement between predicted and 

experimental results is obtained and results obtained are useful to the design of vibration-

isolation systems (Lewandowski & Chorazyczewski, 2010). 

 

Similar works by Lyan et al., 2012 also proves how the model can be validated to model 

non-linear viscoelastic dampers used in seismic isolation. Cumulatively the fractional 

calculus modeling does not only help in precisely describing time dependent nature of 

any objects but also provides a few advantages over generalized models including 

incorporating lesser number of parameters, easy access and solution by various 

mathematical formulations such as Laplace Transform, Fourier Transform etc. 

(Vasily,2008; Lili et al., 2013; Magdy et al., 2013; Jiaguo & Mingyu) 

 

Studies on the stress relaxation Modulus and mechanical properties of PMMA and PTFE 

(Plymethylmethacrylate and Polytetrafluorethylene) has been carried out, pointing out 

that there exists not only one time of relaxation as the classic Maxwell model predicts but 

two distributions of relaxation time which can be approached by using a fractional 

Maxwell’s model in which the stress appears as two non-integer order derivatives of the 

strain. 

 

The two polymers studied in the article by Hernández-Jiménez et al., 2001, present a 

clearly viscoelastic behavior where the deformation of the sample is not instantaneous 

when applying a load and as a consequence, after the initial deformation process, if we 

keep the total strain constant, the plastic deformation of the sample increases and the 

value of their elastic deformation decreases and therefore the stress also decreases — the 

phenomenon of stress relaxation. 

 

Kai & Ke in 2011 made a further study on the works of Jiménez and hence postulated 

more appropriate fractional parameters that fit experimental data appropriately. 

 

Articles based on viscoelastic fluid modeling showed the use of fractional model mostly, 

be it a periodic unidirectional flow (Hayat et al., 2004) or a non-periodic viscoelastic 

fluid flow. The fractional derivative Maxwell model is an advanced model for analyzing 

the oscillating flow. It is obtained by replacing the time derivative of the integer order of 

the Maxwell model with the Riemanne Liouville fractional calculus operators. This 

generalization allows one to define precisely non-integer order derivatives for different 
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materials. Moreover, experimental research has illustrated that a better agreement of the 

experimental data could be achieved with the fractional Maxwell model than the ordinary 

Maxwell model (Makris, 1991; Dao and Ti, 1998). 

 

With the fractional Maxwell method, Tan et al., 2003 studied four unsteady flows of a 

viscoelastic fluid between two infinite parallel plates. Hayat et al., 2004 also took the 

fractional Maxwell model into account and discussed three types of unidirectional flows 

which were induced by general periodic oscillations of a plate. 

 

Yin and Zhu, 2006 solved the oscillating flow of a viscoelastic fluid in a pipe with the 

fractional derivative Maxwell model. Qi and Xu, 2007 calculated the unsteady flow of the 

viscoelastic fluid in a channel. Jia and Hua, 2008 investigated the oscillating flow in a 

pipe with a simpler and clearer technique solving the fractional derivative Maxwell 

method, instead of the Laplace transform and inverse Laplace transform used by Yin and 

Zhu. 

 

Fractional derivative Maxwell Model also helped in the study oscillating flow in rolling 

motion (Yan et al., 2011) and also in a pipe (Youbing & Zhu, 2006). 

 

The continuous wavelike muscle contraction and relaxation of the physiological vessels 

such as oesophagus, stomach, intestines, sometimes in the ureters, and blood vessels 

(arteries, veins, capillaries etc.) and other hollow tubes i.e., the peristaltic flow of 

viscoelastic fluid has been considered with the Fractional model as well. Tripathi et 

al.,2010 discussed the effect of relaxation time, fractional parameters and amplitude on 

the pressure difference and friction force across one wavelength for such a peristaltic 

viscoelastic fluid flow. Another paper presented by Tripathi in 2011 presented the effect 

of endoscope on peristaltic transport of fractional Maxwell fluids through the gap 

between two concentric uniform tubes under the assumptions of large wavelength and 

low Reynolds number. 

 

Unsteady flows due to a constantly accelerating plate (Corina et al., 2009), in any 

channel (Haitao&Mingyu, 2007), in a pipe (Yang & Zhu, 20190), between two side walls 

perpendicular to a plate (Vieru et al., 2008), between two parallel plates (Tan et al.,2003), 

between two cylinders (Muhammad et al., 2012) have also been proposed and modeled 

by Fractional approach and hence the Fractional Maxwell Model has been incorporated. 

 

2.1.4 Studies on development of Corneal composite 

 

Recently there is an emergence in the field of synthesizing corneal substitute by various 

researchers. Cadaver eyes have a major problem of physiological auto rejection which 
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may lead to various medical problems which may lead to serious fatality to the patients. 

So, the idea of corneal scaffold has come to light to provide better biocompatibility and 

minimal rejection issues. 

 

In 2004, Liu with the research team developed a simple crosslinked collagen composite. 

In this research, 10%Porcine type I collagen with pH around 5, was mixed with 1-ethyl-

3-(3-dimethylaminopropyl) carbodiimide (EDC) and N-hydroxysuccinimide (NHS). The 

homogenous solution was cured to corneal dimensions and implanted into rabbits and 

minipigs by lamellar keratoplasty. A follow up of the implant has been done up to 6 

months after surgery. The cross linked collagen showed better clarity than the original 

tissue and post-surgical physiological issues were minimal. Whereas the cross linked 

collagen enhanced growth of cells on the scaffolds and there was no loss in the thickness 

of the implanted scaffold and had better host and graft interaction. Liu W. in 2008 

developed a transparent hydrogels as corneal substitutes from concentrated recombinant 

human type I and type III collagen solutions crosslinked with 1-ethyl-3-(3-dimethyl 

aminopropyl) carbodiimide (EDC) and N-hydroxysuccinimide (NHS). It has been 

observed that in this case also the product so formed has superior clarity when compared 

with original tissue. Both type I and type III hydrogels showed cell growth and 

proliferation which is a desirable characteristic of a scaffold which also showed 

commendable strength and elasticity for surgical issues. These synthetic cornea had been 

implanted in minipigs which were kept under follow up for 12 months and it had been 

noticed that the optical clarity remain unchanged with regeneration of new cells, nerves 

and tear films. 

 

Hybrids were synthesized from collagen and silica derivatives and cured to corneal 

dimensions by DiVito in 2012. The structural characteristics had been studied by SEM 

and mechanical strength was measured using suture pullout tests. The refractive index 

and transmittance were measured by using an Abbe refractometer and a 

spectrophotometer. The material formed was further implanted in rabbits to analyze the 

cell growth rate and epithelialization in culture medium. In the full study it had been 

observed that this artificial cornea can mimic the original corneal tissue in a superior 

way. Further in 2015, Hayes et al. crosslinked recombinant human collagen type III 

(RHCIII) with and without 2-methacryloyloxyethyl phosphorylcholine (MPC) and 

characterized for their nanostructural behavior in TEM, XRD, Spectroscopy and 

refractometry. TEM showed that loose bundles of fine collagen filaments were present 

within both RHCIII and RHCIII-MPC implants, which X-ray scattering showed to lack 

D-banding. Due to high water content (90%), very fine collagen filaments (2–9 nm) and 

lack of cells, the collagen hydrogels transmitted almost all light incident on it in the 

visible range. They also transmitted a large proportion of UV light compared to the 

corneal tissue.  
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CHAPTER 3 
NUMERICAL FOUNDATION 
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3.1 ELASTICITY 

 

In physical science, elasticity is the inbuilt property of solid materials (called elastic 

materials) to return to their initial shape after being deformed. Solid objects will deform 

when forces are applied on them. If the material is elastic, the object will return to its 

original shape and size when the forces are removed. The loading and unloading stress-

strain curves of a linear elastic material are identical implying no hysteresis. Additionally, 

the elastic nature of the deformation implies that there is no residual strain in the material 

upon complete unloading and that the stress-strain curve is not affected by the loading 

rate. 

 

In engineering, the amount of elasticity of a material is determined by two types of 

material parameter. The first type of material parameter is called modulus which 

determines the amount of restoring force per unit area (i.e. stress) needed to produce a 

given amount of deformation. A higher modulus typically indicates that the material is 

harder to deform. The second type of parameter measures the elastic limit. The limit can 

be a stress beyond which the material no longer behaves elastic and permanent 

deformation of the material will take place. If the stress is released, the material will 

elastically return to a permanent deformed shape instead of the original shape. 
 
3.1.1 Linear Elasticity 

 

Linear elasticity accounts for the linear relationship between the stress and strain 

components of a solid material during small deformation (e.g. spring). Most elastic 

materials exhibit linear elasticity and can mathematically be described by a linear relation 

between the stress and strain (i.e. time independent equation). This relationship is given 

by Hooke's law. Which states that, within the elastic limit, of a deforming body, stress is 

directly proportional to strain, i.e., stress/strain = constant. This „constant‟ is the modulus 

of elasticity.  
Mathematically, it can be expressed as: 

 
 

3.1.2 Nonlinear Elasticity 

 

Many a cases arises when the material remains elastic everywhere, but the stress strain 

relationship is nonlinear. As for example, a beam under simultaneous lateral and end 

loads. 
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3.2 HISTORY OF VISCOELASTICITY 

 

In the late nineteenth century, physicists such as Maxwell, Boltzmann and Kelvin 

researched and experimented with creep and recovery of glasses, metals and rubbers 

(McCrum et al., 2003). In the late twentieth century, Viscoelasticity was further 

examined when synthetic polymers were engineered and used in a variety of applications. 

Depending on the relationship between rate of change of strain and stress applied inside a 

material, viscosity can be categorized as having either a linear, non-linear or even a 

plastic response. In case of a linear response the material is categorized as a Newtonian 

material, where the stress is linearly proportional to the strain rate. On the other hand, a 

Non-Newtonian material is categorized as those having a non-linear relationship between 

strain rate and stress applied. An interesting case appears when the viscosity decreases as 

the strain rate remains constant. Material exhibiting this type of behavioral properties is 

known as thixotropic (Meyers and Chawla, 2009). Plastic deformation occurs when the 

stress is independent of the strain rate. Practically none of the materials we see around us 

are purely Hookean. Materials do deviate from properties of being a pure elastic or 

viscous material, and possesses aspects of both. Thus the concept of Viscoelasticity has 

emerged as a practical case. Viscoelastic materials are those, for which the stress strain 

relationship is time dependent. 

 

3.2.1 Viscoelasticity 

 

Viscoelasticity is that property of materials which when undergone deformations exhibits 

both elastic and viscous characteristics. As for example, honey being a viscous material 

resists shear flow and strain linearly with time when deformation is applied. On the other 

hand elastic materials return to its original shape and size once strain is removed. 

Viscoelastic materials are such that exhibit properties of both these materials and have 

elements of both of these properties and as such show time-dependent deformation. 

Viscosity is the result of diffusion of atoms or molecules inside an amorphous material, 

whereas elasticity is usually the result of bond stretching along crystallographic planes in 

an ordered solid (Meyers and Chawla, 2009). 

 

Almost all materials show some viscoelastic response. In common metals such as steel or 

aluminum, as well as in quartz, at room temperature and at small strain, the response does 

not deviate much from linear elasticity. Some of the human tissues also display 

significant viscoelastic characteristics in some respect or the other. Some examples of 

viscoelastic materials include amorphous polymers, semi-crystalline polymers, 

biopolymers, metals at very high temperatures and bitumen materials. When the strain is 

applied quickly and outside the elastic limit, then cracking occurs. Ligaments and tendons 



Numerical Foundation//Chapter 3 
 

 
28 

 

are viscoelastic, so the extent of the potential damage to them depends both on the 

velocity of the change of their length as well as on the force applied. Here we will discuss 

and deal with Viscoelasticity of eye muscles or the corneal Viscoelasticity. Figure 

3.1illustrates of the Linear Elastic Behavior with Full Energy Recovery,  & Non-Linear 

rate-dependent Viscoelastic Behavior. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.3.1: (a) Illustration of the Linear Elastic Behavior with Full Energy Recovery, 

(b) Non-Linear rate-dependent Viscoelastic Behavior 

 

3.2.2 Few Viscoelastic Soft Tissues 

 

Mechanical properties of few soft tissues of human body need to be discussed about in 

this respect and also state few viscoelastic property showing soft tissues. The stretch and 

time-dependent behavior of biological tissues has been widely investigated by means of 

number of experimental tests. For example, Hingorani et al., 2004, Bonifasi-Lista et al. 

,2005 and Peña et al., 2008 found that ligaments exhibit a clear nonlinear 

viscoelasticresponse. They also found that the creep rate depends on the applied stress 

and that the relaxation rate depends on the applied stress. Silver et al., 2003 found a rate 

dependent mechanical behavior of the porcine aorta, vena cava and carotid artery. Other 

authors found time-dependent material behavior of blood vessels (Humphrey, 1995), 

cornea (Pinsky and Datye, 1991), brainstem (Ning et al., 2006), aortic valves (Grashow et 

al., 2006), pericardium (Sacks, 2000) and articular cartilage (Hayes and Mockros, 1971). 

Hence it can be concluded from their works that soft tissue behavior of human body 

actually describes a time dependent response and hence to some extent or the other is 

viscoelastic. A review article on Mechanical Properties of Human Body Soft Tissues by 

Mukherjee et al. focuses on the soft tissues located mainly in the head, neck and 

spine.The tissues studied include brain tissues, scalp tissues, ligaments in cervical spine, 

neck muscles and spinal soft tissues. They also concluded that, non-linear Viscoelasticity, 



Numerical Foundation//Chapter 3 
 

 
29 

 

anisotropy & also rate dependency needed to be kept in mind and hence well 

characterised while modeling the mechanical nature of the tissues. 

An experimental work to assess instrumentation and methods for measuring the pressure 

and deformation of soft body tissues, mainly points to the rate dependent viscoelastic 

anisotropic properties of biological soft tissues and hence design and testing of a 

viscoelastic testing instrument consisting of a centre indenter. This determination and 

study of the Viscoelasticity of the soft tissues helped in evaluation of skin and other soft 

tissue damage from mechanical causes including edema, ulceration & necrosis. 
 
Besides these few works, a number of works can be cited in this respect depicting the 

viscoelastic nature of bones (Tara et al., 2011), human fasciae under extension 

(Chaudhry et al., 2007) and even on the blood vessels. 
 
3.2.3 Properties of Viscoelastic Materials 

 

As mentioned earlier, viscoelastic materials exhibit both viscous and elastic 

characteristics when undergoing deformation (the viscous element being a dashpot and 

the elastic element being the spring). As the stress-strain relationship for a viscoelastic 

material is time dependent, there are three important and distinct properties of these types 

of materials: stress relaxation, creep and hysteresis. 

 

3.2.3.1 Stress Relaxation 
 
Let a constant strain ɛ0 is given as an input to a material starting from time t0. As the 

stress strain relation is time-dependent, the resulting time-dependent stress σ(t) gradually 

decreases until a plateau is reached at some other point of time. The stress function G(t) 

resulting from unit step strain (ɛ0=1) is referred to as the Relaxation Modulus (Fig.3.2). 

This property is mostly seen in viscoelastic solids, which gradually relax and reach an 

equilibrium stress greater than zero, i.e, 

 
On the other hand for viscoelastic fluids, the stress vanishes to zero, i.e, 

 
 

 

 

 

 

 

 

 

Fig.3.2: (a) Unit Strainɛ0applied at an instant of time t=t0, (b) Decreasing Stress 

nature Resulting from unit strain which is time dependent σ (t) and initiates too from 

t=t0 thus showing Relaxation 
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3.2.3.2 Creep Compliance  

 

For a constant stress σ0 as input to the material from time t0, the resultant time-dependent 

strain is a gradual increasing one. The resultant strain function Ј(t) from unit step stress 

(σ0=1) is referred to as the Creep Compliance (Fig.3.3).  

 

For a viscoelastic solid, the resultant strain increases until it reaches a non zero value 

equilibrium value, i.e, Limt→α Ј(t) = Јα > 0 For viscoelastic fluids, the resulting strain 

increases continuously, without bound as time increases. 

 

 

 

 

 

 

 

 (a) (b) 

 
Fig.3.3: (a) Unit Stressσ0applied at t=t0, (b) Strain Behavior Resulting from unit 

Stress which is increasing in nature showing creep 

3.2.3.3 Hysteresis 

 

For a viscoelastic material, in the stress strain curve, loading process differs from that of 

unloading. For a purely Hookean elastic solid, loading and unloading path does not vary 

and hence follows a straight line path in the stress strain curve as shown in Fig.3.4 (a). On 

the other hand, for any viscoelastic solid (a Kelvin-Voigt solid as shown in Fig.3.4 (b)) 

the loading and unloading path can be well differentiated. This property is known as 

hysteresis of the material and a viscoelastic solid exhibits this characteristic property. 

 

  

 

Fig 3.4: Curves or elastic Model and Viscoelastic Model 
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Study of the field of continuum mechanics is important in understanding the behavioral 

nature of materials which acts as a continuous medium and fills an occupied space 

completely. Continuum mechanics branch of mechanics deals with the analysis of the 

kinematics and the mechanical behavior of materials which are modeled as a continuous 

mass rather than as discrete particles. There are a number of interesting applications 

where modeling of elastic and viscoelastic materials is fundamental. 
 
3.2.4 Modeling of Viscoelastic Properties 

 

In order to mathematically simulate the viscoelastic behavior materials, rheological 

models comprising of springs and dashpots can be constructed as shown in Fig. 3.5. In 

linear viscosity analysis, parameters associated with the various elements are considered 

to be constant. However, for more complex materials, they may also be formulated as 

non-linear functions. 

 
 

Fig. 3.5: (a) Spring Element (Elastic) & (b) Dashpot Element (Viscous) 

 

The linear spring is an elastic element with a constant of proportionality of  (co-efficient 

of elasticity) between the stress and strain. The linear dashpot is a purely viscous 

element with a proportionality constant 1/η (η= coefficient of viscosity) between the rates 

of strain to the applied stress. 

 

Spring Element: The behavior of linear elastic solid can be represented by a linearspring 

having stiffness  described by the following constitutive relationship: 

 
Where, Ј is the compliance of the material. 

 

Dashpot Element: The linear viscous behavior of solid/fluid is represented by linear 

dashpot, representing a piston moving in a viscous fluid having a particular viscosity (in 

this case say, η), which again follows the following constitutive relationship: 

 
There are various models describing the viscoelastic behavior of a material. But, there are 

two basic conventional models that can be used to describe Viscoelasticity in terms of 

simplicity, efficiency and ease in mathematical modeling. Various other viscoelastic 
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models are mostly derived from these two basic traditional models either applying a 

fractional calculus approach or by various other series-series, series-parallel or even 

parallel-parallel arrangement of K-V or Maxwell element with each other or with the 

individual spring or dashpot elements. 

 

3.2.5 Kelvin-Voigt Model 

 

The Kelvin-Voigt or simply Kelvin or the K-V model consists of a spring having 

modulus and a dash- pot with viscosity η, coupled in parallel, as shown in Fig.3.6. 

Another very significant name of it is that it is an Iso-strain model. The name itself 

explains the strain distribution in the model. The deformation (𝜀) is equal in both the 

arms of the model, however high stress (𝜎) is applied. The reason behind this type of 

strain distribution is the parallel connection of the arms and hence the name. 

 
Fig. 3.6: Kelvin Voigt Viscoelastic Model 

 

As the strain experienced by both the elastic and the viscous element is same, it can be 

written that: 

𝜀𝑠𝑝𝑟𝑖𝑛𝑔 = 𝜀𝑑𝑎𝑠h𝑝𝑜𝑡 = 𝜀 

 
The governing differential equation for the Kelvin Voigt model can be thus constructed 

as: 
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In this case the deformation of the viscous element is restricted by the deformation in the 

spring & hence the dashpot cannot undergo a continuous deformation & for this reason 

this model describes the nature of a viscoelastic solid. 

 

 

3.2.6 Maxwell Model 

 

The Maxwell model consists of a spring of modulus and a dashpot with viscosity 

η,coupled in series, as shown in Fig.3.7. This model is also known by the name Iso-stress 

model. Similarly as in K-V Model where the strain is uniform, in this model it is the force 

or the stress which is uniform in the arm of the model being series in connection. 

As the stress applied remains same, it can be written that: 

 

 
 

The governing equations can be constructed as: 

 

 
 

 
 

 
 

 
 

 
 

 

Fig. 3.7: Fractional Maxwell Model 

 

As the K-V Model describes the nature of a viscoelastic solid, similarly in case of the 

Maxwell Model, the dashpot keeps on deforming as long as the force exists. Thus, this 

model behavior is more like a fluid than solid & hence named as the viscoelastic solid 

model. 

 

 



Numerical Foundation//Chapter 3 
 

 
34 

 

3.3 FRACTIONAL CALCULUS 
 
In the recent years, fractional calculus has appeared as an important tool to deal with a 

number of mathematical problems associated with different fields such as physical, 

chemical or even mechanical modeling of various aspects including biological and even 

aerospace fields. 
 
Fractional calculus is a branch of mathematical analysis that studies the possibility of 

taking real number powers or complex number powers of the differentiation operator D, 

and the integration operator J. Fractional Calculus was born in 1695. It was G.F.A. de 

L’Hôspital (1661–1704) who 1
st
 raised the question as to what the consequences and 

solution would be if the order of a differential equation be n=1/2. An important point is 

that the fractional derivative at a point x is a local property only when a is an integer; in 

non-integer cases we cannot say that the fractional derivative at x of a function f depends 

only on values of very near x, in the way that integer-power derivatives certainly do. 

Therefore it is expected that the theory involves some sort of boundary conditions, 

involving information on the function further out. To use a metaphor, the fractional 

derivative requires some peripheral vision. As far as the existence of such a theory is 

concerned, the foundations of the subject were laid by Liouvillein a paper from 1832. The 

fractional derivative of a function defined by the Riemann-Liouville Fractional 

Differential Operator to order α is often now defined by means of the Fourier or Mellin 

integral transforms. 

 

Let us assume f(x) is a monomial of the form:  

 

 
 

The 1
st
 derivative is as usual: 

 
 

Repeating this gives the more generalized form: 

 

 
 

For k=1 and a= ½, we obtain the half derivative of the function x as 

 

 
 

 

https://en.wikipedia.org/wiki/Mathematical_analysis
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Complex_number
https://en.wikipedia.org/wiki/Derivative
https://en.wikipedia.org/wiki/Boundary_condition
https://en.wikipedia.org/wiki/Peripheral_vision
https://en.wikipedia.org/wiki/Liouville
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Repeating the process: 

 
 

Now this result is the predicted result of  

 

 
 

For a general function f(x) and 0< <1, the complete fractional derivative is, 

 

 
 

For arbitrary α, since the gamma function is undefined for arguments whose real part is a 

negative integer and whose imaginary part is zero, it is necessary to apply the fractional 

derivative after the integer derivative has been performed. For example, 

 

 
 

3.3.1 Fractional Maxwell Model (FMM) 

 
In the field of fluid biomechanics, the non-Newtonian fluids are being considered more 

important and appropriate in technological applications as compared with the Newtonian 

fluids. In many fields, such as food industry, drilling operations and bio-engineering, the 

fluids, either synthetic or natural, are mixtures of different stuffs such as water, particle, 

oils, red cells and other long chain molecules; this combination imparts strong non-

Newtonian characteristics to the resulting liquids; where the viscosity function varies 

non-linearly with the shear rate; elasticity is felt through elongation and time-dependent 

effects. Large classes of real fluids do not follow the linear relationship between stress 

and the rate of strain. Because of the non-linear dependence, it is much more difficult to 

obtain the exact analytic solutions for the flows of the non-Newtonian fluids. In these 

cases, the fluids have been treated as viscoelastic fluids. Because of the difficulty to 

suggest a single model which exhibits all properties of viscoelastic fluids, they cannot be 

described as simply as Newtonian fluids. For this reason, many models or constitutive 

equations have been proposed and most of them are empirical or semi empirical. One of 

the simplest types of models to account for the rheological effects of viscoelastic fluid is 

the Maxwell model. 
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Due to the recent popularity and success of fractional calculus, it has successfully been 

used in the description of the complex dynamics. Surprisingly, it has been proved to be a 

valuable tool to handle viscoelastic properties in particular. The starting point of the 

fractional derivative model of non-Newtonian fluid is usually a classical differential 

equation being modified by replacing the time derivative of an integer order by the so-

called Riemann–Liouville fractional calculus operator. Hence the success of using the 

fractional calculus and hence the Riemann-Liouville fractional operator has been also 

proved in the study of flows of a viscoelastic fluid between two co-axial cylinders by 

using Weber Transform and Inverse Laplace Transform to obtain the exact solutions 

(Haitao and Hui, 2006). Work by Tan et al., 2003established exact solutions for a class 

of unsteady flows of a viscoelastic fluid with this fractional derivative Maxwell Model 

between two infinite parallel plates. Fractional-derivative Maxwell model has also been 

proposed for viscous dampers, which are used for vibration isolation of piping systems, 

forging hammers, and other industrial equipment, as well as for vibration and seismic 

isolation of building structures (Markis and Constantinou, 1991).  
The constitutive governing equation of Fractional Derivative Maxwell Model (FDMM) 

or the Fractional Maxwell Model (FMM) is given by (Hayat et al., 2004; Tripathy et 

al.,2010; Yan et al., 2011; Haitao and Mingyu, 2007): 

 
 

Where  is the time dependent stress, is the sheer modulus,  is the relaxation time, 

given by 

 
 

And 𝛼 𝛽 are the fractional calculus parameters such that 0 ≤ 𝛼 ≤ 𝛽 ≤ 1. For 𝛼>𝛽 

relaxation function is increasing, which is, in general, not reasonable. While 𝛼 = 𝛽 = 1, it 

may be simplified as the ordinary Maxwell model & for 𝛼 =0; 𝛽 =1, it may be simplified 

as the classical Newtonian fluid. A further modeling of FMM and the physics behind it 

has been made in the Mathematical Modeling chapter. 

 

3.3.2 Fractional Maxwell Model 

 

Flourishing of fractional calculus in research has been noticed recently as there are lots of 

positive aspects behind the invention. Similarly fractional Maxwell Model has also 

emerged as a promising scope in the fields such as mechanics, biology and a lot more. In 

this paper the human corneal viscoelastic nature has been also tried to be modeled using 

this specific mathematical method. Most of the works in the history of researches on the 

nature and behavior of human eye and the associated tissues are either experimental or 
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simulation based. Not much work has been studied where the biological soft tissues of 

human eye have been tried to give a mathematical design and specially using the 

fractional calculus. The immediate question that arises in this context is that why the 

Fractional Calculus in this especially over the other conventional and particularly 

viscoelastic models have been chosen? A clear clarification to this curiosity can be 

described by two main points, viz.: 

 

A. Drawbacks of Conventional Methods: The 1
st
section deals with the drawbacks of 

the conventional viscoelastic models. It needs to be mentioned in this regard that 

the two initial models, the Kelvin-Voigt Model and the Maxwell Model shows 

some limitations while describing a purely anisotropic, non-linear, time dependent 

viscoelastic behavior. As already mentioned, K-V Model realizes more of a 

viscoelastic solid behavior than liquid, whereas Maxwell Model depicts more of a 

viscoelastic fluid nature. The foremost reason behind this nature discrimination of 

the models is due to the parallel and series arrangement of the elastic and viscous 

components in the model design. This behavioral property of the models restricts 

it to define the soft tissue of human cornea as it shows properties of both solid and 

fluid Viscoelasticity. Besides the K-V Model is unable to show any instantaneous 

deformation due to the absence of a purely elastic element and the change in 

length of the spring element remains a function of the movement of the viscous 

element being an Iso-strain model. In spite of these limitations a purely K-V 

Model element describes the corneal Viscoelasticity to some extent and realizes 

the predicted nature of curve that needs to be obtained ideally. This section has 

been included and proved right in this paper by performing a simulation based 

derivative equation solving in a 2-D cornea structure in COMSOL 

MULTIPHYSICS 4.3.The Standard Linear Solid (SLS) models on the other hand 

comprises of either a series or parallel coupling of either of the two models with 

either of the spring or the dashpot element as shown in Fig.3.8. These models 

somehow cannot facilitate a clear demarcation between a purely elastic and a 

purely viscous element thus lacking the ability to describe our desired nature. 

 

 
Fig. 3.8: Standard Solid Models: (a) Elastic Element in series with K-V element, 

 (b) Viscous Element in Series with K-V element 
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As moving on to the so called Maxwell Viscoelastic Model, a lot of limitations on 

the way have been noticed. Firstly, the Maxwell Model is a series combination of 

a spring and a dashpot, as a result when a stress is applied, the deformation of the 

spring occurs instantaneously and thus overcomes the limitation of the K-V 

Model, but as far as the dashpot is concerned, the deformation takes place in a 

very sloth manner due to the viscosity of the dashpot fluid. As a result, the creep 

in the system is continuous. It takes a prolonged time span the system to attain 

stability. Another vital disadvantage with this model is hysteresis which is a 

highly undesired error of any system. After the force is released, the Maxwell 

element cannot fully regain from its point of deformation and hence a small 

degree of deformation retains in the body. Thus the path of loading and unloading 

is different for the system. These two drawbacks cannot be overcome in case of 

human eye as it has a specific value of elastic limit, viscosity and also relative 

density and the viscous element cannot be chosen to have a high co-efficient of 

viscosity in the model. That the Maxwell Model does not clearly mimics the 

nature of human eye stress-strain behavior and carries a large demarcation with 

the practical case, is further computed and shown in the following chapters. 

 

B. Advantages of Fractional Maxwell Model: Fractional calculus as already 

discussed is preferred over other mechanical models due to its simplicity and also 

lesser number of parameters. While defining nature of corneal muscles this model 

has been preferred in this work as well due to its versatility. Corneal elastic and 

viscous properties cannot be isolated and hence shows a combinational behavior. 

The degree of elasticity and viscosity provides the strength of viscoelastic or 

plastic nature in the eye muscles. This degree can be well identified by the 

fractional model by a proper selection of the fractional order parameters α & β. 
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CHAPTER 4 
IMPACT ANALYSIS 
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4.1 IMPACT MECHANICS 

 
Impact is defined as a sudden contact of a moving body with a motionless barrier, or a 

body of much larger size (Gregory, 2010). It is concerned with the reaction forces that 

develop during a collision and the dynamic responses of the structures to these reaction 

forces (Strong, 2004). 

The dynamic energy in a moving object, like falling ball or dust particles can be 

expressed as 

 
Where, E is dynamic energy in joules, m is the mass in kg and v is the velocity in m/s.  

Work done by an impact force in slowing down the object can be expressed as 

W = F.s 
where W is the work done in joules, F is the slowdown force in newton and s is the 

slowdown distance in metre. In an impact like a crash, the dynamic energy from the 

object is converted to work done. The equation can be expressed as, 

 
The slowdown distance (s) is very important and a key to limit the impact forces acting in 

crashes. 

 

4.2 IMPORTANCE OF IMPACT TESTING 

 
Impact testing is testing an object's ability to resist high-rate loading. An impact test is a test 

for determining the energy absorbed in fracturing a test piece at high velocity. Most of us 

think of it as one object striking another object at a relatively high speed.  

 

Impact resistance is one of the most important properties for a part designer to consider, and 

without question, the most difficult to quantify. The impact resistance of a part is, in many 

applications, a critical measure of service life. More importantly these days, it involves the 

perplexing problem of product safety and liability. Impact test determines the amount of 

energy absorbed by a material during fracture. This absorbed energy is a measure of a given 

material's toughness and acts as a tool to study temperature-dependent brittle-ductile 

transition. It is to determine whether the material is brittle or ductile in nature.  
 

A nail is pounded with a series of impacts, each by a single hammer blow. These high 

velocity impacts overcome the static friction between the nail and the substrate. A pile 

driver achieves the same end, although on a much larger scale, the method is commonly 

used during civil construction projects to make building and bridge foundations. An 

impact wrench is a device designed to impart torque impacts to bolts to tighten or loosen 

them. At normal speeds, the forces applied to the bolt would be dispersed, via friction, to 
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the mating threads. However, at impact speeds, the forces act on the bolt to move it 

before they can be dispersed. In ballistics, bullets utilize impact forces to puncture 

surfaces that could otherwise resist substantial forces. A rubber sheet, for example, 

behaves more like glass at typical bullet speeds. That is, it fractures, and does not stretch 

or vibrate. Road traffic accidents usually involve impact loading, such as when a car hits 

a traffic bollard, water hydrant or tree, the damage being localized to the impact zone. 

When vehicles collide, the damage is proportionate to the relative velocity of the 

vehicles, the damage increasing as the square of the velocity since it is the impact kinetic 

energy (1/2 mv
2
) which is the variable of importance. Much design effort is made to 

improve the impact resistance of cars so as to minimize user injury. It can be achieved in 

several ways: by enclosing the driver and passengers in a safety cell for example. The cell 

is reinforced so will survive in high speed crashes, and so protect the users. Parts of the 

body shell outside the cell are designed to crumple progressively, absorbing most of the 

kinetic energy which must be dissipated by the impact. Various impact tests are used to 

assess the effects of high loading, both on products and standard slabs of material. Ball or 

projectile drop tests are used for assessing product impacts. The Columbia disaster was 

caused by impact damage when a chunk of polyurethane foam impacted the carbon fibre 

composite wing of the space shuttle. Although tests had been conducted before the 

disaster, the size of the chunks was much smaller than that which fell away from the 

booster rocket and hit the exposed wing. 

 

4.3 CRASH SIMULATION 

 
A crash simulation is a virtual recreation of destructive crash test of a car or highway 

guard rail system using a computer simulation in order to examine the level of safety of 

cars and its occupants. During a crash simulation, the kinetic energy of the body in 

motion, that the body has before the impact is transformed into deformation energy, 

mostly by plastic deformation (plasticity) of the body material at the end of the impact. 

Modeling of human body and its dynamic problems, particularly in crash or high 

acceleration environments, has been the interests of researchers for many years. There are 

four reasons for this interest, (a) a growing number of vehicle accidents; (b) an increase 

in severity of injuries; (c) modeling of crash-victim system by surrogates (i.e. dummies 

and cadavers), is still very expensive; (d) improvements in computer hardware and 

software have increased the opportunities for crash-victim simulation (Huang, 1995).  

Crash simulations use finite element method to solve complex problems by dividing a 

surface into a large but finite number of elements and determining the motion of those 

elements over a small interval of time. 

 

4.3.1 Structural analysis: In a typical crash simulation, the car body structure is analyzed 

using spatial discretization, i.e., breaking up the continuous movement of the body in real 

time into smaller changes in position over small, discrete time steps. The discretization 
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involves subdividing the surface of the constituent into a large number of quadrilaterals 

and triangular regions, each of which spans the area between ‘nodes‘ to which its corners 

are fixed. The spatial co-ordinates (x), displacement (u), velocity (v) and acceleration (a) 

of each node is mostly expressed in a three-dimensional Cartesian co-ordinate system 

with axis X, Y, Z. If the nodes move during a crash simulation, the connected elements 

move, stretch, bend with their nodes, which cause them to impart forces and moments to 

their nodal connections. The forces and moments at the nodes correspond to the inertia 

forces and moments, caused by their translational and angular accelerations and to the 

forces and moments transmitted by the resistance of their structural material of the 

connected material as they deform. 

4.3.2 Time Analysis:A crash simulation also uses time discretization as well to separate 

the continuous changes in time into very small, usable segments. According to the 

explicit finite time difference time integration method used by most crash codes, the 

acceleration, velocities and displacements of the body are related by the following 

equations: 

 

 

 

In these equations subscripts , n, n+1 denotes past, present and future times, t, at 

half and full time intervals with time steps  and , respectively. 

4.3.3 Solution:The above system of equations is solved for acceleration, an, velocities, 

 and displacements,  at each discrete point of time, t, during the crash 

duration. 

 

4.4 OCULAR INJURY 

 
From literature, various classification of eye or ocular trauma has been known. Kuhn 

(1996) categorized eye injury into closed globe injury and open globe injury. 

 
Laceration in open globe injury includes penetrating injuries, perforating injuries and 

Intra-Ocular Foreign Body (IOFB) injuries.  
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Vinger in 1994 categorizes the mechanism of blunt ocular trauma into four major classes:  

Class 1: It is the penetration of the globe by a sharp object such as glass.  

Class 2: The second class involves ocular injuries caused by blunt objects smaller than 

the orbital opening, such as paintball  

Class 3: It is identical to class 2, except that the blunt object is larger than the orbital 

opening, such as baseballs.  

 

There are three theories that describe the injury mechanism of blunt ocular trauma: coup, 

contrecoup, and equatorial expansion (Giovinazzo, 1987). Any single mechanism or any 

combinations of these three mechanisms can cause eye injury.  

 

(i) With coup injury, all the kinetic energy is directly absorbed at the site of impact, 

which is where the localized injury occurs (Fig 4.1a). Coup injuries can range 

from mild corneal abrasions to severe retinal detachments.  

 
Fig 4.1a: Coup Injury 

 

(ii) The second theory, contrecoup injury, explains instances of tissue damage away from 

the site of blunt impact. An impact produces a line of force that propagates along this 

line, travelling across the entire globe (Fig 4.1b). Injuries can occur at tissue 

boundaries, thus the damage can occur on the optic nerve due to contrecoup.  

 
Fig 4.1b:Contrecoup resulting in a force propagating across the globe 

 (Giovinazzo, 1987) 

(iii)The third and the final theory, equatorial expansion, are most widely believed to 

produce retinal tears. The globe compresses along the line of impact and expands 
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perpendicular to the line of impact (Fig 4.1c). As the sclera expands, tension is 

produced, which can cause tearing of retina from sclera. The choroid (a layer between 

the retina and sclera) is also susceptible to separation as a result of this expansion. 

 
Fig 4.1c: Equatorial expansion occurring perpendicular to the line of impact 

(Giovinazzo, 1987) 

 

From the previous works on simulation of foreign body on cornea, it has been noticed 

that the simulation is done by either altering the size and velocity of the missile particle 

or varying the velocities of the missile particle and set to impact on cornea undergone 

PRK and LASIK surgery. 

 

The scope of the present work is to study the strain and Von-Misses stress behavior on 

the cornea of normal eye by impacting different blunt foreign bodies on the cornea 

surface using Altair Hyperworks v11.0. A simulation model of eye was set up based on 

the information of cadaver eyes done in earlier works in this domain. A three-

dimensional Finite Element Analysis (FEA) was applied for understanding and analyzing 

the impact of foreign body causing Intra Ocular Foreign Body (IOFB) injuries. Using the 

physiological parameters of human eye and data available from previous works, the 

model is constructed in AutoCAD and using the modules of Hypermesh (Altair 

Engineering, Tokyo, Japan) solid mapped mesh is created and entire preprocessing was 

done. Blunt shaped missiles were also constructed in AutoCAD. The projectile missile 

was a decahedron and was set to impact on the surface of the eye cornea with variable 

velocities to see the results of impact and plastic strains on cornea. The simulation is 

solved in RADIOSS Block 90 Format. The axial strain graphs on cornea correspondent to 

various material properties of the projectile are analyzed. 

 

4.5 MATERIAL PROPERTIES 

 
Cornea exhibits unique properties of stiffness, mechanical strength and optical 

transparency which enable it to provide protective barrier to the inner components of the 
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globe and also the primary refractive medium of the eye. The fibrous microstructure of 

the stromal layer of cornea, which in humans constitutes 90% of the corneal thickness, 

results in this unique nature of the tissue.The stromal thickness is composed of around 

200 lamellar sheets of collagen myofibrils implanted in hydrated matrix of glycoproteins, 

keratocyte cells and proteoglycans(Maurice, 1957). Cornea exhibits complex 

microstructure strongly regulated by the human body itself. After death, the cornea swells 

and its optical clarity and tear film is lost. Thus the biomechanical properties of the eye 

changes due to the combined effect of these biomechanical changes along with tissue 

degradation and alteration in temperatures (Hjortdal, 1995).In addition, Kobayashi et al. 

(1973) explained that the cornea is not purely elastic but rather is viscoelastic, which 

means the loading rate applied on the tissue alters the calculated value of the Young 

modulus. Due to the combination of all these factors, previous literatures has reported 

large range of Young’s Modulus ranging from 0.159 MPa to 57 MPa(Elsheikh, 2007 and 

Andreassen, 1980).Under loading condition, cornea shows instantaneous deformation 

which demonstrates purely elastic response followed by gradual and progressive 

deformation which signifies its viscoelastic nature (Kobayashi, 1973 and Edmund, 

1989).These behaviors could be modeled fairly with a Hookian spring system for pure 

elastic nature and with a spring-dashpot system for the viscoelastic nature as shown in 

figure 4.2, where the dashpot represents time-dependent viscous resistance to an applied 

force. Here one spring-mass system is in series with a spring-mass damping system 

where the damping is parallel to the spring system. 

 
Fig 4.2: Generalized KV model 

 

For viscoelastic model, generalized Fractional Kelvin-Voigt Deravativehas been selected 

as other model (e.g. Maxwell model) continually to creeps indefinitely under load. In the 

cornea, creep approaches asymptotically (Jue, 1986). Another limitation of Maxwell 

model is that it does not regain its original form after the load cease to act.  The pure 

Kelvin-Voigt model was not selected because it does not possess a purely elastic 

component and thus no instantaneous deformation occurs. A simple graphical model has 

been developed in MATLAB for a corneal model with Young’s modulus in the above 

mentioned range and viscosity of 9.02 KPa-s, which shows time-dependency of the 

deformation for a particular load. Figure 4.3 shows that the steepness of the curve 

increases as the stress increases and after the elastic limit it experiences no further 

deformation. 

The elastic nature of the model is assumed to be an isotropic, linear elastic model obeying 

Hook’s law and represents a linear relation between stress and strain. The stress-strain 

relationship could be presented as: 
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Where,  represents the Eulerian strain tensor and  represents Cauchy stress tensor’s 

component (Material Laws. Large Displacement Finite element analysis-Part2.RADIOSS 

Theory Manual v10.0., 2009). 

 

 
Fig 4.3: Strain versus time for load varying from 1x10

5 
to 5x10

5 
Nm

-2 

 

KVFD governing equation arises out of the conventional governing equationof the K-V 

Model by replacing the ordinary integral derivatives with a fractional order. Order of the 

derivative of strain with respect to time is thus assumed to be a fraction and the 

corresponding stress-strain plot has been obtained. Stress has been varied between 1MPa-

9MPa and the corneal tissue has a co-efficient of viscosity of 9.02KPa.sand elastic limit 

of 11.05MPa (Uchio, 2003; Glass, 2008; Wua, 2013). These data have been incorporated 

into the governing equation of KVFD to obtain the characteristic plots. The fractional 

order α takes up values such as 1/3, 2/3, 1/2, 1/4 and 3/4. When α=1, KVFD reduces to 

the conventional K-V Model. The conventional KV equation and KVFD equation thus 

can be written as:  
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Stress relaxation and Creep Compliance response for a KVFD model are obtained by 

taking a Heaviside function of the deformation and stress respectively.In the standard 

Kelvin-Voight model α=1, and the stress relaxation is equal to a delta function at time 

zero with a constant response after. No real material follows this function. In the KVFD 

model, where 0<α<1 the stress relaxation has the form 
t  , where t is time. The creep 

compliance, J(t), and stress relaxation, G(t), functions, for the KVFD model are 

(Lawrence, 2002). 

 

 

 

Where, E is the Mittag-Leffler function and is given by: 
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Figure 4.4, shows that KVFD depicts predicted nature of plot for deformation against 

time, where the deformation is increasing exponentially for the first 0.06 sec and then 

converges within a very short interval of time for various α values: 1/3, 2/3, ½ and 1. For 

α=1 the deformation is constant, for α=1/3 and α=2/3 he deformation is gradual with 

increasing time but for α=1/2 the slope is steep and the deformation increases within a 

very short interval of time. 
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Fig 4.4: KVFD Response for Deformation (mm/mm) vs Time(s) for four different values 

of α for (1.1) Stress = 0.5MPa, (1.2) Stress = 1MPa, (1.3) Stress = 2MPa 

 

Nguyen et al. (2008)suggested the development of a constitutive model based on the 

tissue microstructure for the nonlinear anisotropic viscoelastic tensile behavior of the 

stroma layer that comprise an explanation of fully nonlinear viscoelastic response of the 

lamellar level. The model is based on a newly developed general nonlinear constitutive 

framework for soft fiber-reinforced composites (Nguyen, 2007).The model represents the 

stroma as a continuum mixture consisting of collagen fibrils structured into lamellae 

characterized by an in plane orientation angle and embedded in a soft isotropic matrix. 

The geometric model for the present work is based on the size, structure and dimensions 

of a generic human eye model. The model has been derived from previous work which is 

a three-dimensional geometry of eye cornea that has been developed and imported in 

Altair Hyperworks 10.0 suite in Block 90 format and linear hexahedral volume mesh is 

generated throughout the thickness of the cornea and is constituted of eight nodes 

hexahedral element called hex8 element in Altair Hypermesh environment, containing 

total 3095 elements comprising off 3960 nodes shown in figure 4.5. 
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Fig 4.5: Meshed Cornea geometry (Front View) 

 

From the experiment report of Uchio et al. (1999) it was found that Poisson’s ratio for 

cornea is 0.420 and it was assumed that rupture occurs at a strain of 18% in cornea, and at 

a stress of 9.4 MPa. The blunt decahedron projectile, shown in figure 4b, is generated 

based on previous work of Uchio et al. (1999) and Mousavi et al (2012). Three different 

materials were considered for projectile i.e.  Aluminum, bone and stainless steel with 

corresponding material properties. The bullet projectile has been meshed with linear 

hexahedral brick element mesh comprising of total 980 elements with 1124 nodes as 

shown in figure 4.6. 

 

 
Fig 4.6: Solid Map meshing of blunt projectile 
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The mechanical properties used for various materials are enumerated in Table 4.1 (Rupin, 

2008 and Geringer, 2008). The base area of the projectile is 0.25mm
2
whose mass varies 

depending on the material. The cornea geometry is constrained about all axes to prevent 

any linear or rotational movement in any directions and the projectile material is set to 

impact on the surface at variable speed of 25ms
-1

, 50 ms
-1

, 75 ms
-1

 and 100ms
-1

. The 

computation has been performed in Z230 HP workstation. 

 

Table 4.1:Mechanical properties of various materials considered to be as the foreign 

body 

Material Density (gm/cm
3
) Young’s Modulus (Mpa) Poisson’s Ratio  

Bone 1.9 9000 0.30 

Aluminium 2.7 69000 0.35 

Steel 3.0 197000 0.29 

 

4.6 OBSERVATIONS AND DISCUSSIONS 

 
It has been observed through the simulation result that when the corneal tissue is 

considered as viscoelastic in nature it offers better resistance to the impacting object. The 

magnitude of the von-Misses stress generated on the surface of the elastic nature cornea 

almost gets double compared to the viscoelastic nature of the tissue. In the case of strain 

rate it has been observed that the localized straining is more on the surface of the elastic 

tissue. The variation in the strain effect on the cornea surface for both the material 

behavior range in the order 10
-2 

± 0.002. It is mainly observed how the strain behavior 

and von Misses stress behavior varies on the surface of the cornea when crashed with 

projectiles of such varied mechanical properties. Human cortical bone has the lowest 

range of Young’s modulus and density among the three materials used, the other two 

being Aluminum and stainless steel of grade AISI 316. The results are plotted for both 

plastic strains and Von Misses stresses of the cornea for all the three impacting material 

and for both the mechanical nature of cornea. From the plots it could be easily said that 

the value of the result parameters increases with increase in velocities. The plots also 

depicts that the value of both the result parameters sharply varies with the mechanical 

properties of the impacting material used for given set of velocities as shown in figure 

4.7a and b.   

 

The higher the Young’s Modulus and density of the material higher is the value of plastic 

strain and von Misses stress at a particular velocity. Stress and strain are generated and 

transient behavior plot of the strain and stress on the tissue surface are developed which 

is shown in figure 4.8 for the case of an aluminum projectile with a velocity of 50 ms
-1

. 

From the transient response of the stress and strain, it is observed that the stress generated 

and strain effect on the tissue surface due to high velocity blunt body impact is 

comparably less for the viscoelastic nature of cornea than that of the elastic nature for 
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similar test conditions.  This leads to better energy absorption in the model constituted 

with viscoelastic nature thus it could provide better and long term resistance to the 

impacting body before failure.   

 
Fig 4.7 a: Stress versus velocity curve, b: Strain rate versus velocity curve 

 

MPa 
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In this study the displacement of the surface of the cornea is also studied. The transient 

response of the displacement is shown in figure 4.8 where it is clearly explained that 

elastic nature shows instantaneous deformation and is short termed but viscoelastic nature 

shows prolonged and progressive deformation.  

 

 
Fig 4.8: Transient responses of the displacement (a) for elastic model, (b) viscoelastic 

model 

Table 4.2 shows the duration of deformation for different material and projectile velocity 

combination. There in all the cases we can observe that for viscoelastic model the 

deformation is much gradual than the elastic model. 

 

Table 4.2: Duration of deformation for different cornea material behavior and projectile 

velocity combination; E: Elastic model of cornea, VE: Viscoelastic model of cornea 
Velocities  

(ms-1) 

25 50 75 100 Projectile 

Material 

Duration of 

Deformation 

(sec) 

E VE E VE E VE E VE 

0.0007 0.0028 0.0010 0.0037 0.0016 0.0045 0.0021 0.0051 Bone 

0.0011 0.0035 0.0015 0.0043 0.0019 0.0051 0.0025 0.0056 Aluminum 

0.0016 0.0043 0.0022 0.0052 0.0026 0.0059 0.0031 0.0066 Steel 
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In our range of maximum velocities, it has been observed that maximum duration for 

energy absorption is around 5.0, 5.5 and 6.5 milli-second respectively for each of the 

projectile material. However, the transient response time increases as the elastic moduli 

and density of the projectile increases. For example the duration of deformation for bone 

projectile impact is about 5.0 milli-seconds whereas for that of steel is around 6.5 milli-

second. Due to this prolonged deformation stage in viscoelastic model which is not an 

instantaneous shock to the material rather it follows a gradual deformation with respect to 

the force applied, this model could be used for further research in this area. Figure 4.9 

shows the contour for strain on the tissue surface with time along with the strain versus 

time plot for a particular element. 

 

 
Fig 4.9: Animation of the simulation on hyperview along with plastic strain on element 

E111421 

 

While studying the transient response of stress and strain it has been noticed that strain 

for viscoeslastic model is much low with respect to elastic model for same time interval 

and for the same force on the same element. It also holds true while analyzing the strain 

responses, the energy absorption in viscoelastic model is quiet prompter than that for 

elastic model. This nature has been depicted in figure 4.10. 
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Fig 4.10: Transient response of strain and stress with time (a) transient response of 

strain with time, (b)Transient response of stress with time. 

 

Cadaver eye cornea transplant reported several issues of donor graft rejection, 

biocompatibility and such other issues and anti-rejection drugs are commonly 

administered which could lead to infections. The Generalized Kelvin-Voigt Model that 

has been used in this study could provide a better alternative for donor cadaver cornea as 

this model with conjunction to the silica composite synthetic cornea can provide a far 

better viscoelastic barrier similar to collagen tissues. This behavior of material properties 

could also be used in artificial soft contact lenses to resist any damage to the prosthesis 

from crash injuries or environmental hazards.  
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CHAPTER 5 
FRACTIONAL CALCULUS 

MODEL 
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5.1 MATHEMATICAL MODEL 

 
Fractional viscoelastic spring-dashpot models are becoming more and more popular 

presently because their ability of describing the behavior of viscoelastic dampers using a 

small number of parameters. The use of fractional constitutive models is motivated in 

large part by the fact that fewer parameters are required to represent material viscoelastic 

behavior than are required when using traditional models, so such models enable one to 

vary the rheological parameters in a broad fashion. Additionally, the fractional models 

are open to analysis using Fourier or Laplace transforms. We note also that experimental 

results have suggested that the rheological properties that give rise to Viscoelasticity may 

have a fundamental behavior based on fractional rather than integer calculus .An 

important difficulty, connected with these models, is the estimation of model parameters. 

In this paper we consider two standard solid models and comment on their existence and 

also we consider the fractional order Maxwell model and a combination of both fractional 

order Maxwell and K-V models  

 

5.1.1 Standard Solid Models Estimation of two such standard solid models has been 

performed in this work and as a result their creep and stress relaxation has also been 

studied. Let us consider the following standard solid models: the one having a spring 

element in series with the K-V element (Fig.5.1) and the other having a viscous dashpot 

in series with the K-V element (Fig.5.2). 

 
Fig.5.1: SLS Model with an Elastic Spring Element in series with a KV Element 

 
Fig.5.2: SLS Model with a Dashpot Viscous Element in series with a KV Element 
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For the 1st type of standard solid model (as in Fig.5.1) a spring with a varying stiffness is 

connected in series across a K-V element (a parallel arrangement of the viscoelastic 

spring-damper system). The 2nd system (Fig.5.2) of solid structure modelling, a viscous 

fluid in a dashpot arrangement is also connected in series with a K-V element. For both 

the models, the complete arrangement experiences the same magnitude of stress in both 

the blocks resembling to that of an Iso-stress model. But, the deformation or the rate of 

change in strain is not same for both the blocks as the second block comprises of a 

parallel arrangement of a spring-dashpot system. The 1st model (Fig.5.1) is segregated 

into the two following blocks (Fig.5.3 (a) & Fig.5.3 (b)) and the governing equations for 

the complete model are thus deduced: 

 

 
 

                        (a)                                                                            (b) 

Fig 5.3: (a) Spring (elastic) element of the SLS Model, (b) K-V Element of the SLS Model 

 

From Fig.5.3 (a), there exists only an elastic component having elasticity as μ1, so a linear 

relationship between the stress σ and strain ε1 exists as following: 

 
 

 
Now, for Fig.5.3 (b), it is a parallel system of a spring with an elastic limit say μ2 and a 

dashpot system with a viscous fluid in between having a viscosity of let ƞ. In this particular 

system, deformation is same in both the components but the total stress is distributed in both 

the components. 
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Change in strain takes place as a function of time for the viscous model as because as 

time increases by the virtue of the property of a viscous element, deformation increases 

as we have seen for the creep nature of a perfectly viscous element. Thus, solving for ε2 

and replacing the values in the first equation, we obtain: 

 

 
 

Now if we consider the dashpot section of the Figure 5.3(b), then the governing equations 

can be obtained as: 

 
 

Hence, the stress relaxation and creep responses for the models are programmed and 

studied and a time dependent plot for the same is obtained. 

 

5.1.2 Fractional Maxwell Model 

The fractional calculus has a long history from 30 September 1695, when the derivative 

of order α=1/2 has been described by Leibniz (Oldham & Spanier, 1974; Samko et al., 

1993). There are many interesting books about fractional calculus and fractional 

differential equations. Derivatives and integrals of fractional order, and fractional 

integral-differential equations have found many applications in recent studies in physics 

(Vasily, 2008). The non-Newtonian fluids are increasing being considered more 

important and appropriate in technological applications in comparison with the 

Newtonian fluids. A large class of real fluids does not exhibit the linear relationship 

between stress and the rate of strain. Because of the non-linear dependence, the analysis 

of the behavior of the fluid motion of the non-Newtonian fluids tends to be much more 

complicated and subtle in comparison with that of the Newtonian fluids.  

 

In recent years there have been several studies (Rajagopal 1982; Rajagopal& Gupta, 

1984; Rajagopal & Bhatnagar, 1995; Rajagopal 1984; Siddiqui et al., 1999; Hayat et al., 

1999, Hayat et al., 2000, Hayat et al., 2004) on flows of non-Newtonian fluids, not only 

because of their technological significance but also in the interesting mathematical 

features presented by the equations governing the flow. On the other hand, it is well 

known that the rheological properties of many fluids are not well modelled by the 

Navier–Stokes equations. One of the simplest types of model to account for rheological 

effects of viscoelastic fluid is the Maxwell model. Recently, fractional calculus has 

encountered much success in the description of Viscoelasticity (Veliev & 

Engheta,Naqvi& Abbas, 2004; Hussain & Naqvi, 2006; Naqvi et al., 2006). In this 



Fractional Calculus Model//Chapter 5 
 

 
66 

 

present work, we used Laplace transform of fractional derivative, to construct the exact 

solutions of the viscoelastic nature of human cornea.  

 

Previously, various works have been done considering human cornea as a perfectly 

viscoelastic mechanical model of three or two components in either series or a parallel 

combination. As for example, a three-component spring and dashpot model was created 

in Simulink in MATLAB to represent the purely elastic and viscoelastic behavior of the 

cornea during a measurement using device called an Ocular Response Analyzer (ORA) 

(Dianne et al., 2008). Works have also dealt with fluids, such as blood, oil, and polymer 

solution, which not only have the viscosity of the fluid, but also exhibit the elasticity of 

the solid. These kinds of fluids are often treated as viscoelastic fluids. Because of the 

difficulty to suggest a single model which exhibits all characteristic of viscoelastic fluids, 

there exist many viscoelastic models and constitutive equations. Among those the 

Maxwell model is the simplest one. It is constructed by the series of the spring and 

dashpot and can qualitatively reflect some properties of the viscoelastic fluid, such as 

stress relaxation. However, the Maxwell model is a linear model for viscoelastic fluids 

and it is proper only under the condition that non-linear effects are negligible, such as 

very low strain and stress. The model also leads to an exponential stress relaxation 

modulus; for real materials, however, the stress relaxation obeys an algebraic decay 

(Hilfer, 2000).Recently, fractional calculus has encountered much success in the 

description of Viscoelasticity (Hernández et al., 2002; Dao & Ti, 1998; Rossikhin & 

Shitikova, 2001; Palade et al., 1999). The fractional derivative models with the algebraic 

stress decay can be easily constructed. And the fractional Maxwell model is one among 

these fractional models. Experimental research has shown that a better agreement of the 

experimental data could be achieved with the fractional Maxwell model than the ordinary 

Maxwell model (Hernández et al., 2002). 

 

The fractional Maxwell model can be constructed through the replacement of: 









 





dt

d

dt

d
  

Where, σ is the shear stress, ε is the shear strain, μ is a shear modulus, λ = ƞ /μ is a 

relaxation time, ƞ is the constant viscosity coefficient, and α, β are fractional parameters 

which satisfy  

0 < α < β < 1. 

First, we introduce the stress–strain relation with fractional-order derivative (Blare, 

1947): 

σ(t) = µλγ(dγɛ/dtγ),(0 <ν< 1) 

A special case of this model is deduced by γ= 0 as Hooke’s Law, which shows the 

behavior of a perfectly elastic element. Whereas, by placing γ= 1 we obtain the case of a 

perfectly viscous element described as the Newtonian Law. Hence, the aforesaid model 
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can be interpreted as a model interpolated between these two cases. In order to construct 

the fractional model, we introduce the fractional element defined as the mechanical 

elements which obey the above equation. A fractional element is determined by three 

parameters (γ, μ, λ) and is symbolized by a triangle, as shown in Fig.5.4 (c). In the 

following, we will treat a fractional element as the same status as a spring and a dashpot 

which are shown in Fig.5.5 (a) and (b) to construct the viscoelastic models. 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

Fig 5.4: Single Elements (a) Elastic Element, (b) Viscous Element, (c) Fractional 

Element 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 5.5: (a) The Classical Maxwell Model, (b) The Fractional Maxwell Model 
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Due to series connection of the elements, we obtain (Youbing& Zhu, 2006): 
 

 
 
This equation is hence the constitutive equation of the fractional Maxwell model. 

If we replace γ1 − γ2 and γ1 with α, β respectively, where the above equation is reduced to 









 





dt

d

dt

d
  

where the two fractional parameters can be written in the form of: 

α = |γ₁ - γ₂| and β = max{ γ₁ , γ₂} 

 

The procedure is much easier to understand through a generalization of the classical 

viscoelastic model. With the similar procedure, we can construct other fractional models, 

such as the fractional Voigt model and so on. It can be seen that this model includes the 

classical Maxwell model as a special case for α = β = 1 and the Newtonian fluid model 

when α = 0, β = 1. 

 

Taking Laplace Transform of: 
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Where, s is the transform parameter, L{f(t)} = F(s) , is the Laplace Transform of the 

function f(t). 

 

5.1.2.1 Relaxation Modulus of FMM: Assuming ε(t) = ε0H(t), where, H (t) is the 

Heaviside unit step function (Jiagui & Mingyu), from the last equation derived it can be 

deduced as: 
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Taking the Fractional Parameters as unity and considering the case of an ideal Maxwell 

viscoelastic equation, i.e. α = β = 1, 
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Hence taking Inverse Laplace Transform of G(s)  
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5.1.2.2 Creep Compliance of FMM: H(t) being the Heaviside unit step function, and 

assuming  
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Replacing the fractional parameter values α = β = 1 and taking Inverse Laplace 
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 , has been simplified according to the corresponding values of the 

parameters. As for example, at different fractional Brownian motion the values of α is 

taken as at 1/3, 2/3, 1/2 and at a standard motion at α=1(Tripathi et al., 2010). Besides 

these values two other random fractional values of 1/4 and 3/4 have been taken and 

simplified for the study to tally with the real time experimental values of human sclera 

and choroidal strips. As a result the closeness of the points and the nature has been under 

the consideration. 

 



Fractional Calculus Model//Chapter 5 
 

 
70 

 

)](
1

[

)(
)(

)1(
)()(
























s
s

s
s

s

s
ss

 

 

 

5.1.2. 3 Results obtained from FMM 

As discussed earlier, constitutive equations involving Fractional Calculus for viscoelastic 

materials incorporates lesser number of parameters in describing viscoelastic behaviour 

than any traditional integer models. The work done here is mainly based on reducing the 

Conventional Maxwell Model to obtain the Fractional Maxwell Model (FMM) in 

describing the viscous and elastic properties of cornea by replacing the ordinary 

derivatives of stress-strain by derivatives of fractional order. Here we have made use of 

Laplace Transform of fractional derivatives to construct the exact solutions of the 

governing equations and apply Inverse Laplace Transform to compute the graph nature. 

A number of experimental researches have shown that a better agreement of the 

experimental data could be achieved with FMM that the ordinary traditional method by a 

proper selection of the fractional parameters. Solving such Fractional approach equation 

in order to obtain a plot in Laplace or Fourier Domain has much of mention in a number 

of literatures. One such mathematical work performed by J.Liu&M.Xu mentions the 

Fractional model is amenable to analysis using these two methods of transforms. 

 

The strain observed for each set of α & β for values 1/3, 2/3, 1/2, 1, 1/4 & 3/4 have been 

computed by replacing the fractional parameters in the governing equation of FMM in 

Laplace domain and a consequent Inverse Laplace Transform of the deduced equation. 

The values of the fractional parameters have been derived from those of a peristaltic flow 

of a viscoelastic fluid as in the survey done by Tripathi et al., 2010. This section has 

already covered in the Mathematical Modelling chapter. The computation of this section 

has been performed by the software WOLFRAM MATHEMATICA 10.2.00 and the 

corresponding plots have been segregated in Microsoft Excel for the different 

observations. The list of deformations for the fractional parameter values for stress 

ranging from 1-5 N/m
2
x10

5
 have been listed below as in Table5.1. 
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Table.5.1: Strain (mm/mm) obtained for α & β of values 1/3, 2/3, 1/2, 1, 1/4 &3/4 for 

Stress(A)1, (B)1.5, (C)2, (D)2.5, (E)3, (F)3.5, (G)4, (H)4.5, (I)5x10
5
 N/m

2
 

 

 α=1/3 α=2/3 α=1/2 α=1 α=1/4 α=3/4 

(A) Stress=1*10
5
  N/m

2
     

β=1/3 0.021 0.023 0.025 0.021 0.023 0.02 

β=2/3 0.0195 0.0175 0.018 0.0175 0.021 0.018 

β=1/2 0.023 0.023 0.0215 0.022 0.025 0.022 

β=1 0.0107 0.00923 0.0097 0.008 0.01175 0.00914 

β=1/4 0.019 0.018 0.017 0.02 0.018 0.018 

β=3/4 0.018 0.016 0.0165 0.016 0.019 0.016 

(B) Stress=1.5*10
5
 N/m

2
     

β=1/3 0.031 0.034 0.037 0.03 0.035 0.03 

β=2/3 0.029 0.027 0.027 0.026 0.032 0.027 

β=1/2 0.035 0.035 0.033 0.033 0.038 0.032 

β=1 0.016 0.01385 0.0145 0.0135 0.0176 0.01371 

β=1/4 0.029 0.028 0.026 0.028 0.028 0.028 

β=3/4 0.027 0.024 0.0245 0.024 0.029 0.024 

(C) Stress=2*10
5
 N/m

2
     

β=1/3 0.042 0.038 0.05 0.044 0.046 0.042 

β=2/3 0.039 0.175 0.036 0.036 0.042 0.035 

β=1/2 0.046 0.046 0.044 0.044 0.05 0.044 

β=1 0.0214 0.01845 0.01935 0.018 0.0235 0.01828 

β=1/4 0.039 0.036 0.034 0.038 0.031 0.036 

β=3/4 0.035 0.032 0.033 0.032 0.038 0.032 

(D) Stress=2.5*10
5
 N/m

2
     

β=1/3 0.062 0.068 0.074 0.062 0.058 0.05 

β=2/3 0.058 0.055 0.055 0.054 0.053 0.044 

β=1/2 0.07 0.068 0.066 0.066 0.064 0.054 

β=1 0.0321 0.0277 0.029 0.028 0.0294 0.02285 

β=1/4 0.048 0.046 0.044 0.046 0.046 0.046 

β=3/4 0.044 0.04 0.041 0.04 0.048 0.04 

  

(E) Stress=3*10
5
 N/m

2
      

β=1/3 0.062 0.068 0.074 0.062 0.07 0.06 

β=2/3 0.058 0.055 0.055 0.054 0.064 0.052 

β=1/2 0.07 0.068 0.066 0.066 0.076 0.065 

β=1 0.0321 0.0277 0.029 0.028 0.0352 0.02744 

β=1/4 0.058 0.055 0.052 0.055 0.056 0.055 
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β=3/4 0.053 0.048 0.049 0.048 0.058 0.048 

 (F) Stress=3.5*10
5
 N/m

2
     

β=1/3 0.074 0.08 0.09 0.074 0.08 0.075 

β=2/3 0.068 0.062 0.065 0.062 0.074 0.062 

β=1/2 0.08 0.08 0.076 0.076 0.09 0.075 

β=1 0.0374 0.0323 0.0339 0.032 0.041 0.03199 

β=1/4 0.068 0.065 0.06 0.065 0.064 0.065 

β=3/4 0.062 0.056 0.057 0.056 0.068 0.055 

(G) Stress=4*10
5
 N/m

2
      

β=1/3 0.074 0.08 0.09 0.074 0.08 0.075 

β=2/3 0.068 0.062 0.065 0.062 0.074 0.062 

β=1/2 0.08 0.08 0.076 0.076 0.09 0.075 

β=1 0.0374 0.0323 0.0339 0.032 0.041 0.03199 

β=1/4 0.068 0.065 0.06 0.065 0.064 0.065 

β=3/4 0.062 0.056 0.057 0.056 0.068 0.055 

(H) Stress=4.5*10
5
 N/m

2
     

β=1/3 0.095 0.1 0.115 0.095 0.105 0.095 

β=2/3 0.088 0.08 0.082 0.08 0.096 0.08 

β=1/2 0.105 0.105 0.1 0.1 0.115 0.095 

β=1 0.0482 0.04156 0.0435 0.04 0.053 0.04113 

β=1/4 0.085 0.08 0.08 0.085 0.084 0.08 

β=3/4 0.08 0.072 0.074 0.072 0.086 0.072 

(I) Stress=5*10
5
 N/m

2
      

β=1/3 0.105 0.11 0.125 0.105 0.115 0.1 

β=2/3 0.1 0.088 0.09 0.09 0.106 0.09 

β=1/2 0.115 0.115 0.11 0.11 0.125 0.11 

β=1 0.0536 0.0462 0.0484 0.045 0.0586 0.0457 

β=1/4 0.095 0.09 0.09 0.095 0.09 0.09 

β=3/4 0.088 0.08 0.082 0.08 0.096 0.08 
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5.1.2.3.1 Observation Made On Nature of Deformation 

The 1
st

 set of observation made from the data as in Table.5.1 has been done based on the 

deformation obtained for each set of the fractional parameter values for each stress. 

 

Fig.5.6: Deformation plots for each set of fractional parameters α & β for (a) Stress=1N/m
2
*10

5
, 

(b)Stress=1.5N/m
2
*10

5
, (c) Stress=2N/m

2
*10

5
, (d) Stress=2.5N/m

2
*10

5
, (e) Stress=3N/m

2
*10

5
, (f) 

Stress=3.5N/m
2
*10

5
, (g) Stress=4N/m

2
*10

5
, (h) Stress=4.5N/m

2
*10

5
, (i) Stress=5N/m

2
*10

5
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A complete observation of the type and range of deformation can be approximated from 

the plots as in Fig.5.6 (a) to (i) and an idea of the deformations that can be achieved when 

human cornea is modeled by the Fractional Calculus approach can be concluded. 

The maximum deformation achieved has been noticed to be concentrated mostly around 

β=1/2 & α=1/4. Average value of the maximum deformations is 0.1mm/mm. A table 

showing the maximum deformations for each stress is shown in Table.5.2. 

 

Table.5.2. Maximum Deformation Fractional Parameter Combination for Each Stress 

Stress(N/m
2
) 1 1.5 2 2.5 3 3.5 4 4.5 5 

          
          

α 1/4 1/4 1/4 1/2 1/4 1/4 1/4 1/4 1/4 

β 1/2 1/2 1/2 1/3 1/2 1/2 1/2 1/2 1/2 

Maximum 

deformation 0.026 0.038 0.05 0.072 0.076 0.088 0.091 0.115 0.125 

          

5.1.2.3.2 Observation Made On Stress-Strain Curve 
 

Before moving on the next section which deals with the stress-strain nature of the corneal 

Viscoelasticity, it is very much essential to refer to few works done in this context. Two 

such works referred here have been performed by Uchio et al., 1999 and Friberg& Lace, 

1988. Based on these two experimental works, a comparative studyhas been made with 

that of these theoretically computed points and closeness with the values predicts the 

almost exact values of the fractional parameters which are to be taken to model the 

cornea completely. A few comments can be done for these two works for the modelling 

to complete. 

According to the works of Uchio et al., 1999, stress strain curve has been plotted as 

obtained from 12 corneal and scleral samples. 3 pairs of human cadaver eyes were 

enucleated between 8 and 24 hours after death and stored in a refrigerator at 4°C, and 

experiments were conducted within 48 hours of enucleation. The ages of the patients 

from whom the eyes were taken were 64, 78, and 81 years. The main objectives of the 

work was determination of the Poisson’s ratio of the strips and in that context, develop a 

Finite Element Analysis (FEA) to determine the physical and mechanical conditions of 

impacting foreign bodies causing Intraocular Foreign body (IOFB) injuries. But for the 

fulfillment of the objective of the work a stress-strain curve for corneal and scleral 

samples were presented graphically as shown by the referred Fig.5.7. Increasing levels of 

stress produce larger amounts of strain. Rupture hence occurred at a mean strain of 18% 

at mean stress of 9.45 MPa in the cornea and similar values for sclera were 6.8% mean 

strain for mean stress of 9.49MPa. 
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Fig.5.7: Stress-Strain Curves For Sclera and Cornea both experimentally & by 

Simulation by the Works of Uchio et al.1999 

 

The next work to be discussed about in this respect is the work done by Friberg & Lace, 

1988. The main objective of their work was to determine the rigidity and hence the 

modulus of elasticity of multiple strips of choroid and sclera by subjecting them to simple 

tension in a test apparatus. In their experiment, a total of 16 eyes from eight donors were 

tested. Choroidal data were obtained from 28 strips from each of right and left eye. The 

same eyes provided 64 scleral strips from various locations including circumferential and 

radial strips. For every 5s, a strain of 0.5mm/mm was applied in order to obtain the 

breakage point and hence derive the elastic modulus of the respective strips. In the way of 

the fulfillment of their aim, they obtained the stress-strain curve nature for the strips 

which helped to show both the elastic and viscous nature of the tissues hence showing the 

breakage. In this perspective the nature shown was almost linear with rupturing at a stress 

of about 6x10
5
 N/m

2
 with an average deformation of 0.25 in the sclera and 0.35 in the 

choroidal tissue. This range of stress has been used in this particular work to tally with 

the rupturing deformation and also predict the nature of curve and model it 

mathematically. 

 

The experimental plots of stress-strain for the choroid and sclera have been referred to in 

Fig.5.8. The plots are done for the strips for the various locations, for sclera the strips are 

taken from (A) anterior circumferential, (B) radial inferotemporal, (C) radial superonasal 

and (D) posterior circumferential. Similarly for the choroid strips the locations are (A) 

radial inferotemporal, (B) radial superonasal and (C) radial superotemporal. 
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Fig.5.8: Stress Strain Curve for Choroid and Sclera from the Experimental Works of 

Thomas R. Friberg & John W. Lace, 1988  
 

After attaining a conception on the range and nature of deformation, the next observation 

which needs to be made is the behavior of the stress-strain plot for the same. The stress-

strain curve for the aforementioned Fractional Parameter combinations have been 

obtained and a comparative study to that of the various experimental data obtained from 

works done by several people on human cornea and sclera has been drawn. 

Based on the fractional parameter values, stress-strain plot has been obtained after 

computation of the values by Inverse Laplace Transform of the governing equation. The 

plots thus obtained have been compared with the real time experimental results of the 

works done by Friberg& Lace in 1988. The average breakage points experimentally 

obtained have been tallied with the breakage and nature of the plot for the parameter 

values. 

The stress-strain plots have been arranged for specific values of β in Fig.5.9 (a) to (f) and 

a comparison plot with the works of Friberg & Lace have been shown in the same plots. 
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Fig.5.9: Stress (10
5
N/m

2
) versus Strain (mm/mm) for Different Values of α With the 

Discrepancy with Experimental Data by Friberg & Lace for (a) β=1/4, (b) β=3/4, (c) 

β=1/3, (d) β=2/3, (e) β=1/2, (f) β=1 

 

It is clearly noted from Fig.5.9 (a) to (f) that the difference between the experimental and 

theoretical results is minimum for the range of data for β=1/2. The average maximum 

deformation as already mentioned is said to be lying in the range of values for α=1/4 and 
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β=1/2. Fig.5.10 shows the complete stress-strain plot for this closely resembled range of 

the fractional parameters. For this particular set of values of stain the theoretically 

computed values of deformation closely resembles that of the experimental data obtained 

from the literatures. As already mentioned, the rupture of the corneal tissues occurs at 

18% strain (0.18mm/mm) and 6.8% strain (0.068mm/mm) for the scleral tissues as 

mentioned by Uchio et.al, 1999 for MN/m
2
 range of force applied at an average stress of 

9.4MPa. Similarly Friberg at a lower order stress says that for the radial superotemporal 

strips of cornea, breakage occurs at a deformation of 0.35mm/mm and 0.25mm/mm for 

the scleral strips approximated at an average stress of 6x10
5
N/m

2
. 

 

It can be summarized that the mathematically computed theoretical values thus obtained 

shows close similarity with both the obtained experimental results tracing an average 

deformation of 12.5% or 0.125mm/mm. For such an average value, both the corneal and 

scleral tissues can be modeled by this Fractional Calculus approach of the Maxwell 

Model where the originality of the behavior of the curve is retained. A mathematical 

modeling of the human cornea and sclera nature thus can be obtained by a proper 

selection of the fractional parameters for the Maxwell Model and not by the conventional 

one. 

 

Fig.5.10: Stress (N/m
2
x10

5
) versus Deformation (mm/mm) Plot for α=1/4 & 

β=1/2Showing closely Predicted Nature 

 

5.1.2.3.3 Violation with the Conventional Maxwell Model 

Figure 5.11 shows the stress-strain curve nature for a conventional Maxwell Model which 

can be well derived by placing the two fractional parameters as unity, i.e. α=β=1. In the 
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governing equation of FMM, when α & β are put as unity, it takes the nature of the 

Maxwell Model Equation both mathematically and theoretically. 

 

Fig.5.11: Strain (mm/mm) For Different Fractional Values of α for β=1 Showing the 

Conventional Maxwell Model Curve for cornea 

 

Figure 5.12 shows a vast discrepancy between the mathematically obtained nature and 

the experimentally obtained nature by Friberg & Lace in the stress-strain curve. The 

maximum deformation obtained for the conventional model lies somewhere between 0.05 

and 0.04. From the plot it is evident that the human corneal & scleral tissue viscoelastic 

nature simply disobeys the form of viscoelastic nature described by the traditional 

Maxwell Model when either of the parameter attains unit value. Thus the drawback of the 

Maxwell Model of showing an infinite creep response actually takes place due to the 

series arrangement of the elastic and viscous components and the human eye nature in 

this very context does not show any such similarity. The deformation range is much 

beyond the hold of the theoretically modeled nature and a corresponding change in the 

viscosity and elastic modulus needs to be changed to attain the desired range of strain. 

Figure 5.13 shows the difference in the Stress Strain Curve between the Works of Friberg 

& Lace and Ideal Maxwell Viscoelastic Model with α=β=1. 
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Fig.5.12: Discrepancy between Experimental Data by Friberg& Lace with the Condition 

of Fractional Parameter β=1 & α with Several Fractional Values in Order 

 

Fig.5.13: Difference in the Stress-Strain Curve between the Works of Friberg & Lace 

and Ideal Maxwell Viscoelastic Model with α=β=1 

 

 

 



Fractional Calculus Model//Chapter 5 
 

 
81 

 

5.1.3 FMM & KVFD 

Results show a vast discrepancy between the nature of plots for FMM and KVFD for the 

same values of the fractional parameter (Fig.5.14). FMM showing closer approximation 

with the experimental plots imply KVFD not being a correct choice for a mathematical or 

simulative study. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5.14: Difference between the Stress-Strain Nature of FMM and KVFD and Their 

Discrepancy with Experimental Data 

 

Change in the nature of the plot for KVFD for different values of the fractional parameter 

on the other hand is almost negligible as in Fig.5.15, and tabulated in table 5.3 implying 

the fact that a fractional order implementation on the Kelvin Voigt Model does not help 

much in improvising the drawbacks of the conventional model and give much detailed 

study. 

 

 
 
 
 
 
 

 

 

 

 

 

 

Fig. 5.15: Stress-Strain Plot for KVFD for Different Values of Fractional Parameter α 
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Table 5.3: Maximum deformation for various stresses for various α values of KFVD 

model 

Stress α=1/4 α=3/4 α=1/3 α=2/3 α=1/2 α=1 
       

5.00E-01 0.004519 0.004519 0.004519 0.004518 0.004518 0.004525 
       

1.00E+00 0.009039 0.009038 0.009038 0.009037 0.009036 0.008954 
       

2.00E+00 0.01808 0.01808 0.01808 0.01807 0.01807 0.01809 
       

3.00E+00 0.02712 0.02712 0.02711 0.02711 0.02711 0.02715 
       

4.00E+00 0.03616 0.03615 0.03615 0.03615 0.03615 0.03619 
       

5.00E+00 0.04519 0.04519 0.04519 0.04518 0.04518 0.04525 
       

6.00E+00 0.05423 0.05423 0.05423 0.05422 0.054222 0.05429 
       

 

5.2 CONCLUSION 

 
A few conclusions that can be drawn from the nature &behavior of the plots so observed 

and studied for both the KVFD and FMM thus approaching the conventional Models can 

be summarized as follows. 

 

The human eye thus resembles the Maxwell Model only under the Fractional Calculus 

where the degree of elasticity and viscosity can be aforementioned.The final values 

approximation of the fractional parameters as α=1/4 &β=1/2 means: β = max{γ₁,γ₂} = 

1/2 &α = |γ₁-γ₂| = ¼. Hence values of the fractional elements γ₁&γ₂ are either 1/4 or 

1/2.We know for a perfectly viscous element γ=0 & for a perfectly elastic element γ=1. 

Figure 5.16 is the graphical abstract of this chapter. 

 

As a conclusion it can be said that the human cornea exhibits viscoelastic tissue behavior 

with the fractional element lying between the values of perfectly elastic and viscous 

values with a cling towards elasticity, i.e., the elasticity retains its nature more with a 

tendency of being viscous. Thus a human cornea actually mimics a viscoelastic soft tissue 

and can be modeled with fractional parameters.  It can also be concluded from this study 

that the human cornea does not actually behaves a Maxwell viscoelastic tissue and thus 

does not obey the parameters that to be maintained for a fractional model to be a Maxwell 

Model i.e., α = β = 1. As mentioned this particular case shows a large demarcation with 

the experimental data observed in literature works. Study from nature of deformation for 

both FMM and KVFD on the other hand gives clear views of the validation of the two 

models. As far as experimental works are considered, KVFD depicts a very small change 

in deformation for the same range of stress applied thus giving out very less energy 

losses. As a result KVFD can be preferred to Fractional order Maxwell Model in case of 

implant design or synthesis for drug delivery related purposes. FMM on the other hand 

shows more close approximation with experimentally obtained data from cadaver cells. 
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The results are more realistic as for the similar range of force; deformation is high and 

attains rupture within a shorter range of stress. 

 
Fig 5.16: Graphical Abstract 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Fractional Calculus Model//Chapter 5 
 

 
84 

 

References 

 

Andreassen T.T., Simonsen A.H., Oxlund H. 1980.Biomechanical Properties of 

Keratoconous and Normal Corneas. Exp. Eye Res. 31,435-441  

 

Blair G.S. 1947.The role of psychophysics in Rheology. J. Colloid Sci. 1, 21-33   

 

Boyce B.L., Jones R.E., Nguyen T.D., Grazie rJ.M. 2007.Stress controlled viscoelastic 

tensile response of bovine cornea.40,2367-2376 

 

Charles W., Harald S., Criag B., Keith M.M., Ahmed E. 2015.Biomechanical model of the 

human cornea: Considering shear stiffness and regional variation of collagen anisotropy 

and density., J Mech. Behavior of Biomedical Materials 42,76-87 

 

Chen Y.C., Jiang C.J., Yang T.H., Sun C.C. 2012. Development of a human eye model 

incorporated with intraocular scattering for visual performance assessment. Jour.Of 

Biomed. Optics 17,075-009 

 

Dianne H.G., Cynthia J.R., Alan S.L., Paul A.W. 2008. A viscoelastic biomechanical 

model of the cornea describing the effects of viscosity and elasticity on hysteresis. IOVS 

49, 3919-3926 

 

Di Y., KeQ.Z. 2010.Start-up flow of a viscoelastic fluid in a pipe with a fractional 

Maxwell‟s Model.Computers and Math. With Applications 60 ,2231-2238  

 

Eiichi U., Shigeaki O., Joju K., Koki A., Lech T.K. 1999.Simulation model of an eyeball 

based on finite element analysis on a supercomputer. Br. J. Opthalmol 83, 1106-1111 

 

Friberg T.R., Lace J.W.  1988. A comparison of the elastic properties of human choroid 

andsclera. Exp. Eye Res. 47, 429-436 

 

Haitao Q., Mingyu X. 2007.Unsteady flow of viscoelastic fluid with fractional Maxwell 

Model in a channel.Mech. Res. Comm. 34, 210-212 

 

Hayat T., Nadeem S., Asghar S. 2004. Periodic Unidirectional flows of a viscoelastic 

fluid with the fractional Maxwell Model. App. Math. And Comp. 151, 153-161 

 

Henk A.W., Gabi E., Fritz S., Cartsen H.M., Wolfgang P., van der H. Rob G.L. 

2005.Dynamic mechanical properties of human lenses. Exp. Eye Res. 80, 425-434 

 

Hjortdal J.O.1996. Regional elastic performance of the human cornea. J. Biomech 29, 

931-942 

 

Hoeltzel D.A., Altman P., Buzard K., Choe K.I. 1992. Strip Extensiometry for comparison 

of the mechanical response of bovine, rabbit and human corneas. ASME J. Biomech. 

Engg. 114, 202-215 



Fractional Calculus Model//Chapter 5 
 

 
85 

 

 

Hsichun W., Paul L.P., McD.Peter J.,Wenji V.C.1996. An ultrasonic technique for the 

measurement of the elastic moduli of human cornea.J. Biomech.  1633-1636 

 

Jue W., Maurice D.M. 1991.The mechanical properties of the rabbit and human cornea”, 

Journal of Biomech. 24, 907-922 

 

Kampmeier J., Radt B., Birngruber R., Brinkmann R.2000. Thermal and biomechanical 

parameters of porcine cornea.Cornea 19,355-363 

 

Lago M.A., Rupérez M.J., Martínez-Martínez F., Monsserrat C., Larra E., Güell J.L., 

PerisMartínez C.2015.A new methodology for in vivo estimation of the elastic constants 

that characterize the patient-specific biomechanical behavior of the human cornea.J. 

Biomech. 48, 38-43 

 

Liu J., Xu M. Fractional constitutive equations of viscoelastic materials involving three 

different parameters and their analytical solutions 

 

Maurice D.M.1957.The structure and transparency of the cornea.J.Physiol 136, 263-286 

 

Nathan G.C., Karen B.R., Harry A.Q. 2006.Central corneal thickness and corneal 

hysteresis associated with glaucoma damage. J. Opthalmol 141,868-873 

 

Nguyen T.D., Jones R.E., Boyce B.L. 2008. A nonlinear anisotropic viscoelastic model 

for the tensile behavior of the corneal stroma. J. Of Biomech. Engg. 041-020-1 

 

Nyquist G.W. 1968. Rheology of the Cornea: Experimental techniques and results”, Exp. 

Eye Res. 7, 183-188 

 

Shin T.J., Vito R.P., Johnson L., McCarey B.E..1997.The distribution of strain in the 

human cornea. J. Biomech 30, 497-503 

 

Thomas R.F., John W.L. 1988.A comparison of the elastic properties of human choroid 

and sclera.Exp. Eye Res. 47, 429-436 

 

Thomas J.S., Raymond P.V., Lindsay W.J., McCarey Bernard E. 1997.The distribution of 

strain in the human cornea. J. Biomech.  497-503   

 

Tripathi D., Pandey S.K., Das S. 2010.Peristaltic flow of viscoelastic fluid with fractional 

Maxwell Model through a channel. App. Mathematics and Comp. 215, 3645-3654 

 

Vieru D., Feteau C.2008.Flow of a viscoelastic fluid with the fractional Maxwell Model 

between two sidewalls perpendicular to a plate.App. Math. And Comp. 200, 459-464 

 

William J.D.Jr., Steven E.W.2006.Biomechanics and wound healing in the cornea.Exp. 

Eye Res. 83,709-720 



Fractional Calculus Model//Chapter 5 
 

 
86 

 

 

Wollensak G., Spoerl E., Seiler T. 2003.Strain-stress measurements of human and 

porcine corneas after riboflavin-ultraviolet-a-induced cross linking .J. Cataract 

Refractive Surg., 29, 1780-1785 

 

Woo S.L.Y., Kobayashi A.S., Schlegel W.A., Lawrence C. 1972.Nonlinear material 

properties of intact cornea and sclera. Exp. Eye Res. 14, 29-39 

 

Youbing Y., Ke-Q.Z. 2006. Oscillating flow of a viscoelastic fluid in a pipe with the 

fractional Maxwell Model. App.Math. And Comp. 173 ,231-242 

 

Yuan Li L., Brian T. 2006. The anisotropic material constitutive models for the human 

cornea. J. Structural Biology 153, 223-230 



Fractional Calculus Model//Chapter 5 
 

 
87 

 

CHAPTER 6 
EXPERIMENTAL STUDY ON 

SYNTHETIC MATERIAL 
TOWARDS DEVELOPMENT 

OF SILICA COLLAGEN 
COMPOSITE  
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This chapter deals with the development of collagen hybrids and derivation of native 

collagen from fish skin. The chapter has been divided into two major subparts, they are as 

follows: 

 

6.1 DEVELOPMENT OF NOVEL SILICA-COLLAGEN COMPOSITE AS CORNEAL     

SUBSTITUTE 

 
The human cornea is made out of five layers, an overlying epithelium underneath which 

is a stringy meshwork called Bowman's layer. The greater part of the tissue is constituted 

by the stroma, a collagen-rich central layer that contains almost 90% of the thickness of 

the cornea, and underneath this lies Descemet's film which supports the single layer of 

endothelial cells covering the posterior cornea. In ordinary corneas the greater part of 

these are thin to the point that light scattering is negligible. For instance, in people, 

Bowman's layer and Descemet's film, both collagenous tissues like the stroma, together 

contribute under 4% to the aggregate corneal thickness. The corneal epithelium, on the 

other hand, is about 53 mm deep (Reinstein et al., 2008) and thus constitutes about 10% 

of the corneal thickness. Its transparency is due to the homogeneity of the refractive 

index of all its constituent cells (Dohlman, 1971). The intrinsic properties of the healthy 

cornea, namely its strength, transparency and precise curvature enable it to withstand 

external damage and resist intraocular pressure, whilst also allowing it transmit over 95% 

of incoming light (Beems, 1990) and provide 70% of the focussing power of the eye. 

These properties are to a great extent represented by the one of a kind engineering of the 

corneal stroma, which measures around 500 lm in thickness and involves 90% of the 

aggregate corneal thickness. The physiologically hydrated stroma comprises 

fundamentally of water (78%) and the protein collagen (15%) (Maurice, 1984). Collagen 

in the corneal stroma is transcendently write I, with littler measures of sorts V, VI, XII, 

XIII, XIV and XXIV; the presence of sort III collagen in the solid, unwounded corneal 

stroma is still bantered about (Ihanamaki, 2004). Corneal transparency is subject to the 

particular arrangement of collagen inside the stroma, whereby slender (˜32 nm Boote, 

2003), equitably dispersed collagen fibrils lie parallel to each other in cross-orientated 

stacked layers (lamellae). One of the fundamental ultra-basic highlights of 'local' collagen 

fibrils is the nearness of substituting hole and cover areas along the fibril (D-periodicity), 

emerging from the amazed relationship of neighboring collagen particles (Meek, 1983). 

This D-intermittent course of action is basic for the development of heterotypic structures 

comprising of fibrillar collagens and non-collagenous macromolecules. Proteoglycans tie 

at particular locales along the fibrils (Scott, 1988 and Meek, 1986) and assume a part in 

fibril gathering, framework association and at last corneal transparency (Maurice, 1957). 

Small angle X-beam dispersing designs created from corneal collagen deliver a 

progression of supposed ''meridional'' X-beam reflections originating from the D-

periodicity and ordering on around 65 nm (Meek, 1981). The cornea, not at all like most 

connective tissues, additionally creates a small angle ''equatorial'' pattern which is caused 
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by the consistency of fibril breadths and the customary dispersing of collagen fibrils 

(over a short range), inside every lamella of the corneal stroma (Goodfellow, 1978). 

Further information about collagen association inside the cornea can be found out from 

wide point equatorial X-beam disseminating, which emerges from the parallel pressing of 

the atoms inside the collagen fibrils. Utilizing this strategy it has been demonstrated that 

human corneal collagen has a normal Bragg intermolecular dispersing of 15 A (Daxer, 

1998) and that lamellae in the focal locale of the human cornea (in the more profound 

stromal layers (Abahussin, 2009)), are prevalently adjusted in the predominant superior-

inferior and nasal-temporal bearings (Boote, 2006 and Meek, 1987). It is believed that 

this course of action, which isn't found in bring down visual keenness species (Hayes, 

2007), might be important to oppose the powers of the four noteworthy extraocular 

muscles which embed into the sclera at contradicting positions along every meridian. 

 

Collagen fibrils inside the cornea are smaller than in numerous other connective tissues 

and this is an essential factor for straightforwardness, which is an element of the 

measurement (Hart and Farrell, 1969). There are around 300 to 400 triple-helical 

molecules inside the cross-area of a fibril, contingent upon the species (Meek and 

Leonard, 1993; Holmes and Kadler, 2005), which are masterminded pivotally with the 

run of the mill 67 nm D-occasional stun (Meek and Holmes, 1983) with holes between 

the N-and C-ends of back to back particles (Fig. 6.1). 
 

 

Fig. 6.1: Structural hierarchy in corneal collagen (not to scale). Three helical alpha 

chains are supercoiled to produce the collagen triple helix molecule (top right). These 

molecules self-assemble in a staggered axial array (bottom right) to form microfibrils 

consisting of five molecules which in turn coil together to form the 30 nm diameter 

collagen fibrils seen in the electron microscope. The micrograph bottom left is 

reproduced from Ottani et al. (2002), and shows the coiled microfibrils within the 

collagen fibril; the micrograph bottom middle is reproduced from Baldock et al. (2002), 

and shows the microfibrils in cross-section within the collagen fibril. 

 

An expected 10 million individuals overall experience the ill effects of vision misfortune 

caused by corneal harm or ailment (Whitcher, 2002). For the most pessimistic scenarios, 
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the main accessible treatment is transplantation with human donor corneal tissue. In any 

case, there is a serious lack of sheltered, great quality corneal tissue, especially in the 

Third World and creating nations, prompting different endeavors to create tissue 

substitutes. Albeit various completely engineered materials have been produced as 

corneal prostheses, it has been demonstrated that materials in view of normally 

happening extracellular grid macromolecules have improved biocompatibility (Carlsson, 

2003). 

 

The experimental part of the research mainly focused on the synthesis and development 

of Silica-Collagen Hybrids that can substitute normal healthy cornea of human. The main 

issue that concerns the patients and doctors after a donor corneal transplant is Auto-

Immune rejection by host body which may be due to biocompatibility, 

haemocompatibility or cytotoxicity. The research thrives for synthesis of a composite 

comprised of Collagen, the basic protein that can be abundantly found in human body 

and silica which is biosafe and biocompatible to physiological system and can act as a 

scaffold for tissue engineering and drug delivery. 

 

6.1.1 Chemicals, Instruments and Materials: 

The chemicals that had been used for the experiment are listed in table 6.1 below. 

 

Table 6.1: List of Chemicals required for the experiments 

Sl. No. Chemicals Company 

1. Collagen Type I 20ml Solution Advanced Biomatrix, San Diego, 

CA 

2. Collagen Type III 10mg Lyophilized 

powder 

Advanced Biomatrix, San Diego, 

CA 

3. Acetic Acid 99.9% Sigma Aldrich, India 

4.  3-Aminopropyl triethoxysilane 

(APTES) 

Sigma Aldrich, India 

5. De-Ionized water Merck Germany 

6.  Phosphate Buffer Saline (PBS) Merck Germany 

7. Ethanol Merck Germany 

8. NaOH pellets Sigma Aldrich, India 

 

The instruments that was required for the experiments are 

1. Magnetic Stirrer, 2 ltrs, 2MLH, Remi, 2016 

2. Ultrasonic Bath Sonicator, Analab Scientific Instruments Pvt. Ltd., 2007 

3. Centrifuge machine, Remi, 2004 

4. Freeze Dryer, Bionics Scientific Technologies (P) Ltd., 2010 

5. Incubator, Bioline Technologies, 2015 

Along with these instruments other accessories were pH Meter, Laboratory thermometer.  
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6.1.2 Methodology: 

 

6.1.2.1 Sol Gel Technique:In sol–gel technique, materials are produced through the 

gelation of solutions or sols. Accordingly, this process is characterized by the low-

temperature processing. Additionally, it is noticed that the sol–gel items are basically 

nanomaterials. Sol– gel preparing can understand different sorts of microstructures, for 

example, thick, permeable, cross breed, organic– inorganic, undefined, crystalline 

microstructures, thus it covers an extensive variety of practical materials, for example, 

optical, electronic, mechanical, concoction and biochemical, and biomedical materials. 

This adaptability has prompted a considerable number of utilizations in both propelled 

innovation and novel propelled materials (Sakka, 2013). 

Sol– gel science is a flexible tool that can be utilized to create natural and inorganic 

mixture materials that have properties that can be hard to get from just inorganic or 

natural manufactured methodologies. The engineered approach includes the 

polycondensation of sol–gel dynamic particles to shape a macromolecular system 

structure. The sol– gel procedure is utilized to create a porous structure made out of 

transition metal alkoxides. These structures most generally use a siloxane (Si−O) to 

frame the spine structure. The blend of these sol– gels includes a hydrolysis of a silicone 

monomer took after by the buildup of the silica into a porous structure with a three-

dimensional arranged structure. The physical structures of these sol– gels can be 

customized to create structures with an extensive variety of valuable properties and the 

synthetic surface science can be adjusted to deliver different surface interactions 

(Peterson, 2014). Figure 6.2 illustrates a schematic overview of the technique. 

 
Fig 6.2: Schematic of Sol Gel method for synthesis of Hap Collagen Scaffold and Xerogel 

 

6.1.2.2 Procedure: The starting material of the synthesis is a silica precursor, 3-

Aminopropyl triethoxysilane (APTES) which had been further diluted with acetic acid in 

a magnetic stirrer. 600µl of APTES had been diluted with 2.4ml of Acetic acid in an ice 
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bath ultrasonicator to prevent the elevation of temperature beyond 4
o
C. Type I collagen 

solution have a concentration of 3mg/ml. The type III collagen powder had been 

solubilized with 10ml of Acetic acid to a final concentration of 1mg/ml in a sonicator. 

Silica collagen (%w/w) has been maintained at 3:1 and the ration of collagen type I and 

III has been maintained 7:1 (%w/w). Now 6.8 ml of type I collagen is mixed 3.2 ml of the 

type III solution earlier formed and thoroughly sonicated for crosslinking the two types of 

collagen. This collagen solution was further mixed with the diluted APTES solution in a 

magnetic stirrer for 2 hours in 1200 rpm to ensure proper mixing and enhancing the 

formation of the bond between the sols at a volume ratio of APTES to collagen 3:10. This 

mixing had been performed in an ice bath and temperature had been constantly monitored 

to prevent premature gelation which may occur in higher elevated temperature near room 

temperature. The solution so obtained is highly acidic. It had been neutralized by 1M 

NaOH stock solution at 7.43 pH. 

 

The solution had been incubated for 48hours at room temperature for curing to form a gel 

which is hydrophilic and which can readily solubilize in any liquid medium. The gel so 

formed is further centrifuged in 15000rpm to extract the pure gel. The extracted gel was 

poured in petridishes and freezed to -20
o
C temperature and further lyophilized at -60

o
C 

for 48 hours to ensure complete extraction of moisture from the material. The composite 

so obtained was further washed with Phosphate Buffer Saline (PBS) and incubated for 

further 48 hours at room temperature of 37
o
C to ensure  and mimic the environment 

around the composite similar to tissue fluids. The complete process has been schematized 

in Figure 6.3 a and b. 

 

a 
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Fig 6.3 a & b: Schematic diagram for the process of developing Silica Collagen 

Composite 

 

The composite now formed is a lyophilized xerogel which had been further characterized 

to study the microstructure with the help of Scanning Electron Microscopy. Optical 

properties had been studied in UV-Vis photometer. Further XRD and FTIR patterns had 

been studied. 

 

6.2 EXTRACTION OF COLLAGEN FROM INDIAN CATFISH (Sperata Aor) 

 
Beyond all this research there remains a constraint and that lies on the price of 

commercial collagen and extensive delay of delivery to Indian states from foreign 

companies. This is the reason which has given path to extraction of nascent collagen from 

fish skin in this research. 

 

6.2.1 Collagen extraction process  

 

Collagen can be fundamentally extracted by chemical hydrolysis and enzymatic 

hydrolysis (Zavareze et al., 2009). Chemical hydrolysis is all the more ordinarily utilized 

as a part of industry, however organic procedures that utilization the expansion of 

chemicals are additionally encouraging when items with high healthful esteem and 

enhanced usefulness are required (Martins et al., 2009). In addition, enzymatic 

procedures produce less waste and may diminish the preparing time, however they are 

more costly. To separate collagen it is important to expel various covalent intra-and 

b 
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intermolecular cross-links, which fundamentally includes buildups of lysine and hydroxy-

lysine, ester securities and different bonds with saccharides, all of which makes the 

procedure very complex (Ran and Wang, 2014).  

 

Prior to the collagen extraction a pre-treatment is performed utilizing a acidic or alkaline 

process, which varies as per the inception of the crude material. The pre-treatment is 

utilized to expel non-collagenous substances and to acquire higher yields simultaneously. 

The most normally utilized extraction techniques depend on the dissolvability of collagen 

in unbiased saline arrangements, acidic arrangements, and acidic arrangements with 

included chemicals. 

 

6.2.2 Pre-treatment  

 

Due to the nature of the cross-linked collagen that is available in the connective tissue of 

creatures, it breaks up gradually, even in bubbling water. Subsequently, a partial chemical 

treatment is important to break these cross-interfaces previously extraction (Schreiber 

and Gareis, 2007). To this end, weakened acids and bases are utilized, and the collagen is 

subjected to partial hydrolysis, which keeps up the collagen chains in place however the 

cross-links are cleaved (Prestes, 2013).  

 

In the acidic type of pre-treatment the crude material is drenched in acidic solution until 

the point when the solution enters all through the material. As the solution infiltrates the 

structure of the skin at a controlled temperature it swells to a few times its underlying 

volume and the cleavage of the non-covalent between and intra-molecular bonds occurs 

(Ledward, 2000). The acidic procedure is more appropriate for more delicate crude 

materials with less interlaced collagen strands, for example, porcine and fish skins 

(Almeida, 2012b).  

 

The alkaline procedure comprises of treating the crude material with a basic solution, 

normally sodium hydroxide (NaOH), for a period that can take from a couple of days to 

half a month (Prestes, 2013). This procedure is utilized for thicker materials that require a 

more forceful entrance by the treatment specialists, for example, bovine ossein or 

shavings (Ledward, 2000). NaOH and Ca(OH)2 are regularly utilized for pre-treatment, 

yet NaOH is better for pre-treating skins since it causes huge swelling, which encourages 

the extraction of collagen by expanding the exchange rate of the mass in the tissue 

network (Liu et al., 2015).  

 

An examination by Liu et al. (2015) assessed the impact of antacid pre-treatment on the 

extraction of acid soluble collagen (ASC) from the skin of grass carp 

(Ctenopharyngodonidella). Concentrations of NaOH from 0.05 to 0.1 M were powerful in 
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expelling non-collagenous proteins without losing the ASC and basic changes at 

temperatures of 4, 10, 15 and 20°C. Be that as it may, 0.2M and 0.5M NaOH caused a 

critical loss of ASC, and 0.5M NaOH brought about auxiliary alteration in the collagen at 

15 and 20°C. Notwithstanding the utilization of acids and bases, catalysts or chemicals 

may likewise be utilized to cut the cross-linked bonds to get products with various 

qualities (Schrieber and Gareis, 2007). 

 

6.2.3 Chemicals, Instruments and Materials: 

The list of chemicals required are listed below in Table 6.2 

 

Table 6.2: List of Chemicals for extraction of Collagen 

Sl. No. Chemicals Company 

1. Butyl Alcohol Merck Germany 

2.  NaOH Pellets Merck Germany 

3. Acetic Acid 99.9% Sigma Aldrich India 

4. NaCl powder Merck Germany 

5. DeIonized water Merck Germany 

 

Fish Skin had been bought from local market. Alongwith these above mentioned 

chemicals various materials and instruments had been used, viz. 125mm Filter Paper, 

Electronic balance, Vacuum Filtration unit, Refrigerated Centrifuge machine (Remi C-

24BL) and Freeze Dryer. 

 

6.2.4: Methodology 

 

The step has been summarized in figure 6.4. Sperata Aor or commonly known as Indian 

Catfish has a thick layer of epidermal tissue which is a reserve of basic protein, collagen 

and fats. The fish skin had been bought from local market and preserved in ice before 

further treatment. The skins were thawed and washed thoroughly first by running tap 

water and then by deionized water which was kept at ice cool temperature. Skins were 

further cleaned with 0.8 M NaCl (1:6 w/v), again in the Stephan homogenizer at 5° C for 

10 min, and were rinsed with abundant running tap water. This process was repeated for 

atleast 2 to 3 times and excess water as removed by manual squeezing. The skin was 

further cut into small pieces and further treated to remove any non-collagenous parts. 

 

For loosening the skin, i.e, for removing non collagenous parts the skin was treated with 

0.1M NaOH and thoroughly mixed in a sonicator. After this vigorous mixing the mixture 

had been kept in normal freezer for 24 hours to enhance proper loosening of the thick 

fibres. After 24 hours the skin was filtered through double filtration paper and further 

cleaned with cold deionized water until the pH falls to 7. Following this process the skin 

was treated with 15% butyl alcohol to remove fats. To make 1 litre of 15% butyl alcohol, 

150 ml of the alcohol was mixed in 850 ml of deionized water. The skin was treated in 

two consequent batches. First 500 ml of butyl alcohol was used to treat the skin mass for 

24 hours, then another 500 ml was used for another 24 hours in a normal freezer.  

 



Experimental Rig//Chapter 6 
 

 
96 

 

 
Fig 6.4: Schematic of the process of Collagen Extraction 

 

 

After 48 hours of butyl alcohol suspension, the skin was filtered and washed thoroughly 

and 1 litre of 0.5M acetic acid had been added to the skin and stirred intermittently. This 

process is again repeated for another 24 hours. After 72 hours of acid treatment the quasi 

fluid mixture was filtered in a vacuum filtration unit to ensure that only soluble 

collagenous parts are filtered as shown in figure 6.5.  
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Fig 6.5: The vacuum filtration unit 

 

6.3 RESULTS AND DISCUSSION 

 
6.3.1 Fourier Transform Infrared Spectroscopy: The FTIR spectra of extracted collagen 

and silica-collagen composites are presented in Fig. 6.6 a and b. Amide A band 

corresponds to N-H stretching vibrations was found in the wave range 3419.79 cm
-1

. 

Generally Amide A band is obtained in the range of 3400-3440 cm
-1

 (Tylingo, 2016) 

which is an indication that, hydrogen bond network has been constructed for this 

material. Amide I bond corresponds to carbonyl group stretching vibrations is generally 

found in the range of 1600-1700 cm
-1

, here which is found at 1668.43 cm
-1

 (Li et 

al.,2013). Amide II bond corresponds to CN stretching vibrations is found at 1535.34cm
-1

 

(Wang et al. 2008). The absorbance peak at 1238.30 cm
-1

 corresponds to the peak 

responsible for Amide III (Sasmal and Begam, 2014).  

Vacuum Filtration 

unit 

Quasi Fluid 

Collagen 
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Fig 6.6: FTIR analysis of (a)Extracted Collagen and (b)Silica-Collagen Composite 

respectively 

 

From the FTIR Spectra of Silica-collagen composite it was observed that the composite 

consist characteristic peaks of collagen and silica both. Amide A band was observed at 

a 

b 
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the wavelength 3001.24 cm
-1

. Amide II and Amide III was found in the wave range 

1554.63 cm
-1 

and 1228.66 cm
-1 

respectively. The stretching mode of Si-OH linkage is 

observed at 752.24 cm
-1

. The band at 470.63cm
-1

 is assigned to stretching and bending 

mode of Si-O-Si of the gel network (Padmaja, 2001). 

 

6.3.2 X-ray Diffraction Study: The XRD pattern of extracted collagen and Silica-

collagen composite was shown in figure 6.7. It was observed from the diffraction pattern 

that the specimen consist of Silica phases and there were no other secondary phase. 

Major peaks were observed at 22, 28, 29, 36, 37, 38, 43 and 48 corresponding to peaks of 

silica, (002), (210), (211), (112), (130), (222) and (213) planes, respectively. The similar 

trend was observed by Najafizadeh in 2016 for the peak of Si. 

 

Fig. 6.7: XRD analysis plot of Silica Collagen composite 

6.3.3 Scanning Electron Microscopy: The microstructure of extracted collagen and 

silica-collagen composite were investigated by FESEM. The micrograph of extracted 

collagen in figure 6.8 shows almost spiral structure with few open spaces. Where, in case 

of silica-collagen composite the particles obtained are spherical in nature with few 

amorphous aggregates which is porous in nature as shown in figure 6.9. 
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Fig. 6.8:  SEM of extracted collagen at different zooming magnitude showing knotted 

fibrillar structures 

 

 
Fig. 6.9:FESEM of Silica Collagen composite showing porous phases at different 

magnification levels  
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6.3.4 Optical study: Transmittance is the ratio of transmitted light intensity to incident 

light intensity, which was measured in UV-Vis Meter. A 50 µL of the gel formed was 

pipetted into the cuvette and allowed to cure at ambient humidity. The transmittance was 

calculated between 300 to 800nm covering the visible light spectrum. Figure 6.10 shows 

the plot of transmittance, which shows that the transmittance increases as the wavelength 

shifts from ultraviolet to infrared regions. The value of transmittance is between 0.8 to 

1.0 in the range of 600 to 800 nm and 0.6 to 0.6 for lower wavelength range between 300 

to 600. Therefore there is need to work further on the model for improving its optical 

characteristics. 

 
Fig. 6.10: Transmittance curve for silica collagen composite compared with DeVito 

Model, 2012 

 

6.4 CONCLUSION 

 
The extracted material from fish skin showed characteristics absorption peaks for Amide 

A and Amide I, II and III which is the identification characteristics of Collagen type I. 

The microstructure of the collagen is fibrillar with some knotted structure and few spaces 

which has determined its spongy nature. These characteristics confirm the material as 

predominantly collagen type I. 

 

The FTIR curve of the Silica-Collagen composite showed the characteristic peaks for 

both collagen and silica phase. The stretching mode of Si-OH and stretching and bending 

of Si-O-Si can also be seen from the curve which determines proper linking of the two 

phase while gelation. As collagen is amorphous so the XRD plot shows intensity peaks Si 

phase at various degrees of rotation among those some are of very high intensity 

magnitude. The SEM micrograph has a porous phase which is very much likely for any 

scaffold for tissue growth, regeneration, cell proliferation and targeted drug delivery. 
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Furthermore there are lots of areas of improving the microstructure and characteristics of 

these biomaterials like the curing technique could be varied to examine the characteristics 

of the materials as curing is a very important step in forming the microstructure in nano-

science. The swelling nature could be studied for any post-operative swelling of the 

implant and amount of water absorption. The bonding and linking could be made stronger 

with some additives like glutaraldehyde or poly vinyl alcohol or some commercial 

plasticizers. These are the future research interest in these fields to enhance the property 

and suitability of the collagen and composite to ensure them to be a part of the implant 

synthesis and the implant itself. 
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7.1 CONCLUSION 

 

The complete research work has been summarized in this thesis which includes seven 

chapters including the present one. 

 

Chapter 1 is comprised of the introductory stage about the physiology and anatomy of 

human eye and its various tissue layer and their nature. The chapter also reflects the 

biomechanical properties of biological tissues which are mostly viscoelastic in nature.  

 

Followed by chapter 1 the thesis contains various Literature reviews that has been 

supported the research work with the techniques and knowledge. This Literatures 

supported the research like the skeleton of a vertebrate and has been summarized in 

Chapter 2. 

 

Chapter 3 is Numerical Foundation. This chapter explains the mathematical equations 

and derivation which formulates various elastic and viscoelastic models for simulating 

and designing biological tissue mechanics. 

 

Impact Analysis is the chapter that follows and elaborately described in Chapter 4. In this 

research, a 3D FE model has been constructed in CAD software and basic material 

properties has been assigned and an impactor is simulated to impact the surface at various 

velocities. The Stress and Strain has been measured on the surface of the tissue. The 

study showed that cornea Elastic Model deforms much more than the Viscoelastic model. 

This confirms that cornea should be simulated as Viscoelastic material for any Impact 

Test. The Generalized Kelvin-Voigt Model that has been used in this study could provide 

a better alternative for donor cadaver cornea as this model with conjunction to the silica 

composite synthetic cornea can provide a far better viscoelastic barrier similar to collagen 

tissues. This behavior of material properties could also be used in artificial soft contact 

lenses to resist any damage to the prosthesis from crash injuries or environmental 

hazards. 

 

Chapter 5 describes Fractional Derivative approach for conventional viscoelastic models. 

As a conclusion it can be said that the human cornea exhibits viscoelastic tissue behavior 

with the fractional element lying between the values of perfectly elastic and viscous 

values with a cling towards elasticity, i.e., the elasticity retains its nature more with a 

tendency of being viscous. Thus a human cornea actually mimics a viscoelastic soft tissue 

and can be modeled with fractional parameters.  It can also be concluded from this study 

that the human cornea does not actually behaves a Maxwell viscoelastic tissue and thus 

does not obey the parameters that to be maintained for a fractional model to be a Maxwell 

Model i.e., α = β = 1. As mentioned this particular case shows a large demarcation with 



Conclusions & Future Prospects//Chapter 7 
 

 
108 

 

the experimental data observed in literature works. Study from nature of deformation for 

both FMM and KVFD on the other hand gives clear views of the validation of the two 

models. As far as experimental works are considered, KVFD depicts a very small change 

in deformation for the same range of stress applied thus giving out very less energy 

losses. As a result KVFD can be preferred to Fractional order Maxwell Model in case of 

implant design or synthesis for drug delivery related purposes. FMM on the other hand 

shows more close approximation with experimentally obtained data from cadaver cells. 

The results are more realistic as for the similar range of force; deformation is high and 

attains rupture within a shorter range of stress. 

 

Chapter 6 explains the experimental investigation towards development of Corneal 

hybrid composite and Isolation of native collagen from Fish skin. The extracted material 

from fish skin showed characteristics absorption peaks for Amide A and Amide I, II and 

III which is the identification characteristics of Collagen type I. The microstructure of the 

collagen is fibrillar with some knotted structure and few spaces which has determined its 

spongy nature. These characteristics confirm the material as predominantly collagen I. 

The FTIR curve of the Silica-Collagen composite showed the characteristic peaks for 

both collagen and silica phase. The stretching mode of Si-OH and stretching and bending 

of Si-O-Si can also be seen from the curve which determines proper linking of the two 

phase while gelation. As collagen is amorphous so the XRD plot shows intensity peaks Si 

phase at various degrees of rotation among those some are of very high intensity 

magnitude. The SEM micrograph has a porous phase which is very much likely for any 

scaffold for tissue growth, regeneration, cell proliferation and targeted drug delivery. 

7.2 FUTURE PROPSECTS 

 

Human cornea tissue showing its wide range of deformation has been an area of immense 

interest recently. Few experimental works have been computed and performed regarding 

this topic, but a wide range of mathematical modeling is yet to be done in this respect. 

Fractional Calculus has already been an area of easy and understandable scope of 

designing and modeling various mechanical models including aerospace engineering. 

Works on modeling human eye and its nature with this Fractional calculus is yet to come 

up and more study is needed in this respect including all sorts of complex boundary 

conditions and non-linearity. More Fractional calculus mathematical models are yet to be 

studied for human corneal Viscoelasticity. Fractional Kelvin-Voigt Model, Fractional 

Voigt Maxwell Series (FVMS), Fractional Voigt Maxwell Parallel (FVMP) are few of 

the Fractional Calculus models which needs to be studied and model human cornea tissue 

in them. A simultaneous work on both experiments and mathematical modeling with 

these fractional calculus models will provide a better clarity of viscoelastic nature of lens 

and also help modeling it to create artificial lenses and cure ophthalmologic issues.  
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In impact analysis this study of the mechanical behavior of corneal tissues is going to be 

of immense help as the actual response of the tissues due to a blunt body foreign body on 

human cornea will depend greatly on the amount of elasticity or viscosity of the same. 

Any kind of ophthalmologic abnormality in which elasticity as well as viscosity varies 

can be well defined specially in case of impact analysis now. Likewise the mathematical 

modeling will also be of help in this regard with the specific values of the fractional 

parameters to obtain the exact nature mathematically even without any wet laboratory 

experiments. 

 

Furthermore, there are lots of areas of improving the microstructure and characteristics of 

these Silica Collagen composite like the curing technique could be varied to examine the 

characteristics of the materials as curing is a very important step in forming the 

microstructure in nano-science which in return affects the porosity and mechanical 

strength of the material. The swelling nature could be studied for any post-operative 

swelling of the implant and amount of water absorption. The bonding and linking could 

be made stronger with some additives like glutaraldehyde or poly vinyl alcohol or some 

commercial plasticizers. These are the future research interest in these fields to enhance 

the property and suitability of the collagen and composite to ensure them to be a part of 

the implant synthesis and the implant itself. 
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Abstract

The present work is a computational analysis of a blunt body impact on corneal viscoelastic behavior;
simultaneously comparison is drawn between the tissue behaviors with corresponding cases considering
the tissue to be elastic in other simulated model. Three dimensional models of corneal tissue were
subjected to blunt body impact at different velocities in ALTAIR platform to study the nature of injury
on the tissue material. The variation in the strain due to impact on the cornea for the material behaviors,
range in the order 10-2 ± 0.002 and that for the stress, the magnitude gets almost double for elastic
nature of cornea. Results shows that the viscoelastic fractional derivative biomechanics of the tissue
predict higher resistance to any foreign body impacting on the surface of cornea preventing it from
further indentation into the tissue. The viscoelastic model provided in this work can be incorporated for
the synthesis of artificial corneas and soft contact lenses.
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Introduction
Ocular injury can lead to extensive tissue damage which results
in ocular emergency situations and serious morbidity of the
delicate tissues of the eye [1]. Injuries due to larger impacting
bodies cause wear and tear of the eye lid tissues, retinal
detachment from choroid or equatorial expansion of the eye
ball. But injury due to small foreign body can also lead to the
injuries direct on the surface of cornea, which may lead to
complete or partial tissue rupture leading to complete loss of
vision or impaired vision. Eye is one of the major sense organ
of our body. It has three membrane layers, sclera, choroid and
retina from outer layer to inner layer that surrounds the eye.
The sclera continues in front of the eye ball as a transparent
layer named cornea which helps in reflection of the light into
the eye and also protect the inner parts and tissues of the eye.
Thus cornea is a part of major clinical and medical concern.
Recently researchers are focusing on the biomechanical
characteristics of the morbid eye tissues where increase in
intraocular pressure (IOP) results in increase of stress which is
a characteristic of the deformation of cornea [2]. To properly
understand the process of these ocular diseases a better
visualization and understanding of the mechanical nature of the
corneal tissue is of prior importance. The main objective of this
work is to focus on the material characteristics behavior of
synthetic cornea or contact lenses which is subjected to regular
impact. A three dimensional Finite Element Analysis (FEA) is
applied for understanding and analyzing the impact of foreign
body causing Intra-Ocular Foreign Body (IOFB) injuries. Blunt
eye trauma comprises injuries to the closed globe where tissue
damage can results from mechanical deformation alone or

combined effect of direct delivery of energy to the tissue due to
impact [3]. A particular tissue’s behavior and deformation
under stress is determined by its biomechanical properties.

Finite Element Modeling (FEM) is a numerical analytical
approach, extensively used for simulation of multiphysics
problems that involves complex structures and loading
conditions [4]. This method, since past few years, is applied to
biological systems, specifically to the eye for simulation of the
stress-strain nature of the lamina cribrosa layer, the corneal
tissue and the whole eye [5-7]. A simulation model of eye is
set up based on the information of cadaver eyes done in the
earlier works in this domain. The scope of the present work is
to investigate an FEM analysis of a standardized corneal
trauma due to blunt body impact where the tissue is considered
to be viscoelastic in nature, and to draw a comparison between
the tissue behaviors with corresponding cases considering
elastic behavior only.

Materials and Methods
Cornea exhibits unique properties of stiffness, mechanical
strength and optical transparency which enable it to provide
protective barrier to the inner components of the globe and also
the primary refractive medium of the eye. The fibrous
microstructure of the stromal layer of cornea, which in humans
constitutes 90% of the corneal thickness, results in this unique
nature of the tissue. The stromal thickness is composed of
around 200 lamellar sheets of collagen myofibrils implanted in
hydrated matrix of glycoproteins, keratocyte cells and
proteoglycans [8]. Cornea exhibits complex microstructure
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strongly regulated by the human body itself. After death, the
cornea swells and its optical clarity and tear film is lost. Thus
the biomechanical properties of the eye changes due to the
combined effect of these biomechanical changes along with
tissue degradation and alteration in temperatures [9]. In
addition, Kobayashi et al. explained that the cornea is not
purely elastic but rather is viscoelastic, which means the
loading rate applied on the tissue alters the calculated value of
the Young modulus [10]. Due to the combination of all these
factors, previous literatures has reported large range of Young’s
Modulus ranging from 0.159 MPa to 57 MPa [11,12]. Under
loading condition, cornea shows instantaneous deformation
which demonstrates purely elastic response followed by
gradual and progressive deformation which signifies its
viscoelastic nature [10,13]. These behaviors could be modeled
fairly with a Hookian spring system for pure elastic nature and
with a spring-dashpot system for the viscoelastic nature, where
the dashpot represents time-dependent viscous resistance to an
applied force. Here one spring-mass system is in series with a
spring-mass damping system where the damping is parallel to
the spring system.

For viscoelastic model, generalized Fractional Kelvin-Voigt
Deravativehas been selected as other model (e.g. Maxwell
model) continually to creeps indefinitely under load. In the
cornea, creep approaches asymptotically [14]. Another
limitation of Maxwell model is that it does not regain its
original form after the load cease to act. The pure Kelvin-Voigt
model was not selected because it does not possess a purely
elastic component and thus no instantaneous deformation
occurs. A simple graphical model has been developed in
MATLAB for a corneal model with Young’s modulus in the
above mentioned range and viscosity of 9.02 KPa-s, which
shows time-dependency of the deformation for a particular
load. Figure 1 shows that the steepness of the curve increases
as the stress increases and after the elastic limit it experiences
no further deformation.

Figure 1. Strain versus time for load varying from 1105 to 5 105 Nm-2.

The elastic nature of the model is assumed to be an isotropic,
linear elastic model obeying Hook’s law and represents a linear

relation between stress and strain. The stress-strain relationship
could be presented as:�ij = 1 + �E �ij− �E�kk�ij 1�ij = 2G�ij+ ��kk�ij 2
Where, eij represents the Eulerian strain tensor and σij
represents Cauchy stress tensor’s component [15].

KVFD governing equation 4 arises out of the conventional
governing equation 3 of the K-V Model by replacing the
ordinary integral derivatives with a fractional order. Order of
the derivative of strain with respect to time is thus assumed to
be a fraction and the corresponding stress-strain plot has been
obtained. Stress has been varied between 1 MPa-9 MPa and the
corneal tissue has a co-efficient of viscosity of 9.02 KPa and
elastic limit of 11.05 MPa [16-18]. These data have been
incorporated into the governing equation of KVFD to obtain
the characteristic plots. The fractional order α takes up values
such as 1/3, 2/3, 1/2, 1/4 and 3/4. When α=1, KVFD reduces to
the conventional K-V Model.�(�) = ��(�) + ����� (3)
�(�) = ��(�) + �� ����� (4)
Stress relaxation and Creep Compliance response for a KVFD
model are obtained by taking a Heaviside function of the
deformation and stress respectively. In the standard Kelvin-
Voight model α=1, and the stress relaxation is equal to a delta
function at time zero with a constant response after. No real
material follows this function. In the KVFD model, where
0<α<1 the stress relaxation has the form t-α, where t is time.
The creep compliance, J(t), and stress relaxation, G(t),
functions, for the KVFD model are [19]:�(�) = 1� 1− �� − ��� � (5)
Where, Eα is the Mittag-Leffler function and is given by:� (�)� = 1 + ∑� = 0∞ ���(��+ 1)
And,�(�) = �+ � (1− �)�−��(2− �) (6)
Figure 2 shows that KVFD depicts predicted nature of plot for
deformation against time, where the deformation is increasing
exponentially in the beginning and then converges within a
very short interval of time for various α values: 1/3, 2/3, ½ and
1.

Nguyen et al. suggested the development of a constitutive
model based on the tissue microstructure for the nonlinear
anisotropic viscoelastic tensile behavior of the stroma layer
that comprise a explanation of fully nonlinear viscoelastic
response of the lamellar level [20]. The model is based on a
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newly developed general nonlinear constitutive framework for
soft fiber-reinforced composites [21]. The model represents the
stroma as a continuum mixture consisting of collagen fibrils
structured into lamellae characterized by an in plane
orientation angle and embedded in a soft isotropic matrix.

Figure 2. KVFD Response for Deformation (mm/mm) vs. Time(s) for
four different values of α for (1.1) Stress=0.5 MPa, (1.2) Stress=1
MPa, (1.3) Stress=2 MPa.

The geometric model for the present work is based on the size,
structure and dimensions of a generic human eye model. The
model has been derived from our previous work which is a
three-dimensional geometry of eye cornea that has been
developed and imported in Altair Hyperworks 10.0 suite in
Block 90 format and linear hexahedral volume mesh is
generated throughout the thickness of the cornea and is
constituted of eight nodes hexahedral element called hex8
element in Altair Hypermesh environment, containing total
3095 elements comprising off 3960 nodes shown in Figure 3a
[22].

Figure 3. A) Meshed eye model; B) The decahedron projectile.

From the experiment report of Uchio et al. it was found that
Poisson’s ratio for cornea is 0.420 and it was assumed that
rupture occurs at a strain of 18% in cornea, and at a stress of
9.4 MPa [23]. The blunt decahedron projectile, shown in
Figure 3b, is generated based on previous work of Uchio et al.
and Mousavi et al. [23,24]. Three different materials were
considered for projectile i.e., aluminum, bone and stainless
steel with corresponding material properties. The bullet
projectile has been meshed with linear hexahedral brick

element mesh comprising of total 980 elements with 1124
nodes.

The mechanical properties used for various materials are
enumerated in Table 1 [25,26]. The base area of the projectile
is 0.25 mm2 whose mass varies depending on the material. The
cornea geometry is constrained about all axes to prevent any
linear or rotational movement in any directions and the
projectile material is set to impact on the surface at variable
speed of 25 ms-1, 50 ms-1, 75 ms-1 and 100 ms-1. The
computation has been performed in Z230 HP workstation.

Table 1. Mechanical properties of various materials considered to be
as the foreign body.

Material Density (gm/cm3) Young’s Modulus
(Mpa)

Poisson’s Ratio

Bone 1.9 9000 0.30

Aluminium 2.7 69000 0.35

Steel 3.0 197000 0.29

Result and Discussions
It has been observed through the simulation result that when
the corneal tissue is considered as viscoelastic in nature it
offers better resistance to the impacting object. The magnitude
of the von-Misses stress generated on the surface of the elastic
nature cornea almost gets double compared to the viscoelastic
nature of the tissue. In the case of strain rate it has been
observed that the localized straining is more on the surface of
the elastic tissue. The variation in the strain effect on the
cornea surface for both the material behavior range in the order
10-2 ± 0.002. It is mainly observed how the strain behavior and
von Misses stress behavior varies on the surface of the cornea
when crashed with projectiles of such varied mechanical
properties. Human cortical bone has the lowest range of
Young’s modulus and density among the three materials used,
the other two being Aluminum and stainless steel of grade
AISI 316. The results are plotted for both plastic strains and
Von Misses stresses of the cornea for all the three impacting
material and for both the mechanical nature of cornea. From
the plots it could be easily said that the value of the result
parameters increases with increase in velocities. The plots also
depicts that the value of both the result parameters sharply
varies with the mechanical properties of the impacting material
used for given set of velocities as shown in Figures 4a and 4b.

The higher the Young’s Modulus and density of the material
higher is the value of plastic strain and von Misses stress at a
particular velocity. Stress and strain are generated and transient
behavior plot of the strain and stress on the tissue surface are
developed which is shown in Figure 5 for the case of an
aluminum projectile with a velocity of 50 ms-1. From the
transient response of the stress and strain, it is observed that the
stress generated and strain effect on the tissue surface due to
high velocity blunt body impact is comparably less for the
viscoelastic nature of cornea than that of the elastic nature for
similar test conditions. This leads to better energy absorption in
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the model constituted with viscoelastic nature thus it could
provide better and long term resistance to the impacting body
before failure.

Figure 4. A) Stress versus velocity curve; B) Strain rate versus
velocity curve.

Figure 5. Transient response of strain and stress with time (a)
transient response of strain with time, (b) transient response of stress
with time.

In this study the displacement of the surface of the cornea is
also studied. The transient response of the displacement is

shown in Figure 6 where it is clearly explained that elastic
nature shows instantaneous deformation and is short termed
but viscoelastic nature shows prolonged and progressive
deformation. Table 2 shows the duration of deformation for
different material and projectile velocity combination. There in
all the cases we can observe that for viscoelastic model the
deformation is much gradual than the elastic model. In our
range of maximum velocities, it has been observed that
maximum duration for energy absorption is around 5.0, 5.5 and
6.5 milli-second respectively for each of the projectile material.
However, the transient response time increases as the elastic
moduli and density of the projectile increases. For example the
duration of deformation for bone projectile impact is about 5.0
milli-seconds whereas for that of steel is around 6.5 milli-
second.

Figure 6. Transient response of displacement of node N116502 (a)
displacement for elastic cornea, (b) displacement for viscoelastic
cornea, for aluminum projectile impacting at 50 ms-1.

Due to this prolonged deformation stage in viscoelastic model
which is not an instantaneous shock to the material rather it
follows a gradual deformation with respect to the force applied,
this model could be used for further research in this area.
Cadaver eye cornea transplant reported several issues of donor
graft rejection, biocompatibility and such other issues and anti-
rejection drugs are commonly administered which could lead
to infections [27]. The Generalised Kelvin-Voigt Model that
has been used in this study could provide a better alternative
for donor cadaver cornea as this model with conjunction to the
silica composite synthetic cornea can provide a far better
viscoelastic barrier similar to collagen tissues. This behavior of
material properties could also be used in artificial soft contact
lenses to resist any damage to the prosthesis from crash injuries
or environmental hazards.

Table 2. Duration of deformation for different cornea material behavior and projectile velocity combination; E: Elastic model of cornea, VE:
Viscoelastic model of cornea.
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Velocities

(ms-1)
25 50 75 100 Projectile

Material

Duration of Deformation
(sec)

E VE E VE E VE E VE

0.0007 0.0028 0.0010 0.0037 0.0016 0.0045 0.0021 0.0051 Bone

0.0011 0.0035 0.0015 0.0043 0.0019 0.0051 0.0025 0.0056 Aluminum

0.0016 0.0043 0.0022 0.0052 0.0026 0.0059 0.0031 0.0066 Steel
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