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Chapter 1

INTRODUCTION

1.1. Introduction

With the advancement in technological field, research works on micro and nano
structural components have gained interest over the past few years. The advent of micro
fabrication in the 1980s, led to the manufacturing of micro- and nano-sized beams and plates
for various uses. These thin structures and films are being extensively used in micro-/nano-
electro-mechanical-systems (MEMS/NEMS) due their mechanical, optical, corrosion-
resistant and hardness properties (Li et al., 2003; LU et al., 2009; Yang et al., 2012).
Vibration shock absorbers, atomic force microscopes, resonant testing equipments, electro-
statically excited micro actuators, micro switches etc. are some of the MEMS that find the
use of micro beams and micro plates. In optoelectronics, these structural elements are used
for purposes like diverting photons. Micro beams are presently being utilized in micro
pumps, micro turbines and in many other micro-fluidics applications in aerospace,
mechanical, medical and biotechnological applications (Epstein and Senturia, 1997; Mehra
et al., 2000; Kosasih and Jafari, 2014; London et al., 2001; lverson and Garimella, 2008;
Amirouche et al., 2009; Watson et al., 2009). So there is a huge importance of knowing the
mechanical behavior of these micro- and nano-sized structures in detail to operate the state-
of-the-art systems with accuracy and precision.

As researchers became interested on investigating the mechanics of micro beams and
plates for its ample opportunity in engineering applications, conventional continuum
mechanics is largely being used to predict its mechanical behavior. But the experimental
studies showed that the static and dynamic characteristics of micro scale structures differ
significantly from that predicted by the classical mechanics and it was seen that the behavior
depends on the size factor (Lam et al., 2003; Liu et al., 2008; Li et al., 2018). Various new



theories have been developed since then to accommodate the size-dependent behavior of
micro structural elements. Modified coupled stress theory (MCST) (Yang et al., 2002; Park
and Gao, 2006), strain gradient theory (SGT) (Fleck and Hutchinson, 1997; Kong et al,
2009), nonlocal elasticity theory (Eringen, 1983; Wang, 2005; Reddy, 2007), surface
elasticity theory (Gurtin and Murdoch, 1978; Wang and Feng, 2007; LU et al., 2009) are
some of the path-breaking developments in this field. For the present work, MCST is used to
capture the size-dependency of micro beams as it is widely used by the present day
researchers for its simplicity due to involvement of a single material length scale parameter.
From the material considerations of the structural elements, especially in thermal
environment, composite materials are being used for many years because they have better
mechanical and thermal properties than its homogeneous counterparts. But the problem with
composite structures, is the stress concentration generated in the interlaminar spaces. This
results in delamination of composites in the high-temperature operating conditions.
Functionally graded materials (FGMs), a class of advanced composites, is considered to be
an alternative to the conventional composites. In addition to corrosion and wear resistivity,
FGMs show better thermal and mechanical properties than the conventional metals or
composites, and thus gained a very high importance in industrial applications. First
introduced in Japan in 1984, in FGMs, unlike in conventional composites, the volume
fractions of the constituents (metals and ceramics) and thus the material properties can be
varied in smooth and continuous manner in any desired direction. The metal constituents
contribute in enhancing the toughness of the structure, while the ceramic constituents impart
better thermal properties to the structure, thus making it suitable to be used in high-
temperature environment. For a beam-type component, the functional gradation along the
thickness direction makes a thickness-FGM (TFGM) (Reddy and Chin, 1998; Reddy et al.,
1999; Efraim and Eisenberger, 2007), and along the axial direction makes an axial-FGM
(AFGM) (Shahba et al., 2011a). Recent advancements in manufacturing technologies have
widened the path for considering bidirectional-FGMs (BFGMs) for beams including micro-
beams (Simsek, 2015; Hao and Wei, 2016; Nguyen and Lee, 2018; Mirjavadi et al., 2017;
Trinh et al., 2018). In a BFGM beam, the material is graded in both thickness and axial
directions. FGMs are considered to be one of the most promising materials for future in

many engineering applications, e.g., the aerospace, mechanical, chemical, automobile and
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defense industries. Specific examples of FGM components include wear-resistant linings to
handle large heavy abrasive ore particles, rocket heat shields, heat exchanger tubes,
thermoelectric generators, heat-engine components, thermal shields for nuclear reactors and
chemical plants, plasma facings for fusion reactors, electrically insulating metal/ceramic
joints, bone and dental implants, cutting tools, fuel cells, solar cells etc. Though fabrication
of FGM materials cannot yet be commercialized, but different techniques are being
introduced in recent times, namely controlled segregation (sedimentation forming, slip
casting, centrifugal casting, thixotropic casting etc.) and controlled blending (thermal
spraying, vapour deposition, electrophoretic deposition, filter pressing, blended spray drying
etc.) for manufacturing it in bulk at low cost.

The rapidly increasing applications of micro beams in modern applications have
motivated the researchers to study its static, dynamic and stability behavior in minute
details. Specifically, the study on free vibration behavior of non-rotating and rotating micro
beams is important from design point of view in order to make them safe from resonance to
occur under time-varying external forces. Considering tremendous applications in various
micro turbo-machineries and micro pumps, rotating micro beams call for greater attention to
study its free vibration behavior for both straight (without pre-twist) and pre-twisted
configurations Also, keeping in view the existing and futuristic applications of FGMs, it is
important to study the free vibration behavior of micro beams made of FGMs.

Here, in the present work, three studies have been carried out. The first one studies
the free vibration behavior of a straight tapered rotating micro beam made of BFGM. The
second one deals with the free vibration behavior of a pre-twisted tapered rotating micro
beam made of BFGM. The last one deals with a homogeneous micro beam and presents how
it behaves dynamically on application of a static force in the form of a uniformly distributed
load. For the present thesis work, MCST is considered as the size-dependent theory, and
Timoshenko beam theory (TBT) along with von Karman type geometric nonlinearity are
used for describing the strain-displacement relations. Voigt Law of volume fraction is
considered to model the functional gradation, and Touloukian model of temperature-
dependency of the mechanical properties are considered to incorporate the thermal

environmental effect. The present models for various studies are validated with the available
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results in the literature for different reduced problems. The results are presented mostly in
non-dimensional plane to study the effects of various important parameters on the free

vibration behavior of micro beams.

1.2. Literature Review

Various researchers have investigated and reported the static and dynamic behavior
of micro and nano beams over the past few years. A good amount of literature involving
study of FGM beams, rotating classical and size-dependent beams using different methods
of analysis are also available. In the following sub-sections, some of the notable works are

presented in brief.

1.2.1. Mechanical Behavior of Micro and Nano Beams and Structures

In the last decade of the twentieth century, research works on static and dynamic
behavior of micro and nano structural elements grew heavily. Several experimental studies
were done on the size-dependent deformation of micron scale metals and polymers.
Research investigation by Nix (1989) on thin films of metal, micro indentation study of
Tungsten and Molybdenum single crystals by Stelmashenko et al. (1993), hardness study of
single silver crystal by Ma and Clarke (1995), experiments to study strain gradient plasticity
by Fleck et. al. (1994) and Lam and Chong (1999) for thin metals and polymers, all showed
that the behavior cannot be explained by conventional continuum mechanics. Fleck and
Hutchinson (1997) discussed the importance of strain gradient theory using the classical
couple stress theory (Toupin, 1962; Mindlin and Tiersten, 1962; Koiter, 1964; Mindlin,
1964). Eringen (1983) developed nonlocal elasticity theory on the basis of conservation of
momentum and moment of momentum and investigated micro scale continua. Anthoine
(2000) showed the effect of couple stresses on pure bending of beams. Yang et al. (2002)
developed a new couple stress based strain gradient theory. They simplified the classical
couple stress theory by developing an additional equilibrium equation and used this
modified theory, named as modified couple stress theory, to analyze pure bending of flat
plate and torsion of cylindrical shaft. Beskou et al. (2003) investigated the bending and
stability of beams using strain gradient theory and surface elasticity. Lam et al. (2003)

modified the strain gradient theory to reduce the number of material length scale parameters
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from five to three to describe the size-dependent behavior and conducted experiments to
validate the theory. Li et al. (2003) worked on micro/nano mechanical characterization of
single crystal silicon and thin films of metals to determine their modulus of elasticity,
hardness, scratch resistance and fracture toughness for designing MEMS/NEMS.
Incorporating nonlocal elasticity theory, Peddieson et al. (2003) conducted study on Euler-
Bernoulli beams.

These profound studies also resulted in more developments in analysis, application
and fabrication of micro and nano beams and plates. Pei et al. (2004) used micro fabricated
cantilevers for quantitative detection of blood glucose levels. McFarland and Colton (2005)
fabricated polypropylene micro cantilevers to use them as sensors. Park and Gao (2006)
developed a new model of Euler-Bernoulli beam using MCST by variational formulation of
minimum potential energy principle. Kong et al. (2008) investigated the size-dependent
natural frequency of Euler-Bernoulli beams using MCST and showed how the dynamic
behavior is different from classical beams. Fabricating silicon micro cantilever beams of
different sizes, experimental evaluations of Young's modulus, dimensional effects and
failure modes were studied by Liu et al. (2008). Based on MCST, Ma et al. (2008)
developed a Timoshenko beam model and predicted its size-dependent dynamic behavior.
The study was based on Hamilton's principle and variational formulation, and it showed the
necessity to employ Timoshenko beam model for analysis of micro beams. Park and Gao
(2008) analytically solved simple shear problems using MCST. Kong et al. (2009) presented
how the dynamic behavior of micro beams change with the change of thickness using strain
gradient elasticity theory. Asghari et al. (2010) utilized method of multiple scales and
perturbation techniques to determine the static and free vibration behavior of nonlinear
Timoshenko micro beam. Experimental and analytical investigation of dimensional effects
on mechanical behavior of a curved micro cantilever beam made of metallic alloy was done
by Shooshtari et al. (2011). Tang and Alici (2011) experimentally evaluated material length
scale factors of silicon micro cantilevers by micro indentation method. Based on strain
gradient theory, Zhao et al. (2012) showed the effect of nonlinearity in dynamic behavior of
nano beams. Ghayesh et al. (2013) constructed frequency response curve and showed the

effect of different parameters on resonant dynamic response of micro beams using MCST,

5



by studying its nonlinear vibration. The static deflection and pull-in voltage of
electrostatically actuated silicon micro cantilever were evaluated by Kahrobaiyan et al.
(2014) employing Timoshenko beam element and the results were compared to the
experimental data and results based on finite element method (FEM). The effect of size
dependent shear deformation on the behavior of microstructures-dependent beam based on
MCST was investigated by Dehrouyeh-Semnani and Nikkhah-Bahrami (2015). Wang et al.
(2015) accommodated von Karman nonlinearity in nonlinear bending and thermal post
buckling problem of micro scale beams. Attia and Mahmoud (2016) applied nonlocal
elasticity and surface energy theories to model and analyze nano beams. Lei et al. (2016)
experimentally showed the vibrational behavior of nickel micro cantilever beams. Liebold
and Muller (2016) carried out a comparative study of strain gradient theory and micro polar
theory both numerically and experimentally. Noori et al. (2016) used differential quadrature
method (DQM) to analyze free vibration of Timoshenko and Euler-Bernoulli micro beams.
Bambill et al. (2017) showed the implications of non-rigid realistic boundary conditions on
the vibration characteristics of micro beams. Rajasekaran and Khaniki (2017) discussed the
effect of different parameters like non-uniformity, non-local and strain gradient terms on
natural frequency, buckling load and deformation of tapered micro beams. Thai et al. (2017)
presented a comprehensive review of the size-dependent theories that are being used in the
analyses of micro and nano structural elements. Li et al. (2018) investigated different modes

of vibration of micro cantilever beams by experiment.

1.2.2. Mechanical Behavior of FGM Classical and Micro/Nano Beams

The concept of FGM was first introduced in 1984 in Japan during a space plane
project. Yamanouchi et al. (1990) and Koizumi (1993) presented a detailed concept of
FGMs, fabrication and their merits over conventional composites for mechanical structures
in high-temperature environments and high speed spacecrafts. In 1991, FGM forum of Japan
conducted a survey, listing many potential applications of FGM. It gained attention of the
researchers very fast, and many important investigations have been done to easily
manufacture the ceramic-metal FGM by continuously varying the volume fractions of the
constituents (Fukui, 1991; Sata, 1993; Yamaoka et al., 1993; Rabin and Heaps, 1993).

Different material gradation laws like power law, exponential law etc. and their effect on
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stress-strain constitutive relations were also explained by the researchers (Fuchiyama et al.,
1993; Williamson et al., 1993; Fukui et al., 1993; Jin and Noda, 1993; Noda and Jin, 1993).
Goupee and Vel (2006) used element-free Galerkin approach and genetic algorithm
to tailor volume fractions to optimize natural frequency of FGM beams. A study on static
and free vibration behavior of functionally graded (FG) beam were conducted by Kapuria et
al. (2008). In that study, a theoretical model using modified rule of mixtures for effective
modulus of elasticity was validated by experiments on FG beams manufactured by powder
metallurgy. Malekzadeh et al. (2009) used first order shear deformation theory (FSDT) to
model a FG circular arch with temperature-dependent mechanical properties and
implemented DQM to analyze its in-plane free vibration. Simsek and Kocatirk (2009)
presented a study on free and forced vibration of simply supported FG beams, subjected to
concentrated moving harmonic load and discussed the effect of material distribution,
velocity of the load and the excitation frequency on the dynamic responses of the beam.
Mahi et al. (2010) analytically obtained the free vibration frequencies of FG beam for
power, exponential and sigmoid law distribution of constituents. Ma and Lee (2011)
discussed the nonlinear behavior of FG beams with in-plane thermal loading. Shahba et al.
(2011a) investigated the free vibration behavior and stability of an AFGM beam by FEM.
Zhang (2013) conducted nonlinear bending analysis of TFGM beams based on physical
neutral surface and higher order shear deformation theory (HSDT). Esfahani et al. (2013)
performed a non-linear thermal stability analysis of temperature-dependent FGM beams
supported on non-linear hardening elastic foundations. Shen and Wang (2014) used both
Voigt and Mori-Tanaka model of FG beams to determine nonlinear frequencies when the
beam is resting on elastic foundation. Simsek (2015) varied the material properties in both
axial and thickness direction exponentially to model a BFGM beam and analyzed its
dynamic behavior due to a moving load. Hao and Wei (2016) analyzed the influence of
material gradation parameters on dynamic characteristics of BFGM beams. Pydah and
Sabale (2017) analyzed the static behavior of BFGM curved beams based on Euler-
Bernoulli theory (EBT). Reddy (2011) analyzed microstructure dependent mechanical
behavior of TFGM beam using MCST, and von Karméan nonlinearity. MCST was also used
by Asghari et al. (2011) to capture the small-scale size effect in static and free vibration
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behavior of Timoshenko beam. Li et al. (2017) investigated the buckling and free vibration
of AFGM micro beam where non-local strain gradient theory was used to capture the size-
effect. Mirjavadi et al. (2017) used MCST and DQM to analyze effect of non-uniform
temperature gradient and porosity in a BFGM Timoshenko micro beam. Free vibration of
TFGM micro beam was analyzed using MCST by Trinh et al. (2018) for arbitrary boundary
conditions using state-space concept. Yang et al. (2018) used DQM to solve nonlinear
vibration and bending problem associated with the BFGM nano beams applying nonlocal
strain gradient theory.

1.2.3. Dynamic Behavior of Homogeneous Rotating Beams Based on Classical Theory

Anderson (1975) derived equations of motion of a bar rotating with constant velocity
carrying a tip mass and also showed how the frequencies would increase monotonically with
the increase in rotating velocity. Swaminathan and Rao (1977) showed how turbo-
machinery blades could be modeled as pre-twisted tapered rotating cantilever beams and
presented the effect of pre-twist and taperness on free vibration behavior. Wright et al.
(1982) solved the frequencies and mode shapes for a rotating beam with varying mass
distribution, varying flexural rigidity, tip mass and root offset. Free vibration of compact
uniform rotating cantilever beams were investigated by Fox (1985) with taking account of
centrifugal coupling between motions of principal planes. Yokoyama (1988) studied the in-
plane and out-of-plane vibrations of Timoshenko beam with the help of FEM. Bazoune and
Khulief (1992) formulated a finite beam element to analyze free vibration of tapered rotating
beam. Naguleswaran (1994) described lateral vibration of rotating uniform Euler beam
attached to a hub for various boundary conditions. Lin and Hsiao (2001) investigated the
dynamic behavior of rotating Timoshenko beam with the help of virtual work principle,
including the effect of Coriolis acceleration. Song et al. (2001) studied the effects of steady
temperature gradient on the vibrational characteristics of a pre-twisted rotating thin walled
anisotropic beam. Banerjee (2001) formulated a dynamic stiffness matrix to analyze the free
vibration of a pre-twisted beam. Yoo et al. (2001) investigated the effect of various
dimensionless parameters on the modal characteristics of a pre-twisted rotating cantilever
beam. Lin and Lee (2002) analyzed forced vibration of pre-twisted Timoshenko beam with

time-dependent elastic boundary conditions. Lin et al. (2003) derived the governing equation
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of motion for coupled bending-bending vibration of a pre-twisted rotating beam which is
elastically restrained at the root and had a tip mass. Banerjee et al. (2006) studied the free
vibration behavior of a rotating beam using dynamic stiffness method. Avramov et al.
(2007) used Galerkin technique to derive equation of motion for flexural-flexural-torsional
vibrations of rotating beams with asymmetric cross section. Ozgumus and Kaya (2007) used
Hamilton's principle and differential transform method (DTM) for free vibration analysis of
double-tapered Timoshenko beam and presented the coupling between flap-wise bending
and torsional vibration. New interpolation functions were introduced by Gunda and Ganguli
(2008) for finite element (FE) analysis of rotating beams. Elastic and post-elastic dynamic
behavior of tapered rotating beam was presented by Das et al. (2009a). Lee et al. (2009)
investigated the effect of precone angle on instability and vibration of rotating Timoshenko
beam. Shavezipur and Hashemi (2009) applied refined dynamic finite element and Galerkin
method to investigate the free vibration of centrifugally stiffened beams. Huang et al. (2010)
investigated the natural frequency of coupled bending-axial-flapwise vibration of beams
rotating at a high angular velocity. Nonlinear modal analysis was carried out by Arvin and
Bakhtiari-Nejad (2011) using Hamilton's principle and Galerkin discretization method for
rotating beams. Shahba et al. (2011b) introduced basic displacement functions to accurately
predict the displacement fields of a rotating beam. The effects of hub radius, rotational speed
and variable cross section were reported in the paper. Zhu (2012) investigated the free flap-
wise vibration of rotating Timoshenko beam which was doubly-tapered. Bambill et al.
(2013) applied DQM for solving modal characteristics of elastically clamped rotating
Timoshenko beam. Banerjee and Kennedy (2014) illustrated the effect of Coriolis force on
rotating beams using dynamic stiffness method. Spectral-Tchebychev technique was applied
by Filiz et al. (2014) for solving three-dimensional dynamics of unconstrained pre-twisted
beam. Kim and Chung (2016) proposed an accurate and efficient nonlinear model for
rotating cantilever beams. Adair and Jaeger (2017) used modified adomian decomposition
method (AMDM) and derived closed form solutions for mode shapes of pre-twisted rotating
Euler-Bernoulli beams. Both geometric stiffening and softening effects of rotating cantilever
beams were presented by Zhao et al. (2017) using energy principle.



1.2.4. Dynamic Behavior of FGM Rotating Beams Based on Classical Theory

Oh et al. (2003) modeled turbo-machinery blades as thin walled beams made of
TFGM rotating in high-temperature field. They considered the material properties as
temperature-dependent and analyzed the vibration numerically. Librescu et al. (2005)
investigated the instability by flutter and divergence due to gyroscopic force of rotating thin
walled beams in high-temperature field. The beam was considered as made of FGM and
Mori-Tanaka scheme was applied to model the FGM. Fazelzadeh et al. (2006) investigated
the dynamic behavior of rotating FG blades under high temperature supersonic gas flow
using DQM and presented the effects of Mach number, rotating speed, geometric parameters
and blade material properties on the natural frequencies of the blade. Piovan and Sampaio
(2009) studied the geometric stiffening effect of high-speed rotation in case of a rotating
TFGM beam. Shahba et al. (2011a) investigated the free vibration and stability of a tapered
rotating AFGM beam and explained the effect of different parameters on frequencies and
critical buckling load. Free vibration behavior of AFGM tapered beam was studied by
Zarrinzadeh et al. (2012) for six boundary conditions by using FEM. Rajasekaran (2013)
presented the variation of natural frequencies for different parameters for centrifugally
loaded AFGM Timoshenko beam using DTM and DQM. Ramesh and Rao (2013)
investigated the free vibration characteristics of a TFGM pre-twisted rotating beam and
showed the effect of coupling between chord-wise and flap-wise modes using energy
method. Shahba et al. (2013) obtained exact shape function using basic displacement
functions for FE analysis of tapered rotating FG beams. Li et al. (2014) investigated the
dynamic free vibration of rotating FGM beam. The results showed the effects of bending-
stretching coupling and mode shift phenomena in chord-wise vibration. Ebrahimi and
Mokhtari (2015) used semi-analytical DTM to analyze the transverse vibration for rotating
porous FG Timoshenko beams. Dynamics of rotating AFGM tapered beams were studied
based on a new dynamic model by using the B-spline method (BSM) by Li and Zhang
(2015), considering the bending-stretching coupling. Maganti and Nalluri (2015)
investigated the effect of material composition gradient, taper ratios, hub radius ratio and
rotational speed on flap-wise bending natural frequencies of double-tapered rotating FG
beams. Ebrahimi and Hashemi (2016) analyzed the free vibration characteristics of rotating

double tapered FG Euler-Bernoulli beams made of porous materials using DTM. Oh and
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Yoo (2016) presented a model of rotating pre-twisted tapered FG blades with the help of
Rayleigh-Ritz assumed modes method and Kane's method. Das (2017) investigated in-plane
and out-of-plane free bending vibration of FGM beam fixed to the inside of a rotating ream.
Geometric nonlinearity and shear deformability was taken into account for critical buckling
analysis in this work. Fang et al. (2018a) varied the material properties of FG beam in both
thickness and axial directions and analyzed the dynamic stiffening effects for a rotating
three-dimensional beam. Pal and Das (2017) studied the free vibration behavior of
geometrically nonlinear rotating prismatic FG beams for different boundary conditions.
Mazanoglu and Guler (2017) presented flexural vibration analysis for AFGM tapered beam
rotating around a hub considering centrifugal stiffening. Pal and Das (2018) took a tangent
stiffness based approach to describe the free vibration of geometrically nonlinear rotating

double-tapered FG beams considering shear deformability and Coriolis force.

1.2.5. Dynamic Behavior of Homogeneous Rotating Micro/Nano Beams Based on
Non-classical Theory

As various size-dependent theories are developed very recently, literature on
theoretical investigation on rotating micro/nano beams are limited in number. Dehrouyeh-
Semnani (2015) investigated the size effect on the flap-wise frequency of rotating micro-
beams. Hamilton's principle and FSDT was used to model the problem and MCST was used
to take care of the size-dependent behavior. Using MCST, Dehrouyeh-Semnani et al. (2016)
developed finite elements for free vibration analysis of rotating beams employing EBT and
TBT. llkhani and Hosseini-Hashemi (2016) investigated the free vibration and stability of
rotating micro beam using MCST to model micro pump and turbine blades. MCST was
implemented to study the lead-lag vibration of micro cantilever beams rotating around a hub
and it was found that increase in angular velocity and hub radius, lessen the influence of the
size-dependency on the flexural frequencies. Shafiei et al. (2017) studied the transverse
vibration of rotating tapered micro beam for cantilever and propped cantilever boundary
conditions. In that work, Euler-Bernoulli beam model and MCST were chosen for analysis
and equation of motion was solved by DQM. Arvin (2017) compared Timoshenko and
Euler-Bernoulli beam models in the analysis of free vibration of rotating micro beams.
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Strain gradient theory was used to model the size-dependent behavior and DTM was used to
solve coupled differential equations. The influence of material length scale, shear
deformation, rotating speed and the slenderness ratio on the natural frequencies of flap-wise
bending vibration of rotating micro Timoshenko beam were examined by Arvin (2018). Guo
et al. (2018) investigated the vibro-buckling characteristics of rotating and axially moving

nano beam using nonlocal strain gradient theory.

1.2.6. Dynamic Behavior of FGM Rotating Micro/Nano Beams Based on Non-classical
Theory

Very few literatures can be found on the dynamic behavior of FG rotating
micro/nano beams. Ghadiri and Shafiei (2016) investigated the free vibration behavior of
TFGM rotating Timoshenko micro beam in a thermal environment. The material properties
were taken as temperature-dependent and MCST was used to model the size-dependency of
the structure. Results were presented explaining the effects of temperature changes, angular
velocity, different boundary conditions, length scale parameter, FG index and thickness on
the fundamental, second and third natural frequencies. Based on MCST and employing
generalized differential quadrature element method (GDQEM), vibrational characteristics of
tapered AFGM micro beam was also studied by Shafiei et al. (2016a). Shafiei et al. (2016b)
modeled the rotating parts of micro motors as non-uniform TFG rotating micro beams and
analyzed the size-dependent dynamic behavior. GDQEM and Hamilton's principle were
used for governing equations, and MCST was used for considering the size-effect. Shenas et
al. (2016) used modified strain gradient theory and FSDT to model pre-twisted FG rotating
micro cantilever beam. The Chebyshev—Ritz method was used to derive the algebraic eigen-
frequency equations and the effects of angular velocity, angle of twist along the axis,
temperature rise, material gradient index and material length scale parameter on the free
vibration were studied. Using DQM, Azimi et al. (2017) employed Eringen's nonlocal theory
to investigate the vibration of AFGM rotating micro Timoshenko beam under in-plane
nonlinear thermal loading. The centrifugal stiffening effects and chord-flap coupling in the

vibration of rotary FG micro beam was studied by Fang et al. (2018b).
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1.3. Mathematical Background

In the present thesis work, energy principles of structural mechanics have been used
as basis of mathematical formulation. Minimum total potential energy principle and
Hamilton's principle are utilized to derive the governing equation for static and free
vibration problems respectively. The solutions of the governing equations are obtained by
approximating the displacement fields following Ritz method. For approximating the
displacement fields, lowest order displacement functions are selected to satisfy the boundary
conditions. Subsequently, higher order orthogonal admissible functions are generated using
Gram-Schmidt orthogonalization algorithm. For analyzing the mechanics of rotating beams,
the equations governing the relative motion are used. Various mathematical laws and

principles followed in the thesis work are briefly described in the following section.

1.3.1. Minimum Total Potential Energy Principle

Static structural analysis of a continuous system like beam can be achieved by using
minimum total potential energy principle. The governing equation of static equilibrium for
computing deformations and in turn strains and stresses, are derived employing this
principle. The principle of minimum total potential energy is defined as follows (Shames
and Dym, 2009): A kinematically admissible displacement field, being related through some
constitutive law to a stress field satisfying equilibrium requirements in a body acted on by
statically compatible external loads, must extremize the total potential energy with respect to
all other kinematically admissible displacement fields.

To be specific, total potential energy should be minimum for the equilibrium to be
stable. So, the total potential energy is minimized to get the kinematically admissible
displacement fields, i.e., the displacement fields which satisfy the geometric boundary
conditions. After deriving the displacements, strain-displacement relationships are used to
get the strain fields and constitutive relations are used to get the stress fields.

A mathematical representation of total potential energy can be given as,

Mn=U,+U,, (1.1)
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where IT is the total potential energy, U, is the strain energy generated in the structure due

se

to deformation and U, is the work potential of the external load. Thus, the minimum total
potential energy principle can be written as,
s(1m)=6(U,+U,,)=0 (12)

where & is the variational operator.

1.3.2. Hamilton's Principle
Hamilton's principle is an important variational principle in structural dynamics. The

Hamilton's principle can be expressed in the following form,

-U,,)dt=0 (1.3)

se

tfa(;)oltztfa(uke—u

where ¢ called the Lagrangian, given by U, —I1. Here U, is the kinetic energy.
Hamilton's principle states that of all the paths of admissible configurations that the body
can take as it goes from configuration ‘1’ at time t, to configuration ‘2’ at time t,, the path

that satisfies Newton's law at each instant during the interval (and is thus the actual locus of

configurations) is the path that extremizes the time integral of the Lagrangian

g”(=Uke -U,, —Uwp) during the interval (Shames and Dym, 2009; Reddy, 2002).

1.3.3. Rayleigh-Ritz Method

Rayleigh Ritz method is one of the most useful approximate methods originating
from variational considerations. In this method, the displacement field components of the
total potential energy functional are replaced by approximate functions (Shames and Dym,

2009). If in a structural analysis problem, there are three displacement fields u,, v, and w,,

then they are replaced by the approximate functions as follows:

U =45 (X, Y,2) Za¢ (%,y,2)

n

Vo=d (X,¥,2) +ij¢ (x,y,2) (1.4)

W, =g’ (X, Y,2) +ZCJ¢JW (x,y,2
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The functions with subscript ‘0’ satisfy the kinematic boundary conditions of the

problem. The remaining 3n functions are zero at the boundaries. Coefficients a,, b,, c; are

unknown coefficients. The scheme of Ritz method is to determine the values of these
coefficients to minimize the total potential energy. When the values of the coefficients are

thus determined, they are called Ritz coefficients. With the complete knowledge of the

functions ¢, ¢; and ¢ 'and if n tends to infinity, exact solutions for the problem can be
achieved. But if n is finite or small, good approximations can be achieved by choosing ¢, ,
¢; and ¢ wisely.

By replacing these functions in the total potential energy, a functional involving 3n
unknowns are constructed. Now as per minimum total potential energy principle, the values
of the unknown coefficients are to be calculated so as to make the potential energy minimum
given as follows

O _g oo _yadl_g j=12,...n (1.5)
oa, ob. oc.

J J
Then if a function ¢O(x, y,z)satisfies the boundary conditions of the problem so will
K¢, (X, y,2) where K is an arbitrary constant. Then following possible arrangement can be

done for approximate displacement field components u,, v,and w, to be used in the Ritz

method:

[ " ajjqﬁ:(x, y2)+ S ag (xv.2)

=i

B (% Y.z Zi:bjﬂ(x, y,2) (1.6)

Now these equations can be rearranged as,
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1.3.4. Equations of Relative Motion in Rotating Coordinate Frame

Use of rotating reference axes greatly facilitates the solution of many problems in
rotating structures where motion is generated within a system or observed from a system
which itself is rotating. An example of such a motion is the movement of a fluid particle
along the curved vane of a centrifugal pump, where the path relative to the vanes of the
impeller becomes an important design consideration. The description of motion using
rotating axes can be considered for plane motion of two particles Aand B in the fixed X —Y
plane, as shown in Fig. 1.1. For the sake of generality, it is considered that the particles A
and B are moving independently of one another. Now the motion of A is observed from a

moving reference frame x—y which has its origin attached to B and which rotates with an

angular velocity Q =¢. The angular velocity vector is given as Q= Ok , where the vector is

normal to the plane of motion and where its positive sense is in the positive z -direction (out

from the paper), as established by the right hand rule. Hence, the absolute position vector of

Ais given by
P =Ty +7 =T, +(xi +j) (1.8)
y A
» e -
y \ \ /? r—!,;‘ rB .
A N N
/ \\ / ,/X\\
r Pas
A Lo Q=0
=
o
i - X
0]

Fig. 1.1: Schematic diagram for motion of two particles A and B.

16



Chapter 1

Relative Velocity: Taking the time derivative of the absolute position-vector equation for A,

i.e., differentiation of Eq. (1.8) gives

B

r=r +%(xf+ y])

N

-

B+(xf+ yj)+(>‘<f+ yj) (1.9)
But i +yj = Qxxi +Qx yj = Qx(xf+ yj) =Qxr Also, since the observer in x-y measures

velocity components x and y , it is seen that Xi +yj =V, , which is the velocity of A relative

to the x-y frame of reference. Thus, the relative-velocity equation becomes (Meriam and
Kraige, 2013)

V, =V, +QxF+V (1.10)
Relative Acceleration: The relative-acceleration equation may be obtained by differentiating
the relative-velocity relation, given by Eq. (1.10). Thus,

a,=a, +OxF+QxF+V,, (1.11)
In the derivation of Eq. (1.9), we saw that

?:%(xf+y]):(xf+yj)+(>‘<f+yj):fzxf+\7re, (1.12)

Therefore, the third term on the right side of the acceleration equation becomes,
f)x?zﬁx(fle+\7rel):flx(ﬁxf)+f)x\7rel (1.13)
With the aid of Eq. (1.9), the last term on the right side of the equation for &, becomes
. d/ .~ .» LA A LA
V. =a(XI + yj)=(Xl +yj)+(XI +yj)

=Qx(xf+yj)+(>'<f+ yj)

=QxV

rel

‘a, (1.14)

Substituting this into the expression for &, and collecting terms, the following is obtained:

8, =8 +Qx(QxT )+ QxT +20xV, +d, (1.15)

rel
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1.4. FGM Modeling

An FGM material is an advanced composite, in which the proportions of constituents
(usually metal and ceramic) vary smoothly and gives the structure better thermal resistance,
corrosion resistance and toughness. In the present thesis work, the beam is modeled with bi-
directional FGM (BFGM) where the material properties vary smoothly and continuously
through thickness as well as in axial direction. This is achieved by varying the volume
fractions of the two constituents. For a TFGM beam, the volume fraction of ceramic

material (V.) is usually varied in z direction (thickness) according to power law:

c

kt
\Y =[%+%) where, h is the thickness of the structure and k (0<k, <) is the volume

fraction exponent, which dictates the material variation profile through thickness. Changing
the value of k, generates an infinite number of composition distributions. In order to
accurately model the material properties of FGMs, the properties must be temperature- and
position-dependent. The position-dependency of properties can be achieved by several
models. Two important and rigorously used models namely Voigt model and Mori-Tanaka
model are described here (Shen, 2009).

Voigt Model: This model follows a simple rule of mixture. This does not consider the

detailed microstructure. The effective material properties P, of the FGM layer, like
Young’s modulus E,, thermal expansion coefficient «,, density p, etc. can then be

expressed as,

P = Z Pijj (1.16)
i1

where P, and Vfj are the material properties and volume fractions of the constituent

material j, and the sum of the volume fractions of all the constituent materials makes unity,

ie.,

vaj =1 (1.17)
j=1

Mori-Tanaka Model: In this model, the effective material properties are evaluated based on
the volume fraction distribution and the approximate shape of the dispersed phase. This

scheme (Mori and Tanaka, 1973) is applicable for estimating the effective moduli to regions
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of the graded microstructure, which have a well-defined continuous matrix and a
discontinuous particulate phase. According to this scheme, the effective local bulk modulus

K, , the shear modulus G, , thermal expansion coefficient «, and thermal conductivity «,

obtained for a random distribution of isotropic particles in an isotropic matrix are given by,

K, —K, V,
K,—K, 1+(1-V,)(3(K,-K,)/(3K, +4G,))
G, -G, V,

Gz _Gl _1+(1_V2)((Gz _Gl)/(Gl+ fl))
a,—a, (UK )=-(1/K)

a,-a, (1/K,)—(1/K,)
Ky =K Vv,

K-k 1+(1-V,)((x, - &)/ 3x,)

(1.18)

K,,G, and V, denote, respectively, the bulk modulus, the shear modulus, and the volume

fraction of the matrix phase, whereas K,, G,, and V,denote the corresponding material
properties and volume fraction of the particulate phase. It should be noted that

G, (9K, +8G,)

6(K,+2G,) (1.19)

V,+V,=1land f, =

The temperature dependency of the FGM properties can be incorporated by the
Touloukian model.
Touloukian Model: As FG structures are commonly used in high-temperature environment
where changes in mechanical properties of the constituent materials are to be expected
(Reddy and Chin, 1998), it is important to consider this temperature-dependency for
accurately predicting of the mechanical behavior. Thus, the effective material properties are
assumed to be temperature-dependent and can be expressed as a function of temperature
(Touloukian, 1967) as follows,

P =R (P,T " +1+PT+P,T*+PT?) (1.20)

where B, P,, P, P,, and P,are the coefficients of temperature T (in K) and are unique to

the constituent materials. In the present thesis work, Voigt model along with Touloukian
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temperature-dependency is considered. Also, for rotating beams, BFGM is used whereas for

non-rotating beams, TFGM is used.

1.5. Modified Couple Stress Theory

As mentioned in the introduction, several theories have been developed in the recent
past to accurately model the size-dependent behavior of micro and nano beams. In this
regard, MCST is the mostly used theory by the researchers to study the mechanical behavior
of micro beams. Yang et al. (2002) developed modified couple stress theory based on the
original version of the couple stress theory (Toupin, 1962; Mindlin and Tiersen, 1962;
Koiter, 1964; Mindlin, 1964) by introducing an additional equilibrium equation. This theory
considers moments as fixed vector as opposed to free vectors, considered by classical

continuum mechanics. According to this theory, the total strain energy (U ) is determined

as follows:
1 1
Usezajv(czs)dv +§L(m:x)dv (1.21)

where the first part of the right hand side represents the strain energy due to classical stress (
o) and strain (&) tensors, and the second part represents the strain energy due to couple

stress (m ) and symmetric curvature tensors (y ). The symmetric curvature tensor y is given

as,
x:%[v%(vé” (1.22)

where @ is the rotation vector which is related to the displacement vector i as,

é:%(wu) (1.23)

Accordingly to MCST, a single material length scale parameter | is used to incorporate the
size-effect. For isotropic and linear elastic materials, the three-dimensional relations
between the classical stress and strain tensors, and between the couple stress and curvature

tensors are given as follows:
oy =2u's; + 'S5, (1.24)

n2
mij = 2‘u| Zij (125)
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L and ’—G—L 1
@rv)(-2v) ~ YT T 2(1ry) 8re Lames

constants (Yang et al., 2002; Reddy, 2011) where E, G and v being Young's modulus, shear

Here o, is kronecker delta, and A'=

modulus and Poisson's ratio respectively. Reddy (2011) showed that, for a problem
involving micro beam, one-dimensional stress-strain relationship should be used for the
classical stress-strain relations as opposed to the three-dimensional version given by Eq.
(1.24).

1.6. Description of the Thesis Problems

In the present thesis, three problems involving the dynamic behavior of micro beams
are addressed. In the first two problems, free vibration behaviors are investigated for BFGM
tapered rotating micro beams for straight and pre-twisted geometry. The rotating beams are
taken as cantilevers attached with a hub rotating with constant angular speed. This results in
a time-invariant centrifugal loading for the micro beam. The third problem deals with the
free vibration of homogeneous straight prismatic micro beam under a static uniformly
distributed transverse loading.

All the problems are formulated in two steps. In the first step, the deformed
configuration is evaluated using minimum total potential energy principle where the
governing equations are solved using Ritz method. In the second step, Hamilton's principle
is applied to formulate the governing equations for dynamic response. A tangent stiffness
based method including geometric nonlinearity is employed to investigate the free vibration
behavior in the neighborhood of the deformed configuration. In this step, an eigenvalue
problem is formulated. The transformation to eigenvalue problem is direct for the third
problem. But it requires to follow a state-space approach for the first two problems. The
eigenvalue problem is solved using Ritz method. In all the three problems, the size-effect is
incorporated using MCST. The FG beams are modeled using Voigt Law and Touloukian
model is considered to incorporate the thermo-elastic changes in the material properties. In
the results, the variation of free vibration frequencies for different parameters are shown and

discussed.
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As presented in the literature survey, there are very few literatures available, which
deal with the straight and pre-twisted homogeneous and FGM rotating beams. It is also seen
that studies on BFGM rotating beams for both straight and pre-twisted geometries are not
available. This motivates to take up the first two problems for the present thesis work. Also
the problem involving the free vibration behavior of statically loaded micro beams is not
available in the literature. This motivates the selection of the third problem of the thesis. In
this thesis work, a detailed and thorough study of the above-mentioned problems are
presented.

1.6.1. Free Vibration Analysis of BFGM Straight Tapered Rotating Micro Beams

The first problem investigates the free vibration behavior of BFGM straight tapered
rotating micro-beams at elevated thermal condition. The size-dependent behavior is
addressed employing MCST. In this case, the through-thickness functional gradation is
assumed to be symmetric about the mid-plane of the beam, where the beam is metal-rich at
the core and ceramic-rich towards outer layers. This restricts the beam to bend under time-
invariant centrifugal loading. Axial gradation is considered with metal at the hub end and
ceramic towards the free end. von Karman type geometric non-linearity is considered. The
shear deformation effect is addressed within the framework of Timoshenko beam theory.
The governing equations for determining the beam configuration under time-invariant
centrifugal loading is non-linear in nature and is solved using iterative substitution method
with successive relaxation. The mathematical formulation of free vibration problem
considers the effects of Coriolis forces and spin-softening. The governing equation is
transformed into a state-space problem resulting into an eigenvalue problem. The effect of
constant centrifugal loading is taken into account in the dynamic problem by using the
tangent stiffness (Das, 2016) in the neighborhood of the centrifugally deformed beam
configuration. The mathematical formulation for this problem is reduced from that of the
BFGM pre-twisted tapered rotating micro beam, by putting the pre-twist angle zero. It is to
be mentioned that the bending vibratory motions taking place in-the-plane and out-of the-
plane of rotation are respectively called chord-wise and flap-wise motions. The model is
validated with some reduced problems that are available in the literature. For the results, the

speed-frequency behaviors for each of the first two chord-wise and flap-wise modes are

22



Chapter 1

presented in non-dimensional plane to show the effects of various parameters like size-
dependent thickness, axial and thickness gradation indices, taperness parameters, hub
parameter, length-thickness ratio, operating temperature and FGM composition. Also the
effect of size on shear deformation and that of geometric non-linearity are discussed

separately.

1.6.2. Free Vibration Analysis of BFGM Pre-twisted Tapered Rotating Micro Beams
In the second problem, an improved mathematical model of BFGM pre-twisted
tapered rotating micro beam is presented to investigate its free vibration behavior. Modeling
of BFGM is considered as same as that of the previous problem. MCST is employed to
incorporate the size effect. Based on Timoshenko beam theory, the displacement based
mathematical formulation is developed in a global non-inertial frame with appropriate
transformations for the global inertial frame and the local non-inertial frame. As explained
for the previous problem, two interrelated steps are employed: first to determine the
deformed configuration due to constant centrifugal loading using minimum total potential
energy principle and second to get the free vibration behavior using Hamilton's principle.
Tangent stiffness method is considered to incorporate the centrifugal stiffening effect for the
vibrating beam and the governing equation is transformed into a state-space problem
resulting into an eigenvalue problem. The beam model is validated with the available
reduced problems. The coupling between chord-wise and flap-wise vibration is examined
and mode-veering phenomena is reported. The effects of spin-softening, Coriolis
acceleration and pre-twist angle are shown and discussed. The non-dimensional speed-
frequency behaviors for the first four bending modes are presented for variations of different
parameters such as size-dependent parameter, aspect ratio, material gradation indices,
operating temperature, FGM constituent, slenderness parameter, taperness parameters and

hub parameter.
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1.6.3. Free Vibration Analysis of Homogeneous Straight Prismatic Micro Beam under
Uniformly Distributed Transverse Load

The third problem investigates the free vibration behavior of micro beams which are
subjected to uniformly distributed transverse loading. The beam is assumed to be
homogeneous and of straight and prismatic geometry. The aim of the study is to determine
the free vibration frequency at large deflected configuration for different classical boundary
conditions. TBT along with von Karméan nonlinearity are employed to formulate the beam
model and micro-size factor is incorporated based on MCST. In the first step, the beam
configuration under static loading is obtained through a non-linear static problem employing
minimum potential energy principle. In the subsequent step, the free vibration behavior of
the statically deflected micro beam is investigated employing Hamilton’s principle and using
the tangent stiffness of the deflected configuration. The solutions of the governing equations
are obtained following Ritz method by approximating the displacement fields. The beam
model is validated with some reduced problems that are available in the literature. The
results of first two vibration modes in nromalized frequency-amplitude plane are presented
for beams with ends clamped, simply supported and clamped-simply supported.

1.7. Layout of the Thesis

The three problems mentioned in the previous section, are presented in detail in the
subsequent chapters. Chapter 2 discusses the generalized mathematical formulation for
investigating the free vibration behavior of BFGM pre-twisted tapered rotating micro beam.
This mathematical formulation is valid for both the first and the second problems mentioned
in section 1.6. It is worthwhile to mention here that if the pre-twist angle is put zero, the
formulation of the first problem i.e., of straight beam is obtained. In Chapter 3, results for
BFGM straight tapered rotating micro beams are presented and discussed, whereas, Chapter
4 presents and discusses the results for BFGM pre-twisted tapered rotating micro beams.
Chapter 5 presents the entire problem of free vibration behavior of statically loaded
homogeneous straight prismatic micro beam, starting from its mathematical formulation up
to the presentation and discussion of results. Finally, Chapter 6 summarizes the theme of the
present thesis, presents the significant findings and contributions of the thesis, and finally

paves the way for future scope of the present thesis work.
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1.8. Chapter Summary

This chapter presents the introductory discussion for the present thesis along with
broader outlines on the applications and latest trends on micro and nano structures and
FGMs. An extensive literature survey has been presented covering all the direct and allied
fields related to the problems of the thesis. It presents brief discussions about the related
mathematical laws and principles, and also the fundamentals of the modified couple stress
theory and FGM modeling. It provides a quick but comprehensive overview of the problems
that are dealt in this thesis work. At the end, the chapter-wise organization of the thesis is

mentioned.
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Chapter 2

MATHEMATICAL FORMULATION FOR BFGM

TAPERED ROTATING MICRO BEAM
A\ /

2.1. Introduction

Mathematical formulation of the free vibration problem of BFGM tapered rotating
micro-beam is presented in this chapter. As mentioned in the previous chapter, this
formulation is presented for the BFGM pre-twisted tapered rotating micro beam problem. It
is to be mentioned that if the value of the pre-twist angle is made zero, then it becomes the
formulation for a BFGM straight tapered rotating micro beam. The pre-twisted beam is
considered to be attached to a hub rotating at constant angular speed. A displacement based
formulation is adapted and energy based methods are employed to derive the governing
equations. The entire formulation is based within the frame-work of TBT to address the
effects of shear deformation and rotary inertia. von Karman type linear strain-displacement
relationships for the classical strain tensor are considered to develop the generalized
formulation. Further MCST is used to address the size-effect. It is to be noted that one-
dimensional stress-strain relationships are used for the present micro beam-type problem
(Reddy, 2011).

The problem is formulated in two different but interrelated steps. The first step deals
with the deformation of the micro beam due to time-independent centrifugal loading and the
governing equations are derived using minimum total potential energy principle. Ritz
method is followed to discretize the governing differential equations and the system of non-
linear governing equations is solved using iterative substitution technique with successive
relaxation. In the second step, using Hamilton's principle, the governing equations for free
vibration in the neighborhood of the deformed state are determined employing tangent

stiffness of the centrifugally deformed configuration. It is worthwhile to mention that the



effect of centrifugal stiffening is taken into consideration for the free vibration phenomenon
through stretching-bending coupling with the aid of tangent stiffness matrix. In this case
also, Ritz method is used to discretize the governing equations, which are then transformed
to the state-space to formulate an eigenvalue problem. The solution of the eigenvalue

problem provides the free vibration frequencies and the corresponding mode shapes.

Fig. 2.1: Dimensions and axes of a pre-twisted rotating beam.

2.2. Theoretical Formulation

The generalized formulation is presented to investigate the free vibration behavior of
a BFGM pre-twisted double-tapered rotating micro beam. The pre-twisted beam of length L

is fixed to a hub of radius R,, which is considered to be rotating with constant angular speed

Q as shown Fig. 2.1. X -Y —Z is an inertial reference frame originated at the hub centre

O’ where Z -axis is perpendicular to the plane of rotation. x—y—z is a global non-inertial

frame, originated at the hub end of the beam O and parallel to the inertial X —Y —Z frame.
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x—y'—2" is a local non-inertial frame, where y" and z' are the two principal axes along the
local width and thickness directions respectively. Both x—y—z and x—y'—z' rotates with

constant angular speed Q. The cross section of the tapered beam is rectangular and the

width and thickness at any location on axis x are given by b(x):bmax (1—Cb %j and

h(X)=h (1—0h %) . Here C, and C, (0<C,,C, <1) are the taperness parameters for

the width and thickness respectively defined as C, =1—(b,;,/b..) @nd C, =1—(h.;./h..);
(D1 e ) @re the maximum values of width and thickness of the beam respectively at hub

end and (b,,.h,,) are its minimum values at free end. Putting C, =C, =0, a prismatic

beam is obtained.

The total pre-twist angle over the entire beam length is £ . Assuming uniform axial
twist, the pre-twist angle at any axial location x is = /4x/L. A straight beam can be

obtained by setting £ =0. Due to uniform axial twist, we have

((jj_f = | L=constant (2.1)

The transformation equations between the local (principal) and global non-inertial

coordinates and vice versa at any axial location x are given as follows:

y y' cosp  -sing
{Z}:[R]{Z,},Where[R]:|:Sinﬂ COSﬁ:| (22a)

Y o1tV 4 [cosp sing
{z'}_[R] {Z},where[R] _{—sinﬂ cosﬂ} (2.2b)

Using (2.1) and (2.2), the gradients of the local coordinates with respect to the global ones

can be derived as:

ay, _ o 5)/' _ ' —cQj
~ = 7'/ L, == =cosp, 832 =sing (2.3a)
o7 =, o0 _ . o,0r

=—BY'I L, — =-sing, = =cosf (2.3b)
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Table 2.1: Temperature coefficients of different FGM constituents

Constituent | Property P P, R P, P,
E (Pa) | 201.04 x 10° | 0 3.079 x 10* | -6.534 x 107 0
Stainless Steel
-4 -7
(SUS304) ) 0.3262 0 -2.002 x 10 3.797 x 10 0
P
\ 8166 0 0 0 0
(kg/m®)
Titanium E (Pa) | 122.56 x 10° 0 -4.586 x 10™ 0 0
Alloy ) 0.2884 0 1.121 x 10* 0 0
(Ti-6Al-4V) >
, 4429 0 0 0 0
(kg/m®)
Silicon E (Pa) | 348.43 x 10° 0 -3.070 x 10" | 2.160 x 107 | -8.946 x 10
Nitride 3 0.2400 0 0 0 0
(SizNy) D
\ 2730 0 0 0 0
(kg/m®)
E (Pa) | 349.55 x 10° | 0 -3.853 x 10* | 4.027 x 107 | -1.673 x10%°
Alumina
v 0.2600 0 0 0 0
(Al,05)
P
, 3750 0 0 0 0
(kg/m®)
E (Pa) | 244.27 x 10° | 0 -1.371 x 10°% | 1.214 x 10°® | -3.681 x 10™°
Zirconia ) 0.2882 0 1.133 x 107 0 0
(ZrOQ) L
, 3000 0 0 0 0
(kg/m®)

2.2.1. FGM Modeling

The beam material is considered as functionally graded in both the z' (local
thickness) and x (axial) directions. The metal and ceramic constituents follow a power law

variations of volume fractions to constitute the FGM. So, following Voigt model (Shen,

30



Chapter 2

2009) and using Eq. (1.16), the generalized material property (P, ) at any location of the
beam can be given as
P (x,2)=PV,+PV, (2.4)

Here the volume fraction of ceramic (V,) according to a power law is given as follows:

Ky X K,
X(Ej (2.5)

where k, and k, are power law indexes (0<k, ,k <oo) in thickness and axial directions

!

z
h/2

c

respectively. The variation of volume fraction of ceramic in thickness direction is taken so
that the material properties are symmetric about the x axis. As per Eq. (1.17), the volume

fraction of metal is, V, =1-V..
So, P, becomes

!

z

h/2

Ky X K,
X(Ej (2.6)

This equation implies that, in the thickness direction, the beam is metallic at the mid plane

P (x,2')=P,+(P,—P,)x

m

(z=0) and gradually becomes ceramic-rich at the upper and lower layers (z==+h_,/2).

And in the axial direction, the beam is metallic at the hub end and becomes ceramic-rich at

the free end. In (2.6), putting k, =k, =0 yields a homogeneous ceramic beam and putting
k, =k, =00 yields a homogeneous metallic beam.

The mechanical properties like Young's modulus (E, ), Poisson's ratio (v, ) and
density (pf) of the BFGM are taken as a function of temperature following Touloukian
model (Shen, 2009) given as

P =R (P,T'+1+PT +RT*+PT’) (1.20)
where P, P,, B, P, and P, are the coefficients of temperature T (in K) , which are given

in Table 1 for various metal and ceramic constituents that are used as beam material in this
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thesis work (Reddy and Chin, 1998). The shear modulus (Gf) is determined using the

relation G, = E, /{2(1+uf )}

350 —
300 -
250 -
Effective
Elastic
Modulus
(GPa) 150
100
50
0.L
0.5
10000
8000
Effective 6000
Mass
Density
(kg/m3) 4000 -
2000

Fig. 2.2: Surface plots showing variation of effective material properties of Stainless

Steel/Silicon Nitride beam over axial and thickness directions for k, =1.0, k, =1.0 and T,

=300 K: (a) Elastic modulus and (b) Mass density.
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Surface plots are presented in Figs. 2.2(a) and (b) to show the variation of effective
Young's modulus and density respectively along the thickness and axial directions for
Stainless Steel/Silicon Nitride composition. The plots are generated at ambient temperature (

T =T,=300 K) considering k, =1.0, k,=1.0. It is important to mention here that, the increase

in operating temperature only results in degradation of material properties. As the beam
properties are symmetric about the x axis and the boundary condition is clamped-free,
temperature increment allows free expansion of the beam, without resulting any thermal

stress.

2.2.2. Displacement, Strain and Curvature fields
In the present thesis work, displacement based mathematical formulation is

employed. The formulation is based on non-inertial global coordinate system (x—y-z)
where any point Q(x,y’,z") is referenced in non-inertial local coordinate system (x—y’—z').
Following TBT, the displacement fields along the x, yandzdirections respectively are
given by
u(x,y,z,t) =u, - y'v; (xt)+ 2y, (xt)

=U,(x, 1) =y {=w, (x,)sin B+, (x,t)cos B} +2' {, (x,t) cos B+y, (x,t)sin B}
V(X,Y,z,t)=v,(x,1)
w(X, Y, z,t) =w,(x,t) (2.7)
where u,, v, and w, are the mid-plane displacements along the x, y and z directions
respectively; w,, w, are the cross sectional rotations about the y’ and z'directions
respectively; w, , v, are the cross sectional rotations about the y and zdirections

respectively. It is worthwhile to mention that these rotation variables about the local and
global axes are related to each other using Egs. (2.2a) and (2.2b). Hence, the displacement

(§Q) and position (ﬁQ) vectors of Q(x,y’,z’) in global frame are given by

S, = {uo —y'(-w,sin B+y, cos B)+2' (v, cos B+, sin ﬁ)}f+(v0) jr(w)k  (2.89)
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Ry =(x+u)i+(y+v)j+(z+w)k
= {x+u0 —y'(=w,sin B+, cos B)+2' (v, cos B+, sin ﬂ)}f (2.8b)
+(y'cos B—2'sin B+V,) j+(y'sin B+2cos B+w,)K
Considering geometric non-linearity, the classical strain fields in global frame (non-

inertial) of reference are derived to the following form:

au 1(auj2 1(avf 1(&NI
g =—+—=|— | +=| — | +=| —
OX 2\ 0OX 2\ OX 2\ OX

0 0
_ auo_yl _ Yy Sinﬂ+%cosﬂ +7' ﬂcosﬁJr%Sinﬁ
OX OX OX OX

OX
) (2.9a)
au0 4 a‘//y i 8l//z 4 81//)/ a!//z i
+i—-Y'| ——=sinf+—=cosf |+z COS f+—=sin
{8x y( OX 4 OX 4 OX 4 OX g
1(6% ? 1[a%j2
+=| = +=| —
2\ ox 2\ oX
, U N vy
Y0y Ox Oxoy Oxoy (2.9b)
_ QN _
ox ¥,
ou OW Ouodu Owow
Ve = ottt
0z OX O0XO0L OoX oz (2.9¢)
_ow,, |
ox

It is to be noted that the displacement fields given by (2.7) along with the relations (2.1),
(2.3a) and (2.3b) are used to obtain the simplified form of the strain fields given by (2.9a)-

2 2
(2.9c). It is to be noted that the expressions %(?j and %(gﬂj are von Kéarman type
X X

strain-displacement relations used (2.9a)
Defining the rotation vector (6) as 6 = %(Vx 5, ) and using the relations (2.3a) and

(2.3b), its components in global frame are derived as follows:
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@:;@gfgkzpﬂﬁwQ] 210

1fov ou) 1(ov,
le_ —_——— == —+l//z
2{ox oy ) 2\ ox

Using (2.10), the components of the curvature tensor, given by y =%[V§+(V§)T] are

derived to the following form:

Yo =Xy =X = Xyp = Xoy =0

1( o°w, Oy,
A iy

1( 0%, oy
= = — + z
ZXZ ZZX 4(8X2 axj

(2.11)

Considering linear elastic material behavior and using the one-dimensional stress-strain

relation (Reddy, 2011), the non-zero components of the classical stress tensor (a

XX !

O'Xy,GXZ)
are given by

on=Eig,0,= kst}/Xy, o,, =kG,7,, (2.12)
where k, is the shear correction factor used to account for the non-uniformity of shear stress
across the width and thickness of the section. In the present work, k =5/6 (Shafiei et al.,
2016b) is considered. Employing MCST, the non-zero components of couple stress tensor

(mxy, mxz) are given by,

m,, :2Gf|2;(Xy, m, =2G 1’ y, (2.13)
where | is the material length scale parameter that incorporates the size-effect. As the values
of | for the FGM constituents considered are not available in the literature, it is taken to be
constant for the present work.

For the clamped-free configuration of the rotating beam having through-thickness

symmetric material gradation, the temperature rise of the beam to T, will not induce any
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bending of the beam and also it is assumed that the beam will undergo free thermal
expansion without generation of any axial stress. The effect of high-temperature would be

due to the thermo-elastic change in the material properties.

2.2.3. Derivation of Strain Energy
According to MCST (Yang et al., 2002), the classical stress (o) and strain (s)

tensors contribute to the classical strain energy whereas the symmetric couple stress (m)

and curvature (y) tensors contribute to the non-classical strain energy. Knowing the

components the classical stress and strain tensors, and the symmetric couple stress and
curvature tensors, the classical and non-classical strain energies are derived to following

form:

c _ = .
us = V(c.a)dV
L 2 2 2 2
SNE 81] +1%(%] +1%(% 1 %%j
0 2\ ox 2 OX \ oX 2 OX \| OX 4\ OX OX

2 2
L[ Vo ) 10U W )|
4\ Oox OX 4\ OxX OX

SETE RS 1oy, Y 1oy, 0w, . . |
+£A2 Z(gJ (1+C052'B)+Z axy (1—c032ﬂ)—§ga—xy(sm2ﬂ) dx
L i 2 0 2 0 ]
+-([A3 %(%j (1—c032ﬂ)+% a{iy (1+cosz,b’)+%%%(sin2ﬂ) dx
S ol1fov, ) 1fow, ) 1, o 1, 2 oV ow,
] BH@—) (5] 0 ) -Sew Ty, o (214

2 L 2, \? 20, )2 2 (5 2 2 2w 8
:I—IBl Oy | | LW +[a‘/’2j o Do) 0% 0y o0 Yy gy (o 1ap)
8% OX OX OX OoX ox" Ox oX"  OX
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where V denotes volume. The stiffness coefficients used in (2.14a) and (2.14b) are defined

as follows:

+h(x)/2 ,

A()=b(x)[ 1 Edz, A (x) == [ UE (2.15)

+h(x)/2 +h(x)/2

A (x)= b(x)_[_h(x)/2 (z’)2 E,dz',B,(x)= b(x)J‘_h(X)/2 G,dz

As the principal directions (y’ and z') are axes of symmetry and material gradation is

+h(x)/2

!

symmetric along the z'direction, the following simplifications are considered to derive

(2.14a) and (2.14b):
b(x)/2 p+h(x)/2 oror b(x)/2 p+h(xp2 _ o eb(x)/2 peh(x)r2 e
I .[ E,y'dy'dz’ =0, J.—b(x)lzj— E,zdy’dz’” =0, j—b(x)lzj—h(x)lz E,yZz'dy'dz’=0.

—b(x)/2 J-h(x)/2 h(x)/2

2.2.4. Derivation of Work Potential
The beam is subjected to time-independent centrifugal force due to rotation under
constant angular speed. The angular speed and hub radius in vector form are given as

Q=0k and ﬁo = Rof respectively and accordingly, the constant (time-independent)
absolute acceleration of any point Q(x,y’,z') is given as Qx{éx(ﬁo + ﬁQ)} (the first two

terms of (1.15)). Hence the intensity of the constant inertia force (per unit volume) is derived

as follows:
f==p, | 2x{0x(Ry +Ry )}
= p, O [{RO +X+Uy—Y' (=, sin B+y, cos B)+ 2 (v, COS B+, sin ﬂ)}f (2.16)

+(y'cos f—12'sin f+V,) j:|

So the work potential of the centrifugal force can be derived as:

U, =—[ {] -dsjav

=’ _JL'CI {uy (R, +x)} dx}

0

L L
ey %IQ {uj +v§} dx+%jc2 {y/f (1+cos2f8)+y, (1-cos2/3)dx
0

0
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L
—2y,p, sin Zﬂ} dx +%IC3 {(//f (1-cos2p)+y; (1+c0s2f8)+ 2y, sin 2,6’} dx |(2.17)
0

where the inertia coefficients can be defined as:

3
+h(x)/2 . b(X) +h(x)/2 ,
C,(x)= b(X)J.—h(x)/z P10z, Cy(X)= { 12 } J.—h(x)/z pidz, (2.18)
+h(x)/2

C;(x)= b(x).[h(x)/z (Z')Z prdz

Due to symmetric nature of the principal axes and material gradation, the following

simplifications are considered to derive (2.17):

b(x)/2 p+h(x)/2 Al b(x)/2 p+h(x)/2 ol b(x)/2 p+h(x)/2 ottt
I J' p,y'dy'dz' =0, j I pe2'dy'dz’ =0, .[—b(x)lzj . pYZ'dy'dz’=0.

—b(x)/2 J—-h(x)/2 —b(x)/2J-h(x)/2 —h(x

2.2.5. Derivation of Kinetic Energy

The velocity vector of any point Q(x,y’,z') in global non-inertial frame rotating

- - 05
with uniform velocity Q is given as, R, :a—tQ. Thus its absolute velocity vector (g, ) is

obtained as (using relation (1.10)):

Gy :{Qx(ﬁo +ﬁQ)}+RQ
:[uo —y' (=, sin B+y7, cos B)+ 7' (7, cos B+, sin B)—Q(y'cos B—2'sin B+V,)]

a
|

+[\'/O+Q{R0+x+uo—y'(—gyy sin B+y, cos B)+2' (v, cos B +y, sinﬁ)}]]+[vv0]lz(2.19)
A dot () over any parameter symbolizes its rate of change with time. The complete

expression of kinetic energy (U,, ) of the rotating beam is derived as follows:

Ve :%J-vpf (do G0 AV
1% 1k
{EIQ(US +V; +W§)dX+Z~[C2 {w? (1+cos2p)+y} (1-cos2p)
0 0

27, (sin2p)} o|x+%fc3 {1} (1-cos2)+yr; (1+C0s23)+ 29y, (sin Zﬂ)}dx}
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+Q _[C (R +x)\7o}dx+%_|L'C2{gyZ (1+cos2/8) -y, (sin2/3)} dx

L0

JL‘ C; {7, (1-cos28)+yr, (sin23)} d }

0

N

. ) ]
+Q _%!CI(RO+x)2dx+%'([C2(1+c052ﬂ)dx+%'([cs(1—c032,8)dx}

L
+0? IC (R, + X)u,dx

L
+g j u +v
2% (2.20)
L
j w? (1+c0s2p)+y! (1-cos28) - 2p,y, (sin 23) dx
0

+%I0L C, {'//22 (1-cos2p8)+y; (1+cos2p3)+2y,y, (sin 2,6)} dx}

Each term of U,, given by (2.20) should be explained here. The terms not associated

with the angular speed Q are generated due to the relative linear and angular acceleration of
the beam with reference to the non-inertial global frame. In this case, some of the terms
indicate coupling of chord-wise and flap-wise bending motion. The terms associated with
the first occurrence of Q (single underlined) are due to the effects of Coriolis acceleration
and provides coupling between stretching and chord-wise deformations. The terms
associated with the second occurrence of Q (double underlined) are due to the angular
acceleration of the beam and are omitted. The terms associated with the first occurrence of

Q? are due to the kinetic energy of the beam considered as a rigid body. The terms

associated with the second occurrence of Q° (single underlined) are due the energy stored as

a result of work done by the centrifugal force. The terms associated with the third

occurrence of Q? (double underlined) are due to the spin-softening effect which has already

been considered in the previous step involving constant centrifugal loading. In connection
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with (2.17), it can be mentioned that the spin-softening effect originates due to the

consideration of displaced configuration of the beam for determining the velocity vector

(ﬁx ﬁQ) while transforming the velocity vector from non-inertial (x,y,z) to inertial frame

(X,Y,Z).

2.2.6. Governing Equations under Centrifugal Loading

The first step of the problem is to formulate the governing equations to get the
deformed configuration of the rotating micro beam. The governing equations for the time-
independent deformation due to centrifugal loading are derived employing minimum

potential energy principle given by,

§(U, +U,,)=0 (1.2)

where U, is the total strain energy due to centrifugal loading givenas U, =UZ +U* Uip

se !

is the work potential due to centrifugal loading and & is the variational operator. Here U¢

and U are the classical and non-classical strain energies respectively.

Following Ritz method (as discussed in sub-section 1.3.3.), the displacement and
rotation fields are approximated as,

Uy(X) = 30168 (0, Vo(X) = 3y (), W) = D Gy, (),
- - = (2.21)
y,(X) = Zc3n+j¢jrz(x)v w,(X)= Zc4n+j¢jry (X)

In (2.21), 4 (x), ¢/ (x). ¢(x), #]*(x)and ¢ (x) are the sets of admissible orthogonal

]

functions with n number of functions in each set; C;

is the set of time-independent
generalized coordinates. The lowest order admissible functions are selected for the clamped-
free boundary condition. These lowest order functions and the corresponding boundary
conditions are given in Table 2.1. Gram-Schmidt orthogonalization scheme is used to derive

the higher order kinematically admissible orthogonal functions.
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Table 2.2: Boundary conditions and the corresponding lowest order admissible functions

Boundary conditions Function
Upl,, =0.U| , #0 ¢ =(x/L)
dv dv
v0|X:0 :0,V0|X:L ;tO;d—)? :O,d—; #0;
x=0 x=L
2 2 3 3 ¢ =(x/ L) {6-4(x/L)+(x/L)}
Vol 0,9 _g 0%l Lod% _g
dx* | dx*| | dx* | dx* | |
dw, dw,
Wl o =0,wp| ;«»so;d—x0 :O'd_xo = 0;
x=0 x=L 2 2
2 2 3 3 #' =(x/ LY {6-4(x/ L)+(x/ LY}
AW Lo 9% _gd W) 0¥ _g
ax® | dx* | | dx’ | dx” | |
l//Z|x:0 = O,l//Z|X:L * O ¢1rz ZSIn{(ﬂ.X)/(zL)}
w,|  =0w,|  #0 ¢ =sin{(zx)/(2L)}

To derive the governing equations, first the expressions of strain energies and work
potential are substituted in Eq. (1.2), and then the assumed displacement and rotation fields
given by (2.21) are substituted. In this manner, the system of governing equations are

derived which in matrix form is given as follows:
([KT]+[k*])ic}={P} (2.22)
In Eq. (2.22), [K"] and [K* ] are total stiffness matrix and spin-softening matrix

respectively, and {P} is the load vector. The elements of K" |, [K*| and {P} are

provided in APPENDIX 2A. Eq. (2.22) is solved using iterative substitution method (Das et

al., 2009b) to obtain the set of generalized coordinates {C} . These values can be substituted

in (2.21) to obtain the deformed beam configuration under constant centrifugal loading.
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Some discussions about the spin-softening matrix is presented here. The terms
associated with the second occurrence of Q? in (2.17) generates the spin-softening matrix. It

can be seen from (2.17) that these terms are associated with Q® with a negative sign. So,
these terms arise from spinning or rotation of the beam and tend to reduce its stiffness or, in
other words soften the beam. It can be seen from (2.16) that the inertia force is determined
considering the displaced configuration of the centrifugally loaded beam and this fact results

in the spin-softening matrix.

2.2.7. Governing Equations for Free Vibration
The second part of the problem is to formulate the governing equations for free
vibration of the centrifugally deformed beam. In this step, the system of governing equations

are derived employing Hamilton’s principle given by (putting U, =0 in Eq. (1.3)),

5(j:12(uke —use)dt)=o (2.23)

where U,, symbolizes Kinetic energy of the beam executing free vibration in the

neighborhood of the centrifugally deformed configuration and t denotes time.

Revisiting the expression of kinetic energy given by (2.20) reveals that, the terms
which are not associated with the angular speed Q are due to the relative linear and angular
acceleration of the beam with reference to the non-inertial global frame and generates the
mass matrix when used in Eq. (2.23). The terms occurring with the first occurrence of Q
(single underlined) are due to Coriolis acceleration and provides coupling between
stretching and chord-wise deformations. These terms produce the gyroscopic matrix in
conjunction with Eqg. (2.23). The terms associated with the second occurrence of Q (double
underlined) are omitted as it would lead to the presence of angular acceleration when used in
Eqg. (2.23), which is taken as zero for the present work. The terms occurring with the first
occurrence of Q° are due to the kinetic energy of the beam if considered as a rigid body and
would not contribute in the equations of motion. The terms associated with the second and
third occurrence of Q?(single and double underlined respectively) are not considered in this
step as they have already been considered in the work potential formulation and
subsequently in Eq. (2.22), and represent the effect of constant centrifugal force on the beam

in the form of work done by the constant centrifugal force and spin-softening matrix. So in
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the formulation of governing equation for free vibration, the appropriate terms of kinetic
energy are considered. Considering the appropriate terms as mentioned before, the

variational form of U,, as given in Eq. (2.23) is obtained as follows:

5(iukedtj = T[—Ecl (U8 (Ug ) +V,8 (Vg ) + WipS (W, )} dx

tl

_%J'C2 [%5(% )(1+cos23)+17,5 (v, ) (1-cos23)

{0 (v)+i70 (v, )fsin2pp Jax (2.24)

_%JL'C3 [1/725(1//2 )(1-cos2)+ 1/7y5(1//y )(1+ cos2/3)
+Hi,8(v,)+17,6 (v, )} sin Z,Bde
+ ZQ.L[ C, {0 (Ug) —UyS (V) } dx} dt

As the beam executes free vibration about its centrifugally deformed configuration,

the strain energy term in Eq. (2.23) corresponds to the tangent stiffness of the centrifugally

stiffened and spin-softened micro beam. The tangent stiffness [Kt} for any angular speed is

derived using the following relationship (Das, 2018):
0
t] r
[ku]‘a_cj{pi} (2.25)

where {Pr} is the restoring force vector. At any angular speed during the centrifugal
loading, {P'}is given by {P"} :([KT]{KSS]){C} . The elements of | K* | are provided in

APPENDIX 2B.
A similar set of orthogonal admissible functions as used in (2.21), can be assumed

for approximating the displacement and rotation fields following Ritz method. It is given as

0, () = 3 d, (1) (), Vo (x,1) = de, # (%), Wy(x,1) = de, (%),
- (2.26)
w,(x,t) = Zd3n+, VA7 (%), w, (Xt) = Z%H )87 (X)
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where d; is the set of generalized coordinates dependent on time. To derive the governing

equations, these approximate fields are substituted in the variational form of kinetic energy
expression given by (2.24) and also in the tangent stiffness matrix. Then using the

Hamilton's principle, the equations of motion are obtained as:
[M]{D}+[G]{B}+[K']{D}=0 (2.27)
In Eq. (2.27), [M] is the mass matrix and [G] is the gyroscopic matrix. The elements of
[M] and [G] are given in APPENDIX 2C.
To transform Eq. (2.27) into an eigenvalue problem, a state vector is defined as

{H}= {DT,DT}T. Using this, Eq. (2.27) is transformed to the following form:

[P1{H} ={H) (228

where [J] is given by
[0]=| —————om— | o (2.29)

In (2.29), [1] is an identity matrix of dimension 5n. The general solution of the state vector
{H}is assumed as {H}={H_}exp(at) where {H_} is the time-independent part of the
state vector and « is the parameter to be determined. Substituting the general solution in
Eg. (2.28), an eigenvalue problem of the following form is obtained:
[I]{H}—a{H}=0 (2.30)

Eq. (2.30) is solved with the help of a standard eigensolver. For the present problem, the
eigenvalues are obtained in complex conjugate pairs given as « =tiw, signifying a stable
oscillatory motion of the beam executing free vibration where o is the frequency of
vibration. Correspondingly, the top half of the eigenvector {Hc} determines the relevant
mode shape when substituted in (2.26). Evaluation of eigenvalues and eigenvectors provides

the required free vibration frequencies and the corresponding mode shapes of the vibrating

beam.
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2.3. Chapter Summary

This chapter provides a detailed theoretical formulation for analyzing free vibration
behavior of BFGM pre-twisted double-tapered rotating micro beams. The BFGM modeling
following Voigt model is presented with illustrations of property variation by surface plots.
Displacement, strain and curvature fields are evaluated using TBT and MCST. A step-by-
step formulations of strain energies, work potential and kinetic energy are provided. Finally,
following Ritz method and employing minimum potential energy principle and Hamilton's
principle, the governing equations for both deformation due to constant centrifugal loading
and free vibration are formulated. This formulation is applicable for both straight and pre-
twisted beams. In the following two chapters, the results for BFGM straight and pre-twisted

micro beams with double-tapered configuration are presented and discussed.
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APPENDIX 2A

Non-zero elements of total stiffness matrix

(a O 9

_l” J. A dx dx

) det dgy
i ]i,-—_lail,zn I’*( jdqi ix X
) A dgan
R

L(ov ) dg’, 4470 o,
[k v IA{ _(axj +2(8x}} dx  dx

kjsdm “‘d —j M'n ¢‘”d

2 24 dp”
[k”T ]i:”+1’2" =k J. B, d¢l7n ¢J and IZIOL B, dden P dx

j=3n+L4n dx

ov, ¥ 1(ow, ) |dg”, dg",
k — - 0 = 0 1-2n J ndX
[ vk i I Ai{ax Z(GXJ +2( axj:l dx  dx

kJ‘Bd¢|2n JZﬂd+IIOBld¢|2n ¢120dx

4 dx?  dx?

d |2 d n
[ gy =B oo [ S e

d rz
K D =h Lm0 g e s

dg

[k 3n+14n=1ﬂ{(A2+Ag) +(A = A)cos2p) == “ 5 Xk, [ B, o

|3n13n

+—.[ Bld¢3n ¢13nd
470 dx dx

[ki}—Jiza‘mlAn = I(Az Ag)d('é' = ¢;’X4” (sin23) dx

j=4n+1,5n

46



Chapter 2

[kT]u =4n+15n =k .[ 1¢ ¢J ~d X_ZJ.O B, d¢ = ¢J = dx

j=2n+1,3n dx dX2

[k :I =4n+l5n — _[ (AZ As)d¢ = ¢J =

j=3n+1,4n dx

——=(sin2)dx

d¢4n dgy”

[k;]i:4n+1,5n=1jj{(Az+A3) (A~ Ay )cos2p) im0 g i [ B, g, d

j=4n+1,5n

+_ Bl d¢ 4n J4nd
470 dx dx

Non-zero elements of spin-softening matrix

(K]0 =—0° [ capax

':kijSS :II nl,2n QZI 1¢| n¢J ndX

j=n+1,2n

[K5® Jianeaan =— < _jOL{(C2+C) +(C,—C,)c0s 28} ¢, 4% }

j=3n+1,4n 2 L

[ b = 2| (G C) ot (51029 0

j=4n+1,5n

[k ]u =4n+15n — g; J( )¢ ¢Jr23n(5m2ﬂ)dx:|

j=3n+1,4n

[kuss :Ii:4n+1,5n = _%2 __[OL {(Cz + Cs)_ (Cz -C )COS 2:8} j— 4ndX]

j=4n+1,5n

Elements of load vector

L
{ P }izl,n = QZ J.O Cl ( R+ X)¢l dX’ { Pi }i:n+1,2n = { P }i:2n+1,3n = { Pi }i:3n+1,4n = { Pi }i:4n+1,5n =0
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Non-zero elements of tangent stiffness matrix

dg’ ¢
dx dx

: _ dgt 99
[ b _I A‘(@xj dx dx ax

j=n+1,2n

t _ dg’ déi's,
[ by _I A‘( axj X ax

j=2n+1,3n

_ dg’, d¢;
[” e in(axj dx dxo|

v, ) 1(ow,) |dg’, dg)
k > 0 += 0 I-n Jndx
[ sl IA{ax 2(ax) 2(ax” dx dx

|<j|30'¢'n Wi g —j dm ¢J“dx—92joLcl,V_n¢;_ndx

_ dg' dg;,,
[ ] ) IA&(ax 8xj dx  dx ax

j=n+1,3n

Jap = [ A g -9, Ctaax

rz

[k :I' —n+1,2n kj B d¢'_” 7 dx+ I J-OLBldzqﬁlv—n d¢j—3n dx

j=3n+1,4n o dxz dX
¢ . L aWO d¢|vi12n d¢;l
[kij]ij:jl,n;mn _Io Ai( Ox j dx dx o

dg¥, de.
k _ i-2n ]-n dX
I: i=2n+1,3n — J- Ai( 8x 8X j dX dX
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2 2 w d W
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rz

[Ki ]. i = j{(A2+A3) (A - A3)0052ﬁ}d¢'r23” ‘Z dx-+k, [ Bg s

_I d"ﬁlrgnﬁdx—%z“:{(cﬁc) +(C,—C,)c0s 23} % 2 }
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Non-zero elements of mass matrix

[m o =, Cottan

[mij jli_:n+1,2n = IOL Cl¢|v—n¢}lfn dX

j=n+1,2n

[mij :|i_=2n+1,3n = J.OL Clqi'vi’2n¢1'w—2ndx

j=2n+1,3n

1
I:mij ]i:3n+l,4n = E _[OL {(Cz + Cs ) + (Cz - Ca ) cos Zﬁ} ¢|r_z3n¢jri3ndx

j=3n+1,4n

[, Tamsen = 1 [ {(C,~C,)sin 2} g g7

j=4n+15n 2

[mij :Ii:4n+l,5n = _1 J.OL {(CZ - C3 )Sin 216} ¢|r—y4n¢;i3ndx

j=3n+1,4n 2

1
[mij]i_:4n+1,5n :EJOL{(CZ +C3)—(C2 —C3)C082,3} ", Lndx

j=4n+1,5n

Non-zero elements of gyroscopic matrix
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Chapter 3

s N
RESULTS AND DISCUSSION FOR BFGM STRAIGHT

TAPERED ROTATING MICRO BEAM
I\ >

3.1. Introduction

In the preceding chapter, the detailed mathematical formulation for free vibration

study of BFGM pre-twisted double-tapered rotating micro beam is presented. It is also
mentioned that if the value of pre-twist angle is put zero, i.e., £ =0, a straight beam model

is obtained. So, the mathematical formulation for free vibration of a BFGM straight rotating
micro beam is omitted here and directly the results are presented in this chapter. For the
straight rotating micro beam problem, as mentioned in sub-section 1.6.1., the same
theoretical procedure is employed as that of a pre-twisted rotating micro beam. The size-
effect is addressed using MCST. First, the deformed configuration of the beam due to time
independent centrifugal force is evaluated by using minimum total potential energy
principle. TBT in conjunction with von Karman nonlinearity is employed to model the
strain-displacement behavior. In the subsequent step, a tangent stiffness based formulation is
executed and Hamilton's principle is used to formulate the governing equation for free
vibration in the neighborhood of the centrifugally deformed configuration. Both the steps are
solved by approximating the displacement fields according to Ritz method. The free
vibration problem is transformed into an eigenvalue problem by transforming the governing
equations to the state-space. It is worthwhile to mention here that there is no need of a local

coordinate system x—y'—z', which was used in the formulation of a pre-twisted beam.

Because, in the present case involving straight beam (i.e., without pre-twist), the principal
directions along the width and thickness directions of the beam are constant with respect to

the beam axis (x). This means that the global (x—y—z) and local (x—y’'—z") non-inertial

frames are identical. The geometry of the BFGM straight double-tapered rotating micro



beam attached to a hub of radius R, is shown in Fig. 3.1. Here X —Y —Z is the inertial
frame originating at O, the hub centre. As mentioned, x—y—z is the global non-inertial

frame originating at the hub end of the beam at O and rotates with the beam with constant

angular speed Q.

X, X

Fig. 3.1: Dimensions and axes of a straight rotating beam.

The results of this study are presented in three subsections. First some reduced
problems are solved and the results are compared with those found in the relevant literatures,
to validate the present model. Then the size-effect on shear deformation has been studied by
considering different length-thickness ratios. Finally, speed versus frequency behaviors of
the beam are presented for variations of different parameters. The non-dimensional angular

speed (Q"), non-dimensional frequency of vibration (2), normalized hub parameter (1),

size-dependent thickness and length-thickness ratio are defined as follows:

Non-dimensional angular speed=Q" = QL*[(p,4)/ (Eml)]ll2

Non-dimensional frequency of vibration=4 = wl*[ (p,4)/ (Eml)]l/2
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Normalized hub parameter=7 =R, /L
Size-dependent thickness=h__, /1
Length-thickness ratio=L/h,_,,

max” ‘max

Here A(=b,,h,..) is the cross sectional area and | (: Bae (Mg )’ /12) is the area moment

of inertia at the hub end; E_, and p, are Young’s modulus and mass density of the metallic
constituent evaluated at ambient temperature T,=300 K. Unless otherwise stated and except
the validation study, the results are generated considering Stainless Steel (SUS304)/Silicon
Nitride (SizN4) composition and using the following values: 1=17.6 pym, h_, /1=1, L/h
=25, n=0.25, C,=C,=0.5, k =1, k, =1, T,=800 K. For each parameter variation, the
speed-frequency behaviors are shown for the first and second modes, each for chord-wise
and flap-wise vibrations. Chord-wise vibration is the in-plane bending vibration that occurs

in the plane of rotation (x— y), and the out-of-plane vibration which occurs perpendicular

to the rotational plane (x— z) is called flap-wise vibration.

3.2. Validation Study

Several studies are done to validate the current model by comparing the results of
some reduced problems with the available results in the literature. The variation of free

vibration frequency with thickness gradation index (kt) for a TFGM uniform non-rotating

micro beam is compared with the results of Reddy (2011) and it is presented in Fig. 3.2. The

ke k;
is replaced by (%+%j and k,

thickness gradation is asymmetric and to model that, h22

is put equal to zero in Eq. (2.6). For this study, the material properties and shear correction
factor are taken as, E, =1.44 GPa, E,=14.4 GPa, v, =0.38=constant, p, =1220 kg/m®, p,

=12200 kg/m’, k, =5(1+v, )/(6+5v, ). The comparison shows good agreement with the

given result.
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Fig. 3.2: Comparison plot for variation of non-dimensional frequency with thickness

gradation index for a TFGM uniform non-rotating micro-beam.

The first flap-wise and chord-wise free vibration frequencies of Aluminum/Zirconia
AFGM tapered rotating classical beam are compared with Mazanoglu and Guler (2017) and
is presented in Table 3.1. The beam is modeled as a classical one by putting | =0, and the

following material properties are considered: E,, =70 GPa, E =200 GPa, v, =0.38, p,,=2702

kg/m®, p.=5700 kg/m® . The comparison shows excellent matching.

A comparison with Shafiei et al. (2016a) regarding the non-dimensional speed-
frequency behavior of Stainless Steel/Alumina AFGM tapered rotating micro beam is shown
in Fig. 3.3. The material properties used are: E_=201.04 GPa, E_ =349.55 GPa, v, =0.3262,

v.=0.24, p, =8166 kg/m®, p.=3800 kg/m®. The comparison exhibits very good agreement.
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The variation of non-dimensional frequency for the first two flap-wise modes with
normalized material length scale parameter (I/ hmax) is compared with the results of Semnani
(2016) and Arvin (2018) in Figs. 3.4(a) and (b) for a homogeneous uniform rotating micro
beam. The comparison is conducted at Q" =4 with the following property values: E =1.4
GPa, v=0.30, p=1000 kg/m® 1=17.6x10°m. This comparison also shows excellent

matching.

Table 3.1: Comparison of non-dimensional frequency of an Aluminum/Zirconia AFGM

tapered rotating classical beamat A =2 for =0 and k, =2.

_— Work C,=C,
Direction | Mode
Reference 0 0.3 0.6
Present 4.8052 5.3922 6.3670
First Mazanoglu and
4.8142 5.3933 6.3690
) Guler (2017)
Flap-wise
Present 23.6610 22.0611 20.4727
Second | Mazanoglu and
23.6961 22.0865 20.4737
Guler (2017)
Present 4.3742 5.0111 6.0489
First Mazanoglu and
4.3790 5.0088 6.0468
Chord- Guler (2017)
wise Present 23.5786 21.9698 20.3712

Second | Mazanoglu and
Guler (2017)

23.6116 21.9957 20.3757
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Fig. 3.3: Comparison plot of non-dimensional speed-frequency behavior for first flap-wise

mode of a Stainless Steel/Alumina AFGM tapered rotating micro beam.
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(a) First mode, (b) Second mode.
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Fig. 3.5: Variation of frequency ratio with length-thickness ratio for different size-dependent
thicknesses for a Stainless Steel/Silicon Nitride beam at Q*=5: (a) First chord-wise mode,

(b) First flap-wise mode, (c) Second chord-wise mode, (d) Second flap-wise mode.

3.3. Size-effect for Different Length Thickness Ratios

In the study of free vibration behavior of micro beams, it is of utmost importance to

discuss the size-dependent shear deformation and its effect on the vibration frequencies. For

this purpose, in the present thesis work, variation of frequency ratio (/"LR) is studied with

changing length-thickness ratio (L/hmax) for different values of size-dependent thickness
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(hrnax /I). Here the term ‘frequency ratio' is defined as the ratio of free vibration frequency of
the beam to the frequency of the beam for L/h_ , =50 (denoted by 4., ), for a particular
value of h_, /1. So, frequency ratio is defined as A; =4/ A, . It is to be noted that A , has
different values for different h__ /I ratios and for different modes of vibration. In Figs.
3.5(a)-(d), the variations of A, with L/h_, are shown for the first and second modes, each
for chord-wise and flap-wise vibrations respectively. For Fig. 3.5, the non-dimensional
speed is considered as Q" =5 and the range of L/h,, is taken from 10 to 50 with h_ /I
taken as 1, 2 and that corresponding to the classical (I =0) theory. Stainless Steel/ Silicon

Nitride is taken as the FGM constituents of the beam for all the plots.
It can be seen from the Figs. 3.5(a)-(d), that the frequency of the beam increases as

L/h,, increases. This is because the effect of shear deformation decreases with increase in
L/h.,. It can also be seen that the change in frequency with the increase of L/h.,, is

maximum for h__ /1 =1 and minimum for classical beam. The effects are more prominent

for the second mode than the first mode for both chord-wise and flap-wise vibration.

3.4. Speed-Frequency Behavior for Different Parametric

Variations
The parameters which are considered to see its effects on non-dimensional speed-

frequency behavior are as follows: Size-dependent thickness (hmax/l), axial gradation index
(k). thickness gradation index (k,), taperness parameters (C,,C,), hub parameter (7),
length thickness ratio (L/h,,, ), operating temperature (Tf) and FGM composition. Each of

the Figs. 3.6-3.13, presenting variations of the above-mentioned parameters, contains four
figures namely, (a), (b), (c) and (d) which correspond to the first chord-wise, first flap-wise,
second chord-wise and second flap-wise modes respectively.

There are some characteristics common for all the non-dimensional speed-frequency
plots shown in Figs. 3.6-3.13. It represents monotonically increasing frequency with

increase in non-dimensional angular speed and this is attributed to the effect of centrifugal
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stiffening. Further, the rate of increase of frequency with speed is more for the flap-wise
modes compared to the chord-wise modes. This is due to the reason that the chord-wise
modes are affected by the spin softening. As can be seen from the APPENDIX 2A that the

spin softening matrix has no element corresponding to the out-of-plane displacement w, .

Fig. 3.6 presents the speed-frequency behavior for different size-dependent
thicknesses. As the cross-sectional dimensions approach the material length scale parameter

(I), le.,, as h /1 decreases, the free vibration frequency increases significantly. As the

size-dependent thickness increases, the frequency decreases. It can be seen from the plots
that when the thickness approaches ten times of |, the speed-frequency plots for micro beam
almost match with the plots for classical beams. This depicts how the microstructure-effect
modeled by MCST makes the beam stiffer. It can also be noted from the figure that the
stiffening effect is more for the second mode than the first mode. In Figs. 3.6(a) and (c)
which are represented for the chord-wise modes, the effect of spin-softening is also shown
for h. /1=2. It clearly shows how the chord-wise modes are affected by spin-softening.
The results illustrate the concept presented in the previous paragraph. It is also clear from

the figures that the spin-softening has more influence for the first mode compared to the
second mode.

In Figs. 3.7 and 3.8, the effects of varying axial gradation index (kl) and thickness

gradation index (k, ) are presented. Both these figures show that as k, and k, increases, the

free vibration frequency decreases, irrespective of the mode of vibration considered. As
increasing any of the gradation indices means increasing the volume fraction of metallic
constituents in the beam. As metals has lower stiffness and higher density than ceramics, the
free vibration frequency of the beam decreases. The effect of gradation indices is seen to be
more pronounced for the second mode.

Fig. 3.9 presents the speed-frequency behavior with the variation in taperness

parameters i.e., C, and C,. Here, as the values of taperness parameters increase, the non-

dimensional free vibration frequency also increases for the beam and this effect is higher for

higher values of C, and C, . This is a reverse phenomenon if compared with homogeneous
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double-tapered rotating beams. This is attributed to the fact that with decrease in the cross
sectional dimensions from the hub end to the free end, the beam stiffness and weight
increases and decreases respectively. And the resultant effect leads to increase in frequency

with increase in taperness parameters.
Fig. 3.10 shows the effect of hub parameter (77) on the free vibration of the BFGM

straight double-tapered rotating micro beam. It can be seen that the frequency increases with

increase in the value of n and this effect becomes dominant when the rotational speed

increases, resulting into a diverged nature of the plots. This effect is resulted from increasing
centrifugal force as increasing the hub parameter means that the beam is mounted on the hub

at a higher radius from the axis of rotation.

Effect of the length-thickness ratio (L/h,,) on the free vibration behavior is

illustrated in Fig. 3.11. As the length-thickness ratio is increased from 10 to 50, the
frequency increases and this effect is very prominent for the second mode for both chord-
wise and flap-wise vibrations. This is due to the decreased effect of shear deformation effect

with increasing length-thickness ratio. For lower L/h_ values, the relatively sharper

change in the cross sectional dimensions is also an important factor to make the beam less
stiffer and that results in decrease of frequency.

The effect of high-temperature operating environment on non-dimensional speed-
frequency behavior is shown in Fig. 3.12. It shows that the frequency decreases with
increasing operating temperature and this behavior is more prominent for the second modes
of vibration. The thermo-elastic degradation of the material parameters resulting in
decreased beam stiffness with increasing temperature is responsible for above-stated
behavior.

Different constituent materials have different extent of effect on the speed-frequency
behavior of the BFGM rotating micro beam and this is depicted in Fig. 3.13. As can be seen
from the figure, the FGM constituents as sorted in exhibiting ascending nature of frequency
are: Titanium Alloy/Zirconia, Stainless Steel/Zirconia, Stainless Steel/Alumina, Stainless
Steel/Silicon Nitride. This pattern is consistent both for the first and second mode, but with
different extent. For the first modes, the speed-frequency behavior for each of the

compositions differs significantly from each other. But for the second mode, Stainless
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Steel/Alumina and Stainless Steel/Silicon Nitride shows significant difference in behavior

whereas the other two compositions exhibit very little difference in its speed-frequency

behavior. The effect of changing material composition is due to the relative changes of the

effective material properties in the operating temperature.
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Fig. 3.6: Non-dimensional speed-frequency behavior for different size-dependent

thicknesses of a Stainless Steel/Silicon Nitride beam: (a) First chord-wise mode, (b) First

flap-wise mode, (c) Second chord-wise mode, (d) Second flap-wise mode.
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Fig. 3.8: Non-dimensional speed-frequency behavior for different thickness gradation
indices of a Stainless Steel/Silicon Nitride beam: (a) First chord-wise mode, (b) First flap-
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Fig. 3.9: Non-dimensional speed-frequency behavior for different taperness parameters

(Cb,Ch) of a Stainless Steel/Silicon Nitride beam: (a) First chord-wise mode, (b) First flap-

wise mode, (c) Second chord-wise mode, (d) Second flap-wise mode.
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Fig. 3.12: Non-dimensional speed-frequency behavior for different temperatures of a
Stainless Steel/Silicon Nitride beam: (a) First chord-wise mode, (b) First flap-wise mode,

(c) Second chord-wise mode, (d) Second flap-wise mode.
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3.5. Chapter Summary

The results of the study of free vibration behavior of BFGM straight double-tapered
rotating micro beam are presented in this chapter. The present model is successfully
validated by comparing several results of the reduced problems available in the literature.
The effect of size-dependent shear deformation is presented and discussed. The results are
presented in non-dimensional speed-frequency plane for variations of size-dependent
thickness, axial gradation index, thickness gradation index, taperness parameters, hub
parameter, length-thickness ratio, operating temperature and FGM composition. The
important findings are summarized as follows:

(i) As the cross sectional dimensions approach the material length scale parameter, the
frequency of vibration increases due to increase in stiffness.

(ii) Spin-softening only affects the chord-wise modes and does not influence the flap-wise
modes.

(iii) Increasing material gradation index (for both axial and thickness directions) reduces the
frequency of vibration.

(iv) Increasing the taperness parameters reduce the frequency of vibration.

(v) Increasing the hub parameter increases the frequency of vibration.

(vi) Increasing length-thickness ratio increases the frequency of vibration.

(vii) High-temperature environment causes thermo-elastic degradation causing a reduction
in frequency.

(viii) The effect of FGM composition is found to be prominent on the free vibration
behavior.
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Chapter 4

RESULTS AND DISCUSSION FOR BFGM PRE-TWISTED

TAPERED ROTATING MICRO BEAM
S =

4.1. Introduction

In Chapter 2, the detailed mathematical formulation for free vibration study of
BFGM pre-twisted double-tapered rotating micro beam is presented. First, the deformed
configuration of the pre-twisted beam due to time-independent centrifugal force is
determined using minimum total potential energy principle. TBT in conjunction with von
Karman nonlinearity is used to model the strain-displacement behavior. In the subsequent
step, a tangent stiffness based formulation is executed and Hamilton's principle is used to
formulate the governing equations for free vibration. Both the steps are solved by
approximating the displacement fields according to Ritz method. The geometry of the pre-
twisted double-tapered beam attached to a hub is already shown in Fig. 2.1 with appropriate
axes and dimensions.

The results of this study are presented in four sections. First, some reduced problems
are solved and the results are compared with those found in the relevant literatures, to
validate the current model. Then the non-dimensional speed-frequency behavior of the beam

is presented to show the effects of spin-softening and Coriolis force. Next, the effect of pre-

twist angle has been shown for different aspect ratios (zc) of the beam. Finally, the non-

dimensional speed-frequency behaviors of the beam are presented to exhibit the effects of

different parameters such as size-dependent parameter (), axial gradation index (k),
thickness gradation index (kt), operating temperature (Tf ) FGM composition, taperness

parameters (C,,C, ), slenderness parameter (&) and hub parameter (7).



As the present problem involves both chord-wise and flap-wise vibrations, there

should be consistency in defining the size-dependent dimension and non-dimensional

scheme of various parameters. So a parameter namely aspect ratio (/c) of the beam section
at the hub end is introduced and is defined as x=Db_/h . Accordingly, the size-
dependent parameter (), slenderness parameter (&) and minimum area moment of inertia

at the rootend (1,;,) are defined as follows:

For x>1:pu=h_/1; E=L/h ;1. (: B (Moo )’ /12). (4.1a)

For k<1:u=h /1; E=L/b ;1. (: Ny (B )’ /12). (4.1b)
The non-dimensional angular speed (Q"), non-dimensional frequency of vibration () and

hub parameter (77) are defined as follows:

Q' = QU [(pyA) (Enln)] 5 A= 0L [(ppA)/(Enl)] 5 1=Ro /L.

Here A(=b,,h..) is the cross sectional area at the hub end; E, and p, are Young’s

maxmax
modulus and mass density of the metallic constituent evaluated at ambient temperature T,
=300 K. Unless otherwise stated and except the validation study, the results are generated
considering Stainless Steel (SUS304)/Silicon Nitride (SizN;) composition and using the
following values: 1=17.6 pm, x =1, £=25, n=0.25, g=45°, C, =C, =05, k =1, k. =1, T,
=700 K. For each parameter variation, the speed-frequency relation is shown for the first and

second mode for each of chord-wise and flap-wise vibrations.

4.2. Validation Study

Due to lack of similar kind of analysis, several studies are done to validate the
current model by comparing the results of various reduced problems with the available
results in the literature. The variation of fundamental flap-wise frequencies with rotational
speeds are compared with Zarrinzadeh et al. (2012) and the results are presented in Table

4.1. For this comparison, the non-dimensional frequency is defined as
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A=wl? [(pcA)/(EI )]1/2. This tabular data provides the speed-frequency variation for

different hub parameters (1) for an axially functionally graded (k =2.0and k, =0.0)
straight (,B:O) thickness-tapered (C, =0.5,C, =0) rotating classical (I=0) beam of
Alumina/Zirconia composition. Following values are considered for the above-mentioned
comparison: £=50, E_=70 GPa, E,=200 GPa, p,=2702 kg/m®, p, =5700 kg/m®, v_=uv,

=0.3. It is evident from Table 4.1, that the present model provides matching results with
Zarrinzadeh et al. (2012).

Table 4.1: Comparison of fundamental flap-wise free vibration frequencies for different
rotational speeds and hub parameters for an Alumina/Zirconia AFGM straight thickness-

tapered rotating classical beam

Q n=0.0 n=0.1 n=1.0

Present | Zarrinzadeh Present Zarrinzadeh | Present | Zarrinzadeh

et al. (2012) et al. (2012) et al. (2012)

1 4.7432 4.7452 4.7617 4.7638 4.9272 4.928
2 5.1331 5.1351 5.2015 5.2033 5.7781 5.7801
3 5.7189 5.721 5.8553 5.8573 6.9603 6.9619
4 6.4431 6.4441 6.6548 6.657 8.3238 8.3252
5 7.2564 7.258 7.5495 7.5504 9.7857 9.7875
6 8.1292 8.1307 8.5014 8.5035 11.3042 11.3059
7 9.0406 9.0416 9.4936 9.4948 12.8566 12.8579
8 9.977 9.9778 10.5097 10.5112 14.4306 14.4311
9 10.9303 10.9308 11.5438 11.5443 16.0185 16.0181
10 11.8954 11.8954 12.5887 12.5889 17.6166 17.6147
11 12.8689 12.8682 13.6436 13.6418 19.2213 19.2182
12 13.8491 13.8469 14.703 14.7005 20.8319 20.8267
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A successful comparison with Salamat-talab et al. (2012) depicting the variation of

normalized fundamental free vibration frequency with size-dependent parameter is presented

in Fig. 4.1. For this comparison plot, an Aluminum/Alumina TFGM (k, =1.0and k; =0.0)

straight (,B = 0) prismatic (C, =C, =0) non-rotating micro beam (=15 um) is considered

! kl

with simply supported ends. The asymmetric TFGM is modeled by replacing ‘ﬁ by

14 kt
(%+3 in EQ. 2.6. The result is produced with the following values: x=2.0, £=10, E

=70 GPa, E =380 GPa, p,=2700 kg/m® p,=3800 kg/m°, v, =0,=0.23, and the

frequencies of vibration for the corresponding classical beam (a)

cl

) are used to obtain the

normalized frequencies. For a simply supported beam, the lowest order functions for
approximating the displacement and rotation fields are found in Das (2018). It is to be

mentioned that the results of Fig. 4.1 are generated with the three-dimensional stress-strain

relationship, for which E, is replaced by E, (1—z)f)/{(1+uf)(l—21)f )} in the first relation

of (2.12) to calculate o, (Reddy, 2011). The comparison shows that the present result is in
good agreement.

The first two flap-wise and chord-wise free vibration behavior of a homogeneous
(k =k =0.0) pre-twisted (/5 =45°) prismatic (C,=C,=0) rotating classical (I=0)
beam is compared with Yoo et al. (2001) and it is shown in Fig. 4.2 in non-dimensional

speed-frequency plane. The results are generated with the following values: x*=2.0, &=50,

n=1. For Fig. 4.2, the non-dimensional speed (Q) and frequency (/1) are defined using

(referring to (4.1a)) as is considered in Yoo et al.

min

Imax(: hmax(bmax)3/12) instead of |

(2001). Fig. 4.2, exhibiting mode-veering between the first flap-wise and chord-wise modes,
shows excellent matching of the plots. The above comparisons thus validate the present
model for BFGM pre-twisted double-tapered rotating micro beams.
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Fig. 4.1: Comparison plot for variation of normalized free vibration frequency with size-

dependent parameter for a TFGM straight prismatic non-rotating micro beam with simply
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Fig. 4.2: Comparison of non-dimensional speed-frequency behavior for a homogeneous pre-

twisted prismatic rotating classical beam.
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4.3. Effect of Spin-softening and Coriolis Force

Unless otherwise mentioned, all figures for this and subsequent sections consist of
four parts namely (a), (b), (c) and (d) representing non-dimensional speed-frequency
behavior as follows: Each of (a) and (c) represents the first two modes for x~=0.5 and 2.0
respectively; Each of (b) and (d) represents the third and fourth modes for x«=0.5 and 2.0
respectively. For pre-twisted rotating beams, chord-wise and flap-wise motions are coupled
and both contribute to all the bending vibratory modes, where one of them dominates over
the other. For the above-mentioned category of figures, for x=0.5, the first and third modes
represent chord-wise-dominated vibration (called chord-wise vibration) and the second and
fourth modes represent flap-wise-dominated vibration (called flap-wise vibration), and vice-
versa for x=2.0 (exception when mode-veering occurs). This means that even though the
beam is thickness- and axially-graded, the order of occurrence of chord-wise and flap-wise
motions are governed by the relative values of the principal area moments of inertia

(contributed through A,and A, in (2.15)). A plot dominated by the chord-wise mode is

designated by ‘c’ and that by the flap-wise mode is designated by ‘f. A plot exhibiting
mode-switching phenomenon from flap-wise to chord-wise is designed by ‘f-c¢’, and vice-
versa by ‘c-f°.

Figs. 4.3(a)-(d) describe the effect of spin-softening on speed-frequency behavior. As
discussed earlier, the spin-softening matrix (APPENDIX 2A) has no component

corresponding to the out—plane-displacement w, and thus only affects the chord-wise

modes. Here in Fig. 4.3, the speed-frequency behavior of different modes and aspect ratios
are presented with and without considerations of spin-softening. It is due to spin-softening
that the increase of frequency with speed in case of chord-wise modes is not as steep as in
flap-wise modes. So, for x=0.5 (Figs. 4.3(a) and (b)), the mode-veering (and subsequent
mode-switching) phenomenon is unlikely to occur. But for x=2.0, mode-veering can be
observed between the first flap-wise and chord-wise modes (Fig. 4.3(c)). In case of second
and third mode for x =2.0 (Fig. 4.3(d)), mode-veering is not observed but it is likely to
occur at higher speeds. These results point out the fact that the effect of spin-softening must
not be neglected in dynamic analysis of rotating pre-twisted beams. It is also prominent that

the spin-softening effect is of great importance for the first chord-wise mode than for its
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second mode. It is observed that the mode-veering and subsequent mode-switching is

observed between the first flap-wise and chord-wise modes for all the other parametric

variations presented for x=2.0.
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Fig. 4.3: Effect of spin-softening on speed-frequency behavior: (a) Modes 1 and 2 for x
=0.5, (b) Modes 3 and 4 for x=0.5, (c) Modes 1 and 2 for x=2.0, (d) Modes 3 and 4 for «

=2.0.
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Figs. 4.4(a) and (b) show speed-frequency behavior with and without Coriolis effect
for £=10 and 25 respectively. Both the figures show plots for the first and second chord-
wise modes respectively for x«=1. A coupling between the stretching and chord-wise
deformations occur due to the Coriolis effect. The second term in the last part (terms
associated with Q) of (2.24) affects the chord-wise vibration through dynamic axial
deformation and is relevant for the plots of Fig. 4.4. The first term of the same part of (2.24)
affects the axial vibration through dynamic chord-wise deformation and is not relevant here
as the axial vibration is not studied in the present thesis work. The flap-wise modes, in spite
of being coupled with the chord-wise modes, are not found to be influenced by Coriolis
effect, and are not presented in Fig. 4.4. At higher angular speeds, the Coriolis effect is
found to soften the chord-wise modes resulting in decrease in the vibration frequency. This
effect is found to be significantly prominent at lower value of slenderness parameter (&), as

because of this, the axial stiffness increases.
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Fig. 4.4: Coriolis effect on speed-frequency behavior for the first two chord-wise modes for
x =1:(a) £=10, (b) &=25.
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Fig. 4.5: Variation of frequency ratio with pre-twist angle for different aspect ratios at Q"
=10: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4.
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4.4. Effect of Pre-twist Angle
Figs. 4.5(a)-(d) describe the variation of frequency ratio (a)/a)o) with pre-twist

angle (B) for the first four modes respectively at Q"=10. It is clear from the results

presented above that the aspect ratio x« has an important role in governing the vibration
behavior of a pre-twisted rotating beam. Hence, the variations of frequency ratio with pre-

twist angle are plotted for different values of x. Here w, is the mode-specific frequency of

a non-rotating beam for respective values of «. Fig. 4.5 depicts how the aspect ratio «
governs the change in frequency ratio with pre-twist angle variation. For any particular

mode and « value, with increase in the pre-twist angle, the frequency ratio monotonically
changes. This is a significant deviation from the behavior of a square cross section (K =1)
homogeneous rotating beam where frequency ratio does not vary with pre-twist angle. It is

evident that the relative values of the stiffness parameters (A,,A,) and the inertia parameters

(p2 ,p3) have significant contribution in governing the effect of pre-twist angle.

4.5. Speed-Frequency Behavior for Different Parametric

Variations

Figs. 4.6(a)-(d) show the speed-frequency behavior, for different size-dependent
parameters (,u) including that of the classical theory (1=0). Fig. 4.6 shows that as the
smallest cross sectional dimension approach to the order of the material length scale

parameter, frequency increases due to enhanced beam stiffness. As the smallest cross
sectional dimension increases so that «>10, the size-effect becomes negligible and the
micro beam starts behaving like a classical beam. The mode-veering phenomenon can be
visualized in Fig. 4.6(c), for both classical and size-dependent beams. Also as x increases,
mode-veering region shifts to higher values of speeds.

For further understanding of mode-veering and mode-switching phenomena, it is
important to visualize the mode shapes. Hence, Figs. 4.7(a)-(d) are presented referring Fig.

4.6(c) and (d) for g =1, for the first four modes respectively, each showing mode shapes
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corresponding to the transverse displacements (v, and w;) at two different non-dimensional
speeds (5 and 15). With reference to Fig. 4.6(c), Figs. 4.7(a) and (b) show that before mode-
switching (Q"=5), the first and the second modes are dominated by the flap-wise and chord-
wise motions respectively, and vice-versa after the occurrence of mode-switching (Q"=15).
The third and fourth modes (Figs. 4.7(c) and (d)) are dominated by the flap-wise and chord-
wise motions respectively for the entire speed range as is evident from Fig. 4.6(d) which
does not exhibit any mode-veering.

Figs. 4.8(a) and (b) present speed-frequency behavior for the first-second and third-

fourth modes respectively for thickness gradation index (k,)=0, each for different axial
gradation indices (k, ). Similar plots for k, =1 are shown in Figs. 4.8(c) and (d), and that for
k,=2 are shown in Figs. 4.8(e) and (f). Figs. 4.8(a)-(f) are presented for x=0.5. Plots

involving similar parametric variations with x=2.0 are shown in Figs. 4.9(a)-(f). As can be
seen from the relation (2.6), if either k, or k, or both are increased, proportion of metal in
the beam increases. Stainless Steel/Silicon Nitride is considered as the beam constituent
material for Figs. 4.8 and 4.9, where the Stainless Steel has a lesser value of elastic modulus
and a greater value of density than its ceramic counterpart. Hence, increasing k, or k, or
both, results in decrease of frequency, irrespective of the modes and aspect ratio considered.
Further for x=2.0, the first and second modes exhibit mode-veering and subsequent mode-

switching (except for k, =0 in Fig. 4.9(a) which seems to exhibit mode-veering at higher
angular speeds). Also it can be seen that, with increase in either k, or k, or both, the mode-

veering region shifts towards left implying it to occur at lower angular speeds.

Speed-frequency behaviors for different operating temperature (T, ) are presented in

Figs. 4.10(a)-(d). At higher operating temperatures, the material properties, especially the
elastic modulus, undergo thermo-elastic degradation. This leads to decrease in frequency
with increasing temperature. The thermal effect is found to be more prominent on the second
modes of vibration.

Figs. 4.11(a)-(d) present the speed-frequency behavior for different FGM

compositions and show similar nature of the plots for all the compositions considered. All
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the compositions exhibit mode-veering between the first and second modes for x=2.0.
Further, Stainless Steel/Silicon Nitride and Titanium Alloy/Zirconia exhibit the highest and
the lowest value of frequencies for any of the modes considered. The effect of changing
FGM composition is found to have greater influence on the second modes compared to the

first modes.

The speed-frequency behaviors, for varying taperness parameters (Cb,Ch), are

depicted in Figs. 4.12(a)-(d), where, each case considers equal taperness parameter values in

width and thickness directions (C, =C, ). Fig. 4.12 shows that the frequencies increase with

increasing taperness parameters. Further, enhanced increase in frequency with the change in
the taperness parameters is prominent at higher values of taperness parameters. Also, it is
found that the mode-veering region shifts to the right i.e., towards the higher speed region as
the taperness parameters increase. The shift in the frequencies for the respective first modes
(between chord-wise and flap-wise) (Figs. 4.12(a) and (c)) increases with increasing
taperness parameters and this trend is reverse for the respective second modes (Figs. 4.12(b)
and (d)). For the present BFGM model, ceramic phase gradually increases compared to the
metallic phase towards the free end and toward the extreme layers along z’ direction. As for
Stainless Steel/Silicon Nitride composition, the metallic constituent being less elastic and
more heavier, and the flexural rigidity being higher order function of the cross sectional
dimensions, increasing taperness parameters lead to the above-mentioned observations.

Figs. 4.13(a)-(d) present the speed-frequency behavior, each for different slenderness
parameters. Decreasing slenderness parameter leads to lowering of the frequency values due
to the pronounced effect of shear deformation. The decrease in frequency, which is found to
be significant at lower values of slenderness parameters, is more pronounced for the flap-
wise modes for x=0.5 and for the chord-wise modes for x=2.0. The reason is the obvious
fact that the vibrations in these cases take place perpendicular to the thicker dimensions.
Also, the effect of slenderness parameter is more significant for the second modes compared
to the first modes. Further, the region of mode-veering is found almost unchanged with

variation of the slenderness parameter.
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Fig. 4.9: Non-dimensional speed-frequency behavior for variation of axial gradation index

for ¥ =2.0: (a) Modes 1 and 2 for k,=0.0, (b) Modes 3 and 4 for k,=0.0, (c) Modes 1 and 2
for k,=1.0, (d) Modes 3 and 4 for k, =1.0, (¢) Modes 1 and 2 for k, =2.0, (f) Modes 3 and 4
for k, =2.0.

86



Chapter 4

27 90
(a) » T=300 Mode 1 (¢) ) (b) » T:=300 ___node3 (o)
I T=500  ----Mode 2 () /4 T=500 -~ --Mode 4 (f) r
— ot 85 = -
8 2 Tf—SOO ) o @ Tf—SOO .- »
S 80F v
g 21 Lt 3 E----7T -
= =
E = 5F
k= 2
z zZ
o o
g g 70
b G
65 t
12 | 1 L 1 1 1 L 1 60 I 1 L 1 1 1 1 1
0 3 6 9 12 15 0 3 6 9 12 15
Non-dimensional speed (Q2*) Non-dimensional speed ()
26 — 85 3 7300 —
(©) > =300 Modet (o) (@) » T~ Mode 3 (f) 7
24 TFSOO ———-Modez(c_ﬂ ,/ r Tfisoo ———-M0d64 (c-)'-’dl’
T,=800 - 30 - T =800 T

S
2

2
[}

Non-dimensional frequency (i)

Non-dimensional frequency (1)

6 9
Non-dimensional speed (€2*)

12

6

9 12
Non-dimensional speed (Q*)

15

Fig. 4.10: Non-dimensional speed-frequency behavior for variation of operating
temperature: (a) Modes 1 and 2 for x=0.5, (b) Modes 3 and 4 for x=0.5, (c) Modes 1 and 2
for x=2.0, (d) Modes 3 and 4 for x=2.0.

87



27 - - - 84 - - -
(a) @ Tit. Alloy/Zirconia Mode 1 (c) (b) ® Tit. Alloy/Zirconia Mode 3 (c)

+ St. Steel/Zirconia - - --Mode 2 (f) 81| + St. Steel/Zirconia —---Mode4 (f)
_al St. Steel/A_ll_umna o ¥4 - St. Steel/Alumina
< St. Steel/Silicon Nitride o I8 St. Steel/Silicon Nitride
9 T B
5 gL
g =3 ,,"’.
3 s 721 «*
& E= 5 .27
= =69} £=5
§ § ) *'5 7
@ 22 PE
g E 66 ~ o= ==
= = sr-—====3
b T 63
= Z 60|

574

54 1 1 1 1 1 1 1 1 1
0 3 6 9 12 15 0 3 6 9 12 15
Non-dimensional speed () Non-dimensional speed (Q*)

24 . — 81 - ——
c) ® Tit. Alloy/Zirconia Mode 1 (f-c) (d)® Tit. Alloy/Zirconia Mode 3 (f)
L+ St. Steel/Zirconia - ---Mode 2 (c-f)# sk F St. Steel/Zirconia - - --Mode 4 (¢)

St. Steel/Alumina i | St. Steel/Alumina

21 St. Steel/Silicon Nitride S 75k St. Steel/Silicon Nitride

Non-dimensional frequency (1)
Non-dimensional frequency (1)

9 1 1 1 1 L 1 L 1 1 54 L 1 L 1 L 1 L 1 L
0 3 6 9 12 15 0 3 6 9 12 15

Non-dimensional speed (Q2*) Non-dimensional speed (€2*)

Fig. 4.11: Non-dimensional speed-frequency behavior for different FGM compositions: (a)
Modes 1 and 2 for x=0.5, (b) Modes 3 and 4 for x=0.5, (c) Modes 1 and 2 for x=2.0, (d)
Modes 3 and 4 for x=2.0.

88



Chapter 4

30 90
(2) ®(0.0) Mode 1 (c) -~ (b) ®(0,0) — Mode 3 (¢) ~
(0.25,0.25) _ Mode2(® -~ (025.025) ___ Moded () -~
27F  +(0.5.0.5 L 85F  +(05,0.5) -
| m(0.75,0.75) . [ m(0.75.075) S ]
S I - i

2 2
= =

—
=2}

Non-dimensional frequency ()

Non-dimensional frequency ()

L 55 1 1 L 1 1 1 1 1

0 3 6 12 15 0 3 6 9 12 15

Non-dimensional speed (Q*) Non-dimensional speed (Q*)

30 90

(c) ©(0.0) —— Mode 1 (f-c) (@) ©©.0) — Mode3 (f)

(025025 ____Nfode 2 (c-f) (023.0.23) ___ Mode 4 (¢ !

27F  +(05.0.5) . 8 +(0505) e

| m(0.75.0.75) o L m(0.75,0.75) T

2
=

2
—_

—_
=]

Non-dimensional frequency (1)

0 3
Non-dimensional speed (Q2*)

6 9 12

55 I 1 ' 1 I 1 ' 1

0 3 6

9 12
Non-dimensional speed (Q*)

15

Fig. 4.12: Non-dimensional speed-frequency behavior for variation of taperness parameters:
(a) Modes 1 and 2 for x«=0.5, (b) Modes 3 and 4 for x«=0.5, (c) Modes 1 and 2 for x=2.0,
(d) Modes 3 and 4 for x=2.0.

89



Non-dimensional frequency (A)

Non-dimensional frequency ()

(]
(=)}

(@) ¢ £=10 —— Mode 1 (c)
b 087 ----Mode2 ()
+ §:50 ’:/
£=100 ¥
22 £

[
<o

—
=]

-
h
¥

~1
L=
T

Non-dimensional frequency ()

(=)}
th
"™

85
| (b) +&=10 — Mode3 (© +i
p " @2 - Moded () _peCt
’ 80F +g=50 L7 -
L azloo > - ::’-_f

14 604
12 1 1 1 1 1 1 1 1 55 1 1 1 1 L 1
0 3 6 9 12 15 0 3 6 9 12 15
Non-dimensional speed (€2*) Non-dimensional speed (£2*)
24 85
(©¢&=10  _— Mode (f-0) 2 T |@ec=w0 — Mode3 (®
® =15 == --Mode 2 (c-f) ,"‘ ® =25 ----Mode 4 (c) o
22F + §=50 ’/ 80 =
L > =100 y

2
o

18

12 L 1 L 1 1 1 1 1

-1
th

Non-dimensional frequency (1)

(=) ~1
h =

(=)
=
4

L
Lh

0 3 6 9 12
Non-dimensional speed (©2*)

—
wn

o

3 6 12

9 15
Non-dimensional speed (Q2*)

Fig. 4.13: Non-dimensional speed-frequency behavior for variation of slenderness
parameter: (a) Modes 1 and 2 for «=0.5, (b) Modes 3 and 4 for x«=0.5, (c) Modes 1 and 2
for x=2.0, (d) Modes 3 and 4 for x=2.0.

90



39
[(a) ®n=0.0 —— Mode 1 (c)
36F +m=05 =~ 7" Mode 2 (f)
—t en=10
<33+ n=2.0
2 L
5 30
g 3
= 27
[+ L
=
224
S L
£ 21
—c -
S 18
Z
15F
12 i 1 1 1 " 1
0 3 6 9 12 15
Non-dimensional speed (%)
36
i(c) ®n =00 —— Mode 1 (f-¢)
+n=0.5 ~~~" Mode 2 (c-f)
33F
| en=10
30k n=2.0

Non-dimensional frequency (A)

0 3
Non-dimensional speed (©2*)

6 9 12 15

Non-dimensional frequency (A)

Non-dimensional frequency (A)

100

100

90 |

Chapter 4

95k

90 |

60

((b) ®n=0.0 —— Mode 3 (¢)
+n=0.5 ~~~" Mode 4 (f)
en=10

n=2.0

9

85

80

0 3 6 12 15
Non-dimensional speed (Q2*)
(d) ®n=00  —— Mode 3 ()
+n=0.5 ~~~" Mode 4 (c)
en=10
n=20
,// A
/’/’/ ’
- et A
___--EEEE::‘

0 3
Non-dimensional speed (Q*)

6

9 12

Fig. 4.14: Non-dimensional speed-frequency behavior for variation of hub parameter: (a)
Modes 1 and 2 for x=0.5, (b) Modes 3 and 4 for x«=0.5, (c) Modes 1 and 2 for x«=2.0, (d)
Modes 3 and 4 for x=2.0.

91



Figs. 4.14(a)-(d) present the speed-frequency behavior, each for different hub
parameters. The figures reveal that for a particular aspect ratio and mode, speed-frequency
curves for different hub parameters starts at the same point but diverges as speed increases.
For higher speeds, the frequency increment is higher for higher value of the hub parameter.
This behavior occurs due to enhancement of the centrifugal force as the hub parameter
increases. Greater value of the hub parameter can be interpreted as that the beam is attached
at a higher radius from the axis of rotation. This results in more centrifugal stiffening and
subsequently higher frequency of vibration. Fig. 4.14(c) shows the mode veering and mode

switching and this phenomenon occurs at higher speeds for higher hub parameter values.

4.6. Chapter Summary

The results of the study of free vibration behavior of BFGM pre-twisted double-
tapered rotating micro beam are presented in this chapter. The present model is validated by
comparing several results for the reduced problems available in the literature. The effects of
spin-softening and Coriolis force are presented and discussed. The effect of pre-twist angle
with regard to various aspect ratios are shown and discussed. An exhaustive sets of results
involving non-dimensional speed-frequency behavior are presented for variations of
different parameters such as size-dependent parameter, axial gradation index, thickness
gradation index, operating temperature, FGM composition, taperness parameters,
slenderness parameter and hub parameter. The results are of special importance for mode-
veering and subsequent mode-switching phenomenon. The important findings are
summarized as follows:

(i) Spin-softening and Coriolis effects significantly influence the chord-wise vibration
frequencies but does not influence the flap-wise frequencies, though these two motions are
coupled.

(i) Free vibration frequencies increase monotonically with increase in the pre-twist angle.
(i) The aspect ratio of beam section governs the influence of the pre-twist angle on
frequency. It also influences the dominance of the chord-wise or the flap-wise motions and

the mode-veering phenomenon.
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(iv) As the beam cross sectional dimensions approach material length scale parameter,
frequency increases due to increase in stiffness. The size effect seizes to exist when these
dimensions become ten times the material length scale parameter.

(v) Increasing the thickness and axial gradation index reduces frequency of vibration.

(vi) High-temperature operating environment leads to decrease in the frequencies due to
thermo-elastic degradation.

(vii) Different metal-ceramic FGM compositions show similar trend in free vibration
behavior but the effect is greater on the second modes.

(viii) An increase in the values of both the taperness parameters leads to increase in the
vibration frequencies.

(ix) At low values of the slender parameter, the effect of shear deformation exhibits strong
influence, especially for the second modes.

(x) The hub parameter poses strong influence, leading to increase in frequency with its

increase.
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Chapter 5

r A
FREE VIBRATION BEHAVIOR OF TRANSVERESELY

LOADED HOMOGENEOUS STRAIGHT PRISMATIC

MICRO BEAM
& /

5.1. Introduction

This chapter deals with the free vibration of a homogeneous straight prismatic micro
beam under constant transverse loading. The free vibration behavior of a statically deflected
micro beam under uniformly distributed static load is studied based on MCST and the
mathematical formulation is based on TBT. In the first step of the problem, the beam
configuration under large static deflection is obtained through a non-linear static analysis in
which the governing equations are derived employing minimum potential energy principle
and incorporating von Karman geometric non-linearity. In the subsequent step, the free
vibration behavior of the deflected micro beam is investigated employing Hamilton’s
principle and incorporating the tangent stiffness of the statically deflected beam
configuration. The solutions of the governing equations for both the steps are obtained by
approximating the displacement fields following Ritz method. The results for the first two
vibration modes are presented in non-dimensional frequency-amplitude plane for clamped

and simply supported boundary conditions.

5.2. Mathematical Formulation

For the present problem, displacement based mathematical formulation is employed.
Fig. 5.1 shows a homogeneous straight prismatic beam of length L, thickness h and width

b, under static uniformly distributed load p (in N/m).



lz
-l Vi AATLAFAAN

h

Fig. 5.1: Dimensions and axes of the homogeneous straight prismatic beam subjected to

uniformly distributed load.

No displacement along y direction and no rotation with respect to z axis are

considered. Following TBT, the displacement field along the x and z directions respectively

are given by,
u(x,z) =u, —zy, (x) (5.1a)
W(X,Z)=W, (5.1b)
where u, and w, are the mid-plane displacements along the x and z directions

respectively; y, is the cross sectional rotation about the y direction. Hence, the

displacement (§Q) vector of any point Q(x,z) are given by

o ={Up— 2y, + (W, )k (5.2)

Considering von Karman non-linearity, the classical strain fields are derived to the

wn

following form:

2 a 2
gxza_ug(a_w] _Jou_,[oyy 1@) (5.32)
ox 2\ ox OoX oX 2\ OXx
ou Ow ow
Vxa :E x Za—xo—‘//y (5.3b)

96



Chapter 5

Defining the rotation vector (6) as §=%(Vx§Q), its only nonzero component is

derived as follows:

1(ou ow) 1 ow
g == M_MW)_1_, Mo 5.4
y 2(82 8xj 2[ Yy axj .4)

Using (5.4), the only nonzero component of the curvature tensor, given by

- %[VéJf(Vé)T } , Is derived to the following form:

1( oy, ow
e 9

Table 5.1: Boundary conditions and the corresponding lowest order admissible

functions for different beam configurations

Beam Function Boundary conditions
¢ =(x/L){1-(x/L)} Ul , =0, =0

o | A=IDR-(IO) | wl =0
¢ =sin{(zx)/L} v,|  =0w,| =0
¢ =(x/L){1-(x/L)} Ul =0, =0
ss A =(xILI=(x/L)} | wpl,, =0.w|, =0
" =cos{(7x)/ L} vy, #20w,|  #0
¢ =(x/L){1-(x/L)} Ul =0, =0
Cs &' =(x/L){1-(x/L)} Wl =0,w,| =0
¢ =sin{(zx)/2L} v, =0,  #0
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Using one-dimensional form of linear elastic stress-strain relation (Reddy, 2011), the
non-zero components of the classical stress tensor (o, o,, ) are given by,
UXX = EgX' O-XZ = kSGyXZ (5'6)
where k, is the shear correction factor used to account for the non-uniformity of shear stress

5(1+v)

across the thickness of the section. In the present work, k.= "
+5v

is considered (Reddy,

2011). Employing MCST, the only non-zero component of couple stress tensor (mxy) IS
given by,
m,, =2GI%z,, (5.7)

where | is the material length scale parameter that incorporates the size-effect. As for the
present problem, the beam is considered as homogeneous and hence constant values of
Young's modulus, Poisson ratio, shear modulus and density are considered by putting

E, =E,v, =v,G; =G, p, = p. The value of the material length scale parameter | is taken

to be constant.

se

The classical (UZ) and non-classical (U) strain energies and work potential (Uy,)

are derived to the form given below:

cl_l .
Use E V(O'S)dv
L 2 4 2 L/ d 2
] 3 o (e 2 5
2 ol \Ldx 4\ dx dx dx 2 5 dx
kGA | dw, )" dw 2
+ > }[{(d—xoj — Z(d—xo]l//y +(l//y) }dx, (58a)

nci 1
ux :E.[v(m:x)dv

2L 20 N (d 2 2 d
SRS R i e P iy | o (5.8b)
8 ¢\ dx dx dx dx

Uwp =_j.WO(de) (59)
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where A(=bh) and | (=bh®/12) are the cross sectional area and area moment of inertia.

The displacement fields are approximated using Ritz method as follows:
Uy () =D¢; 4/ (), Wo()=2.Co 47(X), ¥, (X) =D Cop; 4 (X) (5.10)
j=1 j=1 =1

where ¢}, ¢'and ¢ are the set of orthogonal admissible functions with n number of
functions in each set and c; is the set of unknown parameters which are to be determined.

The lowest order admissible functions for clamped-clamped (CC), simply supported-simply
supported (SS) and clamped-simply supported (CS) beams are selected to satisfy the
geometric boundary conditions and are given in Table 5.1. Putting the values of the assumed
displacement fields given by (5.10) in (5.8a), (5.8b) and (5.9) and applying minimum

potential energy principle given by Eq. (1.2), the governing equations are obtained as
[K"]{c}={P} (5.11)
where [KT] and {P}are the total stiffness matrix and load vector respectively, the

components of which are as given below:

L d¢|u d¢u
ki ]‘j‘_li,”n B EA! T

':kT:Iizl,n :%L(d‘%jdﬂu dgy, dx

T 2 9l dx ) dx  dx

L w d w L 2 wog w
[kiT :'i=n+12n = EAI du‘)jd(ﬁ'” Pion dx+l'[ dwoj dg’y 991 dx
! e dx ) dx dx 2,0 dx ) dx dx

j=n+1,2n 0

w 2L 42w d2 w
by dx +GAI J'd #in 991 dx

L w d
+kGA| déin o
o, dx dx dx®  dx

0

2L g2 4w 4"
GAI J‘d ¢|£n ¢j—2n dX
4 dx dx

j=2n+1,3n

L w
':k;Jr :Ii_:n+1,2n = _kGAI% ¢£2ndx +
0

0
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dg;’ GAI? tdg”, d?g"
k! =—kGA 2 dx + i=2n IR dx
[ ], Sign I I dx 4 ! dx  dx?
[ dg?,, g GAIZ £ dg”, dgl
k! =El| = Y0 i dx +kGA dx + t2n _TJ20 gy
[ ! :IIJ 22nntrll?i°>r:1 j dx I e 2n 4 '(.; dx dx

L
{pi}i=1,n = O’ { pi }i=n+1,2n = p_f ¢l‘ilnudx’ {pi}i=2n+1,3n =0
0

Here A is the beam cross sectional area given by A=bxh. Eq. (5.11) is nonlinear in nature

involving unknown parameters c;. It is solved by an iterative substitution method with

successive relaxation (Das et al., 2009). The solution provides the deflected configuration of

the beam.
The governing equation for free vibration of the statically deformed micro beam is
derived using Hamilton's principle given by
t
5[I(Uke—use)dtJ=O (5.12)
4

where t is time and U,, is the kinetic energy of the micro beam which is given as

PAT(dw ) (duy Y pl ¢ dyy i
U, = j{( dtj +(Ej }dx+ . !( " ) dx (5.13)

where p is the density of the material of the beam. For investigating the small amplitude

free vibration behavior, the tangent stiffness of the deflected beam configuration is to be

considered. Using the relationship [kﬂ:ai{ p/ } (Das, 2018), the elements of the tangent
c

j
stiffness matrix [k,ﬂ are derived where {p{}is the restoring force vector defined as
trf =k Je)-

The linear components of the total and tangent stiffness matrices are same. The nonlinear
components of [ k; | are as follows:

d ¢,n
(4], ~EA][ e |22

j=n+1,2n
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[kﬁ :Ii.:n+1,2n = EAI(dWO j A, S0 o

j=Ln 0 dx dx dx
L w o d w L 2 W w
[ Tz = EA| [[ 2o | 925 Pin gy 4 3 [ [d""(’j A% 990
iz cLdx ) dx dx 29\ dx ) dx dx

Following Ritz method, the dynamic displacements and rotation fields are

approximated as
U0 =2d, (0™, W() =D d,,; ¢ (0, ¥, (0=, 87 (0 (5.14)
=1 j=1 =1
where d; is the set of unknown coefficients determining vibration mode shapes, @ is the

natural frequency of vibration and i=+/—1. Substituting (5.13) and the tangent stiffness
matrix in Eq. (5.12) and using (5.14), the governing equation is derived as an eigenvalue
problem as shown below:

[K{D}-o*[M]{D}=0 (5.15)
where [M] is the mass matrix whose off-diagonal terms are zero. The elements of [M ] are

given as follows:
L L L
[mij]i;},n :PAI¢.U¢FdX’[mij]iin+1,2n :pAIQV—Vn¢}N—ndX’[mij:Ii_:_2n+1,3n :Plj.ﬁtyzn 2 2n0X
j=Ln 0 j=n+1,2n 0 j=2n+1,3n 0

where | is the area moment of inertia of beam cross section given by | =bxh*®/12. The

solution of Eq. (5.15) gives the natural frequencies and the corresponding mode shapes.

5.3. Results and Discussion

The geometrically linear static deflection fields for different 1/h values are
compared with Reddy (2011) for a simply supported Timoshenko beam under sinusoidally
varying distributed load (of amplitude p) and it is shown in Fig. 5.2(a). The natural
frequencies of vibration for different h/l values for a simply supported Timoshenko beam
are compared with Ma et al. (2008) and it is shown in Fig. 5.2(b). The comparison plot for
Fig. 5.2(b) is generated by considering the three-dimensional form of constitutive relations

as used in Ma et al. (2008). In that case, E is replaced by E(l—u)/{(1+u)(1—20)} in the
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first relation of (5.6). The comparison plots shown in Fig. 5.2 match very well with the
available results and thus validate the present model.

The results of the present study are shown in normalized frequency (@/ @,) versus
normalized static deflection amplitude (w,, /h) plane where w, is the maximum static
deflection and «, is the natural frequency of vibration for the first mode. The results are

generated with the following values: 1=17.6x10°m, E =200 GPa, v=0.30, p=7850
kg/m®, L/h=20and b/h=2. Figs. 5.3(a) and (b) show the frequency-amplitude plots for the

first two modes of vibration for a CC beam, each corresponding to different h/I values.
Figs. 5.4(a) and (b) show the frequency-amplitude plots for the first two modes of vibration
for a SS beam, each corresponding to different h/l values. Figs. 5.5(a) and (b) show the
frequency-amplitude plots for the first two modes of vibration for a CS beam, each
corresponding to different h/1 values. In each of the plots of Figs. 5.3-5.5, the frequency-
amplitude plots for a classical beam (1=0) are also shown. The results show that with
increase in the static deflection for any specific h/l ratio, the beam becomes more stiffer
due to geometric stiffening action, thus making the frequency to increase. With increasing
h/lratio, the frequency-amplitude plots get more and more curved from the initial point,
and this is true irrespective of the vibration modes and boundary conditions. It indicates that
the beam stiffness increases when the thickness becomes comparable with the material
length scale parameter (decreasing h/1), and as a result the geometric stiffening effect due
to large deflection becomes subdued. Further it is observed that the behavior of a micro
beam becomes almost identical with that of a classical beam when h/I becomes ten or

more.

5.4. Chapter Summary

The free vibration frequencies of a statically deflected Timoshenko micro beam
under uniformly distributed static load are computed based on MCST. The results are
presented in normalized frequency versus normalized static deflection amplitude plane for
the first two vibration modes for CC, SS and CS micro beams. The results indicate that the
beam stiffness increases when the thickness becomes comparable with the material length

scale parameter, and as a result, the effect of geometric stiffening is lowered. The size effect
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is found to disappear when the thickness is ten times or more of the material length scale

parameter.
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Normalized Amplitude (w,,,/h)

Fig. 5.4:
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Chapter 6

CONCLUSIONS

6.1. Conclusions

The present thesis work consists of three problems. The first two problems deal with
the free vibration behavior of BFGM tapered rotating micro beams for straight and pre-
twisted geometries. For these two problems, a cantilever beam attached with a hub, rotating
at constant angular speed, is considered. This rotation results into a time-independent
centrifugal force. The first step considers the determination of the centrifugally deformed
configuration. The second step investigates the free vibration behavior in the neighborhood
of this centrifugally deformed beam configuration. The third problem is about a
homogeneous straight prismatic micro beam subjected to static uniformly distributed load in
transverse direction. In this problem also, the large non-linear deformation of the micro
beam due to transverse loading is calculated in the first step and, in the second step, the
effect of large amplitude deformation on its free vibration behavior is studied.

For the problems involving BFGM beam, FGM modeling is done using Voigt's law
and the temperature-dependence of the material properties are considered using Touloukian
model. A displacement based approach is followed in formulating the steps of the problems
and TBT along with von K&rman nonlinearity is used for strain displacement relationships.
MCST is used to capture the size-dependent behavior for micro dimensions of the beam.
The deformed shape of the beam due to time-independent centrifugal load or statically
applied distributed transverse load is determined by forming the governing equation using
minimum total potential energy theory. The set of equations is solved by approximating the
displacement fields following Ritz method. Hamilton's principle in conjunction with tangent
stiffness of the statically loaded beam is employed to formulate the governing equatios for

free vibration. Then Ritz method is used to solve the system of governing equations in the



form of eigenvalue problems. For the first two problems, a state-space approach is adapted
to generate the eigenvalue problem.Some reduced problems have been solved and compared
with well-established literatures to validate the present model. The results show very good
matching.

For the first two problems, the non-dimensional speed-frequency behaviors for each
of the first two chord-wise and flap-wise modes are presented to show the effects of various
parameters like size-dependent thickness, axial and thickness gradation indices, taperness
parameters, hub parameter, length-thickness ratio or slenderness parameter, operating
temperature and FGM composition. For the straight rotating micro beam, the effect of size-
dependent shear deformation is presented. For the pre-twisted rotating micro beam, the
effects of spin-softening, Coriolis force and pre-twist angle are shown and discussed, and the
mode-veering and subsequent mode-switching phenomena are presented. For the third
problem, the results are presented in normalized frequency versus normalized static
deflection amplitude plane for the first two vibration modes for CC, SS and CS micro
beams.

The significant contributions and findings of the present thesis work are:

(i) This study developed an advanced mathematical model to describe the dynamic behavior
of BFGM rotating micro-beam which is not available in the literature.

(i) The proposed BFGM rotating micro beam model considers a symmetric through-
thickness gradation in order to prevent bending of beam due to centrifugal loading and this
is not considered in previous studies.

(iii) The BFGM rotating micro beam model incorporates geometric non-linearity, spin
softening and Coriolis effect with great details of their effects which is unavailable in
literature. It is clearly shown that the spin-softening and Coriolis acceleration affect only the
chord-wise vibration modes of the beam.

(iv) In the present work of BFGM rotating micro beam, the beam is considered to be
operating in an elevated temperature, often found in practical applications. This results into
material degradation and thus shown to be significantly affecting its dynamic behavior.

(v) It is clear from the results that as the cross-sectional dimensions approach the material

length scale parameter, the stiffness and frequency increase, which is the character of micro
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beams. This size-dependent behavior diminishes when the dimensions are ten times or more
of the material length scale parameter.

(vi) Various parameters like the size-dependent thickness, axial and thickness gradation
indices, taperness parameters, hub parameter, length-thickness ratio or slenderness
parameter, operating temperature and FGM composition are found to have significant effect
on the speed-frequency behavior of the BFGM rotating micro beam.

(vii) In case of BFGM pre-twisted rotating micro beam, aspect ratio of beam cross-section is
shown to be a very important parameter and its’ effects are presented in great detail which is
unavailable in previous studies. Also, a significant contribution of this study is how the
aspect ratio influences the mode-veering and mode-switching phenomena.

(viii) For the statically loaded homogeneous micro beam, the effect of large deflection
amplitude on its free vibration behavior has been shown for the first time through this thesis

work.

6.2. Future Scope of Work

The present study is on the free vibration characteristics of centrifugally loaded and
statically loaded BFGM and homogeneous micro beams. Following are some of the
considerations that can be taken up for further research in the field of FGM micro structural
elements:

(i) This study can be extended to forced vibration behavior of the beams, considering
damping into the mathematical formulation.

(if) In case of the rotating beam, the beam is considered as a cantilever which is rigidly
clamped to a rotating hub. In practical cases, this boundary is not fixed and allows some
deformation. Thus, elastically-deformable boundary condition can be considered and its
effect on the free vibration behavior can be studied.

(iii) Here, the size-dependent behavior is incorporated using MCST. The other available
size-dependent theories like strain gradient theory, non-local theory, surface elasticity theory

etc. can be considered to model the micro beams.
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