Study of some almost complex and complex
manifolds under certain conditions

Thesis submitted for the Degree of
Doctor of Philosophy (Science)

of
Jadavpur University

Samser Alam

Department of Mathematics,

Jadavpur University,
Kolkata-700032, India.

July, 2023



JADAVPUR UNIVERSITY

DEPARTMENT OF MATHEMATICS
KOLKATA - 700032

CERTIFICATE FROM THE SUPERVISOR

This is to certify that thesis entitled “Study of some almost complex and complex
manifolds under certain conditions™ submitted by Mr. Samser Alam who gob his
name registered on 16th February, 2018 (Index no.: 60/18/Maths. /25) for the award of
Doctor of Philosophy (Science) degree of Jadavpur University, is absolutely based upon
his own work under the supervision of Prof. Arindam Bhattacharyya and that neither
this thesis nor any part of it has been submitted for ecither any degree/diploma or any

other academic award anyvwhere before,

W..Eﬁ;ﬁ:?ﬁ%&..-

(Signature of the Supervisor, date with official seal)

Pinfessor
DEPARTMENT OF MATHEM ~"
Jadavpur University
Kolkata - 700 032, VW



Dedicated to
my mother
Salaher Begam
and
my beloved daughter
Sumedha Alam

for their patience, support and love.

il



Acknowledgements

First and foremost, I want to express my sincere gratitude to my supervisor, Prof.
Arindam Bhattacharyya, for his important counsel, ongoing support, direction, and en-
couragement during my Ph.D. study. It is an honour to be his student, and I would like
to take this opportunity to convey my deepest appreciation to him, even though no words
could ever fully express the extent of wisdom and support I have received. He epitomizes

the ideal role model and exemplifies a true teacher in every sense of the word.

I am thankful to the University Grants Commission, Government of India, for their
uniform support provided through their progressive policies, comprehensive regulations,
and invaluable recommendations. It was due to their visionary guidance that I was able
to embark on this remarkable research journey, ultimately enabling me to achieve an
important milestone in my life. Through their unwavering commitment to excellence, I

have been able to realize my goals and contribute to the advancement of knowledge.

Sincere appreciation is extended to Dr. Sumanjit Sarkar, Assistant Professor, Depart-
ment of Mathematics, School of Applied Sciences and Humanities, Vignan’s Foundation
for Science, Technology and Research, Andhra Pradesh, India and Dr. Soumendu Roy,
Assistant Professor, Division of Mathematics, School of Advanced Sciences, Vellore In-
stitute of Technology, Chennai, India, for their invaluable feedback on my analysis and
framing of the entire project. I would like to thank them for our lengthy and fruitful math-
ematical conversations throughout this period and express my gratitude for the support

and cooperation they provided.

v



I sincerely appreciate the supportive comments, insightful remarks, and suggestions
of Prof. Farook Rahaman, a member of the Research Advisory Committee and the Dean
of the Faculty of Science at Jadavpur University. I am grateful to the current Head of
the Department, Prof. Sagnik Sinha, for his unwavering assistance with all academic
and administrative demands. Additionally, I want to express my gratitude to all the
concerned teaching staff of the Department of Mathematics of Jadavpur University for
their encouragement and support. [ am really appreciative of the non-teaching staff
of Jadavpur University Department of Mathematics for providing me with numerous

amenities throughout my research work.

I am fortunate to have the support of Dr. Dipen Ganguly, Paritosh Ghosh, Dr.
Nandan Bhunia, Dr. Shouvik Dutta Chowdhury, and all other research scholars of the
Department of Mathematics, Jadavpur University, who have provided me with helpful
messages and ideas. Striking a balance with your life outside of school is crucial. 1T am
grateful to have friends like Dr. Buddhadeb Pal, Prodyot Ghara, Swarnendu Das, Naba
Kumar Das, and Dr. Koushik Das who always support me in overcoming obstacles to a

manageable degree.

Deepest thanks to my dear juniors, Sovan Bera, Subhamoy Bera, Santu Pradhan,
Asik Igbal Sk, and all others who have contributed their profound wisdom, constant
motivation, and affectionate support throughout the duration of my research. Their

dedication and encouragement have played a pivotal role in the success of my work.

I would like to convey my gratitude to the esteemed Headmaster Md. Mowazzem
Hossain, the honourable Assistant Headmaster, the distinguished members of the man-
aging committee, and all my esteemed colleagues at my workplace, Sijgram Hossenabad
M. T. High School. T acknowledge their encouragement, steadfast support, and gracious

permission to propel me forward on this profound and fulfilling research journey.

I want to express my heartfelt gratitude to all my villagers, especially the econom-
ically weak but ethically enriched and purely soulful people, with whom I grew up and
my childhood period becomes truly extraordinary. I am also thankful to them for their
constant support, love, and inspiration without which my journey of research as well as

the path of life would never be possible.

[ am immensely grateful to my beloved daughter Sumedha Alam, whose unwavering



love, affection, and boundless compassion have been instrumental in turning my research
aspirations into tangible achievements. I am forever indebted to her for the profound
influence she has had on my journey and the achievements I have achieved to her constant

presence in my life.

Deepest gratitude to my uncle Rejaul Alam and my brother Sahensha Alam, who
has always supported and loved me no matter what. Last but not least, this thesis owes
a great deal to the unwavering support I received from my father Sofiul Alam, and my
mother Salaher Begam. It is without a doubt my parents who have inspired me to continue
my study because of all the compromises and sacrifices they have made in their own lives
as well as because of their support and confidence in me. I can’t express enough how
grateful I am to my companion Reshma Yasmin for being by my side during this arduous

road and for never failing to offer love, support, and faith.

Samser Alam

vi



Preface

This doctoral thesis is devoted to study of some almost complex and com-
plex manifolds under certain conditions. The thesis is divided into six chap-
ters. The first chapter deals with some prerequisites that, in our opinion,

are crucial for comprehending the core of the entire thesis.

In the second chapter, we investigate weakly symmetric Kahler mani-
folds that exhibit properties of being pseudo-projectively flat and quasi- con-
formally flat. Moreover, we examine weakly pseudo-projectively symmetric
and quasi-conformally symmetric Kahler manifolds, which are further char-
acterised as Einstein manifolds. Additionally, we establish the existence of
pseudo-projectively flat weakly symmetric Kéahler manifolds and quasi- con-
formally flat weakly symmetric Kahler manifolds, for which the Ricci tensor

satisfies a certain relation.

In the third chapter, we conduct a comprehensive study and derive pre-
cise expressions for several curvature identities pertaining to a nearly Kéhler
manifold exhibiting con-circular and projective flatness. Furthermore, we at-
tain intriguing findings concerning a 6-dimensional nearly Kahler manifold,

and we present a detailed example to illustrate these results.

In fourth chapter, we examine different types of curvature identities
present in Kahler-Norden manifolds, such as quasi-conformal flatness, pseudo-

projective flatness, Weyl-conformal flatness, and Bochner flatness. We show

Vil



that a Kahler-Norden manifold exhibits pseudo-projective symmetric if and
only if it demonstrates local symmetric. Moreover, we explore semi-symmetric
Kahler-Norden manifolds and prove that a Kéhler-Norden manifold is semi-

symmetric if and only if it possesses locally semi-symmetic.

In the fifth chapter, we study some curvature identities on a locally
symmetric hyperKéahler manifold. Next, we explore the concepts of conformal
flatness and Bochner flatness of a hyperKéahler manifold. Additionally, we
prove that if M is a conformally flat hyperKahler manifold, then M is locally
flat when the dimension of M is greater than 4 and M is locally symmetric
with vanishing scalar curvature if the dimension of M is 4. Furthermore,
we establish that a conformally flat and Bochner flat hyperKahler manifold
of dimension 4n is an Einstein manifold. Later, we introduce the generalised
Ws-curvature tensor and the study quasi-Ws-curvature tensor, and using these
we develop that a generalised Ws-flat hyperKahler manifold and quasi-W-flat
hyperKéhler manifold are Ricci flat. Finally, we present some examples of

hyperKéhler manifolds.

In the sixth chapter, we carry out an investigation on various curva-
ture properties in paraKahler manifolds that possess characteristics such as
pseudo-quasi-conformal flatness, pseudo-projective flatness, Ws-flatness, and
Bochner flatness. Moreover, we explore significant findings concerning the
sectional curvature within the paraKahler manifolds. Additionally, we ana-
lyz the behavior of paraKahler space-time in the presence of a perfect fluid.
Furthermore, we examine the behavior of weakly symmetric and weakly Ricci
symmetric perfect fluids in the context of paraKéhler space-time. Our study
also encompasses the study of curvature identities in paraKahler space-time,
specifically focusing on flatness properties related to the previously mentioned
curvature tensors. Finally, we expand upon crucial properties associated with

sectional curvature in paraKahler space-time.
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Introduction

1.1 Introduction to almost complex manifold

Assume that M is a smooth manifold. An almost complex structure F' on M is a linear
complex structure or a linear map that squares to —1 on each tangent space of the manifold
and varies smoothly on the manifold. In other words, we have a smooth tensor field F
of degree (1,1) that is isomorphic to the tangent bundle when considered as a vector
bundle. An almost complex manifold refers to a manifold that possesses an inherent
structure known as an almost complex structure.

So, an almost complex structure refers to a smooth surface that exhibits a smooth linear
complex structure on each of its tangent spaces. While it is true that every intricate
manifold can be considered as an almost complex manifold, it should be noted that not
all almost complex manifolds can be classified as complex manifolds. Applications in the
symplectic geometry of almost complex structures are significant.

M must be even-dimensional if it ensures an almost complex structure. This can be
understood as follows: Let us assume M is n-dimensional and F': TM — TM is an
almost complex structure, where T'M denotes the tangent bundle of the manifold. If
F? = —1 then (det F')*> must also be (—1)". However, if M is a real manifold, then det F
is a real number, and as a result, n must be even if M has an almost complex structure.
Any even-dimensional vector space permits a linearly complex structure, as demonstrated
by a simple exercise in linear algebra. As a result, a (1, 1)-rank tensor pointwise which is
essentially a linear transformation on each tangent space is always admissible on an even-

dimensional manifold such that FI? = —1 at each point p. The pointwise linear complex
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structure only generates an almost complex structure, which is subsequently confirmed to
be unique, when this local tensor can be connected to be described globally. It is analogous
to changing the structure group of the tangent bundle from GL(2n,R) to GL(n,C) for
this patching to be possible and consequently, for an almost complex structure to exist on
the manifold M. Therefore, the existence query is exclusively algebraic-topological and
is most well known.

Almost complex structures have important applications in symplectic geometry. The

concept is due to Charles Ehresmann and Heinz Hopf [70] in the 1940.

Example 1.1.1. Let M be an n-dimensional manifold. A structure on M given by a
non-null tensor field f that satisfies f2+ f = 0, is called an f-structure. If the rank of f
(denoted as r) is a constant, i.e., r = n, then the f-structure provides an almost complex

structure for the manifold M. In this case, n is even.

Nijenhuis Tensor

Definition 1.1.1. [18] (Nijenhuis Tensor) Let F' be an almost complex structure in an
almost complex manifolds M™, where n is an even integer. Nijenhuis tensor in terms of F
is a vector valued bilinear function N defined by Np(X1,Y1) = [F Xy, FY1|— F[F Xy, Y] —
F[Xy, FY1] — [X1,Y1], where for X1, Y1 € x(M) and [, | stand for Lie bracket.

Theorem 1.1.1. [18] In an even-dimensional almost complex manifold M™

(1) N(Xy, FY1) = N(FX,, Y1) = —F(N(X,, Y1) = F(N(F Xy, FY1)),
(1) N(FXy, FY1) = =N(X1,Y1) = —=F(N(FX,,Y1)) = =F(N (X1, FY1)),
where X1,Y1 € x(M).

1.2 Introduction to complex manifold

An atlas of charts to the open unit disc and holomorphic transition maps are the char-
acteristics of a complex manifold in differential geometry and complex geometry. Alter-
native definitions of the term “complex manifold” include an almost complex manifold
and the complex manifold described above which can be expressed as an integrable com-

plex manifold. The theories of smooth and complex manifolds have quite different flavors
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because holomorphic functions are substantially more rigid than smooth functions, com-
pact complex manifolds are much more similar to algebraic varieties than to differentiable

manifolds.

Definition 1.2.1. [18] (Complex manifolds) A manifold that is almost complex and has

a vanishing Nijenhuis tensor is referred to as a complex manifold.

Example 1.2.1. Consider C" as the complex vector space that contains a collection of
complex number sets, each consisting of n elements, with the notation z = (2%, 2%, ..., 2").
If we put 2t = 2'+iyt, 2t y' € R, t = 1,2, ...,n, then C" can be associated with the real vec-
tor space R?" containing 2n-tuples of real numbers (z, 2%, ...,x" y', v* ...,y"). The iden-
tification of C" with R"™ will always be done through the correspondence (', 22,...,2") —
(2t 2% ™yt y?, o, y™). The complex structure of R*™ induced from that of C* maps
(2t 2% o™ yth y?, Ly into (Yt y2, oyt —at, =22, L —a™) and is known as the canon-
ical complex structure of R**. According to the natural basis of R?", it is given by the

0 I,
matriz Fy = . Then F} = —I. As N(%,%) = 0, this is an example of a
-1, O

complex manifold.

1.2.1 Weakly symmetric manifold

In 1992, L. Tamassy and T. Q. Binh [69] introduced the concepts of the weakly symmetric
and the weakly Ricci-symmetric manifolds. Aside from that, M. Prvanovic [52], U. C. De,
and S. Bandyopdhayay [15] provided instances to clarify their points. Intriguing findings
about the weakly symmetric and the weakly Ricci-symmetric Kahler manifolds were also

discovered by L. Tamassy, U. C. De, and T. Q. Binh [68].

Definition 1.2.2. [69] (Weakly symmetric manifold) A non-flat Riemannian manifold
(M"™ g) (n > 2) is called weakly symmetric manifold if its curvature tensor R of type
(0,4) satisfies the condition

(VXIR)(}/D Zl? Ul? ‘/1> = A(Xl)R(}/b Zl7 U17 ‘/1) + B(}/l)R(Xla Zl: U17 ‘/1)
+C(Z1)R(Y1, X1, Uy, Vi) + D(Uy)R(Y1, Z1, X1, V1)
+E(‘/1>R(}/17ZDU17X1)7 (121)
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and the manifold is called weakly Ricci symmetric if the Ricci tensor S satisfies
(Vx,5)(V1, Z1) = A(X1)S5(YV1, Z1) + B(V1)S(Xy, Z1) + C(Z1)S (Y1, X), (1.2.2)

where A, B,C, D, E are simultaneously non-vanishing 1-forms and X1,Y1, Z1,Uy, Vi are
vector fields and V be the covariant differentiation operator associated with the Rieman-

nian metric g.

The 1- forms are referred to as the associated 1-forms of the manifold, and an n-
dimensional manifold with such properties is represented as (W.S),,.
M. Prvanovic [52] and P. Pandey [50] demonstrated that in a weakly symmetric manifold
B =C = D = E holds. If we consider B=C =D = F = w (say) and then (1.2.1) and
(1.2.2) becomes

(leR)(Yi7zl7Ul7‘/1) - A(Xl)R<)/1,Zl,U1,‘/1)+W(§/1>R(X1,Z1,U17‘/1)
+w(Z,)R(Y1, X1, U1, Vi) + +w(U) R(Y1, Z1, X1, Vi)
_l_w(‘/l)R(}/laZlaUlaXl)a (123)

and
(VXﬂS)(YVh Zl) = A(XI)S(YL Zl) + W(Yl)S<X1, Zl) —I—w(Zl)S(YI,Xl), (124)

where g(X1,p) = w(X1) and g(X;,a) = A(X;). where p and « are vector fields.

In 2002, Prasad [53] defined and studied a tensor field P within the framework of a
manifold possessing Riemannian geometry, with the dimension represented as (n > 2).
This tensor field encompasses the projective curvature tensor P, thereby exploring its

properties and characteristics.

Definition 1.2.3. [53] (Pseudo-projective curvature tensor) On a Riemannian manifold

of dimension greater than 2, the pseudo-projective curvature tensor P is expressed by

P(X\,Y1)Zy = aR(X1,Y1)Z, +b[S(Y1, Z1) X1 — S(X1, Z1)Y1]

_g {n i T b} l9(Y1, Z1) X1 — g(Xq, Z1)Y1, (1.2.5)

where a and b are constants, that are non-zero. In this expression, R denotes the curvature

tensor, S represents the Ricci tensor, and r stands the scalar curvature.
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A Riemannian manifold (M", g) with non-pseudo projective flatness, where the di-
mension n is greater than 2, is classified as weakly pseudo projectively symmetric manifold
if certain conditions are satisfied. These conditions involve the pseudo-projective curva-
ture tensor P of type (0,4) and can be expressed as follows:

When acting on vector fields X, Y1, Z, Uy, Vi, the covariant derivative (Vx, P) of the

pseudo-projective curvature tensor satisfies the equation

(VX1]_D)(}/17 Zl7 Ula ‘/1) = A(XI)F(}/?M Zlv U17 ‘/1) + B(}/l)]_D(Xb Z17 Ula ‘/1)
+C(21)P(Y1, X1, Up, Vi) + D(U)P(Ya, Zy, X1, Vi)
_'_E(‘/l)?(}/l?Zl;UlaXl)a (126)

where, A, B,C, D, E are 1-forms that do not vanish. This characterization is denoted as
(WPPS), for an n-dimensional manifold.
Yano and Sawaki [77] introduced the concept of the quasi-conformal curvature tensor,

which can be described in the following manner:

Definition 1.2.4. [77] (Quasi-conformal curvature tensor) The quasi-conformal curva-

ture tensor is represented by this tensor field C, which is given by

C(X1,Y1)Zy = aR(X1,Y1)Z, +b[S(Y1,21) X1 — S(Xy1, Z1)V1
+9(Y1, Z1)QX1 — g(X1, Z1)QY1]

r a
0 {n — * 25] l9(Y1, Z1) X1 — (X4, Z)Y], (1.2.7)
where a and b are non-zero constants. If a = 1 and b = _ﬁ’ then quasi-conformal

curvature tensor is reduced to the Weyl-conformal curvature tensor [51], whose expression

15 given by:

1
W(X1,Y1)Z1 = R(X1,Y1)Z1 — m[g(yl, Z1)QX1 — g(X1, 21)QY:
+S(Y1, Z1) Xy — S(Xy, Z1)Y1]
r

+(n— 1)(n —2) l9(Y1, Z1) X1 — g(X4, Z1)Y4). (1.2.8)

So a manifold is Weyl-conformal flat if va(Xl,Yl, Zy,Uy) = gW(X1,Y1)Z1,Up) = 0.

A curvature tensor, symbolised by W5, was first suggested by G. P. Pokhariyal and

R. S. Mishra [51] in 1970 and their relativistic implications were explored.
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Definition 1.2.5. [51] (Wy-curvature tensor) The formula for the Wy-curvature tensor

on a manifold of dimension greater than 2 can be stated as follows:

Wa(X0, V)2 = RO V) Z 4 [g(X0, 2)QY: — gV, Z0QK). (129

When the condition WQ(Xl, Y1, Z1,Uh) = g(Wa(X4,Y1)Z1,Uy) = 0 is satisfied, it indicates
that a manifold can be described as Ws-flat.

The Bochner curvature tensor, introduced in 1949 by Bochner [6, 76], plays a similar

role in Kéhler geometry to the Weyl curvature tensor on Riemannian manifolds.

Definition 1.2.6. [8/ (Bochner curvature tensor) The notion of Bochner curvature tensor

1S presented as:

1
B(X17Y1)Zl = R(Xl,Yl)Zl - n—+4[9(Y1,Zl)QX1 - Q(Xl,Zl)QYl
+S(Y1,21) X, — S(X1, Z0)Y1 + 9(FY1, Z1)QF X,
—g(FX17 Zl)QFYi + S(F}/l, ZI)FXl — S(FXl, Zl)F}/l

—2S(FX\,Y1)FZ, — 29(FX,,Y1)QF Z,]
”
_.I_
(n+2)(n+4)
+g(FY17ZI)FX1 _g(FXth)F}/l

oY1, Z1) Xy — g(Xh, Z1)Y1

where Q) represents the Ricci operator, defined by g(QX1,Y1) = S(X1,Y1) and n denotes
the dimension of the manifold. Additionally, a manifold is considered Bochner flat if

B(X1,Y1,71,Uy) = g(B(X1,Y1)Z1,Uy) = 0 is satisfied.

The concept of the pseudo-quasi-conformal curvature tensor V on a Riemannian
manifold of dimension > 3 was constructed and explored by the authors in [66], and
it includes the projective, quasi-conformal, Weyl conformal, and concircular curvature

tensors as special cases.

Definition 1.2.7. [66] (Pseudo-quasi-conformal curvature tensor) A pseudo-quasi-conformal

curvature tensor is described as:

VXL = (4 RCGZ + (g = IS0, 206 — S(X, Z0Yi

+alg(Yi, 2)QX, — g(X1, Z,)QYi] — — p :(721(? I)1)q]

—9(X1, Z1)Y1], (1.2.11)

lg(Y1, Z1) X4



where Xy, Yy, and Z; € x(M), S is the Ricci tensor, r is the scalar curvature, @
is the Ricci operator corresponding to the Ricci tensor S, i.e. ¢(QX1,Y1) = S(X1,Y7)
and p, ¢, and d are real constants such that p? + ¢*> + d*> > 0 [16] and the manifold is
n-dimensional.
Particularly, if
(p=q=0,d=1,
(2)p#0,qg#0,d=0,
B)p=1g9=-;5,d=0,
4)p=1q=d=0,
then V reduces to the projective curvature tensor, quasi-conformal-curvature tensor, con-
formal curvature tensor, and con-circular curvature tensor, respectively [20]. A manifold
M™, where n > 3, is called pseudo-quasi conformally flat if V =0.
A con-circular transformation, which was introduced by K. Yano [79] in 1940, is a type
of transformation that maintains the shape of geodesic circles. This transformation is as-
sociated with a branch of geometry known as con-circular geometry. When a con-circular

transformation is applied, the con-circular curvature tensor C' remains unchanged.

Definition 1.2.8. [79] (Con-circular curvature tensor) On an n-dimensional manifold

M, the con-circular curvature tensor C' is given by

O(Xla}/l)Zl = R(Xbi/l)zl - [g(}/la Zl)Xl - g(Xb Zl)Y'lL (1212)

r
n(n —1)
where X1, Y1, and Z; are arbitrady vector fields in x(M).

Now, we introduce the concept of generalised Ws-curvature tensor (n > 2) as follows:

Definition 1.2.9 (Generalised Wh-curvature tensor). The generalised Wa-curvature ten-

sor is defined by:

n —

Wa(X1,Y1)Z1 = aR(X1,Y1)Z: + (b+ < 1) l9(X41, Z1)QY: — g(V1, Z1)QX1], (1.2.13)

where a, b, and ¢ # 0. In particular, if a = 1,b = 0, and ¢ = 1, then it reduces to a
Wy-curvature tensor. Again, if b= 0, we call the W tensor as a quasi-Ws tensor and is

denoted by WQ. So a manifold is generalised Wy-flat if g(Wo(X1,Y1)Z1,Up) = 0.
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1.2.2 Weakly quasi-conformally symmetric manifold

Definition 1.2.10. [62] (Weakly quasi-conformally symmetric manifold) A Riemannian
manifold (M"™, g)(n > 2) is said to be weakly quasi-conformally symmetric manifold, de-
noted by (WQCS),, if the quasi-conformally curvature tensor C of type (0,4) satisfies

the condition

<VX10>(Y’17217U17‘/1) = A(Xl)a(YthaUlaVl)+B(Y’1)6<X1>Z17U17V1>
+C(Zl)6<}/ilele>‘/1)+D(U1)U(K>ZMX1>V1)
+E(WV1)C(Y1, Z1, Uy, Xy), (1.2.14)

for all vectors fields X1, Y1, Z1, Uy, V1 and A, B, C, D, E are non-vanishing 1-forms.

1.2.3 Almost Hermite manifold

Definition 1.2.11. [18] (Almost Hermite manifold) An almost complex manifold endowed

with a Riemannian metric g such that
g(FXlaFYI) = g(Xb}/l)?

is called an almost Hermite manifold, while (F,g) is called an almost Hermite structure.
A Hermite metric thus defined a Hermitian inner product on TM w.r.t. the complex

structure F'.

1.3 Introduction to Kahler manifolds

In mathematics, particularly differential geometry, a Kahler manifold is a manifold that
has three structures that are all mutually compatible: a complex structure, a Riemannian
structure, and a symplectic structure. Erich Kéhler [39] first presented the concept in
1933, while Jan Arnoldus Schouten and David van Dantzig first explored it in 1930. By
André Weil, the terminology has been corrected. The study of Kahler manifolds, their
geometry, and topology is referred to as Kahler geometry, as is the study of the structures

and constructions that can be applied to Kahler manifolds, such as the existence of special
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connections like Hermitian Yang-Mills connections or special metrics like Kéahler-Einstein
metrics. Every smooth, complex projective variety is a Kahler manifold. Utilizing Kahler

metrics, Hodge’s theory is a fundamental concept in algebraic geometry.

Definition 1.3.1. [10] (Kahler manifold) A Kdhler manifold is an even-dimensional Rie-
mannian manifold M with complex structure F' on each tangent space of M that satisfies

the following relations
F2(X1) - _X179(Y17?1) = g(Xh}/l)? (vX1F>(§/1> = 07

where F(X,) = X1, g is the Riemannian metric, and ¥V is the connection of covariant

differentiation.

Theorem 1.3.1. [18] An almost Hermitian manifold is a Kdahler manifold if and only if
VX1F(}/1) = F(Vlevﬂ

Example 1.3.1. In the field of mathematics, we define the n-dimensional complex co-
ordinate space, also known as complex n-space, as the collection of all ordered n-tuples
consisting of complex numbers. This space, symbolized as C", corresponds to taking the

Cartesian product of the complex plane C with itself n times. Symbolically,
C" = {(21,22, .-, 2n) | 2 € C},

the variables z; are the complex coordinates on the complex n-space. Complex coordinate
space can be considered as a vector space over the complex numbers. Its addition and
scalar multiplication operations are performed component-wise. By associating the real
and tmaginary parts of the coordinates, we can establish a one-to-one correspondence
between C" and the 2n-dimensional real coordinate space, R*™. When equipped with the
usual Buclidean topology, C™ becomes a topological vector space over the complexr numbers.

Therefore, the complex spaces C™ with standard Hermitian metric is a Kahler manifold.

1.3.1 Nearly Kéahler manifold

Shun-ichi Tachibana [12] examined almost Tachibana manifolds, also referred to as nearly

Kéhler manifolds, in 1959, and Alfred Gray [28] further explored them from 1970 onwards.
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Definition 1.3.2. [18] (Nearly Kdhler manifold) On an almost Hermite manifold M, if

the almost complex structure F satisfies
(Vx, F) (Y1) + (Vy F)(X1) =0, (1.3.15)

for arbitrady vector fields Xy and Yy € x(M), then the manifold M is called a nearly

Kahler manifold or an almost Tachibana manifold.
Putting X; for Y7 in (1.3.15), we get
(Vx, F)(X1) = 0.

If in an almost Tachibana manifold, Nijenhuis tensor vanishes, then it is called a Tachibana

manifold.
Proposition 1.3.1. [56] (i) For a nearly Kihler manifold

N (X1, Y1) = 2M (X, Y1) = —4F((Vx, F)(V1)) = 4F (V. F) (X1)) = 4F (V) F)F (Y1),

where M(Xl, Yi) = VF(Xl)F(}/i) - VX1Y1 - F(VF(Xl)Yl) - F(VXIF(YE))

(11) If M is nearly Kdihler manifold then N(X1,Y1) = F(Vx, F)Y,
where  4N(X1, Y1) = [X1,Yi] — [FX1, FYi] + FIFX., V1] + F[X,, FYi).

The nearly Kahler manifolds are well known in smaller dimensions. M is Kéhler
manifold if M is nearly Kéhler with dimM < 4. The following is true if dimM = 6 (see
28], [27], [42], and [73)]).

1.3.2 Kahler-Norden manifold

Definition 1.3.3. [7] (Kdhler-Norden manifold) A Kdihler-Norden manifold is an even-
dimensional connected differentiable manifold, denoted by M, with a dimension n = 2m,
where m is greater than or equal to 2. It is equipped with a (1,1)-tensor field F' and a
pseudo-Riemannian metric g. The conditions that define a Kdhler-Norden manifold are

as follows:

F2 = _[7 g(FXlaFYi) - _g(Xh}/l)a VF = 07

these conditions holds for any vector fields X1, Y1 € TM, which is the Lie algebra of
vector fields on M, ¥V is the covariant differentiation operator of g. Additionally, in the

given context, the symbol I represents the identity operator.
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Then the metric g has necessarily a neutral signature (m,m), and we can find a
holomorphic metric on the complex manifold M™ [21]. This fact gives us some topological
obstructions to an anti-Kahler manifold, for instance, all its odd Chern numbers vanish
because its holomorphic metric gives us a complex isomorphism between the complex
tangent bundle and its dual and a compact simply connected Kahler manifold cannot be
anti-Kéhler because it does not admit a holomorphic metric. In a Kéhler-Norden manifold
(M,F,g), the Riemannian curvature operator R, the Riemannian curvature tensor ﬁ, the

Ricci tensor S, the scalar curvature r and the r* curvature are defined by:

R(X1,Y1)Z1 = [Vx,, Vvi]Z1 = Vix, w1 Z1,

R(Xla}/lazlawl) = g(R(Xla}/l)Zlan%
S(X1,Y1) =trace of {Zy — R(Z\, X1)Y1},
r = trace S, (1.3.16)

r* = S(Fe;,e;). (1.3.17)

1.3.3 Hyper Kahler manifold

A Riemannian 4n-manifold called a hyperKéhler manifold [67] if it has a family of almost
complex structures that behave under composition like multiplication, purely imaginary,
unit quaternions, and are covariantly constant w.r.t. the operator of the covariant dif-
ferentiation. We acquire a quaternionic Kahler structure, at least if n > 2, if all that is
required is for these almost complicated structures to exist locally and for the Levi-Civita
connection to typically retain this family. Thus, quaternionic Kahler manifolds are a par-
ticular instance of hyperKahler manifolds. However, note that the quaternionic Kahler

manifold is not required to be Kahler.

Definition 1.3.4. [67] (HyperKdihler manifold) For n € N a natural number, a 4n-
dimensional Riemannian manifold is a hyperKahler manifold if its holonomy group is a
subgroup of the quaternionic unitary group SP,.

Equivalently, a hyperKdhler manifold is a Riemannian manifold with three complex struc-

tures which are Kdhler with respect to the metric and satisfy the quaternionic identities

P=r=K=I1JK=—-1.
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1.3.4 ParaKahler manifold

Definition 1.3.5. [47] (ParaKdhler manifold) A paraKdhler manifold is an even dimen-
stonal connected differentiable manifold, denoted by M, with a dimension n = 2m, where
m is greater than or equal to 2. It is equipped with a (1,1)-tensor field F and a pseudo-

Riemannian metric g. The conditions that define a paraKdahler manifold are as follows:
F?=19(FX,,FY))=—g(X,Y1),VF =0 (1.3.18)

these conditions holds for any vector fields Xy, Y1 € TM, which is the Lie algebra of
vector fields on M, V is the covariant differentiation operator of g. Additionally, in the

given context, the symbol I represents the identity operator.

Example 1.3.2. [13] An example of paraKdhler structure is given in on R™ by g =

-1, 0 0 I,
and F = , where g is the pseudo-Fuclidean metric, F is the
0 -1, I,

almost complex structure and both the matrices are taken with respect to the canonical

basis of R™.

1.3.5 Kahler-Einstein manifold

Definition 1.3.6. [}/ (Kdhler-Einstein manifold) A Kdhler manifold is called Kdahler-
FEinstein if the Ricci curvature tensor is equal to a constant A times the metric tensor.

i.e., Ric = \g.

1.3.6 Perfect fluid space-time

In the context of a perfect fluid within the framework of general relativity, the Einstein
field equation [50], which incorporates the cosmological constant A, can be expressed as

follows:
S(X0, Y1) — Lg(X0, i) + Ag(X1, Y1) = cl(o 4+ pl(Xa)w(M) + po(X0, V1)), (1319)

where ¢ represents the gravitational constant, o corresponds the energy density, p denotes
the isotropic pressure of the fluid, and w represents the 1-form determined by w(X;) =
9(X1,p), where p is the time-like vector field. The equation g(p, p) = —1 satisfies the

fluid velocity connected to the time-like vector field p.
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1.3.7 ParaKahler space-time

Spacetime is a conceptual framework in physics that merges the dimensions of space
and time into a unified four-dimensional structure. It is represented mathematically as
a manifold, enabling the visualization of relativistic phenomena, including the varying
perceptions of events by different observers. In earlier times, it was commonly believed
that the spatial geometry of the universe, defined by coordinates, distances, and directions,
existed independently from the temporal dimension. However, the renowned physicist
Albert Einstein played a fundamental role in introducing the notion of spacetime as an
integral component of his theory of relativity. In 1983, V. R. Kaigorodov [40] conducted
research on the curvature structure of space-time. Numerous differential geometers and
mathematicians continued to develop these concepts of general relativity of space-time

after that.

Definition 1.3.7. [50] (ParaKdhler space-time) A space-time with four-dimensions is

classified as a paraKdahler space-time if it meets the following criteria:

F (X)) = Xy, (1.3.20)
9(FXy, FY1) = —g(X1, Y1), (1.3.21)
(Vx, F) =0, (1.3.22)

where, F' represents a tensor of type (1,1), g denotes a Riemannian metric, and V stands

for the covariant differentiation operator.

Apart from the introductory chapter, this thesis consists of five chapters. A brief

summary is given of these chapters as follows:

In the second chapter, in our investigation, we explore weakly symmetric Kéhler
manifolds that demonstrate characteristics of being both pseudo-projectively flat and
quasi-conformally flat. Furthermore, we analyze weakly pseudo-projectively symmetric
and quasi-conformally symmetric Kahler manifolds, which are also identified as Einstein
manifolds. Additionally, we prove the presence of pseudo-projectively flat weakly sym-
metric Kéahler manifolds and quasi-conformally flat weakly symmetric Kéhler manifolds,

where a specific relationship holds true for the Ricci tensor.
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In the third chapter, we complete a thorough investigation and develop exact for-
mulas for various curvature properties related to a nearly Kahler manifold that demon-
strates both con-circular and projective flatness. Additionally, we obtain a fascinating
result regarding a 6-dimensional nearly Kéahler manifold, and we provide an example to

demonstrate these outcomes.

In fourth chapter, we analyze various forms of curvature identities found in Kéahler-
Norden manifolds, including quasi-conformal flatness, pseudo-projective flatness, Weyl-
conformal flatness, and Bochner flatness. Our findings indicate that a Kéahler-Norden
manifold displays pseudo-projective symmetric-ness if it exhibits local symmetric-ness
and conversely. Additionally, we investigate semi-symmetric Kahler-Norden manifolds
and establish that a Kédhler-Norden manifold is semi-symmetric-ness if it possesses locally

semi-symmetric-ness and conversely.

In the fifth chapter, we investigate certain curvature identities pertaining to a
locally symmetric hyperKéahler manifold. Additionally, we delve into the notions of con-
formal flatness and Bochner flatness in the context of hyperKéhler manifolds. We suc-
cessfully demonstrate that if the dimension of a conformally flat hyperKéhler manifold
exceeds 4, it is locally flat, whereas for a dimension of 4, it is locally symmetric with a
scalar curvature of zero. Moreover, we establish that a conformally flat and Bochner flat
hyperKéhler manifold with a dimension of 4n qualifies as an Einstein manifold. Further-
more, we introduce a generalised Ws-flat hyperKahler manifold characterised by Ricci
). We

also investigate the scenario of a quasi-Ws-flat hyperKéahler manifold, which is Ricci flat,

flatness, along with an equation relating the parameters a, b, and ¢ as a # (b + 5=
under the condition that c is non-zero. Finally, we provide several examples illustrating

the concepts discussed in hyperKahler manifolds.

In the sixth chapter, we conduct a study on several curvature identities in paraKahler
manifolds that are pseudo-quasi-conformally flat, Ws-flat, pseudo-projectively flat, and
Bochner flat. Furthermore, we investigate significant results concerning sectional cur-
vature in paraKahler manifolds. Additionally, we examine the behavior of parakKahler
space-time in the presence of a perfect fluid. Moreover, we explore the weakly symmetric
perfect fluids and the weakly Ricci symmetric perfect fluids on paraKahler space-time.

We also delve into the aforementioned curvature identities along with generalised WS-
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flat curvature identitity on paraKahler space-time. Lastly, we expand upon important

properties associated with sectional curvature on paraKahler space-time.
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Some Weakly Symmetric Kahler Manifolds

2.1 Introduction

After the introduction of the concepts of the weakly symmetric and weakly projective
symmetric manifolds by L. Tamassy and T. Q. Binh [69] in 1989, M. Prvanovic [52], U.
C. De, and S. Bandyopadhyay [15] etc. showed keen interests on those manifolds. The
work of L. Tamassy, U. C. De, and T. Q. Binh [68] on the weakly symmetric and the
weakly Ricci symmetric Kahler manifolds also produced a few curious results.

This chapter is divided into five sections. The first two sections consist of an introduc-
tion and preliminaries. In the third section, we show that a weakly pseudo-projectively
symmetric Kahler manifold is an Einstein manifold with respect to vector field p satis-
fying the condition g(Xi,p) = w(X;). In the fourth section, we initiate in a pseudo-
projectively flat weakly symmetric Kahler manifold, the Ricci tensor follows the relation
S(Zy,a) + S(Z1,p) = —rw(Zy), where g(X1,a) = A(X7). In the fifth segment, we il-
lustrate that a weakly quasi-conformally symmetric Kédhler manifold is again an Einstein
manifold with respect to vector field p, which is defined earlier. In the last section, we
show that in a quasi-conformally flat weakly symmetric Kahler manifold, the Ricci tensor

satisfies the relation which is mentioned above.

2.2 Preliminaries

Definitions and some basic characteristics of the Kahler manifold, the weakly symmetric

Kahler manifold, weakly pseudo-projectively symmetric Kahler and the weakly quasi-
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conformally symmetric Kahler manifold are provided in the introductory chapter. Here,
we reflect on a few significant findings and apply them to our work.
In this context, we derive some formulae which will be essential to examine the behaviours
of weakly pseudo-projectively symmetric manifold and weakly quasi-conformally symmet-
ric manifold of dimension n. Let us consider an orthonormal basis {e;}! ;, of each tangent
space of the manifold. Then from (1.2.5), we have the following:

(@)Y PleYi, Zie) = [a+(n—DHS(Yi Z1) = ~g(¥i, Z1)),

=1

(b)ZF(Xla}/heiaei) - 0;

=1

(€)Y Clen Vi, Z,e1) = [a+ (n—2b[S(Y1,21) = —g(¥1, Z1))

(d)Z€<X17}/1767;76i) - O
i=1
Now, we have proved the following proposition:

Proposition 2.2.1. In a Riemannian manifold (M, g) with dimension greater than 2,
the pseudo-projective curvature tensor and quasi-conformally curvature tensor satisfy the

following relations:

(I) P(X\,Y1,Z,,U1)+ P(Y1, 2y, X1,U,) + P(Z,, X1,Y1,U;) =0,
(I1) P(X,,Y1,Uy, Z)) +P(Y1,Z,, Uy, X1) + P(Z,, X, U, Y1) =0,
(I11) C(X,,Y1, 2y, Uy) +C(Y1, Z1, X1, Uy) + C(Z1, X1, Y1, Uy) = 0,
(IV) C(X,Y1,U1, Z)) +C(Y1, Z1, Uy, X1) + C(Zy, X1,U, Y1) = 0.

2.3 Weakly pseudo-projectively symmetric Kahler man-
ifold

In this section, the following assertion is proved using the Kéhler-Einstein metric of the
weakly pseudo-projectively symmetric Kahler manifold. At the end of this section, we

provide a corollary.

Theorem 2.3.1. A weakly pseudo-projectively symmetric Kahler manifold is an Finstein

manifold with respect to the vector field p satisfies g( X1, p) = w(X7).
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Proof. 1f the manifold M is a weakly pseudo-projectively symmetric Kahler manifold,

then we have proved

F(Kaib Ul?‘/l) :F(}/lazlan‘/l)- (231)

Considering the covariant derivative along with an arbitrady vector X, we have

(VX1P)<}/17717 Ul?‘/l) = (VX:[F)(YIJ Zl; U17 ‘/1> (232)

Applying (1.2.3) and (1.2.6) in (2.3.2), we obtain

w(}/l)P(Xla Zla U17 ‘/1) +W(Z1)P(}/1aXl7 Ula ‘/1)

=w(Y)P(X1, 71, U, Vi) +w(Z)P(Y1, X1, U1, Vi). (2.3.3)
Setting Z; = U; = ¢;, 1 <1 < n and summing over 7, we get

(@ — BV S(X0, V1) — S 30 6(X0, V) — aR(VE, X1, Vi, p)

n

2r
Hig(1, VIS (X1, )~ 20906, 1S () + 2|

a

. +b] 9(X1,V1)g(Y1, p)

_r { a - +b] 9(Y1,V1)g(X1, p)

n

:(a+b)w(?1)5(xl,ﬁ)—%[ a +b} g(X1, V)w(Y1) + aR(Y1, X1, V1, D)

n—1
+£[ a +(r—n)b
n

} 9(Y1,V1)S(X1,p). (2.3.4)

n—1 T

Putting X; = V) = ¢;, 1 <4 < n and summing over ¢, we acquire

rg(Y1, p) [a(1—5>+ (2_%> (nil +b>]

= S(Y1,p) {2a +2b(n—1) + % + l;_r} : (2.3.5)

We achieve

S(Y1,p) = fg(Y1,p).

This is an Einstein manifold for every vector field p.

Hence, the proof. O

The above theorem leads to the following corollary:
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Corollary 2.3.1. For a weakly pseudo-projectively symmetric Kdhler manifold if p is a

2nhla+(n—1)b]
2na+(n—h—1)(a+b)’

2na+ (n—h—1)(a+b) # 0, where h = S(p, p). In addition, if a+ (n—1)b = 0, then the

unit vector field, then the expression for scalar curvature is, r = provided

scalar curvature vanishes.

Proof. Setting Y} = p, we obtain our desired result. m

2.4 Pseudo-projectively flat weakly symmetric Kahler

manifold

In this section, the following result is proved by applying the flat curvature tensor property

of the weakly pseudo-projectively symmetric Kéhler manifold as the Ricci tensor.

Theorem 2.4.1. In a pseudo-projectively flat weakly symmetric Kdhler manifold, the
Ricci tensor obeys the relation S(Zy, ) + S(Z1, p) = —rw(Zy).

Proof. For pseudo-projectively flat curvature tensor, P(Y;, Z1, Uy, V1) = 0, then

aR(Y1, Zy, Uy, V1) + bS(Z1,Ur)g (Y1, Vi) — bS (Y1, Uv)g(Z1, Vi)

r a r a
r { - b} o(2, U)g(¥i, Vi) + [m 4 b} 9(Vi, U1)g(Z1, Vi) = 0.

n

Then

b
R(}/17 Zl7 UlJ ‘/1) - _5[5(217 Ul)g(}/la ‘/1) - S(}/lu Ul)g(Zl7 ‘/1)]

tom { — +b} 9(21,U1)9(V1, Vi) = g(V1, Un)g(Z1, V1)) (2.4.1)

an |n —
Taking covariant differentiation w.r.t. X, we get

(VX1R>(§/1> Zy, U, Vi) = _S[QO/M Vl)(v)ﬁs)(Zl? Ul) - g(Zh ‘/i)(les)(Ylv Ul)]v

(2.4.2)
then (2.4.2) reduces to

A(X1))R(Y, Z1, U, Vi) + w(V) R(X1, Z1, Up, Vi) + w(Z)) R(Ya, X1, Up, Vi)

FOU) RO Z0, X0, V) + (V) R(Y, 20, Ur, X2) = gV, VI A(X) (20, U3)
+w(Z1)S(X1, Ur) +w(Uh)S(Z1, X1) — g(Z1, V1) A(X1)S (Y, Ur) + w(Y1)S(X1, Ur)
+w(U))S (Y3, X1)]. (2.4.3)
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Putting Y} = Vi = ¢;, 1 <14 < n and summing over i, we obtain
[1 - 1)] (X1, Uy) + w(Z)S(X0, U0 +w(U)S(Z, X0)] = 0. (2.44)
Taking X; = U; = ¢;, 1 <4 < n and summing over ¢, we acquire
{1 + g(n — 1)1 [S(Z1, ) + rw(Z1) + S(Z1, p)] = 0, (2.4.5)
for any vector field p defined by g(Xi, p) = w(X;) and g(X;,a) = A(X;), then we have
S(Zy, ) + S(Zy, p) = —rw(Zy).

This completes the theorem. O

2.5 Weakly quasi-conformally symmetric Kahler man-

ifold

In this section, the Kéhler-Einstein metric of the weakly quasi-conformally symmetric
Kéahler manifold is used to demonstrate the claim that follows. This section’s conclusion

is followed by a corollary.

Theorem 2.5.1. A weakly quasi-conformally symmetric Kdhler manifold is an Finstein

manifold with respect to the vector field p which satisfies g(X1,p) = w(X7).

Proof. 1f the manifold M is a weakly quasi-conformally symmetric Kahler manifold, then

we have proved

0(3/17717(]1"/1) :6(}/17ZI;U17‘/1)' (251)

Considering the covariant derivative along with an arbitrady vector X, we have

(V.ch)(YbZ) U17‘/1) - (VX16)(}/DZ1’U17‘/1)' (252)

Using (1.2.7) in (2.5.2), we obtain

w(}/l)C(Xla Zla U17 ‘/1) +W(Z1)C(}/17X17 Ula ‘/1)

=w)C(Xy, Z1, U, Vi) +w(Z))C (Y1, X1, Uy, V7). (2.5.3)
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By putting 71 = U; = ¢;, 1 <14 < n and summing over ¢, we acquire

[a+ (n —4)blw(Y1)S (X1, V1) — %[a + (n — 2)bjw(Y1)g(X1, V1) — aR(Y1, X1, V4, p)
+bg(Y1, V1)S(X1, p) — 2bg(X1,V1)S (Y1, p) + bg(X1, p)S(Y1, V4)
- (a+ (ST — {m ; zb] w(¥)g(X1, T7)

+CLR(?17 X17 ‘/luﬁ) - bg<}/17vl)S(X17ﬁ)

ni{in—

#2 ) (TR Vig(Xa, )~ b X1 PSR V). 254

Again, putting X; =V} =¢;, 1 < i <n and summing over i, we get

a 2b

—rg(Yy, p) {Qb + " + —= S(Y1, p)[2a — 3b + 2bn). (2.5.5)

(n—1)
We achieve

S(Y1,p) = fg(Y1,p).

This is again an Einstein manifold for every vector field p.

Therefore, the proof. O
Theorem 2.5.1 gives raise to the following corollary:

Corollary 2.5.1. For a weakly quasi-conformally symmetric Kdhler manifold if p is a unit

n(n—1)h[2a+(2n—3)b]
a+(n?—1)2b

a+ (n*—1)2b# 0, where h = S(p,p). In addition, if 2a + (2n — 3)b = 0, then the scalar

vector field, then the expression for scalar curvature is, r = —

, provided

curvature vanishes.

Proof. Putting Y} = p, we get our desired result. O]

2.6 Quasi-conformally flat weakly symmetric Kahler

manifold

This section uses the weakly quasi-conformally symmetric Kahler manifold’s flat curvature

tensor property as the Ricci tensor to present the following claim.

Theorem 2.6.1. In a quasi-conformally flat weakly symmetric Kahler manifold, the Ricci

tensor follows the relation S(Zy, ) + S(Z1, p) = —rw(Zy).
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Proof. For quasi-conformally flat curvature tensor, C'(Y;, Z;,Up, V1) = 0, then

CLR(}/l, Zl7 U17 %) —+ bS<Zly U1)9<Yh ‘/1) - bS(}/h Ul)g(Zh ‘/1) + bg(Z17 Ul)Q(Q}/la ‘/1>

r a
b U@, 0) — & | 420 (21, Vg, V)

r a
— | ——= +2b| g(Y1,U1)9(Z1,V1) = 0. 2.6.1
+n [” 1 + ] 9(Y1,U1)g(Z1, V1) ( )

Then

b
R(}/beUla‘/l) = _E[S<ZlaU1)g(}/17‘/1)_S(}/hUl)g(Zl)‘/l)

+g(Zla UI)Q(QYL ‘/1) - g<}/17 Ul).g(QZlv ‘/1)]
ot )l v )

an |n—

—g(Y1, Uh)g(Z1, V1)) (2.6.2)

Taking covariant differentiation w.r.t. X, we get

(VX1R>(Y17 Zy,Un, Vl) = _g[g(yl’ V1)<VX15>(Z17 Ul) - g(Zla Vl)(les)(Yla Ul)]v
(2.6.3)
then

A(X)R(Yy, Z1, U, Vi) + w(V)R(X1, Z1, U, Vi) + w(Z,)R(Yq, X1, Up, Vi)
FO(U) RV 20, X0, Vi) + (Vi R(Y:, 20,Us, Xa) = —[g(V, Vi) A(X,)S (2, V)
+w(Z1)S(X1, Ur) + w(Uh)S(Z1, Xi) — g(Z1, Vi) A(X1)S(Yq, Uh)

Fw(Y)S(X1, Uy) + w(Uh)S(Y:, X1)]. (2.6.4)

By putting Y7 = V] = ¢;, 1 < i < n and summing over ¢, we get
[1 + S(n — 1)] [A(X1)S(Zy,U1) + w(Z1)S(X1,Up) +w(Up)S(Z1, X1)] = 0. (2.6.5)
Again, taking X; = U; = ¢;, 1 <7 <n and summing over i, we get
ll + S(n - 1)} [S(Z1, ) + rw(Zy) + S(Z1,p)] =0, (2.6.6)
for any vector field p defined by ¢(Xi, p) = w(X;) and g(X;,a) = A(X;), then we have
S(Zy, ) + S(Zy, p) = —rw(Zy). (2.6.7)

Hence the proof. O
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Some Curvature Identities on Nearly Kihler
Manifolds

3.1 Introduction

Gray [28] identified nearly Kéhler manifolds while studying weak holonomy, whose Rie-
mannian curvature operators fulfil certain identities. These identities are only somewhat
more difficult than and similar to the related formula for the Riemannian curvature op-
erator of Kahler manifolds. These manifolds are referred to as nearly Kéahler manifolds
by Gray, who was able to demonstrate that many findings regarding the topology and
geometry of Kahler manifolds generalise to nearly Kahler manifolds as well as identify
several new topological and geometric properties. Gray termed them almost Kéhler man-
ifolds, and he was able to demonstrate that many topological and geometric conclusions
on Kahler manifolds generalised to nearly Kahler manifolds, as well as discover new topo-
logical and geometric aspects of these manifold.

In 2002, Nagy [44, 45] characterised nearly Kéhler manifolds as an almost Hermitian
manifolds whose canonical Hermitian connection has parallel and totally skew-symmetric
torsion and displayed that any complete strict nearly Kéhler manifold is finitely covered
by a product of homogeneous 3-symmetric manifolds, twistor spaces over quaternionic
Kahler manifolds with their canonical nearly Kahler structure and 6-dimensional strict
nearly Kéhler manifolds.

We want to investigate various characteristics of curvature identities on nearly Kéhler

manifolds, which is inspired by these publications ([28], [72], [44], and [45]).
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This chapter consists of six sections. The fist two sections contain an introduction and
preliminaries, respectively. In the third section, we discuss some results on the nearly
Kahler manifold. In the fourth section, we study and obtain expressions of some cur-
vature identities on nearly Kahler manifold that is con-circularly flat and projectively
flat. In the later section, we present interesting results on a 6-dimensional nearly Kahler

manifold. Lastly, we provide an example of a nearly Kéhler manifold towards the results.

3.2 Preliminaries

In the introduction chapter, definition of the nearly Kéahler manifold, conditions and prop-
erties of nearly Kahler manifold, are all discussed. We would like to take this occasion to
provide a few helpful findings that serve as evidence for the findings.

In this section, we explain our notation and write down some important curvature iden-
tities. For a connected almost Hermitian manifold (M,g,F'), we have g(F Xy, FY;) =
9(X1,Y7) for all X7 and Y7 in TM. Throughout this chapter we shall assume that (M,g,F)
is nearly Kéhler, that is (Vx, F')(X;) = 0 for all X; € TM. Let R denote the Riemannian

curvature tensor. Then we have the following identities [72], [28], and [27]:
(Vx, F)Y1) + (Vex, F)(F) =0, (3.2.1)
(Vx,F)(FY1)+ F(Vx, F)(Y1)) =0, (3.2.2)
R(Wy, X1,Y1,Z)) — ROWy, X1, FY1, FZ)) = (Vi F)(X0), (Vv F)(Z),  (3.2.3)
and R(W1,X1,Y1,21) = R(FW4, F Xy, FY1,FZ,). (3.2.4)

We now define linear transformations R; and R} by

RiC(X17}/1) = g(R1<X1)7}/1) = ZR(Xheh}/hei) and

=1
- . 1 —
Ric' (X1, Y1) = g(B{(X1), Y1) = 5 > R(X1, FYy, e, Fe;)
i=1

respectively, where {ej, ..., e,} denotes a local orthonormal basis. We shall call Ric the
Ricci tensor of the metric and Ric* the Ricci* tensor respectively. Now note that Ric —
Ric* is given by the formula
(Ric — Ric")(X1,Y1) = > g((Vx,F)ei, (Vy, F)er),
i=1
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for all vector fields X; and Y; on M [56]. Furthermore, Gray [27] proved that

> (Ric — Ric*)(es, ;) (R(X1, €, Y1, €5) — BR(X1, €5, FY3, Fej)) = 0.

1,j=1

Proposition 3.2.1. [26] For a strict nearly Kdhler manifold (M ,q,F) of dimension 6,
we have for an arbitrady X,, Y1 € x(M)
(1) VF has a constant type, that is

r

g((leFﬂ}/l)a (VX1F>(}/1>) - 30(9<X17X1)g(}/17Y1) - g(Xh}/l)2 - g<FX17}/1)2)

for any vector fields X, and Y,
(13) the first Chern class of (M, F ) vanishes, and
(1i1) M is Einstein manifold,

r r
oo micr =
Ric 69, ic 3Og

Furthermore, from this proposition, we have the following lemma (see [28], [27], and
[73]).
Lemma 3.2.1. [72] For any vector fields W1, X1, Y1, and Z,, we have
T

9(Vw F)(X1), (Vv F)(Z1)) = 30[9<W17Yl)g<X1;Z1)_g(Wth)g<X17Y1)

—g(Wh, FY1)g(X1, FZ1) + g(Wh, FZ1)g( Xy, FY1)]
and
,
g(Vw, V2, X1), Y1) = %[Q(le Z1)9(FX1,Y1)—g(Wh, X1)g(FZ1,Y1)+9(W1, Y1) g(F Zy, X4)].

The above results are useful to prove in the next sections.

3.3 Some results on nearly Kahler manifold

Theorem 3.3.1. A necessary and sufficient condition for an almost Hermite manifold to

be an almost nearly Kahler manifold is

Vi, F(Y1) + Vy, F(X)) = F(Vx, Y1) + F(Vy, X))
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Proof. First, we suppose that an almost Hermite manifold is an almost nearly Kahler

manifold. Then

(Vx, F)(Y1) + (Vy, F)(X1) = 0,
or, leF(}/l) — F(Vlevl) + VylF(Xl) — F(Vlel) = 0,
or, Vx, F(Y1) + Vy, F(X)) = F(Vx, Y1) + F(Vy, X3).

Conversely, we suppose that

Vx, F(Y1)+ Vy F(X1) = F(Vx, Y1)+ F(Vy, X1),
or, Vle(Yi) — F(VXIYi) -+ VylF(X1> — F(Vlel) = O,
or, (Vx, F)(Y1) + (Vy, F)(X1) = 0.

Hence, the manifold becomes an almost nearly Kéhler manifold. O]

Theorem 3.3.2. If the Nijenhuis tensor vanishes on a nearly Kahler manifold, then the

manifold becomes a Kdahler manifold.
Proof. From Proposition 1.3.1, we have
N(X1, Y1) = —4F((Vx, F)(V1)).

If N(X,,Y}) = 0, then F((Vx, F)(Y1)) = 0. That is, F2(V, F)Y; = 0.
Hence, (Vx, F)(Y;) = 0.

Therefore, the manifold is a Kahler manifold. O]
Theorem 3.3.3. On a nearly Kahler manifold divF = 0.
Proof. On a nearly Kahler manifold, we obtain
(Vx, F)(Y1) + (Vv F)(X:) = 0.
Now contracting X; and Y, we have
(Vx, F)(X)) = 0.
That is, divF = 0. O
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3.4 Curvature identities on nearly Kahler manifold

Here, we prove some properties of curvature identities on nearly Kahler manifold.

Theorem 3.4.1. For a con-circularly flat nearly Kdahler manifold the following relation

holds

29(F(R(X1,Y1)Z1, W) + gl(Vx, F) (Vi Z1), Wi] = g[(V F)(Vx, Z1), WA
_ m[g(yl, Z1)g(X1, Wh) — g(X1, Z1)g(Ye, Wh)].

Proof. Now, (1.2.12) can be written as

O(X17}/17 Zl)WI) - R(X17Y17 Zlu Wl)_ [Q(Yh Zl)g(Xh W1>_9(X1, Zl)Q(YI,WI)L

n(n —1)
(3.4.1)

where,

C(Xh}/h Zl7W1) == Q(C(XhYl)Zh Wl)7 R(Xh}/la Zla Wl) == g(R(Xla}/l)Zla Wl)
and r is the scalar curvature.

Now for con-circularly flat manifold, we have C (X1,Y1,Z1,W1) = 0. Hence from (3.4.1),

we get

~ r

R(X\, Y1, Z,,W;) = nln 1)

Now putting Z; = F(Z;) in (3.4.2), we get

[9(Y1, Z1)g( Xy, Wh) — g(Xy, Z1)g(Y1, Wh)]. (3.4.2)

g(vX1vY1F(Zl)7W1) _g(leleF(Zl)vwl) _g(v[X1,Yl]F<Zl)7W1)

= T 0 209X, W) = g(Xa, Z0)g (s, W)L (3.4.3)

By using
VX1F(}/1) = (VXIF)Yi + F(VX1}/1)a
and nearly Kéahler condition
(Vx, F)(Y1) + (Vy F)(X1) =0,

we have

=9V, (V2 )Y, Wi] + g[(Vx, F)(Vy, Z1), Wi] + g(F(Vx, Vv, Z1), W1)

+g[vY1 (Vle)Xh Wl] - g[(VylF)(lezl), Wl] - g(F<VY1VX121)7 Wl)

_g[(v[Xl,YﬂF)Zb Wl] - g(F(V[Xl,YﬂZl)? Wl)

r

= m[g(yvl, Zl)g(Xl, W1) - g(X1, Zl)g(}/th)]a
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this implies

29(F(R(X1,Y1)Z1,W1)) + gl(Vx, F) (Vv Z1), Wi] = g[(Vn F)(Vx, Z1), Wi

= m[gm, Z0)g(X1, W) — g(X1, Z1)g(Ya, W),

Hence the proof. O

Theorem 3.4.2. For a con-circularly flat nearly Kdahler manifold the following expression

holds )
Zg«veiF)(ei): (VGZF)(GZ)) = 0.

=1

Proof. In a nearly Kahler manifold, the curvature tensor R follows the following relations
[18]

R(X1, Y1, X0, Y1) = R(X,, Y3, F(Xy), F(Y1)) + 9(Vx, F) (Y1), (Vix, F) (Y1),

where R(X1, Y, X1,Y1) = g(R(X1, Y1) X1, Y2).
Also, for a con-circularly flat manifold, we have C (X1,Y1, 21, W) =0. So

~ r

R(X1, Y1, 2, W) = m[g(YhZI)Q(Xb Wh) — g(X1, Z1)g(Yr, Wh)). (3.4.4)

Now from (3.4.4) and putting X; =Y; =¢; , 1 <i < n and summing over i, we obtain
> 9((Ve,F)(es), (Ve F)(es) = 0.
i=1

This completes the proof. O

Note 3.4.1. For a conformally flat, projectively flat, con-harmonic flat, and Bochner flat
nearly Kahler manifold the following relations hold

>~ 9((Ve, )0, (Ve F)(er) = 0.

Theorem 3.4.3. If a nearly Kdhler manifold with constant holomorphic sectional curva-

ture ¢ at every point P is con-circularly flat, then

>_9((Vx, F)(), (Ve ) (ei) = 0.
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Proof. We know that in a nearly Kahler manifold M with a constant holomorphic sectional
curvature ¢ at every point P in M, the Riemannian curvature tensor of M takes the

following form [18]

~ c

R(X1, Y1, 2, Wh) = Z[g(X, Wh)g(Y1, 1) — 9(Xa, Z1)g(Y1, Wh)
+9(X1, F(Wh))g(Y1, F(Z1)) — 9(Xa, F(Z1))g(Y1, F(Wh))
—29(X1, F(Y1))g(Z1, F(Wh))]
(T x )W, (T3 F)2) = 9((V 3, F) 20, (Vi F))
—29((Vx, F), (V 2, F)W3)]. (3.4.5)

Also, for a con-circularly flat manifold, we have C (X1,Y1,7Z,,W;) =0. So

~ T

R(X1,Y1, 2, Wh) = m[ﬂ(yb Z1)g9(X1, Wh) — g(Xy, Z1)g(Y1, Wh)]. (3.4.6)

Now, from the equation (3.4.5) and putting Z; = Wi =¢; , 1 <i < n and summing over

7, we have
> 9((Vx, F)(), (Ve F)(e;)) = 0.
i=1
Hence the proof. O

Note 3.4.2. For a conformally flat, projectively flat, con-harmonic flat, and Bochner flat
nearly Kdhler manifold M with constant holomorphic sectional curvature ¢ at every point

P in M, the following expression holds

>_9((Vx, F)(), (Ve ) (ei) = 0.

3.5 Curvature identities in 6-dimensional nearly Kahler

manifold

For a 6-dimensional nearly Kéhler manifold the con-circular curvature tensor represents

the form

~ ~ T
O(X17}/17 Zl)WI) - R(X17Y17 Zlu Wl) - %[Q(Yh ZI)g(Xlu Wl) - g(X17 Zl)g(}/la Wl)]

So, we deduce the following result:
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Result 3.5.1. For a con-circularly flat 6-dimensional nearly Kahler manifold, the ex-
pression of the Ricci curvature tensor is S(X1,Y1) = g(X1,Y1). So the manifold is an

Finstein manifold.

3.6 Example of nearly Kahler manifold

A 6-dimensional unit sphere S°® has an almost complex structure £ defined by the vector
cross product in the space of purely imaginary Cayley numbers. This almost complex
structure is not integrable and satisfies (Vx, F)(X;) = 0, for every vector field X; on S°.
Hence, S° is a nearly Kahler manifold which is not Kéhler.

The results can be verified in the above example.
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Some Curvature Identities on

Kihler-Norden Manifolds

4.1 Introduction

Norden [46] was the first to study almost complex manifolds with his metric. In order
to classify an almost complex manifold with respect to the covariant derivative of the
almost complex structure, Ganchev et al. [21] used the Norden metric. Ganchev et al.
[22] classified the almost-contact manifolds with Norden-metric in 1993 and introduced
the geometry of these manifolds.

The criteria of the pseudosymmetry and semisymmetry types for the Riemann, Ricci, and
Weyl curvature tensors of Kahlerian and paraKahlerian manifolds were investigated in the
publications [35, 36, 48] and several others. Using a Kéhler-Norden manifold, we expand
Sluka’s [64] result in this chapter. Sluka [65] created some illustrations of semisymmetric
and locally symmetric Kédhler-Norden manifolds, as well as ones that are holomorphically
projectively flat.

This chapter contains five sections of which the first two sections are the introduction and
preliminaries. In the third section, we study some curvature identities on Kahler-Norden
manifolds, specifically focusing on quasi-conformally flat, pseudo-projectively flat, Weyl-
conformally flat, and Bochner flat. In the next section, we show that a Kéahler-Norden
manifold is pseudo-projectively symmetric if and only if it is locally symmetric and proved
that Kéahler-Norden manifolds are quasi-conformally symmetric, Weyl-conformally sym-

metric, and Bochner symmetric if and only if these are all locally symmetric. In the last

31



section, we also conduct a study on semi-symmetric Kéhler-Norden manifold and proved
that Kahler-Norden manifolds are pseudo-projectively semi-symmetric, quasi-conformally
semi-symmetric, Weyl-conformally semi-symmetric, and Bochner semi-symmetric if and

only if these are all semi-symmetric.

4.2 Preliminaries

Definitions and some basic characteristics of the Kahler-Norden manifold, various types
of curvature tensors, and r* curvature tensors are provided in the introductory chapter.
Here, we review several important findings from the previous and apply these to our
current work.

Now, within a Kéhler-Norden manifold [14], the subsequent properties are fulfilled:

R(FX,,FY})Z, = —R(X1,Y1) 21, (4.2.1)
R(FX:,Y1))Z, = R(X1, FY1) 24, (4.2.2)
S(FX.,Y1) = S(FY;, X,), (4.2.3)
S(FX, FY;) = —S(X;,Y)). (4.2.4)

If we take @) as the Ricci operator then the Ricci tensor S in terms of () is expressed as
S<X17YI) :g(QXl»}/l)a (425)

where

rQY; = — Z eiR(e;, Y1)e,

;
and {e;}, 1 < ¢ < nisan orthonormal basis and ¢; are the indicators of ¢;. The Riemannian

metric ¢g in terms of e; and ¢; is given by
e = g(e;,e;) = £1, (4.2.6)
g(Fe; e;) =0. (4.2.7)

Definition 4.2.1. [1/] A Riemannian manifold is said to be locally symmetric if VR = 0,

where R is the Riemannian curvature tensor of the manifold.
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Definition 4.2.2. [1/] A pseudo-projectively curvature tensor is said to be parallel if the
covariant derivative of pseudo-projective curvature tensor vanishes i.e. VP =0, and this

type of manifold is called a pseudo-projectively symmetric manifold.

Definition 4.2.3. [58, 30] Let (M ,g) be a Riemannian or pseudo-Riemannian manifold
is called semi-symmetric if R(X1,Y1).R = 0, Ricci semi-symmetric if R(X1,Y1).S = 0,

where R(X1,Y1) denotes the derivation in the tensor algebra at each point of the manifold.

4.3 Some results on curvature identities on Kahler-

Norden manifold

In the following part, we take the manifold into consideration as a even-dimensional
Kahler-Norden manifold where the corresponding Ricci tensors fulfill the r* curvature

tensors.

Theorem 4.3.1. In a quasi-conformally flat Kahler-Norden manifold, the Ricci tensor

follows the relation S(Y1, W) = ab_T;bg(FYl, Wh), provided a # 2b.

Proof. In an Kahler-Norden manifold of dimension n, the Ricci tensor S is expressed by

S(X,Y,) = zn:eiﬁ(F@),F(m),ei, Wh). (4.3.1)

i=1
Considering the inner product of (1.2.7) with WW;, we obtain

g(é(Xb}/l)Zth) == aR<X17}/17ZI7W1)+b[5<}/1721>g<X17W1>
_S(X17 Zl).g(Y'b Wl)

+9(Y1, 21)S(X1, Wh) — 9(Xy, Z1)S (Y1, Wh))]
_% [nil +2b] Lo
—9(X1, Z1)g(Y1, Wh)]. (4.3.2)

}/17 Zl)g(Xla Wl)

Now, as the manifold is quasi-conformally flat, from (4.3.2) we get

aR<X17 }/17 Zlv Wl) + b[S(}/b Zl).g(Xl) Wl) - S(Xb Zl)g(ma Wl)
‘l’g(}/l) Zl)S(X17 Wl) - g(X17 Zl)'g(}/la Wl)]

n

_r { a 1 +2b] l9(Y1, Z)g(X1, W) — (X1, Z1)g(Y1, Wy)] = 0. (4.3.3)
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Setting X1 = Fe;, Y7 = FY1,7Z; = ¢; in (4.3.3) and summing over i = 1,2,...,n, and
applying (4.3.1), (1.3.17), (4.2.3), (4.2.4) and (4.2.7), we have

(a — 2)S(Ys, W) — br*g(FYy, W) + % (% + 26) g(Yi, W) =0.  (4.3.4)

Taking Y7 = Wi = ¢; in (4.3.4) and summing over ¢ = 1,2, ....n, and applying (1.3.16),
we obtain

anr = 0.

This implies
r =0, provided a # 0.

Then (4.3.4) becomes
(@ —20)S(Yy, Wh) = brig(FY1, W) = 0.

This implies
br*

a—2b
This completes the proof. O

S<}/DW1) =

g(FY1,Wy), provided a # 2b.

Theorem 4.3.2. In a pseudo-projectively flat Kahler-Norden manifold, the Ricci tensor
obeys the relation S(Yy, W1) = ;’fbg(FYl, Wh), provided a # b.

Proof. Taking scalar product of (1.2.5) with W} leads to

g(ﬁ(X17}/1)Zl7WI) = a§<X17}/17 Zl? Wl) + b[S(}/l7 Zl)Q(Xh Wl) - S(X17 Zl)g(lflu Wl)]

_ % { a : + b} lg(Y1, Z1)g( X1, Wh) — g(X1, Z1)g(Y1, Wh)]. (4.3.5)

n —
Now, as the manifold is pseudo-projectively flat, from (4.3.5) we get

(lR(Xl,Yl, Zl7 Wl) + b[S()/ly Zl)g(X17 Wl) - S(Xla Zl)g(Yth)]

- {n s b} 9V, Z1)g(X1,Wh) = 9( X1, Z1)g(Y1,Wh)] = 0. (4.3.6)

Setting X; = Fe;, Y1 = FY1,Z; = e; in (4.3.6) and summing over ¢ = 1,2,....,n, and
applying (4.3.1), (1.3.17), (4.2.3), (4.2.4) and (4.2.7), we have

(a — b)S(Yy, Wy) — br*g(FY1, Wy) + % ( - - b) g(Yi,Wy) = 0. (4.3.7)
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Taking Y7 = W) = ¢; in (4.3.7) and summing over ¢ = 1,2, ....n, and applying (1.3.16),
we obtain

anr = 0.

This implies
r =0, provided a # 0.

Then (4.3.7) becomes
(a—b)S(Yy, W) — brg(FYy, Wy) = 0.

This implies

*

: bg(FYth), provided a # b.

S(}/la Wl) -

Hence the proof. O

Theorem 4.3.3. In a Weyl-conformally flat Kahler-Norden manifold, the Ricci tensor
follows the property S(Y1,U;) = —%g(FYh Uy), provided n # 0.

Proof. Considering the inner product of (1.2.8) with U;, we acquire

~ 1
g(W(Xlayi)Zla Ul) == R(Xh}/la Zla Ul) - m[g(}/h ZI)S(Xh Ul) - g(Xla Zl)S(}/la Ul)

+ S(Y1, Z1)g(X1, Ur) — S(X1, Z1)g(Y1, Uy)]

CESCE) l9(Yr, Z1)g(X1,Uh) — g(X1, Z1)g(Ya, Uh)]. (4.3.8)

Now, as the manifold is Weyl-conformally flat, from (4.3.8) we obtain

~ 1
R(Xy, Y1, Z1,Uy) — m[g(yl, Z1)S(X1, Uh) — g(X1, Z1)S (Y4, Un)

+S(Y1, Z1)9(X1, Ur) — S(Xy, Z1)g(Y1, Un)]

oD =2) l9(Y1, Z1)g(X1, Uh) — g(X1, Z1)g(Y1,Uh)] = 0. (4.3.9)

Setting X7 = Fe;, Y1 = FY1,Z; = e; in (4.3.9) and summing over ¢ = 1,2,....,n, and
applying (4.3.1), (1.3.17), (4.2.3), (4.2.4) and (4.2.7), we get

*

n — QS(YI’ ) + n — 2g(FY1,U1) B (n—1)(n— 2)9(

Taking Y7 = U; = ¢; in (4.3.10) and summing over ¢ = 1,2,....,n, and also applying
(1.3.16), we have

nr = 0.
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This implies
r=0, provided n#0
Then (4.3.10) becomes

*

,
S(Y1,Uy) + 29(F3/17U1>:O-

n— 2 n —

n

This implies

*

S(Y1,Uy) = —r—g(FYl, Uy), provided n # 0.
n
This completes the proof. O

Theorem 4.3.4. In a Bochner flat Kdhler-Norden manifold, the Ricci tensor obeys the

*

relation S(Yy, W;) = —Wg(FYh Wh), provided n + 4 # 0.

Proof. Considering the scalar product of (1.2.10) with W, we achieve

- 1
g(B<X17Y1)217W1> - R(XhYbeWl)_n——i—él[g(Yth)S(Xl’Wl)

—9(X1, 20)S(Y1, Wh) + S(Y1, Z1)g( Xy, Wh)
—S(X1, Z1)g(Y1, Wh) + g(FY1, Z1)S(F Xy, Wh)
—g(FX1,7Z,)S(FY1,W1) + S(FY1, Zy)g(F X1, Wh)
_S(FXy, Z0)g(FY:, Wh) — 25(F X1, Y:)g(F 74, Wh)

—QQ(Fleyl)S(FZth)]
T

T2 d) [9(Y1, Z1)g(X1, Wh) — g(Xy, Z1)g(Y1, W)
+9(FY1, Z1)g(F X1, Wh) — g(F X1, Z1)g(FY1, Wh)
—29(FX1,Y1)g9(F Zy, Wy)]. (4.3.11)
Now, as the manifold is Bochner flat, from (4.3.11) we get
R(X1, Y1, 21, Wh) = %_’_4[9(3/17 Z1)S5(X1, Wh) — g(Xy, Z1)S (Y1, Wh)

+S(Y1, Z1)g(Xy, Wh) = 5(X4, Z1)g(Y1, Wh)

+9(FY1, Z1)S(F X1, Wh) — g(F Xy, Z1)S(FY1, Wh)
+S(FY1, Z1)g(F Xy, W) — S(F Xy, Z1)g(FYy, W)
C9S(F Xy, Vi)g(F 20, Wh) — 2g(F Xy, Vi) S(F 2y, W)

RCEDCET) l9(Y1, Z1)g(Xa, Wh) = g(X1, Z1)g(Yr, W1)

+9(F}/17Z1)9(FX17W1) —Q(FXth)g(FYth)
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Putting X; = Fe;, Y7 = FY),Z; = ¢; in (4.3.12) and summing over ¢ = 1,2, ....,n, and
applying (4.3.1), (1.3.16), (1.3.17), (4.2.3), (4.2.4) and (4.2.7), we have

*

S(Y1, W) = R

g(FY1,Wy), provided n+4#0.
Hence the proof. O

Corollary 4.3.1. In a Bochner Kdhler-Norden manifold, the scalar curvature vanishes.

Proof. Setting Y7 = W; = e; in the above equation, and taking the summation over
1 =1,2,...,n, we obtain r = 0.

Therefore, the proof is complete. O

4.4 Symmetric Kahler-Norden manifold

Theorem 4.4.1. A Kdihler-Norden manifold is pseudo-projectively symmetric if it is lo-

cally symmetric and conversely.

Proof. Taking the covariant derivative of equation (1.2.5) and putting X; = Fe;, Y] =
FYi, 7, = e;, W; = Wy, and also using VP = 0, we acquire

dr(X a
(0= D(T3,8) (55, ) = b (P ) + 0 () gm0
(4.4.1)
Now, putting Y; = W; = e; in (4.4.1), we have
an(dr(Xy)) = 0. (4.4.2)
Since a # 0, which implies
dr(Xy) =0. (4.4.3)
Again, using (4.4.3) in (4.4.1), we obtain
Putting Y7 = FY] in (4.4.4), we get
b
(Vx,S)(FY1, W) = - bdr*(Xl)g(Yl, wy). (4.4.5)
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Once again, replacing Y7 and W in equation (4.4.5) by e;, we have

(1 + bnb> dr*(X,) = 0, (4.4.6)

a JE—
this implies

dr*(Xy) = 0. (4.4.7)

Applying (4.4.7) in (4.4.4), we get
(V. 8)(Y1, W) = 0. (145)

Now, taking the covariant derivative of (1.2.5) and using (4.4.3) and (4.4.8), we obtain

(VX1P)<}/17 Zla U17 ‘/1) = a’(VXlR)(}/lv Zlv U17 ‘/1)7 where a 7é 0.
This proves the theorem. O
From theorem 4.4.1, we get the following corollary:

Corollary 4.4.1. Kdhler-Norden manifolds are quasi-conformally symmetric, Weyl-con

formally symmetric and Bochner symmetric if and only if these are all locally symmetric.

4.5 Semi-symmetric Kahler-Norden manifold

Theorem 4.5.1. A Kdhler-Norden manifold is pseudo-projectively semi-symmetric if it

15 semi-symmetric and conversely.

Proof. From equation (1.2.5) and putting X; = Fe;, Y, = FY1,7Z; = ¢;, W, = Wy, we

obtain

n

N P(Fei, FYy)e; = (a — b)QYi — b FY; + - (
n

=1

a

n—1

+ b) Y1, (4.5.1)

where r* is the trace of F'() and is known as x-scalar curvature. If pseudo-projectively
curvature tensor in Kihler-Norden manifold satisfies R.P = 0, then from equation (4.5.1),
R.Q) = 0 and hence R.S = 0. Since we know that the Ricci tensors are expressed by
S(X1,Y1) = g(QX1, Y1) and S(FX,,Y1) = g(QFX4,Y)), then from equation (1.2.5), if
R.P=0and R.S =0, then we obtain R.R = 0. Conversely if

RR=0=RS=0= RQ =0, (4.5.2)
then from (4.5.1), we have R.P = 0. Hence the proof. O
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From theorem 4.5.1, we get the following corollary:

Corollary 4.5.1. Kahler-Norden manifolds are quasi-conformally semi-symmetric, Weyl-
conformally semi-symmetric and Bochner semi-symmetric if and only if these are all

semi-symmetric.
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Some Curvature Identities on hyperXihler
Manifolds

5.1 Introduction

Riemannian manifolds with only one such automorphism are referred to as Kahler mani-
folds. Even while the term “hyperKéhler” recalls Grassmann’s “hypercomplex numbers”
rather than Hamilton’s quaternions, it was established with E. Calabi [34] and is a cor-
rect description—the metric is Kahlerian for multiple complex structures. But there is
a crucial distinction between hyperKahler and Kahler manifolds. Simply by including
a hermitian form 00f for every sufficiently small C™ function f, one can change the
Kahler metric on a given complex manifold to another. Kahler metrics’ space is infinitely
dimensional as a result. Examples of Kahler manifolds are also widely available. Since
a Kahler metric is inherited by every complex submanifold of C'P,, merely setting down
the algebraic equations for a projective variety provides a huge number of examples.
HyperKahler metrics, in comparison, are far more strict. If one such metric exists on a
compact manifold, then up to isometry there is only a finite-dimensional space of them.
Finding examples is also difficult. They are obviously impossible to locate as quaternionic
submanifolds of the quaternionic projective space HP, [28].

Considering M. Berger’s [33] description of the holonomy groups of Riemannian mani-
folds in 1955, the concept of a hyperKéahler manifold first emerged. Since I,J, and K
are covariant constants on a hyperKahler manifold, parallel translation preserves them.

As a result, the holonomy group is contained in both the orthogonal group Oy, and the
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group G L(n,H) of quaternionic invertible matrices (i.e., those linear transformations that
commute with right multiplication by ¢, j and k). The group of n X n quaternionic unitary
matrices is the maximum such intersection in SP,. In Berger’s list, this group performed.
The linear transformations of C*" that preserve a non-degenerate skew form, U, and
SP(2n,(C), intersect to produce the group SP,. Thus, a hyperKahler manifold is a nat-
urally complex manifold with a holomorphic symplectic form. By using the three Kéahler
two-forms, wy(X1,Y1) = g(I1X1,Y7), we(X1,Y1) =9g(JX1,Y1), ws(X1,Y1) =g(KX1,Y7)
for Xy, Yy € TM, defined for the complex structures I, J and K, one can clearly under-
stand this. In terms of complex structures, I, J and K, the complex form w;= ws + iws
is non-degenerate and covariant constant, making it closed and holomorphic.

This chapter contains seven sections of which the first two sections are the introduction
and preliminaries, respectively. In the third section, we study some curvature identities on
hyperKéhler manifold that is locally symmetric. In the next section, we study conformal
flatness of a hyperKéahler manifold. Also, for a conformally flat hyperKahler manifold
of dimension > 4, we prove that the manifold is locally symmetric. Particularly, if the
dimension of the manifold is equal to 4 then its scalar curvature vanishes identically.
Next, we investigate a conformally flat hyperKahler manifold of dimension 4n which be-
comes an Einstein manifold. In the later section, we discuss the Bochner flatness of a
hyperKahler manifold and prove that this manifold is an Einstein manifold. Later, we

establish a generalised Ws-flat hyperKéahler manifold and prove that this manifold is an

Einstein manifold. Also it is Ricci flat, provided a # (b+ 4nc_7). Now, we examine a
quasi-Ws flat hyperKéahler manifold is Ricci flat, provided ¢ # 0. In the last section, we

give some examples of a hyperKahler manifold to support our results.

5.2 Preliminaries

In the introductory chapter, the almost hypercomplex manifold, hypercomplex manifold,
and hyperKahler manifold are discussed. We want to take this opportunity to mention a
few helpful findings that are used to obtain some results.

Let M be a Riemannian manifold with I, J, and K compatible almost complex structures
parallel with respect to the operator of the covariant differentiation satisfying I.J = K =

—JI. Consequently, (a) I, J, and K are integrable, and (b) w; = g¢(I.,.), etc. are
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symplectic forms. Let H = R* with basis {1,4,j,k}, i*> = —1 = j2 = k?, quaternion
division algebra. In H", Iq = —q: holds, with a standard inner product. We also know
SP, = SUy = {ai + bj + ck : a®> + b*> + ¢ = 1} acts on the right. SP, = {A € M, (H) |
AA= I,,} is the centraliser in SOy, of SP;.

Now, we have the following propositions:

Proposition 5.2.1. [87, 57] A hyperKdhler manifold M is defined as a complex manifold
that possesses a holomorphic symplectic form. Conversely, any compact Kdhler manifold

with a holomorphic symplectic form is hyperKahler.

Proposition 5.2.2. [57] A hyperKdhler manifold is a C* Riemannian manifold together
with three covariantly constant orthogonal endomorphisms I, J and K of the tangent bun-

dle which satisfy the quaternionic relations I = J*> = K*> = [JK = —1.

Note that 7,.J, and K induce quaternionic vector space structure on each tangent
space. So, dimension of a hyperKéahler manifold is divisible by 4. Since I,.J, and K are
covariantly constant, a parallel transport commutes with the quaternionic multiplication,
and so the holonomy group is contained in Oy, ((GL,(H) = SP,, the group of quater-
nionic unitary n X n matrices. In particular, since SP, C SU,, for every hyperKahler

manifold is Calabi-Yau [34].

5.3 Results of Some Curvature Identities on hyper

Kahler Manifold

We investigated some properties of curvature tensors and Ricci tensors of the hyperKahler

manifold.

Theorem 5.3.1. On a hyperKdhler manifold M, the Riemannian curvature tensor R
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satisfies

)R(X1, 1)1 Z, = IR(X,, V1) Z1,
11 ) (-[Xh]}/l)Zl R(X17}/1)Zl7
ZZ'L) (Ile}/l)Zl -+ R(Xl,Ii/i)Zl = O,

U) (IX17Y171217W1) R(‘Xla]}/laZlaIWl)a

(

(é

(

() R(IX1, IV, 12y, IWy) = R(X4, Y3, Z1, Wy),

(

(i) R(X1, Y2, [ Zy, JWh) = —R(IX,, 1Y, Z1, ITWY),
(vi

vii) R (IXl,IYl,JZl,JI/Vl) R(Xl,Yl,[JZl,[JWﬂ,
where E(Xl,Yl, 71, Wh) = g(R(X1, Y1) 21, Wh).
Proof. (i) Since I is parallel, i.e., (Vx,I)(Y1) =0, we get
Vx, I(Y1) =1(Vx,Y1).
Now

R(X\,)I(Z) = Vx,VvI(Z) = Vv.Vx,I(Z1) = Vix, v {(Z1)
= Vx,I(VvZ1) = Vv, I(Vx,Z1) = I(Vix, vi)(21))
= I(Vx,VZ1) = I(Vv,\Vx, Z1) = I(V(x, 11 21)
= I(R(X1,Y1)Z).

(ZZ) Since g(R(Xh}/l)‘/la Ul) = g(R(Ul7‘/1)}/17X1)7 we have

g(RUIX,, IY))V1,Ur) = g(R(UL, Vi)IY1, 1Xy)
= gU(R) (U, VY1, 1X4)
= —g(R(U,V)Y1, I*(X1)), [since g(IX1,Y1) = —g(Xy, IY1)]
= g(R(U, WY1, X)), [since I?=J*=K?= -1
and IJ=—-K = JI]
= g(R(X1,Y1))W,Uh).

Hence, R(1X:,IY1)Vi = R(X4,Y1)W:.
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(7i1) Putting X; = I.X; in (i7), we obtain (7).
(1v) Now

G(RUIXy, IV)IZ1, TWy) = —g(I(R)(IXy, IY:)I Z1, WY),
[since g(1X1,Y1) = —g(X1, IY1)]
= —g(R(IXy,IY1)Z1, W)
= g(R(X1,Y1)Z1, W),
[using g(R(IX1, 1Y1)V1,Us) = g(R(X1,Y1)V1, Uh)]

Therefore, R(IXy, 1Yy, 12y, IWy) = R(X1, Y1, Zy, Wh).
(v) Setting Y, = 1Yy, Wy = IWj in (iv), we get (v).

(vi) Putting X; = IXy, Y1 = 1Yy, Wi, = KWy, where IJ = K = —JI in equation

(iv), then we obtain

R(Xh}/h]Zla ‘]Wl) = _R<]X17IY17 ZhIJW1>‘

(vii) Again putting 7, = KZ,, Wi, = KWy, where IJ = K = —JI in equation (iv), then
we have R(IX:, 1Yy, JZ,, JWy) = R(X,, Y1, 1JZ,, 1JW,). O

Remark 5.3.1. Accordingly, theorem 5.3.1 holds for operators J, K. Since I*> = J? =
K?=—-1andIJ = —K = JI, so0 the above curvature identities also hold for the operators
1J and J1I.

Theorem 5.3.2. The Ricci tensor of a hyperKdahler manifold follows the following rela-

tions

(1)S(I Xy, 1Y1) = S(X1, Y1),
(49)S(IX1, Y1) + S(Xy, Y1) = 0.
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Proof.

S(IX,,1Yy) = trace{Zy — R(Z,,1X1)IY,}
= trace{lZ, - R(1Z,,1X,)IY1}
= trace{lZ, — R(Zy,X1)IY1}, [by (ii) of theorem 5.3.1]
= trace{lZ, — IR(Z,, X1)Y1}, [sincelR = RI]
= trace{Z; — R(Z1,X1)Y1}
= S5(X1,1),

which proves (i).

Now setting X; = IY; in (i), we obtain (i7). O

Remark 5.3.2. In parallel, theorem 5.3.2 holds for the operators J, K. Since I* = J? =
K*=—-1and1J = —K = JI, so the above Ricci tensor of a hyperKdihler manifold also
satisfies the operators I.J and JI.

Theorem 5.3.3. For a hyperKahler manifold of dimension 4n the following relation holds,
4n

ie., S R(e;, I(e;), X1, 1(Y1)) = 0.

=1

Proof. We have

S(Xla Yl) = Z EiQ(R(% X1)Y1, €i)



an

= > ag(RUI(X1) ey I(e) + Y ag(R(Y1, 1(X1))ei, I (e)),

- - [using Bianchi's identities]
— i e:g(R(e;, I(X1))Y1, I(e;)) — iGig(R(I(Xl)y Yi)e;, I(e;))
- ieig([(R)(ei, I(X1))Y1, ) + iag(I(R)(I(Xl), Yi)ei, e)
— ieig(R(ei, I(X )I(Y1),e) + ieig(R(I(X1)y Yi)I(ei), ei)
— S(IXy, 1Y) — ieig(R(K, [(X1))I(e:), €:)
= S(X1,Y1)+i€ié(eia[(ei)axla[(m))'
So, this implies i eiR(ei, I(e;), X1,1(Y1)) = 0. =

Remark 5.3.3. Comparably, theorem 5.3.3 holds for the operators J, K. Since I? =
J?=K?=~1and IJ = —K = JI, so the above global form of curvature tensors of a
hyperKahler manifold also satisfy for the operators I.J and JI, i.e.

4n ~

(Z) Z 62'R<€i’ J(ei)» X1, J(Yl)) =0,
i=1
4n ~
(M) Z eiR(ei, IJ(GJ, Xl, IJ(Y&)) = 0,

=1

(i) ieiﬁ(ei, JI(e;), X1, JI(Y1)) = 0.

5.4 Conformal flatness of hyperKahler manifold

We concentrate on dimension 4n > 4 because every 3-dimensional Riemannian or pseudo-
Riemannian manifold is conformally flat. We demonstrate the following theorem using

the identities from the preceding section.

Theorem 5.4.1. Let M be a conformally flat hyperKahler manifold. Then
(i) M is locally flat if dim M > 4,

(11) M is locally symmetric, and its scalar curvature vanishes identically if dim M = 4.

46



Proof. By the vanishing of the conformal curvature tensor, we have

~ 1
R(Xl,Yi,Zl,Wl) — 477, — 2

+g(X1, W) S(Y1, Z1) + g(Yi, Z1)S (X1, Wh)

T =y 9O 2090 ) — 90, W), 2], (541)

[—9(X1, Z1)S (Y1, Wh) — g(Y1, W1)S(X1, Z1)

r being the scalar curvature. From the above equation with the help of the theorem 5.3.2
and theorem 5.3.1, we get

4n

Z Eié(eh I(e;), 21, 1(Wh)) = 4

i=1

2 r
S(Z1,Wh) + (dn — 1)(dn - 2)

N —9 9(Zy, Wh).

Then using the result of theorem 5.3.3, we obtain

S(Z,, W) = g(Zy, ). (5.4.2)

_
2(4n — 1)
Now, setting Z; = W; = €;,1 < i < 4n and summing over i, then from equation (5.4.2),
we have (4n — 1)r = 0, where r = % €:5(e;,€;). Then this implies r = 0, when 4n > 4.
Now, putting the value of r = 0 in 5116 equation (5.4.2), we get S = 0.

So from equation (5.4.1), it follows that the manifold is locally flat. Now, also if 4n = 4
then r = 0, then its scalar curvature vanishes identically. Next, we prove the manifold is

locally symmetric. Now, we assume that conformally flatness implies

(V,8)(Yi, 21) = (Vi $)(X, ) = S[(Xar)g(¥i, 20) — (Vir)g(X0, 2. (543
Putting » = 0 in the equation (5.4.3), we acquire
(Vx,8)(Y1,Z1) = (Vy,9) (X1, Z4). (5.4.4)
On the other hand, from theorem 5.3.2 it follows that
(Vx,9) (Y1, 1(Z1)) + (Vx,5)(Z1,1(Y1)) = 0. (5.4.5)
Using the equality and the equation (5.4.5), we get

(Vx,9)(Y1,1(Z1)) + (Vy,S)(Z1, [(X4)) = 0. (5.4.6)

Applying the result of theorem 5.3.2 to the above equation, we obtain VS = 0. Now
from the equation (5.4.1) and V.S = 0, implies that VR = 0, i.e., the manifold is locally

symmetric. O
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The subsequent corollary follows from theorem 5.4.1.

Corollary 5.4.1. A conformally flat hyperKdhler manifold of dimension 4n is an Finstein

manifold.

5.5 Bochner flatness of hyperKahler manifold

Theorem 5.5.1. A Bochner flat hyperKdhler manifold is an Einstein manifold.

Proof. Taking inner product in the equation (1.2.10) by Wy, we get

~ 1
g(B<X17§/1>Zl7W1) = R(Xh}/l’Zl?Wl) - 4n+4[g(}/1721)5(X17W1)

—dg X17 ZI)S(}/D Wl) + S(Y'b Zl)Q(Xl, Wl)
—S(X1, Z1)g(Y1,Wh) + g(IY1, Z1)S(I X1, W)

g(IXy,77)S
—S IXl, Zl)g

([Y1, Wh) + S(IY1, Z1)g(1 X1, Wh)
(I}/l, W1> — QS(IXl,YI)g(]Zh Wl)
—29([X1,}/1)S(IZ1,W1)]

T
+9(IY1, Z)g(I X1, Wh) — g(I X1, Z1)g(IY1, Wh)

—2g(IX,, Y2)g(IZ,, W)]. (5.5.1)

As the manifold is Bochner flat, we can rewrite the foregoing equation as

R(Xh)/l?Zl?Wl) -

™ +4[9(Y1721)5(X17W1) — g(X1, Z1)S(Y1, Wh)

+S(V1, Z1)g(Xy, Wh) — S(Xy, Z1)g(Yr, Wh)

+g(IYy, Z)S(IX1, Wh) — g(IX1, Z1)S(IYy, W)

+S(IYy, Z)g(IXy, W) — S(IXy, Z1)g(IY1, Wh)

—2S(IX,, Y1)g(IZy,Wy) — 29(I1X1,Y1)S(IZ1, W1)]
r

T (n 1 2)(4n 1 4) lg(Y1, Z1)g( X1, Wh) — g(Xy, Z1)g(Y1, Wh)

+g(]}/17 Zl)g(IXla Wl) - Q(IXh Zl)g([Yia Wl)
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Setting Xy = ¢;,Y1 = Ie;, Zy = Zy, and Wi = IW; in (5.5.2) and summing over i,
1 <@ < 4n, and also using the result of the theorem 5.3.3, we have

3nr
(n+4)(4n + 2)
Hence the proof. O

S(Zl,Wl) = — g(Zl,Wl). (553)

From theorem 5.5.1, we have the following corollary:
Corollary 5.5.1. A Bochner flat hyperKdhler manifold is locally flat.
Proof. Taking Z; = W; = ¢; in (5.5.3) and summing over i, 1 < i < 4n, we acquire
r =20, provided 4n+ 2 # 0. (5.5.4)

Then, equation (5.5.3) becomes
S(Zy,Wy) =0.

So, the manifold is locally flat. m

5.6 Generalised IV,-flatness of hyperKahler manifold

Theorem 5.6.1. A generalised Ws-flat hyperKdahler manifold becomes Ricci flat, provided
a 7& (b + 4nc—7) :

Proof. Since the manifold is a 4n dimensional hyperKahler manifolds. Now for 4n > §,

taking the scalar product of (1.2.13) with Uy, we acquire

— 7) [9(X1, Z)S(Y1,U0)

—g(Y1, Z1)S(Xy, Uh)]. (5.6.1)

o(Wa(X0, V) 20, Uy) = az%(Xl,Yl,Zl,Um(m

Now, as the manifold is Wy-flat, we can rewrite (5.6.1) as

aR(Xy, Y1, Zy,Uy) + (b + > (9(X1, Z1)S(Yy, Uy) —g(Y1, Z1)S(X1,U1)] = 0. (5.6.2)

dn — 7
Putting Xy = ¢;,Y; = Ie;,U; = IU; in (5.6.2) and summing over i, 1 < i < 4n and

operating the result of the theorem 5.3.2, we have

c
<b + P 7) S(Zy,Up) = 0. (5.6.3)
Then, we obtain S(Z;,U;) = 0, provided (b—|— 4nc_7) # 0, for any Z;, U; € x(M). This

completes the proof. O
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The findings of theorem 5.6.1 lead to the subsequent corollary.

Corollary 5.6.1. A quasi-Ws flat hyperKahler manifold becomes Ricci flat, provided ¢ #
0.

The following examples are given in the paper [57]

Example 5.6.1. A trivial ezample of hyperKdhler manifold is H"™. However, in con-
trast to the Kahler case, HP, is not hyperKdahler and neither do its generic quaternionic

submanifolds.

Example 5.6.2. In the particular casen = 1, then SP; = SUs in SOy, so a 4-dimensional
Riemannian manifold is hyperKdahler exactly when it is Kdhler and Ricci flat. Specifically,
this shows that any compact complex surface M of Kdhler type with vanishing first Chern
class 1s either a torus or simply connected and admits a unique complez-symplectic struc-

ture, i.e., is a so-called " K3-surface”.

Example 5.6.3. A class of non-compact hyperKdhler manifolds of real dimension 4 can

be obtained by resolving the singularity of C? /T for T C SUy a finite subgroup.

Example 5.6.4. Many examples of non-compact hyperKdhler manifolds arise as moduli
spaces of solutions to gauge-theoretic equations. The hyperKdhler structure is obtained by

a hyperKdahler reduction from H".

These results can be verified in these examples.
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‘Properties of some curvature tensors on

paraXihler manifolds and paraXihler

space-time

6.1 Introduction

A para-complex geometry is defined to be the geometry related to the algebra of complex
numbers and para-complex structures [13] which is the study of structures on differentiable
manifolds. A paraKé&hler structure and its variants have a compatible neutral pseudo-
Riemannian metric.

In 1948 Rashevskij [54] introduced the properties of paraKé&hler manifolds. A scalar field
was defined by him which he considered the metric of signature (m,m) defined from a
potential function, on a stratified space which is an n-dimensional locally product mani-
fold. Also, in 1949 Rozenfeld [55] explicitly defined the paraKahler manifold. A similarity
between complex and para-complex manifolds was established by comparing Rashevskij’s
definition with Kahler definition in the complex case.

Moreover, the concept of space-time is linked to four-dimensional pseudo-Riemannian
manifolds denoted as (M?, g). These manifolds possess a Lorentz metric denoted as g,
characterized by the signature (—, +, +,+). The notion of the causal nature of vectors is
crucial in the geometric study of Lorentz manifolds. This is because Lorentz manifolds
become a covariant frame for the study of general relativity. V. R. Kaigorodov [40] stud-
ied the curvature structure of space-time in 1983. Many authors ([16, 17], and [47]) have
extended these concepts of general relativity of space-time. U. C. De, and G. C. Ghosh
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[17] derived some results by considering weakly Ricci symmetric space-time in 2004. The
concepts of the weakly symmetric and the weakly Ricci symmetric manifolds were pre-
sented by the authors [5, 68] in their work. Additionally, the authors M. Prvanovic [52],
U. C. De, and S. Bandyopdhayay [15] have examined various instances and provided sub-
stantial findings regarding Kahler manifolds that are weakly symmetric and weakly Ricci
symmetric.

This kind of evolution prompted us to study the general relativity of space-time in
paraKahler manifold admitting the space-time metric, also known as the paraKahler
space-time.

This chapter contains nine sections of which the first two sections are the introduction
and preliminaries. In the third section, we initiate the study of some curvature identities
in paraKahler manifolds that are pseudo-quasi-conformally flat, pseudo-projectively flat,
Ws-flat, and Bochner flat and prove that these manifolds are Einstein manifold or Ricci
flat. Next in the fourth section, we establish the important results related to the sectional
curvature in the paraKéahler manifold. In the fifth section, we delve into the investigation
of perfect fluid paraKahler space-time. We demonstrate that if such a space-time fulfils
the Einstein equation alongside a cosmological constant, it is classified as an Einstein man-
ifold. In the sixth section, our focus is on examining weakly symmetric paraKahler space-
time. We demonstrate that in the case of a weakly symmetric perfect fluid paraKahler
space-time that adheres to the Einstein equation alongside a cosmological constant, both
p and p act as eigenvectors of the Ricci tensor, associated with the eigenvalue 5. In the
later section, we investigate weakly Ricci symmetric perfect fluid paraKahler space-time
and establish that no such space-time exists that fulfils the Einstein equation alongside a
cosmological constant and has a non-zero scalar curvature. Moreover, in the eighth sec-
tion, we evolve previously mentioned curvature identities along with generalised Ws-flat
curvature identity in paraKahler space-time, and prove that these manifolds are Einstein
manifold or Ricci flat. In the last section, we contrive the important results related to the

sectional curvature in paraKahler space-time.
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6.2 Preliminaries

The first chapter already provides definitions and some properties of the paraKéahler man-
ifold, the Lorentzian manifold, space-time, perfect fluid in space-time and the paraKahler
space-time manifold. Here, we would like to review some findings on these manifolds that
were made by illustrious mathematicians and were helpful in reaching the conclusions in
this chapter.

Furthermore, a paraKahler manifold satisfies the following properties:

R(FX, FY\)Z1 = —R(X1,Y1) 7, (6.2.1)
R(FX1,Y\)7, = —R(Xy, FY1) 2, (6.2.2)
S(FX1,Yy) = —S(FY1, Xy), (6.2.3)
S(FX1, FY;) = —S(X;,Y)). (6.2.4)

If we consider () to be the Ricci operator, then the Ricci tensor S in terms of () is defined

as

S(X1, Y1) = g(QX1, Y1),

where

7nQY’l = - Z EiR<€ia }/1)67;7

i
where {eq, e, ...e, } is an orthonormal basis and ¢; are the indicators of e;. The Riemannian

metric g is defined as €¢; = g(e;,e;) = 1 in terms of ¢; and ;.

6.3 Some results on curvature identities in paraKahler
manifold

Theorem 6.3.1. A psecudo-quasi-conformally flat paraKdahler manifold becomes an Ein-

stein manifold.

Proof. In a paraKahler manifold, we interpret the Ricci tensor by

S(Zy,Wy) = %Zeiﬁ(ei,F(ei),F(Wl)), (6.3.1)

=1
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where {ey, es, ...€, } is an orthonormal basis and n is the dimension of the manifold. Con-

sidering the scalar product of (1.2.11) with W, we obtain

ST T2 = (4 RO Ye 20 + (4= 5 ) S0, 2 W)
—S(X1, Z1)g(Y1, Wh)]
+qlg(Y1, Z1)S(X1, Wh) — g(X1, Z1)S(Y1, Wh)]
Lo+ 2(n — gl [V, Z1)g(X:, W)

“n(n—1)
—9(X1, Z1)g(Yr, Wh)]. (6.3.2)

Now, as the manifold is pseudo-quasi-conformally flat, the foregoing equation can be

rewrite as

(p+ d)R(X1,Y1, Z0, W) + (q - %) [S(Y1, Z1)g(X1, W)
—S(X1, Z1)g(Y1, Wh)] + qlg(Y1, Z1)S(X1, Wh) — g(X1, Z1)S (Y1, Wh)]
—m [p+2(n — 1)q| [g(V1, Z1)g( X1, Wh)

—g(X1, Z1)g(Y1,Wh)] = 0. (6.3.3)

Setting X; = €;,Y) = Fe;, W, = FWj in (6.3.3) and summing over ¢ = 1,2,...,n, and
applying (6.3.1), (6.2.3), we have

2(p+d)S(Zy,Wy) + (q— ) [—S(FZy, FWh) + S(Zy, Wh)]

n—1
+q[-S(FZy, FW,) + S(Z,,W,)] — ﬁ[p +2(n — 1)q]
[—g(FY1, FWh) + g(Zy, W) = 0. (6.3.4)

Using (6.2.4) and (1.3.18) in (6.3.4), we acquire

d
2(p + d)S(Z1,Wh) + 2 <q - m) S(Zy, Wh) +2¢5(Z1, W)

—%[p +2(n — 1)qlg(Z, W) = 0. (6.3.5)
which reduces to
n—2 r
{p +2q+d (Tl)] S(Z1,Wy) = m[p +2(n —1)qlg(Z1, Wh). (6.3.6)
Thus the manifold becomes an Einstein manifold.
This completes the proof. O
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Corollary 6.3.1. A pseudo-quasi-conformally flat paraKdahler manifold is Ricci flat, pro-
vided p+d # 0.

Proof. Utilizing Z; = W; = e; in (6.3.6) and taking sum over ¢ = 1,2, ..., n, we obtain

r(p+ d) (”_2)20.

n—1

As a result

r=20.

Then (6.3.6) becomes
S(Zy,Wh) = 0.

This implies that the manifold becomes Ricci flat.
Hence the proof. O

Theorem 6.3.2. A pseudo-projectively flat paraKdhler manifold becomes an FEinstein

manifold.

Proof. Applying the inner product of (1.2.5) with W7, we have

g(ﬁ(X17}/1)Zl7W1) - CLE(Xh}/l, Zl7 Wl) + b[S(}/l7 Zl)Q(Xh Wl) - S(X17 Zl)g(}/la Wl)]

ni{in—

- [ = “’} [9(Y1, Z1)g(X0, W) = g(X1, Z)g(Yi, W) (6.3.7)

As the manifold is pseudo-projectively flat, so the (6.3.7) minimizes as

aR(X1, Y1, Z1, Wh) + b[S (Y1, Z1)g( X1, Wh) — S(X1, Z1)g(Y1, Wh)]
_r { a - + b} [g(Y1, Z1)g( X1, Wh) — g(X1, Z1)g(Y1, W1)] = 0. (6.3.8)

nin—

Setting Xy = e;,Y) = Fe;, Wi = FWj in (6.3.8) and taking summation over i = 1,2, ..., n,
and utilizing (6.3.1), (6.2.3), we obtain
QGS(Zl, Wl) + b[—S(FZl, FWl) + S(Zl, Wl)]
r a

ni\n—1

Using (6.2.4) and (1.3.18) in (6.3.9), we get

(a+0)S(Zy, W) = % (n - -+ b) 9(Z1,Wh). (6.3.10)
So the manifold is an Einstein manifold.
Consequently, the proof. O
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Corollary 6.3.2. A pseudo-projectively flat paraKdhler manifold is Ricci flat, provided a
# 0.

Proof. Setting Z; = W) = ¢; in (6.3.10) and summing over i = 1,2, ...,n, we have

n—2 0
ar = 0.
n—1

r=20.

It follows because

Then (6.3.10) becomes
S(Zl, Wl) - 0

According to this, the manifold is Ricci flat.
This completes the proof. O

Theorem 6.3.3. In a Ws-flat paraKahler manifold, the scalar curvature tensor vanishes.

Proof. Applying the inner product of (1.2.9) with U;, we acquire

1
g(Wa(X1, Y1) 21, Uh) = R(X1, Y1, 2y, Un) + — l9(X0, 20) (Y1, Uh) =9 (Y, 21) S(X, D).
(6.3.11)
As the manifold is Ws-flat, so (6.3.11) contracts as

~ 1

R(Xl,Yl,Zl,Ul)—i— 1[9(X1,21)S(S/1,U1) _g(}/bZl)S(XlaUl)] =0. (6312)

n _—
Putting X; = e;,Y) = Fe;, Uy = FUj in (6.3.12) and taking summation over i = 1,2, ..., n,
and by virtue of (6.3.1), (6.2.3), we obtain

1

Again utilizing (6.2.4) in (6.3.13), we have

Hence, since n is even, we get S(Z1,U;) = 0, for every Zy, Uy € x(M). As a result, r =0
can be deduced from the equation above.

The evidence is now complete. O
Theorem 6.3.4. A Bochner flat paraKdhler manifold is an Einstein manifold.
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Proof. Considering the scalar product of (1.2.10) with Wj, we acquire

- 1
g(B<X17Y1)Z17W1> - R(Xla}/thJWl)_n—_’_zl:[g()/th)S(thl)

—9(X1, Z1)S(Y1, Wh) + S(Y1, Z1)g( X1, Wh)
—S(Xy, Z1)g(Y1, Wh) + g(FY1, Z1)S(F X1, W)
—g(FXy,Z,)S(FYy,Wh) + S(FY1, Zy)g(F Xy, W)
—S(FXy, Z,)g(FYy,W:) — 2S(F X1, Y1)g(F Zy, W1)
—29(FX1,Y1)S(FZy,Wy)]

e o0 A9 W) = g(Xs, Z1)g(, W)
+9(FY1, Z1)g(F X1, Wh) — g(F' X1, Z1)g(FY1, Wh)

~29(F X1, Y1)g(FZ1,Wy)]. (6.3.15)

As the manifold is Bochner flat, the foregoing equation can be rewritten as

1
R<X17Y17217W1) - n—H[Q(Yth)S(thl)_Q(Xth)S(YlaWI)

+S(Y1, Z1)g(Xq, Wh) — S(Xa, Z1)g(Yr, Wh)

+g(FY1, 20)S(F X1, Wh) — g(F X1, 2,)S(FYy, W)
+S(FY:1, Z1)g(F Xy, Wy) — S(FX1, Z1)g(FYy, W)
—2S(FX1,Y1)g(FZ,,W1) — 29(F X1, Y1)S(FZy, Wy)]

Tt )14 [9(Y1, Z1)g(X1, Wh) — g(X1, Z1)g(Y1, Wh)

+9(FY1, Z1)g(F Xy, Wh) — g(F Xy, Z1)g(FY1, Wh)

~29(FX1, Y1)g(FZ1,Wh)). (6.3.16)

Setting X; = ¢;,Y; = Fe;, Wi = FW; in (6.3.16) and taking sum over i = 1,2,...,n, and
applying (6.3.1), (6.2.3) and (6.2.4), we have

<1+ L)S(Zhwl):— r (1 n )g(Zl,Wl).

n n+4 _n—|—2

This indicates

S(Zl,Wl) = — g(Zl,Wl). (6317)

r
(n+2)2
This is a representation of an Einstein manifold.

The proof is now done. O

Corollary 6.3.3. A Bochner flat paraKdhler manifold is Ricci flat.
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Proof. Setting Z; = W = ¢; in (6.3.17) and summing over ¢ = 1,2, ...,n, we obtain

n

{1+m}r20.

This implies

Then (6.3.17) becomes
S(Zy, Wy) = 0.

This suggest that the manifold is Ricci flat.
Therefore, the proof. m

6.4 Sectional curvature in paraKahler manifold

The sectional curvature of Riemannian manifolds with dimensions greater than one is one
approach to characterize the curvature of these manifolds in Riemannian geometry. For
a point ¢ of the manifold, a two-dimensional linear subspace o. of the tangent space
determines the sectional curvature K(o.). It may be described geometrically as the
Gaussian curvature of the surface, generated from geodesics starting at ¢ and extending
in the directions of 0., that has the plane o. as a tangent plane at ¢’. The curvature
tensor is entirely determined by the sectional curvature.

When two linearly independent tangent vectors are presented at the same points X; and

Y) on M, the sectional curvature is determined by the formula

R(X17}/17X17Y1)

K(X.,Y;) = ,
( ! 1) g(Xth)g(}/l;}/l) - g<X17}/1)2

where X and Y] represents the tangent vectors, R denotes the Riemann curvature tensor,

and g represents the metric tensor.

Theorem 6.4.1. In pseudo-quasi-conformal flat paraKdhler manifold the sectional cur-
vature determined by Xy, Y7 is

p+2(n—1)q

R = Do+ 20 + (n—2)d
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Proof. From the equation (6.3.6), setting the value of S(Z;, W;) in the equation (6.3.3),

(755)

we obtain

(p+ d)R(X\, Yy, Z0, W) + r{p+2(n - 1)g}

n(n — 1){p+2q + d(z_j)}

r
9V, Z1)g( X1, Wh) — 9(X3, Z1)g(Y1, Wh)] — Y p— [p+2(n—1)q]
[9(Y1, Z1)g(X1, Wh) — g(X1, Z1)g(Y1, Wh)] = 0. (6.4.18)
which reduces to
~ r p+2(n—1)q }
R(X\,Y1,Z,, W) — —
0520 = i g 2
[Q(Yb Zl)Q(Xla Wl) - Q(Xl, Zl)Q(Yb Wl)] = 0. (6-4-19)
This indicates
r p+2(n—1)q }
K(X{.Y])=—- )
XK= T s T
The proof is now finalized. O

Theorem 6.4.2. In pseudo-projectively flat paraKdhler manifold the sectional curvature

determined by X1, Y7 is

K (X,,Y1) = n(nr_ 0 [a +cfi_b Db} '

Proof. From the equation (6.3.10), putting the value of S(Z;, W) in (6.3.8), we have

~ br a
RO 20 W) s (g 0) 005, 2009 X0 W) — 90X, Z2)g (0 W)

_f ( a - + b) [g(Yth)g(Xl;Wl) - g(Xl,Zl)g(Yl,W1>] =0. (6420)

n \n—

This implies that

~ r a+ (n—1)b B
R(Xl,Yl,Zl,Wl)—n(n Y { P } [Q(K,Zl)g(Xl,Wl)—g(XhZl)!](YhW?)] = (;
6.4.21

which means

K (X1,Y1) = n(nr_ 0 [a +;Z_b Db} '

Henceforth, the proof. n

Theorem 6.4.3. In Ws-flat paraKdhler manifold the sectional curvature is Zero.
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Proof. From theorem 6.3.3, using the value of S(Z;, W) in the equation (1.2.9), we get

R(Xh)/h Zl7 Wl) = 0.

which minimizes

K (X,Y7) =0.
The conclusive proof is now complete. O

Theorem 6.4.4. In a Bochner flat paraKdahler manifold the sectional curvature deter-

mined by X1, Y is
r

(n+2)%
Proof. From the equation (6.3.17), setting the value of S(Z;, W;) in the equation (6.3.16),

K(Xl,Yl) —_ —

we obtain

~ 2r
R(X17K7Z17W1> == _(n+2)2(n+4) [g(iflvzl>g<X17W1> _Q(Xth)QO/th)

+9(FY1,Z1)9(FX1:W1) _g(FXbZl)g<F}/17W1)

_QQ(FXD }q)g(le7 Wl)]

T
- Y1, Z0)g(X0, Wh) — g( X1, Z0)g(Yi, W
(n+2)(n+4)[g( 1 l)g( 1 1) g( 1 1)9( 1 1)
+9(FY1, Z1)g(F X1, Wh) — g(F Xy, Z1)g(FY1, Wh)
which reduces to
g T
R<X17Y17ZI7W1) - _m[g(ylazl)g()(lawl) _g<X17Z1)g(Y17W1>

+9(FY1, Z1)g(FX1,Wh) — g(F X1, Z1)g(FY1, Wh)

K (X, Y) = —
.. 1 1 - <n+ 2)2'
Thus the evidence. O

6.5 Perfect fluid paraKahler space-time

In this section, we study the nature of the perfect fluid paraKahler space-time admitting

the Einstein equation with a cosmological constant.
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Theorem 6.5.1. A paraKdhler space-time with a perfect fluid, which fulfills the Einstein

equation while incorporating a cosmological constant, can be classified as an Einstein man-

ifold.
Proof. Substituting X1, Y; with X, Y] respectively in (1.3.19) and applying (1.3.21) and

(6.2.4), we acquire

S(X1, Y1) = S9(X0, Vi) + Ag(X1, Ya) = clpg(X1, Y1) = (0 + P(Xw(¥1)].  (6.5.)

The result of subtracting (1.3.19) from (6.5.1) is
c(o +p)w(X)w (Y1) — w(Xw(¥1)] = 0. (6.5.2)
By inserting Y; = p in (6.5.2), we obtain
clo+p)w(Xy) =0. (6.5.3)

The fluid acts as a cosmological constant since ¢ # 0 and w(X;) # 0, as shown by the
equation

o+p=0. (6.5.4)

Additionally, from (6.5.4) we have 0 = —p, which in cosmology stands for inflation—a

fast expansion of space-time. Now applying (6.5.4), the formula (1.3.19) exhibits

r -
Using X; =Y =¢;, 1 <i<4in (6.5.5) and adding over i, we may quickly arrive
A—cp=_. (6.5.6)
4
From (6.5.5) and (6.5.6), we achieve
r
S(X1, Y1) = 29(X1, Y1), (6.5.7)
Hence, the proof. m

6.6 Weakly symmetric perfect fluid paraKahler space-
time

This section focuses on the fundamental aspects of a weakly symmetric perfect fluid
paraKahler space-time that allows for the inclusion of the Einstein equation alongside a

cosmological constant.
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Theorem 6.6.1. If a weakly symmetric perfect fluid paraKahler space-time fulfills the
FEinstein equation alongside a cosmological constant, then the eigenvectors of the Ricci

tensor are p and p, corresponding to the eigenvalue 3.
Proof. In a weakly symmetric paraKahler space-time M, we conclude that
R(Y1, Z1, Uy, Vi) = R(Y1, Z1, Uy, V). (6.6.8)
By using the covariant derivative of (6.6.8), we get easily obtain
(Vx,R)(Y1,Z,,U, V1) = (Vx,R) (Y1, Z1, Uy, V). (6.6.9)
Utilizing (1.2.3) in equation (6.6.9), we acquire

w(ifl>R(X17 Z17 U17 ‘/1) + w(Zl)R(X/'l7 X17 Ul; ‘/1)
+w(Y1)R(X1, Z1, U, Vi) + w(Z))R(Y1, X1, Uy, Vi) = 0. (6.6.10)

Setting Xy, = e;, 41 = Fe;, Vi = FV; in the aforementioned equation and adding the
terms over i, 1 <7 <4, and applying (6.2.4), (6.5.5), we get at the conclusion that

Putting U; = V; = €;, 1 <i <4 in (6.6.11), and summing over i, we have
r
S(Y1,p) = éw(Yl). (6.6.12)

or
S(¥i,0) = 59(Y1. ). (6.6.13)

Substituting p by p in (6.6.13), we can express
_ r _

Hence the evidence. O

6.7 Weakly Ricci symmetric perfect fluid paraKahler
space-time

The objective of this section is to explore the characteristics of a weakly Ricci symmet-
ric perfect fluid paraKahler space-time by introducing the Einstein equation alongside a

cosmological constant.

62



Theorem 6.7.1. No perfect fluid paraKahler space-time that is weakly Ricci symmetric,
satisfies the Finstein equation with a cosmological constant, and has a mon-zero scalar

curvature exists.

Proof. For a perfect fluid paraKéhler space-time, we know (Vx,S)(Y;, Z1) = 0, and ap-
plying the relation (1.2.4), we obtain

AX)S(Y1, Z1) + w(Y)S(X1, Z1) + w(Z1)S(Ya, Xi1) = 0, (6.7.14)

for weakly Ricci symmetric perfect fluid paraKéhler space-time. Applying (6.5.7) in
(6.7.14), we can represent
r

AXD)IY, Z1) + w(N)g(Xa, ) + w(Z1)g(Yr, Xa)] = 0. (6.7.15)

This implies r = 0 or
A(X)g(Yi Z2) + w(V)g(Xs, Z1) + wl(Z)g(Vi, Xi) = 0. (6.7.16)
Now, by substituting Y3, Z; with Y3, Z; in (6.7.15) and applying (1.3.21), we have
AX)g(Vi 22) — w(T)g(Zr, X) — w(Z)g(X0, V7) = 0. (6.7.17)
By minus (6.7.16) from (6.7.17), we get at
w(Y1)g(Z1, X1) + w(Y1)9(Z1, X1) + w(Z1)g(X1, Y1) + w(Z1)g(X1, Y1) = 0. (6.7.18)

Setting X7 = Z; = ¢;, in the above equation and adding the sums across i, 1 < ¢ < 4,

and using (6.2.4) and (6.5.5), we obtain
w(Y;) =0, (6.7.19)

which is contradictory because g(p, p) = —1.
Therefore, the proof. m

6.8 Some results on curvature tensors in paraKahler
space-time

In this section, we will discuss some important results in paraKahler space-time using
some curvature tensors. For different curvature tensors, we shall show that the paraKéahler

space-time characterizes as an Einstein manifold or Ricci flat.
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Theorem 6.8.1. In a pseudo-quasi-conformally flat paraKahler space-time that fulfills

FEinstein’s field equation alongside a cosmological constant, the cosmological constant can

5p+6q+4d
3p+6g+2d ) -

be expressed as cp + <

Proof. Considering scalar product of (1.2.11) with T, we acquire

gV (X1,Y)Z, ) = (p+d)R(X1,Y1, 2, Th) + (q - g) [S(Y1, Z1)g(X1, Th)
=S(Xy, Z1)g(V1, Th) + qlg(Y1, Z1)S (X1, Th) — g(Xy, Z1)S (Y1, Th))]

_17‘_2 (p+6q)[g(Y1, Z1)g(X1,Th) — g(X1, Z1)g(Y1, T1)].  (6.8.1)

As the manifold is pseudo-quasi-conformally flat, we can rewrite the equation as

(b + R(X0 Y0 20, T0) + (q - il) 1S(Ye, Z2)9(X0, Th)

3
—S(Xy1, Z1)g(Y1, Th)] + qlg(Y1, Z1)S( X1, Th) — 9(X1, Z1)S (Y1, Th))
—% (p+6q) [g(Y1, Z1)g(X1,Th) — g(Xy, Z1)g(Y1,Th)] = 0. (6.8.2)

Setting X7 = ¢;,Y; = Fe;, and Ty = FT; in (6.8.2) and summing over ¢, 1 < i < 4, and
using (1.2.11), (6.2.3), we have

2+ ST + (4§ ) [FS(FZLFT) + 5(2,T)

.
— —(p+6
12(p+ q)

[—9(FY1, FTh) + g(Z1, T)] = 0. (6.8.3)

+q[-S(FZ,,FTY) + S(Z,,T})]

Again, by virtue of (6.2.4) and (1.3.18) in the above equation, we obtain

d T
(b + )S(Z0,T) + (q - 5) S(Z0.T)) + aS(Z0.T)) — - (0 + 60)g(£1.T) = 0. (6.8.4)
which reduces to

2d
(P+261+ g) S(Z1,Th) = %(p‘i‘GQ)g(ZlaTl)‘ (6.8.5)

Now, using (6.5.1) in (6.8.5), we achieve

P )l
TPT Y \3p 169+ 2d4)

This completes the proof. O
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Corollary 6.8.1. A pseudo-quasi-conformally flat paraKdhler space-time is Ricci flat,
provided p + d # 0.

Proof. Now, putting Z; = T} = ¢; in (6.8.5) and the summing over i, 1 < i < 4, we obtain

(p+d)r=0.
This implies
r=0.
Then (6.8.5) becomes
S(Zl, Tl) - O

This implies that the manifold is Ricci flat.

Hence proof is presented. O

Theorem 6.8.2. In a pseudo-projectively flat paraKdhler space-time that adheres Ein-

stein’s field equation alongside a cosmological constant, the formula for the cosmological

)

constant can be expressed as cp + 15 (

Proof. Taking the inner product in (1.2.5) by T}, we acquire

g(?<X17}/1)Zl7TI) = GE(XIJ}/MZDTI)+b[S(}/17ZI)g(X17TI)_S(Xth)g(}/th)]

—2 (5 +0) 901 20)g(x0, 1) = g(X1, Z0)g (V1. 1)) (6:8.6)

Now, as the manifold is pseudo-projectively flat, so from (6.8.6) we obtain

(IR(Xl,}/l, ZlaTl) + b[S(}/la Zl)g(Xl)Tl) - S(Xh Zl)g()/th)]

=5 (54 0) o, Z0g(X0, Th) = (X1, Z0)g(Y, )] = 0, (6.8.7)

Writing X; = ¢;,Y) = Fe;, and T} = FT) in (6.8.7) and adding over 7, 1 < i < 4, and
applying (6.3.1), (6.2.3), we get

QCZS(Zl, T1> + b[—S(le, FTl) -+ S(Zl, Tl)]

~2 (5 +0) [~9(F 21, FT)) + (21, T1)] = 0. (6.8.8)

Again, by applying (6.2.4) and (1.3.18) in (6.8.8), we have
r/a
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Now, using (6.5.1) in the equation (6.8.9), we achieve

N = i+ r (5a -+ 3b
=P a+b )

This completes the proof. n

Corollary 6.8.2. A pseudo-projectively flat paraKdhler space-time is Ricci flat, provided
a # 0.

Proof. Setting Z; = T} = e; in the (6.8.9) and summing over 7, 1 <i < 4, and we acquire

ar = 0.
This implies
r = 0.
Then (6.8.9) becomes
S(Zl, Tl) - O

This implies that the manifolds are Ricci flat.

Hence the proof at once. O

Theorem 6.8.3. A generalised Ws-flat paraKdhler space-time is Ricci flat, provided a #
(+3).

Proof. The scalar product of (1.2.13) with 7} leads to

— ~ c

g(W2<X17Yi)Z17T1) - aR<X17Y17 ZlvT1)+<b + g) [Q(le Zl)S(}/lyTl)_g(}/h Zl)S(Xth)]
(6.8.10)

As the manifold is W-flat, we can rewrite (6.8.10) as

aR(X\,Yr, 20, T1) + (b v g) [9(X1, Z0) SV Th) — g(Vi, Z0)S(X1, T)] = 0. (6.8.11)

Putting X; = e€;,Y; = Fe;, and Ty = FT) in (6.8.11) and summing over i, 1 <7 <4, and
utilizing (1.2.13), (6.2.3), and (6.2.4), we get

a—b—S)S(2,T)) =0. (6.8.12)
(a-2-3)

Then, we have S(Z1,T1) = 0, provided a # (b + %), for any Z;, T1 € x(M). The proof is

now concluded. O
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Based on theorem 6.8.3, we derive the following corollary.
Corollary 6.8.3. A quasi-Wy flat paraKdhler space-time is Ricci flat, provided a # 5.

Theorem 6.8.4. In a Bochner flat paraKdhler space-time that obeys to Finstein’s field

equation alongside a cosmological constant, the formula for the cosmological constant is

given by cp + =~ 19r

Proof. Considering the inner product if (1.2.10) with 7}, we acquire

s(BLY)ZLT) = ROG YL Z0T)) - LlalVi, Z0S(X0. ) - (X, 20)S(. T)
LS, Z0) (X0, Th) — S(X1, Z0)g(Yi, Th) + g(FYi, Z0)S(F X1, T)
—g9(F X1, Z1)S(FY1,Th) + S(FY1, Z1)g(F Xy, Th)
—S(FXy, Z))g(FY1,Th) — 28(F X1, Y1) g(FZ,,Ty)
—29(FX1,Y3)S(FZ1,T)]

48[ 9(Y1, Z1)g9(Xy1, Th) — 9(Xi, Z1)g(Y1, Th)

+9(FY1, Z1)g(F X1, Th) — g(F X1, Z1)g(FY1, Th)
—29(F Xy, Y1)g(FZ:,Th)]. (6.8.13)

Now, as the manifold is Bochner flat, then (6.8.13) reduces to

R(X1,Y1, 20, Th) = <[9(Vi, Z20)S(X1, Th) — g(X1, Z)S(Y1, Th)

S, Z1)g(Xa, Th) — S(Xa, Z1)g(Y1, Th)

+9(FY1,2)S(FX,,Th) — g(F Xy, 2,)S(FYy,Th)

+S(FYy, Z4)g(FX,,Th) — S(FXy, Z1)g(FYy,Ty)

L2S(F Xy, Yi)g(F 20, Th) — 29(F X1, Y1)S(F 70, T1)]
48[ g1, Z1)g(X1, Th) — g(Xa, Z1)g(V1, Th)

+9(FY1, Z1)g(F X1, Th) — g(F X1, Z1)g(FY1,Th)

—29(F X1, Y1) g(FZ,,T)]. (6.8.14)

1L oolm

Putting X; = ¢;,Y; = Fe;, and T} = FT} in (6.8.14), summing over i, 1 < i < 4, applying
(6.2.3), and (6.2.4), we acquire

S(Zl,T1> = —%Q<Zl,T1) (6815)
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Now, using (6.5.1) in the equation (6.8.15), we achieve

19r
A=cp+ —.
cp + 36

The proof is now ended. O

Corollary 6.8.4. A Bochner flat paraKdhler space-time is Ricci flat.

Proof. Now, taking Z; =T} = e; in (6.8.15) and summing over i, 1 <i < 4, we get

r=0.
Then (6.8.15) becomes
S(Z1,Ty) = 0.
This implies the manifold is Ricci flat.
The proof is now over. O

6.9 Sectional curvature in paraKahler space-time

Theorem 6.9.1. In a pseudo-quasi-conformal flat paraKdhler space-time, the sectional

e T p+6d
curvature 18 1 (—3p+6q+2d>.

Proof. From (6.8.5), putting the value of S(Z;,T}) in (6.8.2), we obtain

(20 5) o1, 20003071

(0 + A R(X1, Ve, 20, T4) + | — P+ 64)

12(p+2q + %d)

r
—9(X1, 21)9(V1, Th)] = 5 (0 + 69) [9(V1, Z1)g(X1, Th)
which leads to
RX v 20T — 5 (P8 N v, Z0)g(X0, 1) — g(Xa, Z0)g(Ye, Th)] = 0
1,11, 41,141 43p+6q+2dg1’1g 1,41 glAr, 41)g\ 1y, 41)] = U.
(6.9.17)
This implies
r p+ 6d
KX, Yi)=-—— ).
(X, 11) 4(3p+6q+2d)
The proof is now done. O
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Theorem 6.9.2. In a pseudo-projectively flat paraKdhler space-time, the sectional cur-

a+3b) ]

N T
vature 18 5 ( i

Proof. Again, from (6.8.9), putting the value of S(Z;,7T7) in (6.8.7), we acquire

~ br a
aR(X0, Vi, 20, T0) g (54 0) o0 209030, Th) — (X0, Z0)g(V0,T3)
\

(54 0) o, Z0g(X0, Th) — (X1, Z0)g(Y, )] = 0, (6.9.18)

This implies that

~ r (a-+3b
(X201~ ( 43 ) (9(Y2, Z09(X0 ) — 9(X0, Z0)g(Vi, T)] = 0. (6.9.19)
which implies
r (a+3b
K(X.,Y))=— :
X ¥) =33 (a+b>
The proof is now prepared. [

Theorem 6.9.3. In a generalised Wy and a quasi-Wy flat paraKdhler space-time, the

sectional curvature is 0.

Proof. Also, from theorem 6.8.3, setting the value of S(Z1,7}) in (1.2.13), we obtain
R(X17 }/17 Zla Tl) = 0.

which reduces

K(X1,Y7)=0.
The proof is now complete. O

r

Theorem 6.9.4. In a Bochner flat paraKdahler space-time, the sectional curvature is — 5z

Proof. Also, from (6.8.15), putting the value of S(Z;,T}) in (6.8.14), we get

~ r
R(Xla}/thle) = _m[g(ifl)Zl)g(XlaTl)_g(Xlazl)g(}/l;Tl>

+g(F}/17ZI)g(FX17T1) _g(FX17ZI)g<FYiaT1)
_2g(FX17}/1)g(F217T1>]

r
—E[Q(YM Zl)g(Xb Tl) - Q(Xl, Zl)g(Yh Tl)
+9(FY1, Z1)g(F X1, Th) — g(F Xy, Z1)g(FY1, Th)

~29(FX1, Y1)g(FZ,,T))). (6.9.20)
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which reduces to

~ T
R(Xl, Y, 7y, Tl) = —[g(Yl, Zl)g(Xb Tl) - Q(Xl, Zl)g(yl, Tl)

36
+g(F}/1)Zl)g(FX17T1) _g(FX17ZI)g<FY17T1>
CK(XLY) = ——
. 1,41) — 36
The proof is now established. O
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Abstract

In this paper we have studied weakly symmetric Kahler manifold
which is pseudo-projectively flat and quasi-conformally flat.
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1 Introduction

A non-flat Riemannian manifold (M™, g)(n > 2) is called weakly symmetric manifold if its
curvature tensor R of type (0,4) satisfies the condition

(VxR)(Y,Z,U V) = AX)R(Y,ZUV)+B(Y)R(X,Z,UV)+C(Z)R(Y,X,U,V)
(1.1) +D(U)R(Y, Z, X, V) + E(V)R(Y, Z,U, X),

where A B,C,D,E are simultaneously non-vanishing 1-forms and X,Y,Z,U,V are vector fields
and V be the operator of covariant differentiation with respect to the Riemannian metric
g. The 1- forms are called the associated 1-forms of the manifold and an n-dimensional
manifold of this kind is denoted by (WS),,.

In 1995 M. Prvanovic [1] proved that if the manifold M is a weakly symmetric manifold
satisfying (1.1) then B = C' = D = E. In this paper we consider B=C =D =FE =w
and then (1.1) becomes

(VxR)(Y,Z,U,V) = AX)R(Y,Z,UV)+w(Y)R(X,Z,UV)+w(Z)R(Y,X,U,V)
(1.2) +w(U)R(Y, Z,X,V) +w(V)R(Y, Z,U, X),

where g(X, p) = w(X) and g(X,a) = A(X). where p and a are vector fields. In 2002
Prasad [2] defined and studied a tensor field P on a Riemannian manifold of dimension

n(n > 2) which includes the projective curvature tensor P. This tensor field P is known
as pseudo-projective curvature tensor and is given by

P(X,Y,Z) = aR(X,Y,Z)+b[S(Y,Z)X — S(X,Z)Y]

o [ _ b] (Y, 2)X — g(X, 2)Y),

ni|n—
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(1.3)

where a and b are constants such that a,b # 0, R is the curvature tensor, S is the Ricci
tensor and r is the scalar curvature. A non-pseudo projectively flat Riemannian manifold
(M™, g)(n > 2) is said to be weakly pseudo projectively symmetric manifold if the pseudo-

projective curvature tensor P of type (0,4) satisfies the condition

(VxP)(Y,Z,U V) = AX)P(Y,Z,UYV)+B(Y)P(X,Z,UV)+C(Z)P(Y,X,U,V)

(1.4) +D(U)P(Y, Z,X,V) + E(V)P(Y, Z,U, X),

for all vectors fields X,Y, Z, U,V and A, B,C,D, E are non-vanishing 1-forms. Such an
n-dimensional manifold is denoted by (W PPS),. Also, we give the definition of quasi-
conformal curvature tensor given by Yano and Sawaki [8] as follows

C(X,Y,Z) = aR(X,Y,Z)+b[S(Y,2)X — S(X,2)Y + g(Y, 2)QX — g(X, Z)QY]

r a
1. —— 2b| [g(Y, 2)X — g(X,2)Y
(1.5 Ll ] v 2)x - gx 2y,
where a and b are non zero constants. If ¢ = 1 and b = —ﬁ, then quasi-conformal

curvature tensor is reduced to the conformal curvature tensor. A Riemannian manifold
(M™, g)(n > 2) is said to be weakly quasi-conformally symmetric manifold if the quasi-

conformally curvature tensor C of type (0, 4) satisfies the condition

(VxCO)Y,Z,U V) = AX)C(Y,Z,UV)+B(Y)C(X,Z,UV)+C(Z)C(Y,X,U,V)

(1.6) +D(U)C(Y, Z,X,V) + E(V)C(Y, Z,U, X),

for all vectors fields X,Y, Z, U,V and A, B,C, D, E are non-vanishing 1-forms such an n-
dimensional manifold is denoted by (WQCS),.

In this paper we have considered two types of Kdahler manifold namely weakly pseudo

projectively symmetric Kdhler manifold and weakly quasi-conformally symmetric Kahler
manifold.

2 Preliminaries

First of all, we define Kahler manifold in this section. A Kdahler manifold is a Riemannian
manifold M of even dimension n with complex structure F on the tangent space of M at
each point satisfies the following relation

FQ(X) = —X,g(Y,?) = g(Xa Y),(VxF>(Y) =0

where F is a tensor field of type (1,1) such that F(X) = X, g is a Riemannian metric and

V is the Levi-Civita Connection. Also in this section we derive some formulae which will
be required to study of (W PPS),, and (WQCS),. Let e;,i = 1,2,...,n be an orthonormal

basis of the tangent space at any point of the manifold. Then from (1.3), we have the
following:-

(a) Z?:l P(eivY’ Z, ei) = [CL + (TL - 1)b][S(Y’ Z) - %g(Y, Z)]
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(b) Z:‘L:l P(X7 Y, e, ei) =0

(C) Z?:l é(e% Y, Z, 62‘) = [a + (TL - Q)b] [S(Y7 Z) - %g(Y7 Z)]
(d) X7, C(X,Y,ei,e) = 0

Now we have proved the following proposition:

Proposition (2.1.) In a Riemannian manifold (M™, g)(n > 2) the pseudo-projective
curvature tensor and quasi-conformally curvature tensor satisfies the following relation:

(I) P(X,Y,Z,U)+P(Y,Z, X, U)+ P(Z,X,Y,U) =0
(II) P(X,Y,U,Z)+P(Y,Z,U,X)+ P(Z,X,U,Y)=0
(III) C(X,Y,Z,U)+C(Y,Z,X,U)+C(Z,X,Y,U) =0
(Iv) C(X,Y,U,Z2)+C(Y,Z,U,X)+C(Z,X,U,Y) =0

3 Weakly Pseudo Projectively Symmetric Kihler Manifold

If the manifold M is a weakly pseudo projectively symmetric Kahler manifold, then we
have proved

(3.1) P(Y,Z,UV)=P(Y,Z,UYV).
Taking the covariant derivative, we get

(3.2) (VxP)Y,Z,UYV)= (VxP)Y,Z,UYV).
Using(1.2) and (1.4) in (3.2), we obtain

wY)P(X,Z,UV)+w(Z)PY,X,U,V) =w¥)P(X,Z,U,V) +wZ)P(Y,X,U,V).

(3.3)

By, putting Z = U = ¢;, 1 < ¢ < n and summing over ¢, we get

—1)b
_(a-1br
n

(a— bw(Y)S(X, V) (Y)g(X, V) — aR(Y, X, V, p) + bg(Y, V)S(X, p)

“2g(X VIS ) + 2 | gV gp) = - | o] gV x )
= (a+bw(Y)S(X,V) = - [n — b] 9(X,V)w(Y) + aR(Y, X,V,p)
(3.4) +% - - - (r r”)b} 9V, V)S(X,7).
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Again, putting X =V =¢;, 1 <i < n and summing over i, we get

Vo) [all =0+ 2= D)+ 0] = S(Wp) |20 2mln = 1)+
(3.5)
We get,
S(Y.p) = fg(Y,p).
(3.6)

This is an Einstein manifold for every vector field p.
Thus we state the following theorem:

Theorem 3.1. A weakly pseudo projectively symmetric Kahler manifold is an Einstein
manifold with respect to vector field p defined by g(X, p) = w(X).

From theorem (3.1.), we have the following corollary

Corollary 3.1. For a weakly pseudo projectively symmetric Kahler manifold if the vec-
tor field p is a unit vector field and Y=p, then the expression for scalar curvature is,
r= 2n51}éfj§fil();ib) provided 2na + (n —h — 1)(a + b) # 0 where h = S(p, p). In addition
if a4 (n—1)b =0, then the scalar curvature vanishes.

4 Pseudo-Projectively Flat Weakly Symmetric Kihler manifold

For pseudo-projectively flat curvature tensor, P(Y, Z,U,V) = 0, then

aR(Y,Z,U,V) + bS(Z,U)g(Y,V) —bﬂxmm&m—;Lﬁl+4ﬁzmgxm
(4.1) + % [nil + b} g(Y,U)g(Z,V) = 0.
Then
RY,ZUV) = = [S(Z0)g(Y,V) = S(Y,U)(Z,V)
(4.2) | 1| W2 D) - g D2 V)

Taking covariant differentiation w.r.t. X,we get

(4‘3) (VXR)(Y7 Z7 U7 V) = _Q[Q(Y’ V)(VXS)(Zv U) - 9(27 V)(VXS)(Ya U)],

a
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then (4.3) reduces to

AX)R(Y, Z,U, V) + w(Y)R(X, Z,U, V) + w(Z)R(Y, X,U, V) + w(U)R(Y, Z, X, V)

~—

+w(V)R(Y, Z,U, X) = —
(4.4) —g(Z, V)A(X)S(Y,U) +

Y, VAX)S(Z,U) +w(Z2)S(X,U) +w(U)S(Z,X)
Y)S(X,U)+w(U)S(Y, X)].

g el

By, putting Y =V =¢;, 1 <17 < n and summing over ¢, we get

(4.5) [1 + g(n — 1)] [AX)S(Z,U) 4+ w(Z2)S(X,U)+w(U)S(Z,X)] = 0.
Again,taking X = U = ¢;, 1 <1i < n and summing over i, we get

(4.6) [1+2(n— 1)} [S(Z,a) +rw(Z)+ S(Z,p)] =0,

for any vector field p defined by g(X, p) = w(X) and g(X,a) = A(X),then we have

(4.7) S(Z,a)+ S(Z,p) = —rw(Z).

Then we get the theorem,

Theorem 4.1. In a pseudo projectively flat weakly symmetric Kahler manifold, the Ricci
tensor satisfies the relation S(Z, o) + S(Z,p) = —rw(Z).

5 Weakly Quasi-Conformally Symmetric Kihler manifold

If the manifold M is a weakly quasi-conformally symmetric Kahler manifold, then we have
proved

(5.1) C(Y,Z,UV)=C(Y,Z,UV).
Taking the covariant derivative, we get

(5.2) (VxCO)Y,Z,U V)= (VxO)Y,Z,UYV).
Using(1.5) in (5.2), we obtain

wY)O(X,Z,U, V) +w(Z2)0Y, X, U, V) =w(Y)C(X,Z,U,V)+w(Z)C(Y,X,U,V).

(5.3)
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By, putting Z = U = e;, 1 < ¢ < n and summing over ¢, we get

[a+ (n—4)blw(Y)S(X,V) — %[a + (n —2)blw(Y)g(X,V) —aR(Y, X,V,p)
+bg(Y,V)S(X, p) — 2bg(X, V)S(Y, p) + bg(X, p)S(Y, V)

= (a + 2b)w(Y)S(X,V) — % [ 5 2b] w(¥)g(X,V) + aR(Y, X, V,7)

n—1
(5.4)  —bg(V,V)S(X.p) + - [nfl + 25] 9(Y,V)g(X,p) — bg(X,p)S(Y, V).
Again, putting X =V =¢;, 1 <i <n and summing over i, we get
(5.5) —rg(Y, p) [21; +—2 4 Qb} = S(Y, p)[2a — 3b + 2bn).
nin—1) n
We get
(5.6) S(Y,p) = fa(Y,p).

This is again an Einstein manifold for every vector field p.

Theorem 5.1. A weakly quasi-conformally symmetric Kahler manifold is an FEinstein
manifold with respect to vector field p defined by g(X, p) = w(X).

From theorem (5.1.), we have the following corollary

Corollary 5.1. For a weakly quasi-conformally symmetric Kahler manifold if the vec-
tor field p is a unit vector field and Y=p, then the expression for scalar curvature is,
r = —”(”‘;i"(f;‘jl(f;j?’)”] provided a + (n? — 1)2b # 0 where h = S(p,p). In addition if
2a + (2n — 3)b = 0, then the scalar curvature vanishes.

6 Quasi-Conformally Flat Weakly Symmetric Kihler manifold

For quasi-conformally flat curvature tensor, C(Y, Z,U, V) = 0, then
QR(Y, Z,U,V) +bS(Z,U)g(Y,V) — bS(Y,U)g(Z.V) + g(Z,U)g(QY. V) — bg(Y,U)g(QZ, V)

- = [nil + 25} 9(Z,U)g(Y, V)
(6.1) + % [nil + 2b} g(Y,U)g(Z,V) = 0.
Then
RY,Z,UV)= — E[S(Z, U)g(Y,V) =S, U)g(Z,V) +9(Z,U)g(QY,V) — g(Y,U)g(QZ,V)]

a
r

2| | e - g ez )L

n —

(6.2) +
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Taking covariant differentiation w.r.t. X,we get

(63) (VxRI(Y.Z.U.V) = = lg(Y.V)(VxS)(ZU) = 9(Z.V)(TxS)(V,U)

then
AX)RY,Z,UV)+w(lY

~—

R(X,Z,UV)+w(Z)R(Y,X,U,V) +wU)R(Y, Z,X,V)
+w(V)R(Y, Z,U,X) = —
(6.4) —g(Z,V)A(X)S(Y,U) +

Y, VAX)S(Z,U) +w(Z2)S(X,U) +w(U)S(Z,X)
Y)S(X,U)+w(U)S(Y, X)].

€ 9|

By, putting Y =V =¢;, 1 <1i < n and summing over i, we get

(6.5) [1 + Sm - 1)] [A(X)S(Z,U) + w(Z)S(X, U) + w(U)S(Z, X)] = 0.
Again,taking X = U = ¢;, 1 <1¢ < n and summing over i, we get

(6.6) [1 + g(n _ 1)} S(Z, a) + rw(Z) + S(Z, p)] = 0,

for any vector field p defined by ¢(X, p) = w(X) and g(X,a) = A(X),then we have
(6.7) S(Z,a)+S(Z,p) = —rw(2).

Thus we state the following theorem:

Theorem 6.1. In a quasi-conformally flat weakly symmetric Kahler manifold, the Ricci
tensor satisfies the relation S(Z, o) + S(Z,p) = —rw(Z).
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1. Introduction

An almost Hermite manifold (M,g,F) is said to be nearly Kdhler manifold if
(VxF)(X) = 0 is satisfies for all vector fields X on M, where V denotes the
Livi-Civita connection associated with the metric g. A nearly Kahler manifold is
called strict if Vx(F) # 0 for any non-vanishing vector field X € TM, where TM
denotes the tangent bundle of M. On the other hand, Nagy proved in [11, 12] that,
in the compact case, his study amounts to that of quaternion-Kéahler manifolds with
positive scalar curvature [13] and nearly Kéahler manifolds of dimension 6. Thus our
focus on the study of such manifolds of dimension 6 can be justified by his results.

Definition : Let M be an almost Hermite manifold with almost complex struc-
ture F' and Riemannian metric g. Then
F? = —I, g(F(X),F(Y))=g(X,Y),

for all vector fields X and Y on M. We denote by V the operator of covariant
differentiation with respect to g. If the almost complex structure F' on M satisfies

(VxE)YY)+ (VyF)(X) =0, (1)

for any vector fields X and Y on M, then the manifold M is called a nearly Kdahler
manifold or an almost Tachibana manifold.
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Putting X for Y in (1.1) we get
(VxF)(X)=0.

If in an almost Tachibana manifold, Nijenhuis tensor vanishes, then it is called a
Tachibana manifold.

2. Preliminaries

In this section, we explain our notation and write down some important curvature
identities. Let (M,g,F') be a connected almost Hermitian manifold. Then we have
g(FX,FY) = g(X,Y) for all X and Y in TM. Throughout this paper we shall
assume that (M,g,F) is nearly Kahler, that is (VxF)(X) =0 for all X € TM.
Let R denote the curvature tensor defined by R(X,Y)Z = [Vx,Vy|Z — V|x y1Z
for any vector fields X and Y in TM. Let R(X,Y, Z,W) = g(R(X,Y)Z, W) denote
the value of the curvature tensor for every X,Y, Z and W in T M. Then we have
the following identities [1,2,3]:

(VxF)(Y) + (VEx F)(FY) = 0; (2)

(VxF)(FY) + F(VxF)(Y)) = 0; (3)
R(W,X,Y,Z) - R(W,X,FY,FZ) = g(VwF)(X), (Vy F)(2)), (4)
and R(W,X,Y,Z) = R(FW,FX,FY,FZ). (5)

We now define linear transformations R; and R} by

2n
Ric(X,Y) = g(Ri(X),Y) =Y R(X,e;,Y,e;) and

i=1

2n
1
Ric"(X,Y) = g(R{(X),Y) = 5 > R(X,FY,e;, Fe)
i=1
respectively, where {eq, ..., ea,, } denotes a local orthonormal frame field on M. We
shall call Ric the Ricci tensor of the metric and Ric* the Ricci* tensor respectively.
Now note that Ric — Ric* is given by the formula

(Ric — Ric")(X,Y) = > g(VxF)ei, (Vy F)e;)

i=1
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for all vector fields X, Y on M [5]. Furthermore, Gray [3] proved that
2n
> (Ric— Ric*)(ei,e;)(R(X, e;, Y, e;) — 5R(X, e;, FY, Fe;)) = 0.
i,j=1
So using the above results we have proved

Theorem 2.1. A necessary and sufficient condition for an almost Hermite manifold
to be an almost nearly Kahler manifold is

VxF(Y)+ VyF(X)=F(VxY)+ F(VyX).

Proof : First we suppose that an almost Hermite manifold is an almost nearly
Kdhler manifold. Then

(VxF)Y)+ (VyF)(X)=0
or, VxF(Y) = F(VxY)+VyF(X) - F(VyX) =0,

or, VxF(Y)+ VyF(X)=F(VxY)+ F(VyX).
Conversely, we suppose that

Vi F(Y) 4+ VyF(X) = F(VxY) + F(VyX)
or, VXF(Y) — F(ny) + VyF(X) — F(VyX) =0,

or, (VxF)(Y)+ (VyF)(X) = 0.

Hence the manifold is an almost nearly Kahler manifold.
Proposition 2.1.[5] (i) For a nearly Kdhler manifold

NX,)Y) = 2M(X)Y) = -AF(VxF)(Y)) = J4F(VyF)(X)) =
AF((Vex)F)F(Y)),

where M(X, Y) = VF(X)F(Y) - VXY - F(VF(X)Y) - F(VXF(Y))
(ii) If M is nearly Kahler manifold then N(X,Y) = F(VxF)Y,
where AN(X,Y) = [X,Y] - [FX,FY|+ F[FX,Y]|+ F[X,FY].

Theorem 2.2. If the Nijenhuis tensor N of a nearly Kdhler manifold M van-
ishes, then M is Kahler manifold.



4  Samser Alam , Arindam Bhattacharyya

Proof : From the Proposition (2.1) we obtain
N(X,Y) = —4F((Vx F)(Y)).

If N(X,Y) =0, then F((VxF)(Y)) =0. That is, F*(VxF)Y = 0.
Hence (VxF)(Y) = 0.
Therefore the manifold is a Kdhler manifold.

Theorem 2.3. On a nearly Kdhler manifold divF = 0.

Proof : On a nearly Kdhler manifold we have
(VxF)(Y)+ (VyF)(X) =0.
Now contracting X and Y we have
(VxF)(X)=0.
That is, divF = 0.

3. Curvature identities on nearly Kahler manifold

In this section we prove some curvature identities for a nearly Kahler manifold.

Theorem 3.1. For a con-circularly flat nearly Kdhler manifold the following rela-
tion holds
29(F(R(X,Y)Z,W)) + gl(Vx F)(Vy 2), W] = g[(Vy F)(Vx Z), W]
T

= W[Q(Ya 2)9(X, W) —g(X, Z)g(Y, W)].

Proof : In an n-dimensional Riemannian manifold the con-circular curvature tensor

is defined by

C(X,Y)Z = R(X,Y)Z — ﬁ[g(x 2)X — g(X, 2)Y], (6)
50 (3.1) can be written as
C(X,Y,Z,W) = R(X,Y,Z,W)
—ﬁw 2)g(X. W) —g(X, Z)g(Y,W)]  (7)

where

C(X.Y,Z,W) = g(C(X,Y)Z,W),R(X,Y, Z,W) = g(R(X,Y)Z,W)

and r is the scalar curvature. Now for con-circularly flat manifold, we have

C(X,Y,Z,W) = 0. Hence from (3.2) we get
[9(Y, Z2)g(X, W) — g(X, Z)g(Y, W)]. (8)

~ r

R(X,Y,Z,W) = =T
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Now putting Z = F(Z) in (3.3) we get

n(n —1)
—9(X, Z)g(Y,W)]. (9)

9(VxVyF(Z),W) = g(VyVxF(Z),W) = g(Vixy|F(Z),W) = [9(Y, Z)g(X, W)

By using
VxF(Y)=(VxF)Y + F(VxY)
and nearly Kdhler condition
(VxE)(Y) + (Vy F)(X) =0

we have

—9[Vx(VzE)Y, W]+ g[(VxF)(VyZ), W]+ g(F(VxVyZ), W)
+9[Vy (VzE) X, W] = g[(Vy F)(Vx Z),W] = g(F(VyVxZ),W)
—9[(VixyF)Z,W] - g(F(Vixv)Z2), W)

= = 29X W) = g(X, Z2)g(Y W],

this implies

29(F(R(X,Y)Z,W)) + g[(VxF)(Vy Z),W] — g[(Vy F)(VxZ), W]
= ﬁ[g(}/a Z)g(X, W) — g(X, Z)g(Y,W)].

Theorem 3.2. For a con-circularly flat nearly Kdhler manifold the following
expression holds

ZgVF ), (Ve,F)(e;)) = 0.

Proof : we know in a nearly Kahler manifold the curvature tensor R satisfies,
R(X,Y,X,Y) = R(X,Y, F(X), F(Y)) + g(VxF)(Y), (VxF)(Y)),

where R(X,Y, X,Y) = g(R(X,Y)X,Y).
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Also for con-circularly flat manifold, we have C (X,Y,Z, W) =0. So

~ r

R(X,Y,Z,W) = W[Q(Y, Z)g(X, W) = g(X, Z)g(Y, W)]. (10)

Now
from (3.5) and putting X =Y =¢; , 1 <i < 2n and summing over 4
we obtain

Note: For a conformally flat, projectivly flat, con-harmonic flat and Bochner flat
nearly Kdhler manifold the following relations holds

2 9(VeF)(ed), (Ve F)(e:) = 0.

Theorem 3.3. If a nearly Kahler manifold M is of constant holomorphic sectional
curvature ¢ at every point P in M and con-circularly flat, then

> 9((TxF)Y). (Ve F)er)) = 0.

Proof : We know that in a nearly Kahler manifold M of constant holomorphic
sectional curvature c at every point P in M, the Riemannian curvature tensor of

M 1is of the form

R(X,Y,Z,W) = 1%
» (X, F(W)g(Y, F(Z))
X

!
[N}
Q
S
»
=

F(Y)g(Z, F(W))]
+7 (VX YW, (Vy F)Z) = g(Vx F)Z,(Vy F)W)
—29((Vx F)Y, (V2 F)W)].
Also for con-circularly flat manifold, we have 5’(X Y, Z. W) =0. So

~ r

R(X,Y,Z,W) = m[g(Y, Z)g(X, W) —g(X, Z)g(Y, W)]. (11)
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Now
from (3.6) and putting Z =W =e¢; , 1 <i < 2n and summing over 4
we have

>_9(VxF)(Y), (Ve F)ei)) = 0.

Note: For a conformally flat, projectivly flat, con-harmonic flat and Bochner flat
nearly Kahler manifold M is of constant holomorphic sectional curvature ¢ at every
point P in M, then the following expression holds

> 9((TxF)Y), (Ve F)er)) = 0.

4. Curvature identities in 6 - dimensional nearly Kahler manifolds

In a lower dimensions, the nearly Kahler manifolds are widely determined. If M is
nearly Kdhler manifold with dimM < 4, then M is Kdhler manifold. If dimM = 6,
then we have the following [2,3,6,14].

Proposition 4.1. [10] Let (M,g,F) be a 6-dimensional, strict, nearly Kahler man-
ifold. Then we have

(i) VF has constant type; that is,
T
9(VxP)(Y), (VxF)(Y)) = 25 (9(X, X)g(Y,Y) = g(X,Y)* = g(FX,Y)?)
for all vector fields X and Y,

(ii) the first Chern class of (M, F') vanishes, and
(iii) M is Einstein manifold;
r r
Ric = —g, Ric* = —g.
ic g g, Ric 30 g
Furthermore, from this proposition we have the following lemma [2,3,14].

Lemma 4.1. For vector fields W, X,Y and Z, we have

r

9(VwE)(X), (VY F)(Z)) = 55l9(W.Y)g(X, Z) — g(W, Z)g(X,Y)

—gW,FY)g(X,FZ)+g(W,FZ)g(X,FY)]

and
r

g(VwVzX),Y) = %(Q(W, 2)9g(FX,Y) —g(W, X)g(FZ,Y) +g(W,Y)g(FZ, X)).
We can easily verify that for a 6-dimensional nearly Kahler manifold the con-circular
curvature tensor takes the form

C(X,}/,Z, W) = R(Xv Y, Z, W) - 30 g(Y, Z)g(X,W) - g(X, Z)g(}/, W)]
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The dimension of the manifold can be verified by using Lemma (4.1) and con-
circularly flatness conditions.

We also deduce the following result

Result 4.1. For a projectively flat 6-dimensional nearly Kahler manifold Ricci
curvature tensor is S(X,Y) = ¢g(X,Y). So the manifold is an Einstein manifold.

5. Example of nearly Kahler manifold

A 6-dimensional unit sphere S® has an almost complex structure F defined by the
vector cross product in the space of purely imaginary Cayley numbers. This almost
complex structure is not integrable and satisfies (Vx F)(X) = 0, for any vector field
X on S° Hence S° is a nearly Kdhler manifold which is not Kdhler.

A structure on an n-dimensional manifold M given by a non-null tensor field f
satisfies f3 4+ f = 0, is called an f-structure. Then the rank of f is a constant, say
r. If r = n, then the f-structure gives an almost complex structure of the manifold
M. In this case n is even.

The results can be verified in the above example.
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1. Introductrion. An even dimensional differentiable manifold M™, where n =2m,
m > 2 is said to be an Ké&hler-Norden manifold (anti-K&hler manifold) [3] if there is
an almost complex structure I’ and an anti-Hermitian metric g such that VI = 0
where V is the Levi-Civita connection of g. The metric ¢ is called anti-Hermitian if
it satisfied g(FX,FY) = —g(X,Y) for all vector fields X and Y on M"™. Then the
metric g has necessarily a neutral signature (m,m) and M"™ is a complex manifold
and there exist a holomorphic metric on M™ [9]. This fact gives us some topological
obstructions to an anti-Kéhler manifold, for instance, all its odd Chern numbers vanish
because its holomorphic metric gives us a complex isomorphism between the complex

tangent bundle and its dual and a compact simply connected Kéhler manifold cannot
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be anti-Kéahler because it does not admit a holomorphic metric. In the present paper

we have studied some curvature identities on Kéahler-Norden manifolds.

2. Preliminaries. Let M be a connected differentiable manifold of dimension
n =2m,m > 2, F be a (1,1)-tensor field and g be a pseudo-Riemannian metric on M.
Then (M ,F,g) is said to be a Kiéhler-Norden manifold if the following conditions hold :

F?=_I g(FX,FY)=—¢(X,Y), VF=0

for any X,Y € T'M, being the Lie algebra of vector fields on M, V is the Levi-Civita
connection of g and I is the identity operator. In a Kdhler-Norden manifold (M,F.g),
the Riemannian curvature operator R, the Riemannian curvature tensor }N%, the Ricci

tensor S, the scalar curvature r and the r* curvature are defined by:

R(X,Y)Z = [Vx,Vy]Z - Vixy)Z,

R(X,Y,Z,W) = g(R(X,Y)Z,W),
S(X,Y) = trace of Z — R(Z,X)Y,
r =trace S, (2.1)
r* = S(Fe;,e;). (2.2)

Also, the following properties are satisfied in a Kdhler-Norden manifold :

R(FX,FY)Z = —R(X,Y)Z, (2.3)
R(FX,Y)Z = R(X,FY)Z, (2.4)
S(FX,Y) = S(FY,X), (2.5)
S(FX,FY)=—S(X,Y). (2.6)

If we take @ as the Ricci operator then the Ricci tensor of type (0,2) in terms of @ is
defined as

where

rQY = — Z e R(e;, Y)e;,
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and {ei,ea,...ep} is an orthonormal basis and ¢; are the indicators of e;. The
Riemannian metric g in terms of e; and ¢; are given by
€ = gle;,e;) = +1, (2.8)
g(Fe;,e;) =0. (2.9)
3. Some results on Curvature Identities on Kahler-Norden manifold

Definition : The notion of quasi-conformal curvature tensor was introduced by Yano

and Sawaki [19] and is defined by:
C(X,Y)Z = aR(X,Y)Z + BIS(Y, Z)X — S(X,Z2)Y
+9(Y, 2)QX — 9(X, Z)QY]

r[ «
|t 28| 2)X - g(X, 2)Y), (3.1)
nin—1
where «, (§ are constants, ) is the Ricci operator, defined by ¢(QX,Y) = S(X,Y)
and n is the dimension of the manifold. Moreover, if « =1 and § = —ﬁ, the above

equation reduces to conformal curvature tensor [8]. A manifold (M™,g) where n > 3,
is said to be quasi-conformally flat if C' = 0. Using the above definition we prove the

following:

Theorem 3.1 In a quasi-conformally flat Kdhler-Norden manifold, the Ricci tensor
satisfies the relation S(Y,W) = aﬁ_gﬁg(FY, W), provided o # 203.

Proof: In an n-dimensional Kéhler-Norden manifold, we can define the Ricci tensor S
by

S(X7 Y) - ZeiE(F(ei)7F(Y)7ei7W)7 (32)
i=1
where {e1, ez, ...e, } is an orthonormal basis and ¢; is the indicator of e;, €; = g(e;, e;) =
+1. Taking inner product in (3.1) by W, we get
g(C(X,Y)Z,W) = aR(X,Y, Z,W) + B[S(Y, Z)g(X, W) — S(X, Z)g(Y, W)

+9(Y, 2)S(X, W) — g(X,2)S(Y,W)]

_% [ a : +2ﬁ} [9(Y, Z)g(X, W)

n —

—9(X, 2)g(Y, W)]. (3-3)
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Now, as the manifold is quasi-confomally flat, then the above equation reduces to

aR(X,Y,Z, W)+ B[S(Y, Z)g(X, W) — S(X, Z)g(Y,W)

+9(Y, 2)S(X, W) — g(X, Z)S(Y, W)
r [L 4 w} 9(Y. Z)g(X, W)

nin-—1

—g(X, Z)g(Y, W)] = 0. (3.4)

Putting X = Fe;,Y = FY,Z = e; in the above equation and summing over
i=1,2,...,n, and using (3.2), (2.2), (2.5), (2.6) and (2.9), we have

(o — 28)S(Y, W) — Br*g(FY, W) + % (% + w) g(Y, W) = 0. (3.5)

Taking ¥ = W = ¢; in the above equation and summing over i = 1,2,...,n, and
applying (2.1), we obtain

anr = 0.

This implies
r =20, provided a # 0.

Then (3.13) becomes
(a = 28)S(Y, W) - Brg(FY, W) = 0.

This implies
B

SW) = T

g(FY, W), provided o # 20.

This completes the proof.

Definition : The pseudo-projective curvature tensor P [15] is given by:

P(X,Y)Z = aR(X,Y)Z +b[S(Y, Z)X — S(X, Z)Y]

where a, and b # 0 are constants. Also, a manifold (M",g) is said to be pseudo-
projectively flat if P = 0.
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Theorem 3.2 In a pseudo-projectively flat Kdhler-Norden manifold, the Ricci tensor
satisfies the relation S(Y,W) = ;’fbg(FK W), provided a # b.

Proof: Taking inner product in (3.6) by W, we get

g(P(X,Y)Z,W) = aR(X,Y, Z,W) + b[S(Y, Z)g(X, W) — S(X, Z)g(Y,W)]

| e v g w)

nin—1

—9(X, Z)g(Y,W)]. (3.7)

Now, as the manifold is pseudo-projectively flat, then the above equation reduces to

aR(X,Y,Z,W)+b[S(Y,Z)g(X,W) - S(X,Z)g(Y,W)]

_f[ ¢ . +b} [9(Y, Z)g(X, W)

ntn—

—9(X, Z)g(Y,W)] = 0. (3.8)

Setting X = Fe;,Y = FY,Z = e¢; in the above equation and summing over
i=1,2,...,n, and using (3.2), (2.2), (2.5), (2.6) and (2.9), we have

(a—b)S(Y, W) — br*g(FY, W) + % (ﬁ + b) g(Y, W) =0. (3.9)

Taking Y = W = ¢; in the above equation and summing over i = 1,2,...,n, and
applying (2.1), we obtain

anr = 0.

This implies
r =0, provided a # 0.

Then (3.9) becomes
(a—0)SY,W)—=brrg(FY,W)=0.

This implies
br*

S(Y,W) = , bg(FY, W), provided a #b.

Hence the proof.
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Definition : The Weyl-conformal curvature tensor (n > 3) [14] is given by:

W(X,Y)Z = R(X,Y)Z ~ —[4(¥, 2)QX ~ g(X, Z)QY

+S(Y,2)X — S(X, Z)Y]

T D g HX — (X, 2)Y] (3.10)

So, a manifold is Weyl-conformal flat if W(X, Y, Z,U)=gW(X,Y)Z,U)=0.
Theorem 3.3 In a Weyl-conformally flat Kdhler-Norden manifold, the Ricci tensor
satisfies the relation S(Y,U) = —%g(FY, U), provided n # 0.

Proof: Taking inner product in (3.10) by U, we get

gW(X,Y)Z,U) = R(X,Y,Z,U) —

" i S0, 2)S(X,U) — g(X, 2)S(Y,U)
+5(Y, Z)g(X,U) — S(X, Z)g(Y,U)]

+m[g(Y7Z)Q(X7U)_g(X’Z)g(Y7U)]- (3.11)

Now, as the manifold is Weyl-confomally flat, then the above equation reduces to

R(X,Y,Z,U) — %[g(}ﬁ 2)S(X,U) —g(X,2)S(Y,U)
+S(Y,2)g(X,U) - S(X,Z)g(Y,U)]

+m[9(3€ Z)9(X,U) = g(X, Z)g(Y,U)] = 0. (3.12)

Putting X = Fe;,Y = FY,Z = e; in the above equation and summing over
i=1,2,...,n, and using (3.2), (2.2), (2.5), (2.6) and (2.9), we get

n r* r

n— QS(Y’ )+ n— 2g(FY, v)- (n—1)(n—2)

g(Y,U) = 0. (3.13)

Taking Y = U = ¢; in the above equation and summing over ¢ = 1,2, ..., n, and applying
(2.1) we have,

nr = 0.

This implies
r =0, provided n # 0.
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Then (3.13) becomes

n r*

n—QS(Y’U)+n—2

g(FY,U) =0.

This implies
S(Y,U) = ——g(FY,U), provided n # 0.
n
This completes the proof.

Definition : The notion of Bochner curvature tensor [4] is defined by:

B(X,Y)Z = R(X,Y)Z — n%%[g(y, Z)QX — g(X,Z)QY + S(Y, Z)X
—8(X,2)Y + g(FY, Z)QFX — g(FX,Z)QFY
+S(FY,Z)FX — S(FX,Z)FY —2S(FX,Y)FZ

T

(n+2)(n+4)

+g(FY, Z)FX — g(FX,Z)FY — 29(FX,Y)FZ), (3.14)

—29(FX,Y)QFZ] + gV, 2)X —g(X,2)Y

where ) is the Ricci operator, defined by ¢(QX,Y) = S(X,Y) and n is the
dimension of the manifold. Moreover, a manifold is Bochner flat if B (X,Y,Z,U) =
§(B(X,Y)Z,0) = 0.

Theorem 3.4 In a Bochner flat Kdhler-Norden manifold, the Ricci tensor satisfies the

relation S(Y,W) = —WQ(FY, W), provided n +4 # 0.

Proof: Considering the inner product in (3.14) by W, we get
~ 1

+S(Y, Z)g(X, W) = S(X,2)g(Y, W)+ g(FY,Z)S(FX,W)
—g(FX,2)S(FY,W)+ S(FY,Z)g(FX,W)
—S(FX,Z)g(FY,W) —2S8(FX,Y)g(FZ,W)
(n+2)(n+4)
—g(X, Z)g(Yv W) + g(FY7 Z)g(FX7 W)

—29(FX,Y)S(FZ,W)| + 9(Y, Z)g(X, W)

—g(FX,2)g(FY,W) —2g9(FX,Y)g(FZ,W)]. (3.15)
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Now, as the manifold is Bochner flat, then the above equation reduces to

~ 1

—5(X, 2)g(Y, W) +g(FY, Z)S(FX, W)

(Y, Z2)S(X, W) —g(X,2)S(Y, W)+ S(Y,Z)g(X, W)

—g(FX,Z2)S(FY,W) + S(FY, Z)g(FX, W)
—S(FX,Z)g(FY,W) —2S(FX,Y)g(FZ, W)

(n+2)(n+4)
—9(X, 2)g(Y, W) + g(FY, Z)g(F X, W)

—QQ(FX, Y)S(F27 W)] - [g(Y7 Z)g(X7 W)

—g(FX, Z2)g(FY, W) = 29(FX,Y)g(FZ,W)|. (3.16)

Putting X = Fe;,Y = FY,Z = e; in the above equation and summing over
i=1,2,...,n, and using (3.2), (2.1), (2.2), (2.5), (2.6) and (2.9), we have

*

S(Y, W) = ST

g(FY, W), provided n+4 # 0.

Hence the proof.
Corollary 3.5 In a Bochner Kdhler-Norden manifold, the scalar curvature vanishes.

Proof: Setting Y = W = ¢; in the above equation, and taking the summation over

1=1,2,...,n, we obtain r = 0.
Therefore, the proof is complete.
4. Symmetric Kdhler-Norden manifold. Let (M,g) be a Riemannian manifold

and V be the Levi-Civita connection of (M,g) then a Riemannian manifold is said to

be locally symmetric if VR = 0, where R is the Riemannian curvature tensor of (M,g).

A pseudo-projectively curvature tensor is said to be parallel if the covariant
derivative of pseudo-projective curvature tensor vanishes i.e. VP = 0, and this type of

manifold is called pseudo-projectively symmetric manifold.

Theorem 4.1 A Kdhler-Norden manifold is pseudo-projectively symmetric if and only

if it 1s locally symmetric.
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Proof: Taking the covariant derivative of equation (3.6) and putting X = Fe;, Y =

FY,Z =e;,W =W and also using VP = 0, we get

(@ =0)(VxS)(Y, W) = bdr*(X)g(FY, W)
dr(X) ( a

n n —

4 1+b> g(Y, W) =0,
Now, putting Y = W = ¢; in above equation

an(dr(X)) = 0.

Since a # 0, which implies
dr(X) =0.

Using (4.3) in (4.1), we obtain

(VxS)(Y, W) = dr*(X)g(FY,W).

a—>b

Setting Y = F'Y in the above equation, we get

(VxS)(FY, W) = ——dr*(X)g(Y, W).

a—>b

Again replacing Y and W in (4.5) by e;, we have

(1 + bnb) dr*(X) = 0,

a —

this implies
dr*(X) = 0.

Applying (4.7) in (4.4), we get

(VxS)(Y, W) =0.

Now, taking the covariant derivative of (3.6) and using (4.3) and (4.8), we obtain

(VxP)(Y,Z,UV)=a(VxR)(Y,Z,UV), where a# 0.

This proves the theorem.

(4.5)

(4.8)
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From theorem 4.1, we have the following corollary :

Corollary 4.2 Kdhler-Norden manifolds are quasi-conformally symmetric, Weyl-
conformally symmetric and Bochner symmetric if and only if these are all locally

symmetric.

5. Semi-symmetric Kihler-Norden manifold. Let (M,g) be a Riemannian
manifold and a Riemannian or pseudo-Riemannian manifold is said to be semi-
symmetric [16] if R(X,Y).R = 0, Ricci semi-symmetric [11] if R(X,Y).S = 0, where
R(X,Y) denote the derivation in the tensor algebra at each point of the manifold.
Theorem 5.1 A Kdhler-Norden manifold is pseudo-projectively semi-symmetric if and

only if it is semi-symmetric.

Proof: From equation (3.6) and putting X = Fe;,Y = FY, Z = ¢;, W = W, we obtain

a

n —

Zeiﬁ(Fei,FY)ei =(a—b)QY —br*FY + z (
n

+ b) Y, (5.1)
=1 1

where r* is the #-scalar curvature which is defined by trace of F(@Q. If pseudo-
projectively curvature tensor in Kihler-Norden manifold satisfies R.P = 0 then from
equation (5.1) R.QQ = 0 and hence R.S = 0. Since we know that the Ricci tensors are
defined by S(X,Y) = ¢(QX,Y) and S(FX,Y) = g(QFX,Y) then from equation (3.6)
if R.P =0 and R.S = 0 then we obtain R.R = 0. Conversely if

RR=0=RS=0= RQ=0, (5.2)

then from (5.1), we have R.P = 0. Hence the proof.
From theorem 5.1, we have the following corollary:

Corollary 5.2 Kdhler-Norden manifolds are quasi-conformally semi-symmetric, Weyl-
conformally semi-symmetric and Bochner semi-symmetric if and only if these are all

semai-symmetric.
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MANIFOLDS
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ABSTRACT. The object of the present paper is to study some curvature identi-
ties on hyperKéahler manifold which is locally symmetric. Also, we study con-
formal flatness, Bochner flatness and generalised W-flatness of a hyperKéhler
manifold. Finally, we gave some examples of a hyperKéahler manifold.

1. INTRODUCTION

A hyperKéahler manifold [15] is a Riemannian 4n-manifold with a family of
almost complex structures which act under composition like the multiplication,
pure-imaginary, unit quaternions and which are covariantly constant with respect
to the Levi-Civita connection. If we only requisite that these almost complex
structures exist locally and that the Levi-Civita connection preserves this fam-
ily generally, then we obtain a quaternionic Kahler structure, at least if n > 2.
Thus hyperKéahler manifolds are a special case of quaternionic Kéhler manifolds.
Although, note that quaternionic Kéhler manifold need not be Kahler.

Remember that a Riemannian manifold which has just one such automorphism
is called a Kahler manifold. The name “hyperKahler”, which established with
E. Calabi [8], is a proper description-the metric is Kéhlerian for several com-
plex structures-even though it does recall Grassmann’s “hypercomplex numbers”
rather than Hamilton’s quaternions. There is, however, an essential difference
between Kéahler and hyperKéahler manifolds. A K&hler metric on a given complex
manifold can be modified to another one simply by adding a hermitian form 90 f
for an arbitrary sufficiently small C* function f. Thus the space of Kéahler met-
rics is infinite dimensional. It is also easy to find examples of Kahler manifolds.
Any complex submanifold of C'P, inherits a Kahler metric and so simple writing
down algebraic equations for a projective variety gives a vast number of examples.

By contrast, hyperKahler metrics are much more rigid. On a compact manifold,
if one such metric exists, then up to isometry there is only a finite dimensional
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space of them. Nor is it easy to find examples. Obviously, we will never find
them as quaternionic submanifolds of the quaternionic projective space HP, [(].

The idea of a hyperKahler manifold arose first in 1955 with M.Berger’s clas-
sification of the holonomy groups of Riemannian manifolds. On a hyperKahler
manifold, parallel translation preserves I, J and K (since they are covariant con-
stant) and so the holonomy group is contained in both orthogonal group Oy, and
the group GL(n,H) of quaternionic invertible matrices (i.e., those linear trans-
formations which commute with right multiplication by i, j and k). The maximal
such intersection in SP,, the group of n x n quaternionic unitary matrices. This
group performed in Berger’s list.

The group SP, is also an intersection of Us,, and SP(2n,C), the linear trans-
formations of C?" which preserve a non-degenerate skew form. Thus a hy-
perKéahler manifold is naturally a complex manifold with a holomorphic sym-
plectic form. One can see explicitly by taking the three Kéhler two-forms,
wi(X,Y) = g(IX)Y), wa(X,Y) = g(JX,Y), ws(X,Y) = g(KX,Y) for X, Y
€ TM, defined for the complex structures I,.J and K. As to complex structures
I, J and K, the complex form w,= wy + ‘w3 is non-degenerate and covariant
constant, hence it is closed and holomorphic.

Now, also we define the generalised Wj-curvature tensor (4n > 8) as follows:

WX, Y)Z = aB(X. V)2 + (b4 1O ) X 2)QY - 9V, 200X, (1)
where a,b,c¢ # 0. In particular, if a = 1,b = 0,c¢ = 1; then it reduces to Ws-
curvature tensor. Again if b = 0, we call the W tensor as quasi-W; tensor and
is denoted by W5. So a manifold is generalised Wy-flat if g(Wa(X,Y)Z, W) = 0.

The interest in some curvature identities on hyperKéhler manifold is motivated
by our study [13] and [15] of hyperKé&hler manifold and hypercomplex structures
in 4n-dimensional Riemannian manifolds, which is locally symmetric, conformally
flat, Bochner flat and generalised Ws-flat.

2. PRELIMINARIES

Let (M, g) be a Riemmanian manifold with I, J; K compatible almost complex
structures parallel for the Levi-Civita connection and with IJ = K = —JI.
Consequently, (a) I,J, K are Integrable, (b) w; = g(I.,.) etc. are symplectic
forms. Let H = R* with basis {1,1,7,k}, * = —1 = j? = k?, quaternion division
algebra. In H", Iq = —qi holds, with standard inner product. We also know
SP, = SU, = {ai + bj + ck : a> + b* + ¢* = 1} acts on the right. SP, = {A €
M, (H) | A4 = 1,,} is centraliser in SOy, of SP;.

A hyperKahler manifold is a Rieminnian 4n-manifold with holonomy in SP,.

Now, we have the following propositions:
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Proposition 2.1. [11] A hyperKdahler manifold M is a complex manifold with
a holomorphic symplectic form. Conversely , any compact Kdhler manifold [10]
with a holomorphic symplectic form is hyperKdhler.

Proposition 2.2. [14] A hyperKdhler manifold is a C*° Riemannian manifold
together with three covariantly constant orthogonal endomorphisms I,J and K

of the tangent bundle which satisfy the quaternionic relations I? = J? = K? =
IJK = —1.

Note that, I,J and K give each tangent space the structure of a quater-
nionic vector space, so the dimension of a hyperKéahler manifold is divisible by
4. Since I,J and K are covariantly constant, a parallel transport commutes
with the quaternionic multiplication and so the holonomy group is contained in
O4, N GL,(H) = SP,, the group of quaternionic unitary n x n matrices. In par-
ticular, since SP,, C SU,, every hyperKéhler manifold is Calabi-Yau [9]. Assume
that M is an almost hypercomplex manifold. Define the Nijenhuis tensor N of
I,J and K by

Ni(X,Y) =[IX,IY] - I[IX,Y] - I|X,IY] — [X,Y],
Ny(X,Y)=[JX,JY] = JJX,Y] = J[X,JY] - [X,Y], and
Nk(X,Y)=[KX,KY] - K[KX,Y] - K[X,KY] — [X,Y],

for all vector fields X,Y. M is said to be hypercomplex if Ny = Ny = N = 0.
Suppose that g is a pseudo Riemannian metric on M satisfying the condition

g(IX,Y) + g(X, 1Y) =0,
g(JX,Y) +g(X,JY) =0,
g(KX,Y)+g(X,KY) =0, (2.1)

for X,Y € x(M). Define the 2-forms I(X,Y) = ¢(X, 1Y), J(X,Y) = g(X, JY),
K(X,Y)=g(X,KY)forall X,Y € y(M). M is said to be hyperKihler manifold
if it is a hypercomplex and the respective 2-forms are closed and VI = VJ =
VK =0, where V is the Levi-Civita connection on M are equivalent.

3. MAIN RESULTS OF SOME CURVATURE IDENTITIES ON HYPERKAHLER
MANIFOLDS

We are investigated some properties of curvature tensors and Ricci tensors of
hyperKahler manifold. Let M be a hyperKahler manifold and R denotes the
curvature tensor of M.
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Theorem 3.1. The curvature tensor R satisfies
()R(X,Y)IZ =IR(X,Y)Z,
()R(IX,1Y)Z = R(X,Y)Z,
(ii)RIX,Y)Z + R(X,1Y)Z =0,
(iv)R(IX,1Y,1Z,IW) = R(X,Y, Z,W),
(WR(IX,Y,I1Z,W) = R(X,IY, Z,IW),
(vi)R(X,Y,1Z,JW) = —R(IX,IY, Z, 1JW),
(vit)RUIX, 1Y, JZ,JW) = R(X,Y,1JZ,1JW),

where R(X,Y, Z,W) = g(R(X,Y)Z,W).

Proof. (i) Since [ is parallel, i.e., (VxI)(Y) =0, we get

VxI(Y)=1(VxY).

Now,

R(X,Y)I(Z) = VxVyI(Z)—-VyVxI(Z) =V ixyI(Z)
= VxI(VyZ2)=VyI(VxZ) = I(Vixyyz)
= I(VxVyZ2) - I(VyVxZ) - I(VixyZ)
= I(R(X,Y)Z).

(i7) Since g(R(X,Y)V,U) = g(R(U,V)Y, X), we have
g(RUIX,IY)V,U) = g¢(R(U,V)IV,IX)
= GU(R)U, V)Y, IX)
—g(R(U V)Y, (X)), [since g(IX,Y) = —g(X, IV)]
= g(R(U, V)Y, X), [since I? = J* = K* = —1
and IJ = —-K = JI|
= g(R(X,Y)V,U).
Hence, R(IX,IV)V = R(X,Y)V.

(73) Putting X = I.X in (i7) we obtain ().

(iv) Now,
g(RUIX,IV)IZ,IW) = —g(I(R)IX,IY)IZ,W),
[since g(IX,Y) = —g(X,1Y)]
= —g(RUIX,IY)Z,W)
= g(R(X,Y)Z, W),
[using g(R(IX, IY)V,U) = g(R(X,Y)V,U)]
Therefore, R(IX,1Y,1Z,IW) = R(X,Y,Z,W).
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(v) Setting Y = IY, W = IW in (iv) we get (v).

(vi) Putting X = IX, Y = 1Y, W = KW, where IJ = K = —JI in equa-
tion (iv) then we obtain

R(X,Y,12,JW) = —R(IX, 1Y, Z,1JW).

(vii) Again putting Z = KZ, W = KW, where I.J = K = —JI in equation (iv)
then we have R(IX,1Y,JZ, JW) = R(X,Y,[JZ IJW). O
Remark 3.2. Accordingly, Theorem 3.1 holds for operators J, K. Since I? = J? =

K? = —1and IJ = —K = JI, so the above curvature identities also hold for the
operators I.J and JI.

Let S be the Ricci tensor of M, i.e.,

4n
S(Y,Z) = trace{X — R(X,Y,2)} = €&R(e;,Y, Z,¢;),

i=1
where {ej, e, ..., e,} is an orthonormal basis for M and ¢; = g(e;, e;) = 1.
Theorem 3.3. The Ricci tensor of a hyperKahler manifold satisfies

()S(IX,IY) = S(X,Y),
(i)S(IX,Y) + S(X, 1Y) = 0.

Proof.

S(IX, 1Y) = trace{Z — R(Z,1X)IY}

trace{1Z — R(1Z,IX)IY}

trace{1Z — R(Z,X)IY'}, [by (ii) of Theorem 3.1]
= trace{lZ — IR(Z,X)Y}, [sincel R = RI|

trace{Z — R(Z, X)Y'}

= S(X,Y),

which proves (7).

Now setting X = IY in (i) we obtain (7). O

Remark 3.4. In parallel, Theorem 3.3 holds for the operators J, K. Since I? =
J?=K?=—1and IJ = —K = JI, so the above Ricci tensor of a hyperKihler

manifold also satisfy for the operators /.J and J1I.

Theorem 3.5. For a hyperKahler manifold of dimension 4n the following relation
4an ~

holds, i.e., Y €;R(e;, I(e;), X, 1(Y)) = 0.

=1
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Proof. We have

S(XY) = Y eg(Rle, X)Y.e)
= —ZEiQ(R(I(ei)»I(X))Yaei)

= = ag(R(e;, Y)I(X),I(e;))

= 2_ag(RUI(X), e)Y, I(e:)) + Z eig(R(Y, I[(X))es, [(e:),
) ) lusing Bianchi's identities]
= - Z eig(R(ei, [(X))Y, I(e:)) — Z eig(R(I(X), Y )es, I(e:))
= Z eig(I(R)(ei, [(X))Y, e:) + Z eig(I(R)(I(X),Y)ei, e:)
= Z eig(R(ei, [(X))I(Y), ;) + Z eig(R(I(X),Y)I(ei), e:)
= SUX.IY) = 3 cg(RY. IO (e) )
— S(X,Y)+ ieiﬁ(ei, I(e;), X, 1(Y)).

i=1

4n —
So this implies, > €;R(e;, I(e;), X, I(Y)) = 0. O

=1

Remark 3.6. Comparably, Theorem 3.5 holds for the operators J, K. Since I? =
J?=K?=—1and IJ = —K = JI, so the above global form of curvature tensors
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of a hyperKahler manifold also satisfy for the operators I.J and JI, i.e.

4n —
(Z) 2 QR(@Z‘, J(@i), X, J(Y)) =0.
i=1
4n -
(13) Y € R(e;, 1 J(e;), X, IJ(Y)) = 0.
i=1
4n ~
(1ii) > €;R(e;, JI(e;), X, JI(Y)) = 0.
i=1
3.1. Conformal flatness of hyperKahler manifold. Since any pseudo-Riemannian
as well as Riemannian manifold of dimension 3 is conformally flat, we are focused
in dimension 4n > 4. Utilizing the identities from the previous section, we prove

the following theorem.

Theorem 3.7. Let M be a conformally flat hyperKahler manifold. Then

(i) M 1is locally flat if dim M > 4 |

(ii) M s locally symmetric and its scalar curvature vanishes identically if dim
M =4.

Proof. By the vanishing of conformal curvature tensor, we have

R(X,Y,Z,W) =

271—2[_9()(7 Z)S(Y’W) —g(Y, W)S(X’ Z) +g(X7 W)S(Y’ Z)

+9(Y,2)S(X,W)] -

(QTL — 1;(271 _ 2) [g(Xv Z)g(}/, W)

_g(Xv W)Q(Y? Z)]? (31)

r being the scalar curvature of M. From the above equation with the help of
Theorem 3.3 and Theorem 3.1, we get

in
~ 2 r
R(ei, I(e;), Z, I(W)) = — Z W) — ZW).
> e 1060 2,10)) = = =580 W) = Gyl 0)
Then using the result of Theorem 3.5, we obtain
r
A =——qg(Z . 2
S(ZW) =~ 0(Z.W) (32)

Now setting Z = W = ¢;,1 < ¢ < n and summing over i then from Equation
an

(3.2), we have (4n — 1)r = 0, where r = > €;5(e;, ¢;). Then this implies r = 0,
i=1

when 4n > 4. Now putting the value of r = 0 in the Equation (3.2), we get

S =0.

So from Equation (3.1) it follows that the manifold is locally flat. Now, also if
4n = 4 then r = 0, then its scalar curvature vanishes identically. Next we proof
the manifold is locally symmetric. Now we assume that conformally flatness
implies,

(VxS)(Y, 2) = (Vy5)(X, Z) = é[(Xr)g(K Z) = (YV)g(X, Z)]. (3-3)
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Putting » = 0 in the Equation (3.3), we obtain

(VxS)(Y,Z) = (VyS)(X, Z). (3.4)
On the other hand, from Theorem 3.3 it follows that
(VxS)(Y, 1(2)) + (VxS)(Z,1(Y)) = 0. (3.5)

Using the equality and the Equation (3.4), we get
(VxS)(Y,I(Z2)) + (VyS)(Z,1(X)) = 0. (3.6)

Applying the result of the Theorem 3.3 on the above equation, we obtain V.S = 0.
Now from the Equation (3.1) and V.S = 0, implies that VR = 0, i.e., the manifold
is locally symmetric. O

From Theorem 3.7, we have the following Corollary:

Corollary 3.8. A conformally flat hyperKéahler manifold of dimension 4n is an
Einstein manifold.

3.2. Bochner flatness and generalised W;-flatness of hyperKahler man-
ifold. The notion of Bochner curvature tensor [2] is defined by:

B(X,Y)Z =R(X,Y)Z — 2n+4[g(Y, 20X —g(X,2)QY + S(Y, Z2)X

~S(X, 2)Y + g(IY, 2)QIX — g(IX, 2)QIY + S(IY, Z)IX
CS(IX, 2)IY — 25(1X,Y)IZ — 29(IX,Y)QIZ]

r
e+ 9
—gIX, 2)IY —2¢(IX,Y)IZ], (3.7)

[9(Y, 2)X — g(X, 2)Y + g(IY, Z)IX

where @ is the Ricci operator, defined by ¢(QX,Y) = S(X,Y) and n is the

dimension of the manifold. Moreover a manifold is Bochner flat if B(X,Y, Z,U) =
9(B(X.Y)Z,U) = 0.

Theorem 3.9. A Bochner flat hyperKdhler manifold is an Einstein manifold.

Proof. Taking inner product in the Equation (3.7) by W, we get

g(B(X,Y)Z,W)=R(X,)Y,Z, W) — o +4[g(Y, 2)S(X, W) —g(X,2)S(Y, W)

+S(Y, 2)g(X, W) — S(X, Z2)g(Y, W) + g(FY, Z)S(IX, W)
— g(IX, 2)S(IY,W) + SIY, Z)g(IX,W) — S(IX, Z)g(IY, W)
—25(IX,Y)g(IZ,W) = 29(IX,Y)S(1Z,W)]

(Y, 2)g(X, W) — g(X, Z)g(Y, W)

T e+ a
v g(IY, 2)g(IX, W) — g(IX, Z)g(IY, W) — 2¢(IX,Y)g(1Z, W)].
(3.8)
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Now as the manifold is Bochner flat then the above equation reduces to

R(X,Y,Z, W)

o 4[9<Y, Z)S(X, W) —g(X,Z)S(Y,W)+ S(Y, Z)g(X, W)

— S(X, 2)g(Y,W) + g(IY, Z)S(IX,W) — g(IX, Z)S(IY, W)
+ S(IY, 2)g(IX, W) — S(IX, Z)g(IY, W) — 2S(I1X,Y)

912, W) = 291X, V)SUZ W) = gm0, 2)
9(X, W) = g(X, Z)g(Y, W) + g(IY, 2)g(IX, W) = g(I X, 2)
g(IY, W) = 29(IX,Y)g(IZ, W)]. (3.9)

Setting X =e€;,Y = Ie;, Z = Z and W = IW in the above equation and taking
summation over ¢, 1 < ¢ < n and also using the result of the Theorem 3.5, we
obtain

S(Z,W) = —

Z,W). 3.10

(2. W) (3.10)

Hence the proof. O
From Theorem 3.9 we have the following Corollary:

Corollary 3.10. A Bochner flat hyperKahler manifold is locally flat.

Proof. Taking Z = W = e; in the above equation and summing over i, 1 <¢ < n
we obtain

r =0, provided 3n + 6 # 0. (3.11)

Then the Equation (3.10) becomes
S(Z,W) = 0. (3.12)
So the manifold is locally flat. OJ

Theorem 3.11. A generalised Ws-flat hyperKahler manifold is Ricci flat, pro-
vided a # (b—|— < )

An—T7

Proof. Taking inner product in the Equation (1.1) by W, we get
c
dn — 7
— (v, 2)S(X, W) (3.13)

oW (X, Y)Z,W) =aR(X,Y, Z,W) + (b+ ) [9(X, Z)S(Y, W)

Now as the manifold is W,-flat then the above equation reduces to

aR(X,Y,Z,W)+ <b + ) [9(X, Z)S(Y,W)—g(Y, Z)S(X,W)] = 0. (3.14)

c
dn — 7
Putting X = e;,Y = Ie;, W = IW in the above equation and summing over i,
1 <17 < 4n and operating the result of the Theorem 3.3 we have

(b + 4nc_ 7) S(Z,W) = 0. (3.15)

Then we have S(Z, W) = 0, for any Z, W € x(M), being the Lie algebra of vector
fields on M. This completes the proof. O
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From Theorem 3.11 we have the following Corollary:

Corollary 3.12. A quasi-W; flat hyperKéahler manifold is Ricci flat, provided
c# 0.

The following examples are given in the paper [14]

Example 3.13. A trivial example is H”. However, in contrast to the Kéhler case,
HP, is not hyperKahler and neither do its generic quaternionic submanifolds.

Example 3.14. In the particular case n = 1, then SP; = SU, in SOy, so a 4-
dimensional Riemannian manifold is hyperKahler exactly when it is Kahler and
Ricci flat. Specifically, this shows that any compact complex surface M of Kahler
type with vanishing first Chern class is either a torus or simply connected and
admits a unique complex-symplectic structure, i.e., is a so-called "K3-surface”.

Example 3.15. A class of non-compact hyperKéhler manifolds of real dimension
4 can be obtained by resolving the singularity of C?/T" for ' C SU, a finite
subgroup.

Example 3.16. Many examples of non-compact hyperKahler manifolds arise
as moduli spaces of solutions to gauge-theoretic equations. The hyperKahler
structure is obtained by a hyperKéhler reduction from H".

These results can be verified in these examples.
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REFERENCES

1. Arthur L. Basse, Finstein Manifolds, Springer. Berlin. Classics in Mathematics. ISBN 978-
3-540-74120-6, (2007)[1987], 399-412.

2. G. Calvaruso, Nulity index of Bochner-Kdhler manifolds , Note di Mathematica. 29 (2009),
115-122.

3. B. B. Chaturvedi and P. Pandey, Study of special type of a weakly symmetric Kalher man-
ifold, Diff. Geom. Dyn. Syst. 17 (2015), 32-37.

4. A. Gray , Curvature identities for hermitian and almost hermitian manifolds, Tohoku.
Math. Journ. 28 (1976), 601-612.

5. A. Gray, Some examples of almost Hermitian manifolds, lllinois J . Math. 10 (1966), 353-
366.

6. A. Gray, A note on manifolds whose holonomy group is a subgroup of SP(n).SP(1), Michigan
Math. J. 16 (1969) 125-128.

7. N. Hitchin and J. Sawon, Curvature and characteristic numbers of hyperkdhler manifolds,
Duke. Math. J. 106(3) (2001), 599-615.

8. N. Hitchin, HyperKdhler manifolds, Seminaire Bourbaki, exp. n°, 748, Asterisque t. 206
(1992), 137-166.

9. N. Hitchin, Generalized Calabi- Yau manifolds, Quaterly Mathematical Journal 54 (2003),
281-308.

10. D. Huybrechts, Compact hyperKdahler manifolds, Basic results Invent. Math. 135(1),
(1999), 63-113.

11. J. Keller, About the Calabi- Yau theorem and its applications, Publi. Mathematical Journal,
(2009) 1-26.



12.

13.

14.
15.

16.

17.

SOME CURVATURE IDENTITIES ON HYPERKAHLER MANIFOLDS 77

Curtis. T.Mcmullen, The moduli space of Riemannian surfaces in Kdhler hyperbolic, Annal
Mathematical Journal, 151 (2000), 327-357.

Z. Olszak, On conformally flat ParaKdhler manifolds, Publ.Math.Balkanica, 5 (1991), 302-
307.

P. Safronov, HyperKahler Manifolds, Talk at 2011 Talbot Workshop.

Andrew F. Swann, HyperKdhler and quaternionic Kdhler geometry , Aarhus University
Mathematische Annalen, 289(1) (1991), 421-450.

Q. Yang, Vanishing theorem on Compact HyperKdhler manifolds, Hindawi Mathematical
Journal, (2014), 1-14.

E.Yanhee, J.Park, K. Sekigawa, A curvature identities on a 6-dimensional Riemannian
Manifolds and its applications, Czechoslovak Mathematical Journal 67 (2017), 253-270.

! DEPARTMENT OF MATHEMATICS, JADAVPUR UNIVERSITY, KOLKATA, INDIA.
Email address: samser.alam@gmail.com

2 DEPARTMENT OF MATHEMATICS, JADAVPUR UNIVERSITY, KOLKATA, INDIA
Email address: bhattachar1968@yahoo.co.in



	Total Papers 85% R.pdf
	1.Paper
	2.Paper
	3.Paper
	4.Paper
	1. Introduction
	2. Preliminaries
	3. Main results of Some Curvature Identities on hyperKähler Manifolds
	3.1. Conformal flatness of hyperKähler manifold
	3.2. Bochner flatness and generalised W2-flatness of hyperKähler manifold

	References





