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Preface

The complementarity problem is identified as a mathematical programming prob-
lem and provides a framework for several optimization problems. Optimization
problems which arise in different branches of science, technology, economics and
applied fields may be identified with finding a best solution of an objective func-
tion defined on a given domain. More specifically, it refers to the minimization
(or maximization) problem of a given objective function subject to a set of con-
straints. Linear programming, an important class of optimization problems which
is used to solve decision problems, became popular during Second World War. In
nonlinear programming at least one of the objective function and the constraints
is nonlinear. Among many facets of research in complementarity theory, the issue
that has received wide attention is the existence of the solutions and development
of efficient algorithms for finding solutions. In complementarity theory many of
the available algorithms are developed based on a pivotal kind of technique that
converges to a solution with a finite number of steps. The role of complemen-
tary slackness principal is an important consideration in complementarity theory.
This principle holds not only for linear programming problems but also for more
general programming problems. The complementary slackness principle for more
general programming problems is based on the Karush-Kuhn-Tucker condition
of optimality. For linear and quadratic programs, the Karush-Kuhn-Tucker opti-
mality conditions finally reduce to the study of linear complementarity problems
(LCP) and this observation was the early motivation for studying the linear
complementarity problem. More specifically, the problem which can be posed
as an LCP includes linear programming, linear fractional programming, convex
quadratic programming and the bimatrix game problem. It is well studied in
the literature on mathematical programming and a number of applications are

reported in operations research, multiple objective programming problem, math-
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ematical economics, geometry and engineering.

The linear complementarity problem (LCP) is the problem of finding a com-
plementary pair of nonnegative vectors in a finite dimensional real vector space
that satisfies the feasibility condition or to show that no such vector exists.

Many of the matrix classes encountered in the context of linear complemen-
tarity problems are commonly found in several applications. Matrix classes char-
acterize properties of the linear complementarity problems and offer certain fea-
tures from the view point of algorithms. Several algorithms have been designed
for the solution of the linear complementarity problem. The algorithm presented
by Lemke and Howson to compute an equilibrium pair of strategies to a bimatrix
game, later extended by Lemke known as Lemke’s algorithm, a pivotal kind of
technique to solve the linear complementarity problem contributed significantly
to the development of the linear complementarity theory. This algorithm does
not solve every instance of the linear complementarity problem and in some in-
stances, the problem may terminate inconclusively without either computing a
solution to it or showing that no solution exists. This observation motivated me
to pursue research in the area of complementarity theory.

Many of the results of linear complementarity problems can be stated in
terms of the value of a matrix game. In this connection Kaplansky’s result on
matrix games is useful for deriving certain results. The principal pivot transform
(PPT) is a fundamental concept for developing many theories and algorithms
in complementarity theory and plays an important role in the study of matrix
classes. Tucker introduced the concept of principal pivot transform and proved
that if the diagonal entries for every principal pivot transform of a matrix are
positive, then the matrix is a P-matrix. The notion of principal pivot transform
is originally motivated by the well-known linear complementarity problem.

The idea of nonlinear complementarity problem (NCP) is based on the con-

cept of linear complementarity problem. The concept of complementarity is
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synonymous with the notion of system equilibrium. A number of applications of
nonlinear complementarity problems are reported in operations research, multi-
ple objective programming problem, mathematical economics and engineering.
A wide class of problems, which arise in complementarity theory, can be studied
based on the nonlinear system of equations using various techniques. Finding a
solution of a system of nonlinear equations has an important role to deal with
problems in various fields such as chemical production processes, engineering de-
sign, economic equilibrium, transportation and applied physics. A number of
methods are proposed to solve systems of equations. In this context Newton
and quasi-Newton methods are well-known iterative methods to solve nonlinear
systems of equations.

The fundamental idea of many iterative methods is to solve a problem by
tracing a continuous path that leads to a solution of the problem. Defining an
appropriate mapping that yields a finite continuation path plays an essential
role in a homotopy continuation method. Homotopy methods are proposed for
constructive proof of the existence of solutions to systems of nonlinear equa-
tions, nonlinear optimization problems, Brouwer fixed point problems, nonlinear
programming, game problem and complementarity problems.

The results included in this dissertation are divided into eight chapters. The
chapterwise summary is given below.

Chapter 1 includes the general introduction about the research work along-
with the required definitions and notations which will be used in the subsequent
chapters. This section also includes a survey of the results in complementarity
theory.

Chapter 2 considers the study of hidden Z-matrix in the context of linear
complementarity problem. It is shown that the linear complementarity problem
with hidden Z-matrix is processable by Lemke’s algorithm as well as criss-cross

method. To prove the results, the concept of principal pivot transform and game



v

theoretic approach are applied. Certain matrix theoretic characterizations of hid-
den Z-matrix are provided to establish P, properties. Mangasarian showed that
a linear complementarity problem with hidden Z-matrix can be solved with the
help of a linear programming problem. We extend the result of Fiedler and Ptdk
that a Z-matrix to be P-matrix is also true for hidden Z-matrix and propose
a new formulation of linear complementarity problem as a linear programming
problem. It is shown that for a non-degenerate feasible basis alongwith some ad-
ditional assumptions, the linear complementarity problem with hidden Z-matrix
has a unique non-degenerate solution.

Chapter 3 contains a study of column competent matrix and its matrix theo-
retic properties. The local w-uniqueness of the solution to the linear complemen-
tarity problem can be identified by the column competent matrices. Some new
results on w-uniqueness as well as locally w-uniqueness properties in connection
with column competent matrices are established. These results are significant in
the context of matrix theory as well as algorithms in operations research. Finally,
a connection between column competent matrices and column adequate matrices
is established with the help of degree theory.

In chapter 4, K-type block matrices are introduced which include two new
classes of block matrices namely block triangular K-matrices and hidden block
triangular K-matrices. It is shown that the block triangular K-matrices sat-
isfy least element property and the solution of linear complementarity problem
with K-type block matrices can be obtained by solving a linear programming
problem. It is also proved that the hidden block triangular K-matrices are (g
and processable by Lemke’s algorithm. The purpose of this article is to study
the properties of K-type block matrices in the context of the solution of linear
complementarity problem.

Chapter 5 deals with solution approach of linear complementarity problem

as an initial value problem. A new function alongwith interior point approach



is proposed to trace a path for finding a solution. We parameterize the path
with respect to arc length and obtain the solution of the proposed function by
solving the initial value problem with predictor-corrector method. It is shown
that the path approaching to the solution is smooth and bounded. To ensure
continuous trajectory we introduce a new scheme of choosing step length with
the help of predictor-corrector method. We show that under some conditions
the solution of the proposed function can provide the solution of linear com-
plementarity problem. We ensure that the solution of linear complementarity
problem with F, matrix or nondegenerate matrix is obtained by the predictor-
corrector method. Several examples are illustrated to show the effectiveness of
the proposed algorithm.

Chapter 6 contains a solution method for finding the solution of two-person
zero-sum discounted stochastic game with additive rewards and additive tran-
sitions (ARAT) structure as an application of LCP. Usually, two-person zero-
sum discounted stochastic ARAT game is solved by pivoting algorithm namely,
Lemke method and Cottole-Dantzig algorithm. Here we take an approach to
solve this problem by an iterative method introducing a new function alongwith
the complementarity condition. It is shown that the algorithm has higher order
of convergence and the trajectory as obtained by the algorithm is bounded.

The results in chapter 7 are concerned with the solution approaches to non-
linear complementarity problem using homotopy approach. A new homotopy
function is developed for finding the solution of nonlinear complementarity prob-
lem through a continuous path ensuring the boundedness property of the trajec-
tory obtained from the homotopy function. It is proved that a path approaching
to solution is smooth and bounded. We establish some conditions under which
the continuation method gives a solution of nonlinear complementarity problem.
Some numerical examples are considered to show the method approaching to the

soution along a smooth and bounded homotopy path.
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Chapter 8 contains a formulation of oligopolistic market equilibrium problem
as an application of NCP. In this study the equivalence between nonlinear com-
plementarity problem and the system of nonlinear equations is established and
a homotopy method with vector parameter is proposed for finding the solution
of oligopoly market equilibrium problem through system of nonlinear equations.
It is shown that the trajectory to obtain the solution of the system of nonlinear
equations with the help of the proposed method with vector parameter is smooth
and bounded under some additional conditions. In this context it is shown that
a newly introduced modified Newton method with higher order convergence can

also be applied to obtain the solution of oligopoly market equilibrium problem.

Numbering

For internal referencing, Section j in Chapter i is denoted by i.j and 7.5.k is
used to refer Item k of Section j in Chapter ¢. For example, the triple 2.3.5 refers
to Item 5 in Section 3 of Chapter 2. All items (e.g., Lemma, Theorem, Example,
Remark etc.) are identified in this fashion. Equation (i.7.k) is used to refer
Equation k in Section j of Chapter i. We use brackets [ ] for a bibliographical

reference.
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The special notations pertaining to a particular chapter are provided in Sec-

tion 2 of each chapter. The most frequently used notations are given below:

Spaces
R’n

R

Ry
RTLXTL

R}

n
Rit

N

Vectors

.CET

QZT

Y

r 2>y

x>y

real n-dimensional space

the real line

the nonnegative orthant of R
the space of n X n real matrices
the nonnegative orthant of R”
positive orthant of R™

the set of natural numbers

the transpose of a vector x
the standard inner product of vectors in R”
xzzyla i:17"'7n

>y, t=1....n

y € R" is unisigned if either y € R} or —y € R}

Sets

the vector of all 1.

element membership

not an element of

set inclusion

proper set inclusion

union, intersection, cartesian product
the empty set

complement of an index set «

cardinality of a finite set «



Matrices
A = aij)
det(A)
A—l
AT

Ao

AO(O(
det(Ana)

viil

a matrix with real entries a;;

the determinant of a square matrix A

the inverse of a matrix A

the transpose of a matrix A

the identity matrix

submatrix formed by the rows and columns of A
whose indices are in « and [, respectively
submatrix formed by the rows of A
whose indices are in «

submatrix formed by the columns of A
whose indices are in «

the principal submatriz of A

the principal minor of A

Miscellaneous Symbols

LCP(g, A)
FEA(q, A)
SOL(q, A)

the LCP with data (¢, A)
the feasible region of LCP(q, A)
the solution set of LCP(q, A)
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Chapter 1

General Introduction And Some

Basic Concepts

1.1 Introduction

The complementarity problem is identified as a mathematical programming prob-
lem and provides a framework for several optimization problems. The role of
complementary slackness principal is an important consideration in complemen-
tarity theory. This principle holds not only for linear programming problems
but also for more general programming problems. The complementary slack-
ness principle for more general programming problems is based on the Karush-
Kuhn-Tucker condition of optimality. For linear and quadratic programs, the
Karush-Kuhn-Tucker optimality conditions finally reduce to the study of linear
complementarity problems (LCP) and this observation was the early motivation
for studying the linear complementarity problem. It is well studied in the litera-
ture on mathematical programming. Many of the matrix classes encountered in
the context of linear complementarity problems are commonly found in several

applications. Matrix classes characterize properties of the linear complementarity
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problems and offer certain features from the view point of algorithms. Several
algorithms have been designed for the solution of the linear complementarity
problem. Some of the available algorithms are developed based on a pivotal kind
of technique that converges to a solution with a finite number of steps.

The idea of nonlinear complementarity problem (NCP) is based on the con-
cept of linear complementarity problem. The concept of complementarity is
synonymous with the notion of system equilibrium. A number of applications of
nonlinear complementarity problems are reported in operations research, multi-
ple objective programming problem, mathematical economics and engineering.
A wide class of problems in complementarity theory can be studied based on
the nonlinear system of equations using various techniques. Finding a solution
of a system of nonlinear equations has an important role to deal with prob-
lems in various fields such as chemical production processes, engineering design,
economic equilibrium, transportation and applied physics. The idea of many
iterative methods is to solve a problem by tracing a continuous path that leads
to a solution of the problem.

The algorithm presented by Lemke and Howson to compute an equilibrium
pair of strategies to a bimatrix game, later extended by Lemke known as Lemke’s
algorithm, a pivotal kind of technique to solve the linear complementarity prob-
lem contributed significantly to the development of the linear complementarity
theory. This algorithm does not solve every instance of the linear complementar-
ity problem and in some instances, the algorithm may terminate inconclusively
without either computing a solution to it or showing that no solution exists.
This observation motivated me to pursue research in the area of complementar-
ity theory. The dissertation highlights a contribution to complementarity theory
in terms of the matrix theoretic properties and the computational aspects. At-
tempts have been taken to establish w-uniqueness as well as least element prop-

erties and show that various matrix classes play a significant roles. A connection
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between two matrix classes considered for the study is being established with the
help of degree theory. It is shown that the linear complementarity problem with
the newly introduced matrix class is processable by Lemke’s algorithm. A new
type of function is considered to find the solution of the nonlinear complemen-
tarity problem through a continuous path ensuring the boundedness property
of the trajectory. As applications, two-person zero-sum discounted stochastic
game with additive rewards and additive transitions (ARAT) structure and the
oligopolistic market equilibrium problem are considered to address their compu-
tational aspects. Some basic concepts, definitions, notations and results which
will be used in the next chapters are discussed in the next sections. The details

of the studies are given in the subsequent chapters.

1.2 Linear Complementarity Problem

The linear complementarity problem is considered as a problem of mathematical
programming to unify several optimization problems. The problem may be stated
as follows:

Given a square matrix A of order n with real entries and an n dimensional vector

¢, find n dimensional vectors w and z satisfying
w— Az = q, w>0,2>0 (1.2.1)

w2z = 0. (1.2.2)

This problem is denoted as LCP(gq, A). The condition is called feasibility
condition and the condition is called complementarity condition. If a pair of
vectors (w, z) satisfies ((1.2.1]), then the problem LCP(q, A) has a feasible solution.

A pair (w, z) of vectors satisfying ([1.2.1]) and ([1.2.2)) is said to be a solution to
the LCP(q, A). For details see [69]. The problem has undergone several name
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changes, from composite problem to complementary pivot problem. Cottle [113]
p. 37] proposed the current name linear complementarity problem.

Given a matrix A € R™*"™ and a vector ¢ € R", the feasible set is defined by
FEA(q,A) = {z € R": 2 > 0,9+ Az > 0} and the solution set of LCP(q, A) is
defined by SOL(q, A) = {2 € FEA(q, A) : 27 (¢ + Az) = 0}.

The role of complementary slackness principal is an important consideration
in optimization theory. The problems which can be posed as an LCP include
linear programming, linear fractional programming, convex quadratic program-
ming and the bimatrix game problem. The problem of computing the value vector
and optimal stationary strategies for structured stochastic games for discounted
and undiscounded zero-sum games and quadratic multi-objective programming
problem are formulated as linear complementary problems. For details see [201],
[192], [198] and [199]. It is stated in the literature on mathematical programming
and a number of applications are available in operations research [24], multiple
objective programming problem [117], mathematical economics [61], geometry

and engineering [25] and [206].

1.2.1 Some Preliminaries in Linear Complementarity

Theory

We introduce required terminologies related to linear complementarity problem
LCP(q, A). The idea of using complementary cones to study LCP was considered
by Samelson et. al. [133]. Later Murty studied LCP through complementary

cones extensively and obtained some remarkable results. For details see [60].

DEFINITION 1.2.1. Given A € R™™ and o C {1,2,--- ,n}, Ca(a) is called a
complementary matriz of A with respect to o where Cy(a) j = —A; if j € a and
Cala)j =1, if j ¢ a. The associated cone Ca(a) is called complementary cone

relative to A with respect to a.. If det(Ca()) # 0, then it is called complementary
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basis.

DEFINITION 1.2.2. The complementary cone with respect to « is said to be non-
degenerate if det(Anq) # 0. Otherwise it is said to be degenerate. A degenerate
pos Cu(a) is said to be strongly degenerate if there exists 0 # x > 0, z € R"
such that Ca(a)x = 0.

DEFINITION 1.2.3. Given A € R™" and o« C {1,2,--- ,n}, the matriz A is said
to be nondegenerate if det(Ann) # 0V o C {1,2,--- ;n}. Any solution (w, z)
of LCP(q, A) is said to be nondegenerate if w + z > 0. Otherwise it is called a
degenerate solution. A vector ¢ € R™ is said to be nondegenerate with respect to

A if every solution of LCP(q, A) is nondegenerate.

Let C(A) be the union of the strongly degenerate complementary cones of A

and let C(A) denote the union of all facets of all the complementary cones of A.

DEFINITION 1.2.4. A set C C R"™ is connected if there do not exist disjoint open
sets U,V C R" such that UNC # 0, VNC #0 and C CUUV. A connected
component of a set S containing a point x is defined as the union of all connected

sets C' such that x € C C S.

Tucker [I0] introduced the concept of principal pivot transforms (PPTs)
which is an important concept in the context of linear complementarity problem.
The principal pivot transform (PPT) of A with respect to a C {1,2,...,n} is
defined as the matrix M given by

Maa Ma&
Mda Mdd

M=

where a@ = {1,2,...,n} \ @, Moo = (Aoea)™, Mos=—(Aaa) 1 Ausy Msa =
A&a(Aaa)_l, M&& — A&@ - Aaa(Aaa>_1Aa&- The PPT Of LCP(q, A) Wlth l“eSpeCt
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to a (obtained by pivoting on A.) is given by LCP(q', M) where ¢, = —Aq.
and ¢ = ga — AsaAnada-

Note that PPT is only defined with respect to those « for which det A, # 0.
When o = (), by convention det A,, = 1 and M = A. For further details, see
[113] and [90] in this connection. A,,.

oo Aa@

Ada A&d
is invertible, then the schur complement of A,, of the matrix A is the matrix

deﬁned by A/Aaa = Aa@ — A&Oc (Aaa ) -1 Aaa .

Let A = , where « C {1,2,...,n}, a={1,2,...,n} \ a. If Ay,

If Ass is invertible, then the schur complement of Azs of the matrix A is the

matrix deﬁned by A/AOQ& = Aaa — Aa&(Aa&)_lA@a.

1.2.2 Matrix Games

The linear complementarity problem and the matrix game have some important
connections. We state the results of two person matrix games in linear comple-
mentarity problem due to von Neumann [66] and Kaplansky [51]. The results
say that 3 2* € R, y* € R" and v € R such that

S rray; <o, Vji=1,2---n,

Y yiag > v, Vi=1,2--- m.

The strategies (z*,y*) are said to be optimal strategies where m and n are pure
strategies for player I and player II respectively and v is said to be minimax value
of the game. The amount a;; may be positive, negative or zero. The probability
vectors z € R™ and y € R" are the mixed strategies for player I and player II
where z; > 0Vi, > 3" & =1and y; >0Vj, >0 y; = 1.

The value of the game v(A) is said to be positive(nonnegative) if there exists
a 0 # x > 0 such that Az > 0 (Ax > 0). Likewise, v(A) is negative(nonpositive)
if there exists a 0 # y > 0 such that y7A < 0 (yTA < 0.) For a payoff matrix
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A e R v(A) is preserved in its PPTs.

1.2.3 Lemke’s Method

To solve (|1.2.1]) and ([1.2.2]) the complementary pivot method as a result of Lemke

[22] which is identified as Lemke’s algorithm, has become faster with an appre-
ciable amount of investigation in the matrix class of what the algorithm is in a

position to process LCP(q, A). If nondegeneracy is considered, the method deter-

mines either a ray termination or a solution to ([1.2.1)) and (1.2.2)). Eaves [I7] has

pointed out some procedures to bypass cycling in the event that the degenerate
almost complementary solutions are developed. For further details on Lemke’s
algorithm see [113].

An algorithm is appropriate for a given problem if the algorithm is able to
work out a solution in case of its existence or confirm the existence of no solution.
Assuming A € L(d) for which d > 0, the processability of Lemke method with
d > 0 for LCP(q, A) with all matrices A € L;(d) was proved by Todd [91].
Moreover Lemke method process LCP(gq, A) when A is row sufficient. For more
details see [115]. Ramamurthy [68] show that Lemke’s algorithm for the linear
complementarity problem can be used to check whether a given Z-matrix is a Py

matrix and it can also be used to analyze the structure of finite Markov chains.

1.3 Some Relevant Definitions and Results

Various matrix classes arise in linear complementarity problem which are found
in many applications. Some of the matrix classes characterize specific properties
of the linear complementarity problem and provide interesting features from the
view point of algorithms. Most of the algorithms depend on matrix classes. Hence

the study of matrix classes is an important issue and form the basis for further
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discussions. In addition, some relevant results in connection with mapping are
included in this section.

Let A be a given n X n real square matrix, not necessarily symmetric.

DEFINITION 1.3.5. A = [a;;] is said to be nonnegative or A > 0 ifa;; >0V i,j €
{1,2,--- ,n}.

DEFINITION 1.3.6. A = [ay;] is said to be positive if a;; >0V i,j € {1,2,--- ,n}.
Let A and B be two matrices with A > B, then A — B > 0.

DEFINITION 1.3.7. A = [a;j] is said to be a Z-matriz if a;; < 0, Vi # j.

The class of Z-matrices has been introduced by Fiedler and Ptak [83].
DEFINITION 1.3.8. A is said to be hidden Z-matrix if there exist Z-matrices X,
Y e R and r,s € R} such that

AX =Y, (1.3.1)

r'X +s7Y > 0. (1.3.2)

A hidden Z-matrix is said to be completely hidden Z-matrix if all its principal
submatrices are hidden Z-matrix. For details on hidden Z-matrix, see [136],

[134], [138].

DEFINITION 1.3.9. A is said to be a positive semidefinite (PSD) if 2T Az >
0V z € R™ and A is positive definite (PD) if 2T Az >0V 0 # z € R™.

A is called PSD(PD) of order k, 0 < k < n, if every principal submatrix of
order k is PSD (PD).

DEFINITION 1.3.10. A is said to be a P (FPy)-matriz if all its principal minors

are positive (nonnegative).
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DEFINITION 1.3.11. A is called a N(Ny)-matriz if all its principal minors are

negative (nonpositive).

An N-matrix is called an N-matrix of the first category if it contains atleast

one positive entry otherwise it is called an N-matrix of the second category.

DEFINITION 1.3.12. A is called copositive (Cy) (strictly copositive (C)) if 2T Az >
0Vz>0((:TA2>0V0+#2>0). Ais said to be copositive-plus (C;) if A € C

and the following implication holds:
[2TA2=0,2>0]= (A+ A"z =0.

We say that A € R™" is copositive-star (C) if A € Cy and the following

implication holds:
[2TA2z=0,A2>0,2>0] = ATz <0.

DEFINITION 1.3.13. A matriz A is called fully copositive (Cg) matriz if every
legitimate PPT of A is Cy.

DEFINITION 1.3.14. A matriz A is called P,-matriz if 3 a constant T > 0 such

that for any x € R™,

(1+7) > w(Ma)i+ Y ai(Mx); >0

1€l (x) el_(x)

where I (z) ={i € N : ;(Mz); >0} and [_(z) ={i € N : z;(Mz); < 0}.

DEFINITION 1.3.15. A is said to be column sufficient if for all z € R" the fol-
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lowing implication holds:

A is said to be row sufficient if AT is column sufficient.
A is sufficient if A and AT are both column sufficient.

For details on sufficient matrices, see [112], [115] and [223].

DEFINITION 1.3.16. A is said to be column competent if z;(Az); = 0, i =

1,2, ,n = Az =0.

A is said to be row competent if AT is column competent.

A is competent if A and AT are both column competent.

DEFINITION 1.3.17. A is said to be column adequate if z(Az); < 0, i =

1,2,---,n = Az=0.

A is said to be row adequate if AT is column adequate.
A is competent if A and AT are both column adequate. For details on competent

and adequate matrices, see [139].

DEFINITION 1.3.18. A € R™*" s called a Q-matriz (or a matriz satisfying Q-
property) if for every ¢ € R", LCP(q, A) has a solution.

We say that A is a Qo-matriz (or a matriz satisfying Qo-property) if
F(q, A) # 0 implies S(q, A) # 0.

A is said to be a completely Q (Qo)-matriz if all its principal submatrices are

Q (Qo)-matrices.

DEFINITION 1.3.19. A € R™" is said to be a semimonotone matrixz ( Ey-matriz)

if for every 0 #£ 2 >0, z € R", 3 an i such that z; > 0 and (Az); > 0.

DEFINITION 1.3.20. A € R™ ™ is said to be a strictly semimonotone matriz (E-

matriz) if for every 0 # z > 0, z € R, 3 an i such that z; > 0 and (Az); > 0.
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DEFINITION 1.3.21. A matriz A is called fully semimonotone (E{) matriz if

every legitimate PPT of A is Ey.

DEFINITION 1.3.22. A is said to be an R-matriz (introduced by Karamardian)

if for all't > 0, LCP(te, A) has only the trivial solution.

DEFINITION 1.3.23. A is said to be an Ry-matriz if LCP(0, A) has only the trivial

solution.

DEFINITION 1.3.24. A matriz A € R™" is said to be an Lo-matriz if for every
0#2>0, 2 € R such that Az > 0, 27 Az = 0, 3 two diagonal matrices
Dy >0 and Dy > 0 such that Dyz # 0 and (D1 A+ AT Dy)z = 0.

A € R™™ s said to be an L-matriz if A € EyN Lo.

DEFINITION 1.3.25. A real square matrix A € E(d), d € R" if (y,x), x # 0 is
a solution for given LCP(d, A) indicates that 3 nonzero z > 0, w = —ATz >0,

z<z, w<ly.

DEFINITION 1.3.26. A square matrix A with real entries belongs to E*(d) for

d € R" if (y,x) is a solution of the given LCP(d, A) = y = d, z = 0.

According to [17] E(d) = E*(d) for each d > 0 or d < 0, F(0) = Ly and
L(d) = E(d) N E(0). Hence, for d > 0, A € E(d) if LCP(d, A) has only zero
solution y = d, = = 0. Todd [91] identifies a wider F;(d) and L,(d) enlarging
E(d) and L(d) of Garcia [131] as follows:

Suppose (y, x) solves LCP(d, A) at least one d € R™ where A € R"*".

(a) For each [ identified as {j |z; >0} C 5 C {j|y; = 0}, determinant of

principal submatrix of A considering [ has positive value.
(b) For nonzero z > 0 with w = —ATz>0and 2 <z, w <y.

Todd identifies £;(d) = {A| Condition (a) or (b) holds} and Li(d) = Ei(d) N
FE1(0). Note that L(d) C Qo [I31] and L (d) C Qo [91] if d > 0.
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DEFINITION 1.3.27. Let S C R™. If for any two vectors x,y € S, their meet,
which is defined by the vector z = min(x,y), also belongs to S, then S is called a

meet semi-sublattice,

THEOREM 1.3.1. [I13] Let A € R™™ be a Z-matriz and ¢ € R"™ be an arbitrary
vector. Then the feasible region of LCP(q, A), which is denoted by FEA(q, A) is

a meet semi-sublattice.

DEFINITION 1.3.28. Let S C R™. If there exists a vector u € R™ such that
x>uVx €S, then S is called bounded below. If such a vector u belongs to S,

then u s called a least element of the set .S.
Note that, if there exists a least element of a set, it must be unique.

THEOREM 1.3.2. [T13] Let S be a nonempty meet semi sub-lattice, which is closed

and bounded below. Then S has a least element.

THEOREM 1.3.3. [113] Let A € R™™ be a Z-matriz and g € R™ be an arbitrary
vector. If LCP(q, A) is feasible, then FEA(q, A) contains a least element u, which
solves LCP(q, A).

THEOREM 1.3.4. [113] A € R™™ is a Z-matriz if and only if for all vectors
q € pos(I,—A), the feasible region of LCP(q, A) contains a least element, which
15 the solution of LCP.

LEMMA 1.3.1. [13]] If z solves the linear program

min plx
subject to Ax +q >0, x >0,

for an easily determined p € R"

and if a corresponding optimal dual variable y satisfies (I — AT)y +p > 0,
where I s the identity matriz, then z solves the linear complementarity prob-

lem LCP(q, A).
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THEOREM 1.3.5. [135] Consider the linear complementarity problem LCP(q, A),
where A is a Z-matriz. If FEA(q, A) # 0, the least element solution u can be

computed by the following linear program.

min p’z
subject to Ax +q >0, x >0,

where p > 0.

COROLLARY 1.3.1. Consider the linear complementarity problem LCP(q,A),
where A is a Z-matriz. If FEA(q, A) # 0, then LCP(q, A) has a solution which

can be obtained by solving the linear program

min e’z

subject to Ax +q >0, x >0,

where e is the vector of all 1’s.

THEOREM 1.3.6. [135] Consider the linear complementarity problem LCP(q, A),
where A is a hidden Z-matriz with X, Y € R™" and r,s € R such that
AX =Y, rTX +s'Y > 0. If FEA(q,A) # 0, then the solution of linear

complementarity problem can be computed by the following linear program.

min p’z
subject to Ax +q >0, x >0,

where p =1 + Al's.

DEFINITION 1.3.29. The function sgn : R — R s defined by

1 ifx>0
sgn(z) =
-1 ifx<0

LEMMA 1.3.2. (Generalizations of Sard’s Theorem[49]) Let U C R™ be an open
set and f : R™ — RP be smooth. We say y € RP is a reqular value for f if



General Introduction and Some Basic Concepts 14

Range Df(z) = R? Vo € f~1(y), where Df(x) denotes the n X p matriz of partial
derivatives of f(x).

LEMMA 1.3.3. (Parameterized Sard Theorem [39]) Let V C R", U C R™ be open
sets, and let ¢ : V x U — R* be a C* mapping, where a > maz{0,m — k}. If
0 € R¥ is a reqular value of ¢, then for almost all a € V,0 is a reqular value of
¢a = 9(a,.).

LEMMA 1.3.4. (The inverse image theorem [39]) Let ¢ : U C R®™ — RP be
C® mapping, where o > maz{0,n — p}. Then ¢~1(0) consists of some (n — p)
dimensional C'* manifolds.

LEMMA 1.3.5. (Classification theorem of one-dimensional smooth manifold [{0)])
One-dimensional smooth manifold is diffeomorphic to a unit circle or a unit

interval.

1.4 Nonlinear Complementarity Problem

The nonlinear complementarity problems is well studied in the literature on
operations research [I13], multiple objective programming problem [140], control

theory, mathematical economics and engineering.

fi
. : 2
Consider a function f : R” — R" | and a vector z € R" such that f =
21
<2 . .
and z = | - The complementarity problem is to find a vector z € R" such
Zn

that
ZLf(2)=0, f(z)>0, z>0. (1.4.1)
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When the function f is a nonlinear function, then it is called nonlinear comple-
mentarity problem. For details see [144].

In the literature, various techniques are developed to solve nonlinear comple-
mentarity problems. Several approaches such as fixed point, homotopy, projec-
tion and Newton method have appeared. For an extensive survey of the non-
linear complementarity problem see [67] and [70]. Josephy [71] presented a gen-
eralized Newton method for solving nonlinear complementarity problem. The
Josephy—Newton method was shown to be convergent locally as well as quadrat-
ically. The basic idea is to linearize the nonlinear function f(x) around the
current iteration z* and generate the next iteration 2**! by solving the following

problem:

f(@®) + Vf(@@¥) (@ —2%) >0, x>0,
[f(2%) + V f(aF)(x — 2%)] T2k = 0.

However, this method does not converge globally. Therefore, the design of effi-
cient global methods for solving the nonlinear complementarity problem becomes
a challenging endeavor. Based on the above motivation, Pang [141] reformulated
the nonlinear complementarity problem as a system of nonsmooth equations.
They extend the classical Newton method for solving smooth equations generat-
ing from nonsmooth function. Harker and Xiao [72] also converted the nonlinear
complementarity problem into a system of nonsmooth equations in a different
way. They formulated the nonlinear complementarity problem as a system of B-
differentiable equations through the use of the Minty-map. Pang and Gabriel
[143] further combined the nonsmooth equations reformulation with sequen-
tial quadratic programming which is based on nonsmooth equations/successive
quadratic programming (NE/SQP) based method. They established that the
NE/SQP method converges both globally and locally under certain conditions.

Mangasarian [I86] reformulated the nonlinear complementarity problem as a sys-
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tem of smooth equations. Chen and Mangasarian [99] proposed smoothing meth-
ods where a class of smooth functions approximate certain nonsmooth functions
arising in the reformulations of the nonlinear complementarity problem. The
further study of those methods has been done by Chen and Harker [I60]. An-
other approach is to reformulate the nonlinear complementarity problem as a
smooth unconstrained minimization problem. Mangasarian and Solodov [152]
introduced a smooth function in such a way that any global minimizer of the un-
constrained minimization problem is a solution of the nonlinear complementarity
problem. Yamashita and Fukushima [I53] prove that any stationary point of the
unconstrained minimization problem proposed by Mangasarian and Solodov is
a solution of the nonlinear complementarity problem if the associated function
f is continuously differentiable and strongly monotone in R™. This shows that
any method for solving unconstrained minimization problem is applicable for the
nonlinear complementarity problem as a special case. Kanzow [I59] gave some
approaches to characterize the nonlinear complementarity problem as uncon-
strained minimization problems. Reformulating the nonlinear complementarity
problem as a smooth constrained minimization problem due to Fukushima’s [168]
and Auchmuty [I69] is considered to be another direction. For further details
of nonsmooth constrained minimization reformulations of the nonlinear comple-
mentarity problem, see [167]. Jiang and Qi [147] proposed a new nonsmooth
equations-based method for the nonlinear complementarity problem. This work
is more related to nonsmooth equations and smooth unconstrained minimiza-
tion based methods. They transformed the nonlinear complementarity problem
into a system of nonsmooth equations by employing a function introduced by
Fischer [I73]. Fischer [I73] introduced the function ¢ : R? — R such that
¢(a,b) = va%+ b2 —a — b to reformulate the Karush-Kuhn-Tucker (KKT) opti-
mality conditions of nonlinear programming problems as systems of nonsmooth

equations. Kanzow [159], [164] used this same function to reformulate nonlinear
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complementarity problems as smooth nonlinear programs or systems of smooth
equations. In this connection Kostreva [204], [I56] proposed a block-pivoting al-
gorithm to exchange the basic and nonbasic variables. This algorithm extended
Murty’s scheme [155] known as Bard-type scheme for nonlinear complementarity
problem. This method solves a system of nonlinear equations at each iteration.
Kostreva established some convergence results for the case in which the nonlinear
function f is a nondegenerate P-function. Kojima, Mizuno, Nome and Yoshise
[187], [185], [80], [86] have developed interior-point algorithms for solving mono-
tone linear and nonlinear complementarity problems. For the nonlinear case, the
convergence theory exists for uniform P-functions, but only limited convergence
results exist when the nonlinear function f is monotone.

Mangasarian[I86] showed the equivalence of the nonlinear complementarity
problem to a system of nonlinear equations. A number of methods are proposed
to solve systems of equations. Newton and quasi-Newton methods are well-
known iterative methods to solve nonlinear systems of equations. In recent years,
researchers are interested to solve system of nonlinear equations both analytically
and numerically. Several iterative methods have been developed using different
techniques such as Taylor’s series expansion, quadrature formulas, interpolation,
decomposition and its various modification. For details, see [I71], [I72], [174],

[157], [158], [177] and [178).



Chapter 2

Matrix Theoretic Properties And
Solution Aspects Of Linear
Complementarity Problem With
Hidden 7Z- Matrix

2.1 Introduction

A generalization of Z-matrix was addressed by Mangasarian [I135] to study the
linear complementarity problems solvable as linear program. Pang [65] proposed
this class as hidden Z-matrix. Though the class of hidden Z-matrix generalizes
the class of Z-matrix, the completeness property of the class of Z-matrix is not
carried over to the class of hidden Z matrix. That is for a hidden Z-matrix A, it
is not guranteed that all proper principal submatrices of A are hidden Z. If all

the principal submatrices of A are hidden Z then A is called completely hidden

*A part of this work has been published in the journal Linear and Multilinear Algebra
[123].
tAnother part of this work has been published in the journal Opsearch [124].
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Z-matrix. Chu [I3§] studied the generalization of the class of hidden Z N P
matrix. Neogy [134] proved that hidden Z-matrix is a Qp-matrix. They showed
that the LCP(q, A) with hidden Z-matrix A is processable by Lemke’s method.
The linear complementarity problem alongwith a hidden Z-matrix received wide
attention in the literature. The class of hidden Z-matrix is important in the
context of mathematical programming and game theory.

The purpose of this chapter is to study some properties of hidden Z-matrix.
Fiedler and Ptak [83] studied Z-matrix in the context of linear complementar-
ity problem. They showed that existence of a strictly positive vector x for a
Z-matrix A such that Ax > 0 allows A to be Py-matrix. In this chapter we
extend this result in terms of hidden Z-matrix. The chapter is organized as fol-
lows. Section 2.2 presents some basic notations, required definitions and some
relevant results used in this chapter. In section 2.3 main results are proved. We
show a hidden Z-matrix under some additional conditions to be a F, matrix.
We settle a result related to singular hidden Z-matrix. We illustrate our result
by giving a suitable example of singular hidden Z-matrix. We show that linear
complementarity problem with hidden Z-matrix has unique nondegenerate so-
lution under some assumptions. Finally we show that a linear complementarity
problem with hidden Z-matrix can be solved using linear programming problem.
In this chapter we propose an interior point based iterative algorithm to solve
LCP(q, A). We show that the proposed algorithm converges to a solution under

certain feasibility conditions.

2.2 Preliminaries

DEFINITION 2.2.1. [T75] A matriz A € R™" is said to be almost P (Py)-matriz if
all its principal minors upto order (n—1) are positive (nonnegative) and det(A) <

0.
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DEFINITION 2.2.2. [T153] A matriz A € R™" is said to be S-matriz if there exists
a vector z > 0 such that Az > 0 and S-matriz if all its principal submatrices are

S-matriz.

DEFINITION 2.2.3. [T153] A matriz A € R™" is said to be K (Ky)-matriz if it is

a Z-matriz as well as P (Py)-matriz.

DEFINITION 2.2.4. [T7] A matrix A € R™" is said to be type D if there exist

some real numbers {a;}_, with oy, > ap—qg > -+ > aq, such that

a; if i <
aij =
a; if i > j.
Now we give some theorems which will be required for discussion in the next
section.

THEOREM 2.2.1. [113] Every Z-matriz is a hidden Z-matriz.

THEOREM 2.2.2. [1153] Let A € R™" be a K-matriz. Then the schur complement

AJAua is a K-matriz, where o C {12,---n}.
THEOREM 2.2.3. [113] Let A be a Z matriz and A3} > 0. Then A/A.. € Z.
THEOREM 2.2.4. [1] Let A be a K-matriz. Then A~ > 0.

THEOREM 2.2.5. [T15] Let A € R™™ be a hidden Z-matriz. Then for any two
Z-matrices X andY satisfying AX =Y andr" X +sTY > 0 for somer,s € R?,
the followings hold.

(i) X is nonsingular and

(ii) there exists an index set o C {1,2,---,n} such that the matriz
onoz Xoai
Yao Vs

1s a K-matrix.
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THEOREM 2.2.6. [136] Let A € R™" be a hidden Z-matriz. Then A is a P-

matriz if and only if A is an S-matriz.

THEOREM 2.2.7. [83] Let A be a Z-matriz. If v(A) is strictly greater than zero

then A is a P-matriz.

THEOREM 2.2.8. [83] Let A be a Z-matriz. If there exists a vector x strictly

greater than zero such that Ax > 0, then A is a Py-matriz.
THEOREM 2.2.9. [113] The classes E and S are identical i.e. E = S.
THEOREM 2.2.10. [13]] PPT of hidden Z-matriz is hidden Z.
THEOREM 2.2.11. [13]] Let A € hidden Z. Then A € Qo.

THEOREM 2.2.12. [115] The classes Qo and Q) are related through the following

equation.

Q=QNS.

2.3 Main Results On Hidden Z-Matrix

We first show that hidden Z-matrices are invariant under principal rearrange-

ment.

THEOREM 2.3.1. Suppose A € R™ " is a hidden Z-matriz. Then PAPT is a

hidden Z-matrix for any permutation matrix P.

Proof. Let A be a hidden Z-matrix. Then by the definition of hidden Z-matrix
there exist two Z-matrices X, Y and two nonnegative vectors r, s such that AX =
Y and v X +s7Y > 0. Now for any permutation matrix P, P"'PAPT(PT)"'X =
Y. Thus, (PAPT)(PT)"'X = PY. Therefore (PAPT)(PT)"'XPT = PYPT.
Now letting X; = (PT)"1XPT and Y; = PYPT, we get (PAPT)X, = Y;. It

is easy to show that X; and Y; are Z-matrices. Now for ri,s; € R, r{ X +
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sTY, = rTPT((PT) ' X PT)+sT P~1(PY PT). Therefore ri X, +s7Y, = rTX PT+
sTYPT = (rTX 4 sTY)PT > 0. Thus PAPT satisfies the definition of hidden

Z-matrix. ]

Fiedler and Ptak [83] proved that if there exists a vector z > 0 such that
Az > 0 for a Z-matrix A, then A is a Py-matrix. We extend this result to hidden

Z-matrix.

THEOREM 2.3.2. Let A be a hidden Z-matriz with real entries. Suppose there

exists a vector x > 0 such that Az > 0. Then A is a Py-matriz.

Proof. We prove this result by induction method on n. The result is trivially
true for n = 1. Consider that the result holds for all matrices of order less than
n. Now A is a hidden Z-matrix with real entries. Then for some Z-matrices

X and Y, AX =Y. Then there exists a vector z > 0 such that Ax > 0. This

implies Y X'z > 0 since X is nonsingular. Let z; = X 'z which implies

Xz = x > 0. Hence Yx; > 0. Then by the Theorem there exists an
Xaa Xa&

index set @ C {1,2,--- ,n} such that the matrix W = isa K-
Ysa Yaa

matrix and Wx; > 0. This gives 1y > 0. Therefore X is a K-matrix and for
x >0, X 'z > 0 since X is nonsingular. Therefore z; > 0 with Ya; > 0. Then
by the Theorem of [83], Y is a Py-matrix. This implies YV is a Ky-matrix.
Therefore det(A) > 0. Now it is sufficient to prove that for any g C {1,2,--- ,n},
the principal submatrix Azz of A is a hidden Z-matrix and there exists a y > 0
such that Agzy > 0. Now Agz(Xz5 — XBﬁXﬁTﬁlXﬁg) = Y5 — YBBXB_,BIXBB which
Xps Xgp
Yss  Ys
Xpp € K. By Theorem m Xgﬂl > 0. Hence (X/Xgg) is a K-matrix and
(M/Xgg) is a Z-matrix by Theorems [2.2.2{and [2.2.3] Therefore Aj; is a hidden

implies Az3(X/Xpg) = (M/Xpg), where M = . Since X € K,

U
Z-matrix. Consider z; = g > (0 such that Xx; > 0 and Yx; > 0. Then
U
B
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X X535 U | w
[—X— P I} BB BB B :[O X/ X5 3
BB 8 o X ) | )
BB ‘BB Ug Up
X Xs7 U
Now as Xx; > 0, [_XBBXgﬁl ]] op pp g > 0. Then
Xgs Xgg | | ug

(X/Xss)ug > 0. Now consider yz = (X/Xgs)ug > 0. Since Xa; >

oy » Xps Xpg || us | _
, Yx; >0, then Mz, > 0. Therefore [ —Y3pX55 1 ] =
Yos Ypp || us

u
0 M/Xgas ] 7= (M/Xgg)ug > 0. So for yz > 0, Agzyz > 0. This implies
wa
B
det(Azz) > 0. Therefore A is a Py-matrix. n

REMARK 2.3.1. The above result may not hold if the condition x > 0 is changed

-1 0
tox > 0. To illustrate our result we consider A = . It is easy to show
-1 2

that there exists an x > 0 such that Ax > 0. Note that A is a hidden Z-matrix

but not a Py-matriz..

COROLLARY 2.3.1. Let A be a hidden Z-matrix with real entries and there exists
a vector x > 0 such that Az > 0. Then every Schur complement in A is a hidden

Z-matriz as well as Py-matrix.

COROLLARY 2.3.2. Let A be a hidden Z-matriz with real entries. If there exists
a vector x > 0 such that Ax > 0, then the class of all the linear complementarity

problems with the matriz A is NP-complete.

Proof. Suppose A is a hidden Z-matrix with real entries and there exists a vector

x > 0 such that Ax > 0. Then it follows from Theorem A is a FPy-matrix.

Now by using the result of [I87] the class of LCP(q, A) is NP-complete. n
1

Consider a singular matrix A = . It is easy to show that v(A) > 0.
11

We show the following result in the context of singular hidden Z-matrix.
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THEOREM 2.3.3. Let A be a singular hidden Z-matriz. Then v(A) # 0.

Proof. We prove this result by contradiction. Let A be a singular hidden Z-
matrix and v(A) > 0. We show that there exists an £ > 0 such that Az > 0.
By definition of value positivity there exists an € R, such that Az > 0. Let
T =u1x+¢ee >0, where € > 0. Then A% = A(z + ee) = Ax + eAe. If Ae >0, it is
enough to choose any € > 0. If not. Let a = min;(Az); > 0 and b = max; |(Ae);|.
Now choose € such that a > €b. This implies € < a/b. Now for 0 < € < a/b, we
can get & = x + €e such that & > 0 and AT > 0. Now A is a hidden Z-matrix
with v(A) > 0. We say that there exists an & > 0 such that Az > 0. Again as
A is hidden Z-matrix then for some Z-matrices X and Y, AX = Y. Since X
is nonsingular by the Theorem then YX ' > 0. Let ; = X 'Z. Then

X721 > 0 and Az > 0 implies YZ; > 0. Then by the Theorem [2.2.5| there exists

Xaa Xa&
an index set @ C {1,2,---,n} such that the matrix W = is a
Yoo Yas

K-matrix and Wz, > 0. Let 23 = W2Z; > 0. Then 7, = W12, > 0 since
W=1 > 0. Hence for any #; > 0, X#; > 0 and Y#; > 0. Therefore v(X) > 0
and v(Y) > 0. Now as X and Y are Z-matrices then by the Theorem 2.2.7 X
and Y are P-matrices. Thus we have det(Y) > 0 and det(X ') > 0. Therefore
det(A) > 0 which contradicts the fact that A is singular matrix. |

We consider a singular hidden Z-matrix A to show that v(A) # 0 with the
help of the Theorem [2.3.3

1 10
EXAMPLE 2.3.1. Let A= | —1 —1 0 | . Note that A is singular matriz. Now
0 01
2 -1 0 1 00
A is a hidden Z-matriz with X = | —1 1 0| andY = | =1 0 0

0 -1 3 0 -1 3
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1.6 4
Take r = 4 and s = 0 |, then it is concluded that r'X + sTY =
2 0.1

[ 3.2 0.3 6.3 } > 0. Then by Theorem |2.3.4), v(A) # 0.

Neogy et al. [134] show that if A is a hidden Z-matrix with v(A) > 0 and
some additional assumptions, then A is a Ey-matrix. In this paper we show that

a hidden Z-matrix with v(A) > 0 is a P-matrix.

THEOREM 2.3.4. Let A be a hidden Z-matriz and v(A) > 0. Then A is a P-

matriz.

Proof. Let A € R™" with v(A) > 0. Then there exists an x € R’ such that
Az > 0. In view of Theorem 2.3.3| 3 Z > 0 such that Az > 0. Then by Theorem

A is a P-matrix. [

REMARK 2.3.2. For a hidden Z-matriz A with v(A) > 0, LCP(q, A) is processable

by criss-cross method [J].

Now we illustrate our result considering the following example.

1 2 0 1 -2 0
EXAMPLE 2.3.2. Let A = 01 0]|.ForX= 0 1 0| and
-1 0 1 -1 -2 1
1 00 3 0
Y = 01 0|,7=1,8]| ands = |0 |, we obtain r'X + sTY =
-2 0 1 0 1
1
[ 1 21 } > 0. Hence A is a hidden Z-matriz. For x = | 4 |, v(A) > 0.
)

Therefore by Theorem the system LCP(q, A) has a unique solution for each
qg € R™
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Here we propose a method to find whether a hidden Z-matrix A is P-matrix
or Fy-matrix or not.
Algorithm:

Step I: Choose €, § > 0. Consider the following linear programming problem

minimize s
subject to Az —se >0
(2.3.1)
T > de

s> €

If solution of the linear programming problem exists then by Theorem [2.3.4, A

is a P-matrix, else go to Step II.

Step II: Choose ¢ = 0, § > 0 and consider the linear programming problem
(2.3.1]). If the solution of the linear programming problem exists then by Theorem
A is a Py-matrix, else decision is inconclusive.

Note that all 2 x 2 P-matrices are hidden Z but in general there are P-
matrices which are not hidden Z [65]. Now we show the condition under which

a P-matrix is a hidden Z-matrix. For this purpose we consider the D-matrix.

THEOREM 2.3.5. Suppose A is positive type D-matriz. Then A is a hidden Z-

matriz.

Proof. Suppose A is positive type D-matrix. It is easy to show that positive
type D-matrices are P-matrices. Then A is nonsingular and A~! is Z-matrix as
shown in [77] which in turn implies A~! is hidden Z-matrix. Now A is a PPT of
A~L. Therefore, by Theorem A is a hidden Z-matrix. |

It is known that inverse of an almost P-matrix is an N-matrix. To illustrate

2
our result we consider A = . It is easy to show that A is an almost

11



Hidden Z-matrix 27

P-matrix and A™! is an N-matrix of first category. For further details see [42].

Now we prove the following theorem.

THEOREM 2.3.6. Let A be a hidden Z-matriz with real entries. If A is an almost

P-matriz then A~' is an N-matriz of second category.

Proof. Let A be a hidden Z-matrix with real entries. If A is an almost P-matrix
then A~ is an N-matrix. Suppose A~! is an N-matrix of first category. Then
by [203], A7 is a Q-matrix. Therefore by Theorem [2.2.12|and Theorem we

arrive at a contradiction. This implies A~! is an N-matrix of second category. m

THEOREM 2.3.7. Let A be a hidden Z-matriz with real entries. Assume that
A is a Ey-matriz and every feasible basis of FEA(q, A) is nondegenerate. Let
LCP(q, A) have a solution. Then the problem has a unique nondegenerate solu-

tion.
Proof. Suppose A is a hidden Z-matrix with real entries then there exist two
Z-matrices X, Y with two nonnegative vectors r, s such that
AX =Y,
rTX +sTY > 0.
Consider A(e) = A+ el for all € € (0,1), where

min; (r’ X + s7Y);

l p—
max; | (s7X); |

As X is nonsingular by the Theorem m, it is clear that s’X # 0. Now
(A+el)X = AX +eX =Y 4 eX. Note that Y + X is a Z-matrix. Again
r"X + sT(Y + eX) > 0 by the choice of e. Hence A(e) is a hidden Z-matrix.
Note that A is a Fg-matrix. It is easy show that (A + el) is a E-matrix. Let
(—A., Ip), where k C {1,2,---,n} and k C {1,2,---n} \ k denote a basis.

By our assumption, z; = —(Am) 'qx > 0, wp = qz — App(Are) '@ > 0. For
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sufficiently small € € (0,1), A(€)r is nonsingular and z, = —(A()wx) ‘qr >
0 and w;, = gz — A(€)zx(A(€)kr) 'qr > 0. Therefore 2’ = (z,0), w' = (0,wy)
is a nondegenerate solution to LC'P(q, A(€)). Assume that (—A.,, I.;) denotes
another complementary feasible basis for LCP(q, A), where k # p C {1,2,---n}
and p C {1,2,---n} \ p. Hence (w”, 2”) is another nondegenerate solution to the
LCP(q, A(¢)). Note that by the Theorem [2.2.9) A(e) is an S-matrix. Then by the
property 2 of [127], it contradicts that LCP(g, A(¢)) has unique solution as A(e)

is a P-matrix. Therefore LCP(q, A) has a unique nondegenerate solution. [ ]

Now we show some sufficient conditions under which a principal submatrix

of a hidden Z-matrix will be hidden ~Z.

THEOREM 2.3.8. Let A be a hidden Z-matriz with real entries such that AX =Y

and "X + 'Y > 0 where XY are Z-matrices and r,s € R. If there
Xaa Xad

exists an index set o C {1,2,---,n} such that W = and
Yﬁé Yd@

= Yaa Yad

w

= are E-matrices. Then Ay, and Ass are hidden Z-matrices.
XO?O( Xd&

Proof. Note that A is a hidden Z-matrix with real entries then there exist two

Z-matrices X, Y with two nonnegative vectors r, s such that

AX =Y,
r’X +sTY > 0.
Xaa Xad = Yaa Yoa&
For an index set « C {1,2,---n}, W = and W =
Yoo Yaa Xaa Xaa
are Z-matrices as well as F-matrices. By Theorems 2.2.9, R.2.1] and 2.2.6, W

and W are K-matrices. Therefore, by Theorem W/ Xaa, W/ Xaa are K-
matrices. Also note that X/X,,, X/Xsa are Z-matrices. This implies that A,
is a hidden Z-matrix with nonsingular Z-matrix X /X5 and K—matrix W /Xaa
such that Aae(X/Xaa) = W/Xaa. Similarly the principal submatrix Agq is a
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hidden Z-matrix with nonsingular Z-matrix X/X,, and K-matrix W/X,, such
that A@a(X/Xaa) = W/Xaa. ||

COROLLARY 2.3.3. Let A be a hidden Z-matriz with real entries such that

AX =Y and r"X + sY > 0 where X,Y are Z-matrices and r,s € R%. If

Xaa Xad
there exists an index set o = {1,2,--- ,n} such that W = and
Yo Yaa
= Yaa Yad
W = are E-matrices, then A is a completely hidden Z-matriz.
Xdoz Xo?d

Proof. Note that A is a hidden Z-matrix with real entries then there exist two

Z-matrices X, Y with two nonnegative vectors r, s such that

AX =Y,
rTX +sTY > 0.
Xaa Xa&

For an index set o = {1,2,---.,n}, W = = X and
Yoo Yag

= Yaa Yocéz

W = = Y are Z-matrices as well as E-matrices. By Theo-
X&a X@&

rems [2.2.9] and [2.2.6 X and Y are K-matrices. This implies that for

any  C {1,2,---,n}, by Theorem X/Xps and X/Xjz5 are K-matrices.
Then the principal submatrix Agg of A is a hidden Z-matrix with K-matrix
X/Xpz and Z-matrix M/Xz5 such that Agg(X/Xz5) = M/Xz5, where M =
Yoo Ypp
Xps Xps
COROLLARY 2.3.4. Let A be a hidden Z-matrix with real entries such that

AX =Y and v X + sTY > 0 where X,Y are Z-matrices and r,s € R% and

Xaa Xa&
suppose there exists an empty index set o such that W = and
Yao Yaa
= Yaa Yaéz . . . .
W = are E-matrices. Then A is a completely hidden Z-matrix.

X&oz X&d
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Now we introduce an alternative linear programming problem to solve linear

complementarity problem with hidden Z-matrix.

THEOREM 2.3.9. Let A be a hidden Z-matriz with real entries such that AX =Y
and 1" X 4+ sTY > 0 where X,Y are Z-matrices and r,s € R?. Then the linear

complementarity problem denoted by LCP(q, A) can be written as

minimize (r+ ATs)Tz + q" 2

subject to ATs +r — ATz > 0,

Azl + q > 07
21,22 2 0.
, ~ 0 —AT
Proof. To prove our result we consider LCP(q, .A) where A = and
A 0
q = with p = r + ATs. By Lemma 1 of [135] and Lemma 3.3 of [134],
q
z
LCP(gq, A) and LCP(q,.A) are equivalent. Assume Z = " | be the solution
22

of LCP(q,.A). Note that A is a skew symmetric matrix. Now LCP(g, .A) can be

written as
minimize ¢’z + 127 (A+ A")z
subject to ¢+ Az > 0,
z > 0.

Again equivalent quadratic programming problem can be rewritten as

minimize (r + ATs)Tz; + ¢' 2
subject to ATs +r — ATz > 0,
Azl + q Z 07

215 22 Z 0.
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2.4 Hidden Z-matrix and Interior Point Algo-
rithm

It is well-known that the linear complementarity problem can be solved by a lin-
ear program if A or its inverse is a Z-matrix. A number of authors have consid-
ered the special case of the linear complementarity problem under the restriction
that A is a Z-matrix. Chandrasekharan [6] considered solving a sequence of lin-
ear inequalities. Lemke’s algorithm is a well-known technique for solving linear
complementarity problem [5]. In this chapter we propose an interior point based
iterative algorithm to solve LCP(gq, A). We show that the proposed algorithm
converges to a solution under certain feasibility conditions.

Consider the potential function

Y(u,v) = klog(ulv) = > | log (uv;),

where k > n. We start with a interior feasible point (u°,v°) such that 1(u°, %) <
O(kL), where L is the size of input data A and ¢. The algorithm generates a

sequence of interior feasible points {u*, v* : k € N} so that ¢ (u*, v*) < —(k—n)L.
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Algorithm:

Step 1: u° be a strictly feasible point of LCP(q, A) so that v* = ¢+ Au® > 0
and 5 € (0,1).

Step 2: Let (d*,d*) be the direction in the kth iteration. Now to find the search

direction, consider the following problem
minimize (Vo) Tdy, + (Vo) Td,
subject to  d, = Ad,, (U, ))* + [(VF) L, ||* < B2
Step 3: Then we have

(Uk:)—ldk .

u

(Vk)fldk

v

where

bl

i Oé,l]i _ WUk(Uk + ATWk) — €
k

ﬁV’“(uk —7F) —e

= ((VF)2+A(UR)2AT) Y (VF— AUR) (UR0* — @e) and e be the vector
of all 1.

Oék
Step 4: Let 8 = min{ L+2H , =51 < 1/2. We can write,

D(ub + ok 4 dF) — p(uF,oF) < —€(|Ja¥]),

where

. [,
E(l|ok|?) = ¢ 22
(r+2)
8 b

f o < o222

otherwise.
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Step 5: Set

bt = ouf 4 dF

P = ok 4 g,

Step 6: If (uft1)TvF! < ¢, stop where € is a very small positive quantity, else

k=Fk+1.
Now ||o/‘“H2 = hT(u v*)H (uF, v*)h(u®,v*). We define the condition number
((q,A) for the LCP(q, A) as
(g, A) = inf{||h(u,v) |3 : uTv > 27L (u,v) < O(kL),u > 0,v = g+ Au > 0}.

The condition number ((q, A) represents the degree of difficulty for the proposed
algorithm. If the condition number is bounded away from zero, the potential

reduction algorithm will solve LCP(q, A) where A is a PSD matrix [129].

PropoSITION 2.4.1. [80)] Let k > 2n + v/2n. Then, for A being a PSD matrix
and any q € R", ((q, A) > 1.

Now we prove the following result.

THEOREM 2.4.1. The proposed algorithm with k > 2n++/2n solves the LCP(q, A)

in polynomial time where A is a hidden Z-matrix.

Proof. To prove our result consider the LCP(q, A) where A € R™ ™ is a hidden

Z-matrix with AX =Y and X + s7Y > 0 for some r, s > 0. Now construct

0 —AT D
LCP(q, A) such that A = and ¢ = , where p=r+ATs, r,s > 0.
A 0 q
T
If € F(g, A), then it can be derived from the Lemma [1.3.1] in line with
Yy

Mangasarian [135] that (I — AT)y + p > 0. Note that, A given in the LCP(g,.A)
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is a skew symmetric matrix. Therefore A is a PSD matrix. Now as k > 2n+ V2n
and A is a PSD matrix then ((g,.4) > 1 by the Proposition [2.4.1]

We consider the merit function ¢ (u,v) = klog(u’v)—>"" | log (uv;) for solving
LCP(q, A), provided LCP(q,.A) has a strictly feasible solution. Based on the
concavity of log function and Lemma 3.1 of [129], we have

Y(uk 4+ db, ok + db) — (b, k) < =B ok + S (s + L),

Now by using Step 4 of the algorithm, we can write

2
P(ut +dy, " 4+ df) — p(u,oh) < —g(]|F]]), (24.1)
where
o 1”1k < (22
(o = o 1= 242)
’%2, otherwise.
Here ||04”“H2 is used as the amount of reduction of the potential function at kth

iteration. Now we find an interior feasible point for which each component is less
than 2%, The resulting point has a potential value less than O(nL). Now from
Equation ([2.4.1)) we say that the potential function is reduced by O(£(¢(q,.A)))
at every step of iteration. Hence in total of O(me)) iterations. Now we have
Y(uF vF) < —(k —n)L and (u*)To* < 271 [80]. It is easy to show from Lemma
that LCP(q, A) has a solution if and only if LCP(g,.A) has a solution.
Therefore the proposed algorithm with & > 2n + v/2n solves the LCP (g, A) in

polynomial time where A is a hidden Z-matrix. ] ]
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2.5 Numerical Illustration

Two numerical examples are considered to demonstrate the effectiveness and

efficiency of the proposed algorithm.

EXAMPLE 2.5.3. We consider the following example of LCP(q, A), where

1 -1 -1 5
A=1-2 6 -2 |andqg= |0
1 -1 3 -2
1 00
Note that A is a hidden Z-matriz with X = 0 1 0 |. Therefore
-1 0 1

1 -1 —1 1 00

It is clear that Y is a Z-matrix.

10
Now consider r, s > 0 such thatr = | 2 | and s =
_0
1 00 2 -1 -1
Hence 1"X +5"Y = [10 2 0] | o 10|+ 014 | 0 6 -2
-1 0 1 -2 -1 3

=10 2 0] + -8 2 10]=[2 4 10]>0

Therefore A is a hidden Z-matriz. Consider a matriz A in the following

o ) 1 -1 -1
form A = B , where A = | =2 6 —2 | . Therefore A =
A O
1 -1 3
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o o0 1 2 =3

-1 -1 0 0 0

-2 6 -2 0 0 O
1 -1 3 0 0 O

10
Now we have to find p =r + ATs as shown in Theorem|1.5.6. Hence p = | 2

0
1 -2 1 0 10 2 12
+ -1 6 -1 1If=12]|+|2] =14
-1 -2 3 4 0 10 10
0 0 0 -1 2 -1
0o 0 0 1 -6 1
Now consider the LCP(q, A), where A = coo e and
1 -1 -1 0 0 O
-2 6 -2 0 0 0
1 -1 3 0 0 0]
-12- -3-
4 4
qg= 150 . Now consider u° = z . It is easy to show that A u°+ G > 0.
0 1
-2 1

Therej_core_uo is strictly feasible vector of the LCP(G, A). Let us consider v* =A
uF+ G
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Iteration (k) uF oP D (uF, k) dF dP
2.8719 10.9244 —0.1281 —0.0756
3.9097 1.0378 —0.0902 0.0378
2.9305 10.9302 —0.0694 —0.0698
1 2.0487 1.0317 22.6493 0.0486 0.0317
1.0095 11.8535 0.0095 —0.1465
1.0458 5.7537 0.0458 —0.2463
2.7492 10.8472 —0.1226 —0.0772
3.8209 1.0772 —0.0888 0.0394
2.8640 10.8508 —0.0664 —0.0793
2 2.0962 1.0642 22.4402 0.0474 0.0325
1.0189 11.6990 0.0094 —0.1545
1.0943 5.5203 0.0485 —0.2333
2.6317 10.7684 —0.1174 —0.0787
3.7335 1.1184 —0.0873 0.0412
2.8003 10.7611 —0.0636 —0.0897
3 2.1422 1.0977 22.2348 0.0460 0.0335
1.0282 11.5373 0.0093 —0.1616
1.1458 5.2992 0.0515 —0.2211
0.0581 10.1421 —0.0020 0.0078
0.3856 1.5326 —0.0053 —0.0312
0.8266 0.7140 —0.0029 —0.0219
100 0.1532 3.8458 13.3456 —0.0055 0.0062
1.0813 0.5445 0.0058 —0.0218
3.8672 0.1523 0.0093 —0.0056
0.0000001 10.5 —0 0
0.25 0.000006 -0 —0
0.75 0.000002 -0 —0
500 0.0000004 4 —12.21552 -0 0
1.3749 0.000001 0 -0
4.2499 0.0000003 0 —0

Table 2.1: Summary of computation for the proposed algorithm

Table summarizes the computations for the first 3 iterations, 100th it-

eration and 500th iteration. At the 500th iteration, sequence {u*} and {v*}

produced by the proposed algorithm converges to the solution u* and v* of the
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0 4
given LCP(q, A) where z =u* = | 0.25 andw=v* =1 0
0.75 0

EXAMPLE 2.5.4. We consider another ezample of LCP(q, A), where

1 10 -2
A= | -1 0 0| andg= |1
0 -2 1 4

It is easy to show that A is not a positive definite matriz. Note that A is a hidden

1 -1 0 1 -02 0
Z-matrixz with X = 0 08 0|,Y = 1 1 0| andr, s >0
-05 01 —-05 —-16 1
2 1
such that r = 4| and s = || respectively. Now consider a matriz A in the
2 0
3
O —AT
following form A = . Again p = r + ATs = |5| . We consider
A O
2
0O 00 -11 0 3
0O 00 -1 0 2 5
~ 0O 00 00 -1 ~ 2
the LCP(q,A), where A = and § = . Now
1 10 00 0 -2
-1 00 00 O 1
0 —2 1 00 0 4




Hidden Z-matrix

consider u® =

0.5

2
1

feasible vector 5f the LCP(g, A). Let us consider v* =A uf+ q.

39

. It is easy to show that A u’+ G > 0. Therefore u° is strictly

Iteration (k) u® v® P(u®, vk) dr dr
0.5067 4.0109 0.0067 0.0109
1.9926 0.8666 —0.0073 —0.1333
2.9724 1.0297 —0.0275 0.0297
! 1.0738 0.4993 19.8622 0.0738 —0.0006
2.0847 0.4932 0.0847 —0.0067
0.9702 2.9871 0.0297 —0.0128
0.5131 4.0175 0.0064 0.0066
1.9851 5.7297 —0.0074 —0.1369
2.9438 1.0578 —0.0285 0.0281
2 1.1545 0.4983 19.6938 0.0807 —0.0009
2.1721 0.4868 0.0873 —0.0064
0.9421 2.9734 —0.0281 —0.0136
1 0 0 -0
1 0 -0 -0
0 2 —0 0
600 5 0 —21.4802 0 _0
2 0 -0 -0
0 2 -0 0

Table 2.2: Summary of computation for the proposed algorithm

Table summarizes the computations for the first 2 iterations and 600th

iteration. At the 600th iteration, sequence {u*} and {v*} produced by the pro-

posed algorithm converges to the solution u* and v* of the given LCP(q, A) where
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1 0
z=u* = 1 and w = v* = 0
0 2

In this chapter, we study the class of hidden Z-matrix in the context of
linear complementarity problem. We extend the results of Fiedler and Ptak for
the linear system in complementarity problem using game theoretic approach.
We establish a result related to singular hidden Z-matrix. We show that for
a nondegenerate feasible basis, linear complementarity problem with hidden Z-
matrix has unique nondegenerate solution under some assumptions. To prove
our result we apply the concept of principal pivot transform and game theoretic
approach. We establish certain matrix theoretic characterization of hidden Z-
matrix to show the P, properties. We show that linear complementarity problem
with hidden Z-matrix is processable by Lemke’s algorithm as well as criss-cross
method. We propose an interior point method to compute solution of linear
complementarity problem LCP(gq, A) given that A is a real square hidden Z-
matrix and ¢ is a real vector. We observe that our proposed algorithm can
process LCP(q, A) in polynomial time under some assumptions. Two numerical

examples are illustrated to support our result.



Chapter 3

Column Competent Matrices

And Linear Complementarity

Problem

3.1 Introduction

The w-uniqueness property is important in the context of dynamical systems
under smooth unilateral constraints. Xu [139] introduced the column competent
matrices. On uniqueness, quite a large number of results are available in the
literature of operations research. The study of uniqueness property of the solu-
tion is important in the context of the theory of the complementarity system as
well as the method applied for finding the solution. For details see [133], [42],
[120], [B]. Ingleton [132] studied the w-uniqueness solutions to linear comple-
mentarity problem in the context of adequate matrices. Pang [I11] studied local
z-uniqueness of solutions of a linear complementarity problem. The LCP(q, A)

has unique z-solution for all ¢ € R™ iff A is a P-matrix [113]. The w-uniqueness

*The work of this chapter has been published in an international conference proceedings
ICMC 2021 by Springer Publication [76].
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property is identified by a condition on A related to the notion of sign-reversing.
Motivated by the w-uniqueness results, we consider column competent matrices
in the context of LCP(q, A). The sufficient matrices capture many properties of
positive semi definite matrices. The aim of this chapter is to study some matrix
theoretic properties of the class of column competent matrix and establish some
new results which are useful to the solution of the LCP(q, A).

The chapter is organised as follows. In section 3.2, we include few related
notations and results. Section 3.3 presents some new results related to col-
umn competent matrices. We develop several matrix theoretic results of column
competent matrices which are related to the solution of linear complementarity

problem.

3.2 Preliminaries

+

We write z = 2T — 2z~ where z;” = max(0, z;) and z; = max(0, —z;) for any index
1. A z-solution, Z is called locally unique if 3 a neighborhood of z within which
Z is the only z-solution. A w-solution, W = Az + ¢, is called locally unique if 3 a
neighborhood of w in which @ is the only w-solution. Let ¢ : R™ — R"™ and the
kernel of the function 1) is defined by kery) = {z € R™ : ¢)(2) = 0}. The kernel of
a matrix A € R"*" is defined by kerA = {z € R" : Az = 0}.

Column competent matrices can be singular or nonsingular matrices. Note

that all singular matrices need not be column competent matrices. Consider A =
10

10

which is a singular matrix. For any z = , k€R, z(Az); =0V

11
implies that Az = 0. Consider another A = . It is easy to show that
0 0

2i(Az); = 0V i does not imply Az = 0. Hence A is not a column compe-
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1 4 3 0
tent matrix. Let A = | 2 1 5 |.Forz = | 0|, z:(Az2); = 0V i. But
320 1
3
Az = | 5 | # 0. Here A is a nonsingular matrix but not a column competent
0

matrix.

Now we define 1) : R" — R™ where ¢(z) = 2% (Az). 2z (Az) is the Hadamard
product defined by (z % (Az)); = z; x (Az2);, V i. Note that the product is asso-

ciative, distributive and commutative.

DEFINITION 3.2.1. [139] In view of Hadamard product, a matriz A is said to be

column competent if kerp = kerA.

Column adequate matrices are related to column competent matrices. We

start with definition of column adequate matrix.

DEFINITION 3.2.2. [113] The matriz A is said to be column adequate if z;(Az); <
0, Vi = Az=0.

We state the following lemma and theorems which are useful for the subse-

quent sections.

LEMMA 3.2.1. [139] The matriz A is said to be nondegenerate if and only if
ker) = {0}.

THEOREM 3.2.1. [139] The following statements are equivalent.

(i) A is column competent.

(i) For all vector q, the LCP(q, A) has a finite number (possibly zero) of w-

solutions.
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(iii) For all vector q, any w-solution of the LCP(q, A), if it exists, must be locally

W-UNLQUE.
THEOREM 3.2.2. [139] The following statements are equivalent.

(i) (a) A is column competent.

(b) A is a Py-matrix.
(ii) A is column adequate.

THEOREM 3.2.3. [113] Let A € R™™ be a Ey-matriz. Then the following state-

ments are equivalent.
(i) A € Ry.
(ii) A € R.

DEFINITION 3.2.3. [T13] A € R™ " is a principally nondegenerate matrix if it

has no principal submatriz which has determinant zero.

We establish a connection between competent matrices and adequate matrices
using degree theoretic approach. We provide a brief details about degree theory

in the subsequent section.

3.2.1 Degree theory

Let fa : R — R"™ be a piecewise linear mapping for a given matrix A € R"*"

defined as fa(e;) = e; and fa(—e;) = —Ae; V i. We write for any z € R",

fa(z) =27 — Az".

For details see [120]. It is clear that LCP(q, A) is equivalent to find a vector

z € R™ such that fa(z) = ¢. If z belongs to the interior of some orthants of R”
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and det A,, # 0 where a = {7 : z; < 0}, then the index of fa(z) at z is well

defined and can be written as
ind f4(q, 2) = sgn(det Aua).

Note that the cardinality of f;'(q) denotes the number of solutions of LCP(q, A).
Particularly, if ¢ is nondegenerate with respect to A, each index of f4 is well
defined and we can define local degree of A at ¢. It can be denoted as dega(q).
For details see [113]. We state the following theorem from [120], which will be

required to prove one of our result.

THEOREM 3.2.4. [113] Let A €R"™*" and K (A) denotes the union of all the facets
of the complementary cones of (I, —A). Consider ¢ € R"\ K(A) where q is non-
degenerate with respect to A. Let f C {1,2,--- ,n} be such that det Agz # 0. Sup-
pose A" is a PPT of A with respect to . Then deg, (q') = sgn(det Agg)deg(q).

3.3 Results on Column Competent Matrices

Hadamard product is important to characterize the complementary condition.
Here we show that the property of column competent matrix is related to

Hadamard product.

THEOREM 3.3.1. Suppose A is a column competent matriz and the function 1 :
R™ — R"™ defined by ¥(z) = z x (Az) where z * (Az) is the Hadamard product.
Then kery = kerA.

Proof. Let A be a column competent matrix. Then for a vector z € R", z;(Az); =
0, 2=1,2,--- ,n = Az = 0. Hence z € kery implies z € kerA. So we write
kery) C kerA. Again by definition ker A C kery. Therefore kery) = ker A. [ ]
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The following result provides a characterization of nondegenerate column

competent matrices.

THEOREM 3.3.2. Let A € R™ " be a nondegenerate column competent matriz.

Then A € Ry.

Proof. Let A be a nondegenerate column competent matrix. By Lemma [3.2.1
keryy = {0} where ¢(z) = 2% Az. By Theorem [3.3.1] we can write kery) = kerA =
{0}. Let z be the solution of LCP(0, A). Then z;(Az); = 0 V i. This implies that
Az = 0. Hence z = 0. Therefore, LCP(0, A) has only one solution which is zero.

Hence A is an Ry- matrix. [

Note that column competent matrix need not be a Fy- matrix in general.

2 1
Consider the matrix A = . We show that A is a column competent

1 -1
matrix but not a Py-matrix. Now we establish the following result.

THEOREM 3.3.3. Suppose A is a column competent matriz with A € Py. Then

for 0 # 2 >0, (2,0) is the solution of LCP(0, A).

Proof. Let A € R™™ be a column competent matrix with A € Fy. Then for each
0 # z € R" max; z;(Az); > 0,z # 0. If z;(Az); = 0 V i implies that Az = 0,

then (2,0),z > 0 is the solution of LCP(0, A). n
2 -1
Now we consider the matrix A = is column competent as well
-4 2
1 0
as Py and ( , ) is a solution of LCP(0, A). Note that this can be
2 0

explained using the Theorem [3.3.3]

THEOREM 3.3.4. Let A be a column competent matriz. Suppose z > 0 and

2i(Az); =0V i. Then LCP(0,A) has the solution (z,0).
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Proof. Since A is a column competent matrix, then for z > 0 and z;(Az); = 0V i.

This implies that Az = 0. Therefore (z,0) is the solution of LCP(0, A). |

Xu [139] showed that if A is a column competent matrix then DADT is a
column competent matrix where D is a diagonal matrix. In the next theorem,
we prove that column competent matrices with some additional assumptions are

invariant under principal rearrangement.

THEOREM 3.3.5. Suppose A is a column competent matrix. If for any z € R,
either z;(Az); > 0 or z;(Az); <0 for all i, then PAPT is also column competent

where P is a permutation matrix.

Proof. Let for any z € R", y = Pz. Consider y;(PAPTy); = 0 for all 7. This
implies that (Pz);(PAPTPz); = 0 for all i. We know that

A PTPAPTPz = %" (Pz);(PAPTPz); = 0.

Hence 274z = 0 as P'P = I. We write >.1" | z;(Az); = 0. Considering the
additional assumption that either z;(Az); > 0 or z;(Az); < 0 for all 7, we obtain
2i(Az); = 0Vi. As A is a column competent matrix, Az = 0. Therefore APT Pz =

0. Hence (PAPT)(Pz) = 0. Hence PAPT is column competent. |
11 4
Consider A = | 2 2 5 | . Note that A is an Rp-matrix. Now for z =
3 41
1

—1 |, 2i(A2); =0V ibut Az # 0. Hence A is not a column competent ma-

0
trix. The class of nondegenerate matrices plays an important role to characterize

certain uniqueness properties of the solutions of LCP(g, A). We prove the follow-
ing theorem to establish the relation between principally nondegenerate matrices

and column competent matrices.
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THEOREM 3.3.6. Let A be a principally nondegenerate matrix. Then A is column

competent.

Proof. Let A be a principally nondegenerate matrix. Assume that A is not a

column competent matrix. Hence 3 a 0 # z € R™ such that z;(Az); =0, i =

o

1,2,--- ,n but Az # 0. Without loss of generality, consider z = # 0
<8
aq Aaﬁ
where z, # 0,23 = 0 and A = . Then we consider the following
Apa App

cases.
Case 1: Let a = {1,2,--- ,n} and 8 = (). Then z = z, and 2;(Az); =0, i € a.
This implies (Az); = 0V i. As z # 0, Az = 0 implies that A is singular. This
contradicts that the matrix A is a principally nondegenerate matrix.

Case 2: Let « € {1,2,-+- ,n}and f = {1,2,--- ,n}\a. Consider (z4)i(Anaza)i =
0, for i € a. This implies Apnza = 0. As z, # 0, A 18 a singular matrix. This

contradicts that the matrix A is a principally nondegenerate matrix.

Therefore A is a column competent matrix. [ ]
3 =20 2k

Here we consider A= | —2 1 1 |.Forz= |3k |, k€R, 2(A2);, =0V
-3 20 k

implies that Az = 0. Hence A is a column competent matrix. However A is
neither an adequate matrix nor a sufficient matrix. For details of sufficient matrix

see [44), [45], [46].

Now we prove the following sufficient condition related to the PPT of column

competent matrices.

THEOREM 3.3.7. Let A, and the Schur complement A/A,. of the square matriz
Aoza Aaﬁ .

A= be nonsingular, where aUS = {1,2,--- ;n} andanf = 0. If
Apa Apgp
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A is column competent, then A" = P,(A) is column competent, where the matriz

A’ is the principal pivot transform of the matriz A.

Proof. Let w = A’z and z * w = 0 where * is the Hadamard product. Thus we

write

W, Al A’aﬁ Za

= : (3.3.1)

wp Alﬁa Alﬁﬁ z8

] Za W, Weo * Za
Now z x w = 0 can be written as * = = (. Hence

Z8 wp wp * zZB
2o Aixoa Alaﬁ Ro . .
=0V i. Since A’ = P,(A), we have
Za Aaa Aaﬂ Wy
= . (3.3.2)
wg | Apa App 28
We, Aaa Aaﬁ Weq ,
For z xw = 0, =0V
25 |\ | Asa Asp % ).
. . .. . ao Aaﬁ Wy
The matrix A is column competent. This implies that =
Apa App 23
Za
0. This follows that = 0. From (3.3.1]), we obtain A}, z, + Ajz2s = 0.
Wp

Then Ajzzs = 0 implies that 25 = 0 as _A’ﬁﬁ = A/A.e is nonsingular. Clearly,

w A A z

wy = 0. Hence “ = e “Caf “ | = 0. Therefore A’ is column
Weg Alﬁa A/lgﬁ zZB

competent. ) [

THEOREM 3.3.8. Let A be a column competent matriz where An. and the Schur

Aaa Aa
complement A/A.. of the square matriz A = O e nonsingular. If

Apa Apg
A€ EgNRy and A" is an R-matrixz, where A’ is the PPT of A, then A is column
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adequate.

Proof. Suppose A is not a column adequate matrix but is column competent.
By Theorem [3.2.2] A is not a Fy- matrix. Then there exists § C {1,2,--- ,n}
such that det(Agg) < 0. Let A € EyN Ry. It follows from the Theorem [3.2.3| that
A € R. Then dega(q) = 1 for any ¢. Let A’ be a PPT of A and A" € R. Hence

dega/(¢') = 1. By Theorem [3.2.4] dega(¢') = dega(q).sgn(det(Agg)). It implies
that dega/(¢') = —1. This contradicts that A is not a Py-matrix. Therefore A is

column adequate matrix. [ ]

3.3.1 Solution of Linear Complementarity Problem with

Column Competent Matrices

We begin with some examples of w-uniqueness of the solution. Consider the

column competent matrix A = -8 ,q = ! . This LCP(q, A) has
2 —6 —2
solution z = ) and w = . In the neighbourhood of z there is another
solution 2’ = 10099 and w' = w = !
1.0033 0
—2 1 3 1
We consider another matrix A = 4 -2 -6 |,q = —2 | . For
1 -1 -1 1
2k
z = E |,k €R,z(Az); =0V iimplies that Az = 0. So A is a column com-
k
4 0

petent matrix. This LCP(g, A) has solution z = | 4 | and w = | 0 | . In the
1 0
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4.02 0
neighbourhood of z there is another solution 2’ = | 4.01 | andw' =w= | 0
1.01 0

Now we prove the following two results in connection with locally w-
uniqueness property of the column competent matrices. The following two results
state the necessary and sufficient condition that A is a column competent matrix

in the system of linear complementarity problem.

THEOREM 3.3.9. Suppose (w*, z*) is the solution of LCP(q, A) such that w* =
q+ Az*. Let o = {i : w* > 0}, B = {i : w;* = 0} be the index sets. Further
Aaa Aa,@

consider that the submatrix A, is nonsingular. If A = s a
Apa Apg

column competent matriz, then (wa, z5) = (0,0) is the only solution of the system:

Za = AL Wa + Aypzg =0
wg = Apwa + Abgzs =0

(3.3.3)
Wq > 0

Zﬁ>0,

where A, = (Aaa)™", ALy = —(Aaa) " Aap, A, = Apa(Aaa)™ and Apy =
Aps — Apa(Aaa) ™ Aagp-

Proof. Let A be a column competent matrix. Then by Theorem [3.2.1] it is lo-
cally w-unique. Suppose w* is locally unique solution of LCP(g, A) such that

w* = ¢+ Az* and the system ({3.3.3)) has a nonzero solution (w,, z3).
Zo AL Al
Now =
wg Alﬁa Al

Aocoz Aaﬁ zoz

Apa App Zp



Column Competent Matrix 52

(w* + A\w, z* + AZ) solves LCP(q, A) for all A > 0. This contradicts the local
uniqueness of w*. Therefore, (w,, 25) = (0,0) is the only solution of the system

(13.3.3)). [ ]

THEOREM 3.3.10. Suppose (w*, z*) is the solution of LCP(q, A) such that w* =

q+ Az where o = {i : w;* > 0} and p = {i : w* = 0}. Further suppose

24 AL AL We
= ’ =0, wy > 0,25 > 0. If (24, 23) = (0,0) is the
. Aacx Aaﬁ .
only solution of wg = Agaza + Agszg = 0 then A = is column
Apa Agp
competent.

Proof. Suppose the matrix A is not column competent. So w* is not locally

z A A w w
unique. Now “l = ac Taf “1 =0 implies that “ =
/ /

Aaa Aa,B Za
and (w*)Tz = 0, (w)T2* = 0. Hence (w* + Aw, 2* + A\z)

Apa Aps | | 28 |
solves LCP(gq, A) for all A\ > 0. Hence 3 a sequence of vectors {w"} such that
each (wF,z%) = (w* + MNw,2* + M\*2) is a solution of LCP(q, A) with @* =
q+ AzF and wF > O,ZE > 0. By complementarity z*¥ = O,E)g = 0. Consider

k

vF = wF

k

—w* and u* = z¥ — z*. The normalized sequence {v*/||v*||} is bounded

and converges to v* as k — oco. Similarly, the normalized sequence {u*/||u*||} is

bounded and converges to u* as k — oco. Now for all large k, we have fu‘)}j, —wp =

Mwg = 0 = Agqul + Aggufy. Thus dividing by [[u*|| and k — oo, we have

Apatte™ + Apsug™ = 0. Therefore, u* = ua: # 0 is the nonzero solution of
u

system wg = Agaza + Agpzs = 0. It contradiﬁcts that (za, z3) = (0,0) is the only

solution of the system wg = Agy2a + Agpzs = 0. Hence A is column competent.

The complementary condition is an important issue in operations research.
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The concept of matrix theoretic approach helps to develop many theories of lin-
ear complementary problem. In this study we consider column competent matrix
in the context of local w-uniqueness property which is important both for the
theory as well as solution method of complementarity problrm. We study some
matrix theoretic properties of this class. The local w-uniqueness of the solutions
to the linear complementarity problem can be identified by the column com-
petent matrices. We establish some new results on w-uniqueness properties in
connection with column competent matrices. These results are significant in the
context of matrix theory as well as algorithms in operations research. We prove
some results in connection with locally w-uniqueness property of column com-
petent matrices. Finally we establish a connection between column competent

matrices and column adequate matrices with the help of degree theory.



Chapter 4

Properties Of K- Type Block
Matrices In The Context Of

Complementarity Problem

4.1 Introduction

It is well-known that the linear complementarity problem can be solved by a
linear program if A or its inverse is a Z-matrix [135]. A number of authors
have considered the special case of the linear complementarity problem under
the restriction that A is a Z-matrix. Chandrasekharan [6] considered Z-matrix
solving a sequence of linear inequalities. Lemke’s algorithm is a well-known
technique for solving linear complementarity problem [I13]. Mangasarian [135]
proved that least element of the polyhedral set {u : ¢ + Au > 0,u > 0} in

the sense of Cottle-Veinott can be obtained by a single linear program. It is

*Results of this chapter have been published in an international conference proceedings by
Springer [225].
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well-known that the quadratic programming problem

minimize ¢"u + Ju” Au

subject to u >0

can be formulated as a linear complementarity problem when A is symmetric
positive semidefinite. Mangasarian showed that this problem can be solved using
single linear program if A is a Z-matrix. For details see the Theorems|[1.3.5]
given in chapter 1. In this chapter we introduce block triangular K-matrix and
hidden block triangular K-matrix. We call these two classes collectively as K-
type block matrix. We discuss the class of K-type block matrices in solution
aspects for linear complementarity problem.

This chapter is organized as follows. Section 4.2 presents some basic notations,
definitions and results. In section 4.3, we establish some results of these two
matrix classes. We show that a linear complementarity problem with K-type

block matrix can be solved using linear programming problem.

4.2 Preliminaries

Now we give some definitions, lemmas, theorems which will be required for dis-

cussions in the next section.
LEMMA 4.2.1. [I13] If A is a P-matriz, then AT is also a P-matriz.
LEMMA 4.2.2. [113] Let A be a P-matriz. Then v(A) > 0.

DEFINITION 4.2.1. [83] The spectral radius o(A) of A is defined as the mazimum
of the moduli |\| of all proper values \ of A.

LEMMA 4.2.3. [83] Let A be a nonnegative matriz. Then there exists a proper

value p(A) of A, the Perron root of A, such that p(A) > 0 and |A| < p(A)
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for every proper value A of A. If 0 < A < B then p(A) < p(B). Moreover,
if A is irreducible, the Perron-Frobenius root p(A) is positive, simple and the
corresponding proper value may be chosen positive. According to the Perron-

Frobenius theorem, we have o(A) = p(A) for nonnegative matrices.

DEFINITION 4.2.2. [83] A matriz A is said to have dominant principal diagonal

if laii] > 3 pp lair| for each i.

LEMMA 4.2.4. [83] If A is a matriz with dominant principal diagonal, then o (I —
H='A) < 1, where H is the diagonal of A.

THEOREM 4.2.1. [83] The following four properties of a matriz are equivalent:
(i) All principal minors of A are positive.

(ii) To every vector x # O there exists an index k such that xyy, > 0 where
y = Azx.

(11i) To every vector x # 0, there ezists a diagonal matriz D, with positive diag-
onal elements such that the inner product (Ax, Dyx) > 0.

(iv)To every vector x # 0 there exists a diagonal matriz H, > 0 such that the
inner product (Azx, Hyx) > 0.

(v)Every real proper value of A as well as of each principal minor of A is positive.

4.3 Main Results

In this chapter we introduce block triangular K-matrix and hidden block
triangular K-matrix, which are defined as follows:

A matrix A € R™*™" is said to be a block triangular K-matrix if it is formed
with block of K-matrices A;; € R™ ™, either in upper triangular forms or in
lower triangular forms. Here ¢ and j vary from 1 to n. For block upper triangular

form of A, the blocks A;; = 0 for 7 < j and for block lower triangular form of A,
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the blocks A;; = 0 for ¢ > j.

1 -1 00 0 0
—-1.5 2 00 0 0
3 -1 1 -1 00
Consider A = ,
-1 4 —-0.75 1 0 0
1 -1 1 —-0.5 5 —1
-05 1 | =05 1 | —-10 6

which is a block triangular K-matrix.

The matrix A € R™*™ is said to be hidden block triangular K-matrix if
there exist two block triangular K-matrices X and Y such that AX =Y. As
X and Y are block triangular K-matrices, there exist vectors r,s > 0 such that
rTX 4+ sTY > 0. Ais formed with block matrices either in upper triangular forms
or in lower triangular forms. For block upper triangular form of A, the blocks
Aijj = 0 for ¢ < j and X,Y are formed with K matrices in upper triangular
form. Similarly for block lower triangular form of A, the blocks A;; = 0 for 7 > j

and X, Y are formed with K matrices in lower triangular form.

-1 -1 00
5 4 00
Consider A = ,
—-45 =3 1 0.5
6.5 3.875 | —0.25 0.3125
2 -1 00 1 -1 00
-3 2 00 -2 3 00
X = and Y = ,
3 0 4 -1 2 -1 4 0
-2 1 0 2 0 1.5625 | —1 0.875
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3 1
2 0
such that AX =Y. Consider r = and s = . Note that r" X +sTY >
1 1
1 2

0. Then A is a hidden block triangular K-matrix.
THEOREM 4.3.1. Let A be a block triangular K-matriz. Then LCP(q, A) is pro-
cessable by Lemke’s algorithm.

21
22

Proof. Let A be a block triangular K-matrix. Then 3 z = | 23 | € R™, where

Zn
z € R™ is a block column vector such that z(Az); < 0Vi = (2)i(A1121);

IN

0Vi = 21 =0,as A1 € K; (22)i(Aa121 + Axe20); < OVi = (22)i(Ag222); <
0Vi = 2z =0, as Ay € K. In similar way (z,):(An121 + Apezo + -+ +
Apnzn)i < 0V = (z0)i(Apnzn) <0V = 2z, =0, as A,, € K and
2y = 25 = -+ = 2,1 = 0. Hence A is a P-matrix. Therefore LCP(q, A) is

processable by Lemke’s algorithm. [ ]

REMARK 4.3.1. Let A be a block triangular K -matriz. Then LCP(q, A) is solvable

by criss-cross method. For details see [].

THEOREM 4.3.2. If A is a block triangular K-matriz and q is an arbitrary vector,

then the feasible region of LCP(q, A) is a meet semi-sublattice.

1 Y1

T2 Y2

Proof. Let FF =FEA(q,A). Let x = | 23 |,y=| y3 | € F
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are two feasible vectors, where z,y € R™ and z;,;, € R™ V i. So

21
Z2

Let 2= | 23 | = min(x,y). Then

Zn

Anzri+aqr
Aoy + Agos + o
Az +q= Az1x1 + Agowg + Asgzz +q3 | = 0.

Anlxl + An2x2 + An3$3 + -+ Annxn + Adn

= 11 € FEA(q1, A11, ), 22 € FEA(Ag121 +q1, Ag), -+ 2 € FEA(Ap2q +
Apo®a + -+ + Ay 1)Tn-1 + Gn, Any). In similar way Ay +¢ > 0 = y €
FEA(q1, A11), y2 € FEA(Ayix1 + q1, Asa), - -+, yn € FEA(A 12y + Apoa + -+ - +
Apn—1)Tn-1 + @n, App). Suppose z = min(z,y) = 2z = min(z,y1),20 =
min(xs, ¥a), -+ , 2, = min(z,,y,). 4; € K = 2z € FEA(q1,An) =
Anzi+q > 0,20 € FEA(Agi21 + @2, Az) = Anz+ A2+ >0,--- 2, €
FEA(Aniz1 + Apazo + - + Apne1)2n—1 + Gns Ann) = Amizi + Apazo + - +
Apn—1)2n-1 + Annzn + ¢ > 0. So z = min(x,y) € FEA(q, A). Hence the feasible

region is a meet semi-sublattice. ]

Cottle et al. [113] showed that if F' is a nonempty meet semi-sublattice, i.e.
closed and bounded below, then F' has a least element by Lemma [1.3.2. Now we
show that if LCP(q, A) is feasible, where A is a block triangular K-matrix, then

FEA(q, A) contains a least element [.
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THEOREM 4.3.3. Let A be a block triangular K-matriz and q be an arbitrary
vector. If the LCP(q,A) is feasible, then FEA(q,A) contains a least element
[ € R"™, where | solves the LCP(q, A).

Proof. Let F =FEA(q, A). By Theorem m, F' is a meet semi-sublattice. Let

LCP(q, A) be feasible. Then the set F' is obviously nonempty and bounded below
Iy

by zero. Then the existence of the least element [ = | |3 | € R™", [; ¢ R™" Vi

ll T
lg )
follows from Lemma (1.3.2| Thatisl= | [; | < | z3 | =zV2 € Fandl € F.

Let F; = FEA(Aji—nTim1 + Ai—o)Ti—a + -+ + Ao + Aoy + ¢, Aii). Now it

is clear that x,,ly € Fi,x2,ls € Fy,--- ,x,,l, € F,, where x,l € F. As A;;

are Z- matrices, [; is the least element of F; V i € {1,2,--- ,n} and [; solves
c : s

ly

LCP(A;i—nyli-1 + Aji—aylicg + -+ - 4+ Aiola + Ajly + 5, Aii). So L = | 5 | solves

LCP(q, A). |

Mangasarian [135] showed that if z solves the linear program to minimize p’z

subject to Az + ¢ > 0,z > 0 and the corresponding optimal dual variable y
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satisfies (I — AT)y + p > 0, then x solves the linear complementarity problem
LCP(q, A) by Lemma [1.3.1] Here we show that if LCP(q, A) where A belongs
to a block triangular K-matrix, has a solution which can be obtained by solving

the linear program to minimize p’x subject to Az + ¢ >0, x > 0.

THEOREM 4.3.4. The linear complementarity problem LCP(q, A), where A is a
block triangular K-matrix, has a solution which can be obtained by solving the
linear program to minimize p'x subject to Az +q >0, x >0, where p =1 >0
and Z, is a block triangular K -matriz with r*Z; > 0.
Proof. Let A be a block triangular K-matrix. The linear program
min p’x
subject to Ax +q¢ >0, 2 >0

and the dual linear program,

max —q’y

subject to —ATy+p >0, y >0

have solutions = and y respectively. The matrix A can be written as D — U,

where_ .
Dy 0 o --- 0
Dy Doy 0 --- 0

D=1 Dsi D3, Dsg --- 01
Dnl Dn2 Dnd T Dnn

D;;’s are diagonal matrices with positive entries and
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Un 0 0o --- 0
Uy U 0o --- 0
U= | Us Usy Usz --- 01
I Un Upe Ups -+ Upy |
Ui;’s are matrices with nonnegative entries. Consider Z; = D — V, a block
triangular K-matrix and the matrix product AZ; = D — W, where
[ Vi o 0 --- 0 |
Vor Voo O - 0
Vi=| Var Vg Vag .- U
I Vii Ve Vs -+ Vg |
Vi;'s are matrices with nonnegative entries and
i Wi 0 0o --- 0 ]
Waor Was 0o - 0
W= | Wy Wy Wi --- 01,
Wi Wi Wyps oo Why

Wij's are matrices with nonnegtive entries. Since Z; is a block triangular K-
matrix, Z; is a P-matrix. Hence v(Z;) > 0 and by Lemma v(Z,T) > 0.
Let r > 0 be the value of ZIT, then r7Z, > 0. Now 0 < r72Z, = p'Z, =
P Zi+y"(-AZ + D= W) = (p" —y"A)Zi +y"(D - W) = (p" —y"A)(D -
V)+y"(D-W) < (p" —y"A+y")D as p" —y"A >0,y >0,U >0,V > 0.
This implies (I — AT)y+p > 0, since D;;’s are positive diagonal matrices. So by
Lemma[1.3.1] @ solves LCP(q, A), which is a solution of the problem to minimize
plx subject to Ax +¢ >0,z > 0. [

COROLLARY 4.3.1. The solution of linear complementarity problem LCP(q, A)

with A € block triangular K-matriz can be obtained by solving the linear program
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to minimize el x subject to Ax +q >0, x > 0.

THEOREM 4.3.5. Let A be a block triangular K-matriz. Then A™' exists and
At >0.

Proof. Assume that @ = [ —tA > 0,t > 0. Let p(Q) be the Perron-root of
Q). Then we have det((1 — p(Q))I — tA) = det(Q — p(Q)I) = 0. By Theorem
0 < p(Q) < 1. Thus the series I + Q + Q% + -+ converges to the matrix
(I-Q)t = (tA)~t>0,since Q¥ >0 for k =1,2,--- . Therefore A~! exists and
At > 0. ]

THEOREM 4.3.6. Let A be a block triangular K-matriz and M be a Z-matrix

such that M < A. Then both M~ and A= exist and M~ > A=1 > 0.

Proof. Let A be a block triangular K-matrix and M ba a Z-matrix such that
M < A. Assume that R=1—aA >0,a>0. Then S=1—aM > R > 0. Let
p(R) be a Perron root of R. Then we have det((1 — p(R))I — aA) = det(R —
p(R)I) = 0. By Theorem [4.2.1, 0 < p(R) < 1. Thus the series [ + R+ R? + - --
converges to the matrix (I—R)™! = (aA)~!. Since S* > RF > 0, fork =1,2,-- -,
and the series I + S + S? + --- converges to the matrix (I — S)™! = (aM)™".
Therefore M~! and A™! exist and M~ > A~1 > 0.

COROLLARY 4.3.2. Assume that A, B are block triangular K-matrices such that
A < B. Then both A~ and B~ ezist and A~ > B~1 > 0.

THEOREM 4.3.7. Let A be a hidden block triangular K- matriz. Then every
diagonal block of A is a hidden Z- matriz.

Proof. Let A be a hidden block triangular K- matrix with AX =Y, where X

and Y are block triangular K-matrices. Let
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[ A 0 0 0 ]
As Ay 0 0
A= 1 Ay Az As 0,
Ant Ang Aps Ann
[ xu 0 0 0]
Xo1 Xoo 0 0
X=| X35 Xz Xz3 -~ 0 | and
| X Xz Xag o Xon |
[ Y11 0 0 0 ]
Yo Yoo O 0
Y=1 Yy Yy Vi 0

Ynl Yn2 Yn3 o Ynn
The block diagonal of AX are A X, for i € {1,2,---n}. So A;X; =Yy for
i€ {1,2,---n}. X,V are K-matrices. Then X1 Y.l are also K-matrices. So

v(XE) > 0, v(Y;) > 0. Let r;,s; € R™, such that XIr; + Yis; > 0 =
( i ) i ) + i i

rlT X+ SZYM > 0. Hence the block diagonals of A are hidden Z-matrices. [ |

THEOREM 4.3.8. Let A be a hidden block triangular K-matriz. Then every de-

terminant of block diagonal matrices of A are positive.

Proof. Let A be a hidden block triangular K-matrix with AX =Y, where X and

Y are block triangular K-matrices. Let
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Ay 0 0 0
A21 A22 o --- 0
A= Azr Ay Azz - 01
Anl An2 AnS T Ann
X1 0 0 --- 0 Y11 0 0o --- 0
Xoy Xoo 0 - 0 Yy Yoo 0 - 0
X=1 X351 Xspo Xg3 --- 0|andY =] Yy VY Vi - 0
an XnQ Xn3 e Xnn Ynl YnQ Yn3 e Ynn

The block diagonal of AX are Ay Xy for i € {1, 2,---n}. So Ay Xy = Y, for
i€{1,2,---n}. X;;,Y; are K-matrices. Then det(Xj;),det(Y;;) > 0V i. Hence

COROLLARY 4.3.3. Every block triangular K-matriz is a hidden block triangular

K-matriz.

Proof. Let A be a block triangular K-matrix. Taking X = I, the identity matrix,

it is clear that A is a hidden block triangular K-matrix. [ ]

THEOREM 4.3.9. The linear complementarity problem LCP(q, A), where A is a
hidden block triangular K-matriz with AX =Y, X and Y are block triangular
K -matrices, has a solution which can be obtained by solving the linear program
to minimize pTx subject to Ax +q > 0, x > 0, where p = r + ATs > 0 and

r,s > 0 such that XTr >0 and Y's > 0.

Proof. Let A be a hidden block triangular K- matrix with AX = Y, where
X and Y are block triangular K-matrices. The linear program to minimize p’z
subject to Az +¢ > 0, x > 0 and the dual linear program to maximize — ¢’y

subject to —ATy +p > 0, y > 0 have solutions x and y respectively. X can be
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written as D — U, where

D1y 0 0o --- 0
Dy Doy 0o --- 0
D= | D3 D3 Dsz --- 0,
Dnl Dn2 DnS e Dnn
D;;’s are diagonal matrices with positive entries and
Ui 0 0o --- 0
Upn U 0o .- 0
U= | Uy Usp, Usy - 01,
Unl Un2 Un3 e Unn

Ui;’s are matrices with nonnegative entries.
Y can be written as D — V. Then the matrix product AX can be written as

D — \{, where

Vor Voo 0 - 0
Vi=1| Vg Vg Vi .- 01,
an VnZ VnS e Vnn

Vi;'s are matrices with nonnegative entries.

As XY are block triangular K-matrices, so they are P-matrices. So v(X) >
0,v(Y) > 0. Let 7 > 0 be the value of X7 and s > 0 be the value of Y. Then
0<rTX +sTY = (rT +sTA)X =pT X = p(D - U)

=p"(D-U)+y"(-AD+ AU + D —V), since AAID-U)=D-V

=" —y"AD-U)+y"(D-V)

< (y'(I — A)+p")D, since —yTA+pl >0,U >0,V >0,y > 0.
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Now D;;’s are diagonal matrices with positive entries and D is formed with the
block matrices Dy;’s. Hence y(I — A) + p” > 0. By Lemma [1.3.1] 2 solves
the LCP(q, A), which is a solution of the problem to minimize p’z subject to
Az +q >0, 2 >0, where p=7r+ ATs > 0 and r, s > 0 such that X*r > 0 and

YTs > 0. ]

LEMMA 4.3.1. Let A be a hidden block triangular K-matriz. Consider the

0 —AT r+ ATs
LCP(A,q), where A = , = and r,s as mentioned
A 0 q

x
in Theorem |4.3.9. If € FEA(g, A), then (I — AT)y +p > 0, where

p=r+Als.

x

Proof. Suppose € FEA(G,A). Since A is a hidden block triangular K-
Y

matrix, there exist two block triangular K-matrices X and Y such that AX =Y

and 7,8 > 0, 77X +s7Y > 0. Let X = D —-U and Y = D — V, where U
and V are two square matrices with all nonnegative entries and D is a block
triangular diagonal matrix with positive entries as mentioned in Theorem
Then 0 < rTX+sTY =T X +sTAX = pT(D-U) = pT (D-U)+yT (Y - AX) =
pPrD-U)+y"(D-V—-AD=VU)) = (—y"A+p")(D-U)+y"(D-V) <
(y"(I — A) +p")D since ! € FEA(g, A), U >0,V > 0. Since D is a

Y
positive block triangular diagonal matrix, (I — A7)y +p > 0. |

THEOREM 4.3.10. LCP(g, A) has a solution iff LCP(q, A) has a solution.

x
Proof. Suppose LCP(g, A) has a solution. Let z = € SOL(q, A). From
Y
the complementarity condition it follows that z7(p — ATy) + y* (Az + q) = 0.

Since p— ATy, Ax+q, 2,y > 0, and 27 (p— ATy) = 0,yT (Az +¢) = 0. By Lemma
4.3.1} it follows that y+ (p— ATy) > 0. This implies for all i either (p— ATy); > 0
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or y; > 0. Now if (p — ATy); > 0, then z; = 0. If y; > 0 then (¢ + Az); = 0. This
implies z;(q + Az); = 0 V i. Therefore = solves LCP(q, A).

Conversely, = solves LCP(q, A). Let y = s, where s as mentioned in Theorem

x
4390 Herep— ATy =r+ ATs — ATy =r+ Als—Als =r>0.S0 z = €
s

FEA(qG, A). Further A is PSD-matrix, which implies that A € Qg. Therefore z
solves the LCP(g, A). u

THEOREM 4.3.11. All hidden block triangular K-matrices are Q.

Proof. Let A be a hidden block triangular K-matrix. It is clear that the feasibility
of LCP(q, A) implies the feasibility of LCP(q, .A). Note that A € (). This implies
that the feasible point of LCP(g, A) is also a solution of LCP(q, .A). Hence by
Theorem [4.3.10] feasibility of LCP(g, A) ensures the solvability of LCP(q, A).

Therefore A is a (Qg-matrix. [
Aqp 0 0 0
Ay An 0 0
REMARK 4.3.2. Let A= | As; Ay Asz --- 0 |, where A;; € R™™ are
Anl An2 An3 Ann
K-matrices. _ - _ i
21 q1
<2 a2
Let z= | z3 | andq= | ¢35 |, where z;,q; € R™.

Zn an
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Anz+aq
Ag121 + Ageza + @2
Then Az + q = Asiz1 4 Agazo + Aszzz + g3

Anlzl + AnZZQ + An3z3 +---+ Annzn + dn
First we solve LCP(qy, A11) and obtain the solution wy = A2, +qi, w1tz =

0. Then we solve LOP(Ag1z1 + o, Asa) and obtain the solution we = Agze +
Ag121 + qo,woTzy = 0. Finally we solve LOP(Apiz1 + Anozo + Apszs + -+ +
An(n—1)%n—1 + Gn; Ann) and obtain the solution wy, = Apnz, + Ani1z1 + Anozo +
Apzzg + - —|—_An(n,_1)zn_1 + G, Wr T 2y = 0.

w1 Z1
Wo Z9

Sow = | w3 | € R™ and z = | 23 | € R™ solve LCP(q, A), where
Wy, Zn

Wi, 2i € R™.

In this chapter, we introduce K-type block matrices which include two new
classes of block matrices namely block triangular K-matrices and hidden block
triangular K-matrices in the context of solution of linear complementarity prob-
lem. We show that the linear complementarity problem with K-type block ma-
trix is solvable by linear program. The linear complementarity problem with
block triangular K-matrix is also processable by Lemke’s algorithm as well as
criss-cross method. We show that the hidden block triangular K-matrix is a Qo-
matrix. The purpose of this article is to study the properties of newly introduced
K-type block matrices in the context of the solution of linear complementarity

problem.



Chapter 5

Solution Method Of Linear
Complementarity Problem Using

Predictor-Corrector Approach

5.1 Introduction

Among the many facets of research in linear complementarity problems, the area
that has received thorough attention in recent years is the development of robust
and efficient algorithms for solving linear complementarity problems. Lemke’s
algorithm is a well-known technique to solve linear complementarity problem.
But this algorithm does not solve every instance of the linear complementarity
problem and in some situations the algorithm may terminate inconclusively with-
out either computing a solution of it or showing that no solution exists. Later a
path following method to solve linear complementarity problem was developed
by Kojima et al. [I87] based on Karmarkar’s polynomial time algorithm [98]

for linear programming. This polynomial time-bound method is widely used to

*Results of this chapter have been communicated.
tThe work has been arxived [I79].
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solve LCP(q, A), but for some matrix classes the LCP(q, A) is not processable by
this method. The linear complementarity problem arising from a free boundary
problem can be reformulated as a fixed-point equation. Zhang [36] presented
a modified modulus-based multigrid method to solve this fixed-point equation.
The concept of complementarity is synonymous with the notion of system equi-
librium. Modulus based algorithm is one of the proposed iterative method to
solve linear complementarity problem. It was proved by van Bokhoven that the
modulus algorithm works when the matrix involved is a symmetric P-matrix.
Kappel et al.[I88] extended van Bokhoven’s results by showing that the modu-
lus algorithm can be applied to a class of non-symmetric P-matrices. Schafer
[189] showed the convergence of the modulus algorithm for three subclasses of
P -matrices. Hadjidimos et al. [190], [I91] proposed a new method, the scaled
extrapolated block modulus algorithm as well as an improved version of recently
introduced modulus-based matrix splitting modified accelerated overrelaxation
(AOR) iterative method to find the solution of the linear complementarity prob-
lem with H,-matrix. For the large sparse linear complementarity problem, Zheng
et al. [210], [211], [212] established a relaxation modulus-based matrix splitting
iteration method, a class of accelerated modulus-based matrix splitting iteration
methods by reformulating it as a general implicit fixed-point equation which
covered the known modulus-based matrix splitting iteration methods and pre-
sented the convergence conditions when the matrix involved is either a positive
definite matrix or an H,-matrix. Dai et al. [2I3] proposed a preconditioned
two-step modulus-based matrix splitting iteration method for linear complemen-
tarity problems associated with an M-matrix. For further details see [215], [216]
and [217]. Eaves and Saigal [I82] formed an important class of globally conver-
gent methods for solving systems of non-linear equations. Such methods have
been used to constructively prove the existence of solutions to many economic

and engineering problems. A continuation method was proposed based on such
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methods to solve LCP(g, A) with some restricted matrix classes. For details see
[37], [38] and [41].

Now the purpose of this chapter is to solve linear complementarity problem
with various matrix classes through a initial value problem. Milne’s method [180]
is the classic predictor-corrector method for solving ordinary differential equation
with initial condition. Based on this predictor corrector approach along with
interior point we find the solution of LCP(gq, A) through a continuous trajectory.
The chapter is organized as follows. Section 5.2 presents some basic notations
and results. In section 5.3, we propose a new function to find the solution
of LCP(q, A). We construct a smooth and bounded path approaching to the
solution. To ensure a continuos trajectory approaching to the solution a new
scheme of choosing step length is introduced. We show that under some instances
the proposed function can give the solution of linear complementarity problem.
Finally in section 5.4, we consider various classes of numerical examples to present

the effectiveness of the algorithm.

5.2 Preliminaries

An ordinary differential equation with initial values is known as initial value

problem. Consider the initial value problem

y/ = f<x7y)7 y(ﬂio) = %Yo (521)

We can obtain the solution of the problem (/5.2.1)) by using predictor-corrector
approach. A simple predictor-corrector method can be constructed from the
explicit method, known as Euler method and the implicit method known as

trapezoidal method.
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5.2.1 Predictor-Corrector Approach

Predictor—corrector method is designed to solve ordinary differential equations
with initial values. Considering the initial value problem, a predictor-corrector
method typically uses an explicit method for the predictor step and an implicit
method for the corrector step. Such algorithm is processed in two steps. The first
step known as prediction step, starts from a function fitted to the function-values
and derivative-values at a preceding set of points to extrapolate this function’s
value at a subsequent point. The next step known as corrector step refines the
initial approximation by using the predicted value of the function and interpolate

the function’s value at the same subsequent point.

5.3 Main Results

We define F = {z € R" : 2 > 0,Av+¢ >0}, F={r €R":2 >0, Az +q >
0}, Fi = F xR}, xR%, and Fi :.7:"><R’jr x R’. OF; denotes the boundary of

F1. We propose a new function to solve wider classes of LCP(q, A)

(1=MN[(A+ ATz +q— 21 — AT2] + Az — 2©)
g(y7 y(0)7 A) = Z1ZL’ — )\ZF))I(O) =0

Zy(Az + q) — A2 (A2 + ¢)
(5.3.1)

where 7, = diag(z1), 2> = diag(zg),Zfo) = diag(zgo)),Zéo) = diag(zéo)),y =
(z,21,22) € Fi,y® = (2@, 2©0) € F, and A € (0,1]. We denote I} =
{(y,\) € B3 x (0,1] : G(y,y®,\) = 0} C F; x (0,1]. To find the solution of
LCP(q, A), we go along the path F?(,O) for the scalar A goes from 1 to 0.

First we show that the smooth curve for our proposed function exists.

THEOREM 5.3.1. For almost all initial points y© € Fi, 0 is a reqular value of
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the proposed function G : R3" x (0,1] — R3™ and the zero point set Qy’“l)) (0) =
{(y,A) € F1: G0 (y, A) = 0} contains a smooth curve T\ starting from (y©, 1).

Proof. The Jacobian matrix of the proposed function G(y,y®,\)
is denoted by DG(y,y®,\) and we have DG(y,y,N\)) =
Wy 98uw0N 95uwON) | For all y® € F and A € (0,1]

oy oy ON
—\ 0 0
we  have % = Az _Ax©® g , where YO =
~2z0A4 0 —aY©

)

# 0 for A € (0,1]. Thus DG(y,y?, ) is of full row rank. Therefore, 0 is a
regular value of G(y,y®, \) by the Lemma m By Lemma and Lemma
1.3.4] for almost all @ € Fy, 0 is a regular value of G, (y,A) and Qy_((l))(O)

diag(Az©@ + ¢), X© = diag(z®) and det(5 (0)) = (=1)*N"TT, (o)ygo)

consists of some smooth curves and G, (y©,1) = 0. Hence there must be a

(0)

smooth curve I'y” starting from (y©, 1). m

Now we show that the smooth curve F ) for the proposed function is

bounded and convergent.

THEOREM 5.3.2. Let F be a non-empty set and A be a nonsingular matriz and
assume that there exists a sequence of points {(x®, 2¥ 25 \¥)} C Ty 0 Fx (0, 1]
such that ||2*|| < oo as k — oco. Further suppose for \F — 1, ||25]] < oo as k —
0o. Suppose that for a given y© € Fi, 0 is a reqular value of G(y, 4, \). Then
FZE,O) is a bounded curve in Fy x (0, 1].

Proof. Note that 0 is a regular value of G(y,y®,\) by Theorem m
Now we assume that FLO) C Fi x (0,1 is an wunbounded curve.
Then there exists a sequence of points {(y* M)} C Féo) such that
(5, A\e)|| — oo. As (0,1] is a bounded set and z component of ry

is bounded, there exists a subsequence of points {(y* M)} such that
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k
- z
2 — 2, A\, — X €[0,1] and ||2*|| — oo as k — oo, where zF = 2 . Since
<2
F?(,O) C gy_(é)(()), we have
(1= M) [(A+ ATk g — 28 — AT 4 N (@F —29) =0 (5.3.2)
Zhab — N, Z2020 = o (5.3.3)
ZE(AZ" + q) = M2 (A2 1 ) =0 (5.3.4)

where ZF = diag(z¥) and Z& = diag(z5). Now we consider following three cases:

Case 1: A € [0,1], ||2F]| = oo and ||25|| < oo.

Let ||2§]] = co. Then 3 i € {1,2,---n} such that 2§, — oo as k — oo. Let

I, ={ie{l1,2,-- n},kh_g)lo 2% = o00}. When X € [0,1) for i € I, we can obtain

from Equation

(L= M)[((A+ ATz g — 2 = (AT ]+ (o =) = 0 = (1= dw)af; =

(L= M) [(A+AT)a >i+qz-—<AT D+ Aot —2”) = o = [(A+AT)b)i+
(AT +

left hand side is unbounded. It contradicts that ||z¥| = co. When A = 1, then

P VRO

from Equation (5.3.3) we obtain zf = 255 for j € I},. As k — oo, 2% — 0.

le

(zk — x ) As k — oo right hand side is bounded, but

Again from Equation (5.3.2), we obtain z{” = 1= >"“ (A + ATY2b), 4 g — 25 —

7

(AT28)] + ok for i € .. As k — oo, we have :EZ(O) = — lim U200k < 0. It

k—o0 Ak

contradicts that ||2¥|| = oo

Case 2: A € [0,1], ||2F]| < oo and ||25| =

Let [|25]| = co. Then 3 j € {1,2,---n} such that 25; — oo as k — oo. Let I, =

{je{1,2,- ~~n};khm zgj = o0}. When \ € [0, 1), for j € I, we can obtain from
—00

Equation (5.3.2) 2§, = (A7/(A+ AT)a%); + (A7'q); — (A7'2f); + 2% (af — xg»o)).

T-s

As k — oo, right hand side is bounded, but left hand side is not. This also

contradicts that ||z5|| = oo. By our assumption ||z%|| < oo as k — oo for A = 1.
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Case 3: A € [0,1], [|2¥|| = co and ||2%]| =
Let [|2F|| = oo,]|25]] = oo. Then either 3 i € {1,2,---n} such that 2, — oo
25— ocoas k — oo or Ji,j € {1,2,---n},i # j such that 2§, — oo and

zé}—>ooask—>oo.Whenzfi—>ooz§i—>ooask—>ooand5\€[O 1), we have,

2+ (AT25), = (A+ AT)2%) 4+ g + = AL )(xk—x )). Now as k — oo, right hand
side is bounded, but left hand side is not, which is impossible. When A = 1, then
our assumption ||z5]] < oo as k — oo and the argument of case 1 contradicts
that 2, — 0o, 25 — o0 as k — co. As k — oo, when 2F, — oo, zzj- — oo for
1 # 7 as k — oo then considering the ith and jth component and using same

argument similar to case 1 and case 2, we will obtain a contradiction.
Thus Fg(,o) is a bounded curve in F; x (0, 1]. ]

THEOREM 5.3.3. Let F be a non-empty set and A be a nonsmgular matrix and
assume that there exists a sequence of points {(z*, 28, 2k AF)} c T ¢ 7, x (0, 1]
such that ||z*|| < 0o as k — oo. Further suppose for \* — 1, ||25]] < oo as k —
0o. Suppose that for a given y© € Fi, 0 is a regular value of G(y,y®,\). For
Yy = (@ z§0),zé )) € Fi, the proposed function finds a bounded smooth curve
Féo) C F1 x (0,1] which starts from (y,1) and approaches the hyperplane at
A=0. As A = 0, the limit set L x {0} C F; x {0} of T is nonempty and every

point in L is a solution of the following system:

(A+AT)JJ+Q—21 —AT22 :0,
Zix =0, (5.3.5)

Proof. Note that Fy(f]) is diffeomorphic to a unit circle or a unit interval (0, 1]

is nonsingular, DS}”

3G (y,y0,1)
As —ay<o>

in view of Lemma (1.3.5] is diffeomorphic to a
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unit interval (0, 1]. Again Féo) is a bounded smooth curve by the Theorem m

Let (¢, ) be a limit point of Fl(,o). We consider four cases:

Case 1: (7,)) € Fi x {1}.
Case 2: (7,)\) € OF; x {1}.
Case 3: (4, \) € 0F; x (0,1).
Case 4: (7,)) € F1 x {0}.

As G, (y,1) = 0 has only one solution y9 ¢ F,, the case 1 is impossible. In
k

case 2 and 3, there exists a subsequence of (y*,\z) € Fg(,o) such that z7 — 0
or (Az* + q); — 0 for i C {1,2,---n}. From the last two equations of the
proposed function , we have 2§ — oo or 2§ — oo. Hence it contradicts the
boundedness of the path obtained from the proposed function by the Theorem
5.3.2l Therefore case 4 is the only possible option. Hence § = (Z, 71, %) is a
solution of the system (A+ ATz +q—2, — A2, =0, Zy2 =0, Zy(Ax+q) = 0.

REMARK 5.3.1. From the proposed function , we obtain zyx; = 0 and
Zoi(AZ + q); = 0 Vi. Now z; and Zy can be decomposed as zy = w — Aw > 0 and

Zo =T — Az > 0 where w = Ax + q. It is clear that w;z; = Aw;T; = AZ;w; Vi.

We demonstrate the condition under which the proposed function will give

the solution of LCP(q, A).

THEOREM 5.3.4. The component & of (Z,Zz1,22,0) € L x {0} gives the solution
of LCP(q, A) if and only if Az;Aw; =0 or Zy; + Zz; > 0 Vi.

Proof. Suppose > 0 and w = AZ + ¢ > 0 give the solution of LCP(q, A). Then
Z;w; = 0 Vi. This implies that z; = 0 or w; = 0 Vi. We consider the following

three cases.
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Case 1: For atleast one i € {1,2,---n}, let w; > 0,z; = 0. In view of Remark
this implies that Az; = 0 = Az;Aw; = 0.

Case 2: For atleast one i € {1,2,---n}, let z; > 0,w; = 0. In view of this
implies that Aw; =0 = Az;Aw; = 0.

Case 3: For atleast one i € {1,2,---n}, let w; = 0,z; = 0. This implies that
either Aw; Az; = 0 or Zy; + Zg; > 0.

For the converse part, consider Az;Aw; = 0 or Zy; + Zy; > 0 Vi. Let for each
i€{1,2,---n}, Az;Aw; = 0 implies either AZ; = 0 or Aw; = 0. This implies
that w;z; = 0 Vi. Therefore w and Z are the solution of given LCP(gq, A). Consider
Z1; + Z2; > 0V 7. Then following three cases will arise.

Case 1: Let zy; > 0,2y = 0 for atleast one i € {1,2,---n}. This implies that
Z; = 0 and w; > 0.
Case 2: Let z; = 0,2y > 0 for atleast one i € {1,2,---n}. This implies that
z; > 0 and w; = 0.
Case 3: Let z1; > 0, Zy; > 0 for atleast one i € {1,2,---n}. This implies that
Z; = 0 and w; = 0. Considering the above three cases Z,w solve the LCP(q, A).

COROLLARY 5.3.1. If A is a Py-matriz, then the component T of (%, Zz1,Z2,0) €
L x {0} gives the solution of LCP(q, A).

Proof. Let A be a Py-matrix. Assume that the component z of (z, Z, z5,0) € L X
{0} does not give the solution of LCP(q, A). Hence Az;Aw; # 0 and z1;+ Z; = 0
for atleast one i. Then Az; # 0, Aw; # 0, z1; = 0, Z3; = 0. Now z1; = w;—Aw; =0
and AzZ;Aw; # 0 = w; = Aw; > 0. In similar way Zy; = 7; — AZ; = 0 and
Az;Aw; #0 = I; = AZz; > 0. From Equation , Aw; + (ATAZ); = 0.
This implies that (ATAZ); < 0 and also (7);(ATAZ); < 0. This contradicts that
A is a Py-matrix. Therefore the component Z of (z, Z;, Z2,0) € L x {0} gives the

solution of LCP(q, A). |
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THEOREM 5.3.5. Suppose the matriz (W + X AT) is nonsingular where W =
diag(w) and X = diag(Z). Then T solves the LCP(q, A).

Proof. Let the matrix (W + X AT) be nonsingular. We obtain from the solution
of the system of equation , Aw + ATAzZ = 0 and XAw = WAZ, where
W =diag(w) =diag(AZ + q). Now XAw + XATAZ = 0 implies that WAz +
XATAz = 0 = (W + XAT)AZ = 0. Since the matrix (W + XAT) is
nonsingular, this implies that AZ = 0. Then Z solves the LCP(q, A). [ ]

5.3.1 Tracing Path Using Predictor-Corrector Approach

We trace the path T'\) ¢ F; x (0,1] from the initial point (y(®,1) as A — 0.
To find the solution of the given LCP(q, A) we consider continuous path. Let s
denote the arc length of Fz(/o). We parameterize the path Fz(/o) with respect to s

in the following form

G0 (4(5), M(5)) = 0, 4(0) =y, A(0) = 1. (5.3
Differentiating ([5.3.6)) with respect to s, we obtain the following system of ordi-

nary differential equations with given initial values

, & dy dA
Gy (y(s),A(s) | | =0, II(d—i,£)|| =1, y(0) =y, A0) =1, (53.7)

ds

Hence the system (5.3.7)) reduces to the following initial value problem

where
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This problem will be solved by predictor-corrector method and the y-component
of (y(s), A(s)) gives the solution of LCP(g, A).

Note that the parameter \ is updated from Moore-Penrose inverse of the
Jacobian matrix for tracing the path. However this approach does not ensure that
the updated value of the parameter A is in (0, 1]. Value of A beyond (0, 1] leads
to a nonconsiderable path. To eliminate deviation, we propose a modification by
introducing a method ensuring feasibility by changing step length. In this method
it is necessary to check whether 0 < (\;—A;) < 1 and (7@ —5®) € F; holds or not.
If any of the above mentioned criteria fails, then the step length will be changed
appropriately using geometric series to trace the path F?(,O). This guarantees a

continuous trajectory leading to the solution of the proposed function (5.3.1)).

Algorithm

Step 0: Initialize (y®, \g). Set Iy € (0,1). Choose €3 >> ¢; > 0 which are small

positive quantities.

s s

Step 1: 70 = ¢ = (1) for i = 0, where n = || | and s =
—1 -1

(525, 20) (G5, X)) Tf det(GZ(y™, X)) > 0, 70 = €@ else 700 = —£0),

1>1.Setl=0.

Step 2: (Predictor point calculation) (5@, \;) = (y@, \;) + ar®, where a = Io".
Compute (5@, ;) = Q?'J(o)(?](i),Xi)Jrg(gj(i),S\i). If0 < (A —N) < 1, go to Step
3. Otherwise if m = min(a, ||[(7®, X)) — (D, X)) — (¥D, X)) > ao, update I by

[ + 1, and recompute (:\z, 5\1) else go to Step 3.

(Corrector point calculation) (3@, A1) = (5@, X;) — (5@, \;). Determine the
norm, r = |Gy Ay )|l If » < 1 and y@*Y > 0 go to Step 3, otherwise if
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a > e3, update [ by [ + 1 and compute (§?, 5\1) else go to Step 3.

Step 3: If |\i;1| < €1, then stop with solution (y®*Y A1), else i = i + 1 and
go to Step 1.

Note that in Step 2, Q;(O)(y, At = ;(0) (y, M) ( 1/J<°> (y, A) Z’!(O)(y, A1)~ Lis the
Moore-Penrose inverse of Q?’J 0 (¥, A). We prove the following result to obtain the

positive direction of the proposed algorithm.

THEOREM 5.3.6. If the curve Fg(lo) 18 smooth, then the positive predictor direction

o (v, 1)
7O at the initial point y© satisfies det( | 2 . ) <O.
T

Proof. From the Equation ((5.3.1]), we consider the following function

(1=N[(A+ATz +q— 2 — ATz + AMa — 2©)
Gy, v\ = Zyx — \Z0 2 = 0.
Zo(Ax + q) = AZ5" (Ax© + q)

1=NA+AT)+ X —(1—-NT —(1-NAT P
o Z X 0 ~2{"2©
Fpox Y5 A) = )
ZyA 0 Y ~Zy (Az0 + q)

where P = (x — ;;(0)) —[(A+ ATz +q— 2, — AT2z] and Y = diag(Az + q). At
the initial point (y©, 1)
I 0 0 —[(A+ ATz 44— Z§O) _ ATZéO)]
oW =| z9 xO 9 79,0
z%4 0 YO —Z9(Az® 4 ¢)
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0)\(—1) (0
g o o | ¥ (RY) IRy
Let positive predictor direction be 7% = = , where
-1 -1
1 0 0
R"=1 70 xo o |,

Z9A 0 YO
—[(A+ ATz 4 g — 20 — 470

Réo) = —Z(O) (0) and k is a column vector.
—Z(Az© + q)
0G_(,(0)
Hence, det( ayox (¥ 1) )
7O
RO RO
=det(]  onr pon D) )
| (ROY(RO)T 1
RO RO
= det( ' (O\T (0)2(—T) (0)y(=1) p(0) )
0 1 (BRI (R ORS

= det(R") det(—1 — (B)T(R”) TRV RYY)

= —det(RY") det(L + (BRY)T(RY)D(R”) D RYY)

= T2, 2”9 det(1 + (RO)T (R DRV RY)) < 0.

REMARK 5.3.2. We conclude from the Theorem that the positive tangent

direction T of the path F?(JO) at any point (y,\) be negative and it depends on
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(1=XNA+AT)+ X —(1 =X —(1-NAT
det(Ry), where Ry = 7 X 0
Zo A 0 Y

5.4 Numerical Examples

In this section we consider some examples of LCP(g, A) to demonstrate the ef-
fectiveness of the proposed algorithm. Note that many of the examples given
below are not processable by Lemke’s algorithm. We show that the pro-
posed algorithm can process these examples to find the solution. Consider

e1 =107 €5 =107°, ag =107"2, [y = 1.

-1 2 1

ExXAMPLE 5.4.1. Consider A = and q = . Note that A
3 -1 —0.5
0.4 1
is an N-matriz. Now choose the initial point (9 = . 20 =
0.1 1
1
and 2,0 = . Using the proposed algorithm we obtain the optimal solution
1
of the function after 20 iterations and the solution is given by (7, \) =
1
(1,0,0,2.5,1,0,0). Therefore z = solves LCP(q, A). The path shown in
0

Figure[5.1) illustrates the convergence with respect to the solution vector x and A.
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papty)

(1,00
1)
g 002

Figure 5.1:
-1 2 1 —0.25
EXAMPLE 5.4.2. Let A = 1 —-050 —0.25 | and ¢ = | —0.10
—-0.50 -1 -1 3
2.3 1
Now choose the initial point z(© = 1 , 20 = 1 and z® =
0.7 1

1 | . Using the proposed algorithm we obtain (y,\) = (1.8333,0,2.0833,

1.8333
0,1,2125,0,1.8333,0,2.0833,0) after 17 iterations. Note that T = 0

2.0833
is the solution of LCP(q, A). The convergence of the path is shown in the Figure

5.2, The first, second and third components of x are represented by datal, data2
and data3 respectively.
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2 T T
: ' (123
WDBB%!.,. A —— datal
0183 : ; — difal
c \ : +— datad
é 1 A1)
] : _ "(107)
I T T TR TR
b
Figure 5.2:
1 =2 0 -1
EXAMPLE 5.4.3. Let A = 0 1 =2 and q = 1 . It 1s easy to
-2 0 1 7
show that A is an almost Cy-matriz. Now choose the initial point z(© =
3 1 1
05 |, 29 = | 1] and % = | 1 |. Using the proposed algorithm we
0.5 1 1

1
obtain (7, \) = (1,0,0,0,1,5,1,0,0,0) after 24 iterations. Note that T = | (

0
solves LCP(q, A), which is a degenerate solution. The convergence of the homo-

topy function is shown in the Figure[5.3. The first, second and third components
of x are represented by datal, data? and data3 respectively.
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3 ‘ ‘ . 13
: : —+— datal
2Bt O A ——dala?
: +— atad
=
g
i
=
215
I}
c
2
E
Ef.
o)
L Y e .'..5 et Y [15)
¥ : :
s+ .;

] T T TR

Figure 5.3:
-1 1 1 1 —1
1 0 0 0 1 |
EXAMPLE 5.4.4. Let A = and q = . Ais a Q-
1 0 0 -1 -1
1 0 -1 0 1
4 1
) 4 1
matriv. See [£3]. Now choose the initial point z(®) = , 20 =
1 1
1 1

and 2,0 = . We apply our proposed algorithm to this LCP(q, A) and

—_ = =

after 17 iterations we obtain the approzimate optimal solution of the function
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5.3.1), which is (y,\) = (1,0,2,0,0,2,0,0,1,0,2,0,0). Note that T =

S N O =

solves LCP(q, A), which gives a degenerate solution. The convergence O-f the
function is shown in the Figure[5.4. Datal, data?2, data3 and dataj represent the

first, second, third and fourth components of x respectively.

—+— datal
—+— data?

+— datad

—+— datad

@ : :
c :
H :
3 * : :
£ : :
B BE b Al
i)
+ “0’

(v,

W

Figure 5.4:
0 O 0 1 2 -2
0O 0 -1 -1 2 -1
ExXAMPLE 5.4.5. Consider A = 0 -1 0 -1 1 and q = 7
1 -1 -1 0 0 2
2 1 0O 0 0 -1

A is an Ny-matriz of exact order 2. Now choose the initial point (0 =
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[ 3 ] i 1 ] [ 1 ]
1 1 1
1], 2@ = 1 and 20 = 1 | . Using the proposed algo-
1 1 1
3 1 1

r-ithw-z, we obtain the -optz'mal solution 0]; the function (5.3.1), (y,\) =
(0.5,0,_0,0,1,0,1,8,2.5,0,0.5,0,0, 0,1,0) after 27 iterations. Note that T =
0.5

solves LCP(q, A). The convergence of the function is shown in Figure

_ o O O

@ Datal, data2, data3, data4 and data5 represent the first, second, third,

fourth and fifth components of x respectively.

Zomponents v ariation

Figure 5.5:
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In this study, we propose a new function to solve linear complementarity
problem. The key idea to solve LCP(q, A) by the method is to solve an initial
value problem using predictor-corrector approach. The value of A will start from
1 and goes to 0. In this way one can find the solution of LCP(gq, A) tracing a
continuous path. We prove that the smooth curve for the proposed function is
bounded and also converges. To ensure a continuous trajectory approaching to
the solution we introduce a new scheme of choosing step length. Several numer-
ical examples are provided to demonstrate the processability of larger classes of

LCP(q, A).



Chapter 6

Solution Approaches Of
Discounted Zero-Sum Stochastic

Game With ARAT Structure

6.1 Introduction

In this chapter, we consider two-person zero-sum discounted stochastic game
with additive reward and additive transition (ARAT) structure. Shapley [21§]
introduced stochastic game and showed that there exist an optimal value and op-
timal stationary strategies for a stochastic game with discounted payoff, which
depends only on the current state and not on the history. There are many applica-

tions of stochastic games like search problems, military applications, advertising

*Results of this chapter have been accepted in the journal International Game Theory
Review
TResults of this chapter have been arxived [I81]

90
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problems, the traveling inspector model and various economic applications. For
details see [63]. There are significant research on theoretical as well as compu-
tational aspects of stochastic games. For details see [227], [209], [226],]219] and
[223).

Raghaban et al. [209] studied ARAT games and showed that for a (-
discounted zero-sum ARAT game, the value exists and both players have
stationary optimal strategies, which may also be taken as pure strategies. A
stochastic game is said to be an Additive Reward & Additive Transition game
(ARAT game) if the reward and and the transition probabilities satisfy
(i) 7(s,4,5) = R}(s) + R3(s) for i € A,,j € Bs,s € S.

(il) pij(s,s") = pi(s,8') +p3(s,s') for i € A,,j € By, (s,5') € S x S.

We denote the matrix ((p;(s,s'),s,s’ € S,i € Ay))) as Pi(s) where S is the
set of states. This is a m4(s) X d matrix where m(s) is the cardinality of A and
d is the cardinality of s. Similarly the matrix Ps(s) of order ma(s) x d is defined
where mg(s) denotes the cardinality of the set B;. The Shapley equations for

state s,s’ € S can be stated as

Val[r(s, i, j) + B3y pij(s, 8 )vs(s")] = vs(s).
This implies the following inequalities.

For player I: For any fixed j
r(s,i,7) + BZp,»j(s, svg(s') <wg(s) V. (6.1.1)
For playeer II: For any fixed ¢

r(s,i,7) + 52]9”-(5, sg(s') > vg(s) YV j (6.1.2)
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Both the discounted and limiting average criterion of evaluation of strategies
have been considered. For details see [209],[208] and [63]. A finite step method
to compute a pair of pure stationary optimal strategies and the value of the game
is suggested in [209]. This approach involve solving a series of Markov decision
problems. In recent days various approaches have been proposed for solving dif-
ferent classes of stochastic games. One such approach is to formulate the ARAT
game as complementarity problem. A pair of pure stationary optimal strategies
and the corresponding value for a zero-sum discounted ARAT game with some
additional assumptions can be computed by solving a single vertical linear com-
plementarity problem. The well known Lemke’s algorithm solves LCPs when the
underlying matrix class belongs to a particular class. Cottle and Dantzig [229]
extended Lemke’s algorithm to vetical linear complementarity problems (VIL-
CPs). There are some pivotal kind techniques to solve VLCP based on Lemke’s
algorithm. The processability of Lemke’s algorithm and Cottle-Dantzig’s algo-
rithm is restricted on some classes of matrices. For details see [17] and [230].
One sufficient condition for the processibility of Lemke’s algorithm and Cottle-
Dantzig algorithm is that the underlying matrix should be both Ey and Ry matrix
[231],[69],[70] and [73].

In earlier the methods which are proposed to solve discounted zero-sum
stochastic game with ARAT structure are pivotal kind techniques. But in this
chapter we introduce an iterative method to obtain the solution of discounted
zero-sum stochastic game with ARAT structure. The chapter is organized as
follows. In section 6.2 we define the vertical linear complementarity problem and
supply relevant results which will be used in the next section. In section 6.3,
we propose a new iterative method to find the solution of discounted zero-sum
stochastic ARAT game. We show that the proposed iterative method possesses
a smooth and bounded path to find the solution. To find the solution of the

proposed function we modify the steps of the iterative method to increase the
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order of convergency of the algorithm. We also find the sign of the tangential di-
rection of the path. Finally, in section 6.4, we illustrate two numerical examples
of ARAT stochastic games to present the effectiveness of the proposed iterative

method.

6.2 Preliminaries

6.2.1 Discounted Stochastic Game with the Structure of
Additive Reward and Additive Transition

Consider a state space S = {1,2,--- ,N}. For each s € S, consider the finite
action sets A; = {1,2,...,m4} for Player I and By = {1,2,...,ns} for Player II.
For state s € S areward law R(s) = [r(s, 1, )] is an ms X ngs matrix whose (i, j)th
entry is the payoff from Player II to Player I when Player I chooses an action
1 € A, and player II chooses an action j € B,, while the game is being played
in state s and the payoff from player I to player II is —r(s,1,7). Let p;;(s,s')
denotes the probability of a transition from state s to state s’, given that Player

I and Player II choose actions i € Ay, j € B, respectively. Then transition law is

defined by
p= (pij(sasl) : (Sasl) €5 X S>Z € Asaj € Bs)

Let the game be played in stagest = 0,1,2,--- . At some stage ¢, the players find
themselves in a state s € S and independently choose actions i € Ay, j € B,.
Player II pays Player I an amount r(s,i,j) and at stage (¢ + 1), the new
state is s’ with probability p;;(s,s’). Play continues at this new state. The
players guide the game via strategies and in general, strategies can depend
on complete histories of the game until the current stage. We are however

concerned with the simpler class of stationary strategies which depend only on
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the current state s and not on stages. So for Player I, a stationary strategy
ke K= {ki(s)|s € S;i € Ag, ki(s) > 0,204, Ki(s) = 1} indicates that the
action ¢ € A, should be chosen by Player I with probability k;(s) when the game
is in state s.

Similarly for Player II, a stationary strategy { € L, = {l;(s)|s € S,j € B,
lj(s) > 0, ;cp, li(s) = 1} indicates that the action j € B, should be chosen
with probability /;(s) when the game is in state s. Here K and L, denote the
set of all stationary strategies for Player I and Player II respectively. Let k(s)
and [(s) be the corresponding m, and n, dimensional vectors respectively. Fixed
stationary strategies k£ and [ induce a Markov chain on S with transition matrix

P(k, 1) whose (s, s)th entry is given by

Pss/<k> l) = ZiGAs ZjEBS bij (57 Sl)ki(s)lj(s)

and the expected current reward vector has entries defined by

Ro(k,1) = 3 ica, 2Zjen, (5,6 5)ki(s)li(s) = kT (s)R(s)l(s) -

With fixed general strategies k,l and an initial state s, the stream of expected
payoff to Player I at stage ¢, denoted by vI (k,1),t = 0,1,2,--- is well defined and
the resulting discounted payoff is ¢2(k, 1) = > o° BTvl (k,1) for a 8 € (0, 1), where
[ is the discount factor. Due to this additive property assumed on the transition
and reward functions, the game is called S-discounted zero-sum ARAT(Additive

Reward Additive Transition) game. For futther details see [232], [209] and [233].

Vertical Linear Complementarity Problem

Cottle and Dantzig [234] extended the linear complementarity problem to ver-

tical linear complementarity problem. Consider a vertical block matrix A €
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Ay

R™k(m > k), A = As | such that A; € R™*F 1 < j < k72§:1 m; = m.

This matrix is called vertical block matrix of type (mq, mg, - - -my) and consider
q € R™ where m = Zle m;, the generalized linear complementarity problem is

to find w € R™ and x € R* such that

w—Ar=q,w >0,z >0, (6.2.1)
v [Jw'j=12"k (6.2.2)

This generalization is known as vertical linear complementarity problem and de-
noted by VLCP(q, A). For further details see [234]. The vertical block matrix
arises naturally in the literature of stochastic games where the states are rep-
resented by the columns and actions in each state are represented by rows in a
particular block. For details see [235], [236] and [200].

An equivalent square matrix M can be constructed from a vertical block ma-
trix A of type (my, ..., my) by copying A.;, m; times for j = 1,2,--- , k. Therefore
M.,=A.;Vpe J;. LCP(q, M) is called as equivalent LCP of VLCP(q, A). For
more details see [2306] and [237]. Mohan et al. [236] proposed techniques to con-
vert a VLCP to an LCP and also showed that processibility conditions as well.
Mohan et al. [200] formulated zero-sum discounted Additive Reward Additive
Transition (ARAT) games as a VLCP.

DEFINITION 6.2.1. [200] A is said to be a vertical block E(d)-matriz for some

d >0 if VLCP(d, A) has a unique solution w =d, z = 0.

DEFINITION 6.2.2. [200] A is said to be a vertical block Ry-matriz if VLCP(0, A)
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has a unique solution w =0,z = 0.

We denote the class of vertical block F(d) matrices as VBE(d) and the class
of vertical block Ry matrices by VBR,.

THEOREM 6.2.1. [63] For ARAT stochastic games

(i) Both players possess 3 discounted optimal stationary strategies that are pure.
(i1) These strategies are optimal for the average reward criterion as well.

(i1i) The ordered field property holds for the discounted as well as the average

reward criterion.

Now we observe the following property of the additive components P, and P

of the transition probability matrix P. For details see [200].

LEMMA 6.2.1. If p?(s,s’) = 0 for all & € S and for some j € B(s), then
PQ(S) =0.

THEOREM 6.2.2. [200/Consider the vertical block matriz A arising from the zero-
sum ARAT game. Then A € VBE(e) where e is the vector each of whose entries

1s 1.

THEOREM 6.2.3. [200] Consider the vertical block matriz A arising from zero-
sum ARAT game. Then A € VBRy if either the condition (a) or the set of
conditions (b) stated below is satisfied.

(a) For each s and each j € By, pj(s,s) > 0.

(b) (i) For each s, the matriz Pi(s) does not contain any zero column and

(1i)the matriz Py(s) is not a null matriz.

LEMMA 6.2.2. [88] Let f: R" — R™ be a sufficiently differentiable function in a
neighborhood D of «, that is a solution of the system f(x) = 0, whose Jacobian

matriz is continuous and nonsingular in D. Consider the iterative method 2~ =

Bk, ), wh = 2 — Py (), where g = aF — f/(a¥) 1 f(ab) and 2 =
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o(xk, y¥) is the iteration function of a method of order p. Then for an initial

approximation sufficiently close to «, this method has order of convergence p+ 2.

LEMMA 6.2.3. [88] Consider the function f: R™ — R™ and the iterative method
Po— ok = ), = b 2P+ ) ), wt = o -
' (y*)~Lf(2*) has 5th order convergence.

6.3 Main Results

In this chapter we consider the followings:

R={zeR":2>0,Ax+q >0}
R={reR":2>0,Ar+q >0}
Ri=RxXR}, xR},

Ri =R xR? xR
OR1 denotes the boundary of R;.

In this section, we consider the two-person zero-sum discounted stochstic ARAT
game and introduce an iterative method to find the solution of the discounted
zero-sum ARAT game. We state that a pair of strategies (k*,[*) is optimal
for Player I and Player II in the discounted game if for all s € S ¢,(k,*) <
oOs(k*,1*) = v < ¢s(k*,1) for any strategies k and [ of Player I and Player II.
The number v} is called the value of the game starting in state s and v* =
(v}, v3,---vy) is called the value vector. To find the optimal strategy of player I
and player II of the two-person zero-sum discounted ARAT stochastic game we
propose a new function based on the concept of iterative process.

In this section, we consider linear complementarity problem LCP(q, A) with
the matrix A from various matrix classes and also consider the two-person zero-

sum discounted stochstic ARAT game. Now we introduce a function to find the
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solution of LCP(g, A) and the discounted zero-sum ARAT game.

(1=0)[(A+AT)z+q—y — ATya] + t(z — 2)
H(u,t) = Yiz — Y920 4 (1 — ) X (Az + q) =0 (6.3.1)
Ya(Az + ) — Y, (A2 + g)

where Vi = diag(y:), X = diag(z), Yz = diag(ye), V" = diag(y(”), Y3 =
diag(yy”), u = (z,51,52) € R} x RY x R, u® = (20, 4,®,4,®) € Ry, and
A e (0,1].

Now we establish the conditions under which the solution exists for the pro-
posed function . We prove the following result to show that the smooth

(0)

curve I';,” exists for the proposed function (|6.3.1)).

THEOREM 6.3.1. Let initial point u®) € Ry. Then 0 is a reqular value of the
function H : R3 x (0,1] — R3" and the zero point set H1(0) = {(u,t) € Ry :

(0)

H(u,t) =0} contains a smooth curve Iy, starting from (u(®,1).

Proof. The Jacobian matrix of the above function H (u,u'?,t) is DH (u,u?,t) =

OH(ut)  9H(ut) OH(ut) | For all u® € R, and t € (0, 1],

ou Au(0) ot
=Y 0 0
=1 -2 —x© o |,
—tv%4 0 —ty©

where Y©) = diag(Az® + ¢), X© = diag(2®), y@ = Az© +

Now det(8 ) = (- 1)3”153” | yzo) # 0 for t € (0, 1] Therefore, 0 is a
regular value of H(u,u®, t) by the Lemma m By Lemma and Lemma
m 1.3.4] for almost all u(®) € Ry, 0 is a regular value of H(u,t) and H~*(0) consists

of some smooth curves and H(u(®, 1) = 0. Hence there must be a smooth curve

'Y starting from (u®1). |

Hence by Implicit Function Theorem for every t¢ sufficiently close to 1, the
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function (6.3.1) has a unique solution (u(?), 1), which is smooth in the parameter
tina neighbourhood of (u®,1). We prove the following result to show that the
smooth curve I'Y for the proposed function is bounded and convergent.

THEOREM 6.3.2. Let R be a nonempty set and A € R™™ a matrix and assume
that there exists a sequence of points {u*} C 'Y c Ry x (0, 1], where u* =
(2%, yk, y& %) such that ||2*| < oo as k — oo and HySH < o0 as k — oo and
for a given u'® € Ry, 0 is a regular value of H(u,u,t), then 'Y is a bounded
curve in Ry x (0, 1].

Proof. Note that 0 is a regular value of H(u,u®,t) by Theorem . By con-
tradiction we assume that T''Y) ¢ Ry x x (0,1] is an unbounded curve. Then there
exists a sequence of points {v*} where vF = (u* %) C 'Y such that | (u®, t%)|| —
oo. As (0,1] is a bounded set and z component and y, component of 'Y are
bounded, there exists a subsequence of points {v*} = {(u*, t*)} = {aF, y¥ o5, t*}

such that 2F — 7, y§ — 4, t* — t € [0, 1] and ||y*|| — oo as k — oo, where y* =

a . Since T ¢ H- 1(0), we have
Ys
(1 —t"[(A+ ATk g —yF — ATk +tF (b — 2 @) =0 (6.3.2)
YEak — vy 920 4 (1 — %) X*(Az" +¢) =0 (6.3.3)
YF(AZY + q) — VO (A2@ + ¢) =0 (6.3.4)

where Y}* = diag(yF), X* = diag(2*) and Y§ = diag(y5).

Let € [0,1], [|y¥]| = oo and ||y¥|| < o0 as k — oo. Then 37 € {1,2,--- ,n}

such that yf; — oo as k — oo. Let I, = {i € {1,2, e} klim yr. = 0o}. When
—00

t €10,1), for i € I, we write from Equation (6.3.2)),
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(1= t)[((A+ AT)ab); + g, — b — (ATyb)i] + t5 (2t — 21”) =0

= (1— M)k = (1= t))[((A+ AT)a*); + g — (ATyh)i] + (k- 2”)

= b= [((A+ AT)ah); + ¢ — (ATyh)i) + o (= ).

As k — oo, right hand side is bounded, but left hand side is unbounded. It

contradicts that ||yf|| = oc.

_ K, (0)_(0)
When ¢ = 1, from Equation (6.3.3), we obtain, ¥ = tyly—kx for i € I,. As

( )
17

k — oo, zf — 0.

Again from Equation (6.3.2), we obtain z” = (I;ktk) [(A+ AT)2®), + ¢ — ot —

(ATy%):] + af for i € I ,. As k — oo, we have x§°> = _klggo “;,fk)y’fi < 0. It
contradicts that ||yF| = oc.
So I'Y is a bounded curve in Ry x (0, 1]. ]

Therefore the boundedness of the sequences {x*} and {y5} gurantee the

boundedness of the sequence {y}}, i.e. the boundedness of the sequence {v*}.

THEOREM 6.3.3. Suppose the solution set Y of the function H(u,u® t) =0
is unbounded fort € (0,1). If there exists (§,1,¢) € RY" such that "¢ =1, then
§rAE <0,

Proof. Assume that the solution set I'Y is unbounded for ¢t € 0,1).
Then there exists a sequence of points {v*} C r?Y c Ry x [0,1) where
P = (uF 7)) = (2%, y¥, yh, tF) such that limy . t* = € [0,1). Now we consider
following two cases.

Case 1: |ly5|| < oo as k — oo. Since the solution set 'Y is unbounded we
consider the following two subcases.

Subcase (i) limy_yo €72 = 00 :

Let limy_,o % =¢ >0 and limg_, % =1 > 0. So it is clear that eT¢ = 1.

Then dividing by e?z* and taking k¥ — oo from Equations (6.3.2)), and dividing
by (eT2z*)? and taking k — oo from Equations (6.3.3) and (6.3.4)), we obtain
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(1-D[(A+ AT -y +# =0 (6.3.5)
&mi + &(AE); =0V i (6.3.6)

From Equations (6.3.5) and (6.3.6)) we write n = (A+ A7)+ ﬁﬁ and —¢(TAE =
£Tn. These two imply that £7[(A+ AT)E + ﬁﬁ] =Ty =—¢TA¢ fort € [0,1).
This implies that 267 A¢ + ¢TATE = = E)ng <0ie TAE<0forte|0,1).
Specifically for t = 0, (L' A¢ = 0 and for £ € (0,1), ¢TA¢ < 0.

Subcase (ii) limy_o0(1 — t*)eT2* = 00 :

Lot limy o (5 = € > 0. Then e7¢’ = 1. Let limy o —ficrr = 7 > 0.
Then multiplying the Equation (6.3.2)) with (1—#*) and dividing by (1 —t*)eT2*,
multiplying the Equation (6.3.3) with (1 — *) and dividing by ((1 — t*)eT2*)?
and multiplying the Equation with (1—t*) and dividing by ((1—t*)eTz*)?

and taking £k — oo, we obtain

1=-DA+ANE = (A —Df]+E =0 (6.3.7)
Eimi + (AL ) =0V i (6.3.8)

Multiplying (¢/)T in both sides of Equation (6.3.7)), we have (£)7(A + AT)¢' —

(1 -8y = —W(f’)Tf’. Now using Equation (6.3.8)), we write (£')7(A +
AN+ (1 - DETAE = —oEo (@78 = (€)TATE + (2 — D(¢)TAE =
—ﬁ(é’)Tﬁ’ for £ € [0,1). Hence (3—£)(¢)7AE' = —555(€)7¢ = ()T A =

— ey (€)7€ < 0.Sowe have (§')TA¢" < 0for ¢ € [0, 1). Specifically for £ = 0,
(€)TA¢ =0 and for t € (0,1), (¢)TAE < 0.
Case 2: limy_ eTyIQC = 00. Since the solution set of T’ 50) is unbounded we
consider following two subcases.

Subcase (i) limy_;o eX 2% = o00:
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k k
Let limy oo 257 = € > 0, limyyoo 7 = 7 > 0 and limy_,oo 25 = ¢ > 0. It

is clear that e’¢ = 1. Then dividing by e’ z* and taking k¥ — oo from Equation

(6.3.2), dividing by (e”z*)? and taking k¥ — oo from Equations (6.3.3), (6.3.4),

we obtain

(1=D[(A+AT)E—n— AT+ =0 (6.3.9)
&mi + &(AE); =0V i (6.3.10)
G(AE);=0V1 (6.3.11)

From Equation (6.3.9), we have n + AT¢ = (A + AT)¢ + 15¢ for £ € [0,1). Now
multiplying ¢7 in both sides we obtain £7(A4 + AT)¢ + %{’T{ =T+ ¢TATC.
From Equations and , we write £7(A+ AT)E 4 €T¢ = —¢T AL
Hence §TAE + €T(A+ AT)E = —7567¢ < 0 for ¢ € [0,1). Therefore £7A¢ <0
for t € [0,1). Specifically for £ = 0, €T A¢ = 0 and for £ € (0,1), £ A < 0.
Subcase(ii) limy o0 (1 — tF)ef2* = 0o :

(A—t*)ak

Let limy_ o A FeTaF = "> 0. Then ¢ = 1. Let limy,_,o =n >0

Y1
(1—tk)eTxk

and limy_, o % = (¢’ > 0 Then multiplying the Equation (6.3.2) with
(1 — t*) and dividing by (1 — t*)e?2*, multiplying the Equation with
(1 — %) and dividing by ((1 — t¥)eT2*)? and multiplying the Equation
with (1 — #*) and dividing by ((1 — t*)e?2z*)? and taking k — oo, we obtain

1-H(A+ANE -1 -1) - (1 -8 AT +1' =0 (6.3.12)
&+ €(AE); =0V i (6.3.13)
GIAE); =0V i (6.3.14)

Multiplying (¢)7 in both side of Equation (6.3.12)), we have (¢)7(A4 + AT)¢' —
(1=t —(1—-t)(TAT( = — = {)(f’)Tf’. Now from Equations (6.3.13)) and
B3, we write (€)7 (A+ AT)E + (1—1) ()T AL’ = (€Y7 ATE +(2—1)(€)T AL =
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(8- DETAL = —gL5 (@) = (€)TAE = —qoptas (€)7€ < 0 for
t € [0,1). Specifically for t = 0, ()7 A¢ =0 and for ¢ € (0,1), (¢)T A < 0.

Hence considering all the cases, it is proved that the unboundedness of the so-
lution set T'\” of the homotopy function H(u,u® t) = 0 and the existence of

(€,7,¢) € R¥" such that ¢ = 1, imply that (T A <0 for ¢ € [0, 1). n
COROLLARY 6.3.1. Fort =1, the curve is bounded.

Proof. Consider that the curve is unbounded in the neighbourhood of t = 1.
Then there exists a sequence of points {v*} C Y c Ry x x [0,1), where vF =
(uk, tk) = (2%, y¥, y%, t¥) such that limy_, t* =t = 1. Now we consider following
two cases.

Case 1. Let limg_ o e72* = 0o and limg_,o % = ¢ > 0. Hence eT¢€ = 1. If
llys|| < oo as k — oo, then from Equation (6.3.5)), we obtain £ = 0 for £ = 1. If
limg oo €7y5 = o0, then from Equation (6.3.9)), we obtain & = 0 for £ = 1. This
contradicts that e'¢ = 1.

Case 2. Let limy_,o0(1 — tF)efz* = oo and limy_,o % = ¢ > 0. Hence
el¢ = 1. If ||yb]| < oo as k — oo, then from Equation (6.3.7), we obtain & = 0
for £ = 1. If limy_,o e7y§ = oo, then from Equation (6.3.12)), we obtain & = 0
for £ = 1. This contradicts that eT¢" = 1.

Therefore the curve is bounded for t = 1. n

THEOREM 6.3.4. Let A € R™™ be a matriz. If the set Ry be nonempty and 0 is
a regular value of H(u,u®,t), then the path 'Y ¢ Ry x (0, 1] is bounded.

Proof. Suppose A € R™ " is a matrix and there exists a sequence of points
{vF} C rY c Ry x (0,1], where v* = (2%, y}, 4%, t*). Hence by the definition of
Ri 2%yt y5, Az* + ¢ > 0. From Corollary the curve is bounded for ¢ = 1.
Assume that the curve I'”) € Ry x (0,1) is unbounded. Then from Theorem m

()TAE < 0fort € (0,1). For limy_,o €72 = 00, € = limy_.o0 % > (. Again for
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limg o0 (1 — tF)eTz? = 0o, € = limy_o0 ((1*tk)xk > 0. Az* + ¢ > 0 implies that

1—tk)eT zk
A€ > 0. Hence &, AE > 0 imply that éTA¢ > 0 for ¢ € (0,1), which contradicts
that the path is unbounded for € (0,1). Hence the curve I'Y) € Ry x (0, 1] is

bounded. ]

Therefore the curve T is bounded for the parameter t starting from 1 to 0
if the set Ry be nonempty and 0 is a regular value of the function (6.3.1f). For
an initial point u(®) € R, we obtain a smooth bounded path which leads to the

solution of function (6.3.1) as the parameter ¢ — 0.

THEOREM 6.3.5. For u(®) = (x(0>,y§°),y§°)) € R, the equation finds a bounded
smooth curve TY) € Ry x (0, 1] which starts from (u®,1) and approaches the
hyperplane at t = 0. As t — 0, the limit set L x {0} C Ry x {0} of O s

nonempty and every point in L is a solution of the following system:

(A+ ANz +q—y — ATy =0
Yie + X(Az +q) =0 (6.3.15)

Y5(Az 4+ ¢q) = 0.

Proof. Note that I s diffeomorphic to a unit circle or a unit interval (0, 1] in

) (0)
view of Lemmall.3.5] As %

interval (0,1]. Again 'Y is a bounded smooth curve by the Theorem m Let

is nonsingular, 'Y is diffeomorphic to a unit

(@,t) be a limit point of 'Y, Now consider the followings:

(i)(u,t) € Ryx {1} : As the equation H(u, 1) = 0 has only one solution u¥ € R,
this case is impossible.

(ii)(u,t) € ORy x {1} : there exists a subsequence of (u”,t*) € 'Y such that
zf — 0 or (Az* + q); — 0 for i C {1,2,---n}. From the last two equations
of the function , we have yF — oo or y5§ — oo. Hence it contradicts the
boundedness of the path by the Theorem [6.3.2]
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(i13)(u,t) € IRy x (0,1) : Also impossible followed by the case (7).
(iv)(u,t) € Ry x {0} : The only possible case.
Hence u = (%, 11, 92) is a solution of the system (6.3.15))

A+ ATz +q—y1 — ATy = 0
Yiz + X(Az +q) =0
Y2(Az +q) = 0.

6.3.1 Computing Solution of ARAT Stochastic Game

based on Iterative Process

We state that a pair of strategies (k*,[*) is optimal for Player I and Player II
in the discounted game if for all s € S ¢s(k,1*) < ¢s(k*, 1) = vi < ¢s(k*,1) for
any strategies k and [ of Player I and Player II. The number v} is called the
value of the game starting in state s and v* = (v}, v3,- -+ , vy ) is called the value
vector. To find the optimal strategy of player I and player II of the two-person
zero-sum discounted ARAT stochastic game we propose a new function based

on the concept of iterative method.

Now we show that the solution of the proposed function will give the solution

of discounted ARAT stochastic game.

THEOREM 6.3.6. Suppose ') = {(u,t) € R x (0,1] : H(u,u®,t) = 0} C

—BP, E — (5P —R!
R1 x (0,1]}, and A = bh bh and q = i(5) , where
—E+08P 0P R3(s)
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eec 00 - 0
, 0 e 0 -~ 0 | .
the matriz Py = Pi(s), Py = Py(s) and E = | = | is a vertical
0 0 0 -+ eq

block identity matriz where e;,1 < j < d, is a column vector of all 1's. Then the

function (6.3.1) solves discounted zero-sum stochastic ARAT game.

Proof. Suppose for a zero-sum discounted ARAT game the optimal pure strategy

in state s is 7o for Player I and j, for Player II.

Then the inequality (6.1.1)) and the inequality (6.1.2) reduces to

Ri(s)+ R (s +BZP1 (s, 8 )vg(s —l—BZpJO s, 8 vg(s") <wvg(s) Vi. (6.3.16)

RY (s) + R2(s +5me s, s Yvg(s —i—BZpJ s, vg(s') > vz(s) V 5. (6.3.17)

Thus the inequalities are

Hs)+ B> pis,8)a(s) — &a(s) + B> pi(s,s)ns(s) <OVie A, s €S
) ’ (6.3.18)

and similarly the inequalities for Player II are

Hs)+ B pi(s, ) ms(s)) —ma(s) + B p(s,8)és(s)) > 0 Vj € By, s €5,
i i (6.3.19)
Also for each s, in there is an i(s) such that equality holds. Similarly,
for each s in there is a j(s) such that equality holds. Let for i € A,

w; () = —Ri(s szl (s, 5")m(s") +a(s) szz s,5')€s(s') 2 0, (6.3.20)



Iterative Method to Solve Discounted Zero-Sum ARAT Stochastic Game 107

and for j € B,
wi(s) = R2(s) — —l—ﬁijss ns(s +ﬁ2pjss )Ea(s') > 0. (6.3.21)

We may assume without loss of generality that 7s(s),{s(s) are strictly positive.
Since there is atleast one inequality in (6.3.20)) for each s € S that holds as an
equality and one inequality in (6.3.21)) for each s € S that holds as an equality,

the following complementarity conditions will hold.

(s) [ wi(s) =0 for1<s<d (6.3.22)
i€AS

and
(s) [T wi(s) =0 for1<s<d. (6.3.23)
JEBs

The inequality (6.3.20)) and inequality (6.3.21]) along with the complementarity
conditions (6.3.22)) and (6.3.23)) lead to the VLCP(q,.A) where the matrix A is

of the form

—BP E—pP —Rl(s
A= Ah ok and ¢ = +(5)
—E+ P8P, [P Rj(s)
where the matrix Py = Py(s), P, = P»(s) and
ee. 00 -+ 0
0 e 0 - 0| : o :
E = o ‘ is a vertical block identity matrix where

0 0 0 -+ eq
ej,1 < j < d, is a column vector of all 1’s. Now an equivalent square

matrix A can be constructed from the vertical block matrix A of type
(ma,...,m.) by copying A.;, m; times for j = 1,2,--- ,c. Therefore A., = A,;
Vp € J; and the LCP(q, A) is the equivalent LCP of VLCP(q, . A). We consider
the proposed function (/6.3.1])
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(1-=[(A+ AT +q—ys — ATyo] + t(x — 2)
H(u,t) = Viz — tY{2© + (1 — ) X(Az + ¢) =0 (6.3.24)
YAz + g) — ¥, (A2 + g)

where Y, = diag(y1), X = diag(z), Y» = diag(y), ¥;* = diag(y\”), V¥ =
diag(y), u = (z,91,2) € R? X R? xR, u® = (20 4,® 4,0) e R, and \ €
(0,1]. We denote T\ = {(u,t) € R¥ x (0,1] : H(u,u®,t) =0} € Ry x (0,1]}.
For the proposed function ¢ varies from 1 to 0. Starting from t = 1 to t — 0 if we
have a smooth bounded curve, then we obtain a finite solution of the equation
(6.3.1)) at t — 0. Ast — 1, the equation (6.3.1)) gives the solution (u(?), 1), and as
t — 0, the equation gives the solution of the system of following equations:

(A+ ANz +q—y — ATy, =0
Yiz + X(Az+q) =0
Yo(Az +¢q) =0

where Y] = diag(y;) and Y> = diag(ys). Hence the solution of the function (6.3.1))

gives the solution of discounted zero-sum ARAT game. ]

Therefore if the function converges to its solution as the parameter
t — 0, we obtain the solution of discounted ARAT stochastic game.
Note that Theorem [6.3.5] establishes the solution of the proposed function which
validates the Theorem [6.3.61 This in turn leads to the solution of discounted
ARAT stochastic game.

In this approach the initial point u©@ = (2@, 4@ ) € R, has to be a

feasible point. Hence choose the initial point such that z(® > 0, Az + ¢ > 0.
Here (@, 0) is the solution of the function (6.3.1)). Therefore 4 € R; is the solution
of the system of equations (6.3.15)). Hence Y;Z = 0 and X(Az + q) = 0, where
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Y) =diag(y;) and X =diag(z). It is clear that the component Z of @ = (Z, 71, U2)

provides the solution of discounted ARAT stochastic game.

6.3.2 Tracing Path by iterative process

We trace the path T\ ¢ Ry x (0, 1] from the initial point (u(”),1). To find the
solution of the discounted ARAT stochastic game we consider path alongwith
other assumptions. Let s denote the arc length of P&O). We parameterize the

path 'Y with respect to s in the following form

H(u,t) =0, u(0) =u®, ¢(0) = 1. (6.3.25)
The solution of the Equation (6.3.25|) satisfies the following problem

0 0

= ———H(u, t)_laH(u, t), u(0) =u®, t(0) =1 (6.3.26)
u

From equation (6.3.1)) the choice of H is H(u,t) = (1—t)f(u)+tg(u) = 0, where

(A+ ATz +q—y1 — ATy,

Flu) = Yiz + X (Az + q) and  g(u) =
Ya(Ax + q)
r— 2O
Yiz — Yl(O)x(o) . Hence the system (/6.3.26)) becomes
Ya(Az + ) — V3" (A2 + g

w = p(u,t), u(0) =u® where p(u,t) = —Jf

This problem will be solved by iterative process

u(i+1) = P(Uz, ti, hl), where hz = ti+1 — tz
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Here u; is an approximation of u. P(u,t;, h;) is given by

P(u,t,h) = I,(u,t, h), where Iy(u,t,h) =u
and K; = ZH(I;,t+h)*H(I;,t + h)
Li=1I—-K;
KK; = (ZH(Lj,t+h)+ ZH(I;,t+h)) H(I;,t + h)
LL;=1I; - 2% KK,

The next iteration

Liyn=LL; — ZH(Lj,t+h)TH(L;,t+h), for j=0,1,2,--- ,m—1.
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Algorithm:

Step 0: Initialize (u(®,ty). Set Iy € (0,1). Choose €3 >> ¢; > 0 which are small
positive quantity.

50 50
Step 1: 70 = ¢© = () "4 | for i = 0, where ny = I 4 | and
0 = B0 1) . )
For i > 0, o0 <%—H< >>—1<@—fz<u<i>,ti>>,m= 1 e =] 5|
If det(22 (u®, ;) > = ¢0) else 700 = —¢0) 1§ > 1.

Set | = 0.

Step 2: (Predictor and corrector point calculation) (a™,%;) = (u®,¢t;) +
aT(i), where a = ['. Compute (a9, &) = H’ Lo (@, 8)TH (@ ;) and
(a®, ) (al fz) (4™, %;). Now compute (uu (),tt) = (

H' (O)( ANTH @D, £) and (@, it;) = (a9, 1) — 2(uu®, 1t;).

Compute () i) = (wu, tt;) — H' o) (@, &) H (uu, it;).
If 0 < |[tiza — ]| < 1, go to step 3. Otherwise if m' = = min(a, || (uV, t;,) —
(u® t)|) > ao, update I by [ + 1, and recompute (i, ;) else go to step 3.

Step 3: Determine the norm r = ||H(u®V ¢;,1)|. If r <1 and vV > 0 go to
step 5, otherwise if a > €3, update [ by [ + 1 and go to step 2 else go to step 4.

Step 4: If |t;11] < €1, then stop with solution (u(+,#;,,), else i = i 4+ 1 and go
to step 1.

Note that in step 2, H'  (u,t)* = H'  (u,t)"(H o (u,t)H o (u,t)")" is the

Moore-Penrose inverse of H!  (u,t).

We prove the following theorem to obtain the positive direction of the pro-

posed algorithm.

THEOREM 6.3.7. If the curve F&O) 15 smooth, then the positive predictor direction
©,1)

7"

8u<9t (

7O at the initial point u'® satisfies det( ) < 0.

T

Proof. From the Equation (6.3.1)), we consider the following function
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(1 =(A+ Az +q -y — ATgp] + t(x — 2)
H(u,t) = Viz — Y720 4 (1 — 1) X (Az + q) = 0.
Ya(Az + q) — 1Y (Az© + ¢)
Now Buat(u’t) = ]
1—t)(A+ ATy +tI —(1—6)I —(1—1t)AT Q
Y+ (1—t)(Y + XA) X 0 ~V{ 920 — X(Az + ¢)
Y,A 0 Y ©(42© + ¢)
where Q = (2 — @) — [(A+ AT)x + g — y1 — ATp] and YV = diag(Az +q).
At the initial point (u®,1)
I 0 0 —[(A+AT)2O 4 q -y — ATy
(0 1) = | y© xO0 Y920 — XO(4z0 4 ¢)
YQ(O)A 0 YO YQ(O)(Ax(O) +q)
(0)\(=1)H(0)
K
Let positive predictor direction be 70 = = (@)@ ,
—1 —1
where
I 0 0
V=] v xo o |,
YZ(O)A 0 y (0)
—[(A+ ATz 4 g — O — ATy
ng) = —Yl( ) (0) _ x(0 (A:L‘(O +q) and k is an n x 1 column vector.
—Y;" (42 + g)
oOH (0) 1
(4 )
Hence, det( oun ) )
07
(0) (0)

@@ -1
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Y )
= det( )
0 —1- (@) @M)@Y

= det(Q\") det(—1 — (QP)T(Q)D(Q) DY)

= —det(Q\”) det(1 + (QP)T(Q)D(Q) D QY

= T2, 2”9 det(1 + (@7 (@)D (@)D < 0.

So the positive predictor direction 7(9 at the initial point u(?) satisfies
0H (0) 1
u Y
det( o ) ) < 0. u
)7

REMARK 6.3.1. We conclude from the Theorem that the positive tangent
direction T of the path FS’) at any point (u,t) be negative and it depends on
1-t)(A+AT)+tI —(1—t)I —(1—1t)AT
det(Q1), where Q1= | Y + (1 —t)(Y + X A) X 0
YA 0 Y

Based on the earlier work to solve the initial value problem (6.3.26]) was

formulated with the iterative process as

Ly =1; — ZH(I;,t+ h)*H(I;,t + h), for j =0,1,2,--- ,m — 1.

J

For details see [I09]. However the proposed iterative method solves the function

by solving the problem (|6.3.26]) with the following iterative process

K; = a%H(Ij, t+h)TH(I;t+ h)
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KK; = (ZH(Lj,t+h)+ ZH(I;,t+h)) H(I;,t + h)
LLJ:]J—Q*KKJ
Iiyy=LL; — ZH(Lj,t+h)TH(L;,t+h), for j=0,1,2,-- ,m— 1.

J

By this iterative process the proposed function achieves the order of convergence

as O™ — 1.

THEOREM 6.3.8. Suppose that the function has derivative which is Lipschitz con-
tinuous in a convex neighbourhood N of ¢, where ¢ is the solution of the function
H(u,t) = 0, whose Jacobian matriz is continuous and nonsingular and bounded

on N. Then the iterative method has order 5™ — 1.

Proof. By the Implicit Function Theorem ensures the existence of a unique con-
tinuous solution z(h) € N of 2(h) = —J ' f, 2(0) = w and h € (=46, ), for some
§ > 0. Define 3; = ||z(h) — I;(u, h)||. From Lemma B; = O(h”). Then
Bit1 = ||2(h) = I 11| < KB;°. Hence B;41 = O(h¥""). By induction the proposed

iterative method has convergency of order 5™ — 1 [

6.3.3 Solving Discounted Zero-Sum Stochastic Game

with ARAT Structure

EXAMPLE 6.3.1. Consider a two player zero-sum discounted ARAT game with
s = 2 states. In each state each player has 2 actions. The transition probabilities

are given by

pi(1,1) = 3, pi(1,2) =0,
py(1,1) = 3, p3(1,2) =0,
pi(2,1) =0, pi(2,2) =3,
p3(2,1) =0, p3(2,2) = 3,
pi(1,1) = 3, pi(1,2) =0,
p3(1,1) =0, p3(1,2) =3,
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pi(2,1) =0, p1(2,2)
p3(2,1) = 5. p3(2,2) =0.
Note that p;j(s,s') = p; (s, s') + pi(s,s').

Py = Pi(s) = ((p}(s,s),s,s €S,i € Ay)) and
Py = Py(s) = ((p3(s,5), 5,8 € S,j € By)).
Let the discount factor 5 = %

The reward structure:

Ri(1) =4, Ri(2)=5,

Ry(1) =3, Ry(2) =4,
R(1) =3, Ri(2)=6,
R3(1) =6, R(2)=2.

Note that r(s,i,5) = R;(s) + R3(s).
Now we solve discounted ARAT game using the proposed function. The initial
point is u'® = (4,5,3,4,8,8,6,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0)". Here
lop = %,61 = 107% €3 = 107°. After 47 iterations we obtain the solution u =
(0,7,0,6,9,0,0,7.33,1,0,1,0,0,2.33,3.33,0,0,7,0,6,9,0,0,7.33,0) as t — 0O .
: : -
0
1
0
0
2.33
3.33

0

Hence the solution of discounted ARAT is x =

EXAMPLE 6.3.2. Consider another two player zero-sum discounted ARAT game
with s = 2 states. In each state each player has 2 actions. The transition proba-
bilities are given by

p%(l, 1) = %7 p%(172) =0,
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pa(1,1) =1, p(1,2) =0,
pi(2,1) =0, pi(2,2) =3,
p3(2,1) =0, p3(2,2) = 3,
pi(11) =1, pi(1,2) =0,
p3(1,1) =0, p3(1,2) =3,
pi(2,1) =0, pi(2,2) = 3,

Note that pi;(s,s') = pi(s,s') + p3(s,s).

Py = Pi(s) = ((p}(s,),s,s €85,i € Ay)) and

Py = Py(s) = ((p2(s. ). 5,5’ € S.j € B.)).

Let the discount factor 8 = %

The reward structure:

Ri(1) =4, Ri(2)=5,

Ry(1) =3, Ry(2) =4,

Ri(1) =3, R%(2) =6,

R3(1) =6, R3(2)=2.

Note that r(s,4,j) = R}(s) + R3(s).

Now we solve discounted ARAT game using the proposed function. The ini-
tial point is u® = (1,1,1,1,20,20,10,10,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0)7.
Here Iy = %,61 = 107% €5 = 107°. After 31 iterations we obtain the solution

u = (0,9,0,6,7,0,0,7.33,1,0,1,0,0,2,3.33,0,0,9,0,6,7,0,0,7.33,0) as t — 0.
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Hence the solution of discounted ARAT is x =

In this chapter, we introduce a iterative process to find the solution of dis-
counted ARAT stochastic game. Mathematically, we obtain the positive tangent
direction of the homotopy path. We prove that the smooth curve of the proposed

homotopy function is bounded and convergent.



Chapter 7

Tracing Homotopy Path For The
Solution Of Nonlinear

Complementarity Problem

7.1 Introduction

In this chapter, we consider nonlinear complementarity problem. The concept
of complementarity is synonymous with the notion of system equilibrium. The
nonlinear complementarity problem is identified as an important mathematical
programming problem. The idea of nonlinear complementarity problem is based
on the concept of linear complementarity problem. In the literature so many
techniques are developed to solve nonlinear complementarity problems. For de-
tails see chapter 1. In this chapter we solve nonlinear complementarity problem
by using homotopy approach ensuring the boundedness property of the trajec-
tory obtained from the proposed homotopy function. The basic idea of homotopy

method is to construct a homotopy continuation path from the auxiliary mapping

*Work of this chapter has been communicated.
tResults of this chapter have been arxived [137].
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to the object mapping.

The chapter is organized as follows. Section 7.2 is about continuation method
with homotopy function. In section 7.3, we propose a new homotopy function to
find the solution of nonlinear complementarity problem. We construct a smooth
and bounded homotopy path to find the solution of the nonlinear complemen-
tarity problem as the homotopy parameter p € R starts from 1 and tends to
0. To find the solution of homotopy function we modify homotopy continuation
method to increase the order of convergency of the algorithm. We also find the
sign of the positive tangent direction of the homotopy path. Finally, in section
7.4 we numerically solve some examples of nonlinear complementarity problem
using the introduced homotopy function to demonstrate the effectiveness of our

proposed approach.

7.2 Continuation Method with Homotopy
Function

The fundamental idea of the homotopy continuation method is to solve a prob-
lem by tracing a certain continuous path that leads to a solution to the problem.
Thus, defining a homotopy mapping that yields a finite continuation path plays
an essential role in a homotopy continuation method. The homotopy method
[183] is itself an important class of globally convergent methods. Many homo-
topy methods are proposed for constructive proof of the existence of solutions to
systems of nonlinear equations, nonlinear optimization problems, Brouwer fixed
point problems, nonlinear programming problems, game problems and comple-
mentarity problems [I84]. Eaves and Saigal [I82] attempted to use similar ap-
proaches for solving system of non-linear equations. Such methods have been

used to constructively prove the existence of solutions to many economic and



Homotopy Method for NCP 120

engineering problems.

Let Py, P, be two topological spaces and Map(P;, P») be the set of all continu-
ous maps from P; to P,. Homotopy is an equivalence relation on Map (P, P). Let
h1, hy : Pi — P5 be continuous maps. A homotopy from h; to hs is a continuous
function H : Py x[0, 1] — Py satisfying H(y,0) = hi(y), H(y,1) = ha(y) Yy € P;.
If such a homotopy exists, then hy is homotopic to hs and it is denoted by hy =~ hs.

The basic idea of homotopy method is to construct a homotopy continuation
path from the auxiliary mapping g to the object mapping f. Suppose the given
problem is to find a root of the nonlinear equation f(z) =0 and g(z) = 0 is an
auxiliary equation with g(xg) = 0. Then the homotopy function H : R*™! — R”
can be defined as H(x,p) = (1 — p)f(z) + pg(z), 0 < p < 1. Based on this
concept, we consider the homotopy function H(z,u) = 0, where (x9,1) is a
known solution of the homotopy function. Our aim is to find the solution of the
equation f(z) = 0 from the known solution of g(z) = 0 by solving the homotopy
function H(z, ) = 0 varying the values of p from 1 to 0.

7.3 Continuation Method for Nonlinear Com-
plementarity Problem

Some homotopy methods are developed to solve nonlinear complementarity prob-
lem under some assumptions such as the nonlinear function f(z) associated with
the nonlinear complementarity problem is a P function. Ding et al.[85] proposed
a homotopy method. However this method can not ensure the existence of the
bounded solution in many cases. For details see [146], [87], [85], [89)].

Now we solve nonlinear complementarity problem by a new approach of con-
tinuation method. We consider two positive numbers m, [ such that m is large

positive number and [ is positive number with [ << m. First we define
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R(m = {(Z7y7w17w271}17712) € RiJr X RZLrJr X RiJ,, X R?“Jr X R++ X R++ :
= (2 (ztw)i+v2) > Lm— (3 (y+wa)i +v1) >},
1=1 i=1

R(m) = {(z,y, w1, wa,v1,v2) € RY x RY x RY x R? x Ry x Ry :m — (S (2 +

i=1
wi); +v9) > 1,m — (Z(y—i—wg) + 1) > 1}

We choose the 1n1t1aiip01nt

2 = (2O y© 00w, 0O 4,0 € R,y such that

A = BO) £, 1,0 = 1,0 A©) £ 9,0

1B, 0 — A©), ) 4 [BO(] — AO)) 1 A0, 0 40) — 1, £

H(A©, O B0, 0 4 140 (] — BO)) 1 BOwO(BO _ 4,0 £ 0,

l(B(O) —1)# (A 0) _ U2(0))vl(0 l(A(O) —1)# (B 0) _ Ul(O)),UQ(O),

where A = (m — (il( 20 4 w”),)), BO =m — (il(y(o) + wi”);). These are

the criteria to be an initial point.

Now we define the feasible region
u(A(O)—vg(O))vl(O)

f(m) = {(Z7y7w17w271}17v2> € R(m) : V1 % #;UQ 7é
BO)_p; (0)), (0

MBDn BTy e (0,1)),

Fomy = {(zy,wi,wo,v1,02) € Rymy : v # sz 4
BO)_p, )y, (0)

MBI e (0,1)}

(0) 4y (0)), (0)

OFm) = {(z,y,w1,w9,v1,02) € ORgmy @ v # Mﬂ& £

N(B(O)—vll(o))vz(()) V 1€ (0,1)}, where ORy, is the boundary of 7_3(m)
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We construct a suitable homotopy function

(1= p)(y —wy +vie+ JF(z — wy + vae)) + p(z — 2©)
Wiz — pWi9 2
Way — 3"y ©

Hz, a0 0) = y— (1= u)f(z) = py®)
(m = 320+ wn)s = va)or = pul(m = 350 + wl”); = "))
(m = 32y + wa)i — vn)ez — al(m — 3O + wl”), — o))

N
Il
—

=1

(7.3.1)
where e = [1,1,--- 1|7, Z = diag(z); Wy = diag(w); W = diag(ws); W =
diag(wy”); W3" = diag(ws”); @ = (2,y, w1, ws, v1,v3) € Fimy;

A CORTORTACRTRORNONNONIS Fimy; p € (0,1] and Jy is the Jacobian

of the nonlinear function f(z).

7.3.1 Properties of the Trajectory for Single Parameter

First we prove the smoothness property of the trajectory obtained by the pro-
posed homotopy function ([7.3.1)).

THEOREM 7.3.1. For almost all initial points (© € Rm) satisfying the cri-
teria to be an initial point, 0 is a reqular value of the homotopy function

H : R"™2 x (0,1] — R and the zero point set H 3 (0) = {(z,u) €

Fom) x(0,1] : Hy) (, p) = 0} contains a smooth curve T starting from (2@ 1).

xT

Proof. The Jacobian matrix of the above homotopy function H(z,z®, 1)

is denoted by DH(z,z® u)) and we have DH(z,2® pu) =

OH (z,2(0) OH (2, OH (x,2(0),
H{ - 1) H(axw) w o 9H( o W |, For all 2 € F,y and p € (0,1],

K, Ky
Ky K,

OH (z,2 O )

we have =
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—ul 0 0 0 0 0
@ 0 —uZO 00
where Kl = A 0 s s K2 = s
0  —uW® 0 —py© 00
0 —ul 0 0 | 0 0]
% ;w%o)e 0 ,ngo)e 0
3 = )
0 s 0 ol
—pu(m — 3 (20 + wi”); — vg”) pol”
Ky = = e " (0) on |’
MUy _M< Z(y( )+ Wy )z — U )

YO = diag(y®), 70 = diag(z®), W = diag(w{"), Wz( = diag(w}”).
Nowdet(a o) = det(Ky) det(Ky — KoKy ™' K3) = det(Ky) det(Ky) = pt™**((m—

n

(2O +wi”); — i) (m = 2 (O +wi) — ) = oo T, V9 # 0 for

i=1 i=1
p € (0,1]. Thus DH (z, 2, 1)) is of full row rank. Therefore, 0 is a regular value

of H(x,2® ). By Lemma and Lemma [1.3.4] for almost all 29 € F,,,

0 is a regular value of H,o (z,u) and H_; (0) consists of some smooth curves

and H o) (2(®,1) = 0. Hence there must be a smooth curve r

(x(O)’ 1) |

starting from

Now we show that a smooth and bounded curve exists by the homotopy function

([7-31).

THEOREM 7.3.2. Let F(,,) be a nonempty set. For a given z© ¢ R m) satisfying
the criteria to be an initial point, if 0 is a reqular value of H(z,x© L), then F 0

is a bounded curve in Fm x (0,1].

Proof. We have that 0 is a regular value of H(z,z®, 1) by Theorem and
Fimy is a nonempty set. It is clear that the sets F,) and (0, 1] are bounded.
Hence there exists a sequence of points {z*, y*, w¥, wk o¥ v§ pk} c 'Y x (0,1],

such that lim z*¥ = 2z lim ¢* = ¢, lim w} = @, lim w§ = 0y, lim v} =
k—o00 k—o00 k—00 k—00 k—00
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ﬁl,klim s = @g,klim pu* = ji. Hence I'Y” is a bounded curve in Fmy x (0,1].
— 00 — 00

|
We show the convergence of the homotopy function ([7.3.1)).

THEOREM 7.3.3. For (0 = (2(0) y© wg ),wéo),vi ), §0)> € Rm) such that

A0 = BO) £ 9,0 =, © 0) o£ 20,0

1(BOup,y ) — A©)y, ©)) 4 lB(O (1 — AQ) 4 A© vl(o)(A(O) — @) £ 0,

1Ay O — BO)y,O)) 4 1AON(] — BO) 4 B0y, (0(BO) — 4, ©)) £ 0,

L(B® — 1) £ (A©) — ,0)), )

I(A© —]) 4 (B(O) — Ul(O))UQ(O)’

the homotopy function finds a bounded smooth curve r c Fimy % (0,1] which
starts from (x© 1) and approaches the hyperplane at pn — 0. As p — 0, the limit
set LxX p C ]:"(m) x {0} of T s nonempty and every point in L is a solution of

the following system of equations:

(y —w +01€+J}F(Z — wy +v2e)) =0

le =0
Wgy =0
y—f(z)=0 (7.3.2)
(TTL — Z(Z + wl)i - U2>U1 =0
i=1
(m — Z(y + ws); — v1)vg =0
=1

Proof. Note that ' s diffeomorphic to a unit circle or a unit interval (0, 1] in

is nonsingular, F;O)

OH (x,2(" 1) .
As 8z(0)

interval (0,1]. Again ' is a bounded smooth curve by the Theorem Let

view of Lemma(1.3.5 is diffeomorphic to a unit

(Z, ) be a limit point of 'Y, We consider four cases:
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(i) (T, 1) € Fimy x {1}.
(ii) (z, 1) € OF(my x {1}
(iii) (i,ﬂ) € 8]-"(m) X (O, 1).

(iv) (Z, ) € Fimy x {0}.

Suppose for case (i) the homotopy function (7.3.1)) has solution (z, 1), other than
the initial solution 2. As u — 1, 2 = 20,5 = y© @, = 2\ w, = 2V 5, £
0,7y # 0. Hence for  — 1, (A—wvy) — (A —0y), (B—v;) — (B©® — ). Hence

from homotopy function ([7.3.1))

(AQ = By)m = (A° = 0, )0, (7.3.3)

(BO — 5)5, = (B® — 1, @), © (7.3.4)

From and (7.3.4)), we obtain

AO (5, — 1, ®) = (3,55 — vy O

BO(Gy — 050 = (5,7 — 1, O, )

This implies A (7, — ;@) = BO (7, — 1,?). As A® = BO and v, = 4,©)
this implies 7, = v;, 0y = 1,®. Hence the equation H,w (x,1) = 0 has only
one solution z(® € R,,). Hence the case (i) is impossible.

In case (iz) the homotopy function implies that z = 20, g = y© 5, =
w? Wy = wY, vy # 0,05 # 0. Hence (A —vy) = (A —5y) and (B —v;) —
(B© — %) as u — 1. From last two components of homotopy function (7.3.1)),

we have
(A(O) — Up)Uy = (A(O) — Uz(o))vl(o), (B(O) — U1)Ug = (B(O) - Ul(o))w(o)- (7.3.5)

Three cases may arise.

Case 1: Let A® — 7, = [. From Equation (7.3.5) and last two components of
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the homotopy function ([7.3.1]), we obtain
gy = Q0= - po) _ A0 DOy (BO) _ 4 0)),0)

7 1(B(©) —y;(0)),(0)
" ZB(O)(—A<°>v1<10>ﬁuf<o>y2<o) = A0 —
— Z(B(O)UQ(O)_A(O)v1(0>)+lB(o>(l—A )+A (A(O)—UQ( )) _ 0, contradicts

the choosing of initial point.
Case 2: Let B® — 4, = [. From Equation (7.3.5) and last two components of
the homotopy function (|7.3.1)), we obtain

7, = B9 ml<0> Ju2(©) , (A0 B<°>7vll<°>)v2<°>)@1 = (A — )y, @

- l(A<o>fU2<o>)v1<o> _ 1)
— U1 = go- B<o>v2<o>+v1<o>v2<o> =BY -1

= (A0~ BOyy) 4] A0 (|- BO) 4 BOy,(0(BO) —3, () = 0, contradicts

the choosing of initial point.
Case 3: Let BO — g, =1, A® — %, = [. From Equation and last two
components of the homotopy function ([7.3.1)), we obtain
151 = (A© — 5,0}, 15, — (BO — ,©)4,0),
— [(BO — 1) = (A®) — 1,09, 1(A® — ) = (BO — 4,00, contradicts
the choosing of initial point.

In case (iii) from homotopy function (7.3.1), we have z > 0,5 > 0,w; >
0,w9 > 0. Three cases may arise.

n

Casel: Let A—vy — A—0y = [, where A = (m—>_ (Z+0;);. Then from Equation
=1

, which contradicts that v, € 0F ).

(A©) (0, (©)
7

Case2: Let B —v; — B — 0, = [, where B = (m — _(§ + ws);. Then from
i=1
, which contradicts that v, € 0F ()

7.3.5)) we have v; =

[1(B(©) (05, (0)
7

Equation ([7.3.5)) we have vy =

Case3: Let A—vy - A— vy, =1,B—v;, = B —19; =1[. Then from Equation

(0) 11y (0) ), (©) ~ (B0 (0))4,(0)
7.3.5) we have ¢y = MAT =2 )u? “—— and © p = BE v e 0 Jvz

, which contradicts

that vy, 79 € 8]—"(m).
Therefore (iv) is the only possible case and T = (Z, 9, wy, ws, U1, U2) is a solution

of the system of equations ([7.3.2)). Hence the homotopy function ([7.3.1]) leads to
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its solution z as p — 0. ]

REMARK 7.3.1. From the homotopy function as p — 0 we obtain y—wy +
Jf(Z—1y) = 0,7 = f(2), 0% =0, Wy = 0, 01 =0, T, =0Vie{1,2,---n},
where Jy is the Jacobian of f(z) at the point Z. Now wy and wy can be decomposed
as wy =y — Ay >0 and wy = Z — AZ > 0. Now it is clear that y;2; = Ay;z; =
Az ¥ i and JfAZ 4+ Ay = 0. This implies that (ZJ] +Y)Az = 0, where
Y =diag(y) and Z =diag(%).

Here we find the condition under which the homotopy solution gives the

solution of the complementarity problem (1.4.1)).

THEOREM 7.3.4. The component z of (Z,y,w;,ws, 1) € L x {0} is the solution
of the complementarity problem if and only if AZ;Ay; = 0 or wy; + we; >
0V 1.

Proof. Suppose z > 0 and g = f(z) > 0 give the solution of the complementarity
problem . Then z;i7; = 0 V 2. This implies that z; =0 or y; =0 V i. Now
we consider the following cases.

Case 1: For atleast one i € {1,2,---n}, let zZ; > 0,7, = 0. In view of Remark
this implies that Ay; =0 = Az Ay; = 0.

Case 2: For atleast one i € {1,2,---n}, let ; > 0,z = 0. In view of Remark
this implies that Az, =0 = Az Ay; = 0.

Case 3: For atleast one i € {1,2,---n}, let §; = 0,z; = 0. This implies that
either Ay;Az; = 0 or wy; + wy; > 0.

Conversely, we consider AZ;Ay; = 0 or wy; +wy; > 0V i. Let Vi, AZ;Ay; =0
implies either AZ; = 0 or Ay; = 0. This implies that ¢;z; = 0V i. Therefore y and
Z give the solution of given complementarity problem . Let wy + wy > 0.
Then three cases will arise.

Case 1: Let wy; > 0,wy; = 0 for atleast one i € {1,2,---n}. This implies that
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Case 2: Let wy; = 0,wy; > 0 for atleast one ¢ € {1,2,---n}. This implies that
Z; > 0and y; = 0.

Case 3: Let wy; > 0,wy; > 0 for atleast one i € {1,2,---n}. This implies that
Zi=0and y; = 0.

Considering the above three cases zZ and ¢ solves the compplementarity problem
(1.4.1)).

THEOREM 7.3.5. If the nonlinear function f(z) is a Py function, then the com-
ponent z of (Z,y, W, W, 01,02, 1) € L x {0} gives the solution of the nonlinear

complementarity problem .

Proof. Let f(z) be a Py function. Then the Jacobian matrix of the nonlinear
function at a point z, J; is a P, matrix. Assume that the component z of
(Z,9, w1, We, U1, Vg, 1) € L x {0} does not give the solution of the nonlinear com-
plementarity problem . Hence Az;Ay; # 0 and wy; + we; = 0 for atleast
one 7. Then Az; # 0,Ay; # 0,w; = 0,wy; = 0. Now wy; = ¥; — Ay; = 0 and
AzZ Ay #0 = y; = Ay; > 0. In similar way wq; = Z; — AZ; = 0 and AZ;Ay; #
0 = % = Az > 0. Since (,§, Wy, Wy, U1, V2, fi) € Fmy X {0}, we obtain that
v = 0,7, = 0. From Equation and Remark , Ay; + (ijZ)i = 0.
This implies that (jJTAE)i < 0 and (Aé)i(jfTAZ)i < 0. This contradicts that J;
is a Py-matrix. Therefore the component z of (2, y, wy, W, U1, Vg, 1) € L x {0} is

the solution of the nonlinear complementarity problem (1.4.1]). |

THEOREM 7.3.6. Suppose the matriz (ZJ{ +Y) is nonsingular, where Y =diag(y)
and 7 =diag(z). Then z solves the complementarity problem .

Proof. Let (ZJ} +Y) be nonsingular matrix. Now from Remark it is clear
that Az = 0. This implies that Z solves the complementarity problem ((1.4.1). m

REMARK 7.3.2. We trace the homotopy path Y c Fmy % (0,1] from the initial

point (x(o), 1) until p — 0 and find the solution of the given complementarity
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problem m Let s denote the arc length of Y. We can parameterize the

homotopy path F(wo) with respect to s in the following form

H,o (z(s), u(s)) =0, z(0) =29, p(0) = 1. (7.3.6)

Differentiating with respect to s we obtain the following system of ordinary

differential equations with initial values.

dx
s dr du dp
H;(O)@j(s)?M(S)) (}ll—“ = 07 H(%? %)H = 17 1‘(0) - .’B(O), M(O) = 17 %(O) < 0.
(7.3.7)

and the x-component of (x(s), u(s)) provides the solution of the complementarity
problem for p(s) = 0.
The Equation (7.3.7) implies that [22 221, — o Ty = 1, %X = (¢ =

0z op ’ ’ ds
€T x(o)
, €(0) = . Now it is obtained that
7 1
d —(8H\-18H 20 y
_C = (BI> On vy, C(O) = ) ’UJheT’G Vv = ! . (738)
dS 1 1 Uy

We use the homotopy continuation method with some modifications in choos-
ing step length and updating iterations to trace the homotopy path 'Y numer-
ically.

7.3.2 Algorithm: Continuation Method with Single Pa-

rameter

Step 0: Parameter ¢ counts the number of iterations and parameter i; counts
the number of shifting of the initial point. Set ¢ = iy = 0. Give an initial point
(29 1) satisfying the criteria to be an initial point with o = 1. 7 and 7, are

small positive numbers where 7; denotes the lower boundary of the norm of the



Homotopy Method for NCP 130

direction vector and 7, denotes the lower boundary of the step length. x; € (1, 2]
and ko is a positive number such that x% < ko, where k¥ is the step length. € is

a small positive numbers, which is used as a threshold for the parameter u.
x T (0

Step 1: Set = = , where © = po = 1. Calculate
t I 1

d = det(ZZ (2, 11)) and go to Step 2.

Step 2: Set ¢; = co = 0. Calculate d = det(%—lj(m, ). Then go to Step 3.

Step 3: Determine the unit predictor direction 7(® by the following method: If
sign(d) = —sign(dyp), then t; =1 — p, else t; = —p.

T

Calculate z; = —td(%—g(x,u))*l(%—f(x,u)), ) = . = mW, where
n
_ | Y _ |t _ 7.2 .2 2 s
Vg = , T = ol where ||vq]| = \/25+1t3, x5 = > . x5, T4 is the
tq Ud

1th component of z4. If 7 <y, then set ¢1 = cl + 1 else ¢l = 0. If t; < €1, then

stop with a solution else go to Step 4.

Step 4: Choosing step length: Set i =i+ 1,k = 0,7 = [VA(2)]T2,, \: R* = R

and \(z) = [Ho(x)]" [Ho(z)], where

(y —wy +vie+ Jf(z — wy + vge))
Wiz

y— f(z)
(m — z;(z + wy); — v)vy

(m — Z;(?J + ws); — v1)va

Ify>0, 2+ sita, € Fny,0 < t+ /ilf+1t7: < 1, then set k = k + 1 and go

k+1

to Step 5, else if v < 0, u(x + k1

xn) < p(x + Kfw,), o+ ki e, € Fm),0 <
t+ /f’f“tn < 1, then set k =k + 1, and go to Step 5, else ¢ = 0, and go to Step
6.

Step 5: If k¥ > ko, then set k =k — 1, co = co + 1 and go to Step 6, else go to
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Step 4.

Step 6: If t, < €1, then stop with solution else go to Step 7.

s L
Step 7: Compute = + kf )
tp t ty
F x
7]3 e P — [JH(xpgtp)+H(xp7tp>]’
tp 12
T T n
T = "l = 20(Ju(xp, ty) + Ju(Tp 6,)) T H (2, 1)),
tp lp
Lee ‘% - f 5of
= Np = [Ju(@p, )] T H (T, 1),
tcc tp
a Lee 7
L = Ju(Tp, tp) T H (Tee, tec)-
ty Lee

L Lp

Then the next iteration is . Let r = ||H(ze,t.)|. If

t, t

r<1,0 <t. <1, and z. € F(), then go to Stepblo else set k = k —1 and go to
Step 8.

Step 8: Calculate a = min(x¥, ||z — z.||). If a <y, then go to Step 9 else go to
Step 5.

Step 9: If t. < ¢, then stop with a solution else : =7 — 1,7, = 75 + 1 and after
changing the initial point as z(®) = 2, go to Step 1,

Step 10: Set o . If t. < €, then stop with homotopy solution

1% te
else set i =7+ 1 and go to Step 2.

Note that Jy(z,t)" is the Moore-Penrose inverse of the Jacobian matrix
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Jg(x,t), which is defined by Jyg(z,t)" = Jg(z,t) (Jg(x, t)Jg(z, )T) L.

We show that the positive tangent direction at the initial point is negative.

THEOREM 7.3.7. If the homotopy curve Y s smooth, then the positive tangent

D(%M)H(‘T(O)7 1)

direction 70 at the initial point %) satisfies sign(det( )) <0,

O

where D o H (29, 1) = [%—f(x(o), 1) %—5(1'(0), 1)] .

Proof. From Equation we have H(x, 2, 1) =
(1— )y — w4+ vie + JF (2 — wy + vae)) 4 p(z — 219
Wiz — pW 920
Way — sz(o)y(o)
y— (1= p)f(z) = uy®)
(@ +wi™)i = v")or”)

M=
M=

(m = > (2 +wi)i — v2)vr — p((m —

.
fa
-.
Il
i

3l

0 0 0
(Y@ + wd); — o))

-

Il
—

(m — 3y + wa)i = va)op — pu((mm

Now at the point (z =29 4 =1

Dy H (x, 1) = [%—f(m(o), 1) %_1;’(95(0)7

-
Il

, the value of the partial-derivative is
)] = [K5 Kﬁ} , where
1 0 0 0

— —_ o~

M! w® o zO g
K5:|:M, N’],M’Z 7M{: 0 )
M, o W o YO
0 I 0 0
L d Anx4dn
v —v%o)eT 0 —UEO)eT 0
2 — )
0 —o{DeT 0 —o{0eT
- _ 2x4n
00
N 00
N= | N = ,
N 00
0 0
L 4 4nx2
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[(m— 3220 + wi®); — o)) —o{"
Né — =1 n
0 0 0 ’
—u}” (m =Yy +wi); — vf”)
L i=1 2%2
A
B
C
K(i: 5
D
FE
F
where Y(© = diag(y®), Z(© = diag(z(?),
Wl( dlag(w1 ) W2 = diag(w é

A= [y — w0 + 0% + I O = wf? + ofe)], B =~
C=-W"y®, D= f(20) =y, E = —(m = 3 (2@ + w”); = v{")o”,

i=1
F==(m = 2 +up”) = 0i”)ey”
. ) ) t (R(O))(_I)R;O)
Let positive tangent direction be 7% = = ,
-1 —1
A
B
M] Nj C
R = K5 = PO and RY = K =
M N D
E
F

Here det(R”) = det(N}) det(M! — N!(N})"'M3) = det(N}) det(M?) = ((m —
> (2 + wi™); = vy (m = 3 (@ + wi?); — o) = ool [T, 270 # 0.

i=1 i=1
D H x(o), 1 R(O) R(O)
() ( ) ) det ( 1 2

Therefore det( o ON\T [ PO (=T)
T (Ry7)" (Ry”) —1
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0 0
= det( Rﬁ) . fé) 0 o )
0 —1—<Ré>>T<R“> <R<> HRY

=det<R<°>>det< — (RO (R) DRV RY)
—det(R”) det(1 + (RY)T(RY”) DR Ré”)
= —(m = XEO + W — W) = SO + W) — o) -

i—l i=1

VO T, 2% det (1 + (RO)T(RD)ED(RV)EDRY) < 0. n

7.3.3 Order of Convergence

We trace the homotopy path r" ¢ Fimy % (0,1] from the initial point (@ 1)
as u — 0. Let s denote the arc length of Y. We parameterize the homotopy
path T’ 5;0) with respect to s in the following form

H, o (z(s), u(s)) = 0, 2(0) =z, p(0)=1. (7.3.9)

T

From Equation (7.3.1]) the choice of H is H(x, ) = (1—pu)g1(z) + pga(z) = 0,

where

(y — w1 +vie + Jf (2 — wy + vae))
W12

gi(z) = y— f(2) and
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2= 20

Wiz — W0,
Way — W37y

y—y¥
(m =3 (= + wn)i = va)n = ((m = (=0 + i) — 0"}
i=1 =1
(m = 320y +wa)s = va)v = ((m = Ly + ") = vi)es”)
Hence the system (7.3.8)) reduces to the following problem
i | (=) g + pdg) " (g2(2) — 91(2)) o —J g
rr 2 =
‘ 1 1
(0)
x
((0) = ¢ =
1
where Jg,, Jg, are Jacobian matrices of the functions g¢; and g

J = (1= p)Jy, + pJy, and § = ga(z) — g1 ().

This problem reduces to

¢ = q(x, 1), ¢(0) =¢® where q(z, 1) = —J 1§

This problem will be solved by iterative process

C(i—i—l) = Q(Iiuu’ia hl)v for i = 07 L. )

135

and

Here (; is an approximation of ((s) and h; = p(sir1) — u(s;). Q(x;, i, hyi) is

given by

Q(%Ha h’) = ]m(xvluv h’)v where IO(:B7H’7 h) = g
and K; = ZH(IL;, pu+h)"H(I;, pn + h)
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KEK; = (g H(Lj, p+h) + 2 H (L, g+ h) H (I, o+ h),
LLj :[j—Q*KKj,
S;=LH(Lj,p+h)"H(LL;, p+ h),

8S; = LL; — S,
T; = ZH(LLj, p+ h)*H(SS;, i+ h),
TT; = SS; - T;,

The next iteration is given by
]j—i-l :TT'J forj:0,1,2,--- , Moy — 1.

By this iterative process the proposed homotopy function achieves the order

of convergence 70 — 1.

LEMMA 7.3.1. [88] Consider the function f : R™ — R™ and the iterative method
S = P, = = 2 + )T, =
F'(y")~Lf(2%) has fifth order convergence.

LEMMA 7.3.2. [88] Let f : R* — R™ be a sufficiently differentiable function
in a neighborhood D of «, that is a solution of the system F(x) = 0, whose
Jacobian matriz is continuous and nonsingular in D. Then, for an initial
approzimation sufficiently close to «, the method defined by 2* = ¢(a*,y*),
wh = 28 — f'(y*) 71 f(2%) has order of convergence p + 2, where 2* = ¢(z*, y¥) is

the iteration function of a method of order p and y* = x* — f'(x*)~1 f(2).

Now we show that the modified method which is defined in the following

Lemma has seventh order of convergence.

LEMMA 7.3.3. Let f : R* — R" be a sufficiently differentiable function in a
neighborhood N of ¢*, which is a solution of the system f(x) = 0, whose Jacobian

matrixz is continuous and nonsingular in N. Then, for an initial approximation
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sufficiently close to c*, the method defined by y* = % — f/(a%)71f(2), 2F =
2P =2(f' (") + £ (@) T ("), wh = 2= f )T (RE), of =t = F (R T f ()

has seventh order of convergence.

Proof. By Lemma and Lemma it is clear that the following iterative
method

yt=ab — f@*)7 ("),

F=ab = 2f' (") + f1(@*) T f (=),

wh = 2" — fiy") (),

vt =wh = f1ER) T ()

has seventh order of convergence. ]

THEOREM 7.3.8. Suppose the homotopy function has derivative, which is lips-
chitz continuous in a convex neighbourhood N of ¢, where c is the solution of the
homotopy function H(x, ) = 0, whose Jacobian matriz is continuous and non-
singular and bounded on N'. Then the homotopy continuation method has order

7o — 1.

Proof. Implicit Function Theorem ensures the existence of a unique continuous
solution ¢(h) € N of ¢ = —J 71§, ¢(0) = ¢© and h € (—46,0), for some § >
0. Define a; = ||((h) — I;(¢, h)||. Hence og = ||C(h) — ¢)|| = O(h). From the
Lemma [7.3.3, a; = O(h™). Then a;yy = [|¢(h) — I;41]| < Ka;7, where K is a
constant. Hence a1 = O(h7j+1). By induction method the modified homotopy

continuation method has convergency of order 70 — 1. [

7.4 Numerical Example

We consider some examples of nonlinear complementarity problems and de-
termine the solutions with homotopy method. To illustrate the effectiveness

of the Algorithm we consider the initial point z(® such that 20 = e,
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YO = e w© = e w® = e 1, =0.001, 1,9 = 0.001 and gy = 1. Set
m=10""2,1, = 10718, Ky = V/2, Ky = 9000, ¢, = 101

T + $2$gg4x5

T + wlfgg4$5 _ 3

EXAMPLE 7.4.1. f(z) = | zj+ ff2tazs

T1T2T3T5 1
Tat =50 T3

Ts + $11§33$4

After 15 iterations the parameter p  converges to 0 and we
obtain  the solution of the homotopy function (7.5.1) (z,pn) =
(0,3,1,0,0,0,0,0,0.5,0,0,0,0,0.5,0,0,3,1,0,0,0,0,0). The Z components

(0,3,1,0,0) of (z, 1) is the solution of the nonlinear complementarity problem.

3212 4+ 22179 + 229° + 23+ 324 — 6

2212 4+ 11 + 2% + 1023 + 224 — 2
EXAMPLE 7.4.2. f(z) = ' b ’ !

3212 + 1179 + 2092 + 223+ 374 — 9

2612 + 3$22 + 21133 + 31‘4 -3
After 20 iterations the parameter pu  converges to 0 and we

obtain  the solution of the homotopy function (7.53.1) (Z,[) =
(1,0,3,0,0,31,0,4,0,31,0,4,1,0,3,0,0,0,0).  The z components (1,0,3,0)

of (z, 1) is the solution of the nonlinear complementarity problem.

—T9 +.T3 + x4

T — 4.5x3+2.Txy

EXAMPLE 7.4.3. f(2) = Las
5 — T — 0.523+0.324

14x3
3 — T
After 26 iterations and changing the initial point 3 times the parameter u

converges to 0 and we obtain the solution of the homotopy function
(z,1) = (1.10,0,0,0,0,1.10,3.89,1.89,0, 1.21,3.78,1.78, 1.21,0,0,0,0,0,0). The
z components (1.10,0,0,0) of (Z, ) is the solution of the nonlinear complemen-

tarity problem.
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71?2 — sin(zy)
EXAMPLE 7.4.4. f(z) = x93 + 1173

1'32 + X129 — 200
After 28 iterations the parameter p  converges to 0 and we

obtain  the solution of the homotopy function (7.5.1) (Z,[) =
(0.88,0,14.14,0,12.39,0,0,12.39,0,0.88,0, 14.14,0, 0, 0). The Zz components
(0.88,0,14.14) of (z,) 1is the solution of the nonlinear complementarity

problem.

In this study, we consider homotopy path to solve nonlinear complementarity
problem based on newly introduced homotopy function by modified homotopy
continuation method. The homotopy function is developed based on KKT condi-
tions and ensuring the boundedness property of the homotopy trajectory. We find
the positive tangent direction of the homotopy path. We prove that the smooth
curve for the proposed homotopy function is bounded and convergent under some
conditions related to initial points. Some examples of nonlinear complementarity
problem are numerically solved by the proposed modified homotopy continuation

method to demonstrate the effectiveness of the method.



Chapter 8

Oligopolistic Market Equilibrium
Problem In The Context Of

Nonlinear Complementarity

Problem

8.1 Introduction

Oligopoly is a fundamental economic market structure found in industrialized
nations. The oligopoly problem consists of a finite number of firms involved in the
production of homogenous commodities in a noncooperative manner. Cournot
[161] studied the oligopoly problem which is one of the classical problems in
economics. Cournot studied noncompetitive behaviour of competition between
two producers, known as duopoly problem. The decisions taken by the producers
are said to be in equilibrium if no one can increase his income by unilateral action

assuming that the other producer does not alter his decision.

*Results of this chapter have been communicated.
TWork of this chapter has been arxived [58] and [57].

140
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The oligopoly problem is one of the classical problems in economics, dat-
ing to Cournot [I61], who first studied this problem. The oligopoly problem
consists of a finite number of firms involved in the production of homogenous
commodities in a noncooperative manner. In particular, Cournot investigated
competition between two producers, which is known as duopoly problem and is
credited with being the first to study noncompetitive behaviour. In his trea-
tise, the decisions made by the producers are said to be in equilibrium if no
one can increase his income by unilateral action, given that the other producer
does not alter his decision. Subsequently to fundamental Cournot contributions,
the problem has been studied extensively. Nash [163], [162] in turn generalized
Cournot’s concept of equilibrium for a behavioural model consisting of n play-
ers, each acting in its own self-interest, which is called a noncooperative game.
Specially, consider m players, each player ¢ having at his disposal a strategy
vector x; = {1, T2, ..., Tin} selected from a closed, convex set X; C R", with
a utility function v; : X — R, where X = X; x X5 x --- x X,;, C R™. The
rationality postulate is that each player i selects a strategy vector x; € X; that
maximizes his utility level v;(x1, -+, %1, %, Tit1, -+, Ty) given the decisions
(2;) i of the other players. we consider the oligopoly problems operating under
the Nash equilibrium concept of noncooperative behaviour, as a problem of the
game theory. In particular, we consider the firms as players and their commodity
production output as their strategies. Oligopolies are a fundamental economic
market structure found in industrialized nations. Recently, there have been a
number of studies dealing with the numerical computation of various oligopoiis-
tic market equilibrium problems. For details see Gabay and Moulin [165], Salant
[166], Murphy et. al. [59], Harker [193], [194]. Murphy et al. [59] attempted to
formulate oligopolistic market equilibrium problem. Later Harker [193] applied

relaxation algorithm to find its solution.
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8.2 Formulation of Oligopolistic Market Equi-
librium

In this chapter we consider an oligopolistic market structure in which n firms
supply a homogeneous product in a noncooperative fashion which is followed
by Murphy et. al. [59]. Let P(Q), price at which consumers will purchase
a quantity Q > 0, denotes the inverse demand function. With generally
accepted economic behaviour, this is assumed that P(Q) is strictly decreasing
and the industry revenue curve QP(Q) is a concave function of Q for Q > 0.
It is further assumed that P(Q) is continuously differentiable. Note that
Q = o, Qi, where @; > 0 denotes the ith firm’s supply. Let ¢;(Q;) be
the total cost of supplying (); units. Now the Nash equilibrium solution is
a set of nonnegative production levels Q*, Q5" --,Q," for the n firms at

which the market will be in a state of equilibrium, i.e. @;* is a Nash equilibrium if

(Q*P(Q" + Q) — (@) = (Q:P(Qs + Q) — c:(Qy)) for all Q; € 5;

where S; is the set of all possible strategies for ith firm and Qf = Z#i Q;".
Then @Q;* maximizes the profit of the ith firm given that the other firms produce
quantities @);* for j # i. We restate the problem as ;" is an optimal solution to

the following problem for i € {1,2--- ,n}

max Q:P(Q: + Q) — i(Q;) where QF = ;Qj* (8.2.1)

Murphy et al.[59] showed that if ¢;(Q;) is convex and continuously differ-

entiable V i and the inverse demand function P(Q) is strictly decreasing and

continuously differentiable and the industry revenue curve QP(Q) is concave,
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then (Q1%,Q2", -+ ,Q,") is a Nash equilibrium solution if and only if

[P(Q") + Q" P'(Q) — ¢/ (Qi")]Q;" =0 (8.2.2)

¢ (@) — P(Q") — Q" P'(Q") = 0 (8.2.3)

Q>0 Vi (8.2.4)

where Q* = > v, @;", which is a nonlinear complementarity problem with

fi(z) = ¢/(Q") — P(Q7) — Q" P'(Q7), and 2 = Qi".
Note that here the functions ¢;(Q;) and —QP(Q) are convex. Hence the first

order derivative of these two functions are increasing function. Hence the

function f;(z) = ¢/(Q;") — P(Q*) — Q;" P'(Q*) is an increasing function.

Murphy et al. [59] attempted to formulate oligopolistic market equilibrium
problem. Later Harker [193] applied relaxation algorithm to find its solution.

In this study we propose some new methods to find the Nash equilibrium of
oligopolistic market through nonlinear complementarity problem. In this context
we introduce an approach to transform nonlinear complementarity problem to
a system of nonlinear equations and consider a continuation method to find the
oligopolistic market equilibrium. Mangasarian [I86] gave an idea to connect non-
linear complementarity problem as a system of nonlinear equations. In addition
we consider Newton method to obtain the solution of system of linear equations
for finding Nash equilibrium and study Jacobian of the system of nonlinear equa-
tions to deal with its singularity. The chapter is organised as follows. In section
8.3 we discuss about system of nonlinear equations and establish the equivalence
between nonlinear complementarity problem and system of nonlinear equations.
In section 8.4 we introduce a continuation method with multiple parameters to
solve system of nonlinear equations. We show that the trajectory obtained from

that method is bounded under some conditions. In section 8.5 we propose mod-
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ified Newton method to solve nonlinear system of equations. We show that this
method has seventh order of convergence. Finally, we consider an example of
oligopolistic market equilibrium problem [59] to demonstrate the effectiveness of

our proposed algorithms.

8.3 Formulation of Nonlinear Complementarity
Problem as System of Nonlinear Equations

The nonlinear complementarity problem is identified as an important mathemat-
ical programming problem which is defined in the first chapter (1.4.1). A wide
class of problems, which arise in complementarity theory, can be studied via the
system of nonlinear equations. Finding solution of system of nonlinear equations
has an important role to deal with problems in various fields such as chemical
production processes, engineering design, economic equilibrium, transportation
and applied physics. A number of methods are proposed to solve system of
equations. Newton and quasi-Newton methods are well known iterative methods
to solve system of nonlinear equations. In recent years, researchers are inter-
ested to solve system of nonlinear equations both analytically and numerically.
Several iterative methods have been developed using different techniques such
as Taylor’s series expansion, quadrature formulas, homotopy method, interpo-
lation, decomposition and its various modification. For details, see [I71], [I72],
[T74] and [175].

Now we show the equivalence between nonlinear complementarity problem

and system of nonlinear equations.

THEOREM 8.3.1. Let ¢ : R — R be a strictly increasing function such that
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»(0) = 0. Then z solves the complementarity problem (1.4.1) if and only if

$((fi(2) = 20)*) — o(fi(DIfi(2)]) — d(2ilz]) =0V 4 (8.3.1)

Proof. Necessary. Suppose z is the solution of the nonlinear complementarity
problem . Now we show that z satisfies the system of nonlinear equations
’-3.1).

For each i = 1,2,...,n either z; =0, fi(z) > 0 or fi(z) =0,2; > 0.

If z; =0, fi(z) > 0 then

O((fi(2) = 2:)*) = o(fi(2)| fil2)]) — b(zilzl)

= o((fi(2))?) — o(fi(2)Ifi(2)]) = &((fi(2))*) — 8((fi(2))*) =0

If fi(2) =0,z >0 then

o((fi(2) — z)?) — o(fi(D)|fi(2)]) — (=il )

= ¢((2:)?) = B(zill) = ¢((2)%) — 8((2:)*) = 0.

Hence the solution of satisfies the system of equations .

Sufficient. Suppose z satisfies the system of nonlinear equations . We
show that (a)f(z) >0, (b)z > 0 and (c)z f(2) =0

(a) To show f(z) > 0 assume that f;(z) < 0 for atleast one i € {1,2,...,n}.

Since ¢ is a strictly increasing function with ¢(0) = 0, we obtain

0 < ¢((fi2) = 2)%) = &(fi(2)|fi(2)]) + b(zilzil) = (—fi(2)?) + (i)
< ¢(zilzil)
This implies that ¢(z]2|) >0 = 2]z >0 = 2, > 0 and
O((fi(z) — 2:)?) < d(ailal) = (fi(z) — 20)* <zl = (filz) —2)* < 2.
Now z; > 0 and f;(z) < 0 imply that (f;(z) —2;) < 0 and |fi(2) — 2;| > z;. Hence
(fi(2) — 2z;)* > z2. This contradicts that (fi(z) — 2;)* < 22. Hence fi(z) >0V i.
(b) To show that z > 0 assume that z; < 0 for atleast one i € {1,2,...,n}. Since

¢ is a strictly increasing function with ¢(0) = 0, we obtain



Oligopolistic Market Equilibrium Problem 146

0 < ¢((fi(2) = 2)%) = (fi(2)fi(2)]) + d(zilzil) = d(fi()fil2)]) + o(=27)
< o(fi(2)fi(2)])

This implies that ¢(fi(z)|fi(z)|) >0 = [i(2)[fi(2)]| >0 = fi(z) > 0 and
(i) — 2P) < SEAIEG) = (F() — 2P < KEIAG) —
(fiz) = 2)* < (fi(2))*.
Now fi(z) > 0 and z; < 0 imply that (f;(z) — 2z;) > 0 and (fi(2) — ;) > fi(2).
Hence (fi(2) — 2;)* > (fi(2))?. This contradicts that (f;(z) — 2z;)? < (fi(2))%
Hence z; > 0V 1.
(c)From (a) and (b) we have z > 0 and f(z) > 0. To show 27 f(z) = 0
assume that z; > 0 and f;(z) > 0 for atleast one i € {1,2,...,n}. Then
O((fi(2) — 2)7) < D((F:(2)?) + B(() = S| fi(2)]) + H(zlzal). This contra-
dicts that ¢((fi(2) — 2:)*) = (fi(2)|fi(2)]) + @(zi]z). Hence ZTf(Z) =0,
Therefore the solution of system of nonlinear equations (8.3.1)) provides the so-

lution of nonlinear complementarity problem (|1.4.1]). ]

REMARK 8.3.1. Hence it is shown that the complementarity problem of finding a
z € R™ satisfying 27 f(2) =0, f(z) >0, 2 > 0 where f : R" — R" is a nonlinear
function, is equivalent to the following problem of solving system of n nonlinear

equations in n variables

vi(2) = ¢((fi(2) =2)") = (fi() fi(2)]) = d(zilzil) = 0, i€ {1,2,---n} (8.3.2)

where ¢ is a strictly increasing function and ¢(0) = 0. In this paper the function

¢ : R — R is defined by ¢(z) = x°

Now we show that the Jacobian of the system of nonlinear equations (8.3.2)
is nonsingular at the solution of nonlinear complementarity problem under some

conditions. To show this we consider the followings.

52 =0 ((file) = z))2(fil2) = 2) (52 = 8y)) =& (fi(2)Ifi(2)])2i(2)sgn(fi(2)) 5
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—¢ (zi|2i])2zi8gn(2:)d;;, where the function sgn : R — R is defined in the first
chapter.

We show that the Jacobian of the system of nonlinear equations is non-
singular at the solution of nonlinear complementarity problem under some con-

ditions.

THEOREM 8.3.2. Let z be a nondegenerate solution to the nonlinear complemen-
tarity problem satisfying z + f(z) > 0. Let J (f(2)), the Jacobian of
the function f at z has nonsingular principal minors and let ¢ : R — R be a
differentiable strictly increasing function such that ¢'(y) > 0 for all y > 0 and
¢»(0) = 0. Then z solves and the Jacobian of the function ¥ at z, J (¥(2))

s nonsingular.

Proof. Let z be a nondegenerate solution of the nonlinear complementarity prob-

lem ([1.4.1). The Jacobian matrix of the function ¢ is defined by

8251 822 azn
Wn W OYn
| 0z1 Ozo Ozn _

1) =6 (fi(2) fi(2))2fi(2)s9n(fi(2)) 52 = & (zi] ] )2zis9n(z) and G2 = ¢'((fi(z) —
2)2)2(fi(2) = 2)(52) = &' (fi(2) | £i(2)))2fi(2)sgn( fi(2)) gL for i # .

Assume that fi(z) = 0 for i = 1,2,---ny, ny < n and fi(z) > 0 for i =

ni+1,n1+2, - --n. Hence by nondegeneracy of z, z; > 0fort =1,2,---ny,ny < n,
zi=0fori=n1+1,n+2,---n.

Now the Jacobian of the function 1 at z is (given by,

—¢'((z)%)2z ifi=j, 1<i<m
J (W(2) =P J (f(2))+Q', where Pj; = {0 ifi=j, n<i<n,

0 if § £ j

\
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(

0 iti—j, 1<i<m
i = =0 (fi(2))2fi(z) ii=j ni<i<n
0 itioj

\
Since J (f(z)) has nonsingular principal minors and ¢'(y) > 0 for y > 0,
then the Jacobian of the function ¢ at z, J (¢(2)) is nonsingular. |

8.4 Continuation Method with Multiple Pa-
rameters

The basic idea of continuation method with vector parameter A € R" is to

construct a multi dimentional path to find the solution of the object fuction

p(2) = 0 varying each component of A from 1 to 0. We consider the function
H(Z,20.0) = p(2) — Mp(29), where each component of p(2@), p;(3©) #
0V i and the product term Ap(2()) is a componentwise product i.e. Ap(2©)) =
[ p(29) | A [ pi(20) |

Aop2 (20) A2 p2(29)

, where \ = and p(z) =

A (29) Ao | pa(2)

In this method our main aim is to vary each component \; =

piié(a) of A from 1
to 0.

We solve the system of nonlinear equations using the function
H(%,é(o),i) with multiple parameters in vector form \ = A, Ao, AT €
R". Consider the system of nonlinear equations v;(z) = o((fi(2) — 2)?) —
o(fi(2)]fi(2)]) — é(zi]z]) = 0 V i, where ¢ : R — R is identified by ¢(x) = 7.
Consider the set Fyy = {3 : 2 € R"} and Fy, = {(£,\) : (£, )) € R" x (0,1]"}.
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The function can be given as,

1(2) — M (20)

H(Z, 729, N) = (3) — W(30) = ¥a(2) - A'Qw?(g(o)) (8.4.1)

L ¢n(2) - )‘nwn(g(o)) ]

where, (9 is the initial value such that ;(3(®) > 0 V i, the Jacobian matrix

Ip(20)
02(0)

at initial point 2 is nonsingular and A € R".

8.4.1 Properties of the Trajectory for Multiple Parame-

ters

First we show that the continuation path with multiple parameters is smooth.

THEOREM 8.4.1. If the Jacobian matriz 12( (((D ) at initial point 20 is nonsingular,
then for almost all initial points 3 € Fyy, 0 is a reqular value of the function H
R"™x (0, 1] — R™ and the zero point set 7-[;((1))(0) = {(2,\) € By : Hz0 (3, \) = 0}
contains a smooth curve I';) starting from (2(0), e).

Proof. Jacobian matrix of the above function - GACRARIDY)
is denoted by DH(%:9 X)) and we have DH(::9.X) =

OHEZDN)  OHGEDN)  OHEEDN) | For all 20 € Fiy such that () # 0,
z
. . 5(0) c s . ~ . .
the Jacobian matrix % at initial point 2 is nonsingular and X € (0,1]",
we have
[ O (3(0) 9 (3(0) Oy (5) ]
)\ 11;5(20) ) W 1#61(50) ) . W w(; (ZO) )
8w2A®) awxzm) I (29)
OH(EEO X)) —A2 azf” — A 8z D Tz
9z(0) -
Ipn (29) In (20) O (39)
—An S92 — A T T An 9: 0 |

Now det(a"”;—f;))”) = (—1)”det(JH( ONTTZ" A # 0 for A € (0,1]", where
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Jn(Z0)) = aw(jg)). Thus DH(Z, 29, ) is of full row rank. Therefore, 0 is a
regular value of H(%,2®, \) and 7—L<0)( ) consists of some smooth curves such

that H- (3, e) = 0. Hence there must be a smooth curve I's starting from

(20 ). n
Now we show the boundedness of the curve.

THEOREM 8.4.2. Let the function f(Z) be an increasing function and 1;(3) >

0V i. Then the smooth curve I'so) is bounded for \; € (0,1] V 4.

Proof. From the function (8.4.1) we obtain ;(2) = MN(2) for i €
{1727"' 7n}’Where ¢z(2) - ¢((fz( ) - ZZ) ) ( z(§)|f1(2)|) - ¢(2z|§z|> It is
clear that v;(Z) is finite as \; € [0, 1]. Hence ||¢(2)|| < occ.

That is ¢,(2) = ¢((fi(2) — 2)*) — o(fi(DFi(2)]) — ¢(ZilZ]) = Nithi () ¥ i. Let
Az¢z(2(0)) = k;. For \; € (0, 1],]@ > (.

Hence ¢((fi(2) — 2)%) = o(fi(DIfi(2)]) + o(ZilZ]) + k.

Again V i we have 9;(2) = ((f;(2) — 2)'°) — (G)|fHi(2)))° — (Zlz])° =
(fi(2)' = 10(£i(2))°Z + 45(fi(2))*(2:)* — 120(fi(2))"(2:)° + 210(£;(2))%(2)"* —
252(£i(2))°(Z)° + 210(fi(2)*(2)° — 120(fi(2))*(Z)" + 45(fi(2))*(%)* -
10(f;(2))(2)" + (2)"° = (£i(2)°1fi(A)] — (2)°|(2)]. Consider the path T';e
is unbounded. Then there exists a sequence of points (Z(k), 5\(’“)) C 'z such

that ||2®)|| — oco. Then there are two possibilities.

Case 1: Let ||2®| — co. Then 3 i € {1,2,---,n} such that ka)

— —00 as
k — oo. Let set I1z; = {i € {1,2,--- ,n}: hmz ) —o0}.

Now consider ||f(2*))|| < oo. Then V i € Ilz, ?j((,f)()l)g — 2 as k — oo, which

contradicts that 1 (2) is bounded.

Again consider that the nonlinear function f(Z) is unbounded. It is noted

that f(Z) is an increasing function. Therefore there exists a nonempty set
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Lijizy such that Ligz = {l € {1,2,---,n} : khm fiZ®) — —oco} and
—00

consider klggo fz(fg;) = p Vi € Iiz N Ligz. Hence Vi € Iz N Ly,

flgk))lg — 2p10—10p9 +45p8 — 120p7 +210p° — 252p° +210p* — 120p3 +45p% — 10p+2

as kK — oo From the boundedness of (%), it is clear that
2p10—10p? +45p® —120p" +210p5 —252p°+210p* — 120p® +45p* —10p+2 = 0, which
has no real solution, which contradicts that f(2) is unbounded. Again for all
l € Lijez), 1 ¢ Iz, ;OO % — 2, contradicts the boundedness of the function
1(Z). Therefore there exists noi € {1,2,--- ,n} such that Z, ®) _y _o0as k — 0.

Case 2: Let [|2®| — oco. Then 3 j € {1,2,--- n} such that Zj(k) — 00 as
k — oo. Let set Io; = {j € {1,2,--- ,n}: hmz ) 5 ool
Assume that there exists atleast one j € {1,2, ---,n} such that z; > 0 and

fi(2) = 0. For A; € (0,1], o((f5(2) — %)%) = ¢(f;()f;(2)]) + S(Z5125]) + k; =
o((f3(2)%) +6((%)%) + kj, where k; > 0. Now 0 < ¢((f;(2) — %)) < o((£;(2)%) +
¢((%;)?). This contradicts that ¢((f;(2) —2)?) = &((f;(2)%) +8((%;)?) + k;, where
k; > 0. Hence A\; > 0, Z; > 0 imply f;(Z) < 0. Again f is an increasing function.
Hence f(2) is bounded. Now considering that || f(2*))| < co. Then Vj € Iy, as
k — oo, %ﬁl;) — —10(f;(2®)) - 0, which contradicts that 1(Z) is bounded.
Therefore there exists no j € {1,2,---,n} such that z ) 5 00 as k — 0.

Therefore considering both the cases we conclude that the path I'; ) is bounded

for \; € (0,1] V 4. u

REMARK 8.4.2. Now we trace the path T's0) C ’HZ_(%) (0) € Ey from the initial
point (20 e) until A — 0 and find the solution of the system of nonlinear equa-
tions . If the path is bounded and X goes to 0 starting from e, then % is the
solution of . Note that here we use the vector 5\, such that \; = exp(—t;),

where exp is the exponential function. Hence for \; € (0,1], t; € [0, 00).



Oligopolistic Market Equilibrium Problem 152

LEMMA 8.4.1. The path I';) is determined by the following problem

dz

P 5 e dz d\ . ~

Lo () A) | S | =0, I 2 =1, 2(0) = 70 X0)=e. (84.2)
ds

Proof. Let s denote the arc length of the path I';). Now differentiating the

function
H-0)(2(5), \(s)) = 0, 0 X0)=e (8.4.3)
we obtain %H Zi + %—?‘Z;\ =0. Let v = . As s is the arc length of I';0), then
1/ = |I(£, %)H2 = 1. Then we obtain the following system of equation.
(ot o Ju=0.4n=1% = p(0) = - (8.4.4)
0z O\ ds ) . 4.

Hence from the system ({8.4.4) the first two equations are solvable on u. Solving

the following cauchy problem, the curve I';) can be derived.

— = u,v(0) = , (8.4.5)

8.4.2 Algorithm: Continuation Method with Multiple

Parameters

Step 0: Let 7 be the count of iteration and i. be the count of shifting of the
initial point. Set i = 0,7, = 0. Give an initial point (30, Xg) € Fy x {1} 1y is

a small positive number and ¢ is a counter. ¢; is a small positive number.
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Consider s, € (1,2], ko such that the step length is determined by x¥ k € Z

and kY < ko. Consider two counters ¢; and cs.

t
- to
Set 11 = e, A(t) = exp(—t), where (exp(—t)); = exp(—t;), t = )
tn
1
- 1
1 = A"1(e), e =vector of all 1's=
1
K z0) -
Step 1: Set = . Calculate d = det(Z£(29, A\(51))) and s =
t P1

%(t = p1). Then go to Step 2.
Step 2: Set ¢; = ¢ = 0. Calculate d = det(%%(z, A1), N = %&t), and s = Ne.

Then go to Step 3.
Step 3: If sgn(d) = —sgn(dy), then &y = N~1(e — (1)), else iy = —N"1X(t).

Z 5 )\ - = 3 g n Zn Zd
Calculate z; = —(%—?(z,A(t)) 1(%_7/5\1(2,’)\@))% =" _ m |
tn tq
t, 3 _
T = \|]’ad|’|]’ where gy = Nd , laal = 53 —l—t§, 53 _ Zz 23“ 5. is the ith
d \

la
component of Zg. If 7 < ny, then ¢l = ¢l + 1 else ¢l = 0. Set u; = S\_I(fn). If

t, < €1 then stop with a solution else go to Step 4.
Step 4: Set i =i+ 1,k = 0,7 = [Vu(2)]"Z,, where the function p: R* — R is
1 (2)
¥2(2)

defined as p(z) = [Ho(2)]" [Ho(2)] and Ho(2) =

¥n(Z)
Ify >0, 24+£M12, € Fr, 0 < Mt 44554140 < e, then k = k+1 and go to Step 5.
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else if v < 0, u(Z+K512,) < p(Z+k52,), 2415015, € Fo, 0 < Mt +6510) <ee,

then kK = k4 1 and go to Step 5. else reset c¢o = 0, and go to Step 6.
Step 5: If k¥ > Ky, then set k = k — 1, ¢co = ¢ + 1 and go to Step 6, else go to

Step 4.
Zp z Zn
Step 6: Compute | = | = + kY ,
i t iy
% % 5 NEWTH(5 M7 5 N(F )]
P = P — [Ju(Zp, A(tp)) TH (2, A(tp))], where [Jy(Z,, A(t,))"] is the
c P

Moore-Penrose inverse. Set us, = A(t.). If (Z.,as) € Fu, go to Step 9, else
k =k —1 and go to Step 7.

Step 7: Calculate a = min(s}, ||Z — Z||). If a < n,, then go to Step 8 else go
back to Step 5.

Step 8: If ||@,]| < €, then stop with a solution else i = i — 1,7, = i, +1, 3 = 2,
and go to Step 1.

Step 9: Set | ~ | = | | .1f Ll

t t, ve

and go to Step 2.

< €1, then stop with solution else i =i+ 1

We show that the positive predictor direction depends on the sign of determinant

THEOREM 8.4.3. If the path F;O) 1s smooth, then the positive predictor di-

DH(E,S\) (2(0), 1)

0 —
) - ) =

rection 7O at the initial point ) satisfies sgn(det(

er @

~ ~ 3(0)
(—1)"sgn(det(Jy (D)), where Jy(3©)) = %.

Proof. From Equation (8.4.1) we have H(z, 29, \) =
P1(2) = M ()
¥a(2) = Aot (21)

%(5) - )‘nwn(g(o))
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Now DH 5, (2 =20 A =€) = [ ;20 w(zO)],
where Jy(20) = 25650 and _
— 1 (20) 0 0 0
0 —1ho(29) 0 0
U(z) = ‘ @52? ) o ' . Let positive predictor di-
0 0 0 - —h,(20)
t RONYED RO .
rection be 79 = = (F27) 2 , where R(10) = J»(2©) and
—€ —e

R = w(3©). Here det(R") # 0. Therefore

5 ~(0 ~(0
det( DH(E,;\)(Z(O)v 6) ) _ det( Rg : R2 ) )
er (07 eel (Réo) )T(REO) L —y
RO RO
=det(| 2

0 —ec” —ec"(BRY)T(RY)D(RY) VR

= det(R)") det(—ee™ — e ()T (R”) 1 (RY) D RSY)

= (=1)" det(R”) det(ee (I + ATA)), where A = (R RY.
,D%(ij\) (5(0), 6) ))
Ob

Hence sgn(det( (—1)"sgn(det(Jy (). n

eT

8.5 Modified Newton Method

Now we introduce the modified Newton method to solve the system of nonlinear
equations. Suppose f : R — R. Then the equation f(z) = 0 can be solved by
Newton method with the iterative process zFt1 = 2% — f/(2*)=1 f(2*). Suppose
g : R™ — R™ . Then the system of nonlinear equations g(x) = 0 can be solved by
Newton method with the iterative process "™ = 2% — J (%) 1g(z¥), where J, is
the Jacobian of the function g. For details see [176], [177], [L7§]. The algorithm

of the modified Newton method is given below.
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8.5.1 Algorithm: Modified Newton Method

Step 0: Give the initial approximation 2" and a very small positive number e.
Compute J = ¢/(2), the Jacobian of ¢(z) with respect to z. Set k = 0.

Step 1: For k-th iteration compute the followings:

g = 25— L) + diag(ta ()] 0():

2
o = 2 N WY+ diag ()]
B (%) + ' () (2"); S
Wt = 2% — [ (1)) + (0 (6))? + diag(i{e(a) )]
() + o () (a®);

P = b — [ (wF) + diag(mi {w: (w*) )] (wh),

where sgn(ti¢i(zk)) :sgn(g“fj (Zk))’

sgn(Ai) =sgn(5;t(2F)),
sgn(p;) =sgn(§2 (a4)),
sgn(n;) =sgn(5 (w")).
Step 2: Compute ny = ||[¢(2)]] = /D1 {¢i(2)}2

Step 3: If n; < e, then 25! is the required solution of 1(z) = 0, otherwise set

k =k + 1 and go to step 1.

8.5.2 Order of Convergence

THEOREM 8.5.1. Let ¢ : R® — R"™ has a root z* € D C R", where
D is an open convex set. Assume that ¥(z) is three times Fre'chet dif-
ferentiable in some neighborhood N of the root (z*). If for all z € N,
diag(tii(27), diag(N{1hi(*)}?, diag(pi{i(2*)}? and diag(ni{yi(w*)}? are non-
singular, then the method defined by [8.5.1) is of seventh-order convergence.
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Proof. Let ek = zF — 2*. Now using Taylor series expansion we have,

Y(2) = (") + P (27)(z" = 28) + U7 (27) (2" = 28)% + o(||e*])?)

= P(2*) = U (2F)ek — 9" (M) () + o(|leF[P).

Let d* = y* — 28 = —[y/(2") + diag(tsi(2*))] 1o (2").

Now using Taylor series expansion we have,

»(y") =¢(Z’“)+¢’( B)dt + 50" (Z)(d")? + of[|dF|®).

Now d = y* — 2% = —3['(2") + diag(t:ii(="))] o (2")

= =3[ (2") + diag(tihi(="))] 710 (27)e" + o([le"]]?)

—5 [V (%) + diag(tai ()] 7 [ (%) + diag(tipi(2")) e +

[0'(=") + diag(ti(2"))] " [diag(tii(2*))]e* + o([[e*[|*)

—5€" +o([[e"]*), as diag(t:i(2*))]e" = o([[e"||).

Hence ¥(y*) = ¥(2") — 50/ (")e" + o([[e"[|*) = ¢/ (2")e* — 50" (z")e* + o([|e*]]?) =
s/ (2)eb + o([|€*|]?) and ¥/ (y*) = 3¢/ (<*) + o([l€"])).

Let o = ¥ — z*. Hence & = 2 — I[{v/(z"} + W'} +
dmg(/\ {wa(Z))] W' (%) + ¢/ (y)](2*) implies that

a* = et — F[{(ZF)12 +{¥'(Y")}* + diag\{ws () 1)) [0 (%) + o' (") (<)
= a" = [{¥/ (") +{o'(y")} + diagN{i () 1) T HH{Y ()12 + {0/ (v7) 2 +
diag(A{i(2)})]e® — 5[0/ (%) + ¢ (y")]w (")}

= [P + W2 + diag\{wi(2") )] H{[diag(Ni{di(z5)})]e* +
{W (NPt + W@t — 'Y + POOENE = ollef]?), as
diag(Ni{¢i(2")}2)e® = o([[e"|°).

Again using Taylor series expansion we have,

P(ah) = (") + ¢ (F) et + 30" (F) (") + o(||c*[]*), where

¢t =2t = = GNP+ WY+ diag{di (2] (F) +
VR = —HERE + {0+ diagN{ei (M) )] () +
YOI ()] + o(lef]?) = =My + {WEhY
diag N { i M) P () Pe + M)+ o(lef]?)
=P+ NP+ diagON{wi( NPT MY+ {0 NP+

N = ||
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diag(N{i(2") 1))+ 3 [{" (z°) 12+ {0 () }2+ diag ({0 (M) 1)) ' () 12 +
diag(Ni{1i(2)}?) = ' (y") ¢ (z5)]e* + o([|e*]]?) = —5e" + o([[e"[|*).

Hence ¥(z*) = 1(2*) — 30/(2*)e" +o([|€"]|?) = ' (*)e" — 50/ (z")e" +o([|e*]]?) =
s/ (2F)ek +o([le"|?) and ¥/ (2*) = 54/ (2F) + o(|l€"])).

)
) =

Let b = W' — 2z = oF — 2 — SN + PP +
diag(pi{ti (")) (2%) + ()] (ah) = o — [} + {¥' (")} +
diag(pi{wi(@®) 1) ' (2%) + ¢ (y*)]e (2")
= V= e + WY+ diag(u{ei ()P TH{ ' @)) +

{W' WM} + diag(ui{vi(a®)}?)]a® — 5[/ (=") + &' ("))} = olle*]?), as

diag(p{i(2%)}?)a* = o(]|e*||?). Now using Taylor series expansion we have,
(2%)

(W) = () + o (F)mb + 307 () (mb)2 + of [m¥9), where m¥ = w¥ — *,

Let ¥ = w — 2 = —3[{/(")}? + (5P + diag(uel (@) )] (o) +
V) = —ER) + WO + diaglu b)) ) +
WA + ol = SHREE? + HUEP 4
diag(ui{i (@) )] W (z5)1%e ]+ olllef|l?) = —sl{v ()P +
diag(pi{i (") })] 7 Y (252 + o(lle®]?) = ACACH
diag(ui{i(@*) ) {2+ diag(ua{wi(a®) )"+ g[{v'(z5)F +
diag(pi{wi(@*)})] " diag(ui{i(=")}2)e] + o(lle*]?) = —ge* + ollle*]?).
Hence mF = wkF — 2F = wh —ab 4+ 2F — 2k = nF 4 ¢ = —gek—l—o(HekHQ). Therefore

(W) = P(2F) — FU'(2F)e* + o(||e*]|?).

Now 2t — 2% = wh — 2% — [ (") + diag(n:{vs(w*) }*] ¥ (w")

= M= 0 = () + diag(ni{vi(w) T () = [(wt) +
diag(ni{vi(w*) ] H[W' (w*) + diag(n{ui(w")PPF — v} = ['(w*) +
diag(n{vi(w*)}?] "Y' (w)" + diag(ni{vi(w*)}?0F — (w*)} = o([[e"]7), as
diag(ni{1:(w*)}20* = o(||€¥||"). Therefore the introduced modified Newton

method has seventh order of convergency.
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REMARK 8.5.3. The proposed modified Newton method converges to the solution
for suitable initial point . Following this method we can obtain the solution

of oligopolistic market equilibrium problem by solving the system of nonlinear

equations (8.3.9).

8.6 Numerical Illustration

Consider an oligopoly with five firms, each with a total cost function of the form

[59):
Bi —L il
ci(Qi) = niQi + B+ 1Li By P (8.6.1)
The demand function is given by:
Q = 5000P~ 1, P(Q) = 50001/1Q~ /1L, (8.6.2)

The parameters of the Equation (8.6.1)) for the five firms are given below:

1 10 5 1.2
2 8 5 1.1
3 6 o5 1
4 4 5 038
5 2 5 06

Table 8.1: Value of parameters for five firms

To solve this problem using the continuation method with multiple parameter
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1 1
1 1
8.4.2 we first take the initial point 2@ = | 1 | ,A© = | 1 | andseti = 0,4, =
1 1
1 1
0,m = 1072, k1 = V2, ko = 9000, ¢, = 1018, After 51 iterations we obtain the
[ 36.9325 | [0 ]
41.8181 0
result Z = | 43.7066 |, A = 0 | .- Here the stopping criteria depends on
42.6592 0
39.1789 0

|Al| < €1. For ¢, = 107, the values of system of nonlinear equations (%) are
zero upto Sth decimal place , for e, = 1077, the values of system of nonlinear
equations v(Z) are zero upto 9th decimal place but for ¢; = 10718, the values of

system of nonlinear equations v (2) are zero upto 10th decimal place.

Now to solve this oligopoly problem by modified Newton’s method [8.5.1}, first

50
50
take the initial point 2y = | 50 | . Set e = 10719, After 21 iterations we obtain
50
L 50 i
[ 36.9325 |
41.8181

the solution z = | 43.7066
42.6592

39.1789
In this study, we establish two broad approaches to find the Nash equilibrium of

oligopolistic market namely, continuation method and modified Newton method.
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In this context we also establish a continuation method based on vector parameter
to find the Nash equilibrium point. In addition we develop a modified Newton
method to find the solution of system of nonlinear equations which provides
the solution of oligopoly market. For this method, we prove that the order of

convergence is seven.
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