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ABSTRACT 

In modern times, thermal systems in the form of enclosures or cavities are 

widely used in various applications. As the demand for energy-efficient miniature 

devices continues to grow, passive cooling systems operated by natural convection 

have become a popular choice. However, the heat transport physics in these systems 

is significantly affected by various factors such as geometry, boundary conditions, 

and multi-physical processing parameters. Therefore, thermal management is critical, 

especially in designing thermal systems involving higher performance, 

miniaturization, and passive cooling methods. 

Passive cooling systems relying on natural convection have emerged as a 

viable solution for efficient heat dissipation in various applications. For instance, 

designing electronic devices with higher performance and miniaturization requires 

effective thermal management. However, understanding the heat transport physics in 

these systems requires taking into account various factors, such as geometry, 

boundary conditions, and processing parameters. The buoyancy-induced flow in 

enclosures is diverse and multidisciplinary, encompassing fluid mechanics, heat 

transfer, and materials science. 

Although there is a vast amount of literature available on convective thermal 

systems, none of them has thoroughly examined the impact of geometrical shape. For 

the past few decades, researchers have been striving to develop energy-efficient 

thermal devices, which have led to numerous studies on passive cooling applications 

utilizing buoyancy-driven flow. However, despite the abundance of literature on 

buoyancy-driven flow in thermal systems, there is a noticeable gap in research on 

constraint-based thermal analysis. 

This current work presents a novel approach to constraint-based thermal 

analysis, which is applied to analyze the heat transfer characteristics of various-

shaped enclosures. The objective is to develop a methodology for comparative 

performance analysis of thermal systems involving different geometries for 

buoyancy-driven flow in enclosures, considering recent advancements such as 

nanofluid and magneto-hydrodynamics (MHD). The present study aims to identify the 

most efficient geometric shape from a thermal performance viewpoint while using the 

same heat input and working fluid volume. To assess thermodynamic irreversibility in 

thermal systems, the entropy generation for MHD nanofluidic convection is 
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evaluated. The entire work focuses on heat transport, fluid flow, heat transfer, and 

irreversibility production during MHD nanofluid flow in the constraint-based 

analogous square, trapezoidal, triangular, and annular thermal systems. Annular 

systems have been extensively researched in terms of their application in heat-

exchanging devices, particularly buoyancy-driven convection. 

The study focuses on typical regular geometric shapes such as square, circular, 

trapezoidal, and triangular geometries, along with square and circular annuli. To 

evaluate the performance of various enclosure-shaped thermal systems, the square-

shaped configurations have been selected as the base cases. Classical differential 

heating configurations are chosen for this constraint-based performance analysis of 

the chosen problems. The study also considers the effect of magnetic fields and 

nanofluids on buoyancy-driven flow. The practical working fluids used in the study 

are air, water, and CuO-water nanofluid. The formulated problems for this study 

include buoyant flow in (1) equivalent square and circular thermal systems, (2) MHD 

flow in equivalent square and circular thermal systems, (3) MHD flow in equivalent 

square and trapezoidal thermal systems, (4) MHD flow in equivalent square and 

triangular thermal systems, and (5) MHD flow in equivalent square and circular 

annular thermal systems. For the trapezoidal case, a series of several trapezoidal-

shaped systems of identical fluid volume and heating load however varying cooling 

surfaces are investigated, and the triangular shaped system is treated as a special case 

of a trapezoidal-shaped system where one parallel length approaches zero. Two cases 

of alternative circular annuli are analyzed against the performance of a base square 

annulus. 

In this study, the flow is assumed laminar, steady, incompressible, and two-

dimensional, and the Boussinesq approximation. The fluid and heat flow describing 

governing equations are solved numerically using a Computational Fluid Dynamics 

(CFD) tool, and local and global performance parameters are computed from the 

solved variables. The Nusselt number is used to measure the rate of heat transfer, and 

entropy generation is considered to identify the efficacious thermal system. The study 

focuses on the effects of Rayleigh number (Ra), Hartmann number (Ha), magnetic 

field angle, and nanofluid concentration on the thermal performance of various 

thermal systems. The Rayleigh number quantifies the ratio of buoyancy and viscosity 

forces, while the Hartmann number represents the ratio of electromagnetic forces to 
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viscous forces. These dimensionless numbers play an essential role in the heat 

transport physics of buoyancy-driven flow. 

Following the same set of governing equations and numerical approach, the 

afore-stated five problems are analyzed, by comparing with the base case, using the 

local flow features (streamlines, isotherms, heatlines, and entropy generation 

contours), and global performance parameters (maximum magnitudes of 

streamfunction and heatfunction, heat transfer performance parameter, and the 

average Nusselt number). The findings of this study provide insights into the thermal 

behavior of various-shaped enclosures under buoyancy-driven flow conditions. The 

analysis shows that the circular-, trapezoidal-, and triangular-shaped enclosures offer 

superior thermal performance compared to the traditional square-shaped enclosure. 

The circular annular thermal system also shows better thermal performance than its 

equivalent square annular system. Obtained results are explained from the 

fundamental physics. Each problem is devoted to a chapter for the systematic 

presentation of various parametric results exploring the effects of Rayleigh number 

(Ra), Hartmann number (Ha), magnetic field angle, and nanofluid concentration. 

In conclusion, the present study proposes a constraint-based methodology for 

comparative performance analysis of various-shaped thermal enclosures under 

buoyancy-driven flow conditions. The study includes the effects of magnetic fields 

and nanofluids on heat transfer and irreversibility production in thermal systems. The 

findings provide insights into the thermal behavior of various-shaped enclosures and 

identify the most efficient geometric shape from a thermal performance viewpoint. 

The results can be applied to a wide range of engineering and industrial applications, 

from the design of cooling systems in electronics to the optimization of energy 

systems.  
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Ra Rayleigh number 

S Entropy generation (W m-3 K) 
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T Temperature (K) 
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U, V Dimensionless velocity components 
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An annular 

c cold 
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h hot 
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m magnetic field 

max maximum 
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Sq square 

t total 
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Chapter – 1  
Literature Survey, Scope of Work, and Outline of 

Thesis 

 

1.1 Motivation 

Nowadays, various electronic appliances such as mobile phones, laptops, 

desktops, and tablets are essential for daily activities and operate primarily on 

spontaneous buoyancy-driven flow. These appliances generate heat as a by-product 

and require cooling, which is achieved by transferring heat from its source to a 

suitable sink, such as ambient air. From natural physics, the temperature variation 

causes fluid flow due to its density change, which means that natural convection is 

inherently present in all fluid-based natural events and thermal systems/devices. The 

number of applications utilizing natural convection, such as electronic/electrical 

components/devices, textile/food processing, solar collectors/dryers, heat transfer 

equipment, and heating/cooling of buildings, is increasing day by day. However, low-

power application devices operating on buoyancy-driven flow (or natural convection) 

face challenges for further improvement. This is due to the fact that the low-power 

application devices, which are essentially small electronics, usually face the following 

challenges when it comes to managing heat transfer via natural convection. The heat 

transfer by convection depends upon surface area, temperature difference, and heat 

transfer coefficient. In buoyancy-induced flow, the temperature difference is small. 

Furthermore, the surface area of micro-devices is limited. This means that the rate of 

thermal energy transport is governed by the heat transfer coefficient. The heat transfer 

coefficient is affected by numerous factors such as fluid type, flow velocity, flow 

type, geometry and orientation, and so on. The dependence of heat transport on a 

large number of parameters makes designing low-power application devices highly 

challenging. These facts motivate the present work in the area of buoyancy-driven 

flow.   
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1.2 Survey of Literature 

The current importance of buoyancy-driven flow can be realized from its 

publication trend. The data of Figure 1 is taken from Scopus website from 2001 to 

2021. According to statistics from the Scopus repository, the trend of buoyancy-

driven flow research in closed/confined domains, such as cavities or enclosures is 

increasing day-by-day.  

(a) 

 

(b) 

 

(c) 

 

(d) 

 

Figure 1.1 Trends of published articles on buoyancy-driven convection in enclosures. 

It reveals that buoyancy-driven convection in enclosures is gaining 

unprecedented interest (Figure 1.1a) due to its diverse range of applications. Effective 

heat transport is an important issue for widespread industrial and engineering 

applications, such as air conditioning and ventilation, crystal growth, micro-fuel cells, 

nuclear reactors, energy storage, solar-based applications (like solar energy, ponds, 

lakes, and reservoirs), etc. Therefore, a significant volume of studies has focused on 

natural convection problems, as shown in Figure 1.1a, which justifies the need for a 
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strong understanding of flow and heat transfer to meet practical applications. 

However, the studies of buoyancy-driven flow using nanofluids (Figure 1.1b), 

magnetic fields (Figure 1.1c), and their influences on entropy generation (Figure 1.1d) 

are relatively fewer and recently growing day-by-day. Therefore, the present work is 

formulated in magneto-nanofluidic natural convection after a careful review of a bulk 

volume of pioneering, fundamental, numerical, and experimental works as detailed 

systematically in the following subsections. 

1.2.1  Earlier works on buoyancy-driven flow 

Buoyancy-driven convection in enclosed regions has been extensively studied, 

with numerous works available in the literature, including pioneering studies, 

fundamental investigations, and current research trends. Many experimental and 

numerical studies have examined the impact of key parameters such as Rayleigh 

number (Ra), Prandtl number (Pr), aspect ratio (A), and cavity inclination angle (ϕ) 

(Dropkin and Somerscales 1965; Hollands and Konicek 1973; Ozoe et al. 1975; 

Holland et al. 1976; ElSherbiny et al. 1982; Lartigue et al. 2000; Ampofo and 

Karayiannis 2003; Henderson et al. 2007; Biswas et al. 2016a). 

Dropkin and Somerscales (1965) investigated the effect of Ra, Pr, and ϕ on 

buoyancy-induced convection in two parallel plates experimentally and developed a 

correlation to calculate heat transport in terms of the Nusselt number (Nu). Hollands 

and Konicek (1973) determined the critical Ra regulating the stability of inclined air 

layers in conduction experimentally and found that the value of the critical Ra 

obtained for the horizontal position is within 1% of the accepted value (1708). Ozoe 

et al. (1975) experimentally studied the impact of Ra, A, and ϕ on buoyancy-driven 

convection inside a long rectangular channel and found that the greatest and least heat 

transport occurs at ϕ = 0° and 180°, respectively. Additionally, the critical tilt angle 

was found to be a strong function of A and a weak function of Ra. 

Elsherbiny et al. (1982) conducted experimental work to study the impact of 

Ra, A, and ϕ on laminar buoyancy-driven convection and presented correlations to 

compute convective heat transport based on their experimental findings. Ampofo and 

Karayiannis (2003) conducted an experiment with exceptional precision to measure 

the free convection of air in a square-shaped enclosure at a fixed Ra (= 1.58×109), 

which provided benchmark data that could be used to validate numerical 

methodologies. Lartigue et al. (2000) investigated buoyancy-induced flow in a 
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rectangular enclosure with a high aspect ratio both numerically and experimentally 

and reported that multicellular convection cells are formed for a high aspect ratio. 

Henderson et al. (2007) performed an experimental and numerical 

investigation of free convection in an integrated collector storage solar water heater 

consisting of air and water cavities. The results showed that Benard convection cells 

are formed, consistent with the findings of Lartigue et al. (2000). These experimental 

and numerical works provide a detailed understanding of buoyancy-driven convection 

in enclosed regions and are essential for developing and validating numerical models. 

Natural convection has been a topic of interest for both numerical and 

experimental studies. The literature contains many pioneering numerical studies on 

this topic, such as Globe and Dropkin's (1959) proposed the first correlation to 

compute heat transport through natural convection in a bottom-heated enclosure. 

Ayyaswamy et al. (1973) studied the boundary layer regimes for tilted rectangular 

enclosures and proposed a correlation to compute the average Nusselt number (Nu) 

based on their obtained results. They found that for sufficiently high Ra, a rescaling of 

the results for ϕ = 90˚ could be applied for cavity inclination angles (ϕ) ranging from 

70˚ and 90˚. Catton et al. (1974) used the Galerkin technique to solve for buoyancy-

driven flow and heat transfer in a tilted rectangular slot, while Yin et al. (1978) 

studied the free convection of air in a temperature-controlled rectangular cavity for 

different aspect ratios (4.9 ≤ A ≤ 78.7). Yin et al. proposed correlations to compute 

convective heat transfer based on their results, which showed a maximum deviation of 

7.8% from the obtained data. 

De Vahl Davis and Jones (1983) later examined the effect of several non-

dimensional parameters, namely, Ra and Pr, on buoyancy-driven convection inside a 

differentially heated square-shaped cavity. Their results showed that Ra had a larger 

influence on thermal convection than Pr. This article is considered as a benchmark for 

future research. In summary, extensive numerical and experimental studies have been 

conducted on natural convection, and many correlations have been proposed to 

compute convective heat transfer based on their findings. 

Over the years, many studies have been conducted to investigate thermal 

convection in enclosures. These studies have considered a variety of enclosure shapes 

and configurations, fluids, boundary conditions, numerical techniques, and other non-

dimensional parameters. Enclosure configurations such as square, rectangular, 

trapezoidal, triangular, circular, quadrantal, and elliptical have been examined in these 
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studies (de Vahl Davis 1983; Mukhopadhyay 2010; Biswas et al. 2021; Saha et al. 

2021a; Saha et al. 2022a; Patterson and Imberger 1980; Oztop and Abu-Nada 2008; 

Biswas et al. 2016; Lam et al. 1989; Varol et al. 2009; Sen et al. 2022; Salmun 1995; 

Basak et al. 2009a; Chatterjee et al. 2022; Nag et al. 2022; Kuehn and Goldstein 1976; 

Saha et al. 2022b; Chatterjee et al. 2023; Manna et al. 2023; Tayebi et al. 2020a; 

Tayebi et al. 2020b; Yadav et al. 2022). Additionally, some studies have investigated 

natural convection in more complex geometries, such as C-shaped, L-shaped, and T-

shaped enclosures (Mansour et al. 2014; Mliki et al. 2017; Karimi and Ghasemi 2012; 

Nia et al. 2020; Hussein et al. 2016; Sen and Inam 2021). However, several scholars 

have also published review articles on buoyancy-induced convection in enclosures, 

providing a wealth of information (Choi and Kim 2012; Das et al. 2017a; Rahimi et 

al. 2018; Abdulkadhim et al. 2021). The majority of studies of buoyancy-driven 

convection utilized streamlines and isotherms to investigate the local fluid flow and 

heat transfer characteristics (Mukhopadhyay 2010; Mahapatra et al. 2013; Saha et al. 

2022a). 

Prior to the concept of heatline, the convective heat transport mechanisms 

were mostly studied using isotherms. However, Kimura and Bejan (1983) developed 

the heatline technique to visualize and analyze the convective heat flow. Heatlines 

provide the pictorial depiction of the thermal energy flow for convective heat 

transport systems, whereas isotherms are unable to provide such information. The 

heatline technique is a valuable tool for analyzing and visualizing. It not only the 

direction but also the intensity of heat flow in a region. The heatline technique serves 

as the most effective tool for illustrating thermal energy transfer in the two-

dimensional computational domain with complex heat-fluid patterns (Sharma et al. 

2015; Biswas et al. 2015; Biswas and Manna 2017; Manna et al. 2019; Biswas et al. 

2021a,b; Mondal et al. 2022; Mandal et al. 2022; Chatterjee et al. 2023; Mondal et al. 

2023). 

Heatlines are pathways via which heat is transported by convection and/or 

conduction from the hot wall (source) to the cold wall (sink). The direction of thermal 

energy transfer is represented by the positive/negative signs of the heat function. The 

positive sign signifies counter-clockwise motion, whereas the negative sign denotes 

clockwise motion. The rate of transport of thermal energy within the passage remains 

unchanged. Costa (1999) presented a comprehensive perspective of heatline 

approaches for visualizing two-dimensional transport processes. In addition to 
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pioneering investigations, several researchers investigated convective heat transport 

utilizing the heatline technique (Dalal and Das 2008; Varol et al. 2008; Basak et al. 

2009a; Basak et al. 2009b; Ramakrishna et al. 2013; Biswas et al. 2016; Mahapatra et 

al. 2018). 

The buoyancy-driven convection in a complex cavity using the heatline 

method was presented by Dalal and Das (2008). They looked into the influence of 

surface waviness and found that the presence of undulations had a minor impact on 

thermal energy transport. Basak et al. (2009a) investigated the impact of Rayleigh 

number (Ra) and Prandtl number (Pr) on the visualization of heat flow in triangular 

enclosures subjected to buoyancy-induced convection. They found that as Ra and Pr 

values rise, heatlines get denser, indicating improved heat transport. Basak et al. 

(2009b) investigated the effect of non-uniform heating of trapezoidal enclosures 

subjected to natural convection utilizing the heatline concept. They found that in the 

case of non-uniform heating, the total heat transfer rates are lower. 

In recent years, there has been a growing demand for efficient thermal devices 

with rapid heat transfer from various systems such as solar devices, machinery, 

electrical equipment, and electronic components and devices. To increase the rate of 

heat transfer in free convection, researchers have turned to the use of nanofluids. The 

growing interest in this field is evidenced by the number of articles published on 

nanofluid-based natural convection, as shown in Figure 1.1b. The data for the figure 

was collected from the Scopus repository. As a result, the focus of research on 

buoyancy-induced flow has shifted from conventional fluids to nanofluids. 

1.2.2 Earlier works on buoyancy-driven nanofluid flow 

The superior heat transfer properties of nanofluids have garnered a lot of 

attention in various fields, particularly in applications where efficient heat dissipation 

is essential. This includes systems with low energy consumption, excellent durability, 

and low operational noise, such as nuclear reactors, heat exchangers, and solar 

collectors, among others. This is evidenced by the large number of articles published 

in this field (Figure 1.1b). The high surface-to-volume ratio of nanoparticles in 

nanofluids enhances their thermo-physical properties, resulting in better thermal 

energy transport than conventional fluids (Khanafer et al. 2003; Oztop and Abu-Nada 

2008). The concept of nanofluids was first introduced by Choi and Eastman (1995), 

who blended nano-sized particles with base liquids to create a superior heat transfer 
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fluid. The low thermal conductivity of conventional fluids, such as air and water, 

makes them ineffective at dissipating heat quickly. Therefore, increasing the thermal 

conductivity of these fluids improves heat transport (Pak and Cho 1998; Lee et al. 

1999). 

Modeling nanofluid-based natural convection can be performed using a single-

phase model or a two-phase model, as revealed by the literature review. For low 

concentrations of nanoparticles, the single-phase model treats nanofluids as 

homogeneous single-phase fluid. This model assumes that the suspended 

nanoparticles and base fluid flow at the same velocity due to their small size and low 

concentration. Additionally, the solid-liquid combination can be approximated to act 

as a traditional single-phase fluid when local thermal equilibrium is taken into 

account, with properties that must be assessed from its components. However, Ding 

and Wen (2005) observed that the assumptions made in the single-phase model might 

not always be accurate, particularly for Peclet numbers (Pe) above 10. 

Numerous articles have investigated convective heat transfer models for 

nanofluids using a single-phase model. Most of these studies have found that the 

presence of nanoparticles enhances heat transport (Khanafer et al. 2003; Jou and 

Tzeng 2006; Oztop and Abu-Nada 2008; Abu-Nada and Oztop 2009). Khanafer et al. 

(2003) presented a numerical benchmark article on buoyancy-driven convection in a 

square-shaped enclosure filled with nanofluid and investigated the impact of Grashof 

numbers (Gr) and volume fractions (ζ) on thermal energy transport. They found that 

the heat transfer rate increases with an increase in Gr and ζ, and proposed a 

correlation to estimate the average Nusselt number (Nu) in terms of Gr and ζ. 

 Oztop and Abu-Nada (2008) studied the influence of aspect ratio (A) on 

nanofluid-based free convection and reported that nanofluid-enhanced heat transport 

is more pronounced at low A values than at high A values. Abu-Nada and Oztop 

(2009) investigated the impact of tilt angle (ϕ) on buoyancy-induced flow and heat 

transfer in a square cavity using Cu-water nanofluid and found that minimum heat 

transport occurs at ϕ = 90°. In addition to these parameters, other studies have 

examined the influence of heater dimensions and position (Aminossadati and 

Ghasemi 2009; Saha et al. 2022b), non-uniform heating (Oztop et al. 2012; Saha et al. 

2022c), and other factors on thermal energy transfer. Single-phase models are 

typically used for low concentrations of nanoparticles, but particle distribution 

becomes non-uniform at high Peclet numbers (Ding and Wen 2005). 
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Few articles in the literature have reported a decrement in heat transfer with an 

increase in ζ. Abouali and Falahatpisheh (2009) numerically examined the thermal 

convection of nanofluid in vertical annuli and proposed a correlation to estimate heat 

transfer. They found that the Nu declines with an increase in ζ values. Similarly, 

Rashmi et al. (2011) performed numerical simulations of the buoyancy-induced flow 

of nanofluids and found a decrement in thermal energy transport with an increase in 

the value of ζ. 

The literature reports that there are two important parameters in the single-

phase model for nanofluids: thermal conductivity and fluid viscosity. However, 

different authors used different correlations to estimate these values, leading to 

variations in numerical results. To predict thermal conductivity and viscosity, several 

models have been proposed in the literature.  

Maxwell (1983) proposed the model to predict the thermal conductivity of the 

nanofluids. There are several models in the literature that may be used to compute the 

thermal conductivity of nanofluids. However, the majority of the model is an enlarged 

version of the classical Maxwell model. These models are based on the assumption 

that the nanoparticles are in a static state and that heat transfer occurs solely through 

conduction. Later, Jang and Choi (2004) extended the model by including the 

conduction and convection modes of heat transfer in nanofluids. According to Shukla 

and Dhir (2008), the thermal conductivity of nanofluids is the combined effect of 

conduction and convection (produced by the Brownian movement of the 

nanoparticles). However, the mobility of nanoparticles is too sluggish to carry large 

amounts of heat transfer due to Brownian motion through nanofluids according to 

Keblinski et al. (2002). As a result, the thermal conductivity due to Brownian motion 

is ignored in the current study. 

In the year 1952, the Brinkman model extended the first equation proposed by 

Einstein’s equation in the year 1906 for use with moderate particle concentration. He 

considered the effect of the addition of solute molecule to an existing continuous 

medium of particle concentrations less than 4 %. In the present work, we have used 

the Brinkman model which was more accepted among the researchers (Khanafer et al. 

2003; Abu-Nada 2009; Sheikholeslami et al. 2016).  

As a result, the Maxwell model and the Brinkman model are commonly used 

for thermal conductivity and viscosity, respectively (Maxwell 1873; Pak and Cho 

1998; Yu and Choi 2003; Chon et al. 2005; Brinkman 1952; Batchelor 1977; Wang et 
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al. 1999). Abu-Nada and Chamkha (2010) investigated the impact of thermal 

conductivity and viscosity models on buoyancy-induced convection in an enclosure 

and found that the viscosity model is more important than the thermal conductivity 

model for convective heat transfer. 

Several researchers have attempted to build convective heat transfer models 

for nanofluids using a two-phase model with nano-sized particles in the solid phase. 

However, it is debatable whether the traditional two-phase model can accurately 

predict the fluid motion and heat transfer of nanofluids. Multiple factors, including 

gravitational force, nanoparticle-fluid friction, the particles’ dispersion, Brownian 

effects, etc., might influence the motion and heat transport of a nanofluid. Therefore, 

while modeling nanofluid motion and heat transfer, the slip velocity between the fluid 

and the nanoparticles cannot be ignored. 

Buongiorno (2006) carried out an in-depth examination of convective 

transport in nanofluids, considering various slip mechanisms. According to the 

findings, only thermophoresis and Brownian diffusion are significant slip 

mechanisms. The two-phase approach considers the mobility of solid and fluid 

molecules separately, providing extensive information on the mixture's liquid and 

solid phases. Multiple multiphase concepts have been developed and used to 

understand fluid motion and predict heat transfer. A significant number of multiphase 

flow publications used mixture theory to analyze flow patterns and heat transport of 

nanofluids (Akbarinia and Laur 2009; Bianco et al. 2011). 

According to a study of the literature, buoyancy-induced convection of 

nanofluid using a single-phase model may predict the rate of heat transfer more 

precisely than a two-phase model. Saghir et al. (2016) conducted a comparative study 

of single-phase and two-phase models in a square-shaped enclosure filled with 

nanofluid. They performed numerical investigations using both models and compared 

the results to the available experimental data in the literature. The authors found that 

the single-phase model produced results that were more consistent with the 

experimental results than the two-phase model. However, the two-phase approach 

offers detailed information about the liquid and solid phases of the mixture. 

Several experimental studies have been conducted to investigate the effect of 

nanofluids on buoyancy-driven convection in enclosures. Putra et al. (2003) 

experimented to assess the effect of nanofluid on free convection in a horizontal 

cylinder and observed a substantial reduction in the rate of heat transfer at high 
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nanoparticle concentrations. Ho et al. (2010) studied the buoyancy-induced fluid 

motion and thermal energy transport of nanofluid in a square cavity and reported that 

the rate of heat transfer improves at low volume fractions (ζ = 0.1%) with a maximum 

improvement of 18% compared to pure water. However, for ζ > 2%, there is a 

decrease in the rate of heat transfer. Hu et al. (2014) examined the fluid motion and 

thermal energy transport of Al2O3-water nanofluid in a square cavity and found that 

the thermal energy transfer of nanofluid increases at low nanoparticle concentration (ζ 

= 0.25) and decreases at high concentration (ζ = 0.77) compared to pure water. Torki 

and Etesami (2019) investigated the influence of tilt angle (ϕ) and volume fraction of 

SiO2 nanoparticles on buoyancy-induced fluid motion and thermal energy 

transmission in a rectangular cavity. They reported that increasing the nanoparticle 

concentration had no significant effect on convective heat transport at low 

concentration. The maximum heat transfer occurs at ϕ = 0°. While the experimental 

studies provide insight into the behavior of nanofluids, numerical studies are also 

essential for a more comprehensive understanding of fluid flow and heat transfer 

mechanisms. 

A survey of the literature shows that the use of nanofluids to enhance 

convective heat transfer is still a subject of debate, with conflicting findings on their 

effectiveness. However, most numerical studies have found that nanofluids can 

significantly improve heat transport compared to traditional fluids. Experimental 

studies, on the other hand, have reported that high concentrations of nanoparticles can 

reduce heat transmission, while low concentrations can improve it. The discrepancy 

between numerical and experimental results can be attributed to the impact of thermal 

conductivity and viscosity on convective heat transfer in nanofluids. The addition of 

nanoparticles to the base fluid increases both heat conductivity and viscosity; 

however, the viscosity can have opposing effects on the Nusselt number depending 

upon nanoparticle concentration. Overall, it is clear that heat transport is enhanced at 

low nanoparticle concentrations. Several review articles are available that discuss the 

impact of nanofluids on buoyancy-induced convection in enclosures. 

Current research in this field focuses on using an external magnetic field to 

drive the natural convection of nanofluids in cavities, leading to a trend in 

publications on thermomagnetic convection in enclosures. However, the number of 

articles on this topic remains limited, indicating that there is still significant potential 

for research in this area. Figure 1.1c shows the trend of publication on MHD-based 
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buoyancy-driven convection in enclosures using nanofluids, based on data from the 

Scopus repository. 

1.2.3 Buoyancy-driven convection in presence of magnetic fields  

The current shift in technological innovation has resulted in the 

development of magnetic components and gadgets with superior thermal 

performance. Such components include electronic gadgets, cooling systems, magnetic 

storage devices, and sensors, among others. To ensure that these devices function 

optimally, the study of buoyancy-induced convection in the presence of the magnetic 

field is necessary. This study is known as magnetohydrodynamics (MHD), and it 

involves the study of the influence of a magnetic field in a moving electrically 

conducting fluid. The presence of a magnetic field in a moving electrically conducting 

fluid creates an electromagnetic force, also known as the Lorentz force. The presence 

of Lorentz force in the flow domain during buoyancy-induced convection alters the 

flow pattern and temperature distribution, making it crucial to study its effects (Oztop 

et al. 2013). 

A substantial amount of numerical research on MHD-based natural 

convection is available. The majority of researchers look into the impact of magnetic 

fields on various enclosure shapes/configurations, non-dimensional parameters, the 

inclination of a cavity (), magnetic field strength, magnetic field inclination (𝛾), and 

so on. The impact of magnetic field on different geometrical configurations, namely, 

rectangular (Wang et al. 2017; Giwa et al. 2020a), triangular (Mahmoudi et al. 2012; 

Rahman 2016; Dogonchi et al. 2019), circular (Sheikholeslami et al. 2012; Tayebi et 

al. 2021), trapezoidal (Mahmoudi et al. 2013; Bondareva et al. 2015), etc. was studied 

by several researchers. Several authors studied the effect of several non-dimensional 

parameters, namely Rayleigh number (Ra), and Hartmann number (Ha) on thermo-

magnetic convection (Nemati et al. 2012; Kefayati 2014; Selimefendigil and Öztop 

2015). They reported that heat transfer during buoyancy-induced convection (Nu) 

increases with a rise in Ra, and declines with a rise in Ha. 

Several researchers (Bourantas et al. 2014; Mamourian et al. 2016; Zhang 

and Che 2016; Balla et al. 2017; Shahriari et al. 2019) examined the influence of tilt 

angle of enclosure on MHD-based thermal convection flow. Bourantas et al. (2014) 

studied MHD-based thermal convection flow in a tilted enclosed space occupied with 

a micropolar nanofluid. They reported that the magnetic field intensity and orientation 
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had a substantial effect on the fluid motion and temperature distribution. Mamourian 

et al. (2016) investigated the effect of tilt angle on MHD-based buoyancy-induced 

flow in a square-shaped enclosure and found that the Nu was more susceptible to tilt 

angle than that of the Ha value. Zhang and Che (2016) investigated the impact of tilt 

angle on MHD-based buoyancy-driven convection in a cavity having various heat 

sources. The results show that for a high value of Ra (= 105), the Nu declines initially 

as the tilt angle increases to a particular tilt angle and then rises with further increment 

in tilt angle at a low value of Ha. Whereas for a high value of Ha, the Nu increases 

first as the tilt angle increases to a specific value and then declines with a further 

increase in tilt angle. Balla et al. (2017) examined MHD-based buoyancy-induced 

flow in an inclined square-shaped enclosure occupied with a porous media saturated 

with nanofluid. The results indicate that the minimum and maximum heat transfer 

occur at ϕ = 0° and 45°, respectively. Shahriari et al. (2019) applied the lattice 

Boltzmann method (LBM) to simulate MHD-based free convection of CuO-water 

nanofluid inside an inclined wavy cavity and found that the Nu changes with tilt 

angle, while the minimum values of Nu occur at ϕ = 60°. 

Several authors studied the impact of magnetic field inclination (𝛾) in 

buoyancy-driven convection (Mansour and Bakier 2015; Manna et al. 2022). The 

buoyancy-driven convection in a square enclosure in the presence of an inclined 

magnetic field was examined by Mansour and Bakier (2015). They found that the 

maximum heat transfer occurs at 𝛾 = 90°. 

Several other factors affect thermomagnetic convection, including surface 

waviness (Biswas et al. 2021a), non-uniform heating (Mejri et al. 2014; 

Sheikholeslami et al. 2014a; Manna et al. 2021a), and obstruction (Selimefendigil and 

Öztop 2015; Mallick et al. 2021). Additionally, Manna and Biswas (2021b) recently 

developed a novel visualization technique for MHD-based convection known as 

magnetic force vectors. There are also numerous review articles available on MHD-

based buoyancy-induced convection in enclosures, providing a wealth of information 

on the topic (Hemmat et al. 2020; Giwa et al. 2020b; Molana et al. 2020). 

In addition to assessing flow strength and thermal energy transfer in an 

enclosure, it is critical to estimate entropy generation (EG) in a thermodynamic 

system for system design. However, the number of studies published on entropy 

production in thermo-magnetic convection using nanofluids is limited (Figure 1.1d), 

leaving ample opportunity for further research in this area. 
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1.2.4 Entropy generation in buoyancy-driven convection 

The concept of entropy generation (EG) is crucial in assessing the 

irreversibility of a thermodynamic system and is essential in optimizing system design 

(Bejan 1979). The rate of EG indicates the level of molecular randomness at the 

microscopic level and is proportional to the amount of waste energy produced by 

energy loss. Entropy generation comprises of the irreversibilities associated with heat 

transport between the system and its surroundings, friction (or viscous effects), and 

other elements such as internal heat generation and magnetic fields. Reducing entropy 

generation is essential in improving thermal system performance as higher values of 

entropy production indicate less efficient processes, equipment, or systems (Ilis et al. 

2008). 

Numerous fundamental studies have examined the influence of non-

dimensional parameters on entropy production (Batyas 2000; Oliveski et al. 2009; 

Sarkar et al. 2021). Baytas (2000) numerically examined the impact of Ra, varying 

from 102 to 104, on entropy production of free convection in an inclined porous 

enclosure and found that as the Rayleigh number (Ra) declines; heat transfer 

irreversibility surpasses fluid friction irreversibility. Ilis et al. (2008) studied the effect 

of aspect ratio (A) on free convection. Oliveski et al. (2009) investigated the impact of 

Ra, A, and irreversibility ratios () on EG in a rectangular enclosure subjected to 

buoyancy-driven convection and found that the total EG rises as the value of Ra, A, 

and  increases. 

Sarkar et al. (2021) numerically studied EG in a semi-elliptical enclosure 

subjected to buoyancy-driven convection and found that EG due to viscous 

dissipation is insignificant compared to EG due to heat transfer, which is consistent 

with Mukhopadhyay (2010). The studies cited above demonstrate that understanding 

the influence of non-dimensional parameters on entropy production in convection is 

crucial for optimizing system design. 

Several articles in the literature explore the effect of nanofluid on entropy 

generation (EG) in cavities experiencing natural convection. Researchers have found 

that the overall EG increases with a rise in the Rayleigh number (Ra) and nanoparticle 

size, but decreases with increasing nanoparticle concentration (ζ) (Esmaeilpour and 

Abdollahzadeh 2012; Cho 2014; Mahian et al. 2014; Kefayati 2015; Kolsi et al. 2016; 

Ashorynejad and Hoseinpour 2017; Cho 2020). Mahian et al. (2014) investigated 
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buoyancy-induced convection in a solar collector containing Al2O3-water nanofluid 

and found that rough tubes produce significantly more EG than smooth tubes. 

Mamourian et al. (2016) studied the effect of a constant magnetic field on EG in 

cavities filled with Al2O3-water nanofluid and found that for a fixed Hartmann 

number (Ha), the net EG increases with the inclination angle of the enclosure up to 

30°, and then decreases. 

Literature reviews show that EG is strongly influenced by several parameters, 

including Ra, Pr, Ha, the inclination of the cavity (φ) and magnetic field (γ), heating 

profiles (Malik and Nayak 2017; Sahin 2020), discrete heating (Mukhopadhyay 2010; 

Das and Basak 2017b), and obstructions (Mahmoodi and Sebdani 2012; Mahapatra et 

al. 2013), as well as nanoparticle concentration (ζ). Several excellent review papers in 

the literature have studied the effect of EG on thermal convection in enclosures. 

Oztop and Al-Salem (2012) provided a comprehensive review taking into account 

various enclosure shapes; Sciacovelli et al. (2015) published a review on the use of 

EG analysis in various engineering applications. Biswal and Basak (2017) provided a 

review on EG during thermal convection in different cavities and processes involving 

diverse practical uses. 

In addition, the literature survey indicates that the number of studies published 

in the field of entropy production in thermo-magnetic convection utilizing nanofluid 

is limited (Figure 1.1d). Thus, there is still a lot of room for research in this field 

(Biswas et al. 2021a).  

1.3 Major observations from the Literature survey 

In summary of the literature review, the following common observations can 

be listed as follows: 

• The fluid flow, heat transfer, and entropy generation are influenced by a 

variety of factors such as the geometry and orientation of enclosures, 

heating and cooling conditions, their locations, types of working fluids, the 

presence of different physics, etc.  

• The flow, heat transfer, and entropy generation are primarily governed by 

the Rayleigh number Ra, Prandtl number Pr, Hartmann number Ha, and the 

inclination of a cavity () and magnetic field (𝛾).  
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• The interdependence of these parameters generates different heat transfer 

and flow characteristics and makes room for future research related to 

specific or newer applications. 

1.4 Scope and Objective of the Present Study 

 The present study aims to address the research gap in the area of buoyancy-

driven flow in enclosures. Various enclosures have been investigated in earlier works, 

but there has been no discussion on the most efficient geometric shape from a thermal 

performance viewpoint. To fill this gap, a novel constraint-based methodology is 

developed to compare the thermal performance of different thermal systems and 

geometries. This study establishes equivalency statements and evaluates the local and 

global thermal characteristics of various buoyancy-driven flow geometries with 

respect to a referenced (base) thermal system/geometry. The goal is to identify the 

most efficient geometric shape that utilizes the constraints of the same heat input (or 

heating surface area) and working fluid volume, and possibly the same cooling 

surface area for certain problems. The current work considers typical regular 

geometric shapes such as square, circular, trapezoidal, and triangular geometries, 

along with square and circular annulus. As a result, the following equivalent problems 

are formulated to explore the importance of the newly proposed constraint-based 

approach for the comparative analysis of buoyancy-driven flow in various typical 

enclosures as listed below. 

Problem 1 - Buoyant flow in an equivalent square (base case) and circular thermal 

systems: In this problem, the classical differentially heating configuration (DHC) is used 

with practical working fluids such as air, water, and CuO-water nanofluid. The constraints 

for this study are equal fluid volume, equal heating and cooling surfaces, and equal cavity 

inclinations.  

Problem 2 - MHD flow in equivalent square and circular thermal systems: This 

problem builds on the first problem by considering the magneto-hydrodynamic flow of 

CuO-water nanofluid for different strengths and inclinations of the imposed magnetic 

field. The evaluation of entropy generation is used to assess thermodynamic irreversibility 

in the base and alternative thermal geometries. The constraints for this study are identical 

fluid volume, heating and cooling surfaces, and magnetic field strength and inclination. 

Problem 3 - MHD flow in equivalent square and trapezoidal thermal systems: This 

study is similar to the second problem but uses a series of trapezoidal-shaped thermal 
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enclosures with different cooling surfaces while keeping the fluid volume and heating 

surface constant.  

Problem 4 - MHD flow in equivalent square and triangular thermal systems: This 

study is an extension of the third problem, focusing on the special or limiting case of the 

trapezoidal enclosure. 

Problem 5 - MHD flow in equivalent square and circular annular thermal systems: 

In this problem, the approach of constraint-based analysis is applied to annular flow 

geometries (square and circular) with identical heating surfaces at the inner walls. Based 

on the equivalency of fluid volume or cooling surface, two different circular annulus 

geometries are assessed along with the reference square annular enclosure.  

The detailed objectives for examining the global and local thermal 

characteristics and associated entropy generation for no-MHD and MHD nanofluid 

flow in constraint-based equivalent systems of the above-mentioned problems are:  

• To examine the influence of geometrical shape (square, trapezoidal, 

triangular, and circular) on system thermal performance subjected to 

buoyancy-driven flow applying the constraints of equal fluid volume, and 

equal heating surfaces.  

• To examine the impact of magnetic field on thermo-fluid flow pattern and 

heat transfer.  

• To scrutinize the effect of nanofluid flow on thermo-fluid flow pattern and 

heat transfer.  

• To inspect the heat flow mechanism in various geometrical shapes by using 

Bejan’s heatlines.  

• To evaluate the thermodynamic irreversibility of different thermal systems 

considered in the present work. 

• To assess the improved heat transfer caused by different geometrical 

configurations in comparison to the base case (square-shaped geometries). 

• To compare the local flow features and heat transport behaviors using 

different visualization means like streamlines, isotherms, and heatlines.  

The importance of identifying an efficient thermal system from a geometrical shape 

point of view is understandable in the practice of thermal system design. Therefore, 
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the outcomes of this novel constraint-based natural convection analysis would be 

useful to thermal system engineers and researchers.  

1.5 Organization of the Present Work 

 Although the studied problems are different, they share the same governing 

equations and solving methodologies. The mathematical formulation, numerical 

procedure, and rigorous validation studies are presented cohesively in Chapter 2. 

Subsequent Chapters 3-6 address the different problems studied and present their 

findings and results logically. The final chapter (Chapter 7) provides a comparative 

assessment of heat transfer performance for equivalent buoyancy-driven thermal 

enclosures, as well as a discussion of the present work's contribution and future scope. 

The reference list is provided afterwards. The details of grid structure of different 

problems are presented in the Appendix which is provided at the end of the 

document. 
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Chapter – 2  
Mathematical Treatment and Numerical Procedure 

 

2.1 Introduction 

This chapter presents the mathematical modeling of the buoyancy-driven flow 

influenced by a magnetizing field within a confined space. The governing equations, 

along with the boundary conditions, are solved numerically using a Computational 

Fluid Dynamics (CFD) tool. Local and global parameters are then visualized from the 

solved data. Additionally, a general overview of the finite element method (FEM) is 

provided. The accuracy of the solver is verified through a rigorous validation study in 

which several numerical and experimental results available in the literature are 

simulated. 

2.2 Governing equations of buoyancy-driven flow 

This study focuses on investigating buoyancy-driven flow within an enclosed 

space, with Figure 2.1 representing the base case. In the figure, the cavity inclination 

angle (ϕ) is measured from the x-axis. Other alternative thermally equivalent 

enclosures are detailed in subsequent chapters. The enclosed area can be filled with 

practical fluids such as air, water, or specially engineered fluids like nanofluids, 

which are created by blending nano-sized particles in a liquid. Nanofluids are 

assumed to behave like Newtonian single-phase fluids, with the base fluid and 

nanoparticles in thermal equilibrium. The nanoparticles are assumed to be uniform in 

shape, travel at the same velocity as the fluid due to their small size and low 

concentration, and exist as a homogenous mixture without sedimentation. 

The present simulation considers a laminar, steady, and incompressible, flow 

inside an enclosed space filled with either regular fluids or nanofluids. The current 

numerical simulation is carried out using two-dimensional geometry, with the 

assumption that the depth of the cavity in the third dimension is sufficiently large. This 

reduces computational time and resources. The Boussinesq approximation is utilized to 

calculate the buoyant force term in the momentum equation, considering the density 

variation with temperature, while the other thermo-physical properties are assumed to 



Chapter − 2: Mathematical treatments and Numerical procedure 

 

20 

be constant. However, the simulation does not consider the induced electric current, 

Joule heating, viscous dissipation, or radiation. As the magnetic Reynolds number is 

low, the induced magnetic field is neglected compared to the applied magnetic field. 

The conservation laws of continuity, momentum, and energy regulate fluid motion and 

heat transport equations in the present study. 

 

                  Figure 2.1 Pictorial representation of the base problem.  

The dimensional form of governing equation subjected to buoyancy-driven 

flow under the aforementioned assumptions is presented as follows: 
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where the symbols u and v correspond to the directional velocity components; p, T, g, 

 and  are respectively the static pressure, temperature, gravitational acceleration, 

and cavity and magnetic field angles. Fluid properties utilized here are density, 
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viscosity , volumetric thermal expansion coefficient , and thermal conductivity k of 

the working fluids.  

When a magnetic field is applied to the buoyancy-driven flow, an additional 

force known as the electromagnetic (or Lorentz) force acts on the thermal system. For 

two-dimensional problems, the applied external magnetic field of the intensity 

( )x x y yB=B e +B e  of constant magnitude 2 2

x yB= B B+  is considered homogeneous. 

The electric current J is defined as ( )J = V B  . The electromagnetic force F is 

defined as F=J B . The electromagnetic force acting on an infinitesimal volume of 

fluid carrying a charge (q) and a current density (J) can be represented as follows: 

  LF qE J B= +                        (2.5) 

( )   LF qE V B B= +           (2.6) 

where E and B represent the electric and magnetic fields, respectively. The 

corresponding force can be divided into two components: the Coulomb force, which 

accounts for the electric field, and the Lorentz force which accounts for the magnetic 

field. When there is no electric field, the Lorentz force can be expressed as follows: 

( )   LF V B B=           (2.7) 

Under the aforementioned assumptions, the dimensional forms of the flow-

regulating momentum equations of buoyancy-driven flow in the presence of a 

magnetic field, are expressed as 
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The present computations are carried out in a non-dimensional form. 

Therefore, the dimensional form of governing equations of MHD buoyant flow are 

transformed to their dimensionless forms. The used non-dimensional variables are as 

follows:  
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In the above equation, H stands for the length scale. As the characteristic velocity is 

missing in the case of natural convection heat transfer, the diffusion velocity scale 

 is selected to obtain a dimensionless velocity term in the governing 

equations. The evolved dimensionless numbers are Rayleigh number (Ra), Prandtl 

number (Pr), and Hartmann number (Ha) (based on fluid properties such as kinematic 

viscosity f, thermal diffusivity f, electrical conductivity f) and defined as 

3Pr / ,   Ra ( ) / ,  Ha  f f f h c f f f fα gβ T T H α BH σ / μ = = − =            (2.11) 

The resulting non-dimensional governing equations in the presence of an inclined 

magnetic field (with respect to the horizontal axis) and an inclined cavity (with 

respect to horizontal axis) are derived as  
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The thermophysical properties of a nanofluid are dependent on its constituents. 

In the final set of governing equations (2.12-2.15), property ratios are present when a 

nanofluid is used as the working fluid. In these equations, the subscript ‘f’ represents 

the pure or base fluid, and there is no subscript for the nanofluid or working fluid. For 

pure fluid cases such as air or water, these property ratios are equal to 1. However, for 

nanofluid cases, the values of these ratios differ. The properties of water and 

nanoparticles are taken from standard literature sources to evaluate the properties of 
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nanofluids (Sheikholeslami et al. 2014; Mliki et al. 2016). The properties of nanofluids 

are estimated using the following correlations. 

s (1 )       f    = − +                               (2.16) 

s( ) (1 )( )  ( )     p p f pc c c    = − +                             (2.17) 

s( ) (1 )( )   ( )     f    = − +                             (2.18) 

The dynamic viscosity of the nanofluid is proposed by Brinkman (1952). 

Maxwell (1983) postulated the thermal and electrical conductivities of nanofluids, 

respectively.  
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It should be noted that the viscosity and thermal conductivity of the nanofluid 

considered in this study do not include the effects of Brownian motion. While several 

studies have examined the impact of thermophoresis and Brownian motion in 

nanofluid flow, and again several studies also exist which have not considered these 

effects. Therefore, these effects are not considered in the present simulation. 

The boundary conditions for the numerical simulation are determined based on 

the problem description shown in Figure 2.1. The walls of the stationary cavities are 

rigid, and the fluid-bounding walls are set to U = V = 0. The thermal conditions 

include the cold portion (θ = 0) and hot portion (θ = 1) and insulation (∂θ/∂n = 0) 

along the system’s boundaries.  

2.3 Performance analysis parameters 

To estimate the local heat transfer characteristics, the local Nusselt number 

(Nul) is defined using the normal temperature gradient (n implying the normal 

outward direction). After solving the flow governing equations in terms of primitive 

dimensionless variables, thermal and flow performance parameters are computed 

using the solved variables. The Nusselt number is considered to be the most important 
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global performance parameter, which measures the rate of heat transfer. It is defined 

by 

l
heater, 
cooler

Nu   
f

k

k n


= −


                              (2.22) 

The mean or average Nusselt number is computed by integrating the local Nu over the 

active surface as 
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 The evolved circulation strength is computed by utilizing the stream function 

(), which follows the form of the Poisson equation as  
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The value of ψ is set to zero (0) on all boundary walls, with the maximum or 

minimum value of ψ indicating the highest flow strength established in the enclosures. 

Isocontours of ψ, commonly referred to as streamlines, illustrate flow patterns within 

confined thermal systems. These streamlines may depict a clockwise (CW) circulation 

with -ψ and/or a counter-clockwise (CCW) circulation with +ψ. 

 The heatfunction ( equation and heatlines are used for comparative 

performance analysis of various buoyancy-driven enclosures, similar to the stream 

function () and streamlines, for understanding the heat flow mechanism. The 

maximum or minimum value of  indicates the highest heat transfer strength in the 

enclosures. The heat transfer can be clockwise (CW) with – or counter-clockwise 

(CCW) with + circulation. The equation of   is expressed as 
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The value of  is set to zero for the bottom adiabatic wall. For all other walls, the 

normal heat flux is properly computed. This heat function is obtained from the heat-

transporting steady-state energy equation (Biswas et al. 2016). 

Although ideal operations or processes are reversible, irreversibility arises 

during real operations or processes. In the case of MHD buoyant flow systems, it is 
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necessary to identify an effective thermal system. The presence of fluid flow and 

finite temperature gradients in the thermal system generates thermodynamic 

irreversibility, which is commonly known as entropy generation (EG). The local 

entropy production (Sl) is caused by irreversibilities in heat transfer (Stg), fluid friction 

(Sv), and the magnetic force effect (Sm). These are represented by the first, second, 

and third terms of the following dimensional form, respectively (Tayebi and 

Chamkha, 2020; Manna et al. 2023). 
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By transforming it into its non-dimensional form (as NStg, NSv, and NSm, 

respectively) the dimensionless local entropy production rate (NSl) is expressed are 

evaluated as 
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where the Eckert number (Ec) and a reference temperature ratio parameter (θr) are 

calculated from the published article by Mukhopadhyay (2010). 
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The global estimation of total entropy generation (NS), the integration of NSl over 

the entire domain is performed as 
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 lNS NS dXdY=                                 (2.29) 

Furthermore, the efficacy of a specific geometry in comparison to the base case 

(square geometry) is evaluated employing the heat transfer and fluid-flow 

performance parameters represented by η and χ, respectively. It is defined as follows: 

specific case base case base case(Nu Nu ) / Nu= −               (2.30) 

( ) /= −specific case base case base case                   (2.31) 

2.4 Numerical procedure 

The conservation laws of fluid motion and heat transfer are governed by a 

system of nonlinear partial differential equations (PDEs). However, exact solutions 

for complex problems in the industry are often difficult to ascertain due to the 

irregularity or arbitrariness of geometries.  

 

Figure 2.2 Flow chart of finite element method. 

Therefore, numerical approaches such as the finite element method (FEM) can 

be used to derive approximate solutions. The FEM aids in computing solutions by 
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dividing the flow geometry into smaller interconnected sub-regions, which allows 

complex partial differential equations to be simplified into linear or nonlinear 

simultaneous equations. To apply the FEM, the mathematical equations (2.12)-(2.15) 

of the problem were numerically solved, invoking the Galerkin technique with 

specified weighted function for the considered mesh. The finite element analysis is 

carried out using commercial COMSOL Multiphysics software. The linear equations 

were then collected to form a matrix, and an iterative process was used to solve the 

evolved equations using the LU decomposition algorithm and the Newton-Raphson 

method. The term “residual” is used to check the convergence. The solutions were 

considered converged when the residuals were minimized less than 10-4. The flow 

chart for the FEM approach is depicted in Figure 2.2. 

2.5 Validation studies 

 The present numerical technique has been validated by solving published 

problems related to buoyancy-driven thermo-fluid flow with different flow geometries 

and boundary conditions. This was done to evaluate the reliability of the employed 

numerical techniques.  

The current study compared its numerical technique with both the numerical 

solution of de Vahl Davis and Jones (1983) and the experimental results of Ho et al. 

(2010). The comparison was made for Ra values ranging from 103 to 106 at Pr = 0.71. 

Table 2.1 shows a comparison of the highest absolute velocities in the X and Y 

directions, the absolute value of the streamfunction, and the mean Nusselt number 

(Nu) between the current simulation and the benchmark numerical solution of de Vahl 

Davis and Jones (1983). The current results showed a strong agreement with the Nu 

and the streamfunction, with maximum deviations of nearly 1% and 0.5% 

respectively from the benchmark solution. 

Table 2.1 Comparison of maximum velocities in the X and Y directions, streamfunction, and Nu 

for different Ra at Pr = 0.71 with benchmark solution of de Vahl Davis and Jones (1983). 

Ra 
de Vahl Davis and Jones (1983)  Present results 

Umax Vmax |Ψ|max Nu  Umax Vmax |Ψ|max Nu 

103 3.649 3.697 – 1.118  3.651 3.699 1.176 1.118 

104 16.179 19.617 – 2.243  16.193 19.636 5.077 2.247 

105 34.73 68.59 9.612 4.519  43.886 68.264 9.634 4.537 

106 64.63 219.36 16.750 8.880  128.814 218.185 16.931 8.925 
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Additionally, the current study compared its results with the experimental 

published data of Ho et al. (2010) for pure water (Pr = 5.65) with temperature 

variations ranging from 2°C to 10°C, as shown in Figure 2.3. The current results were 

found to be in good agreement with the Nu values from the experimental data, with a 

maximum difference of less than 1%. Thus, both comparative analyses demonstrate 

that the current numerical technique is capable of accurately capturing flow features 

and heat transport of free convection in a square enclosure. 

 

Figure 2.3 Comparison of Nu with experimental Nu of Ho et al. (2010) for pure water (Pr = 5.65). 

The present numerical technique is also validated using the experimental work 

of Kuehn and Goldstein (1976) and the computational results of Yoo (1998) to 

validate buoyancy-driven convection in the cylindrical annulus. Figure 2.4 compares 

the local Nusselt number variations at the inner cylindrical surface (Nui) and outer 

cylindrical surfaces (Nuo) for Ra = 5×104 and L/Di = 0.8, where L = (Ro – Ri) 

represent the gap width, computed from the present numerical simulation, with the 

experimental benchmark results of Kuehn and Goldstein (1976). The highest 

discrepancy in the Nu value from the experimental data is less than 5%. 
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Figure 2.4 Assessment of Nul with experimental work of Kuehn and Goldstein (1976). 

The existing computational model's capability to numerically evaluate 

convective thermo-fluid flow in a circular annulus is demonstrated by comparing the 

variation of Nu computed from the present simulation with the numerical results of 

Yoo (1998) for different Ra in the range of 103 to 105 at Pr = 0.7 and  = 0.5 in Figure 

2.5. The maximum deviation of Nu of the inner cylinder is less than 1%. 

 
Figure 2.5 Comparison of Nu with Yoo (1998) for different Ra at Pr = 0.7. 
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The accuracy of the numerical methodology for simulating buoyancy-driven 

nanofluid-based flow in a square enclosure was also confirmed by comparing it with 

the numerical findings of Khanafer et al. (2003) and the experimental results of Hu et 

al. (2014) and Torki and Etesami (2019). In their numerical study, Khanafer et al. 

(2003) presented a correlation to estimate the mean Nusselt number (Nu) in a square 

enclosure containing a Cu/water nanofluid based on the Grashof number (Gr) and 

nanoparticle volume fraction (ζ). The present results were compared with the 

correlation developed by Khanafer et al. (2003) for varied Gr (=103,104, and 105) and 

ζ (= 0, 0.01, 0.02, 0.03, 0.04, and 0.05) at Pr = 6.2. The current results showed strong 

agreement with a maximum discrepancy of less than 5% from the numerical 

benchmark study of Khanafer et al. (2003), as shown in Figure 2.6. 

 

Figure 2.6 Comparison of Nu with Khanafer et al. (2003) for different Gr and ζ. 

The present numerical result is validated against experimental studies 

conducted by Hu et al. (2014), and Torki and Etesami (2019). The comparison of 

current results with the experimental results of Hu et al. (2014) is presented in Table 

2.2 for a square cavity filled with pure water (ζ = 0) and Al2O3/water nanofluid (ζ = 

0.25). The maximum deviation of Nu obtained from the present simulation with 

experimental data is 17.27% and 16.19% for pure water and nanofluid, respectively, 

observed at higher Ra. This comparison shows that the present numerical 

methodology is within an acceptable limit. 
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Moreover, the current numerical approach is compared with the experimental 

results of Torki and Etesami (2019) as shown in Table 2.3 for a square enclosure 

filled with pure water (ζ = 0) and SiO2/water nanofluid (ζ = 0.01%). The maximum 

deviation of the present results from the experimental results is 7.29% and 2.8% for 

pure water and nanofluid, respectively. The comparison of the present results with the 

numerical and experimental data demonstrates that the current numerical approach 

can accurately predict heat transport in a buoyancy-driven flow in an enclosure. 

Table 2.2 Comparison with Hu et al. (2014) for different Ra, and ζ. 

Ra 

107 

Nu for pure water (ζ= 0)             Nu for nanofluid (ζ= 0.25) 

Hu et al.   

(2014) 

Present 

results 

% 

Error 

 Ra 

107 

Hu et al.    

(2014) 

Present 

results 

% 

Error 

2.48 19.041 22.204 14.25  3.09 20.555 23.612 12.95 

3.63 20.757 24.587 15.58  4.02 21.962 25.324 13.27 

4.56 22.009 26.126 15.76  4.81 22.908 26.579 13.81 

5.53 23.052 27.504 16.19  5.73 23.553 27.839 15.40 

6.28 23.539 28.454 17.27  6.41 24.037 28.682 16.19 

 

Table 2.3 Comparison of Nu with Torki and Etesami (2019) for different Ra, and ζ. 

Ra 

107 

 Nu for Pure water (ζ= 0)   Nu for Nanofluid (ζ = 0.01 %) 

Torki and 

Etesami (2019) 

Present 

results 

% 

Error 

 Ra 

107 

Torki and 

Etesami (2019) 

Present 

results 

% 

Error 

0.95 16.503 14.994 0.06  0.93 16.784 14.895 -2.68 

1.54 18.071 17.100 5.68  1.66 19.546 17.447 -2.04 

1.77 18.814 17.769 5.88  1.98 20.577 18.312 -2.37 

3.81 21.411 21.922 2.33  3.97 22.186 22.189 0.02 

7.35 24.455 26.378 7.29  7.19 25.485 26.218 2.80 

The current numerical model is compared to the published result of Ghasemi 

et al. (2011) to evaluate the reliability of numerical methodologies for predicting heat 

transfer for magnetohydrodynamic buoyancy-induced convection in enclosures. This 

study involves a square flow domain with side heating and cooling, filled with 

Al2O3/water nanofluid, and subjected to a horizontal magnetic field. The comparison 

is carried out for different Ra (= 103, 104, 105, and 106), ζ (= 0, 0.02, and 0.04) at Ha = 

30, and the outcomes of Nu and max, computed from the present simulation, are 

compared with the numerical solution of Ghasemi et al. (2011). The results show 

good agreement with the Nu and max solution of Ghasemi et al. (2011), with 
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maximum deviations of less than 10.6% and 17.5%, respectively (Table 2.4 and Table 

2.5). The comparison is further extended for varied Ha (= 0, 15, 45, and 60) and ζ (= 

0, 0.02, and 0.04) at Ra = 105, and the comparison of Nu and max are presented in 

Tables 2.6 and 2.7, respectively. The present result shows nice agreement with the Nu 

and max solution of Ghasemi et al. (2011), with maximum deviations of less than 

7.3% and 13.5%, respectively. These comparison studies demonstrate that the present 

numerical technique can predict magnetohydrodynamic buoyancy-driven flow and 

heat transfer in an enclosure. 

Table 2.4 Comparison of Nu with Ghasemi et al. (2011) for distinct Ra at Ha = 30. 

Ra 
Ghasemi et al. (2011) 

 

               Present results 

ζ = 0 ζ = 0.02 ζ = 0.04 ζ = 0 ζ = 0.02 ζ = 0.04 

103 1.002 1.060 1.121 1.002 1.002 1.002 

104 1.183 1.212 1.249 1.182 1.163 1.147 

105 3.150 3.138 3.124 3.138 3.032 2.930 

106 7.907 7.979 8.042 7.812 7.548 7.292 

 

Table 2.5  Comparison of max with Ghasemi et al. (2011) for different Ra, ζ at Ha = 30. 

Ra 
Ghasemi et al. (2011) 

 

               Present results 

ζ = 0 ζ = 0.02 ζ = 0.04 ζ = 0 ζ = 0.02 ζ = 0.04 

103 0.128 0.119 0.11 0.127 0.128 0.129 

104 1.193 1.123 1.057 1.191 1.207 1.221 

105 5.71 5.682 5.642 5.693 5.878 6.062 

106 14.088 14.293 14.495 13.939 14.430 14.928 

 

Table 2.6 Comparison of Nu with Ghasemi et al. (2011) for different Ha, ζ at Ra = 105. 

Ha Ghasemi et al. (2011)  Present simulation 

ζ = 0 ζ = 0.02 ζ = 0.04 ζ = 0 ζ = 0.02 ζ = 0.04 

0 4.738 4.820 4.896 4.720 4.803 4.880 

15 4.143 4.179 4.211 4.127 4.209 4.287 

45 2.369 2.342 2.317 2.361 2.419 2.478 

60 1.851 1.831 1.815 1.845 1.896 1.948 
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Table 2.7  Comparison of max with Ghasemi et al. (2011) for different Ha, ζ at Ra = 105. 

Ha Ghasemi et al. (2011)  Present simulation 

ζ = 0 ζ = 0.02 ζ = 0.04 ζ = 0 ζ = 0.02 ζ = 0.04 

0 11.053 11.313 11.561 11.014 11.275 11.522 

15 8.484 8.615 8.734 8.457 8.733 9.005 

45 3.825 3.729 3.629 3.813 3.922 4.031 

60 2.518 2.518 2.415 2.614 2.677 2.740 

 

The present study aims to evaluate the accuracy of the entropy generation 

(EG) employed to obtain irreversibility in the flow domain. The results of EG are 

presented in a non-dimensional form and compared with the numerical outcomes of 

Ilis et al. (2008) and Oliveski et al. (2009). Ilis et al. (2008) computed EG in a square 

enclosure for different Ra values (103, 105) with a fixed value of irreversibility 

distribution parameter ( =10-4). The comparison of EG results with Ilis et al. (2008) 

is presented in Table 2.8. The highest value of EG owing to heat transfer, fluid 

friction, and overall entropy production computed from the present simulation is 

compared with the numerical published results of Ilis et al. (2008). The current EG 

results show good agreement with those of Ilis et al. (2008), with maximum 

deviations of less than 0.6%, 6.3%, and 6.1% for the maximum value of the rate of 

EG owing to heat transfer (NStg), fluid friction (NSv), and total entropy production 

(NS), respectively. 

Table 2.8 Comparison of EG with Ilis et al. (2008) for different Ra at   (= 10-4). 

Ra 
Ilis et al. (2008)  Present study 

max(NStg) max(NSv) max(NS)  max(NStg) max(NSv) max(NS) 

103 2.27 0.25 2.29  2.272 0.251 2.291 

105 61.03 563.20 597.11  60.658 598.775 633.278 

The current EG results are further validated against the results of Oliveski et 

al. (2009), as shown in Table 2.9. Results are compared in a square enclosure for a 

wide range of Ra values (103−107) at various  (= 10-2, 10-4). The current results 

match well with Oliveski et al. (2009), with a maximum error of less than 5%. Both 

comparisons clearly illustrate that the existing numerical methodology can accurately 

estimate EG in a buoyancy-driven flow in an enclosure. 
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Table 2.9 Comparison of EG with Oliveski et al. (2009) results for various Ra and . 

Ra 

 NS at  = 10-2   NS at  = 10-4 

Oliveski et al. 

(2009) 

Present 

study 

% 

Error 

 Oliveski et 

al. (2009) 

Present 

study 

% 

Error 

103 4.602 4.579 0.49  1.182 1.153 2.48 

104 108.071 106.052 1.87  3.308 3.285 0.69 

105 2063.512 1922.829 6.82  24.607 23.720 3.61 

106 37413.970 36583.440 2.22  395.064 376.200 4.77 

107 714386.200 694785.300 2.74  7436.892 7065.809 4.99 

 

       The validity of the heatline solution used to visualize and investigate 2-D 

convective heat flow, is assessed in this study. Heatlines generated from the current 

solution are compared to the benchmark article published by Kimura and Bejan 

(1983), which is shown in Table 2.10. The comparison is performed in a square 

enclosure, and the maximum value of the heat function (max) is evaluated for distinct 

Ra values of 140 and 1.4105 at Pr = 7. The maximum variation of max obtained 

from the current solution from Kimura and Bejan's (1983) pioneering work is 5.87%. 

This comparison analysis demonstrates that the present numerical technique can 

accurately capture heatlines solutions for buoyancy-driven flow. 

Table 2.10 Comparison of max with benchmark result of 

Kimura and Bejan (1983) at Pr = 7. 

Ra 

max  for different Ra at Pr = 7 

Kimura and 

Bejan (1983) 

Present 

solution 
% Error 

140 1.004 1.003 0.11 

140000 5.548 5.223 5.87 

 

Additionally, the solution technique has been compared to experimental 

results obtained from a PIV (Particle Image Velocimetry) experiment involving a 

fluid-filled enclosure with a bottom-protruded heater. The experimental results were 

successfully reproduced by the solution technique, as reported by Biswas et al. 

(2016a), which demonstrates a good match. Furthermore, the solution technique has 

been repeatedly verified in solving various types of thermal-fluid coupled problems, 

including natural convection (Biswas et al. 2020b), forced convection (Biswas et al. 

2012), mixed convection (Biswas et al. 2015a; 2015b; 2017), thermomagnetic 
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convection (Manna and Biswas 2018; Biswas et al. 2021a; 2021b; Biswas et al. 2022), 

and bioconvection (Biswas et al. 2020b; Biswas et al. 2022; Biswas et al. 2023). The 

corresponding validation results are reported elsewhere, confirming the reliability of 

the present numerical technique. 

2.6 Grid independence test 

The grid independence test was conducted to ensure that the numerical simulations 

were not significantly affected by the mesh size. This test is crucial to ensure the 

accuracy and reliability of the simulations. Mesh generation in two-dimensional 

problems was executed using the Finite Element Method (FEM) in COMSOL 

Multiphysics software, and the mesh structures for various geometries are shown in 

Appendix (Figure A). The details of the mesh studies are indicated in Appendix 

(Table A). These results provide information about the mesh size, average Nusselt 

number (Nu), and minimum stream function (ψmin) for different meshes and 

geometries. This rigorous grid independence testing ensures the reliability of the 

numerical simulations conducted in the study. 

2.7 Conclusions 

A series of comparative analyses of buoyancy-induced convection in different 

geometrical configurations using a range of fluids (such as air, water, nanofluid), and 

magnetic field are demonstrated above in this chapter. It includes both the 

experimental and numerical solutions reported by different authors, and overall, a 

good agreement was found during these validation studies. It encourages conducting 

new simulations for buoyancy-driven convection in various geometrical shapes, 

fluids, and boundary conditions, by applying a novel constraints-based (volume and 

length) approach. These studies are discussed in subsequent chapters, omitting the 

mathematical formulation and numerical procedural parts for individual problems, to 

avoid repetition. 
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Chapter – 3  
Geometrical constraint-based performance analyses 

of equivalent square and circular thermal systems 

using air, water, and CuO-water nanofluid 

3.1 Introduction 

In modern times, enclosure or cavity-shaped thermal systems are widely used 

in various applications. As the demand for energy-efficient miniature devices 

continues to grow, the study of passive cooling systems operated by natural 

convection has reached its limit. The geometry, boundary conditions, and multi-

physical processing parameters significantly affect the heat transport physics in a 

thermal system. Consequently, a vast amount of published works exists on the broad 

area of buoyancy-driven flow, as detailed in Chapter 1 and shown in Figure 1.1. 

However, there is a shortage of research works on constraint-based thermal analysis. 

Geometrical parameters such as the volume of the system or the length of the active 

heating or cooling surface can be utilized as constraints to analyze different shapes of 

the system cavities. In this chapter, as a first attempt, a novel constraint-based 

approach is applied to analyze two popular classical geometrical shapes, square and 

circular cavities, under similar heating configurations. 

3.2 Background earlier works 

The impact of geometrical shape on the thermal performance of a system 

cannot be overstated, especially in light of the demands of emerging energy 

technologies. To address adequately this issue, a sufficient volume of fundamental 

research on geometrical shapes is necessary. Despite the vast pool of research works 

available in the open literature on convective thermal systems, none of them have 

critically addressed the issue of geometrical shape. The development of energy-

efficient thermal devices has been an ongoing effort over the last few decades, driving 

many published works in the area of passive cooling applications using buoyancy-

driven flow (Banerjee et al. 2008; El Omari et al. 2011; Faraji et al. 2020). Energy 

efficiency, heat transfer augmentation, or the average Nusselt number (Nu) is sought 

after in these kinds of thermal systems and applications. The utilization of system 
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geometries with in-built heater and cooler layouts is common in various applications, 

including solar collectors, electronic cooling, food processing, and drying 

technologies (Henderson et al. 2007; Rahimi et al. 2018; Hussien et al. 2021). The 

buoyancy-driven convective processes are sensitive to the geometrical shape (of 

enclosure/cavity) and heater-cooler layout. Previous studies have focused on 

understanding thermal behaviors under various parametric influences (Ra, Gr, Pr, Re, 

Ri, Ha, etc.) for a single geometrical shape. Despite numerous reports on various 

cavity shapes, including regular (such as square, circular, trapezoidal, etc.) and 

irregular (such as C-shaped, H-shaped, etc.) geometries, no comparison with any 

classical shape has been provided in the literature. As a result, it is challenging to 

understand the benefits or drawbacks of modified or uncommon cavity shapes. In 

light of this gap in the literature, the present study is designed to explore buoyancy-

driven systems' thermal behaviors using a novel constraint-based approach. Therefore, 

to provide a comprehensive background, some typical buoyancy-driven studies that 

are closely related to the present work are discussed further. 

The area of buoyancy-involved phenomena has seen a significant increase in 

research volume, with relatively few pioneering works laying the mathematical and 

conceptual foundation stones (Dropkin and Somerscales 1965; Kuehn and Goldstein 

1976; ElSherbiny et al. 1982; Ostrach 1988; Incropera 1988). Recent studies focus on 

more sophisticated/complex phenomena, such as those involving nanofluids (Biswas 

et al. 2018; Dutta et al. 2019; Chatterjee et al. 2022), hybrid nanofluids (Suresh et al. 

2012; Manna et al. 2021; Biswas et al. 2021a; 2022a), magnetic fields (Dogonchi et 

al. 2018; Ghalambaz et al. 2019; Biswas et al. 2020a; Ghalambaz et al. 2020; Manna 

and Biswas 2021; Hamzah et al. 2021), porous medium (Bejan et al. 2004; Biswas 

and Manna 2017a; Biswas et al. 2016; 2021a), microorganisms (Biswas et al. 2020b; 

2021b; 2021c), complex geometries (Yao 2006; Hussain and Öztop 2021), embedded 

obstructions (Sahoo et al. 1993; Mallick et al. 2021), and others. Convective heat 

transport has been visualized and analyzed using the heatline approach by several 

researchers (Biswas and Manna 2017b; Das and Basak 2017; Mahapatra et al. 2018; 

Lukose and Basak 2019). 

In addition to these studies, numerous review articles are available that 

provide a wealth of knowledge in this field (Tian and Zhao 2013; Sarkar et al. 2015; 

Kabeel et al. 2015; Das et al. 2017; Giwa et al. 2021). Karki et al. (2022) studied 

buoyant convection in a rectangular cavity heated at the bottom and cooled at the top, 
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considering practical fluids (like nanofluid, air, or water). Gokulavani et al. (2020) 

investigated the impacts of centrally located heated baffle orientation in an 

alternatively designed ventilation enclosure. Recently, Gokulavani et al. (2022) 

demonstrated thermal convection in a hybrid nanofluid flowing porous open cavity 

using injection/suction. These studies are crucial for understanding different shades of 

flow behaviors and thermal characteristics. These investigations also contribute to the 

design and operation of various thermal systems and devices and justify the need for 

further exploration and development in buoyancy-based convection for future 

technical potentialities. 

This work focuses on the effect of geometrical shapes, specifically targeting 

square and circular cavities. The differentially heated cavity (DHC), which is a 

recognized benchmark classical problem (de Vahl Davis and Jones, 1983), has been 

widely used for the validation of numerical works. This DHC has square geometry, a 

left wall that is hot, a right wall that is cold, and the other walls that are adiabatic. 

Various studies have investigated the heat transfer characteristics of DHC under 

different physical conditions such as magnetic fields, porous medium, nanofluids, 

non-Newtonian fluids, and heat generation. However, there are relatively few studies 

that have addressed the thermal performance of perfectly circular geometries, and 

none of these studies have considered differentially heated configurations similar to 

the DHC. Consequently, the findings of the existing studies are scattered and 

challenging to assimilate, making it difficult to select optimal geometrical shapes for 

the design and operation of buoyancy-driven systems. Therefore, this study aims to 

compare the thermal behaviors of the DHC with a perfectly circular cavity under the 

constraint-based analysis approach.  

A significant volume of studies on natural convection has been conducted and 

individual studies on square and circular cavities have been examined. However, a 

comparison of thermal efficacy between the two shapes has not been made, and the 

degree of difference in thermal characteristics has not been evaluated. Furthermore, it 

is not known which system would be more effective if the orientation changes. This 

research study utilizes a novel constraint-based analysis to compare the thermal 

performance of a square cavity and a circular cavity. The analysis considers identical 

areas and heating/cooling lengths to understand the impact of geometrical shapes on 

thermo-fluid phenomena. The study's findings hold significance in designing practical 

thermal systems that operate on air, water, and nanofluids, especially while 
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considering the relocated heat sources and heat sinks during inclined cavity positions. 

The results of this fundamental study can assist in designing single and multi-physical 

thermal systems for various applications. Additionally, this new approach to analysis 

could offer a new research direction for the optimal design of thermal systems and 

heater-cooler arrangements. 

3.3 Problem formulation 

Figure 3.1 illustrates the thermal systems corresponding to the square and 

circular geometries. The evolution of the equivalent circular configuration from the 

square geometry is also shown in the figure. The classical problem of the 

differentially heated cavity (DHC) in the square geometry is depicted in Figure 3.1a, 

while its equivalent circular cavity is presented in Figure 3.1b. These geometries can 

be referred to as CDHSC (Classical Differentially Heated Square Cavity) and 

EDHCC (Equivalent Differentially Heated Circular Cavity). The mesh structures for 

the CDHSC and EDHCC geometries are shown in Figures A1 (a) and (b), 

respectively, in the Appendix. The mesh details, provided in Appendix, are 

summarized in Tables A1 (a) and (b). The constraints for the equivalency of the two 

geometries are as follows: (i) same volumes or cross-sectional areas (Asq = Acir = A), 

(ii) equal heating and cooling lengths (Lh = Lc = H), and (iii) the heater and cooler 

located at identical positions. Based on these constraints, the circular cavity is similar 

to the square cavity in all aspects except its geometrical shape. The primary objective 

of this investigation is to analyze the effects of the geometrical shape on the thermal 

performance and fluid flow induced by thermal gradient based buoyancy flow. The 

results of this study can provide significant insights to thermal system analysts and 

designers.  
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Figure 3.1 Constraint-based problem definition: (a) square shape (CDHSC), (b) circular shape 

(EDHCC), and (c) their tilted arrangements. 

The non-isothermal fluid flow in these systems is modeled and solved 

mathematically by using a CuO-water nanofluid with fine nanoparticles (~1−5 μm) at 

a diluted concentration (ζ = 0−3%) to ensure a single-phase homogeneous flow model 

and prevent agglomeration and sedimentation. The study is conducted under steady 

flow conditions at 300 K, and the Ra (106) within the laminar regime is used with the 

Boussinesq approximation. To account for cavity inclination scenarios, the 

momentum balance equations are utilized, decomposing the gravity-involved 

buoyancy term into the sine and cosine components expressed in Eqs. (2.13) and 

(2.14). The cavities are analyzed in an upright posture, while the direction of the 

buoyancy force (or gravity) is rotated for different values of . This is a nonlinear, 

velocity-coupled temperature problem, with the thermal conductivity and specific heat 

of CuO nanoparticles adopted from the literature (Mliki et al. 2017; Sheikholeslami et 

al. 2014). The details of mathematical formulation, numerical treatment, and 

validation studies are discussed comprehensively in Chapter 2. For CDHSC and 
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EDHCC, the system performance parameters in this thermal design analysis are the 

Nusselt number (Nu) and the minimum/maximum stream function (ψ). 

3.4 Results and Discussion 

In this study, the thermal performance of square and circular systems is 

analyzed under constraint-based conditions using three different fluids for various 

parameters. The range of parameters includes ϕ = 0−85°, Ra = 103−106, and Pr values 

of 0.71 (air) and 5.83 (water and nanofluid). The results are presented systematically 

in separate subsections for easy comprehension. 

3.4.1 Ra impacts on flow features 

Figures 3.2−3.4 illustrate the impact of Rayleigh number (Ra) on anisothermal 

fluid flow in buoyant square and circular enclosures for air, water, and CuO-water 

nanofluid-based systems. These plots show the effect of cavity shape on flow 

structures at Ra values ranging from 104 to 106. The arrowhead lines in Figure 3.2 

depict the direction of fluid circulation in corresponding streamlines, while the 

contours are normalized using the maximum |ψ| magnitude that measures the flow 

strength. The normalized ψ ranges from 0−1, with values of 0 at all the walls and -1 or 

1 at the core of the circulation. The study results indicate a clockwise single 

circulation in both of the thermal cavities, with increasingly congested streamlines 

around the active walls as Ra values increase. This congestion indicates high 

convective flow over the walls and the formation of a thinner velocity boundary layer, 

resulting in the horizontal stretching of streamlines in the core zones, which is 

particularly notable at Ra = 106. At high Ra values, the impact of cavity shape 

becomes more evident, underscoring the importance of considering geometric shapes 

when studying these systems.  
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Figure 3.2 Effects of Ra on air-based thermal systems’ streamlines (a) and isotherms (b) 
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Figure 3.3 Effects of Ra on water-based thermal systems’ streamlines (a) and isotherms (b). 

 The study highlights the role of established circulations in dictating static 

temperature distributions. The isotherms in Figure 3.2b reveal that as Ra increases, 

the lines become less vertical and take on a long horizontal stretch in the middle. 

When only thermal conduction governs the thermofluid flow at lower Ra values, 

perfectly active-wall parallel isotherms emerge. Additionally, the study emphasizes 

the impact of cavity shape on static temperature distributions, with the isotherm lines 

orienting differently in the two cavities. At Ra = 104, the isotherm lines are more 
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vertical or S-shaped, while at Ra = 105 and 106, they take on a long-horizontal middle 

stretch. 

 Ra = 104 Ra = 105 Ra = 106  

(a) 

 

   

ψ 

 

 

   
(b) 
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Figure 3.4 Effects of Ra at ζ = 3% on CuO/water-based thermal systems’ streamlines (a) and 

isotherms (b). 

The streamlines and isotherms maintain their features when the operating fluid 

is something other than air, although their sizes and shapes are adjusted accordingly. 

The innermost horizontal core appears to rotate in the clockwise (CW) direction, a 

phenomenon observed in both water-based systems (Figure 3.3) and nanofluid-based 

systems (Figure 3.4). 
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3.4.2 Effects of cavity orientation (ϕ) 

In this study, the effect of cavity inclination on thermofluid flow features in 

thermally equivalent different shaped cavities has been investigated using both air and 

CuO-water nanofluid-based systems. The study has focused on understanding the 

impact of varying Ra and ϕ on fluid circulation and local static temperature 

distribution. 

Figures 3.5−3.12 illustrate the effects of cavity inclination on the evolved 

thermofluid features flow in CDHSC and EDHCC at different Ra ranging from 

104−106, using streamlines and isotherms for air and CuO-water nanofluid-based 

systems. The row- and column-wise variation of Ra and ϕ (= 25-85°) is depicted in 

the figures. At lower Ra values, the fluid circulation exhibits a single clockwise 

circulation similar to that of the upright cavity, as seen in Figure 3.5. However, at ϕ = 

25°, as the thermal gradient increases with increasing Ra, the strength of fluid 

circulation increases markedly, and the circulating cell is stretched diagonally at Ra = 

105, followed by the separation of the inner circulations cell at Ra = 106, resulting in 

the formation of one pair of inner circulations cells positioned diagonally. A similar 

trend of circulation patterns and increasing circulation strength is observed for ϕ = 

45°, while a marked change in the circulation patterns is observed at ϕ = 70°, 

revealing a single clockwise circulation irrespective of any Ra values, and the 

circulation strength jumps into a double value (  = 73.631) at Ra = 106. 

However, there are no significant changes in the circulation pattern at ϕ = 85°, except 

for the formation of minor two corner circulation cells at Ra = 106. A similar pattern 

of fluid circulation is observed for the EDHCC case in Figure 3.6, where the 

circulation strength becomes maximum (  = 94.779) at ϕ = 85° and Ra = 106, 

corresponding to the higher convective flow. 

The local temperature patterns in Figures 3.7 and 3.8 are also found to be 

affected by the cavity inclination and Ra values. The isotherms are parallel to the 

heating and cooling walls however markedly distorted for the rest portions, 

particularly at higher Ra, as the thermal gradient increases. The congested isotherms 

over the active sidewalls indicate a thinner thickness of the thermal boundary layer 

along with higher heat transfer. The isotherms change significantly with ϕ, following 

the fluid circulation patterns. At higher Ra and ϕ = 70°, the circular-shaped isotherms 
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evolve. The isotherm portrait is more complicated for the EDHCC case with the 

curved wall. 

ϕ° Ra = 104 Ra = 105 Ra = 106  

25 

   

ψ 

 

 

45 

   

70 

   

85 

   

Figure 3.5 Cavity inclination impact on streamlines of the air-based thermal square system. 

The findings of this study reveal interesting and novel insights into the 

thermofluid flow features with varying cavity inclination angles and Ra values. The 

results may have potential applications in various industrial processes that involve 

heat transfer and fluid flow in inclined cavities with a discrete heating-cooling 

arrangement. 
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Figure 3.6 Cavity inclination impact on streamlines of air-based thermal circular systems. 
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Figure 3.7 Cavity inclination impact on isotherms of air-based thermal square systems. 
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Figure 3.8 Cavity inclination impact on isotherms of air-based thermal circular systems. 

Figures 3.9 to 3.12 present the cavity orientation effects on the thermal-flow 

features in CDHSC and EDHCC operating on CuO/water-based nanofluid with a 3% 

volume fraction. Here, Rayleigh numbers (Ra) range from 104 to 106 and inclination 

angles (ϕ) change from 25° to 85°. At ϕ = 25°, with augmenting Ra, the fluid 

circulation in CDHSC is observed to stretch diagonally, accompanied by two tiny 

circulation cells and clockwise circulation. At higher inclination angles (ϕ = 45° to 



Chapter − 3: Constraint-based performance analyses of equivalent thermal systems … 

 

51 

 

85°), the circulation patterns change significantly, with a transition from diagonally 

stretched to circular circulation at Ra = 105. Interestingly, at Ra = 106, the twisted 

circulating cell changes from left to right inclination as the angle increases to ϕ = 85°, 

with a maximum stream function value of 54.019. In EDHCC, the circulation patterns 

show similar patterns as in CDHSC, except for the curvature effect on the 

surroundings, with a maximum stream function value of 52.193 at Ra = 106 and ϕ = 

85°. The temperature distribution changes following the circulation patterns. 
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Figure 3.9 Cavity inclination impact on streamlines: CuO/water-based (ζ = 3%) square thermal 

system. 
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Figure 3.10 Cavity inclination impact on streamlines: CuO/water-based (ζ = 3%) circular 

thermal system. 
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Figure 3.11 Cavity inclination impact on isotherms: CuO/water-based (ζ = 3%) square thermal 

system. 
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Figure 3.12 Cavity inclination impact on isotherms: CuO/water-based (ζ = 3%) circular thermal 

system. 

3.4.3 Sectional analyses of flow structures (U, V, θ) 

The local variations of velocities (U, V) and temperature (θ) profiles at 

horizontal and vertical planes are analyzed to understand the flow physics in Figures 

3.13 to 3.16. Figure 3.13a demonstrates the V-velocity component about the mid-

horizontal plane at Y = 0.5 for CDHSC for the air-based system with Ra = 104 to 106 

and cavity orientation (ϕ = 0º, 45º, 70º, and 85º). The flow takes place along the 
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vertical sidewalls, resulting in a peak value of velocity (at X = 0 and 1) in the flow 

direction due to the formation of the boundary layer. The magnitude of +V and –V 

increases with increasing Ra for the upright cavity (ϕ = 0º), as the entire buoyancy 

force acts vertically. This V-profile also shows a wavy pattern when multiple 

circulation cells evolved in the systems. The cavity inclination when changes from ϕ 

= 0º to 45º, 70º, and 85º, both ± V increase markedly at Ra = 106 because of the higher 

convective flow. As ϕ substantially increases, the vertical hot wall is going to the 

bottom and the cold wall to the top and it augments buoyant force and thereby flow 

velocity. Similar observations are found for the EDHCC case (in Figure 3.13b); 

however, the peak value of velocity shifts away from the sidewalls. The cavities at ϕ = 

85º yield the highest V-velocity. The V-velocity is relatively less for CDHSC due to 

the corner separation. 

 
 

(a) V for air-based square cavity (b) V for air-based circular cavity 

  
(c) U for air-based square cavity (d) U for air-based circular cavity 

Figure 3.13 Ra- effect on sectional U and V plots in air-based CDHSC and EDHCC. 



Chapter − 3: Constraint-based performance analyses of equivalent thermal systems … 

 

56 

 

  
(a) Mid-horizontal θ for square cavity (b)Mid-horizontal θ for circular cavity 

  
(c)  Mid-vertical θ for square cavity (d)  Mid-vertical θ for circular cavity 

Figure 3.14 Ra- effect on sectional   plots in air-based CDHSC and EDHCC. 

Figures 3.13c and 3.13d illustrate the U-velocity profile at the mid-vertical 

plane at different Ra and ϕ. Similar to the V-profile, the velocity peaks are located 

near the top and bottom walls and its magnitude is high at higher Ra. The U-velocity 

profile is almost the same for CDHSC and EDHCC except for the peak shifting. The 

U-velocity enhanced significantly as ϕ increased at higher Ra values. Interestingly, 

the wavy U-profile is due to the formation of multi-circulations cells (which appears 

in Figures 3.5 and 3.6). 

Temperature profiles are taken at the midplanes to assess changes in the 

thermal field, as shown in Figure 3.14. While there are minor variations in 

magnitudes, the -profiles for both CDHSC and EDHCC cases are similar. The 

differential heating between the left and right sidewalls is clearly reflected in the  

values of  = 1 (at X = 0) and 0 (at X = 1). Figure 3.14a depicts significant changes in 

the mid-horizontal  -profiles as Ra and ϕ change. Monotonic change is noted at low 

Ra, due to a thermal conduction-dominated system. However, with enhanced flow 
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velocity, some distortions appear near the vertical walls due to the thermal boundary 

layer. At Ra = 106 with ϕ = 85, the static temperature () shows a decrement near the 

left wall, and then it increases and falls suddenly near the right cold wall. This fact is 

justified by the distorted isotherms (indicated in Figures 3.7 and 3.8). Similarly, the 

vertical sectional temperature is illustrated in Figures 3.14c and 3.14d. As reflected in 

these figures, it is apparent that the temperature at the bottom is less than the 

temperature at the top of the cavities. However, when the cavity inclined, the θ profile 

changed significantly due to changes in the flow structures within the cavities.  

  
(a) V for water-based square cavity (b) V for water-based circular cavity 

  

(c)  U for water-based square cavity (d) U for water-based circular cavity 

Figure 3.15 Ra- effect on sectional U and V plots in water-based CDHSC and EDHCC. 

Similar analyses are conducted for water-based systems (CDHSC and 

EDHCC) in Figures 3.15 and 3.16, which demonstrate (U, V) and θ midplane profiles. 

Overall observations are similar to those for the air-based system, but changes are 

more pronounced for water and nanofluid systems. The peaks of V and U velocities 

are higher for the nanofluid cases due to higher convective flow and heat transfer. The 

results show a higher velocity with ϕ = 45º, ζ = 3%, and Ra = 106. The sectional 
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temperature plots in Figure 3.16 show similar but distinct profiles with changes in Ra, 

ϕ, and ζ. The temperature peak locations are different for EDHCC and CDHSC cases. 

  
(a) Mid-horizontal θ for square cavity (b) Mid-horizontal θ for circular cavity 

  
(c) Mid-vertical θ for square cavity (d) Mid-vertical θ for circular cavity 

Figure 3.16 Ra- effect on sectional  plots in water-based CDHSC and EDHCC. 

3.4.4 Analysis of global parameters (Nu, ψmin) 

This section discusses the global heat transfer characteristics using the average 

Nusselt number (Nu) and the minimum streamfunction for a specific set of controlling 

parameters (Ra, ϕ, ζ). Figure 3.17 shows the effect of changing Rayleigh numbers 

(Ra) on Nu at ϕ = 0º for CDHSC and EDHCC cases. At lower Ra values, heat transfer 

is dominated by conduction, resulting in lower Nu values. As Ra increases, 

convective heat transfer becomes dominant, leading to increased thermal energy 

transport from the heat source to the heat sink as indicated by higher Nu values. 

EDHCC exhibits higher Nu values due to stronger fluid circulation, as indicated by 

the maximum stream function (ψmax) in Figure 3.18a. Overall, the geometry of 

EDHCC is more effective in facilitating better heat transfer for a given fluid volume 

and surface area. 
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Figure 3.17b shows the variation of Nu with increasing Ra for CDHSC and 

EDHCC cases with water and CuO water nanofluid as working media. The inclusion 

of CuO nanoparticles in the water results in a further improvement in the effective 

thermal conductivity of the working medium, leading to higher heat transfer rates. 

The nanofluid-filled circular-shaped cavity consistently exhibits higher Nu values. 

This is also an interesting finding for a given working fluid volume and heater-cooler 

length. 

  
(a) Ra effect for air-based systems (b) Ra effect for water-based systems 

  
(c)  Inclination effect for air-based systems (d) Inclination effect for water-based systems 

Figure 3.17 Ra- impact on Nu of CDHSC and EDHCC for different fluids. 

The effect of cavity orientation on thermal performance is also analyzed. The 

magnitude of Nu is higher for EDHCC compared to CDHSC, irrespective of any 

orientation of the cavity, due to its stronger fluid velocity. A sudden boost in Nu 

values of EDHCC is observed when the orientation changes from ϕ = 45° to 70°, due 

to the change in multicellular flow structures at lower ϕ values and in single 

circulation at higher ϕ values. The wall frictional resistance is relatively less for 

EDHCC, which magnifies the difference when the circulation becomes stronger. 
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However, the variation of global heat transfer characteristics shows a decreasing trend 

as ϕ increases, with a more significant decrease observed in CDHSC compared to 

EDHCC. According to Fig. 3.17 (d), the maximum value of Nu for a circular cavity is 

obtained at 0°, whereas the maximum value of Nu for a square cavity is attained at 

22.5°. This discrepancy can be explained with the help of isotherms. The component 

of buoyant force changes as the cavity is titled, causing the flow pattern and isotherm 

to change. It is observed for square cavities that Nu values increase as the cavity is 

titled from 0° to 22.5° and afterward, it decreases. A close inspection of the isotherm 

reveals that it becomes overpopulated when the cavity is titled from 0° to 22.5° and 

then diminishes. In the case of a circular cavity, however, the Nu monotonically 

decreases with cavity inclination. Further analysis is conducted with water and CuO 

water nanofluid (Figure 3.17) as the working medium. The inclusion of nanoparticles 

always shows an enhanced heat transfer compared to pure water. 

 

Figure 3.18 Ra- impact on ψmin of CDHSC and EDHCC for different fluids. 

  
(a) Ra effect for air-based systems (b) Ra effect for water-based systems 

  
(c)  Inclination effect for air-based systems (d) Inclination effect for water-based systems 



Chapter − 3: Constraint-based performance analyses of equivalent thermal systems … 

 

61 

 

The circulation strength (ψmax) increases monotonically with ϕ (Figure 3.18d). 

In contrast, a monotonous decreasing trend of Nu with increasing ϕ is noted for the 

circular-shaped cavity (EDHCC). The study confirmed that the choice of cavity shape 

and orientation, working fluid, and nanoparticle concentration dictate the thermal 

performance of a confined thermal system. Overall, the analysis demonstrated that the 

geometrically modified circular inclined cavity is a better choice. The enhancements 

in heat transfer with air and nanofluid are up to 24.11% and 15.19% (with inclined 

cavity) using nanofluid.  

Table 3.1 Performance of the air-based circular thermal systems (EDHCC) 

Ra ϕ = 0 ϕ = 25 ϕ = 45 ϕ = 70 ϕ = 85 

(a) Heat transfer Nu (% enhancement in Nu) 

103 1.27 (13.6) 1.29 (14.2) 1.26 (14.1) 1.16 (12.1) 1.10 (10.0) 

104 2.58 (15.0) 2.81 (14.6) 2.84 (14.6) 2.73 (14.7) 2.56 (14.8) 

105 4.95 (9.4) 5.15 (10.8) 5.10 (12.6) 4.97 (15.5) 4.70 (16.6) 

106 9.19 (4.1) 9.41 (6.3) 9.02 (8.7) 8.90 (18.3) 8.44 (24.11) 

(b) Fluid flow 
max

  (% enhancement in 
max

 ) 

103 1.43 (21.9) 1.54 (23.5) 1.42 (25.8) 0.87 (31.6) 0.25 (35.9) 

104 5.69 (12.1) 7.45 (13.1) 8.40 (13.6) 8.69 (14.0) 8.22 (14.2) 

105 10.22 (6.3) 14.65 (4.9) 20.59 (5.4) 28.16 (12.0) 29.37 (12.5) 

106 17.12 (1.8) 25.45 (1.7) 33.48 (- 0.1) 85.75 (16.5) 94.78 (18.4) 

 

Table 3.2 Performance of the water-based circular thermal systems (EDHCC) 

Ra ϕ = 0 ϕ = 25 ϕ = 45 ϕ = 70 ϕ = 85 

(a) Heat transfer Nu (% enhancement in Nu) 

103 1.27 (13.6) 1.29 (14.2) 1.26 (14.1) 1.16 (12.1) 1.10 (10.0) 

104 2.61 (14.7) 2.86 (13.9) 2.89 (13.5) 2.75 (13.4) 2.57 (13.4) 

105 5.13 (8.6) 5.44 (7.4) 5.24 (6.7) 4.78 (6.5) 4.31 (5.7) 

106 9.55 (3.6) 9.97 (2.6) 9.21 (1.7) 7.65 (-2.9) 6.01 (-12.9) 

(b) Fluid flow 
max

  (% enhancement in 
max

 ) 

103 1.43 (21.9) 1.54 (23.4) 1.42 (25.7) 0.87 (31.6) 0.25 (35.9) 

104 5.81 (12.5) 7.56 (12.7) 8.47 (12.9) 8.71 (12.9) 8.19 (12.9) 

105 11.80 (7.1) 16.97 (6.6) 21.23 (4.4) 25.64 (5.1) 25.67 (3.6) 

106 20.74 (5.8) 30.59 (2.2) 39.68 (-2.3) 48.77 (1.1) 48.85 (-5.3) 

The quantitative details of the findings are presented in Tables 3.1−3.3 for air-, 

water-, and nanofluid-based systems. The study focused on the estimation of global 

parameters, such as the average Nusselt number (Nu) and the maximum absolute 
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streamfunction magnitude (
max

 = -ψmin). The data for the circular thermal system 

(EDHCC) are compared with the base square thermal system (CDHCC) by 

percentage enhancement figures in brackets. The circular geometry outperforms the 

square geometry. The high enhancement occurs with the equivalent circular thermal 

system undergoing natural convection using air irrespective of cavity tilting (Table 

3.1). At higher cavity angles (ϕ > 45), the magnitude of the streamfunction becomes 

substantially high for all working fluids. The trend of Nu decreases after a certain 

inclination angle that depends on the Rayleigh number, although the streamfunction 

magnitude almost increases monotonically at higher Ra (Ra > 103) for all working 

fluids. For water-based systems (Tables 3.2 and 3.3), the flow velocity (Figure 3.15) 

and streamfunction magnitude are relatively less due to the enhanced fluid and 

nanofluid viscosity. The enhancement in cavity inclination shows a decreasing trend 

of approximately 13.8 % at Ra = 104 and 6.8% at Ra = 105 for water-based systems.  

Table 3.3 Performance of 3% CuO-water nanofluid-based circular thermal systems (EDHCC) 

Ra ϕ = 0 ϕ = 25 ϕ = 45 ϕ = 70 ϕ = 85 

(a) Heat transfer Nu (% enhancement in Nu) 

103 1.35 (12.9) 1.36 (13.3) 1.33 (13.0) 1.25 (11.2) 1.21 (9.9) 

104 2.70 (15.1) 2.96 (14.3) 3.00 (14.0) 2.86 (13.8) 2.67 (14.0) 

105 5.34 (9.1) 5.67 (7.9) 5.48 (7.3) 5.03 (7.3) 4.56 (6.8) 

106 9.98 (3.9) 10.41 (2.9) 9.62 (2.0) 8.10 (-1.9) 6.69 (-8.7) 

(b) Fluid flow 
max

  (% enhancement in 
max

 ) 

103 1.34 (22.6) 1.41 (24.1) 1.27 (26.3) 0.74 (30.8) 0.20 (33.1) 

104 5.90 (13.2) 7.58 (13.3) 8.42 (13.4) 8.56 (13.5) 7.98 (13.7) 

105 12.25 (7.2) 17.55 (6.5) 21.98 (5.0) 26.22 (5.7) 26.21 (4.6) 

106 21.75 (5.8) 31.96 (2.3) 40.99 (-2.0) 50.08 (30.5) 52.19 (-3.4) 

 

It is observed from Table 3.3 that the heat transfer parameter is positive in most 

of the cases, showing enhancement of heat transfer in circular cavities, while it is 

negative in a few cases (for = 70° and 85° at Ra = 106), showing a deterioration in 

heat transfer of circular cavities compared to square cavities. When nanoparticles are 

added to the base fluid, they improve both thermal conductivity and viscosity. When 

the increase in thermal conductivity outweighs the increase in viscosity, heat transport 

increases; otherwise, it diminishes. The decrease in heat transfer parameters in the 

aforementioned situation could be attributed to the greater impact of viscosity than 

thermal conductivity. 
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3.4.5 Heatline visualization 

Figures 3.19 and 3.20 depict the heatlines in CDHSC and EDHCC at different 

Ra and ϕ. Heatlines represent the direction of heat flow within the system. These lines 

span from the left to the right wall and trace the paths of heat transport from the heat 

source to the heat sink.  

 Air-based systems Water-based systems 3% CuO/water systems  

(a) 

   

ϕ = 0° 

Ra=104 

 

 

 

 

 

(b) 

   

ϕ = 45° 

Ra=105 

 

 

   

Figure 3.19 Heatlines for different thermal systems: (a) ϕ = 0°, Ra = 104; (b) ϕ = 45°, Ra = 105. 

In each corridor, the rate of heat flow remains constant, but the local intensity 

of the combined heat flux may vary if the width of the flow passages is uneven. The 

rotation of hot working fluid in confined systems creates a heat flow circulation or an 

energy-recirculation cell. The magnitude of the heat function within the brackets 
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changes depending on the operating parameters and cavity shapes. The maximum 

value occurs at the top adiabatic wall, while the minimum value corresponds to 

energy recirculation. 

 

 Air-based systems Water-based systems 3% CuO/water systems  
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ϕ = 0° 

Ra=106 

 

 

   

(b) 

   

ϕ = 70°  

Ra=106 

 

 

   

Figure 3.20 Heatlines for different thermal systems at Ra = 106: (a) ϕ = 0°, (b) ϕ = 70°. 

The results shown in Figure 3.19a illustrate the heatlines at Ra = 104 and ϕ = 

0°, with a maximum contour value of 2 near the top wall and a clockwise energy 

circulation cell of -1. The size and shape of heatlines with the same value differ for 

the three fluids considered. Similar observations were made for all other results at 
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different Ra and ϕ. Figures 3.19 and 3.20 demonstrate that the heat flow in equivalent 

circular systems is consistently higher, regardless of the working fluid, due to lower 

flow resistance. Fluids with higher thermal conductivity enable more efficient heat 

transport and transfer. 

3.5 Conclusions 

In conclusion, the present constraint-based analysis has provided valuable 

insights into the thermal performance of square and circular cavities. The following 

points summarize the key findings:  

1. Flow structures adapt to available volumes and system perimeters, regardless 

of the working fluid. 

2. Circular cavities outperform square cavities due to lower surface friction; 

smoother turns, and an increased overall height that enhances buoyancy force. 

3. Geometrically modified circular cavities can achieve up to 24.11% heat 

transfer enhancement with air and up to 15.19% with nanofluid, compared to 

square cavities. 

4. The equivalent circular thermal system is more efficient at Ra = 104 and 105, 

with heat transfer enhancements of around 15% for air. 

5. A heatline visualization is a useful tool for analyzing heat flow patterns, which 

are influenced by Rayleigh number and cavity inclination, regardless of a 

working fluid. 

These findings can assist system developers in making decisions about a 

particular cavity shape for optimal thermal performance. 
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Chapter – 4 
Heat transport and accompanying irreversibility 

during MHD nanofluid flow in constraint-based 

equivalent square and circular thermal systems 

 

4.1 Introduction 

The current research builds upon the work presented in the previous chapter 

by exploring the effects of magnetohydrodynamic (MHD) nanofluid flow in both the 

equivalent square and circular thermal systems. The thermal performance analysis of 

these systems is carried out in an upright position, and the study also includes an 

estimation of thermodynamic entropy generation (EG). To provide context for this 

research, a brief literature survey of the current topic is presented before discussing 

the new aspects of the study. 

4.2 Relevant background works 

In modern civilization, thermal systems/devices are extensively used in 

numerous applications. To enhance their performance and create energy-efficient 

alternatives, new studies on evaluating the performance of such systems are 

necessary. Among the various thermal systems, those operated using natural 

convection face challenges in achieving heat transfer enhancement, leading to a vast 

number of fundamental studies in this area as discussed in Chapter 1. The geometry of 

thermal systems significantly affects their thermal performances, and different system 

geometries have been investigated over the years (Hussien et al. 2021). However, 

relatively few works deal with comparative studies of different geometries. Moreover, 

the concept of equivalent systems for any comparative investigation has been 

overlooked in earlier studies. The same system volumes or active heater (and cooler) 

lengths for the system geometries under comparative assessment are rarely 

considered. It is vital to analyze which specific geometrical shape is more efficient 

than the other shapes with the same equivalent geometrical parameters in designing 

thermal systems. The present work addresses this issue and considers two of the most 
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commonly used classical geometric shapes, square and circular for the 

magnetohydrodynamic (MHD) nanofluid flow. The current work is an extension of 

the initial effort presented by Saha et al. 2022 in the absence of a magnetic field. 

Buoyancy-driven convection in the presence of magnetic fields is a crucial 

area of research, given the current trend in technological innovation, which has led to 

the development of magnetic components and gadgets with superior thermal 

performance. The study of magnetohydrodynamics (MHD) is necessary to ensure that 

these devices function optimally, and it involves the study of the influence of a 

magnetic field in a moving electrically conducting fluid. The presence of a magnetic 

field in a moving electrically conducting fluid creates an electromagnetic force, also 

known as the Lorentz force. This force alters the flow pattern and temperature 

distribution during buoyancy-induced convection, making it crucial to study its 

effects. 

Several researchers have studied the impact of magnetic fields on different 

geometrical configurations, such as rectangular (Wang et al., 2017; Giwa et al., 

2020a), triangular (Mahmoudi et al., 2012; Rahman, 2016; Dogonchi et al., 2019), 

circular (Sheikholeslami et al., 2012; Tayebi et al., 2021), trapezoidal (Mahmoudi et 

al., 2013; Bondareva et al., 2015), among others. Several researchers have studied the 

effect of non-dimensional parameters, such as Rayleigh number (Ra), and Hartmann 

number (Ha), on thermo-magnetic convection (Nemati et al., 2012; Kefayati, 2014; 

Selimefendigil and Öztop, 2015). Researchers have reported that heat transfer during 

buoyancy-induced convection increases with a rise in Ra and declines with a rise in 

Ha. 

Several authors studied the impact of magnetic field inclination (𝛾) in 

buoyancy-driven convection (Mansour and Bakier, 2015). The buoyancy-driven 

convection in a square enclosure in the presence of an inclined magnetic field was 

examined by Mansour and Bakier (2015), who found that the maximum heat transfer 

occurs at 𝛾 = 90°. Factors affecting thermomagnetic convection include surface 

waviness (Biswas et al., 2021a), non-uniform heating (Mejri et al., 2014; 

Sheikholeslami et al., 2014a; Manna et al., 2021a), and obstruction (Selimefendigil 

and Öztop, 2015; Mallick et al., 2021). Recently, Manna and Biswas (2021b) 

developed a novel visualization technique for MHD-based convection known as 

magnetic force vectors.  
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Entropy generation (EG) is a crucial concept in evaluating the irreversibility of 

thermodynamic systems and optimizing their designs. Heat transfer irreversibilities, 

fluid friction irreversibilities, internal heat generation, and magnetic fields are among 

the irreversibilities associated with EG. Higher values of EG indicate less efficient 

processes, equipment, or systems. Understanding the impact of non-dimensional 

parameters on EG in convection is crucial for optimizing system design. Studies have 

investigated the influence of Ra and Ha on EG in buoyancy-driven enclosures (Malik 

and Nayak 2017; Sahin 2020; Mukhopadhyay 2010; Das and Basak 2017b). The 

results show that at low Ra values, irreversibility due to heat transfer dominates, while 

at high Ra values, irreversibility due to fluid friction dominates. Literature reviews on 

EG have been published, including a comprehensive review by Oztop and Al-Salem 

(2012) and reviews by Sciacovelli et al. (2015) and Biswal and Basak (2017) on the 

use of EG analysis in various engineering applications and during thermal convection 

in different cavities and processes involving diverse practical uses, respectively. 

The objective of this research work is to investigate the heat transport and 

accompanying irreversibility during MHD (Magneto-hydrodynamic) nanofluid flow 

in constraint-based equivalent square and circular thermal systems. While several 

studies have been carried out on MHD nanofluid flow, the impact of geometrical 

shapes on the heat transfer and accompanying irreversibility has not been explored in 

detail, especially in constraint-based equivalent square and circular thermal systems. 

The study aims to compare the thermal efficiency of equivalent square and circular 

thermal systems, considering identical heating/cooling lengths and fluid flow areas. 

The investigation will also analyze the impact of magnetic field strength, nanoparticle 

concentration, and accompanying irreversibility. The findings of this study will have 

practical implications in designing optimal thermal systems for various applications, 

including nuclear reactors, heat exchangers, and electronic cooling systems. 

Furthermore, the proposed constraint-based analysis approach is expected to be an 

original contribution and may open new avenues for designing optimal thermal 

systems and nanofluid flow control mechanisms. 

4.3 Problem formulation and solution 

 In order to investigate the impact of geometrical shape on the thermal 

performance of an MHD nanofluidic system, two equivalent systems, a square cavity, 

and a circular cavity, were examined as shown in Figure 4.1 with dotted and solid 
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lines, respectively. The classical configuration of differential heating (DH) was used, 

with the left wall heated at Th and the right wall cooled at Tc (Figure 4.1a). The two 

dissimilar thermal systems were made equivalent by applying the following 

constraints: (a) same volume/area for both the systems, (b) same heater length, (c) 

same cooling length, and (d) identical arrangement of the heater and cooler. The 

height of the square cavity, H, was used as the length scale. Based on the concept of 

an equivalent system of the same area, the diameter and perimeter of the circle 

became  and , respectively. The small mismatch in the perimeters of the 

circular and square cavities (  and 4H, respectively) was adjusted through the 

inactive adiabatic walls of the cavities. All active wall lengths of both systems 

followed the constraint of Lh = Lc = H. Furthermore, the midpoints of the heater and 

cooler of the circular cavity were strictly located on its mid-horizontal plane. The 

present study and its findings are potentially meaningful to thermal system developers 

as it explores the impact of thermal system shape on transport phenomena. These two 

equivalent differentially heated square and circular cavities were addressed as 

EDHSC and EDHCC in further discussion. The mesh architecture and the number of 

elements used for square and circular geometries is same as discussed in the 

preceding Chapter 3.  

 

(a) 

 

(b) Physical ranges of parameters 

Description Study range 

CuO-water nanofluid Working fluid 

Nanofluid Concentration ζ = 0-3% 

Equivalent geometries EDHSC, EDHCC 

Buoyancy effects Ra =103 −106  

Magnetic field strengths Ha = 0−100  

Magnetic field angles  = 0−180 
 

Figure 4.1 Equivalent thermal systems: (a) square (EDHSC) and circular (EDHCC) shapes, and 

(b) physical ranges of studied parameters. 

Figure 4.1b summarizes the details of the involved physics and the ranges of 

operating parameters considered for this investigation. The study utilizes two 

equivalent systems filled with a highly diluted CuO-water nanofluid (nanoparticles’ 

volume concentration ≤ 3%). Natural convection drives the fluid flow in the 

equivalent systems due to differential heating, which is modeled by the Rayleigh 
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number (Ra). Externally generated magnetic fields, simulated by the Hartmann 

number (Ha), are used to moderate the flow process. Usually, the magnetic force acts 

as a flow damper. This constraint-based study characterizes the thermal performance 

of two different shapes of thermal systems and helps in the decision-making process 

for choosing one over the other. The objectives of the present investigation include 

the identification of an efficient thermal system over the operating parametric spaces 

by analyzing the thermal buoyancy impact and magnetic damping effect. Both the 

strength (mesmeasured through Ha) and angle (γ) of the magnetic field are taken into 

account. The source-to-sink heat transport mechanism is investigated using heatlines. 

Moreover, an entropy-based analysis of system irreversibility is also addressed. 

Based on the references (Biswas et al. 2018; Chatterjee et al. 2023), the flow 

of a diluted CuO-water nanofluid (ζ = 0−3%) is mathematically modeled using the 

homogeneous model and the Boussinesq approximation. The assumption of no 

agglomeration/sedimentation is considered. The reference temperature of 300 K is 

used along with constant properties of pure-water and nanofluids. The investigation 

also considers the effects of the strength and inclination of the magnetic field along 

with different buoyancy strengths. The problem is nonlinear and involves coupled 

flow physics of fluid flow and heat transfer in the presence of magnetic force. 

Therefore, the mathematical formulation and numerical handling follow the necessary 

treatments as discussed in Chapter 2. The numerical solution to the problem involves 

the application of no-slip and no-penetration wall boundary conditions (U = V = 0) 

along with constant temperatures (θ = 1 and θ = 0) for the heater and cooler walls, 

respectively. Additionally, zero adiabatic wall gradient (∂θ/∂n = 0) is enforced on the 

adiabatic walls.  

4.4 Results and Discussion 

This section presents the results and analyses of the MHD nanofluid flow 

work systematically in five subsections. The effects of Rayleigh and Hartmann 

numbers (Ra and Ha) and magnetic field orientation () on the flow patterns, sectional 

velocity and temperature profiles, irreversibility generation, and global performance 

parameters are addressed. Comparative assessments of the thermal-flow aspects of 

equivalent square and circular enclosures are presented to understand the impact of 

geometric shapes on the thermal systems’ local and global characteristics. This helps 

in making a robust and flow-physics-oriented decision for appropriate shape design. 
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4.4.1 Effects of Rayleigh and Hartmann numbers 

The effects of Rayleigh and Hartmann numbers on the anisothermal flow 

fields for the equivalent buoyant enclosures are analyzed first in Figures 4.2 to 4.4 

presenting streamlines, isotherms, and heatlines respectively. The study is conducted 

for various Rayleigh numbers (Ra = 104−106) at a fixed magnetic field inclination (γ = 

25°) for Hartmann numbers Ha = 10 and 70. Arrowhead lines of the streamlines in 

Figure 4.2 illustrates the direction of fluid circulation in corresponding streamlines 

and their contours are normalized using the maximum |ψ| magnitude that measures the 

flow strength. The normalized ψ ranges from 0-1 for counter-clockwise flow (or 0 to -

1 for clockwise flow). Due to the confined flow domain, |ψ| equals 0 at all the walls 

and -1 or 1 at the core of the circulation. As Ra values increase, the streamlines 

become more congested around the active walls, indicating a high convective flow 

over the walls and the formation of a thinner velocity boundary layer. 

The results of the study demonstrate a clockwise single circulation in both of 

the thermal cavities. As Ra values increase, the streamlines become more congested 

around the active walls, indicating a high convective flow over the walls and the 

formation of a thinner velocity boundary layer. This results in the horizontal 

stretching of streamlines near the core zones, which is particularly prominent at Ra = 

106. The impact of the cavity's geometric shape becomes more evident at high Ra 

values (= 106). 
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 Ra = 104 Ra = 105 Ra = 106  

(a) 

   

ψ 

 

 

   
(b) 

   

ψ 

 

 

   

Figure 4.2 Effects of Ra on thermal systems’ streamlines (within square and circular domains) 

for  = 25° and ζ = 1%: (a) Ha = 10, and (b) Ha = 70. 

The effect of established circulations on static temperature distributions is 

made clear by the isotherm lines in the two cavities (Figure 4.3). As Ra increases 

from 104 to 105 and 106, the lines become less vertical and take on a longer, horizontal 

middle stretch. At lower Ra values, when only thermal conduction governs the 

thermofluid flow, isotherms develop parallel to the active walls. Furthermore, the 

qualitative differences due to the change in cavity shape are easily noticeable.  
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 Ra = 104 Ra = 105 Ra = 106  
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(b) 
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Figure 4.3 Ra effects on thermal systems’ isotherms (within square and circular domains) for   = 

25° and ζ = 1%: (a) Ha = 10, and (b) Ha = 70. 

Figures 4.2b and 4.3b show the significant effect of higher Ha (= 70) on 

isotherms. The flow-damping effect of the imposed magnetic field reduces the 

stronger convective flow at higher Ra (for example, Ra = 105 or 106). As a result, not 

only does the circulation strength decrease, but it also has a strong impact on the static 

temperature distribution in the system. Therefore, the horizontal isotherms observed at 

Ha = 10 are transformed into ‘S’-shaped patterns at Ha = 70. The coupling between 

fluid flow and heat transport physics plays a significant role in the observed behavior. 

As the fluid flow is affected by the magnetic field, it changes the heat transfer 
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mechanisms and alters the static temperature patterns. This coupling effect is an 

important consideration in the study of magnetoconvection-based thermal systems. 

 Ra = 104 Ra = 105 Ra = 106 

(a) 

 

   

   
(b) 

   

   

Figure 4.4 Effects of Ra on thermal systems’ heatlines (within square and circular domains) for   

= 25° and ζ = 1%: (a) Ha = 10, and (b) Ha = 70 

Figure 4.4 provides a visual representation of the heatlines in EDHSC and 

EDHCC, where heatlines represent the flow of heat instead of fluid flow. The lines 

extend from the left wall to the right wall and illustrate the paths of heat transport 

from the left source to the right sink. Within a particular corridor, the heat flow rate 

remains constant, while the local intensity of the combined heat flux varies if the 

width of flow passages is not uniform. The rotation of hot working fluid within 
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confined systems gives rise to a heat flow circulation, also known as an energy-

recirculation cell. The magnitude of the heat function within the brackets changes 

with the operating parameters and cavity shapes, where the maximum value 

corresponds to the top adiabatic wall, and the minimum value relates to energy 

recirculation. 

The results presented in Figure 4.4 demonstrate that the magnetic field 

substantially dampens heat transport from Ha = 10 to Ha = 70, regardless of Ra 

values. The energy-recirculation cells also weaken as Ha increases. The geometric 

shape has a significant impact on heat flow. With the circular domain, the contour 

values of the heat function increase, although the volume and heating/cooling length 

of the square and circular domains are identical. 

4.4.2 Effects of magnetic field orientation () 

In this section, the effects of magnetic field orientation (γ = 0−180°) on the 

streamlines, isotherms, and heatlines at different Ra (104−106) are presented for both 

the square thermal system (EDHSC) in Figures 4.5 to 4.7 and the circular thermal 

system (EDHCC) in Figures 4.8 to 4.10. The results show that all the flow patterns in 

Figures 4.5 to 4.10 appear rotated with increasing γ, with Figures 4.5 and 4.8 

prominently revealing this fact at lower Ra = 104. This is because the magnetic force 

is divided into the X and Y components and acts in the opposite direction of the 

buoyant force. At γ = 0°, the entire magnetic force acts only in the vertical direction, 

but as γ increases, a horizontal component is added, reducing the strength of the 

vertical component and rotating the flow structures in the clockwise direction. The 

rotating feature of flow structures loses prominence particularly at Ra = 106 when the 

counteracting buoyant force becomes stronger. Secondly, the fluid and heat flow is 

found stronger at γ = 45° when Ra = 104 and 105, but it is stronger at γ = 90° when Ra 

= 106, due to lesser MHD dampening effect, as for this case, the Lorentz force is a 

function of U-component of velocity only. The coupled physics for static temperature 

distribution (Figures 4.6 and 4.9) and heat flow (Figures 4.7 and 4.10) take their shape 

accordingly to the fluid flow structures depicted in Figures 4.5 and 4.8. 

 Comparing the results of the square and circular systems, it is clear that, under 

constraint-based consideration of geometrical shape, the fluid flow, heat flow, and 

heat transfer are enhanced in the case of circular geometry for all combinations of 
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flow parameters. One reason for this is that smoother flow-turning causes lesser 

hydraulic resistance against the flow.   
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Figure 4.5 Magnetic field inclination effects on streamlines of the square thermal system. 
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Figure 4.6 Magnetic field inclination effects on isotherms of the square thermal system. 
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Figure 4.7 Magnetic field inclination effects on heatlines of the square thermal system. 
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Figure 4.8 Magnetic field inclination effects on streamlines of the circular thermal system. 



Chapter − 4: MHD nanofluid flow in equivalent square and circular thermal systems … 

 

81 

 

° Ra = 104 Ra = 105 Ra = 106  

45 

   

 

θ 

 

 

90 

   
150 

   
180, 

0 

   

Figure 4.9 Magnetic field inclination effects on isotherms of the circular thermal system. 
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Figure 4.10 Magnetic field inclination effects on heatlines of the circular thermal system. 

4.4.3 Sectional analyses of flow structures (U, V, θ) 

In order to understand the in-depth flow physics of the equivalent thermal 

systems (EDHSC and EDHCC) and assess the effect of the magnetic field, sectional 

analyses of velocities (U, V) and temperature (θ) profiles at the horizontal and vertical 

planes are conducted. These analyses are performed with fixed Ra = 106 and various 

Ha (= 0, 50, 100) and field angles  (= 0, 45, 90, 150) for both systems. The mid-
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velocity components are shown in Figures 4.11 and 4.12, while the mid-temperature 

profiles are in Figures 4.13 and 4.14. The impacts of different Ha at  = 0 and Ha = 

100 at various field angles are remarkable. 

  

(a) V for square cavity (b) V for circular cavity 

  
(c)  U for square cavity (d) U for circular cavity 

Figure 4.11 Effect of Ha and cavity shape on sectional U and V plots in EDHSC and EDHCC. 

Figure 4.11 illustrates the mid-vertical velocity (V) components at Y = 0.5 for 

EDHSC and at Y = 0.56 for EDHCC. It shows that near-wall boundary layer 

formation occurs over a short distance of 0.2 extents, with the upward flow at the left 

wall (X = 0) and downward flow at the right wall (X = 1). The magnitude of the peak 

velocity decreases, resulting in thicker boundary layers, as expected with an increase 

in Ha. The mid-horizontal velocity (U) component takes a sinusoidal shape, especially 

at Ha = 0 for the circular system. For other values of Ha, the U-velocity peaks are 

located near their walls (at Y = 0 and 1) similar to the V-velocity profiles. However, 

the magnitude of the V’s peaks is substantially higher than the U’s peaks as the active 

walls are located on the sidewalls, participating in heat transfer and the main driving 

flows evolved thereon. 
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(a) V for square cavity (b) V for circular cavity 

  
(c)  U for square cavity (d) U for circular cavity 

Figure 4.12 Effect of  and cavity shape on sectional U and V plots in EDHSC and EDHCC. 

Figure 4.12 illustrates the different profiles of V- and U-velocity components 

when the field angle  changes from 0 to various angles (45, 90, and 150), 

compared to their previous presentation on various Ha. The magnitudes of all velocity 

peaks substantially reduce (become half or less) compared to the previous figure. 

Except for  = 0 in the case of U-velocity and  = 90 in the case of V-velocity, all 

other angles, the changes in peak magnitudes of velocity are comparatively less. 

Although the V-velocity maintains their profiles similar at various values of , the 

drastic changes are noted in the case of the U-velocity profiles. Different U-patterns 

evolve when  changes, and the changes in patterns, particularly at  = 45 and 90, are 

well marked. The effects of geometric shapes are also prominent, which is clearly 

realizable from Figures 4.12c and 4.12d. The reason behind these observations could 

be realized from the force effect. The substantial change in magnetic force component 

in the horizontal direction takes place with , as it also involves both U and V 

components of velocity. 
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The mid-plane temperature profiles were obtained from the simulated results 

to complement the velocity profiles, as depicted in Figures 4.13 and 4.14. The 

temperature boundary layers' formation is clearly observed in Figures 4.13a and 

4.13b, where the left wall is hot and the right wall is cold. It can be seen that the 

temperature, represented by θ, sharply decreases from θ = 1 near X = 0, reaching θ = 

0.5 at the middle of the geometries, followed by a continued sharp fall to θ = 0 near X 

= 1. 

  
(a) Mid-horizontal θ for square cavity (b)Mid-horizontal θ for circular cavity 

  
(c)  Mid-vertical θ for square cavity (d)  Mid-vertical θ for circular cavity 

Figure 4.13 Effect of Ha and cavity shape on sectional   plots in EDHSC and EDHCC. 

The effect of the Hartmann number on the mid-horizontal θ is significant and 

similar for both EDHSC and EDHCC thermal systems. However, as shown in Figures 

4.13c and 4.13d, the mid-vertical θ remains almost constant, with minor variations 

with Ha, regardless of the system's geometric shape. This absence of thermal 

boundary layers is justified by the presence of adiabatic systems' walls.    

 The temperature profiles with γ in Figure 4.14a show minor changes, except 

for γ = 90°. Nevertheless, the changes in θ (dimensionless temperature ranging from 0 
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to 1) are markedly noted in Figures 4.14b to 4.14d due to the previously explained 

changes in their velocity profiles. 

  
(a) Mid-horizontal θ for square cavity (b) Mid-horizontal θ for circular cavity 

  
(c)  Mid-vertical θ for square cavity (d)  Mid-vertical θ for circular cavity 

Figure 4.14 Effect of   and cavity shape on sectional   plots in EDHSC and EDHCC. 

In summary, the sectional analyses of flow structures (U, V, θ) presented in 

this section provide valuable insights into the effects of magnetic field and field angle 

on the flow and thermal behaviors of the EDHSC and EDHCC thermal systems, 

showing significant impacts. 
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Figure 4.15 Magnetic field inclination effects on the magnetic contribution of irreversibility for ζ 

= 3%: (a) Ha = 05 and Ra = 103, (b) Ha = 70 and Ra = 105. 

4.4.4 Thermal systems’ irreversibilities 

This section analyzes thermodynamic irreversibility generation in EDHSC and 

EDHCC in dimensionless form with the help of Figures 4.15 to 4.18 presenting 

normalized quantities. As previously discussed in Chapter 1, the entropy generation 

(EG) consists of three contributing physics: temperature gradient (NStg), viscous effect 

(NSv), and magnetic field (NSm). Figure 4.15 presents the impact of magnetic field 

inclination (at  = 0, 45, and 120) on magnetic entropy generation at ζ = 3% for two 
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sets of values: Ha = 05 and Ra = 103 in Figure 4.15a, and Ha = 70 and Ra = 105 in 

Figure 4.15b. The various orientations of NSm contours reflect the significant impact 

of  changes due to the sharing of the magnetic force in the horizontal and vertical 

directions. At  = 0, the localization of NSm is noted at the sidewalls as the entire 

magnetic force, being the function of V-velocity only, is acting in the vertical 

direction opposing the buoyant force. At   0, both the components of magnetic 

force exist and they are a function of both U- and V-velocity; therefore, the orientation 

of NSm localization becomes more or less diagonal at  = 45 and 120 (90+30) for 

the square thermal system. The same observations are noted for the circular thermal 

system with more uniform distributions of NSm contours due to the conduction regime 

of heat transfer with a very weaker flow velocity at Ra = 103. However, this 

uniformity in distributions is substantially lost in Figure 4.15b, due to the evolved 

stronger convective velocity at Ra = 105 although the magnetic damping force at Ha = 

70 is strong. The maximum NSm values indicated in the figures reflect that the value 

of NSm is very small. 

Figure 4.16 presents the impact of Rayleigh numbers (103, 104, 105) on the 

viscous part of entropy generation at ζ = 3% for two sets of values:  = 0° and Ha = 5 

(Figure 4.16a),  = 120° and Ha = 30 (Figure 4.16b). The viscous entropy generation 

is observed to be located near all the walls for both the square and circular geometries. 

This is due to the formation of the velocity boundary layer where the velocity 

gradients are significantly stronger than in the central region of the fluid flow. At 

higher Rayleigh numbers, the localization of NSv occurs over the active sidewalls. 

However, similar to NSm, the magnitude of NSv is also very small.  

The orientation and distribution of NSm contours are affected by changes in the 

magnetic field inclination, as both horizontal and vertical components of the magnetic 

force come into play. At a magnetic field inclination of 0 degrees, NSm is localized at 

the sidewalls because the entire magnetic force, which is a function of V-velocity 

only, acts vertically against the buoyant force. At other magnetic field inclinations, 

the orientation of NSm localization becomes more diagonal as both U- and V-velocity 

contribute to the magnetic force. This is observed at the field angles of 45 and 120 

degrees for the square thermal system, as well as the circular thermal system with 

more uniform distributions of NSm contours due to a weaker flow velocity at Ra = 103. 

However, this uniformity is lost in Figure 4.15b due to stronger convective velocity at 
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Ra = 105, despite the strong magnetic damping force at Ha = 70. It is also noted that 

NSm values are very small, as indicated by the maximum NSm values in the figures. 

 Ra = 103 Ra = 104 Ra = 105  
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VNSmax 

 

 

   
(b) 

   
 

   

Figure 4.16 Effects of  Ra-Ha-  on viscous contribution of irreversibility (within square and 

circular domains) for ζ = 3%: (a)  = 0° and Ha = 5, (b)  = 120° and Ha = 30. 

Figures 4.17 and 4.18 depict the total entropy generation (NS or NSl) which 

equals the thermal contribution of EG, NStg. The magnitudes of the maximum local 

NS for γ = 90° and ζ = 1% are found to be significantly high compared to the 

magnitudes of NSm and NSv. The maximum NSl is located where the temperature 

gradients are strongest, such as at the bottom of the left hot wall or the top of the right 

cold wall. In general, NStg or NSl at higher Ra is densely distributed over the heated 
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and cooled sidewalls. For the circular geometry, the maximum NSl mentioned in the 

figures are very high due to a higher rate of heat transfer compared to their square 

geometry cases. 

 Ra = 104 Ra = 105 Ra = 106  

(a) 

   NS/NSmax 

 

 

   
(b) 

   
 

   

Figure 4.17 Effects of Ra on thermal systems’ irreversibilities for  = 90° and ζ = 1%: (a) Ha = 10, 

and (b) Ha = 30. 

Although the localization of NSl is markedly influenced by Ra values, as 

indicated in Figures 4.17a (for Ha = 10) and 4.17b (for Ha = 70), it appears almost 

invariant with the change of γ (0, 75, 120) for Ha = 5 and Ra = 103 in Figure 4.18a 

(showing conduction regime) and Ha = 70 and Ra = 106 in Figure 4.18b (showing 

convection regime). 
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  = 0°  = 75°  = 120°  

(a) 

   NS/NSmax 

 

 

   
(b) 

   
 

   

Figure 4.18 Ra effects on thermal systems’ irreversibilities for ζ = 3%: (a) Ha = 05 and Ra = 103, 

(b) Ha = 70 and Ra = 106. 

4.4.5 Analysis of global parameters (Nu, ψmin) 

In this section, the global heat transfer and fluid flow characteristics of 

equivalent square and circular thermal systems are analyzed using the mean Nusselt 

number (Nu) and the maximum value of the streamfunction (ψmax), as illustrated in 

Figures 4.19 and 4.20.  

The impact of Ra on Nu in EDHSC and EDHCC is presented in Figure 4.19a 

for various Ha values ranging from 0 to 100 at fixed γ = 0° and ζ = 3%. It is observed 

that for low Ra (= 103), the Nu is nearly equal to unity, indicating the conductive 
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mode of heat transfer. However, as Ra increases, the Nu also increases, and the 

thermal performance of EDHCC is found to be better than EDHSC for all cases, 

which is explained in detail in Chapter 3. Higher Ha values yield lower Nu for all Ra.  

  
(a) Ra effect on Nu at different Ha (b) Ra effect on Nu at different γ 

  
(c) Ra effect on ψmin at different Ha (d) Ra effect on ψmin at different γ 

Figure 4.19 Variation of Nu (a-b) and min (c-d) with Ra for EDHSC and EDHCC at different Ha 

and γ. 

Figure 4.19b illustrates the influence of Ra on Nu for EDHSC and EDHCC for 

various γ values ranging from 0° to 180° at fixed Ha = 50 and ζ = 3%. The effect of 

Ra on Nu is presented for distinct values of γ (= 0, 45, and 90°). It is observed that as 

γ varies, the component of Lorentz force varies along the horizontal and vertical 

directions, resulting in a variation of Nu. As Ra increases, the Nu monotonically 

increases for all values of γ, with the variation being more prominent at higher Ra due 

to the enhanced buoyant force. 

The impact of Ra on ψmax in EDHSC and EDHCC for various Ha (0−100) at 

fixed γ = 0° and ζ = 0.03 is presented in Figure 4.19c. It is noted that the strength of 

flow varies with Ra, Ha, and γ as the temperature and velocity are coupled in 
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buoyancy-induced flow. For low Ra, the flow strength is weak, indicating the 

conductive mode of heat transfer. As Ra increases, the flow strength increases, 

resulting in a rise in the value of ψmax. 

Figure 4.19d shows the effect of Ra on ψmax for various γ at fixed Ha = 50 and 

ζ = 3%. As γ varies, the component of Lorentz forces also varies, resulting in a 

variation of ψmax. It is observed that for all values of γ, the ψmax monotonically 

increases with an increase in Ra due to the enhanced buoyant force. The effect of Ra 

on ψmax is presented for distinct values of γ (= 0, 45, and 90°) to provide a clearer 

understanding of the variation. 

The impacts of Ha and  on Nu are demonstrated at different values of other 

parameters in Figure 4.20. In Figure 4.20a, the impact of Ha on Nu is shown for both 

EDHSC and EDHCC at various Ra values (ranging from 103 to 106) with fixed γ (0°) 

and ζ (3%). The application of a magnetic field to an electrically conducting fluid 

subjected to buoyancy-driven flow creates an opposing force known as the Lorentz 

force. As Ha increases, the Nu decreases for square and circular thermal systems, 

indicating that non-MHD flow has better thermal performance than MHD flow. This 

can be attributed to the opposing nature of the Lorentz force to the buoyant force. 

In Figure 4.20b, the effect of Ha on Nu is depicted for different γ values 

(ranging from 0° to 90°) at a fixed Ra value of 106 and ζ value of 3%. The Nu peaks 

at Ha = 0 for all cases and increases in Ha result in a decrease in Nu due to the rise in 

the Lorentz force, which opposes the buoyant force and reduces heat transfer. 

Figure 4.20c displays the impact of γ on Nu for various Ra values (ranging 

from 103 to 106) at fixed Ha (100) and ζ (3%). The value of Nu at γ = 0° and 180° is 

identical for all cases. The variation of Nu with γ is minimal at low Ra values (103 and 

104) and becomes more prominent at high Ra values (105 and 106). The optimum heat 

transfer for EDHSC occurs at Ra = 106 and γ = 90° because the vertical component of 

the Lorentz force is zero at this angle. EDHCC generally has better thermal efficiency 

than EDHSC at γ = 0, 120, 150, and 180 for Ra = 106. 

Finally, Figure 4.20d shows the effect of γ on Nu for various Ha values 

(ranging from 0 to 100) at a fixed Ra value of 106 and ζ value of 3%. At low Ha 

values (10), the variation of Nu with γ is insignificant but becomes more prominent at 

higher Ha values (50 and 100) due to the greater impact of the Lorentz force on the 

buoyant force. 
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(a) Ha effect on Nu at different Ra (b) Ha effect on Nu at different γ 

  
(c) γ effect on Nu at different Ra (d) ) γ effect on Nu at different Ha 

Figure 4.20 Variation of Nu with Ha (a-b) and Nu with γ (c-d) for EDHSC and EDHCC at 

different Ra, Ha, and γ. 

4.5 Conclusions 

In this study, a new approach for analyzing convective nanofluidic thermal 

systems in the presence of magnetic fields is presented to aid system developers in 

choosing between square and circular shapes of thermal system geometry based on 

superior thermal performance. Key observations and conclusions of the study are 

summarized as follows: 

• This constraint-based study showcases a strong correlation between the shape 

of thermal systems and the flow behaviors that evolve as the flow structures 

adapt to the domain shape. The study highlights the significant impact of 

shape on the behavior of the heat flow in equivalent thermal systems. 

• The circular geometry outperforms its equivalent square geometry in terms of 

heat flow, fluid flow, and heat transfer due to the following reasons: 
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1. The circular shape has a smaller wall perimeter, resulting in less surface 

frictional effects and improved convective flow, heat transport, and fluid 

and energy circulations. 

2. Fluid flow can take smoother turns inside the circular thermal system, 

saving energy and enhancing the fluid flow and resulting heat transfer. 

3. The maximum height of the circular geometry is higher, which enhances 

the buoyant force, thereby improving MHD nanofluidic thermal 

convection. 

• The equivalent circular thermal system is more efficient with heat transfer 

enhancements of approximately 17.7% compared to the square geometry. 

Corresponding irreversibility production rate is also higher, which is up to 

17.6%. 

• An increase in the nanoparticle concentrations always enhances the heat 

transfer up to 4.7% (for circular system) and 5.3% (for the square system) 

compared to base fluid. Corresponding irreversibility production rate follows 

the similar patterns. 

• Heatlines accurately depict the heat flow patterns in both thermal systems, 

which are strongly influenced by the Rayleigh number, Hartmann number, and 

cavity shape. 

• The impact of viscous as well magnetic contributions to thermodynamic 

irreversibility generation is negligible. Therefore, the thermal contribution is 

mainly governed by the total entropy generation. 

• The total EG increases with Ra and decreases with an increase in Ha.  

• The effect of magnetic field orientation (γ) on total EG is minor. 

• The local NS is markedly higher where temperature gradients are large, 

particularly at the bottom end of the heating wall and the top end of the 

cooling wall. 

In summary, this study provides valuable insights into the choice of cavity shape for 

convective nanofluidic thermal systems in the presence of magnetic fields, with 

circular geometry being the more efficient choice for achieving superior heat transfer. 
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Chapter – 5  
Heat transport and irreversibility during MHD 

nanofluid flow in the constraint-based analogous 

square, trapezoidal, and triangular thermal systems 

 

5.1 Introduction 

This chapter focuses on heat transport and irreversibility production during 

MHD nanofluid flow in the constraint-based analogous square, trapezoidal, and 

triangular thermal systems. The buoyancy-induced flow in these enclosures is diverse 

and multidisciplinary applications, incorporating aspects of fluid mechanics, heat 

transfer, and materials science. The findings of these studies can be applied to a wide 

range of engineering and industrial applications, from the design of cooling systems 

in electronics to the optimization of energy systems. 

The study of buoyancy-driven convection in trapezoidal enclosures has been 

an interesting topic for many researchers, and there are several pioneering studies on 

the subject (Lee 1991; Perić 1993; Kuyper and Hoogendoorn 1995). Kuyper and 

Hoogendoorn (1995) found that the intersection angles of the isothermal and adiabatic 

walls affect fluid motion and heat transport at the enclosure's corners significantly. 

There are fundamental numerical research studies available, which provide a good 

insight into this field (Natarajan et al. 2008; Varol et al. 2009; da Silva et al. 2012; 

Saha 2019). Natarajan et al. (2008) observed that the Prandtl number (Pr) between 

0.07 and 0.7 had a stronger influence on heat transfer than Pr between 10 and 100 on 

laminar buoyancy-driven convection in trapezoidal enclosures. There have been 

various experimental studies in the area of buoyancy-driven convection in trapezoidal 

enclosures (Iyican et al. 1980; Lam et al. 1989). Researchers have also looked into the 

effect of nanofluids on free convection in a trapezoidal enclosure (Saleh 2011; 

Akbarzadeh and Fardi 2018; Mahapatra et al. 2018). Saleh et al. (2011) found that 

increasing the concentration of nanoparticles and keeping a sharp sloping wall 

improves the thermal performance of a trapezoidal cavity filled with nanofluid. The 

effect of magnetic fields on thermal convection has also been investigated 
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(Hasanuzzaman et al. 2012; Hossain and Alim 2014). Hossain and Alim (2014) found 

that the highest heat transfer occurred when the side-inclination angle is 0°, using 

FEM to simulate MHD-based buoyancy-induced convection within a trapezoidal 

enclosure with a heated bottom wall. 

Heat flow visualization in trapezoidal enclosures has also been studied using 

the heatline technique (Basak et al. 2009; Ramakrishna et al. 2013). Basak et al. 

(2009) investigated heat flow analysis for buoyancy-driven convection within 

trapezoidal enclosures using the heatline concept. Their results showed that the 

heatline is significantly dense at the cavity's central core, indicating improved heat 

transfer. This finding can be useful for the design of heat transfer systems, as it 

provides insight into the heat transfer mechanisms that occur within trapezoidal 

enclosures. Another important aspect of this research is the investigation of entropy 

generation, which has been explored in various articles. Mahmoudi et al. (2013) 

conducted a study on MHD-based natural convection and entropy generation in a 

trapezoidal enclosure using a Cu-water nanofluid. Their results showed that the 

inclusion of nanoparticles reduced entropy generation. This finding has important 

implications for the design of heat transfer systems, as reducing entropy generation 

can lead to improved system efficiency. 

The study of buoyancy-driven convection in a triangular enclosure has also 

been an interesting topic for many researchers, and there have been several pioneering 

studies on the subject (Akinsete and Coleman 1982; Poulikakos and Bejan 1983; 

Campo and Ramos 1988; Karyakin et al. 1988; Salmun 1995). Akinsete and Coleman 

(1982) reported that the rate of heat transfer augments with Grashof number (Gr) 

values and falls with hypotenuse-to-base ratio values on laminar buoyancy-driven 

convection in a triangular enclosure. In addition to pioneering studies, there are 

various fundamental numerical research studies available (Basak et al. 2007; Fuad 

Kent et al. 2007; Kent 2009). Basak et al. (2007) found that Rayleigh number (Ra) has 

a more significant impact on heat transfer rate than Prandtl number (Pr) using the 

finite element method (FEM) to investigate the influence of Ra and Pr on laminar free 

convection in triangular enclosures. There is also a considerable amount of 

experimental work on this topic (Flack et al. 1979; Yesiloz and Aydin 2013). Yesiloz 

and Aydin (2013) studied buoyancy-driven convection in the triangular enclosure 

using both experimental and numerical methods and reported that the experimental 

and numerical results agreed reasonably well. The effect of nanofluids on free 
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convection in a triangular enclosure has been investigated by several authors 

(Aminossadati and Ghasemi 2011; Mahian et al. 2016) and magnetic fields 

(Mahmoudi et al. 2013; Afrand et al. 2020; Vahedi et al. 2022) on buoyancy-driven 

convection in triangular enclosures. Aminossadati and Ghasemi (2011) found that 

Ethylene Glycol-Cu nanofluid had a superior heat transfer performance than pure 

Ethylene Glycol. Additionally, the study revealed that enhanced heat transfer occurs 

as the concentration of nanoparticles and Ra value increase. 

Entropy production in buoyancy-induced flow in triangular enclosures has 

been investigated in several articles (Varol et al. 2009; Bhardwaj and Dalal 2013; 

Rathnam et al. 2016). Varol et al. (2009) reported that the entropy production rate 

increases as Ra increases. Furthermore, several authors have studied heat flow 

visualization in triangular enclosures using the heatlines approach (Varol et al. 2008; 

Basak et al. 2009). Basak et al. (2009) used Bejan's heatline concept to illustrate heat 

transport due to natural convection within triangular enclosures and found that dense 

heatlines are observed near the bottom portion of slanted walls, indicating that a 

considerable amount of heat is transported from the bottom portion of the slanted 

walls. Finally, several review articles (Kamiyo et al. 2010; Saha and Khan 2011) 

provide in-depth knowledge of the topic, which can be useful for researchers working 

in this field. 

While there have been numerous studies on buoyancy-driven convection in 

trapezoidal and triangular enclosures separately, a constraint-based study 

investigating the effects of enclosure shapes on MHD nanofluid flow, heat transport, 

and irreversibility is still lacking. This chapter aims to bridge this gap by investigating 

the MHD nanofluid flow, heat transport, and irreversibility in square, trapezoidal, and 

triangular enclosures with fluid volume constraints. The novelty of this study lies in 

comparing the effect of enclosure shape on MHD nanofluid flow and irreversibility by 

modifying the shape of the system’s geometry. It can also be viewed as a series of 

several trapezoidal-shaped systems of identical fluid volume and heating load 

however varying cooling surfaces. Another important point of this study is viewing 

the triangular–shaped system as a special case of a trapezoidal-shaped system where 

one parallel length approaches zero. The findings of this study are expected to 

contribute to the understanding of the impact of enclosure shape on heat transfer 

performance in MHD nanofluid flow systems, which can have significant practical 
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implications in various fields, such as thermal management of electronic devices, 

energy systems, and heat exchangers.   

5.2 Problem formulation and solutions 

Figure 5.1 describes the present problem dealing with MHD nanofluid flow in 

the constraint-based analogous square, trapezoidal, and triangular thermal systems, 

keeping the fluid volume constant. Several trapezoidal systems have been examined 

by adjusting the ratio of the top wall length to cavity height while keeping the height 

(H or Lh) constant. Here, four different cases of trapezoidal-shaped flow geometries 

are considered with varying the length of the top wall, Ltop being 0.1H, 0.3H, 0.5H, 

and 0.7H, which are also addressed as Cases 1, 2, 3, and 4, respectively. As the base 

case, a square configuration (shown in a dotted line on the figures) and as a special 

case, a triangular configuration (Ltop = 0, not shown here but presented separately in 

Section 5.3.6 later) are also considered. For all these configurations, the equivalency 

statement is made on the basis of constant heating surfaces at the left wall (Lh = H) 

and fixed fluid flow volumes, however, allowing different cooling surfaces (at right). 

CuO-water nanofluid and magnetic field considered are acting in similar ways as 

discussed in previous Chapter 4. 

 

Figure 5.1 Problem description of equivalent trapezoidal systems with constant heat input (Lh = 

H) and fluid volume: (a) Case 1: Ltop = 0.1H, (b) Case 2: Ltop = 0.3H, Case 3: Ltop = 0.5H, and (d) 

Case 4: Ltop = 0.7H. 
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The mesh structures for triangular and trapezoidal enclosures are illustrated in 

Figures A1 (c) and (d), respectively (shown in Appendix). The mesh studies for 

triangular and trapezoidal enclosures, shown in Appendix, are summarised in Tables 

A1 (c) and (d). 

The formulation and solution of the governing equations for MHD nanofluid 

flow in these systems are executed following the same techniques discussed in earlier 

chapters. The numerical simulation results for velocity, temperature, stream function, 

heat function, and entropy generation are presented, and the effects of various 

parameters such as the Rayleigh number, Hartmann number, magnetic field angle, and 

nanoparticle volume fraction are investigated systematically to explore the geometric 

shape impact on the system’s thermal performance. 

5.3 Results and Discussion 

This section presents the findings and analyses of the constraint-based 

analogous square, trapezoidal, and triangular thermal systems with constant fluid 

volume. The subsections examine the effect of nanofluid concentration (ζ varying 

from 0 to 4%), Rayleigh number (Ra changing from 103 to 106), magnetic field (Ha = 

0−100), magnetic field inclination ( = 0−180°), and entropy production in the flow 

domains systematically in Sections 5.3.1 to 5.3.5. Section 5.3.6 extends the research 

to the special case of a triangular cavity. The local fluid flow and heat transfer 

characteristics are examined in Sections 5.3.1–5.3.3, while global heat transfer is 

computed using the mean Nusselt number in Section 5.3.7. These analyses are based 

on the theoretical discussion presented in previous chapters and the figures depicted in 

Figure 5.1 (constant fluid volume). 

5.3.1 Impact of nanofluid concentration (ζ)  

In this study, the impact of nanoparticle concentration (ζ) on non-MHD flow 

(Ha = 0) at a higher Rayleigh number (Ra = 106) is investigated. The reason for 

choosing higher Ra is that it leads to a stronger convective strength, making the effect 

of nanoparticle concentration more significant. The investigation is conducted using 

streamlines, isotherms, and heatlines, as shown in Figures 5.2, 5.3, and 5.4, 

respectively. The geometry consists of trapezoidal-shaped cavities with the fixed 

vertical left wall at a higher temperature than the slanted right wall, while the lengths 

of the top and bottom adiabatic walls are varied to meet the volume-constraint 
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requirement. As a result, fluid circulation cells, or convection cells, form inside the 

cavity, resembling the geometrical configuration's outline. The streamfunction is used 

to represent flow direction, with positive and negative signs indicating anticlockwise 

and clockwise movements, respectively. In all cases, the fluid moves from the heated 

left wall to the cold right wall, resulting in a clockwise motion. 

ζ Case 1                          Case 2                       Case 3                     Case 4 
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0.03 

 

0.04 

 
 

 

Figure 5.2 Nanofluid concentration (ζ) impact on flow patterns (streamlines) at Ra = 106. 

The results reveal that increasing nanoparticle concentration enhances heat 

transfer (due to the improved thermal conductivity), which in turn boosts flow 

strength. This is apparent from the rise in the maximum value of streamfunction 

(ψmax) with increasing ζ. Moreover, the thickness of the hydrodynamic boundary layer 

decreases with increasing ζ. The wall perimeter and cooling length increase when Ltop 

decreases. However, an increase in wall perimeter causes higher fluid friction, thereby 

offering reduced flow strength or circulation. Furthermore, increasing the length of 
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the cooling wall causes more thermal energy to be extracted from the heated left wall, 

leading to a rise in heat transfer, which in turn increases flow strength. The overall 

effect of decreasing Ltop increases the flow strength (Figure 5.2). Therefore, the results 

suggest that the flow strength increases with increasing nanoparticle concentration 

and decreases with increasing the top wall length to cavity height ratio. 

ζ Case 1                          Case 2                       Case 3                    Case 4 
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Figure 5.3 Nanofluid concentration (ζ) impact on temperature patterns (isotherms) at Ra = 106.  

Isotherm profiles are presented in Figure 5.3 to demonstrate the effect of 

nanoparticle concentration on convective heat transfer. The isotherm profiles become 

more compact as nanoparticle concentration (ζ) increases from 0 to 0.04. However, 

the change in isotherm profiles is relatively small due to the coupling of velocity and 

temperature in buoyancy-driven convection. The increase in nanoparticle 

concentration leads to a higher convective heat transfer rate, which is reflected in the 

higher value of the Nusselt number (Nu). Moreover, reducing the top wall length to 
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enclosure height ratio enhances thermal energy transfer by increasing the length of the 

cooling wall. Therefore, it can be concluded that adding nanoparticles to the base 

fluid and reducing the top wall length to enclosure height ratio both contribute to 

improved convective heat transfer, and the maximum Nu is achieved in Case 1 at ζ = 

0.04. 
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Figure 5.4 Nanofluid concentration (ζ) impact on heat flow patterns (heatlines) at Ra = 106. 

Figure 5.4 depicts the influence of nanoparticle concentration on the heat flow 

pattern using heatlines. These lines, similar to streamlines, depict the direction of heat 

flow, originating from the hot left wall and extending towards the cold right wall, 

creating pathways of heat transport. The width of the heat flow corridors reflects the 

variation in local heat flux due to diffusion and convection, with constant thermal 

energy transfer rates within a corridor. As the hot working fluid circulates within an 
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enclosed system, heat flow with circulation cells develops. The heatline plots indicate 

two numerical values, the first being the highest value at the top adiabatic wall, and 

the second indicating the lowest value related to the clockwise rotation of heat flow. 

The influence of nanoparticle concentration on heat flow is examined at higher values 

of Ra (=106). As the concentration of nanoparticles increases, the passage between the 

heatlines shrinks, indicating an increase in heat flow intensity. This is also evident in 

the heatline plot's first numerical value, which indicates the maximum value at the left 

heating wall. Similarly, when the ratio of the top wall's length to the height of the 

cavity decreases, the gap between the heatlines shrinks, indicating an increase in heat 

flow, which is again supported by the first numerical value of the heatline plot. The 

quantitative values in the figure clearly indicate that the inclusion of nanoparticles and 

reducing the ratio of top wall length to cavity height can improve thermal 

performance in a trapezoidal cavity. For the presentation of parametric effects of Ra, 

Ha, etc. in the following subsections, the nanoparticle concentration is considered at ζ 

= 0.02. 

Ra Case 1                            Case 2                        Case 3                    Case 4 
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Figure 5.5 Impact of Ra on flow patterns (streamlines) for non-MHD flow. 
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5.3.2 Effects of Rayleigh numbers for non-MHD flow  

This section investigates the effects of varying Rayleigh numbers (Ra) on 

buoyancy-induced convection in non-MHD flow (Ha = 0) in trapezoidal thermal 

systems. Figures 5.5, 5.6, and 5.7 illustrate the impact of Ra on fluid motion, 

temperature distribution, and heat flow pattern, respectively. In Figure 5.5, the 

velocity of the fluid is low at lower Ra (103), and the fluid appears to be stagnant near 

the lower region of the cooling wall. However, as Ra increases, the circulation 

strength of convection cells increases, resulting in elongated cells horizontally 

towards the cold wall. Flow strength varies with the ratio of the top wall length to 

cavity height, where flow intensity is governed by the wall perimeter and length of the 

cooling wall. At low Ra (103 and 104), the flow strength increases as the ratio of top 

wall length to cavity height increases, but at high Ra values (104 and 105), flow 

strength decreases as the ratio of top wall length to cavity height increases. These 

results imply that flow strength increases as Ra increases, and for low Ra values, 

increasing the ratio of top wall length to cavity height improves flow strength, but for 

high Ra values, increasing this ratio decreases flow strength. 

Ra Case 1                            Case 2                        Case 3                   Case 4 
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Figure 5.6 Impact of Ra on static temperature patterns (isotherms) for non-MHD flow. 
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The influence of Ra on the isotherm is illustrated in Figure 5.6. The flow 

strength varies with Ra and the geometrical arrangement of the trapezoidal system. In 

this problem, velocity and temperature are interlinked, as stated in Section 5.3.1, 

resulting in the variation of isotherm profiles as Ra and geometrical shape change. 

Due to the active non-parallel sidewalls of the trapezoidal enclosure, the isotherms 

appear distorted in the middle stretch and parallel adjacent to the sidewalls. At low Ra 

values (  103), the isotherms take a nearly vertical orientation, indicating a 

conductive mode of thermal energy transport. However, as Ra approaches 104, the 

isotherms adopt an 'S' shape.  

Ra Case 1                            Case 2                        Case 3                    Case 4 
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Figure 5.7 Impact of Ra on heat flow patterns (heatlines) for non-MHD flow. 

The isotherm profiles are stretched along the active wall as Ra reaches higher 

values (105 and 106) due to the greater thermal gradient, resulting in greater 

deformation. Additionally, the isotherm lines become overcrowded near the active 

sidewalls, indicating a thinner thermal boundary layer thickness and a higher heat 

transfer rate at higher Ra. The isotherm profiles become more densely populated as 

the ratio of top wall length to cavity height decreases for all cases, as evidenced by the 
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increase in Nu value. This is due to the increase in the length of the cooling wall, as 

detailed in Section 5.3.1. It can be concluded that increasing Ra and decreasing the 

top wall-to-cavity height ratio can improve heat transfer. 

Figure 5.7 presents the impact of Rayleigh number (Ra) on the heat flow 

pattern using Bejan’s Heatlines (Kimura and Bejan, 1983). The results demonstrate 

that for low Ra (= 103), the heat flow is conducted from the hot left wall to the cold 

right wall. As Ra increases to 104, energy circulation cells are formed, and there is a 

rise in the convective mode of heat transfer. The strength of energy circulation cells 

further increases with a higher Ra value, which is evident from the maximum value at 

the left heating wall on the heatline plot. Additionally, the intensity of heat flow 

increases with a decrease in the cooling wall length to cavity height ratio. This is due 

to a thinner thermal boundary layer and higher heat transfer rate, which is explained 

in Section 5.3.1. Therefore, it can be concluded that increasing Ra and reducing the 

cooling wall length to cavity height ratio can enhance the intensity of heat flow. 
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Figure 5.8 Ha impact on flow patterns (streamlines) at Ra = 106. 
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5.3.3 Effects of Hartmann numbers  

The effect of the Hartmann number (Ha) on the flow structure, temperature 

distribution, and heat flow is investigated for fixed Ra = 106, γ = 0°, and ζ = 2%, and 

Ha varying from 0 to 100. The results are presented in Figures 5.8, 5.9, and 5.10.  
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Figure 5.9 Ha impact on temperature patterns (isotherms) at Ra = 106. 
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Ha Case 1                            Case 2                        Case 3                    Case 4 
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Figure 5.10 Ha impact on heat flow patterns (heatlines) at Ra = 106. 

The flow structure for MHD flow in Figure 5.8 is found to be similar to non-

MHD flow, with a quantitative change in the flow velocity indicated by the reduced 

values of the streamfunction. As Ha increases, the Lorentz force also increases, which 

leads to an increase in the hydrodynamic boundary layer and a decrease in fluid 

movement, as indicated by the decrease in the value of ψmax. Similar to non-MHD 

flow, the flow strength is found to increase by decreasing the length of the top wall-

to-cavity height ratio, which is explained in detail in Section 5.3.1. 
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Figure 5.11 Magnetic field inclination () impact on streamlines at Ha = 10 and Ra = 105. 

Figure 5.9 shows the impact of the magnetic field on temperature distribution 

in the trapezoidal thermal system. The temperature distribution for MHD flow is 

similar to that of non-MHD flow. As Ha increases, the Lorentz force also increases, 

leading to a decrease in the net driving force. This results in less crowded isotherms as 

Lorentz forces rise, indicating a reduction in convective heat transfer. This is also 

evident from the decrease in the value of Nu. Similar to the non-MHD flow, the 

temperature gradient increases by reducing Ltop, causing an increase in convective 

heat transfer.  
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Figure 5.12 Magnetic field inclination () impact on streamlines at Ha = 70 and Ra = 106. 

In Figure 5.10, the impact of a magnetic field on the heat flow pattern is 

shown. The heat flow pattern of MHD flow is similar to that of non-MHD flow (Ha = 

0). However, as the value of Ha increases, the Lorentz force counteracts the buoyant 

force. Therefore, the Lorentz force causes the dampening of the convective flow 

velocity, in turn, reduces the heat flow. As Ha increases, the passage between the 

heatlines widens, indicating a decrease in heat flux. Additionally, the number of 

energy circulation cells reduces as Ha increases. This is also evident from the 

numerical first value (the maximum value at the left heating wall) in the heatline 

figure. Similar to non-MHD flow, reducing the length of the top wall to cavity height 

ratio enhances heat flow intensity.  

5.3.4 Impact of magnetic field inclination () 

In a trapezoidal thermal system exposed to thermal convection, the impact of 

magnetic field inclination (γ) ranging from 0° to 180° is examined. To keep the 
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discussion concise, results for γ = 30, 45, 90, 135, and 150° are presented for two sets: 

Ra = 105, Ha = 10, and ζ = 2% for the first set, and Ra = 106, Ha = 70, and ζ = 2% for 

the second set. 
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Figure 5.13 Magnetic field inclination () impact on isotherms at Ha = 10 and Ra = 105. 

The impact of magnetic field inclination on the flow pattern is illustrated in 

Figures 5.11 and 5.12 considering two datasets (Ha = 10, Ra = 105; and Ha = 70, Ra = 

106), respectively. The flow pattern is similar in all cases, with a slight variation in 

flow velocity due to the alteration of the magnetic field orientation affecting the 

Lorentz force contributions in the X and Y directions. However, the variation in flow 

velocity with γ is negligible. For all γ values, the hydrodynamic boundary layer 

thickness decreases as Ltop decreases, indicating an increase in flow strength, as seen 

from the value of ψmax. Furthermore, the results obtained from both sets show that 

similar flow strength can be obtained by adjusting the controlling parameters. 
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° Case 1                          Case 2                        Case 3                    Case 4 
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Figure 5.14 Magnetic field inclination () impact on isotherms at Ha = 70 and Ra = 106. 

Figures 5.13 and 5.14 illustrate the γ-impact on isotherms in the first and 

second sets, respectively. In this problem, the velocity and temperature are coupled, 

resulting in changes to the temperature profiles as γ varies. The flow pattern is nearly 

identical for γ = 30, 45, 90, 135, and 150°, but there is a minor variation in the 

temperature gradient. A careful analysis of the isotherm profiles reveals that the 

temperature gradient is highest for γ = 135° because the Lorentz force moves the fluid 

toward the heated wall. As with γ = 0°, reducing Ltop causes the isotherms to become 

more crowded there, indicating a rise in convective heat transfer, as evidenced by the 

Nu value. The results indicate that by adjusting the controlling parameters, the same 

level of heat transfer can be achieved. This information is beneficial for the design of 

a thermal system. 
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Figure 5.15 Magnetic field inclination () impact on heatlines at Ha = 10 and Ra = 105. 
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Figure 5.16 Magnetic field inclination () impact on heatlines at Ha = 70 and Ra = 106. 
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The impact of γ on heatlines is also investigated and presented in Figures 5.15 

and 5.16 for the first and second sets, respectively. Similar to streamlines and 

isotherms, the results of heatlines for γ = 0° are given in Section 5.3.3 for different 

Ha, and the heat flow results for γ = 0° and 180° are the same for all cases. For γ = 30, 

45, 90, 135, and 150°, there is a minor variation in heat flow intensity, but the overall 

heat flow pattern is similar. It is noteworthy that the maximum heat flow intensity is 

observed for γ = 135°, which is also explained earlier in this section. Moreover, as 

with γ = 0°, the tunnel between the heatlines becomes narrower as the length of the 

top wall to cavity height ratio decreases, indicating an increase in heat flux. This is 

supported by the first numerical value in the heatline contour. The presented findings 

indicate that by adjusting the controlling factors, similar heat transfer can be achieved, 

which can be useful in designing a thermal system. 

5.3.5 Parametric impacts on irreversibility generation 

The impact of flow parameters on thermodynamic irreversibility generation is 

investigated here, with the total entropy production (NS) comprising irreversibility 

induced by the temperature gradient (NStg), viscous effect (NSv), and magnetic field 

(NSm). Results are presented in normalized form, with Figures 5.17 and 5.18 showing 

the viscous and magnetic contributions of entropy generation (EG) first to illustrate 

their order of magnitude and localization.  
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Figure 5.17 Viscous entropy generation at Ha = 10 for different Ra values. 
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Figure 5.17 presents the impact of varying Ra from 104 to 106 on NSv for a 

specific value of Ha = 30 and ζ = 2% in four trapezoidal cases. The NSv is found to be 

higher near the hot and cold walls due to the growth of a hydrodynamic boundary 

layer near the active walls, resulting in a high-velocity gradient in the region of the 

active walls. The NSv is low for low Ra (= 104) due to the weak convective heat 

transmission, increasing as Ra and convective heat transport strength rise. 

Furthermore, the NSv value increases as Ltop falls, with Case 1 and Case 4 having the 

maximum and minimum NSv values, respectively, and the other two cases lying 

between the two. However, the magnitude of NSv is relatively very small compared to 

NStg in all the cases. 

In Figure 5.18, the effect of changing Ra (104, 105, and 106) on magnetic EG 

(NSm) is demonstrated with Ha = 10, γ = 0°, and ζ = 2%. The NSm distribution is 

higher in the cavity region where the flow velocity is high and is concentrated near 

the hot and cold walls while being significantly less concentrated near the top and 

bottom adiabatic walls. At a low Ra value (104), NSm is extremely small due to the 

weak convective mode of thermal transport and low fluid velocity. As Ra increases, 

the convective process of thermal energy transport becomes stronger, leading to an 

increase in NSm with a rise in Ra. The order of magnitude of NSm is nearly uniform for 

all cases and is very small; therefore, the total EG (NSl) is mainly reflected by NStg. 
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Figure 5.18 Magnetic entropy generation Ha = 10 for different Ra values. 
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Ra Case 1                           Case 2                       Case 3                    Case 4 
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Figure 5.19 Total entropy generation at Ha = 10 for different Ra values. 

The entropy generation due to temperature gradient (NStg) has a significant 

impact on the overall EG, and the values of NStg and overall EG are nearly the same 

(as other viscous and magnetic contributions are insignificant). Therefore, the total 

EG (NS or NSl) is presented in subsequent figures. Figure 5.19 illustrates the effect of 

changing Ra from 104 to 106 on overall EG for a fixed Ha = 0 and ζ = 2% in four 

cases. The local NS value is higher in the lower region of the hot wall (source) and the 

upper region of the cold wall (sink) in accordance with the static temperature contour. 

A strong temperature gradient is observed in the area with high EG. The overall EG is 

lower for low Ra (= 104) due to weak convective heat transport, resulting in a lower 

thermal gradient. As Ra increases, the convective mechanism of thermal energy 

transfer intensifies, leading to a rise in temperature gradient and thereby NStg (or NSl). 

Decreasing Ltop increases the length of the cooling wall, resulting in a rise in 

temperature gradient and overall EG. Thus, the overall EG is minimum for Case 4 and 

maximum for Case 1, while the other two cases fall in between. 

In Figure 5.20, the impact of Ha (= 0, 50, and 100) on overall EG is illustrated 

for a fixed Ra value of 106, γ = 0°, and ζ = 2% for four different cases. In all 

situations, the local NS is found to be high in the regions close to the lower area of the 
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heating wall (heat source) and the higher area of the cooling wall (heat sink). For non-

MHD flow, i.e., Ha = 0, the value of local NS is high. As Ha increases, the Lorentz 

force also increases, which reduces the effect of buoyant force and results in a 

decrease in a temperature gradient. Therefore, as Ha increases, the overall EG 

decreases. Additionally, it is observed that decreasing the top length-to-height ratio 

leads to an increase in NS. Consequently, the overall EG is lowest in Case 4 and 

highest in Case 1. This is because decreasing the ratio increases the length of the 

cooling wall and, in turn, enhances heat transfer, resulting in a rise in a temperature 

gradient. It is worth noting that the area of each trapezoidal enclosure is constant in 

this analysis, so a rise in heat transfer causes an increase in a temperature gradient. 
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Figure 5.20 Total entropy generation at Ra = 106 for different Ha values. 

Figure 5.21 depicts the impact of varying the magnetic field orientation (γ) 

from 0° to 180° on the total EG for four distinct cases, with Ra = 106, Ha = 70, and ζ 

= 2%. The allocation of Lorentz force in the X and Y directions alters as the magnetic 

field orientation changes, leading to changes in total EG. However, the effect of 

magnetic field orientation on total EG is minor. The lowest overall EG is observed for 

γ = 30°, while the highest is observed for γ = 135°. This is due to the fact that for γ = 

30°, the Lorentz force drives the fluid toward the core region of the cavity, whereas 
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for γ = 135°, it moves the fluid toward the left wall (heat source). It is also observed 

that decreasing Ltop, as in the case of non-MHD flow, increases the overall EG. 

° Case 1                          Case 2                        Case 3                    Case 4 

30 

 

45 

 

90 

 

135 

 

150 

 
 

 
(Normalized as NSl/30) 

Figure 5.21 Total entropy generation at Ra = 106 and Ha = 70 for different  values. 

Furthermore, Figure 5.22 shows the effect of changing γ (= 30, 45, 90, 135, 

and 150°) on the magnetic EG (NSm) for a specific value of Ra = 106, Ha = 10, and ζ 

= 2%. It is observed that for γ < 90°, the NSm is high near both the hot and cold walls, 

whereas it is high close to the hot wall for γ > 90°. Notably, the order of magnitude of 

NSm remains nearly identical in all cases, and its value is extremely low for the 

present problem.  
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Figure 5.22 Magnetic entropy generation at Ra = 106 and Ha = 10 for different  values. 

5.3.6 Flow patterns in an equivalent triangular system 

In this section, the study is extended for a special case of a trapezoidal 

geometry, namely a triangular geometry (Ltop = 0). The corresponding results are 

presented systematically considering the streamlines, isotherms, heatlines, and 

entropy generation altogether to address the effects of Ra, Ha, and γ in Figures 5.23 to 

5.25.  

Figure 5.23 shows the impact of Rayleigh number (Ra) on thermo-fluid flow 

aspects in a non-MHD situation (Ha = 0). Figure 5.23a (first row) shows that as the 

Rayleigh number (Ra) increases, the flow pattern adopts the shape of the triangular 

cavity and the convection cells elongate towards the active wall, resulting in 

congestion of streamlines near the hot left and cold right walls. The strength of the 

flow increases with Ra, as indicated by an increase in the maximum value of the 
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stream function (ψmax). Compared to a trapezoidal enclosure, the flow strength in a 

triangular enclosure is found higher. The temperature distribution is shown in Figure 

5.23b (second row). As velocity and temperature are coupled in buoyancy-driven 

flow, the isotherm profiles change with varying Ra. The temperature gradient is 

highest at the junction of the hot and cold walls, and it increases with the Ra value. 

The increase in temperature gradient is evident from the rise in the Nusselt number 

(Nu). 
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(Normalized  as NS/(0.1NSmax) 

Figure 5.23 Effects of Ra on non-MHD (Ha = 0) flow patterns in the triangular system: (a) 

streamlines, (b) isotherms, (c) heatlines, (d) entropy generation (NS)  

The impact of Ra on heat flow patterns is shown in Figure 5.23c (third row). 

When Ra is low (= 103), the thermal energy is directly transferred from the hot left 

wall to the cold right wall. However, as Ra increases, energy circulation cells appear 

and become stronger. This is evident from the highest value of the heat function at the 
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left hot wall, which increases with increasing Ra. Finally, Figure 5.23d (fourth row) 

depicts the effect of Ra on the irreversibility generation. It is observed that thermal 

irreversibility dominates over viscous and magnetic irreversibilities. Therefore, in this 

figure, the total entropy is presented. The local value of the entropy generation rate 

(NSl) is higher in regions with a significant temperature gradient. As Ra increases, the 

overall irreversibility increases as well, as demonstrated by the first numerical value 

specified in the entropy generation (EG) contour. Therefore, it can be concluded that 

Ra enhances flow strength, heat transfer, and irreversibility. 
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Figure 5.24 Effects of Ha on MHD flow patterns (Ha  0) in the triangular system at Ra = 106: (a) 

streamlines, (b) isotherms, (c) heatlines, (d) entropy generation (NS). 
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Figure 5.25 Effects of  on MHD  flow patterns (Ha  0) in the triangular system at Ha = 70 and 

Ra = 106: (a) streamlines, (b) isotherms, (c) heatlines, (d) entropy generation (NS).  

In Figure 5.24, the effects of magnetic field strength (Ha) on the flow patterns, 

temperature distribution, heat flow pattern, and irreversibility of a triangular enclosure 

are investigated at Ra = 106. Figure 5.24a (first row) shows that the flow structure of 

MHD flow is similar to the non-MHD flow, with the exception of quantitative 

changes in flow velocity. As Ha increases, the convection cells become less congested 

near the active wall, indicating a decrease in flow strength. This is further confirmed 

by the decrease in the value of ψmax. The impact of Ha on the temperature distribution 

is illustrated in Figure 5.24b (second row), where a rise in Ha results in a decrease in 

the temperature gradient, as shown by the increase in the value of Nu. The effect of 
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Ha on heat flow structure is demonstrated in Figure 5.24c (third row), where the 

thermal energy transport via direct mode and energy circulatory cells for low Ha (= 

10) is reduced as Ha increases, leading to a decline in heat flux. The influence of Ha 

on irreversibility is presented in Figure 5.24d (fourth row), where a higher local value 

of NS is observed in regions with a significant temperature gradient. As Ha increases, 

there is a decrease in overall EG, as indicated by the first numerical value specified in 

the EG contour. The results suggest that an increase in Ha leads to a decline in flow 

strength, heat transfer, and irreversibility generation. 

Finally, the impact of the inclination (γ) of the magnetic field is addressed in 

Figure 5.25. Figure 5.25a (first row) shows how the flow pattern is influenced by the 

change of γ. The study considers values of γ from 0° to 180°, with a specific focus on 

γ = 30, 45, and 90°. Results reveal that changes in the direction of the magnetic field 

lead to alterations in the flow structure. When γ = 90°, the hydrodynamic boundary 

layer's thickness is at a minimum, causing a rise in flow strength. This observation is 

supported by the increase in the value of ψmax. The impact of magnetic field direction 

on temperature distribution is displayed in Figure 5.25b (second row). It is observed 

that the temperature gradient changes with varying γ, reaching its peak value at γ = 

90°. This is supported by the increase in the value of Nu. Figure 5.25c (third row) 

demonstrates the impact of γ on the heat flow pattern. The thermal energy flow from 

the heat source to the heat sink occurs via direct mode and also via energy circulation 

cells for γ = 30°. However, for γ = 90°, heat transport through the energy circulatory 

cell increases. Additionally, the space between heatlines becomes thinner, indicating a 

rise in heat flux. This is further supported by the heatline contour's first numerical 

value (the highest value at the left hot wall). Figure 5.25d (fourth row) illustrates the 

effect of γ on EG. Results show that the value of NS is highest in areas with a strong 

temperature gradient, with a peak value at γ = 90°. The numerical value specified in 

the EG contour also supports this finding. In conclusion, variations in magnetic field 

inclination affect flow strength, heat transport, and irreversibility, with γ = 90° 

providing the highest flow strength, heat transfer, and irreversibility generation. 

5.3.7 Analysis of global thermal performance parameters (Nu, ) 

In order to understand how the overall thermal performance of a system is 

affected by its geometric design, the mean Nusselt number (Nu) is used to illustrate 

the variation in global heat transfer characteristics. The heat transfer performance 
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parameter (η) is then used to assess whether the geometric shape enhances or reduces 

thermal energy transport. It is calculated by taking the ratio of the difference in the Nu 

values of specific case and base case to the Nu value of the base case. 

Figure 5.26a shows the effect of varying Ra from 103 to 106 on the Nu while 

maintaining Ha = 10, γ = 0°, and ζ = 2% fixed for trapezoidal as well as triangular 

cases. The results indicate that the Nu is minimal for low Ra values (= 103) and 

increases monotonically as Ra rises due to an increase in the convective mechanism 

of heat transport irrespective of the system's geometrical shape. Moreover, the Nu 

curve of the trapezoidal system (Cases 1, 2, 3, and 4) is higher than that of the square 

system (Base case), which suggests that the thermal energy transport is greater in the 

former. It becomes magnificently highest for the equivalent triangular system.  This is 

because the length of the cooling wall of the trapezoidal system increases as the top 

wall length-to-height ratio decreases, and as a result, it withdraws more amount of 

thermal energy from the heat source. As a limiting case, Ltop tends to zero, and the 

evolved triangular thermal system provides maximum heat transfer. 

  
(a) (b) 

Figure 5.26 Variation of (a) Nu and (b) heat transfer enhancement (η) at Ha = 10, γ = 0º, ζ = 2%. 

According to the results, after the triangular system, the Case 1 configuration 

of the trapezoidal thermal system can be employed as the optimal geometrical design 

to achieve superior heat transport. This is also evident from the heat transfer 

performance parameter (η) shown in Figure 5.26b, which demonstrates that for all 

cases, the heat transfer performance parameter shows a positive value indicating an 

enhancement in heat transfer, compared to their equivalent square base case. The 

maximum enhancement in heat transfer is noted for triangular case at low Ra values 

(= 103). The heat transfer performance parameter (η) curve indicates that enhancement 

in thermal energy transport reduces as Ra increases and remains almost constant at 



Chapter − 5: MHD nanofluid flow in square, trapezoidal and triangular thermal systems … 

 

127 

higher Ra values (≥ 105). For non-MHD flow (Ha = 0), these observations are almost 

the same except for a minor change in the values.  

It is further noted from Figure 5.26a, the Nu value increases monotonically in 

all cases. It is also noted that the Nu curves of cases 1, 2, 3, 4, and the triangular case 

are almost parallel to the base case (square cavity). It is evident from the figure that 

the difference of Nu is almost fixed, and the value of the Nu for the base case grows 

as Ra increases. As a result, the heat transfer enhancement diminishes as Ra increases 

(as shown in Figure 5.26b). 

 

  
(a) (b) 

Figure 5.27  Variation of (a) Nu and (b) heat transfer enhancement (η) at Ra = 106, and ζ =  2%. 

Figure 5.27a displays the impact of varying Ha from 0 to 100 on the Nu for all the 

scenarios studied here, while keeping Ra = 106, γ = 0°, and ζ = 2% constant. The rise in Ha 

leads to an increase in the Lorentz force and a subsequent reduction in fluid movement and 

heat transfer, causing Nu to decrease monotonically. For the trapezoidal systems, Case 1 

exhibits a higher Nu curve as compared to other trapezoidal cases due to the maximum 

length of the cooling wall, which draws more heat from the source and improves heat 

transfer. For the same reason, the triangular thermal system can cause maximum heat 

transfer. Figure 5.27b demonstrates the effect of Ha on the heat transfer performance 

parameter (η). In all cases, the value of η is positive, indicating an increase in heat transfer. 

The rise in Ha results in an augmentation of heat transfer performance parameter, after the 

triangular case, with Case 1 displaying the highest enhancement and Case 4 the least. The 

other two cases exhibit an improvement in heat transfer between these two extremes. The 

enhancement in heat transfer, compared to the base case (square geometry), is found more 

as Ha increases. This MHD flow result is consistent with the non-MHD flow, with a 

quantitative variation in  value. 
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Figure 5.28a shows the impact of magnetic field inclination (γ) on thermal energy 

transfer. As γ changes, the Lorentz forces' horizontal and vertical components vary, 

resulting in changes in the buoyant force. The magnetic field inclination ranges from 0 to 

180°, and the values of Nu at γ = 0° and 180° are identical in all the cases. At γ = 90°, heat 

transfer is expected to be at its maximum, but the results show that Nu reaches its peak 

value at γ = 135°. This is because, at γ = 135°, the Lorentz force component moves the 

fluid toward the heated wall. In other inclinations, the sharing of the Lorentz force changes 

in the X and Y directions, causing Nu to vary. However, there is almost no effect on Nu 

results of the triangular system, although it is the most superior.  

  
(a) (b) 

Figure 5.28 Variation of (a) Nu and (b) heat transfer enhancement (η) at Ra = 106, and Ha = 10. 

  
(a) (b) 

Figure 5.29 Variation of (a) Nu and (b) heat transfer enhancement (η) at Ra = 106, Ha = 0. 

Figure 5.28b illustrates the effect of magnetic field inclination on the heat transfer 

performance parameter. All cases, except for Case 4, exhibit a positive value for . The 

negative  observed in Case 4 for γ = 30° and 45° is due to the cooling wall length, in this 

case, being similar to that of the base case. The enhancement is noted for the triangular 

system, and Cases 1, 2, 3, and 4. The results indicate that the Case 1 configuration of the 
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trapezoidal system is the optimal geometrical design for achieving maximum enhancement 

for MHD flow. 

Finally, to investigate the impact of varying volumetric concentrations of CuO 

nanoparticles on global thermal performance, only trapezoidal cases are examined. The 

variation in Nu values for different ζ values ranging from 0 to 4% while maintaining Ra = 

106 and Ha = 0 is shown in Figure 5.29a. The addition of nanoparticles in the base fluid 

(water) increases the effective thermal conductivity of the working fluid, resulting in 

improved thermal convection and enhanced thermal energy transport. This is evidenced by 

the increase in Nu as ζ rises. However, the heat transfer performance parameter (η) curve 

in Figure 5.29b remains horizontal; indicating that the heat transfer performance parameter 

remains constant with changing ζ. The maximum enhancement is observed for Case 1, and 

the minimum enhancement is noted for Case 4. The findings suggest that Case 1 is the 

optimal choice to achieve maximum heat transfer enhancement. 

5.4 Conclusions 

This study compared the trapezoidal, triangular, and square thermal systems 

under constraint-based equivalency. By altering the ratio of the top wall length to 

cavity height, the effects of Rayleigh number (Ra), Hartmann number (Ha), magnetic 

field orientation (γ), and nanoparticle concentration (ζ) on heat transfer and 

thermodynamic irreversibility are analyzed by taking four distinct cases of the 

trapezoidal system and one triangular. The key findings are summarized as follows: 

• The geometrical design influences fluid velocity, heat transfer, and irreversibility.  

• The thermal performance of a trapezoidal system is superior to a square system, 

and the triangular system can be used to achieve optimal enhancement.  

• Decreasing the top wall length to cavity height ratio of the equivalent trapezoidal 

thermal system leads to increased flow strength. 

• The nanoparticle concentration (ζ) enhances heat transfer and flow strength at 

higher Ra. 

• Increasing Ra improves thermal performance and flow strength. 

• The magnetic field intensity (Ha) has a significant impact on fluid flow and heat 

transport in natural convection, and increasing Ha reduces flow strength (ψmax) 

and heat transfer (Nu). In the case of a triangular cavity, heat transfer reaches a 

maximum at γ = 90°.  
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• Thermodynamic entropy generation (EG) is mainly governed by the thermal 

effect (or temperature gradient), with the effects of viscous and magnetic EG 

being minimal. 

• Total EG increases with Ra and ζ and decreases with increasing Ha. 

• Lowering the ratio of hot wall length to cavity height increases the overall EG of 

a trapezoidal system. 
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Chapter – 6  
Heat transport and accompanying irreversibility 

during MHD nanofluid flow in constraint-based 

analogous square and circular annular systems 

6.1 Introduction 

Annular systems have been widely researched in terms of their application in 

heat-exchanging devices, particularly buoyancy-driven convection. Understanding the 

effects of various non-dimensional parameters on fluid flow, thermal energy transport, 

and entropy generation is important from the application viewpoint. Several 

numerical and experimental studies on this topic have been conducted. Here, a brief 

literature review is presented addressing several pioneering works, fundamental 

studies, and current research trends. Many numerical pioneering studies have been 

published investigating the influence of non-dimensional parameters on fluid flow and 

thermal energy transport in the circular annulus (Mack and Bishop 1968; Custer and 

Shaughnessy 1977; Projahn et al. 1981; Wang and Bau 1988; Kumar 1988; Lee 

1992). The effect of Ra was studied by various authors (Mack and Bishop 1968; 

Wang and Bau 1988), and the impact of Pr was studied by several researchers (Custer 

and Shaughnessy 1977; Lee 1992). 

Furthermore, the impact of the concentric and eccentric position of the inner 

cylinder was studied by Projahn et al. (1981). Kumar (1988) numerically investigated 

the effect of constant heat flux and isothermal heating in a horizontal annulus and 

discovered that constant heat flux has a higher rate of heat transport than isothermal 

heating when the temperature difference is the same in both cases. Fundamental 

numerical research on this topic is also available in abundance (Yoo 1998; Mizushima 

et al. 2001; Shi et al. 2006; Alipour et al. 2013; Seyyedi et al. 2015; Yuan et al. 2015). 

Yoo (1998) studied free and mixed convection in a differentially heated horizontal 

concentric cylinder and discovered a sharp decline in heat transfer as the rotation of 

the inner cylinder increased. Mizushima et al. (2001) numerically investigated 

buoyancy-driven flow and heat transport in a horizontal cylindrical annulus and found 

that dual stable steady solutions can be obtained for Ra higher than a threshold value. 
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Yuan et al. (2015) studied the effect of varying inner cylinder shapes (cylindrical, 

elliptical, square, or triangular) in a concentric cylinder annulus and found that 

thermal performance was better in square, triangular, and elliptical annuli compared 

to the cylindrical annulus. Alipour et al. (2013) investigated the effect of radius ratio 

on free convection in a concentric annulus. Limited experimental work is available on 

this topic in addition to fundamental numerical research (Powe et al. 1969; Kuehn and 

Goldstein 1976). Kuehn and Goldstein (1976) conducted comprehensive experiments 

to examine fluid flow and heat transfer in buoyancy-driven flow inside a horizontal 

annulus. They used a Mach-Zehnder interferometer to evaluate temperature 

distributions and local heat-transfer coefficients experimentally. A numerical analysis 

was also performed to supplement the experimental data. Furthermore, they found 

that the present experimental and numerical results are in excellent agreement. Their 

findings served as a benchmark for subsequent research in this area.  

Recent research has shifted from traditional fluids to improved heat transfer 

fluids, known as nanofluids. Numerous researchers have investigated the effects of 

nanofluid on free convection in circular annuli, including Tayebi and Chamkha (2017) 

and Saha et al. (2020), who have reported that introducing nanoparticles into the base 

fluid enhances flow strength while significantly improving heat transfer. With 

advancements in technology, research has shifted towards magnetohydrodynamics 

(MHD)-based buoyancy-driven convection. Many authors, including Sheikholeslami 

et al. (2014) and Aboud et al. (2020), have examined the influence of a magnetic field 

on heat convection in circular annuli and found that flow strength, and heat transport 

decrease as the magnetic field's intensity increases.  

A few studies on entropy generation (EG), which is crucial in assessing 

irreversibility in thermodynamic systems, have been published in the literature for 

buoyancy-driven convection in circular annuli, including Shahsavar et al. (2018) and 

Tayebi and Öztop (2020). Shahsavar et al. (2018) observed that as Ra values increase, 

the rate of thermal, viscous, and total entropy generation increases, with the rate of 

thermal EG being significantly higher than the rate of viscous EG. The heatline 

approach has been employed by a few authors, including Waheed (2007) and 

Sheikholeslami et al. (2013), to study heat flow visualization in circular annuli. 

Waheed (2007) used the heat function technique to study the combined effect of Ra, 

Pr, and gap width on buoyancy-induced flow in the horizontal cylindrical annulus and 

found that the heat function profiles depend on these parameters. 
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Compared to circular annuli, limited research has been conducted on square 

annuli. Asan (2000) investigated the effects of dimension ratio and Ra on flow pattern 

and thermal energy transport, found that multiple cells are developed as the dimension 

ratio increases. Arefmanesh et al. (2012) numerically investigated the impact of Ra, 

aspect ratio (A), and nanoparticle concentration (ζ) on thermal convection in a 

differentially-heated square duct filled with nanofluid and reported that eddies 

develop as the Ra value increases, and the mean Nusselt number (Nu) increases as ζ 

increases. Few papers have been published on buoyancy-driven convection in 

triangular annular systems. Shadlaghani et al. (2019) investigated the impact of fins 

on natural convection in concentric and eccentric annuli with varying cross-sections 

(square, circular, and triangular) and found that the reverse triangular annulus with 

fins installed on the inner wall has the best heat transfer rate, and eccentric annulus 

has a higher heat transfer rate than concentric annulus. Other important works, 

including Mahapatra et al. (2013), Datta et al. (2016), Biswas and Manna (2017a), 

Chatterjee et al. (2022), and Chatterjee et al. (2023), indirectly present annulus-type 

flows by placing solid obstructions in the flow domains. In addition to computational 

and experimental studies, Ahmed and Ahmed (2017) presented a review paper on the 

thermal performance of annulus systems. A review of the literature reveals that there 

is a limited amount of research on buoyancy-driven convection in an annular 

configuration, with studies exploring flow and heat transport in various annular 

systems explicitly. 

The present study aims to fill the gap in the literature on research on square 

and circular annuli by comprehensively comparing their thermal performance in the 

presence of a magnetic field and a nanofluid. Although there have been several 

studies on buoyancy-induced convection in circular and square annuli, there is a 

dearth of research on the impact of a nanofluidic magnetic field on heat convection 

and entropy generation in these geometries. On a circular annulus, one systematic 

study conducted by Saha et al. 2022a recently establishes enhanced heat transfer in 

the presence of an adiabatic block, which serves as an initial effort on the present 

annular problem. This present study takes a more comprehensive approach by 

conducting a comparative analysis of different annular systems using a novel 

constraint-based approach. This approach considers the matching of flow areas or 

cooling lengths, while the heating length remains identical in all three cases consisting 

of a square annulus (base case) and two circular annuli (one on matching flow areas 
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or the other on matching cooling lengths). This fundamental research aims to 

comprehend the influence of geometrical shapes on the thermal performance of real 

systems, which will assist in determining the thermal system with superior 

performance, along with valuable insights into the effects of various parameters on 

fluid flow and heat transfer in two distinct shapes of the annular geometries. Thus, the 

novelty of this study lies in its comprehensive approach and the use of a constraint-

based methodology to analyze the impact of a magnetic field on heat transport and 

accompanying irreversibility during MHD nanofluid flow in constraint-based 

analogous square and circular annular systems. 

.  

Figure 6.1 Problem description: (a) square annulus (base case), (b) circular annulus with volume 

constraint (Case 1), and (c) circular annulus with length constraint (Case 2). 

6.2 Problem formulation and numerical solutions 

Figure 6.1 describes analogous circular annular systems derived from a square 

annular system. The study explores three different cases based on constraints: (i) the 

Base case, represented by the square annular system; (ii) Case 1, which represents a 

circular annular system with identical flow area or volume as the Base case; and (iii) 

Case 2, which represents a circular annular configuration with the same cooling 

length as the Base case. The heating length for Cases 1 and 2 is equivalent to that of 

the Base case and set to Lh = H for circular geometries. Our analysis reveals that for 
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Case 1, the cooling length of the circular annular system (Lc = 3.683H) is smaller than 

that of the square annular system (Lc,sq = 4.123H). Similarly, for Case 2, the flow area 

of the circular annular system (Acir = 1.273H2) is greater than the square annular 

system (Asq = H2). Despite the different geometrical configurations, the circular annuli 

can be considered equivalent to the square annular system under the mentioned 

constraints. The study aims to examine the impact of geometrical design on thermal 

performance and flow features driven by buoyancy-induced convection, following the 

numerical methodology, and simulation technique as discussed in Chapter 2.  

The mesh arrangements for the square annulus (Base case) are depicted in 

Figure A1 (e), and the mesh architectures for the equivalent circular annulus (Cases 1 

and 2) are displayed in Figures A1 (f) and (g) in the Appendix. Table A1 (e) shows 

the mesh specifications for the square annulus (Base case), while Tables A1 (f) and 

(g) provide the mesh information for the equivalent circular annulus (Cases 1 and 2).  

6.3 Results and Discussion 

The current study's results and analyses are presented methodically in the 

following subsections, based on the theoretical discussion detailed in the preceding 

chapters. Section 6.3.1 examines the impact of Rayleigh number (Ra ranging from 103 

to 106) on three distinct cases consisting of (i) square annulus (Base case), (ii) 

volume-constraint circular annulus (Case 1), and (iii) cooling length constraint 

circular annulus (Case 2). Section 6.3.2 analyzes the effect of nanoparticle 

concentration (with ζ ranging from 0 to 4%) on all the annuli (Base case, Cases 1 and 

2). In Sections 6.3.3 and 6.3.4, the effects of the magnetic field (with Ha ranging from 

0 to 100) and magnetic field inclination (with γ varying from 0° to 180°) are analyzed. 

In Section 6.3.5, irreversibility in the flow domain is studied using entropy generation 

(EG). The local behaviors of fluid flow and heat transfer are analyzed using 

streamlines and isotherms in Sections 6.3.1 to 6.3.4, parametric impacts on entropy 

generation are presented in 6.3.5, while global heat transfer is calculated using the 

average Nusselt number (Nu), presented in Section 6.3.6. This systematic and 

comprehensive approach aims to provide valuable insights into the effects of various 

parameters on fluid flow and heat transfer in different equivalent annular geometries, 

thereby facilitating the determination of thermal systems with superior performance. 
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6.3.1 Effects of various Rayleigh numbers 

This study investigates buoyancy-induced convection in non-MHD flow (Ha = 

0) within different annular thermal systems, considering different Rayleigh numbers 

(Ra) ranging from 103 to 106 and nanofluid concentration, ζ = 0.02. The influence of 

Ra on the flow patterns is studied through the visualization of streamlines and 

isotherms, presented in Figures 6.2 and 6.3, respectively. In all cases, the inner wall is 

kept hotter than the outer cylinder, causing the fluid to absorb heat and move upwards 

along the vertical centerline; while rejecting heat to the cold outer wall and moving 

downwards, resulting in fluid circulation within the annular region. The streamlines in 

Figure 6.2 reveal the formation of a pair of counter-rotating kidney-shaped cells, 

symmetric about the vertical plane through the annulus centerline, and equidistant 

from it. The vertical plane acts as a virtual wall, with ψ = 0, prohibiting flow across it. 

The overall flow pattern is similar for all the cases; however, flow velocities vary with 

different Ra values, and the counter-clockwise and clockwise rotations are 

represented by positive and negative stream function values, respectively.  

Ra = 103 Ra = 104 Ra = 105 Ra = 106  

    

 

Figure 6.2 Streamlines for non-MHD flow (Ha = 0) at different Ra values. 

At Ra (= 103), the velocity of flow is relatively low which is indicated by the 

ψmax values. According to Figure 6.2 (first column), the values of ψmax for Ra = 103 
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are 0.13, 0.17, and 0.25 respectively for the base case, and Cases 1 and 2. Whereas at 

higher Ra values (104 and 105), the improved buoyant convection leads to increased 

circulation strength and upward movement of the convection cells as indicated by the 

contours of stream function for Ra = 104 and 105. It creates a stagnation zone in the 

lower part of the annulus; however, streamlines are crowded at the upper portion of 

the annulus. At higher Ra = 106, a significant increase in flow velocity is observed, 

which is evident by the value of higher ψmax. The values of ψmax at Ra = 106 are 23.87, 

26.19, and 30.24 for the Base case, and Cases 1 and 2, respectively (as illustrated in 

the last column in Figure 6.2).  

The study finds that the circular annuli (Cases 1 and 2) have stronger flow 

than the square annulus (Base case). It happens due to a smoother flow path and 

reduced fluid friction, resulting in enhanced buoyant forces. Case 2, which has a 

larger flow volume, results in greater buoyant force and fluid motion. 

Ra = 103 Ra = 104 Ra = 105 Ra = 106  

    

 

Figure 6.3 Temperature profile for non-MHD flow (Ha = 0) at different Ra values. 

In Figure 6.3, the temperature profiles for non-MHD flow (Ha = 0) at different 

Ra values are shown. The magnitudes of the isotherm contours decrease towards the 

outer cold wall. It can be observed that the isotherm profiles around the inner heated 

blocks are almost identical in all the investigating cases. At low Ra (= 103), the 
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isotherms appear as concentric circles, indicating that heat transport is mostly due to 

pure conduction. These isotherms deviate slightly from the concentric circles and 

become eccentric circles at the onset of convective flow at Ra = 104. As Ra increases 

to 105 or 106, the convection cells move upwards due to the higher buoyancy force. 

The isotherms become crowded near the bottom portion of the inner wall and the top 

portion of the outer wall, forming a heated plume-like structure in the annulus's upper 

section. The isotherms get distorted more with increasing Ra. For Ra = 104 and 105, 

the isotherm features lie in between the limiting cases of Ra = 103 and 106. 

Additionally, for higher Ra values, such as Ra = 105 and 106, the radial temperature 

inversion appears, resulting in the separation of the thermal boundary layer at the 

inner and outer walls. This observation is similar to Kuehn and Goldstein (1976). As 

Ra increases, convective heat transfer enhances, as shown by the increased value of 

the mean Nusselt number (Nu) in Figure 6.3 (below individual snapshots). It is also 

observed that circular annular systems (Cases 1 and 2) benefit from curved heating 

and cooling walls, which produce less restriction to fluid flow velocity, resulting in 

stronger buoyancy-induced convection compared to a square annular system (Base 

case). Moreover, Case 2 (last row in Figure 6.3), cooling length constraint circular 

annulus, exhibits the highest convective heat transport, which is attributed to the 

higher buoyant force caused by the increased flow area. 

6.3.2 Impact of nanoparticle concentrations (ζ) 

In this section, the impact of nanoparticle concentration (ζ = 0 to 0.04) is 

investigated on local fluid motion and heat transfer behaviors at higher Ra (= 106), as 

shown in Figures 6.4 and 6.5, respectively. The overall flow pattern is the same as 

described in the previous section, with the value of ψmax gradually increasing from 

23.48 (ζ = 0) to 24.44 (ζ = 0.04) as the concentration of nanoparticles increases. It is 

also worth mentioning here that the flow strength of the circular annuli (Cases 1 and 

2) is higher than that of the square annulus (Base case), which is discussed in detail in 

Section 6.3.1. Examining the isotherm profiles shown in Figure 6.5, it is observed that 

the isotherms become more crowded as the concentration of nanoparticles (ζ) 

increases from 0 to 0.04. Moreover, the thermal energy transport of the circular 

annular systems (Cases 1 and 2) exceeds that of the square annular system (Base 

case), with the maximum thermal energy transport occurring in Case 2.  
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ζ = 0 ζ = 0.01 ζ = 0.02 ζ = 0.04  

    

 

Figure 6.4 Nanofluid concentration (ζ) impact on non-MHD streamlines at Ra = 106. 

ζ = 0 ζ = 0.01 ζ= 0.02 ζ= 0.04  

    

 

Figure 6.5 Nanofluid concentration (ζ) impact on non-MHD isotherms at Ra = 106. 
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6.3.3 Effects of various Hartmann numbers 

In this section, the effects of the Hartmann number (Ha) on fluid flow and heat 

transfer for three different cases are studied in detail. The presence of a magnetic 

field in a buoyancy-driven flow of an electrically conducting fluid induces an 

electric current in the flow domain. This current is generated due to the relative 

motion between the magnetic field and velocity, and it acts normal direction to both 

velocity and the applied magnetic field. The interaction of this induced electric 

current with the applied magnetic field leads to the development of an 

electromagnetic force, which is commonly referred to as the Lorentz force. This 

force acts in a direction perpendicular to the direction of the induced electric current 

and applied magnetic field. Thus, in the case of MHD-based natural convection, the 

fluid motion and heat transfer are controlled by buoyant and electromagnetic forces. 

It is important to note that the Lorentz force opposes the fluid motion and heat 

transfer, and its strength is dependent on the strength of the magnetic field, as 

measured by the value of Ha. It has a significant influence on the local fluid velocity 

and temperature in the annuli. The Lorentz force, which is acting opposite to the 

buoyant force, controls fluid motion and heat transfer in the case of MHD-based 

natural convection. The investigation is carried out here for Ha varying from 0 to 

100 and fixed values of Ra = 106, γ = 0°, and ζ = 0.02. At γ = 0°, the Lorentz force 

and buoyant force are acting in opposite directions, affecting the flow pattern of the 

fluid. The flow characteristics and temperature distribution for Ha = 0 are discussed 

in Section 6.3.1. It is worth noting that the flow pattern of fluid for MHD-based flow 

is similar to the non-MHD flow (Ha = 0) as discussed earlier.  

The influence of magnetic field strength on flow structure and isotherms is 

represented in Figures 6.6 and 6.7, respectively, for distinct values of Ha (10, 30, 50, 

and 70). As shown in Figure 6.6, with an increase in Ha, the concentration of the 

streamlines nearer to the active walls reduces, implying a decrease in fluid velocity 

(indicated by the value of ψmax). This is due to the increase in Lorentz force along 

the vertical direction. Furthermore, it is noted that for MHD-based buoyancy-driven 

flow, the flow velocity of the circular annular system (Cases 1 and 2) is higher than 

that of a square annular system (Base case). The reason for this finding is discussed 

in detail in Section 6.3.1.  
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Ha = 10 Ha = 30 Ha = 50 Ha = 70  

    

 

Figure 6.6 Streamlines at Ra = 106 for different Ha values.  

Ha = 10 Ha = 30 Ha = 50 Ha = 70  

    

 

Figure 6.7 Temperature profile at Ra = 106 for different Ha values. 



Chapter − 6: MHD nanofluid flow in analogous square and circular annular systems … 

 

142 

Figure 6.7 displays the impact of the magnetic field on the isotherm. The 

isotherm profiles of MHD-based flow resemble those of non-MHD flow (Ha = 0). 

However, as Ha increases, the concentration of the isotherm near the active walls 

decreases, indicating a decrease in buoyancy-driven heat transfer (indicated by the 

value of Nu at the bottom of individual snapshots). This is due to an increase in the 

Lorentz force in the vertical direction, which suppresses the influence of the buoyant 

force (driving force). The clustering of the isotherms adjacent to the hot wall 

decreases, signifying an increase in the thickness of thermal boundary layers. This 

indicates that the convective heat transfer decreases with an increase in magnetic 

field for all the cases investigated.  

 = 30°  = 45°   = 90°   = 135°  

    

 

Figure 6.8 Magnetic field inclination () impact on streamlines at Ha = 70 and Ra = 106. 

6.3.4 Impact of magnetic field inclination () 

The influence of magnetic field orientation (γ) on the flow pattern and 

temperature distribution is examined for Ra = 106, Ha = 70, ζ = 0.02, and varying γ 

from 0° to 180° in Figures 6.8 and 6.9. The direction of the magnetic force has a 

significant impact on local fluid velocity and temperature, as the component of 

Lorentz force changes in both X and Y directions with changing γ. The results of the 

flow pattern and temperature distribution for γ = 0° and 180° are identical, but they 
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vary for other specific values of γ. The flow structure and isotherm profile for γ = 0° 

are discussed earlier in Section 6.3.3. Hence, the results corresponding to γ = 30, 45, 

90, and 135° are presented in Figures 6.8 and 6.9.  

In Figure 6.8, the symmetric pattern of the streamlines is lost when γ = 30, 45, 

and 135°, with the convection cells tilting to the right for γ = 30 and 45° and to the left 

for γ = 135°. In the case of the circular annuli (Cases 1 and 2), the flow pattern for γ = 

90° is similar to γ = 0°, but a pair of secondary cells are found at the top of the vertical 

mid-plane for the square annular system (Base case). It is also found that the flow 

strength reaches its peak at γ = 90°, where the Lorentz force acts normally to buoyant 

force, implying that the component of Lorentz force opposing buoyant force is zero. 

The sharing of Lorentz force alters in both X and Y directions with a change in γ, 

resulting in a change in flow strength for different γ (30, 45, and 135°). 

 = 30°  = 45°  = 90°  = 135°  

    

 

Figure 6.9 Magnetic field inclination () impact on isotherms at Ha = 70 and Ra = 106. 

The orientation of the magnetic field (γ) has a significant impact on the rate of 

heat transfer that can be realized from the distribution of isotherms shown in Figure 

6.9. In buoyancy-driven convection, the velocity and temperature are interrelated, and 

thus, the isotherm profiles lose their mid-vertical symmetric pattern except for γ = 0, 

90, and 180° (Figure 6.9). The isotherm profiles for all cases resemble a plume-like 
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structure. At γ = 90°, the plume-like structure remains vertical and symmetric about 

the vertical mid-plane. However, when γ changes, the distribution of the Lorentz force 

also changes in the X and Y directions, and it causes changes in the isotherm profiles. 

The plume-like structure tilts to the right at γ = 30 and 45°, and the left at γ = 135°. In 

the case of the circular annular system (Case 1 and 2), the isotherm profiles for γ = 

90° are similar to those for γ = 0°, while for the square annular system (Base case), a 

pair of plume-like structures are formed at γ = 90° due to the secondary convection 

cells formed at the upper portion of the system (ref. Figure 6.8). It is worth noting that 

the heat transfer is maximum when γ = 90°, as the Lorentz force acts horizontally, 

resulting in a zero component of Lorentz force acting in the vertical direction. This 

minimal resistance offered by Lorentz force to buoyancy force (the driving force) 

leads to maximum heat transport at γ = 90°. As the value of γ changes, the component 

of Lorentz force alters in both the horizontal and vertical directions, resulting in a 

change in thermal energy transportation.  

6.3.5 Parametric impacts on entropy generation 

This section investigates the impact of various parameters on entropy 

generation (EG) in buoyancy-induced MHD nanofluidic convection, which is crucial 

to determine the irreversibility in a thermodynamic system. The total local EG (NSl) 

comprises irreversibility caused by the temperature gradient (NStg), viscous effect 

(NSv), and magnetic field (NSm). All these entropy quantities are taken in 

dimensionless form for the parametric analysis. Contour plots are used to present the 

results in normalized values as indicated in individual figures in Figures 6.10−6.16. 

The results show that NSv and NSm have insignificant contributions to total EG when 

compared to NStg. Therefore, NStg has a significant impact on total EG, and their 

values are almost equal. For brevity, the results of NStg are not reported here. The 

effects of Ra, Ha, and γ parameters on the total local distribution of EG are depicted in 

Figures 6.10 to 6.12, respectively. Thereafter, the viscous and magnetic entropy 

generation components are presented in Figures 6.13 to 6.16. The quantitative 

information is mentioned below each parametric figure as (NSt,l) that indicates the 

total EG over the entire domain (NSt) and the local maximum NS (NSl). 
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Ra = 103 Ra = 104 Ra = 105 Ra = 106 

    

 
(Normalized as NSl/column max. NSl) 

Figure 6.10 Entropy generation at Ha = 0 for different Ra values. 

Figure 6.10 demonstrates the effect of varying Ra from 103 to 106 on the total 

local EG for a fixed value of Ha = 0, and ζ = 2% for three distinct cases (Base case, 

Case 1, and Case 2). Upon analysis, it is discovered that the local EG (NSl) values 

below the inner wall as well as the top portion of the outer wall is higher, a finding 

that aligns with the static temperature contour represented in Figure 6.3. It is worth 

noting here that the temperature gradient is strong near the region with high EG 

around the inner heaters. The overall EG value is observed to be lower for low Ra 

(≤104) because the thermal gradient is reduced at low Ra values. However, with an 

increase in Ra value, the convective mode dominates the conductive mode of thermal 

energy transfer, increasing a temperature gradient. Thus, the value of NStg and NSl 

increases with a rise in Ra, leading to an increase in total EG. Due to the presence of 

sharp corners, the maximum value of NSl is higher for the square base case than its 

alternative circular annuli (Cases 1 and 2). However, the integrated value of NSl over 

the entire flow domain, which is indicated by NSt, shows relatively higher values for 

the circular cases, particularly at higher Ra (105, 106), due to the higher rate of heat 
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transfer resulting from a higher temperature gradient. From the graphical results, it is 

very clear that the entropy production is intensely localized near the sharp corners of 

the inner square walls that act as a heating source for the square annular thermal 

system. 

Ha = 10 Ha = 30 Ha = 50 Ha = 70 

    

 
(Normalized as NSl/column max. NSl) 

Figure 6.11 Entropy generation at Ra = 105 for different Ha values. 

Figure 6.11 displays the effect of varying Ha (10, 30, 50, and 70) on the total 

EG for three distinct cases (Base case, Case 1, and Case 2), with a fixed value of Ra = 

105, γ = 0°, and ζ = 2%. For low Ha (= 10), the local NS value is high adjacent to the 

lower region of the inner wall and the upper region of the outer wall, irrespective of 

different configurations. However, for high Ha (= 100), the value of local NS is high 

at the lower part of the inner wall. The EG distribution for Ha (= 30 and 50) falls 

between the two extremes. These results for total EG (NSl) are consistent with the 

isotherm profile shown in Figure 6.7. The temperature gradient is high in the region 

with high EG, as seen in the figure. As the Ha value increases, so does the Lorentz 

force, which suppresses the impact of buoyant force, resulting in less heat transport 

for a given temperature difference. Consequently, the total EG value decreases as Ha 
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values increase. Notably, for MHD-based flow, the NS value of the circular annuli 

(Cases 1 and 2) is higher than that of the square annulus (Base case), which is also 

found for the non-MHD flow situation (Ha = 0). It is also worth mentioning that the 

NS values of circular annular systems are nearly equal. 

  = 30°   = 45°   = 90°   = 135° 

    

 
(Normalized as NSl/column max. NSl) 

Figure 6.12 Total entropy generation at Ra = 106 and Ha = 70 for different  values. 

Figure 6.12 illustrates the impact of varying the angle of inclination, γ (= 30, 

45, 90, and 135°), on the total EG for a fixed value of Ra = 106, Ha = 70, and ζ = 2% 

for three distinct cases (Base case, Case 1, and Case 2). At γ = 90°, the contours of NS 

remain symmetrical about the vertical mid-plane, which is consistent with the results 

obtained at γ = 0°. However, as the magnetic field's orientation changes, the 

distribution of the Lorentz force in the X and Y directions changes, which results in 

non-symmetric profiles. A closer examination of the contour of local NS reveals that 

when γ < 90°, the contour of NS tilts to the right, whereas when γ > 90°, the contour of 

NS tilts to the left. Similar to the situation at γ = 0°, the value of NS of the circular 

annuli (Cases 1 and 2) is less than that of the square annulus (Base case). Moreover, 

the value of NS is almost the same for both cases of the circular annular system. 
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The impact of varying Ra from 103 to 106 on the viscous EG (NSv) is 

illustrated in Figure 6.13 for a fixed value of Ha = 30, γ = 0°, ζ = 2%. The local NSv 

value is observed to be higher near the annulus's inner and outer walls due to the 

development of a hydrodynamic boundary layer. NSv is also found to be higher near 

regions of the strong velocity gradient. The NSv value is extremely low for low Ra (= 

103) due to the prevalence of conductive mode of thermal energy transfer resulting in 

very weak fluid velocity. However, with increasing Ra, the convective mechanism of 

thermal energy transfer dominates, enhancing flow velocity, and leading to an 

increase in NSv value. 

Ra = 103 Ra = 104 Ra = 105 Ra = 106 

    

 
(Normalized as NSv/column max. NSv) 

Figure 6.13 Viscous entropy generation at Ha = 30 for different Ra values. 

Additionally, it is observed that NSv values for circular annuli (Cases 1 and 2) 

are lower than that of a square annular system (Base case) due to the smoother turning 

along the curved surface of circular annuli, reducing fluid friction. It is noteworthy 

that the order of magnitude of NSv is almost the same in both cases of circular annular 

systems. Despite this, the NSv order of magnitude is found to be relatively minimal in 
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comparison to total EG (NSt). Hence, NSv can be ignored in comparison to NSt, 

irrespective of the cases. 

 = 30°  = 45°  = 90°  = 135° 

    

 
(Normalized as NSv/column max. NSv) 

Figure 6.14 Viscous entropy generation at Ra = 106 and Ha = 70 for different values. 

In Figure 6.14, the impact of changing γ (= 30, 45, 90, and 135°) on the 

viscous EG (NSv) is presented for a constant value of Ra = 106, Ha = 70, and ζ = 2% 

for the studied three different cases. The local NSv value is higher in the vicinity of the 

annulus's inner and outer walls where the velocity gradient is strong, as observed for γ 

= 0°. This is due to the presence of a hydrodynamic boundary layer close to the walls. 

At γ = 90°, the contour of NSv is symmetric about the vertical mid-plane, similar to 

that at γ = 0°. When the orientation of the magnetic field changes, the Lorentz force 

distribution changes in the X and Y directions, leading to non-symmetric NSv contours. 

The contour of local NS reveals that the minimum value of NSv occurs at γ = 90°. This 

is because, at γ = 90°, the Lorentz force component that opposes the buoyant force is 

zero, resulting in less resistance to fluid motion and a lower NSv value. For other 

values of γ (= 30, 45, and 135°), the NSv value is lower for circular annular systems 
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(Cases 1 and 2) than that for a square annular system (Base case), owing to the 

reduced fluid friction resulting from the smooth turning on the curved surface of the 

circular annular system. The NSv order of magnitude is the same for both circular 

annular thermal cases. Regardless of the cases, the variation of NSv with γ is found to 

be insignificant.  

Ra = 103 Ra = 104 Ra = 105 Ra = 106 

    

 
(Normalized as NSm/column max. NSm) 

Figure 6.15 Magnetic entropy generation Ha = 10 for different Ra values. 

In Figure 6.15, the impact of changing Ra (103, 104, 105, and 106) on the 

magnetic EG (NSm) is presented for a chosen value of Ha = 10, γ = 0°, ζ = 2%. The 

local NSm value is observed to be higher in the annulus region where the fluid velocity 

is high. It is primarily concentrated at the inner (heat source) and outer walls (heat 

sink). For low Ra (= 103), the NSm value is exceptionally low. This is because, at low 

Ra values, heat transfer occurs due to the conductive mode leading to low fluid 

velocity. With an increase in Ra, the convective mechanism of thermal energy transfer 

improves, which enhances flow velocity. As a result, the NSm value increases with 

increasing Ra. Regardless of the cases, the order of magnitude of NSm is nearly the 
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same. Furthermore, when compared to NSl, the order of magnitude of NSm is 

significantly small.  

 = 30°  = 45°  = 90°  = 135° 

    

 
(Normalized as NSm/column max. NSm) 

Figure 6.16 Magnetic entropy generation at Ra = 106 and Ha = 70 for different  values. 

Figure 6.16 illustrates the impact of altering γ (30, 45, 90, and 135°) on the 

magnetic EG (NSm) for a specific value of Ra = 106, Ha = 70, and ζ = 2% for three 

distinct cases. Local NSm values are found to be higher in the annulus region where 

the flow velocity is high, similar to the case of γ = 0°. The flow velocity is observed to 

be higher after a little away from the active walls following the growth of the 

hydrodynamic boundary layer and it is reducing towards cores of flow circulations. At 

γ = 90°, the NSm contour is symmetric about the vertical mid-plane, consistent with 

the NSm contour at γ = 0°. As the magnetic field's inclination changes, the Lorentz 

force distribution in the X and Y directions changes, resulting in non-symmetric NSm 

contours. A detailed examination of the local NSm contour reveals that NSm is lowest 

at γ = 90°. This is due to the Lorentz force component opposing buoyant force being 

zero at γ = 90°, resulting in less resistance to fluid flow and lower NSm. Although the 
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order of magnitude of NSm is the same in all cases, its value is very low. Additionally, 

in all cases, the variation of NSm with γ is insignificant. 

6.3.6 Analysis of global thermal performance parameters (Nu, η) 

To assess the impact of geometrical shape on the overall thermal performance, 

the global heat transfer characteristics are computed. For this, the average Nusselt 

number (Nu), and the heat transfer enhancement/deterioration from the base case are 

evaluated. A heat transfer performance parameter (η) is defined as the ratio of the Nu 

difference to the Nu of the base case. The effect of varying Ra from 103 to 106 on the 

Nu is shown in Figure 6.17a while maintaining Ha = 0, and ζ = 2% fixed for three 

distinct cases (Base case, Cases 1, and 2). For all the cases, the Nu curves exhibit 

minor variation for Ra value up to 104, owing to the prevalence of the conduction 

mechanism of heat transport. However, when Ra exceeds 104, the value of Nu 

monotonically increases, indicating that the convective mechanism surpasses the 

conductive mechanism, resulting in superior thermal energy transport. At higher Ra 

values, the Nu curve of the circular annular system (Cases 1 and 2) is higher than that 

of the square annular system (Base case). This is also evident from the heat transfer 

parameter (η) shown in Figure 6.17b.  

  
(a) (b) 

Figure 6.17 Impact of Ra on (a) Nusselt number (Nu) and (b) heat transfer parameter (η). 

The heat transfer parameter for circular annuli (Cases 1 and 2) shows a 

positive value for a higher value of Ra (≥ 104), indicating an enhancement in heat 

transfer. The maximum value of heat transfer noted for Case 1 and Case 2 are ~7% 

and ~11%, respectively, at Ra = 105. This shows that Case 2 has the highest heat 

transfer enhancement and can be employed as the optimal thermal system to achieve 
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superior heat transport for non-MHD flow (Ha = 0). This is because Case 2 has a 

greater flow area or volume than the other cases.  

  
(a) (b) 

Figure 6.18 Impact of ζ at Ra = 106 and Ha = 0 on (a) Nu and (b) η. 

In this study, the effect of volumetric concentrations (ζ) of CuO nanoparticles 

on global thermal performance is investigated for all three cases. Figure 6.18a 

displays the Nu values for different ζ values (0−4%) with Ra = 106 and Ha = 0. The 

inclusion of nanoparticles in water, the base fluid, enhances the effective thermal 

conductivity of the working fluid. This leads to increased thermal convection and a 

stronger buoyant force, which results in improved thermal energy transport. As shown 

in Figure 6.18a, Nu increases with increasing ζ, however, η remains almost constant 

(Figure 6.18b), indicating that η remains unchanged as ζ varies. However, as 

expected, the heat transfer enhancement of Case 2 is greater than that of Case 1, with 

maximum values of enhancement of ~7 % and ~ 9 % for Cases 1 and 2, respectively. 

  
(a) (b) 

Figure 6.19 Influence of Ha at Ra = 106, γ = 0º, ζ = 2% on (a) Nu and (b) η. 
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The impact of Ha (from 0 to 100) on the global thermal performance of three 

different scenarios (Base case, Case 1, and 2) is presented in Figure 6.19, keeping Ra 

= 106, γ = 0°, and ζ = 2% fixed. It is observed that the presence of a magnetic field in 

a moving electrically conducting fluid produces an electromagnetic force, which 

affects the fluid velocity and heat transfer in MHD-based thermal convection. As the 

value of Ha increases, the retarding force increases, resulting in a decrease in the 

value of Nu. This is due to the reduction in the influence of the buoyant force. 

Figure 6.19b depicts the variation of the heat transfer parameter (η) with Ha 

for both Cases 1 and 2. The η curve remains horizontal for both cases, indicating that 

the heat transfer parameter remains constant with varying Ha. However, as Ha 

increases, there is a significant decrease in heat transfer owing to the sharp increase in 

the Lorentz force at Ha = 100. Similar to the non-MHD flow case, the value of η is 

positive for both cases, indicating that the circular annuli (Cases 1 and 2) have 

superior thermal performance compared to the square annulus (Base case). It is 

further observed that Case 2 has the highest value of η among the three cases, 

indicating that it is the most effective geometrical design for MHD flow (Ha ≠ 0). 

  
(a) (b) 

Figure 6.20 Effect of γ at Ra = 106, Ha = 10, ζ = 2% on (a) Nu and (b) η. 

Finally, the influence of magnetic field orientation on the thermal performance 

of the circular and square annular systems is investigated. Figure 6.20a displays the 

variation in Nu with γ (= 0−180°) for three different scenarios (Base case, Case 1, and 

2) while keeping Ra = 106, Ha = 20, and ζ = 2% fixed. The effect of Lorentz forces on 

buoyant force changes as the orientation of the magnetic field changes from 0 to 180°, 

causing the Nu values to vary. The results show that the Nu values at γ = 0° and 180° 

are the same for all the cases. However, at γ = 90°, Nu reaches its maximum value due 
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to the normal orientation of the Lorentz force with the buoyant force. The value of Nu 

for the base case is higher at γ = 90° compared to Cases 1 and 2 due to the formation 

of a pair of secondary cells observed for the square annular system, as shown in 

Figure 6.8. 

Figure 6.20b illustrates the influence of γ on the heat transfer parameter (η). At 

γ = 90°, the value of η is negative, indicating that the thermal performance of the 

square annular system is better than that of the circular annular system. This 

observation is consistent with the Nu values obtained at γ = 90° for all the cases 

shown in Figure 6.20a. The magnitude and direction of the Lorentz force acting both 

horizontally and vertically vary as the orientation of the magnetic field changes from 

0 to 180°, affecting its opposition to the buoyant force. Therefore, the component of 

Lorentz force acting on the buoyant force varies with the orientation of the magnetic 

field, causing the Nu and η values to change accordingly. 

6.4 Conclusions 

In this study, the thermal equivalence of the square annular system to its circular 

annular counterpart is examined, based on certain constraints. Three different cases 

are analyzed, including the Base case, represented by the square annular system, Case 

1, which represents a circular annular system with the same flow area or volume as 

the Base case, and Case 2, which represents a circular annular system with the same 

cooling length as the Base case. The impact of various parameters, including Rayleigh 

number (Ra), Hartmann number (Ha), magnetic field orientation (γ), and nanoparticle 

concentration (ζ), on heat transfer and irreversibility, is investigated for the different 

annular systems. The main findings of the study can be summarized as follows: 

• The shape of the geometry has a significant influence on fluid velocity, 

heat transfer, and irreversibility.  

• It is concluded that the thermal performance of a circular annular system is 

superior to that of a square annular system. Case 2 is found to be the 

optimal geometrical design for achieving better thermal performance. 

• The addition of nanoparticles to the working fluid leads to a significant 

improvement in heat transfer. At Ra = 106, Ha = 0, ζ = 4%, the highest 

enhancement in heat transfer is noted, compared to pure fluid (ζ = 0). 

• The magnetic field intensity plays a crucial role in controlling fluid flow 

and heat transfer in buoyancy-driven convection. Increasing the value of 
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Ha decreases the flow strength (ψmax) and heat transfer (Nu). Additionally, 

the orientation of the magnetic field plays a significant role in determining 

the overall rate of heat transfer. Notably, the total heat transfer rate reaches 

its maximum at γ = 90° for a specific combination of Ra, Ha, and ζ values. 

• The impact of viscous EG and magnetic EG is negligible compared to 

thermal EG. Therefore, the primary reason for thermodynamic 

irreversibility is thermal EG for this type of annular thermal system. 

• The total EG increases with Ra and ζ and decreases with an increase in Ha. 

The effect of magnetic field orientation (γ) on total EG is minor. 

• The integrated EG (total EG) of a square annular system is lower than that 

of a circular annular system; however, the local NS is markedly higher due 

to the presence of corner heating points. 
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Chapter – 7  
Outcome summary, Contributions and Future scope  

 

7.1 Overall outcomes of the present investigations 

The overall observations of constraint-based performance analysis are 

presented in Tables 7.1 to 7.3. 

Table 7.1 Performance analysis of the equivalent square and circular enclosures. 

Ra    Ha γ° Nusq (-min)sq ηcir 
(%) 

χcir  

(%) 

104 0.03 10 150 1.97 3.68 15 12 
 0.01 10 150 1.93 3.64 15 12 
 0.03 10 180 1.99 3.81 15 12 
 0.01 10 180 1.95 3.78 15 12 
 0.03 10 120 1.96 3.62 14 12 
 0.01 10 120 1.93 3.57 14 11 
 0.03 10 90 1.98 3.68 13 11 
 0.03 10 25 2.01 3.95 13 10 
 0.01 10 90 1.95 3.63 13 11 
 0.01 10 25 1.98 3.93 13 9 
 0.03 10 75 2.00 3.78 13 10 
 0.01 10 75 1.97 3.74 13 9 
 0.03 10 45 2.02 3.96 13 8 
 0.01 10 45 1.99 3.94 12 8 
 0.01 30 180 1.21 1.20 12 16 
 0.03 30 180 1.26 1.22 12 16 
 0.03 30 90 1.25 1.18 11 18 
 0.01 30 90 1.21 1.16 11 18 
 0.03 30 75 1.27 1.29 10 12 
 0.01 30 150 1.21 1.27 10 4 
 0.03 30 150 1.26 1.29 10 4 
 0.03 30 120 1.26 1.27 10 5 
 0.01 30 75 1.22 1.27 10 12 
 0.01 30 120 1.21 1.25 10 5 
 0.01 100 90 1.03 0.13 10 23 
 0.03 100 90 1.09 0.13 10 23 
 0.03 100 75 1.09 0.14 10 18 
 0.01 100 75 1.03 0.13 10 18 
 0.03 100 180 1.09 0.13 10 17 
 0.01 100 180 1.03 0.13 10 17 
 0.03 100 25 1.09 0.15 10 -1 
 0.03 100 120 1.09 0.16 10 -3 
 0.01 100 25 1.03 0.15 10 -1 
 0.01 100 120 1.03 0.16 10 -3 
 0.03 100 150 1.09 0.16 10 -7 
 0.01 100 150 1.03 0.16 10 -6 
 0.03 100 45 1.09 0.21 10 -22 
 0.01 100 45 1.03 0.21 10 -22 
 0.03 30 25 1.29 1.45 9 3 
 0.01 30 25 1.24 1.45 9 3 
 0.03 30 45 1.32 1.61 7 -5 
 0.01 30 45 1.27 1.61 7 -6 

 

 Ra  Ha γ Nusq (-min)sq ηcir  
(%) 

χcir  

(%) 

106 0.03 100 150 3.94 6.16 17 17 
 0.01 100 120 4.37 6.27 12 13 
 0.03 100 180 4.00 6.49 9 13 
 0.01 100 180 3.90 6.30 9 13 
 0.03 30 150 8.18 14.81 6 8 
 0.01 30 150 8.01 14.39 6 8 
 0.03 30 180 8.07 14.62 5 6 
 0.01 30 180 7.90 14.16 5 6 
 0.03 30 120 8.55 15.98 4 6 
 0.03 10 150 9.31 19.39 4 6 
 0.03 10 180 9.29 19.29 4 6 
 0.01 30 120 8.39 15.58 4 6 
 0.03 10 120 9.36 19.76 4 5 
 0.01 10 150 9.13 18.87 4 6 
 0.03 0 0 9.48 20.41 4 6 
 0.03 10 25 9.31 19.50 4 5 
 0.01 10 180 9.11 18.75 4 6 
 0.03 30 25 8.22 15.54 4 0 
 0.03 10 45 9.35 19.78 4 4 
 0.01 10 120 9.19 19.26 4 5 
 0.01 10 25 9.14 18.97 4 5 
 0.01 0 0 9.31 19.87 4 6 
 0.03 10 75 9.40 20.04 4 4 
 0.03 10 75 9.40 20.05 4 4 
 0.01 30 25 8.05 15.06 4 0 
 0.01 10 45 9.18 19.26 4 4 
 0.01 10 90 9.23 19.55 4 4 
 0.01 10 75 9.22 19.55 3 4 
 0.03 30 45 8.46 16.59 3 -4 
 0.01 30 45 8.29 16.13 2 -5 
 0.03 30 90 8.83 17.30 2 -1 
 0.01 30 90 8.67 16.92 2 -1 
 0.03 30 75 8.80 17.48 2 -4 
 0.01 30 75 8.64 17.08 1 -4 
 0.03 100 25 4.33 8.03 0 -7 
 0.01 100 25 4.22 7.76 0 -7 
 0.03 100 45 4.78 9.21 -7 -22 
 0.03 100 90 5.37 8.29 -7 -11 
 0.01 100 45 4.67 8.94 -7 -22 
 0.01 100 90 5.30 8.14 -8 -12 
 0.03 100 75 5.42 8.81 -11 -19 
 0.01 100 75 5.33 8.64 -12 -20 
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Table 7.2 Performance analysis of the equivalent square, trapezoidal and triangular enclosures. 

Trapezoidal Cavity (Case 1)  = 0.02 

  Ra Ha γ° Nusq (-min)sq Nu η 

(%) 

χ 

(%) 

103 100 0 1.13 0.01 2.84 151 42 

103 50 0 1.13 0.04 2.84 151 23 

103 30 0 1.13 0.12 2.84 151 2 

104 50 0 1.16 0.44 2.86 147 23 

103 10 0 1.16 0.59 2.85 145 -31 

103 0 0 1.24 1.12 2.87 132 -43 

104 30 0 1.29 1.13 2.96 129 5 

105 100 0 1.35 1.09 3.04 126 33 

105 70 0 1.71 1.99 3.36 96 25 

105 50 0 2.28 3.26 3.87 69 19 

104 10 0 2.08 3.73 3.50 68 -9 

104 0 0 2.46 5.21 3.77 53 -12 

105 30 0 3.34 5.68 4.87 46 16 

106 100 0 4.05 6.14 5.80 43 23 

106 70 0 5.46 8.51 7.40 36 25 

5 105 50 0 5.02 8.05 6.80 36 24 

106 50 0 6.80 10.80 8.88 31 27 

105 10 0 4.79 9.76 6.21 30 16 

5 105 30 0 6.52 11.07 8.38 28 25 

105 0 0 5.13 11.29 6.50 27 24 

106 30 0 8.42 14.18 10.58 26 27 

5 105 0 0 8.24 17.19 10.04 22 19 

106 10 0 9.81 19.02 11.93 22 22 

106 0 0 10.04 20.24 12.15 21 21 

105 70 150 1.69 2.10 3.51 107 40 

105 70 135 1.71 2.18 3.51 106 28 

105 70 90 1.77 2.12 3.41 93 -3 

105 70 30 1.90 3.00 3.23 70 -57 

106 70 150 5.49 8.24 8.29 51 195 

105 10 150 4.80 9.52 6.27 31 389 

105 10 135 4.82 9.50 6.26 30 352 

105 10 90 4.91 9.81 6.16 26 252 

105 10 45 4.87 10.08 6.10 25 78 

106 10 150 9.84 19.14 11.99 22 584 

106 10 135 9.87 19.34 12.00 22 526 

106 10 90 9.94 19.86 11.90 20 358 

106 70 30 5.90 10.39 6.80 15 97 

106 70 90 7.15 10.92 7.75 8 976 

106 70 45 6.31 11.15 6.80 8 475 
 

Triangular Cavity  = 0.02 

Ra Ha γ° Nusq (-min)sq η 

(%) 

χ 

 (%) 

103 100 0 1.13 0.01 530 44 

103 50 0 1.13 0.04 530 23 

103 30 0 1.13 0.12 529 1 

104 100 0 1.13 0.12 529 43 

104 50 0 1.16 0.44 514 23 

103 10 0 1.16 0.59 512 -35 

103 0 0 1.24 1.12 477 -47 

104 30 0 1.29 1.13 459 4 

105 100 0 1.35 1.09 442 35 

105 70 0 1.71 3.26 345 27 

105 50 0 2.28 5.21 256 20 

104 0 0 2.46 3.98 224 -16 

5 105 100 0 2.80 5.68 209 24 

105 30 0 3.34 6.00 172 15 

5 105 70 0 3.89 6.14 151 24 

106 100 0 4.05 8.05 146 24 

5 105 50 0 5.02 9.76 118 25 

105 10 0 4.79 8.51 116 14 

106 70 0 5.46 11.07 110 26 

105 0 0 5.13 11.29 107 14 

106 50 0 6.80 10.80 89 27 

106 30 0 8.24 14.18 71 28 

106 10 0 9.81 19.02 60 22 

106 0 0 10.04 20.24 58 20 

105 70 150 1.69 2.10 356 43 

105 70 135 1.71 2.18 351 37 

105 70 90 1.77 2.12 330 44 

105 70 30 1.90 3.00 295 -24 

106 70 150 5.49 8.24 120 54 

105 10 150 4.80 9.52 116 19 

105 10 135 4.82 9.50 115 19 

105 10 45 4.87 10.81 110 7 

105 10 90 4.91 9.81 109 12 

106 70 30 5.90 10.39 84 -3 

106 70 45 6.31 11.15 72 -7 

106 70 90 7.15   10.92   62 13 

106 10 150 9.84 19.14 60 23 

106 10 135 9.87 19.33 59 21 

106 10 90 9.94 19.86 57 16 
 

 

All these tables indicate Nu and circulation strength () of the base case 

(square system) and the percentage of enhancement/decrement of Nu and  of the 

alternative systems are presented by heat transfer performance parameter (η) and 

fluid-flow performance parameter (χ). The performance parameters are described in 

Section 2.3. In Table 7.1, MHD nanofluid flow at Ra = 104 and 106 clearly shows the 

enhancement in heat transfer in the circular thermal system are significant for certain 

values of other operating parameters such as Ha, , and .  
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Similar observations are noted in Tables 7.2 and 7.3 for trapezoidal and 

triangular systems as well as annular systems. The heat transfer enhancement is 

magnificent for the triangular system in almost all ranges of operating parameters. 

The thermal performance of cooling length constraint circular annulus is relatively 

good compared to volume constraint circular annulus. These outcome observations 

help to identify the optimal geometric shape for superior performance of different 

thermal systems taken for this investigation.  

Table 7.3 Performance analysis of the equivalent square, and circular annular enclosures. 

Annular Cavity  = 0.02 

Ra Ha γ° Nusq NuSqAn (-min)SqAn ηcAn1  

(%) 

χcAn1  

(%) 

ηcAn2  

(%) 

χcAn2 (%) ηSqAn/Sq  

(%) 

105 0 0 5.13 9.77 9.55 7 24 11 1 90 

105 10 0 4.79 9.21 8.16 7 22 10 1 92 

106 70 0 5.46 10.48 8.40 7 9 10 0 92 

106 50 0 6.80 12.48 11.61 7 8 10 0 84 

5 105 50 0 5.02 9.67 7.68 7 10 9 0 93 

106 0 0 10.04 16.49 23.87 7 27 9 10 64 

106 30 0 8.42 14.64 16.22 7 7 9 0 74 

106 10 0 9.81 16.25 22.18 7 20 9 7 66 

5 105 30 0 6.52 11.94 11.76 7 9 9 0 83 

106 0 0 8.24 14.24 19.48 6 19 8 2 73 

106 100 0 4.05 8.27 5.26 6 13 8 2 104 

105 30 0 3.34 6.97 3.93 6 22 7 3 109 

104 0 0 2.46 5.58 1.38 3 78 3 18 127 

105 50 0 2.28 5.80 1.73 4 30 0 9 154 

104 10 0 2.08 5.48 1.01 3 66 -2 18 164 

105 70 0 1.71 5.49 0.90 3 35 -4 14 220 

105 100 0 1.35 5.38 0.45 2 35 -6 15 299 

104 30 0 1.29 5.36 0.32 2 45 -6 17 314 

103 0 0 1.24 5.34 0.13 2 93 -6 25 332 

104 50 0 1.16 5.34 0.14 2 41 -6 18 360 

103 10 0 1.16 5.34 0.10 2 73 -6 23 359 

103 30 0 1.13 5.34 0.03 2 45 -6 18 373 

103 50 0 1.13 5.34 0.01 2 41 -6 19 373 

103 100 0 1.13 5.34 0.00 2 36 -6 17 373 

106 70 30 5.90 11.49 11.97 9 21 12 13 95 

106 70 150 5.49 11.49 7.81 9 -1 12 -7 109 

106 70 45 6.31 12.22 11.22 8 31 11 4 94 

105 10 45 4.87 9.39 8.64 7 31 11 8 93 

105 10 135 4.82 9.39 8.27 7 13 11 -4 95 

105 10 150 4.80 9.30 8.12 7 14 11 -4 94 

105 10 90 4.91 9.56 8.81 6 21 10 1 95 

106 10 150 9.84 16.29 21.82 7 15 9 3 66 

106 10 135 9.87 16.34 21.79 7 16 9 3 66 

106 10 90 9.94 16.42 22.23 7 23 9 8 65 

105 70 135 1.71 5.78 1.67 7 43 4 27 239 

105 70 150 1.69 5.64 1.22 5 50 1 33 233 

105 70 30 1.90 5.64 1.63 5 62 1 37 197 

105 70 90 1.77 6.74 3.42 -3 2 -4 -9 281 

106 70 90 7.15 15.40 12.39 -8 0 -6 -4 115 
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7.2 Contributions and future of the present work 

In this section, we summarize the original contributions of this thesis work and 

discuss its future implications. The following contributions are highlighted:  

• A novel constraint-based methodology is developed to investigate and compare 

the thermal performance of dissimilar cavities.  

• The constraint-based thermal analysis approach is utilized to investigate various 

thermal systems of square, circular, trapezoidal, triangular, and annulus 

geometries. The heat transfer and fluid flow of the alternative constraint-based 

equivalent geometries are generally found to be higher than the base square 

geometry case, indicating an enhanced heat transfer for the equivalent alternative 

thermal systems.  

• The order of heat transfer enhancement depends on the parametric values, which 

are detailed in the previous section in tabular form. This dataset could be directly 

useful for thermal system engineers and researchers when they utilize similar 

geometrical shapes.  

• The study reveals that the rate of heat transfer and associated transport flow 

structures can be modulated by controlling magnetic field parameters, with the 

magnetic field strength playing a strong role and the field inclination playing a 

significant role only at certain values of operating parameters.  

• The findings of this work could be utilized to better design thermal systems and 

enrich the knowledge in this field. The constraint-based analysis approach could 

potentially be useful for designing the optimal thermal-performing shape of 

cavities for specific applications.  

• This concept of improving heat transfer can be extended to other geometry 

configurations and multi-physical flow scenarios as future research. 

Overall, the contributions of this work have advanced our understanding of 

thermal systems and their performance. The findings could be utilized to improve the 

design of energy-efficient devices and contribute to the development of more 

sustainable technologies. In future research, this approach of constraint-based analysis 

could be applied to other geometry configurations and multi-physical flow scenarios 

to investigate their thermal performance. 
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APPENDIX 

Grid independence test 

The grid independence test was conducted to ensure that the numerical simulations were not 

significantly affected by the mesh size. This test is crucial to ensure the accuracy and reliability of 

the simulations. Mesh generation in two-dimensional problems was executed using the Finite 

Element Method (FEM), and the mesh structures for various geometries are shown in Figure A1. 

The details of the mesh studies are indicated in Table A1.  
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(d) (e) 

 
 

(f) (g) 

Figure A1.  Mesh structures for various geometries with Mesh 3: (a) Square geometry (Base case), (b) 
Equivalent circular geometry, (c) Triangular geometry, (d) Trapezoidal geometry, (e) Square annulus (Base 
case), (f) Equivalent circular annulus I (volume constraint), and (g) Equivalent circular annulus II (cooling 
length constraint).

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Table Al. Mesh independence study results with Pr= 5.83,(= 0.01, Ra = 10". Mesh & global parameters Mesh 1 
(a) Square geometry (base case) (with Ha = 0) 
Total elements 

Element size: min. -max. 
Avg. Nu 

min 

Total elements 

Element size: min.-max. 
Avg. Nu 
Wmin 

(b) Equivalent circular geometry (with Ha = 0) 

Total elements 

Element size: min.-max. 

Avg. Nu 
Vmin 

Total elements 

Element size: min.-max. 

Avg. Nu 
Vmin 

Total elements 

Element size: min. -max. 

Avg. Nu 
Umin 

Element size: min.-max. 

Avg. Nu 

1000 

Vmin 

0.004 

9.6253 

() Equivalent triangular geometry (with Ha = 30) 

Element size: min.-max. 

-19.985 

Avg. Nu 
Vmin 

730 

conducted in the study. 

-21.260 

934 

(e) Square annular geometry (with Ha = 30) 
1867 

0.009-0.196 

11.544 

-18.399 

(d) Equivalent trapezoidal geometry (with Ha = 30) (Case 3) 
1038 

0.004-0.087 

9.0985 

0.087 

-16.034 

0.00451-0.0982 0.00339-0.0756 0.00113-0.0395 
9.9778 

14.074 
-16.190 

Mesh 2 

1056 
0.00469-0.102 

15.008 
-16.212 

1538 

0.003 -0.067 
9.6233 

0.00525-0.114 

15.304 

-19.941 

-17.398 

1210 

9.9884 
-21.134 

1484 

0.00675-0.151 

11.748 

2801 
0.00412-0.08970.00309-0.0691 

-18.292 

1578 

0.003-0.067 

9.0984 

-15.978 

14.057 
-16.177 

1462 
0.00352-0.0786 

15.004 
-16.155 

1398 

0.00394-0.0879 

Mesh 3 

15.305 

6524 

() Equivalent circular annular geometry I (with Ha = 30) (volume constraint) 

Total elements 

-17.383 

0.001 - 0.035 
9.6244 

179 

-19.923 

5292 

9.982 1 

-21.073 

6920 

12.582 

-17.960 

6939 

0.001-0.035 

9.0966 

-15.950 

10837 

0.00103-0.0361 

14.044 

0.00225-0.07880.0009-0.063 

-16.158 

6090 

0.00117-0.041 

15.016 

-16.139 

5974 
0.00131-0.0459 

Mesh 4 

15.296 

16966 

17.336 

0.0004 -0.028 

9.6241 

-19.920 

13434 

0.00045 1-0.03 16 
9.9776 

-21.059 

19606 

(g) Equivalent circular annular geometry lI (with Ha = 30) (cooling length constraint) 

1068 
Total elements 

13.223 

-17.950 

18140 

0.0004 0.028 

9.0964 
-15.950 

27025 

0.000412-0.0289 

14.041 

-16.156 

16840 

0.000469-0.0328 

15.013 

-16.135 

16646 

0.000525-0.0367 

15.293 

-17.337 

These results provide information about the mesh sK 2VErage Nusselt number (No) s 

minimum stream function (Wmin) for different meshes and geomeies. M Mesh 3 is often selected i 

the present simulations as it provides a balance between accuracy and computational 

This rigorous grid independence testing ensures the reliability of the numerical siulatun 
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