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Answer any four questions 4 %10
1. (a) Define the Ramsey Number r(m,n) for natural numbers m,n. Prove that r(2,n) = n

for all n. > 2 and r(3,3) = 6.

{b) Define the adjacency matrix of a graph. Let G be a graph with n vertices vy, va,...,vs
and A be the adjacency matrix of & with'respect to this ordering of vertices. Prove that
the (4, j)-th entry of A* denotes the number of distinct walks of length k from v; to vy
in G for all positive integer k.

(a) Define a bipartite graph. Prove that a graph is biﬁartite if and only if it does not contain
any cycle of odd length.
(b) Define a cut edge of a graph. Let G = (V, E) be a connected graph and ¢ € E. Then

show that e is a cut edge if and only if ¢ does not belong to any cycle of G.

(a} Define a Hamiltonian graph. Let G be a simple graph with n > 2 vertices. If degree of

each vertex is at least 2, then prove that G is Hamiltonian.

(b} Define an Eulerian trail of a graph. Prove that a connected graph G has an Eulerian

trail if and only if G has only two vertices of odd degree.

(a) Define é, matching M and an M -augmellting path of a graph. Show that a matching M
in a graph G is a maximum matching if and only if G has no M-augmenting path.

(b) Define a vertex cover of a graph G. Prove that in a bipartite graph G, the maximum

size of a matching G is equal to the minimum size of a vertx cover of G.

(a) Define the chromatic number x(G) of a graph G. If a graph G has a degree sequence
di > dy > -+ > dy, then show that x{G) < 1+ max; min {d;,7 — 1}.

(b) Define the chromatic index x/(G) of a graph G. Prove that in a bipartite graph G,
X' (G) = A(G), where A{G) is the maximum degree of vertices of G.

(a) Define a chordal graph. Show that a graph G is chordal if and only if it has a perfect
elimination ordering.

(b) Define an interval graph. Show that an interval graph cannot contain an induced 4-cycle.



