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THESIS  SUMMERY 

Design of the tracking control system for any dynamic system is indispensable in the area of 

research and the industrial environment. Controlling the plant is essentially required, so that it 

can follow the desired trajectory or reference input trajectory. Different feed-forward 

techniques like model-based feed-forward, enhanced feed-forward, two feed-forward, adaptive 

feed-forward, feed-forward model inverse control have been applied till date, but among all 

these techniques, adaptive feed-forward is the most effective control approach. Adaptive feed-

forward needs the inverse of the system model, but it is feasible when the system is linear and 

its inverse model exists. 

There are two major classes in the dynamic system in control system engineering, MP 

and NMP system. RHP zero exhibits non-minimum characteristics in the system leads to 

internal instability of the system dynamics and obstruct good tracking of desired trajectory. It 

is one of the difficult tasks to design the tracking control system of the system, which has right 

hand plane (RHP) zeros in the complex plane. In the frequency domain, RHP zeros produce 

large phase lag, and in the time domain it exhibits initial undershoot. 

Initial undershoot and overshoots are found in the step response of NMP systems, which 

are unavoidable and obviously undesirable dynamic characteristics as they obstruct the good 

tracking of NMP systems. Initial undershoot and overshoots are produced due to RHP zeros in 

the transfer function model of the NMP system. It has been experimented that odd and even 

number RHP zeros exhibit undershoots and overshoots respectively. So, obviously, an odd 

number of RHP zeros are responsible for the initial undershoot which needs to be reduced or 

eliminated for perfect tracking of the NMP system. 

Exact set point tracking is required in many of the practical, dynamic systems and it 

may be possible if the inverse transfer function model of the system is connected in 

cascade with the original one. But this technical concept is confined to MP systems only, 

whereas, in the case of an NMP system, it produces unbounded output response. The adaptive 

inverse model technique is also a very useful tracking control method for dynamic systems, but 

it is applicable for MP systems only. In the case of an NMP system, it gives an unbounded 

output response as RHP zero becomes RHP poles. So, an efficient method is essentially needed 

for achieving the approximate desired trajectory tracking of an unstable inversion-based NMP 

system. Here, one novel control technique has been proposed, where direct MRAC and 

arbitrary pole placement method based SFB schemes are considered for feed-forward and 
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feedback compensation in the 2DOF framework, respectively. The inverse transfer function 

model of the NMP system is considered as a plant for feed-forward controllers, whereas a non-

inverse NMP system has been made for feedback compensation, and both the controllers are 

decoupled with each other. 

The plant for the direct MRAC scheme needs to be inversed, so, the designing of this 

controller is very difficult for the NMP system, as the inverse transfer function model of NMP 

becomes unstable due to its RHP zeros. 

So, the development of a proper control system for the trajectory tracking control 

performance of the stable or unstable NMP system with the direct MRAC structure is very 

difficult, as this control scheme essentially requires inversion of the system model. 

As the RHP zeros convert to RHP poles after inversion of the transfer function model 

of the NMP system model, it obviously produces an unbounded output response. To circumvent 

this problem regarding the inverse model based tracking approach of the NMP system, a 

MRAC based 2DOF control technique has been proposed in this research work. 

SFB control using appropriate closed loop poles has been considered as one of the best 

control techniques for an unstable system. 

First, we designed the MIT rule based MRAC as a feed-forward compensation of the 

2DOF control structure for an inverse model of an NMP system and it has been applied to an 

unstable NMP system for reference input trajectory tracking. Two major problems are found 

in this MIT-based MRAC control algorithm. One is, the initial undershoot has not completely 

been nullified, and the other is, stability proof of the control algorithm could not be performed. 

To mitigate these disadvantages using the MIT rule MRAC, Lyapunov Design technique has 

been developed for feed-forward MRAC compensation employing the 2DOF control 

technique. The same numerical example, which has been taken for the MIT based control 

scheme, is again considered for the Lyapunov based MRAC control technique, and it has been 

observed that it produces better results than the previous one. 

In this research work, it has been experimented using different types of RMP model, 

like, un-damped, under-damped, critically damped and over-damped RMP model with the 

same plant model in this MRAC structure based on proposed control methodology and we 

observed that the output response of the controlled plant literally follows the trajectory paths 

and dynamic characteristics of those dissimilar RMP’s output trajectories. 
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Undesirable initial undershoot and overshoots are obvious in the step response of the 

NMP system and their number depending on the number of zeros placed on the RHP of the 

complex plane. Here, three types of SISO NMP systems, which have one, two and three RHP 

zero, respectively, and one TITO NMP system, which has one RHP zero, have been considered 

for the verification of this MRAC-based proposed control scheme. 

We have applied the proposed control methodology to the 3rd order and 4th order NMP 

system model. One practical mechanical hardware plant, which consists of mass, spring, 

damper elements and produces a 4th order transfer function model is considered because one 

part of this mechanical hardware plant exhibits NMP characteristics. The output responses of 

the above controlled plants have been compared with the PID and SFB and MRAC controlled 

plants and better results are observed than the other three control schemes. To verify the 

tracking performance, along with the unit step input, unit ramp and a sine wave signal have 

also been applied to those closed loop controlled plants. The 4th order mechanical NMP system 

has also been compared with the disturbance rejection controller, which has been presented in 

other literature and better performance has been observed. 

After the satisfactory performance of the proposed MRAC based 2DOF control 

methodology on the 2nd order, 3rd order unstable NMP plant and 4th order practical mechanical 

system, a realistic Op-amp based 2nd order NMP system has been developed in MATLAB 

SIMULINK environment, which has one zero at RHP of S plane. Then the inverse model of 

that NMP system has been constructed.  At first, the SFB controller of that NMP plant has been 

designed, and then the proposed MRAC scheme for the inverse NMP plant has been designed 

which plays the feed-forward compensation of the 2DOF control structure, whereas the SFB 

controlled non-inverse NMP plant acts as its feedback counterpart. We have constructed a 1st 

order RMP model using the MATLAB toolbox, for the feed-forward MRAC structure, whose 

output trajectory should be followed by the closed loop controlled plant. This realistic Op-amp 

based 2DOF control structure is effectively verified by the software simulation in the MATAB 

SIMULINK environment. 

Next, to validate the proposed control algorithm, an analog simulation of the same Op-

amp based NMP system with real Op-amp and necessary electronic components in a real 

environment has been performed. 

After examining both the controlled scheme by using software simulation in the 

MATLAB SIMULINK environment and analogue simulation in a real hardware environment, 
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it is clearly observed that analogue simulation in a real-time environment yields better results 

than the software simulation, though the gain adjustment with the electronics components is a 

really tough task for the researcher. The initial undershoot, which is obvious in the step 

response of the NMP system, has been reduced in software simulation but completely nullified 

by hardware simulation. 

Finally, to conclude, researchers can take the freedom to claim that the proposed control 

law is not only able to solve the tracking and stability problem of the NMP system theoretically, 

but it also exhibits the robust performance of this control approach in a real hardware 

environment. 
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CHAPTER 1 

Introduction 

1.1 Non-minimum Phase System 

In control system engineering, there is considerable research work on control systems found 

since1950 and they can be classified in innumerable ways. Depending on the system property, 

the system can be classified as a minimum phase (MP) or non-minimum phase (NMP) system 

[1]. The zeros of the system play a major role in the performance of the controlled system, 

which has been studied from the early decades. An NMP system is that system which has at 

least one zero placed on the right-hand plane (RHP) of the complex plane. A system with 

unstable and anti-causal characteristics can also be termed as an NMP system [5]. 

In MP and NMP systems, both may have the same amplitude, but the NMP system has 

a larger phase angle than the MP system [3]. As the NMP system has a higher percentage of 

uncertainty due to the zeros placed at the RHP of the complex plane, it produces a greater level 

of instability or uncertainty. So, the control system without zero is much easier than the 

controlling of the system, which consists of RHP zeros [1]. 

The system representation of any physical model may be done by a transfer function 

model and a state space model. By observing the pole zero position of the transfer function 

model in the s plane, the system can be categorized into stable, unstable or minimum phase 

(MP) and non-minimum phase (NMP)systems. Considering, the two systems can be described 

by the following equations, respectively [10], 

1

1

1
( )

1

S
G S

S









       [1.1] 

and 

2

1

1
( )

1

S
G S

S









       [1.2] 

Where, in both the transfer functions, poles are, at 
1

1


, but in the case of zero, it is 


1


for, 1( )G s and

1


for 2 ( )G s . 

 



Chapter 1  Introduction 

2 

In the frequency domain, though the amplitude responses of both the above systems are 

the same, there is a difference in phase angle response. It has been found that the phase 

contribution of the system, G2(S), is larger than the system, G1(S). The G1(S), G2(S) are 

named the MP system and the NMP system respectively [2]. There is a limited number of open 

literature describing the design of controllers for the higher order system model, so, in most 

cases, the higher order model is approximated to the first order plus a time delay which leads 

to the NMP system [3]. So, the time delay in the dynamics of the system is another cause of 

the NMP characteristics of the system. Practical real-time systems like an underwater vehicle 

system naturally suffer from time delay in its control action, which exhibits NMP 

characteristics in its dynamics [4]. 

In these kinds of systems, most of the time, there is an undershoot or over and 

understood responses have been found in the step response of the system. “Undershoot” is one 

of the undesirable phenomena which are obvious in the step response of the NMP system. The 

undershoot is that output response due to the step input signal, which is the first move to the 

opposite side of the desired output response and then changes to the desired direction and tries 

to converge to its positive steady state value [5]. 

Based on the number of zeros and the location of the zeros placed at the RHP of S plane, 

the system dynamic exhibits the phenomena of undershoot or over and undershoot in the step 

response of the NMP system. 

The step response of a system with an odd number of RHP zero produces the output 

trajectory, which, initially, goes opposite to the desired steady state output response. Internal 

instability is inherent in the system dynamics due to these unavoidable undershoots or 

overshoots in the time response of the NMP system [6]. 

Unlike the MP system, there are some limitations present in the NMP system, like, good 

regulation can be obtained from the invertible MP system, whereas the NMP system lacks it 

[7]. Also, in the closed loop form of the NMP system, it becomes unstable and as a result, root 

locus based control system design leads to constraints. Zero or zeros placed at RHP reduce the 

stable region, which is required for the designing of suitable control for NMP systems, but RHP 

zero makes some of the NMP systems totally unstable and uncontrollable. So, it may be stated 

that open loop zeros, which are placed at the RHP on the s plane, are responsible for the crucial 

performance of the closed loop system [7]. 

 



Chapter 1  Introduction 

3 

1.2 Motivation 

Some peculiar characteristics commonly found in the step response of the NMP system are 

initial undershoot, overshoot and zero crossing, which are not acceptable as they obstruct 

perfect tracking of the NMP system. When we want to change the temperature of the water in 

a hot water system, or shower, we turn the tap in the right direction, but, at first, or, initially, 

we get cold water in a state of hot water. This phenomenon is very common in our day-to-day 

life. Another example is, it may be observed frequently, that the tires of a car do not respond 

according to the movement of the steering of the car. If a car driver wants to move the car in 

the right direction, and according to that, he turns the steering to that direction, but, the tires 

first move to the left direction. In the above examples, it has been noticed, that, after some time, 

the desired performance of the hot water system and car system respond to the command signal. 

The same incident happens with the steering of a bicycle or motorcycle [2]. A bicycle 

or motorcycle is inherently in an unstable state and falls over [8], [9]. In the case of an aircraft 

system, the nose of the aircraft moves up and the aircraft begins to climb when the pilot pulls 

back the elevator control stick. As the typical undershoot phenomenon is obvious in the aircraft 

system, the aircraft first goes down as the pivots of the aircraft body goes down into the center 

of gravity, after a delay, it moves up, and the passenger sitting in the tail of the aircraft can feel 

this peculiar phenomenon of NMP characteristics. 

In a level control system, the volume of the boiling water may need to be raised, and it 

has been done by adding the cold water, but in this action, it has been found, that, initially, the 

water level becomes reduced due to the bubble formation that occurs in the level control 

system. 

These unavoidable phenomena we always experienced in a real practical environment 

and this inspired us to design the perfect control system required for this type of system, named 

the NMP system. 

When the desired output is just a constant value, it can be treated as a special case of 

regulating problem [11]. But, in most cases, the design of a tracking control system for any 

dynamic system is essentially required and the goal of the controlled system is to meet the 

desired time-varying signal in industrial and research environments. There are so many 

methods of developing tracking controls found in the literature, but few of them explain perfect 

set point tracking of controlled systems. 
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Exact set point tracking can be possible by the cascaded connection of an inverse 

transfer function model with a non-inverse transfer function model, because poles and zeros of 

both functions are cancelled to each other. But, this technique is only applicable to the MP 

system. 

In the case of an NMP system, it produces an abrupt unbounded output response. This 

phenomenon also encourages us to build an efficient tracking controller for NMP systems. 

1.3 Problem Statement 

In control system engineering, perfect reference input tracking can be possible by using an 

inverse transfer function model based system shown in the following diagram- 

 

Fig .1.1 Block diagram of cascaded inverse and non-inverse system model and outputs for MP 

systems 

But it is restricted to minimum phase (MP) systems only, where all zeros are placed in 

the left-hand plane (LHP) in the frequency domain; whereas, the inverse model-based control 

method does not work because the right-hand plane (RHP) zero-converted to RHP poles when 

the inversion of the transfer function model is done and it leads to instability. 

 

Fig. 1.2 Block diagram representation of the series connected inverse and non-inverse transfer 

function model of MP system 
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In Fig. 1.2, exact matching of output with reference input is possible as poles (

1 2, ,..., nP P P   ) and zeros (
1 2, ,... mZ Z Z   ) of the polynomials become removed by the 

technique of pole zero cancellation, but, for the NMP, this method will not work, rather, it will 

exhibit oscillatory output response. 

It is very challenging for NMP systems as the tracking controller has to solve a twofold 

problem. One is to stabilize the NMP plant, and the other is to track the desired trajectory 

specified by the set point signal [12]. 

These difficulties may be overcome by the proposed structure of Fig. 1.3. 

 

Fig. 1.3 Block diagram of 2DOF controlled NMP plant 

Here, a feedback controller has been used to stabilize the system, where the feed-

forward controller is connected in series with a feedback controller to get the required tracking 

control system. 

Adaptive feed-forward compensation is one of the feasible techniques to solve the 

tracking problem of a dynamic system.  But, as it also requires an inverse model of a dynamic 

system, it is a challenging task to design a proper adaptive inverse feed-forward control 

technique for the NMP system. In order to circumvent this difficulty in the design of a suitable 

tracking controller for an NMP system, a 2DOF control structure has been proposed, where the 

MRAC controller as a feed-forward controller and the state feedback (SFB) compensator 

as feedback controller and both the controllers are decoupled with each other shown in the Fig. 

1.3. 
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Fig. 1.4 Block diagram of 2DOF controlled NMP with MRAC as feed-forward and SFB as 

feedback controller 

Here, an inversion based model of the NMP system acts as a plant for the feed-forward 

scheme to get the desired trajectory tracking performance, and a non-inversion based NMP 

system has been considered for the feedback controller in the 2DOF control structure. Feedback 

controllers in the 2DOF scheme solve the stabilization problem of the unstable NMP system, 

which has been frequently observed in the NMP system. 

1.4 Research Potential 

The proposed algorithm has been derived based on the Lyapunov Design technique. As the 

control law design is based on the Lyapunov Design technique, stability is ensured 

spontaneously while deriving the parameters of the control law. Moreover, we have employed 

the error dynamic model for the design of the control law, and it enabled us to directly check 

the robustness of asymptotic stability as well as perfect tracking, i.e. 0e as t  .Thus 

robustness in stability, as well as robustness in tracking, is satisfied. The tracking performance 

has been verified by Barbalat’s Lemma. In this work, we have developed a 2DOF based MRAC 

for achieving robust tracking of the NMP system. The feed-forward part of the 2DOF control 

has been derived from the MRAC technique, and a feedback control law has been implemented 

based on the state feedback control law. The adaptive nature of the feed-forward control law 

in the model reference framework helped us to achieve the robust tracking performance of the 

overall system, whereas the feedback control law helps us to stabilize the system. To the best 

of the knowledge of the authors, the application of 2DOF control employing MRAC in the 

feed-forward loop and state feedback control in the feedback loop to overcome the ill-effects 

of NMP systems during tracking control has never been addressed in the literature. 
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1.5 Thesis Organization 

Thesis has been organized as follows: 

Chapter 1: provides a brief description of the NMP system and its limitations. Problem 

formulation of this research work has been demonstrated here. Problems that arise in the 

designing of the tracking control system for exact set point tracking for the NMP system are 

briefly discussed here. The reasons behind the selection of the NMP system as a plant model 

for the designing of tracking controller have been demonstrated clearly. In the end, the 

potentiality of this research work has been stated. 

Chapter 2:  includes mainly an overview of the literature survey regarding the control 

problem of stabilization and tracking of NMP systems, and it consists of the introduction, 

difficulties arise regarding tracking control of NMP systems. It also provides a brief discussion 

on present and past control techniques of the NMP system. 

Chapter 3: presents the application of 2DOF control scheme in different industrial and 

research areas in control system engineering in its introduction. The block diagram of the 

proposed 2DOF control scheme has been presented and it demonstrates a brief description of 

its feed-forward and feedback compensation. At the end, there is a statement of justification 

for proposing this 2DOF control structure. 

Chapter 4:  presents the structure of the proposed MRAC control scheme which played 

the feed-forward control part of the 2DOF structure. It also stated the robustness of the 

proposed control technique. 

Chapter 5: describes the detailed development of an arbitrary pole placement based SFB 

control algorithm which acts as a feedback counterpart in the 2DOF control structure to 

stabilize internal instability of the NMP system. 

Chapter 6: represent the application of the proposed 2DOF control scheme on a 2nd 

order NMP system. MIT rule based MRAC technique as feed-forward control part of 2DOF 

has been applied here and SFB compensator as feedback counterpart. Though to some extent, 

satisfactory results is obtained here, but, MIT rule based MRAC could not prove the closed 

loop stability and tracking error convergence. Other than that, there are some difficulties arises 

in this technique, and those are discussed in this chapter. 

Chapter 7: provides a demonstration of the generalized control algorithm of the MRAC 

method, which is based on Lyapunov Design technique. Here, a concise form of the total 
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algorithm has been presented in the flow chart diagram. 

Chapter 8: presents the application of Lyapunov based MRAC in the 2DOF framework 

on the same numerical example of an NMP system, which has been considered by the MIT rule 

based MRAC technique (discussed in chapter 6).  The problem found by the MIT rule based 

on MRAC has been easily solved by Lyapunov Design technique based MRAC, which acts as 

a feed-forward control technique in the 2DOf framework. 

Chapter 9: has considered four types of reference model for the MRAC structure to 

verify the unique properties of the 2DOF based MRAC method based tracking control system. 

Under-damped, un-damped, critically damped and over-damped transfer function models have 

been chosen for the reference model plant (RMP) of the MRAC structure. After application of 

the proposed control technique on the NMP system model, it has been observed, that output 

responses of the 2DOF controlled system almost track the under damped, un-damped, critically 

damped, and over-damped trajectory of reference models provided by the MRAC structure. 

Chapter10: shows that the number of undershoots and overshoots depends on the 

number of RHP zeros. The odd number of RHP zeros produces an initial undershoot and an 

even number produces an initial overshot. The numerical examples of five SISO NMP systems 

have been taken, and out of them, two one RHP zero, one two RHP zero, and two three RHP 

zero SISO NMP system models have been considered. One bench marked MIMO NMP system 

with one RHP zero has also been considered for the implementation of the proposed 2DOF 

control methodology. All undershoots and overshoots produced by the NMP system have been 

completely removed with good tracking performance. 

Chapter 11: demonstrates the application of a proposed control technique on a practical 

mechanical realized 4th order NMP system. This NMP system has been taken from a referred 

journal, where it was developed in an experimental laboratory set-up. The square wave 

response of the proposed 2DOF controlled mechanical realized NMP system has been 

compared with the PID and SFB control approach. 

Chapter 12: consider one 3rd NMP system along with the 4th order mechanical realized 

NMP system, which has been presented in the previous chapter. Unit step response of these 

two systems with the proposed control structure has been compared with the SFB control 

technique and advanced control technique like MRAC. To verify the tracking performances of 

the proposed control technique unit ramp and sinusoidal input signal have also been taken as 

set point of the proposed control scheme. 
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Chapter 13: validates this research work on an Op-amp based NMP system, which has 

been developed in a digital as well as analogue simulation environment. At first, the 

mathematical model of 2nd order NMP with one RHP zero was derived using the MATLAB 

System Identification toolbox, then a realistic Op-amp based NMP system and its 2DOF 

control structure were developed and experimented in the MATLAB SIMULINK environment. 

After the satisfactory performance of realistic Op-amp based digital simulation of the proposed 

control technique, real Op-amp based analogue simulation of hardware experimental set-up has 

been done and strengthens the demand of the proposed MRAC based 2DOF control technique 

for NMP systems. 

Chapter 14: concludes the dissertation with the concept of an effective control scheme 

for the solution to the tracking problem of NMP systems, which is hard to control due to its 

internal instability. Though the cascaded inverse, non-inverse does not work for exact tracking 

of NMP systems, this inverse and non-inverse NMP model can be used in the proposed 2DOF 

control structure for perfect tracking of NMP systems. 

1.6 Chapter Summery 

In the introductory part of this chapter, it provides a brief description of the NMP system, or 

system with unstable zero. Then, the motivation behind the designing of the tracking controller 

for the NMP system has been discussed. The next section represents the problem statement of 

the proposed research work, and finally, the research potential has been stated. 
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CHAPTER 2 

Literature Survey 

2.1 Introduction 

This research work has gone through a wide range of published literature to get the knowledge 

regarding the NMP system and its different control techniques. We have come to know that the 

NMP system is one of the interesting types of system in control system engineering which is 

hard to control. The NMP characteristics found in different practical systems, like hydraulic 

pumps, a blast furnace, a quadruple-tank system, motion of a conventional aircraft, and 

transportation lag in the control system, or even if a continuous minimum phase system is 

converted to an equivalent discrete time system, it is transferred to a NMP system [10]. The 

mathematical model of Electro-Hydraulic Servo System represents the NMP system model [5]. 

In the process industry, dry gas humidification is required for the lumped model of membrane-

based humidifier that uses water to do this task, and it has been observed that the transient 

behavior of this humidification process exhibits NMP characteristics and the rate of mass vapor 

becomes lag in control volume [13]. The Bicycle dynamics is also a good example of a non-

minimum phase system [9]. Six different NMP transfer functions have been found in quadruple 

tank systems [2]. We have also found non-minimum phase characteristics in an aircraft system, 

like six degrees of freedom F-16 aircraft model [14], planar vertical and take-off and landing 

(PVTOL) aircraft model [29]. A single link manipulator system with a high payload and 

volume of workspace suffers from the effect of NMP zeros [15]. Bilinear transformation of 

Boost and buck boost power convertor and DC to DC power convertor suffered from NMP 

characteristics [16, 17]. 

2.2 Difficulties in tracking Control of NMP System 

In contrast to the MP system, a NMP system has various fundamental limitations, like [10], 

i) Output response of the system initially goes to the opposite of the desired steady 

state response. 

ii) Problem with the internal stability 

iii) The phase angle contribution is always greater than 90 degrees. 

iv) The speed of the closed loop response is slow. 
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v) Disturbance rejection is bounded due to the limitation in control bandwidth. The 

initial undershoot produced in the step response is a major problem in tracking 

the performance of the NMP system, but, other than undershoots of NMP zeros, 

there are more problems observed from the literature given below [18]. 

vi) Overshoots frequently occur in the time response of the closed loop system. 

vii) Due to restricted gain margin in the feedback controlled NMP system, 

destabilization is obvious in the NMP system. 

viii) Robustness of the closed loop system also may be disturbed by the limited gain 

margin of the closed-loop system. 

ix) The proportional gain of the controller for an NMP system becomes bounded if 

the dead time is incorporated into the system. In that case, the closed loop system 

leads to instability. 

Other than the above limitations, several cross over frequencies adversely affect the 

dynamic response of the NMP System [19]. Zero error at sampling time is needed in the process 

of inverting the control system for iterative learning control design, but this method leads to 

instability for NMP systems [39]. 

The exact reference input tracking problem can be solved if the system has RHP zero. 

The position of the zeros placed at RHP cannot be changed without changing the structure of 

the system or, in that case, re-formulating of the tracking problem may require [20]. 

Unstable zero of a closed-loop NMP system decreases bandwidth, dynamic 

characteristics and robustness against disturbances [21]. The control of practical NMP systems, 

like the stirred tank reactor, flexible robotic arm, servomechanism, level control of steam in the 

boiler, the process of increasing the power of tasks are challenging [21]. When a practical 

higher order time delay is approximated by a pade approximation, unstable zero dynamics is 

exhibited in the system. [21]. Precise torque and speed of the actuator is required in a hardware-

in-loop transmission testing set-up, which mimics the actual engine and vehicle dynamics. This 

accurate speed or torque can be produced by a feed-forward control scheme, which is based on 

inversion of the system model, but it does not work for NMP systems. Preview filters can solve 

the problem of inversion of NMP systems, but it essentially requires the future value of the 

dynamic response which is not accessible in the hardware-in-loop test [22]. Input output 

linearization or the steepest decent control method is good for the output tracking of the system. 

But, for NMP systems, it does not work as this technique requires the system to be in a 
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minimum phase with respect to a new output [23].  

In the case of a discrete time system, if at least one zero of the transfer function model 

is placed on the outside of the unit circle, the system is called NMP discrete time system [1]. 

Inverse model based control techniques for discrete time NMP systems also become an 

unstable tracking control problem [24].  

The four-state model of a membrane-based humidifier that applied water to humidify 

the dry gas exhibits the characteristics of NMP and this undesirable phenomenon is inbred into 

the system and it falls behind the vapor mass rate in the vapor volume. The coupling effect 

between the two loop gains, like input to output and disturbance to output, has been affected 

by the zeros placed at RHP of S plane [13]. 

2.3 Overview of Previous and Present Control Technique   

The design of a tracking control system for the NMP system is very difficult as it has to achieve 

the stabilization of the unstable zero dynamic as well to track the desired output trajectory or 

command input signal. This two-fold control method is essentially required for the solution of 

the tracking control problem of the NMP system. But, it has been observed, that, though the 

output response of the controlled NMP system meets the steady state value of the set point, 

there is a lower number of methods or techniques have been studied in different referring 

journal, which can deal with the stability problem of the NMP system, and can produce desired 

bounded performance [12]. The output tracking of an NMP non-linear system may be achieved 

by modifying the steepest descent control method, but here, the NMP system must be redefined 

with respect to a new output in such a way that ultimately it becomes a minimum phase system 

[23]. In output tracking theory, input output linearization is one of the most available methods 

[25]. There is a literature which overviews the five fundamental methods for controlling the 

NMP system.  A non-linear system with slight NMP characteristics is converted to an 

approximate minimum phase system by the approximate feedback linearization technique. This 

method is first applied on a vertical/short take-off and landing (V/STOL) aircraft. A slightly 

slight NMP system indicates the RHP zero is placed far away from the imaginary axis of the S 

plane. The NMP system is converted to a minimum phase system with respect to a new dummy 

output using the process of output redefinition. It is actually a direct method of feedback 

linearization when the relative degree of systems is one. It has been applied on to the autopilot 

design of a tail-controlled skid-to-turn missile system where unstable zero dynamics have been 

found under model inadequacy. Modification of the output has been done for the approximation 
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of a non-linear NMP system by a minimum phase system. Here, a new output is constructed 

with the elimination of any subset of the real zero of the current NMP system. It is basically 

suitable for the MIMO system only and it has been implemented in the control of flight with 

fast movement. Some acceptable assumptions have been taken for the stable-inversion of 

unstable zero dynamics and this inversion process is taken on off-line, and here, the dynamic 

of reference is integrated in such a way that it can make the input bounded. This technique can 

be applied on chemical reactors, and as it incorporates major NMP characteristics, previous 

methodology did not work on it. It was also implemented on planar/vertical take-off and 

landing (P/VTOL) aircraft for maneuver regulation. The control of an NMP system is difficult 

when a complete state vector is not available or, rather, few are available. Firstly, output 

feedback stabilization of a non-linear system has been done with the assumption that no 

unstable zero is present in the system. Later, a significant output feedback stabilization based 

controller has been developed and successfully applied on a benchmark inverted pendulum 

system which exhibits NMP characteristics [26].Desired trajectory tracking by Internal Model 

Control has been studied, where direct data of the plant model is required, so exact plant model 

is essentially needed here and fictitious reference iterative tuning (FRIT) method has been used 

to tune the control parameter with only one shot experimental data [27]. Different constraints 

have been formed after analyzing the internal stability of the NMP system. In designing a robust 

disturbance rejection methodology, several constraints with less conservatism are formed after 

analyzing the internal stability of an unstable NMP system [28].Under actuated planar, vertical 

take-off and landing (PVTOL) has been experimented with a prediction-based control 

approach, which uses the technique of partial feedback linearization and obtained linearized 

sub-state and internal dynamics [29].As the stable bandwidth is restricted in NMP system, 

Active disturbance rejection control (ADRC) is suitable for MP system, ADRC with Linear 

quadratic regulator (LQR) has been suggested for the system with unstable zero [30]. The 

MOMI and numerical optimization method based controls have been studied, and it has been 

observed, that, MOMI technique produces better performance than the numerical optimization 

method [31]. The Sliding mode model predictive control (SMPC) algorithm actually consists 

of a sliding mode control (SMC) and a model predictive control (MPC) scheme, and, it has 

been found, that the problem regarding the MPC controlled NMP system may be solved by the 

proper tuning of SMPC [32]. To perform the online trajectory tracking of the non-linear NMP 

system, e.g. A VTOL system, preview based a stable inversion technique, has been 

implemented where it quantifies the future desired trajectory [33]. Output feedback tracking 

problem of the NMP system with unknown disturbances and non-linearity may be solved by 
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an additive-state-decomposition based control technique. It additively decomposes the output 

feedback tracking problem for systems and the SFB stabilization problem of non-linear systems 

[34]. Two feed-forward controllers, sharing information with each other, become a perfect 

tracking control system of a plant, which consists of MP and NMP components [35].  Internal 

Model Control (IMC) based fractional order controller using constrained minimization 

optimization technique has been designed for NMP systems, but this technique requires the 

process model which must be embedded in the controller [36]. It also satisfies the desired phase 

margin and cross-over frequency in the frequency domain analysis [37].  

The nth order linear time invariant discrete time causal single input single output NMP 

system has been considered for output tracking via discrete time variable structure control, 

where we have observed the tracking control has been done using sliding mode control, but 

inverse initial response could not be avoided [38]. Control method based on exact feedback 

linearization with Lyapunov stability theory for a hydraulic turbine unit, which has MIMO non-

linear fifth order NMP characteristics, has been discussed in the literature , where two control 

input has been developed  for the 5th order model [40].Fractional filter PID controller combined 

with smith predictor and inverse compensator has been designed two NMP system with dead 

time obtained robust closed loop performance [18].Each subsystem of a switched non-linear 

system represents NMP system, whose uncertain dynamic is controlled by the combined 

control scheme of exact input output feedback linearization, sliding mode controller and 

Lyapunov stability theory   with the appropriate switching strategy based on infinite 

diffeomorphism [41]. Performance funnel has been suggested for designing the low complexity 

controller for a linear NMP system with known relative degree [42]. A new output for 

implementation of the low complexity funnel controller is formed for a NMP system with a 

higher relative degree, where unstable zero dynamics has to be eliminated to get the exact 

reference input trajectory. Then, with funnel control result and a new reference signal, funnel 

controller has been designed to get better performance [43]. 

2.4 Chapter Summery 

The introduction part of this chapter represents the names of those plants which exhibit NMP 

characteristics in their system dynamics. Then the various difficulties found in the tracking 

control problem of NMP systems have been discussed. There is an overview of past and present 

control techniques of systems that has been described later on. 
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CHAPTER 3 

2DOF Control Technique 

3.1 Introduction 

The transfer function models of a closed loop control system, which can be controlled 

separately, is termed as the degree of freedom(DOF) [44]. As, in the industrial field, multi-

objective performance is required for the controlled system, the 2DOF control structure has an 

advantage over 1DOF controller [45]. 

Though the 1DOF control technique is conventionally used because of its simple and 

easy realization, as the 2DOF control scheme is very effective for set point tracking as well as 

for disturbance rejection, it may be stated that the 2DOF method is at an advantageous position 

than the 1DOF method in control system engineering [46]. It has been observed from the 

mathematical analysis of the 2DOF controller, the various structures of the 2DOF scheme can 

be applied to the plant model, which has both transportation delay and disturbance [47].  For 

reference input trajectory and perturbation recovery, the 2DOF has been applied to the motion 

of robots as a dynamical movement primitive (DMP) context [48]. Disturbance rejection 

methodology based on a 2DOF control strategy has been applied on unstable NMP systems, 

where the 2DOF control structure consists of an inner loop disturbance observer (DOB) and 

one feedback controller as the outer loop. One 2DOF based disturbance rejection technique to 

solve the tracking control problem of the system with unstable zeros has been discussed. In that 

methodology, the inner loop was disturbance observer (DOB) and the outer loop played as 

feedback controller, whereas DOB has been dealing with external disturbances and internal 

uncertainties [28]. The combination of model order reduction, approximate model matching 

concept and optimization techniques in a general 2DOF controller for time delay system 

formulates a set of non-homogeneous linear equations to find the control parameters of the 

2DOF controller by using approximate generalized time moments (AGTM) matching concept 

[49]. A 2DOF controller has been designed to study how the closed loop RHP zeros affect the 

closed loop poles in the strictly proper NMP plant [50].An magnetic levitation system has been 

taken as a plant model to verify the 2DOF control strategy, where command input tracking and 

rejection of load disturbance have been performed in such a way that these control task can be 

tuned separately [51].Serious wavering movement commonly occurs in steering mechanism of 

automated guided vehicle (AGV), when the vehicle speed rises above 5m/s, and it hampers the 

perfect set-point tracking of the vehicle, the 2DOF strategy not only overcomes this tracking 
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problem, it also solves the load disturbance rejection problem [52].2DOF PID controller has 

been implemented on second order like processes with a proper tuning based on MATLAB 

optimization toolboxes. The kick characteristics incorporated with the PID compensation have 

been completely removed by this technique and its control performance compared with I-PD 

and PI-PD control techniques [53]. 

For set point tracking and load disturbance rejection problem problems, an event based 

2DOF PID controller has been designed for a first order with dead time model [54]. Advantages 

of 2DOF PID over its classical form have been verified by a fixed set point weighting PID 

controller [55]. The one-step adjustment method of the 2DOF controller of a closed loop system 

can be possible by using the least squares method, where it is applied to feedback and feed-

forward controllers simultaneously [56]. To get the desired transportability matching under 

model uncertainty and flurry disturbances, Reference Feed-forward type 2DOF control system 

has been developed for an experimental aircraft of multipurpose aviation laboratory-α 

(MuPAL-α) [57].It has been shown that the step response without overshoot and servo response 

with no oscillation could be achieved by the proper tuning of PI and PID controller in 2DOF 

control structure for the integrating plant and the first order plant with time delay [58].PI 

controller based 2DOF control scheme for first order plus dead time system model obtain 

robustness to model uncertainty, rejection of disturbance and fine command input response 

using butterworth rules and genetic algorithm optimization [59].It has been observed that 

2DOF PID controller is better than the traditional PID controller for a 6DOF rigid robotic 

manipulator in real time, which is of multi input multi output (MIMO), highly non-linear 

complex structure [60]. The 2DOF based integral plus derivative and derivative (IDD), 

proportional, integral and derivative (PID) and proportional plus integral (PI) control with 

multi-objective optimization technique, like the thermal and wind system of an automatic 

generation control (AGC) of a power plant have been compensated by flower pollination 

algorithm [61]. 

The control aspects like set point tracking and disturbance rejection of process industry 

are hard to fulfill the desired performance by using one degree of freedom control as they are 

basically contradicting to each other. So, here 2DOF control technology can solve the problem 

and it has been checked by the 2DOF PID controlled temperature control laboratory set up 

[62].A direct synthesis method based on lag-lead compensator with simple PID controller in 

2DOF control strategy for a system which has one unstable pole or two unstable poles or an 

integrator or a zero reduce the overshoot and settling time of closed loop system [63].By using 
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the method of model order reduction, optimization and approximate model matching technique 

like AGTM/AGMP, a single low order 2DOF controller can obtain the desired tracking and 

disturbance rejection performance simultaneously of a coupled tank process [64]. 

The real–time pressure process is quite hard to control due to its immense sensitivity 

and non-linearity. Moreover, its performance degrades a lot when set point changes and high 

external disturbance occurs. Here, both parallel and series configuration of 2DOF fractional 

order PID controller have been applied [65].  The control problem of unstable NMP systems 

has been solved by disturbance rejection methodology by using an inner loop disturbance 

observer (DOB) of 2DOF control scheme, where the outer loop acts as a feedback controller 

[28]. Non-oscillatory and under-damped response can be obtained by a closed loop model 

reference optimization method applied to a 2DOF proportional integral controller for an 

integrating controlled process [66].After knowing the desired output signal, by fractional input 

output technique, the needed set point signal has been achieved and based on this synthesized 

command signal, set point filter is computed and applied into 2DOF fractional controller and 

it can able to achieve the required tracking performance and it may not be dependent on 

feedback part of the controller [67].2DOF controller also can be applied on single chip 

microcontroller (MCU), where SCADA/HMI system monitors the controlled system, and the 

serial interface exists between industrial personal computer and MCU [68]. 

3.2 Proposed 2DOF control structure 

 

Fig. 3.1 Two degrees of freedom control structure [71] 

A two-degree-of-freedom (2DOF) control structure, which is a combination of feed-

forward and feedback control, significantly improves the tracking performance of the control 

system [9]. Two-degree-of-freedom theory consists of feed-forward and feedback control 

structure. It has two transfer functions which can be designed independently and hence it is 

called a two-degree-of-freedom system [24]. Feedback Control is used for stabilization of 

unstable systems, whereas feed-forward controls improve the tracking performance of the 

system.  The feedback and feed-forward compensation in the 2DOF control system may be 
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connected in different ways. The control input of the feedback controller is actually the output 

of the feed-forward control scheme, which has been shown in Fig. 3.1. To stabilize the 

unbounded system, a feedback controller is applied here, whereas the feed-forward control 

scheme is implemented in a 2DOF structure to obtain the desired tracking performance. 

3.2.1 Feed-forward Control Scheme 

Controlling a plant with different set point signal feed-forward control is essentially required, 

but it must include an inverse plant model that leads to instability to the NMP system dynamics 

[70]. It has been observed that the circular contour tracking system of a NMP discrete system 

model has produced better results with a feed-forward controller than a tracking system without 

feed-forward control [71]. Model predictive control (MPC) based feed-forward model inverse 

control has been used in the discrete time model of the LTI diesel generator [72]. 

Here, MRAC scheme has been considered for the feed-forward control method of the 

proposed 2DOF structure. This algorithm performs, the direct derivation of the required control 

parameters, and the system parameter identification, simultaneously by adaptive mechanism. 

The gain of the feed-forward controller has been adjusted by trial and error method. 

3.2.2 Feedback Control Scheme 

To solve the tracking problem as well as stabilization problem of a system, the controller 

scheme mainly consists of two parts, those are, feedback controller and the feed-forward 

controller.  The feedback controller has been applied commonly for the regulating purpose, and 

it has been found in many literatures [11]. Arbitrary pole placement method based SFB 

controller acted as feedback counter part of the feed-forward compensator in the proposed 

2DOF framework. 

Pole-placement feedback controller is successfully experimented on the mathematical 

model of a plant, whose system representation has been derived by using the MATLAB system 

identification toolbox with open loop experimental input output data [69]. 

3.2.3 Justification for adopting 2DOF Control framework for NMP System 

2DOF control technique is very much effective for solving the multi-tasking control problem 

in control system engineering. As NMP system is inherently unstable due to its RHP zero, first 

it needs to be stabilized. Then, to solve the tracking problem, the design of suitable tracking 

controller is required. This two-fold control task only can be performed by the appropriate 

control methodology in 2DOF framework. 
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3.3 Chapter Summery 

The overview of the different application of 2DOF control technique has been described by the 

introduction part of this chapter. Then, the suggested 2DOF control structure and its feed-

forward and feedback control part have been presented. Finally, justification behind adopting 

the 2DOF control structure for the solution of tracking control problem of NMP system has 

been stated. 
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CHAPTER 4 

MRAC Control Technique as Feed-forward Compensation 

4.1 Introduction 

The Model Reference Adaptive Control (MRAC) was mainly proposed to solve the control 

problem in which the characteristics specifications are provided in terms of a reference model 

plant (RMP). The model reference adaptive control (MRAC) knows many industrial 

applications, and especially in the field of aeronautics. The MRAC is an adaptive control 

strategy that creates a control law, subject to an adaptation gain, which causes the system’s 

plant to continuously track a reference model until a zero tracking error is achieved. 

The control system is a device that compensates for the dynamics of any other plant or 

process. Adaptive control is one of the commonly used control methodologies to develop 

advanced control systems for better performance and accuracy. MRAC is a direct adaptive 

scheme with an adjustment mechanism, which adjusts the control parameters. 

4.2 MRAC structure 

 

Fig.4.1 Block diagram of MRAC structure 

Model reference adaptive control consists of four parts shown in four blocks in Fig. 4.1; 

those are the plant, the reference model, the adjustment mechanism and the controller. An error 

signal is produced by comparing the output of the   reference model and the controlled plant’s 

output. By using MIT rule [92] or Liapunov’s stability theory [91]. Adjustment mechanism 

block calculates the appropriate control parameters and the controller with the help of these 

parameters produces output which is actually the control input of the plant. Controller designers 

selected the reference model as per the design requirement. 
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The error dynamics is produced by comparing the dynamic response of a plant model 

and model reference plant and is used to produce the required adaptive algorithm by parameter 

adjusting mechanism. To get the desired trajectory given by the reference model plant error 

dynamics asymptotically converges to zero. Among the two loops of the MRAC structure, the 

inner loop consists of plant and controller, whereas the outer loop adjusts the parameters to 

minimize the error between reference model and plant model to acquire the pre-specified 

trajectory of reference model. Four components of this control scheme are required; those are 

reference model, plant, controller and parameter adjustment mechanism. Adjustment 

mechanisms may be developed by using the MIT rule, theory of augmented error, and 

Lyapunov theory. Two approaches to the MRAC design scheme have been done for antenna 

azimuth position control system e.g. gradient and Lyapunov rule. Though the design of the 

gradient approach is easier than the Lyapunov approach, its stability may hamper the increase 

in high adaptive gain. Lyapunov approach overcomes the staggering system response in closed 

loop system stability [112]. So, we have proposed the Lyapunov Design technique based on 

MRAC for the proposed 2DOF controller. 

4.2.1 Uncontrolled Plant 

The plant which is to be controlled has been placed in the block ‘Plant’. In this proposed control 

technology, the MRAC scheme has been used as a feed-forward control technique and in feed-

forward compensation inversion of plant model is essentially required, in case of the NMP 

system, inversion of the system leads to system instability, even if the non-inverse NMP system 

is stable one. 

4.2.2 Reference Model Plant (RMP) 

The reference plant model is an essential part of the MRAC structure. It is selected according 

to the desired characteristics of the plant output. First, the control designer has to find the 

desired characteristics specifications of the plant output and construct the reference plant model 

according to those desired dynamic characteristics. Then deriving the error dynamics by 

comparing the plant model and the reference plant model output, obtain the required control 

parameters by using proposed control algorithm. 

4.2.3 Inner Feedback Control Loop 

It’s an ordinary feedback control loop in the MRAC structure which actually stables the plant 

and helps to find the required control input to get the desired trajectory of the closed loop 

controlled system. 
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4.2.4 Outer Control Loop with Adjustment Mechanism 

The adjustment mechanism block is an important part of the MRAC structure as this block is 

actually here to find out the essential control parameters for the closed loop control system. 

The tuning of the control parameters has also been done by this block. 

4.3 Robustness of MRAC Scheme 

MRAC schemes are known as an effective method to deal with the system’s non-linearity. High 

adaptive gain is usually needed to achieve fast adaptation. Different control logic may be 

implemented for the development of control algorithm for MRAC compensation. Among them, 

Lyapunov Design technique is very effective as it not only stabilizes the system but it also 

ensures the stability of the closed loop controlled system. The robustness of this control 

structure has also been proved by its tracking performance. By using Barbalat’s Lemma, the 

2nd derivative of the Lyapunov function establishes the robustness of the tracking performance. 

4.4 Chapter Summery 

Model Reference Adaptive Control is an effective method for command input tracking of a 

system. The advantage of the MRAC scheme is that the RMP, which is an essential part of 

MRAC structure, plays the main role in determining the transient dynamic characteristics of a 

controlled plant’s output response. A brief description of MRAC structure has been provided 

in this chapter and robustness of the MRAC technique has also been stated here. 
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CHAPTER 5 

SFB Control as Feedback Compensation 

5.1 Introduction 

The arbitrary pole placement method is a well-known and popular technique, which is very 

useful for designing modern state feedback control systems. To compensate for the adverse 

effect of the unstable poles or zeroes, arbitrary closed loop poles are placed at the left-hand 

side (LHP) of the S plane. Then the state feedback gain matrix is derived using different 

techniques.  

5.2 SFB Control Scheme 

 

Fig. 5.1 Block diagram of state variable feedback system [92] 

Considering a closed loop control system where all the state variables are measurable 

and are available for feedback. In this case, all closed loop poles can be located at any desired 

location by means of an appropriate state feedback gain matrix. This process of designing a 

closed loop control system is known as Pole Placement technique. 

5.2.1 Controllability Check 

For the application of SFB control techniques to any dynamic system, all the state of the system 

must be completely state controllable, and before checking the controllability, it must be 

ensured that that system matrix must be non-singular. 
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5.2.2 Choice of closed loop poles 

There is an option for the control designer to choose the closed loop poled for the required 

transient performance of the dynamic system using MATLAB toolbox. 

5.2.2 Derivation SFB Gain Matrix 

Let us consider the state equation of nth order system is 

( ) ( ) ( )X t AX t Bu t


   (5.1) 

where,  

( )X t is 1n state vector 

( )u t is 1m input vector 

A  is n n  system matrix 

B  is 1 m input matrix 

Let, the control input is 

( ) ( )u t KX t           (5.2) 

Where, K is the state feedback gain matrix 

and the closed loop poles are located at  

1 2, ,............, ns     

From equation (5.1) and (5.2), we get, 

( ) ( ) ( )X t A BK X t


    (5.3) 

( )( ) (0)A BKX t e X    (5.4) 

If the matrix K  is chosen appropriately, the matrix ( )A BK
 

can be made asymptotically stable matrix for all (0) 0X  . 

The eigen values of the matrix ( )A BK is called regulator poles. 

 Let,  

A A BK        (5.5) 
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1 2

1 2

1 2 1

( )( ).........( )

........ 0

n

n n n

n n

SI A BK SI A S S S

S S S S

  

    



        

     
   (5.6) 

As per Caley-Hamilton theorem, every matrix satisfies its own characteristics,  

1 2

1 2 1( ) ........... 0
n n n

n nA A A A A I    
 

            (5.7) 

Let,  

3n           (5.8) 

Then,        

3 2

1 2 3( ) 0A A A A I               (5.9) 

Now,  

2 2 2 2 2

2 2 2

2

( ) 2

( )

A A BK A ABK B K

A ABK ABK B K

A ABK A BK BK

    

   

   

      (5.10) 

Or,  

2 2A A ABK BK A           (5.11) 

3 3 2 2( ) ( ) ( )( )A A BK A A BK A BK A ABK BK A            (5.12) 

Or. 

3 23 2A A A BK ABK A BK A           (5.13) 

2 3

3 2 1

2 3

3 2 1

( )

( ) ( ) ( )

A I A A A

I A BK A BK A BK

   

  

   

      
    (5.14) 

Or, 

2 2 2

3 2 1

23 2

( ) ( ) ( )

( )

A I A BK A ABK B K

A A BK ABK A BK A

        

   
     (5.15) 

Or,  

2 3

3 2 1 2 1

22

1

( )A I A A A BK ABK

BK A A BK ABK A BK A

     



      

  
     (5.16) 

We know that, 
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2 3

3 2 1 ( ) 0I A A A A               (5.17) 

Also, we have,  

2 3

3 2 1 ( ) 0I A A A A               (5.18) 

So,  

2 1

22

1

( ) ( )A A BK BKA

BK A A BK ABK A BK A

   



   

  
       (5.19) 

2

2 1

2

1

( ) ( )

0

A A BK BK A BK A

ABK ABK A A BK

   



   

   
      (5.20) 

As 

 ( ) 0A           (5.21) 

 

2

2 1

2

1

( ) ( )

( )

A B K K A K A

AB K K A A BK

  



  

  
       (5.22) 

 

2

2 1

2

1( ) : :

K K A K A

A B AB A B K K A

K

 

 

  
 
    
 
 
 

      (5.23) 

Since the system is completely state controllable, the inverse of the controllability 

matrix exists, Pre-multiplying the inverse of the controllability matrix in both sides, we get,

   

Multiplying both sides of the equation no (5.23) by  

0  0 1]  , we get, 

0 0  1]
1

2: :B AB A B


   ( )A = 0 0 1]

2

2 1

1

K K A K A

K K A K

K

 



  
 
  
 
 
 

   (5.24) 

For any arbitrary positive integer n , we have, 

0K  ...1
2: :B AB A B

1
1... ( )nA B A


        (5.25) 

This is the Ackermann’s formula for the determination of state feedback gain matrix of  

thn order state model. 



Chapter 5  SFB Control as Feedback Compensation 

27 

Here, we have assumed that all states are available for state feedback control. When the 

plant’s own states are not available, the observer states can be used to provide feedback control. 

The concept of observability is very important because, in practice, the difficulty encountered 

with state feedback control is that for direct measurement, with the result that it becomes 

necessary to estimate the un-measureable state variable in order to construct the control signal 

[104]. A state of observer is a system that models a real system in order to provide an estimate 

of the internal state of the system [191]. 

5.3 Chapter Summery 

This chapter presents a brief description of arbitrary pole placement based SFB controller. The 

necessary condition has been stated here. The derivation of the state feedback gain matrix 

(using Ackermann’s formula) of the nth order state model of the system has been demonstrated. 
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CHAPTER 6 

Design of Adaptive Two-Degree-of-Freedom Controller for 

inversion based Reference Input Tracking of NMP system using 

MIT rule based MRAC 

6.1 Introduction 

The set point tracking of dynamic systems is an essential control task in control system 

engineering and it finds its extensive applications in the industrial and research areas. A 

reference input trajectory needs to be predefined, so that the output trajectory of a system is 

directed to follow the reference input trajectory [86].  

  By using feed-forward control of an inversion based system, exact set point tracking 

can be achieved, but it is confined to the minimum phase system only as this inversion system 

approach leads to the unbounded response of the NMP system. Standard inversion technique 

also does not work for the NMP system [74].  

Researchers tried to find their best to solve the tracking problem associated with NMP 

systems. Preview-based output tracking of systems has been done by utilizing the inverse input, 

which has been computed by the finite-previewed (in time) future desired trajectory. If the 

previewed time extended to infinity, then only exact output tracking is possible here. But, some 

physical constraints always reduce the preview time [75]. 

The predictive control approach basically follows two methodologies, like the classical 

predictive approach, which is non-optimal, and the other is the modern optimization-based 

approach, which is generalized predictive control. Both are model based and their controller 

produces the required control input by using the predicted future changes in the output 

response. The well-known Smith Predictor and IMC control structure are an example of 

classical predictive control [76]. 

 The control input, required to solve the tracking control problem, can be developed by 

the direct relationship between the reference input signal and control input signal of the linear 

stable NMP system, and which can be expressed as the linear transformation of their Fourier 

co-efficient [77]. 
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The adaptive control scheme is a very effective technique for solving the trajectory 

tracking problem of MP and NMP systems. Depending on Fourier approximation theory and 

two adaptive observers, an output feedback based adaptive learning controller has been 

designed for the local solution of the output tracking problem of an uncertain linear system 

using periodic reference input signals with known periods, but some assumptions for systems 

are required here [78]. 

 In the history of adaptive control techniques, several methods of adaptation are present 

as the real application of this method is interesting. The researcher nurtured a different scheme 

of adaptive control method. Among them, Model Reference Adaptive control, Adaptive pole 

placement (self-tuning regulator), Adaptive Sliding Mode Control are very popular. The 

extremum seeking is occasionally treated as a method of adaptive control, and has been 

extensively applied in the industrial environment   [79]. 

 The application of the Direct MRAC algorithm on SISO, a non-linear, continuous and 

possibly NMP system has been studied, where surrogated tracking is used to construct the 

needed control input. This adaptive technique must have the information of the first non-zero 

Markov parameter and then, zeros at the RHP of S plane. Preliminary stability analysis of 

MRAC using this surrogated tracking error method has been performed in this literature [80]. 

But the mentioned plants, which are being used for the applications of the 2DOF control 

method, do not have non-minimum phase characteristics. The indirect Adaptive Pole placement 

control scheme is generally applied to NMP systems. But the main shortcoming found with 

this adaptive scheme is that the estimated plant on which the computation of the control 

parameter has been performed may possibly lose its stability [85]. 

The adaptive control scheme exhibits non-linearity in the dynamic characteristics of the 

NMP system [93]. So, it is hard to develop the adaptive algorithm for the NMP system. 

 The purpose of this research work is to develop a MIT rule based MRAC control 

algorithm as feed-forward compensation in the 2DOF framework, where an arbitrary pole 

placement method based on SFB control technique has been used as a feedback counter part of 

the suggestive control technique to solve the tracking problem of the NMP system.   

6.2 Problem Statement 

Any inversed model based system can produce exact reference input tracking, but it is only 

applicable for minimum phase systems, whereas, in the case of a non-minimum phase (NMP) 
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system, the concept of inversion technique gives unstable output response. To overcome this 

problem, a two-degrees-of-freedom (2DOF) control technique has been considered for the 

inversion based reference input tracking control problem of the NMP system, where the 

combination of the Model Reference Adaptive Control structure (MRAC) using the MIT rule 

and the state feedback control methodology in 2DOF framework has been taken as total 

compensation technique of NMP System.  

2DOF controller 

The 2DOF internal model control structure has been designed for non-square processes, where 

input/output disturbances, such as step disturbances, dynamic disturbance rejection are 

provided by this controller [82].  Preview information of the desired trajectory employed in the 

designing of the feed-forward control scheme for NMP systems and it has been analyzed 

theoretically and its performance compared with the preview-based stable inversion and 

optimum zero phase error tracking controller [86]. Two different NMP models have been 

developed using input output experimental data from a linear servo system using MATLAB 

system identification toolbox, and they are controlled by a feed-forward zero phase error 

tracking controller(ZPETC) to obtain a position tracking performance [87]. 

If the model is error free and there is no external disturbance affecting the model, a 

controller architecture is developed, which consists of two feed-forward control components 

sharing information in between them that can employ the perfect reference tracking for both 

minimum phase and non-minimum phase systems with time delays [88]. 

The advantage of the 2DOF control structure efficiently performs the disturbance free 

set point tracking even if for an uncertain process. Here, the load disturbance rejection 

controller and set point tracking controller have been designed individually [89]. We have 

studied these different successful applications of the 2DOF control strategy and are very much 

inspired to design the proposed control structure. 

6.3 Pole Placement Method 

In the linear time invariant (LTI) system, ‘Pole placement’ is a conventional design 

methodology. In this method, closed-loop stable poles are considered in a suitable region of 

the complex plane to nullify the adverse effect of right hand plane (RHP) pole/zeros [90].  Here, 

we have used a state feedback method to get the feedback compensation in the 2DOF control 

structure. 



Chapter 6  Design of Adaptive Two-Degree-of-Freedom Controller for inversion based Reference 

Input Tracking of NMP system using MIT rule based MRAC 

31 

The stability and transient characteristics are determined by the eigen values of a closed 

loop system matrix A BK  (shown in Fig.5.1).If the matrix K  is chosen properly, the matrix 

A BK  can be made an asymptotically stable matrix [91]. 

6.4 MRAC Control Algorithm using MIT rule in 2DOF Framework 

6.4.1 MIT rule based MRAC Structure  

 

Fig. 6.1 Block diagram of MIT rule based MRAC structure 

Fig. 6.1.describe the block diagram of the MIT rule based MRAC structure 

Plant Transfer Function is ( )PG S . 

Reference Model Transfer function is ( )mG S . 

Reference Input is 
cU . 

Control Input to the Plant is U . 

Plant Output is y  

Reference Model Plant Output my  

Error between Plant Output and Reference Model Output is e  

Required control parameter for the control input . 

Tuning gain of the control parameter is 
  
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6.4.2 Control Algorithm 

We can get tracking error like the following equation, 

me y y  .          (6.1) 

The output y of the plant is compared to a desired response my from a reference model. 

The controller parameters are updated based on this error. 

After comparing, y  and my , error is developed and parameters of the controller is 

obtained .  

From this error, a cost function ( )J   is formed, where  is the parameter that will be 

adapted inside the controller. 

A typical cost function  

21
( ) ( )

2
J e                             (6.2) 

Here, :  

' 'd J e
e

dt


 

 

 
   

 
        (6.3) 

The 
e






  is known as sensitivity derivative. 

MIT rule is defined as the calculation of  the rate of change of control parameters and 

cost function and it is very much responsive to the modulus of the signal. The  has been used 

to tune the control parameter, and usually it should be kept very low. Different parametric 

values of the control input affect the inputs and outputs of the controlled system. In this control 

algorithm, sensitivity will be multiplied by the error. 

The block diagram of the MIT rule based MRAC control algorithm has been shown in 

the Fig. 6.1.The reference model plant has been considered for having the desired value of the 

gain, and it has been used three times in the MATLAB SIMULINK model of control structure. 

The gain in the feed-forward part of the controlled part must be matched with the 

reference model plant. Here, the unknown constant ' 'pK  and ' 'mK are the gain of MIT rule based 

MRAC structure. 
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( )
( )

( )
m

c

Y S
K G S

U S
         (6.4) 

The same cost function is chosen as (6.2)  

21
( ) ( )

2
J e           (6.5) 

And same derivative of cost function is chosen as (6.3) 

' 'd J e
e

dt


 

 

 
   

 
        (6.6) 

m m C m Cy G U K GU          (6.7)
 

m p m c p c m ce y y K GU K GU K G U K GU           (6.8) 

The parameter of the above expression is to be updated.   

The sensitivity derivative is calculated and restated in terms of the model output. 

m p c m ce y y K G U K GU     (6.9) 

P
P C m

m

Ke
K GU y

K


 


 (6.10) 

m m C m Cy G U K GU   (6.11) 

1
C m

m

GU y
K

  (6.12) 

Now the MIT rule to give an expression for updating  , 

pK  and 
mK  are used to construct the  . 

From equation (6.9) and (6.10), we get,  

' '

0

m m

d e K
e y e y e

dt K


  




     


   (6.13) 

By integrating
d

dt


 of equation (6.13) with respect to t , we get, 

my e
s


     (6.14) 

1 2cU U y      (6.15) 
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m p m ce y y G U G U       (6.16) 

1 2[ ]p p cy G U G U y       (6.17) 

2 1[1 ]p p cG y G U      (6.18) 

1

21

p c

m m c

p c

G U
e y y G U

G U




   


   (6.19) 

1 21

p c

p c

G Ue

G U 




 
   (6.20) 

2

1

2

2 2(1 )

p c

p c

G Ue

G U



 




 
   (6.21) 

MRAC architecture which is used for feed-forward control is shown in Fig. 6.2
  

1 2cU U y            (6.22) 

m p m ce y y G U G U            (6.23) 

Where, Transfer function of the plant is 
pG ,the transfer function of the RMP is 

mG  , 

and is reference model type T.F. is '

mG . 

1 2 1 2[ ]p p c p c py G U G U y G U G y              (6.24) 

Or, 

2 1[1 ]p p cG y G U                                                               (6.25)       

or, 1

21

p c

p

G U
y

G







                                                                    (6.26)       
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Fig  6.2. Model Reference Adaptive Control architecture using  MIT rule      

The error has been written again in terms of adaptive terms 
1 and 

2 . 

 1

m

21

p c

m c

p c

G U
e y y G U

G U




   


                                          (6.27)                  

Now, 

Derivative of sensitivity error is,                                                                    

1 21

p c

p c

G Ue

G U 




 
                                                                   (6.28) 

2

1

2

2 2(1 )

p c

p c

G Ue

G U



 




 
                                                          (6.29) 

or, 
2 21

p

p c

Ge
y

G U 




 
                                               (6.30)   

'

1

( )m C

e
G S U







                                                                          (6.31)  

'

2

( )m

e
G S y







                                                                       (6.32)                 

Now from the equation (6.13), we get,  

1

1

d e
e

dt







 


                                                                       (6.33) 
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2

2

d e
e

dt







 


                                                           (6.34)                                                                                                           

The equations (6.33) and (6.34) have been integrated, and then, we get the updated 

parameters,
1 and

2 .  

6.5 Numerical Example 

The following system representation has been considered for the experimentation of the MIT 

rule based MRAC as a Feed-forward control scheme in the 2DOF framework. 

The state space representation of system is given below,  

The state equation is given by, 

X AX Bu


           (6.35) 

Output equation is given by, 

y CX Du           (6.36) 

Where, 

 System Matrix,  








 


01

45
A ,         (6.37) 

Input Matrix,  

1

0
B

 
  
 

         (6.38) 

Output Matrix  

[ 4C    10          (6.39)
 

Transmission Matrix, 

[1]D           (6.40) 

Plant Transfer Function: 

2

1 0

2

1 0

( ) n n
p

n n

S b S b
G S

S a S a

 


 
       (6.41) 
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Where 

1 5nb    (6.42) 

0 4nb   (6.43) 

and  

1 1na    (6.44) 

0 6na     (6.45) 

Reference Model, 

( ) m

m

m

b
G S

S a



          (6.46) 

Where, 

3mb            (6.47) 

3ma            (6.48) 

Reference Model like system, 

' ( ) m

m

m

a
G S

S a



         (6.49) 

Reference model plant has been used for sensitivity derivatives. 

The above numerical example for plant model and reference model plant has been 

constructed using the MATLAB toolbox. 

6.6 Simulation Result 

Unit step input signal has been used here for all the software simulation in the MATLAB 

SIMULINK environment.  
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Fig. 6.3 Unit step response of uncontrolled NMP system 

 

Fig. 6.4 Unit step response of uncontrolled inverse NMP system 

6.7 Result Analysis 

The objective of this work is to design a 2DOF controller to stabilize the unbounded output 

response of the NMP system as well as to follow the command input trajectory which is given 

as an input signal to the 2DOF controlled system. Fig. 6.3 shows the output response of an 

uncontrolled NMP system which is unstable in nature and, as a result, it could not track the 

desired output trajectory, which was placed as a reference input signal. The inverse model of 

the NMP system obviously produces an unstable response as RHP zero is transformed into a 

RHP pole, and that is shown in Fig. 6.4.   Though the SFB controller is able to stabilize the 
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plant, a large initial undershoot is found in its step response, it's not at all acceptable for the 

tracking control system shown in Fig. 6.6.  When the inverse and non-inverse NMP systems 

are connected in a cascade, unlike the minimum phase system, the output becomes unbounded 

as shown in Fig. 6.5. 

 

Fig .6.5 Unit step response of cascaded non-inverse  and inverse NMP  system 

 

Fig. 6.6 Unit step response of SFB controlled NMP system 
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Fig. 6.7  Unit step response of control input for 2DOF controlled NMP system 

 

Fig. 6.8 Unit step response of tracking error of 2DOF controlled NMP system 

After  application of  the MIT rule based direct MRAC scheme as feed-forward and 

SFB control method as feedback in 2DOF framework,  the proposed closed loop 2DOF 

controlled system follows the reference input trajectory shown in Fig. 6.9. The steady state 

error of the SFB controlled system,  found in Fig. 6.6, become nullified here, but initial 

undershoot has not been completely removed by the proposed control structure. Control input 

and tracking error of 2DOF controlled system have been shown in the Fig. 6.7 and Fig. 6.8 

respectively. 
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Fig. 6.9 Unit step response of 2DOF controlled inversion based NMP system 

 

6.8 Difficulties with the MIT Technique 

Main drawbacks of this technique are,  

1) The proof of stability of the MRAC controlled closed loop system cannot be 

possible, which is the most essential part of the designing of any closed-loop 

controlled system.  

2) Barbalat’s Lemma cannot be applicable to prove the tracking error tends to zero. 

3) Two extra reference model type transfer functions are needed in the SIMULINK 

model of the closed loop controlled system.  

4) The initial undershoot may not be completely removed by this MIT rule-based 

MRAC technique. 

5) The Adaptive Control scheme, which is used for the NMP system, exhibits 

nonlinearity in the transient response of the NMP system. The direct MRAC, 

which is based on the MIT rule, is unable to solve the nonlinear system’s stability 

problem [93]. 
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6.9 Chapter Summery 

To achieve the set point tracking of the NMP system, a 2DOF control structure, based on an 

inversion model for unstable NMP systems, has been proposed here. This 2DOF control 

methodology consists of feed-forward and feedback compensation, where, the MIT rule-based 

MRAC structure connected as a feed-forward control part and its feedback counterpart has 

been successfully implemented by the SFB controller, which is based on an arbitrary pole 

placement technique. The design of this two-fold control structure has been done independently 

and they are not directly linked with each other.  The tracking problem has been solved by the 

MIT rule-based MRAC scheme as feed-forward compensation, where an inversion model of 

the NMP system has been used. The large steady state error found in the SFB controlled NMP 

system has been eliminated, but the initial undershoot is not completely removed. 
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CHAPTER 7 

Generalized MRAC Employed in 2DOF Framework 

7.1 Introduction 

Direct MRAC is a particular class of adaptive control system, where RMP plays an important 

role in the control structure, which is used to present the desired transient response of the plant 

to be controlled. The block diagram of MRAC has been provided by Fig. 4.1. The MRAC 

structure consists of four parts shown in four blocks, e.g. reference model plant, the plant to be 

controlled, the adjustment mechanism and the controller. An error signal is derived by 

comparing the reference model plant’s output and the controlled plant’s output. This section 

describes the MRAC control algorithm.  

7.2 Generalized Control Algorithm using Lyapunov Design Technique 

Tracking error e  will be produced due to the difference of output signals y from plant and my

from the reference model plant. Error dynamics will converge to zero by the technique of 

adaptation mechanism [92]. 

7.2.1 Flow Chart Diagram 

The MRAC technique has been employed as feed-forward control technique in 2DOF 

framework. Lyapunov Design technique based MRAC algorithm has been represented in a 

concise form of the flow chart diagram in Fig. 7.1 provided by the next section.  

7.2.1.1   Plant Model and Reference Model Plant 

Considering the differential equations of the
thn order plant and reference model plant are 

represented by equation (7.1) and (7.2) 

1 2

1 2 11 2

1 2

1 2 11 2

...

...

n n n

n nn n n

n n

n nn n

d y d y d y dy
a a a ay

dt dt dt dt

d u d u du
b b b bu

dt dt dt

 

  

 

  

     

    

    (7.1) 
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Fig. 7.1 Flow chart diagram of MRAC algorithm 

1 2

( 1) ( 2)1 2

1

...
n n n

m m m
m n m nn n n

m
m m m

d y d y d y
a a

dt dt dt

dy
a a b r

dt

 

  
   

  

     (7.2)

 

Here,

 

y is the output of the plant  

my is the output of the reference model plant 
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u  is control input 

r  is reference input 

1 2 1 2 1[ , ..., ; , ,... , ]n n n na a a b b b b     are the parameters of the plant 

( 1) ( 2) 1[ , ,..., , ; ]m n m n m m ma a a a b 
are the parameters of the reference model plant   

7.2.1.2  nth order Tracking Error 

e  is the tracking error, which is produced due to the difference between the plant output 

and RMP output 

me y y           (7.3) 

By subtracting equation (7.2) from equation (7.1), we get the thn  order error dynamics, 

1 1

1 11 1

1 2

( 1) ( 2)1 2

... ...

( ...

n n n n n

m
n nn n n n n

n n

m m
m n m n mn n

d e d y d y d y d u
a b

dt dt dt dt dt

d y d y
a a b r

dt dt

 

  

 

  

      

    

   (7.4) 

7.2.1.3 Choice of Control Input 

Consider the control input is, 

1 2u r y  
         (7.5) 

Where,
 
 

1 and 2 are control parameters. 

The objective of this control algorithm is to find out the control parameters, which are 

an essential part of the control inputu . 

7.2.1.4 Derivation of error dynamics 

Replacing u from equation (7.5) to equation (7.4), we get the 
thn order error dynamics 

model, 

1 2

1 21 2

1
11 2

1 ( 1)1

...

( )
... ( ... )

n n n

n nn n n

n
n

n m n m mn

d e d y d y
a a

dt dt dt

d r y
b a y b r

dt

 

 

  




 

    


    

    (7.6) 

By adding and deducting  
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1 2

( 1) ( 2) 11 2
, ,..., ,

n n

m n m n m mn n

d y d y dy
a a a a y

dt dt dt

 

  
  

with equation (7.6), we get, 

11

( 1) ( 1)1 1

22

( 2) ( 2)2

1 1

( 2) 11 1

2 2

( 2) 22 2

1

1 2
1 1

( )

( )

... ( )

( )

( )
... ...

nn n

m
m n m nn n n

nn

m
m n m nn n

n n

m n nn n

n n

m n nn n

n

n mn

d yd e d y
a a

dt dt dt

d yd y
a a

dt dt

d y d y
a a

dt dt

d y d y
a a

dt dt

d r y
b b r

dt

 



  



 

 

  

 

  



 

   

  

  

 


  

     (7.7) 

1 2

( 1) ( 2)1 2

1 2

1 ( 1) ( 2) ( 2)1 2

1

1 2
1 1

...

( ) ( ) ...

( )
...

n n n

m n m nn n n

n n

n m n n m nn n

n

n mn

d e d e d e
a a

dt dt dt

d y d y
a a a a

dt dt

d r y
b b r

dt

 

 

  

 

    



 

   

    


  

    (7.8) 

By integrating equation (7.8), ( 1)n times with respect to time and considering  

the initial value of all control variables, we get, 

2 1( ) ( )m m m

de
a e b a a y b a r

dt
             (7.9) 

7.2.1.5 Finding the Parameter Adjustment Rule 

From the error dynamic equation (7.9), it is observed that tracking error converges to 

zero if the parameters are adjusted like equation (7.10) and (7.11), 

2( ) 0mb a a y            (7.10) 

1( ) 0mb a r           (7.11)
 

As 0y  and 0r  , we get, 

1
ma

b
           (7.12) 
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2
ma a

b



          (7.13) 

Here, 1 and 2 are the required control parameters which consist of the parameters of 

plant and reference model plant. 

7.2.1.6 Choice of Lyapunov Function 

Considering the following quadratic equation as a Lyapunov function,  

2 2 2

1 2 2 1

1 1 1
( , , ) ( ) ( )

2
m mv e e b a a b b

b b
   

 

 
      

 
   (7.14) 

Where, 0b  . 

Here, the Lyapunov function is the function of error e and required control parameters

1 and 2 . 

 is considered for tuning of the required control parameters. 

7.2.1.7 Derivation of Lyapunov function 

First order derivative of the equation (7.14), gives 

2 1
2 1

1 1
( ) ( )m m

d ddv de
e b a a b b

dt dt dt dt

 
 

 
          (7.15) 

Putting the value of 
de

dt
from equation (7.9) into (7.15),  

we get, 

2 2
2

1
1

1
( )( )

1
( )( )

m m

m

ddv
a e b a a y e

dt dt

d
b b re

dt


 




 



      

 

     (7.16) 

7.2.1.8 Finding Control Parameter 

From equation (7.16), it is clear that, 
dv

dt
will be negative if the extra terms of equation 

(7.16) are equal to zero. 
 

If the derivative of Lyapunov function is negative definite, it indicates that 

( ) (0)v t v  and it ensures that, 1 2, ,e  
 
must be bounded. 
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If we put the extra term equal to zero, we also get the control parameters from the 

 equation (7.17) and equation (7.18). 

2 0
d

y e
dt


          (7.17) 

1 0
d

re
dt


           (7.18) 

From equation (7.17) and (7.18), we get the required control parameters. 

1

1
yre

S
            (7.19) 

2

1
y e

S
           (7.20) 

From equations (7.19) and (7.20), it has been found that control parameters can easily 

avoid the plant parameters and reference model plant parameters by using this Lyapunov 

Design technique. Control parameters are only consisting of the reference input signal, plant 

output and tracking error. Tuning gains are provided to tune the controlled plant output. 

7.2.1.9 Finding Control Input 

Now, if we put the value of 
1  and 

2 from equations (7.19) and (7.20) into equation 

(7.5), we can get the required control input for the closed-loop MRAC controlled plant. 

2 21 1
u yr e y e

S S
           (7.21) 

By observing the equation (7.21), it has been observed that, control input obtained by 

using this technique, is independent of plant parameter and reference model plant parameters. 

7.3 Stability Proof 

From the equation (7.16), it has been observed that the stability of a closed loop controlled 

system will be automatically satisfied if the parameter adjustment rule is achieved.  

7.4 Barbalat’s Lemma 

If a scalar function ( , )V x t  satisfies the following conditions [92] 

1. ( , )V x t  is lower bounded. 

2. ( , )V x t


 is negative semi-definite. 

3. ( , )V x t


is uniformly contiuous in time. 
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Then, ( , ) 0V x t


 as t   

If we put the extra term of equation (7.9) equal to zero, we will get equation (7.22), 

2

m

dv
a e

dt
           (7.22) 

The second derivative of equation (7.22) is required to ensure the zero tracking error 

2

2
2 m

d v de
a e

dt dt
          (7.23) 

Since all the parameters are bounded and my e y  is bounded, and,
2

2

d v

dt
is also 

bounded, which implies that 
dv

dt
is uniformly continuous. Now using Barbalat’s Lemma, we 

conclude that tracking error converges to zero. 

7.5 Chapter Summery 

The proposed algorithm has been derived based on Lyapunov Design technique. As the control 

law design is based on Lyapunov Design technique, stability is ensured spontaneously while 

deriving the parameters of the control law. Moreover, we have employed the error dynamic 

model for the design of the control law and it enabled us to directly check the robustness of 

asymptotic stability as well as perfect tracking, i.e. 0e as t  . Thus, robustness in stability 

as well as robustness in tracking is satisfied. The tracking performance has been verified by the 

Barbalat’s Lemma.  
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CHAPTER 8 

Reference Input tracking of inversion-based Non-Minimum 

Phase System using Adaptive Two-Degree-of-Freedom Control 

 

8.1 Introduction 

Tracking control is one of the essential requirements for the control system. To solve the 

tracking problem, model based feed-forward, enhanced feed-forward, two feed-forward, 

adaptive feed-forward, and feed-forward model inverse control have been studied in different 

literature. 

In the early days, the regular change of the set point or command input signal is not 

necessary in control system engineering. So, there is no requirement of optimal tuning for the 

disturbed output response and, as a result, for a conventional PID controller, it is sufficient to 

solve the control problem. But in these modern days, frequent set point changes occur and, 

consequently, a more powerful control system is essentially required. Here, the 2DOF PID 

controller can overcome these difficulties by replacing the conventional classical PID 

Controller [35]. 

A real time XY table can be realized by two mathematical models using the MATLAB 

Identification toolbox. Out of the two models, one is the MP model and another is the NMP 

model, and these two models are controlled by adaptive feed-forward zero phase error tracking 

control (ZPETC) with the adaptive gain adjustment by recursive least square [RLS] algorithm 

[94]. 

An unstable and linear time-invariant model of a diesel generator exhibits NMP 

characteristics when it is converted to a discrete time model. At first, the model predictive 

controller (MPC) has been applied to the diesel generator system model, and then the transfer 

function of the closed loop system model has been derived. After that, the feed-forward 

controller has been developed using the inverse model of the derived transfer function [95]. 

Out of these control schemes, the inversion based adaptive feed-forward technique is very 

popular for tracking control systems. 

But inversion based techniques are restricted to the MP system only. In the case of an 

NMP system, it shows an abrupt output response due to unstable zero, which is obvious in it. 
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Adaptive feed-forward zero phase error tracking control and feed-forward model inverse 

control using a predictive model applied in diesel generators are proposed for discrete time 

systems. For a continuous time NMP system, it is difficult to design a tracking control system 

that asymptotically tracks an arbitrary reference desired trajectory [96]. 

The 2DOF control approach has been demonstrated on a bioreactor, which exhibits 

maximum NMP characteristics. The gain scheduling plant has been used here to stabilize the 

plant. The nominal state vector and current nominal control signal are scheduled to construct 

the parameters of the controller. Here, based on the nominal trajectory, the linearization of the 

plant is done because the linear parameter varying model is required for the designing of this 

controller [97]. 

A feed-forward control scheme has been applied to one discrete time system model, 

which exhibits NMP characteristics due to small or reduced sampling time. This controller used 

a closed loop inverse model and its internal stability could not be assured.  Zero phase error 

tracking controller (ZPETC) overcomes this problem of stability by cancelling all poles and 

zeros after approximating the NMP system model using the MATLAB system identification 

toolbox [98]. 

Combination of feed-forward and feedback control in a two-degree-of-freedom 

framework has been effectively applied in several control systems, like hydraulically actuated 

hexapod robot, motion system, piezoelectric actuators, pumped storage power plant, unstable 

electro-hydraulic actuator with NMP characteristics [81]. 

An efficient electro-hydraulic servo system is used as the actuator of walking robots, 

because large power is required for walking on rough surfaces. Due to changes in the hydraulic 

properties, a high degree of uncertainty and non-linearity, time delay in the oil flow and dead-

zone in the electromagnetic valve have occurred, and as a consequence, locomotion control of 

the actuator for the legged robot becomes challenging. To mitigate this control problem, one-

step ahead, a fuzzy pre-filter as feed-forward compensation and a PI-based fuzzy controller as 

its feedback counterpart in the 2DOF structure has been suggested here [99]. 

Advancements in micro/nano technology lead to the controlling of piezoelectric 

elements, as these elements are the key devices for the actuation of micro/nano positioning 

stages. Inherent hysteresis and creep nonlinearity are found in piezoelectric materials, which 

may reduce efficiency, even if the stability of the whole system may be affected. The 

combination of feed-forward and feedback may be the solution to this problem in its application 
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on the electro-hydraulic actuator (EHA) as this actuator suffers from time-varying parameters 

with non-linearity and uncertainty [100] [102]. 

To get better performance of DSMC, applied on EHA, a point to point trajectory 

concept has been implemented in the system model. The DSMC in 2DOF control method 

provides robustness against uncertainty and disturbances during the time of position tracking 

at different points of trajectory [103]. 

The static feed-forward part of a 2DOF control method is usually used in pumped 

storage power plants. Due to the NMP nature of the storage plant, at the time of set point 

changes in generator output, the controlled pumped storage plant leads to pressure oscillation. 

To avoid these negative phenomena, a flatness based feed-forward is developed and 

implemented in the already existing 2DOF control structure [104]. 

The adaptive feed-forward scheme is efficiently used in tracking the control system 

structure of any dynamic system, but if it is used in the linear NMP system, it introduces non-

linearity in its dynamic characteristics [93]. One of the suitable methods to solve the stability 

problem of non-linear systems is the Lyapunov stability theory method [105]. The Lyapunov 

stability theory and input output system variables of the system are used to develop the MRAC 

type adaptive control structure [106]. The Lyapunov Design technique based on MRAC has 

been applied to the simplified mathematical model of permanent magnet linear motor drives, 

and here, it has been observed, that the dynamic and steady state performance of the Lyapunov 

based model reference adaptive System based controller provides better performance than 

conventional PID controller for the permanent magnet linear motor [107]. 

Again, problems regarding the stabilization and tracking of non-linear systems like the 

Vander Pol Oscillator may be solved by Lyapunov stability theory discussed in a master's thesis 

[108]. 

There is a comparative analysis performed between MRAC using Lyapunov stability 

theory and a fuzzy learning control for the balancing of the benchmarked system model of an 

inverted pendulum and both control techniques have been designed on the basis of the reference 

model [109]. 

Comparative analysis of MIT rule based MRAC and Lyapunov stability theory based 

MRAC has been performed on the first order slow process, which is a part of the level process 

control in the MATLAB simulation environment and proves the superiority of the Lyapunov 
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Design technique based on MRAC [110]. 

In previous research work, the MIT rule based MRAC method was implemented on a 

2nd order linear NMP system model using step input signal [111]. One major problem was 

found that an undesirable initial undershoot has not completely been removed and robustness 

with respect to stability and tracking performance cannot be proved. 

Here, we have considered the Lyapunov based Direct Model Reference Adaptive feed-

forward control for tracking the reference input signal for an inversion-based second order 

NMP System.  State feedback control using arbitrary pole placement acts as a feedback part of 

a two-degree-of-freedom structure. 

8.2 Problem Statement 

Direct Model Reference Adaptive Control (MRAC) of an inverse transfer function model of 

the NMP system has to be proposed here as a feed-forward compensator in the 2DOF 

framework to track the reference input trajectory, and a SFB control scheme has been 

considered here for feedback compensation. Initially, we had designed the MIT rule-based 

MRAC as feed-forward compensation in the 2DOF structure, but we had faced some 

difficulties with this control technique discussed in the chapter 6.  

8.3 Two-degree-of-Freedom Control 

In the 2DOF structure, the inverse transfer model-based NMP system has been considered for 

feed-forward control and a non-inverse transfer function model-based NMP system is 

considered for feedback control. Here, feed-forward and feedback controllers are decoupled 

with each other.  

8.4 State Feedback Control 

The state feedback control using an arbitrary pole placement method has been used as a 

feedback counterpart for the non-inverse NMP employed in the 2DOF control structure. Here, 

the transient characteristics as well as stability of the system are determined by the eigen values 

of the system matrix (refer to Fig. 5.1) If the matrix is chosen accurately, the matrix can be 

made an asymptotically stabilized matrix [90]. 
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8.5 MRAC Using Lyapunov Design Technique 

The generalized Lyapunov Design technique of the MRAC scheme has been provided in 

chapter 7. Here we are presenting a Lyapunov based MRAC technique for an inverse-based 

NMP system. 

The basic structure of the MRAC scheme is shown in Fig. 4.1. It has four parts: the 

reference model, the plant, the controller and the adjustment mechanism [112]. The MRAC 

structure and its description are provided in chapter 4. 

The reference model is chosen to get the desired trajectory. The output response of the 

reference model must be tracked by the output response of the closed loop plant using the 

adjustment mechanism. MRAC is divided into direct and indirect methods. In direct MRAC, 

the parameter vector is updated directly by adaptive law [113]. 

Let the plant Transfer function [114] 
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and reference model transfer function    

1
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m
m
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2

2 3 1( ) ( ) ( ) ( )m m mS Y S c SY S c Y S c R S    (8.5) 

  By using inverse Laplace transformation, we get 

(2) (1)

1 2 3my c r c y c y           (8.6) 

Assuming plant output matches with the output of the reference model. 

(1) ( ) ( 1) ( 1)

1 2 3 1 0 1 0

1
....... .....m m n

m m n

n

c r c y c y b u b u b u a y a y
a

 

 
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              (8.7)
 

Initial values of the control parameters, 
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                        (8.8) 
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             (8.9) 

Error, 

me y y           (8.10) 

Defining the Lyapunov Function, 
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Derivative of Lyapunov function, 
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     (8.12) 

To get dV

dt
 negative semi definite,  

2d
ye

dt


          (8.13) 

1d
re

dt


           (8.14) 

        

      From equation (8.13) and (8.14), we can get, 

     
1 re

S


   ,          (8.15)    

       
2 ye

S


           (8.16)             

        Where, 1  and 2  are control parameters. 

8.6 Numerical Example 

Here we have examined the proposed Lyapunov based 2DOF control methodology by using the 

2nd order NMP system whose state model has been represented by the following equation (same 

as Chapter 6) 
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X AX Bu

Y CX Du



 

           (8.17)

 

Where, 

 

5 4

1 0
A

  
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           (8.18) 

1

0
B

 
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 4 10C   
         (8.20) 

 

 1D 
         (8.21) 

 

We have chosen the following state space model of the 2nd order reference model plant 

is, 

5 16

1 0
mA

  
  
           (8.22) 

1

0
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 
  
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0mC  16
         (8.24) 

 0mD 

 

We have also chosen 1st order reference model whose transfer function is in the 

following equation, 

1
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1
mG s

S
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

 

 

         (8.25) 

         (8.26) 
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Simulation results shows that the combination of Lyapunov theory based MRAC and SFB 

controller can effectively solve the tracking problem of inversion based NMP system. The unit 

step, parabolic and ramp signals are chosen as reference input trajectories for this controlled 

system. 

 

Fig. 8.1 Unit step response of cascaded inverse and non-inverse MP system 

 

 

Fig. 8.2 Unit step response of cascaded inverse and non-inverse NMP system 

  

8.7 Simulation Result 
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Fig. 8.3 Unit step response of 2DOF controlled NMP system with 1st order reference 

model 

 

 

Fig. 8.4 Unit step response of control input for 2DOF controlled NMP system with 1st 

order reference model 
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Fig. 8.5 Unit step response of 2DOF controlled NMP system with 2nd order reference 

model 

 

 

Fig. 8.6 Unit step response of control input for 2DOF controlled NMP system with the 2nd 

order reference model 
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Fig. 8.7 Unit ramp response of 2DOF controlled NMP system with 2nd order reference 

model 

 

 

Fig. 8.8 Unit ramp response of control input for 2DOF controlled NMP system with the 

2nd order reference model 
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Fig. 8.9 Unit parabolic response of 2DOF controlled NMP system with 2nd order reference 

model 

 

 

Fig. 8.10 Unit parabolic response of control input for 2DOF controlled NMP system with 

the 2nd order reference model 
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8.8 Result Analysis 

In the MATLAB SIMULINK environment, software experimentation has been performed on 

the same numerical example of an NMP system as stated in chapter 6, where we have found 

that an uncontrolled plant’s output responses are shown in Fig. 6.3 (chapter 6) and unbounded 

output response of the inverse NMP system shown in Fig. 6.4 (chapter 6). When the inverse 

and non-inverse transfer function model of the NMP system are connected in series, it cannot 

cancel the poles and zeros like the minimum phase system in Fig. 8.1, and rather it produces 

an unbounded oscillatory output response shown in Fig. 8.2. 

The Lyapunov based MRAC scheme as feed-forward of 2DOF control technique not 

only stabilizes the uncontrolled NMP system, its initial undershoot has been completely 

removed as shown in Fig. 8.3 and Fig. 8.5 with 1st order and 2nd order reference models 

respectively. Both the 2DOF controlled output response (shown in Fig. 8.3 and Fig. 8.5) 

effectively track the reference input trajectory. To prove the efficiency of the proposed tracking 

control system, unit ramp and parabolic command signals also have been applied, shown in 

Fig. 8.7 and Fig. 8.9 respectively, strengthening the concept of this proposed control 

methodology. The unit step control inputs with 1st order and 2nd order reference models are 

shown in Fig. 8.4 and Fig. 8.6 respectively. Fig. 8.8 and Fig. 8.10 show the ramp and parabolic 

control input respectively. 

8.9 Chapter Summery 

This approach uses a feed-forward direct MRAC of the inverse model plant using Lyapunov 

Design technique for desired trajectory tracking and state feedback control for stabilization of 

the NMP system. The arbitrary pole placement method has been used in feedback control to 

get the bounded time response of the NMP system. The proposed controller shows that it can 

provide impressive tracking performance for the step, ramp and parabolic reference input 

trajectories. Initial undershoot is an undesirable characteristic evolved from step response of 

the NMP system, and also can also be neutralized by the proposed control methodology. 
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CHAPTER 9 

Design of different reference model based model reference 

adaptive controller for inversed model non-minimum phase 

system in 2DOF structure 

9.1 Introduction 

Design of the tracking control system for minimum or non-minimum phase system is one of 

the indispensable as well as challenging tasks in the area of control system engineering. 

Different control techniques have been studied so far, and among them chattering free 

convergence has been developed by robust sliding mode learning control. A recursive learning 

mechanism based on sliding mode control has been designed to experiment on a class of non-

linear NMP system, where the internal dynamics are stabilized completely [115]. To minimize 

the tracking errors of a system with NMP properties, a linear combination of user-defined basis 

functions with unknown coefficients the forwarded to filter using the dynamics of NMP 

system. Here, the frequently used non uniform rational B-spline (NURBS) curve has been 

analyzed to derive the set of basis functions [116]. State-based uncertainty has been found in 

some classes of uncertain nonlinear NMP systems. To get the output feedback tracking of those 

systems, the uncertainty is divided into two decomposed subsystems through an adaptive state 

decomposition process. The non-linear small gain theorem has been utilized for the 

development and stability analysis of   the controlled system [117]. 

The output trajectories of the controlled plant cannot be shaped by the above discussed 

tracking control system. The control designer has no option to choose the shape of the trajectory 

path as the requirement of the control objective. 

But, MRAC methodology can give this opportunity to select the dynamics of a 

reference model plant (RMP) as per the control designer’s or researcher’s choice. The output 

response of the plant always tracks the output trajectory of the RMP in this control scheme. 

Moreover, the MRAC scheme has been effectively implemented in different areas in control 

system engineering. 

An air vehicle with a dual multi-degree-freedom manipulator uses Lyapunov-based 

MRAC to solve the control problem when both the manipulator movement and interaction with 

the target objects are performed by the air vehicle. Oscillation, produced from the unstable PID 
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control loop has been stabilized by this effective control method [118].Simulation results of 

Lyapunov stability theory based by MRAC on the simplified mathematical model of permanent 

magnet linear motor shows that a dynamic performance and steady precision of the controlled 

system model is better than the conventional PID control of the said system model [119].The 

vibration suppression of a smart piezoelectric mechanical structure has been controlled by non-

linear MRAC algorithm based on the finite element model structure. Robustness on stability of 

this control method is done by adding the integral term to the control algorithm [120].The 

MRAC method based on reference model and adaptation has been implemented on a 1cm x 

0.5 cm length Ionic polymer metal composite (IMPC) strip based on a Nafion 117 Na + 

membrane in the Lab view platform [121].The mechanical and electrical equations have been 

used to develop the system model of a mechatronics elevator system, which is driven by a 

permanent magnet synchronous motor. The self-learning particle swarm optimization method 

identified the experimental parameters of the elevator. This system model has been considered 

for the application of the Lyapunov-based MRAC scheme to achieve the trajectory of the 

reference model's trajectory of the scheme [122]. A twin rotor system with multiple inputs and 

multiple outputs is a very complex non-linear system, as it decomposes into two subsystems, 

and the cross coupling between them exhibits disturbances to each other make the system very 

hard to control. In this twin motor system, the desired and perfect dynamic performance 

specified by the reference model has been achieved by a hyper-stability system based on 

adaptive control, and it has been applied to both the subsystems separately [123]. 

Both the MIT rule based and Lyapunov stability theory based MRAC are 

simultaneously implemented on a standard level process control system, where the system is a 

first order slow process on the MATLAB SIMULINK platform [109]. 

In the biological environment, the application of MRAC is praiseworthy. In this 

application, a master-slave structure of a soft tissue cutting process is modeled, and in this 

process, the D.C. motor-driven slave has to accurately track the movement of the master; 

though there are different disturbing forces affecting their movement, but this critical tracking 

problem can be solved by the dual functionality of the Lyapunov’s 2nd technique based MRAC 

[124]. MRAC is also applied in the simulation of glucose regulation in blood [125]. Its 

efficiency has also been checked by comparing it with other control actions. It has been seen 

that the output of the MRAC compensated plant is more accurate than the fuzzy Logic 

controller and the PI controller when it is applied to the level control of a coupled tank system 
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[126]. 

Though the observed research work highlighted the accuracy of the MRAC scheme, 

they haven’t shown any comparison between the reference model plant’s output and the output 

of the plant to be controlled. This untouched part of the MRAC scheme will be presented in 

this research work. 

The objective of this simulation is to verify whether the proposed MRAC controlled 

2DOF control of the NMP system literally follows the output trajectory of a reference model, 

whose dynamic characteristics are specified by the control designer. 

9.2 Problem Statement 

It is well known, that the output trajectory of a MRAC controlled plant always tracks the 

reference model output trajectories. In this work, it has to be verified that the proposed MRAC 

controlled inversion based NMP system in the 2DOF framework actually tracks the RMP’s 

output trajectory or not. 

9.3 MRAC Employing Lyapunov Stability Theory for second order Plant 

Tracking error is simply difference between the plant output and the reference model outputs 

refer to Fig. 9.1 

 

Fig. 9.1 Block diagram of MRAC structure 

Considering 2nd order Reference Model: 

2

2

m m
m m

d y dy
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           (9.1) 
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And a 2nd order Plant Model: 

2

2

d y dy
a bu

dt dt
           (9.2) 

Where, my is reference model output, y is plant output, r  is reference input signal 

Let, 

Where 
1  and 

2  are the control parameters  

Control input: 
1 2

dy
u r

dt
          (9.3) 

Replacing u in equation(9.2) from equation (9.3),we get, 
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Tracking error: 

me y y           (9.5) 

By subtracting the equation (9.1) from equation (9.2), we get, 
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By adding and deducting
m
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a

dt
 with equation (9.6), we get, 
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dyd e dy dy dy dy
a a b r b a a b r

dt dt dt dt dt dt
             (9.7) 
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m m m

dyd e dy dy
a b a a b b r

dt dt dt dt
             (9.8) 

Or, 

2

2 12
( ) ( )m m m

d e de dy
a b a a b b r

dt dt dt
             (9.9) 

Assuming the initial values of the control parameter 1 and 2 , 

and integrating equation (9.9) with respect to time ‘ t ’, 

We get, 

2 1( ) ( )m m m

de
a e b a a y b b r

dt
              (9.10) 
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From the error dynamics it is observed that the tracking error will go to zero,  if 

2 mb a a            (9.11) 

2
ma a

b



          (9.12) 

and 

1 mb b           (9.13) 

1
mb

b
           (9.14) 

In this way, the control parameters have been developed by adjustment mechanism. 

Now, considering the Lyapunov function for the error dynamics, 
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where 0b  . 

2 2
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( , , )
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m mb a a b b
V e e

b b

 
 

 

  
        (9.16) 

This function becomes zero when e is zero and the controller parameters are equal to 

the correct values. For a valid Lyapunov function ,time derivative of lyapunov function must 

be negative. The derivative is given by, 

   1 12 1
2 1

d ddV de
e b a a b b

m mdt dt dt dt

 
 

 
          (9.17) 

Substituting the value of 
de

dt
 from equation (9.10) into equation (9.17), we get, 
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2 2
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     (9.20) 

If the parameters are updated as follows 

1d
re

dt


           (9.21) 

2d
ye

dt




           
(9.22) 

After integrating the equation (9.21) and (9.22), we get, 

1 re
S


            (9.23) 

2 ye
S


           (9.24) 

1  and 
2  are the control parameters with adjustable gain  . 

9.4 Numerical Example 

The transfer function of the NMP system has been provided by the following numerical value: 

2

2

6
( )

5 4

S S
G s

S S

 


 
        (9.25) 

Reference Models used in this control stucture are of different damping nature and 

demonstrated in the table below. 

Table 9.1 Transfer function of different RMP on the basis on damping ratio 
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9.5 Simulation Result 

The inversion based NMP system has been considered as an unstable system for MRAC 

structure. The RMP with four types of damping nature has been incorporated with the proposed 

2DOF based MRAC structure and step input as a set point has been applied here. The following 

plots demonstrate the output responses of the plant before and after the application of the 

proposed 2DOF control scheme. 

 

Fig. 9.2 Unit step response of uncontrolled inverse model of NMP system 

 

Fig. 9.3 Unit step response of MRAC controlled inverse NMP system in 2DOF framework 

using un-damped (damping ratio=0.1) reference model 
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Fig 9.4 Unit step response of MRAC controlled inverse NMP system in 2DOF framework 

using un-damped (damping ratio=0) reference model 

 

 

Fig. 9.5 Unit step response of MRAC controlled inverse NMP system in 2DOF framework 

using critical damped (damping ratio=1) reference model 
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Fig. 9.6 Unit step response of MRAC controlled inverse NMP system in 2DOF framework 

using over-damped (damping ratio=12) reference model 

9.6 Result Analysis 

The previous example has been taken here to verify whether the proposed MRAC truly follows 

the desired trajectory provided by the reference model or not. On the basis of the damping ratio, 

four types of reference model have been considered here, which are incorporated into the 

MRAC structure. These are un-damped (damping ratio=0), under-damped (damping 

ratio=0.1), critical-damped (damping ratio=1), and over-damped (damping ratio=12). 

The inverse model of the NMP system produces unbounded, and, which is obviously 

an unstable output response, as RHP zero is transferred into the RHP pole, shown in Fig. 9.2. 

It has been observed that all the output responses or trajectories of the proposed controlled 

NMP plant follow their respective reference model’s output trajectories or, clearly say, 

dynamic characteristics of the reference model. Fig. 9.3, Fig. 9.4, Fig. 9.5, and Fig. 9.6 show 

that controlled plant output literally tracks the output trajectory of models with the 

characteristics of under-damped, un-damped, critically damped, and over-damped respectively. 

All the simulations have been done in the MATLAB SIMULINK environment, and it has been 

observed that all output responses almost track the reference model output trajectory. 
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Table.9.2 Comparison of characteristics specification of step response of reference model 

and plant model 

 

9.7 Chapter Summery 

This work demonstrates that the plant, which has been used as a reference model for the MRAC 

scheme for the 2DOF control structure, has an important role in tracking the control system.  It 

provides a lot of advantage to the designers as they can get the chance to modify the plant 

output as per their needs. The RMP with four types of damping ratio has been employed in the 

MRAC structure to verify the role of the reference model. The inverse based NMP system 

model has been taken from chapter 6 and the step input signal has been considered as a set 

point. Lyapunov Design technique has been applied to obtain the control parameters of the 

MRAC algorithm. It has been shown that output trajectories of the controlled plant always 

follow the path obtained by the RMP of this MRAC structure. 
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CHAPTER 10 

Elimination of Initial undershoot of Non-minimum Phase System 

10.1 Introduction 

In control systems, extensive research work on the system property has been done for many 

decades and the linear time invariant (LTI) system can be classified in various ways on the 

basis of the system property. If at least one of the zeros of the transfer function model of any 

LTI system is placed at the RHP of the S plane, then it is named as an NMP system and the 

peculiar characteristic of an NMP system is that its initial response goes opposite to it’s steady 

state response [18]. It is basically the step response of the system, which, at first, moves inverse 

to the desired output trajectory provided by the set point, and after some time it follows the 

desired trajectory of a linear time invariant NMP system and, obviously, it is produced due to 

the zero, which is placed at   RHP of the S plane. These NMP zeros cannot be cancelled by 

unstable poles as it hampers the stability of the system [127]. Presence of RHP zeros not only 

produces initial undershoots, some more unavoidable time domain characteristics, like zero 

crossing, overshoot also exhibits in its step response, and comparison of initial undershoots in 

different NMP system has been mathematically analyzed by using some theorems [128]. 

It has been studied that, complex conjugate RHP zeros has no contribution in the 

production of initial undershoot or, we can say the complex conjugate RHP zero has no 

influence on the characteristics of initial undershoot [129]. The time delay system also exhibits 

NMP characteristics in its dynamics after the pade approximation of its delay component [28]. 

Though the same magnitude is produced by the MP and NMP systems in frequency response 

analysis, the NMP system exhibits large phase lag, which is not treated as a good property of 

the system [5].As input and input variables of the system being coupled to each other and 

represented as zeros of transfer function of the system, the response to an input signal is 

characterized by zeros of the dynamic system [11]. Due to the RHP zeros of the s plane, typical 

characteristics like undershoot, undershoot and overshoot are obvious in the step response of 

the NMP system. These phenomena in time response obstruct good tracking control of the 

NMP system. The NMP system is difficult to handle as closed poles move towards the RHP 

zero as the gain increases. 
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Researchers have nurtured different technologies to mitigate these unacceptable 

characteristics of the NMP system. Conventional control methods are not sufficient to control 

the deep-rooted characteristics of the undershoot of the NMP system [131]. 

There are different control methods that have been observed for the solution to the 

control problem of NMP systems. The active disturbance rejection control (ADRC) method is 

very effective for minimum phase systems. As there is limitation in the stable bandwidth of the 

NMP system, ADRC cannot be able to stabilize the plant by determining the observer poles 

and the controller poles. So, to overcome this, the linear quadratic regulator (LQR) method 

using an extended system of ADRC has been used for the disturbance removal and stabilization 

of the NMP system [30]. The fractional order PID controller with a simple optimization method 

has been applied on a multi variable non-minimum phase quadruple-tank system, but initial 

undershoot and overshoot have not completely been removed [2]. A fractional order 

cancellation of zeros has been introduced in the literature, though the cancellation of zero by 

unstable is not possible for NMP as it leads towards instability [127]. Internal instability is the 

main cause for inaccurate tracking of NMP systems. It is a difficult task for linear control 

techniques to counteract these undershoots characteristics of the NMP system. The genetic 

algorithm based fuzzy PID controller with its two-stage control structure is able to cancel the 

effect of unstable zero and help to provide good transient response of NMP system [131]. 

Another unavoidable phenomenon, like initial overshoot occurs due to the RHP zeros, 

which are even in number, and reference input tracking without overshooting is a challenging 

task in many applications.NMP systems under noise and disturbance conditions are controlled 

by magnitude-optimum multiple integration and numerical optimization based on PID control. 

Here, mathematical analysis of NMP systems with time delay has been done using numerical 

optimization techniques [132].An experimental set-up of a quadruple-tank system has been 

considered as an NMP system with an undershoot and an overshoot, where six single variable 

transfer function models are present, and a fuzzy PID controller with simple tuning method is 

applied here. It has been observed that, though the initial undershoot has not completely been 

removed by the above-said control technique, it is better than conventional PID control [2]. 

Different optimization methods, like, imperialist competitive algorithm, particle swarm 

optimization, genetic algorithm,  artificial bee colony, and cuckoo search techniques have been 

employed to develop suitable autopilot for missiles with NMP model, which incorporates the 

speed, undershoot, overshoot, and steady-state error and compare these performance on unit 

step set point and, here innovative cost function has developed to deal with these problems 
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[133].Particle swarm optimization-based two-stage PI/PD controller has been explored on three 

NMP systems to reduce the peak overshoot, maximum overshoot, settling time and rise time 

in the unit step response of the NMP system in the MATLAB SIMULINK environment[134]. 

An unstable NMP system may be decomposed into two sub system, one is stable system model 

with NMP properties and other is unstable MP subsystem. The root locus design technique may 

be used here to shift the RHP zero to the left-hand side of the S plane to convert the NMP 

system model to an MP one. Now, the feed-forward control logic may be implemented on the 

resultant system.  Control techniques like adaptive PID and model reference control are not 

capable of meeting the desired transient response and steady state error of the unstable NMP 

system, but, the described method can overcome this problem, and the above said control 

algorithm can be easily applied on it [135].Initial undershoot of TITO NMP system has been 

reduced by simulation based predictive controller, where the controller incorporated the 

extended setting of the constraints, and it is actually the modified version of the predictive 

control for SISO system with NMP behavior. The transfer matrix from the mathematical model 

of the TITO NMP system has been used for the experimentation of initial undershoots control 

by a predictive control scheme [136]. 

Inspired by predictive control of the TITO NMP system, here one benchmarked TITO 

NMP system is considered to verify this proposed 2DOF based MRAC control strategy. The 

main objective of this work is to eliminate the undesirable initial undershoot, which is obvious 

as well as responsible for difficulties arising in the NMP system. Along with this initial 

undershoot, initial overshoot, and more undershoot overshoot are to be removed using the 

proposed MRAC scheme. 

The main contributions of this research works are: 

1. Recent literature on behavioral control problems of the NMP system has been 

extensively studied. 

2. Analyzing the effect of odd and even number the RHP zeros of the NMP system. 

3. Implementing the proposed control technique to remove the initial undershoot and 

overshoot to get good tracking performance of the NMP system. 

4. Validation has been done on the different SISO and one TITO NMP systems. 
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10.2 Problem Statement 

On the basis of the position of the zeros in the S plane, the dynamic system is classified into 

two categories, like the MP and the NMP system. They may be of the same amplitude, but in 

anti-phase to each other. Odd and even number of RHP zero exhibits initial undershoot and 

overshoot in its step response, respectively, which lead to internal instability and consequently 

restrain the smooth trajectory tracking of reference input. To overcome these obstacles of 

tracking problems on NMP systems, a MRAC control approach has been considered here to 

nullify the initial undershoot as well as an initial overshoot phenomenon of systems. 

10.3 MRAC Scheme 

 

Fig. 10.1 Schematic diagram of MRAC structure[112] 

MRAC is an advanced control scheme in which desired performance can be achieved 

by utilizing a minimum phase plant that acts as the referenced model in its control structure 

[79]. 

The error dynamics is produced by comparing the dynamic response of the plant model 

and the reference model plant and it is used to produce the required adaptive algorithm by a 

parameter adjusting mechanism. To get the desired trajectory given by the reference model, 

dynamics asymptotically converges to zero. Among the two loops of the MRAC structure, the 

inner loop consists of plant and controller, whereas the outer loop adjusts the parameters to 

minimize the error between the reference model and plant model to acquire the pre-specified 

trajectory of the reference model. The four components of this control scheme are required; 

those are reference model, plant, controller and parameter adjustment mechanism. Adjustment 
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mechanisms may be developed by using the MIT rule, theory of augmented error, and 

Lyapunov theory [137].Tracking error, e will be produced due to the difference between the 

output signal of a plant and the reference model. Error dynamics will converge to zero by the 

technique of adaptation mechanism [92]. 

Let, the 2nd order reference model is, 

(2) (1)

mm m my a y b r          (10.1) 

The 2nd order plant model is 

(2) (1)y ay bu          (10.2) 

In equation (10.1) and (10.2), u  is the control input and r is the reference input. 

Let, 

1 2u r u           (10.3) 

Tracking error, 

me y y          (10.4) 

By subtracting (10.1) from (10.2), we get, 

(2) (2) (2)

me y y         (10.5)

(2) (1) (1)( )m m me ay bu a y b r           (10.6) 

Replacing u in equation (10.6), we get, 

(2) (1) (1)

1 2( ) ( )m m me ay b r y a y b r             (10.7) 

By adding and deducting (1)

ma y  in equation (10.7), we get, 

(2) (1) (1) (1)

2 1 1( ) ( ) ( )m m m me a y y b a a y b b r            (10.8) 

Considering the control parameter’s initial value
1 and

2 , and integrating 

with respect to t, we get, 

(1) (1)

2 1 1( ) ( )m m me a e b a a y b b r            (10.9) 

By observing the equation (10.9), 

We find, that, tracking will tends to zero for, 
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2 mb a a           (10.10) 

1 mb b 
         (10.11) 

In this way the parameter adjustment rule is achieved. 

10.4 Numerical Examples 

In this section we have demonstrated five numbers of SISO NMP systems and one TITO NMP 

system transfer function model, which have been taken to verify the MRAC structure for the 

elimination of initial undershoot and overshoot. Initial undershoot produced by the following 

SISO transfer function models [138]. 

10.4.1 SISO NMP with one RHP zero 

2
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       (10.12) 
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 
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 
       (10.13) 

10.4.2 SISO NMP with two RHP zeros 

Initial overshoot and undershoot produced by the following SISO transfer 

function model [138], 

2

3 3 2
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 

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      (10.14) 

10.4.3 SISO with three RHP zeros 

Initial undershoot, overshoot and then undershoot produced by 

the following SISO transfer function models [138], 

3 2
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    (10.15) 

3 2
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    (10.16) 

10.4.4 Benchmarked TITO with one RHP zero 

Initial undershoot produced by the following TITO transfer Matrix model [139] 
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  (10.17) 

10.5 Simulation Results 

 

Fig. 10.2 Unit step response of uncontrolled SISO NMP systems with one RHP zero 

In this experiment, five SISO NMP system models and one TITO system model have 

been considered for the elimination of their unavoidable dynamic characteristics using the 

proposed 2DOF based MRAC technique. 

In the MATLAB SIMULINK environment, the NMP systems with different numbers 

of zeros have been considered for the verification of the proposed control scheme. The NMP 

system exhibits undershoot and overshoot in its step response and it depends on the number of 

RHP zeros. The odd number of RHP zeros exhibits an initial undershoot and an even number 

of RHP zeros produce an initial overshoot. 

10.6 Results Analysis 

First, two NMP SISO systems have been considered, and it has been observed, as they contain 

one RHP zero, the unit step response from them produces one undershoot shown in Fig. 10.2, 

and one of the output responses exhibits the steady state error .  It is observed in Fig. 10.3, 

undershoot and steady state error are completely removed by using the proposed MRAC based 

2DOF control scheme. 
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Fig .10.3 Unit step response of 2DOF controlled SISO NMP systems with one RHP zero 

 

 

Fig 10.4. Unit step response of uncontrolled SISO NMP systems with two RHP zeros 

 

One SISO NMP system with two RHP zeros has been considered next, and it produced 

initial overshoot first and then undershoot in its step response shown in Fig. 10.4, but proposed 

controller eliminate these undesirable phenomena shown in Fig. 10.5. 
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Fig. 10.5 Unit step response of 2DOF controlled SISO NMP system with two RHP zeros 

 

 

Fig. 10.6 Unit step response of uncontrolled SISO NMP systems with three RHP zeros 

 

The unit step response of two SISO NMP systems with three numbers of RHP zeros 

exhibits initial undershoot, overshoot, then again undershoot in its step response shown in Fig. 

10.6. After application of the proposed control technique on those NMP systems, all 

undershoots and overshoots are totally removed as shown in Fig. 10.7. 
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Fig. 10.7 Unit step response of 2DOF controlled SISO NMP systems with three RHP zeros 

 

 

Fig. 10.8 Unit step response of uncontrolled TITO NMP system with one RHP zero 

In the end, one benchmark TITO NMP system has been experimented in a software 

simulation environment.  Both the outputs of this NMP system exhibit large initial undershoot 

and steady state error in its step response shown in Fig. 10.8.  In Fig. 10.9, it has been noticed 

that the proposed control method reduces these undesirable characteristics without changing 

the system parameters, whereas, in the original literature, it was done by changing the value of 

the system’s own parameter [139]. 
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All the output responses of controlled NMP systems track the reference input trajectory 

perfectly. It has been verified that the magnitude of the undershoot inevitably tends to infinity 

as the settling time tends to zero [140]. Consequently, it has also been observed that settling 

time becomes larger with the elimination of the initial undershoot and overshoot for all the 

controlled output responses of an NMP system. 

 

Fig .10.9. Unit step response of 2DOF controlled TITO NMP system with one RHP zero 

10.7 Chapter Summery 

Initial undershoot is an unavoidable and undesirable common phenomenon in the step response 

of a non-minimum phase (NMP) system and it creates difficulties in tracking control of the 

NMP system. Odd and even number of right half plane (RHP) zeros of the transfer function 

model of the NMP system produce initial undershoot and overshoot respectively, and it creates 

obstacles in the tracking control of the NMP system. To overcome these difficulties, Lyapunov 

Design technique based Model Reference Adaptive Control (MRAC) has been suggested here 

and the novelty of this technique is that it not only nullifies undershoots and overshoots, it also 

tracks the reference input trajectory simultaneously. Different SISO NMP systems have been 

considered for the verification of suggested control methodology and one benchmark two 

inputs two outputs (TITO) NMP system has been considered to strengthen its claim, on 

elimination of an unacceptable initial undershoot of the NMP system in the MATLAB 

SIMULINK environment. 
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CHAPTER 11 

Two-Degree-of-freedom Control of Non-minimum Phase 

Mechanical System 

11.1 Introduction 

Design of a tracking control system for any dynamic system is essentially required for industry 

and research areas, but it becomes a very challenging task for a non-minimum phase (NMP) 

system due to its right hand plane zero (RHP) in the s plane. In the frequency domain, it has 

been found that though it generates the same magnitude as an MP system, it gives rise to large 

phase shifts, which are always greater than 90 degrees. This large phase shift is the main cause 

of the internal instability of the NMP system. Initial undershoot is an undesirable phenomenon 

that occurs in the step response of the NMP system, which is the inverse of the steady state 

output response and obviously obstructs the perfect tracking of the NMP system. So, it is very 

much needed to develop suitable tracking controllers for a practical real time dynamic system 

which has NMP characteristics. These undesirable phenomena are obvious in many industrial 

processes, like flexible link manipulators, aircraft, steam generators, electronic circuits etc. 

whose dynamic response exhibits NMP characteristics, and it is obviously a demanding task 

for the control engineer to tackle this type of system [141-146]. 

During the past decade, several control techniques have been developed for the NMP 

system. The combination of the cancellation method of NMP zeros and the classical PID 

control method has been studied for flexible arm robots. Here, at first, the fractional order or 

partial cancellation of NMP zeros has been done by the pre-compensator to minimize 

undershoots of the NMP system and form an undershoot less system. Then the conventional 

controller is developed to implement the cascaded combination of these with undershoot and 

without undershoot NMP system [147]. 

The quantitative feedback theory (QFT) design techniques can be applied to the linear 

SISO NMP system with unstructured uncertainty, even if its mathematical model is unknown. 

The new nominal plant required for this method may be reformulated to get better stability 

performance [148]. The control input of a discrete time SISO LTI NMP system can be 

expressed as a linear combination of the basis function using the filter basis function (FBF) 

method. Here, co-efficient of the basis function using the dynamics of the NMP system helps 

to minimize the tracking error of a given desired trajectory [149]. Any suitable set of basis 
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functions can be freely selected by the control designer. The commonly used uniform rational 

B-spline (NURBS) curve can be utilized to derive the needed basis function and the proposed 

approach has been compared with the zero phase error tracking control system [151]. 

Linearization procedure of the NMP system may produce RHP zero, leading to NMP 

characteristics of the system. The procedure of removing the RHP zero has been applied for 

the approximate tracking control of the NMP system and applied in flight control application 

[150].Sliding mode learning control with a recursive learning mechanism has been applied to 

a non-linear NMP system, where, sliding variable of the controlled system reach and remain 

on the sliding surface to make complete stabilization of internal dynamics [152].To control a 

SISO, input-affine nonlinear NMP system, a new input-output linearization technique with the 

redefinition of the output of the system has been considered. The LQR method utilized for the 

development of the redefined output, which guaranteed the stabilization of zero dynamics 

[153]. 

Simulation has been done on the series connected inverse and non-inverse transfer 

function model of the NMP system, and it has been observed, that instead of getting exact 

reference input trajectory tracking, it produces an unstable unbounded output response [110, 

154]. 

It is well understood, that this phenomenon will not work for the minimum phase 

systems. This unusual nature of RHP zero dynamics inspired the researcher to design an 

appropriate control system for the NMP system and the thinking process led to the 2DOF 

control structure. 

To achieve the precise control performance of dynamic systems, the 2DOF strategy is 

obviously a better design technique in control system engineering.  The number of variables in 

the control problem of the system can be regulated or manipulated in a process that is named 

as 2DOF, or, in other words, the number of closed loop transfer functions which have to be 

controlled individually is called 2DOF. Some research on 2DOF PID control structures have 

been surveyed by the tutorial of Araki and Taguchi [155]. Regarding the 2DOF control concept, 

we have gone through the different literatures, and it has been observed that this control 

structure has become a reliable tool for researchers. The 2DOF control technique with feed-

forward and feedback combination may be an effective control tool for the real time XY table 

application, whose mathematical model consists of both MP and NMP characteristics [93]. The 

algebraic method based on 2DOF control has been tested in a laboratory   experimental set-up 

of the ball and beam system for control training, where the ball has to track the square wave 
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with a certain design specification [156].  Industrial processes with model uncertainty are 

effectively tuned with a 2DOF based model predictive control scheme [157]. The model 

predictive control (MPC) based 2DOF controller has been applied for the automatic tuning of 

the control parameters of the SISO industrial process, which consists of model uncertainties, 

and this 2DOF structure can control the oscillation, worst-case overshoot and it can also 

minimize the settling time in the process output [157]. 

Among all the adaptive controllers, MRAC is very interesting as it is a direct technique 

to force the uncertain system to obtain the desired performance [158]. We have gone through 

the different applications of techniques. Here is an advantage for control designers or 

researchers that they are able to select the shape of the transient part of the output trajectory, 

and it is only possible by RMP, which is essentially required for the MRAC structure [159]. 

The problem of crawl phenomena in a very low speed servo system, like permanent magnet 

synchronous motor [PMSM] has been solved by the MRAC technique, and, the simulation 

result shows that the MRAC scheme can also remove the environmental disturbances and 

improve the steady state performance of the controlled mathematical model [160]. Both MIT 

and Lyapunov theory based MRAC technique has been used to derive the iterative learning 

control of the chemical reactor system, which consists of uncertain parameters, input 

disturbances and resetting error of input-output of the system [161]. It has been studied, that 

the stability of the controlled system is completely ensured by the Lyapunov Design technique 

[141]. In order to improve the stability of articulated heavy vehicle (AHV), the MRAC 

algorithm has been implemented on active trailer steering (ATS) under the given condition, 

that the parameters and operating condition of the vehicle remain constant [162]. Matched and 

unmatched uncertainties of the non-linear system can be estimated by an observer model and 

removed by the hybrid direct-indirect MRAC technique [158].  The adaptive law of Lyapunov 

based MRAC has been formulated in terms of tracking and prediction error and applied on a 

fractional order non-linear system to generate smooth system output [163]. 

The feedback counterpart of the 2DOF control strategy may stabilize the unstable 

system dynamics and be able to remove the disturbance occurring in the system. SFB 

controllers can play the role of feedback compensation for the 2DOF-based control structure. 

The proportional plus integral (PI), proportional plus integral plus derivative (PID), phase lead 

or phase lag controller may not be able to control all the poles of the higher order system 

independently. 
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To circumvent these difficulties, state feedback control with an arbitrary pole placement 

approach can solve this problem independently under the certain condition, that the system 

must be completely state controllable [164]. Transient dynamics of the piezo-actuated bimorph 

atomic force microscopy (AFM) probe is controlled by a state feedback controller, where the 

quality factor and the resonance frequency of the probe have been adjusted simultaneously 

[165]. An optimal state feedback design has been considered for the classical unstable plant 

like the Inverted Pendulum by calculating the appropriate state feedback gains using a flower 

pollination algorithm (FPA) [166]. 

11.2 Problem Formulation 

Exact reference input tracking is possible by series connected inverse and non-inverse transfer 

function model of the system, but it is true for the minimum phase system. For the NMP system, 

it exhibits unbounded output response, so, it is very difficult to design the proper inversion 

based tracking controller for the perfect trajectory tracking of the NMP system. 

11.3 Mechanical System Model with NMP Characteristics 

A mechanical experimental setup developed by C. T. Freeman, P. L. Lewin and E. Rogers 

[167], where the NMP part has been placed in the upper left portion of the test bed and two 

more mass-spring-damper components have been linked with the NMP system. 

 

Fig. 11.1 Schematic representation of mechanical realization of NMP System [167] 

Electricals analogous to the mechanical system model, shown in Fig. 11.1 show NMP 

dynamic characteristics. This NMP system includes inertia, a damper, a torsional spring, a 

timing belt, pulleys, and gears. In the schematic diagram [167], inertia is represented by J, J g, 

G represents gear and B, K represents damping friction co-efficient and spring constant 
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respectively. The spring mass damper systems have been placed before the NMP component 

to increase the relative degree of the total system. The hardware experimental setup has been 

constructed by the following transfer function model. 

4

2

123.853*10 (3.5 )
( )

( 6.5 42.25)( 45( 190)

S
G s

S S S S




   
     (11.1) 

11.4 Description of Different Controllers 

Along with the MRAC compensation employed in the 2DOF structure, SFB and PID 

Controllers also have been considered here. The PID controller is a very popular conventional 

classical control technique, and most of the process industry has adopted this control technique 

as the most suitable one though it is applied to SISO systems. But, to solve the control problem 

of MIMO systems, the SFB control technique is essentially required, state space representation 

of the mathematical model is needed here.  The brief description of the SFB and the PID control 

scheme has been provided by the following two sub sections. 

11.4.1 SFB Compensation 

 

Fig. 11.2 Schematic Diagram of SFB Controller [90] 

In pole placement technique, all the closed loop poles are placed at desired locations. It 

may be assumed that the entire state variable is measurable and is available for feedback. A 

necessary and sufficient condition for this arbitrary pole placement technique is that the system 

must be state controllable. If the condition is satisfied, the control signal will be. It means that 

the control signal is determined by the immediate state of the system. Such a scheme is called 

the state feedback control scheme and the matrix is called the state feedback gain matrix. The 

eigen values of the closed loop system may be placed at any desired location through this state 
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feedback gain matrix. 

11.4.2 PID Compensation 

A PID controller is a conventional controller which includes three different control approaches; 

proportional action P, an Integral action I and derivative action D in Fig. 11.3. All the three 

control modes require three independent operational amplifiers to be adjusted independently 

and it requires electronic circuits. The mathematical model of PID control is given by the 

following: 

0

( ) ( ) ( )

t

P i D

de
u t k e t k e d k

dt
        (11.2) 

( )u t is an input, e(t) is an error signal, and kp, ki , kd are the proportional, integral and 

derivative adjustable constant respectively. 

The transfer function of PID Controller is 

( ) i
c P D

k
G s k k s

s
         (11.3) 

 

Fig. 11.3 Schematic diagram of PID control scheme 

11.4.3 MRAC Compensation employed in 2DOF framework 

The MRAC Control Algorithm employed in the 2DOF framework has been demonstrated in 

chapter 7 by the equations no (7.1) to (7.21). 

11.5 Simulation Results 

An NMP system with a mass spring damper has been considered here, which is actually part 

of a mechanical experimental set-up. A unit step signal is applied to the NMP system, which is 

not controlled. 
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The step input signal with unit amplitude has been applied on the uncontrolled NMP 

system. The NMP system, and its inverse model, have been connected in a cascade first for the 

pole zero cancellation. 

The SFB, PID, and 2DOF controlled mechanically realized NMP system has been 

simulated with square wave signal in the MATLAB SIMULINK environment. 

 

Fig. 11.4 Unit step response of uncontrolled mechanical realized NMP system (closure 

view) 

 

Fig. 11.5 Unit step response of uncontrolled inverse mechanical realized NMP system 
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Fig. 11.6 Unit square wave response of cascaded inverse and non-inverse mechanical 

realized NMP system 

 

Fig. 11.7 Unit square wave response of SFB controlled mechanical realized NMP system 
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Fig. 11.8 Unit square wave response of PID controlled mechanical realized NMP system 

 

 

 

Fig. 11.9 Unit square wave response of 2DOF controlled mechanical realized NMP 

system 
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Fig. 11.10 Superimposed unit square wave response of SFB, PID, and 2DOF controlled 

mechanical realized NMP system 

 

Fig. 11.11 Superimposed unit step response of SFB, PID, and 2DOF controlled 

mechanical realized NMP system 
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11.6 Results Analysis 

Simulation of the entire controlled, uncontrolled system model has been performed in the 

MATLAB SIMULINK environment. Fig. 11.4 shows the output response of an uncontrolled 

mechanical released NMP system with a close view, where a deep undershoot is found. The 

inverse model of that NMP system is obviously an oscillatory, unbounded system and Fig. 11.5 

shows its unbounded output response. Unlike the minimum phase system, an NMP system 

connected in cascaded with its inverse model produces an unbounded output response shown 

in Fig. 11.6. The Fig. 11.7, Fig. 11.8 and Fig. 11.9 represent the square wave response of SFB 

controlled, PID controlled and 2DOF controlled NMP systems respectively. It is observed that 

a 2DOF controlled NMP system produces far more acceptable results than PID controlled and 

SFB controlled NMP systems when a square wave signal has been applied as a reference input 

signal shown in superimposed response in Fig. 11.10. Unit step response of state feedback, PID 

and 2DOF controlled NMP systems have been superimposed as shown on Fig. 11.11. It has 

been found that the output trajectory of a 2DOF controlled NMP plant is very near to the 

reference input trajectory and also, the initial undershoot becomes nullified by this method. 

Percentage RMS errors from the square wave responses of the 2DOF controlled NMP system 

with the existing compensation technique have been listed below. 

Table 11.1: Comparison of percentage error in RMS value 
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Table 11.2: Comparison chart of controlled system’s dynamic characteristics 

 

The proposed 2DOF control technique for this 4th order mechanical NMP system has 

been compared to the disturbance rejection controller with and without disturbance observer 

(DOB), as referred to the literature [6]. 

Table 11.3 Comparison of dynamic characteristics between proposed controlled with 

disturbance rejection controlled system. 

 

By observing the above comparison table, it is clear, that the proposed 2DOF control 

technique exhibits far better performance than the disturbance rejection controller. 
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11.7 Chapter Summery 

This work presents a methodology for designing a MRAC scheme in the 2DOF scheme for a 

practical mechanical system, which has unstable zero characteristics. The compensators like 

feedback and feed-forward are the major part of the proposed control, which are decoupled in 

nature. As the inversed NMP systems are not able to exhibit stable output, the inverse model 

NMP system is controlled by the MRAC scheme as a feed-forward controller and the non-

inverse NMP system has been compensated by SFB in the proposed control method. The 

proposed 2DOF methodology has established the capability of the 2DOF control methodology. 

Initial undershoot; the most unwanted output of   the plant was totally removed.  PID control 

and SFB control techniques have been compared and the result shows that the proposed 2DOF 

controller can produce better performance than PID and SFB control schemes. Finally, the 

output response of the proposed control structure has been compared with the output response 

of the disturbance rejection controller with and without DOB for the same mechanical realized 

NMP system and achieved satisfaction regarding the proposed control scheme. 
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CHAPTER 12 

Model Reference Adaptive Feed-Forward Control for Non-

Minimum Phase System in Two-Degree-of-Freedom Framework 

12.1 Introduction 

In the field of control system engineering, solving the tracking problem of the control system 

is essentially a demanding task, but, when the system exhibits NMP characteristics, it becomes 

harder to control. A system having at least one RHP zero on the S plane is named as a NMP 

system. Its large phase contribution in its frequency domain analysis indicates the internal 

instability in its system dynamics. Due to this, RHP zero, an unavoidable ‘initial undershoot’ 

occurs in the output response, which is actually the inverse of the desired steady state response, 

when the set point is step signal, and it obviously obstructs good tracking of the NMP system. 

Exact reference input trajectory tracking can be easily achieved if inverse and non-inverse 

transfer function models are connected in series as the numerator and denominator polynomial, 

which consists of poles and zeros, cancel each other. But, this method can only be applied to 

MP systems. In the case of an NMP system, this technique produces a peculiar or unusual 

output response, like an unbounded or oscillatory output trajectory in place of an exact set point 

trajectory. 

So, it has been observed, that designing an appropriate tracking controller for the NMP 

system is a really difficult and challenging task, and this unavoidable effect of RHP zeroes 

inspired many researchers to design an effective tracking control system for the NMP system. 

We have gone through much of the research work on tracking control systems.  

The DOF is actually the number of closed loop transfer function models of a system, 

which are to be compensated independently [155]. It has been observed by different literature 

surveys on 2DOF control strategy that the concept of a 2DOF technique has become a more 

and more reliable control tool for experimental work. The ball can accurately track the square 

wave signal with some given specifications in the ball and beam system by using the 2DOF 

control structure [156]. The SISO mathematical model of industrial process with model 

uncertainty can be automatically tuned by model predictive control (MPC) in 2DOF structure 

[157]. The MP and NMP mathematical models are derived from a true plant of the XY table 

using input-output experimental data with different sampling times via MATLAB System 

Identification toolbox, and these system models were successfully experimented by adaptive 
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feed-forward zero phase error tracking control (ZPETC) in 2DOF structure [93]. The adaptive 

control techniques on MP and NMP, both system models, inspired us to think about the design 

of a combined feed-forward and feedback control in a 2DOF framework to solve the tracking 

problem of NMP systems.   

The servo system, like permanent magnet synchronous motor (PMSM), when it is 

operated at a very low speed, crawls phenomena occur and crawls are presented by hyper-

stability theory. The MRAC technique may not only solve these crawling phenomena, it also 

removes environmental disturbance, swells the clarity of the system and improves the steady 

state performance [160]. A chemical reactor with uncertain parameters, input disturbance, and 

initial output resetting error is considered as the plant model for implementation of iterative 

learning control using the MRAC method, which is based on both MIT rule and the Lyapunov 

stability theory, but, it has been observed that the closed loop stability of the system is only 

guaranteed by the Lyapunov theory based control technique [161].To improve the lateral 

stability of articulated heavy vehicles (AHVs), MRAC method has been applied on its active 

trailer steering  under the assumption that vehicle model parameter and operating condition are 

constant [162]. The MRAC algorithm has been applied on a fractional order non-linear system 

to get smooth system output and here, the indirect Lyapunov method analyzed the closed loop 

stability and tracking convergence of the system [163]. 

Control of a higher order system is difficult by phase lead or phase lag controller, 

proportional plus integral plus derivative (PID), proportional plus integral (PI), as all the poles 

of the system cannot be placed in the right position independently from said controller above. 

To overcome this control problem of the higher order system, arbitrary pole placement, based 

on SFB compensation, under the condition, that the system must be completely state 

controllable [164]. The quality factor and resonance frequency of a piezo-actuated bimorph-

atomic force microscopy (AFM) probe have been adjusted simultaneously by using a state 

feedback controller, where the dynamic response of the probe is first observed, then the time 

constant of the probe becomes less by minimizing its quality factor or increasing its resonance 

frequency [165]. The flower pollination algorithm (FPA) has been used for deriving the state 

feedback gain and successfully applied on a benchmarked unstable system like an inverted 

pendulum [FPA].  
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12.2 Problem Formulation 

Perfect set point tracking is required in most of the industrial application in the control system 

engineering.  It may be possible in a very easy way of cancelling the pole and zeros of the 

transfer function model. If the inverse and non-inverse transfer function models are connected 

in series, their numerator and denominator polynomial cancel each other and obviously produce 

reference input as output response. It has been observed in the previous work, that in case of 

NMP system this concept does not work. As this method exhibits an unbounded output 

response for NMP system, a 2DOF control strategy has been contemplated here, which consists 

of direct MRAC based feed-forward and SFB compensation based feedback control scheme.  

12.3 2DOF Control Structure 

The structure of the 2DOF control scheme has been provided by Fig. 1.4 of chapter 1 for the 

tracking control system of the NMP system. The control scheme consists of feed-forward and 

feedback controllers, which are not coupled to each other. As the feed-forward controller needs 

an inverse model of the system, here an inverse transfer function model of the NMP system 

has been taken as plant for the feed-forward scheme and the MRAC algorithm have been 

implemented in this feed-forward compensation to deal with the tracking problem of NMP 

system. The stabilization of the unstable dynamics of the NMP system has been done by the 

arbitrary pole placement based SFB control scheme. 

12.4 Different Controllers 

To prove the efficiency of the proposed 2DOF control strategy, two other control schemes have 

been considered here. One is the direct MRAC controller and another is arbitrary pole 

placement based SFB controller. The elaborate description has been provided by the chapter 4 

and chapter 5 respectively. 

12.4.1  MRAC Scheme 

The schematic diagram of MRAC structure has been provided by the figure 5. MRAC structure 

is consists of four blocks and two loops. The one block contains plant, which is to be controlled 

by its control input and controlled output is placed in the middle of the structure. The reference 

model is the most important block of the MRAC structure, which is essentially required to 

shape the desired trajectory. Adjustment mechanism block produced required control 

parameter with the help of plant output, reference input tracking error, which is based on 

Lyapunov Design Technique. Control input, which is the output of the controller block, 
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contains control parameters produced from the adjustment mechanism, reference input, and 

plant output. By adjusting the adaptive gain, which are associated with the control input, 

desired trajectory can be achieved by the MRAC structure.  

12.4.2  SFB Controller 

In this modern year, SFB control application for controlling the linear and nonlinear system is 

very much effective control technique. It is a linear combination of the state variable of the 

state model.  

The state feedback control law is a linear combination of the state variable of state 

model of any system.  

Refer to Fig. 5.1, we get, 

Uncontrolled state model has the following representation, 

State equation is, 

( )
( ) ( )

dx t
Ax t Bu t

dt
         (12.1) 

Output equation is, 

( ) ( ) ( )y t Cx t Du t         (12.2) 

Considering the control input, 

( ) ( )u t Kx t          (12.3) 

Where,  

K is state feedback gain matrix derived by the Ackerman’s formula. 

Putting the value of the control input into equation (12.1),  

the closed loop state equation becomes, 

( ) ( ) ( ) ( )x t A BK x t Cx t


         (12.4) 

12.4.3 Proposed MRAC Control Scheme employed in 2DOF framework 

The direct MRAC feed-forward based 2DOF controller represented by the Fig. 1.4, where the 

pole placement method based SFB controller has been placed as its feedback counterpart. The 
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generalized control algorithms of SFB and MRAC have been provided by the chapter 5 and 

chapter 7. 

12.5 Numerical Example 

In order to examine the proposed control methodology, two numerical examples have 

been chosen here. 

Example 1. 
2

2
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  (12.5)  

Example 2. 
4
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(12.6) 

 The 4th order transfer function model is one part of a real mechanical system, which 

consists of mass, spring damper element and which produce NMP characteristics as it has RHP 

zero placed at 3.5[167].  

12.6 Simulation Result 

All the simulation experiments on 3rd order and the 4th order NMP system have been performed 

in MATLAB SIMULINK environment. Unit step, ramp and sinusoidal input signals have been 

used to verify the proposed 2DOF control structure. To compare the effectiveness of the 

proposed control method, SFB and MRAC scheme also have been implemented on the same 

3rd and 4th order NMP system. 

 

Fig. 12.1 Unit step response of uncontrolled 3rd order NMP system 
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Fig. 12.2 Unit step response of cascaded inverse and non-inverse 3rd order NMP system 

 

Fig. 12.3 Unit step response of SFB controlled 3rd order NMP system 

 

Fig. 12.4  Unit step response of MRAC controlled 3rd order NMP system 
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Fig. 12.5. Unit step response of 2DOF controlled 3rd order NMP system 

 

Fig. 12.6 Unit step response of control input for 2DOF controlled 3rd order NMP system 

 

Fig. 12.7. Sine wave response of 2DOF controlled 3rd order NMP system 
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Fig. 12.8 Unit ramp response of 2DOF controlled 3rd order NMP system 

 

Fig. 12.9 Superimposed unit step  response of SFB, MRAC, and 2DOF controlled 3rd 

order NMP system 

 

Fig. 12.10 Unit step response of uncontrolled 4th order NMP system 
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Fig.12.11 Unit Step response of cascaded inverse and non-inverse 4th order NMP system 

 

Fig. 12.12 Unit step response of SFB controlled 4th order NMP system 

 

Fig. 12.13 Unit step response of SFB controlled 4th order NMP system (closure view) 
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Fig. 12.14 Unit step response of  MRAC controlled 4th order NMP system 

 

Fig. 12.15 Unit step response 2DOF controlled 4th order NMP system 

 

Fig. 12.16 Unit step response of control input for 2DOF controlled 4th order NMP 

system 
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Fig. 12.17 Unit Sine wave responseof 2DOF controlled 4th order NMP system 

 

Fig. 12.18 Unit ramp response of 2DOF controlled 4th order NMP System 

 

Fig. 12.19 Superimposed unit step response of SFB, MRAC, and 2DOF controlled 4th 

order NMP system 
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12.7 Results Analysis 

Unit step response of the uncontrolled 3rd order system produced unbounded oscillatory 

response shown in Fig. 12.1. Large initial undershoot and steady state error is found in the unit 

step response of 4th order mechanical realized NMP system. At first SFB controller has been 

applied on both the system, the 3rd order NMP system becomes stable, but large steady state 

error and initial undershoot exhibits in the output response shown in Fig. 12.3. Steady state 

error of SFB controlled 4th order NMP system become reduced, but still there exists large initial 

undershoot shown in Fig. 12.12 and Fig. 12.13 (closer view). After this experiment, MRAC 

control scheme applied on both the NMP system, MRAC only could not able to stabilize the 

3rd order NMP system shown in Fig. 12.4 and output trajectory of MRAC controlled 4th order 

NMP system becomes very sluggish in nature shown in Fig. 12.14. 

Though the numerator and denominator polynomial of cascaded inverse and non-

inverse transfer function model cancelled each other and able to produce exact reference input 

trajectories, but the NMP system could not produce an exact set point trajectory like MP 

system, it exhibits unbounded and oscillatory output response. It has been verified by the unit 

step response of cascaded inverse and non-inverse connected 3rd order and the 4th order NMP 

system shown in the Fig. 12.2 and Fig. 12.11 respectively.  

So, to overcome this tracking control problem, the proposed 2DOF control technique 

have been applied on the 3rd order and the 4th order NMP systems and obtained the satisfactory 

step response shown in Fig. 12.5 and Fig. 12.15. Unit step response of the control input of the 

2DOF controller for both the NMP systems is provided by Fig. 12.6 and Fig. 12.16. 

 The tracking performance of the proposed control technique has been verified by the 

sinusoidal and ramp input signals, which have been applied to the 3rd order NMP system, and 

obtained the output responses shown in Fig. 12.7 and Fig. 12.8 respectively. 

 The sinusoidal and ramp response of the 4th order system has been observed in Fig. 

12.17 and Fig. 12.18 and it must say that both the systems acquired good tracking performance 

by using the proposed control scheme. 

 By observing the superimposed unit step response of SFB, MRAC and 2DOF 

controlled for both the 3rd order and 4th order systems, shown in Fig. 12.9 and Fig. 12.19, it has 

been clear that the proposed control technique exhibits far better result compared to the SFB 

and MRAC methods like modern and advanced control technique. The tracking performance 
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of the proposed control technique has also been validated by sinusoidal and ramp input signals. 

A comparison chart for Controlled 3rd and 4th order system’s dynamics has been shown below: 

Table. 12.1 Comparison chart of 3rd order and 4th order system 

 

12.6 Chapter Summery 

This work demonstrates a scheme for developing MRAC as a feed-forward control part in the 

2DOF structure to obtain the trajectory tracking control problem of the NMP plant model. The 

3rd and 4th order NMP systems have been considered here, and the 2DOF control methodology 

obtained satisfactory results. 
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CHAPTER 13 

Two-Degree-of-Freedom based Model Reference Adaptive 

Control of Non-minimum Phase System 

13.1 Introduction 

In the research and industrial domain of control system engineering, the solution of tracking 

problems of dynamic systems is one of the crucial control tasks. As perfect set point tracking 

is essentially required in the real, practical industrial area, researchers are very motivated to 

design the appropriate tracking control system for the system model. There is different 

literature which has been found regarding the different tracking control techniques. Among 

them, the cascaded control technique proves its ability to solve the tracking problem. The 

trajectory tracking and stabilization problem of the ball and plate system has been successfully 

resolved by the integer order proportional derivative (IOPD) and fractional order proportional 

derivative (FOPD), and they are tuned to track circular, square, cardioids and star shaped 

trajectories by three different optimization algorithms, like, Bat Algorithm, Gravitational 

Search Algorithm, and Firefly Algorithm [168]. The SISO fuzzy feed-forward and fuzzy PID 

as a feedback controller in combined control mode with electromagnetic field optimization 

algorithm has been applied on PEM Fuel Cell Air Feed System, and this control scheme tracks 

the command input with less overshoot, undershoot and settling time compared to other control 

schemes [169]. A cascaded control scheme, consisting of input-output feedback linearization 

and gradient descent control techniques has been suggested for a non-linear NMP system, 

where compensation of non-linearity has been performed by an inner loop input-output 

feedback linearization method and a gradient descent technique placed in the outer loop to 

solve the internal stability problem of the closed loop system [170].But the design of the 

tracking control system for the NMP system is a challenging task as its right-hand plane (RHP) 

zeros in its system dynamics provoke a poor tracking performance [171,172]. The inversion 

based tracking control system is very effective for good tracking performance, but this method 

cannot be directly applied to the NMP system as it leads to instability in the system dynamics 

[173]. The output tracking problem of the causal NMP MIMO system has been converted to a 

state tracking problem and then the sliding mode control method is applied to approximate 

output tracking of that system model [171]. The set point tracking performance of the time 

delay NMP system has become improved by generalized predictor-based control, where output 
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response is obtained without time delay [172]. The asymptotic output tracking of an arbitrary 

reference input signal has been achieved by the reduced order sliding mode controller, when it 

is applied to the NMP system [12]. 

The adaptive feed-forward control method is the most efficacious for the tracking 

control system [86], [35]. MIT and Lyapunov rule-based adaptive controllers have been 

experimenting with a disturbed thermodynamics system and obtaining an accurate and robust 

performance [174]. The fixed structure feed-forward controller with inverse dynamics of the 

system model has been designed with the linear combination of command input trajectory and 

its time derivatives with an appropriate weighting factor, and applied to NMP plant [70].  

Inverse dynamic feed-forward torque cancelled the pole and zero of the NMP system models 

and developed the asymptotic tracking compensation for the flexible manipulator [144]. 

  The inversion of the system transfer function model is essentially required, and it is 

obvious, that the inversion-based feed-forward control technique leads to instability in the 

system dynamics of the Non-minimum element and system [173], [22].To overcome these 

difficulties regarding trajectory tracking found in the dynamic response of the NMP system, 

two control methods, feed-forward and feedback controller, which are decoupled with each 

other in a 2DOF control structure, has been suggested here. Various 2DOF control structures 

have been considered for the system model with transport delay and load disturbance [47]. 

Different kinds of literature have been studied to verify the 2DOF control strategy. To 

achieve the desired output of a plant, without its mathematical model, optimal feed-forward 

control parameters can be derived from a 2DOF control structure [176]. An LTI uncertain 

system with fuzzy co-efficient is known as a fuzzy parametric uncertain system and has been 

considered for experimentation in 2DOF control structure to obtain the robust stability of the 

closed loop system [177]. In the robot learning and control domain, robot motion is represented 

in dynamical movement primitives (DMP) framework and it has been controlled by 2DOF 

control technique to get reference trajectory tracking and perturbation recovery [48].  

For designing the perfect tracking control system, the MRAC method may be a good 

choice as feed-forward compensation in the 2DOF framework. There is different literature 

describing the potency of MRAC techniques.  The MRAC technique may be a good choice as 

feed-forward compensation in the 2DOF structure. The effectiveness of MRAC has been 

studied in different literature, like; good set-point tracking achieved in the cylindrical tank 

system, magnetic levitation system, and disturbed thermodynamic system [178-179 and 174]. 
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In the liquid level control in the process industry, the cylindrical tank system has been 

taken as a plant, and here the MRAC technique produces better transient performance than 

classical control [178]. As MRAC introduces non-linearity in system dynamics, the Lyapunov 

stability theory will be appropriate for designing the control parameters in the model reference 

adaptive scheme. 

One unique property of the MRAC approach is that, by using the inverse plant model, 

its control parameters are directly adapted or modified to drive the plant output to track the 

reference model output [181]. The selection of reference models is an important factor in 

designing the control system, and it gives a lot of option to the designer as they can modify the 

plant output as per their choice [182, 183]. As MRAC introduces non-linearity in system 

dynamics, the Lyapunov stability theory will be appropriate for designing the control 

parameters in the model reference adaptive scheme. 

State feedback control has been considered as the feedback counterpart of the 2DOF 

control structure as feedback control is inevitable for the standard MRAC approach as a strictly 

positive real (SPR) reference model, and the NMP plants become mismatched with each other 

and produce an unbounded output response [184]. 

In an engineering application, it is desirable to examine the dynamic behavior of a 

complex system utilizing analogue simulation [185]. Analog simulation may accomplish 

reduced frequency, and the basic purpose of the analogue simulation is to obtain accurate 

performance data from the operating model that provides the real characteristics [186]. After 

going through the benchmark Op-amp realization of different NMP systems [187], it is assured 

that the Op-amp based design of a closed-loop controlled NMP system is also possible. 

The purpose of this work is to propose a 2DOF based MRAC scheme that serves as an 

adaptive feed-forward, inverse control technique that can find the solution to the tracking 

problem of the NMP system, and be connected in series with a state feedback-controlled non-

inverse model of the NMP system to get stable steady-state performance. The feed-forward and 

feedback control schemes are decoupled with each other in the 2DOF framework. To verify 

the proposed control structure of the NMP system, one Op-amp based NMP model has been 

developed in a digital and analog environment.  The proposed 2DOF control scheme has been 

implemented in the MATLAB SIMULINK environment and then on a real Op-amp based 

hardware model in the analog environment. 
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13.2 Problem Formulation 

In control system engineering the design of tracking control is an essential part of the research 

and industrial environment. Perfect set point trajectory tracking can be achieved if the transfer 

function model of any dynamic system is connected in series with its inverse transfer function 

model. But this technique is restricted to a MP system. In the case of the NMP system, inversion 

of its transfer function model leads to instability as the right-hand plane (RHP) zero converted 

to RHP poles. 

Adaptive feed-forward compensation is one of the feasible techniques to solve the 

tracking problem of a dynamic system.  But, as it also requires an inverse model of a dynamic 

system, it is a challenging task to design a proper adaptive inverse feed-forward control 

technique for the NMP system. In order to circumvent this difficulty in the design of a suitable 

tracking controller for an NMP system, a 2DOF control structure has been proposed, where 

MRAC controller as a feed-forward controller and state feedback (SFB) compensation as a 

feedback controller and both the controllers are decoupled with each other.  

13.3 Modeling of Op-amp based NMP System 

 The transfer function of any system model can be realized using electronic components like 

an Op-Amp, resistor and capacitor [186]. Here, at first the 2nd order NMP system with one RHP 

zero has been developed using MATLAB System Identification toolbox, then the realistic Op-

amp based NMP system model with all electronic virtual components needed for the NMP 

system model, has been constructed in the MATLAB SIMULINK environment. After getting 

a satisfactory system response with 1 volt input supply as a unit step signal using MATLAB 

SIMULINK toolbox, the 2nd order NMP system model has been constructed with the real Op-

Amp (LM741), resistor and capacitor on the electronics board using laboratory hardware 

experimental set-up.    

13.3.1 Mathematical description of the Plant Model 

The differential equation is the most indistinguishable tool for the development of the 

mathematical model of many control systems [188].  

First, one single input, single output 2nd order differential equation is formulated in such 

a manner that it consists of two poles and two zeros. Out of them, at least one zero is placed at 

the RHP to create the NMP characteristics in the system. 

Considering the differential equation, which will be used to represent a 2nd order non-
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minimum phase system is
2 2

2 2

d y dy d u du
a bu

dt dt dt dt
     where u is input to the system and y

is the output of the system. Here, poles are at 0 and –a position and zeros are at 1 1 4

2

b  

. With the help of the state model and transfer function model, the NMP system has been 

constructed, which will be taken as a plant to examine the proposed tracking control 

methodology. 

13.3.2 Block Diagram of NMP System Model 

 

 

Fig. 13.1 Block diagram representation of NMP system 

The transfer function of the NMP system has been developed from the block diagram 

shown in Fig. 13.1. Input and output voltages have been represented by ( )inV S  and ( )outV S

respectively.  K is the gain of the NMP system, which will be used to find out the zero placed 

at RHP of the complex plane.  

From the transfer function of this 2nd order NMP system, it will be clear that it has two 

poles and two zeros.  

Poles are placed on the left-hand plane (LHP) and their values are, 0 and  P . 

Out of two zeros, one is placed at the LHP of s plane with the value Z , and the other 

is placed at RHP of s plane with the value
1

1
k

k

 
 
 

. This zero is responsible for developing the 

NMP characteristics in the system. 

13.3.3 Hardware Op-amp based NMP System 

In this section, the circuit diagram of the NMP system for hardware simulation has been shown. 
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Fig. 13.2 Circuit Diagram of Op-amp based NMP system 

In the above circuit diagram, four operational amplifiers have been used to construct 

the NMP system. The first Op-amp is used for pole-zero construction and the second one acts 

as an inverting amplifier. The third and fourth Op-amp is being used for integrator and adder 

respectively. Resistances and capacitances are the main components of the NMP circuit. Here, 

the LM741 operational amplifier has been used for the construction of the NMP system. 

13.4  Proposed Control System 

The MRAC based 2DOF control structure has been suggested here, where MRAC. In the 2DOF 

framework, feed-forward compensation is needed for the solution of tracking problem of NMP 

system and it required inverse model of NMP system. The Lyapunov Design technique based 

on MRAC has been placed as the feed-forward control part of the 2DOF structure. To get stable 

and steady state performance, feedback compensation is very useful and, so SFB controller 

using arbitrary pole placement technique has been taken as the feedback counterpart of 

the 2DOF control scheme. A detailed control algorithm has been provided in chapter 5 and 

chapter 7. 

13.5 Selection of reference model using SISO tool 

The selection of a plant for the reference model of the MRAC structure is an important task, as 

the output response of the closed-loop plant essentially follows the dynamic response of the 

reference model. In MRAC, the choice of the reference model is made by the control engineers, 

based on their experience [190]. Construction of an Op-amp based first-order system in a real-

time environment is easier than any higher-order system. So, here, one first-order system has 

been selected for the reference model in the MRAC structure. Initially, the chosen reference 



Chapter 13  Two-Degree-of-Freedom based Model Reference Adaptive Control of Non-minimum 

Phase System 

116 

model using the SISO tool of the MATLAB control system toolbox was developed using the 

trial and error method and then implemented in the MRAC scheme. 

13.6 Experimental Result & Analysis 

In this section, the effectiveness of the proposed control law has been verified by software 

simulation using MATLAB toolbox as well as an analogue simulation in a real hardware 

environment. At first, software simulation was done on a realistic Op-amp based plant 

considering all virtual electronic components required for the NMP system and its control 

components in the 2DOF structure. Afterward, the performance of the proposed control law 

has been validated in a real-time environment using analogue simulation to verify its 

effectiveness during practical implementation. 

Inspired by software simulated Op-amp realization of the NMP system [187], a new 2nd 

order Op-amp-based non-minimum phase, as well as its inverse model, has been developed 

using MATLAB toolbox and on electronics hardware board respectively.    

Initially, the proposed control structure was verified with the Op-amp based realistic 

control structure using MATLAB SIMULINK toolbox.  Later, it has been implemented on 

electronic boards, and analog simulation has been performed by a square wave signal generated 

from the function generator. All the output responses have been observed by Cathode Ray 

Oscilloscope (CRO). 

In software simulation, the unit step response of NMP, inverse NMP, and the 

superimposed inverse, non-inverse NMP model have been shown in Fig. 13.3, Fig. 13.4, and 

Fig. 13.5 respectively. It has been checked that, unlike the minimum phase system, the 

cascaded inverse and non-inverse transfer function model of that NMP system produces 

unstable output response shown in Fig. 13.6. though the feedback control is necessary for the 

standard MRAC technique, SFB controlled NMP system contributes large initial undershoot 

and steady-state error shown in Fig. 13.7. The reference model is an essential part of robust 

MRAC, and here we have selected one first-order system as the reference plant model for 

MRAC and checked its response in Fig. 13.8. Finally, a robust 2DOF based MRAC controlled 

Op-amp based NMP system’s output has been obtained and shown in Fig. 13.9. All the above 

responses have been checked using one volt supply as a step input signal in the realistic Op-

amp environment of the MATLAB SIMULINK toolbox. 
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Fig. 13.3 Unit step response uncontrolled NMP system 

We have implemented the experimental setup employing the analog simulation 

technique. The analog simulation-based plant model helped us to mimic a real plant on the 

laboratory scale. Analog simulation helps us to achieve fast response times, like a real plant, 

compared to larger response times in digital simulation. However, while validating the control 

law designs, we have simulated the entire closed-loop system on the digital platform 

(MATLAB SIMULINK) for faster prototyping. 

 

Fig. 13.4 Unit step response uncontrolled inverse NMP system 
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Fig. 13.5 Superimposed unit step response of inverse and Non-inverse NMP system 

 

Fig. 13.6 Unit step response cascaded inverse and non-inverse uncontrolled NMP system 

 

Fig. 13.7 Unit step response of SFB controlled NMP system 
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Fig. 13.8 Unit step response of RMP for MRAC 

 

Fig. 13.9 Unit step response robust 2DOF based MRAC controlled NMP system 

For analog simulation, the real Op-amp-based 2nd order system with its real electronics 

components has been developed on an electronics board, and which has one RHP zero, 

responsible for the NMP characteristics of the plant. As the inverse transfer function model is 

essentially required for feed-forward control in the 2DOF framework, here we have developed 

the 2nd order NMP plant with zero relative degrees. The square wave signal as a step signal has 

been applied as a reference input to verify the analogue simulation of this real electronic NMP 

system. Like software simulation, the output response of NMP, Inverse NMP, cascaded, and 

superimposed inverse, non-inverse NMP system models have been verified, shown in Fig. 

13.10, Fig. 13.11, Fig. 13.12, and Fig. 13.13 respectively. Steady-state errors and initial 

undershoot also have been observed in Fig. 13.14 after applying SFB control on the NMP 

system. 
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To shape the desired trajectory as per the designer’s choice, a reference model is an 

essential part of the MRAC scheme [182, 183]. The output response of the developed 1st order 

reference model system has been shown in Fig. 13.15. Finally, the Op-amp based feed-forward 

and feedback combination of the MRAC and SFB control structure in the 2DOF framework 

has been applied on the Op-amp based system model, and the square wave response of this 

proposed controlled system structure found satisfactory results shown in Fig. 13.16, where, 

controlled plant model’s output trajectory able to track the reference input trajectory with the 

help of RMP. The total hardware experimental set up has been demonstrated in Fig. 13.17. 

The tracking performances of the 2DOF controlled NMP system have been validated 

both in software and the hardware simulation environment shown in Fig. 13.9 and Fig. 

13.16.  The close observations reveal the fact that the analog simulation in a real-time 

environment ensures better performance than the software simulation in MATLAB’s realistic 

environment. The initial undershoot remains in the digital simulation, whereas it has been 

completely nullified in analog simulation in real hardware experimental set up. The 

incorporation of real electronics components may help this proposed control law to pursue 

better desired performance than virtual components in the MATLAB environment. 

Analog simulation of the NMP system has not been able to remove the unavoidable 

initial undershoots completely by manipulating its system parameters [139]. But, here, the 

initial undershoot of the NMP system has been completely removed by the analog simulation 

of this proposed 2DOF control technique in the real hardware environment. 

 

Fig. 13.10 Square wave response of uncontrolled NMP system 

 



Chapter 13  Two-Degree-of-Freedom based Model Reference Adaptive Control of Non-minimum 

Phase System 

121 

 

Fig. 13.11 Square wave response of uncontrolled inverse NMP system 

 

 

Fig.13.12 Square wave response of cascaded inverse and non-inverse NMP system 

 

 

Fig. 13.13 Superimposed square wave response of inverse and non-Inverse NMP system 
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Fig. 13.14 Square wave response of SFB controlled NMP system 

 

 

Fig. 13.15 Square wave response of reference model output for MRAC scheme 

 

 

Fig. 13.16 Square wave response of 2DOF MRAC controlled NMP system 
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Fig. 13.17 Experimental hardware set-up for analogue simulation of  2DOF controlled 

NMP system 

13.7  Comparison between Software and Hardware 

Table 13.1 Comparison chart of controlled system dynamics 

 

Table 13.2: Comparison of software and hardware simulation 

 

13.8 Chapter Summery 

2DOF based MRAC as a feed-forward control technique has been proposed to find more 

reliable solutions to the tracking control problems of the NMP system. Unlike the MP system, 

inversion-based feed-forward tracking control is difficult to construct for the NMP system as 

its inverse transfer function model is unstable. To circumvent this problem of set-point tracking 
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of the NMP system, the model reference adaptive inverse control as feed-forward and the state 

feedback compensation as a feedback control approach in the 2DOF framework have been 

applied to finding out more reliable solutions to the two important control problems of the 

NMP system, namely, tracking of the reference input trajectory and stabilization of the output 

response of NMP system. 

The performance of the suggested control scheme has been studied in both software 

simulation using the MATLAB toolbox and analogue simulation in a real hardware 

environment, and it is clearly observed that analogue simulation in a real-time environment 

yields better results, though the gain adjustment with the electronics components is really a 

tough task for the researcher. The initial undershoot, which is obvious in step response of the 

NMP system, has been reduced in software simulation but completely nullified by hardware 

simulation. 
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CHAPTER 14 

Conclusion 

14.1 Concluding remarks 

Perfect set point tracking is essentially required in the research and industrial area of control 

system engineering. It can be possible by the cascaded connection of the inverse and non-

inverse transfer function model of the system, where the numerator and denominator 

polynomials are cancelled or, specifically, it may be said poles and zeros of the system 

cancelled with each other. As a result, exact reference input tracking can be achieved. But this 

method is only applicable for MP systems, whereas the NMP system exhibits unbounded and 

oscillatory output response using this method. 

In this research work, 2DOF based MRAC as a feed-forward control technique has been 

proposed to find more reliable solutions to the tracking control problems of the NMP system. 

Unlike the MP system, inversion-based feed-forward tracking control is also difficult to 

construct for the NMP system as its inverse transfer function model is unstable. To circumvent 

this problem of set-point tracking of the NMP system, the model reference adaptive inverse 

control as feed-forward and the state feedback compensation as a feedback control approach in 

the 2DOF framework have been applied to finding out more reliable solutions to the two 

important control problems of the NMP system, namely, the tracking of reference input 

trajectory and stabilization of the output response of NMP system. In this proposed method, 

feed-forward and feedback control are decoupled with each other in the 2DOF framework. 

At first, MIT rule-based MRAC as feed-forward control and SFB controller as feedback 

compensation has been developed for the 2DOF structure, and applied on a 2nd order NMP 

system with one RHP zero. Though the set point tracking is achieved by this method, the initial 

undershoot, which is not acceptable for good tracking, could not completely be removed by 

this MIT rule-based method. There are some major difficulties that arise with this method, like 

closed loop stability and tracking error convergence that could not be proved by this MIT rule-

based MRAC technique. 

To overcome the shortcomings regarding the MIT technique, the generalized Lyapunov 

Design technique based on MRAC has been designed as a feed-forward control part of the 

proposed 2DOF control scheme, and it has been applied to the same numerical example of the 

NMP system, which has been used in MIT rule-based control technique. It has been observed 
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that the initial undershoot has been completely removed with the perfect set point tracking. 

Along with the step input signal, the ramp and parabolic signal also have been applied for the 

verification of tracking performance. Closed loop stability has been automatically proved at 

the time of derivation of control parameters, and the proof of tracking error convergence has 

been established by Barbalat’s Lemma. 

The RMP is an important part of the MRAC structure as the output response of a closed 

loop plant follows the output trajectory of the reference model plant. So, designers can freely 

choose the reference model as per their design requirements. On the basis of the damping ratio, 

four types of the RMP with under damped, un-damped, critically damped, over-damped 

dynamic characteristics have been selected for the verification of this unique property of the 

MRAC, which has been used as a feed-forward control scheme in 2DOF control framework. 

This work demonstrates that the plant, which has been used as a reference model for 

the MRAC scheme for the 2DOF control structure, has an important role in the tracking 

problem of the control system.  It gives a lot of advantage to the researcher or designer, as they 

can get the opportunity for the modification of the plant’s output response as per their needs. 

The RMP with various damping ratios has been selected to check the role of the RMP employed 

in the MRAC structure. The inversion based NMP system model has been selected from 

chapter 6 and the step input signal has been considered as command input. Lyapunov stability 

theory has been applied to obtain the control parameters of the MRAC algorithm. It has been 

observed, that the output response of the controlled plant always tracks the path produced by 

the RMP of this MRAC structure. 

Initial undershoot is obvious in the step response of systems, which is the most 

undesirable characteristic of the output response, as it obstructs perfect reference input tracking 

of NMP systems. The number of undershoots and overshoots in the step response of the NMP 

system depend on the number of odd and even numbers of RHP zeros respectively. For the 

undershoot and overshoot control by the proposed control methodology, five SISO NMP 

systems have been considered, out of which, two SISO NMP systems with one RHP zero, one 

SISO NMP system with two RHP zeros, and two SISO NMP systems with three RHP zeros 

respectively. One benchmarked TITO NMP system with one RHP zero has also been 

considered for the verification of the proposed control method. The entire initial undershoots 

and overshoots of uncontrolled NMP systems have been completely nullified and the controlled 

NMP systems achieved perfect trajectory tracking of the set point. It has been studied, that 

undershoot control of the benchmarked TITO NMP system in its original literature has been 
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performed by manipulating the system parameters, whereas, the proposed control structure 

demands its ability by avoiding the option of manipulating the system parameters of the plant 

and it itself is sufficient to eliminate the undesirable initial undershoots of the TITO NMP 

system. 

After the experimentation on undershoot, overshoot control of NMP systems, 2DOF 

control methodology has been implemented on a practical, laboratory experimental set-up 

based on a 4th order mechanical realized NMP system from a referred journal. Here, the square 

wave signal, as a set point, has been used for the verification of the 2DOF control scheme, and 

finally, it assured that the proposed control performance is better than PID and SFB control 

techniques. 

In the next work, the 3rd order NMP system has been considered along with the previous 

4th order system. The totally unbounded, oscillatory response of the 3rd order NMP system has 

been stabilized by the proposed control technique. Here, the unit step response of 2DOF 

controlled 3rd order and 4th order NMP system has been obtained and compared their 

satisfactory performance with the SFB and advanced MRAC control scheme. The effective 

tracking performance of this 3rd and the 4th order NMP has also been verified by the unit ramp 

and sinusoidal input signals. 

Finally, to strengthen the concept of this proposed 2DOF control structure, an Op-amp 

based NMP system model has been developed in digital and analog simulation environments. 

At first, the mathematical model of a 2nd order NMP system with zero relative degree and one 

RHP zero has been derived using MATLAB System Identification toolbox, then a realistic Op-

amp based NMP system with virtual electronic components and its 2DOF control structure 

have been developed and experimented in the MATLAB SIMULINK environment. After the 

satisfactory performance of realistic Op-amp based software simulation of the 2DOF controlled 

Op-amp based NMP system, a real Op-amp based NMP system with its real electronics 

components on an electronic board has been constructed, and analogue simulation of this 

hardware experimental set-up has been performed satisfactorily and strengthen the demand of 

the proposed MRAC based 2DOF control technique for NMP system. 

After the detailed study of the suggested 2DOF control scheme’s performance in both 

software simulation using MATLAB toolbox and analogue simulation in a real hardware 

environment, it is clearly observed that analogue simulation in a real-time environment yields 

better results though the gain adjustment with the electronics components is a really tough task 
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for the researcher. The initial undershoot, which is obvious in step response of the NMP system, 

has been reduced in software simulation but completely nullified by hardware simulation. 

14.2 Major Inferences 

The crucial interpretation has drawn from the dissertation are listed below: 

i) Exact set point tracking using the inverse model technique is effective for MP 

systems, but it does not work on NMP systems. 

ii) In the case of a NMP system, a cascaded inverse, non-inverse transfer 

function model produces an unbounded oscillatory response in state of cancelling 

the poles and zeros of its numerator and denominator polynomials. 

iii) Adaptive feed-forward control technique is very effective as a tracking control 

system, but it needs inversion of the system model, whereas unstable zeros 

become unstable poles in the inverse transfer function model of the NMP system. 

iv) To circumvent this tracking control problem of the NMP system, Lyapunov 

Design technique based on MRAC as feed-forward and arbitrary pole placement 

based on SFB controller as feedback compensation in the 2DOF framework has 

been proposed as the tracking control system of an NMP system, where feed-

forward and feedback controller is decoupled with each other. 

v) The robustness of stability is ensured spontaneously while deriving the parameters 

of the control law of MRAC. 

vi) The suggested control technique has been verified by 2nd order, 3rd order and 

mechanical realized 4th order NMP system. 

vii) Then, the proposed control methodology has been validated by Op-amp based 2nd 

order NMP system by digital simulation using MATLAB SIMULINK toolbox 

and analogue simulation using hardware experimental set-up. 

viii) Finally, to conclude, researchers can take the freedom to claim the proposed 

control law is not only able to solve the tracking and stability problem of the NMP 

system theoretically, but also exhibits the robust performance of this control 

approach in a real hardware environment. 
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14.3 Future Scope 

i) The design of the effective controller to meet the tracking control problem of SISO 

NMP system has been suggested in this research work. Researchers may give 

attention to the designing of the controller for MIMO NMP Systems. 

ii) As the settling time and magnitude of initial undershoot are inversely proportional 

to each other, here is an attractive opportunity for control designer to explore this 

area of research work. 
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APPENDIX 

 

 

Fig A.1. Realistic Op-amp based Simulink model of NMP system 

 

 

 

Fig A. 2. Realistic Op-amp based Simulink model of inversed NMP system 
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Fig A.3. Realistic Op-amp based Simulink model of superimposed inversed NMP and 

non- inversed NMP System 

 

 

 

Fig. A.4 Realistic Op-amp based Simulink model of cascaded inversed NMP and non-

inversed NMP system 
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Fig. A.5 Realistic Op-amp based Simulink model of reference model plant for MRAC 

structure 

 

 

 

Fig A. 6 Realistic Op-amp based Simulink model of SFB controlled Op-amp based NMP 

system 
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Fig. A.7 Realistic Op-amp based Simulink model of 2DOF controlled Op-amp based 

NMP system 

 

 

 

Fig. A.8 Hardware experimental setup for 2DOF controlled NMP system 
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