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Chapter 1. 

Introduction and Literature Review. 
Robots have become an indispensable part of life in the 21st century. Intense research and 

development are being carried out in the field of robotics. Robotics is a multi-disciplinary 

subject evolving expertise from the fields of mechanical, electronics and computer science 

engineering. Hence, projects on robotics can be challenging. Robots were primarily 

developed as a vital part of industrial automation systems where they are commonly referred 

to as Industrial manipulators. However, researchers have realised that robots need not be 

confined to industries only. A new class of robots called Mobile robots have enormous 

potentials in various fields. A detailed classification of robots have been presented in Fig. 

1.1. In the current work, detailed analysis of walking robots will be discussed. 

 

  

 

 

Fig 1.1. Classification of Robots, with pictures of a few selected types of robots. 
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1.1. The Family of Walking Robots 

Often working environments are unhealthy for humans to work in, such as nuclear power 

plants, oil rigs, space explorations, etc. In these cases, robots can be designed to largely 

replace human beings. Walking robots can be used for these purposes. These are biologically 

inspired with 2 or more legs. More the number of legs greater is the stability though at the 

expense of mobility. Table 1.1 shows the different types of walking robots based on the 

number of legs. Further, six legged robots are of two types: asymmetrical and omni-

directional, shown in Fig. 1.2. In the current thesis work, 6-legged symmetrical robot is 

considered for analysis. 

 

Table 1.1. Walking robots based on the number of legs: 

2 Legged 4 Legged 6 Legged 

Humanoid Quadruped Hexapod 

Honda Asimo Boston Dynamics – 
Robot Dog NI - Hexapod 

   
 

 

   
(a)                                                                     (b) 

Fig 1.2. (a) Asymmetrical, (b) Omnidirectional  6 legged robot. 
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1.2. Advantages and Disadvantages of Waking Robots 

The main advantage of legged robots is their ability to access places impossible for wheeled 

robots. Wheeled robots require a smooth terrain, while legged robots can travel on irregular 

surface using suitable selection of footholds. The legs can be equipped with active 

suspensions which would damp out any shocks. The robot platform can be held at a constant 

roll and pitch angle irrespective of the undulations of the terrain, shown in Fig.1.3.  This 

property is beneficial for material handling operations. The legged robots having higher 

degree of freedom, have better obstacle avoidance capability, while some of them can even 

jump over obstacles. 
 

  
 

Many environments are inaccessible or hazardous for humans in which some sort of 

manipulation needs to be done. For example, handling of remaining debris after earthquake 

and fire, attempting search and rescue operations, inspection, repair, and maintenance in oil 

rigs, etc. Generally, these locations suffer from lack of appropriate visual, respiratory, and 

safety conditions for human workers. Therefore, it is more appropriate to use robots instead 

of humans in these environments. These robots are also being used for underwater and outer-

space exploration. They are also used for specialised tasks such as landmine detection and 

removal, transportation and handling of radioactive and toxic chemicals, rescue and 

exploration missions.  

 

However, walking robots also have some limitations. The control of legged robots is 

extremely complex. The payload capacity is much smaller than that of wheeled robots. 

Legged robots are also much slower than wheeled robots. However, the advantages overrule 

the limitations. Researchers try to impose smoother controls and develop new gait patterns 

so that these robots perfectly mimic the animal or human locomotion, such as walking, 

running, and jumping. 

 

 

Fig 1.3. Advantage of walking robots when traversing through an uneven terrain. 
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1.3. Literature Review 

At the outset, it is necessary to review literatures on legged robots. Through this review, the 

earlier works by researchers in this field are studied. This review is beneficial for further 

improvements in the work and to introduce new developments (if possible) in the related 

field of study. This review has been subdivided into few broad categories. 

 

1.3.1. Study of Gait Patterns 

Hexapods are biologically inspired robots that mimic the locomotion characteristics of 6 

legged animals (mainly insects). Each animal has their own distinct walking characteristics. 

Hence, the gait patterns are analysed and implemented by programming the robot to walk 

accordingly. McGhee [1] provides fundamental definition of key parameters pertaining to 

gaits of legged robots. Zhu et al. [2] has focussed on turning of a hexapod robot using tripod 

gait. They have introduced a gait-coefficient that controls the swing and support phases. By 

suitable selection of this gait-coefficient it is possible for the hexapod to follow a circular 

path. Further, the simulation and experimental results have been superimposed to show the 

maximum deviation. Wang et al. [3] used model based analysis of an omni-directional robot. 

They analysed the leg trajectories and body dynamics for periodic gaits. They simulated the 

joint kinematic parameters as a function of stride for different gaits. Burkus and Odry [4] 

designed a hexapod robot with each legs having 2 d.o.f. They simulated the leg trajectories 

and used hybrid-neuro fuzzy technique to estimate the best route in an unknown environment 

and to generate a suitable adaptive gait. Youcef and Pierre [5] used distributed Q-learning to 

instil the ability of self-learning. The robot maps the terrain and trains itself to obtain the 

optimal leg movements for precise trajectory tracking and maximum stability. The 

simulation and experiments have been performed for Tripod gait. Yang and Juang [6] used 

fuzzy controller to select the foothold position in swing mode. It uses Particle Swarm 

optimization to obtain a solution that guides the fuzzy controller. The proposed method has 

been tested on a hexapod robot by making it trace a circular trajectory and a rectangular path 

having a physical barrier on one side. Campos et al. [7] used central pattern generators to 

replicate the gait patterns for the Chira hexapod robot and the simulation results has been 

presented. The central pattern generators are special neural structures. Inagaki et al. [8] also 

used the CPG model to generate different gaits. The results show that by suitably controlling 

the energy of the oscillators it is possible to vary the walking speed. Lewis et al. [9] used 

genetic algorithm to alter the neural parameters instead of using a learning algorithm. 
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Soyguder and Alli [10] modelled a hexapod robot on the basis of kinematics and dynamics, 

and implemented it on walking and running gaits. Bounding gaits have been controlled using 

PD controller and using a spring loaded inverted pendulum leg model. Carbone and 

Ceccarelli [11] classifies legged robots on the basis of number of legs. It provides 

information regarding maximum speeds attainable for each class of robots and finally it gives 

an overview of gait patterns for multi-legged robots. Ding et al. [12] also provides 

mathematical description of gaits for six legged robots. The analysis of a gait resulting due 

to the loss of one or two legs has been presented in this paper. Parker and Mills [13] used 

cyclic genetic algorithms to develop metachronal gaits with the objective of maximizing 

stability. Deng et al. [14] optimized the leg trajectory for minimizing the power consumption 

of a hydraulically actuated leg. The proposed idea was that, minimizing the power 

consumption per leg would effectively reduce the overall power consumption for the robot. 

Deng et al. [15] formulated a real life problem of material transportation using hexapods. 

They considered the case when two limbs would be used to hold an object and the robot 

would move on the remaining 4 legs. A motion planner was developed which would estimate 

the required joint actuation values based on the trajectory it has to follow. Jin et al. [16] 

emphasised on minimizing the energy consumption of the robot by minimizing the joint 

torques. It has been suggested that, suitable selection of gait parameters like walking 

velocity, duty factor, and stride length could help reduce the energy consumption. Porta and 

Celaya [17] describes the gradual convergence of free gait to tripod gait. Free gaits are suited 

for rough terrain only, for, as the roughness increases the number of steps increases making 

the locomotion slower. However, as the roughness decreases the maneuvering speed 

increases and finally for smooth terrain the free gait converges to tripod gait. Moore et al. 

[18] developed an algorithm by which a 6 legged robot RHex was made to climb a flight of 

stairs. The power consumption in the process was recorded. Saranli et al. [19] describes the 

mechanical structure and gait pattern controller for the RHex which is an under actuated six 

legged robot. Kecskés et al. [20] used particle swarm optimization technique to optimize the 

kinematic parameters - velocity and acceleration for straight walking. They compared it with 

the results obtained from genetic algorithm and the results of PSO were found to be superior. 

Zhang et al. [21] used cubic Bezier curves to construct the trajectory and guided a quadruped 

robot along the trajectory using free gait. Pal et al. [22] used wave gait to guide a robot on a 

rough terrain. They used a heuristic approach for foothold planning, and the result was a 

combination of free and wave gaits. A parallel heuristic method has been formulated with 
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graph search using A* algorithm, in [23]. Duan et al. [24] developed a new turning gait using 

tripod sequence, which would provide additional agility to avoid obstacles and walk on 

rough terrains. The proposed theory is supported by experimental results.  

 

1.3.2. Kinematic and Dynamic Analysis 

To manoeuvre a robot along a desired trajectory, its motion characteristics must be 

determined at first. The kinematics and kinetic (dynamic) analysis provides the guiding 

equations of motion of a robot. Goodwine and Burdick [25] formulated a basic kinematic 

model of a hexapod and performed a simulation for walking along straight and curved paths. 

Olaru and Niţulescu [26] modelled a rectangular hexapod with each leg having 3 d.o.f. A 

detailed leg workspace analysis has been presented to check for possible collision zones. 

Further considering the effect of gravity, simulation results have been shown where the robot 

walks on sloping surface and climbs stairs. Yang and Geng [27] provides an analytical 

solution to a parallel hexapod manipulator. Although it is not a mobile robot, yet the 

methodology is valuable from the aspect of the current thesis work. Silva et al. [28] studied 

the foot-tip interaction with the maneuvering surface. They modelled the surface conditions 

using spring damper assembly, and simulated the interaction characteristics for different gait 

patterns. The study of foothold forces is crucial, since it dictates the overall motion of the 

robot. In [29] they have used Genetic algorithm to obtain the optimum robot parameters 

when it is desired to maneuverer the robot at a specific speed using Wave Gait.  Bo et al. 

[30] emphasises on the mechanical design and control system. It highlights the fact that for 

robots having legs of 2 d.o.f, only planar maneuvering is possible, and to travel on uneven 

terrain, legs with 3 d.o.f is required along with additional sensors. Straight walking using 

tripod gait has been tested for the designed hexapod. Tedeschi and Carbone [31] gives an 

overview of Hexapod robots. The paper addresses the key performance measurement 

parameters and discusses the basic periodic gaits in detail. Zhong et al. [32] considered legs 

actuated by linear actuators. The dynamics of the system was modelled using decentralised 

control strategy. The robot leg has been actuated using different control modes - PD, PID 

and the trajectory has been obtained using a dynamic model. Schneider and Schmucker [33] 

[34] identified that the foot-tip force is critical parameter in locomotion of legged robots. 

The designed legs were capable of sensing the foot-tip force and used it as a feedback to the 

controller. The force distribution patterns on different surface conditions was obtained by 

testing it on a hexapod robot. Netto et al. [35] formulated the inverse kinematics problem 
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and developed a solver using neural and fuzzy system that guides the robot in real-time. The 

reduction in computation time and accuracy in trajectory tracking has been highlighted. 

Skaburskyte et al. [36] studied the stability for 3 primary gaits- tripod, ripple and wave. Their 

observation was that instability occurs at the instance when supporting legs are interchanged, 

and the simulation results show that wave gait provides maximum stability. Lopez et al. [37] 

used DH-parameters to obtain the state space model of the leg mechanism of a hexapod robot 

and used it to simulate the leg trajectories. Orin et al. [38] is a novel literature showing the 

kinematic and kinetic analysis of an open chained mechanism, and has been implemented 

on a hexapod robot. It uses Newton-Euler approach for establishing the robot dynamics. 

Gonzalez et al. [39] developed algorithms for foothold selection by minimizing the energy 

consumption. They developed a model for the energy consumption per half gait cycle, and 

minimized it. The algorithm was simulated for hexapod robot travelling along a straight line 

trajectory at a constant speed using tripod gait. Mahapatra et al. [40] modelled a hexapod 

robot using Catia and used Adams software to simulate the robot using wave gait. With the 

objective of making the robot to follow a straight line path, the variation of joint torques and 

the movement of the center of mass were recorded. Zhu et al. [41] developed an inverse 

kinematic solver by coupling it with an energy consumption index and workspace feasibility. 

The solution was obtained by optimizing the problem using genetic algorithm. The 

simulation shows lowered joint torques along with minimum power consumption. Mahfoudi 

et al. [42] developed an inverse kinematic solver by optimizing the force distribution at the 

legs considering the effect of friction. Such a solution would provide superior manoeuvring 

over rough terrains by proper weight distribution and achieving greater stability.  

 

1.3.3. Terrain Adaptation 

The advantages of legged robots over conventional wheeled robots are that it can walk over 

rough terrains. This capability is not inherent, but depends upon the control algorithm. Isvara 

et al. [43] developed an effective algorithm which would guide a hexapod along a predefined 

trajectory on a rough terrain. The terrain adaptation is achieved using tactile sensor at the 

foot-tip and using it as a feedback to the controller. Song and Choi [44] developed a gait 

suitable for traversing an uneven terrain. The assumed that the legs will be placed on the 

footprints made by the legs ahead of them, in this way the complexities of foothold section 

will be minimised. This type of gait was named as follow-the-leader gait. The stability has 

been verified using simulations. McGhee and Iswandhi [45] also concentrates on locomotion 
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over rough terrain in which they have considered dead-zones where the foot-tip cannot be 

placed. An adaptive algorithm decides where to place the foot-tip, and is based on free gait. 

Belter [46] developed an adaptive method to estimate the foothold for a hexapod robot when 

travelling on a rough surface. It uses terrain maps to generate a surface and searches for 

points on that surface which would provide maximum stability to the robot, and yet maintain 

its target path. The self-learning capability had been tested on a real robot. Hauser et al. [47] 

developed a foothold planner based on graph search technique and used probabilistic 

planning to ensure a continuous stepping sequence. The suggested planner would greatly 

improve locomotion on a rough terrain. Kumar and Waldron [48] concentrated on a real-

time adaptive gait generator based on wave gait, which would accommodate the changes in 

foothold after each cycle. The duty factor was varied to obtain the optimal leg cycling 

frequency, and hence making the regular wave gait into a free gait capable of guiding the 

robot along terrain irregularities. Kalakrishnan et al [49] gives an extensive detail of the 

required control architecture for locomotion on rough terrain. They used terrain maps for 

foothold selection, and calculated the stability at the assumed position, if the position is 

favourable, then an inverse kinematics solver is used to obtain the desired actuation values. 

A similar work has also been presented by Medrano et al. [50], where they considered the 

presence of obstacles and a terrain with forbidden zones [51]. Deng et al. [52] developed a 

hexapod controller for rescue operations. The paper emphasises on a zero-moment point 

(ZMP) which would offer perfect static stability to the robot. The proposed algorithm helps 

to estimate the ZMP and modify any primary gait to obtain the required free gait. 

 

1.3.4. Hybrid Designs 

Hoover et.al. [53] designed an under actuated robot with legs made of smart composite 

microstructures. These legs are actuated using wires made of shape memory alloys which 

allow the legs to change stiffness and shape. Using this feature different gaits have been 

experimented and results of improved stability and manoeuvrability have been presented. 

Plamondon and Nahon [54] replaced the legs with paddles to develop an underwater 

exploration robot. The paddles oscillates providing the required thrust to travel underwater. 

Using a model based non-linear controller, sinusoidal trajectories have been traced and 

validated. Aggelopoulou et al. [55] formulated an algorithm to obtain the leg sequence to 

walk on sloping surfaces for a hexapod robot maneuvering underwater. The model is based 

on the vehicle dynamics since it is subjected to external forces. Grand et al. [56] used a 



Introduction 

 

Page 9 
 

hybrid wheel-leg system. A decoupled posture and trajectory control algorithm was used to 

manoeuvre the robot on a rough terrain. Simulation and experimental results were provided 

to prove the performance of the algorithm. Jun et al. [57] [58] developed a hexapod robot 

capable of walking on a seabed. Undoubtedly the robot is subjected to a harsh environment. 

The design and test results have been elaborately shown. Autumn et al. [59] developed a 6 

legged robot capable of climbing walls by adhering to the surface. The design and 

construction of this bio-inspired robot have been presented in this paper. Zhu et al. [60] used 

semi-round foot-tips to reduce the impacts on touch down and smoothen the stance phases. 

A leg trajectory correction method was suggested that significantly improves the path 

deviation and overall power consumption. 

 

1.3.5. Obstacle Avoidance 

Obstacle avoidance is a vital research segment in mobile robotics. The hexapod while in a 

mission must be able to avoid collisions with an obstacle. Seljanko [61] developed a 

locomotion strategy for an omnidirectional hexapod in order to avoid obstacles in its path. 

The model was simulated using tripod gait with different trajectories and positions of 

obstacles. Han et al. [62] developed a method of avoiding moving obstacles in real-time, by 

measuring the minimum distance of the obstacle from the robot using Gilbert-Johnson-

Keerthi algorithm. The developed algorithm can guide the robot and prevent head on 

collisions. Skaff et al. [63] used sensor guided closed loop controller to guide a hexapod by 

visual sensing of a line defining its trajectory. The paper gives valuable information 

regarding visual sensing, to be used extensively in obstacle detection. Zhao et al. [64] 

developed a novel path planar which can account for large obstacles in between the start and 

end locations. The robot will be guided along the path maintaining the stability and kinematic 

feasibility. Yang [65] derived the modified crab and turning gaits (spinning and circular) for 

an omni-directional hexapod with one leg having locked joints. The gait was simulated for 

conditions of obstacle avoidance presented in the form of case studies.  

 

1.3.6. Trajectory Optimization 

Irrespective of the terrain condition and presence of obstacles, the motion of robot is guided 

by a trajectory. The motion along the trajectory must be optimized to derive maximum 

benefits. For example lowering the energy consumption would require a smaller battery to 

power the robot, minimizing the jerk would provide a smooth motion, while maximizing 
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payload would provide greater load carrying capacity. The literatures on trajectory 

optimization can be classified on the basis of: 

i. Minimization of total execution time, 

ii. Minimization of total energy consumption 

iii. Minimization of jerk, 

iv. Maximizing the payload. 

Some researchers have used combined optimization of the above mentioned parameters. In 

context to the present work, a few of the literatures have been reviewed.  Piazzi and Visioli 

[66] used cubic spines to define the trajectories and optimized it for minimum jerk. They 

used an algorithm based on interval analysis, which assured the convergence to a global 

minima. The algorithm was simulated for an m- joint robotic manipulator, and the variation 

of joint kinematic parameters were shown.  Saramago and Steffen Jr. [67] formulated an 

optimization problem by combining the travel time and energy consumption by using 

weighing factors. It was simulated for a 3 and 6 d.o.f manipulator considering the dynamics 

and physical constraints. Gasparetto and Zanotto [68] used a combined optimization of the 

total execution time and the square of jerk. A minimum jerk trajectory would ensure a 

smooth motion, while the execution time need not be defined beforehand. Korayem et al. 

[69] formulated an optimization problem to maximize the payload of a mobile manipulator, 

considering the dynamics. Simon and Isik [70] relied on trigonometric splines to define 

trajectories and highlights its advantages over algebraic splines. They stated that by 

minimizing the jerk it is possible to obtain a closed form solution, and presented a trajectory 

interpolation algorithm. Cao et al. [71] used cubic splines to interpolate the trajectory and 

used combined optimization of travel time and jerk using weight factors. Using simulation 

on a SCARA manipulator, the deviations obtained by varying the weight factors have been 

presented in the paper. Lin et al. [72] used piecewise cubic polynomials to define the 

trajectory and proposed an algorithm to obtain the optimal travel time from one knot to the 

other. The kinematic limits were considered and the simulation results for optimum joint 

trajectories was presented. Gasparetto and Zanotto [73] used 5th order B-Spline to define the 

trajectory and performed an optimization of the integral of the squared jerk combined with 

total execution time. Boryga and Grabos [74] presented a comparison of the joint trajectories 

by using polynomial splines of order 5, 7 and 9. Lin [75] used particle swarm optimization 

to generate a minimum jerk trajectory. The simulation results along with the effectiveness 

of the algorithm are highlighted in this paper. Huang et al. [76] used 5th order B-Spline to 
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define the trajectory and performed a combined minimization of jerk and execution time. 

They used NSGA-II based solver to obtain the optimization results. Further, a selection 

parameter to choose the best solution from the Pareto optimal front was presented. 

Alshahrani et al. [77] used 3-4-5 polynomial splines to define the trajectory and compared it 

with the cubic splines with parabolic blend trajectories. Yang and Choi [78] used Bezier 

curve to construct the trajectory and performed a path planning for a two-wheeled robot. 

Hwang et al. [79] used cubic Bezier curves to interpolate a user drawn trajectory on a 2D 

touch space. The paper discusses the required space planning to guide a mobile robot along 

the designed path at any programmed velocity. 

 

1.4. Gap Finding  

An extensive survey of literatures based on hexapods and trajectory optimization have been 

presented in section 1.3 and a few research gaps have been found. The thesis work is based 

on a hexapod commercially available by the name of Hexcrawler, manufactured by 

CrustCrawler USA. The Hexcrawler is a six-legged robot, with each leg having 2 d.o.f. As 

stated in the literatures, a robot with each leg having 2 d.o.f can be manoeuvred along planar 

surface only. It has limited mobility to walk on rough terrains. Moreover, there is no 

provision of attaching tactile sensors at the foot-tip. So the robot cannot sense the foothold 

forces. Considering these limitations, there will be an attempt to fill the gaps in available 

research works, in the light of the available resources and scope. The possible areas of 

research are: 

i. The forward kinematics has not been sufficiently dealt with. Though forward 

kinematics has no direct application, yet it is important from the point of view of 

studying the motion characteristics of a particular robot. 

ii. Inverse Kinematics solvers suggested in the literatures are very complex and 

computationally expensive. There should be an attempt to develop a far more 

simplified solver, capable of providing solutions for any trajectory having a 

mathematical definition. 

iii. Researchers have focused upon navigation over rough terrain. However, navigation 

along complex paths or zig-zag irregular trajectories is yet to be explored. Hence 

there should be an attempt to navigate the Hexcrawler along complex trajectories. 

iv. Literatures on trajectory optimization focus on minimizing jerk, total time, energy 

etc. Some works have also combined two or more parameters as the cost function. 
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However, if it is considered that the total time of travel is known along with the 

velocity and acceleration limits, then the trajectory can be optimized for minimum 

jerk. The result of the optimization should be the optimal blend times. For, blending 

time is a critical control parameter for the robot controller.  

v. In most literatures the trajectory has been designed using polynomials of lower 

order which reduces the accuracy of the trajectory. Higher order parametric curves 

could be used to define the trajectory with greater accuracy. 

 

1.5. Aim and Objective 

Considering the above gaps in the reported works and the available resources this work is 

planned as follows. 

i. To, prepare the Hexcrawler for complex manoeuvring tasks, and to design a tracing 

attachment, which can be used to draw trace curves as the robot travels along a 

programmed path. 

ii. To study the fundamental periodic gaits and to program them on the Hexcrawler. 

iii. To make an analysis of the leg mechanism and to generate the workspace of the 

foot-tip. Also to check for joint actuation limits considering a non-overlapping 

workspace between two adjacent legs. 

iv. To formulate a forward kinematics solver that can predict the trajectory of the robot 

for a given set of actuation angles and number of walking cycles.  

v. To, formulate an Inverse kinematics solver that can estimate the required joint 

actuation angles for the robot to travel from one predefined location to another. The 

solver must be independent of the nature of the curve. 

vi. To, mathematically define complex trajectories and to apply the inverse kinematics 

solver to obtain a solution. In all cases, the simulation results must be validated 

through experimentation. 

vii. To, define trajectories using nth order parametric curve and to optimize it by 

minimizing the jerk, and obtaining the optimal blend time. 

 

The above work plan has been executed and is presented with the results and validation of 

the proposed mathematical models in the subsequent chapters.  
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Chapter 2. 

The Hexcrawler – a six legged robot. 

 

The Hexcrawler robot shown in Fig. 2.1 is available in the Machine Elements Laboratory, 

Mechanical Engineering Department of Jadavpur University. This robot is used for present 

analysis and experiment. It belongs the family of walking robots which has 6 legs. The robot 

is driven by 12 servo motors. It is manufactured by CrustCrawler Robotics, USA and has 

been locally purchased from Sumeet Instruments and Chemicals, India. The robot has 3 

segments – robot frame, 6 set of legs and tilt-pan attachment to mount additional sensors. It 

is controlled by the Basic Stamp microcontroller. The figure shows the Hexcrawler robot, as 

imported from the manufacturer.  

 

    

Fig 2.1. The Hexcrawler robot, showing the 3 major segments as viewed from various 
angles. 
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2.1. Technical Specification 

The technical specification as obtained from the user guide provided by the manufacturer 

has been enlisted in Table 2.1. 

Table 2.1. Technical Specifications of Hexcrawler Robot: 

Sl. 

No. 
Item Description                     

1. Material 
5052-Aluminium with type-II anodizing. 

Plate thickness of 0.063 gauge (1.29 mm)  

2. Dimensions 

Overall dimensions – 

19.56" x 15.75" (49.68cm X 40.00cm) 

Measured from leg to leg. 

3. Height 
Standing: 6" (15.24cm)  

Squatting/Sitting: 4.86" (12.34cm) 

4. Ground Clearance 3.5" (8.89cm) 

5. Leg Movement 2 degrees of freedom/leg (vertical and horizontal) 

6. Payload Capacity 7.5 lbs. (3.4 kg) 

7. Servo Motors 

Vertical Servos: 

Make: HiTech Delux HS-322HD 

Type: Cored Metal Brush Motor 

Stall Torque: 3.0 kg.cm at 4.8V 

                      3.7 kg.cm at 6.0V 

Horizontal Servos: 

Make: HiTech Delux HS-485HD 

Type: Cored Metal Brush Motor 

Stall Torque: 4.8 kg.cm at 4.8V 

                      6.0 kg.cm at 6.0V 

8. Control System 
Parallax Board of Education, with 

Basic Stamp II-Microcontroller 
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2.2. Upgrading the Control System 

The Hexcrawler robot is first upgraded for making it suitable for the present work for the 

reasons described below. The robot is programmable using the Parallax Board of Education 

and Basic Stamp II-Microcontroller, as shown in Fig. 2.2. The accessories include - servo 

controller, ultrasonic sensor, batteries and radio control system. The control electronics of 

the Hexcrawler Robot was re-modelled to overcome the following limitations: 

a. The previous controller was required to be replaced, since it was damaged and was 

malfunctioning. However, it was not available in the local market, so there was a 

need to shift to another controller. 

b. The memory capacity of Basic Stamp was too small (32bytes of RAM), making the 

controller unsuitable for executing programs using large number of variables and 

data, such as path generation using inverse kinematics. 

c. The Basic Stamp Editor software is a variant of the BASIC language, making 

programming more difficult and incapable of handling complex programs.  

For this, the Arduino based micro-controller has been selected, having greater memory and 

processing power. The comparison of the two microcontrollers is enlisted in Table 2.2 and 

it clearly shows that the Arduino based controller is more suited for accomplishing the 

objectives of the thesis. 

 

 

Fig. 2.2. Original Controller Setup with Parallax Boards. 
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Table 2.2. Comparison Chart of Parallax vs Arduino: 

Manufacturer Parallax Arduino 

Processor Basic Stamp II ATmega2560 

Clock Speed 20MHz 16MHz 

Flash 

Memory 
32 Bytes 256 KB 

EEPROM 2 KB 4 KB 

I/O Pins 16 + 2 dedicated serial  54 (with 15 PWM, and 16 analogue) 

Software Basic Stamp Editor 
Arduino IDE, can be interfaced with MatLab 

2017 or higher versions. 

Sensors Limited  
Wide range of sensors are available in the 

form of Shields. 

 

The components of the modified setup include: 

- Arduino Mega 2560, Rev3. 

- PCA-9685, Adafruit PWM servo controller (12 bit, 16 channel) 

- Micro SD card reader module, for data logging 

- 6V, 4.5AH Lead Acid Battery, to power the servos 

- 9V battery, to power the Arduino mega 

- Switch and jumper wires. 

In this context, it is worth highlighting that the Radio frequency controller and Bluetooth 

modules have been removed from the system, since they are irrelevant considering the 

objective of the present work. The pin connections of different modules with the 

microcontroller have been listed in Table 2.3. Further, Fig. 2.3 shows the schematic layout 

of the components and its wiring.  
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Table 2.3. Wiring and Pin-connections: 

Module Name Pins on Module Pin on Arduino Mega 

Adafruit PWM servo controller 

GND GND 
SCL SCL 
SDA SDA 
VCC +5V 

Micro-SD Card Module 

CS 53 
SCK 52 
MOSI 51 
MISO 50 
VCC +5V 
GND GND 

 

 

The Hexcrawler frame has mounting provisions for the Basic Stamp controller, which do 

not match with the Arduino controller. Hence, mounting trays have been designed and 

fabricated using acrylic sheet, as shown in Fig. 2.4. This allows the new setup to be installed 

on the existing frame. 

 

Fig. 2.3. Components of Controller System with wire Connections. 
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2.3. Design of a Tracing Attachment 

The Hexcrawler robot walks along a flat and levelled surface. The trajectory of the robot 

needs to be recorded for analysis. A tracing attachment is designed and shown in Fig. 2.5. It 

is fabricated using aluminium since it is light in weight and adds minimum load to the robot. 

The attachment comprises of the following parts: 

a. Primary Barrel: houses the spring and pencil. 

b. Counter barrel: prevents bending of the pencil and avoids the chances of breaking. 

c. Spring: allows the pencil to press upon the tracing surface with a uniform pressure, 

and maintains contact of the pencil tip with the surface when the robot height 

fluctuates during a programmed motion, refer Fig. 2.8. 

d. Pencil: used to make tracing marks as the robot moves. 

e. Fasteners (nut-bolts): hold and fasten the two halves of the barrel with the robot 

frame. 

 
(a)                                                                        (b) 

 
(c) 

Fig. 2.4. Mounting Tray for (a). Arduino Microcontroller and (b). Servo Controller 
 – designed in Solidworks 2018, (c) Controller Setup after installation. 
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2.4. Calibration of the Modified System 

The Hexcrawler robot has a new controller system and it needs to be calibrated before it can 

be programmed. The servo motors work on PWM control. The calibration process can be 

divided into two parts – determining the pulse required for rotation of the servo shaft by 1°, 

and equalising the foot-tip pressures. 

 

2.4.1. Determining 𝒑𝒑𝒅𝒅 (pulse/degree): 

After installing the new controller setup, the system is required to be calibrated for precise 

motion generation. The servo motors are actuated using pulse-width-modulation (PWM) 

control. The rotation angle of a servo motor is limited to ±90° about the mean (0°) position. 

The operating voltage is applied in pulse to signal the motor to turn in the clockwise or 

anticlockwise about the mean position. The pulse width (in milliseconds) defines by how 

much angle the motor should rotate. So a relation between the pulse-width (𝑝𝑝𝑝𝑝) and rotation 

angle must be established. Let 𝑝𝑝𝑑𝑑 be the pulse required to rotate the leg by 1 degree.  

 

       
                           (a)                                                        (b)                                     (c) 

Fig. 2.5. Tracing Attachment – (a) sectional view, (b) rendered image and 

(c) after installation on the Hexcrawler. 
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An arrangement to measure the rotation angle has been shown in Fig. 2.6. Considering a 

particular leg, a protractor is fixed to the robot frame at the leg hinge, and using the 

microcontroller, the pulse-width is varied. The leg under consideration is lifted, while other 

legs are grounded to ensure that the robot is stationary. The supplied pulse-width at which 

the legs achieve the 0°, +30°,−30° positions are recorded. The process is repeated for each 

leg and the results are recorded in Table 2.4. Here, 𝜃𝜃ℎ𝑖𝑖|𝑚𝑚,𝜃𝜃ℎ𝑖𝑖|𝑓𝑓 and 𝜃𝜃ℎ𝑖𝑖|𝑏𝑏 represent the angles 

corresponding to the mean (0°), forward (+30°)  and backward (−30°)  positions of the 

legs. Although the calibration has been done for the horizontal servos, the results are 

applicable for vertical servos also.  

 

 

 
(a) 

 

   
(b)                                           (c)                                                (d) 

Fig. 2.6. (a) Setup and Measurement of rotation angles. 

Recording Pulse at (b) 0°, (c) +30°, (d) −30° rotation of the legs.  
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Table 2.4. Horizontal Servo Calibration: 

Side 

Leg 

No. 

 (𝑖𝑖) 

Pulse-width (𝑝𝑝𝑝𝑝) 

for 𝜃𝜃ℎ𝑖𝑖|𝑚𝑚 = 0° 

Pulse-width (𝑝𝑝𝑝𝑝) 

for 𝜃𝜃ℎ𝑖𝑖|𝑓𝑓 = +30° 

Pulse-width (𝑝𝑝𝑝𝑝) 

 for 𝜃𝜃ℎ𝑖𝑖|𝑏𝑏 = −30° 

Pulse per 

Degree 

(𝑝𝑝𝑑𝑑) 

Right 

1 345 412 278 2.2333 

2 370 437 303 2.2333 

3 340 407 273 2.2333 

Left 

4 330 263 397 -2.2333 

5 345 278 412 -2.2333 

6 365 298 432 -2.2333 

 

The pulse-width vs rotation angle 𝜃𝜃ℎ𝑖𝑖 can be plotted graphically for each leg as shown in 

Fig. 2.7. It can be observed that the curve is a straight line and the slope of the curve is 𝑝𝑝𝑑𝑑. 

For right and left sided legs, 𝑝𝑝𝑑𝑑 has opposite signs.  Using the equation of a straight line, the 

slope 𝑝𝑝𝑑𝑑 is given by:  𝑝𝑝𝑑𝑑 =  𝑝𝑝𝑝𝑝|𝑓𝑓 − 𝑝𝑝𝑝𝑝|𝑏𝑏
𝜃𝜃ℎ𝑖𝑖|𝑓𝑓 − 𝜃𝜃ℎ𝑖𝑖|𝑏𝑏

                                                                 ........... (2.1) 

The required pulse 𝑝𝑝𝑝𝑝|𝑟𝑟𝑟𝑟𝑟𝑟 for the desired angle 𝜃𝜃𝑑𝑑𝑑𝑑 can be calculated from the relation:

 �𝑝𝑝𝑝𝑝|𝑟𝑟𝑟𝑟𝑟𝑟 −  𝑝𝑝𝑝𝑝|𝑓𝑓� =  𝑝𝑝𝑑𝑑. (𝜃𝜃𝑑𝑑𝑑𝑑 −  𝜃𝜃ℎ𝑖𝑖|𝑓𝑓)                                                   ........... (2.2) 

 

2.4.2. Equalising Foot-Tip Pressure: 

In the previous section, the relation between pulse-width and rotation angle was determined 

primarily for the horizontal servos. The pulse/degree is a constant for both the horizontal and 

vertical servos. However to interpolate the pulse for a desired angle, the pulse at any two 

positions must be defined. Hence, the pulse required to position the vertical servos at ±𝜃𝜃𝑣𝑣𝑣𝑣 

is determined experimentally. The problem is more complex in this case. The two positions 

result in two distinct posture of the robot – Standing and Squatting as shown in Fig. 2.8. At 

these postures, the following conditions must be satisfied for planar maneuvering: 

i. The plane of the robot body must be parallel to the ground surface to ensure zero 

roll and pitch, 

ii. The foot-tips for each legs must exert equal amount of force on the ground 

surface, ensuring that the body weight is evenly distributed on all six legs. 
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(a).  

(b).  

Fig. 2.7. Plots of 𝜃𝜃ℎ𝑖𝑖 Vs (𝑝𝑝𝑝𝑝) from the Calibration Data obtained in Table 4. 

(a) for Right Sided Legs and (b) for Left Sided Legs. 
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To perform the experiment, the following components are required: 

a. Flexiforce pressure sensor, 

b. Spirit level indicator, 

c. Glass surface which is smooth and levelled. 

  
(a) 

 
(b) 

Fig. 2.8. (a) Hexcrawler Robot in Standing Posture, 
(b) Hexcrawler Robot in Squatting Posture. 
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Calibration Method:  

1. Setup the electronic circuit as shown in Fig. 2.9. 

2. Place the spirit level indicator on the top surface of the robot body, and place the 

Flexiforce sensor between the glass surface and the foot-tip of a particular leg. 

3. Set the robot in standing posture using set of pulse-width values chosen arbitrarily, 

4. Observe the spirit level indicator and the reading of the Flexiforce sensor from the 

Serial-monitor of the Arduino software.  

5. Place the Flexiforce sensor on the other legs and observe the pressure readings, 

6. Adjust the pulse-width for each leg so that the Foot-tip pressures are equal and the 

spirit level indicating that the robot body is parallel to the glass surface. 

 

The experimental setup has been shown in Fig. 2.10. The calibration process is tedious and 

iterative. The experiment is conducted for Standing and Squatting posture. Finally, the 

magnitude of 𝜃𝜃𝑣𝑣𝑣𝑣|𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and 𝜃𝜃𝑣𝑣𝑣𝑣|𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and their corresponding pulse-width is obtained. The 

results of the calibration has been enlisted in Table 2.5. 

 

 
 

 
Fig. 2.9. Electronic circuit for interfacing Flexiforce pressure sensor. 
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Table 2.5. Vertical Servo Calibration Results: 

 Side 
Leg No. 

 (𝑖𝑖) 

Pulse-width (𝑝𝑝𝑝𝑝) 

for 𝜃𝜃𝑣𝑣𝑣𝑣|𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 

Pulse-width (𝑝𝑝𝑝𝑝) 

for 𝜃𝜃𝑣𝑣𝑣𝑣|𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 

Right 

1 235 475 

2 265 460 

3 275 510 

Left 

4 360 180 

5 315 170 

6 400 155 

 

 

 

2.5. Conclusion 

By upgrading the Hexcrawler it is now possible to program complex trajectories, add 

different sensors and even interface it with MatLab software. The mounting trays allow easy 

installation of the new electronic components on the existing frame. The Tracing attachment 

helps in drawing Trace curves which will be used in the later sections of the thesis. Finally, 

calibrating the new control system allows accurate movement of the robot for programmed 

motion. The robot is now ready for analysis and experimentation. 

 
                                                    (a)                                                                   (b) 

Fig. 2.10. (a) Setup for equalising the Foot-Tip pressure,  

(b) Flexiforce Pressure Sensor placed between the glass surface and Foot-Tip. 
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Chapter 3. 

Gait Patterns for the Hexcrawler. 
Gait is defined as the manner of walking or the stepping sequence of the legs. Gaits can be 

periodic or random (free gait). In periodic gait a particular stepping sequence is repeated, 

while in Free Gait the stepping sequence is random and is designed to adapt to terrain 

undulations and ruggedness. In the present work, it is desired to manoeuvre the robot on a 

smooth and levelled surface (planar manipulation), hence the periodic gaits are of interest. 

3.1. Overview of Periodic Gaits 

Periodic gaits have a unique stepping sequence constituting a cycle. The gait cycle when 

iteratively programmed helps the robot to walk continuously. The gaits patterns are 

dependent on the number of legs of the walking robot. Considering the Hexcrawler which is 

a six-legged robot, 3 fundamental periodic gaits are identified. There are: 

i. Tripod Gait, 

ii. Ripple Gait, 

iii. Wave Gait. 

Each of these gaits have their own merits and demerits. The nature of these gaits have been 

discussed in detail in the subsequent section. The three gaits are differentiable from each 

other on the basis of: 

a. Duty factor: which is defined as the ratio of time taken for stance phase to the total 

cycle time for any given leg. The duty factor gives an indication of how fast or slow 

the body travels at each cycle. For example, tripod gait having duty factor 0.5 is much 

faster compared to wave gait having duty factor of 0.66. 
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b. Stability: the static stability of a gait is ensured if the CG of robot lies within the 

support polygon at any instant. As the CG approaches the edges of the polygon, the 

stability decreases, as shown in Fig. 3.1. Stability is quantified by defining a stability 

margin, which is the shortest distance from the projected CG to any of the support 

polygon edges. The legs of the Hexcrawler are directed away from the body and 

hence, it ensures higher stability margin for all three gaits. 

 

 

3.2. Tripod Gait 

In the Tripod Gait the Hexcrawler has 3 legs on the ground and remaining 3 legs are in air. 

So at any instant the weight of the robot is supported by three legs forming a triangular 

support polygon. Considering the stability, legs 1, 3, 5 and legs 2, 4, 6 form stable tripods 

ensuring static stability. Fig 3.2 shows the leg at 2 different positions marked 𝑃𝑃1 and 𝑃𝑃2 at 

 
 

Fig. 3.1. Stability criteria illustrated for instantaneous position of the Tripod Gait. The 

Grounded Foot-Tips form the vertices of the support polygon, and the CG is projected 

on the plane of the support polygon. The stability margin is marked ensuring the 

Hexcrawler is statically stable for this particular position. 
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𝜃𝜃ℎ = {𝜃𝜃1,𝜃𝜃2} respectively. The Tripod gait is periodic in nature and the stepping sequence 

starts with the initial condition followed by steps (i) to (vi). 

 

Starting Condition: 

a. Legs 1,3,5 - Grounded and at 𝜃𝜃ℎ|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

b. Legs 2,4,6 - In-air and at 𝜃𝜃ℎ|𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 

 

Step sequence per cycle: 

i. Stance of legs 1,3,5 

ii. Swing of legs 2,4,6 

iii. Change support from legs 1,3,5 to legs 2,4,6 

iv. Stance of legs 2,4,6 

v. Swing of legs 1,3,5 

vi. Change support from legs 2,4,6 to legs 1,3,5 

 

Steps (i) to (vi) constitutes one cycle. For each cycle the robot advances by two steps (during 

the stance phase). The minimum duty factor is 0.5, which can be achieved by overlapping 

the stance and swing phases, making the tripod gait the fastest gait. However, in the current 

thesis work, emphasis is laid on the kinematic analysis, so the stance and swing phases are 

considered independently and is non-overlapping. 

 

 
Fig. 3.2. Two possible position of Legs, with their corresponding angles. 
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There are three variants of the Tripod Gait: 

- Native Tripod: applicable for straight walking and turning along a large radius of 

curvature, refer Fig. 3.3. 

- Spinning Tripod: applicable for sharp turns with negligible radius of curvature, refer 

Fig. 3.4. 

- Half-Step Tripod: adaptable gait which can readily switch between Native and 

Spinning Tripod gaits. Ideal for traversing irregular trajectories, and foot-step 

planning using inverse kinematics, refer Fig. 3.5. 

 

 
Fig. 3.3. Stepping Sequence of Native-Tripod Gait. 
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Fig. 3.4. Stepping Sequence of Spinning-Tripod Gait 

 

 
Fig. 3.5. Stepping Sequence for Half-Step Tripod Gait. 
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3.3. Ripple Gait 

In Ripple Gait, the Hexcrawler has 4 legs on the ground and remaining 2 legs in air. So at 

any instant the weight of the robot is supported by 4 legs forming a quadrilateral support 

polygon. The Ripple gait ensures greater stability as compared to the Tripod gait enabling 

the robot to carry higher payloads. However, it is slower, as more number of steps are 

required to travel the same distance, as compared to the Tripod gait. Fig. 3.6 shows the leg 

at 5 different positions marked 𝑃𝑃1,𝑃𝑃2, … .𝑃𝑃5 at 𝜃𝜃ℎ = {𝜃𝜃1,𝜃𝜃2, …𝜃𝜃5} respectively. If 𝜃𝜃1 and 𝜃𝜃5 

be the extreme positions then, the remaining angles are computed as: 

�
    𝜃𝜃2 = 0.75𝜃𝜃1 + 0.25𝜃𝜃5
    𝜃𝜃3 = 0.50𝜃𝜃1 + 0.50𝜃𝜃5
    𝜃𝜃4 = 0.25𝜃𝜃1 + 0.75𝜃𝜃5

                ……..… (3.1) 

For each stance phase, the corresponding legs move by ∆𝜃𝜃ℎ, i.e. a leg initially at 𝜃𝜃2 moves 

to 𝜃𝜃3. For each swing phase, the corresponding legs move by 2∆𝜃𝜃ℎ, i.e. a leg initially at 𝜃𝜃5 

moves to 𝜃𝜃3. The stance and swing phases are considered in overlapping condition to reduce 

number of steps per cycle. The ripple gait can be further subdivided into 3 variants- native 

ripple, spinning ripple, and half-step ripple. The variants are exactly similar to those of the 

tripod variants and hence not shown separately. Fig 3.7 shows the steps per cycle for straight 

or curved path walking. Ripple gait is periodic in nature and the stepping sequence starts 

with the initial condition followed by steps (i) to (xii).  

 

 

 

Fig. 3.6. Five possible position of Legs, with their corresponding angles. 
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Starting Condition: 

a. Legs 2,3,4,5 - Grounded with corresponding 𝜃𝜃ℎ𝑖𝑖 at {𝜃𝜃1,𝜃𝜃3,𝜃𝜃2,𝜃𝜃4} respectively, 

b. Legs 1,6 - In-air with corresponding 𝜃𝜃ℎ𝑖𝑖 at {𝜃𝜃5,𝜃𝜃3} respectively. 

 

Steps Sequence per cycle: 

i. Stance of legs 2,3,4,5 with Swing of legs 1,6. 

ii. Change support from legs 2,3,4,5 to legs 2,3,4,6. 

iii. Stance of legs 2,3,4,6 with Swing of legs 1,5. 

iv. Change support from legs 2,3,4,6 to legs 1,2,4,6. 

v. Stance of legs 1,2,4,6 with Swing of legs 3,5. 

vi. Change support from legs 1,2,4,6 to legs 1,2,5,6. 

vii. Stance of legs 1,2,5,6 with Swing of legs 3,4. 

viii. Change support from legs 1,2,5,6 to legs 1,3,5,6. 

ix. Stance of legs 1,3,5,6 with Swing of legs 2,4. 

x. Change support from legs 1,3,5,6 to legs 1,3,4,5. 

xi. Stance of legs 1,3,4,5 with Swing of legs 2,6. 

xii. Change support from legs 1,3,4,5 to legs 2,3,4,5.  
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3.4. Wave Gait 

In wave gait, the Hexcrawler has 5 legs on the ground and remaining 1 leg are in air. So at 

any instant the weight of the robot is supported by 5 legs forming a pentagonal support 

polygon. Wave gait ensures maximum stability as compared to any other gait enabling the 

robot to carry highest payload. However, it is also the slowest, as it requires more number 

of steps to travel the same distance, as compared to the other gaits. Fig 3.8 shows the leg at 

 
Fig. 3.7. Steps per cycle of Ripple Gait for Straight or Curved path walking. 
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5 different positions marked 𝑃𝑃1,𝑃𝑃2, … .𝑃𝑃6 at 𝜃𝜃ℎ = {𝜃𝜃1,𝜃𝜃2, …𝜃𝜃6} respectively. If 𝜃𝜃1 and 𝜃𝜃6 be 

the extreme positions then, the remaining angles are computed as: 

�

   𝜃𝜃2 = 𝜃𝜃1 −  ∆𝜃𝜃
     𝜃𝜃3 = 𝜃𝜃1 −  2∆𝜃𝜃
     𝜃𝜃4 = 𝜃𝜃1 −  3∆𝜃𝜃
     𝜃𝜃5 = 𝜃𝜃1 −  4∆𝜃𝜃

                ……..… (3.2) 

Where,  ∆𝜃𝜃 =  (𝜃𝜃1− 𝜃𝜃6)
5

 

For each stance phase, the corresponding legs move by ∆𝜃𝜃, i.e. a leg initially at 𝜃𝜃2 moves 

to 𝜃𝜃3. For each swing phase, the corresponding legs move by 5∆𝜃𝜃ℎ, i.e. a leg initially at 𝜃𝜃6 

moves to 𝜃𝜃1. The stance and swing phases are considered in overlapping condition to reduce 

number of steps per cycle. The wave gait can be further subdivided into 3 variants- native 

wave, spinning wave, and half-step wave. The variants are exactly similar to those of the 

tripod and ripple variants and hence not shown separately. Fig 3.9 shows the steps per cycle 

for straight or curved path walking. Wave gait is periodic in nature and the stepping sequence 

starts with the initial condition followed by steps (i) to (xii).  

 

Starting Condition: 

a. Legs 1,2,4,5,6 - Grounded with corresponding 𝜃𝜃ℎ𝑖𝑖 at {𝜃𝜃4,𝜃𝜃5,𝜃𝜃1,𝜃𝜃2,𝜃𝜃3} respectively, 

b. Leg 3 - In-air with corresponding 𝜃𝜃ℎ𝑖𝑖 at {𝜃𝜃6} respectively. 

Steps Sequence per cycle: 

i. Stance of legs 1,2,4,5,6 with Swing of leg 3. 

ii. Change support from legs 1,2,4,5,6 to legs 1,3,4,5,6. 

 
Fig. 3.8. Six possible position of Legs, with their corresponding angles. 
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iii. Stance of legs 1,3,4,5,6 with Swing of leg 2. 

iv. Change support from legs 1,3,4,5,6 to legs 2,3,4,5,6. 

v. Stance of legs 2,3,4,5,6 with Swing of leg 1. 

vi. Change support from legs 2,3,4,5,6 to legs 1,2,3,4,5. 

vii. Stance of legs 1,2,3,4,5 with Swing of leg 6. 

viii. Change support from legs 1,2,3,4,5 to legs 1,2,3,4,6. 

ix. Stance of legs 1,2,3,4,6 with Swing of leg 5. 

x. Change support from legs 1,2,3,4,6 to legs 1,2,3,5,6. 

xi. Stance of legs 1,2,3,5,6 with Swing of leg 4. 

xii. Change support from legs 1,2,3,5,6 to legs 1,2,4,5,6.  

 

 
Fig. 3.9. Steps per cycle of Ripple Gait for Straight or Curved path walking. 
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3.5. Results and Discussion 

The 3 primary periodic gaits- tripod, ripple and wave gaits has been tested on the Hexcrawler 

robot. Using the tracing attachment, it is possible to obtain the trace curves as the robot 

moves along the programmed path. The stepping sequence per cycle has been programmed 

in Arduino IDE and loaded in the microcontroller for execution.  

For comparison, the Hexcrawler robot has been programmed to walk along a straight line 

(equal actuation for left and right sided legs). The actuation details has been presented in 

Table 3.1. The trace curves have been shown in Fig. 3.10. It is observed that for tripod gait, 

the stance phases produce aggressive surges even though the actuation angle is halved as 

compared to the rest. However the sway is minimum. The magnitude of surge and sway is 

moderate in ripple gait. Wave gait has small surge and larger sway. Aggressive surge value 

ensures faster walking speeds, but the system becomes highly unstable when the actuation 

angles are large. Smaller surge value makes the walking slower but ensured more stability, 

allowing the robot to carry higher payloads. The sway in each case is inevitable, and occurs 

due to the unequal torque distribution at the legs and the stepping sequence. However, by 

joining the start and end points by a straight line, it can be observed that the overall motion 

is linear in nature. 

Table 3.1. Actuation Details to obtain the Trace curves for 3 fundamental gaits: 

Gait Pattern Servo Actuation No of Cycles 

Native Tripod 𝜃𝜃1 =  +15° , 𝜃𝜃2 =  −15° 6 

Ripple 𝜃𝜃1 =  +30° , 𝜃𝜃5 =  −30° 4 

Wave 𝜃𝜃1 =  +30° , 𝜃𝜃6 =  −30° 4 

 

 

 
Fig. 3.10. Experimentally obtained Trace Curves of Tripod, Ripple and Wave Gaits for 

straight walking, with programmed actuation as mentioned in Table 3.1. 
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3.6. Conclusion 

In this chapter, the stability of the Hexcrawler robot has been analysed. Different walking 

techniques along with their stepping sequence per cycle have been illustrated. The proposed 

gaits have been tested on the Hexcrawler by programming it to walk along a straight line. 

The trace curves obtained has been analysed and it can be concluded that: 

i. Tripod gait is suitable where faster walking speeds is desired at the expense of 

lower payload capacity. 

ii. Wave gait is suitable where higher payload is desired at the expense of slower 

walking speeds. 

iii. Ripple gait is suited for moderate payloads at moderate speed.   

So, each of these gaits have their own advantages and disadvantages. The choice of gait is 

dependent on the field of application. A detailed analysis of the tripod gait has been done in 

the subsequent chapters. This includes the kinematic motion analysis of the robot with 

numerical simulation using predefined trajectories. Further, experiments have been 

conducted which validate the analysis and simulation results. The same can be applied for 

ripple and wave gaits also and can be considered for future scope of work. 
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Chapter 4. 

Leg Mechanism – kinematic model. 

Before developing a kinematic model of the robot, it is essential to understand the working 

of each leg. The legs of the Hexcrawler robot are a closed chain manipulator having two 

degrees of freedom (d.o.f). In this chapter the aim is to develop a kinematic model of the leg, 

and generate the workspace using numerical simulation. 

 

4.1. Description  

The Hexcrawler Robot has six legs attached to the body frame, each of which is powered by 

2 servo motors, refer Fig 4.1(a). Servo-1 is responsible for swinging the leg back and forth, 

while servo-2 is responsible for lifting and lowering the leg, making each leg a 2 d.o.f system. 

Each of the legs can be considered as a closed kinematic chain, and the 6 legs together make 

the robot a parallel manipulator having 12 degrees of freedom. Before developing the 

forward and inverse kinematic model of the robot it is essential to develop a mathematical 

relation comprising of servo actuator angles and foot-tip / leg pivot positions. 

A simplified line-diagram of the leg mechanism has been shown in Fig 4.1(b). Let 𝜃𝜃ℎ and 

𝜃𝜃𝑣𝑣 be the actuation angles for servo-1 and servo-2 respectively. The leg pivot is considered 

as a point of intersection of the rotational axes of servo- 1 and servo-2. The axes of servo-1 

and servo-2 are assumed to be intersecting, although the physical construction suggests an 

offset of 4mm (approx.), which can be neglected for simplification of the problem. The foot-

tip is a point which makes contact with the ground surface. These two points – leg pivot and 

foot-tip are of key interest as position of one with respect to the other can be used to obtain 

the position and orientation of the Hexcrawler robot. 
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4. 2. Analysis using DH parameters 

The relation between the leg pivot 𝑙𝑙𝑖𝑖 and the foot-tip 𝑓𝑓𝑖𝑖 is a function of the servo actuation 

angle 𝜃𝜃ℎ, where 𝑖𝑖 indicates the leg number, 𝑖𝑖 ∈ {1,2 … 6}. This relation can be obtained using 

Denavit-Hartenberg (DH) algorithm for serial manipulators. However the problem is more 

complex in this case, as it is a closed chain mechanism. Hence the problem is broken down 

into 2 loops {P1-A-B-P2-P1, P2-C-D-P3-P2} and 1 serial linkage {D-E-F}. Fig. 4.2 shows 

the frames and Euler angles for each segment. Frames are numbered within { }, Joint angles 

are represented by 𝜃𝜃𝑖𝑖, linkage constant angles are respresented by 𝜉𝜉𝑖𝑖 and link lengths by 𝐿𝐿𝑖𝑖.  

 

If the reference frame coincides with the leg-pivot then the coordinates of the foot-tip can be 

obtained by a Homogeneous Transformation matrix, when the actuation angle 𝜃𝜃𝑣𝑣 is known. 

Initially servo-1 is neglected and this reduces the problem to a planar mechanism. The planar 

linkage is now solvable using DH-parameters. The effect of actuation of servo-1 by angle 𝜃𝜃𝑣𝑣 

will be considered later on, and the initially obtained solution will be modified accordingly. 

 

  
(a) (b) 

Fig.4.1. (a) Front view of the Leg mechanism showing the position of Servo-1 & 2. 

(b) Schematic Line Diagram drawn neglecting Servo-1 to obtain a planar mechanism 
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The composite transformation matrix is given by: 

𝑇𝑇𝑖𝑖𝑖𝑖−1 =  �

𝑐𝑐𝜃𝜃𝑖𝑖 −𝑠𝑠𝜃𝜃𝑖𝑖𝑐𝑐𝛼𝛼𝑖𝑖
𝑠𝑠𝜃𝜃𝑖𝑖 𝑐𝑐𝜃𝜃𝑖𝑖𝑐𝑐𝛼𝛼𝑖𝑖

𝑠𝑠𝜃𝜃𝑖𝑖𝑠𝑠𝛼𝛼𝑖𝑖 𝑎𝑎𝑖𝑖𝑐𝑐𝜃𝜃𝑖𝑖
−𝑐𝑐𝜃𝜃𝑖𝑖𝑠𝑠𝛼𝛼𝑖𝑖 𝑎𝑎𝑖𝑖𝑐𝑐𝜃𝜃𝑖𝑖

0          𝑠𝑠𝛼𝛼𝑖𝑖
0        0

𝑐𝑐𝛼𝛼𝑖𝑖         𝑑𝑑𝑖𝑖
0        1

�                                                    …………. (4.1) 

Where, 

- 𝑎𝑎𝑖𝑖 is the link length, measured as the shortest distance between the consecutive joint 

axes 𝑍𝑍𝑖𝑖−1 and 𝑍𝑍𝑖𝑖, 

- 𝛼𝛼𝑖𝑖 is the angular twist, measured as the angle between 𝑍𝑍𝑖𝑖−1 and 𝑍𝑍𝑖𝑖 measured about 

𝑋𝑋𝑖𝑖 in the right hand sense, 

- 𝜃𝜃𝑖𝑖 is the link angle, measured as the angle between 𝑋𝑋𝑖𝑖−1 and 𝑋𝑋𝑖𝑖 measured about 𝑍𝑍𝑖𝑖 

in the right hand sense, 

- 𝑑𝑑𝑖𝑖 is the link offset, measured as the disatnce along 𝑍𝑍𝑖𝑖−1 to the point of common 

normal to 𝑍𝑍𝑖𝑖  . 

Analysis of Loop-1: 

For closed loop linkages, D-H method can be applied by splitting the closed chain into 2 

open chains and re-combining them using ‘loop-closure’ technique, refer Ghosal [80]. Hence 

for Loop-1, P1-A-B-P2 is the 1st serial linkage and P1-P2 is the 2nd serial linkage, as shown 

in Fig 4.3. The D-H parameters are enlisted in Table 4.1 and Table 4.2. 

 
(a)                                                     (b)                                               (c) 

Fig. 4.2. Decomposing the planar mechanism into 2 loops and 1 serial linkage. 

representing the loops (a) P1-A-B-P2-P1 and (b) P2-C-D-P3-P2 respectively, 

(c) represents the serial linkage D-E-F. 



Leg Mechanism 

 

Page 41 
 

 

Table 4.1. D-H parameters for serial linkage P1-A-B-P2 : 

Axes 𝑎𝑎𝑖𝑖 𝛼𝛼𝑖𝑖 𝑑𝑑𝑖𝑖 𝜃𝜃𝑖𝑖 

1 𝐿𝐿1 = 12 0 0 +𝜃𝜃1 

2 𝐿𝐿2 = 26.5 0 0 −𝜃𝜃2 

3 𝐿𝐿3 = 28 0 0 +𝜃𝜃3 

4 0 0 0 −𝜃𝜃4 

 
Table 4.2. Joint parameters for serial linkage P1-P2 : 

Axes 𝑎𝑎𝑖𝑖 𝛼𝛼𝑖𝑖 𝑑𝑑𝑖𝑖 𝜃𝜃𝑖𝑖 

1’ 𝐿𝐿0 = 44 0 0 +𝜉𝜉1 

2  0 0 0 −𝜉𝜉1 

 
For Serial Linkage P1-A-B-P2:  𝑇𝑇40 𝑠𝑠1 =  𝑇𝑇.1

0 𝑇𝑇21 . 𝑇𝑇32 . 𝑇𝑇43                         …………. (4.2) 

For Serial Linkage P1-P2:   𝑇𝑇40 𝑠𝑠2 =  𝑇𝑇.1′
0 𝑇𝑇41

′                                   …………. (4.3) 

By Loop-closure:    𝑇𝑇40 𝑠𝑠1 =  𝑇𝑇40 𝑠𝑠2                                       …………. (4.4) 

 

Comparing each element of the matrix  𝑇𝑇40 𝑠𝑠1 with those of  𝑇𝑇40 𝑠𝑠2  yeilds the following results: 

𝜃𝜃3 = 𝑐𝑐𝑐𝑐𝑐𝑐−1 �𝐿𝐿0
2  + 𝐿𝐿12  −𝐿𝐿2 

2 −𝐿𝐿3 
2 − 2𝐿𝐿0𝐿𝐿1c (𝜉𝜉1−𝜃𝜃1)
2𝐿𝐿2𝐿𝐿3

�                                                      …………. (4.5) 

𝜃𝜃2 =  𝑐𝑐𝑐𝑐𝑐𝑐−1 �𝐿𝐿0𝐿𝐿2c(𝜉𝜉1−𝜃𝜃1) + 𝐿𝐿0𝐿𝐿3c(𝜃𝜃1+𝜃𝜃3−𝜉𝜉1) − 𝐿𝐿1𝐿𝐿2 − 𝐿𝐿1𝐿𝐿3𝑐𝑐𝜃𝜃3
𝐿𝐿22+𝐿𝐿32+2𝐿𝐿2𝐿𝐿3𝑐𝑐𝜃𝜃3

�                             …………. (4.6) 

 
Fig. 4.3. Splitting Loop-1 into two serial linkage segments, P1-A-B-P2 and P1-P2. 
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𝜃𝜃4 =  𝜃𝜃1 − 𝜃𝜃2 + 𝜃𝜃3                                                                                         …………. (4.7) 

Where,  𝜃𝜃1 =  𝜃𝜃𝑣𝑣 = actuation angle of servo-2, and |𝜉𝜉1| = 135.21°. 

 

Analysis of Loop-2: 

A similar analysis is applied for Loop-2, where it is split into two parts, P2-C-D-P3 being 

the 1st serial linkage and P2-P3 being the 2nd serial linkage, as shown in Fig 4.4. The D-H 

parameters are enlisted in Table 4.3 and Table 4.4. 

 

Table 4.3. D-H parameters for serial linkage P1-A-B-P2 : 

Axes 𝑎𝑎𝑖𝑖 𝛼𝛼𝑖𝑖 𝑑𝑑𝑖𝑖 𝜃𝜃𝑖𝑖 

5 𝐿𝐿4 = 12 0 0 +𝜃𝜃5 

6 𝐿𝐿5 = 26.5 0 0 +𝜃𝜃6 

7 𝐿𝐿6 = 28 0 0 +𝜃𝜃7 

8 0 0 0 +𝜃𝜃8 

 

Table 4.4. D-H parameters for serial linkage P1-P2 : 

Axes 𝑎𝑎𝑖𝑖 𝛼𝛼𝑖𝑖 𝑑𝑑𝑖𝑖 𝜃𝜃𝑖𝑖 

1’ 𝐿𝐿0′ = 48.37 0 0 +𝜉𝜉2 

2 0 0 0 −𝜉𝜉2 

 

For Serial Linkage P2-C-D-P3:  𝑇𝑇84 𝑠𝑠3 =  𝑇𝑇.5
4 𝑇𝑇65 . 𝑇𝑇76 . 𝑇𝑇87                          …………. (4.8) 

For Serial Linkage P2-P3:   𝑇𝑇84 𝑠𝑠4 =  𝑇𝑇.4′
8 𝑇𝑇84

′                                   …………. (4.9) 

 

Fig. 4.4. Splitting Loop-2 into two serial linkage segments, P2-C-D-P3 and P2-P3. 
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By Loop-closure:    𝑇𝑇84 𝑠𝑠3 =  𝑇𝑇84 𝑠𝑠4                                         …………. (4.10) 

 

Comparing each element of the matrix  𝑇𝑇40 𝑠𝑠3 with those of  𝑇𝑇40 𝑠𝑠4  yeilds the following results: 

𝜃𝜃5 =  −𝜃𝜃4                                                                                                      …………. (4.11) 

𝜃𝜃7 =  𝑐𝑐𝑐𝑐𝑐𝑐−1 �𝐿𝐿0
′2 + 𝐿𝐿42  − 𝐿𝐿52  − 𝐿𝐿6 

2 − 2𝐿𝐿0′ 𝐿𝐿4c (𝜉𝜉2−𝜃𝜃5)
2𝐿𝐿5𝐿𝐿6

�                                                 …………. (4.12) 

𝜃𝜃6 =   𝑐𝑐𝑐𝑐𝑠𝑠−1 �𝐿𝐿0
′ 𝐿𝐿5c(𝜉𝜉2−𝜃𝜃5) + 𝐿𝐿0′ 𝐿𝐿6c(𝜃𝜃5+𝜃𝜃7−𝜉𝜉2) − 𝐿𝐿4𝐿𝐿5 − 𝐿𝐿4𝐿𝐿6𝑐𝑐𝜃𝜃7

𝐿𝐿52+𝐿𝐿62+2𝐿𝐿5𝐿𝐿6𝑐𝑐𝜃𝜃7
�                            …………. (4.13) 

𝜃𝜃8 = 2𝜋𝜋 − (𝜃𝜃5 + 𝜃𝜃6 + 𝜃𝜃7)                                                                             …………. (4.14) 

Where, |𝜉𝜉2| = 240.26°. 

 

Now that the mathematical expressions of joint angles 𝜃𝜃2 to 𝜃𝜃8 has been obtained for given 

value of 𝜃𝜃1, the mechanism can be further simplified by converting into a serial linkage P1-

A-B-C-E-F as shown in Fig 4.5. The D-H parameters are enlisted in Table 4.5. 

 

 
 

 
Fig. 4.5. Simplified Serial Linkage for the planar Leg Mechanism. 
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Table 4.5. D-H parameters for simplified serial linkage: 

Axes 𝑎𝑎𝑖𝑖 𝛼𝛼𝑖𝑖 𝑑𝑑𝑖𝑖 𝜃𝜃𝑖𝑖 

1 L1 = 12 0 0 𝜃𝜃1 =  𝜃𝜃𝑣𝑣 

2 L2 = 26.5 0 0 𝜃𝜃2 

3 L3+L4 = 69 0 0 𝜃𝜃3 

4 L5+L6 = 94 0 0 𝜃𝜃6 

5 L8 = 82.45 0 0 𝜉𝜉3 = 29.49o 

 

The coordinates of the foot-tip with respect to the leg pivot can be calculated by substituting 

the values from Table 4.5 in the relation: 

𝑇𝑇𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓−𝑡𝑡𝑡𝑡𝑡𝑡
𝑙𝑙𝑙𝑙𝑙𝑙−𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 =  𝑇𝑇50 =  𝑇𝑇10 . 𝑇𝑇21 . 𝑇𝑇23 . 𝑇𝑇34 . 𝑇𝑇45                                       …………. (4.15) 

Where,  𝑇𝑇50 =  �[𝑅𝑅𝑅𝑅𝑅𝑅] [𝑝𝑝]
0 1

�     and  [𝑝𝑝] = [𝑝𝑝1   𝑝𝑝2   0]𝑇𝑇  

[𝑅𝑅𝑅𝑅𝑅𝑅] and [𝑝𝑝] being the rotation matrix and position vector respectively. 

So far, leg mechanism had been considered as a planar mechanism neglecting the effect of 

servo-1. Now, the actuation of servo-1 by angle 𝜃𝜃ℎ needs to be considered. If it is assumed 

that the planar mechanism lies on the y-z plane, and a vector is drawn that joins 𝑙𝑙𝑖𝑖 and 𝑓𝑓𝑖𝑖. 

Futher, it can be considered that the vector is rotated by an angle 𝜃𝜃ℎ about the z-axis, as 

shown Fig. 4.6. Hence, the position coordinates of foot-tip can be calculated by resolving 

into components. 

 
The coordinates of the foot-tip  𝑓𝑓𝑖𝑖 is calculated as: 

  𝑓𝑓𝑖𝑖 =  [𝑝𝑝1𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃ℎ 𝑝𝑝1𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃ℎ 𝑝𝑝2]𝑇𝑇                                           …………. (4.16) 

Where,  𝑙𝑙𝑖𝑖 =  [0 0 0]𝑇𝑇          ∵ Leg pivot is considered as origin. 
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4. 3. Generating Leg-Workspace 

Case – I. Workspace for an individual leg: 

The leg-pivot is considered as the origin and coincides with the global frame of reference. 

Actuation angles 𝜃𝜃ℎ and 𝜃𝜃𝑣𝑣 is varied within the angular limits −80° 𝑡𝑡𝑡𝑡 + 80° and −30° 𝑡𝑡𝑡𝑡 +

30° recpectively. Every combination of 𝜃𝜃ℎ, 𝜃𝜃𝑣𝑣 values yields a set of data points for the foot-

tip. Considering the leg-pivot as the origin, all possible foot-tip positions are recorded and 

these data points plotted, as shown in Fig 4.7. The leg-mechanism being a 2 degree of 

freedom system, the workspace is a toroidal surface.  

 
Fig. 4.6. 3D position vector joining the leg-pivot and foot-tip, 

 obtained by rotation about the z-axis by an angle 𝜃𝜃ℎ. 
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Case – II. Workspace considering all 6 legs: 

The Hexcrawler robot has six legs working in parallel. The actuation angles 𝜃𝜃ℎ and 𝜃𝜃𝑣𝑣 must 

be such that any two adjacent legs must have non-intersecting workspaces to avoid collision. 

Hence, the workspace of each of the 6 legs are plotted in a single graph as shown in Fig. 

4.8(a) and Fig. 4.8(b). To generate the graph, the leg pivots must coincide with the true 

geometric positions with respect to the global frame of reference. So, initially, the position 

of the foot-tip is calculated assuming the leg-pivot as origin and then using ‘shifting of 

origin’ the true positions are obtained. The simulation result shows that the servo-1 can be 

safely operated within the angular limits −80° 𝑡𝑡𝑡𝑡 + 80° without having any risk of 

collisions. 

 

 

 

 

 
 

Fig. 4.7. 3D plot of leg workspace, showing all possible positions of the foot-tip within 

the actuation limits 𝜃𝜃ℎ ∈ [−80°, +80°] and 𝜃𝜃𝑣𝑣 ∈ [−30°, +30°]. 
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(a) 

 
(b) 

Fig.4.8. (a) 3D plot of Leg workspace considering all 6 legs, 

 (b) Top-view of leg-workspace showing the non-intersecting nature of the workspaces 

within the working limits of 𝜃𝜃ℎ and 𝜃𝜃𝑣𝑣. 
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4.4. Conclusion 

From the kinematic analysis of the leg mechanism it is possible to obtain the positions of 

foot-tip 𝑓𝑓𝑖𝑖 when leg-pivot 𝑙𝑙𝑖𝑖 and actuation angles 𝜃𝜃ℎ and 𝜃𝜃𝑣𝑣 are defined. This relation will be 

vital for the establishing the kinematics of the Hexcrawler. Further, it has been identified 

that actuation of servo-1 within the limits −80° 𝑡𝑡𝑡𝑡 + 80° yields a non-intersecting 

workspace and collision can be avoided. The working limits for sevo-2 will be taken 

as −30° 𝑡𝑡𝑡𝑡 + 30° by default unless mentioned otherwise. 
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Chapter 5. 

Kinematic Analysis of the Hexcrawler. 
In this chapter, the aim is to develop a kinematic model capable of describing the motion of 

the robot for different gait patterns. The Hexcrawler robot has six legs each of which is a 

serial manipulator. The six legs together is responsible for the motion of the robot body, 

making the system a parallel manipulator. So, 12 independent actuations result into a unique 

motion of the robot. For simplicity, the chapter has been divided into 3 parts: 

I. Mathematical Relations 

II. Forward Kinematic Model 

III. Inverse Kinematic Model 

 

5.1. Motions of the Hexcrawler 

The Hexcrawler robot possess 6 degrees of freedom- surge, sway, heave, roll, pitch and yaw, 

as shown in Fig. 5.1. These motions are achievable by providing suitable inputs to the 12 

servo actuators. Table. 1 describes the motions in detail. 

 

 
Fig. 5.1. Six possible motions of the Hexcrawler. 
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Table 5.1. Types of motion of the Hexcrawler: 

D.O.F Motion Type Description Position/Euler Angle 

1 Surge Translation along x-axis 𝑋𝑋 

2 Sway Translation along y-axis 𝑌𝑌 

3 Heave Translation along z-axis 𝑍𝑍 

4 Roll Rotation about x-axis 𝛼𝛼 

5 Pitch Rotation about y-axis 𝛽𝛽 

6 Yaw Rotation about z-axis 𝛾𝛾 

 

 

PART –I. Mathematical Relations. 
To establish the forward and inverse kinematic model, a few mathematical relations must be 

derived. These relations would help relate the motion of an individual leg to the motion of 

the Hexcrawler at large.  

 

5.2. Frames of Reference 

The Hexcrawler robot being a mobile system, requires two frames of reference to describe 

the motion of the system. 

1. Body frame of reference {𝐵𝐵}: a non-inertial, moving frame attached to the robot. It 

coincides with the geometric center of the body. Position and orientation described 

with respect to this frame is designated by [𝑋𝑋𝐵𝐵   𝑌𝑌𝐵𝐵   𝑍𝑍𝐵𝐵   𝛾𝛾𝐵𝐵]. 

2. Earth fixed frame of reference {𝑊𝑊}: an inertial frame of reference with respect to 

which the Body frame {𝐵𝐵} is defined. Position and orientation described with respect 

to this frame is designated by [𝑋𝑋𝐺𝐺   𝑌𝑌𝐺𝐺   𝑍𝑍𝐺𝐺    𝛾𝛾𝐺𝐺]. 

 

Both {𝑊𝑊} and {𝐵𝐵} frames are in right-handed Cartesian coordinate system as shown in Fig. 

5.2. The body frame of reference {𝐵𝐵} lies on the plane formed by joining the leg-pivots, and 

coincides with the cylindrical axis of ‘Tracing attachment’. Although {𝐵𝐵} does not coincide 

with the geometric center of the system, but it simplifies calculations for forward and inverse 

kinematics of the robot.  
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5.3. Inter-relationship between {𝑩𝑩}, 𝒍𝒍𝒊𝒊 and 𝒇𝒇𝒊𝒊 
To control the motion of the robot and enable it to walk, forward and inverse kinematic 

solutions of the robot is required to be calculated. Forward kinematics involves finding the 

location of the robot platform when the time history of joint angles are known. While Inverse 

kinematics involves computing the joint angles when the initial and final positions are 

defined. To establish the forward and inverse kinematics of the robot, it is required to 

establish a few important relations. To specify the position and posture of the robot three 

parameters are required – the position and orientation of the body frame {𝐵𝐵} w.r.t. {𝑊𝑊}, the 

position of leg pivots 𝑙𝑙𝑖𝑖 and the position of foot-tips  𝑓𝑓𝑖𝑖 for all six legs. Let  𝜃𝜃ℎ𝑖𝑖 and 𝜃𝜃𝑣𝑣𝑣𝑣 be 

the actuation angle of Servo-1 and Servo-2 of the 𝑖𝑖𝑡𝑡ℎ leg defined w.r.t. {𝐵𝐵}. Leg pivot is 

defined as 𝑙𝑙𝑖𝑖 = [𝑥𝑥𝑙𝑙𝑙𝑙    𝑦𝑦𝑙𝑙𝑙𝑙   𝑧𝑧𝑙𝑙𝑙𝑙]𝑇𝑇, foot tip is defined as 𝑓𝑓𝑖𝑖 = [𝑥𝑥𝑓𝑓𝑓𝑓   𝑦𝑦𝑓𝑓𝑓𝑓    𝑧𝑧𝑓𝑓𝑓𝑓]𝑇𝑇, and the body frame 

is defined as {𝐵𝐵} =  [𝑥𝑥𝐵𝐵   𝑦𝑦𝐵𝐵   𝑧𝑧𝐵𝐵   𝛾𝛾]𝑇𝑇. Mathematical relations must exist to evaluate {𝐵𝐵}, 𝑙𝑙𝑖𝑖 

or 𝑓𝑓𝑖𝑖 when any one is defined and the actuation angles 𝜃𝜃ℎ𝑖𝑖 and 𝜃𝜃𝑣𝑣𝑣𝑣 are known. Fig. 5.3 shows 

the hierarchy of relation between {𝐵𝐵}, 𝑙𝑙𝑖𝑖 and 𝑓𝑓𝑖𝑖. The subsequent section establishes these 

relationship mathematically. 

 

 

Fig. 5.2. Location of the Body Frame {𝐵𝐵} with respect to the Earth fixed Frame {𝑊𝑊}. 
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5.3.1. Calculating 𝒍𝒍𝒊𝒊 when {𝑩𝑩} is defined: 

The leg pivots can be located locally i.e. w.r.t {𝐵𝐵} using a combination of 𝑑𝑑𝑖𝑖 and 𝜆𝜆𝑖𝑖 as shown 

in Fig. 5.4. From geometry, the values of 𝑑𝑑𝑖𝑖 and 𝜆𝜆𝑖𝑖 are enlisted in Table 5.2. 

If,   {𝐵𝐵} =  [𝑥𝑥𝐵𝐵   𝑦𝑦𝐵𝐵   𝑧𝑧𝐵𝐵   𝛾𝛾]𝑇𝑇 

Then,      𝑙𝑙𝑖𝑖 =  [(𝑥𝑥𝐵𝐵 + 𝑑𝑑𝑖𝑖 cos(𝜆𝜆𝑖𝑖 + 𝛾𝛾))     (𝑦𝑦𝐵𝐵 + 𝑑𝑑𝑖𝑖 sin(𝜆𝜆𝑖𝑖 + 𝛾𝛾))    𝑧𝑧𝐵𝐵]𝑇𝑇       …… (5.1) 

 

 
 

Table 5.2. Values of 𝑑𝑑𝑖𝑖 and 𝜆𝜆𝑖𝑖 (obtained from geometry of the Hexcrawler): 

𝑑𝑑𝑖𝑖 in mm 𝜆𝜆𝑖𝑖 in degrees 

𝑑𝑑1 = 195.15 𝑑𝑑2 = 90.35 𝑑𝑑3 = 273.94 𝜆𝜆1 = 335.8° 𝜆𝜆2 = 242.3° 𝜆𝜆3 = 197.0° 

𝑑𝑑4 = 195.15 𝑑𝑑5 = 90.35 𝑑𝑑6 = 273.94 𝜆𝜆4 = 24.2° 𝜆𝜆5 = 117.7° 𝜆𝜆6 = 163.0° 

 

 

5.3.2. Calculating 𝒇𝒇𝒊𝒊 when 𝒍𝒍𝒊𝒊 is defined: 

The method of calculating the position of foot-tip 𝑓𝑓𝑖𝑖 when the leg pivot 𝑙𝑙𝑖𝑖 and actuator 

angles 𝜃𝜃ℎ𝑖𝑖 and 𝜃𝜃𝑣𝑣𝑣𝑣 is known, has been elaborately described in the chapter 4. However a few 

modifications are necessary. The Hexcrawler robot when viewed from the rear end: the legs 

 

Fig. 5.3. Hierarchy of relationship between {𝐵𝐵}, 𝑙𝑙𝑖𝑖 and 𝑓𝑓𝑖𝑖. 
 

 

 
Fig. 5.4. Locating leg pivots 𝑙𝑙𝑖𝑖 when {𝐵𝐵} is defined. 
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1,2,3 are the right sided legs and legs 4,5,6 are left sided legs. To reduce complexity, the 

angles 𝜃𝜃ℎ𝑖𝑖 and 𝜃𝜃𝑣𝑣𝑣𝑣 are defined in the same way for both right and left sided legs, refer to Fig. 

5.5. This requires a slight modification to the formulas derived previously.  

Let the leg pivot be defined as:  𝑙𝑙𝑖𝑖 = [𝑥𝑥𝑙𝑙𝑙𝑙   𝑦𝑦𝑙𝑙𝑙𝑙    𝑧𝑧𝑙𝑙𝑙𝑙]𝑇𝑇 

The foot-tips can be evaluated using the relation: 

 𝑓𝑓𝑖𝑖|𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = [(𝑥𝑥𝑙𝑙𝑙𝑙 − 𝑝𝑝1𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃ℎ)    (𝑦𝑦𝑙𝑙𝑙𝑙 + 𝑝𝑝1𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃ℎ)    (𝑧𝑧𝑙𝑙𝑙𝑙 + 𝑝𝑝2)]𝑇𝑇            …… (5.2a) 

 𝑓𝑓𝑖𝑖|𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙   = [(𝑥𝑥𝑙𝑙𝑙𝑙 − 𝑝𝑝1𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃ℎ)    (𝑦𝑦𝑙𝑙𝑙𝑙 − 𝑝𝑝1𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃ℎ)    (𝑧𝑧𝑙𝑙𝑙𝑙 + 𝑝𝑝2)]𝑇𝑇            …… (5.2b) 

 

 

 
(a).  

 

 
(b).  

Fig. 5.5. Sign conventions of 𝜃𝜃ℎ𝑖𝑖 and 𝜃𝜃𝑣𝑣𝑣𝑣 for Right and Left Sided Legs. 

(a). Schematic top-view of Robot body viewed from the rear side, showing the leg at 3 

different positions for both right and left sided legs. 

(b). Front-view of Robot body viewed from the front side showing the crank at 3 

different positions for both right and left sided legs. 
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5.3.3. Calculating  𝒍𝒍𝒊𝒊 when 𝒇𝒇𝒊𝒊 is defined: 

The method of evaluating 𝑙𝑙𝑖𝑖 when 𝑓𝑓𝑖𝑖, 𝜃𝜃ℎ𝑖𝑖 and 𝜃𝜃𝑣𝑣𝑣𝑣 is known is simple. Let 𝑝𝑝 be a vector joining 

points 𝑙𝑙𝑖𝑖 to 𝑓𝑓𝑖𝑖. Then the vector from 𝑙𝑙𝑖𝑖 to 𝑓𝑓𝑖𝑖 will be −𝑝⃗𝑝. The position of 𝑙𝑙𝑖𝑖 is calculated using 

this analogy with the previously derived relations.  

Let the foot-tip be defined as:   𝑓𝑓𝑖𝑖 = [𝑥𝑥𝑓𝑓𝑓𝑓   𝑦𝑦𝑓𝑓𝑓𝑓   𝑧𝑧𝑓𝑓𝑓𝑓]𝑇𝑇 

The leg-pivot can be evaluated using the relation: 

 𝑙𝑙𝑖𝑖|𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡 = [(𝑥𝑥𝑙𝑙𝑙𝑙 + 𝑝𝑝1𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃ℎ)    (𝑦𝑦𝑙𝑙𝑙𝑙 − 𝑝𝑝1𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃ℎ)    (𝑧𝑧𝑙𝑙𝑙𝑙 − 𝑝𝑝2)]𝑇𝑇                           …… (5.3a) 

 𝑙𝑙𝑖𝑖|𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙   = [(𝑥𝑥𝑙𝑙𝑙𝑙 + 𝑝𝑝1𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃ℎ)    (𝑦𝑦𝑙𝑙𝑙𝑙 + 𝑝𝑝1𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃ℎ)    (𝑧𝑧𝑙𝑙𝑙𝑙 − 𝑝𝑝2)]𝑇𝑇                           …… (5.3b) 

 

5.3.4. Calculating {𝑩𝑩} when 𝒍𝒍𝒊𝒊 is defined: 

Evaluating {𝐵𝐵} for a known 𝑙𝑙𝑖𝑖 can be tricky and is required only in the Stance phase. {𝐵𝐵} is 

a combination of position coordinates [𝑥𝑥𝐵𝐵   𝑦𝑦𝐵𝐵    𝑧𝑧𝐵𝐵] and yaw angle 𝛾𝛾. The first challenge is 

to calculate 𝛾𝛾. For this, three positions of 𝑙𝑙𝑖𝑖 is must be known. On actuating a grounded leg 

by 𝜃𝜃ℎ𝑖𝑖, let the initial leg pivot position be given by 𝑙𝑙𝑖𝑖|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. After actuation the new position 

is 𝑙𝑙𝑖𝑖|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓. A third point is required, which can be obtained by evaluating the leg-pivot 

at 𝜃𝜃ℎ𝑖𝑖/2. Let this position be given by 𝑙𝑙𝑖𝑖|𝑚𝑚𝑚𝑚𝑚𝑚. Now using the points 𝑙𝑙𝑖𝑖|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,  𝑙𝑙𝑖𝑖|𝑚𝑚𝑚𝑚𝑚𝑚 

and 𝑙𝑙𝑖𝑖|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 a circle is constructed that passes through all three points. The tangent drawn to 

the circle at 𝑙𝑙𝑖𝑖|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 gives the direction or the yaw angle 𝛾𝛾 of the robot. Fig 5.6 illustrates the 

idea of yaw angle calculation. Finally, the position coordinates [𝑥𝑥𝐵𝐵   𝑦𝑦𝐵𝐵   𝑧𝑧𝐵𝐵] can be 

calculated using an inverse relation. 

 

 

 

Fig. 5.6. Estimating Yaw angle three known positions of the leg-pivot. 
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Let,  

𝑙𝑙𝑖𝑖|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =  [𝑥𝑥1   𝑦𝑦1   𝑧𝑧𝐵𝐵]𝑇𝑇, 𝑙𝑙𝑖𝑖|𝑚𝑚𝑚𝑚𝑚𝑚 =  [𝑥𝑥2   𝑦𝑦2   𝑧𝑧𝐵𝐵]𝑇𝑇, 𝑙𝑙𝑖𝑖|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 =  [𝑥𝑥3   𝑦𝑦3   𝑧𝑧𝐵𝐵]𝑇𝑇  

∵  𝑧𝑧𝑙𝑙𝑙𝑙 =  𝑧𝑧𝐵𝐵,  for planar maneuvering. 

In the x-y plane, the equation of circle is given by: 

 𝑥𝑥2 + 𝑦𝑦2 + 2𝑔𝑔𝑔𝑔 + 2𝑓𝑓𝑓𝑓 + 𝑐𝑐 = 0                                                                      …… (5.4) 

Passing through points: (𝑥𝑥1,𝑦𝑦1),   (𝑥𝑥2,𝑦𝑦2),   (𝑥𝑥3,𝑦𝑦3)  

Substituting the points in the circle eq. 5.4, the coefficients 𝑔𝑔, 𝑓𝑓 and 𝑐𝑐 is given by: 

�
𝑔𝑔
𝑓𝑓
𝑐𝑐
� =  −�

2𝑥𝑥1 2𝑦𝑦1 1
2𝑥𝑥2 2𝑦𝑦2 1
2𝑥𝑥3 2𝑦𝑦3 1

�

−1

�
(𝑥𝑥12 + 𝑦𝑦12)
(𝑥𝑥22 + 𝑦𝑦22)
(𝑥𝑥32 + 𝑦𝑦32)

�                                                    …… (5.5) 

The tangent equation is given by: 

  𝑥𝑥𝑥𝑥𝑇𝑇 + 𝑦𝑦𝑦𝑦𝑇𝑇 + 𝑔𝑔(𝑥𝑥 + 𝑥𝑥𝑇𝑇) + 𝑓𝑓(𝑦𝑦 + 𝑦𝑦𝑇𝑇) + 𝑐𝑐 = 0             …… (5.6) 

Where,  (𝑥𝑥𝑇𝑇 , 𝑦𝑦𝑇𝑇) is the point on the circle at which the tangent is to be constructed. 

Setting,  (𝑥𝑥𝑇𝑇 ,𝑦𝑦𝑇𝑇)  =  (𝑥𝑥3,𝑦𝑦3) 

The slope of the tangent,  𝑚𝑚 =  −�𝑥𝑥𝑇𝑇+𝑔𝑔
𝑦𝑦𝑇𝑇+𝑓𝑓

�            …… (5.7) 

And, Yaw angle,   𝛾𝛾 =  𝑡𝑡𝑡𝑡𝑡𝑡−1(𝑚𝑚)            …… (5.8) 

Finally,  

{𝐵𝐵} = [𝑥𝑥𝐵𝐵    𝑦𝑦𝐵𝐵   𝑧𝑧𝐵𝐵   𝛾𝛾]𝑇𝑇 =  [( 𝑥𝑥3 − 𝑑𝑑𝑖𝑖cos(𝜆𝜆𝑖𝑖 + 𝛾𝛾))     ( 𝑦𝑦3 − 𝑑𝑑𝑖𝑖sin(𝜆𝜆𝑖𝑖 + 𝛾𝛾))     𝑧𝑧𝐵𝐵     𝛾𝛾]𝑇𝑇 

 …… (5.9) 

 

5.3.5. Estimating Actuation Angles { 𝜽𝜽𝒉𝒉𝒉𝒉,𝜽𝜽𝒗𝒗𝒗𝒗} when 𝒍𝒍𝒊𝒊 and 𝒇𝒇𝒊𝒊 is defined: 

Inverse kinematics is requires to computing the servo actuation values, when the position of 

the foot-tip and leg-pivot is defined. For the 𝑖𝑖𝑡𝑡ℎleg,  𝜃𝜃ℎ𝑖𝑖 is obtained from the projection of 

the vector joining 𝑙𝑙𝑖𝑖 and 𝑓𝑓𝑖𝑖 on the x-y plane. 

Let,  {𝐵𝐵} = [𝑥𝑥𝐵𝐵   𝑦𝑦𝐵𝐵   𝑧𝑧𝐵𝐵   𝛾𝛾]𝑇𝑇  , 𝑙𝑙𝑖𝑖 = [𝑥𝑥𝑙𝑙𝑙𝑙    𝑦𝑦𝑙𝑙𝑙𝑙   𝑧𝑧𝑙𝑙𝑙𝑙]𝑇𝑇  and   𝑓𝑓𝑖𝑖 = [𝑥𝑥𝑓𝑓𝑓𝑓   𝑦𝑦𝑓𝑓𝑓𝑓   𝑧𝑧𝑓𝑓𝑓𝑓]𝑇𝑇 

Considering the projection on the x-y plane,  

  𝜃𝜃ℎ𝑖𝑖 =  −𝑡𝑡𝑡𝑡𝑡𝑡−1 � 𝑥𝑥𝑓𝑓𝑓𝑓 − 𝑥𝑥𝑙𝑙𝑙𝑙
 𝑦𝑦𝑓𝑓𝑓𝑓 −  𝑦𝑦𝑙𝑙𝑙𝑙 

� −   𝛾𝛾   , for Right sided legs        …… (5.10a) 

        =  𝑡𝑡𝑡𝑡𝑡𝑡−1 � 𝑥𝑥𝑓𝑓𝑓𝑓 − 𝑥𝑥𝑙𝑙𝑙𝑙
 𝑦𝑦𝑓𝑓𝑓𝑓 −  𝑦𝑦𝑙𝑙𝑖𝑖 

�+  𝛾𝛾      , for Left sided legs        …… (5.10a) 

 

Estimating 𝜃𝜃𝑣𝑣𝑣𝑣 is more complex since, the relation 𝑇𝑇𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓−𝑡𝑡𝑡𝑡𝑡𝑡
𝑙𝑙𝑙𝑙𝑙𝑙−𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  cannot be used directly. An 

alternate approach is the use of root-search using optimization techniques. The search 
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domain is 𝜃𝜃𝑣𝑣𝑣𝑣 ∈ {−80°, 80°}. The foot-tip position  𝑓𝑓𝑖𝑖−𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is calculated w.r.t leg-pivot 𝑙𝑙𝑖𝑖 for 

an arbitrary value of 𝜃𝜃𝑣𝑣𝑣𝑣. The distance between  𝑓𝑓𝑖𝑖−𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and  𝑓𝑓𝑖𝑖 is the error 𝜖𝜖.  

Error, 𝜖𝜖 = | 𝑓𝑓𝑖𝑖 −  𝑓𝑓𝑖𝑖−𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐|               …… (5.11) 

 

Minimizing the square of error would give a possible solution for 𝜃𝜃𝑣𝑣𝑣𝑣. Golden section method 

is used as the optimization technique, since it is converges rapidly and does not require 

evaluating derivatives. The solver has been programmed using MatLab R2017b and 

produces fairly acceptable results. 

Mathematically, the optimization problem is stated as: 

 Minimize 𝜖𝜖2 

 With  𝜃𝜃𝑣𝑣𝑣𝑣 as the optimization variable and −80° ≤   𝜃𝜃𝑣𝑣𝑣𝑣  ≤ 80° 

 

 

 

PART – II. Forward Kinematics 

To control the motion of the robot and to enable it to walk, forward and inverse kinematic 

solutions of the robot is required to be calculated. Forward kinematics (FK) involves finding 

the location of the robot platform when the time history of joint angles are known. While 

formulating the forward kinematic model it is assumed that the robot undergoes planar 

maneuvering. So roll and pitch can be neglected (𝛼𝛼 = 𝛽𝛽 = 0) and 𝑧𝑧𝐵𝐵 is constant, where 𝑧𝑧𝐵𝐵 

represents the height of the robot body, measured as the distance of the virtual plane on 

which the leg pivots lie, from the earth fixed reference frame along 𝑍𝑍𝐺𝐺 . 

 

5.4. Analysis of Tripod Gait 
For any gait pattern there are two basic phases – Stance and Swing. A programmed sequence 

of alternate Stance and Swing phases results in the walking motion of the body. The 

position/orientation of body frame {𝐵𝐵}, leg pivot 𝑙𝑙𝑖𝑖 or foot-tip 𝑓𝑓𝑖𝑖 is updated at each phase. 

Where 𝑖𝑖 indicates leg number 𝑖𝑖 ∈ {1,2 … 6}. The two phases can be described as: 

1. Stance phase: When an input is provided to the actuators of a grounded leg, the foot-

tip acts as hinge, about which the leg pivot is displaced. The leg-pivot being rigidly 

connected with the robot frame, results in a motion of the robot platform. It is in this 

phase that the robot moves from one position to the other. So mathematically the 
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foot-tips 𝑓𝑓𝑗𝑗 remaining fixed but body frame {𝐵𝐵} and leg pivot 𝑙𝑙𝑗𝑗 changes in this 

motion phase, 𝑗𝑗 indicating the legs under Stance phase. 

2. Swing phase: When an input is provided to the actuators of a leg in-air (ungrounded), 

the leg pivot acts as a hinge about which the foot-tip is displaced. Hence the body 

frame also remains fixed. This phase can be mathematically realised as a motion that 

results in the body frame {𝐵𝐵} and leg pivot 𝑙𝑙𝑘𝑘 remaining fixed but foot-tips 𝑓𝑓𝑘𝑘 

changes, 𝑘𝑘 indicating the legs under Swing phase.  

 

Tripod Gait is used as the primary walking technique. In this gait, the weight of the robot 

shifts alternately from one tripod to another. Legs 1,3,5 and 2,4,6 form two stable tripod 

configurations. Stability is assured as the center of gravity remains well inside the support 

triangle formed by the tripods 1,3,5 and 2,4,6. So for both stance and swing phases, the three 

legs of the tripod are simultaneously actuated. However the actuation may be equal or 

unequal in magnitude and direction. This leads to straight line and curved path motion 

respectively. The step sequence for tripod Gait has been enlisted in Table 5.3. This sequence 

is especially important to establish the proposed algorithm. The motion analysis in these two 

phases for the tripod gait is discussed in the subsequent section.  

 

Table 5.3. Step Sequence per cycle for Tripod Gait: 

Step Sequence Description 

1 
Stance of Legs 

1,3,5 

Grounded legs 1,3,5 are actuated resulting in the robot body 

being displaced by a proportionate amount. 

2 
Swing of Legs 

2,4,6 

In-Air legs 2,4,6 are actuated, preparing them for the next 

Stance phase. 

3 Change Support Support tripod changes from legs 1,3,5 to legs 2,4,6. 

4 
Stance of Legs 

2,4,6 

Grounded legs 2,4,6 are actuated resulting in the robot body 

being displaced by a proportionate amount. 

5 
Swing of Legs 

1,3,5 

In-Air legs 1,3,5 are actuated, preparing them for the next 

Stance phase. 

6 Change Support Support tripod changes from legs 2,4,6 to legs 1,3,5. 
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5.5. FK Solver Algorithm 

A simplified approach towards evaluating the forward kinematics (FK) of the robot has been 

presented using an algorithm. Given an initial state of the robot, the FK Solver will estimate 

the final state of the robot for a given set of joint actuation. The algorithm utilizes relations 

between {𝐵𝐵}, 𝑙𝑙𝑖𝑖 and 𝑓𝑓𝑖𝑖 which has been derived previously. 

 

Proposed Algorithm: 

Step 1. Define a ‘Starting state’ for the robot by setting values of  𝜃𝜃ℎ𝑖𝑖 and 𝜃𝜃𝑣𝑣𝑣𝑣 for 𝑖𝑖 ∈ {1, … 6}. 

 Set a feasible value of 𝑧𝑧𝐵𝐵. 

Obtain values of 𝑙𝑙𝑖𝑖 and 𝑓𝑓𝑖𝑖. 

Coincide {𝐵𝐵} with {𝑊𝑊}. Hence {𝐵𝐵} = [0   0   𝑧𝑧𝐵𝐵   𝛾𝛾 ]𝑇𝑇,  

The yaw angle 𝛾𝛾 can be set to any desired value. 

Step 2. For Stance 1-3-5, keeping 𝑓𝑓1,  𝑓𝑓3,  𝑓𝑓5 constant, 𝑙𝑙𝑖𝑖 is evaluated for a given 𝜃𝜃ℎ𝑖𝑖. 

 The body frame {𝐵𝐵} is located for the new positions of 𝑙𝑙𝑖𝑖. 

Step 3. In Swing of 2-4-6, {𝐵𝐵} and 𝑙𝑙𝑖𝑖 remain constant. 

 𝑓𝑓2,  𝑓𝑓4,  𝑓𝑓6 is evaluated for a given 𝜃𝜃ℎ𝑖𝑖. 

Step 4. Legs 1,3,5 is raised in-air and legs 2,4,6 are grounded by changing values of 𝜃𝜃𝑣𝑣𝑣𝑣. 

 {𝐵𝐵} and 𝑙𝑙𝑖𝑖 remain constant. 

 𝑓𝑓𝑖𝑖 is updated. 

Step 4. For Stance 2-4-6, keeping 𝑓𝑓2,  𝑓𝑓4,  𝑓𝑓6 constant, 𝑙𝑙𝑖𝑖 is evaluated for a given 𝜃𝜃ℎ𝑖𝑖. 

 The body frame {𝐵𝐵} is located for the new positions of 𝑙𝑙𝑖𝑖. 

Step 5. In Swing of 1-3-5, {𝐵𝐵} and 𝑙𝑙𝑖𝑖 remain constant. 

 𝑓𝑓1,  𝑓𝑓3,  𝑓𝑓5 is evaluated for a given 𝜃𝜃ℎ𝑖𝑖. 

Step 6. Legs 2-4-6 are raised in-air and legs 1-3-5 are grounded by changing values of 𝜃𝜃𝑣𝑣𝑣𝑣. 

 {𝐵𝐵} and 𝑙𝑙𝑖𝑖 remain constant. 

  𝑓𝑓𝑖𝑖 is updated. 

 

5.6. Analysis of Stance Phase 

The stance phase is responsible for motion of the Hexcrawler robot. For tripod gait, 3legs 

are simultaneously actuated. The actuation may be equal or unequal in both magnitude and 

direction. By direction, clockwise (CW) or counter-clockwise (CCW) rotation is suggested. 

Legs 1,3,5 and 2,4,6 form the two stable tripods. Here it is assumed that legs 1,3 and legs 
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4,6 have equal actuation values i.e. 𝜃𝜃ℎ1 =  𝜃𝜃ℎ3 and 𝜃𝜃ℎ4 =  𝜃𝜃ℎ6. So, while working with 

Stance of legs 1,3,5: leg-1 and leg-5 will be considered, and while working with Stance of 

legs 2,4,6: leg-2 and leg-4 will be considered for analysis. Table 5.4 enlists the possible cases 

that may arise with the values of 𝜃𝜃ℎ1 and 𝜃𝜃ℎ5 for Stance of 1,3,5. Stance 2,4,6 can be analysed 

in an exactly similar way, hence details is omitted. 

 

Table 5.4. Cases that may arise with the values of 𝜃𝜃ℎ1 and 𝜃𝜃ℎ5: 

Sl. No. Magnitude Direction 

Case - 1 𝜃𝜃ℎ1 =  𝜃𝜃ℎ5 𝜃𝜃ℎ1 ,𝜃𝜃ℎ5 have CW rotation, 

OR, 

𝜃𝜃ℎ1 ,𝜃𝜃ℎ5 have CCW rotation. 
Case - 2. 

a.    𝜃𝜃ℎ1 >  𝜃𝜃ℎ5 

b.    𝜃𝜃ℎ1 <  𝜃𝜃ℎ5 

Case - 3 𝜃𝜃ℎ1 ≠  𝜃𝜃ℎ5 
If, 𝜃𝜃ℎ1 is CW, then 𝜃𝜃ℎ5 is CCW. 

If, 𝜃𝜃ℎ1 is CCW, then 𝜃𝜃ℎ5 is CW. 

 

 

Case – 1: Actuation of equal magnitude and same direction. 

In this case 𝜃𝜃ℎ1 =  𝜃𝜃ℎ3 = 𝜃𝜃ℎ5. The servos when actuated generate a torque proportional to 

the rotation angle. So, in this case equal amounts of torque is generated by legs 1,3,5. If 𝑇𝑇𝑠𝑠 

be the torque generated by each servo, then 2𝑇𝑇𝑠𝑠 is the total torque generated in the right side, 

and −𝑇𝑇𝑠𝑠 torque is generated in the left side of the robot body, refer Fig 5.7. Hence the net 

torque will be 𝑇𝑇𝑠𝑠 acting at the right side. So, the motion analysis of either leg-1 or leg-3 is 

sufficient to describe the motion of the robot body.  

Considering leg-1 for stance 1,3,5. The steps of analysis are: 

a. Keeping  𝑓𝑓1 fixed,  

Calculate 𝑙𝑙1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,  𝑙𝑙1|𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑙𝑙1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 for 𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝜃𝜃ℎ1/2 and 𝜃𝜃ℎ1. 

b. Calculate {𝐵𝐵}|𝑛𝑛𝑛𝑛𝑛𝑛 from 𝑙𝑙1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,  𝑙𝑙1|𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑙𝑙1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓. 

c. Calculate the updated positions of the leg pivots 𝑙𝑙𝑖𝑖,  𝑖𝑖 ∈ {1,2, … . ,6} w.r.t {𝐵𝐵}|𝑛𝑛𝑛𝑛𝑛𝑛. 

d. Locate the new foot-tips  {𝑓𝑓2,  𝑓𝑓4,  𝑓𝑓6} for the legs in-air. 

 

The foot-tips {𝑓𝑓1,  𝑓𝑓3,  𝑓𝑓5} remain unchanged since the legs are grounded (legs 2-4-6 for 

Stance 2-4-6). The analysis for Stance of Legs 2,4,6 can be done by replacing Leg-1 by Leg-

4, Leg-3 by Leg-6 and Leg-5 by Leg-2. 
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Case – 2: Actuation of unequal magnitude but same direction. 

The legs 1 & 5 will be considered for analysis as in case-1. Let 𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 be the 

angles of the legs before the Stance 1,3,5 phase, and 𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 be the angle of the 

legs after the Stance 1,3,5 phase. Since the net angular displacement of legs 1 & 5 are 

different in magnitude but have the same direction, two conditions arise: 

a.  ∆𝜃𝜃ℎ1 >  ∆𝜃𝜃ℎ5,    𝑎𝑎𝑎𝑎𝑎𝑎     𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 >  𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 >   𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 >   𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  

b.  ∆𝜃𝜃ℎ5 >  ∆𝜃𝜃ℎ1,    𝑎𝑎𝑎𝑎𝑎𝑎     𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 >  𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 >   𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 >   𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 

The two cases are analysed separately as Case 2.a. and Case 2.b and shown in Fig 5.8. 

 

Case 2.a. The motion can be divided into 3 distinct segments: 

i. 𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖   to    𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 :  actuation for legs 1,3 only. 

ii. 𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖   to    𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓   :  simultaneous actuation for legs 1,3,5.  

iii. 𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓     to    𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  :  actuation for legs 1,3 only. 

For segment i. & iii. Leg-5 is unactuated but it is grounded, so it can be thought of as a rigid 

link. The robot moves due to actuation at legs 1,3. Leg-5 being a rigid link attached to the 

robot frame, also moves with the frame. The motion of leg-5 in this case can be called 

“Dragging” as shown in Fig. 5.9. The situation is exactly similar to human walking, where 

a person does not lift his feet up from the ground when walking, or ‘he drags his feet while 

 
Fig.5.7. Torque distribution diagram of legs 1,3,5 having equal actuation  𝜃𝜃ℎ1 =  𝜃𝜃ℎ3 =

𝜃𝜃ℎ5. The initial and final leg positions are shown for the stance phase.   
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walking’. Dragging is a dynamic mechanism where friction plays a vital role. The effect of 

friction is neglected since, the dynamics is not being considered. In dragging, the foot-tip is 

updated w.r.t. the leg pivot for the leg being dragged. 

 

 

 

 
Fig. 5.8. Cases arising due to unequal angular displacements, showing 3 distinct 

segments (i), (ii) and (iii) in each case. 

(a) ∆𝜃𝜃ℎ1 >  ∆𝜃𝜃ℎ5,    𝑎𝑎𝑎𝑎𝑎𝑎     𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 >  𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 >   𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 >   𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 

(b) ∆𝜃𝜃ℎ5 >  ∆𝜃𝜃ℎ1,    𝑎𝑎𝑎𝑎𝑎𝑎     𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 >  𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 >   𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 >   𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 

 

 
Fig. 5.9. Dragging of Leg-5 caused when Leg 1,3 is actuated, but Leg-5 remains 

unactuated (acting as a rigid link), as in Segments (i) and (iii) of Case 2.a. 
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The steps of analysis are: 

 For Case 2.a.i. the foot-tips  𝑓𝑓1 and  𝑓𝑓3 is kept fixed. 

1. Considering leg-1, calculate 𝑙𝑙1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,  𝑙𝑙1|𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑙𝑙1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 for  𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,  

      (𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 +𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 )/2 and 𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 

2. Calculate {𝐵𝐵}|𝑛𝑛𝑛𝑛𝑛𝑛−𝑖𝑖 from 𝑙𝑙1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,  𝑙𝑙1|𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑙𝑙1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 

3. Calculate the updated positions of the leg pivots 𝑙𝑙𝑖𝑖,  𝑖𝑖 ∈ {1,2, … . ,6} w.r.t {𝐵𝐵}|𝑛𝑛𝑛𝑛𝑛𝑛−𝑖𝑖 

4. Locate the new foot-tips  {𝑓𝑓2,  𝑓𝑓4,  𝑓𝑓6} for the legs in-air, and for grounded leg-5 {𝑓𝑓5}  

     considering the drag. 

 For Case 2.a.ii. perform analysis as stated in Case -1, with the limits 

𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 to 𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, since the legs 1-3-5 have equal actuations. 

1. Obtain the new positions of {𝐵𝐵}|𝑛𝑛𝑛𝑛𝑛𝑛−𝑖𝑖𝑖𝑖 and 𝑙𝑙𝑖𝑖,  𝑖𝑖 ∈ {1,2, … . ,6} w.r.t {𝐵𝐵}|𝑛𝑛𝑛𝑛𝑛𝑛−𝑖𝑖𝑖𝑖 

2. The foot-tips {𝑓𝑓1,  𝑓𝑓3,  𝑓𝑓5} remains unchanged 

 For Case 2.a.iii. perform an exactly similar analysis as in Case 2.a.i. with the limits 

𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 to 𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓. 

 

 

Case 2.b. The motion can be divided into 3 distinct segments:  

i. 𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖   to    𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 :  actuation for leg 5 only. 

ii. 𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎   to    𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 :  simultaneous actuation for legs 1,3,5. 

iii. 𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓     to    𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 :  actuation for leg 5 only. 

For segment i. & iii. Leg-1,3 is unactuated but it is grounded, so it can be thought of as a 

rigid link. The robot moves due to actuation of leg 5 only. Legs 1,3 undergoes dragging 

similar to that described in Case 2.a. 

 

The steps of analysis are: 

 For Case 2.b.i. only foot-tip  𝑓𝑓5 is kept fixed. 

1. Considering leg-5, calculate 𝑙𝑙5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,  𝑙𝑙5|𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑙𝑙5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 for  𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 

(𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 + 𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  )/2 and 𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 

2. Calculate {𝐵𝐵}|𝑛𝑛𝑛𝑛𝑛𝑛−𝑖𝑖 from 𝑙𝑙5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,  𝑙𝑙5|𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑙𝑙5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 

3. Calculate the updated positions of the leg pivots 𝑙𝑙𝑖𝑖,  𝑖𝑖 ∈ {1,2, … . ,6} w.r.t {𝐵𝐵}|𝑛𝑛𝑛𝑛𝑛𝑛−𝑖𝑖 

4. Locate the new foot-tips  {𝑓𝑓2,  𝑓𝑓4,  𝑓𝑓6} for the legs in-air, and for grounded legs-1 & 

3  {𝑓𝑓1, 𝑓𝑓3} considering the drag. 
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 For Case 2.b.ii. perform analysis as stated in Case -1 with the limits 

𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 to 𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, since the legs 1-3-5 have equal actuations. 

1. Obtain the new positions of {𝐵𝐵}|𝑛𝑛𝑛𝑛𝑛𝑛−𝑖𝑖𝑖𝑖 and 𝑙𝑙𝑖𝑖,  𝑖𝑖 ∈ {1,2, … . ,6} w.r.t {𝐵𝐵}|𝑛𝑛𝑛𝑛𝑛𝑛−𝑖𝑖𝑖𝑖 

2. The foot-tips {𝑓𝑓1,  𝑓𝑓3,  𝑓𝑓5} remains unchanged 

 For Case 2.b.iii. perform an exactly similar analysis as in Case 2.b.i. with the limits 

𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 to 𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 

 

 

Case – 3: Actuation of unequal magnitude and opposite direction. 

This case is applicable for spinning gaits only. In spinning the robot is able to make sharp 

turns. The torque direction is same for right and left sided legs. As a result the net torque 

is 3𝑇𝑇𝑠𝑠 as shown in Fig. 5.10. The analysis technique for such an actuation value is a two-step 

process.  

i. Keeping the left sided leg-5 at 𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖, the right sided Leg 1,3 is actuated from 

𝜃𝜃ℎ1|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 to 𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, 

ii. Then keeping the right sided Legs 1,3 at 𝜃𝜃ℎ1|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, the left sided leg-5 is actuated 

from  𝜃𝜃ℎ5|𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 to 𝜃𝜃ℎ5|𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓. 

 

 
 

 
Fig. 5.10. Torque distribution diagram of legs 1,3,5 for spinning motion. The initial and 

final leg positions are shown for the stance phase.   
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The analysis for Cases 1, 2 & 3 has been shown for Stance 1,3,5. However Stance 2,4,6 can 

be analysed in exactly the same way by substituting the data of leg-4 in leg-1, leg-6 in leg-3 

and leg-2 in leg-5. These motions have been programmed using MatLab R2017b using a set 

of actuation values. The trajectories of the robot obtained using forward kinematics has been 

discussed in detail in the later section. 

 

 

 

PART – III. Inverse Kinematics 

A more practical approach to maneuvering a mobile robot such as the Hexcrawler is by 

making it follow a predefined path. The problem in this case is to find the time history of 

joint angles, which when fed to the controller, would drive the robot along the desired path 

with minimum deviation. Inverse Kinematic model would provide the required joint 

actuation values. Assuming that the trajectory can be defined by a geometric curve, and it 

must have finite derivatives at each point along the curve. The existence of derivatives 

indicate that a tangent can be drawn at any point on the curve, which in turn gives the yaw 

angle of the robot. A generalised algorithm is presented which employs inverse kinematics 

using the inter-relations between {𝐵𝐵}, 𝑙𝑙𝑖𝑖 and 𝑓𝑓𝑖𝑖. The assumption of planar maneuvering is 

valid for this model also with the trajectory being defined in the x-y plane. 

 

5.7. IK Solver Algorithm 

A simplified approach towards evaluating the inverse kinematics (IK) of the robot has been 

presented using an algorithm. Given an initial and final state of the robot, the IK Solver will 

estimate required joint actuation angles.  

 

Proposed Algorithm: 

 

Step 1. The trajectory is defined by a curve 𝐶𝐶, and is divided into 𝑛𝑛 segments. So, there must 

exist 𝑛𝑛 numbers of {𝐵𝐵}𝑘𝑘 values, 𝑘𝑘 ∈ {1,2, … … .𝑛𝑛}. The choice of 𝑛𝑛 depends upon 

the span of the curve. Taking higher values of 𝑛𝑛 ensures feasible solution at the 

expense of number of steps required to travel along the trajectory. Using smaller 

values of 𝑛𝑛 could result in an infeasible solution. 
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Step 2. Set the ‘Starting state’ of the robot by setting 𝜃𝜃ℎ𝑖𝑖 = 0°, for 𝑖𝑖 ∈ {1,2, … … .6}, with 

legs 1,3,5 grounded and legs 2,4,6 in-air. The legs are set at 0° or the neutral position, 

this gives the IK solver more chances of converging to a feasible solution. The 

solution can result in both a standard Tripod gait or a Spin based Tripod gait, as 

shown in Fig. 5.11.  

 

Step 3. For 𝑘𝑘 = 1 𝑡𝑡𝑡𝑡 𝑛𝑛 

i. For Stance of 1,3,5:  

- Obtain value of {𝐵𝐵}𝑘𝑘 = [𝑥𝑥𝐵𝐵   𝑦𝑦𝐵𝐵   𝑧𝑧𝐵𝐵   𝛾𝛾]𝑇𝑇 

- Obtain the positions of leg-pivots 𝑙𝑙𝑖𝑖,𝑘𝑘 w.r.t. {𝐵𝐵}𝑘𝑘 

- Use IK Solver to obtain values of   𝜃𝜃ℎ1 ,  𝜃𝜃ℎ3 ,  𝜃𝜃ℎ5. 

ii. For Swing 2,4,6: obtain the new foot-tip positions for Legs 2,4,6, 

{𝑓𝑓2,  𝑓𝑓4,  𝑓𝑓6} w.r.t 𝑙𝑙𝑖𝑖𝑖𝑖.  𝜃𝜃ℎ2  =  𝜃𝜃ℎ4 =   𝜃𝜃ℎ6 = 0°, which is the default position, 

preparing the legs for next Stance phase. 

iii. Interchange Support: Legs 1,3,5 is lifted in-air and Legs 2,4,6 is lowered to 

form the support tripod. 

iv. For Stance 2,4,6: 

- Update 𝑘𝑘 = 𝑘𝑘 + 1 

- Obtain value of {𝐵𝐵}𝑘𝑘+1 = [𝑥𝑥𝐵𝐵   𝑦𝑦𝐵𝐵   𝑧𝑧𝐵𝐵   𝛾𝛾]𝑇𝑇 

- Obtain the positions of leg-pivots 𝑙𝑙𝑖𝑖,𝑘𝑘+1 w.r.t. {𝐵𝐵}𝑘𝑘+1 

- Use IK Solver to obtain values of   𝜃𝜃ℎ2 ,  𝜃𝜃ℎ4 ,  𝜃𝜃ℎ6. 

v. For Swing 1,3,5: obtain the new foot-tip positions for Legs 1,3,5  {𝑓𝑓1,  𝑓𝑓3,  𝑓𝑓5} 

w.r.t 𝑙𝑙𝑖𝑖,𝑘𝑘+1. 𝜃𝜃ℎ1  =  𝜃𝜃ℎ3 =   𝜃𝜃ℎ5 = 0°, which is the default position, preparing 

the legs for next Stance phase. 

vi. Interchange Support: Legs 2,4,6 is lifted in-air and legs 1,3,5 is lowered to 

form the support tripod. 
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5.8. Results and Discussion 

The algorithms for Forward and Inverse Kinematics have been used to generate trajectories 

using simulation in MatLab 2017b. Experiments have been performed that test the success 

of the algorithms developed. The simulation and experiments have been presented side-by-

side for comparison. However, no measurements of the trace curve have been done since the 

FK Algorithm does not account for the dynamics and friction. Only the nature of the curve 

is compared for the simulated and experimental curves. Different trajectories have been 

presented in the form of case studies. 

 

Case 1. Straight Line Walking using Forward Kinematics: 

It is desired to manoeuvre the Hexcrawler robot along a straight line trajectory. As stated 

previously, equiangular actuation for all 6 legs would allow the robot to move in a straight 

line path. The amount of surge and sway per stance phase is proportional to the magnitude 

of actuation. 

 
Fig. 5.11. Utility of keeping legs at 0o for starting position- allows convergence to 

either Standard Walking or Spin Mode. 
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 The Forward Kinematic algorithm has been applied for the following input parameters: 

- Actuation angle:  𝜃𝜃ℎ𝑖𝑖 = ±15° , 𝑖𝑖 = {1,2, … . ,6}. 

- No of Cycles: 6. 

After simulating for the above inputs, the body frame {𝐵𝐵} is recorded after each stance phase. 

The values of 𝑥𝑥𝐵𝐵 and  𝑦𝑦𝐵𝐵 have been plotted and shown in Fig. 5.12(a). The inputs have been 

used to program the Hexcrawler and executing it produces a trace curve shown in Fig. 

5.12(b). The simulation and experimental trace curve are a close match which justifies the 

success of the FK Algorithm.  

 
 

Case 2. Spinning using Forward Kinematics: 

In spinning mode the robot turns with a very small turning radius, it can be used when it is 

required to make sharp turns. This happens when the actuation is equal in magnitude but 

opposite in direction for right and left sided legs. Numerical simulation and experimental 

validation has been performed for the following inputs: 

 
(a) 

 
(b) 

Fig. 5.12. (a) Simulating a straight line path using FK Algorithm. 

(b) Experimental verification of Straight line walking using Tripod Gait. 
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- Actuation angles: 

𝜃𝜃ℎ𝑖𝑖 = ±15° , 𝑖𝑖 = {1,2,3}  for Right sided legs 

     𝜃𝜃ℎ𝑖𝑖 = ∓15° , 𝑖𝑖 = {4,5,6}  for Left sided legs 

- No of cycles: 24. 

After simulating for the above inputs, the body frame {𝐵𝐵} is recorded after each stance phase. 

The values of 𝑥𝑥𝐵𝐵 and  𝑦𝑦𝐵𝐵 have been plotted and shown in Fig. 5.13 (a). The inputs have been 

used to program the Hexcrawler and executing it produces a trace curve shown in Fig. 5.13 

(b). The simulation and experimental trace curve are a close match.  

 

 
(a) 

 
(b) 

Fig. 5.13. (a) Simulating a Circular path using Spinning FK Algorithm. 

(b) Experimental verification of Spinning using Tripod Gait. 
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Case 3. Turning using Forward Kinematics: 

Curved paths can be realized with tripod gaits using turning. In this case, the actuation 

magnitudes are different for left and right sided legs, the direction may or may not be the 

same. Both these cases have been addressed and simulated using the FK Solver. The 

Hexcrawler robot has been programmed using the corresponding actuation values and the 

trace curves are obtained which are a close match to those of the simulation plots. Numerical 

simulation and experimental validation has been performed for the following set of inputs: 

Case 3.a. 

- Actuation angles: 

𝜃𝜃ℎ𝑖𝑖 = ±30° , 𝑖𝑖 = {1,2,3}  for Right sided legs 

    𝜃𝜃ℎ𝑖𝑖 = 0° , 𝑖𝑖 = {4,5,6}  for Left sided legs 

- No of cycles: 28. 

Case 3.b. 

- Actuation angles: 

𝜃𝜃ℎ𝑖𝑖 = ±30° , 𝑖𝑖 = {1,2,3}  for Right sided legs 

    𝜃𝜃ℎ𝑖𝑖 = ∓5° , 𝑖𝑖 = {4,5,6}  for Left sided legs 

- No of cycles: 21. 

The actuations in case 3.a. has been simulated and the trace curve is obtained after 

experimentation as shown in Fig. 5.14 (a), Fig. 5.14 (b) respectively. While the actuations 

in case 3.b. has been simulated and the trace curve is obtained after experimentation as 

shown in Fig. 5.15 (a), 5.15 (b) respectively. The curves have been superimposed and shown 

in Fig. 5.16(a) and 5.16 (b).  
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(a) 

 

 
(b) 

 
Fig. 5.14. (a) Simulating a circular path using FK Algorithm as per inputs in Case 3.a. 

(b) Experimentally obtained Trace curve obtained from experiment using the actuation 

values in Case 3.a. 
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(a) 

 

 
(b) 

 
Fig. 5.15. (a) Simulating a circular path using FK Algorithm as per inputs in Case 3.b. 

(b) Experimentally obtained Trace curve obtained from experiment using the actuation 

values in Case 3.b. 
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(a) 

 
(b) 

Fig. 5.16. (a) Superimposing simulation curves obtained in Fig. 5.14 (a) and 5.15 (a) (b) 

Superimposing the trace curves obtained in Fig. 5.14 (b) and 5.15 (b). 
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Case 4. Walking along Straight line using Inverse Kinematics: 

For problems of Inverse Kinematics the trajectory is pre-defined. It is required to compute 

the joint actuation angles which would allow the Hexcrawler to trace the desired trajectory.  

Two sample tracks have been considered: 

i. Straight line of span 600mm, with knots taken at 30mm intervals, as shown in Fig. 5.17 

(a). At the knots the inverse is calculated using the IK Solver stated previously. The 

results of IK Solver has been enlisted in Table 5.4. The results are programmed in the 

Hexcrawler and executed, which generates the trace curve shown in Fig. 5.17 (c). 

ii. Straight line of span 400mm, with knots taken at 20mm intervals, as shown in Fig. 5.17 

(b). The results of IK Solver has been enlisted in Table 5.5. The results are programmed 

in the Hexcrawler and executed, which generates the trace curve shown in Fig. 5.17 (c). 
 
Table 5.4. Results of IK Solver for a single walking cycle with knots taken at 30mm intervals: 

Motion 

Actuation Angles obtained from IK Solver. 

Leg - 1 Leg - 2 Leg - 3 Leg - 4 Leg - 5 Leg - 6 

𝜃𝜃ℎ1 𝜃𝜃𝑣𝑣1 𝜃𝜃ℎ2 𝜃𝜃𝑣𝑣2 𝜃𝜃ℎ3 𝜃𝜃𝑣𝑣3 𝜃𝜃ℎ4 𝜃𝜃𝑣𝑣4 𝜃𝜃ℎ5 𝜃𝜃𝑣𝑣5 𝜃𝜃ℎ6 𝜃𝜃𝑣𝑣6 

Starting Position 0 30 0 -30 0 30 0 -30 0 30 0 -30 

Stance 1,3,5 -16.02 27.65 0 -30 -16.02 27.65 0 -30 -16.02 27.65 0 -30 

Swing 2,4,6 -16.02 30 0 -30 -16.02 30 0 -30 -16.02 30 0 -30 

Switch Support -16.02 -30 0 30 -16.02 -30 0 30 -16.02 -30 0 30 

Stance 2,4,6 -16.02 -30 -16.02 27.65 -16.02 -30 -16.02 27.65 -16.02 -30 -16.02 27.65 

Swing 1,3,5 0 -30 -16.02 30 0 -30 -16.02 30 0 -30 -16.02 30 

Switch Support 0 30 -16.02 -30 0 30 -16.02 -30 0 30 -16.02 -30 

 
Table 5.5. Results of IK Solver for a single walking cycle with knots taken at 20mm intervals: 

Motion 

Actuation Angles obtained from IK Solver. 

Leg - 1 Leg - 2 Leg - 3 Leg - 4 Leg - 5 Leg - 6 

𝜃𝜃ℎ1 𝜃𝜃𝑣𝑣1 𝜃𝜃ℎ2 𝜃𝜃𝑣𝑣2 𝜃𝜃ℎ3 𝜃𝜃𝑣𝑣3 𝜃𝜃ℎ4 𝜃𝜃𝑣𝑣4 𝜃𝜃ℎ5 𝜃𝜃𝑣𝑣5 𝜃𝜃ℎ6 𝜃𝜃𝑣𝑣6 

Starting Position 0 30 0 -30 0 30 0 -30 0 30 0 -30 

Stance 1,3,5 -10.83 28.85 0 -30 -10.83 28.85 0 -30 -10.83 28.85 0 -30 

Swing 2,4,6 -10.83 30 0 -30 -10.83 30 0 -30 -10.83 30 0 -30 

Switch Support -10.83 -30 0 30 -10.83 -30 0 30 -10.83 -30 0 30 

Stance 2,4,6 -10.83 -30 -10.83 28.85 -10.83 -30 -10.83 28.85 -10.83 -30 -10.83 28.85 

Swing 1,3,5 0 -30 -10.83 30 0 -30 -10.83 30 0 -30 -10.83 30 

Switch Support 0 30 -10.83 -30 0 30 -10.83 -30 0 30 -10.83 -30 
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(a) 

 
(b) 

 
(c) 

Fig. 5.17. (a) Proposed straight line trajectory with knots at 30mm intervals. 
(b) Proposed straight line trajectory with knots at 20mm intervals. 

(c) Experimentally obtained Trace Curves obtained by programming the results 
obtained in Table 5.4 and 5.5. 

 



Kinematic Analysis 

 

Page 75 
 

 

Case 5. Walking along circular path using Inverse Kinematics: 

The designed trajectory is circular, and knots are considered at equal spacing at intervals of 

5o, shown in Fig. 5.18 (a). Using the IK Solver, the solution has been enlisted in Table 5.6. 

The results are programmed in the Hexcrawler and executed, which generates the trace curve 

shown in Fig. 5.18 (b). 

 

Table 5.6. Results of IK Solver for a single walking cycle: 

Motion 

Actuation Angles obtained from IK Solver. 

Leg - 1 Leg - 2 Leg - 3 Leg - 4 Leg - 5 Leg - 6 

𝜃𝜃ℎ1 𝜃𝜃𝑣𝑣1 𝜃𝜃ℎ2 𝜃𝜃𝑣𝑣2 𝜃𝜃ℎ3 𝜃𝜃𝑣𝑣3 𝜃𝜃ℎ4 𝜃𝜃𝑣𝑣4 𝜃𝜃ℎ5 𝜃𝜃𝑣𝑣5 𝜃𝜃ℎ6 𝜃𝜃𝑣𝑣6 

Starting Position 0 30 0 -30 0 30 0 -30 0 30 0 -30 

Stance 1,3,5 4.31 31.40 0 -30 4.31 31.40 0 -30 -13.87 30.03 0 -30 

Swing 2,4,6 4.31 30 0 -30 4.31 30 0 -30 -13.87 30 0 -30 

Switch Support 4.31 -30 0 30 4.31 -30 0 30 -13.87 -30 0 30 

Stance 2,4,6 4.31 -30 3.99 29.54 4.31 -30 -12.09 28.94 -13.87 -30 -12.09 29.54 

Swing 1,3,5 0 -30 3.99 30 0 -30 -12.09 30 0 -30 -12.09 30 

Switch Support 0 30 3.99 -30 0 30 -12.09 -30 0 30 -12.09 -30 
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(a) 

 
(b) 

Fig. 5.18. (a) Proposed circular trajectory with knots at 5o intervals. 

(b) Experimentally obtained Trace curve obtained by programming the results obtained 

in Table 5.6. 
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5.9. Conclusion 

The curves obtained in Case 1 to 5 show that the Forward and Inverse Kinematics solver 

works well. From cases 1, 2 and 3 it can be concluded that: 

i. When ∆𝜃𝜃ℎ𝑖𝑖|𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 =  ∆𝜃𝜃ℎ𝑖𝑖|𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙, the path is straight or the 

curvature is inifinity. 

ii. When ∆𝜃𝜃ℎ𝑖𝑖|𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 ≠  ∆𝜃𝜃ℎ𝑖𝑖|𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙, the path is curved and the 

curvature is finite. The radius of curvature reduces as difference as 

|∆𝜃𝜃ℎ𝑖𝑖|𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑑𝑑 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 −  ∆𝜃𝜃ℎ𝑖𝑖|𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙| increases, finally turning radius 

becomes minimum for spinning when  ∆𝜃𝜃ℎ𝑖𝑖|𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 and 

∆𝜃𝜃ℎ𝑖𝑖|𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 are equal in magnitude but opposite in sign. This is evident 

from Fig. 5.16. 

The results of simulation are a close match to those experimentally obtained. As stated 

previously, the dynamics and friction dependencies have not been accounted for in the 

mathematical model. The displacement of the robot is also dependent on the surface 

condition or friction coefficient. So the trace curves have not been dimensionally verified 

with those of the simulation plots. However, the overall nature of the curve of the curve 

remains invariant and is sufficient to prove the success of the algorithms. 
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Chapter 6. 

Complex Trajectories – planning and optimization. 

Legged robots are being used extensively in rescue operations, unmanned exploration, 

handling of hazardous materials, etc. So, they must be capable of travelling along complex 

paths and terrains. In context to the present work, the Hexcrawler is required to manoeuvre 

along a planar levelled surface, due to the technical limitations of the robot. However it is 

possible for the robot to manoeuvre along complex planar paths. Such a path must be 

expressible by a geometric curve and quantified a mathematical equation. Parametric curves 

such as Bezier, B-Spline, and NURBS are very effective in quantifying such paths. These 

curves are used extensively in computer graphics.  

 

This chapter into 3 major segments: 

I. Trajectory construction, 

II. Robot guidance along the trajectory, 

III. Optimization of trajectory. 

 

The first section deals with constructing a 2D path using Bezier curves followed by 

developing an Inverse Kinematic solver that estimates the history of joint angles required to 

manoeuvre along the designed path. These two sections deal with space-planning. The 3rd 

section deals with time based planning. If time is taken into consideration then the kinematic 

parameters like velocity, acceleration, jerk, and ping can be calculated. The trajectory can 

then be optimized with the objective of minimizing one of more factors like travel time, jerk, 

power consumption, etc. Although the Inverse Kinematic solver is model specific but the 

methodology can be applied for any mobile robot.  
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PART – I. Trajectory Construction. 
 

6.1. Problem Formulation 
It is desired to manoeuvre the Hexcrawler robot along a complex path. This path should be 

planar as per the previous assumptions. A problem is formulated considering a real-life 

scenario of a mission assigned to a mobile robot. A mobile robot is supposed to travel from 

its initial position to its target location along a pre-defined path. To construct a path, a set of 

reference points must be defined and the designed path must pass through these points. These 

points will be referred to as ‘target points’. A mobile robot maneuvering along this path will 

obviously pass through these target points with minimum or zero deviation. 

 

Let  𝑑𝑑𝑖𝑖 be a set of target points and 𝑛𝑛𝑑𝑑 be the number of target points. Then a path can be 

constructed by curve-fitting using any spline function. The designed path is then subdivided 

into a finite number of segments. Inverse Kinematics solver is applied at each segment. So 

the required actuation to travel from start point to the end point can be determined for each 

segment. These segments when added up, a sequence of joint actuation angles is obtained 

which would allow the robot to trace the desired path. The following section presents some 

mathematical tools which would aid in solving the problem formulated. 

 

6.2. Parametric Trajectories 

As stated previously, the trajectory must be expressible using a geometric curve and must 

have a mathematical definition. Parametric curves are chosen because of the following 

properties: 

a. axis independent 

b. can be used to represent multiple valued functions, 

c. scalable and extremely flexible, 

d. derivable at all points on the curve. 

Parametric Curves are represented in the form, 

𝑥𝑥 = 𝑓𝑓(𝑡𝑡), 𝑦𝑦 = 𝑓𝑓(𝑡𝑡), 𝑧𝑧 = 𝑓𝑓(𝑡𝑡)                                                                      …… (6.1) 

Where, 𝑡𝑡 is a parameter and 𝑐𝑐1 ≤ 𝑡𝑡 ≤ 𝑐𝑐2 

The derivatives of the curve can be calculated as: 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=  𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄
𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄                              …… (6.2) 
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Often, the normalized form is more suitable, where the lower and upper bounds 𝑐𝑐1, 𝑐𝑐2 is 

converted to 0 and 1 respectively. Two parametric curves can be joined at the point. This 

point is called a ‘knot’ point. The smoothness of the curves at the knot is ensured by the 

following continuity relations: 

i. Geometric Continuity: the end point of the 1st segment coincides with the starting 

point of the 2nd segment, then the two curve segments is said to maintain 𝐺𝐺0 

continuity. Similarly, 𝐺𝐺𝑛𝑛 continuity exists when the vector obtained by 𝑛𝑛𝑡𝑡ℎ 

derivative of the two segments at the knot has unequal magnitude but same 

direction.  

ii. Parametric Continuity: two curve segments joined at a knot is said to be  𝐶𝐶0 

continuous, which is same as 𝐺𝐺0 continuity. For higher order continuity 𝐶𝐶𝑛𝑛 the 

vector obtained by 𝑛𝑛𝑡𝑡ℎ derivative of the two segments at the knot has equal 

magnitude and same direction. Use of higher order continuity ensures smoother 

blends at the knot. 

 

The available options for constructing trajectory using parametric curves are – Bezier, B-

Splines and NURBS. The NURBS being the most generalized and offer maximum control 

and flexibility, as described in Rogers [81]. On imposing certain conditions, NURBS curve 

converges to B-Spline. Similarly, imposing constraints on the B-Spline curve it converges 

to Bezier. The Bezier curve has the simplest mathematical definition but with minimum 

control and least flexibility, refer Table 6.1. For the current thesis work, it is desired to 

manoeuvre the Hexcrawler robot along a complex trajectory. The Hexcrawler robot has 

dimensions 49.68cm x 40.00cm while the dimensions of the table on which the experiment 

is to be performed is approximately 214cm x 125cm. Hence, the trajectories constructed 

must be feasible for the robot to follow. Too large a trajectory or a path having sharp bends, 

irregularities would result in dead-zones. The Inverse Kinematic solver could converge to a 

solution which the Hexcrawler will not be able to execute. So, trajectories designed with 

Bezier curves would prove to be the ideal choice, since they are smooth and the show 

minimum distortion in shape on adding new control vertices. 
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Table 6.1. Shape change of Bezier and B-Spline curves due to addition of Control Vertices: 

Bezier Curve B-Spline Curve 

  

  

  
 

6.2.1. Definition of a Bezier Curve 

Developed in 1960’s by Pierre Bezier for designing surface of cars at Renault Automobiles. 

Bezier Curves are parametric in nature and is mathematically defined as: 

   𝑃𝑃(𝑢𝑢) =  ∑ 𝐵𝐵𝑖𝑖 𝐽𝐽𝑛𝑛,𝑖𝑖(𝑢𝑢)𝑛𝑛
𝑖𝑖=0 ,  0 ≤ 𝑢𝑢 ≤ 1                 …… (6.3) 

Where,  𝐽𝐽𝑛𝑛,𝑖𝑖(𝑢𝑢) is the Bernstein basis or blending function, defined as: 

    𝐽𝐽𝑛𝑛,𝑖𝑖(𝑢𝑢) = �𝑛𝑛𝑖𝑖 � 𝑢𝑢
𝑖𝑖(1 − 𝑢𝑢)𝑛𝑛−𝑖𝑖, 00  ≡ 1                                 …… (6.4) 

And    �𝑛𝑛𝑖𝑖 � =  𝑛𝑛!
𝑖𝑖!(𝑛𝑛−𝑖𝑖)!

  ,   0! ≡ 1 

The degree of the polynomial defining the curve segment is (𝑛𝑛 − 1) 

Where, 𝑛𝑛 is the number of control polygon vertices. 

The 1st derivative of the curve can be written as: 

 𝑃𝑃′(𝑢𝑢) =  ∑ 𝐵𝐵𝑖𝑖 𝐽𝐽𝑛𝑛,𝑖𝑖
′ (𝑢𝑢)𝑛𝑛

𝑖𝑖=0 ,               …… (6.5a) 

The 2nd derivative of the curve can be written as: 

 𝑃𝑃′′(𝑢𝑢) =  ∑ 𝐵𝐵𝑖𝑖 𝐽𝐽𝑛𝑛,𝑖𝑖
′′ (𝑢𝑢)𝑛𝑛

𝑖𝑖=0 ,              …… (6.5b) 

The derivative of the basis function are obtained by differentiating 𝐽𝐽 with respect to 𝑢𝑢: 

 𝐽𝐽𝑛𝑛,𝑖𝑖
′ =  𝑖𝑖−𝑛𝑛𝑛𝑛

𝑢𝑢(1−𝑢𝑢)
  𝐽𝐽𝑛𝑛,𝑖𝑖(𝑢𝑢),               …… (6.6a) 
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𝐽𝐽𝑛𝑛,𝑖𝑖
′′ (𝑢𝑢) =  �(𝑖𝑖−𝑛𝑛𝑛𝑛)2−𝑛𝑛𝑛𝑛2−𝑖𝑖(1−2𝑢𝑢)

𝑢𝑢3(1−𝑢𝑢)2
�  𝐽𝐽𝑛𝑛,𝑖𝑖(𝑢𝑢),             …… (6.6b) 

In a similar manner the higher order derivatives can also be computed. 

The 1st and 2nd order derivatives at the end points can be written as: 

𝑃𝑃′(0) = 𝑛𝑛(𝐵𝐵1 − 𝐵𝐵0), 

𝑃𝑃′(1) = 𝑛𝑛(𝐵𝐵𝑛𝑛 − 𝐵𝐵𝑛𝑛−1),  

𝑃𝑃′′(0) = 𝑛𝑛(𝑛𝑛 − 1)(𝐵𝐵2 − 2𝐵𝐵1  +  𝐵𝐵0), 

𝑃𝑃′′(1) = 𝑛𝑛(𝑛𝑛 − 1)(𝐵𝐵𝑛𝑛 − 2𝐵𝐵𝑛𝑛−1  +  𝐵𝐵𝑛𝑛−2).               …… (6.7) 

The above relations will be used to establish continuity relations.  

 

6.2.2. Joining Two Bezier Curve Segments 

Two Bezier curve segments can be joined at a knot point satisfying geometric or parametric 

continuity relation of any order. Let, the 1st Bezier curve  𝑃𝑃(𝑢𝑢1) of degree 𝑛𝑛, and 2nd Bezier 

curve 𝑄𝑄(𝑢𝑢2)  of degree 𝑚𝑚. Let, 𝐵𝐵𝑖𝑖 and 𝐶𝐶𝑖𝑖 be vertices of the control polygon for the 1st and 

2nd curve segment respectively. 

For 𝐺𝐺0 or 𝐶𝐶0 continuity,  𝑃𝑃(1) = 𝑄𝑄(0),  

For 𝐺𝐺1 continuity,  𝑃𝑃′(1) = 𝑔𝑔𝑄𝑄′(0),  where, 𝑔𝑔 is a scalar. 

Using Equation ( ) we get,  𝐶𝐶1 − 𝐶𝐶0 = 1 𝑔𝑔� (𝑛𝑛 𝑚𝑚⁄ )(𝐵𝐵𝑛𝑛 − 𝐵𝐵𝑛𝑛−1)              …… (6.8) 

For 𝐶𝐶1 continuity, we set 𝑔𝑔 = 1,     

i.e. derivatives are equal in magnitude and direction. 

For 𝐶𝐶2 continuity, 

𝑚𝑚(𝑚𝑚− 1)( 𝐶𝐶2 − 2𝐶𝐶1  + 𝐶𝐶0) = 𝑛𝑛(𝑛𝑛 − 1)(𝐵𝐵𝑛𝑛 − 2𝐵𝐵𝑛𝑛−1  +  𝐵𝐵𝑛𝑛−2)               …… (6.9) 

 

6.2.3. Subdivision of Bezier Curves 

Just as two curve segments can be joined, it is also possible to split an existing Bezier curve 

into two segments at any point along the curve. The task is to determine the control polygons 

for the two new curves which when combined will be identical to the original curve. Let the 

original curve is given by 𝑃𝑃(𝑢𝑢0), the new curves after split are 𝑄𝑄(𝑢𝑢1) and 𝑅𝑅(𝑢𝑢2). Let 

𝐵𝐵𝑖𝑖 ,𝐶𝐶𝑖𝑖 , and 𝐷𝐷𝑖𝑖 be the vertices of the control polygon for curves 𝑃𝑃,𝑄𝑄 and 𝑅𝑅 respectively. For 

simplifying calculations, the point of split is chosen at 𝑢𝑢0 = 0.5. 𝐶𝐶𝑖𝑖 and 𝐷𝐷𝑖𝑖 can then be 

expressed as: 

𝐶𝐶𝑖𝑖 =  ∑ �𝑖𝑖𝑗𝑗�
𝐵𝐵𝑗𝑗
2𝑖𝑖

𝑖𝑖
𝑗𝑗=0  ,   𝑖𝑖 = 0,1, … … .𝑛𝑛           …… (6.10) 
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𝐷𝐷𝑖𝑖 =  ∑ �𝑛𝑛 − 𝑖𝑖
𝑛𝑛 − 𝑗𝑗�

𝐵𝐵𝑗𝑗
2𝑛𝑛−𝑖𝑖

𝑛𝑛
𝑗𝑗=𝑖𝑖  ,  𝑖𝑖 = 0,1, … … .𝑛𝑛           …… (6.11) 

Using De Casteljau's algorithm, it is possible to split the curve at any value of  𝑢𝑢 in the 

range 0 ≤ 𝑢𝑢 ≤ 1. 

De Casteljau’s equation is given by:   𝐵𝐵𝑖𝑖𝑘𝑘(𝑡𝑡0) = (1 − 𝑢𝑢0)𝐵𝐵𝑖𝑖−1𝑘𝑘−1 +  𝑢𝑢0𝐵𝐵𝑖𝑖𝑘𝑘−1            …… (6.12) 

Equation. () is used recursively to obtain 𝐶𝐶𝑖𝑖 and 𝐷𝐷𝑖𝑖 respectively. 

Where,     𝑘𝑘 = 1,2, … … .𝑛𝑛;  𝑖𝑖 = 𝑘𝑘,𝑘𝑘 + 1, … … . .𝑛𝑛;  and  𝑢𝑢0 is the parametric split point. 

The new control vertices are given by: 

 𝐶𝐶𝑖𝑖 = {𝐵𝐵00,𝐵𝐵11, …𝐵𝐵𝑛𝑛𝑛𝑛} and   𝐷𝐷𝑖𝑖 = {𝐵𝐵𝑛𝑛𝑛𝑛,𝐵𝐵𝑛𝑛𝑛𝑛−1, …𝐵𝐵𝑛𝑛0}.   

 

6.2.4. Computation of Arc Length 

Arc Length is the distance between two points on the curve measured along the curve. The 

computation of Arc length is especially important from the point of view that it can be used 

to calculate time derivative parameters like velocity and acceleration. The arc-length from 

point 𝑃𝑃(𝑢𝑢1) to 𝑃𝑃(𝑢𝑢2) can be obtained by calculating the line-integral as: 

  𝑠𝑠 =  ∫ | 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

|𝑢𝑢2
𝑢𝑢1

. 𝑑𝑑𝑑𝑑               …… (6.13) 

Where,   �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� =  ��𝑑𝑑𝑑𝑑(𝑢𝑢)

𝑑𝑑𝑑𝑑
�
2

+ �𝑑𝑑𝑑𝑑(𝑢𝑢)
𝑑𝑑𝑑𝑑

�
2

+ �𝑑𝑑𝑑𝑑(𝑢𝑢)
𝑑𝑑𝑑𝑑

�
2
  and 𝑠𝑠 is the arc-length. 

Such an integral can be evaluated using Numerical Integration techniques such as the 

Gaussian Quadrature method or Adaptive Gaussian Quadrature method. However, these 

methods can become quite difficult to implement and become computationally expensive in 

cases where higher accuracy is desired. An alternative method is the adaptive subdivision 

method. If a Bezier curve is subdivided into finite number of segment, then the arc length of 

each segment will be greater than the chord length 𝐿𝐿𝑐𝑐, but less than the sum of lengths of 

sides of the control polygon 𝐿𝐿𝑝𝑝, as suggested in Gravesen [82] and Guenter [83].  

The ‘true-arc-length’ 𝐿𝐿𝐵𝐵 can be computed using a convex combination of  𝐿𝐿𝑐𝑐 and 𝐿𝐿𝑝𝑝 given 

by:   𝐿𝐿𝐵𝐵 =  2𝐿𝐿𝑐𝑐+(𝑛𝑛−1)𝐿𝐿𝑝𝑝
(𝑛𝑛+1)

               …… (6.14) 

Let 𝑃𝑃 be a Bezier curve with control points 𝐵𝐵𝑖𝑖 , 𝑖𝑖 = 0,1 … . .𝑛𝑛. 

The Arc-Length of the curve is given by:   𝐿𝐿𝐵𝐵 =  ∫ |𝑃𝑃′(𝑢𝑢)|𝑑𝑑𝑑𝑑1
0  ≅  2𝐿𝐿𝑐𝑐+(𝑛𝑛−1)𝐿𝐿𝑝𝑝

(𝑛𝑛+1)
       … (6.15) 

Sum of lengths of sides of the control polygon:  𝐿𝐿𝑃𝑃 =  ∑ |𝑃𝑃𝑖𝑖+1 − 𝑃𝑃𝑖𝑖|𝑛𝑛−1
𝑖𝑖=0   … (6.16) 

Chord length between the end-points:   𝐿𝐿𝐶𝐶 = |𝑃𝑃𝑛𝑛 −  𝑃𝑃0|  … (6.17) 
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Using an Adaptive approach reduces the computation time significantly. The number of 

subdivisions are not only dependent on the error tolerance 𝜖𝜖 but also on the nature of the 

curve. The choice of 𝜖𝜖 denotes how fast or slow the algorithm will converge to a solution. 

Taking a very small value of 𝜖𝜖 ensures higher accuracy at the expense of computation time. 

 

Algorithm to compute Arc Length: 

Step-1. Calculate 𝐿𝐿𝑃𝑃, and 𝐿𝐿𝐶𝐶 .  

Step-2. Calculate the error bound, 𝑒𝑒𝑒𝑒𝑒𝑒 =  𝐿𝐿𝑃𝑃 −  𝐿𝐿𝐶𝐶 . 

Step-3. If(𝑒𝑒𝑒𝑒𝑒𝑒 <  𝜖𝜖) 

            Then, calculate 𝐿𝐿𝐵𝐵, and STOP recursion. 

            Else, subdivide 𝑃𝑃 into two equal halves and evaluate Step 1 to 3 for each segment 

(start recursion). 

                      Return ∑𝐿𝐿𝐵𝐵−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 

Step-4. End. 

 

Let 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑢𝑢1,𝑢𝑢2) be a function that computes the arc length along the space curve from 

points 𝑃𝑃(𝑢𝑢1) to 𝑃𝑃(𝑢𝑢2) according to the algorithm stated above then it is possible to solve 

two types of problem: 

i. Given the parametric values of 𝑢𝑢1 and 𝑢𝑢2, the arc-length 𝐿𝐿𝐵𝐵  can be found, 

ii. Given the arc-length 𝐿𝐿𝐵𝐵
𝑟𝑟𝑟𝑟𝑟𝑟 and value of 𝑢𝑢1, the value of 𝑢𝑢2 can be found by solving 

the equation: 

𝐿𝐿𝐵𝐵
𝑟𝑟𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑢𝑢1,𝑢𝑢2) = 0 , using any root search algorithm such as Bisection method 

(gradient based) or Golden section method (based on region elimination), etc. The latter 

algorithm is suitable where calculating derivatives can become cumbersome. 

 

6.2.5. Curve fitting using Bezier Curves 

A set of target points 𝑑𝑑𝑖𝑖 where 𝑖𝑖 ∈ {1,2, . . 𝑛𝑛𝑑𝑑} is defined. It is required to fit a Bezier curve 

that fits the points 𝑑𝑑𝑖𝑖 in the total least square sense. The fitted curve is of degree (𝑛𝑛 − 1), 

where 𝑛𝑛 is the number of control polygon vertices. If a target point lies on the Bezier curve 

then it must satisfy the relation: 

𝑑𝑑𝑖𝑖 =  𝐵𝐵0 𝐽𝐽0,𝑛𝑛(𝑡𝑡𝑖𝑖) +   𝐵𝐵1 𝐽𝐽1,𝑛𝑛(𝑡𝑡𝑖𝑖) + ⋯+  𝐵𝐵𝑛𝑛 𝐽𝐽𝑛𝑛,𝑛𝑛(𝑡𝑡𝑖𝑖),        𝑖𝑖 ∈ {1,2, . .𝑛𝑛𝑑𝑑}         …… (6.18) 

In the matrix form,  [𝐷𝐷] = [ 𝐽𝐽][𝐵𝐵]              …… (6.19) 
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Where,   [𝐷𝐷] =  [𝑑𝑑1 𝑑𝑑2 … 𝑑𝑑𝑛𝑛𝑑𝑑]𝑇𝑇 

   [𝐵𝐵] =  [𝐵𝐵0 𝐵𝐵1 … 𝐵𝐵𝑛𝑛]𝑇𝑇 

   [𝐽𝐽] =  �
𝐽𝐽1,𝑛𝑛(𝑡𝑡1) ⋯ 𝐽𝐽1,𝑛𝑛(𝑡𝑡1)

⋮ ⋱ ⋮
𝐽𝐽1,𝑛𝑛(𝑡𝑡𝑛𝑛𝑑𝑑) ⋯ 𝐽𝐽1,𝑛𝑛(𝑡𝑡𝑛𝑛𝑑𝑑)

� 

Solve for [𝐵𝐵].  

 

The matrix [𝐽𝐽] is a rectangular matrix and hence non-invertible. However, the pseudo-

inverse can be used to solve such a system of equations. The Moore-Penrose pseudo-inverse 

of a matrix 𝐴𝐴 is defined as:  𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝐴𝐴) =  (𝐴𝐴𝑇𝑇𝐴𝐴)−1𝐴𝐴𝑇𝑇                             …… (6.20) 

Then the solution for [𝐵𝐵] becomes,  [𝐵𝐵] = 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝐽𝐽). [𝐷𝐷]                                     …… (6.21) 

 

The above method would yield an exact solution, the solution is not always guaranteed. An 

approximate method is minimizing the residual 𝑅𝑅(𝑡𝑡), given as:  𝑅𝑅 = [𝐽𝐽][𝐵𝐵] − [𝐷𝐷]    … (6.22) 

 

The considering a planar curve in x-y plane, the residual will also have components in the x 

and y directions. So taking the sum of squares of the residues in the x and y direction, the 

equation becomes:   𝑅𝑅 =  ‖  [𝐽𝐽][𝐵𝐵] − [𝐷𝐷]  ‖          …… (6.23) 

 

Minimizing 𝑅𝑅 would result in finding the roots of the equation which is the required 

solution [𝐵𝐵], refer to Pastva [84]. Increasing the degree of the Bezier curve would allow 

greater flexibility and it is more likely that the residual at the target points would converge 

to zero. However, the shape of the curve may get distorted which is undesirable. It is up to 

the user to decide the value of n based on a trial and error basis, refer Fig. 6.1. 
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(a) 

 
(b) 

 
(c) 

Fig. 6.1. Trade-off between Perfect Fit and Distortion. 
(a) Curve fit using 3rd degree showing that it does not pass through all target points, 

(b) Curve fir using 5th degree showing that it passes through all target points, 
(c) Increasing degree of fitted curve results in localized distortion. 
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PART – II. Robot Guidance. 
 

The objective is to obtain the history of joint angles that would allow the Hexcrawler to trace 

the designed path, refer Fig. 6.2. The most suitable method is the use of IK Solver stated in 

the previous chapter, however it required suitable modifications. 

 

 
 

6.3. IK Solver for Parametric Trajectories. 
 

A trajectory defined by a parametric curve can be traversed in two ways-  

i. Using parametric intervals: if 𝑃𝑃1 be the starting point at 𝑢𝑢1 = 0, then the next point 

on the curve 𝑃𝑃2 is located at 𝑢𝑢2 = 𝑢𝑢1 + ∆𝑢𝑢. Where 𝑢𝑢 is the parameter and ∆𝑢𝑢 is the 

parametric interval. Although choice of ∆𝑢𝑢 is programmer specified, but choosing 

very small value of ∆𝑢𝑢 could result in the IK Solver producing near zero actuations, 

while large values of ∆𝑢𝑢 could result in a solution which is infeasible. This algorithm 

has been presented using this technique, and it works well for smooth trajectories 

only. Curves having local distortions cannot be planned using this method. 

ii. Using arc-length intervals: if 𝑃𝑃1 be the starting point, then the next point on the curve 

𝑃𝑃2 is located at a distance 𝑑𝑑 measured along the curve. Hence the successive points 

on the curve are located by computing the arc-length. This method is suitable for 

uneven curves having distortions and abrupt changes in localised curvatures. 

 

Arc-length interval method has not been used in this context because, considering the size 

of the Hexcrawler and the experimental workbench only smooth trajectories can be planned. 

 
Fig. 6.2. Hexcrawler maneuvering along a complex trajectory. 
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Proposed Algorithm: 

Step 1.  Initialize the set of target points 𝑑𝑑𝑖𝑖 and the degree of the Bezier curve 𝑛𝑛. 

Step 2.  Use curve fitting to obtain the set of control vertices 𝐵𝐵. 

Step 3.  Generate the Bezier curve and plot it graphically with the set of target points.  

 Check whether the curve passes through  𝑑𝑑𝑖𝑖 and the smoothness of the curve. 

 If, the curve passes through  𝑑𝑑𝑖𝑖 and is relatively smooth,  

Then, proceed to Step 4. 

Else, Change the value of 𝑛𝑛 and go to Step 2. 

Step 4.  Select interpolating step size, ∆𝑢𝑢 also called the parametric interval. 

Step 5.  Define the joint angles of the Hexcrawler at the starting position 𝑢𝑢 = 0. 

Step 6.  While 𝑢𝑢 ≤  1. 

- Set 𝑢𝑢𝐴𝐴 = 𝑢𝑢 and 𝑢𝑢𝐵𝐵 = 𝑢𝑢 + ∆𝑢𝑢 

- Compute derivatives at 𝑢𝑢𝐴𝐴 ,𝑢𝑢𝐵𝐵  and obtain the yaw angles 𝛾𝛾𝐴𝐴 ,𝛾𝛾𝐵𝐵. 

- Define the body frames {𝐵𝐵}𝐴𝐴 and {𝐵𝐵}𝐵𝐵. 

- The leg pivot and foot-tips 𝑙𝑙𝑖𝑖|𝐴𝐴 , 𝑙𝑙𝑖𝑖|𝐵𝐵 and 𝑓𝑓𝑖𝑖|𝐴𝐴 is pre-defined. 

- Use IK Solver to obtain 𝑓𝑓𝑖𝑖|𝐵𝐵 and 𝜃𝜃ℎ𝑖𝑖 using Stance phase. 

- Perform Swing and change of support legs as per Tripod Stepping Sequence. 

- Update 𝑢𝑢 = 𝑢𝑢 + ∆𝑢𝑢 

Step 7.  The set of values for 𝜃𝜃ℎ𝑖𝑖 is saved in excel file.  

 

6.4. Results and Discussion 

A complex trajectory has been constructed using Bezier curve fit that passes through a set 

of pre-defined target points as shown in Fig. 6.3 (a). The resultant curve is parametric, and 

knots are selected at parametric intervals of ∆𝑢𝑢 = 0.02. The curve is sinusoidal in nature and 

uniform, hence use of parametric intervals is sufficient for selection of knots, as shown in 

Fig. 6.3 (b). Using the algorithm stated above the history of joint angles are obtained which 

would allow the Hexcrawler to trace the desired path. Programming the robot based on the 

solution obtained yields the trace curve shown in Fig. 6.3 (c). The solution set has not been 

provided since it is an exhaustive Table of 151 rows by 12 columns. The movement of the 

Hexcrawler is largely dependent on the surface friction, hence the trace curve will vary in 

dimensions for different surface conditions, but the overall shape and nature will be perfectly 

identical to the designed curve as shown in Fig. 6.3 (b) and Fig.6.3 (c).  
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(a) 

 
(b) 

 
(c) 

Fig. 6.3. Complex Path Planning and Robot Guidance using Parametric Curve. 
(a) Parametric Curve generation that fits the target points. (b)  Proposed sinusoidal 

trajectory with knots at 0.02 parametric interval. (c) Trace Curve obtained by 
programming the robot with joint angles estimated by the IK Solver. 
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PART - III. Trajectory Optimization for Jerk. 
So far an 𝑛𝑛𝑡𝑡ℎ order Bezier curve has been constructed that passes through the target points. 

An algorithm that guides a mobile robot, such as the Hexcrawler has also been stated in Part 

– II. Now, it is desired to measure the time dependent kinematic parameters like velocity, 

acceleration, and jerk. For this the spatial curve must be linked to time frame. Further, the 

trajectory can be optimized to minimize a kinematic parameter such as jerk. 

 

6.5. Need for Optimization 

The trajectory planning and robot guidance can be optimized to obtain maximum benefits. 

Several literatures suggested on minimizing jerk, total travel time, energy consumption, 

maximizing payload capacity, etc.  In the current thesis work, the jerk has been minimized 

because it has the following advantages: 

i. Generates a smooth motion, beneficial for material handling and transportation,   

ii. Reduces deviation from the designed path,   

iii. Reduces mechanical stresses on the actuators, drive system and structural 

components, 

iv. Reduces wear and tear, increasing the life span of the robot, 

v. Reduced chances of exciting the resonating frequency. 

The trajectory optimization problem is not model specific, a general overview is presented. 

In the subsequent section some mathematical tools have been presented with the process of 

optimizing the trajectory. 

 

6.6. Evaluating Time-Dependent Kinematic Parameters 

Part – I and II deals with the Spatial Planning of the Trajectory. However space planning 

alone is insufficient to describe time dependent kinematic parameters. So, the designed 

trajectory must be linked to a time frame. This can be achieved by defining a distance-time 

function as follows: 𝑠𝑠 = 𝑓𝑓(𝑡𝑡),  here 𝑠𝑠 is the distance = arc length and 𝑡𝑡 is the time. The 

‘space-curve’ defines the path to be followed by an object, and the ‘displacement-time’ 

function relates time to the distance travelled. The arc-length is also a function the parametric 

variable 𝑢𝑢, denoted by 𝑠𝑠(𝑢𝑢). The distance along the curve is related to the parametric value 

by the Arc-Length Parameterization of the space-curve. It allows movement along the curve 

at a constant speed by evaluating the curve at equal arc-length intervals. Kinematic 
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parameters like velocity and acceleration can be computed by controlling the distance 

travelled in a given time interval. The displacement-time function must be monotonic and 

continuous in nature. From a real-world perspective a displacement-time function is 

constructed using a sinusoidal segment for acceleration, a linear segment for uniform 

velocity and a sinusoidal segment for deceleration. Such a function resembles a system that 

starts at rest, then accelerates up to a peak velocity and continues to travel at that constant 

velocity, finally decelerates to rest, refer Parent [85]. The plot of 𝑠𝑠 𝑣𝑣𝑣𝑣 𝑡𝑡 has been plotted and 

shown in Fig. 6.4. Sinusoidal functions are infinitely derivable leading to finite higher order 

derivatives like jerk and ping. The displacement-time function after normalization can be 

expressed as: 

  𝑠𝑠(𝑡𝑡) =

⎩
⎪⎪
⎨

⎪⎪
⎧

2𝑡𝑡𝑎𝑎
𝜋𝜋 �sin� 𝜋𝜋𝜋𝜋2𝑡𝑡𝑎𝑎

− 𝜋𝜋2�+1�

𝑓𝑓
                           ; 0 ≤ 𝑡𝑡 ≤  𝑡𝑡𝑎𝑎   

�2𝑡𝑡𝑎𝑎𝜋𝜋 +𝑡𝑡− 𝑡𝑡𝑎𝑎�

𝑓𝑓
                                          ; 𝑡𝑡𝑎𝑎 ≤ 𝑡𝑡 ≤ 𝑡𝑡𝑑𝑑      

�2𝑡𝑡𝑎𝑎𝜋𝜋 + 𝑡𝑡𝑑𝑑− 𝑡𝑡𝑎𝑎+
2�1−𝑡𝑡𝑑𝑑�

𝜋𝜋 𝑠𝑠𝑠𝑠𝑠𝑠�
𝜋𝜋�𝑡𝑡−𝑡𝑡𝑑𝑑�
2�1−𝑡𝑡𝑑𝑑�

��

𝑓𝑓
; 𝑡𝑡𝑑𝑑 ≤ 𝑡𝑡 ≤ 1

                      …… (6.24) 

Where,    𝑓𝑓 =  2𝑡𝑡𝑎𝑎
𝜋𝜋

+ 𝑡𝑡𝑑𝑑 −  𝑡𝑡𝑎𝑎 +  2(1−𝑡𝑡𝑑𝑑)
𝜋𝜋

  

𝑡𝑡𝑎𝑎 and 𝑡𝑡𝑑𝑑 are the normalized blending times for acceleration and deceleration respectively, 

𝑠𝑠(𝑡𝑡) is the normalized arc-length. 

 

 
Fig. 6.4. Displacement-Time function after normalization. A constant velocity profile 

with sinusoidal blends at start and end. 
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Now it is possible to compute the kinematic parameters- velocity, acceleration and jerk using 

central-difference method. 

If 𝐿𝐿𝐵𝐵𝑇𝑇  represents the total arc-length of the designed trajectory, then, 

True displacement is given by:  𝑠̅𝑠(𝑡𝑡) = 𝐿𝐿𝐵𝐵𝑇𝑇 . 𝑠𝑠(𝑡𝑡)                       …… (6.25a) 

Velocity is given by:       𝑣𝑣 =  𝑠̇̅𝑠 =  𝑠̅𝑠(𝑡𝑡+∆𝑡𝑡)− 𝑠̅𝑠(𝑡𝑡−∆𝑡𝑡)   
2∆𝑡𝑡

                     …… (6.25b) 

Acceleration is given by:      𝑎𝑎 =  𝑠̈̅𝑠 =  𝑠̅𝑠(𝑡𝑡+∆𝑡𝑡)− 2𝑠̅𝑠(𝑡𝑡)+ 𝑠̅𝑠(t−∆t)  
∆𝑡𝑡2

          …… (6.25c) 

Jerk is given by:     𝑗𝑗 =  𝑠⃛̅𝑠 =  𝑠̅𝑠(𝑡𝑡+2∆𝑡𝑡)− 2𝑠̅𝑠(𝑡𝑡+∆𝑡𝑡)+ 2𝑠̅𝑠(t−∆t)−𝑠̅𝑠(𝑡𝑡−2∆𝑡𝑡)  
2∆𝑡𝑡2

    …… (6.25d)   

 
 

6.7. Minimizing Jerk 

The designed trajectory is now completely defined in terms of both space and time. So, 

optimization is carried out with the objective of minimizing the jerk for a (𝑛𝑛 − 1) degree 

Bezier curve following a predefined distance-time function. For such an optimization 

problem, we define the following: 

- Objective function: minimize square of jerk 𝑗𝑗, since jerk value can be both positive 

and negative. 

- Design Variable: blending time 𝑡𝑡𝑎𝑎 and 𝑡𝑡𝑑𝑑. For simplification, 𝑡𝑡𝑑𝑑 = (1 −  𝑡𝑡𝑎𝑎) i.e. equal 

blend times for acceleration and deceleration. 

- Constraints: Limiting values of velocity and acceleration denoted by 𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  , 𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 

respectively. 

- Constants: 𝐿𝐿𝐵𝐵𝑇𝑇  (i.e. the designed trajectory is invariant of time), and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (i.e. the total 

time taken to traverse the trajectory). 
 

Therefore the optimization problem can stated as: 

Minimize    𝑗𝑗2(𝑡𝑡), 

Subject to:  𝑣𝑣 ≤  𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙    and    𝑎𝑎 ≤ 𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 

Outcome of Optimization: 

Optimum Blend Times 𝑡𝑡𝑎𝑎
𝑜𝑜𝑜𝑜𝑜𝑜 and 𝑡𝑡𝑏𝑏

𝑜𝑜𝑜𝑜𝑜𝑜. 
 

The optimization has been carried out using MATLAB™ Optimization Toolbox. The solver 

selected for the purpose is  𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓() which can minimize constrained, nonlinear, 

multivariable problems. The problem was solved using MATLAB™ version 2017b. The 

overall optimization process has been presented in the form of an algorithm. 
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Algorithm for Implementation: 

Step 1. Define a set of points 𝑑𝑑, set knots points 𝑘𝑘, degree 𝑛𝑛, and  𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 for each segment, 

values of 𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 , 𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 based on kinematic model of the robot, and step size 𝑠𝑠𝑠𝑠𝑠𝑠. 

Step 2. Use curve-fit to construct the Bezier trajectory segments and join them at knot points 

using 𝐺𝐺0continuity. 

Step 3. Define disp-time function for each segment based on the desired kinematic condition 

at the knot points. 

Step 4. Calculate Arc Length 𝐿𝐿𝐵𝐵𝑖𝑖  for each segment 𝑖𝑖. 

For 𝑖𝑖 = 1 to (no of segments) 

       For t = 0 to 1, (normalized time) 

           -  calculate 𝑠̅𝑠 using algorithm in Section II.C 

            -  calculate 𝑠̇̅𝑠, 𝑠̈̅𝑠 and 𝑠⃛̅𝑠  

           -  optimize using 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 and obtain 𝑡𝑡𝑎𝑎𝑎𝑎
𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡𝑏𝑏𝑏𝑏

𝑜𝑜𝑜𝑜𝑜𝑜. 

Step 5. Use 𝑡𝑡𝑎𝑎𝑎𝑎
𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡𝑏𝑏𝑏𝑏

𝑜𝑜𝑜𝑜𝑜𝑜 in the respective disp-time function to obtain  𝑠̅𝑠, 𝑠̇̅𝑠, 𝑠̈̅𝑠 and 𝑠⃛̅𝑠  at each step.     

 

 

6.8. Results and Discussion 
The effectiveness of the algorithm stated above can be best described by implementing it in 

three different aspects, presented in the form of case studies: 

 

Case Study 1. 

A simple planar trajectory has been constructed by joining 5 target points using a 6th degree 

Bezier curve segment. A displacement-time function of constant velocity with sinusoidal 

blends has been used. On optimizing with a specified boundary conditions, the optimum 

blend time is obtained and results are enlisted in Table 6.2. By varying time 𝑡𝑡 from 0 to 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, 

the kinematic parameters have been evaluated at each time step. The variation of kinematic 

parameters with time has been plotted and shown in Fig. 6.5. 

 

Boundary conditions:  

  - Travel time,  𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 60 sec, 

  - Kinematic Limits,  𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = 300mm/s, 𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = 600mm/s2.  

  - Normalized step size, 𝑠𝑠𝑠𝑠𝑠𝑠 = 0.0005. 
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Table 6.2. Optimization Results for Case-1: 

Parameter Value 

Opt. Blending Time 
𝑡𝑡𝑎𝑎 = 29.0017sec 

𝑡𝑡𝑑𝑑 = 30.9983sec 

Path Length  𝐿𝐿𝐵𝐵 82.5109 mm 

Peak Velocity  𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚  127.1918 mm/sec 

Peak Acceleration  𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 413.3393 mm/sec2 

Peak Jerk  𝑗𝑗𝑚𝑚𝑚𝑚𝑚𝑚  0.67162 mm/sec3 
 

 

    
(a)                                                                 (b) 

     
(c)                                                                (d) 

     
(e)                                                                  (f) 

Fig. 6.5. Plots of Case Study 1, (a) Curve fitting using 6th degree Bezier curve, 
(b) Displacement Vs Time, (c) Velocity Vs Time, (d) Acceleration Vs Time, 

(e) Jerk Vs Time, (f) Trace Curve generated from disp-time function. 
 



Complex Trajectories 

 

Page 95 
 

 

Case Study 2. 

The planar trajectory constructed in this case comprises of two segments of varying degrees 

and arc length. 9 target points are considered with the 6th point as knot point. The degree of 

the 1st and 2nd segment is 6 and 4 respectively. The displacement-time function has been 

imposed and optimized with a specified boundary conditions. The optimum blend time is 

obtained and results are enlisted in Table 6.3. By varying time 𝑡𝑡 from 0 to 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, the 

kinematic parameters have been evaluated at each time step. The variation of kinematic 

parameters with time has been plotted and shown in Fig. 6.6. 

 

Boundary Conditions: 

    - Travel time,  𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(1) = 35 sec,  𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(2) = 25 sec 

    - Kinematic Limits,  𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙=180mm/s,  𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = 800mm/s2.  

    - Normalized step size, 𝑠𝑠𝑠𝑠𝑠𝑠 = 0.0005. 

    - 𝑣𝑣 = 0, 𝑎𝑎 = 0 at knot point.  

 

Table 6.3. Optimization Results for Case-2: 

Parameter Segment – 1 Segment - 2 

Opt. Blending Time 
𝑡𝑡𝑎𝑎 = 17.4861 sec 𝑡𝑡𝑎𝑎 = 12.0038 sec 

𝑡𝑡𝑑𝑑 = 17.5139 sec 𝑡𝑡𝑑𝑑 = 12.9962 sec 

Path Length  𝐿𝐿𝐵𝐵 107.6694 mm 57.5997 mm 

Peak Velocity  𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 169.0501 mm/sec 88.4727 mm/sec 

Peak Acceleration  𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 531.5076 mm/sec2 289.4347 mm/sec2 

Peak Jerk  𝑗𝑗𝑚𝑚𝑚𝑚𝑚𝑚 0.83555 mm/sec3 0.47343 mm/sec3 

 



Complex Trajectories 

 

Page 96 
 

 
 

Case Study 3. 

In this case, the blend time 𝑡𝑡𝑎𝑎 has been varied from 0 to  𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡/2. The variation of jerk with 

blend time has been shown in Table 6.4. It is seen that smaller blend time leads to higher 

acceleration and hence higher amount of jerk. The jerk decreases as the blend time 

approaches 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡/2. It is interesting to note although the minimum jerk occurs 

   
(a)                                                                                        (b) 

   
(c)                                                                                        (d) 

  
(e)                                                                                        (f) 

Fig. 6.6. Plots of Case Study 2, (a) Curve fitting using 6th and 4th degree Bezier curve 
segments, (b) Displacement Vs Time, (c) Velocity Vs Time, (d) Acceleration Vs Time,  

(e) Jerk Vs Time, (f) Trace Curve generated from disp-time function. 
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at 𝑡𝑡 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡/2, it is unobtainable from the algorithm as it would imply eliminating the 

constant velocity section of the disp-time function. The effect of changing  𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 and 𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 

is studied. Initially, the magnitude of 𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 is reduced keeping 𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 constant. Then, the 

magnitude of 𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 is reduced keeping 𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 constant. The result is tabulated and shown in 

Table 6.5. It is observed that the optimum blend time 𝑡𝑡𝑎𝑎 approaches 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡/2, and jerk reduces 

simultaneously. 
 

Table 6.4. Variation of Jerk with Blend Time: 

Sl. 

No. 

Travel 

Time 

(sec) 

Actuator Limits 
Blend Time 

(sec) 
Calculated Values Peak Jerk 

 

Remarks 𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 

(mm/sec) 

𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  

(mm/sec2) 
𝑡𝑡𝑎𝑎 𝑡𝑡𝑑𝑑 

𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 

(mm/sec) 

𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚  

(mm/sec2) 

𝑗𝑗𝑚𝑚𝑚𝑚𝑚𝑚  

(mm/sec3) 

1 

60 150 800 

5 55 87.83 1655.47 15.59 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚
>  𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  

Infeasible 

solution 

2 10 50 93.88 884.81 4.16 

3 15 45 100.83 633.53 1.99 Feasible 

but not 

optimum 

4 20 40 108.88 513.12 1.20 

5 25 35 118.34 446.16 0.84 

6 29.50 30.49 128.39 410.16 0.65 
Obtained 

Optimum 

7 30 30 129.60 407.17 0.63 
Ideally 

Optimum 

 

Table 6.5. Variation of Jerk with Actuator Limits: 

Sl. 

No. 

Travel 

Time 

(sec) 

Actuator Limits 
Opt. Blend Time 

(sec) 
Calculated Values Peak Jerk 

𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 

(mm/sec) 

𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  

(mm/sec2) 
𝑡𝑡𝑎𝑎 𝑡𝑡𝑑𝑑 

𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚  

(mm/sec) 

𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚  

(mm/sec2) 

𝑗𝑗𝑚𝑚𝑚𝑚𝑚𝑚  

(mm/sec3) 

1 

60 

120 

800 

25.6355 34.3645 119.6702 439.9618 0.80874 

2 130 29.8426 30.1574 129.2208 408.0998 0.64442 

3 140 29.028 30.972 127.2545 413.1673 0.67073 

4 

150 

29.5016 30.4984 128.3903 410.1637 0.65516 

5 790 29.5071 30.4929 128.4037 410.1294 0.65499 

6 780 29.0084 30.9916 127.2078 413.2953 0.67139 

7 770 29.0103 30.9897 127.2123 413.2831 0.67133 

8 760 29.7521 30.2479 128.9994 408.6396 0.64723 
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6.9. Conclusion 

The results obtained from experiments and simulation show that the algorithm is successful. 

Using this technique, trajectories of any shape and complexity can be constructed and traced 

by the robot. For a robot traversing along a sinusoidal path, the yaw angle increases from 

zero to maximum, then goes on reducing to a minimum and again increases and stops at 

zero. Hence the choice of this curve is critical, as it proves that robot can take up both right 

and left sided curvatures as per the situation. So, it can be fairly concluded that the algorithm 

can solve any complex trajectories which is defined by parametric curves.  

 

The trajectory planner can be implemented by combining it with the state-space model of a 

mobile robot. The use of nth degree Bezier curves makes modeling of complex trajectory 

easier. Blending time is a critical parameter for the robot controller, hence optimizing it is 

beneficial. The use of knots allows the user to enforce local kinematic states such as using 

an intermediate stop. The algorithm and model is fast and converges to a solution rapidly. 

The novelty of the work is thus generation of nth degree Bezier curves with knots and 

optimization of blending time that may help in designing trajectories suitable for using 

mobile manipulators in rough terrains. 
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Chapter 7. 

Conclusion and Future Scope. 

7.1. Conclusion 

In the current thesis work, the detailed kinematic analysis of the Hexcrawler robot was 

performed. The Hexcrawler robot is not a perfect testing model, however suitable changes 

have been made to the robot to suit the purpose. This includes changing the control 

architecture and installing a tracing attachment. The leg which is a 2 d.o.f linkage is analysed 

using DH-method. The workspace is generated comprises of all feasible positions of the 

foot-tip calculated w.r.t the leg pivot and shown on a 3D plot. Further, considering all six 

legs, it has been shown that the workspaces are non-intersecting within a prescribed actuator 

limit. The primary gaits have been studied and programmed on the Hexcrawler by tracing a 

straight line path.  

 

To accurately guide the robot along a prescribed path and to predict its motion, the forward 

and inverse kinematic models were developed. Considering the physical limitations of the 

robot, the conditions of planar maneuvering has been imposed on the kinematic model. 

Different trajectories have been simulated using the kinematic model and the results were 

validated using experimentally obtained trace curves. The simulated and experimental 

curves were found to be of the same nature. However, dimensionally it has not been 

compared since the effects of friction and dynamics has not been considered. The inverse 

kinematics solver has also been tested for an S- shaped curve modelled using Bezier curve. 

The nature of the experimentally obtained trace curve was found to be satisfactory.  

 

The idea of optimizing the parametric trajectory is generalized and can be implemented on 

any mobile robot – wheeled or legged. The trajectory planner can be implemented by 

combining it with the state-space model of a mobile robot. The use of nth degree Bezier 
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curves provides greater flexibility to shape and interpolate trajectories. The optimum 

blending time is used by the robot controller to provide smoother control signals to the servo 

actuators.  

 

 

7.2. Future Scope of Work 

Although, the works presented in this thesis is according to aim and objectives stated in 

Chapter-1. However, there is more that could have been done. The kinematic analysis was 

limited to space planning only. Due to the limited time available, the time based analysis 

was omitted. So, calculating the Jacobian to estimate the velocity, acceleration and jerk could 

be considered for future work. Once, the state space model is obtained, it could be integrated 

with the trajectory optimization model. This way the kinematic model could be perfected. 

Further, there is scope of developing a dynamic model using the Lagrangian equations for 

formulating the equation of motion for the six-legged robot. 
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