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1. Show that
(a) 1
0(az) = md (x)
(b)

5(a® - o?) = Efla[&("” +0) +8(z — )]

2+3

2. @) If f(#) = w+ ivis an analytic function and 4 =
show that Cauchy-Riemann e
and cur] of A,

- (o) Evaluate §, 9224, where ( is 2 unit circle.

W + Juisa vector, then
quations are equivalent to vanishing divergence

3+2
3. Evaluate
2 c0s 20d0
0 5+4cosd
5
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. 4. Using Fourier transform, solve the wave equation

Oy _ 0%
ot? ox?

subject to the conditions y(z, 0} = F(z), %flhg =0

5. Using Laplace transform solve
z"(t) + 42 () + 4z(t) = 4e~2
so that 2(0) = —1, 2/(0) = 4 |

6. (a) Expand the function f(z) = z—(.-Zl_'.T) in terms of Laurent’s series.

(b) Using Cauchy’s integral formula evaluate ¢ Eé_%dz around a unit circle wi
centre at z=1

3+

7. Show that if we try to solve Bessel’s equation by Forbenius method then the tw
solutions obtained are not linearly independent.
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Answer any five questions (all carry equal marks) :
1. A gp,u_ssian probability distribution is given by,
fz)=A @M% | g e (=00, +00).
(a) Find the normalization constant A.
(b) Find the expectation values (z) and {(z — (z))%) . (2+(1+2))

2, A one dimensional discrete random walk has a probability p of moving to the
right and probability ¢ = 1—p of moving to the left in any particular step. Let
& denote the position of the particle after N steps. Find ( i ) maximum value x
can take, ( ii ) mean position {z), ('iii ) the root mean square deviation about
the mean position 1/{(x ~ (z))2) at the end of N steps. Physically explain
what can be said about the position of the particle after N steps. (1+1+2+1)

" 3. The Hamiltonian for ideal gas is given by,
N s
I’y _ p"
H= (2m) )

Find the phase space volume between the energy hyper-surfaces
A =(E - A/2) and H = (E + A/2). Hence find the entropy. (243)

4. Hamiltonian of a system of IV spins, each of which can be either up §; = +1
or down §; = —1, is given by

- N
H=-poH Y 5




Calculate ( i ) the canonical partition function and ( ii ) the magnetisation

and ( iii ) magnetic susceptibility of the system. (2+1+2)

. Consider a one dimensional chain of N Ising spins which can take values
8y =+1,i=1,... N. The Hamiltonian is given by, '

N
H= —sti Si+1,
i=}1

with periodic boundary condition, Sn+1 = 8. Find the correlation function _
(S: Si1x). Show that it decays exponentially with the distance between the
two sites, and obtain its decay constant (correlation length). (2+(2+1))

. The expression of energy in Ising system is given by, |

N
EI{8¢}=—€ Z 8¢ sj—hZS,‘,

<§,§> =1
where the spin variables can take values s; = 41, The sum over < i,7 >

involves (yN/2) terms, where + is the number of nearest neighbours of any

given site.

(a) Express the energy in terms of number of up-spins N, number of (++)

pairs Ny, and the total number of spins N.

(b) State clearly the Bragg-William’s approximation, and show that under
this approximation the energy depends only on N and Ng. (3+2)

. Consider an ensemble of M identical systems at a given temperature T, vol-
ume V" and chemical potential 4. Let ni, N be the number of ensemble members
with N particles and energy E;. Find an expression for the probability dis-
tribution W{n; ~}. Hence derive the expression for the grand canonical (or-

macro-canonical) partition function. (2+3)




