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Answer Q. No. 10 and any six questions from Q. No. 1 to 9

(2) Define a group. Let G = {a€R| -1 <a<1}. Defineaxb= f‘-ffgforalla,bGG.

Determine whether (G, ) is a group, where R is the set of all real numbers 8
(b) Let 8=(1357986)(2410) € S;p. What is the smallest positive integer n for which
g =6 8
(a) Define a subgroup of a group G. Let G be a group and H be a nonempty subset of G.
Show that H is a subgroup of G if and only if for all a,b € H, ab™! € H. 8
(b) Define a cyclic group. Let @ be the set of all rational numbers. Is the group (Q,+)
cyclic? Justify your answer. 8
(a) Let G be a finite group and a € G. Show that o(a) divides o(G). 8

(b) Prove that every infinite cyclic group is isomorphic to the group (Z,+), where Z is the -
set of all integers. . 8

(a) Define a ring. Let R be the set of even integers. Define addition as usual and multipli-
cationbya-b= %ab. Show that R is a ring. Is there an identity in R? 8

(b) Define an ideal of a ring. Let I be an ideal of a ring R. Define
J={zeR|rzelforallreR}.
Show that J is an ideal of R. : 8

(a) Define a prime ideal of a ring. Let R be a commutative ring with identity 1 # 0. Then

show that an ideal P of R is prime if and only if R/P is an integral domain. 8
(b) Define a field. Prove that the number of elements of a finite field is a power of a prime
number. . 8




6. {a) Define a subspace of a vector space over a field. Let
W1 = {(e1,02,a3,a4) € R* | a3 = a3 = 0}, Wa = {(a1,02,03,a4) € R* | @1 = a4 =0}

be two subspaces of R over the field R. Either prove that W1 UW; is a subspace of R*
or find the smallest subspace of R* containing W; and Wo. 8

(b) Define a basis of a vector space over a field. Let {u,v,w} be a basis of a vector space V
over g field R. Then show that {u +v +w,u— v + w, —u% + v+ w} is also a basis of V
over R. 8

7. (a) Let A and B be two n x n matrices over a field F. Prove that if I, — AB is invertible,
then I, — BA is also invertible. Further show that AB and BA have the same eigen
values. 8

(b) Define eigen values and eigen vectors of a square matrix over a field, Find eigen values

and corresponding eigen vectors of the matrix A over R. Also determine whether A is
diagonalizable, where 8

-9 4 4
A= -8 3 4
-16 8 7

8. (a) Find the nature of solutions of the following system of linear equations. Find solutions,
if they exist, otherwise show that there is no solution of the system. 8

T1+2z2 ~3z3 4424 = 2 '
=31+ 23+ 223+ 524 = 1
521 + 329 - 8z + 3zg = 2

~Z1+562y ~4x34+ 1324 = 4

(b) Determine for which ¥ = (¥1, Y2, 43, ¥2) € R the equation AX =Y has a solution for

X € R*, where : , 8
3 -6 2 -1
a1 -2 41 3
0 01 1
1 -2 1 0

9. (a) Find the Jordan canonical form J of A. Find a Jordan canonical basis and a non-singular
matrix () such that J = Q=1 4Q, where

t

XY

I

b2
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~I o W o




Given that the characteristic polynomial of A is (z - 2)%(z - 14 8
(b) Let V = R® and W be a subspace of V, where

W = {(01,02,03,04,05) e RS | a1 + 2a3 + a5 = 0, 2a9 + a4 ———-0}.

Find the dimension and a basis of W over R. Further extend this basis to a basis of V
over R. 8

10. Construct a finite field of order 25. 4




