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Preface

The aim of this doctoral thesis is to study on some warped product manifolds. The

thesis consists of five chapters. After the introductory chapter, the second chapter

is devoted to study the geometry of pseudo-projective curvature tensor on warped

product manifolds. We study the generalized Robertson-Walker space-times and

standard static space-times admitting pseudo-projective curvature tensor respec-

tively.

The third chapter is to study the biwarped product submanifolds in metallic Rie-

mannian manifold and locally nearly metallic Riemannian manifold. It describes

the nature of biwarped product generalized J-induced submanifold of first order

with an example. We find out necessary and sufficient conditions for the biwarped

product generalized J-induced submanifold of first order to be locally trivial. The

inequalities for the second fundamental form in metallic Riemannian manifold and

locally nearly metallic Riemannian manifold have been established.

The fourth chapter is based on some space-times as an application of warped prod-

uct manifolds. It discusses the generalized Friedmann-Robertson-Walker space-

time in a new way with some examples of generalized black hole solutions. This

chapter is also focused on hyper-generalized quasi Einstein warped product spaces

with non positive scalar curvature. We investigate some geometric and physical



properties of it. The last part conveys the behaviour of general relativistic viscous

fluid space-time admitting vanishing and divergence free T-curvature tensor respec-

tively.

In the last chapter, we introduce a new notion of gradient h-almost η-Ricci soli-

ton and study Riemann soliton in the frame of warped product Kenmotsu manifold.

Then Riemann soliton has been studied on warped product Kenmotsu manifold to

deduce some conditions for its existence admitting W2-curvature tensor, projective

curvature tensor and Weyl-conformal curvature tensor. Ricci soliton and gradient

Ricci soliton have been discussed with pointwise bi-slant submanifolds of trans-

Sasakian manifolds to establish that the pointwise bi-slant submanifolds of trans-

Sasakian manifold is Einstein manifolds under certain conditions. Lastly, we show

the existence of the gradient h-almost η-Ricci soliton warped product. The nature

of h-almost η-Ricci soliton and gradient h-almost η-Ricci soliton has been investi-

gated admitting a concurrent vector field.
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CHAPTER 1

Introduction

1.1 Riemannian manifold

Historically, Riemann geometry was a development of the differential geometry of

surfaces in E3. The crucial point of this development was initiated by Gauss in 1827.

But due to the lack of necessary mathematical tools available at that time, the Gauss

ideas developed very slowly. The independent approach of non-Euclidean geometry

was also due to Lobachevski (1829) and Bolyai (1831). The ideas of Gauss were

taken up again by Riemann in 1854 and generalized the idea of Gaussian curvature.

Riemann was motivated by the fundamental question implicit in the development of

non-Euclidean geometries, namely, the relationship between physics and geometry.

The formalization of Riemann’s work appeared explicitly in 1913 in the work of H.

Weyl and the application of these ideas was made to the theory of relativity in 1916.

Another fundamental step was the introduction of the parallelism of Levi-Civita

in 1917. Two fundamental concepts of Riemannian geometry are geodesics and

curvature. These geodesics are analogous to straight lines in Euclidean geometry

and these geodesics are locally length minimizing, but this may fail in the global

17



sense. Riemannian geometry is the study of manifolds which are equipped with

some additional structure that permits measurements. For example, nowhere in the

definition of a piecewise smooth curve is there anything that would enable us to

measure the length of the curve? And given intersecting curves, how could we

measure the angle they make at the point of intersection? The additional structure

that is needed is a metric tensor which gives rise to the Levi-Civita connection or

Riemannian connection. We give the formal definition of this metric tensor and

Riemannian manifolds.

Definition 1.1.1 (Riemannian metric). Let M be a smooth manifold of dimension n.

Then a Riemannian metric g on M is covariant tensor field of degree 2 i.e., of type

(0,2) which satisfies the following conditions :

(1) g is symmetric, i.e., g(X,Y) = g(Y,X), ∀ X ,Y ∈ X(M),

(2) g is positive definite, i.e., g(X,X)≥ 0, ∀ X ∈ X(M) and g(X,X) = 0

iff X = 0.

Definition 1.1.2 (Riemannian manifold). A smooth manifold with a Riemannian

metric is said to be a Riemannian manifold. It is denoted by (Mn,g) or (M,g) or

simply by M where M,g are the smooth manifold and Riemaannian metric respec-

tively.

Example 1.1.3. Every Euclidean space En is a Riemannian manifold, where the

components of g are given by

gi j = δi j =

 1 if i = j

0 if i 6= j

The following deals with a connection on a Riemannian manifold M with the help

of the Riemannian metric.

Definition 1.1.4 (Metric-compatible connection). Let (M,g) be an n−dimensional

Riemannian manifold and ∇ be an affine connection on M. If

∇g = 0, (1.1.1)

i.e., (∇U g)(V,W ) = 0 (1.1.2)

18



∀U,V,W ∈X(M), then ∇ is called a metric-compatible connection or simply metric

connection on (M,g).

Since ∇ is defined as an affine connection or linear connection on the Riemannian

manifold M, it satisfies the following properties

(1) ∇αX+βY Z = α∇X Z +β∇Y Z,

(2) ∇ f X+gY Z = f ∇X Z +g∇Y Z,

(3) ∇X( fY +gZ) = f ∇XY +(X f )Y +g∇X Z +(Xg)Z,

for all α,β ∈ R; f ,g ∈C∞(M);X ,Y,Z ∈ X(M). For ∇ to be a metric connection, it

also satisfies the relation (1.1.1) i.e., ∇ parallelizes g. Thus for a metric connection

on M, it follows from (1.1.2) that

∇X g(Y,Z) = g(∇XY,Z)+g(Y,∇X Z) (1.1.3)

i.e., Xg(Y,Z) = g(∇XY,Z)+g(Y,∇X Z) (1.1.4)

∀ X ,Y,Z ∈ X(M).

Definition 1.1.5 (Riemannian connection). Let (M,g) be a Riemannian manifold of

dimension n with an affine connection ∇. Then the affine connection ∇ on M is said

to be Levi-Civita connection or Riemannian connection if it satisfies the following :

(1) ∇ is symmetric or torsion free. i.e., ∇XY −∇Y X = [X ,Y ]

(2) ∇ is a metric compatible or metric connection. i.e., (∇X g)(Y,Z) = 0

∀ X ,Y,Z ∈X(M), then ∇ is called a metric-compatible connection or simply metric

connection on (M,g).

Formula 1.1.6 (Koszul). Let (M,g) be a Riemannian manifold of dimension n with

an affine connection ∇. Then

2g(∇XY,Z) =Xg(Y,Z)+Y g(Z,X)−Zg(X ,Y )+g([X ,Y ],Z)

−g([Y,Z],X)+g([Z,X ],Y ), (1.1.5)

for all X ,Y,Z ∈ X(M).

19



It is observed that a Riemannian connection ∇ on a Riemannian manifold M always

satisfies the Koszul’s formula.

Now the question arises about the existence of a Levi-Civita connection on a Rie-

mannian manifold. In other words whether a Riemannian manifold always admits a

Levi-Civita connection or not? The following theorem will give the answer to this

question and is known as Levi-Civita Theorem or Fundamental theorem of Rieman-

nian geometry.

Theorem 1.1.7 (Fundamental theorem of Riemannian geometry). Every Rieman-

nian manifold (M,g) of dimension n admits a unique torsion-free metric connection.

Definition 1.1.8 (Riemannian curvature tensor). Let (M,g) be a Riemannian mani-

fold of dimension n with a Riemannian connection ∇. Then the Riemannian curva-

ture tensor field R of type (1,3) of the connection ∇ is defined by the mapping R :

X(M)×X(M)×X(M)→ X(M) given by R(X ,Y )Z = ∇X ∇Y Z−∇Y ∇X Z−∇[X ,Y ]Z

for all X ,Y,Z ∈ X(M).

We state some important identities on a Riemannian manifold.

Theorem 1.1.9 (First and Second Bianchi identity). If ∇ is a Levi-Civita connection

on a Riemannian manifold (M,g) then ∀ X ,Y,Z ∈ X(M), we have

R(X ,Y )Z +R(Y,Z)X +R(Z,X)Y = 0, (1.1.6)

(∇X R)(Y,Z)+(∇Y R)(Z,X)+(∇ZR)(X ,Y ) = 0. (1.1.7)

Theorem 1.1.10. If R is the Riemannian curvature tensor of a Riemannian manifold

(M,g), then

g(R(X ,Y )Z,U) =−g(R(X ,Y )U,Z), (1.1.8)

g(R(X ,Y )Z,U) =g(R(Z,U)X ,Y ), (1.1.9)

for all X ,Y,Z ∈ X(M).
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Theorem 1.1.11. If R̃ is the Riemannian curvature tensor of type (0,4) of a Rieman-

nian manifold (M,g), then for all X ,Y,Z,U,V ∈ X(M), we have

R̃(X ,Y,Z,U) =−R̃(Y,X ,Z,U) =−R̃(X ,Y,U,Z) = R̃(Z,U,X ,Y ), (1.1.10)

R̃(X ,Y,Z,U)+ R̃(Y,Z,X ,U)+ R̃(Z,X ,Y,U) = 0, (1.1.11)

(∇X R̃)(Y,Z,U,V )+(∇Y R̃)(Z,X ,U,V )+(∇ZR̃)(X ,Y,U,V ) = 0, (1.1.12)

where g(R(X ,Y )Z,U) = R̃(X ,Y,Z,U) for all X ,Y,Z ∈ X(M).

Definition 1.1.12 (Ricci tensor). Let (M,g) be a Riemannian manifold of dimension

n with a Riemannian connection ∇. Then the Ricci tensor field S is the covariant

tensor field of degree 2 defined as Ric(Y,Z) = S(Y,Z) = Trace of the linear map

X → R(X ,Y )Z for all X ,Y,Z ∈ X(M).

Definition 1.1.13 (Ricci operator). If Q is the symmetric endomorphism of TpM→
TpM, p ∈ M and we write S(X ,Y ) = g(QX ,Y ), then Q is the (1,1)-Ricci tensor,

sometimes Q is called the Ricci operator.

Definition 1.1.14 (Scalar curvature). Let M be a Riemannian manifold with the

Levi-Civita connection ∇. Then the scalar curvature r of the manifold is a scalar

function defined as the trace of the (1,1)-Ricci tensor Q. Thus r = Tr.(Q), where

S(X ,Y ) = g(QX ,Y ).

Definition 1.1.15 (Divergence). Let (M,g) be an n-dimensional Riemannian man-

ifold and X is any vector field on M. Then the divergence of the vector field X ,

denoted by divX and is defined as divX = ∑
n
i=1 g(∇eiX ,ei), where {ei} is an or-

thonormal basis of the tangent space TpM at any point p ∈M.

Definition 1.1.16 (Gradient vector field). A vector field Z on a Riemannian mani-

fold (M,g) is said to be a gradient vector field if there exists a function f ∈C∞(M)

such that g(grad f ,Y ) = g(Z,Y ) = df(Y ) for all Y ∈ X(M).

Definition 1.1.17 (Hessian). The Hessian of a function f ∈C∞(M) is defined as its

second covariant differential H f = ∇(∇ f ), where ∇ is the Levi-Civita connection
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on the Riemannian manifold M. Then it can be easily seen that the Hessian H f of

f is a symmetric (0,2)-type tensor field satisfying

H f (X ,Y ) = X(Y f )− (∇XY ) f = g(∇X(grad f ),Y ) (1.1.13)

for all X ,Y ∈ X(M).

Definition 1.1.18 (Laplacian). The Laplacian ∆ f of a function f ∈ C∞(M) is the

divergence of its gradient. i.e., ∆ f = div(grad f ) ∈C∞(M).

Definition 1.1.19 (Sectional curvature). Let (M,g) be a Riemannian manifold of

dimension n. Let π be a 2-dimensional subspace of the tangent space TpM for any

point p ∈M and X ,Y be any two linear independent vectors in π. Then

Kp(π) =−
R̃(X ,Y,Y,X)

g(X ,X)g(Y,Y )−g(X ,Y )2 =− R̃(X ,Y,X ,Y )
G(X ,Y,X ,Y )

(1.1.14)

is a function of π and is independent of the choice of X and Y in π and is called

the sectional curvature of M at (p,π). Sometimes we say Kp(π) is the sectional

curvature of the plane π ⊂ TpM at p.

Now we state the definition of some Einstein manifolds which are very important

for further study.

Definition 1.1.20 (Einstein manifold). An n-dimensional (n > 2) Riemannian man-

ifold is said to be Einstein if its Ricci tensor S of type (0,2) is of the form S = αg,

where α is a smooth function and g is the metric tensor.

It turns into S= r
ng, r being the scalar curvature of the manifold. The above equation

is also called the Einstein metric condition [9].

The notion of quasi-Einstein manifold has been developed by Chaki and Maity [24]

and also in other form by R. Deszcz [38].

Definition 1.1.21 (Quasi-Einstein manifold). A Riemannian manifold (Mn,g),

(n > 2) is said to be a quasi Einstein manifold if its non zero Ricci tensor S of type

(0,2) satisfies the following condition

S(X ,Y ) = αg(X ,Y )+βA(X)A(Y ), (1.1.15)
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on M, where α and β are real valued, non zero scalar functions on (Mn,g). A is a

non zero 1-form such that

g(X ,U) = A(X), g(U,U) = 1. (1.1.16)

A is known as an associated 1-form and U is known as a generator of (Mn,g). This

kind of manifold of dimension n is denoted by (QE)n. If β = 0 in (1.1.15), then

(QE)n turns into an Einstein manifold.

Then the notion of generalized quasi-Einstein manifold has been introduced by

Chaki [26].

Definition 1.1.22 (Generalized quasi-Einstein manifold). A Riemannian manifold

(Mn,g), (n ≥ 3) is said to be a generalized quasi-Einstein manifold denoted by

G(QE)n if its non zero Ricci tensor S of type (0,2) satisfies the following condition

S(X ,Y ) = αg(X ,Y )+βA(X)A(Y )+ γ[A(X)B(Y )+A(Y )B(X)], (1.1.17)

on M, where α , β and γ are real valued, non zero scalar functions on (Mn,g) in

which β 6= 0, γ 6= 0. A and B are two non zero 1-forms such that

g(X ,U) = A(X),g(X ,V ) = B(X),g(U,V ) = 0,g(U,U) = 1,g(V,V ) = 1. (1.1.18)

Here α , β and γ are known as associated scalars. A and B are called associated

1-forms. U and V are generators of this manifold.

Shaikh et al.[109] introduced the notion of hyper-generalized quasi Einstein

(HGQE)n manifold.

Definition 1.1.23 (Hyper-generalized quasi-Einstein manifold). A Riemannian man-

ifold (Mn,g), (n > 2) is said to be a hyper-generalized quasi Einstein manifold if

its Ricci tensor S of type (0,2) is non zero and the following condition

S(X ,Y ) =αg(X ,Y )+βA(X)A(Y )+ γ[A(X)B(Y )+A(Y )B(X)]

+δ [A(X)D(Y )+A(Y )D(X)], (1.1.19)

23



for all X ,Y ∈ χ(M), is satisfied. Here α , β , γ and δ are real valued, non zero scalar

functions on (Mn,g). A, B and D are non zero 1-forms such that

g(X ,U) = A(X),g(X ,V ) = B(X),g(X ,W ) = D(X), (1.1.20)

U, V and W are the mutually orthogonal unit vector fields, i.e.,

g(U,V ) = g(V,W ) = g(U,W ) = 0;g(U,U) = g(V,V ) = g(W,W ) = 1. (1.1.21)

α , β , γ and δ are called associated scalars. A, B and D are called associated

1-forms. U, V and W are called generators of this manifold. This manifold of

dimension n is denoted by (HGQE)n.

Kim et al. [75] studied compact Einstein warped product spaces with non positive

scalar curvature. Güler and Demirbağ [56] dealt with some Ricci conditions on

hyper-generalized quasi-Einstein manifolds. Pahan et al. [91] worked on multiply

warped products quasi-Einstein manifolds with quarter-symmetric connection and

they have discussed on compact super quasi-Einstein warped product with non pos-

itive scalar curvature. Motivated by these works, presently we study about hyper-

generalized quasi Einstein warped product spaces with non positive scalar curva-

ture. Later we apply our results on some physical properties of hyper-generalized

quasi Einstein manifold.

Let {ei : i = 1,2,3, . . . ,n} be an orthogonal frame field at any point of the manifold.

Then by putting X = Y = ei in (1.1.19) and taking summation over i (1 ≤ i ≤ n),

we get

r = nα +β , (1.1.22)

where r is the scalar curvature of the manifold.

It is considered that U as the timelike velocity vector field, V as the heat flux vector

field and W as the stress vector field. i.e.,

g(U,U) =−1,g(V,V ) = 1,g(W,W ) = 1. (1.1.23)

Many geometers worked with various types of curvature tensors in differential ge-

ometry. Tripathi [120] improved Chen-Ricci inequality for curvature like tensors
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and its applications. Chen and Yano [32] introduced the notion of quasi-constant

curvature.

Definition 1.1.24 (Quasi constant curvature). A Riemannian manifold (Mn,g), (n≥
3) is said to be a quasi constant curvature if its curvature tensor R of type (0,4)

satisfies the following condition

R(X ,Y,Z,N) =a1[g(Y,Z)g(X ,N)−g(X ,Z)g(Y,N)]

+a2[g(Y,Z)A(X)A(N)−g(X ,Z)A(Y )A(N)]

+g(X ,N)A(Y )A(Z)−g(Y,N)A(X)A(Z)],

where A is a 1-form and a1, a2 are both non zero scalars.

Motivated by the definition of quasi constant curvature we define hyper-generalized

quasi-constant curvature. It is defined as follows.

Definition 1.1.25 (Hyper-generalized quasi-constant curvature). A Riemannian man-

ifold (Mn,g), (n≥ 3) is called of hyper-generalized quasi-constant curvature if its

curvature tensor has the following form

R(X ,Y,Z,N) =b1[g(Y,Z)g(X ,N)−g(X ,Z)g(Y,N)]

+b2[g(Y,Z)A(X)A(N)+g(X ,N)A(Y )A(Z)

−g(X ,Z)A(Y )A(N)−g(Y,N)A(X)A(Z)]

+b3[g(Y,Z){A(X)B(N)+A(N)B(X)}

+g(X ,N){A(Y )B(Z)+A(Z)B(Y )}

−g(X ,Z){A(Y )B(N)+A(N)B(Y )}

−g(Y,N){A(X)B(Z)+A(Z)B(X)}]

+b4[g(Y,Z){A(X)D(N)+A(N)D(X)}

+g(X ,N){A(Y )D(Z)+A(Z)D(Y )}

−g(X ,Z){A(Y )D(N)+A(N)D(Y )}

−g(Y,N){A(X)D(Z)+A(Z)D(X)}], (1.1.24)

where A, B, D are 1-forms and b1, b2, b3, b4 are non zero scalars.
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Definition 1.1.26 (Almost contact manifold). [14] Let M be a (2n+1) dimensional

smooth manifold and φ ,ξ ,η be a tensor field of type (1,1), a vector field, a 1-form

on M respectively. If φ ,ξ and η satisfies the conditions

η(ξ ) = 1,

φ
2(X) =−X +η(X)ξ

for any vector field X on M, then M is said to have an almost contact structure

(φ ,ξ ,η). The manifold M equipped with the almost contact structure (φ ,ξ ,η) is

called an almost contact manifold.

We now state that every almost contact manifold admits a Riemannian metric tensor

field which plays an analogous role to an almost Hermitian metric tensor field.

Theorem 1.1.27. Every almost contact manifold M admits a Riemannian metric

tensor field g such that

η(X) = g(X ,ξ ), (1.1.25)

g(φX ,φY ) = g(X ,Y )−η(X)η(Y ), (1.1.26)

g(φX ,Y )+g(X ,φY ) = 0, (1.1.27)

for all vector field X and Y.

The equation (1.1.27) means that φ is skew-symmetric with respect to g. We call

the metric tensor g as an associated Riemannian metric of the given almost contact

structure (φ ,ξ ,η). The metric g is also called a compatible metric.

Definition 1.1.28 (Almost contact metric manifold). If M admits a structure

(φ ,ξ ,η ,g), g being an associated Riemannian metric of an almost contact structure

(φ ,ξ ,η), then M is said to have an almost contact metric structure (φ ,ξ ,η ,g)

and the manifold equipped with this structure is called an almost contact metric

manifold.

Definition 1.1.29 (Kenmotsu manifold). An almost contact metric manifold

(M2n+1,g) is said to be a Kenmotsu manifold [73] if it satisfies

(∇X ϕ)Y = g(ϕX ,Y )ξ −η(Y )ϕX . (1.1.28)
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In a Kenmotsu manifold the following relations hold.

(i) ∇X ξ = X−η(X)ξ , (1.1.29)

(ii) (∇X η)Y = g(X ,Y )−η(X)η(Y ), (1.1.30)

(iii) R(X ,Y )ξ = η(X)Y −η(Y )X , (1.1.31)

(iv) S(X ,ξ ) =−2nη(X), (1.1.32)

(v) Qξ =−2nξ , (1.1.33)

for X ,Y ∈ X(M) and where ∇,R,S,Q are the Levi-Civita connection, curvature

tensor, Ricci tensor and Ricci operator respectively.

The notion of trans-Sasakian manifold was introduced by J. A. Oubina [85] in 1985.

Then, J. C. Marrero [78] characterized the local structure of trans-Sasakian mani-

folds of dimension ≥ 5.

Definition 1.1.30 (Trans-Sasakian manifold). An almost contact metric manifold

M̃ is called a trans-Sasakian manifold if it satisfies the following condition

(∇̃X φ)(Y ) = α{g(X ,Y )ξ −η(Y )X}+β{g(φX ,Y )ξ −η(Y )φX}, (1.1.34)

for some smooth functions α , β on M̃ and we say that the trans-Sasakian structure

is of type (α,β ).

For trans-Sasakian manifold, we have from the equation (1.1.34) that

∇̃X ξ =−αφX +β (X−η(X)ξ ), (1.1.35)

(∇̃X η)(Y ) =−αg(φX ,Y )+βg(φX ,φY ). (1.1.36)

For 3-dimensional trans-Sasakian manifold, we have

R̃(X ,Y )Z =

[
r̃
2
−2(α2−β

2−ξ β )

]
[g(Y,Z)X−g(X ,Z)Y ]

−
[

r̃
2
−3(α2−β

2)+ξ β

]
[g(Y,Z)η(X)−g(X ,Z)η(Y )]ξ

+[g(Y,Z)η(X)−g(X ,Z)η(Y )][φgrad α−grad β ]

−
[

r̃
2
−3(α2−β

2)+ξ β

]
η(Z)[η(Y )X−η(X)Y ]

27



− [Zβ +(φZ)α]η(Z)[η(Y )X−η(X)Y ]− [Xβ +(φX)α]

× [g(Y,Z)ξ −η(Z)Y ]− [Y β +(φY )α][g(X ,Z)ξ −η(Z)X ],

S̃(X ,Y ) =
[

r̃
2
− (α2−β

2−ξ β )

]
g(X ,Y )−

[
r̃
2
−3(α2−β

2)+ξ β

]
η(X)η(Y )

− [Y β +(φY )α]η(X)− [Xβ +(φX)α]η(Y ),

r̃ being the scalar curvature of M̃.

When α and β are constants, the above equations give

Q̃X =

[
r̃
2
− (α2−β

2)

]
X−

[
r̃
2
−3(α2−β

2)

]
η(X)ξ , (1.1.37)

R̃(X ,Y )ξ = (α2−β
2)(η(Y )X−η(X)Y ). (1.1.38)

In general, trans-Sasakian manifold of type (0,0), (α,0), (0,β ) are called cosym-

plectic, α-Sasakian and β -Kenmotsu manifold, respectively.

Definition 1.1.31. Let M and N be smooth manifolds with dimM = m,dimN = n,

f : M → N be a smooth map and f∗p : TpM → Tf (p)N be the tangential map at

p ∈M. Then

(i) f is said to be an immersion i f f∗p is in jective f or each p ∈M,

(ii) f is said to be an submersion i f f∗p is sur jective f or all p ∈M,

(iii) f is said to be a local di f f eomorphism at p ∈M i f f∗p is in jective

and sur jective.

(iv) T he pair (M, f ) is called a submani f old o f N i f f is one to one and

an immersion. I f the inclusion map o f M in N is a one to one

immersion, then we say that M is a submani f old o f N.

(v) f is said to be an imbedding i f f is a one to one immersion on M.

Let M be a submanifold of an almost contact manifold M̃ with induced metric g.

Let ∇ and ∇⊥ be the induced connections on the tangent bundle T M and normal

bundle T⊥M of M respectively. Let F denote the algebra of smooth functions on
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M and Γ(T M) denotes the F -module of smooth sections of T M over M. Then the

Gauss and Weingarten formulas are given by

∇̃XY =∇XY +h(X ,Y ), (1.1.39)

∇̃X N =−ANX +∇
⊥
X N, (1.1.40)

for each X ,Y ∈ Γ(T M) and N ∈ Γ(T⊥M), where h and AN are the second funda-

mental form and the shape operator (corresponding to the normal vector field N),

respectively, for the immersion of M into M̃. They are related as

g(h(X ,Y ),N) = g(ANX ,Y ), (1.1.41)

where g denotes the Riemannian metric on M̃ as well as the one induced on M.

For any X ∈ Γ(T M),

φX = PX +FX , (1.1.42)

where PX is the tangential component and FX is the normal component of φX .

For any N ∈ Γ(T⊥M),

φN = BN +CN, (1.1.43)

where BN is the tangential component and CN is the normal component of φN.

Definition 1.1.32 (Almost contact metric manifold). A submanifold M of an almost

contact metric manifold M̃ is said to be invariant if F is identically zero, that is

φX ∈ Γ(T M) and anti-invariant if P is identically zero, that is φX ∈ Γ(T⊥M), for

any X ∈ Γ(T M).

Definition 1.1.33 (Slant submanifold). A slant submanifold is defined in [31] as a

submanifold of (M,g,J) such that, for any nonzero vector X ∈ TpN, the angle θ(X)

between JX and the tangent space TpN is a constant (which is independent of the

choice of the point p∈N and the choice of the tangent vector X in the tangent plane

TpN).

We recall the following result which was obtained by Cabreizo et al. [20] for a slant

submanifold of an almost contact metric manifold.

29



Theorem 1.1.34. Let M be a submanifold of an almost contact metric manifold M̃,

such that ξ ∈ T M. Then, M is slant if and only if ∃ a constant λ ∈ [0,1] such that

P2 = λ (−I +η⊗ξ ). (1.1.44)

Again, if θ is slant angle of M, then λ = cos2 θ .

The following relations are straightforward consequences of the equation (1.1.44):

g(PX ,PY ) =cos2
θ [g(X ,Y )−η(X)η(Y )], (1.1.45)

g(FX ,FY ) =sin2
θ [g(X ,Y )−η(X)η(Y )], (1.1.46)

for any X ,Y ∈ Γ(T M).

For a pointwise slant submanifold of almost Hermitian manifold it is similarly de-

rived in [79]

BFX =−X sin2
θ , CFX =−FPX , (1.1.47)

for all X ∈ Γ(T M).

The mean curvature H of M is given by H = 1
m ∑

m
i=1 h(ei,ei), where m is the di-

mension of M and {e1,e2......,em} is a local orthonormal frame of vector fields on

M.

Definition 1.1.35. A submanifold M of an almost contact metric manifold M̃ is said

to be totally umbilical if the second fundamental form satisfies h(X ,Y ) = g(X ,Y )H,

for all X ,Y ∈ Γ(T M).

Definition 1.1.36. A submanifold M is said to be totally geodesic if h(X ,Y ) = 0,

for all X ,Y ∈ Γ(T M) and minimal if H = 0.

Now, we explain the brief introduction of pointwise bi-slant submanifold of an

almost contact metric manifold M̃.

Definition 1.1.37. [20, 99] A submanifold M of an almost contact metric manifold

(M̃,φ ,ξ ,η ,g) is said to be a pointwise bi-slant submanifold if there exists a pair of
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orthogonal distributions D1 and D2 on M such that:

(i) T M admits the orthogonal direct decomposition i.e., T M = D1⊕D2⊕〈ξ 〉,

where 〈ξ 〉 is the one dimensional distribution spanned by the structure

vector f ield ξ .

(ii) φ(D1)⊥D2 and φ(D2)⊥D1 that implies P(Di)⊂Di, i = 1,2.

(iii) T he distribution D1 and D2 are pointwise slant with slant angles θ1 and

θ2 respectively.

Definition 1.1.38. A pointwise bi-slant submanifold is called proper if its bi-slant

angles θ1,θ2 satisfy θ1,θ2 6= 0, π

2 and θ1,θ2 are not constants on M.

For a pointwise bi-slant submanifold, we take

X = T1X +T2X , ∀X ∈ T M, (1.1.48)

where Ti is the projection from T M onto Di. So, TiX are the components of X in Di,

i = 1,2.

If we put Pi = Ti ◦P, then from the equation (1.1.48) we get

φX = P1X +P2X +FX , ∀X ∈ T M. (1.1.49)

P2 = cos2
θi(−I +η⊗ξ ), i = 1,2. (1.1.50)

Now we give the following definition for proving some theorems in Chapter 5.

Definition 1.1.39. [110] A vector field ς on a Riemannian manifold M which satis-

fies ∇X ς = X, for any vector field X is called a concurrent vector field. ς is called

gradient if there is a function u defined on M such that ς = ∇u.

1.2 Warped product

One of the most fruitful generalizations of the notion of Cartesian or direct prod-

ucts is the notion of warped products defined in [11]. The concept of warped prod-

ucts appeared in the mathematical and physical literature before [11]. For instance,

warped product spaces were called semi-reducible spaces in [77].
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Many exact solutions of the Einstein field equations and modified field equations

are warped products. For instance, the Schwarzschild solution and Robertson-

Walker models are warped products. While the Robertson-Walker models describes

a simply-connected homogeneous isotropic expanding or contracting universe, the

Schwarzschild solution is the best relativistic model that describes the outer space

around a massive star or a black hole. The Schwarzschild model laid the ground-

work for the description of the final stages of gravitational collapse and the objects

known today as black holes. Twisted products and convolution manifolds are two

natural extensions of warped product manifolds.

Let B and F be two pseudo-Riemannian manifolds of positive dimensions equipped

with pseudo-Riemannian metrics gB and gF , respectively, and let f : B→ (0,∞) be

a positive smooth function on B.

Consider the product manifold B×F with its natural projection π : B×F → B and

η : B×F → F.

Definition 1.2.1 (Warped product). The warped product M =B× f F is the manifold

B×F equipped with the pseudo-Riemannian structure such that

〈X ,X〉= 〈π∗(X),π∗(X)〉+ f 2(π(X))〈η∗(X),η∗(X)〉,

for any tangent vector X ∈ T M.

Thus we have g = gB + f 2gF . The function f is called the warping function of the

warped product.

A warped product B× f F is called trivial if f is a constant. In this case, B× f F

is the Riemannian product B×Ff , where Ff is the manifold F equipped with the

metric f 2gF , which is homothetic to gF .

Though in the Riemannian geometry, the class of warped products which have a

non-constant warping functions serve a rich class of examples, Kim et al. [75]

showed it there hardly exists a compact Einstein warped product having non-constant

warping function in condition of non-positiveness of scalar curvature. Additionaly,

they noticed that one warped product would be an Einstein manifold if its base is
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a quasi-Einstein metric. It should be focused that some paradigms of expanding

quasi - Einstein manifolds with an arbitrary Einstein manifold as a fiber and steady

quasi-Einstein manifolds having fiber of non-negative scalar curvature which were

developed in Besse [9]. In recent times, Barros, Batista and Ribeiro [7] served few

volume estimations of Einstein warped products which are similar to a classical

result because of Yau [130] and Calabi [21] for complete Riemannian manifolds

which have non-negative Ricci curvature. Their approach is with quasi-Einstein

manifold. They also showed a hindrance for the existence of such a class of man-

ifolds. In this regard, we want to mention He, Petersen and Wylie’s [61] work

relating Einstein warped product manifolds. As it is an elongation of Case, Shu and

Wei’s [23] work and some erstwhile works of Kim et al. [75], the result of [61] is

that the base may have non-void boundary.

For a warped product B× f F, B is called the base of the warped product and F the

fiber. The leaves B×{q} = η−1(q) and the fibers {p}×F = π−1(p) are pseudo-

Riemannian submanifolds of M. Vectors tangent to leaves are called horizontal and

those tangent to fibers are called vertical. We denote by H the orthogonal projec-

tion of T(p,q)M onto its horizontal subspace T(p,q)(B×{q}) and by V the projection

onto the vertical subspace T(p,q)({p}×F).

If u ∈ TpB, p ∈ B and q ∈ F, then the lift ū of u to (p,q) is the unique vector in

T(p,q)M such that π∗(ū) = u. For a vector field X ∈ X(B), the lift of X to M is the

vector field X whose value at each (p,q) is the lift of Xp to (p,q). The set of all

horizontal lifts is denoted by L (B). Similarly, we denote by L (F) the set of all

vertical lifts.

For X ,Y ∈L (B) and V ,W ∈L (F), we have

[X ,Y ] = [X ,Y ]− ∈B, (1.2.1)

[V ,W ] = [V ,W ]− ∈F , (1.2.2)

[X ,V ] = 0, (1.2.3)

where [X ,Y ]− denotes the lift of [X ,Y ].

The Levi-Civita connection ∇ of M = B× f F is related with the Levi-Civita con-
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nections of B and F as follows.

Proposition 1.2.2. [84] For X ,Y ∈B and V,W ∈F , we have on B× f F that

(1) ∇XY ∈B is the lift of ∇XY on B;

(2) ∇XV = ∇V X = (X ln f )V ;

(3) nor(∇VW ) = σ(V,W ) =−〈V,W 〉
f

∇ f ;

(4) tan(∇VW ) ∈F is the lift of ∇
′
V on F, where ∇

′ is the Levi-Civita connection

of F.

The next results provide the curvature of a warped product M = B× f F in terms of

its warping function f and the curvature tensors RB and RF of B and F.

Proposition 1.2.3. [84] Let M = B× f F be a warped product with Riemannian

curvature tensor R. If X ,Y,Z ∈ X(B) and U,V,W ∈ X(F), then

(1) R(X ,Y )Z = RB(X ,Y )Z,

(2) R(V,X)Y =
H f (X ,Y )

f
V,

(3) R(X ,Y )V = R(V,W )X = 0,

(4) R(X ,V )W =
g(V,W )

f
D1

X(∇ f ),

(5) R(V,W )U = RF(V,W )U +
‖∇ f‖2

f 2 [g(W,U)V −g(V,U)W ] .

Proposition 1.2.4. [84] On the warped product M = B× f F with dim(F) = d > 1,

let X ,Y ∈ X(B) and V,W ∈ X(F). Then the Ricci tensor SM of M are given by

(1) SM(X ,Y ) = SB(X ,Y )− d
f

H f (X ,Y ),

(2) SM(X ,V ) = 0,

(3) SM(V,W ) = SF(V,W )−g(V,W ) f #, f # =
∆ f
f
+

d−1
f 2 ‖∇ f‖2,

where ∆ f = tr
(
H f ) and H f are respectively the Laplacian and the Hessian of f on

B.
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Proposition 1.2.5. [84] Let M = B× f F be a semi-Riemannian warped product

furnished with the metric gM = gB⊕ f 2gF . Then the scalar curvature τ of M admits

the following relation

τ = τB +
τF

f 2 −2s
∆B( f )

f
− s(s−1)

‖gradB f‖2
B

f 2 ,

where r = dim(B) and s = dim(F).

Multiply warped products is the generalization of warped products.

Definition 1.2.6. [126] A multiply warped product is the product manifold M =

B×h1 F1×h2 F2...×hm Fm endowed with the metric tensor g = gB⊕h2
1gF1⊕h2

2gF2⊕
h2

3gF3⊕ ....⊕h2
mgFm defined by

g = π
∗(gB)⊕ (h1 ◦π)2

σ
∗
1 (gF1)⊕ ...⊕ (hm ◦π)2

σ
∗
m(gFm),

where π and σi (i = 1,2, ...,m) are the natural projections of B×F1×F2.....×Fm

onto B,F1,F2, ...,Fm−1 and Fm respectively. For each i ∈ {1,2, ...,m} the function

hi : B→ (0,∞) is smooth and (Fi,gFi) is a pseudo-Riemannian manifold.

Note 1.2.7. In particular, when B = (c,d) equipped with the negative definite met-

ric gB = −dt2, where c < d and (Fi,gFi) is a Riemannian manifold for each i ∈
{1,2, ...,m}, then we call (M,g) as the generalized Robertson-Walker spacetimes.

Let M =M0× f1 M1× f2 M2 be a biwarped product submanifold. Letting DT = T MT ,

D⊥ = T M⊥, Dθ = T Mθ and N = f1 M1× f2 M2, we obtain [29, 123]

∇X Z =
2

∑
i=1

(X(ln fi))Zi, (1.2.4)

where Z ∈Γ(T N), X ∈DT , ∇ is the Levi-Civita connection of M and Mi-component

of Z is Zi (i = 1,2).

1.3 Ricci and Riemann soliton

Ricci solitons are the generalization of Einstein manifolds. Hamilton [59] devel-

oped this idea at the beginning of 80’s.
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Definition 1.3.1. One complete Riemannian manifold M furnished with a metric g

is said to be a Ricci soliton if it satisfies the following relation

Ric+
1
2

£X g = λg, (1.3.1)

where λ being a scalar quantity and X being a vector field of M.

The above equation (1.3.1) is known as the fundamental equation. Ricci solitons

are of three types. They are shrinking, expanding and steady. These classifications

depend on the value of λ . If λ > 0, λ < 0 and λ = 0, then a Ricci soliton will

be shrinking, expanding and steady respectively. Moreover, If we take X = ∇ψ in

(1.3.1), where ψ being a smooth function on M, then we denote the gradient Ricci

soliton as (M,g,∇ψ,λ ). Hence the equation (1.3.1) becomes

Ric+∇
2
ψ = λg, (1.3.2)

where Hessian of ψ = ∇2ψ . To know more see [22, 59]. If λ is a smooth function

then a Ricci soliton is called almost Ricci soliton.

J. N. Gomes, Q. Wang and C. Xia introduced a new kind of Ricci soliton, called

h-almost Ricci soliton in [58]. They have given the following definition.

Definition 1.3.2 (h-almost Ricci soliton). An h-almost Ricci soliton is a complete

Riemannian manifold (Mn,g) which are smooth and satisfy the equation

Ric+
h
2

£X g = λg,

where X ∈X(M), λ : M→ R is a soliton function and h : M→ R is a function. Then

(Mn,g,X ,h,λ ) is called an h-almost Ricci soliton.

Definition 1.3.3 (η-Ricci soliton). [34] Let (M,φ ,ξ ,η ,g) be an almost paracon-

tact metric manifold. Consider the equation

£ξ g+2S+2λg+2µη⊗η = 0,

where £ξ is the Lie derivative operator along the vector field ξ , S is the Ricci

curvature tensor field of the metric g, and λ and µ are real constants. Writing £ξ g

in terms of the Levi-Civita connection ∇, we obtain:

2S(X ,Y ) =−g(∇X ξ ,Y )−g(X ,∇Y ξ )−2λg(X ,Y )−2µη(X)η(Y ),
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for any X ,Y ∈ X(M). The data (g,ξ ,λ ,µ) which satisfy the above equation is said

to be an η-Ricci soliton on M.

We introduce a new notion of “h-almost η-Ricci soliton” as follows.

Definition 1.3.4 (h-almost η-Ricci soliton). A complete Riemannian manifold (Mn,g)

furnished with a metric g is said to be an h-almost η-Ricci soliton if it satisfies the

following relation

Ric+
h
2

£X g = λg+µ(η⊗η), (1.3.3)

where λ being a scalar quantity, X being a vector field belonging to M, h : M→ R

is a smooth function and η is a 1-form.

Moreover, if we put X = ∇ψ in (1.3.3), then we obtain an another definiton as

follows.

Definition 1.3.5 (Gradient h-almost η-Ricci soliton). A complete Riemannian man-

ifold (Mn,g) furnished with a metric g is said to be a gradient h-almost η-Ricci

soliton if it satisfies the following relation

Ric+h∇
2
ψ = λg+µ(η⊗η), (1.3.4)

where ψ being a smooth function on M and Hessian of ψ = ∇2ψ , then it is said to

be a gradient h-almost η- Ricci soliton and we denote it as (M,g,∇ψ,h,η ,λ ) for

convenience.

Hamilton [60] developed the idea of Ricci flow in 1982. The Ricci flow is a special

case of Riemann flow [125]. Hiric̆a and Udriste [63] introduced and studied Rie-

mann soliton as a comparison of Ricci soliton. This arises as a self-similar solution

of Riemann flow

∂

∂ t
G(t) =−2R(g(t)) ; t ∈ [0, I], (1.3.5)

where G = 1
2(g∧ g), R is the Riemann curvature tensor with respect to the metric

tensor g and ∧ is the Kulkarni-Nomizu product. These are the natural extensions

because some results in Riemann flow resemble Ricci flow. Riemann flow verifies

the uniqueness and short time existence.
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Definition 1.3.6 (Kulkarni-Nomizu product). The Kulkarni-Nomizu product ∧ of

two (0,2)-type tensors A and B is defined by

(A∧B)(X ,Y,Z,W ) =A(X ,Z)B(Y,W )+A(Y,W )B(X ,Z)

−A(X ,W )B(Y,Z)−A(Y,Z)B(X ,W ), (1.3.6)

Definition 1.3.7 (Riemann soliton). A smooth manifold M furnished with the Rie-

mannian metric tensor g is said to be a Riemann soliton [39] if it satisfies

2R+α(g∧g)+(g∧£V g) = 0, (1.3.7)

where £V is the Lie derivative with respect to the potential vector field V and α is a

constant.

Riemann soliton corresponds as a fixed point of Riemann flow and they are viewed

as a dynamical system on space of Riemannian metric modulo diffeomorphism. It is

noted that the concept of Riemann soliton generalizes a space of constant sectional

curvature. That is, R = c(g∧ g), where c is a constant. Moreover, a Riemann

soliton is said to be expanding, steady and shrinking if α > 0, α = 0 and α < 0

respectively. If V = ∇u, where ∇u denotes the gradient of the potential function u,

then we obtain the concept of gradient Riemann soliton. For this case, the equation

(1.3.2) becomes

R+
α

2
(g∧g)+(g∧Hu) = 0, (1.3.8)

where Hu is the Hessian of the smooth function u. According to Perelman [96], we

know that a Ricci soliton on a compact manifold is a gradient Ricci soliton. If the

potential vector field V vanishes identically, then a Riemann soliton is said to be

trivial. For the trivial case, the manifold is of constant sectional curvature.

Ramesh Sharma [113], Mukut Mani Tripathi [119], Cornelia Livia Bejan and Mircea

Crasmareanu [19], S. Pahan [86, 87, 90], etc studied Ricci soliton on various types

of contact metric manifolds.
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1.4 Spacetimes

Definition 1.4.1. Let (Mn,g) be a semi-Riemannian manifold of dimension n. Then

G is said to be an Einstein gravitational tensor field of M if it satisfies the relation

G(X ,Y ) = Ric(X ,Y )− 1
2

Sg(X ,Y )

for every X ,Y ∈ X(M), where S is the scalar curvature on M.

Therefore the Einstein field equations can be written in the form

Ric(X ,Y )− 1
2

Sg(X ,Y )+κg(X ,Y ) = λT (X ,Y ),

where T is the stress-energy tensor, κ is the cosmological constant and λ is the

Einstein gravitational constant. The basic solutions of the Einstein field equations

have been studied in Lorentzian geometry and general theory of relativity and they

can be expressed in terms of the warped products [8]. In Lorentzian geometry

some well-known solutions of the Einstein field equations such as Schwarzschild

and Friedmann-Robertson-Walker metrics can be expressed in terms of the warped

products. The generalized Friedmann-Robertson-Walker metric and solutions of

the Einstein field equations can be expressed in terms of the Lorentzian warped

products. Different models like the general relativistic model of gravitation and

cosmological model provided the importance to find the Einstein equations. The

warped product geometry is used to solve the partial differential equations since we

can easily use the method of separation of variables. In five dimensional warped

product geometry [101], the world has been considered as a higher dimensional

universe expressed in terms of warped product geometry. Albert Einstein provided

a static solution of the field equations and introduced the cosmological constant

[47]. Recently, the cosmological constants were studied by many authors on various

spaces [54, 51, 5, 93].

Many authors studied the warped product manifolds and locally conformally flat

manifolds, see [16, 17]. There are several studies correlating the warped product

Einstein manifolds under various conditions on the curvature and symmetry, see
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[28, 61, 62, 83]. It is well-known that the Einstein condition on warped geome-

tries requires that the fibers must be necessarily Einstein [9]. In 2000, B. Ünal

[126] derived the covariant derivative formulas for multiply warped products and

also studied the geodesic equations for such type of spaces. In 2000, J. Choi [35]

investigated the curvature of a multiply warped product with C0-warping functions

and represented the interior Schwarzschild spacetime as a multiply warped product

spacetime with warping functions. In 2005, F. Dobarro and B. Ünal [41] studied the

Ricci-flat and Einstein-Lorentzian multiply warped products and provided some re-

sults on the generalized Kasner spacetimes. In 2005 [18], authors obtained the

necessary and sufficient conditions for a static spacetime to be locally conformally

flat. In 2016, D. Dumitru [46] calculated the warping functions for multiply gen-

eralized Robertson-Walker space-time to be an Einstein manifold when all fibers

are Ricci flat. In 2017, F. Gholami, F. Darabi and A. Haji-Badali [54] studied the

multiply warped product metrics and reduced the Einstein equations for generalized

Friedmann-Robrtson-Walker spacetime. In 2017, Sousa and Pina [114] studied the

warped product semi-Riemannian Einstein manifolds under consideration that the

base is conformal to an n-dimensional pseudo-Euclidean space and invariant under

the action of an (n−1)-dimensional group. More recently, in [94], the authors gen-

eralized the work of Sousa and Pina for multiply warped product semi-Riemannian

Einstein manifolds.

So, there are several studies correlating the warped product manifolds, multiply

warped product manifolds, Einstein-Lorentzian multiply warped product manifolds,

generalized Kasner spacetimes, static spacetime with conformal condition and gen-

eralized Friedmann-Robrtson-Walker spacetime etc. It is well-known that the gen-

eralized Friedmann-Robertson-Walker metric and solutions of the Einstein field

equations can be expressed in terms of the Lorentzian warped products. The multi-

ply warped product (M,g) is a Lorentzian multiply warped product when it satisfies

Note 1.2.7. Then the Lorentzian multiply warped product (M,g) is called a general-

ized Robertson-Walker spacetime. In this literature we consider a multiply warped

product metric of the generalized Friedmann-Robertson-Walker spacetime of type

M = B×h1 F1×h2 F2 with dim(B) = 1, the warping functions h1,h2 associated to
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the submanifolds F1,F2 with dimensions n1,n2 respectively and the submanifold

F1 is conformal to (Rn1,g), a pseudo-Euclidean space. A new way to study on

generalized Friedmann-Robertson-Walker spacetime means we discuss the Einstein

gravitational field tensors and the cosmological constant in generalized Friedmann-

Robertson-Walker spacetime (M,g) of type M = B×h1 F1 ×h2 F2 equipped with

the metric g = gB⊕ h1
2g1⊕ h2

2g2, where g1 = g
ϕ2 , g being the pseudo-Euclidean

metric on Rn1 with respect to the co-ordinates x = (x1,x2, ...,xn1), gi j = δi jεi and

ϕ : Rn1 → R is a smooth function.

This literature deals with some investigations in the theory of general relativity with

respect to the coordinate vanishing method in differential geometry. In this type

of study a spacetime of general relativity is considered like a connected pseudo-

Riemannian manifold of dimension four equipped with the Lorentzian metric g

having signature (–, +, +, +). The field equation of Einstein [84] follows that the

energy momentum tensor is of divergence free. If the energy momentum tensor is

covariant constant then this demand is fulfilled. Chaki and Roy [25] had proved that

a general relativistic spacetime admitting the covariant constant energy momentum

tensor is Ricci symmetric. Many authors [57, 131, 89, 87] had studied spacetimes

in different ways on different manifolds and different curvature tensors.

Definition 1.4.2 (Einstein spacetime). A spacetime is called an Einstein spacetime

if the Ricci tensor S of type (0,2) satisfies the relation S = r
ng, n > 2 on M where r

is the scalar curvature of (Mn,g).

Definition 1.4.3 (Spacetime with constant curvature). A spacetime is called a space-

time with constant curvature if the curvature tensor satisfies the relation

R(X ,Y,Z,W )= k[g(X ,Z)g(Y,W )−g(X ,W )g(Y,Z)] on M for any X ,Y,Z,W ∈X(M).

Definition 1.4.4 (Killing vector field). The vector field ξ is said to be a Killing

vector field if it satisfies the relation
(
£ξ g
)
(X ,Y ) = 0 where X ,Y ∈ X(M).

Definition 1.4.5 (Conformal Killing vector field). The vector field ξ is said to be

a conformal Killing vector field if it satisfies the relation
(
£ξ g
)
(X ,Y ) = 2φg(X ,Y )

where X ,Y ∈ X(M) and φ is being a scalar.

41



The aim of this doctoral thesis is to study on some warped product manifolds. The

thesis consists of five chapters.

After this introductory chapter, the second chapter is devoted to study the geometry

of pseudo-projective curvature tensor on warped product manifolds. This chapter is

divided into five units. Firstly, there is an introductory part. The next unit “prelimi-

naries” is to present some basic definitions and useful results on pseudo-projective

curvature tensor and pseudo-Riemannian manifold briefly. Then in the third unit

the nature of pseudo-projective curvature tensor on warped product manifolds in

terms of its base and fiber manifolds has been investigated. Some interesting re-

sults describing the geometry of base and fiber manifolds for a pseudo-projectively

flat warped product manifold are obtained as well. The last two units deal with the

generalized Robertson-Walker space-times and standard static space-times admit-

ting pseudo-projective curvature tensor respectively.

The third chapter is devoted to the study of biwarped product submanifolds in

metallic Riemannian manifold and locally nearly metallic Riemannian manifold.

The third chapter consists of eight units. After the “introduction” part, the “pre-

liminaries” unit is given to recall some important results for further study. Then

the third unit describes the nature of biwarped product generalized J-induced sub-

manifold of first order. The fourth unit gives illustration to ensure the existence

of biwarped product generalized J-induced submanifold of first order in metal-

lic Riemannian manifold. Then we find out necessary and sufficient conditions

for the biwarped product generalized J-induced submanifold of first order of type

MT × f M⊥×σ Mθ to be locally trivial. The sixth unit establishes an inequality for

the second fundamental form in metallic Riemannian manifold. Next biwarped

product submanifolds of a locally nearly metallic Riemannian manifold has been

studied. The eighth unit yields a sharp inequality for the second fundamental form

in locally nearly metallic Riemannian manifold.

The fourth chapter is based on some spacetimes as an application of warped prod-

uct manifolds. It contains fourteen sections. After the “introduction” part, there

is “preliminaries” unit to remind some significant facts regarding this. Then the
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third section discusses the generalized Friedmann-Robertson-Walker spacetime in

a new way. The fourth section represents some examples of generalized black hole

solutions. The fifth section is focused on hyper-generalized quasi Einstein warped

product spaces with non positive scalar curvature. Then consecutively four sections

are used to investigate some geometric and physical properties of (HGQE)n mani-

folds. The tenth section illuminates the general relativistic viscous fluid (HGQE)4

spacetimes with some physical applications. Then a non trivial example has been

set up to ensure the existence of (HGQE)4 spacetimes. Twelfth section deals with

a spacetime admitting vanishing T -curvature tensor. The last two sections convey

the behaviour of general relativistic viscous fluid spacetime admitting vanishing

and divergence free T -curvature tensor respectively.

In the last chapter, we introduce a new notion of gradient h-almost η-Ricci soli-

ton and study Riemann soliton in the frame of warped product Kenmotsu manifold.

This chapter is divided into six units. The first one is introductory unit. Some ba-

sic definitions, ideas and results related to it belong to the preliminaries unit. Then

Riemann soliton has been studied on warped product Kenmotsu manifold to deduce

some conditions for its existence admitting W2-curvature tensor, projective curva-

ture tensor and Weyl-conformal curvature tensor. The fourth unit is added to ensure

the existence of Riemann soliton on 5-dimensional warped product Kenmotsu man-

ifold by constructing an example. In the fifth unit, Ricci soliton and gradient Ricci

soliton have been discussed with pointwise bi-slant submanifolds of trans-Sasakian

manifolds to establish that the pointwise bi-slant submanifolds of trans-Sasakian

manifold is Einstein manifolds under certain conditions. The last unit is dealt with

the existence of the gradient h-almost η-Ricci soliton warped product. The nature

of h-almost η-Ricci soliton and gradient h-almost η-Ricci soliton has been investi-

gated admitting a concurrent vector field.
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CHAPTER 2

Pseudo-projective curvature tensor on warped

product manifolds

2.1 Introduction

B. Prasad [100] developed the notion of pseudo-projective curvature tensor. It in-

cludes the projective curvature tensor. Many authors [45, 101, 81, 82] studied the

pseudo-projective curvature tensor in different ways. It has been studied in mathe-

matics as well as physics as a research topic. Shenawy and Ünal [111] studied the

W2-curvature tensor on warped product manifolds.

The second chapter is devoted to study the geometry of pseudo-projective curvature

tensor on warped product manifolds. Moreover, this chapter discusses its applica-

tions in generalized Robertson-Walker space-times and standard static space-times

respectively. The pseudo-projective curvature tensor provides a way to frame the

main results on warped product manifolds in generalized Robertson-Walker space-

times and standard static space-times respectively.
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This chapter is divided into five units. Firstly, there is an introductory part. The

next unit “preliminaries” is to present some basic definitions and useful results on

pseudo-projective curvature tensor and pseudo-Riemannian manifold briefly. Then

in the third unit the nature of pseudo-projective curvature tensor on warped product

manifolds in terms of its base and fiber manifolds has been investigated. Some

interesting results describing the geometry of base and fiber manifolds for a pseudo-

projectively flat warped product manifold are obtained as well. The last two units

deal with the generalized Robertson-Walker space-times and standard static space-

times admitting pseudo-projective curvature tensor respectively.

2.2 Preliminaries

In this unit some basic ideas related to pseudo-projective curvature tensor and

pseudo-Riemannian manifold have been highlighted shortly. B. Prasad defined the

pseudo-projective curvature tensor as follows.

Definition 2.2.1 (Pseudo-projective curvature tensor). [100] The pseudo-projective

curvature tensor P̄∗ on a pseudo-Riemannian manifold is defined by

P̄∗(X ,Y,Z,W ) =a1R̄(X ,Y,Z,W )+a2[S(Y,Z)g(X ,W )−S(X ,Z)g(Y,W )]

− τ

n

(
a1

n−1
+a2

)
[g(Y,Z)g(X ,W )−g(X ,Z)g(Y,W )], (2.2.1)

where a1 and a2 (6= 0) are two constants, S is the Ricci tensor of (0,2)-type, τ is the

scalar curvature of the manifold , P̄∗(X ,Y,Z,W )= g(P∗(X ,Y )Z,W ), R̄(X ,Y,Z,W )=

g(R(X ,Y )Z,W ) and R is the Riemannian curvature tensor.

If a1 = 1 and a2 = − 1
n−1 , then (2.2.1) reduces to the projective curvature tensor.

Moreover, if P∗= 0 for n> 3, then a pseudo-Riemannian manifold is called pseudo-

projectively flat.

It clearly follows from (2.2.1) that

P∗(X ,Y )Z =a1R(X ,Y )Z +a2 [S(Y,Z)X−S(X ,Z)Y ]

− τ

n

(
a1

n−1
+a2

)
[g(Y,Z)X−g(X ,Z)Y ] . (2.2.2)
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Remark 2.2.2. Suppose M is a pseudo-Riemannian manifold. Then

P∗(X ,Y )Z +P∗(Y,Z)X +P∗(Z,X)Y = 0 for X ,Y,Z ∈ X(M).

Proposition 2.2.3. Suppose M is a pseudo-Riemannian manifold. Then the pseudo-

projective curvature tensor vanishes if and only if the tensor P∗ vanishes.

Definition 2.2.4 (Hessian type metric). A Riemannian metric g is said to be of

Hessian type metric if H f1 = f2g for any two smooth functions f1 and f2, where

H f1 denotes the Hessian of the function f1.

2.3 Pseudo-projective curvature tensor on warped

product manifolds

This unit is to give a new concept of pseudo-projective curvature tensor on warped

product manifolds. We consider the warped product M =M1× f M2 where dim(M)=

n, dim(M1) = n1 and dim(M2) = n2 such that n = n1 + n2, ni 6= 1 for i = 1,2. We

denote R, Ri as curvature tensor and S, Si as Ricci tensor on M, Mi respectively.

On the other hand, ∇ f , ∆ f and H f are respectively the gradient, Laplacian and

Hessian of f on M1. D, Di indicate the Levi-Civita connection with respect to the

metric g, gi for i = 1, 2 respectively. Throughout our entire study we use the rela-

tion f # = ∆ f
f + n2−1

f 2 ‖∇ f‖2. Last of all, we denote the pseudo-projective curvature

tensor on M and Mi by P̄∗ and P̄∗i respectively. We also indicate the tensor P∗ on M

and P∗i on Mi respectively.

Now the following theorems have been proved for the pseudo-projective curvature

tensor on warped product manifolds. These theorems describe the warped geometry

in terms of its base and fiber manifolds.

Theorem 2.3.1. Let M = M1× f M2 be a warped product manifold furnished with

the metric g = g1⊕ f 2g2. If Xi,Yi,Zi ∈ X(Mi) for i = 1,2, then

P∗(X1,Y1)Z1 =P∗1 (X1,Y1)Z1 + τ

[
n2(n+n1−1)

nn1(n−1)(n1−1)
a1 +

n2

nn1
a2

]
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× [g1(Y1,Z1)X1−g1(X1,Z1)Y1]

+
a2n2

f

[
H f (X1,Z1)Y1−H f (Y1,Z1)X1

]
,

P∗(X1,Y1)Z2 =P∗(X2,Y2)Z1 = 0,

P∗(X1,Y2)Z1 =

(
a2n2−a1

f

)
H f (X1,Z1)Y2−a2S1(X1,Z1)Y2

+
τ

n

(
a1

n−1
+a2

)
g1(X1,Z1)Y2,

P∗(X1,Y2)Z2 =a1 f g2(Y2,Z2)D1
X1

∇ f +a2S2(Y2,Z2)X1

− f 2
[

a2 f # +
τ

n

(
a1

n−1
+a2

)]
g2(Y2,Z2)X1,

P∗(X2,Y2)Z2 =P∗2 (X2,Y2)Z2 +

[(
n2−n−n2

2 f 2 +n2 f 2

nn2(n−1)(n2−1)

)
a1τ

+

(
n−n2 f 2

nn2

)
τa2−a2 f 2 f # +a1‖∇ f‖2

]
× [g2(Y2,Z2)X2−g2(X2,Z2)Y2] .

Proof. Let M = M1× f M2 be a warped product manifold furnished with the metric

g = g1⊕ f 2g2. Let dim(M) = n, dim(Mi) = ni for i = 1,2 and n = n1 + n2. Let

Xi,Yi,Zi ∈ X(Mi) for i = 1,2. Then, we obtain

P∗(X1,Y1)Z1 =a1R(X1,Y1)Z1 +a2 [S(Y1,Z1)X1−S(X1,Z1)Y1]

− τ

n

(
a1

n−1
+a2

)
[g(Y1,Z1)X1−g(X1,Z1)Y1]

=a1R1(X1,Y1)Z1 +a2

[{
S1(Y1,Z1)−

n2

f
H f (Y1,Z1)

}
X1

−
{

S1(X1,Z1)−
n2

f
H f (X1,Z1)

}
Y1

]
− τ

n

(
a1

n−1
+a2

)
[g1(Y1,Z1)X1−g1(X1,Z1)Y1]

=a1R1(X1,Y1)Z1 +a2[S1(Y1,Z1)X1−S1(X1,Z1)Y1]

− τ

n1

(
a1

n1−1
+a2

)
[g1(Y1,Z1)X1−g1(X1,Z1)Y1]

+

[
τ

n1

(
a1

n1−1
+a2

)
− τ

n

(
a1

n−1
+a2

)]
× [g1(Y1,Z1)X1−g1(X1,Z1)Y1]
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+
a2n2

f

[
H f (X1,Z1)Y1−H f (Y1,Z1)X1

]
=P∗1 (X1,Y1)Z1 + τ

[
n2(n+n1−1)

nn1(n−1)(n1−1)
a1 +

n2

nn1
a2

]
× [g1(Y1,Z1)X1−g1(X1,Z1)Y1]

+
a2n2

f

[
H f (X1,Z1)Y1−H f (Y1,Z1)X1

]
,

P∗(X1,Y1)Z2 =a1R(X1,Y1)Z2 +a2 [S(Y1,Z2)X1−S(X1,Z2)Y1]

− τ

n

(
a1

n−1
+a2

)
[g(Y1,Z2)X1−g(X1,Z2)Y1]

=0,

P∗(X1,Y2)Z1 =a1R(X1,Y2)Z1 +a2 [S(Y2,Z1)X1−S(X1,Z1)Y2]

− τ

n

(
a1

n−1
+a2

)
[g(Y2,Z1)X1−g(X1,Z1)Y2]

=−
(

a1

f

)
H f (X1,Z1)Y2−a2

[
S1(X1,Z1)Y2

− n2

f
H f (X1,Z1)Y2

]
+

τ

n

(
a1

n−1
+a2

)
g1(X1,Z1)Y2

=

(
a2n2−a1

f

)
H f (X1,Z1)Y2−a2S1(X1,Z1)Y2

+
τ

n

(
a1

n−1
+a2

)
g1(X1,Z1)Y2,

P∗(X1,Y2)Z2 =a1R(X1,Y2)Z2 +a2 [S(Y2,Z2)X1−S(X1,Z2)Y2]

− τ

n

(
a1

n−1
+a2

)
[g(Y2,Z2)X1−g(X1,Z2)Y2]

=

(
a1

f

)
g(Y2,Z2)D1

X1
∇ f +a2

[
S2(Y2,Z2)X1

− f #g(Y2,Z2)X1
]
− τ f 2

n

(
a1

n−1
+a2

)
g2(Y2,Z2)X1

=a1 f g2(Y2,Z2)D1
X1

∇ f +a2S2(Y2,Z2)X1

− f 2
[

a2 f # +
τ

n

(
a1

n−1
+a2

)]
g2(Y2,Z2)X1,

P∗(X2,Y2)Z1 =a1R(X2,Y2)Z1 +a2 [S(Y2,Z1)X2−S(X2,Z1)Y2]

− τ

n

(
a1

n−1
+a2

)
[g(Y2,Z1)X2−g(X2,Z1)Y2]

=0,
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P∗(X2,Y2)Z2 =a1R(X2,Y2)Z2 +a2 [S(Y2,Z2)X2−S(X2,Z2)Y2]

− τ

n

(
a1

n−1
+a2

)
[g(Y2,Z2)X2−g(X2,Z2)Y2]

=a1

[
R2(X2,Y2)Z2 +

‖∇ f‖2

f 2 {g(Y2,Z2)X2−g(X2,Z2)Y2}
]

+a2[{S2(Y2,Z2)X2− f #g(Y2,Z2)X2}

−{S2(X2,Z2)Y2− f #g(X2,Z2)Y2}]

− τ f 2

n

(
a1

n−1
+a2

)
[g2(Y2,Z2)X2−g2(X2,Z2)Y2]

=a1R2(X2,Y2)Z2 +a2
[
S2(Y2,Z2)X2−S2(X2,Z2)Y2

]
− τ

n2

(
a1

n2−1
+a2

)
[g2(Y2,Z2)X2−g2(X2,Z2)Y2]

+

[
τ

n2

(
a1

n2−1
+a2

)
− τ f 2

n

(
a1

n−1
+a2

)
−a2 f 2 f # +a1‖∇ f‖2

]
[g2(Y2,Z2)X2−g2(X2,Z2)Y2]

=P∗2 (X2,Y2)Z2 +

[(
n2−n−n2

2 f 2 +n2 f 2

nn2(n−1)(n2−1)

)
a1τ

+

(
n−n2 f 2

nn2

)
τa2−a2 f 2 f # +a1‖∇ f‖2

]
× [g2(Y2,Z2)X2−g2(X2,Z2)Y2] .

This completes the proof.

Corollary 2.3.2. Let M = M1× f M2 be a pseudo-projectively flat warped product

manifold furnished with the metric g = g1⊕ f 2g2. Then

P̄∗1 (X1,Y1,Z1,W1) =τ

[
n2(n+n1−1)

nn1(n−1)(n1−1)
a1 +

n2

nn1
a2

]
× [g1(X1,Z1)g1(Y1,W1)−g1(Y1,Z1)g1(X1,W1)]

+
a2n2

f

[
H f (Y1,Z1)g1(X1,W1)−H f (X1,Z1)g1(Y1,W1)

]
,

for X1,Y1,Z1,W1 ∈ X(M1).

Proof. Let us assume that M =M1× f M2 be a pseudo-projectively flat warped prod-
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uct manifold. Therefore, in view of Theorem 2.3.1, we obtain

P∗1 (X1,Y1)Z1 =τ

[
n2(n+n1−1)

nn1(n−1)(n1−1)
a1 +

n2

nn1
a2

]
× [g1(X1,Z1)Y1−g1(Y1,Z1)X1]

+
a2n2

f

[
H f (Y1,Z1)X1−H f (X1,Z1)Y1

]
.

Therefore, we derive

P̄∗1 (X1,Y1,Z1,W1) =g1 (P∗1 (X1,Y1)Z1,W1)

=τ

[
n2(n+n1−1)

nn1(n−1)(n1−1)
a1 +

n2

nn1
a2

]
× [g1(X1,Z1)g1(Y1,W1)−g1(Y1,Z1)g1(X1,W1)]

+
a2n2

f

[
H f (Y1,Z1)g1(X1,W1)

−H f (X1,Z1)g1(Y1,W1)
]
.

This completes the proof.

Corollary 2.3.3. Let M = M1× f M2 be a pseudo-projectively flat warped product

manifold furnished with the metric g = g1⊕ f 2g2. Then the base manifold M1 is

pseudo-projectively flat if and only if

τ

[
n2(n+n1−1)

nn1(n−1)(n1−1)
a1 +

n2

nn1
a2

]
× [g1(X1,Z1)g1(Y1,W1)−g1(Y1,Z1)g1(X1,W1)]

+
a2n2

f

[
H f (Y1,Z1)g1(X1,W1)−H f (X1,Z1)g1(Y1,W1)

]
= 0,

for X1,Y1,Z1,W1 ∈ X(M1).

Proof. Let the base manifold M1 be pseudo-projectively flat. Then

P̄∗1 (X1,Y1,Z1,W1) = 0.

Clearly, the proof follows from Corollary 2.3.2.

Theorem 2.3.4. Let M = M1× f M2 be a pseudo-projectively flat warped product

manifold furnished with the metric g = g1⊕ f 2g2. Then the scalar curvature τ1 of

M1 is given by

τ1 =
1
a2

[(
a2n2−a1

f

)
∆ f +

τn1

n

(
a1

n−1
+a2

)]
.
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Proof. Let us assume that M =M1× f M2 be a pseudo-projectively flat warped prod-

uct manifold. Then Theorem 2.3.1 implies that

S1(X1,Z1) =
1
a2

[(
a2n2−a1

f

)
H f (X1,Z1)+

τ

n

(
a1

n−1
+a2

)
g1(X1,Z1)

]
.

Taking contraction over X1 and Z1, we gain

τ1 =
1
a2

[(
a2n2−a1

f

)
∆ f +

τn1

n

(
a1

n−1
+a2

)]
.

This completes the proof.

Remark 2.3.5. Proposition 1.2.5 [41] and Theorem 2.3.4 jointly imply that the

scalar curvature τ2 of (M2,g2) is a constant since the left hand side of the equation

in Theorem 2.3.4 depends only on the base manifold (M1,g1).

Theorem 2.3.6. Let M = M1× f M2 be a pseudo-projectively flat warped product

manifold furnished with the metric g = g1⊕ f 2g2. Then the pseudo-projective cur-

vature tensor of M2 is given by

P̄∗2 (X2,Y2,Z2,W2) =

[(
n2−n−n2

2 f 2 +n2 f 2

nn2(n−1)(n2−1)

)
a1τ +

(
n−n2 f 2

nn2

)
τa2

−a2 f 2 f # +a1‖∇ f‖2
]
× [g2(X2,Z2)g2(Y2,W2)

−g2(Y2,Z2)g2(X2,W2)],

for X2,Y2,Z2,W2 ∈ X(M2).

Proof. Let M = M1× f M2 be a pseudo-projectively flat warped product manifold.

From Theorem 2.3.1, it follows that

0 =P∗2 (X2,Y2)Z2 +

[(
n2−n−n2

2 f 2 +n2 f 2

nn2(n−1)(n2−1)

)
a1τ +

(
n−n2 f 2

nn2

)
τa2

−a2 f 2 f # +a1‖∇ f‖2
]
[g2(Y2,Z2)X2−g2(X2,Z2)Y2] .
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Therefore,

P̄∗2 (X2,Y2,Z2,W2) =g2 (P∗2 (X2,Y2)Z2,W2)

=

[(
n2−n−n2

2 f 2 +n2 f 2

nn2(n−1)(n2−1)

)
a1τ +

(
n−n2 f 2

nn2

)
τa2

−a2 f 2 f # +a1‖∇ f‖2
]
[g2(X2,Z2)g2(Y2,W2)

−g2(Y2,Z2)g2(X2,W2)].

This completes the proof.

Theorem 2.3.7. Let M = M1× f M2 be a pseudo-projectively flat warped product

manifold furnished with the metric g = g1⊕ f 2g2. If the fiber manifold M2 is Ricci

flat, then the base manifold M1 is of Hessian type.

Proof. Let M = M1× f M2 be a pseudo-projectively flat warped product manifold.

Then from Theorem 2.3.1, we derive

0 =a1 f g2(Y2,Z2)D1
X1

∇ f +a2S2(Y2,Z2)X1

− f 2
[

a2 f # +
τ

n

(
a1

n−1
+a2

)]
g2(Y2,Z2)X1.

Suppose that M2 is Ricci flat. Then S2(X2,Y2) = 0 for any X2,Y2 ∈ X(M2). Hence,

we obtain from the above relation

D1
X1

∇ f =
f

a1

[
a2 f # +

τ

n

(
a1

n−1
+a2

)]
X1.

This implies that

H f =
f

a1

[
a2 f # +

τ

n

(
a1

n−1
+a2

)]
g1.

Hence, M1 is of Hessian type. This completes the proof.

Theorem 2.3.8. Let M = M1× f M2 be a pseudo-projectively flat warped product

manifold furnished with the metric g = g1⊕ f 2g2. If the fiber manifold M2 is Ricci

flat, then the pointwise constant sectional curvature τ2 of M2 is given by

τ2 =
1
a1

[
−
(

n2−n−n2
2 f 2 +n2 f 2

nn2(n−1)(n2−1)

)
a1τ−

(
n−n2 f 2

nn2

)
τa2 +a2 f 2 f #

−a1‖∇ f‖2 +
τ

n

(
a1

n−1
+a2

)]
.
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Proof. Let M2 be Ricci flat. From (2.2.1), we have

R̄2(X2,Y2,Z2,W2) =
1
a1

[
P̄∗2 (X2,Y2,Z2,W2)+

τ

n

(
a1

n−1
+a2

)
×{g2(Y2,Z2)g2(X2,W2)−g2(X2,Z2)g2(Y2,W2)}

]
.

In view of Theorem 2.3.1, we derive from the above relation that

R̄2(X2,Y2,Z2,W2) =
1
a1

[
−
(

n2−n−n2
2 f 2 +n2 f 2

nn2(n−1)(n2−1)

)
a1τ−

(
n−n2 f 2

nn2

)
τa2

+a2 f 2 f #−a1‖∇ f‖2 +
τ

n

(
a1

n−1
+a2

)]
×{g2(Y2,Z2)g2(X2,W2)−g2(X2,Z2)g2(Y2,W2)}.

This implies that M2 has a pointwise constant sectional curvature and this curvature

is given by

τ2 =
1
a1

[
−
(

n2−n−n2
2 f 2 +n2 f 2

nn2(n−1)(n2−1)

)
a1τ−

(
n−n2 f 2

nn2

)
τa2 +a2 f 2 f #

−a1‖∇ f‖2 +
τ

n

(
a1

n−1
+a2

)]
.

This completes the proof.

Theorem 2.3.9. Let M = M1× f M2 be a warped product manifold furnished with

the metric g = g1⊕ f 2g2. If H f = 0, ∆ f = 0 and M is pseudo-projectively flat, then

M2 is an Einstein manifold.

Proof. Let M be pseudo-projectively flat. Therefore, M1 is flat in view of Corollary

2.3.2. Furthermore, from Theorem 2.3.1, we obtain

0 =a1 f g2(Y2,Z2)D1
X1

∇ f +a2S2(Y2,Z2)X1

− f 2
[

a2 f # +
τ

n

(
a1

n−1
+a2

)]
g2(Y2,Z2)X1. (2.3.1)

Since H f (X1,Y1) = 0 and ∆ f = 0. Therefore, we derive from (2.3.1) that

S2(Y2,Z2) =

[
(n2−1)‖∇ f‖2 +

τ f 2

a2n

(
a1

n−1
+a2

)]
g2(Y2,Z2).

This implies that M2 is an Einstein manifold. This completes the proof.
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2.4 Pseudo-projective curvature tensor on general-

ized Robertson-Walker space-times

Let (M,g) be a Riemannian manifold of dimension n. The function f : I→ (0,∞)

is a smooth function where I is a connected and open subinterval of R. Then the

warped product manifold M̆ = I× f M of dimension (n+1) equipped with the metric

ğ =−dt2⊕ f 2g is known as generalized Robertson-Walker space-time. Here dt2 is

the Euclidean metric on I. This structure is the generalization of Robertson-Walker

space-times [53, 106, 107, 112]. We use ∂t instead of ∂

∂ t ∈ X(I) for simplicity in

the following results.

With the help of Proposition 1.2.3, Proposition 1.2.4 and (2.2.2), the following

theorems are obtained after some calculations.

Theorem 2.4.1. Let M̆ = I× f M be a generalized Robertson-Walker space-time

furnished with the metric ğ = −dt2⊕ f 2g. Then for X ,Y,Z ∈ X(M) and ∂t ∈ X(I)

the curvature tensor P̆∗ on M̆ is given by

P̆∗(∂t ,∂t)∂t =P̆∗(∂t ,∂t)X = P̆∗(X ,Y )∂t = 0,

P̆∗(∂t ,X)∂t =

[(
na2−a1

f

)
f̈ − τ

n+1

(a1

n
+a2

)]
X ,

P̆∗(X ,∂t)Y =

[{
− (a1 +a2) f f̈ − (n−1)a2 ḟ 2

+
τ f 2

n+1

(a1

n
+a2

)}
g(X ,Y )−a2S(X ,Y )

]
∂t ,

P̆∗(X ,Y )Z =a1R(X ,Y )Z +a2 [S(Y,Z)X−S(X ,Z)Y ]

+

[
−a1 ḟ 2 +a2 f f̈ +a2(n−1) ḟ 2− τ f 2

n+1

(a1

n
+a2

)]
× [g(Y,Z)X−g(X ,Z)Y ] .

Theorem 2.4.2. Let M̆ = I× f M be a generalized Robertson-Walker space-time

furnished with the metric ğ =−dt2⊕ f 2g. If M̆ is pseudo-projectively flat, then the
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warping function f is given by

f =


c1eµt + c2e−µt , if µ2>0

c1 + c2t, if µ2=0

c1 cos µt + c2 sin µt, if µ2<0

where µ2 = τ(a1+na2)
n(n+1)(na2−a1)

and c1,c2 are two arbitrary constants.

Proof. Let M̆ be pseudo-projectively flat. Then from the second relation of Theo-

rem 2.4.1, we have

f̈ −µ
2 f = 0.

Hence, by solving the above differential equation the warping function f is obtained

and it is given by

f =


c1eµt + c2e−µt , if µ2>0

c1 + c2t, if µ2=0

c1 cos µt + c2 sin µt, if µ2<0

where c1,c2 are two arbitrary constants. This completes the proof.

Theorem 2.4.3. Let M̆ = I× f M be a generalized Robertson-Walker space-time

furnished with the metric ğ = −dt2⊕ f 2g. If M̆ is pseudo-projectively flat, then M

is an Einstein manifold.

Proof. Let M̆ be pseudo-projectively flat. Then from the third relation of Theorem

2.4.1, we have

S(X ,Y ) =
1
a2

[
−(a1 +a2) f f̈ − (n−1)a2 ḟ 2 +

τ f 2

n+1

(a1

n
+a2

)]
g(X ,Y ).

Hence, M is an Einstein manifold. This completes the proof.

2.5 Pseudo-projective curvature tensor on standard

static space-times

Let (M,g) be a Riemannian manifold of dimension n. The function f : M→ (0,∞)

is a smooth function. Then the warped product manifold M̆ = I× f M of dimension
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(n+1) equipped with the metric ğ =− f 2dt2⊕g is known as standard static space-

time. Here I is the connected, open subinterval of R and dt2 is the Euclidean metric

on I. This structure is the generalization of Einstein static universe [1, 2, 3, 10]. We

write ∂t instead of ∂

∂ t ∈ X(I) to express the following results in simpler way.

In view of Proposition 1.2.3, Proposition 1.2.4 and (2.2.2), the following theorems

are obtained after some calculations.

Theorem 2.5.1. Let M̆ = I× f M be a standard static space-time furnished with the

metric ğ =− f 2dt2⊕g. Then the curvature tensor P̆∗ on M̆ is given by

P̆∗(∂t ,∂t)∂t =P̆∗(∂t ,∂t)X = P̆∗(X ,Y )∂t = 0,

P̆∗(∂t ,X)∂t = f
[

a1D1
X ∇ f −a2∆ f X− τ f

n+1

(a1

n
+a2

)
X
]
,

P̆∗(∂t ,X)Y =

[(
a1−a2

f

)
H f (X ,Y )+a2S(X ,Y )

− τ

n+1

(a1

n
+a2

)
g(X ,Y )

]
∂t ,

P̆∗(X ,Y )Z =a1R(X ,Y )Z +a2 [S(Y,Z)X−S(X ,Z)Y ]

− a2

f

[
H f (Y,Z)X−H f (X ,Z)Y

]
− τ

n+1

(a1

n
+a2

)
[g(Y,Z)X−g(X ,Z)Y ] ,

for X ,Y,Z ∈ X(M) and ∂t ∈ X(I).

Theorem 2.5.2. Let M̆ = I× f M be a standard static space-time furnished with the

metric ğ =− f 2dt2⊕g. If M̆ is pseudo-projectively flat, then H f = ∆ f
n g.

Proof. Let M̆ = I× f M be pseudo-projectively flat. Then from the second relation

of Theorem 2.5.1, we have

D1
X ∇ f =

1
a1

[
a2∆ f +

τ f
n+1

(a1

n
+a2

)]
X

i.e., H f =
1
a1

[
a2∆ f +

τ f
n+1

(a1

n
+a2

)]
g. (2.5.1)

Taking trace on both sides, we obtain

∆ f =
n f τ

(n+1)(a1−na2)

(a1

n
+a2

)
. (2.5.2)

Using (2.5.2) in (2.5.1), we derive H f = ∆ f
n g.
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Theorem 2.5.3. Let M̆ = I× f M be a standard static space-time furnished with

the metric ğ = − f 2dt2⊕ g. If M̆ is pseudo-projectively flat, then M is an Einstein

manifold.

Proof. Let M̆ = I× f M be pseudo-projectively flat. We derive from the third rela-

tion of Theorem 2.5.1 by using Theorem 2.5.2 and (2.5.2) that

S(X ,Y ) =
(1−n)∆ f

n f
g(X ,Y ).

This implies that M is an Einstein manifold. This completes the proof.
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CHAPTER 3

Biwarped product submanifolds of some

Riemannian manifolds

3.1 Introduction

Hretcanu et al. [67, 64] introduced the notion of metallic Riemannian manifolds

and their submanifolds to generalize the golden Riemannian manifolds [37, 68].

They also added some important properties of invariant, anti-invariant, slant [69],

hemi slant [66] and semi slant submanifolds [13] of golden and metallic Rieman-

nian manifolds. They discussed some integrability conditions of some distributions

involved in such types of submanifolds. Furthermore, they described some proper-

ties of golden and metallic Riemannian manifolds in [67, 12].

Two roots of the quadratic equation x2− ax− b = 0 are a+
√

a2+4b
2 and a−

√
a2+4b
2

where a and b are positive integers. Out of these two roots one is positive and the

other is negative. The positive root λa,b =
a+
√

a2+4b
2 is called the metallic number

[49]. Metallic structure [115, 55] is a special case of the polynomial structure.
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Recently, Taştan [117] studied the biwarped product submanifolds in Kähler struc-

ture. Then biwarped product submanifolds have been studying in different kind

of structures, for example in nearly Kaehlerian structures, see [124]. Motivated

by these works [118, 88, 74], we wish to study biwarped product submanifolds in

metallic Riemannian manifold and locally nearly metallic Riemannian manifold.

The third chapter consists of eight units. After the “introduction” part, the “pre-

liminaries” unit is given to recall some important results for further study. Then

the third unit describes the nature of biwarped product generalized J-induced sub-

manifold of first order. The fourth unit gives illustration to ensure the existence

of biwarped product generalized J-induced submanifold of first order in metal-

lic Riemannian manifold. Then we find out a necessary and sufficient condition

for the biwarped product generalized J-induced submanifold of first order of type

MT × f M⊥×σ Mθ to be locally trivial. The sixth unit establishes an inequality for

the second fundamental form in metallic Riemannian manifold. Next biwarped

product submanifolds of a locally nearly metallic Riemannian manifold has been

studied. The eighth unit yields a sharp inequality for the second fundamental form

in locally nearly metallic Riemannian manifold.

3.2 Preliminaries

This unit is focused to present the concept and some significant results on subman-

ifold of Riemannian manifold, metallic Riemannian manifold and locally nearly

metallic Riemannian manifold respectively.

3.2.1 Submanifold of Riemannian manifold :

The geometry of submanifolds plays a very important role in differential geometry.

Suppose M is an isometrically immersed submanifold in a Riemannian manifold

(M̆,g). We consider ∇̆ is the Levi-Civita connection on M̆ equipped with the metric

g. The induced and induced normal connections of M are respectively ∇ and ∇⊥.

Hence, ∀X ,Y ∈ T M and ∀Z ∈ T⊥M, the Gauss and Weingarten formulas can be
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stated respectively as follows

∇̆XY = ∇XY +h(X ,Y ), ∇̆X Z =−AZX +∇
⊥
X Z, (3.2.1)

where T M and T⊥M are respectively the tangent and normal bundles of M in M̆,

the second fundamental form h and the shape operator AZ satisfy

g(h(X ,Y ),Z) = g(AZX ,Y ). (3.2.2)

Let H be the mean curvature of M. This H can be calculated from H = trace(h)
dim(M) . If

h = 0,H = 0, then M is called totally geodesic and minimal in M̆ respectively. On

the other hand, M is said to be totally umbilical if h(X ,Y ) = g(X ,Y )H; ∀X ,Y ∈ T M.

M is called spherical if g(∇̆X H,Z) = 0.

For any two distributions D1 and D2 of M, M is said to be D1-geodesic if h(X ,Y ) =

0, ∀X ,Y ∈D1 and (D1,D2)-mixed geodesic if h(Y,W ) = 0, ∀Y ∈D1 and W ∈D2.

D1 is said to be D2-parallel if ∇WY ∈ D1, ∀Y ∈ D1 and W ∈ D2. When D1 is

D1-parallel, then D1 is called auto parallel. By using the Gauss formula, we can

conclude that M will be totally geodesic if M has an autoparallel distribution.

3.2.2 Submanifold of metallic Riemannian manifold :

Definition 3.2.1 (Metallic structure). Let M̆ be a manifold of n-dimension furnished

with a (1,1)-type tensor field J. J is said to be a metallic structure if

J2 = aJ+bI, (3.2.3)

holds for J, where a,b are positive integers and I is the identity operator in T M̆.

If ∀X ,Y ∈ T M̆, g(JX ,Y ) = g(X ,JY ) holds for a Riemannian metric g in M̆, then

(M̆,J,g) is said to be a metallic Riemannian manifold. The metric g also satisfies

g(JX ,JY ) = g(J2X ,Y ) = ag(JX ,Y )+bg(X ,Y ), ∀X ,Y ∈ T M̆. (3.2.4)

For the case of a = b = 1, we get the golden structure J that verifies

J2 = J+ I. (3.2.5)
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Definition 3.2.2 (Locally metallic Riemannian manifold). A metallic Riemannian

manifold (M̆,J,g) is said to be locally metallic if J is parallel with respect to ∇̆, i.e.,

(∇̆X J)Y = 0, ∀X ,Y ∈ T M̆. (3.2.6)

Let M be an isometrically immersed submanifold in a metallic Riemannian man-

ifold (M̆,J,g). M is said to be a pointwise submanifold [33, 50] if for any point

z ∈M, Wirtinger angle θ(Z) between JZ and tangent space TzM of M at z is inde-

pendent of the choice of the non zero vector Z ∈ TzM. Here, θ can be considered

as a function on M and it is known as the slant function. Now, M will be a proper

pointwise slant submanifold if neither cosθ(z) = 0 nor sinθ(z) = 0 at any point

z ∈M. By decomposition, the tangent space TzM̆ of M̆ at the point z ∈M can be ex-

pressed as a direct summand TzM̆ = TzM⊕T⊥z M, ∀z ∈M, where the normal space

of M is T⊥z M at the point z. Consider the differential i∗ of an immersion i : M→ M̆

defined by g(X ,Y ) = ğ(i∗X , i∗Y ), ∀X ,Y ∈ T M.

Suppose that T Z = (JZ)T and PZ = (JZ)⊥ are respectively the tangential and nor-

mal components of JZ, for Z ∈ T M and tW = (JW )T and pW = (JW )⊥ are re-

spectively the tangential and normal components of JW , for W ∈ T⊥M. Hence, we

gain

JZ = T Z +PZ, JW = tW + pW, ∀Z ∈ T M,∀W ∈ T⊥M (3.2.7)

Therefore, M is a pointwise slant submanifold of M̆ if and only if

T 2X = cos2
θ(aT +bI)X , ∀X ∈ T M. (3.2.8)

Also, we obtain

tPX = sin2
θ(aT +bI)X ,∀X ∈ T M. (3.2.9)

Two maps T and p are g-symmetric. i.e.,

g(T X ,Y ) =g(X ,TY ), ∀X ,Y ∈ T M (3.2.10)

g(pV,W ) =g(V, pW ), ∀V,W ∈ T⊥M (3.2.11)

g(PX ,V ) =g(X , tV ), ∀X ∈ T M, ∀V ∈ T⊥M. (3.2.12)
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We also get the following relations [65] as well

T 2X =aT X +bX− tPX , aPX = PT X + pPX , (3.2.13)

p2V =apV +bV −PtV, atV = TtV + t pV, (3.2.14)

for X ∈ T M, V ∈ T⊥M.

In view of (3.2.11) and (3.2.13) and metallic structure, one can get the following

relations

g(T X ,TY ) =cos2
θ [ag(T X ,Y )+bg(X ,Y )], (3.2.15)

g(PX ,PY ) =sin2
θ [ag(T X ,Y )+bg(X ,Y )], (3.2.16)

for X ,Y ∈ T M.

Definition 3.2.3 (Slant submanifold). Let M be a pointwise slant submanifold of a

metallic Riemannian manifold (M̆,J,g) with respect to the slant function θ . M is

said to be a slant submanifold [30] if θ is a constant function.

Definition 3.2.4 (Holomorphic submanifold). M is said to be a holomorphic sub-

manifold of M̆ [128] if θ = 0. For this case, TzM is invariant with the metallic

structure J at any point z ∈M, i. e., J(TzM)⊆ TzM.

Definition 3.2.5 (Totally real submanifold). M is said to be a totally real subman-

ifold of M̆ [128] if θ = π

2 . In this case, TzM is anti-invariant with the metallic

structure J at any point z ∈M, i. e., J(TzM)⊆ T⊥z M.

3.2.3 Submanifold of a locally nearly metallic Riemannian manifold :

Definition 3.2.6 (Locally nearly metallic Riemannian manifold). A differentiable

manifold Nk of even dimensional furnished by Riemannian metric g and metallic

structure J is said to be a locally nearly metallic Riemannian manifold denoted by

(M̄,J,g) if

g(JX ,JY ) = ag(JX ,Y )+bg(X ,Y ), g(JX ,Y ) = g(X ,JY ),

(∇̄X J)Y +(∇̄Y J)X = 0, (3.2.17)

for all X ,Y ∈ Γ(T Nk) and a,b are positive integers.
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If we consider a = b = 1 in (3.2.17), then the manifold Nk becomes a locally nearly

golden Riemannian manifold.

Let M be a submanifold of dimension n of an almost Hermitian manifold M̄ of di-

mension 2m. We consider a local orthonormal frame field {e1, ...,en,en+1, ...,e2m}
restricted to M, e1, ...,en and en+1, ...,e2m are respectively tangent and normal to M.

Let hr
i j, 1 ≤ i, j ≤ n, n+1 ≤ r ≤ 2m be the coefficients of the second fundamental

form h in view of the local frame field. Hence, we obtain

hr
i j = g(h(ei,e j),er) = g(Aerei,e j), ‖h‖2 =

n

∑
i, j=1

g(h(ei,e j),h(ei,e j)). (3.2.18)

3.3 Biwarped product generalized J-induced subman-

ifold of metallic Riemannian manifold

Let (M̆,J,g) be a metallic Riemannian manifold and M be its submanifold. Then,

for each z ∈M and X ,Y ∈ TzM, we obtain by using (3.2.8) and (3.2.11)

g(T X ,Y ) = g(X ,TY ). (3.3.1)

Therefore, it also implies that

g(T 2X ,Y ) = g(T 2Y,X). (3.3.2)

Clearly, it is seen from (3.3.1) and (3.3.2) that the operators T and T 2 are both

symmetric operator in TzM for each z ∈M.

Definition 3.3.1 (Generalized J-induced submanifold). [103, 117, 129] Let (M̆,J,g)

be a metallic Riemannian manifold and M be its submanifold. Then we say that M

is a generalized J-induced submanifold if the tangent bundle T M of M has the fol-

lowing form

T M = DT ⊕D⊥⊕Dθ1⊕ ...⊕Dθs,

where DT and D⊥ are respectively holomorphic and totally real. Dθi are pointwise

distribution in M and all Dθi are different for i ∈ {1, 2, ... , s}.
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As a special case of it i.e., for s = 1, we can state the following.

Definition 3.3.2. Let (M̆,J,g) be a metallic Riemannian manifold and M be its

submanifold. Then we say that M is a biwarped product generalized J-induced

submanifold of first order if the tangent bundle T M of M has the following form

T M = DT ⊕D⊥⊕Dθ , (3.3.3)

where DT and D⊥ are respectively holomorphic and totally real. Dθ is a pointwise

slant distribution in M.

In this regard, the normal bundle T⊥M of M can be decomposed as follows.

T⊥M = J(D⊥)⊕P(Dθ )⊕ D̄T , (3.3.4)

D̄T is a orthogonal complementary distribution of J(D⊥)⊕P(Dθ ) on T⊥M. This

is also an invariant subbundle of T⊥M with J.

A generalized J-induced submanifold of first order is said to be proper if DT 6= {0},
D⊥ 6= {0} and θ ∈ (0, π

2 ).

For our study, we state and prove the following two lemmas.

Lemma 3.3.3. Let (M̆,J,g) be a metallic Riemannian manifold and M be a bi-

warped product generalized J-induced submanifold of first order. Then, we obtain

bsin2
θg(∇Y Z,U) =g(acos2

θATU Z +APTU Z +APU JZ−aAU JZ,Y ), (3.3.5)

bsin2
θg(∇UV,Z) =g(aAV JZ−acos2

θATV Z−APTV Z−APV JZ,U), (3.3.6)

where Y,Z ∈DT and U,V ∈Dθ .

Proof. With the help of (3.2.4), (3.2.8), (3.2.10), (3.2.11) and (3.2.13), we gain

g(∇Y Z,U) =
1
b
[g(∇̆Y JZ,JU)−ag(∇̆Y JZ,U)]

=
1
b
[g(∇̆Y JZ,TU)+g(∇̆Y JZ,PU)−ag(∇̆Y JZ,U)]

=
1
b
[g(∇̆Y Z,T 2U +PTU)+g(∇̆Y JZ,PU)−ag(∇̆Y JZ,U)]
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=
1
b
[g(∇̆Y Z,cos2

θ(aT +bI)U)+g(∇̆Y Z,PTU)+g(∇̆Y JZ,PU)

−ag(∇̆Y JZ,U)]

=cos2
θg(∇Y Z,U)+

1
b
[(acos2

θ)g(∇̆Y Z,TU)

+g(∇̆Y Z,PTU)+g(∇̆Y JZ,PU)−ag(∇̆Y JZ,U)]

Hence, we obtain

sin2
θg(∇Y Z,U) =

1
b
[(acos2

θ)g(ATU Z,Y )+g(APTU Z,Y )

+g(APU JZ,Y )−ag(AU JZ,Y )]

This implies (3.3.5).

Now, we prove (3.3.6). With the help of (3.2.4), (3.2.8), (3.2.10), (3.2.11) and

(3.2.13), we get

g(∇UV,Z) =
1
b
[g(∇̆U JV,JZ)−ag(∇̆U JV,Z)]

=
1
b
[−g(∇̆U JZ,TV )−g(∇̆U JZ,PV )+ag(∇̆U JZ,V )]

=
1
b
[−g(∇̆U Z,T 2V +PTV )−g(∇̆U JZ,PV )+ag(∇̆U JZ,V )]

=
1
b
[−g(∇̆U Z,cos2

θ(aT +bI)V )−g(∇̆U Z,PTV )

−g(∇̆U JZ,PV )+ag(∇̆U JZ,V )]

=cos2
θg(∇UV,Z)+

1
b
[acos2

θg(∇̆ZTV,U)

+g(∇̆ZPTV,U)+g(∇̆JZPV,U)−ag(∇̆JZV,U)]

That is,

sin2
θg(∇UV,Z) =

1
b
[−acos2

θg(ATV Z,U)−g(APTV Z,U)

−g(APV JZ,U)+ag(AV JZ,U)]

This follows (3.3.6).
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Lemma 3.3.4. Let (M̆,J,g) be a metallic Riemannian manifold and M be a bi-

warped product generalized J-induced submanifold of first order. Then, we get

g(∇Y Z,X) =
1
b
[g(AJXY −aAXY,JZ)], (3.3.7)

g(∇Y X ,U) =
sec2 θ

b
[g(aAJXU−APTU X−AJX TU

−aAX PU−asin2
θAX TU,Y )], (3.3.8)

g(∇XW,Y ) =
1
b
[g(aAW X−AJW X ,JY )], (3.3.9)

g(∇UV,W ) =
sec2 θ

b
[g(AJW TV +asin2

θAW TV

+aAW PV +APTVW +aAJVW,U)], (3.3.10)

g(∇UW,Y ) =
1
b
[g(AJW JY −aAY JW,U)], (3.3.11)

g(∇XW,U) =− sec2 θ

b
[g(AJW X +asin2

θAW X ,TU)

+g(aAW X ,PU)+g(APTU X +aAJXU,W )] (3.3.12)

g(∇XY,U) =
csc2 θ

b
[g(acos2

θATUY −aAU JY

+APTUY +APU JY,X)], (3.3.13)

where Y,Z ∈DT , X ,W ∈D⊥ and U,V ∈Dθ .

Proof. For proof see [105].

With the help of Lemma 3.3.3 and Lemma 3.3.4, we obtain the following two the-

orems.

Theorem 3.3.5. Let (M̆,J,g) be a metallic Riemannian manifold and M be a bi-

warped product generalized J-induced submanifold of first order. Then, the holo-

morphic distribution DT will be totally geodesic if and only if

g(AJXY −aAXY,JZ) = 0, (3.3.14)

g(acos2
θATU Z +APTU Z +APU JZ−aAU JZ,Y ) = 0, (3.3.15)

where Y,Z ∈DT , X ∈D⊥ and U ∈Dθ .
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Proof. Let (M̆,J,g) be a metallic Riemannian manifold and M be a biwarped prod-

uct generalized J-induced submanifold of first order. We know that a holomorphic

distribution DT is totally geodesic if and only if g(∇Y Z,X) = 0 and g(∇Y Z,U) = 0,

where Y,Z ∈ DT , X ∈ D⊥ and U ∈ Dθ . Thus, in view of (3.3.7) and (3.3.5), the

proof is complete.

Theorem 3.3.6. Let (M̆,J,g) be a metallic Riemannian manifold and M be a bi-

warped product generalized J-induced submanifold of first order. Then, the point-

wise slant distribution Dθ will be integrable if and only if

g(aAU JZ−acos2
θATU Z−APTU Z−APU JZ,V )

=g(aAV JZ−acos2
θATV Z−APTV Z−APV JZ,U), (3.3.16)

g(AJX TV +asin2
θAX TV +aAX PV +APTV X +aAJV X ,U)

=g(AJX TU +asin2
θAX TU +aAX PU +APTU X +aAJU X ,V ), (3.3.17)

where Z ∈DT , X ∈D⊥ and U,V ∈Dθ .

Proof. Let (M̆,J,g) be a metallic Riemannian manifold and M be a biwarped prod-

uct generalized J-induced submanifold of first order. We know that a pointwise slant

distribution Dθ is integrable if and only if g([U,V ],Z) = 0 and g([V,U ],X) = 0,

where Z ∈ DT , X ∈ D⊥ and U,V ∈ Dθ . Thus, in view of (3.3.6) and (3.3.10), the

proof is complete.

Remark 3.3.7. [121] The totally real distribution D⊥ is always integrable.

3.4 Example of first order biwarped product gener-

alized J-induced submanifold of metallic Rieman-

nian manifold

Let us consider a metallic Riemannian manifold R12 with respect to the metallic

structure J : R12→ R12 defined by

J(W1,W2,W3,W4,W5,W6,W7,W8,W9,W10,W11,W12)

=(λW1, λ̄W2,λW3, λ̄W4,λW5, λ̄W6,λW7, λ̄W8,λW9, λ̄W10,λW11, λ̄W12),
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where λ = λa,b =
a+
√

a2+4b
2 is the metalic number, a and b are positive integers and

λ̄ = a−λ .

Let us consider a submanifold M in R12 with (w1,w2, ...,w12) as natural coordinates

of R12, where w1,w2,... , w12 are given by

w1 = ysinu, w2 = zsinu, w3 = ysinv, w4 = zsinv,

w5 = ycosx, w6 = zcosx, w7 = ysinx, w8 = zsinx,

w9 = ycosu, w10 = zcosu, w11 = ycosv, w12 = zcosv,

where y,z 6= 0,1 and x,u,v ∈ (0, π

2 ).

Now, the local frame of the tangent bundle T M of M are generated by

Y =sinu
∂

∂w1
+ sinv

∂

∂w3
+ cosx

∂

∂w5
+ sinx

∂

∂w7
,

+ cosu
∂

∂w9
+ cosv

∂

∂w11

Z =sinu
∂

∂w2
+ sinv

∂

∂w4
+ cosx

∂

∂w6
+ sinx

∂

∂w8
,

+ cosu
∂

∂w10
+ cosv

∂

∂w12

X =− ysinx
∂

∂w5
− zsinx

∂

∂w6
+ ycosx

∂

∂w7
+ zcosx

∂

∂w8
,

U =ycosu
∂

∂w1
+ zcosu

∂

∂w2
− ysinu

∂

∂w9
− zsinu

∂

∂w10
,

V =ycosv
∂

∂w3
+ zcosv

∂

∂w4
− ysinv

∂

∂w11
− zsinv

∂

∂w12
,

Clearly, J satisfies J2W = (aJ+bI)W and g(JW,L) = g(W,JL), for all W,L ∈R12.

We also get,

JU = λycosu
∂

∂w1
+ λ̄ zcosu

∂

∂w2
−λysinu

∂

∂w9
− λ̄ zsinu

∂

∂w10
,

JV = λycosv
∂

∂w3
+ λ̄ zcosv

∂

∂w4
−λysinv

∂

∂w11
− λ̄ zsinv

∂

∂w12
,

g(JU,U) = λy2 cos2 u+ λ̄ z2 cos2 u+λy2 sin2 u+ λ̄ z2 sin2 u,

g(JV,V ) = λy2 cos2 v+ λ̄ z2 cos2 v+λy2 sin2 v+ λ̄ z2 sin2 v,

‖Y‖= ‖Z‖=
√

3, ‖X‖= ‖U‖= ‖V‖=
√

y2 + z2,
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Thus DT = span{Y,Z}, D⊥ = span{X} and Dθ = span{U,V} are respectively a

holomorphic, totally real and proper pointwise slant distribution with respect to the

slant function

θ =cos−1
(

g(JU,U)

‖U‖ ‖JU‖

)
= cos−1

(
g(JV,V )

‖V‖ ‖JV‖

)
=cos−1

(
λy2 + λ̄ z2√

y2 + z2
√

λ 2y2 + λ̄ 2z2

)
.

Consequently, M is a biwarped product generalized J-induced submanifold of first

order in the metallic Riemannian manifold (R12,J,g). It is clearly seen that DT is

totally geodesic and D⊥ and Dθ are integrable. We denote the integral subman-

ifolds of DT ,D⊥ and Dθ by MT ,M⊥ and Mθ respectively. Hence, the induced

metric tensor of M is given by

ds2 =3(dy2 +dz2)+(y2 + z2)dx2 +(y2 + z2)(du2 +dv2).

=gMT +(y2 + z2)gM⊥+(y2 + z2)gMθ

Therefore, M = MT × f M⊥×σ Mθ is an example of a non trivial biwarped product

generalized J-induced submanifold of first order in the metallic Riemannian man-

ifold (R12,J,g), where two warping functions are respectively f =
√

y2 + z2 and

σ =
√

y2 + z2.

3.5 Biwarped product generalized J-induced subman-

ifold of metallic Riemannian manifold of type

MT × f M⊥×σ Mθ

In this section we give a necessary and sufficient condition for the biwarped product

generalized J-induced submanifold of first order of type MT × f M⊥×σ Mθ to be

locally trivial.

Definition 3.5.1. [40] If the tangent bundle T M of M can be expressed as an or-

thogonal sum T M =D0⊕D1⊕ ...⊕Ds, where each Di is non trivial, spherical and
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its complement in T M is autoparallel for i ∈ {1,2, ...,s}, then M is isometric to a

multiply warped product in the form M0× f1 M1× f2 ...× fs Ms.

Now we prove a very interesting theorem of this section on biwarped product gen-

eralized J-induced submanifold of first order of type MT × f M⊥×σ Mθ .

Theorem 3.5.2. (M̆,J,g) be a metallic Riemannian manifold and M be a biwarped

product generalized J-induced submanifold of first order. Then, M is a locally bi-

warped submanifold in the form MT × f M⊥×σ Mθ if and only if

AJX Z−aAX Z =−JZ(η)X , (3.5.1)

aAU JZ−acos2
θATU Z−APTU Z−APU JZ = bsin2

θZ(ω)U, (3.5.2)

where X(η) =U(η) = 0 and X(ω) =U(ω) = 0, and

g(AJW X +asin2
θAW X ,TU)+g(aAW X ,PU)

+g(APTU X +aAJXU,W ) = 0, (3.5.3)

g(AJW TV +asin2
θAW TV +aAW PV +APTVW +aAJVW,U) = 0, (3.5.4)

where Z ∈DT , X ,W ∈D⊥ and U,V ∈Dθ .

Proof. (M̆,J,g) be a metallic Riemannian manifold and M be a biwarped product

generalized J-induced submanifold of first order of type MT × f M⊥×σ Mθ . Now,

for Z ∈DT , X ∈D⊥, U,V ∈Dθ and using (3.2.4), (3.2.5), (3.2.8) and (3.2.10), we

obtain

g(AJX Z−aAX Z,Y ) =−g(∇̆Y JX ,Z)+ag(∇̆Y X ,Z)

=−g(∇̆Y X ,JZ)+ag(∇̆Y X ,Z)

=−g(∇Y X ,JZ)+ag(∇Y X ,Z).

It is known from (3.2.2) that ∇Y X = Y (ln f )X . Hence, we have

g(AJX Z−aAX Z,Y ) =−g(∇Y X ,JZ)+ag(∇Y X ,Z)

=−Y (ln f )g(X ,JZ)+aY (ln f )g(X ,Z)

=0, (3.5.5)

71



since g(X ,JZ) = g(X ,Z) = 0.

By a similar manner, we also have

g(AJX Z−aAX Z,U) =−g(∇̆U JX ,Z)+ag(∇̆U X ,Z)

=−g(∇̆U X ,JZ)+ag(∇̆U X ,Z)

=−g(∇U X ,JZ)+ag(∇U X ,JZ).

From (3.2.3), we see that ∇U X = 0. Therefore, we get

g(AJX Z−aAX Z,U) = 0. (3.5.6)

Similarly, we have

g(AJX Z−aAX Z,W ) =−g(∇̆W JX ,Z)+ag(∇̆W X ,Z)

=−g(∇̆W X ,JZ)+ag(∇̆X Z,W )

=−g(∇JZX ,W )+ag(∇X Z,W )

=−g(∇JZX ,W ),

since ∇X Z = 0. In view of (3.2.2), we see that ∇JZX = JZ(ln f )X . Therefore, we

get

g(AJX Z−aAX Z,W ) = g(−JZ(ln f )X ,W ). (3.5.7)

Since f is only depending on points of MT , therefore, X(ln f )=U(ln f )= 0. Hence,

we can say that η = ln f . In view of (3.5.5), (3.5.6) and (3.5.7), it implies (3.5.1).

With the help of (3.2.4), (3.2.5), (3.2.8), (3.2.10), (3.2.11) and (3.2.13), we obtain

g(aAU JZ−acos2
θATU Z−APTU Z−APU JZ,Y )

=ag(AU JZ,Y )−acos2
θg(ATU Z,Y )−g(APTU Z,Y )−g(APU JZ,Y )

=ag(h(JZ,Y ),U)−acos2
θg(h(Z,Y ),TU)−g(h(Z,Y ),PTU)

−g(h(JZ,Y ),PU)

=ag(∇̆JZY,U)−acos2
θg(∇̆ZY,TU)+g(∇̆ZPTU,Y )+g(∇̆JZPU,Y )

=aJZ(lnσ)g(Y,U)−acos2
θZ(lnσ)g(Y,TU)+g(∇̆ZJTU−T 2U,Y )

+g(∇̆JZ(JU−TU),Y )
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=g(∇̆ZJTU,Y )−g(∇̆ZT 2U,Y )+g(∇̆JZJU,Y )−g(∇̆JZTU,Y )

=g(∇̆ZTU,JY )−g(∇̆Z cos2
θ(aT +bI)U,Y )+g(∇̆JZU,JY )−g(∇̆JZTU,Y )

=Z(lnσ)g(TU,JY )−g(acos2
θ ∇̆ZTU +Z(acos2

θ)TU +bcos2
θ ∇̆ZU

+Z(bcos2
θ)U,Y )+ JZ(lnσ)g(U,JY )− JZ(lnσ)g(TU,JY )

=−acos2
θg(∇̆ZTU,Y )−Z(acos2

θ)g(TU,Y )

−bcos2
θg(∇̆ZU,Y )−Z(bcos2

θ)g(U,Y )

=−acos2
θZ(lnσ)g(TU,Y )−bcos2

θZ(lnσ)g(U,Y )

=0,

since g(TU,JY ) = g(U,Y ) = g(U,JY ) = g(TU,Y ) = 0. So, we obtain

g(aAU JZ−acos2
θATU Z−APTU Z−APU JZ,Y ) = 0. (3.5.8)

By a similar manner, we also have

g(aAU JZ−acos2
θATU Z−APTU Z−APU JZ,X)

=ag(AU JZ,X)−acos2
θg(ATU Z,X)−g(APTU Z,X)−g(APU JZ,X)

=ag(h(JZ,X),U)−acos2
θg(h(Z,X),TU)−g(h(Z,X),PTU)

−g(h(JZ,X),PU)

=ag(∇̆JZX ,U)−acos2
θg(∇̆ZX ,TU)+g(∇̆X PTU,Z)+g(∇̆X PU,JZ)

=g(∇̆X(JTU−T 2U),Z)+g(∇̆X(JU−TU),JZ)

=g(∇̆X JTU,Z)−g(∇̆X T 2U,Z)+g(∇̆X JU,JZ)−g(∇̆X TU,JZ)

=g(∇̆X TU,JZ)−g(∇̆X cos2
θ(aT +bI)U,Z)+ag(∇̆X JU,Z)

+bg(∇̆XU,Z)−g(∇̆X TU,JZ)

=g(∇̆X TU,JZ)−g(acos2
θ ∇̆X TU +X(acos2

θ)TU +bcos2
θ ∇̆XU

+X(bcos2
θ)U,Z)+ag(∇̆X JU,Z)+bg(∇̆XU,Z)−g(∇̆X TU,JZ)

=−acos2
θg(∇̆X TU,Z)−X(acos2

θ)g(TU,Z)−bcos2
θg(∇̆XU,Z)

−X(bcos2
θ)g(U,Z)+ag(∇̆X JU,Z)+bg(∇̆XU,Z)

=0,
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since ∇ZTU = ∇ZU = ∇X JU = ∇JZX = ∇XU = ∇ZX = 0. Hence, we obtain

g(aAU JZ−acos2
θATU Z−APTU Z−APU JZ,X) = 0. (3.5.9)

With the help of (3.3.6), it follows that

g(aAU JZ−acos2
θATU Z−APTU Z−APU JZ,V )

=bsin2
θg(∇VU,Z)

=bsin2
θg(∇ZU,V )

=g(bsin2
θZ(lnσ)U,V ). (3.5.10)

Since σ is only depending on points of MT , therefore, X(lnσ) = U(lnσ) = 0.

Hence, we can say that ω = lnσ . In view of (3.5.8), (3.5.9) and (3.5.10), it im-

plies (3.5.2).

From (3.3.12) and (3.2.3), it follows that

g(AJW X +asin2
θAW X ,TU)+g(aAW X ,PU)+g(APTU X +aAJXU,W )

=−bcos2
θg(∇XW,U)

=bcos2
θg(∇XU,W )

=0.

Therefore, (3.5.3) follows.

From (3.3.10) and (3.2.3), it follows that

g(AJW TV +asin2
θAW TV +aAW PV +APTVW +aAJVW,U)

=bcos2
θg(∇UV,W )

=−bcos2
θg(∇UW,V )

=0

Hence, (3.5.4) follows.

For the converse part, let (M̆,J,g) be a metallic Riemannian manifold and M be a bi-

warped product generalized J-induced submanifold of first order satisfying (3.5.1),
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(3.5.2), (3.5.3) and (3.5.4). (3.3.14) and (3.3.15) are satisfied respectively with re-

spect to the (3.5.1) and (3.5.2). Therefore, by Theorem 3.3.5, the holomorphic dis-

tribution DT is totally geodesic and hence it is integrable. (3.3.15) and (3.3.16) are

satisfied respectively with respect to the (3.5.3) and (3.5.4). Therefore, by Theorem

3.3.6, the pointwise slant distribution Dθ is integrable. The totally real distribution

D⊥ is always integrable by Remark 3.3.7. We consider the integral manifolds MT ,

M⊥ and Mθ of DT , D⊥ and Dθ respectively. Let h⊥ be the second fundamental

form of M⊥ in M. From (3.2.4), (3.3.12) and (3.5.3), we obtain for X ,W ∈D⊥ and

U ∈Dθ

g(h⊥(X ,W ),U) = g(∇XW,U) = 0. (3.5.11)

For all X ,W ∈D⊥ and Z ∈DT , from (3.2.4), (3.3.9) and (3.5.1), we obtain

g(h⊥(X ,W ),Z) = g(∇XW,Z) =−1
b
[AJW X−aAW X ,JZ] =−Z(η)g(X ,W ).

After some steps, we have

g(h⊥(X ,W ),Z) = g(−g(X ,W )∇η ,W ), (3.5.12)

whereas ∇η = grad(η). From (3.5.11) and (3.5.12), we see that

h⊥(X ,W ) =−g(X ,W )∇η .

Therefore, M⊥ is totally umbilic in M with mean curvature −∇η . Now, we prove

that −∇η is parallel. For this we are to show g(∇X ∇η ,E) = 0 for X ∈ D⊥ and

E ∈ (D⊥)⊥ = DT ⊕Dθ . Thus, we can write E = Z +U , whereas Z ∈ DT and

U ∈Dθ . So, we obtain

g(∇X ∇η ,E) =Xg(∇η ,E)−g(∇η ,∇X E)

=X(E(η))− [X ,E]η−g(∇η ,∇EX)

=[X ,E]η +E(X(η))− [X ,E]η−g(∇η ,∇EX)

=−g(∇η ,∇ZX)−g(∇η ,∇U X),

since X(η) = 0. Since MT is totally geodesic in M, so g(∇ZX ,Y ) = −g(∇ZY,X)

= 0 for all Y ∈DT . Therefore, either ∇ZX ∈D⊥ or ∇ZX ∈Dθ . For both cases

g(∇η ,∇ZX) = 0. (3.5.13)
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From (3.3.13) and (3.5.2), we obtain g(∇U X ,Y ) = 0. Hence, either ∇U X ∈ D⊥ or

∇U X ∈Dθ . For both cases, we deduce

g(∇η ,∇U X) = 0. (3.5.14)

From (3.5.14) and (3.5.15), we see

g(∇X ∇η ,E) = 0.

Hence, M⊥ is spherical as it is totally umbilic. So, D⊥ is spherical.

Now, we wish to show that Dθ is spherical. Let hθ be the second fundamental

form of Mθ in M. From (3.2.4), (3.3.10) and (3.5.4), we obtain for U,V ∈ Dθ and

X ∈D⊥

g(hθ (U,V ),X) = g(∇UV,X) = 0. (3.5.15)

From (3.2.4) and (3.3.6), we obtain for all Z ∈DT

g(hθ (U,V ),Z) =g(∇UV,Z)

=
csc2 θ

b
g(aAV JZ−acos2

θATV Z−APTV Z−APV JZ,U).

From (3.5.2), we get

g(hθ (U,V ),Z) = bsin2
θZ(ω)g(U,V ).

After simplification, we have

g(hθ (U,V ),Z) = g(g(U,V )(bsin2
θ)∇ω,Z), (3.5.16)

where ∇ω = grad(ω). From (3.5.16) and (3.5.17), we gain

g(hθ (U,V ),Z) = g(U,V )bsin2
θ∇ω,

Thus, Mθ is totally umbilic in M with mean curvature bsin2
θ∇ω . Now, we prove

that bsin2
θ∇ω is parallel. So, we are to satisfy that g(∇U(bsin2

θ∇ω),E) = 0 for
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all U ∈ Dθ and E ∈ (Dθ )⊥ = DT ⊕D⊥. Thus, we can write E = Z +X for all

Z ∈DT and X ∈D⊥.

g(∇U(bsin2
θ∇ω),E) =bsin2

θg(∇U ∇ω,E)+g(U(bsin2
θ)∇ω,E)

=bsin2
θ{Ug(∇ω,E)−g(∇ω,∇U E)}

=bsin2
θ{U(E(ω))− [U,E]ω−g(∇ω,∇EU)}

=bsin2
θ{[U,E]η +E(U(ω))− [U,E]ω−g(∇ω,∇EU)}

=bsin2
θ{−g(∇ω,∇ZU)−g(∇η ,∇XU)},

since U(ω) = 0.

From (3.3.13) and (3.5.2), it implies that g(∇XU,Y ) = 0. Hence, either ∇XU ∈D⊥

or ∇XU ∈Dθ . Thus,

g(∇ω,∇XU) = 0, (3.5.17)

since ∇ω ∈D⊥. Since MT is totally geodesic in M, so

g(∇ZU,Y ) =−g(∇ZY,U) = 0.

Therefore, either ∇ZU ∈DT or ∇ZU ∈Dθ . Hence, we deduce

g(∇ω,∇ZU) = 0. (3.5.18)

From (3.5.18) and (3.5.19), we obtain

g(∇U(bsin2
θ∇ω),E) = 0.

Finally, we show that (D⊥)⊥ = DT ⊕Dθ and (Dθ )⊥ = DT ⊕D⊥ are auto paral-

lel. Clearly, DT ⊕Dθ will be auto parallel iff ∇Y Z, ∇YU , ∇UY and ∇UV belong

to DT ⊕Dθ for all Y,Z ∈ DT and U,V ∈ Dθ . That is g(∇Y Z,X), g(∇YU,X),

g(∇UY,X) and g(∇UV,X) vanish for X ∈ D⊥. From (3.3.7) and (3.5.1), it follows

that

g(∇Y Z,X) = g(∇UY,X) = 0.
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From (3.3.8), (3.3.10) and (3.5.3), it implies that

g(∇YU,X) = g(∇UV,X) = 0.

Hence, DT ⊕Dθ is auto parallel.

Now, DT ⊕D⊥ will be auto parallel iff g(∇Y Z,U), g(∇Y X ,U), g(∇XY,U) and

g(∇XW,U) vanish for Y,Z ∈DT , X ,W ∈D⊥ and U ∈Dθ . At first, from above we

have g(∇Y X ,U) = 0. From (3.3.5), (3.3.13) and (3.5.2), we obtain

g(∇Y Z,U) = g(∇XY,U) = 0.

From (3.3.12) and (3.5.3), we see

g(∇XW,U) = 0.

Hence, DT ⊕D⊥ is auto parallel. So, by Definition 3.5.1, M becomes a locally

biwarped product submanifold in the form MT × f M⊥×σ Mθ .

Now we prove the following Lemmas to establish the Theorem 3.5.5.

Lemma 3.5.3. Let (M̆,J,g) be a metallic Riemannian manifold and M be a bi-

warped product generalized J-induced submanifold of first order of type MT × f

M⊥×σ Mθ . Then, we obtain

g(h(Y,Z),JX) =0, (3.5.19)

g(h(Z,X),JW ) =− JZ(ln f )g(X ,W ), (3.5.20)

g(h(Z,U),JX) =0, (3.5.21)

where h is the second fundamental form of M in M̆ and Y,Z ∈DT , X ,W ∈D⊥ and

U ∈Dθ .

Proof. From (3.2.4), (3.2.8) and (3.2.10), it follows that

g(h(Y,Z),JX) = g(∇̆Y Z,JX) =−g(∇̆Y JX ,Z) =−g(∇̆Y X ,JZ),

where Y,Z ∈ DT and X ∈ D⊥. By using (3.2.4), it implies that g(h(Y,Z),JX)

= g(∇Y X ,JZ). Also, from (3.2.2), it is known that ∇Y X = Y (ln f )X . Hence, we
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gain g(h(Y,Z),JX) = Y (ln f )g(X ,JZ) = 0, since g(X ,JZ) = 0. Hence, (3.5.19)

follows.

From (3.2.4), (3.2.8) and (3.2.10), it follows that

g(h(Z,X),JW ) = g(∇̆X JZ,W ) =−g(∇X JZ,W ),

for Z ∈ DT and X ,W ∈ D⊥. Also, from (3.2.2), we see that ∇X JZ = JZ(ln f )X .

Hence, we obtain

g(h(Z,X),JW ) =−g(JZ(ln f )X ,W ) =−JZ(ln f )g(X ,W ),

Thus, (3.5.20) follows.

Similarly, (3.5.21) can be proved.

Lemma 3.5.4. Let (M̆,J,g) be a metallic Riemannian manifold and M be a bi-

warped product generalized J-induced submanifold of first order of type MT × f

M⊥×σ Mθ . Then, we obtain

g(h(Y,Z),PU) =0, (3.5.22)

g(h(Z,X),PU) =0, (3.5.23)

g(h(Z,U),PV ) =− JZ(lnσ)g(U,V )+Z(lnσ)g(U,TV ), (3.5.24)

where h is the second fundamental form of M in M̆ and Y,Z ∈ DT , X ∈ D⊥ and

U,V ∈Dθ .

Proof. From (3.2.4), (3.2.8) and (3.2.10), it follows that

g(h(Y,Z),PU) = g(∇̆Y Z,PU) = g(∇̆Y Z,JU)−g(∇̆Y Z,TU),

where Y,Z ∈DT and U ∈Dθ .

After some steps, we have

g(h(Y,Z),PU) = g(∇YU,JZ)−g(∇Y TU,Z).

From (3.2.2), we see that

∇YU = Y (lnσ)U, ∇Y TU = Y (lnσ)TU.
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Therefore, we have

g(h(Y,Z),PU) =g(Y (lnσ)U,JZ)−g(Y (lnσ)TU,Z)

=Y (lnσ)g(U,JZ)−Y (lnσ)g(TU,Z

=0, since g(U,JZ) = g(TU,Z) = 0.

Therefore, (3.5.22) follows. Similarly, (3.5.23) can be proved.

From (3.2.4), (3.2.8) and (3.2.10), it follows that

g(h(Z,U),PV ) =−g(∇JZU,V )+g(∇ZU,TV ).

From (3.2.2), we see that

∇JZU = JZ(lnσ)U, ∇ZU = Z(lnσ)U.

Hence, we obtain

g(h(Z,U),PV ) =−g(JZ(lnσ)U,V )+g(Z(lnσ)U,TV )

=− JZ(lnσ)g(U,V )+Z(lnσ)g(U,TV ).

Thus, (3.5.24) follows.

Theorem 3.5.5. Let (M̆,J,g) be a metallic Riemannian manifold and M be a bi-

warped product generalized J-induced submanifold of first order of type MT × f

M⊥×σ Mθ such that invariant normal subbundle D̄ = {0}. Then, M will be locally

trivial iff M is (DT ,D⊥) and (DT ,Dθ )-mixed geodesic.

Proof. Let (M̆,J,g) be a metallic Riemannian manifold and M be a biwarped prod-

uct generalized J-induced submanifold of first order of type MT × f M⊥×σ Mθ such

that invariant normal subbundle D̄ = {0}. If M becomes locally trivial, then f and σ

are constants. Since JZ(ln f ) = 0, so using (3.5.20), we obtain g(h(Z,X),JW ) = 0

for Z ∈ DT and X ,W ∈ D⊥. From (3.3.4) and (3.5.23) of Lemma 3.5.4, it implies

that h(Z,X) = 0. Thus, M is (DT ,D⊥)-mixed geodesic.

Since JZ(lnσ) = 0 and Z(lnσ) = 0, so using (3.5.24) of Lemma 3.5.4, we obtain

g(h(Z,U),PV ) = 0 for Z ∈DT and U,V ∈Dθ . From (3.3.4) and (3.5.21), it implies

that h(Z,X) = 0. Consequently, M is (DT ,Dθ )-mixed geodesic.
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For the converse part, let M be (DT ,D⊥) and (DT ,Dθ )-mixed geodesic. Since M

is (DT ,D⊥)-mixed geodesic, so using (3.5.20), we obtain JZ(ln f ) = 0 for Z ∈DT .

This implies f is constant. Since M is (DT ,Dθ )-mixed geodesic, so using (3.5.24),

we obtain for Z ∈DT and U,V ∈Dθ

−JZ(lnσ)g(U,V )+Z(lnσ)g(U,TV ) = 0. (3.5.25)

Putting Z = JZ in (3.5.25), we have

− J2Z(lnσ)g(U,V )+ JZ(lnσ)g(U,TV ) = 0.

i.e., −aJZ(lnσ)g(U,V )−bZ(lnσ)g(U,V )+ JZ(lnσ)g(U,TV )

= 0. (3.5.26)

Putting V = TV in (3.5.26) and using (3.2.13) and (3.5.25) we have

−aJZ(lnσ)g(U,TV )−bZ(lnσ)g(U,TV )+ JZ(lnσ)g(U,T 2V ) = 0.

i.e., −aJZ(lnσ)g(U,TV )−bZ(lnσ)g(U,TV )

+ JZ(lnσ)g(U,cos2
θ(aT +bI)V ) = 0.

i.e., −aJZ(lnσ)g(U,TV )−bZ(lnσ)g(U,TV )+acos2
θJZ(lnσ)g(U,TV )

+bcos2
θJZ(lnσ)g(U,V ) = 0.

i.e., −asin2
θJZ(lnσ)g(U,TV )−bsin2

θJZ(lnσ)g(U,V ) = 0.

i.e., sin2
θ [aJZ(lnσ)g(U,TV )+bJZ(lnσ)g(U,V )] = 0. (3.5.27)

As M is proper, sinθ 6= 0. Hence, from (3.5.27) it follows that JZ(lnσ) = 0. This

implies that σ is constant. Consequently, M is locally trivial since f and σ are

constants. This completes the proof.

Remark 3.5.6. From Theorem 3.5.5, we can conclude that a proper biwarped prod-

uct generalized J-induced submanifold of first order of type MT × f M⊥×σ Mθ of a

metallic Riemannian manifold is neither (DT ,D⊥)-mixed geodesic nor (DT ,Dθ )-

mixed geodesic.
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3.6 An inequality for the second fundamental form

in metallic Riemannian manifold

In this section, we set up an inequality for the second fundamental form for the

biwarped product generalized J-induced submanifold of first order of type MT × f

M⊥×σ Mθ , where MT , M⊥ and Mθ are respectively a holomorphic, totally real and

pointwise slant submanifolds of a metallic Riemannian manifold (M̆,J,g).

Let (M̆,J,g) be a metallic Riemannian manifold and M be a biwarped product gen-

eralized J-induced submanifold of first order in the form MT × f M⊥×σ Mθ of di-

mension (k+n+m). We consider an orthogonal basis {e1, ...,ek, ẽ1, ..., ẽn, ē1, ...,

ēm,e∗1, ...,e
∗
m, Jẽ1, ...,Jẽn, ê1, ..., êl} of M̆ such that g(Jẽi, ẽ j) = 0 for i 6= j, where

{e1, ...,ek} is an orthonormal basis of DT , {ẽ1, ..., ẽn} is an orthonormal basis of

D⊥, {ē1, ..., ēm} is an orthonormal basis of Dθ , {Jẽ1, ...,Jẽn} is an orthogonal ba-

sis of JD⊥, {e∗1, ...,e∗m} is an orthonormal basis of PDθ and {ê1, ..., êl} is an or-

thonormal basis of D̄T . Here, k = dim(DT ), n = dim(D⊥), m = dim(Dθ ) and

l = dim(D̄T ).

Remark 3.6.1. From (3.2.4), we see that {Je1, ...,Jek} is an orthogonal basis of DT

with respect to the condition g(Jei,e j) = 0 for i 6= j. On the other side, by virtue of

(3.2.15) and (3.2.16) we observe that {secθT ē1, ...,secθT ēm} and {cscθPē1, ....,

cscθPēm} are respectively the orthogonal bases of Dθ and PDθ with respect to the

condition g(T ēi, ē j) = 0 for i 6= j.

Theorem 3.6.2. Let (M̆,J,g) be a metallic Riemannian manifold and M be a bi-

warped product generalized J-induced submanifold of first order of the type MT × f

M⊥×σ Mθ . Then the length of the second fundamental form h of M satisfies

‖h‖2 ≥2bn‖∇(ln f )‖2 +2[bm+axcos2
θ +bmcos2

θ ]‖∇(lnσ)‖2

+2[an+am−2x]g(J∇(lnσ),∇(lnσ)), (3.6.1)

where n = dim(M⊥), m = dim(Mθ ) and x = ∑
m
r=1 g(T ēr, ēr). The equality occurs if

and only if

(i) MT is totally geodesic in M̆.
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(ii) M⊥ and Mθ are totally umbilic in M̆, where−∇(ln f ) and−∇(lnσ) are respec-

tively the mean curvatures of M⊥ and Mθ

(iii) M is minimal in M̆.

(iv) M is (D⊥,Dθ )-mixed geodesic.

Proof. From (3.3.3), it follows that

‖h‖2 =‖h(DT ,DT )‖2 +‖h(D⊥,D⊥)‖2 +‖h(Dθ ,Dθ )‖2

+2{‖h(DT ,D⊥)‖2 +‖h(DT ,Dθ )‖2 +‖h(D⊥,Dθ )‖2}. (3.6.2)

With the help of (3.3.4), (3.5.19), (3.5.20), (3.5.21), (3.5.22), (3.5.23) and (3.5.24),

one can explicitly write as follows

‖h‖2 =
n

∑
p,q,r=1

g2(h(ẽp, ẽq),Jẽr)+
n

∑
p,q=1

m

∑
r=1

g2(h(ẽp, ẽq),e∗r )

+
m

∑
p,q=1

n

∑
r=1

g2(h(ēp, ēq),Jẽr)+
m

∑
p,q,r=1

g2(h(ēp, ēq),e∗r )

+2
k

∑
p=1

n

∑
q,r=1

g2(h(ep, ẽq),Jẽr)+2
k

∑
p=1

m

∑
q,r=1

g2(h(ep, ēq),e∗r )

+
k+n+m

∑
p,q=1

l

∑
r=1

g2(h(ep,eq), êr). (3.6.3)

Thus, we obtain

‖h‖2 ≥2
k

∑
p=1

n

∑
q,r=1

g2(h(ep, ẽq),Jẽr)+2
k

∑
p=1

m

∑
q,r=1

g2(h(ep, ēq),e∗r )

=2
k

∑
p=1

n

∑
q,r=1

g2(h(ep, ẽq),Jẽr)+2
k

∑
p=1

m

∑
q,r=1

g2(h(ep, ēq),cscθPēr)

=2
k

∑
p=1

n

∑
q,r=1

[−Jep(ln f )g(ẽq, ẽr)]
2

+2
k

∑
p=1

m

∑
q,r=1

[−Jep(lnσ)g(ēq, ēr)+ ep(lnσ)g(ēq,T ēr)]
2

=2n
k

∑
p=1

[Jep(ln f )]2 +2m
k

∑
p=1

[Jep(lnσ)]2 +2
k

∑
p=1

m

∑
r=1

[ep(lnσ)]2g(T ēr,T ēr)

−4
k

∑
p=1

m

∑
r=1

[Jep(lnσ)ep(lnσ)]g(T ēr, ēr)
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=2n[ag(J∇(ln f ),∇(ln f ))+b‖∇(ln f )‖2]+2m[ag(J∇(lnσ),∇(lnσ))

+b‖∇(lnσ)‖2]+2‖∇(lnσ)‖2[acos2
θ

m

∑
r=1

g(T ēr, ēr)+bmcos2
θ ]

−4g(J∇(lnσ),∇(lnσ))
m

∑
r=1

g(T ēr, ēr)

=2bn‖∇(ln f )‖2 +2[bm+axcos2
θ +bmcos2

θ ]‖∇(lnσ)‖2

+2[an+am−2x]g(J∇(lnσ),∇(lnσ)), (3.6.4)

where x = ∑
m
r=1 g(T ēr, ēr).

Using (3.5.19), (3.5.20), (3.5.21), (3.5.22), (3.5.23), (3.5.24) and (3.6.3) we observe

that the equality occurs if and only if

h(DT ,DT ) = {0}, h(D⊥,D⊥) = {0}, h(Dθ ,Dθ ) = {0}, (3.6.5)

h(D⊥,Dθ ) = {0}. (3.6.6)

Since MT is totally geodesic in M, from (3.6.5) it implies that MT is also totally

geodesic in M̆. Hence, (i) follows.

We denote h⊥ as the second fundamental form of M⊥ in M. From [83], it follows

that h⊥(D⊥,D⊥) ⊆ DT . Then, g(h⊥(X ,W )) = g(∇XW,Z), where Z ∈ DT and

X ,W ∈D⊥. Using Proposition 1.2.2, we see that ∇XW = ∇⊥X W −g(X ,W )∇(ln f ),

where ∇⊥ is the induced connection on M⊥. Thus,

g(h⊥(X ,W ),Z) =−Z(ln f )g(X ,W ) =−g(g(X ,W )∇(ln f ),Z).

Hence,h⊥(X ,W ) =−g(X ,W )∇(ln f ). (3.6.7)

In view of (3.6.5) and (3.6.7), one can conclude that M⊥ is totally umbilic in M̆

with mean curvature −∇(ln f ). By a similar fashion, we derive that Mθ is totally

umbilic in M̆ with mean curvature −∇(lnσ). Hence, (ii) follows.

Assertions (iii) and (iv) follow respectively from (3.6.5) and (3.6.6). This com-

pletes the proof.
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3.7 Biwarped product submanifold of locally nearly

metallic Riemannian manifold

In this section, we study the biwarped product submanifolds of a locally nearly

metallic Riemannian manifold M̄ in the form MT × f M⊥×σ Mθ , where MT , M⊥ and

Mθ are respectively the holomorphic, totally real and proper slant submanifolds. If

we consider DT = T MT , D⊥ = T M⊥ and Dθ = T Mθ , then the tangent and normal

bundles of M can be respectively decomposed as

T M = DT ⊕D⊥⊕Dθ , T⊥M = JDT ⊕PD⊥⊕δ ,

where δ is the j-invariant subbundle of T⊥M.

We state the following two Lemmas for later use.

Lemma 3.7.1. Let M = MT × f M⊥×σ Mθ be a biwarped product submanifold of a

locally nearly metallic Riemannian manifold M̄. Then we derive

(i) g(h(U,V ),JX) = 0,

(ii) g(h(U,V ),PZ) = 0,

(iii) g(h(U,X),JY ) =
1
3

JU(ln f )g(X ,Y ),

where U,V ∈ Γ(DT ), X ,Y ∈ Γ(D⊥) and Z ∈ Γ(Dθ ).

Proof. For all U,V ∈ Γ(DT ) and X ∈ Γ(D⊥), we obtain

g(h(U,V ),JX) = g(∇̄UV,JX) = g(∇̄U JV,X)−g((∇̄U J)V,X).

From (1.2.4), it follows that

g(h(U,V ),JX) = g(∇̄UV,JX) =U(ln f )g(JV,X)−g((∇̄U J)V,X).

Since g(JV,X) = 0, we find

g(h(U,V ),JX) =−g((∇̄U J)V,X). (3.7.1)
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Replacing U and V by V and U respectively in (3.7.1), we derive

g(h(U,V ),JX) =−g((∇̄V J)U,X). (3.7.2)

By adding (3.7.1), (3.7.2) and using (3.2.17), we see

g(h(U,V ),JX) = 0.

Hence, (i) follows.

By a similar manner, we can prove (ii).

Now, we wish to prove the third assertion of the Lemma. For all U ∈ Γ(DT ) and

X ,Y ∈ Γ(D⊥), we obtain

g(h(U,X),JY ) = g(∇̄XU,JY ) = g(∇̄X JU,Y )−g((∇̄X J)U,Y ).

From (1.2.4) and (3.2.17), it implies that

g(h(U,X),JY ) =JU(ln f )g(X ,Y )+g((∇̄U J)X ,Y ).

=JU(ln f )g(X ,Y )+g(∇̄U JX ,Y )−g(∇̄U X ,JY )

From (3.2.1), (3.2.2) and (3.2.17), we find

2g(h(U,X),JY ) = JU(ln f )g(X ,Y )−g(h(U,Y ),JX). (3.7.3)

Putting X = Y and Y = X , we obtain

2g(h(U,Y ),JX) = JU(ln f )g(X ,Y )−g(h(U,X),JY ). (3.7.4)

From (3.7.3) and (3.7.4), it follows that

2g(h(U,X),JY ) = JU(ln f )g(X ,Y )− 1
2
[JU(ln f )g(X ,Y )−g(h(U,X),JY )]

i.e., g(h(U,X),JY ) =
1
3

JU(ln f )g(X ,Y ).

Hence, (iii) follows. This completes the proof.
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Lemma 3.7.2. Let M = MT × f M⊥×σ Mθ be a biwarped product submanifold of a

locally nearly metallic Riemannian manifold M̄. Then we derive

(i) g(h(U,X),PZ) =−1
2

g(h(U,Z),JX) = 0,

(ii) g(h(U,Z),PW ) =
1
3
[JU(lnσ)g(Z,W )−U(lnσ)g(T Z,W )],

where U ∈ Γ(DT ), X ∈ Γ(D⊥) and Z,W ∈ Γ(Dθ ).

Proof. For all U ∈ Γ(DT ), X ∈ Γ(D⊥) and Z ∈ Γ(Dθ ), we get

g(h(U,X),PZ) =g(∇̄XU,PZ)

=g(∇̄XU,JZ)−g(∇̄XU,T Z)

=g(∇̄X JU,Z)−g((∇̄X J)U,Z)−g(∇̄XU,T Z).

In view of (3.2.17), (1.2.4) and the condition of orthogonality of two vector fields,

we derive

g(h(U,X),PZ) =−g((∇̄X J)U,Z) = g((∇̄U J)X ,Z)

=g(∇̄U JX ,Z)−g(∇̄U X ,JZ)

=−g(∇̄U Z,JX)−g(∇̄U X ,T Z)−g(∇̄U X ,PZ)

=−g(∇̄U Z,JX)−g(∇̄U X ,PZ)

=−g(h(U,Z),JX)−g(h(U,X),PZ).

This implies that

g(h(U,X),PZ) =−1
2

g(h(U,Z),JX), (3.7.5)

which is the first equality of the first assertion of the Lemma. Also, we find

g(h(U,Z),JX) =g(∇̄ZU,JX) = g(∇̄ZJU,X)−g((∇̄ZJ)U,X).

In view of (3.2.17), (1.2.4) and the condition of orthogonality of two vector fields,

we derive

g(h(U,Z),JX) =−g((∇̄ZJ)U,X) = g((∇̄U J)Z,X)

=g(∇̄U JZ,X)−g(∇̄U Z,JX)

=g(∇̄U T Z,X)+g(∇̄U PZ,X)−g(∇̄U Z,JX).
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Since g(∇̄U T Z,X) = 0, thus by using (3.2.1) and (3.2.2), we find

g(h(U,Z),JX) =g(∇̄U PZ,X)−g(∇̄U Z,JX)

=−g(h(U,X),PZ)−g(h(U,Z),JX).

This implies that

g(h(U,Z),JX) =−1
2

g(h(U,X),PZ). (3.7.6)

From (3.7.5) and (3.7.6), we obtain

g(h(U,X),PZ) = 0.

Hence, the second equality of the first assertion of the Lemma is proved.

Now, we wish to prove the second assertion of the Lemma. For all U ∈ Γ(DT ) and

Z,W ∈ Γ(Dθ ), we have

g(h(U,Z),PW ) =g(∇̄ZU,PW ).

=g(∇̄ZU,JW )−g(∇̄ZU,TW )

=g(∇̄ZJU,W )−g((∇̄ZJ)U,W )−g(∇̄ZU,TW )

=JU(lnσ)g(Z,W )+g((∇̄U J)Z,W )−U(lnσ)g(Z,TW )

=JU(lnσ)g(Z,W )+g(∇̄U JZ,W )−g(∇̄U Z,JW )

−U(lnσ)g(Z,TW )

=JU(lnσ)g(Z,W )+g(∇̄U T Z,W )+g(∇̄U PZ,W )

−g(∇̄U Z,TW )−g(∇̄U Z,PW )−U(lnσ)g(Z,TW )

From (1.2.4), (3.2.1) and (3.2.2), we have

g(h(U,Z),PW ) =JU(lnσ)g(Z,W )−U(lnσ)g(Z,TW )

−g(∇̄UW,PZ)−g(∇̄U Z,PW ).

=JU(lnσ)g(Z,W )−U(lnσ)g(Z,TW )

−g(h(U,W ),PZ)−g(h(U,Z),PW ).

This implies that

2g(h(U,Z),PW ) =JU(lnσ)g(Z,W )−U(lnσ)g(Z,TW )

−g(h(U,W ),PZ). (3.7.7)
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Interchanging Z by W , we have

2g(h(U,W ),PZ) =JU(lnσ)g(Z,W )−U(lnσ)g(Z,TW )

−g(h(U,Z),PW ). (3.7.8)

Using (3.7.7) and (3.7.8), we derive

g(h(U,Z),PW ) =
1
3
[JU(lnσ)g(Z,W )−U(lnσ)g(T Z,W )],

Hence, the second part is proved. This completes the proof of the Lemma.

Putting W = TW in the second part of the Lemma 3.7.2, we obtain

g(h(U,Z),PTW ) =
1
3
[JU(lnσ)g(Z,TW )−U(lnσ)g(T Z,TW )]

=
1
3
[JU(lnσ)g(Z,TW )

−U(lnσ)cos2
θ{ag(T Z,W )+bg(Z,W )}]

=
1
3
[JU(lnσ)g(Z,TW )−acos2

θU(lnσ)g(T Z,W )

−bcos2
θU(lnσ)g(Z,W )]. (3.7.9)

Now, we give a necessary and sufficient conditions for such submanifolds to be

locally trivial.

Theorem 3.7.3. Let M be a biwarped product submanifold of type MT × f M⊥×σ

Mθ of a locally nearly metallic Riemannian manifold (M̄,J,g) such that the in-

variant normal subbundle δ = {0}. Then M is locally trivial if and only if M is

(DT ,D⊥) and (DT ,Dθ )-mixed geodesic.

Proof. Let M be a biwarped product submanifold of type MT × f M⊥×σ Mθ of a

locally nearly metallic Riemannian manifold (M̄,J,g) such that the invariant normal

subbundle δ = {0}. Let M be locally trivial. Then both the warping functions f and

σ are constants. Since f is constant, so JU(ln f ) = 0. Therefore, by Lemma 3.7.1,

we see that g(h(U,X),JY ) = 0 for any U ∈DT and X ,Y ∈D⊥. Also, from Lemma

3.7.2 and the decomposition of the normal bundles of M, we gain h(U,X) = 0.

Consequently, it implies that M is (DT ,D⊥)-mixed geodesic. On the other side,
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since the function σ is constant, so JU(lnσ) = 0 and U(lnσ) = 0. Therefore,

from Lemma 3.7.2, we find g(h(U,Z),PW ) = 0 for U ∈DT and Z,W ∈Dθ . Also,

from Lemma 3.7.2 and the decomposition of the normal bundles of M, we gain

h(U,Z) = 0. Consequently, it implies that M is (DT ,Dθ )-mixed geodesic.

For the converse part of the theorem, let M be (DT ,D⊥) and (DT ,Dθ )-mixed

geodesic. If M is (DT ,D⊥)-mixed geodesic, then h(U,X) = 0 for any U ∈DT and

X ∈D⊥. Hence, from Lemma 3.7.1, we see JU(ln f )= 0. Therefore, f is a constant

function. On the other side, if M is (DT ,Dθ )-mixed geodesic, then h(U,Z) = 0 for

any U ∈DT and Z ∈Dθ . Hence, from Lemma 3.7.2, we obtain

JU(lnσ)g(Z,W )−U(lnσ)g(T Z,W ) = 0. (3.7.10)

Putting U = JU in (3.7.10), we get

J2U(lnσ)g(Z,W )− JU(lnσ)g(T Z,W ) = 0

i.e., (aJ+bI)U(lnσ)g(Z,W )− JU(lnσ)g(T Z,W ) = 0

i.e., aJU(lnσ)g(Z,W )+bU(lnσ)g(Z,W )

− JU(lnσ)g(T Z,W ) = 0. (3.7.11)

Putting Z = T Z in (3.7.11) and using (3.7.10), we have

aJU(lnσ)g(T Z,W )+bU(lnσ)g(T Z,W )− JU(lnσ)g(T 2Z,W ) = 0

i.e., aJU(lnσ)g(T Z,W )+bU(lnσ)g(T Z,W )

− JU(lnσ)[acos2
θg(T Z,W )+bcos2

θg(Z,W )] = 0

i.e., a(1− cos2
θ)JU(lnσ)g(T Z,W )+b(1− cos2

θ)JU(lnσ)g(Z,W ) = 0

i.e., asin2
θJU(lnσ)g(T Z,W )+bsin2

θJU(lnσ)g(Z,W ) = 0.

i.e., sin2
θJU(lnσ)[ag(T Z,W )+bg(Z,W )] = 0. (3.7.12)

Since M is a proper biwarped product submanifold of type MT× f M⊥×σ Mθ of a lo-

cally nearly metallic Riemannian manifold (M̄,J,g), sinθ 6= 0. Also, since a,b are

positive integers, g(T Z,W ) 6= 0 and g(Z,W ) 6= 0 for Z,W ∈Dθ , hence ag(T Z,W )+

bg(Z,W ) 6= 0. Therefore, from (3.7.12) we can conclude that JU(lnσ) = 0. Con-

sequently, σ is a constant function. Therefore, M is locally trivial. This completes

the proof.
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Remark 3.7.4. From Theorem 3.7.3, it follows that a proper biwarped product sub-

manifold M = MT × f M⊥×σ Mθ in a locally nearly metallic Riemannian manifold

is neither (DT ,D⊥)-mixed geodesic nor (DT ,Dθ )-mixed geodesic.

3.8 Inequality for the second fundamental form in lo-

cally nearly metallic Riemannian manifold

In this section, we give a sharp inequality for the second fundamental form with

respect to some conditions. We also investigate its equality case.

Let M = MT × f M⊥×σ Mθ be a proper biwarped product submanifold of a locally

nearly metallic Riemannian manifold (M̄,J,g) of dimension 2m. We choose a lo-

cal orthogonal basis {e1, ...,en} of the tangent bundle T M in such a manner that

g(Jei,e j) = g(Tei,e j) = 0 for i 6= j and

DT = span{e1, ...,et ,et+1 = Je1, ...,e2t = Jet},

D⊥ = span{e2t+1 = ê1, ...,e2t+p = êp},

Dθ = span{e2t+p+1 = e∗1, ...,e2t+p+q = e∗q,e2t+p+q+1 = secθe∗1, ...,en = secθe∗q},

in which {e1, ...,et}, {ê1, ..., êp} and {e∗1, ...,e∗q} are three orthonormal set of vec-

tors. Therefore, dimMT = 2t, dimM⊥ = p and dimMθ = 2q. Furthermore, the

orthonormal basis {E1, ...E2m−n−p−2q} of the normal bundle T⊥M are given by

JD⊥ =span{E1 = Jê1, ...,Ep = Jêp},

PDθ =span{Ep+1 = cscθPe∗1, ...,Ep+q = cscθPe∗q,

Ep+q+1 = cscθ secθPTe∗1, ...,Ep+2q = cscθ secθPTe∗q},

δ =span{Ep+2q+1, ...,E2m−n−p−2q}.

Theorem 3.8.1. Let M be a biwarped product submanifold of type MT × f M⊥×σ

Mθ of a locally nearly metallic Riemannian manifold (M̄,J,g). Then the second
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fundamental form h satisfies

‖h‖2 ≥2bp
9
‖∇(ln f )‖2 +

2
9
[
bqcsc2

θ +axcot2 θ +bqcot2 θ +abxcsc2
θ

+b2qcsc2
θ +a3xcot2 θ cos2

θ +a2bqcot2 θ cos2
θ +b2qcot2 θ

+2abxcot2 θ
]
‖∇(lnσ)‖2 +

2
9
[
ap+aqcsc2

θ −2xcsc2
θ

+a2xcsc2
θ +abqcsc2

θ −2a2xcot2 θ −2abqcot2 θ

−2bxcsc2
θ
]
g(J∇(lnσ),∇(lnσ)), (3.8.1)

whereas dimM⊥ = p, dimMθ = 2q and x = ∑
q
r=1 g(Te∗r ,e

∗
r ).

The equality occurs in (3.8.1) when MT is totally geodesic in M̄ and M⊥, Mθ are

totally umbilical in M̄. Furthermore, M is neither (DT ,D⊥)-mixed geodesic nor

(DT ,Dθ )-mixed geodesic in M̄.

Proof. From the definition of the second fundamental form h, we have

‖h‖2 =
n

∑
i, j=1

g(h(ei,e j),h(ei,e j)) =
2m−n−p−2q

∑
r=1

n

∑
i, j=1

g2(h(ei,e j),Er). (3.8.2)

Now, by decomposing (3.8.2) for the normal subbundles T⊥M of M as follows

‖h‖2 =
p

∑
r=1

n

∑
i, j=1

g2(h(ei,e j),Jêr)+
p+2q

∑
r=p+1

n

∑
i, j=1

g2(h(ei,e j),Er)

+
2m−n−p−2q

∑
r=p+2q+1

n

∑
i, j=1

g2(h(ei,e j),Er). (3.8.3)

We omit the last δ -components terms in (3.8.3) and by using the orthonormal bases

of T M and T⊥M, we have

‖h‖2 ≥
p

∑
r=1

2t

∑
i, j=1

g2(h(ei,e j),Jêr)+2
p

∑
r=1

2t

∑
i=1

p

∑
j=1

g2(h(ei, ê j),Jêr)

+
p

∑
r=1

p

∑
i, j=1

g2(h(êi, ê j),Jêr)+2
p

∑
r=1

2t

∑
i=1

2q

∑
j=1

g2(h(ei,e∗j),Jêr)

+
p

∑
r=1

2q

∑
i, j=1

g2(h(e∗i ,e
∗
j),Jêr)+2

p

∑
r=1

2q

∑
i=1

p

∑
j=1

g2(h(e∗i , ê j),Jêr)
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+ csc2
θ

q

∑
r=1

2t

∑
i, j=1

[
g2(h(ei,e j),Pe∗r )+ sec2

θg2(h(ei,e j),PTe∗r )
]

+2csc2
θ

q

∑
r=1

2t

∑
i=1

p

∑
j=1

[
g2(h(ei, ê j),Pe∗r )+ sec2

θg2(h(ei, ê j),PTe∗r )
]

+ csc2
θ

q

∑
r=1

p

∑
i, j=1

[
g2(h(êi, ê j),Pe∗r )+ sec2

θg2(h(êi, ê j),PTe∗r )
]

+2csc2
θ

q

∑
r=1

p

∑
i=1

2q

∑
j=1

[
g2(h(êi,e∗j),Pe∗r )+ sec2

θg2(h(êi,e∗j),PTe∗r )
]

+ csc2
θ

q

∑
r=1

2q

∑
i, j=1

[
g2(h(e∗i ,e

∗
j),Pe∗r )+ sec2

θg2(h(e∗i ,e
∗
j),PTe∗r )

]
+2csc2

θ

q

∑
r=1

2t

∑
i=1

2q

∑
j=1

[
g2(h(ei,e∗j),Pe∗r )

+ sec2
θg2(h(ei,e∗j),PTe∗r )

]
. (3.8.4)

Clearly, there is no connection for warped products for the third, fifth, sixth, ninth,

tenth and eleventh terms in (3.8.4). Hence, we omit these positive terms. With the

help of Lemma 3.7.1, Lemma 3.7.2 and (3.7.9), we see that

‖h‖2 ≥2
p

∑
r=1

2t

∑
i=1

p

∑
j=1

[1
3

Jei(ln f )g(ê j, êr)
]2

+2csc2
θ

q

∑
r=1

2t

∑
i=1

2q

∑
j=1

[1
3
{Jei(lnσ)g(e∗j ,e

∗
r )− ei(lnσ)g(Te∗j ,e

∗
r )}
]2

+2csc2
θ sec2

θ

q

∑
r=1

2t

∑
i=1

2q

∑
j=1

[1
3
{Jei(lnσ)g(e∗j ,Te∗r )

−acos2
θei(lnσ)g(Te∗j ,e

∗
r )−bcos2

θei(lnσ)g(e∗j ,e
∗
r )}
]2

=
2p
9

2t

∑
i=1

[
Jei(ln f )

]2
+

2qcsc2 θ

9

2t

∑
i=1

[
Jei(lnσ)

]2
+

2csc2 θ

9

2t

∑
i=1

q

∑
r=1

[
ei(lnσ)

]2g(Te∗r ,Te∗r )

− 4csc2 θ

9

2t

∑
i=1

q

∑
r=1

[
Jei(lnσ)ei(lnσ)

]
g(Te∗r ,e

∗
r )

+
2csc2 θ sec2 θ

9

2t

∑
i=1

q

∑
r=1

[
Jei(lnσ)

]2g(Te∗r ,Te∗r )
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+
2a2 cot2 θ

9

2t

∑
i=1

q

∑
r=1

[
ei(lnσ)

]2g(Te∗r ,Te∗r )+
2b2qcot2 θ

9

2t

∑
i=1

[ei(lnσ)]2

− 4acsc2 θ

9

2t

∑
i=1

q

∑
r=1

[
Jei(lnσ)ei(lnσ)

]
g(Te∗r ,Te∗r )

− 4bcsc2 θ

9

2t

∑
i=1

q

∑
r=1

[
Jei(lnσ)ei(lnσ)

]
g(Te∗r ,e

∗
r )

+
4abcot2 θ

9

2t

∑
i=1

q

∑
r=1

[
ei(lnσ)

]2g(Te∗r ,e
∗
r )

=
2p
9
[
ag(J∇(ln f ),∇(ln f ))+b‖∇(ln f )‖2]

+
2qcsc2 θ

9
[
ag(J∇(lnσ),∇(lnσ))+b‖∇(lnσ)‖2]

+
2csc2 θ

9
‖∇(lnσ)‖2[acos2

θ

q

∑
r=1

g(Te∗r ,e
∗
r )+bqcos2

θ
]

− 4csc2 θ

9
g(J∇(lnσ),∇(lnσ))

q

∑
r=1

g(Te∗r ,e
∗
r )

+
2csc2 θ sec2 θ

9
[
ag(J∇(lnσ),∇(lnσ))+b‖∇(lnσ)‖2]

×
[
acos2

θ

q

∑
r=1

g(Te∗r ,Te∗r )+bqcos2
θ
]

+
2a2 cot2 θ

9
‖∇(lnσ)‖2[acos2

θ

q

∑
r=1

g(Te∗r ,e
∗
r )+bqcos2

θ
]

+
2b2qcot2 θ

9
‖∇(lnσ)‖2

− 4acsc2 θ

9
g(J∇(lnσ),∇(lnσ))

[
acos2

θ

q

∑
r=1

g(Te∗r ,e
∗
r )+bqcos2

θ
]

− 4bcsc2 θ

9
g(J∇(lnσ),∇(lnσ))

q

∑
r=1

g(Te∗r ,e
∗
r )

+
4abcot2 θ

9
‖∇(lnσ)‖2

q

∑
r=1

g(Te∗r ,e
∗
r )

=
2bp

9
‖∇(ln f )‖2 +

2
9
[
bqcsc2

θ +axcot2 θ +bqcot2 θ +abxcsc2
θ

+b2qcsc2
θ +a3xcot2 θ cos2

θ +a2bqcot2 θ cos2
θ +b2qcot2 θ

+2abxcot2 θ
]
‖∇(lnσ)‖2 +

2
9
[
ap+aqcsc2

θ −2xcsc2
θ
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+a2xcsc2
θ +abqcsc2

θ −2a2xcot2 θ −2abqcot2 θ

−2bxcsc2
θ
]
g(J∇(lnσ),∇(lnσ)),

where x = ∑
q
r=1 g(Te∗r ,e

∗
r ). Thus we obtain the inequality.

Now, we wish to consider the equality case. We obtain by omitting the third term

in (3.8.3) that

h(T M,T M)⊥ δ . (3.8.5)

By vanishing the first term and omitting the seventh term in (3.8.4), we see

h(DT ,DT )⊥ JD⊥ and h(DT ,DT )⊥ PDθ . (3.8.6)

From (3.8.5) and (3.8.6), it follows that

h(DT ,DT ) = 0. (3.8.7)

Also, by leaving the third and ninth terms in (3.8.4), we find

h(D⊥,D⊥)⊥ JD⊥ and h(D⊥,D⊥)⊥ PDθ . (3.8.8)

Hence, we can conclude from (3.8.5) and (3.8.8) that

h(D⊥,D⊥) = 0. (3.8.9)

On the other side, by omitting the fifth and eleventh terms in (3.8.4), we derive

h(Dθ ,Dθ )⊥ JD⊥ and h(Dθ ,Dθ )⊥ PDθ . (3.8.10)

Therefore, we have from (3.8.5) and (3.8.10) that

h(Dθ ,Dθ ) = 0. (3.8.11)

Furthermore, from leaving the sixth and tenth terms in (3.8.4), we have

h(D⊥,Dθ )⊥ JD⊥ and h(D⊥,Dθ )⊥ PDθ . (3.8.12)

Thus, from (3.8.5) and (3.8.12) that

h(D⊥,Dθ ) = 0. (3.8.13)
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By vanishing the eighth term in (3.8.4) with (3.8.5), we derive

h(DT ,D⊥)⊂ JD⊥. (3.8.14)

By a similar fashion, vanishing the forth term in (3.8.4)with (3.8.5), we find

h(DT ,Dθ )⊂ PDθ . (3.8.15)

Since MT is totally geodesic in M, hence by using (3.8.7), (3.8.9) and (3.8.13), we

conclude that MT is totally geodesic in M̄. On the other hand, since M⊥ and Mθ are

totally umbilical in M, hence by using (3.8.9), (3.8.11), (3.8.14) and (3.8.15), we

can say that M⊥ and Mθ are both totally umbilical in M̄. Moreover, from Remark

3.7.4, (3.8.14) and (3.8.15), it follows that M is neither (DT ,D⊥)-mixed geodesic

nor (DT ,Dθ )-mixed geodesic in M̄. This completes the proof.
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CHAPTER 4

Some spacetimes as an application of warped

product manifolds

4.1 Introduction

This chapter is based on some spacetimes as an application of warped product

manifolds. It brings out the significance of the generalized Friedmann-Robertson-

Walker spacetime, hyper-generalized quasi Einstein spacetime and T -flat space-

time. A new way to study on generalized Friedmann-Robertson-Walker space-

time means we discuss the Einstein gravitational field tensors and the cosmolog-

ical constant in generalized Friedmann-Robertson-Walker spacetime (M,g) of type

M = B×h1 F1×h2 F2 equipped with the metric g = gB⊕h1
2g1⊕h2

2g2, where g1 =
g

ϕ2 , g being the pseudo-Euclidean metric on Rn1 with respect to the co-ordinates

x = (x1,x2, ...,xn1), gi j = δi jεi and ϕ : Rn1 → R is a smooth function.

The fourth chapter contains fourteen sections. After the “introduction” part, there

is “preliminaries” unit to remind some significant facts. Then the third section dis-

cusses the generalized Friedmann-Robertson-Walker spacetime in a new way. The

fourth section represents some examples of generalized black hole solutions. The
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fifth section is focused on hyper-generalized quasi Einstein warped product spaces

with non positive scalar curvature. Then consecutively four sections are used to

investigate some geometric and physical properties of (HGQE)n manifolds. The

tenth section illuminates the general relativistic viscous fluid (HGQE)4 spacetimes

with some physical applications. Then a non trivial example has been set up to

ensure the existence of (HGQE)4 spacetimes. Twelfth section deals with a space-

time admitting vanishing T -curvature tensor. The last two sections convey the

behaviour of general relativistic viscous fluid spacetime admitting vanishing and

divergence free T -curvature tensor respectively.

4.2 Preliminaries

This section recalls some basic results for multiply warped product manifolds [41]

which will be needed throughout the current work. Let f be a smooth function on a

semi-Riemannian manifold (M,g) of dimension n. Then the Hessian of f is defined

by H f (X ,Y ) =X(Y f )−(∇XY ) f and Laplacian of f is defined by ∆ f = traceg(H f ),

or ∆ = div(grad), where grad,div and ∇ are the gradient, divergence and covariant

derivative operators respectively.

Proposition 4.2.1. [41] Let M = B× f1 M1× ...× fm Mm be a pseudo-Riemannian

multiply warped product endowed with the metric tensor g = gB⊕ f 2
1 gM1⊕ f 2

2 gM2⊕
...⊕ f 2

mgMm and also let X ,Y,Z ∈L (B) and V ∈L (Mi), W ∈L (M j). Then

Ric(X ,Y ) =RicB(X ,Y )−
m

∑
i=1

(
ni

fi

)
H fi

B (X ,Y ), (4.2.1)

Ric(V,X) =0, (4.2.2)

Ric(V,W ) =0; f or i 6= j, (4.2.3)

Ric(V,W ) =RicMi(V,W )−
[

∆B fi

fi
+(ni−1)

|gradB fi|2B
f 2
i

+
m

∑
k=1,k 6=i

nk
gB(gradB fi,gradB fk)

fi fk

]
g(V,W ); f or i = j, (4.2.4)

where Ric,RicB and RicMi are the Ricci curvature tensors of the metrics g,gB and

gMi respectively.
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Proposition 4.2.2. [41] Let M = B× f1 M1× ...× fm Mm be a pseudo-Riemannian

multiply warped product with the metric tensor g = gB⊕ f 2
1 gM1 ⊕ f 2

2 gM2 ⊕ ...⊕
f 2
mgMm . Then the scalar curvature S of (M,g) admits the following expressions

S =SB−2
m

∑
i=1

ni
∆B fi

fi
+

m

∑
i=1

SMi

f 2
i
−

m

∑
i=1

ni(ni−1)
|gradB fi|2B

f 2
i

−
m

∑
i=1

m

∑
k=1,k 6=i

nink
gB(gradB fi,gradB fk)

fi fk
, (4.2.5)

where SB and SMi are the scalar curvatures of the metrics gB and gMi respectively.

Tripathi and Gupta [122] developed the notion of T - curvature tensor in pseudo-

Riemannian manifolds. They defined T - curvature tensor as follows.

Definition 4.2.3 (T - curvature tensor of type (1,3)). In an n-dimensional pseudo-

Riemannian manifold (M,g), a T - curvature tensor is a tensor of type (1,3) defined

by

T (X ,Y )Z =c0R(X ,Y )Z + c1S(Y,Z)X + c2S(X ,Z)Y

+ c3S(X ,Y )Z + c4g(Y,Z)QX + c5g(X ,Z)QY

+ c6g(X ,Y )QZ + rc7 [g(Y,Z)X−g(X ,Z)Y ] , (4.2.6)

where X ,Y,Z ∈X(M); c0,c1,c2,c3,c4,c5,c6,c7 are smooth functions on M; S,Q,R,r,

g are respectively the Ricci tensor, Ricci operator, curvature tensor, scalar curva-

ture and pseudo-Riemannian metric tensor.

Note that T -curvature tensor reduces to many other curvature tensors for different

values of c0,c1,c2,c3,c4,c5,c6,c7.

Definition 4.2.4 (T - curvature tensor of type (0,4)). A T -curvature tensor of type

(0,4) is defined by

T̃ (X ,Y,Z,W ) =c0R(X ,Y,Z,W )+ c1S(Y,Z)g(X ,W )+ c2S(X ,Z)g(Y,W )

+ c3S(X ,Y )g(Z,W )+ c4g(Y,Z)S(X ,W )+ c5g(X ,Z)S(Y,W )

+ c6g(X ,Y )S(Z,W )+ rc7[g(Y,Z)g(X ,W )

−g(X ,Z)g(Y,W )], (4.2.7)
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where X ,Y,Z,W ∈ X(M), R is the Riemannian curvature tensor, S is the Ricci ten-

sor, g is the pseudo-Riemannian metric tensor and T̃ (X ,Y,Z,W )= g(T (X ,Y )Z,W ).

Definition 4.2.5 (T -flat spacetime). A spacetime is called T -flat if the T -curvature

tensor of type (0,4) satisfies the relation T̃ (X ,Y,Z,W )= 0 on M for any X ,Y,Z,W ∈
X(M).

Definition 4.2.6 (Curvature collineation). If a spacetime M admits a symmetry then

it is said to be a curvature collineation (CC) [72, 42, 43] if

(
£ξ R

)
(X ,Y )Z = 0, (4.2.8)

where R is the Riemannian curvature tensor.

Definition 4.2.7 (T -conservative spacetime). A spacetime is called T -conservative

if (divT )(X ,Y,Z) = 0.

Definition 4.2.8 (Codazzi type tensor). A (0,2)-type symmetric tensor field F in

a pseudo-Riemannian manifold (Mn,g) is called Codazzi type if (∇X F)(Y,Z) =

(∇Y F)(X ,Z) for X ,Y,Z ∈ X(M).

4.3 Generalized Friedmann-Robertson-Walker space-

time

The Friedmann-Robertson-Walker metric is an exact solution of the Einstein’s field

equations in four dimensional spacetime. It describes an isotropic, homogeneous,

contracting or expanding universe which may be simply or multiply connected.

This metric can be written in the following general form

g(xα) = εdt2 + f 2(t)gab(x)dxadxb, (4.3.1)

where a,b ∈ {1,2,3}.
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Definition 4.3.1. Let (F1,g1) and (F2,g2) be two Riemannian manifolds and B be a

manifold of dimension one. Also, let hi : B→ (0,∞), i ∈ {1,2} be smooth functions.

The Lorentzian multiply warped product is the product manifold M = B×F1×F2

equipped with the metric g on M given by

g(xα) = εdt2 +h1
2(t)gab(xµ)dxadxb +h2

2(t)gi j(xk)dxidx j (4.3.2)

with the local components

g00 =g(∂t ,∂t) = ε, gab = h1
2(t)g1ab(x

µ),

gi j =h2
2(t)g2i j(x

k), gia = 0, g0i = 0, (4.3.3)

where ε2 = 1, (xµ),(xk) and t are the co-ordinate systems on F1,F2 and B re-

spectively. It is also noted that a,b ∈ {1,2, ...,n1}, i, j ∈ {n1 + 1, ...,n1 + n2} and

α ∈ {1, ...,n1 +n2}. We use ∂t =
∂

∂ t ,∂i =
∂

∂xi ,∂a =
∂

∂xa . We consider h′1 =
dh1
dt ,h

′
2 =

dh2
dt ,A1 =

2h′1
h1
,A2 =

2h′2
h2
.

Now we obtain the following results in terms of the Ricci tensor and scalar curvature

of generalized Friedmann-Robertson-Walker spacetime (M,g) of type M = B×h1

F1×h2 F2 equipped with the metric g = gB⊕h1
2g1⊕h2

2g2, where g1 =
g

ϕ2 , g being

the pseudo-Euclidean metric on Rn1 .

Proposition 4.3.2. Let (M =B×h1 F1×h2 F2,g) be a generalized Friedmann-Robertson-

Walker spacetime. Then we have

Ric(∂t ,∂t) =−n1

(
A1

2

4
+

A′1
2

)
−n2

(
A2

2

4
+

A′2
2

)
, (4.3.4)

Ric(∂a,∂b) =
1
ϕ
(n1−2)Hφ

g (∂a,∂b)−gab

[
ε

(
A1

2

4
+

A′1
2

)
+(n1−1)ε

A1
2

4
+n2ε

A1A2

4

]
; a 6= b, (4.3.5)

Ric(∂a,∂b) =
1
ϕ
(n1−2)Hφ

g (∂a,∂a)+
1
ϕ

εa∆gϕ

− 1
ϕ2 (n1−1)εa|∇gϕ|2−gab

[
ε

(
A1

2

4
+

A′1
2

)
+(n1−1)ε

A1
2

4
+n2ε

A1A2

4

]
; a = b, (4.3.6)
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Ric(∂i,∂ j) =RicF2(∂i,∂ j)

−gi j

[
ε

(
A2

2

4
+

A′1
2

)
+(n2−1)ε

A2
2

4
+n1ε

A1A2

4

]
, (4.3.7)

Ric(∂t ,∂a) =0, (4.3.8)

Ric(∂a,∂i) =0, (4.3.9)

where local components of the Ricci tensor on (F2,g2) is RicF2(∂i,∂ j).

Proof. Here (M =B×h1 F1×h2 F2,g) be a generalized Friedmann-Robertson-Walker

spacetime equipped with the metric g = gB⊕h1
2g1⊕h2

2g2, where g1 =
g

ϕ2 , g being

the pseudo-Euclidean metric on Rn1 . In view of Proposition 4.2.1, we obtain

Ric(∂t ,∂t) =RicB(∂t ,∂t)−
2

∑
i=1

(
ni

hi

)
Hhi

B (∂t ,∂t)

=−
[(

n1

h1

)
Hh1

B (∂t ,∂t)+

(
n2

h2

)
Hh2

B (∂t ,∂t)

]
=−

[(
n1

h1

)
ḧ1 +

(
n2

h2

)
ḧ2

]
; since Hhi

B = ḧi

=−n1

(
A1

2

4
+

A′1
2

)
−n2

(
A2

2

4
+

A′2
2

)
, (4.3.10)

Ric(∂a,∂b) =RicF1(∂a,∂b)−
[

∆Bh1

h1
+(n1−1)

|gradBh1|2B
h1

2

+n2
gB(gradBh1,gradBh2)

h1h2

]
g(∂a,∂b)

=
1
ϕ
(n1−2)Hφ

g (∂a,∂b)−gab

[
ε

(
A1

2

4
+

A′1
2

)
+(n1−1)ε

A1
2

4
+n2ε

A1A2

4

]
; a 6= b, (4.3.11)

Ric(∂a,∂b) =RicF1(∂a,∂a)−
[

∆Bh1

h1
+(n1−1)

|gradBh1|2B
h1

2

+n2
gB(gradBh1,gradBh2)

h1h2

]
g(∂a,∂a)

=
1
ϕ
(n1−2)Hφ

g (∂a,∂a)+
1
ϕ

εa∆gϕ

− 1
ϕ2 (n1−1)εa|∇gϕ|2−gaa

[
ε

(
A1

2

4
+

A′1
2

)
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+(n1−1)ε
A1

2

4
+n2ε

A1A2

4

]
; a = b, (4.3.12)

Ric(∂i,∂ j) =RicF2(∂i,∂ j)−
[

∆Bh2

h2
+(n2−1)

|gradBh2|2B
h2

2

+n1
gB(gradBh1,gradBh2)

h1h2

]
g(∂i,∂ j)

=RicF2(∂i,∂ j)

−gi j

[
ε

(
A2

2

4
+

A′2
2

)
+(n2−1)ε

A2
2

4
+n1ε

A1A2

4

]
, (4.3.13)

Ric(∂t ,∂a) =0, (4.3.14)

Ric(∂a,∂i) =0. (4.3.15)

This completes the proof.

Proposition 4.3.3. Let (M =B×h1 F1×h2 F2,g) be a generalized Friedmann-Robertson-

Walker spacetime. Then the scalar curvature S of (M,g) have the following expres-

sion

S =−2
[

n1

(
A1

2

4
+

A′1
2

)
+n2

(
A2

2

4
+

A′2
2

)]
+

(n1−1)
h1

2

[
2ϕ∆gϕ−n1|∇gϕ|2

]
+

SF2

h2
2 −
[

n1(n1−1)ε
A1

2

4
+n2(n2−1)ε

A2
2

4

]
−n1n2ε

A1A2

4
. (4.3.16)

Proof. To prove this, we use Proposition 4.2.2 and it follows that

S =SB−2
2

∑
i=1

ni

(
∆Bhi

hi

)
+

2

∑
i=1

SFi

hi
2 −

2

∑
i=1

ni(ni−1)
|gradBhi|2B

hi
2

−
2

∑
i=1

2

∑
k=1,k 6=i

nink
gB(gradBhi,gradBhk)

hihk
,

where SB and SFi denote the scalar curvatures of the metrics gB and gi respectively.

This implies that

S =−2
[

n1

(
A1

2

4
+

A′1
2

)
+n2

(
A2

2

4
+

A′2
2

)]
+

SF1

h2
1
+

SF2

h2
2

−
[

n1(n1−1)ε
A1

2

4
+n2(n2−1)ε

A2
2

4

]
−n1n2ε

A1A2

4
.
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Now we know that from [9],

RicF1 =
1
ϕ
[(n1−2)Hϕ

g (Xi,X j)]; i 6= j, i, j ∈ {1,2, ...,n1},

RicF1 =
1

ϕ2 [(n1−2)ϕHϕ
g (Xi,Xi)+{ϕ∆gϕ− (n1−1)|∇gϕ|2}]εi ; i = j.

Taking trace on both sides of the above equation, we obtain

SF1 =
n1

∑
i=1

gii
1Ricg1ii

=
n1

∑
i=1

gii
1Ricg1(ϕXi,ϕXi)

=
n1

∑
i=1

εiϕ
2Ricg1(Xi,Xi)

=
n1

∑
i=1

εi

[
(n1−2)ϕHϕ

g (Xi,Xi)+{ϕ∆gϕ− (n1−1)|∇gϕ|2}g(Xi,Xi)

]
=(n1−2)ϕ

n1

∑
i=1

εiHϕ
g (Xi,Xi)+{ϕ∆gϕ− (n1−1)|∇gϕ|2}

n1

∑
i=1

ε
2
i δii

=(n1−2)ϕ
n1

∑
i=1

giiHϕ
g,ii +{ϕ∆gϕ− (n1−1)|∇gϕ|2}

n1

∑
i=1

ε
2
i

=(n1−2)ϕ tr(Hϕ
g )+n1{ϕ∆gϕ− (n1−1)|∇gϕ|2}

=(n1−2)ϕ∆gϕ +n1{ϕ∆gϕ− (n1−1)|∇gϕ|2}

=2(n1−1)ϕ∆gϕ−n1(n1−1)|∇gϕ|2.

Hence we obtain

S =−2
[

n1

(
A1

2

4
+

A′1
2

)
+n2

(
A2

2

4
+

A′2
2

)]
+

(n1−1)
h1

2

[
2ϕ∆gϕ−n1|∇gϕ|2

]
+

SF2

h2
2 −
[

n1(n1−1)ε
A1

2

4
+n2(n2−1)ε

A2
2

4

]
−n1n2ε

A1A2

4
.

This completes the proof.
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Proposition 4.3.4. Let (M =B×h1 F1×h2 F2,g) be a generalized Friedmann-Robertson-

Walker spacetime and G be its Einstein gravitational tensor field. Then we have the

following equations

G00 =−
(n1−1)ε

2h1
2 [2ϕ∆gϕ−n1|∇gϕ|2]− εSF2

2h2
2 −

n1

2
(3−2ε−n1)

A1
2

4

− n2

2
(3−2ε−n2)

A2
2

4
−n1(1− ε)

A′1
2
−n2(1− ε)

A′2
2

+
n1n2

2
A1A2

4
, (4.3.17)

Ga0 =0, Gi0 = 0, Gia = 0, (4.3.18)

Gab =
1
ϕ
(n1−2)Hϕ

g (∂a,∂b)+gab

[
− (n1−1)

2h1
2 {2ϕ∆gϕ−n1|∇gϕ|2}− SF2

2h2
2

+(n1− ε)

(
A1

2

4
+

A′1
2

)
+n2

(
A2

2

4
+

A′2
2

)
+

ε(n1−1)(n1−2)
2

A1
2

4

+
εn2(n2−1)

2
A2

2

4
+

εn2(n1−2)
2

A1A2

4

]
; a 6= b, (4.3.19)

Gab =
1
ϕ
(n1−2)Hϕ

g (∂a,∂a)+
1
ϕ

εa∆gϕ− (n1−1)εa

ϕ2 |∇gϕ|2

+gaa

[
− (n1−1)

2h1
2 {2ϕ∆gϕ−n1|∇gϕ|2}− SF2

2h2
2

+(n1− ε)

(
A1

2

4
+

A′1
2

)
+n2

(
A2

2

4
+

A′2
2

)
+

ε(n1−1)(n1−2)
2

A1
2

4

+
εn2(n2−1)

2
A2

2

4
+

εn2(n1−2)
2

A1A2

4

]
; a = b, (4.3.20)

Gi j =Gi j +gi j

[
− (n1−1)

2h1
2 {2ϕ∆gϕ−n1|∇gϕ|2}+n1

(
A1

2

4
+

A′1
2

)
+(n2− ε)

(
A2

2

4
+

A′2
2

)
+

εn1(n1−1)
2

A1
2

4
+

ε(n2−1)(n2−2)
2

A2
2

4

+
εn1(n2−2)

2
A1A2

4

]
, (4.3.21)

where Gab and Gi j are the local components of Einstein gravitational tensor field

G of (F1,g1) and (F2,g2) respectively.

Proof. We know that the Einstein gravitational tensor field G of (M,g) is given by

G = Ric− 1
2

Sg.
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Using this equation, we get

G00 =Ric(∂t ,∂t)−
1
2

Sg00

=−
[

n1

(
A1

2

4
+

A′1
2

)
+n2

(
A2

2

4
+

A′2
2

)]
− 1

2

[
−2n1ε

(
A1

2

4
+

A′1
2

)
−2n2ε

(
A2

2

4
+

A′2
2

)
+

(n1−1)ε
h2

1
{2ϕ∆gϕ−n1|∇gϕ|2}+ εSF2

h2
2

−n1(n1−1)
A1

2

4
−n2(n2−1)

A2
2

4
−n1n2

A1A2

4

]
=− (n1−1)ε

2h1
2 [2ϕ∆gϕ−n1|∇gϕ|2]− εSF2

2h2
2 −

n1

2
(3−2ε−n1)

A1
2

4

− n2

2
(3−2ε−n2)

A2
2

4
−n1(1− ε)

A′1
2
−n2(1− ε)

A′2
2

+
n1n2

2
A1A2

4
, (4.3.22)

Ga0 =0, Gi0 = 0, Gia = 0, (4.3.23)

Gab =Ric(∂a,∂b)−
1
2

Sgab; a 6= b

=
1
ϕ
(n1−2)Hϕ

g (∂a,∂b)−gab

[
ε

(
A1

2

4
+

A′1
2

)
+(n1−1)ε

A1
2

4

+n2ε
A1A2

4

]
− 1

2
gab

[
−2n1

(
A1

2

4
+

A′1
2

)
−2n2

(
A2

2

4
+

A′2
2

)
+

(n1−1)
h1

2 {2ϕ∆gϕ−n1|∇gϕ|2}+ SF2

h2
2

−n1(n1−1)ε
A1

2

4
−n2(n2−1)ε

A2
2

4
−n1n2ε

A1A2

4

]
; a 6= b

=
1
ϕ
(n1−2)Hϕ

g (∂a,∂b)+gab

[
− (n1−1)

2h1
2 {2ϕ∆gϕ−n1|∇gϕ|2}− SF2

2h2
2

+(n1− ε)

(
A1

2

4
+

A′1
2

)
+n2

(
A2

2

4
+

A′2
2

)
+

ε(n1−1)(n1−2)
2

A1
2

4

+
εn2(n2−1)

2
A2

2

4
+

εn2(n1−2)
2

A1A2

4

]
; a 6= b, (4.3.24)
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Gab =Ric(∂a,∂a)−
1
2

Sgaa; a = b

=
1
ϕ
(n1−2)Hϕ

g (∂a,∂a)+
1
ϕ

εa∆gϕ− (n1−1)εa

ϕ2 |∇gϕ|2

−gaa

[
ε

(
A1

2

4
+

A′1
2

)
+(n1−1)ε

A1
2

4
+n2ε

A1A2

4

]
− 1

2
gaa

[
−2n1

(
A1

2

4
+

A′1
2

)
−2n2

(
A2

2

4
+

A′2
2

)
+

(n1−1)
h1

2 {2ϕ∆gϕ−n1|∇gϕ|2}+ SF2

h2
2

−n1(n1−1)ε
A1

2

4
−n2(n2−1)ε

A2
2

4
−n1n2ε

A1A2

4

]
; a = b

=
1
ϕ
(n1−2)Hϕ

g (∂a,∂a)+
1
ϕ

εa∆gϕ− (n1−1)εa

ϕ2 |∇gϕ|2

+gaa

[
− (n1−1)

2h1
2 {2ϕ∆gϕ−n1|∇gϕ|2}− SF2

2h2
2

+(n1− ε)

(
A1

2

4
+

A′1
2

)
+n2

(
A2

2

4
+

A′2
2

)
+

ε(n1−1)(n1−2)
2

A1
2

4

+
εn2(n2−1)

2
A2

2

4
+

εn2(n1−2)
2

A1A2

4

]
; a = b, (4.3.25)

Gi j =Ric(∂i,∂ j)−
1
2

Sgi j

=RicF2(∂i,∂ j)−gi j

[
ε

(
A2

2

4
+

A′2
2

)
+(n2−1)ε

A2
2

4
+n1ε

A1A2

4

]
− 1

2
gi j

[
−2n1

(
A1

2

4
+

A′1
2

)
−2n2

(
A2

2

4
+

A′2
2

)
+

(n1−1)
h1

2 {2ϕ∆gϕ−n1|∇gϕ|2}+ SF2

h2
2
−n1n2ε

A1A2

4

−n1(n1−1)ε
A1

2

4
−n2(n2−1)ε

A2
2

4

]
=RicF2(∂i,∂ j)−

1
2

SF2g2i j +gi j

[
− (n1−1)

2h1
2 {2ϕ∆gϕ−n1|∇gϕ|2}

+n1

(
A1

2

4
+

A′1
2

)
+(n2− ε)

(
A2

2

4
+

A′2
2

)
+

εn1(n1−1)
2

A1
2

4

+
ε(n2−1)(n2−2)

2
A2

2

4
+

εn1(n2−2)
2

A1A2

4

]
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=Gi j +gi j

[
− (n1−1)

2h1
2 {2ϕ∆gϕ−n1|∇gϕ|2}+n1

(
A1

2

4
+

A′1
2

)
+(n2− ε)

(
A2

2

4
+

A′2
2

)
+

εn1(n1−1)
2

A1
2

4
+

ε(n2−1)(n2−2)
2

A2
2

4

+
εn1(n2−2)

2
A1A2

4

]
. (4.3.26)

This completes the proof.

Proposition 4.3.5. The Einstein equations in generalized Friedmann-Robertson-

Walker spacetime (M,g) with the cosmological constant κ are equivalent to the

following reduced Einstein equations

κ =
(n1−1)

2h1
2

[
2ϕ∆gϕ−n1|∇gϕ|2

]
− εn1(n1 +n2 +2ε−3)

2
A1

2

4

− εn2(n2 +2ε−3)
2

A2
2

4
+

εn1(2−2ε−n2)

2
A′1
2

+
εn2(3−2ε−n2)

2
A′2
2
, (4.3.27)

Gi j =εgi j

(
n2

2
−1
)[

n1
A1

2

4
+n1

A′1
2

+(n2−1)
A′2
2
−n1

A1A2

4

]
. (4.3.28)

Proof. Using (4.3.17) and G =−κ g, we obtain

κ =
(n1−1)

2h1
2

[
2ϕ∆gϕ−n1|∇gϕ|2

]
+

SF2

2h2
2 −

εn1(2ε +n1−3)
2

A1
2

4

− εn2(2ε +n2−3)
2

A2
2

4
+n1ε(1− ε)

A′1
2

+n2ε(1− ε)
A′2
2
− εn1n2

2
A1A2

4
. (4.3.29)

Again by using (4.3.21), the Einstein equation G =−κ g and (4.3.29), we get

Gi j =−gi j

[
SF2

2h2
2
+n1ε

A1
2

4
+n1ε

A′1
2

+ ε(n2−1)
A′2
2
−n1ε

A1A2

4

]
. (4.3.30)

Now contracting (4.3.30) with gi j, we have

SF2

h2
2
= n1n2ε

A1A2

4
− εn1n2

A1
2

4
− εn1n2

A′1
2
− εn2(n2−1)

A′2
2
. (4.3.31)

Hence from (4.3.30) and (4.3.31), we obtain

Gi j = εgi j

(
n2

2
−1
)[

n1
A1

2

4
+n1

A′1
2

+(n2−1)
A′2
2
−n1

A1A2

4

]
. (4.3.32)
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Using (4.3.31) in (4.3.29), we get

κ =
(n1−1)

2h1
2

[
2ϕ∆gϕ−n1|∇gϕ|2

]
− εn1(n1 +n2 +2ε−3)

2
A1

2

4

− εn2(n2 +2ε−3)
2

A2
2

4
+

εn1(2−2ε−n2)

2
A′1
2

+
εn2(3−2ε−n2)

2
A′2
2
. (4.3.33)

This completes the proof.

Proposition 4.3.6. The Einstein equations G =−κ g on (M,g) with the cosmolog-

ical constant κ induce the Einstein equations Gi j = −κ2g2i j on (F2,g2), where κ2

is given by

κ2 =−εh2
2
(n2

2
−1
)[

n1
A1

2

4
+n1

A′1
2

+(n2−1)
A′2
2
−n1

A1A2

4

]
.

Proof. By using (4.3.3) and (4.3.28), we get Gi j =−κ2g2i j on (F2,g2), where

κ2 =−εh2
2
(n2

2
−1
)[

n1
A1

2

4
+n1

A′1
2

+(n2−1)
A′2
2
−n1

A1A2

4

]
, (4.3.34)

is the cosmological constant.

Note 4.3.7. One can also study the generalized Friedmann-Robertson-Walker space-

time (M,g) of type M = B×h1 F1×h2 F2 equipped with the metric g = gB⊕h1
2g1⊕

h2
2g2, where g2 =

g
ϕ2 , g being the pseudo-Euclidean metric on Rn2 and can com-

pute the Ricci tensor of (Fi,gi) and Einstein gravitational field tensor of (M,g).

After similar calculations we find out the following results for the cosmological

constants of Einstein equations.

Proposition 4.3.8. The Einstein equations GAB = −κ gAB on (M,g) with the cos-

mological constant κ induce the Einstein equations Gab = −κ1g1ab on (F1,g1),

where κ and κ1 are given by

κ =
(n2−1)

2h2
2

[
2ϕ∆gϕ−n2|∇gϕ|2

]
− εn2(n1 +n2 +2ε−3)

2
A2

2

4

− εn1(n1 +2ε−3)
2

A1
2

4
+

εn2(2−2ε−n1)

2
A′2
2

+
εn1(3−2ε−n1)

2
A′1
2
, (4.3.35)

κ1 =− εh1
2
(n1

2
−1
)[

n2
A2

2

4
+n2

A′2
2

+(n1−1)
A′1
2
−n2

A1A2

4

]
. (4.3.36)
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Proof. Similar as Proposition 4.3.6.

4.4 Example of generalized black holes

Using the above mentioned Proposition 4.3.7, we wish to show some examples of

the generalized black hole solutions whose metrics can be written as a multiply

warped product metric of the generalized Friedmann-Robertson-Walker spacetime

(M = B×h1 F1×h2 F2,g), where F2 is conformal to the pseudo-Euclidean space

Rn2 . Then we reduce the Einstein equations GAB = −κ gAB into Gab = −κ1g1ab

by considering an n-dimensional Schwarzschild black hole and an n-dimensional

Reissner-Nördstrom black hole.

4.4.1. n-dimensional Schwarzschild black hole

The metric of a Schwarzschild black hole [76] of dimension n is given by

ds2 =−p(r)dt2 + p(r)−1dr2 + r2dΩ
2
n−2, (4.4.1)

where p(r) =
(

1− m
rn−3

)
,dΩ2

n−2 =
(2π)

n−1
2

Γ( n−1
2 )

, Γ(1
2) =

√
π,Γ(z+ 1) = zΓ(z) and the

geometric mass m indicates for the radius of horizon. Then this may be expressed

[54] as a multiply warped product M = B×h1 F1×h2 F2 of dimension n equipped

with the metric

ds2 =−dµ
2 +h1

2(µ)dt2 +h2
2(µ)dΩ

2
n−2, (4.4.2)

where

h1(µ) =

√
m

(F−1(µ))n−3 −1,

h2(µ) =F−1(µ).

We consider F2 is conformal to an (n− 2)-dimensional pseudo-Euclidean space

(Rn−2,g). Then dΩ2
n−2 =

1
ϕ2 dΦ2

n−2, where dΦ2
n−2 is the pseudo-Euclidean metric

and ϕ : Rn−2→ R is a smooth function.

The existence of the above functions h1(µ) and h2(µ) guarantees the reduction of

Einstein equations GAB = −κ gAB into Gab = −κ1g1ab, where κ and κ1 are the
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cosmological constants subject to the set of coupled differential equations (4.3.35)

and (4.3.36) by the substitution of t by µ.

4.4.2. n-dimensional Reissner-Nördstrom black hole

The metric of a Reissner-Nördstrom black hole of dimension n (≥ 4) is given by

ds2 =−p(r)dt2 + p(r)−1dr2 + r2dΩ
2
n−2, (4.4.3)

where p(r) =
(

1− m
rn−3 +

q
r2(n−3)

)
; m and q are the geometric mass and charge of

the black hole respectively and dΩn−2 =
2π

Γ( n−1
2 )

.

Then (4.4.3) can be written as an n-dimensional multiply warped product metric of

the generalized Friedmann-Robertson-Walker spacetime (M = B×h1 F1×h2 F2,g)

furnished with the metric [54]

ds2 =−dµ
2 +h1

2(µ)dt2 +h2
2(µ)dΩ

2
n−2, (4.4.4)

where

h1(µ) =

√
m

(F−1(µ))n−3 −
q

(F−1(µ))2n−6 −1,

h2(µ) =F−1(µ)

with

µ =
∫ r

r−

√
−p(r)−1 dr = F(r), (say)

i.e., r = F−1(µ). (4.4.5)

We consider F2 is conformal to an (n− 2)-dimensional pseudo-Euclidean space

(Rn−2,g). Then dΩ2
n−2 =

1
ϕ2 dΦ2

n−2, where dΦ2
n−2 is the pseudo-Euclidean metric

and ϕ : Rn−2→ R is a smooth function.

The existence of the above functions h1(µ) and h2(µ) guarantees the reduction of

Einstein equations GAB = −κ gAB into Gab = −κ1g1ab, where κ and κ1 are the

cosmological constants subject to the set of coupled differential equations (4.3.35)

and (4.3.36) by the substitution of t by µ.
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Note 4.4.1. One can also investigate the above singular metrics of n-dimensional

Schwarzschild black hole and Reissner-Nördstrom black hole in view of the lightlike

warped product [44]. Let us consider the n-dimensional Schwarzschild black hole

metric given in (4.4.1) with respect to the coordinate system (t,r,x1,x2, ...,xn−2) on

(M = B×h1 F1×h2 F2,g). Let u and v be two null coordinates such that u = t + r

and v = t− r. Then the metric given in (4.4.1) transforms into the metric

ds2 =
1

4p(r)
[1− p(r)2][du2 +dv2]−2[1+ p(r)2]dudv+

1
4
(u− v)2dΩ

2
n−2. (4.4.6)

Clearly if we consider the condition p(r) = 1 then the metric given in (4.4.6) be-

comes

ds2 =−4dudv+
1
4
(u− v)2dΩ

2
n−2. (4.4.7)

Hence the absence of the terms du2 and dv2 in (4.4.7) implies that u and v are all

constants. Hence u and v are lightlike hypersurfaces of M. Therefore, according to

[44], it is possible to construct a lightlike warped product manifold. Then one can

also do the further calculations in a similar way. We obtain the same result for the

n-dimensional Reissner-Nördstrom black hole.

4.5 Hyper-generalized quasi-Einstein (HGQE)n warped

product spaces with non positive scalar curvature

In view of Proposition 1.2.4 and (1.1.19), we obtain the following result.

Result 4.5.1. When U,V and W are mutually orthogonal and tangent to the base

B, the warped product M = B× f F is a hyper-generalized quasi-Einstein manifold

with

SM(X ,Y ) =αgM(X ,Y )+βA(X)A(Y )+ γ[A(X)B(Y )+A(Y )B(X)]

+δ [A(X)D(Y )+A(Y )D(X)]
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if and only if

(2.a) SB(X ,Y ) =αgB(X ,Y )+βgB(X ,U)gB(Y,U)+ γ[gB(X ,U)gB(Y,V )

+gB(Y,U)gB(X ,V )]+δ [gB(X ,U)gB(Y,W )

+gB(Y,U)gB(X ,W )]+
k
f

H f (X ,Y ),

(2.b) SF(X ,Y ) =µgF(X ,Y ),

(2.c) µ = [α f 2− f ∆ f +(k−1)|∇ f |2].

Lemma 4.5.2. [75] Suppose f is a smooth function on a Riemannian manifold B,

then for any vector X,

div(H f )(X) = S(∇ f ,X)−∆(df)(X), (4.5.1)

where ∆ = dδ +δd is the Laplacian on B which is acting on differential forms.

Now we prove the following proposition.

Proposition 4.5.3. Suppose (Bm,gB) is an m(≥ 2) dimensional compact Rieman-

nian manifold. Also, suppose that f is a nonconstant smooth function on B satisfy-

ing (2.a) for α ∈ R and k ∈ N and if the condition

βgB(X ,U)gB(∇ f ,U)+ γ[gB(X ,U)gB(∇ f ,V )+gB(∇ f ,U)gB(X ,V )]

+δ [gB(X ,U)gB(∇ f ,W )+gB(∇ f ,U)gB(X ,W )] = 0

holds, then f satisfies (2.c) for µ ∈ R. Hence, for a compact Riemannian manifold

F with SF(X ,Y ) = µgF(X ,Y ), we can construct a compact hyper-generalized quasi

Einstein warped product space M = B× f F with

SM(X ,Y ) =αgM(X ,Y )+βA(X)A(Y )+ γ[A(X)B(Y )+A(Y )B(X)]

+δ [A(X)D(Y )+A(Y )D(X)],

where U,V and W are mutually orthogonal and tangent to the base B.
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Proof. By considering the trace of both sides of (2.a), we obtain

r = αm− k
∆ f
f
+β , (4.5.2)

where r is the scalar curvature of B. From the second Bianchi identity, it follows

that

dr = 2div(S). (4.5.3)

In view of (4.5.2) and (4.5.3), we get

divS(X) =
k

2 f 2{∆ f df− f d(∆f)}(X). (4.5.4)

Also, we obtain

div
(

1
f

H f
)
(X) = ∑

i
(DEi

(
1
f

H f
)
)(Ei,X) =− 1

f 2 H f (∇ f ,X)+
1
f

divH f (X),

where X is a vector field and {E1,E2, .....,Em} is an orthonormal frame of B. Since

H f (∇ f ,X) = (DX df)(∇ f ) = 1
2d(|∇f|2)(X), the last equation becomes

div
(

1
f

H f
)
(X) =− 1

2 f 2 d(|∇f|2)(X)+
1
f

divH f (X),

X is a vector field of B. Therefore, from (2.a) and (4.5.1), we get

div
(

1
f

H f
)
(X) =

1
2 f 2{(k−1)d(|∇ f |2)−2 f d(∆ f )+2α f d f}

+
1
f

βgB(X ,U)gB(∇ f ,U)

+
1
f

γ[gB(X ,U)gB(∇ f ,V )+gB(∇ f ,U)gB(X ,V )]

+
1
f

δ [gB(X ,W )gB(∇ f ,U)+gB(∇ f ,W )gB(X ,U)]. (4.5.5)

But, (2.a) implies divSB = div
(

k
f H f

)
. So, from (4.5.4) and (4.5.5) it follows that

d(−f∆f+(k−1)|∇f|2 +αf2) = 0, i.e., − f ∆ f +(k−1)|∇ f |2 +α f 2 = µ , where µ

is some constant. This completes the proof of the first part of the Proposition. Now

if (F,gF) is a k-dimensional compact Riemannian manifold with SF = µgF , then we

can make a compact hyper-generalized quasi-Einstein warped product M = B× f F

with respect to the sufficient condition of the Result 4.5.1.
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Similarly, we obtain the following Result and Proposition where U,V and W are

mutually orthogonal and tangent to the fibre F .

Result 4.5.4. When U,V and W are mutually orthogonal and tangent to the fiber

F, the warped product M = B× f F is a hyper-generalized quasi Einstein manifold

with

SM(X ,Y ) =αgM(X ,Y )+βA(X)A(Y )+ γ[A(X)B(Y )+A(Y )B(X)]

+δ [A(X)D(Y )+A(Y )D(X)]

if and only if

(2.d) SB(X ,Y ) =αgB(X ,Y )+
k
f

H f (X ,Y ),

(2.e) SF(X ,Y ) =gF(X ,Y )[α f 2− f ∆ f +(k−1)|∇ f |2]+β f 4gF(X ,U)gF(Y,U)

+ γ f 4[gF(X ,U)gF(Y,V )+gF(Y,U)gF(X ,V )]

+δ f 4[gF(X ,U)gF(Y,W )+gF(Y,U)gF(X ,W )],

(2. f ) µ = [α f 2− f ∆ f +(k−1)|∇ f |2].

Proposition 4.5.5. Suppose (Bm,gB) is an m(≥ 2) dimensional compact Rieman-

nian manifold. Also, suppose that f is a nonconstant smooth function on B satis-

fying (2.d) for α ∈ R and k ∈ N. Hence, for a compact hyper-generalized quasi

Einstein manifold F with

SF(X ,Y ) =gF(X ,Y )[α f 2− f ∆ f +(k−1)|∇ f |2 +β f 4gF(X ,U)gF(Y,U)

+ γ f 4[gF(X ,U)gF(Y,V )+gF(Y,U)gF(X ,V )]

+δ f 4[gF(X ,U)gF(Y,W )+gF(Y,U)gF(X ,W )],

we can construct a compact hyper-generalized quasi Einstein warped product space

M = B× f F with

SM(X ,Y ) =αgM(X ,Y )+βA(X)A(Y )+ γ[A(X)B(Y )+A(Y )B(X)]

+δ [A(X)D(Y )+A(Y )D(X)],

where U,V and W are mutually orthogonal and tangent to the fiber F.
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Proof. By considering the trace of both sides of (2.d), we get

r = αm− k
∆ f
f
, (4.5.6)

where r is the scalar curvature of B.

In view of (4.5.6) and (4.5.3), we get

divS(X) =
k

2 f 2{∆ f df− f d(∆f)(X)}. (4.5.7)

So, from (2.d) and (4.5.1), we obtain

div
(

1
f

H f
)
(X) =

1
2 f 2{(k−1)d(|∇f|2)−2fd(∆f)+2αfdf}. (4.5.8)

But, (2.d) implies divSB = div
(

k
f H f

)
. So, from (4.5.7) and (4.5.8) it follows that

d(−f∆f+(k−1)|∇f|2 +αf2) = 0,

i.e., − f ∆ f +(k−1)|∇ f |2 +α f 2 = µ,

where µ is some constant. This completes the proof of the first part of the Proposi-

tion 4.5.5. Now if (F,gF) is a k dimensional compact Riemannian manifold with

SF(X ,Y ) =gF(X ,Y )[α f 2− f ∆ f +(k−1)|∇ f |2]+β f 4gF(X ,U)gF(Y,U)

+ γ f 4[gF(X ,U)gF(Y,V )+gF(Y,U)gF(X ,V )]

+δ f 4[gF(X ,U)gF(Y,W )+gF(Y,U)gF(X ,W )],

then we can make a compact hyper-generalized quasi-Einstein warped product

M = B× f F with respect to the sufficient condition of the Result 4.5.4.

Now we state the following theorem.

Theorem 4.5.6. If M = B× f F is a compact hyper-generalized quasi-Einstein

warped product space of non positive scalar curvature, then the warped product

will be a Riemannian product.

Proof. See [92] for proof.
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4.6 The generators U,V and W as concurrent vector

fields

Definition 4.6.1 (Concurrent vector field). [108] A vector field η is concurrent if it

satisfies the following condition

∇X η = λX , (4.6.1)

where λ (6= 0) is a constant.

If λ = 0, then the vector field turns into a parallel vector field.

Here we take the concurrent vector fields U,V and W with respect to the associated

1-forms A,B and D respectively.

Then we get,

(∇X A)(Y ) = ag(X ,Y ), (4.6.2)

(∇X B)(Y ) = bg(X ,Y ), (4.6.3)

(∇X D)(Y ) = cg(X ,Y ), (4.6.4)

where a,b and c are the non zero constants.

We suppose that α,β ,γ and δ are constants and then considering covariant deriva-

tive of (1.1.19) with respect to Z , we get

(∇ZS)(X ,Y ) =β [(∇ZA)(X)A(Y )+A(X)(∇ZA)(Y )]

+ γ[(∇ZA)(X)B(Y )+A(X)(∇ZB)(Y )

+(∇ZA)(Y )B(X)+A(Y )(∇ZB)(X)]

+δ [(∇ZA)(X)D(Y )+A(X)(∇ZD)(Y )

+(∇ZA)(Y )D(X)+A(Y )(∇ZD)(X)]. (4.6.5)

Now by using (4.6.2), (4.6.3) and (4.6.4) in (4.6.5), we get

(∇ZS)(X ,Y ) =β [ag(Z,X)A(Y )+ag(Z,Y )A(X)]

+ γ[ag(Z,X)B(Y )+bg(Z,Y )A(X)+ag(Z,Y )B(X)

+bg(Z,X)A(Y )]+δ [ag(Z,X)D(Y )+ cg(Z,Y )A(X)

+ag(Z,Y )D(X)+ cg(Z,X)A(Y )]. (4.6.6)
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Taking contraction on (4.6.6) over X and Y, we get

dr(Z) = 2aβA(Z)+2γ[aB(Z)+bA(Z)]+2δ [aD(Z)+ cA(Z)], (4.6.7)

where r being the scalar curvature of this manifold.

From (1.1.22), we have

r = nα +β . (4.6.8)

Since α,β ∈ R, therefore

dr(X) = 0, f or all X . (4.6.9)

From (4.6.7) and (4.6.9), it follows that

aβA(Z)+ γ[aB(Z)+bA(Z)]+δ [aD(Z)+ cA(Z)] = 0,

i.e., (aβ +bγ + cδ )A(Z)+aγB(Z)+aδD(Z) = 0,

i.e., D(Z) =−
(

aβ +bγ + cδ

aδ

)
A(Z)− γ

δ
B(Z). (4.6.10)

Since a,b and c are the non zero constants, then with the help of (4.6.10) in (1.1.19),

we get

S(X ,Y ) = αg(X ,Y )−
(

aβ +2bγ +2cδ

a

)
A(X)A(Y ). (4.6.11)

Therefore, the manifold turns into a quasi Einstein manifold. Hence, we get the

following theorem.

Theorem 4.6.2. If the associated scalars are constants and the associated vector

fields of a (HGQE)n are concurrent, then the manifold turns into a quasi Einstein

manifold.

4.7 Ricci recurrent (HGQE)n

Definition 4.7.1 (Ricci recurrent). [95] A (HGQE)n is Ricci recurrent if its Ricci

tensor S of type (0,2) obeys the following condition

(∇X S)(Y,Z) = E(X)S(Y,Z), (4.7.1)

where E(X) being a non zero 1-form.
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Also, it is known that

(∇X S)(Y,Z) = XS(Y,Z)−S(∇XY,Z)−S(Y,∇X Z). (4.7.2)

Using (4.7.2) in (4.7.1), we get

E(X)S(Y,Z) = XS(Y,Z)−S(∇XY,Z)−S(Y,∇X Z). (4.7.3)

Using (1.1.19) in (4.7.3), we obtain

E(X)[αg(Y,Z)+βA(Y )A(Z)+ γ{A(Y )B(Z)+A(Z)B(Y )}

+δ{A(Y )D(Z)+A(Z)D(Y )}]

=X [αg(Y,Z)+βA(Y )A(Z)+ γ{A(Y )B(Z)+A(Z)B(Y )}

+δ{A(Y )D(Z)+A(Z)D(Y )}]− [αg(∇XY,Z)+βA(∇XY )A(Z)

+ γ{A(∇XY )B(Z)+A(Z)B(∇XY )}+δ{A(∇XY )D(Z)

+A(Z)D(∇XY )}]− [αg(Y,∇X Z)+βA(Y )A(∇X Z)

+ γ{A(Y )B(∇X Z)+A(∇X Z)B(Y )}+δ{A(Y )D(∇X Z)

+A(∇X Z)D(Y )}]. (4.7.4)

Setting Y = Z =U in (4.7.4), we have

X(α +β )− (α +β )E(X) =2(α +β )A(∇XU)+2γB(∇XU)

+2δD(∇XU). (4.7.5)

Since A(∇XU) = 0, therefore (4.7.5) becomes

X(α +β )− (α +β )E(X) = 2γB(∇XU)+2δD(∇XU),

i.e., X(α +β )− (α +β )E(X) = 2γg(∇XU,V )+2δg(∇XU,W ),

i.e., X(α +β )− (α +β )E(X) =−2γg(∇XV,U)−2δg(∇XW,U),

i.e., X(α +β )− (α +β )E(X) =−2[g(γ∇XV +δ∇XW,U)],

i.e., X(α +β )− (α +β )E(X) =−2A(∇X(γV +δW )).

So, A(∇X(γV +δW )) = 0 if and only if X(α +β )− (α +β )E(X) = 0.

But A(∇X(γV +δW )) = 0 implies

either, ∇X(γV +δW )⊥U,

or, (γV +δW ) is a parallel vector field. (4.7.6)
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Setting Y = Z =V in (4.7.4), we obtain

Xα−αE(X) = 2αB(∇XV )+2γA(∇XV ). (4.7.7)

Since B(∇XV ) = 0, therefore (4.7.7) becomes

Xα−αE(X) = 2γA(∇XV ).

So, A(∇XV ) = 0 if and only if Xα−αE(X) = 0. But A(∇XV ) = 0 implies

either, ∇XV ⊥U,

or, V is a parallel vector field. (4.7.8)

Setting Y = Z =W in (4.7.4), we get

Xα−αE(X) = 2αD(∇XW )+2δA(∇XW ). (4.7.9)

Since D(∇XW ) = 0, therefore (4.7.9) becomes

Xα−αE(X) = 2δA(∇XW ).

So, A(∇XW ) = 0 if and only if Xα−αE(X) = 0. But A(∇XW ) = 0 implies

either, ∇XW ⊥U,

or, W is a parallel vector field. (4.7.10)

Thus from (4.7.6), (4.7.8) and (4.7.10), we get the following theorem.

Theorem 4.7.2. If (HGQE)n is Ricci recurrent, then

(i) Either ∇X(γV +δW )⊥U

or (γV +δW ) is a parallel vector field iff X(α +β )− (α +β )E(X) = 0.

(ii) Either ∇XV ⊥U

or V is a parallel vector field iff Xα−αE(X) = 0.

(iii) Either ∇XW ⊥U

or W is a parallel vector field iff Xα−αE(X) = 0.
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4.8 Einstein’s field equation in (HGQE)n

The Einstein’s field equation is

S(X ,Y )− r
2

g(X ,Y )+λg(X ,Y ) = kT (X ,Y ), (4.8.1)

where S is the (0,2)-type Ricci tensor, r being the scalar curvature, k and λ are the

gravitational constant and cosmological constant respectively.

Considering without cosmological constant (i.e.,λ = 0), then (4.8.1) becomes

S(X ,Y )− r
2

g(X ,Y ) = kT (X ,Y ). (4.8.2)

With the help of (1.1.19) in (4.8.2), we get(
α− r

2

)
g(X ,Y )+βA(X)A(Y )+ γ[A(X)B(Y )+A(Y )B(X)]

+δ [A(X)D(Y )+A(Y )D(X)] = kT (X ,Y ). (4.8.3)

After covariant differentiation on (4.8.3) with respect to Z, we get

β [(∇ZA)(X)A(Y )+A(X)(∇ZA)(Y )]+ γ[(∇ZA)(X)B(Y )

+A(X)(∇ZB)(Y )+(∇ZA)(Y )B(X)+A(Y )(∇ZB)(X)]

+δ [(∇ZA)(X)D(Y )+A(X)(∇ZD)(Y )+(∇ZA)(Y )D(X)

+A(Y )(∇ZD)(X)] = k(∇ZT )(X ,Y ). (4.8.4)

Thus by virtue of (4.8.4), we have the following theorem.

Theorem 4.8.1. If the associated 1-forms A,B and D in a (HGQE)n satisfying

Einstein’s field equation without cosmological constant are covariant constant, then

the energy momentum is also covariant constant.

4.9 (HGQE)4 spacetime admitting space-matter ten-

sor

Space-matter tensor P̃ of type (0,4) has been introduced by Petrov [98]. He defined

the space-matter tensor as follows

P̃ = R̃+
k
2

g∧T −σG, (4.9.1)

121



R̃ being the curvature tensor of type (0,4), T being the energy-momentum tensor

of type (0,2), k being the gravitational constant, σ being the energy density and ∧
is the Kulkarni-Nomizu product defined in (1.3.6). Also, G is a tensor of type (0,4)

such that

G(X ,Y,Z,N) = g(Y,Z)g(X ,N)−g(X ,Z)g(Y,N), (4.9.2)

for all X ,Y,Z,N ∈ χ(M). P̃ is called the space-matter tensor of type (0,4) of M.

Here we study (HGQE)4 spacetime when space-matter tensor is zero. From (4.9.1),

we obtain

P̃(X ,Y,Z,N) =R̃(X ,Y,Z,N)+
k
2
[g(Y,Z)T (X ,N)+g(X ,N)T (Y,Z)

−g(X ,Z)T (Y,N)−g(Y,N)T (X ,Z)]

−σ [g(Y,Z)g(X ,N)−g(X ,Z)g(Y,N)]. (4.9.3)

If P̃ = 0 in (4.9.3), we get

R̃(X ,Y,Z,N) =− k
2
[g(Y,Z)T (X ,N)+g(X ,N)T (Y,Z)

−g(X ,Z)T (Y,N)−g(Y,N)T (X ,Z)]

+σ [g(Y,Z)g(X ,N)−g(X ,Z)g(Y,N)]. (4.9.4)

Using (1.1.19) and (4.8.2) in (4.9.4), we derive

R̃(X ,Y,Z,N) =
(

σ −α +
r
2

)
[g(Y,Z)g(X ,N)−g(X ,Z)g(Y,N)]

− β

2
[g(Y,Z)A(X)A(N)+g(X ,N)A(Y )A(Z)

−g(X ,Z)A(Y )A(N)−g(Y,N)A(X)A(Z)]

− γ

2
[g(Y,Z){A(X)B(N)+A(N)B(X)}

+g(X ,N){A(Y )B(Z)+A(Z)B(Y )}

−g(X ,Z){A(Y )B(N)+A(N)B(Y )}

−g(Y,N){A(X)B(Z)+A(Z)B(X)}]

− δ

2
[g(Y,Z){A(X)D(N)+A(N)D(X)}
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+g(X ,N){A(Y )D(Z)+A(Z)D(Y )}

−g(X ,Z){A(Y )D(N)+A(N)D(Y )}

−g(Y,N){A(X)D(Z)+A(Z)D(X)}]. (4.9.5)

In view of (1.1.24), (4.9.5) follows that the manifold is a manifold of hyper-generalized

quasi constant curvature. Thus we get the following theorem.

Theorem 4.9.1. A (HGQE)4 spacetime satisfying Einstein’s field equation without

cosmological constant with zero space-matter tensor will be a spacetime of hyper-

generalized quasi constant curvature.

Finally, we study to get sufficient condition for which (HGQE)4 may be a diver-

gence free space-matter tensor. From (1.1.22), we get

r = nα +β

i.e., r = constant.

This implies dr(X) = 0, for all X .

With the help of (4.8.2) and (4.9.3) we get

(divP)(X ,Y,Z) =(divR)(X ,Y,Z)+
1
2
[(∇X S)(Y,Z)− (∇Y S)(X ,Z)]

−g(Y,Z)
[

1
4

dr(X)+dσ(X)

]
+g(X ,Z)

[
1
4

dr(Y )+dσ(Y )
]
. (4.9.6)

For a semi-Riemannian manifold,

(divR)(X ,Y,Z) = (∇X S)(Y,Z)− (∇Y S)(X ,Z). (4.9.7)

From (4.9.6) and (4.9.7), we deduce

(divP)(X ,Y,Z) =
3
2
[(∇X S)(Y,Z)− (∇Y S)(X ,Z)]

−g(Y,Z)
[

1
4

dr(X)+dσ(X)

]
+g(X ,Z)

[
1
4

dr(Y )+dσ(Y )
]
. (4.9.8)

Let us assume that (divP)(X ,Y,Z) = 0 and taking contraction on (4.9.8) over Y and

Z, we get dσ(X) = 0. Thus we obtain the following theorem.
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Theorem 4.9.2. In a (HGQE)4 spacetime satisfying Einstein’s field equation with-

out cosmological constant with divergence free space-matter tensor, the energy den-

sity is constant.

Now using (1.1.19) in (4.9.8), we have

(divP)(X ,Y,Z)

=
3
2
[dα(X)g(Y,Z)−dα(Y )g(X ,Z)]+

3
2
[dβ (X)A(Y )A(Z)

−dβ (Y )A(X)A(Z)]+
3β

2
[(∇X A)(Y )A(Z)+A(Y )(∇X A)(Z)

− (∇Y A)(X)A(Z)−A(X)(∇Y A)(Z)]+
3
2
[dγ(X){A(Y )B(Z)

+B(Y )A(Z)}−dγ(Y ){A(X)B(Z)+B(X)A(Z)}]+ 3γ

2
[(∇X A)(Y )B(Z)

+A(Y )(∇X B)(Z)+(∇X A)(Z)B(Y )+A(Z)(∇X B)(Y )− (∇Y A)(X)B(Z)

−A(X)(∇Y B)(Z)− (∇Y A)(Z)B(X)−A(Z)(∇Y B)(X)]

+
3
2
[dδ (X){A(Y )D(Z)+D(Y )A(Z)}−dδ (Y ){A(X)D(Z)+D(X)A(Z)}]

+
3δ

2
[(∇X A)(Y )D(Z)+A(Y )(∇X D)(Z)+(∇X A)(Z)D(Y )

+A(Z)(∇X D)(Y )− (∇Y A)(X)D(Z)−A(X)(∇Y D)(Z)− (∇Y A)(Z)D(X)

−A(Z)(∇Y D)(X)]−g(Y,Z)
[

1
4

dr(X)+dσ(X)

]
+g(X ,Z)

[
1
4

dr(Y )+dσ(Y )
]
. (4.9.9)

Considering the conditions that σ ,α,β ,γ and δ are constants and the generator U

is a parallel vector field (i.e., ∇XU = 0), we get

dr(X) = 0, dσ(X) = 0, ∀X and g(∇XU,Y ) = 0 i.e., (∇X A)(Y ) = 0. (4.9.10)

In view of [56], we derive

α +β = 0,γ = 0,δ = 0. (4.9.11)

Using (4.9.10) and (4.9.11) in (4.9.9), we get (divP)(X ,Y,Z) = 0.

Hence we get the following theorem.
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Theorem 4.9.3. If in a (HGQE)4 spacetime with parallel vector field U satisfying

Einstein’s field equation without cosmological constant, the energy density and the

associated scalars are constants, then the divergence of the space-matter tensor

vanishes.

4.10 General relativistic viscous fluid (HGQE)4

spacetime

Let us consider (M4,g) be a connected semi-Riemannian viscous fluid spacetime

admitting heat flux obeying Einstein’s field equation.

For the fluid matter distribution, the energy momentum tensor has been given by

Ellis [48] as

T (X ,Y ) =(σ + p)A(X)A(Y )+ pg(X ,Y )+A(X)B(Y )

+A(Y )B(X)+A(X)D(Y )+A(Y )D(X), (4.10.1)

with

g(X ,U) = A(X), g(X ,V ) = B(X), g(X ,W ) = D(X),

A(U) =−1, B(V ) = 1, D(W ) = 1,

g(U,V ) = 0, g(V,W ) = 0, g(U,W ) = 0,

where σ is the matter density, p is the isotropic pressure, U is the timelike velocity

vector field, V is the heat conduction vector field and W is the stress vector field.

Using (4.10.1) in (4.8.1), we get

S(X ,Y ) =(kp+
r
2
−λ )g(X ,Y )+ k(σ + p)A(X)A(Y )

+ k[A(X)B(Y )+A(Y )B(X)]

+ k[A(X)D(Y )+A(Y )D(X)]. (4.10.2)

Clearly, it follows that this spacetime is a (HGQE)4 spacetime whose associated

scalars are (kp+ r
2 −λ ), k(σ + p), k and k. A,B and D are associated 1-forms and

generators are U,V and W . Hence, we get the following theorem.
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Theorem 4.10.1. A viscous fluid space time admitting heat flux and obeying Ein-

stein’s field equation with cosmological constant is a connected semi-Riemannian

hyper-generalized quasi Einstein manifold of dimension four.

From (1.1.22), we get for (M4,g)

r = 4α +β . (4.10.3)

Now using (1.1.19) and (4.10.3) in (4.10.2), we gain(
2kp+2α +β −2λ

2

)
g(X ,Y ) =[β − k(σ + p)]A(X)A(Y )

+(γ− k)[A(X)B(Y )+B(X)A(Y )]

+(δ − k)[A(X)D(Y )+A(Y )D(X)]. (4.10.4)

Putting X = Y =U in (4.10.4), we find

σ =
2α +3β −2λ

2k
. (4.10.5)

Taking contraction on (4.10.2) over X and Y , we deduce

r = 4(kp+
r
2
−λ )− k(σ + p). (4.10.6)

In view of (4.10.3) and (4.10.5), (4.10.6) implies that

p =
6λ −6α +β

6k
. (4.10.7)

By putting X = Y = V and X = Y = W in (4.10.4), we obtain the same value of p

in each case given by

p =
2λ −2α−β

2k
. (4.10.8)

As α, β are not constants, then in view of (4.10.5), (4.10.6) and (4.10.8) it follows

that σ and p are not constants. Hence, we get the following theorem.

Theorem 4.10.2. If a viscous fluid (HGQE)4 spacetime admitting heat flux satisfies

Einstein’s field equation with cosmological constant, then isotropic pressure and

energy density of the fluid can not be a constant.
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If α,β are constants, then from (4.10.5) and (4.10.7), it implies that σ and p are

constants. As σ > 0, p > 0, so we obtain from (4.10.5) and (4.10.7) that λ < 2α+3β

2

and λ > 6α−β

6 , which implies

6α−β

6
< λ <

2α +3β

2
.

Also, (4.10.8) gives 2α+β

2 < λ .

Hence, we get the following theorem.

Theorem 4.10.3. If a viscous fluid (HGQE)4 spacetime admitting heat flux satisfies

Einstein’s field equation with cosmological constant, then cosmological constant λ

obeys the following condition either 6α−β

6 < λ < 2α+3β

2 or, 2α+β

2 < λ .

Now we consider a hyper-generalized quasi Einstein spacetime satisfying Einstein’s

field equation without cosmological constant (i.e., λ = 0 ) whose matter content is

viscous fluid. Putting λ = 0 in (4.10.2), then (4.10.2) becomes

S(X ,Y ) =(kp+
r
2
)g(X ,Y )+ k(σ + p)A(X)A(Y )

+ k[A(X)B(Y )+A(Y )B(X)]

+ k[A(X)D(Y )+A(Y )D(X)]. (4.10.9)

By comparing (1.1.19) and (4.10.9), we obtain

α = kp+
r
2
,β = k(σ + p),γ = k,δ = k. (4.10.10)

Taking contraction on (4.10.9) over X and Y , we get

r = k(σ −3p). (4.10.11)

Using (4.10.11) in (4.10.9), it follows that

S(X ,Y ) =
k(σ − p)

2
g(X ,Y )+ k(σ + p)A(X)A(Y )

+ k[A(X)B(Y )+A(Y )B(X)]

+ k[A(X)D(Y )+A(Y )D(X)]. (4.10.12)

Suppose Q is the Ricci operator given by g(QX ,Y ) = S(X ,Y ) and

S(QX ,Y ) = S2(X ,Y ). Therefore, we get A(QX) = g(QX ,U) = S(X ,U),
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B(QX) = g(QX ,V ) = S(X ,V ) and D(QX) = g(QX ,W ) = S(X ,W ).

Hence from (4.10.12) we have the following equation

S(QX ,Y ) =
k(σ − p)

2
S(X ,Y )+ k(σ + p)S(X ,U)A(Y )

+ k[S(X ,U)B(Y )+A(Y )S(X ,V )]

+ k[S(X ,U)D(Y )+A(Y )S(X ,W )]. (4.10.13)

Contracting (4.10.13) over X and Y , we get

S2(X ,X) = ‖Q‖2 =
k(σ − p)r

2
+ k(σ + p)S(U,U)

+2kS(U,V )+2kS(U,W ). (4.10.14)

From (1.1.19), (4.10.10) and (4.10.11), we obtain

S(U,U) = β −α =
k(σ +3p)

2
. (4.10.15)

S(U,V ) =−γ =−k. (4.10.16)

S(U,W ) =−δ =−k. (4.10.17)

Using (4.10.15), (4.10.16) and (4.10.17) in (4.10.14), we derive

‖Q‖2 = k2(σ2 +3p2−4). (4.10.18)

Hence, we can state the following theorem.

Theorem 4.10.4. If a viscous fluid (HGQE)4 spacetime satisfying Einstein’s field

equation without cosmological constant, then the square of the length of Ricci op-

erator is k2(σ2 +3p2−4).

Now, if we consider

σ > 3p. (4.10.19)

From (4.10.18) it follows that

k2(σ2 +3p2−4)> 0,

i.e., σ
2 +3p2 > 4. (4.10.20)
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In view of (4.10.19) and (4.10.20), we obtain

σ
2 +

σ2

3
> σ

2 +3p2 > 4,

which gives σ >
√

3. Hence, we get the following corollary.

Corollary 4.10.5. In a viscous fluid (HGQE)4 spacetime satisfying Einstein’s field

equation without cosmological constant with σ > 3p and p > 0, the energy density

is greater than
√

3.

4.11 Example of (HGQE)4 Spacetime

In this section, we give a non trivial example of (HGQE)4 spacetime to ensure its

existence. We take a Lorentzian metric g on M4 by

ds2 = gi jdxidx j =−k
r
(dt)2 +

1
c
r −4

(dr)2 + r2(dθ)2 +(r sinθ)2(dφ)2,

where i, j = 1,2,3,4 and k,c are constants. Then non zero components of Christofell

symbols, curvature tensors and Ricci tensors are given below.

Γ
2
33 = 4r− c,Γ1

12 =−
1
2r

,Γ2
22 =

c
2r(c−4r)

,Γ3
32 = Γ

4
42 =

1
r
,

Γ
4
43 = cotθ ,Γ2

44 = (4r− c)(sinθ)2,Γ3
44 =−

sin(2θ)

2

 (4.11.1)

R1221 =−
k(c−3r)
r3(c−4r)

,R1331 =
k(c−4r)

2r2 ,R1441 =
k(c−4r)(sinθ)2

2r2

R2332 =
c

2(4r− c)
,R2442 =

c(sinθ)2

2(4r− c)
,R3443 = r(c−5r)(sinθ)2

R11 =−
k
r3 ,R22 =−

3
r(c−4r)

,R33 =−3,R44 =−3(sinθ)2


(4.11.2)

From (4.11.1) and (4.11.2) it follows that M4 is a Lorentzian manifold of non zero

scalar curvature (=− 8
r2 ). Now our aim is to show that this manifold is (HGQE)4.

Suppose α,β ,γ and δ are the associated scalars and we consider these scalars by

the following way

α =− 3
r2 ,β =− 4

r2 ,γ =
2
r2 ,δ =

3
r2 (4.11.3)
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and the associated 1-forms are as follows

Ai(x) =


√

k
r for i = 1

0 for i = 2,3,4
; Bi(x) =

 1
2r2 for i = 4

0 for i = 1,2,3

and Di(x) =

 − 1
3r2 for i = 4

0 for i = 1,2,3
Thus we get,

(i) R11 = αg11 +βA1A1 + γ[A1B1 +B1A1]+δ [A1D1 +D1A1]

(ii) R22 = αg22 +βA2A2 + γ[A2B2 +B2A2]+δ [A2D2 +D2A2]

(iii) R33 = αg33 +βA3A3 + γ[A3B3 +B3A3]+δ [A3D3 +D3A3]

(iv) R44 = αg44 +βA4A4 + γ[A4B4 +B4A4]+δ [A4D4 +D4A4]

Since the other Ricci tensors except R11,R22,R33 and R44 are zero, so we have

Ri j = αgi j +βAiA j + γ[AiB j +BiA j]+δ [AiD j +DiA j], i, j = 1,2,3,4. It is clearly

seen that its scalar curvature = 4α − β = − 8
r2 . Therefore, (M4,g) is a hyper-

generalized quasi Einstein manifold. So we have the following example.

Example 4.11.1. Suppose (M4,g) is a Lorentzian manifold equipped with the Lorentzian

metric g given by

ds2 = gi jdxidx j =−k
r
(dt)2 +

1
c
r −4

(dr)2 + r2(dθ)2 +(r sinθ)2(dφ)2,

where i, j = 1,2,3,4 and k,c are constants. Then (M4,g) is a (HGQE)4 space time

with non constant and non zero scalar curvature.

4.12 A spacetime admitting vanishing T -curvature

tensor

In this unit we consider V4 as a spacetime of dimension four in general relativity for

entire study. The following results have been obtained from (4.2.6).

Theorem 4.12.1. If (c0 +4c1 + c2 + c3 + c5 + c6) 6= 0 where c0,c1,c2,c3,c5,c6 are

smooth functions on an n dimensional pseudo-Riemannian manifold (M,g), then a

T -flat spacetime is an Einstein spacetime.
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Proof. For a T -flat spacetime T̃ (X ,Y,Z,W ) = 0. Then from (4.2.7), we obtain

0 =c0R(X ,Y,Z,W )

+ c1S(Y,Z)g(X ,W )+ c2S(X ,Z)g(Y,W )

+ c3S(X ,Y )g(Z,W )+ c4g(Y,Z)S(X ,W )

+ c5g(X ,Z)S(Y,W )+ c6g(X ,Y )S(Z,W )

+ rc7 [g(Y,Z)g(X ,W )−g(X ,Z)g(Y,W )] . (4.12.1)

Taking contraction on both sides over X and W , we derive

S(Y,Z) =−
[

r(c4 +3c7)

(c0 +4c1 + c2 + c3 + c5 + c6)

]
g(Y,Z). (4.12.2)

Let α =−
[

r(c4+3c7)
c0+4c1+c2+c3+c5+c6

]
. Then (4.12.2) becomes

S(Y,Z) = αg(Y,Z). (4.12.3)

Clearly, if (c0 +4c1 +c2 +c3 +c5 +c6) 6= 0 then this is an Einstein spacetime.

Theorem 4.12.2. If c0 6= 0, c3+c6 = 0, (c1+c2+c4+c5) = 0 and (c0+4c1+c2+

c3 + c5 + c6) 6= 0 where c0,c1,c2,c3,c4,c5,c6 are smooth functions on an n dimen-

sional pseudo-Riemannian manifold (M,g), then a T -flat spacetime is a spacetime

with constant curvature.

Proof. In view of (4.12.3), (4.12.1) implies that

R(X ,Y,Z,W ) =−
[
(c1 + c4)α + rc7

c0

]
[g(Y,Z)g(X ,W )

+

[
rc7− (c2 + c5)α

c0

]
g(X ,Z)g(Y,W )]

− α(c3 + c6)

c0
g(X ,Y )g(Z,W ). (4.12.4)

It clearly follows that if c0 6= 0, c3 +c6 = 0,(c1 +c2 +c4 +c5) = 0 and (c0 +4c1 +

c2 + c3 + c5 + c6) 6= 0 then

R(X ,Y,Z,W ) =

[
(c1 + c4)α + rc7

c0

]
[g(X ,Z)g(Y,W )−g(Y,Z)g(X ,W )].

That is, a T -flat spacetime is a spacetime with constant curvature with respect to

the above conditions.
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Theorem 4.12.3. The energy momentum tensor is covariant constant in T -flat

spacetime satisfying the Einstein’s field equation with the cosmological constant.

Proof. We consider a spacetime satisfying the Einstein’s field equation with the

cosmological constant (4.8.1).

In view of (4.12.3) and (4.8.1), we derive

T (X ,Y ) =
1
k

(
α− r

2
+λ

)
g(X ,Y ). (4.12.5)

By taking the covariant derivative with respect to Z on both sides, we gain

(∇ZT )(X ,Y ) =−1
k

[
(c4 +3c7)

(c0 +4c1 + c2 + c3 + c5 + c6)
+

1
2

]
dr(Z)g(X ,Y ). (4.12.6)

As a T -flat spacetime is an Einstein spacetime with the condition (c0 +4c1 + c2 +

c3 + c5 + c6) 6= 0, hence the scalar curvature r is a constant. Therefore,

dr(Z) = 0, ∀Z. (4.12.7)

(4.12.6) and (4.12.7) jointly imply that

(∇ZT )(X ,Y ) = 0.

Thus the energy momentum tensor T (X ,Y ) is covariant constant.

Theorem 4.12.4. If a spacetime M with T -curvature tensor with respect to a

Killing vector field ξ is curvature collineation then the Lie derivative of T -curvature

tensor vanishes along ξ .

Proof. The geometrical symmetries of a spacetime can be written as

£ξ A−2ΩA = 0, (4.12.8)

where A is the physical or geometrical quantity, Ω is a scalar and £ξ represents the

Lie derivative with respect to ξ .

For the metric inheritance symmetry we put A = g in (4.12.8). Thus(
£ξ g
)
(X ,Y )−2Ωg(X ,Y ) = 0. (4.12.9)
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Clearly, in this case if Ω = 0 then ξ becomes a Killing vector field. Let a spacetime

M with T -curvature tensor with respect to a Killing vector field ξ be curvature

collineation. Thus we gain

(
£ξ g
)
(X ,Y ) = 0. (4.12.10)

As M is admitting a curvature collineation, hence we derive from (4.2.8) that

(
£ξ S
)
(X ,Y ) = 0, (4.12.11)

where S denotes the Ricci tensor.

We take the Lie derivative of (4.2.6) and then with the help of (4.2.8), (4.12.10) and

(4.12.11), we derive
(
£ξ T

)
(X ,Y )Z = 0.

Theorem 4.12.5. Let a spacetime satisfying the Einstein’s field equation with cos-

mological constant be T -flat. The spacetime admits the matter collineation with

respect to ξ if and only if ξ is a Killing vector field.

Proof. The symmetry of energy momentum tensor T is called matter collineation

and it is defined by

(
£ξ T

)
(X ,Y ) = 0,

where ξ is the symmetry generating vector field and £ξ is the operator of Lie deriva-

tive along ξ .

Let ξ be a Killing vector field of vanishing T -curvature tensor. Therefore

(
£ξ g
)
(X ,Y ) = 0. (4.12.12)

Taking the Lie derivative on both the sides of (4.12.5) with respect to ξ , we have

1
k

(
α− r

2
+λ

)(
£ξ g
)
(X ,Y ) =

(
£ξ T

)
(X ,Y ). (4.12.13)

Using (4.12.12) in (4.12.13), we have

(
£ξ T

)
(X ,Y ) = 0. (4.12.14)
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This proves that the spacetime admits the matter collineation.

For the converse part, let
(
£ξ T

)
(X ,Y ) = 0. Therefore from (4.12.13), we find

(
£ξ g
)
(X ,Y ) = 0.

This shows that ξ is a Killing vector field.

Theorem 4.12.6. Let a spacetime satisfying the Einstein’s field equation be of van-

ishing T -curvature tensor. The vector field ξ is a conformal Killing vector field

if and only if the energy momentum tensor has the Lie inheritance property with

respect to ξ .

Proof. Let ξ be a conformal Killing vector field. Therefore,

(
£ξ g
)
(X ,Y ) = 2φg(X ,Y ), (4.12.15)

where φ is being a scalar.

Now, from (4.12.13), it follows that(
α− r

2
+λ

)
2φg(X ,Y ) = k

(
£ξ T

)
(X ,Y ). (4.12.16)

With the help of (4.12.5) in (4.12.16), we have

(
£ξ T

)
(X ,Y ) = 2φT (X ,Y ). (4.12.17)

This shows that the energy momentum tensor has the Lie inheritance property with

respect to ξ .

For the converse part, let the energy momentum tensor have the Lie inheritance

property with respect to ξ . Therefore,

(
£ξ T

)
(X ,Y ) = 2φT (X ,Y ).

Clearly, (4.12.15) holds good. This proves that ξ is a conformal Killing vector

field.
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4.13 General relativistic viscous fluid spacetime ad-

mitting vanishing T -curvature tensor

In this unit we consider the general relativistic viscous fluid spacetime admitting

vanishing T -curvature tensor satisfying the Einstein’s field equation without cos-

mological constant with the condition σ + p = 0 where p,σ are respectively the

isotropic pressure and the energy density. Furthermore, σ + p = 0 implies that the

fluid behaves like a cosmological constant [116] and it is also called the phantom

barrier [27]. The choice σ = −p leads to the rapid expansion of this spacetime in

cosmology and it is called inflation [4]. We obtain the following theorems.

Theorem 4.13.1. If a T -flat general relativistic viscous fluid spacetime with the

condition σ + p = 0 where p,σ are respectively the isotropic pressure and the en-

ergy density satisfies the Einstein’s field equation without cosmological constant,

then

‖Q‖2 =
4k2 p2(c4 +3c7)

2

(c0 +4c1 + c2 + c3 +2c4 + c5 + c6 +6c7)2 ,

where Q is the Ricci operator.

Proof. In a general relativistic viscous fluid spacetime with the condition σ + p= 0,

the energy momentum tensor T takes the form [84]

T (X ,Y ) = pg(X ,Y ), (4.13.1)

where p is the isotropic pressure, σ denotes the energy density and g(U,U) =−1,

U is the velocity vector field of this flow.

The field equation of Einstein without cosmological constant takes the form

S(X ,Y )− r
2

g(X ,Y ) = kT (X ,Y ), (4.13.2)

where r denotes the scalar curvature and k 6= 0.

Using (4.12.3) and (4.13.1) in (4.13.2), we have(
α− r

2
− kp

)
g(X ,Y ) = 0. (4.13.3)
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Taking contraction on both sides over X and Y , we derive

r =− 2pk(c0 +4c1 + c2 + c3 + c5 + c6)

(c0 +4c1 + c2 + c3 +2c4 + c5 + c6 +6c7)
. (4.13.4)

From (4.12.3) and (4.13.4), it implies that

S(X ,Y ) =
2pk(c4 +3c7)

(c0 +4c1 + c2 + c3 +2c4 + c5 + c6 +6c7)
g(X ,Y ). (4.13.5)

If Q is the Ricci operator then g(QX ,Y ) = S(X ,Y ) and S(QX ,Y ) = S2(X ,Y ). From

(4.13.5), we have

S(QX ,Y ) =
4p2k2(c4 +3c7)

2

(c0 +4c1 + c2 + c3 +2c4 + c5 + c6 +6c7)2 g(X ,Y ). (4.13.6)

Taking contraction on both sides over X and Y , we get

‖Q‖2 =
4p2k2(c4 +3c7)

2

(c0 +4c1 + c2 + c3 +2c4 + c5 + c6 +6c7)2 . (4.13.7)

Theorem 4.13.2. If a T -flat general relativistic viscous fluid spacetime with the

condition σ + p = 0 where p,σ are respectively the isotropic pressure and the en-

ergy density obeying the Einstein’s field equation without cosmological constant

satisfies the condition of timelike convergence then this spacetime also satisfies the

relation

p(c4 +3c7)

(c0 +4c1 + c2 + c3 +2c4 + c5 + c6 +6c7)
< 0.

Proof. The condition of timelike convergence [104] is given by

S(X ,X)> 0, (4.13.8)

for any timelike vector field X .

From (4.13.1) and (4.13.2), it follows that

S(X ,Y )− r
2

g(X ,Y ) = kpg(X ,Y ). (4.13.9)

Setting X = Y =U in (4.13.9) and with the help of (4.13.4), we have

S(U,U) =− 2pk(c4 +3c7)

(c0 +4c1 + c2 + c3 +2c4 + c5 + c6 +6c7)
. (4.13.10)
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Since k > 0 and S(U,U)> 0, so we obtain

p(c4 +3c7)

(c0 +4c1 + c2 + c3 +2c4 + c5 + c6 +6c7)
< 0. (4.13.11)

Theorem 4.13.3. For a purely electromagnetic distribution the scalar curvature of

a T -flat spacetime with the condition σ + p = 0 where p,σ are respectively the

isotropic pressure and the energy density satisfying the Einstein’s field equation

without cosmological constant is zero.

Proof. Taking contraction on both sides of (4.13.2) over X and Y , we gain

r =−kt, (4.13.12)

where t is the trace of T .

Using (4.13.12) in (4.13.2), we derive

S(X ,Y ) = kT (X ,Y )− kt
2

g(X ,Y ). (4.13.13)

For a purely electromagnetic distribution the Einstein’s field equation without cos-

mological constant is given by

S(X ,Y ) = kT (X ,Y ). (4.13.14)

From (4.13.13) and (4.13.14), it implies that t = 0. Hence, we obtain r = 0 from

(4.13.12).

4.14 General relativistic viscous fluid spacetime ad-

mitting divergence-free T -curvature tensor

This part is devoted to study the general relativistic viscous fluid spacetime admit-

ting the divergence-free T -curvature tensor. We have the following theorems in

this regard.
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Theorem 4.14.1. In a general relativistic viscous fluid spacetime admitting divergence-

free T -curvature tensor, if c1+c2 = 0,c0 6= 0 and c3 = 0 then the energy momentum

tensor is of Codazzi type.

Proof. From (4.2.6), we have

(div T )(X ,Y,Z) =(c0 + c1)(∇X S)(Y,Z)+(c2− c0)(∇Y S)(X ,Z)

+ c3(∇ZS)(X ,Y )+
(c4

2
+ c7

)
g(Y,Z)dr(X)

+
(c5

2
− c7

)
g(X ,Z)dr(Y )+

c6

2
g(X ,Y )dr(Z). (4.14.1)

Putting (divT )(X ,Y,Z) = 0 and dr(X) = 0 in (4.14.1), we have

0 =(c0 + c1)(∇X S)(Y,Z)+(c2− c0)(∇Y S)(X ,Z)

+ c3(∇ZS)(X ,Y ). (4.14.2)

Clearly, if c1 + c2 = 0,c0 6= 0 and c3 = 0, then we derive from (4.14.2) that

(∇X S)(Y,Z) = (∇Y S)(X ,Z). (4.14.3)

From (4.13.2) and (4.14.3), it implies that

(∇X T )(Y,Z) = (∇Y T )(X ,Z).

Therefore, the energy momentum tensor is of Codazzi type.

Theorem 4.14.2. In a general relativistic viscous fluid spacetime admitting divergence-

free T -curvature tensor, if c1 + c2 = 0 and c3 = 0 then the velocity vector field of

the fluid is proportional to the gradient vector field of the energy density.

Proof. It is already proved that the energy momentum tensor in the general relativis-

tic viscous fluid spacetime is of Codazzi type. This implies that both the vorticity

and shear of the fluid vanish and the velocity vector field is hyper-surface orthog-

onal. That is, the velocity vector field of the fluid is proportional to the gradient

vector field of the energy density [52, 102].

Theorem 4.14.3. For a general relativistic viscous fluid spacetime admitting divergence-

free T -curvature tensor, if c1 + c2 = 0 and c3 = 0 then the possible local cosmo-

logical structure of this spacetime is of Petrov type I, D or O.
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Proof. Barnes [6] proved that if the shear and vorticity of a perfect fluid spacetime

vanish then the velocity vector field U is hyper-surface orthogonal and the energy

density is constant over the hyper-surface which is orthogonal to U . Hence, the

local cosmological structure of this spacetime is of Petrov type I, D or O.
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CHAPTER 5

Some solitons on warped product space

5.1 Introduction

Nowadays Ricci solitons and Riemann solitons with their generalizations are en-

joying rapid growth by providing new techniques in understanding the geometry

and topology of arbitrary Riemannian manifolds. Riemann soliton and Ricci soli-

ton are self similar solution to Riemann flow and Ricci flow respectively. They are

also important geometric partial differential equations highlighted in many fields of

theoritical research and practical applications.

At the beginning of 90’s, it is known that a Ricci soliton which is a compact gradient

expanding or steady, is an Einstein manifold [59, 70]. Petersen and Wylie [97] gave

a theorem in reference to Brinkmann [15] that warped product is nothing but a

surface gradient Ricci soliton. Robert Bryant [19, 36] also made a Ricci soliton

which is steady as a warped product (0,+∞)× f Sm, where m > 1 and in this case

warping function denoted by f is radial. As the function f is not limited, hence we

face two very simple questions which are given below.
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(1) When a warped product having a limited warping function would be an h-almost

η-Ricci soliton ?

(2) Are there any condition ? if yes, what are these conditions ?

In this chapter Theorem 5.6.4 partly provides an answer to these above questions.

Motivated by the work of Kim et al. [75] we have Theorem 5.6.5. Our first theorem

is the natural generalization from Einstein case to Ricci soliton case except the

condition of compactness on the product which has been considered in [75]. By

the way, one significant fact comes out during the study of h-almost η-Ricci soliton

which are felt like a warped product. Actually, bases of them satisfy

Ric+∇
2
φ = λgB +

m
f

∇
2 f , (5.1.1)

It is the generalization of Einstein metrics containing quasi-Einstein metrics. Theo-

rem 5.6.5 sets up a criterion of compactness for shrinking gradient h-almost η-Ricci

soliton warped product with respect to a condition that the base is compact.

In this chapter, we introduce a new notion of gradient h-almost η-Ricci soliton

and study Riemann soliton in the frame of warped product Kenmotsu manifold.

This chapter is divided into six units. The first one is introductory unit. Some ba-

sic definitions, ideas and results related to it belong to the preliminaries unit. Then

Riemann soliton has been studied on warped product Kenmotsu manifold to deduce

some conditions for its existence admitting W2-curvature tensor, projective curva-

ture tensor and Weyl-conformal curvature tensor. The fourth unit is added to ensure

the existence of Riemann soliton on 5-dimensional warped product Kenmotsu man-

ifold by constructing an example. In the fifth unit, Ricci soliton and gradient Ricci

soliton have been discussed with pointwise bi-slant submanifolds of trans-Sasakian

manifold to establish that the pointwise bi-slant submanifolds of trans-Sasakian

manifold are Einstein manifold under certain conditions. The last unit is dealt with

the existence of the gradient h-almost η-Ricci soliton warped product spaces. The

nature of h-almost η-Ricci soliton and gradient h-almost η-Ricci soliton have been

investigated admitting a concurrent vector field.

142



5.2 Preliminaries

This unit briefly states some basic ideas and results.

Differentiating (1.1.33) with respect to a vector field X and using (1.1.30), we derive

(∇X Q)ξ =−QX−2nX . (5.2.1)

From the symmetry of £V ∇ in commutation formula [127]

(£V ∇X g−∇X £V g−∇[V,X ]g)(Y,Z) =−g((£V ∇)(X ,Y ),Z)−g((£V ∇)(X ,Z),Y ) ,

We obtain

2g((£V ∇)(X ,Y ),Z) =(∇X £V g)(Y,Z)+(∇Y £V g)(Z,X)

− (∇Z£V g)(X ,Y ). (5.2.2)

The following equations are known as commutation equations.

(£V R)(X ,Y )Z = (∇X £V ∇)(Y,Z)− (∇Y £V ∇)(X ,Z), (5.2.3)

£V ∇XY −∇X £VY −∇[V,X ]Y = (£V ∇)(X ,Y ). (5.2.4)

The following two identities will help us to prove Proposition 5.6.3.

div(∇2
φ) = Ric(∇φ , .)+d(∆φ), (5.2.5)

1
2

d(| ∇φ |2) = (∇2
φ)(∇φ , .). (5.2.6)

Now, by taking trace of (1.3.4), we gain

R+h∆ψ = kλ +µ.

The following result has been proved by Hamilton [59]

2λψ− | ∇ψ |2 +∆ψ = c, (5.2.7)

where c is some constant. In this way, we have derived similar equation to (5.2.7)

for gradient h-almost η- Ricci soliton warped product’s base, cf. equation (5.6.1).
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5.3 Riemann soliton on warped product Kenmotsu

manifold

The purpose of this unit is to study the Riemann soliton in the frame of warped

product Kenmotsu manifold. Let the warped product M =M1× f M2 be a Kenmotsu

manifold of dimension (4n+ 1) where dim(M1) = 2n+ 1 and dim(M2) = 2n. We

obtain some significant conditions for its existence by considering different cases.

We also deduce the conditions when it admits W2-curvature tensor, projective cur-

vature tensor and Weyl-conformal curvature tensor.

From (1.3.6) and (1.3.7), it follows that

2R(X1,X2,X3,X4)+2α[g(X1,X3)g(X2,X4)−g(X1,X4)g(X2,X3)]

+[g(X1,X3)(£V g)(X2,X4)+g(X2,X4)(£V g)(X1,X3)

−g(X1,X4)(£V g)(X2,X3)−g(X2,X3)(£V g)(X1,X4)] = 0. (5.3.1)

The following two cases are considered to obtain the main results.

Case 1. Let X1,X4,V ∈ X(M1) and X2,X3 ∈ X(M2). Then we have

(£V g)(X2,X4) =g(∇X2V,X4)+g(∇X4V,X2) = g
(

∇
M1
X4

V,X2

)
, (5.3.2)

(£V g)(X1,X3) =g(∇X1V,X3)+g(∇X3V,X1) = g
(

∇
M1
X1

V,X3

)
, (5.3.3)

(£V g)(X2,X3) =g(∇X2V,X3)+g(∇X3V,X2) = 2
(

V f
f

)
g(X2,X3) , (5.3.4)

(£V g)(X1,X4) =g(∇X1V,X4)+g(∇X4V,X1)

=g
(

∇
M1
X1

V,X4

)
+g
(

∇
M1
X4

V,X1

)
. (5.3.5)

Using (5.3.2)-(5.3.5) in (5.3.1), we obtain

2R(X1,X2,X3,X4)−2αg(X1,X4)g(X2,X3)−2
(

V f
f

)
g(X1,X4)g(X2,X3)

−g(X2,X3)
[
g
(

∇
M1
X1

V,X4

)
+g
(

∇
M1
X4

V,X1

)]
= 0. (5.3.6)

Taking contraction on both sides of the above relation over X1 and X4, we derive

S(X2,X3) =

[
(2n+1)α +(2n+1)

(
V f

f

)
+div(V)

]
g(X2,X3). (5.3.7)
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The Ricci tensor S satisfies the following condition

S(X1,R(X2,X3)X4)ξ −S(ξ ,R(X2,X3)X4)X1 +S(X1,X2)R(ξ ,X3)X4

−S(ξ ,X2)R(X1,X3)X4 +S(X1,X3)R(X2,ξ )X4−S(ξ ,X3)R(X2,X1)X4

+S(X1,X4)R(X2,X3)ξ −S(ξ ,X4)R(X2,X3)X1 = 0,

for any X1,X2,X3,X4 ∈ X(M).

Taking inner product with ξ , we have

S(X1,R(X2,X3)X4)−S(ξ ,R(X2,X3)X4)η(X1)+S(X1,X2)η(R(ξ ,X3)X4)

−S(ξ ,X2)η(R(X1,X3)X4)+S(X1,X3)η(R(X2,ξ )X4)−S(ξ ,X3)η(R(X2,X1)X4)

+S(X1,X4)η(R(X2,X3)ξ )−S(ξ ,X4)η(R(X2,X3)X1) = 0. (5.3.8)

Using (5.3.7) and putting X4 = ξ in (5.3.8), we derive[
(2n+1)α +(2n+1)

(
V f

f

)
+div(V)

]
η(R(X2,X3)X1) = 0.

This implies for existence of Riemann soliton that[
(2n+1)α +(2n+1)

(
V f

f

)
+div(V)

]
6= 0.

Thus we obtain the following theorem.

Theorem 5.3.1. Let the warped product M = M1× f M2 be a (4n+1)-dimensional

Kenmotsu manifold where dim(M1) = 2n+ 1 and dim(M2) = 2n. Let (g,V ) be a

Riemann soliton with soliton vector V. Then Riemann soliton exists in M provided[
(2n+1)α +(2n+1)

(
V f

f

)
+div(V)

]
6= 0.

Remark 5.3.2. From Theorem 5.3.1 and (1.3.7), it follows that the Riemann soliton

on warped product Kenmotsu manifold is expanding, steady and shrinking if α >

0, α = 0 and α < 0 respectively.

Pokhariyal and Mishra introduced the notion of W2-curvature tensor [99] in 1970.

It is defined by

W2(X ,Y )Z = R(X ,Y )Z +
1

4n
[g(X ,Z)QY −g(Y,Z)QX ] (5.3.9)
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on (M4n+1,g) where X ,Y,Z ∈ X(M).

The Ricci tensor S satisfies the following condition

S(X1,W2(X2,X3)X4)ξ −S(ξ ,W2(X2,X3)X4)X1 +S(X1,X2)W2(ξ ,X3)X4

−S(ξ ,X2)W2(X1,X3)X4 +S(X1,X3)W2(X2,ξ )X4−S(ξ ,X3)W2(X2,X1)X4

+S(X1,X4)W2(X2,X3)ξ −S(ξ ,X4)W2(X2,X3)X1 = 0,

for any X1,X2,X3,X4 ∈ X(M).

Taking the inner product with respect to ξ , then the above equation becomes

S(X1,W2(X2,X3)X4)−S(ξ ,W2(X2,X3)X4)η(X1)+S(X1,X2)η(W2(ξ ,X3)X4)

−S(ξ ,X2)η(W2(X1,X3)X4)S(X1,X3)η(W2(X2,ξ )X4)−S(ξ ,X3)η(W2(X2,X1)X4)

+S(X1,X4)η(W2(X2,X3)ξ )−S(ξ ,X4)η(W2(X2,X3)X1) = 0, (5.3.10)

Using (5.3.9) in (5.3.10), we derive[
(2n+1)α +(2n+1)

(
V f

f

)
+div(V)

]
[η(R(X2,X3)X4,X1)] = 0.

i.e.,
[
(2n+1)α +(2n+1)

(
V f

f

)
+div(V)

]
6= 0,

Theorem 5.3.3. Let the warped product M = M1× f M2 be a (4n+1)-dimensional

Kenmotsu manifold where dim(M1) = 2n + 1 and dim(M2) = 2n admitting W2-

curvature tensor. Let (g,V ) be a Riemann soliton with soliton vector V. Then the

Riemann soliton exists in M provided[
(2n+1)α +(2n+1)

(
V f

f

)
+div(V)

]
6= 0.

Similarly, we state the following two theorems when the Riemann soliton on warped

product Kenmotsu manifold admits the projective curvature tensor [80] and Weyl-

conformal curvature tensor [128].

Theorem 5.3.4. Let the warped product M = M1× f M2 be a (4n+1)-dimensional

Kenmotsu manifold where dim(M1) = 2n+1 and dim(M2) = 2n admitting projec-

tive curvature tensor. Let (g,V ) be a Riemann soliton with soliton vector V. Then

the Riemann soliton exists in M provided[
(2n+1)α +(2n+1)

(
V f

f

)
+div(V)

]
6= 0.
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Theorem 5.3.5. Let the warped product M = M1× f M2 be a (4n+1)-dimensional

Kenmotsu manifold where dim(M1) = 2n+ 1 and dim(M2) = 2n admitting Weyl-

conformal curvature tensor. Let (g,V ) be a Riemann soliton with soliton vector V.

Then the Riemann soliton exists in M provided[
(2n+1)α +(2n+1)

(
V f

f

)
+div(V)

]
6= 0.

Remark 5.3.6. From Theorem 5.3.3, Theorem 5.3.4, Theorem 5.3.5 and (1.3.7),

it follows that the Riemann soliton on warped product Kenmotsu manifold admit-

ting W2-curvature tensor, projective curvature tensor and Weyl-conformal curvature

tensor is expanding, steady and shrinking if α > 0, α = 0 and α < 0 respectively.

Case 2. Let X1,X4 ∈M1 and X2,X3,V ∈M2. Then from (5.3.1), it follows that

2R(X1,X2,X3,X4)−2αg(X1,X4)g(X2,X3)−g(X1,X4)(£V g)(X2,X3)

−g(X2,X3)(£V g)(X1,X4) = 0.

i.e., 2R(X1,X2,X3,X4)−2αg(X1,X4)g(X2,X3)−g(X1,X4)[g(∇X2V,X3)

+g(∇X3V,X2)]−g(X2,X3)[g(∇X1V,X4)+g(∇X4V,X1)] = 0.

i.e., 2R(X1,X2,X3,X4)−2αg(X1,X4)g(X2,X3)−g(X1,X4)[g(∇
M2
X2

V,X3)

+g(∇M2
X3

V,X2)]+g(X1,X4)
g(V,X2)

f
g(∇M1 f ,X3)

+g(X1,X4)
g(V,X3)

f
g(∇M1 f ,X2) = 0.

Taking contraction over X1 and X4, we obtain

(£V g)(X2,X3)−
2

2n+1
SM2(X2,X3)

+
2

2n+1
[ f # +(2n+1)α]g(X2,X3) = 0, (5.3.11)

where f # = ∆ f
f + 2n−1

f 2 ‖∇ f‖2.

After covariant differentiation with respect to X1, we obtain

(∇X1£V g)(X2,X3)−
2

2n+1
(∇X1SM2)(X2,X3) = 0. (5.3.12)
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In view of (5.2.2), we get

g((£V ∇)(X1,X2),X3) =
1

2n+1
[(∇X1SM2)(X2,X3)+(∇X2SM2)(X3,X1)

− (∇X3SM2)(X1,X2)]. (5.3.13)

The following relation is satisfied for a Kenmotsu manifold of dimension (2n+1).

(∇ξ Q)X1 =−2QX1−4nX1 (5.3.14)

Setting X2 = ξ in (5.3.13) and using (5.2.1) and (5.3.14), we derive

(£V ∇)(X1,ξ ) =−
2

2n+1
QX1−

4n
2n+1

X1. (5.3.15)

After covariant differentiation with respect to X2 and using (1.1.29), we have

(∇X2£V ∇)(X1,ξ )+(£V ∇)(X1,X2)+
2

2n+1
η(X2)[QX1 +2nX1]

=− 2
2n+1

(∇X2Q)X1

In view of the above result we derive from (5.2.3)

(£V R)(X1,X2)ξ =− 2
2n+1

[η(X1)QX2−η(X2)QX1 +(∇X1Q)X2− (∇X2Q)X1]

− 4n
2n+1

[η(X1)X2−η(X2)X1]. (5.3.16)

Putting X2 = ξ and using (5.2.1) and (5.3.14), we achieve (£V R)(X1,ξ )ξ = 0. Be-

sides, from (1.1.31), we get

R(X1,ξ )ξ =−X1 +η(X1)ξ ,

which gives

(£V R)(X1,ξ )ξ +g(X1,£V ξ )ξ −2η(£V ξ )X1 = [(£V η)X1]ξ .

Since (£V R)(X1,ξ )ξ = 0, hence

g(X1,£V ξ )ξ −2η(£V ξ )X1 = {(£V η)X1}ξ . (5.3.17)

With the help of (1.1.33), (5.3.11) becomes

(£V g)(X1,ξ ) =−
2

2n+1
[2n+(2n+1)α + f #]η(X1) (5.3.18)
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Taking Lie-differentiation with respect to V, we have

(£V η)X1−g(X1,£V ξ )+
2

2n+1
[2n+(2n+1)α + f #]η(X1) = 0,

η(£V ξ ) =
1

2n+1
[2n+(2n+1)α + f #]. (5.3.19)

Using these two equations in (5.3.17), we derive

[2n+(2n+1)α + f #]× [X1−η(X1)ξ ] = 0. (5.3.20)

Taking trace we obtain

[2n+(2n+1)α + f #] = 0.

After contraction (5.3.16) becomes

(£V SM2)(X2,ξ ) =
1

2n+1
[
(8n+16n2 +2r)η(X2)+X2r

]
where we use div(Q) = 1

2grad r and tr(∇Q) = grad r.

Taking trace of (5.3.14) provides

ξ r =−2r−8n2

Using the above equation, we derive

(£V SM2)(X2,ξ ) =
1

2n+1
[{8n(n+1)−ξ r}η(X2)+X2r]

Hence we have the following theorem.

Theorem 5.3.7. Let the warped product M = M1× f M2 be a (4n+1)-dimensional

Kenmotsu manifold where dim(M1) = 2n+1 and dim(M2) = 2n. If (g,V ) is a Rie-

mann soliton with soliton vector V , then the soliton vector V and the Ricci tensors

satisfy the relation

(i)
[

2n+(2n+1)α +
∆ f
f
+

2n−1
f 2 ‖∇ f‖2

]
= 0,

(ii) (£V S)(X2,ξ ) =
1

2n+1
[{8n(n+1)−ξ r}η(X2)+X2r],

where r is the scalar curvature and ξ is the potential vector field of M.
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5.4 Example of Riemann soliton on warped product

Kenmotsu manifold

In this unit an example of Riemann soliton on 5-dimensional warped product Ken-

motsu manifold has been constructed. Moreover, the results obtained from the pre-

vious section have been verified at the end of the example.

We consider a manifold M ⊂ R5 of dimension five defined by

M = {(x,y,z,u,v) ∈ R5 : z 6= 0},

where (x,y,z,u,v) are the canonical co-ordinates of R5.

Let e1,e2,e3,e4,e5 be five linearly independent vector fields. They are defined by

e1 = e−z ∂

∂y
, e2 = e−z ∂

∂x
, e3 =

∂

∂ z
, e4 = e−z ∂

∂u
,e5 = e−z ∂

∂v
.

We can easily check that

[e1,e2] = e1, [e2,e3] = e2, [e3,e4] =−e4, [e2,e5] =−e5.

A tensor field ϕ of type (1,1) is defined on M by

ϕ(e1) = e2, ϕ(e2) =−e1, ϕ(e3) = 0, ϕ(e4) = e5, ϕ(e5) = e4.

The Riemannian metric tensor g is defined by

g(ei,e j) =

 1 for i = j

0 for i 6= j,

where 1≤ i, j ≤ 5. Then g is given by

g =e2z(dx2 +dy2 +du2 +dv2)+dz2

=(dz2 + e2zdx2 + e2zdy2)+ e2z(du2 +dv2)

It clearly follows that M = M1× f M2 be a warped product manifold of dimension

five where dim(M1) = 3, dim(M2) = 2 and f : M1→ (0,∞) is the warping function

defined by f (x,y,z) = ez.
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Applying Koszul formula, we obtain

∇e1e1 = ∇e2e2 = ∇e4e4 = ∇e5e5 =−e3, ∇e1e3 = e1,

∇e2e3 = e2, ∇e4e3 = e4, ∇e5e3 = e5, (5.4.1)

where ∇ is the Levi-Civita connection of g. It is easy to check that the manifold M

is a Kenmotsu manifold. After some elementary steps, we have

R(e1,e2)e1 =e2, R(e2,e1)e1 =−e2, R(e1,e4)e1 = e4,

R(e4,e1)e1 =− e4, R(e1,e5)e1 = e5, R(e5,e1)e1 =−e5,

R(e3,e1)e3 =e1, R(e1,e3)e3 =−e1, R(e3,e2)e3 = e2,

R(e2,e3)e3 =− e2, R(e3,e4)e3 = e4, R(e4,e3)e3 =−e4,

R(e3,e5)e3 =e5, R(e5,e3)e3 =−e5. (5.4.2)

Let us consider a vector field V defined by

V = a
[

y
∂

∂x
− x

∂

∂y
+u

∂

∂v
− v

∂

∂u

]
, (5.4.3)

where a is a non-zero constant.

It is clearly seen that V has a constant divergence. As a consequence of (5.4.1), we

have

(£V g)(ei,e j) = 0, 1≤ i, j ≤ 5. (5.4.4)

Using (5.4.4) we see that (1.3.7) holds good with respect to V defined in (5.4.3) and

α =−1. Hence, g is a Riemann soliton.

Verification : In the above example, n = 1, α =−1, and div(V) = 0. Therefore,[
(2n+1)α +(2n+1)

(
V f

f

)
+div(V)

]
6= 0.

Hence Theorem 5.3.1, Theorem 5.3.3, Theorem 5.3.4 and Theorem 5.3.5 are veri-

fied by this example.
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5.5 Ricci soliton and gradient Ricci soliton on point-

wise bi-slant submanifolds of 3-dimensional trans-

Sasakian manifold

This unit is dealt with Ricci soliton and gradient Ricci soliton on pointwise bi-slant

submanifolds of trans-Sasakian manifold. The following theorems show that the

pointwise bi-slant submanifolds of trans-Sasakian manifold are Einstein manifolds

admitting Ricci soliton and gradient Ricci soliton under some certain conditions.

Theorem 5.5.1. Let M be a pointwise bi-slant submanifold of a trans-Sasakian

manifold M̃ with pointwise slant distributions D1 and D2⊕〈ξ 〉 with distinct slant

angles θ1[6= nπ +(−1)nθ2] and θ2 respectively admitting Ricci soliton. If M is a

mixed totally geodesic submanifold and Fξ =FP2ξ then M is an Einstein manifold.

Proof. Let M be a pointwise bi-slant submanifold of a trans-Sasakian manifold M̃

admitting Ricci soliton. Then for any X ,Y ∈ Γ(D1) and Z ∈ Γ(D2⊕〈ξ 〉), we have

S(X ,Y )+
1
2

£Zg(X ,Y )+λg(X ,Y ) = 0, (5.5.1)

for some constant λ and the Lie derivative £Zg.

If we put Z = ξ in (5.5.1), it can be written as

2S(X ,Y )+2λg(X ,Y ) =−g(∇X ξ ,Y )−g(∇Y ξ ,X). (5.5.2)

On the other hand, for any X ,Y ∈ Γ(D1) and Z ∈ Γ(D2⊕〈ξ 〉), we have

g(∇XY,Z) = g(∇̃XY,Z) = g(φ ∇̃XY,φZ)−η(∇̃XY )η(Z)

From (1.1.34), we can write

g(∇XY,Z) =g(∇̃X φY,φZ)−g((∇̃X φ)Y,φZ)

+η(Z)[−αg(φX ,Y )+βg(X ,Y )].

Using (1.1.42), we obtain

g(∇XY,Z) =g(∇̃X P1Y,φZ)+g(∇̃X FY,P2Z)+g(∇̃X FY,FZ)

+η(Z)[−αg(φX ,Y )+βg(X ,Y )].
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Taking (1.1.25), (1.1.26) and (1.1.40), we have

g(∇XY,Z) =g((∇̃X φ)(P1Y ),Z)−g(∇̃X P2
1 Y,Z)−g(∇̃X FP1Y,Z)

−g(AFY X ,P2Z)+g(∇̃X FZ,P1Y )−g((∇̃X φ)FZ,Y )

+g(∇̃X φFZ,Y )+η(Z)[−αg(φX ,Y )+βg(X ,Y )].

Then from (1.1.25)-(1.1.27), (1.1.34)-(1.1.36), (1.1.42)-(1.1.45) and (1.1.47), it fol-

lows that

(sin2
θ1− sin2

θ2)g(∇XY,Z) =g(AFP1Y Z−AFY P2Z,X)

+g(AFP2ZY −AFZP1Y,X)+αη(Z)[g(X ,P1Y )

−g(φX ,Y )]+βη(Z)(1+ cos2
θ2)g(X ,Y )

−αη(Z)sin2
θ2g(φX ,Y )+βη(Z)sin2

θ2g(X ,Y ).

If M is a mixed totally geodesic submanifold and using the condition Fξ = FP2ξ

the above equation reduces to

(sin2
θ2− sin2

θ1)g(Y,∇X Z) =αη(Z)[g(X ,P1Y )−g(φX ,Y )]

+βη(Z)(1+ cos2
θ2)g(X ,Y )

−αη(Z)sin2
θ2g(φX ,Y )

+βη(Z)sin2
θ2g(X ,Y ). (5.5.3)

Now interchanging X and Y and then adding with (5.5.3), we obtain

(sin2
θ2− sin2

θ1)[g(Y,∇X Z)+g(X ,∇Y Z)]

=βη(Z)(1+ cos2
θ2 + sin2

θ2)g(X ,Y ). (5.5.4)

Putting Z = ξ and then using (5.5.2) and (5.5.4), we derive

S(X ,Y ) =
−2λ +βη(Z)(1+ cos2 θ2 + sin2

θ2)

(sin2
θ2− sin2

θ1)
g(X ,Y ),

where θ1 6= nπ +(−1)nθ2. Therefore, M is an Einstein manifold. This completes

the proof.
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Theorem 5.5.2. Let M be a pointwise bi-slant submanifold of 3-dimensional trans-

Sasakian manifold M̃ of type (α,β ) satisfying α,β (α2 6= β 2) being constants with

pointwise slant distributions D1 and D2⊕〈ξ 〉 with distinct slant angles θ1 and θ2,

respectively, admitting gradient Ricci soliton. If AFX Fξ = AFP2ξ X +AFξ P1X for

any X ∈ Γ(D1) then M is an Einstein manifold.

Proof. Let M be a pointwise bi-slant submanifold of 3-dimensional trans-Sasakian

manifold M̃ with pointwise slant distributions D1 and D2⊕〈ξ 〉 with distinct slant

angles θ1 and θ2 respectively satisfying gradient Ricci soliton. Let R, Q and r

be the curvature tensor, Ricci operator and scalar curvature of pointwise bi-slant

submanifold M respectively. Then for a potential function f , (1.3.7) reduces to

R(Z,W )D f = (∇ZQ)W − (∇W Q)Z,

where Z,W ∈ Γ(D2⊕ 〈ξ 〉) and D denotes the gradient operator of g. Also from

(1.1.38), it can be written as

QW =
[ r

2
− (α2−β

2)
]

W −
[ r

2
−3(α2−β

2)
]

η(W )ξ . (5.5.5)

Now differentiating (5.5.5) with respect to V ∈ Γ(D2⊕〈ξ 〉) and then putting V = ξ

we can write

(∇ξ Q)W =
dr(ξ )

2
[W −η(W )ξ ]. (5.5.6)

Also we can write

g((∇ξ Q)W − (∇W Q)ξ ,ξ ) = 0.

From (5.5.5), we derive

g(R(ξ ,W )D f ,ξ ) = 0. (5.5.7)

Also, we have

R(Z,W )ξ = (α2−β
2)(η(W )Z−η(Z)W ). (5.5.8)

Hence from (5.5.7) and (5.5.8), it follows that

D f = (ξ f )ξ with α
2 6= β

2 (5.5.9)
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Again (1.3.7) gives

S(X ,Y )+λg(X ,Y ) = g(∇Y (D f ),X) = g(∇̃Y (D f ),X), (5.5.10)

for any X ,Y ∈ Γ(D1).

Now we can write

S(X ,Y )+λg(X ,Y ) =g(φ(∇̃Y (D f )),φX)

=g(∇̃Y φ(D f ),φX)−g((∇̃Y φ)D f ,φX).

Using (1.1.34) and (1.1.42), we obtain

S(X ,Y )+λg(X ,Y ) =g(∇̃Y P2D f ,φX)+g(∇̃Y F(D f ),P1X)

+g(∇̃Y F(D f ),FX)+αη(D f )g(Y,φX)

+βη(D f )g(X ,Y ).

Taking (1.1.26)-(1.1.27), (1.1.34) and (5.5.9), we derive

S(X ,Y )+λg(X ,Y ) =−g(φ(∇̃Y P2((ξ f )ξ )),X)+g(∇̃Y F((ξ f )ξ )),P1X)

+g(∇̃Y F((ξ f )ξ )),FX)+α(ξ f )g(Y,φX)

+β (ξ f )g(X ,Y ).

Using (1.1.34), (1.1.40) and (1.1.42) the above relation gives

S(X ,Y )+λg(X ,Y ) =−αη(P2ξ )(ξ f )g(X ,Y )−βη(P2ξ )(ξ f )g(X ,φY )

− (ξ f )g(AFξY,P1X)+(ξ f )g(AFXY,Fξ )

− (ξ f )[g(∇̃Y P2
2 ξ ,X)+g(∇̃Y FP2ξ ,X)]

+α(ξ f )g(Y,φX)+β (ξ f )g(X ,Y ). (5.5.11)

Taking the condition AFX Fξ = AFP2ξ X +AFξ P1X and then using (1.1.38), (1.1.42)

and (5.5.11), we get

S(X ,Y )+λg(X ,Y ) =−αη(P2ξ )(ξ f )g(X ,Y )−βη(P2ξ )(ξ f )g(X ,φY )

+α(ξ f )g(Y,φX)+β (ξ f )g(X ,Y ). (5.5.12)
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Interchanging X and Y and then adding with (5.5.12), it follows that

S(X ,Y ) =−αη(P2ξ )(ξ f )g(X ,Y )−λg(X ,Y )+β (ξ f )g(X ,Y )

=[β (ξ f )−λ −αη(P2ξ )]g(X ,Y ).

Hence M is an Einstein manifold. This completes the proof.

5.6 The conditions for existence of h-almost η-Ricci

soliton warped product spaces

Now a Riemannian manifold (Bn,gB) has been constructed as a base of a gradient

h-almost η-Ricci soliton warped product (M = Bn× f Fm,g,∇ψ,h,η ,λ ). We con-

sider that ψ is the potential function and ψ being the lift of φ , which is a smooth

function defined on Bn, that is, the crucial information of M will be carried base.

Keeping in mind with these considerations, we set up some conditions on the func-

tions which parametrize a gradient h-almost η-Ricci soliton by the almost η-Ricci

soliton warped product. Hamilton’s equation (5.2.7) for Bn is the first condition.

Proposition 5.6.1. Let M = Bn× f Fm be a warped product and φ defined on B is a

smooth function such that (M,g,∇φ̃ ,h,η ,λ ) is a gradient h-almost η-Ricci soliton.

Then we obtain

2λφ− | ∇φ |2 +∆φ +
m
f

∇φ( f ) = c, (5.6.1)

where c is a constant.

Proof. Hamilton [59] had proved that

2λ φ̃− | ∇φ̃ |2 +∆φ̃ = c, (5.6.2)

where c is some constant. Besides this,

∇φ̃ =∇̃φ , (5.6.3)

∆φ̃ =∆φ +
m
f

∇φ( f ). (5.6.4)
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Using (5.6.3) and (5.6.4) in (5.6.2), we gain

2λφ− | ∇φ |2 +∆φ +
m
f

∇φ( f ) = c. (5.6.5)

This completes the proof.

Proposition 5.6.2. Let M = Bn× f Fm be a warped product and φ defined on B is a

smooth function such that (M,g,∇φ̃ ,h,η ,λ ) is a gradient h-almost η-Ricci soliton,

where m > 1. Then

RicB +hHφ = λgB +
m
f

H f +µ(η⊗η), (5.6.6)

RicF = [λ f 2 + f ∆ f +(m−1) | ∇ f |2 −h f ∇φ( f )]gF +µ(η⊗η). (5.6.7)

Proof. Clearly, it is seen that

Ric(Y,Z) = RicB(Y,Z)−
m
f

H f (Y,Z),∀ Y,Z ∈ Γ(B) (5.6.8)

The gradient h-almost η-Ricci soliton is

Ric+h∇
2
φ̃ = λg+µ(η⊗η).

i.e., Ric(Y,Z) = λgB(Y,Z)+µ(η⊗η)(Y,Z)−hHφ (Y,Z). (5.6.9)

From (5.6.8) and (5.6.9), it follows that

RicB +hHφ = λgB +
m
f

H f +µ(η⊗η). (5.6.10)

Hence, this completes the proof of the first assertion of Proposition 5.6.2.

It is also observed from Proposition 1.2.4 that

Ric(V,W ) =RicF(V,W )

−
[

∆ f
f
+(m−1)

| ∇ f |2

f 2

]
g(V,W ),∀ V,W ∈ Γ(F). (5.6.11)

Also, from (1.3.4), we obtain

Ric(V,W ) = λ f 2gF(V,W )−h∇
2
φ̃(V,W )+µ(η⊗η)(V,W ). (5.6.12)
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In view of (5.6.11) and (5.6.12), we have

RicF(V,W ) =λ f 2gF(V,W )−h∇
2
φ̃(V,W )+µ(η⊗η)(V,W )

+ f
[

∆ f +
(m−1) | ∇ f |2

f

]
gF(V,W ). (5.6.13)

Since ∇φ̃ ∈ Γ(B) and using Proposition 1.2.2, we obtain

∇
2
φ̃(V,W ) = g(DV ∇φ̃ ,W ) = g

(
∇φ̃( f )

f
V,W

)
= f ∇φ( f )gF(V,W ). (5.6.14)

In view of (5.6.14), (5.6.13) implies that

RicF(V,W ) =[λ f 2 + f ∆ f +(m−1) | ∇ f |2

−h f ∇φ( f )]gF(V,W )+µ(η⊗η)(V,W ). (5.6.15)

Hence, this completes the proof of the second assertion of Proposition 5.6.2.

Proposition 5.6.3. Let (Bn,g) be a Riemannian manifold having two smooth func-

tions φ and f (> 0) which are satisfying the following equations

Ric+h∇
2
φ = λg+

m
f

∇
2 f +µ(η⊗η), (5.6.16)

2λφ− | ∇φ |2 +∆φ +
m
f

∇φ( f ) = c, (5.6.17)

for some constants m, c, λ and µ ∈ R and m 6= 0. Then f and φ will satisfy the

following equation

λ f 2 + f ∆ f +(m−1) | ∇ f |2 −h f ∇φ( f ) = β , (5.6.18)

where β ∈ R is a constant, if it satisfies the condition

0 =−h f d(∇φ( f ))+
h f 2

m
d(h | ∇φ |2)− h f 2

m
d(| ∇φ |2)

+2 f µ(η⊗η)(∇ f , .)+
f 2

m
∆φdh− 2hµ f 2

m
(η⊗η)(∇φ , .)

− 2 f 2

m
(∇2

φ)(∇h, .)+dh f (∇φ( f )). (5.6.19)

Proof. By taking trace on both sides of (5.6.16), we have

S = nλ +
m
f

∆ f +µ−h∆φ , (5.6.20)
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where scalar curvature of B is S. Hence,

dS =− m
f 2 ∆ f d f +

m
f

d(∆ f )−∆φdh−hd(∆φ). (5.6.21)

Now, we use the second contracted Bianchi identity, which is

−1
2

dS+div(Ric) = 0. (5.6.22)

We obtain by computation from (5.6.16),

div(Ric) =
m
f

Ric(∇ f , .)+
m
f

d(∆ f )− m
2 f 2 d(| ∇ f |2)

−hRic(∇φ , .)−hd(∆φ)− (∇2
φ)(∇h, .) (5.6.23)

From (5.6.16), it follows that

Ric(∇ f , .)+h(∇2
φ)(∇ f , .) =λd f +

m
2 f

d(| ∇ f |2)+µ(η⊗η)(∇ f , .) (5.6.24)

Replacing ∇ f by ∇φ in (5.6.24), we obtain

Ric(∇φ , .) =λdφ +
m
f
(∇2 f )(∇φ , .)

+µ(η⊗η)(∇φ , .)− h
2

d(| ∇φ |2). (5.6.25)

Using (5.6.24) and (5.6.25) in (5.6.23), we gain

div(Ric) =
mλ

f
d f +

m(m−1)
2 f 2 d(| ∇ f |2)+ mµ

f
(η⊗η)(∇ f , .)

− mh
f

d(∇φ( f ))+
m
f

d(∆ f )−hλdφ −hµ(η⊗η)(∇φ , .)

+
h2

2
d(| ∇φ |2)−hd(∆φ)− (∇2

φ)(∇h, .). (5.6.26)

Using (5.6.21) and (5.6.26) in (5.6.22), we obtain

0 =
m

2 f 2 ∆ f d f +
m
2 f

d(∆ f )+
1
2

∆φdh

− h
2

d(∆φ)+
mλ

f
d f +

m(m−1)
2 f 2 d(| ∇ f |2)

+
mµ

f
(η⊗η)(∇ f , .)− mh

f
d(∇φ( f ))−hλdφ

−hµ(η⊗η)(∇φ , .)+
h2

2
d(| ∇φ |2)− (∇2

φ)(∇h, .). (5.6.27)
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Multiplying the previous (5.6.27) by 2 f 2

m , we get

0 =d[ f ∆ f +λ f 2 +(m−1) | ∇ f |2]− h f 2

m
d[∆φ +2λφ −h | ∇φ |2]

+
f 2

m
∆φdh+2µ f (η⊗η)(∇ f , .)−2h f d(∇φ( f ))

− 2hµ f 2

m
(η⊗η)(∇φ , .)− 2 f 2

m
(∇2

φ)(∇h, .).

Using the hypothesis

2λφ− | ∇φ |2 +∆φ +
m
f

∇φ( f ) = c,

we derive after some steps

0 =d( f ∆ f +λ f 2 +(m−1) | ∇ f |2)+h f d f (∇φ( f ))−hd f (∇φ( f ))

+
h f 2

m
d(h | ∇φ |2)− h f 2

m
d(| ∇φ |2)+2 f µ(η⊗η)(∇ f , .)

+
f 2

m
∆φdh−2h f d(∇φ( f ))− 2hµ f 2

m
(η⊗η)(∇φ , .)

− 2 f 2

m
(∇2

φ)(∇h, .)+dh f (∇φ( f )). (5.6.28)

If we consider that

0 =−h f d(∇φ( f ))+
h f 2

m
d(h | ∇φ |2)− h f 2

m
d(| ∇φ |2)

+2 f µ(η⊗η)(∇ f , .)+
f 2

m
∆φdh− 2hµ f 2

m
(η⊗η)(∇φ , .)

− 2 f 2

m
(∇2

φ)(∇h, .)+dh f (∇φ( f )), (5.6.29)

then (5.6.29) becomes

d
(

f ∆ f +λ f 2 +(m−1) | ∇ f |2 −h f (∇φ( f ))
)
= 0, (5.6.30)

which is sufficient to complete the proof.

Theorem 5.6.4. Let M = Bn× f Fm be a warped product and φ is a smooth function

on B such that (M,g,∇φ̃ ,h,η ,λ ) is a steady or expanding gradient h-almost η-

Ricci soliton. Also, suppose that fiber Fm of this warped product with dimension

greater than or equal to two and warping function f of it attains minimum as well

as maximum with the condition (5.6.30). Then M will definitely be a Riemannian

product if (h−1)∇φ( f )≥ (1−m)
f | ∇ f |2.
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Proof. Let M = Bn× f Fm, m > 1, be a gradient h-almost η-Ricci soliton satisfying

(1.3.4). Then Proposition 5.6.2 indicates

RicF = βgF +µ(η⊗η), (5.6.31)

where

β = λ f 2 + f ∆ f +(m−1) | ∇ f |2 −h f (∇φ( f )). (5.6.32)

From Proposition 5.6.3, it is clear that β is a constant. (5.6.16) and (5.6.17) are

guaranteed from (5.6.1) and (5.6.6) of Proposition 5.6.1 and Proposition 5.6.2 re-

spectively, satisfying the condition (5.6.30). Suppose that p,q ∈ Bn are the points

where the warping function f reaches its minimum as well as maximum in Bn.

Hence

∇ f (p) = 0 = ∇ f (q), (5.6.33)

∇ f (p)≤ 0≤ ∇ f (q). (5.6.34)

As, λ ≤ 0 and f > 0 , we obtain

−λ ( f (p))2 ≥−λ ( f (q))2 (5.6.35)

and plugging this with (5.6.33), we get

0≥ f (p)∆ f (p) = β −λ ( f (p))2 ≥ β −λ ( f (q))2 = f (q)∆ f (q)≥ 0. (5.6.36)

(5.6.36) now implies

β −λ ( f (p))2 = β −λ ( f (q))2 = 0. (5.6.37)

Hence, λ < 0 implies that f (p) = f (q). That is, the warping function f is a constant

function. When λ = 0, we obtain that β = 0 and equation (5.6.33) becomes

L f =(∆−∇φ) f , [where L = ∆−∇φ ]

=
(1−m)

f
| ∇ f |2 +(h−1)∇φ( f ) (5.6.38)
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Clearly, (1−m)
f | ∇ f |2≤ 0. It is also seen that L f ≤ 0, if

(h−1)∇φ( f )≥ (1−m)

f
| ∇ f |2 . (5.6.39)

So, if (h−1)∇φ( f )≥ (1−m)
f | ∇ f |2, then by using strong maximum principle, it is

obvious that f is constant. Therefore, in both cases M is a Riemannian product.

Theorem 5.6.5. Let M = Bn× f Fm be a warped product and φ is a smooth function

on B such that (M,g,∇φ̃ ,h,η ,λ ) is a shrinking gradient h-almost η-Ricci soliton

having compact base and fiber of dimension greater than or equal to two. Then M

will definitely be a compact manifold if
∫

Bn(1−h) f (∇φ( f ))dB > 0.

Proof. Let M = Bn× f Fm, m > 1, be a gradient h-almost η-Ricci soliton satisfying

(1.3.4). From Theorem 5.6.4, it follows that RicF = βgF +µ(η⊗η), where β is a

constant which is given by (5.6.33) or equivalently

β =λ f 2 + f ∆ f +(m−1) | ∇ f |2 −h f (∇φ( f ))

=λ f 2 + f (∆ f −∇φ( f ))+(m−1) | ∇ f |2 +(1−h) f ∇φ( f )

=λ f 2 + f L f +(m−1) | ∇ f |2 +(1−h) f ∇φ( f ). (5.6.40)

Integrating on both sides, we have

βvolφ (Bn) =λ

∫
Bn

f 2e−φ dB+(m−2)
∫

Bn
| ∇ f |2 e−φ dB

+
∫

Bn
(1−h) f (∇φ( f ))dB. (5.6.41)

As m > 1 and λ > 0, hence we conclude that β > 0 if
∫

Bn(1−h) f (∇φ( f ))dB > 0.

Therefore, by using Bonnet-Myers Theorem, it is obvious that Fm is compact and

consequently Bn× f Fm becomes a compact manifold.

Theorem 5.6.6. Let M̄ = I× f M be a generalized Robertson-walker space time

furnished by a metric ḡ =−dt2⊕ f 2g, where (M,g) is a Riemannian manifold and

I is an open connected interval with the usual flat metric −dt2. If ( ¯̄M, ḡ,u,h,η ,λ )

be a gradient h-almost η-Ricci soliton, for u =
∫ t

a f (r)dr, where a ∈ I is a constant,

then Ric = (λ −h ḟ )ḡ+µ(η⊗η).
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Proof. Assume that ζ = grad u, hence ζ = f (t)∂t . Clearly, the vector field is or-

thogonal to M. Let ∂t , ∂1, ∂2, ..., ∂m are orthogonal bases of χ(M̄), then the Hessian

tensor of u is given as follows.

Hu(∂t ,∂t) = ḡ(∇X grad u,Y ).

Now, the following cases may arise. The first case when X = Y = ∂t . For this, we

get

Hu(∂t ,∂t) =ḡ(∇∂t grad u,∂t)

= ḟ ḡ(∂t ,∂t). (5.6.42)

The second case when X = ∂t and Y = ∂i, i = 1,2,3, ...,m. For this, we get

Hu(∂t ,∂i) =ḡ(∇∂t grad u,∂i)

= ḟ ḡ(∂t ,∂i). (5.6.43)

At last, when X = ∂t and Y = ∂i, i = 1,2,3, ...,m. For this, we obtain

Hu(∂i,∂ j) =ḡ(∇∂igrad u,∂ j)

= f ḡ(∇∂i∂t ,∂ j)

= f ḡ
(

ḟ
f

∂i,∂ j

)
= ḟ ḡ(∂i,∂ j). (5.6.44)

Hence, Hu(X ,Y ) = ḟ ḡ(X ,Y ) and consequently

(£ξ ḡ)(X ,Y ) =ḡ(∇X grad u,Y )+ ḡ(∇Y grad u,X)

=2Hu(X ,Y )

=2 ḟ ḡ(X ,Y ). (5.6.45)

Let ( ¯̄M, ḡ,u,h,η ,λ ) be a gradient h-almost η-Ricci soliton, then

Ric+
h
2

£ξ ḡ = λ ḡ+µ(η⊗η)

i.e., Ric = (λ −h ḟ )ḡ+µ(η⊗η) (5.6.46)

This completes the proof of Theorem 5.6.6.
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Theorem 5.6.7. Let (M,g,h,ς ,λ ,µ) be an h-almost η-Ricci soliton and ς be a

concurrent vector field on M where M = Bn× f Fm and ς2 6= 0. Then F becomes an

Einstein manifold for U1,U2 ∈ X(B).

Proof. We consider that (M,g,h,ς ,λ ,µ) is a h-almost η-Ricci soliton. Then we

have

Ric(X ,Y )+
h
2

£X g(X ,Y ) = λg(X ,Y )+µη(X)η(Y ),

where η(X) = g(X ,U).

Since ς is a concurrent vector field, we obtain

Ric(X ,Y )+
h
2
(g(DX ς ,Y )+g(DY ς ,X)) = λg(X ,Y )+µη(X)η(Y ).

Hence we get

Ric(X ,Y ) = (λ −h)g(X ,Y )+µη(X)η(Y ), (5.6.47)

Putting X =V ∈X(F), Y =W ∈X(F), and U1,U2 ∈X(B) then by using Proposition

1.2.4, it follows that

RicF(V,W ) = (λ −h) f 2gF(V,W )+

[
∆ f
f
+
| ∇ f |2

f 2 (m−1)
]

f 2gF(V,W ). (5.6.48)

Since ς is concurrent and ς2 6= 0, ς is concurrent and f is constant. Hence we have[
∆ f
f + |∇ f |2

f 2 (m−1)
]
= 0 and also we obtain

RicF(V,W ) = (λ −h) f 2gF(V,W ). (5.6.49)

This implies that F is an Einstein manifold.

Theorem 5.6.8. Let (M,g,h,u,ς ,λ ,µ) be a gradient h-almost η-Ricci soliton where

M =Bn× f Fm. Then (B,g,u,λ ) is a gradient Ricci soliton if h is a constant function

and U1,U2 ∈ X(F).

Proof. Let (M,g,h,u,ς ,λ ,µ) be a gradient h-almost η-Ricci soliton. Then we have

Ric(X ′,X ′′)+hHu(X ′,X ′′) = λg(X ′,X ′′)+µη(X ′)η(X ′′). (5.6.50)

Let X ′ = Y ∈ X(B), X ′′ = Z ∈ X(B) and U1,U2 ∈ X(F), then it follows that

Ric(Y,Z)+hHu1
B (Y,Z) = λg(Y,Z). (5.6.51)
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Using Proposition 1.2.4 we have

RicB(Y,Z)−
m
f

H f (Y,Z)+hHu1
B (Y,Z) = λg(Y,Z). (5.6.52)

Then we obtain

h(Y (Zu1))−h(∇Y Z)u1−
m
f
(Y (Z f ))+∇Y (Z(m ln f ))−Z(Y (m ln f ))

+RicB(Y,Z) = λgB(Y,Z).

Hence we get

Y (Z(hu1−m ln f ))− (∇Y Z)(hu1−m ln f )+RicB(Y,Z) = λgB(Y,Z).

It follows that

Hφ1
B (Y,Z)+RicB(Y,Z) = λgB(Y,Z),

where φ1 = hu1−m ln f , h = constant and u1 = u at a fixed point on F. Hence we

establish that (B,g,u,λ ) is a gradient Ricci soliton.

We end this chapter with these notable theorems.
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Abstract. In this paper we study the pseudo-projective curvature tensor on
warped product manifolds. We obtain some significant results of the pseudo-
projective curvature tensor on warped product manifolds in terms of its base
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§1. Introduction

Bishop and O’Neill [6] had given the idea of warped product in Riemannian
manifolds. They introduced the notion of warped product for making a large
class of complete manifolds having negative curvature. The main idea of this
warped product actually appeared on account of a surface of revolution. Later,
Nölker [13] also developed the concept of multiply warped product as a gen-
eralization of warped product. The warped product plays a very significant
role in differential geometry, especially in mathematical physics and general
relativity. Schwarzschild solution, Robertson-walker model, static model and
Kruscal model etc. are the examples of warped products. There are so many
exact solutions of Einstein field equations and modified field equations. These
solutions can be written in terms of warped products.

The pseudo-projective curvature tensor had been defined by Prasad [15].
The pseudo-projective curvature tensor includes the projective curvature ten-
sor. Many authors [8, 10, 11, 12] studied the pseudo-projective curvature
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tensor in different ways. The pseudo-projective curvature tensor has been
studied in mathematics as well as physics as a research topic. Shenawy and
Ünal [19] studied on the W2-curvature tensor on warped product manifolds.
In view of the above interesting works, we wish to study the pseudo-projective
curvature tensor on warped product manifolds and space-times.

The aim of this paper is to study the geometry of pseudo-projective curva-
ture tensor on warped product manifolds. Besides this we discuss its applica-
tions to Robertson-Walker space-times and standard static space-times. Hence
this paper connects the pseudo-projective curvature tensor to warped product
manifold, Robertson-Walker space-times and standard static space-times.

This paper has been arranged in the following way. In section 2, we state
the concept of pseudo-projective curvature tensor and warped product man-
ifolds. In section 3, we discuss some interesting results of pseudo-projective
curvature tensor on warped product manifolds in terms of its base and fiber
manifolds. In section 4, we study pseudo-projective curvature tensor on gener-
alized Robertson-Walker space-times. The last section is devoted to the study
of standard static space-times admitting the pseudo-projective curvature ten-
sor.

§2. Preliminaries

In this part, we just recall some basic ideas on warped product and pseudo-
projective curvature tensor.

Let (B, gB) and (F, gF ) be two Riemannian manifolds with dim(B) > 0 and
dim(F ) > 0. Let f : B → (0,∞) be a positive smooth function on B. Suppose
the natural projections of the product manifold B×F are π : B×F → B and
η : B × F → F . The warped product M = B ×f F is the product manifold
B × F furnished with the Riemannian structure such that

< X,X >=< π∗(X), π∗(X) > +f2(π(X)) < η∗(X), η∗(X) >,

for each tangent vector X ∈ X(M). Therefore, we obtain the metric relation
gM = gB ⊕ f2gF . B and F are respectively the base and fiber of this warped
product manifold. The function f is known as the warping function of this
warped product.

Proposition 2.1 ([14]). Let M = B ×f F be a warped product with Rieman-
nian curvature tensor R. If X,Y, Z ∈ X(B) and U, V,W ∈ X(F ), then

(1) R(X,Y )Z = RB(X,Y )Z,

(2) R(V,X)Y =
Hf (X,Y )

f
V,

(3) R(X,Y )V = R(V,W )X = 0,
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(4) R(X,V )W =
g(V,W )

f
D1

X(∇f),

(5) R(V,W )U = RF (V,W )U +
∥∇f∥2

f2
[g(W,U)V − g(V,U)W ] .

Proposition 2.2 ([14]). On the warped product M = B ×f F with dim(F ) =
d > 1, let X,Y ∈ X(B) and V,W ∈ X(F ). Then the Ricci tensor SM of M
are given by

(1) SM (X,Y ) = SB(X,Y )− d

f
Hf (X,Y ),

(2) SM (X,V ) = 0,

(3) SM (V,W ) = SF (V,W )− g(V,W )f#, f# =
∆f

f
+

d− 1

f2
∥∇f∥2,

where ∆f = tr
(
Hf

)
and Hf are respectively the Laplacian and the Hessian

of f on B.

Proposition 2.3 ([7]). Let M = B×fF be a semi-Riemannian warped product
furnished with the metric gM = gB ⊕ f2gF . Then the scalar curvature τ of M
admits the following relation

τ = τB +
τF
f2

− 2s
∆B(f)

f
− s(s− 1)

∥gradBf∥2B
f2

,

where r = dim(B) and s = dim(F ).

The pseudo-projective curvature tensor P̄ ∗ on a pseudo-Riemannian
manifold is defined by

P̄ ∗(X,Y, Z,W ) = a1R̄(X,Y, Z,W ) + a2[S(Y, Z)g(X,W )(2.1)

− S(X,Z)g(Y,W )]− τ

n

(
a1

n− 1
+ a2

)
× [g(Y, Z)g(X,W )− g(X,Z)g(Y,W )],

where a1 and a2 (̸= 0) are two constants, S is the Ricci tensor of (0, 2)-type,
the scalar curvature of the manifold is τ , P̄ ∗(X,Y, Z,W ) = g(P ∗(X,Y )Z,W ),
R̄(X,Y, Z,W ) = g(R(X,Y )Z,W ), where R is the Riemannian curvature ten-
sor.

If a1 = 1 and a2 = − 1
n−1 , then Eq. (2.1) reduces to the projective curvature

tensor. Moreover, if P ∗ = 0 for n > 3, then a pseudo-Riemannian manifold is
called pseudo-projectively flat.

It clearly follows from Eq. (2.1) that

P ∗(X,Y )Z = a1R(X,Y )Z + a2 [S(Y, Z)X − S(X,Z)Y ](2.2)

− τ

n

(
a1

n− 1
+ a2

)
[g(Y, Z)X − g(X,Z)Y ] .
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Remark. Suppose M is a semi-Riemannian manifold. Then

P ∗(X,Y )Z + P ∗(Y, Z)X + P ∗(Z,X)Y = 0,

for X,Y, Z ∈ X(M).

Proposition 2.4. Suppose M is a semi-Riemannian manifold. Then the
pseudo-projective curvature tensor vanishes if and only if the tensor P ∗ van-
ishes.

A Riemannian metric g is said to be of Hessian type metric if Hf1 = f2g
for any two smooth functions f1 and f2, where H

f1 denotes the Hessian of the
function f1.

§3. Pseudo-projective curvature tensor on warped product
manifolds

Here we study the pseudo-projective curvature tensor on warped product man-
ifolds. We consider the warped product M = M1 ×f M2 where dim(M) = n,
dim(M1) = n1 and dim(M2) = n2 such that n = n1 + n2, ni ̸= 1 for i = 1, 2.
We denote R, Ri as the curvature tensor and S, Si as the Ricci tensor on
M, Mi respectively. On the other hand, ∇f , ∆f and Hf are respectively the
gradient, Laplacian and Hessian of f on M1. D, Di indicate the Levi-Civita
connection with respect to the metric g, gi for i = 1, 2 respectively. Through-
out our entire study we use the relation f# = ∆f

f + n2−1
f2 ∥∇f∥2. Last of all, we

denote the pseudo-projective curvature tensor and the tensor P ∗ on M and
Mi by P̄ ∗, P ∗ and P̄ ∗

i , P
∗
i respectively.

Now we obtain the following theorems for the pseudo-projective curvature
tensor on warped product manifolds. These theorems describe the warped
geometry in terms of its base and fiber manifolds.

Theorem 3.1. Let M = M1 ×f M2 be a warped product manifold furnished
with the metric g = g1 ⊕ f2g2. If Xi, Yi, Zi ∈ X(Mi) for i = 1, 2, then

P ∗(X1, Y1)Z1 = P ∗
1 (X1, Y1)Z1 + τ

[
n2(n+ n1 − 1)

nn1(n− 1)(n1 − 1)
a1 +

n2

nn1
a2

]
× [g1(Y1, Z1)X1 − g1(X1, Z1)Y1]

+
a2n2

f

[
Hf (X1, Z1)Y1 −Hf (Y1, Z1)X1

]
,

P ∗(X1, Y1)Z2 = P ∗(X2, Y2)Z1 = 0,

P ∗(X1, Y2)Z1 =

(
a2n2 − a1

f

)
Hf (X1, Z1)Y2 − a2S

1(X1, Z1)Y2

+
τ

n

(
a1

n− 1
+ a2

)
g1(X1, Z1)Y2,
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P ∗(X1, Y2)Z2 = a1fg2(Y2, Z2)D
1
X1

∇f + a2S
2(Y2, Z2)X1

− f2

[
a2f

# +
τ

n

(
a1

n− 1
+ a2

)]
g2(Y2, Z2)X1,

P ∗(X2, Y2)Z2 = P ∗
2 (X2, Y2)Z2 +

[(
n2 − n− n2

2f
2 + n2f

2

nn2(n− 1)(n2 − 1)

)
a1τ

+

(
n− n2f

2

nn2

)
τa2 − a2f

2f# + a1∥∇f∥2
]

× [g2(Y2, Z2)X2 − g2(X2, Z2)Y2] .

Proof. Let M = M1 ×f M2 be a warped product manifold furnished with
the metric g = g1 ⊕ f2g2. Let dim(M) = n, dim(Mi) = ni for i = 1, 2 and
n = n1 + n2. If Xi, Yi, Zi ∈ X(Mi) for i = 1, 2. Then, we obtain

P ∗(X1, Y1)Z1 = a1R(X1, Y1)Z1 + a2 [S(Y1, Z1)X1 − S(X1, Z1)Y1]

− τ

n

(
a1

n− 1
+ a2

)
[g(Y1, Z1)X1 − g(X1, Z1)Y1]

= a1R
1(X1, Y1)Z1 + a2

[{
S1(Y1, Z1)−

n2

f
Hf (Y1, Z1)

}
X1

−
{
S1(X1, Z1)−

n2

f
Hf (X1, Z1)

}
Y1

]
− τ

n

(
a1

n− 1
+ a2

)
[g1(Y1, Z1)X1 − g1(X1, Z1)Y1]

= a1R
1(X1, Y1)Z1 + a2[S

1(Y1, Z1)X1 − S1(X1, Z1)Y1]

− τ

n1

(
a1

n1 − 1
+ a2

)
[g1(Y1, Z1)X1 − g1(X1, Z1)Y1]

+

[
τ

n1

(
a1

n1 − 1
+ a2

)
− τ

n

(
a1

n− 1
+ a2

)]
× [g1(Y1, Z1)X1 − g1(X1, Z1)Y1]

+
a2n2

f

[
Hf (X1, Z1)Y1 −Hf (Y1, Z1)X1

]
= P ∗

1 (X1, Y1)Z1 + τ

[
n2(n+ n1 − 1)

nn1(n− 1)(n1 − 1)
a1 +

n2

nn1
a2

]
× [g1(Y1, Z1)X1 − g1(X1, Z1)Y1]

+
a2n2

f

[
Hf (X1, Z1)Y1 −Hf (Y1, Z1)X1

]
,

P ∗(X1, Y1)Z2 = a1R(X1, Y1)Z2 + a2 [S(Y1, Z2)X1 − S(X1, Z2)Y1]
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− τ

n

(
a1

n− 1
+ a2

)
[g(Y1, Z2)X1 − g(X1, Z2)Y1]

= 0,

P ∗(X1, Y2)Z1 = a1R(X1, Y2)Z1 + a2 [S(Y2, Z1)X1 − S(X1, Z1)Y2]

− τ

n

(
a1

n− 1
+ a2

)
[g(Y2, Z1)X1 − g(X1, Z1)Y2]

= −
(
a1
f

)
Hf (X1, Z1)Y2 − a2

[
S1(X1, Z1)Y2

− n2

f
Hf (X1, Z1)Y2

]
+

τ

n

(
a1

n− 1
+ a2

)
g1(X1, Z1)Y2

=

(
a2n2 − a1

f

)
Hf (X1, Z1)Y2 − a2S

1(X1, Z1)Y2

+
τ

n

(
a1

n− 1
+ a2

)
g1(X1, Z1)Y2,

P ∗(X1, Y2)Z2 = a1R(X1, Y2)Z2 + a2 [S(Y2, Z2)X1 − S(X1, Z2)Y2]

− τ

n

(
a1

n− 1
+ a2

)
[g(Y2, Z2)X1 − g(X1, Z2)Y2]

=

(
a1
f

)
g(Y2, Z2)D

1
X1

∇f + a2
[
S2(Y2, Z2)X1

− f#g(Y2, Z2)X1

]
− τf2

n

(
a1

n− 1
+ a2

)
g2(Y2, Z2)X1

= a1fg2(Y2, Z2)D
1
X1

∇f + a2S
2(Y2, Z2)X1

− f2

[
a2f

# +
τ

n

(
a1

n− 1
+ a2

)]
g2(Y2, Z2)X1,

P ∗(X2, Y2)Z1 = a1R(X2, Y2)Z1 + a2 [S(Y2, Z1)X2 − S(X2, Z1)Y2]

− τ

n

(
a1

n− 1
+ a2

)
[g(Y2, Z1)X2 − g(X2, Z1)Y2]

= 0,

P ∗(X2, Y2)Z2 = a1R(X2, Y2)Z2 + a2 [S(Y2, Z2)X2 − S(X2, Z2)Y2]

− τ

n

(
a1

n− 1
+ a2

)
[g(Y2, Z2)X2 − g(X2, Z2)Y2]

= a1

[
R2(X2, Y2)Z2 +

∥∇f∥2

f2
{g(Y2, Z2)X2 − g(X2, Z2)Y2}

]
+ a2[{S2(Y2, Z2)X2 − f#g(Y2, Z2)X2}
− {S2(X2, Z2)Y2 − f#g(X2, Z2)Y2}]

− τf2

n

(
a1

n− 1
+ a2

)
[g2(Y2, Z2)X2 − g2(X2, Z2)Y2]

= a1R
2(X2, Y2)Z2 + a2

[
S2(Y2, Z2)X2 − S2(X2, Z2)Y2

]
− τ

n2

(
a1

n2 − 1
+ a2

)
[g2(Y2, Z2)X2 − g2(X2, Z2)Y2]
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+

[
τ

n2

(
a1

n2 − 1
+ a2

)
− τf2

n

(
a1

n− 1
+ a2

)
− a2f

2f# + a1∥∇f∥2
]
[g2(Y2, Z2)X2 − g2(X2, Z2)Y2]

= P ∗
2 (X2, Y2)Z2 +

[(
n2 − n− n2

2f
2 + n2f

2

nn2(n− 1)(n2 − 1)

)
a1τ

+

(
n− n2f

2

nn2

)
τa2 − a2f

2f# + a1∥∇f∥2
]

× [g2(Y2, Z2)X2 − g2(X2, Z2)Y2] .

This completes the proof.

Theorem 3.2. Let M = M1×fM2 be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1 ⊕ f2g2. Then

P̄ ∗
1 (X1, Y1, Z1,W1) = τ

[
n2(n+ n1 − 1)

nn1(n− 1)(n1 − 1)
a1 +

n2

nn1
a2

]
× [g1(X1, Z1)g1(Y1,W1)− g1(Y1, Z1)g1(X1,W1)]

+
a2n2

f

[
Hf (Y1, Z1)g1(X1,W1)−Hf (X1, Z1)g1(Y1,W1)

]
,

for X1, Y1, Z1,W1 ∈ X(M1).

Proof. Let us assume thatM = M1×fM2 be a pseudo-projectively flat warped
product manifold. Therefore, in view of Theorem 3.1, we obtain

P ∗
1 (X1, Y1)Z1 = τ

[
n2(n+ n1 − 1)

nn1(n− 1)(n1 − 1)
a1 +

n2

nn1
a2

]
× [g1(X1, Z1)Y1 − g1(Y1, Z1)X1]

+
a2n2

f

[
Hf (Y1, Z1)X1 −Hf (X1, Z1)Y1

]
.

Therefore, we derive

P̄ ∗
1 (X1, Y1, Z1,W1) = g1 (P

∗
1 (X1, Y1)Z1,W1)

= τ

[
n2(n+ n1 − 1)

nn1(n− 1)(n1 − 1)
a1 +

n2

nn1
a2

]
× [g1(X1, Z1)g1(Y1,W1)− g1(Y1, Z1)g1(X1,W1)]

+
a2n2

f

[
Hf (Y1, Z1)g1(X1,W1)

−Hf (X1, Z1)g1(Y1,W1)
]
.

This completes the proof.



100 N. BHUNIA, S. PAHAN AND A. BHATTACHARYYA

Theorem 3.3. Let M = M1×fM2 be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1⊕ f2g2. Then the base manifold M1

is pseudo-projectively flat if and only if

τ

[
n2(n+ n1 − 1)

nn1(n− 1)(n1 − 1)
a1 +

n2

nn1
a2

]
× [g1(X1, Z1)g1(Y1,W1)− g1(Y1, Z1)g1(X1,W1)]

+
a2n2

f

[
Hf (Y1, Z1)g1(X1,W1)−Hf (X1, Z1)g1(Y1,W1)

]
= 0,

for X1, Y1, Z1,W1 ∈ X(M1).

Proof. Let the base manifold M1 be pseudo-projectively flat. Then

P̄ ∗
1 (X1, Y1, Z1,W1) = 0.

Clearly, the proof follows from Theorem 3.2.

Theorem 3.4. Let M = M1×fM2 be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1 ⊕ f2g2. Then the scalar curvature
τ1 of M1 is given by

τ1 =
1

a2

[(
a2n2 − a1

f

)
∆f +

τn1

n

(
a1

n− 1
+ a2

)]
.

Proof. Let us assume thatM = M1×fM2 be a pseudo-projectively flat warped
product manifold. Then Theorem 3.1 implies that

S1(X1, Z1) =
1

a2

[(
a2n2 − a1

f

)
Hf (X1, Z1) +

τ

n

(
a1

n− 1
+ a2

)
g1(X1, Z1)

]
.

Taking contraction over X1 and Z1, we gain

τ1 =
1

a2

[(
a2n2 − a1

f

)
∆f +

τn1

n

(
a1

n− 1
+ a2

)]
.

This completes the proof.

Remark. Proposition 2.3 [7] and Theorem 3.4 jointly imply that the scalar
curvature τ2 of (M2, g2) is a constant since the left hand side of the equation
in Theorem 3.4 depends only on the base manifold (M1, g1).

Theorem 3.5. Let M = M1×fM2 be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1 ⊕ f2g2. Then the pseudo-projective
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curvature tensor of M2 is given by

P̄ ∗
2 (X2, Y2, Z2,W2) =

[(
n2 − n− n2

2f
2 + n2f

2

nn2(n− 1)(n2 − 1)

)
a1τ +

(
n− n2f

2

nn2

)
τa2

− a2f
2f# + a1∥∇f∥2

]
[g2(X2, Z2)g2(Y2,W2)

− g2(Y2, Z2)g2(X2,W2)],

for X2, Y2, Z2,W2 ∈ X(M2).

Proof. Let M = M1 ×f M2 be a pseudo-projectively flat warped product
manifold. From Theorem 3.1, it follows that

0 = P ∗
2 (X2, Y2)Z2 +

[(
n2 − n− n2

2f
2 + n2f

2

nn2(n− 1)(n2 − 1)

)
a1τ +

(
n− n2f

2

nn2

)
τa2

− a2f
2f# + a1∥∇f∥2

]
[g2(Y2, Z2)X2 − g2(X2, Z2)Y2] .

Therefore,

P̄ ∗
2 (X2, Y2, Z2,W2) = g2 (P

∗
2 (X2, Y2)Z2,W2)

=

[(
n2 − n− n2

2f
2 + n2f

2

nn2(n− 1)(n2 − 1)

)
a1τ +

(
n− n2f

2

nn2

)
τa2

− a2f
2f# + a1∥∇f∥2

]
[g2(X2, Z2)g2(Y2,W2)

− g2(Y2, Z2)g2(X2,W2)].

This completes the proof.

Theorem 3.6. Let M = M1×fM2 be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1 ⊕ f2g2. If the fiber manifold M2 is
Ricci flat, then the base manifold M1 is of Hessian type.

Proof. Let M = M1 ×f M2 be a pseudo-projectively flat warped product
manifold. Then from Theorem 3.1, we derive

0 = a1fg2(Y2, Z2)D
1
X1

∇f + a2S
2(Y2, Z2)X1

− f2

[
a2f

# +
τ

n

(
a1

n− 1
+ a2

)]
g2(Y2, Z2)X1.

Suppose that M2 is Ricci flat. Then S2(X2, Y2) = 0 for any X2, Y2 ∈ X(M2).
Hence, we obtain from the above relation

D1
X1

∇f =
f

a1

[
a2f

# +
τ

n

(
a1

n− 1
+ a2

)]
X1.
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This implies that

Hf =
f

a1

[
a2f

# +
τ

n

(
a1

n− 1
+ a2

)]
g1.

Hence, M1 is of Hessian type. This completes the proof.

Theorem 3.7. Let M = M1×fM2 be a pseudo-projectively flat warped product
manifold furnished with the metric g = g1 ⊕ f2g2. If the fiber manifold M2 is
Ricci flat, then the pointwise constant sectional curvature τ2 of M2 is given by

τ2 =
1

a1

[
−
(
n2 − n− n2

2f
2 + n2f

2

nn2(n− 1)(n2 − 1)

)
a1τ −

(
n− n2f

2

nn2

)
τa2 + a2f

2f#

− a1∥∇f∥2 + τ

n

(
a1

n− 1
+ a2

)]
.

Proof. Let M2 be Ricci flat. Therefore, from Eq. (2.1), we have

R̄2(X2, Y2, Z2,W2) =
1

a1

[
P̄ ∗
2 (X2, Y2, Z2,W2) +

τ

n

(
a1

n− 1
+ a2

)
× {g2(Y2, Z2)g2(X2,W2)− g2(X2, Z2)g2(Y2,W2)}

]
.

In view of Theorem 3.1, we derive from the above relation that

R̄2(X2, Y2, Z2,W2) =
1

a1

[
−
(
n2 − n− n2

2f
2 + n2f

2

nn2(n− 1)(n2 − 1)

)
a1τ −

(
n− n2f

2

nn2

)
τa2

+ a2f
2f# − a1∥∇f∥2 + τ

n

(
a1

n− 1
+ a2

)]
× {g2(Y2, Z2)g2(X2,W2)− g2(X2, Z2)g2(Y2,W2)}.

This implies that M2 has a pointwise constant sectional curvature and this
curvature is given by

τ2 =
1

a1

[
−
(
n2 − n− n2

2f
2 + n2f

2

nn2(n− 1)(n2 − 1)

)
a1τ −

(
n− n2f

2

nn2

)
τa2 + a2f

2f#

− a1∥∇f∥2 + τ

n

(
a1

n− 1
+ a2

)]
.

This completes the proof.

Theorem 3.8. Let M = M1 ×f M2 be a warped product manifold furnished
with the metric g = g1⊕f2g2. If H

f = 0, ∆f = 0 and M is pseudo-projectively
flat, then M2 is an Einstein manifold.
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Proof. Let M be pseudo-projectively flat. Therefore, M1 is flat in view of
Theorem 3.2. Furthermore, from Theorem 3.1, we obtain

0 = a1fg2(Y2, Z2)D
1
X1

∇f + a2S
2(Y2, Z2)X1(3.1)

− f2

[
a2f

# +
τ

n

(
a1

n− 1
+ a2

)]
g2(Y2, Z2)X1.

Since Hf (X1, Y1) = 0 and ∆f = 0. Therefore, we derive from Eq. (3.1) that

S2(Y2, Z2) =

[
(n2 − 1)∥∇f∥2 + τf2

a2n

(
a1

n− 1
+ a2

)]
g2(Y2, Z2).

This implies that M2 is an Einstein manifold. This completes the proof.

§4. Pseudo-projective curvature tensor on generalized
Robertson-Walker space-times

Let (M, g) be a Riemannian manifold of dimension n. The function f : I →
(0,∞) is a smooth function where I is a connected and open subinterval of
R. Then the warped product manifold M̆ = I ×f M of dimension (n + 1)
equipped with the metric ğ = −dt2 ⊕ f2g is known as generalized Robertson-
Walker space-time. Here dt2 is the Euclidean metric on I. This structure is
the generalization of Robertson-Walker space-times [9, 16, 17, 18]. We use ∂t
instead of ∂

∂t ∈ X(I) for simplicity in the following results.
With the help of Proposition 2.1, Proposition 2.2 and Eq. (2.2), we obtain

the following theorem after some elementary calculations.

Theorem 4.1. Let M̆ = I×fM be a generalized Robertson-Walker space-time

furnished with the metric ğ = −dt2 ⊕ f2g. Then the curvature tensor P̆ ∗ on
M̆ is given by

P̆ ∗(∂t, ∂t)∂t = P̆ ∗(∂t, ∂t)X = P̆ ∗(X,Y )∂t = 0,

P̆ ∗(∂t, X)∂t =

[(
na2 − a1

f

)
f̈ − τ

n+ 1

(a1
n

+ a2

)]
X,

P̆ ∗(X, ∂t)Y =

[{
− (a1 + a2)ff̈ − (n− 1)a2ḟ

2

+
τf2

n+ 1

(a1
n

+ a2

)}
g(X,Y )− a2S(X,Y )

]
∂t,

P̆ ∗(X,Y )Z = a1R(X,Y )Z + a2 [S(Y, Z)X − S(X,Z)Y ]

+

[
− a1ḟ

2 + a2ff̈ + a2(n− 1)ḟ2 − τf2

n+ 1

(a1
n

+ a2

)]
× [g(Y, Z)X − g(X,Z)Y ] ,
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for X,Y, Z ∈ X(M) and ∂t ∈ X(I).

Theorem 4.2. Let M̆ = I ×f M be a generalized Robertson-Walker space-

time furnished with the metric ğ = −dt2 ⊕ f2g. If M̆ is pseudo-projectively
flat, then the warping function f is given by

f =


c1e

µt + c2e
−µt, if µ2 is positive

c1 + c2t, if µ2=0

c1 cosµt+ c2 sinµt, if µ2 is negative

where µ2 = τ(a1+na2)
n(n+1)(na2−a1)

and c1, c2 are two arbitrary constants.

Proof. Let M̆ be pseudo-projectively flat. Then from the second relation of
Theorem 4.1, we have

f̈ − µ2f = 0.

Hence, by solving the above differential equation the warping function f is
obtained and it is given by

f =


c1e

µt + c2e
−µt, if µ2 is positive

c1 + c2t, if µ2=0

c1 cosµt+ c2 sinµt, if µ2 is negative

where c1, c2 are two arbitrary constants. This completes the proof.

Theorem 4.3. Let M̆ = I ×f M be a generalized Robertson-Walker space-

time furnished with the metric ğ = −dt2 ⊕ f2g. If M̆ is pseudo-projectively
flat, then M is an Einstein manifold.

Proof. Let M̆ be pseudo-projectively flat. Then from the third relation of
Theorem 4.1, we have

S(X,Y ) =
1

a2

[
−(a1 + a2)ff̈ − (n− 1)a2ḟ

2 +
τf2

n+ 1

(a1
n

+ a2

)]
g(X,Y ).

Hence, M is an Einstein manifold. This completes the proof.

§5. Pseudo-projective curvature tensor on standard static
space-times

Let (M, g) be a Riemannian manifold of dimension n. The function f : M →
(0,∞) is a smooth function. Then the warped product manifold M̆ = I ×f M
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of dimension (n + 1) equipped with the metric ğ = −f2dt2 ⊕ g is known as
standard static space-time. Here I is the connected, open subinterval of R
and dt2 is the Euclidean metric on I. This structure is the generalization of
Einstein static universe [1, 2, 3, 4, 5]. We write ∂t instead of ∂

∂t ∈ X(I) for
expressing the following results in simpler way.

In view of Proposition 2.1, Proposition 2.2 and Eq. (2.2), we obtain the
following theorem after some elementary calculations.

Theorem 5.1. Let M̆ = I ×f M be a standard static space-time furnished

with the metric ğ = −f2dt2 ⊕ g. Then the curvature tensor P̆ ∗ on M̆ is given
by

P̆ ∗(∂t, ∂t)∂t = P̆ ∗(∂t, ∂t)X = P̆ ∗(X,Y )∂t = 0,

P̆ ∗(∂t, X)∂t = f

[
a1D

1
X∇f − a2∆fX − τf

n+ 1

(a1
n

+ a2

)
X

]
,

P̆ ∗(∂t, X)Y =

[(
a1 − a2

f

)
Hf (X,Y ) + a2S(X,Y )

− τ

n+ 1

(a1
n

+ a2

)
g(X,Y )

]
∂t,

P̆ ∗(X,Y )Z = a1R(X,Y )Z + a2 [S(Y, Z)X − S(X,Z)Y ]

− a2
f

[
Hf (Y, Z)X −Hf (X,Z)Y

]
− τ

n+ 1

(a1
n

+ a2

)
[g(Y, Z)X − g(X,Z)Y ] ,

for X,Y, Z ∈ X(M) and ∂t ∈ X(I).

Theorem 5.2. Let M̆ = I×fM be a standard static space-time furnished with

the metric ğ = −f2dt2 ⊕ g. If M̆ is pseudo-projectively flat, then Hf = ∆f
n g.

Proof. Let M̆ = I ×f M be pseudo-projectively flat. Then from the second
relation of Theorem 5.1, we have

D1
X∇f =

1

a1

[
a2∆f +

τf

n+ 1

(a1
n

+ a2

)]
X

i.e., Hf =
1

a1

[
a2∆f +

τf

n+ 1

(a1
n

+ a2

)]
g.(5.1)

Taking trace on both sides, we obtain

∆f =
nfτ

(n+ 1)(a1 − na2)

(a1
n

+ a2

)
.(5.2)

Using Eq. (5.2) in Eq. (5.1), we derive Hf = ∆f
n g. This completes the

proof.
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Theorem 5.3. Let M̆ = I ×f M be a standard static space-time furnished

with the metric ğ = −f2dt2 ⊕ g. If M̆ is pseudo-projectively flat, then M is
an Einstein manifold.

Proof. Let M̆ = I×f M be pseudo-projectively flat. We derive from the third
relation of Theorem 5.1 by using Theorem 5.2 and Eq. (5.2) that

S(X,Y ) =
(1− n)∆f

nf
g(X,Y ).

This implies that M is an Einstein manifold. This completes the proof.
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Abstract
In this paper, we study the biwarped product submanifold in locally nearly metallic Rie-
mannian manifold. We construct a non trivial example of a biwarped product submanifold
in metallic Riemannian manifold. Moreover, we discuss a necessary and sufficient condi-
tion for such submanifolds to be locally trivial. Finally, we set up an inequality in locally
nearly metallic Riemannian manifold for the second fundamental form with respect to some
conditions. We also investigate the equality case.

Keywords Warped product · Biwarped product · Locally nearly metallic Riemannian
manifold · Slant submanifold
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1 Introduction

Firstly, the concept of the warped product in Riemannian manifolds had been developed by
Bishop and O’Neill [1] to make a large class of complete manifolds with negative curvature.
The concept of the warped product came due to a surface of revolution. Nölker [17] defined
the notion of the multiply warped product from the concept of the warped product. Biwarped
product is a special case of multiply warped product. The warped product has a great impor-
tance not only in differential geometry but also in mathematical physics, more specifically in
general relativity. Robertson-walkermodel, Kruscalmodel, Schwarzschild solution and static
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model are warped products. Many exact solutions to Einstein field equations and modified
field equations can be expressed in terms of the warped products.
Hretcanu et al. [9, 14] defined metallic Riemannian manifolds and their submanifolds from
the concept of golden Riemannian manifolds which are studied in [5, 13]. Hretcanu et al.
gave some properties of invariant, anti-invariant, slant [12], hemi slant [10] and semi slant
submanifolds [3] of golden and metallic Riemannian manifolds. Besides, they discussed
some integrability conditions of some distributions involved in such types of submanifolds.
Moreover, they added some properties of golden and metallic Riemannian manifolds in [2,
11].

Two roots of the quadratic equation x2 − ax − b = 0 are a+√
a2+4b
2 and a−√

a2+4b
2 , where a

and b are positive integers. It is clearly seen that out of these two roots one root is positive and

the other root is negative. This positive root λa,b = a+√
a2+4b
2 is called the metallic number

[7]. Metallic structure [6, 8] is a special case of the polynomial structure. We wish to study
here on biwarped product submanifold in locally nearly metallic Riemannian manifold. The
works [15, 16] by S. K. Hui et al. enlighten the present study.
In this note,we study the biwarped product submanifold in locally nearlymetallicRiemannian
manifold. In Sect. 2,we discuss somebasic ideas. In Sect. 3,we construct a non trivial example
of a biwarped product submanifold in metallic Riemannian manifold. In Sect. 4, we give a
necessary and sufficient condition for such submanifolds to be locally trivial. In Sect. 5, we set
up an inequality in locally nearly metallic Riemannian manifold for the second fundamental
with respect to some conditions. We also investigate the equality case.

2 Preliminaries

In this section, we recall some basic definitions and formulas which are very important to
our study. We discuss here about biwarped product manifolds, submanifolds of Riemannian
and locally nearly metallic Riemannian manifolds respectively.

Biwarped product manifold:
LetM0,M1 andM2 be threeRiemannianmanifolds andM = M0×M1×M2 be their cartesian
product. πi : M → Mi is the canonical projection of M onto Mi , where i ∈ {0, 1, 2}. Let
πi∗ : T M → T Mi is the tangent map of πi : M → Mi , where �(T M) is the Lie algebra of
the vector fields of M .
If f1 and f2 are two positive real valued functions on M0, then

g(X , Y ) = g(π0∗X , π0∗Y ) + ( f1 ◦ π1)
2g(π1∗X , π1∗Y ) + ( f2 ◦ π2)

2g(π2∗X , π2∗Y ),

X , Y ∈ �(T M) defines a Riemannian metric on M . This is called the biwarped product
metric.
The product manifold M = M0 × M1 × M2 furnished by the metric g is called a biwarped
product manifold and it is denoted by M0 × f1 M1 × f2 M2. f1 and f2 are warping functions.
M would be simply a Riemannian product if f1 and f2 are constant functions. If either f1 or
f2 is a constant function, then M would be an ordinary warped product manifold. Moreover,
if neither f1 nor f2 is a constant map, then M is called a proper biwarped product manifold.
Let M = M0 × f1 M1 × f2 M2 be a biwarped product submanifold. Letting DT = T MT ,
D⊥ = T M⊥, D⊆ = T Mθ and N = f1 M1 × f2 M2, we obtain [4, 18]

∇X Z =
2∑

i=1

(X(ln fi ))Z
i , (2.1)
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where Z ∈ �(T N ), X ∈ DT , ∇ is the Levi-Civita connection of M and Mi -component of
Z is Zi (i = 1, 2).

Submanifolds of Riemannian manifolds:
Let M be a submanifold of a Riemannian manifold M̄ with the induced metric g. Let ∇ and
∇⊥ be respectively the induced and the induced normal connections on M . Let �(T⊥M) be
the set of all vector fields which are normal to M . Then the Gauss and Weingarten formulas
are respectively given by

∇̄XY = ∇XY + h(X , Y ), (2.2)

∇̄X ξ = −Aξ X + ∇⊥
X ξ, (2.3)

where X , Y ∈ �(T M), ξ ∈ �(T⊥M), h and A are respectively the second fundamental form
and the shape operator of M . Now, h and A verify

g(h(X , Y ), N ) = g(AN X , Y ). (2.4)

Let H be the mean curvature vector field of M . Then H can be calculated by H =
1

dim(M)
(trace h). If h = 0, then we say M is totally geodesic in M̄ . If H = 0, then we

say M is minimal in M̄ . M is said to be totally umbilical if h(X , Y ) = g(X , Y )H , for any
X , Y ∈ �(T M).
LetD1 andD2 be two distributions of M . If h(X , Y ) = 0, for all X , Y ∈ D1, then M is called
D1-geodesic. If h(X , V ) = 0, for all X ∈ D1 and V ∈ D2, then M is called (D1,D2)-mixed
geodesic.

Submanifolds of locally nearly metallic Riemannian manifolds:
A differentiable manifold Nk of even dimensional furnished by Riemannian metric g and
metallic structure J is said to be a locally nearly metallic Riemannian manifold denoted by
(M̄, J , g) if

g(J X , JY ) = ag(J X , Y ) + bg(X , Y ),

g(J X , Y ) = g(X , JY ),

(∇̄X J )Y + (∇̄Y J )X = 0,

⎫
⎪⎬

⎪⎭
(2.5)

for all X , Y ∈ �(T Nk) and a, b are positive integers.
If we consider a = b = 1 in (2.5), then the manifold Nk becomes a locally nearly golden
Riemannian manifold.
LetM be a submanifold of dimension n of an almost Hermitianmanifold M̄ of dimension 2m.
We consider a local orthonormal frame field {e1, . . . , en, en+1, . . . , e2m} which is restricted
to M , e1, . . . , en and en+1, . . . , e2m are respectively tangent and normal to M .
Let hri j , 1 ≤ i, j ≤ n, n + 1 ≤ r ≤ 2m be the coefficients of the second fundamental form
h in view of the local frame field. Hence, we obtain

hri j = g(h(ei , e j ), er ) = g(Aer ei , e j ),

‖h‖2 =
n∑

i, j=1

g(h(ei , e j ), h(ei , e j )).

⎫
⎪⎪⎬

⎪⎪⎭
(2.6)

For all X ∈ �(T M) and W ∈ �(T⊥M), we can write

J X = T X + PX , (2.7)

JW = tW + pW . (2.8)
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where T X , PX are respectively the tangential and normal components of J X and tW , pW
are respectively the tangential and normal components of JW .
One can easily verify from (2.5) and (2.7) that

g(T X , Y ) = g(X , TY ), for X , Y ∈ TpM .

The angle θ(X) between J X and TpM is known asWirtinger angle of X , where X ∈ TpM is
a non zero vector. If θ(X) is constant inM , then the submanifoldM is said to be slant, where θ

is the slant angle ofM . Totally real and holomorphic submanifolds are two slant submanifolds
having slant angles π

2 and 0 respectively. That is J (TpM) ⊆ T⊥
p M and J (TpM) ⊆ TpM

are for the totally real and holomorohic submanifolds respectively. If a slant submanifold is
neither totally real nor holomorphic, then it is called a proper slant submanifold.
Hence, M is a pointwise slant submanifold of M̄ if and only if

T 2X = cos2 θ(aT + bI )X , for X ∈ �(T M). (2.9)

Using (2.7), (2.8) and the metallic structure, we derive

g(T X , TY ) = cos2θ [ag(T X , Y ) + bg(X , Y )], (2.10)

g(PX , PY ) = sin2θ [ag(T X , Y ) + bg(X , Y )], (2.11)

for X , Y ∈ �(T M).

3 Example of a biwarped product submanifold in metallic Riemannian
manifold

We construct a proper biwarped product submanifolds of type MT × f M⊥ ×σ Mθ in metallic
Riemannian manifold.
We consider a metallic Riemannian manifold R

14 furnished by the metallic structure J :
R
14 → R

14 defined by

J (X1, X2, X3, X4, X5, X6, X7, X8, X9, X10, X11, X12, X13, X14)

= (λX1, λ̄X2, λX3, λ̄X4, λX5, λ̄X6, λX7, λ̄X8, λX9, λ̄X10, λX11, λ̄X12, λX13, λ̄X14),

where the metallic number is λ = λa,b = a+√
a2+4b
2 ; a, b are two positive integers and

λ̄ = a − λ.
We consider a submanifold M in R

14 where (y1, y2, . . . , y14) is the natural coordinates of
R
14 and they are given by

y1 = z1 cos z4, y2 = z2 cos z4, y3 = z1 cos z5, y4 = z2 cos z5, y5 = z1 sin z4,

y6 = z2 sin z4, y7 = z1 sin z5, y8 = z2 sin z5, y9 = z1 cos z3, y10 = z2 cos z3,

y11 = z1 sin z3, y12 = z2 sin z3, y13 = z4 + z5, y14 = z4 − z5,

where z1, z2 �= 0, 1 and z3, z4, z5 ∈ (0, π
2 ).

Therefore, the local frame of the tangent bundle �(T M) of M are spanned by

Z1 = cos z4
∂

∂ y1
+ cos z5

∂

∂ y3
+ sin z4

∂

∂ y5
+ sin z5

∂

∂ y7
+ cos z3

∂

∂ y9
+ sin z3

∂

∂ y11
,

Z2 = cos z4
∂

∂ y2
+ cos z5

∂

∂ y4
+ sin z4

∂

∂ y6
+ sin z5

∂

∂ y8
+ cos z3

∂

∂ y10
+ sin z3

∂

∂ y12
,
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Z3 = −z1 sin z3
∂

∂ y9
− z2 sin z3

∂

∂ y10
+ z1 cos z3

∂

∂ y11
+ z2 cos z3

∂

∂ y12
,

Z4 = −z1 sin z4
∂

∂ y1
− z2 sin z4

∂

∂ y2
+ z1 cos z4

∂

∂ y5
+ z2 cos z4

∂

∂ y6
+ ∂

∂ y13
+ ∂

∂ y14
,

Z5 = −z1 sin z5
∂

∂ y3
− z2 sin z5

∂

∂ y4
+ z1 cos z5

∂

∂ y7
+ z2 cos z5

∂

∂ y8
+ ∂

∂ y13
− ∂

∂ y14
.

Clearly J satisfies J 2X = (a J + bI )X and g(J X , Y ) = g(X , JY ) for any X , Y ∈ R
14. We

obtain

J Z4 = −λz1 sin z4
∂

∂ y1
− λ̄z2 sin z4

∂

∂ y2
+ λz1 cos z4

∂

∂ y5
+ λ̄z2 cos z4

∂

∂ y6

+ λ
∂

∂ y13
+ λ̄

∂

∂ y14
,

J Z5 = −λz1 sin z5
∂

∂ y3
− λ̄z2 sin z5

∂

∂ y4
+ λz1 cos z5

∂

∂ y7
+ λ̄z2 cos z5

∂

∂ y8

+ λ
∂

∂ y13
− λ̄

∂

∂ y14
,

g(J Z4, Z4) = g(J Z5, Z5) = λ(z21 + 1) + λ̄(z22 + 1),

‖Z1‖ = ‖Z2‖ = √
3, ‖Z3‖ =

√
z21 + z22, ‖Z4‖ = ‖Z5‖ =

√
z21 + z22 + 2.

‖J Z4‖ = ‖J Z5‖ =
√

λ2(z21 + 1) + λ̄2(z22 + 1)

Therefore,DT = span{Z1, Z2},D⊥ = span{Z3} andDθ = span{Z4, Z5} are a holomorphic,
totally real and proper pointwise slant distribution having slant function

θ = cos−1 g(J Z4, Z4)

‖Z4‖ ‖J Z4‖ = cos−1 g(J Z5, Z5)

‖Z5‖ ‖J Z5‖
= cos−1 λ(z21 + 1) + λ̄(z22 + 1)

√
z21 + z22 + 2

√
λ2(z21 + 1) + λ̄2(z22 + 1)

.

Thus,M is a biwarped product submanifold of themetallic Riemannianmanifold (R14, J , g).
We see thatDT is totally geodesic,D⊥ andDθ are both integrable. Let the integral submani-
foldsDT ,D⊥ andDθ be denoted by MT , M⊥ and Mθ respectively. Thus, the induced metric
tensor of M is given by

ds2 = 3(dz21 + dz22) + (z21 + z22)dz
2
3 + (z21 + z22 + 2)(dz24 + dz25)

= gMT + (z21 + z22)gM⊥ + (z21 + z22 + 2)gMθ

Hence, M = MT × f M⊥ ×σ Mθ is a proper biwarped product submanifold in metallic Rie-

mannianmanifold (R14, J , g)withwarping functions f =
√
z21 + z22 and σ =

√
z21 + z22 + 2

respectively.
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4 Biwarped product submanifold of locally nearly metallic Riemannian
manifold

In this section, we study the biwarped product submanifolds of a locally nearly metallic
Riemannian manifold M̄ in the form MT × f M⊥ ×σ Mθ , where MT , M⊥ and Mθ are
respectively the holomorphic, totally real and proper slant submanifolds. If we consider
DT = T MT , D⊥ = T M⊥ and Dθ = T Mθ , then the tangent and normal bundles of M can
be respectively decomposed as

T M = DT ⊕ D⊥ ⊕ Dθ , T⊥M = JDT ⊕ PD⊥ ⊕ δ,

where δ is the J -invariant subbundle of T⊥M .
The following two lemmas are very helpful for further study.

Lemma 4.1 Let M = MT × f M⊥ ×σ Mθ be a biwarped product submanifold of a locally
nearly metallic Riemannian manifold M̄. Then we derive

(i) g(h(U , V ), J X) = 0,

(ii) g(h(U , V ), PZ) = 0,

(iii) g(h(U , X), JY ) = 1

3
JU (ln f )g(X , Y ),

where U , V ∈ �(DT ), X , Y ∈ �(D⊥) and Z ∈ �(Dθ ).

Proof For all U , V ∈ �(DT ) and X ∈ �(D⊥), we obtain

g(h(U , V ), J X) = g(∇̄UV , J X) = g(∇̄U JV , X) − g((∇̄U J )V , X).

From (2.1), it follows that

g(h(U , V ), J X) = g(∇̄UV , J X) = U (ln f )g(JV , X) − g((∇̄U J )V , X).

Since g(JV , X) = 0, we find

g(h(U , V ), J X) = −g((∇̄U J )V , X). (4.1)

Replacing U and V by V and U respectively in (4.1), we derive

g(h(U , V ), J X) = −g((∇̄V J )U , X). (4.2)

By adding (4.1), (4.2) and using (2.5), we see

g(h(U , V ), J X) = 0.

Hence, (i) follows.
By a similar manner, we can prove (ii).
Now, we wish to prove the third assertion of the lemma. For all U ∈ �(DT ) and X , Y ∈
�(D⊥), we obtain

g(h(U , X), JY ) = g(∇̄XU , JY ) = g(∇̄X JU , Y ) − g((∇̄X J )U , Y ).

From (2.1) and (2.5), it implies that

g(h(U , X), JY ) = JU (ln f )g(X , Y ) + g((∇̄U J )X , Y ).

= JU (ln f )g(X , Y ) + g(∇̄U J X , Y ) − g(∇̄U X , JY )
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From (2.2), (2.3), (2.4) and (2.5), we find

2g(h(U , X), JY ) = JU (ln f )g(X , Y ) − g(h(U , Y ), J X). (4.3)

Putting X = Y and Y = X , we obtain

2g(h(U , Y ), J X) = JU (ln f )g(X , Y ) − g(h(U , X), JY ). (4.4)

From (4.3) and (4.4), it follows that

2g(h(U , X), JY ) = JU (ln f )g(X , Y )

− 1

2
[JU (ln f )g(X , Y ) − g(h(U , X), JY )]

i.e., g(h(U , X), JY ) = 1

3
JU (ln f )g(X , Y ).

Hence, (iii) follows. This completes the proof. ��
Lemma 4.2 Let M = MT × f M⊥ ×σ Mθ be a biwarped product submanifold of a locally
nearly metallic Riemannian manifold M̄. Then we derive

(i) g(h(U , X), PZ) = −1

2
g(h(U , Z), J X) = 0,

(ii) g(h(U , Z), PW ) = 1

3
[JU (ln σ)g(Z ,W ) −U (ln σ)g(T Z ,W )],

where U ∈ �(DT ), X ∈ �(D⊥) and Z ,W ∈ �(Dθ ).

Proof For all U ∈ �(DT ), X ∈ �(D⊥) and Z ∈ �(Dθ ), we get

g(h(U , X), PZ) = g(∇̄XU , PZ)

= g(∇̄XU , J Z) − g(∇̄XU , T Z)

= g(∇̄X JU , Z) − g((∇̄X J )U , Z) − g(∇̄XU , T Z).

In view of (2.5), (2.1) and the condition of orthogonality of two vector fields, we derive

g(h(U , X), PZ) = −g((∇̄X J )U , Z)

= g((∇̄U J )X , Z)

= g(∇̄U J X , Z) − g(∇̄U X , J Z)

= −g(∇̄U Z , J X) − g(∇̄U X , T Z) − g(∇̄U X , PZ)

= −g(∇̄U Z , J X) − g(∇̄U X , PZ)

= −g(h(U , Z), J X) − g(h(U , X), PZ).

This implies that

g(h(U , X), PZ) = −1

2
g(h(U , Z), J X), (4.5)

which is the first equality of the first assertion of the lemma.
Also, we find

g(h(U , Z), J X) = g(∇̄ZU , J X)

= g(∇̄Z JU , X) − g((∇̄Z J )U , X).
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In view of (2.5), (2.1) and the condition of orthogonality of two vector fields, we derive

g(h(U , Z), J X) = −g((∇̄Z J )U , X)

= g((∇̄U J )Z , X)

= g(∇̄U J Z , X) − g(∇̄U Z , J X)

= g(∇̄UT Z , X) + g(∇̄U PZ , X) − g(∇̄U Z , J X).

Since g(∇̄UT Z , X) = 0, thus by using (2.2), (2.3) and (2.4), we find

g(h(U , Z), J X) = g(∇̄U PZ , X) − g(∇̄U Z , J X)

= −g(h(U , X), PZ) − g(h(U , Z), J X).

This implies that

g(h(U , Z), J X) = − 1

2
g(h(U , X), PZ). (4.6)

From (4.5) and (4.6), we obtain

g(h(U , X), PZ) = 0.

Hence, the second equality of the first assertion of the lemma is proved.
Now, we wish to prove the second assertion of the lemma. For all U ∈ �(DT ) and Z ,W ∈
�(Dθ ), we have

g(h(U , Z), PW ) = g(∇̄ZU , PW ).

= g(∇̄ZU , JW ) − g(∇̄ZU , TW )

= g(∇̄Z JU ,W ) − g((∇̄Z J )U ,W ) − g(∇̄ZU , TW )

= JU (ln σ)g(Z ,W ) + g((∇̄U J )Z ,W ) −U (ln σ)g(Z , TW )

= JU (ln σ)g(Z ,W ) + g(∇̄U J Z ,W ) − g(∇̄U Z , JW )

−U (ln σ)g(Z , TW )

= JU (ln σ)g(Z ,W ) + g(∇̄UT Z ,W ) + g(∇̄U PZ ,W )

− g(∇̄U Z , TW ) − g(∇̄U Z , PW ) −U (ln σ)g(Z , TW )

From (2.1), (2.2), (2.3) and (2.4), we have

g(h(U , Z), PW ) = JU (ln σ)g(Z ,W ) −U (ln σ)g(Z , TW )

− g(∇̄UW , PZ) − g(∇̄U Z , PW ).

= JU (ln σ)g(Z ,W ) −U (ln σ)g(Z , TW )

− g(h(U ,W ), PZ) − g(h(U , Z), PW ).

This implies that

2g(h(U , Z), PW ) = JU (ln σ)g(Z ,W ) −U (ln σ)g(Z , TW )

− g(h(U ,W ), PZ). (4.7)

Interchanging Z by W , we have

2g(h(U ,W ), PZ) = JU (ln σ)g(Z ,W ) −U (ln σ)g(Z , TW )

− g(h(U , Z), PW ). (4.8)
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Using (4.7) and (4.8), we derive

g(h(U , Z), PW ) = 1

3
[JU (ln σ)g(Z ,W ) −U (ln σ)g(T Z ,W )],

Hence, the second part is proved. This completes the proof. ��
Putting W = TW in the second part of the Lemma 4.2, we obtain

g(h(U , Z), PTW ) = 1

3
[JU (ln σ)g(Z , TW ) −U (ln σ)g(T Z , TW )]

= 1

3
[JU (ln σ)g(Z , TW )

−U (ln σ) cos2 θ{ag(T Z ,W ) + bg(Z ,W )}]
= 1

3
[JU (ln σ)g(Z , TW ) − a cos2 θU (ln σ)g(T Z ,W )

− b cos2 θU (ln σ)g(Z ,W )]. (4.9)

Now, we give a necessary and sufficient condition for such submanifolds to be locally trivial.

Theorem 4.3 Let M be a biwarped product submanifold of type MT × f M⊥×σ Mθ of a locally
nearly metallic Riemannian manifold (M̄, J , g) such that the invariant normal subbundle
δ = {0}. Then M is locally trivial if and only if M is (DT ,D⊥) and (DT ,Dθ )-mixed geodesic.

Proof LetM be a biwarped product submanifold of typeMT × f M⊥×σ Mθ of a locally nearly
metallic Riemannian manifold (M̄, J , g) such that the invariant normal subbundle δ = {0}.
Let M be locally trivial. Then both the warping functions f and σ are constants. Since f
is constant, so JU (ln f ) = 0. Therefore, by Lemma 4.1, we see that g(h(U , X), JY ) = 0
for any U ∈ DT and X , Y ∈ D⊥. Also, from Lemma 4.2 and the decomposition of the
normal bundles of M , we gain h(U , X) = 0. Consequently, it implies that M is (DT ,D⊥)-
mixed geodesic. On the other side, since the function σ is constant, so JU (ln σ) = 0 and
U (ln σ) = 0. Therefore, from Lemma 4.2, we find g(h(U , Z), PW ) = 0 for U ∈ DT and
Z ,W ∈ Dθ . Also, from Lemma 4.2 and the decomposition of the normal bundles of M , we
gain h(U , Z) = 0. Consequently, it implies that M is (DT ,Dθ )-mixed geodesic.
For the converse part of the theorem, let M be (DT ,D⊥) and (DT ,Dθ )-mixed geodesic. If
M is (DT ,D⊥)-mixed geodesic, then h(U , X) = 0 for any U ∈ DT and X ∈ D⊥. Hence,
from Lemma 4.1, we see JU (ln f ) = 0. Therefore, f is a constant function. On the other
side, if M is (DT ,Dθ )-mixed geodesic, then h(U , Z) = 0 for any U ∈ DT and Z ∈ Dθ .
Hence, from Lemma 4.2, we obtain

JU (ln σ)g(Z ,W ) −U (ln σ)g(T Z ,W ) = 0. (4.10)

Putting U = JU in (4.10), we get

J 2U (ln σ)g(Z ,W ) − JU (ln σ)g(T Z ,W ) = 0

i.e., (a J + bI )U (ln σ)g(Z ,W ) − JU (ln σ)g(T Z ,W ) = 0

i.e., a JU (ln σ)g(Z ,W ) + bU (ln σ)g(Z ,W )

− JU (ln σ)g(T Z ,W ) = 0. (4.11)

Putting Z = T Z in (4.11) and using (4.10), we have

a JU (ln σ)g(T Z ,W ) + bU (ln σ)g(T Z ,W ) − JU (ln σ)g(T 2Z ,W ) = 0
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i.e., a JU (ln σ)g(T Z ,W ) + bU (ln σ)g(T Z ,W )

− JU (ln σ)[a cos2 θg(T Z ,W ) + b cos2 θg(Z ,W )] = 0

i.e., a(1 − cos2 θ)JU (ln σ)g(T Z ,W ) + b(1 − cos2 θ)JU (ln σ)g(Z ,W ) = 0

i.e., a sin2 θ JU (ln σ)g(T Z ,W ) + b sin2 θ JU (ln σ)g(Z ,W ) = 0.

i.e., sin2 θ JU (ln σ)[ag(T Z ,W ) + bg(Z ,W )] = 0. (4.12)

Since M is a proper biwarped product submanifold of type MT × f M⊥ ×σ Mθ of a locally
nearly metallic Riemannian manifold (M̄, J , g), sin θ �= 0. Also, since a, b are positive
integers, g(T Z ,W ) �= 0 and g(Z ,W ) �= 0 for Z ,W ∈ Dθ , hence ag(T Z ,W )+bg(Z ,W ) �=
0. Therefore, from (4.12) we can conclude that JU (ln σ) = 0. Consequently, σ is a constant
function. Therefore, M is locally trivial. This completes the proof. ��
Remark 4.4 From Theorem 4.3, it follows that a proper biwarped product submanifold M =
MT × f M⊥ ×σ Mθ in a locally nearly metallic Riemannian manifold is neither (DT ,D⊥)-
mixed geodesic nor (DT ,Dθ )-mixed geodesic.

5 Inequality for the second fundamental form

In this section, we give a sharp inequality for the second fundamental form with respect to
some conditions. We also investigate its equality case.
Let M = MT × f M⊥ ×σ Mθ be a proper biwarped product submanifold of a locally nearly
metallic Riemannian manifold (M̄, J , g) of dimension 2m. We choose a local orthogonal
basis {e1, . . . , en} of the tangent bundle T M in such amanner that g(Jei , e j ) = g(T ei , e j ) =
0 for i �= j and

DT = span{e1, . . . , et , et+1 = Je1, . . . , e2t = Jet },
D⊥ = span{e2t+1 = ê1, . . . , e2t+p = êp},
Dθ = span{e2t+p+1 = e∗

1, . . . , e2t+p+q = e∗
q , e2t+p+q+1 = sec θe∗

1, . . . , en = sec θe∗
q},

in which {e1, . . . , et }, {ê1, . . . , êp} and {e∗
1, . . . , e

∗
q} are three orthonormal set of vectors.

Therefore, dim MT = 2t , dim M⊥ = p and dim Mθ = 2q . Furthermore, the orthonormal
basis {E1, . . . , E2m−n−p−2q} of the normal bundle T⊥M are given by

JD⊥ = span{E1 = J ê1, . . . , Ep = J êp},
PDθ = span{Ep+1 = csc θ Pe∗

1, . . . , Ep+q = csc θ Pe∗
q ,

Ep+q+1 = csc θ sec θ PTe∗
1, . . . , Ep+2q = csc θ sec θ PTe∗

q},
δ = span{Ep+2q+1, . . . , E2m−n−p−2q}.

Theorem 5.1 Let M be a biwarped product submanifold of type MT × f M⊥ ×σ Mθ of a
locally nearly metallic Riemannian manifold (M̄, J , g). Then the second fundamental form
h satisfies

‖h‖2 ≥ 2bp

9
‖∇(ln f )‖2 + 2

9

[
bq csc2 θ + ax cot2 θ + bq cot2 θ + abx csc2 θ

+ b2q csc2 θ + a3x cot2 θ cos2 θ + a2bq cot2 θ cos2 θ + b2q cot2 θ

+ 2abx cot2 θ
]‖∇(ln σ)‖2 + 2

9

[
ap + aq csc2 θ − 2x csc2 θ
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+ a2x csc2 θ + abq csc2 θ − 2a2x cot2 θ − 2abq cot2 θ

− 2bx csc2 θ
]
g(J∇(ln σ),∇(ln σ)), (5.1)

where dim M⊥ = p, dim Mθ = 2q and x = ∑q
r=1 g(T e

∗
r , e

∗
r ).

The equality occurs in (5.1) when MT is totally geodesic in M̄ and M⊥, Mθ are totally
umbilical in M̄. Furthermore, M is neither (DT ,D⊥)-mixed geodesic nor (DT ,Dθ )-mixed
geodesic in M̄.

Proof From the definition of the second fundamental form h, we have

‖h‖2 =
n∑

i, j=1

g(h(ei , e j ), h(ei , e j )) =
2m−n−p−2q∑

r=1

n∑

i, j=1

g2(h(ei , e j ), Er ). (5.2)

Now, by decomposing (5.2) for the normal subbundles T⊥M of M as follows

‖h‖2 =
p∑

r=1

n∑

i, j=1

g2(h(ei , e j ), J êr ) +
p+2q∑

r=p+1

n∑

i, j=1

g2(h(ei , e j ), Er )

+
2m−n−p−2q∑

r=p+2q+1

n∑

i, j=1

g2(h(ei , e j ), Er ). (5.3)

We omit the last δ-components terms in (5.3) and by using the orthonormal bases of T M and
T⊥M , we have

‖h‖2 ≥
p∑

r=1

2t∑

i, j=1

g2(h(ei , e j ), J êr ) + 2
p∑

r=1

2t∑

i=1

p∑

j=1

g2(h(ei , ê j ), J êr )

+
p∑

r=1

p∑

i, j=1

g2(h(êi , ê j ), J êr ) + 2
p∑

r=1

2t∑

i=1

2q∑

j=1

g2(h(ei , e
∗
j ), J êr )

+
p∑

r=1

2q∑

i, j=1

g2(h(e∗
i , e

∗
j ), J êr ) + 2

p∑

r=1

2q∑

i=1

p∑

j=1

g2(h(e∗
i , ê j ), J êr )

+ csc2 θ

q∑

r=1

2t∑

i, j=1

[
g2(h(ei , e j ), Pe

∗
r ) + sec2 θg2(h(ei , e j ), PTe

∗
r )

]

+ 2 csc2 θ

q∑

r=1

2t∑

i=1

p∑

j=1

[
g2(h(ei , ê j ), Pe

∗
r ) + sec2 θg2(h(ei , ê j ), PTe

∗
r )

]

+ csc2 θ

q∑

r=1

p∑

i, j=1

[
g2(h(êi , ê j ), Pe

∗
r ) + sec2 θg2(h(êi , ê j ), PTe

∗
r )

]

+ 2 csc2 θ

q∑

r=1

p∑

i=1

2q∑

j=1

[
g2(h(êi , e

∗
j ), Pe

∗
r ) + sec2 θg2(h(êi , e

∗
j ), PTe

∗
r )

]

+ csc2 θ

q∑

r=1

2q∑

i, j=1

[
g2(h(e∗

i , e
∗
j ), Pe

∗
r ) + sec2 θg2(h(e∗

i , e
∗
j ), PTe

∗
r )

]
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+ 2 csc2 θ

q∑

r=1

2t∑

i=1

2q∑

j=1

[
g2(h(ei , e

∗
j ), Pe

∗
r )

+ sec2 θg2(h(ei , e
∗
j ), PTe

∗
r )

]
. (5.4)

Clearly, there is no connection for warped products for the third, fifth, sixth, ninth, tenth and
eleventh terms in (5.4). Hence, we omit these positive terms. With the help of Lemmas 4.1,
4.2 and (4.9), we see that

‖h‖2 ≥ 2
p∑

r=1

2t∑

i=1

p∑

j=1

[
1

3
Jei (ln f )g(ê j , êr )

]2

+ 2 csc2 θ

q∑

r=1

2t∑

i=1

2q∑

j=1

[
1

3
{Jei (ln σ)g(e∗

j , e
∗
r ) − ei (ln σ)g(T e∗

j , e
∗
r )}

]2

+ 2 csc2 θ sec2 θ

q∑

r=1

2t∑

i=1

2q∑

j=1

[
1

3
{Jei (ln σ)g(e∗

j , T e
∗
r )

− a cos2 θei (ln σ)g(T e∗
j , e

∗
r ) − b cos2 θei (ln σ)g(e∗

j , e
∗
r )}

]2

= 2p

9

2t∑

i=1

[
Jei (ln f )

]2 + 2q csc2 θ

9

2t∑

i=1

[
Jei (ln σ)

]2

+ 2 csc2 θ

9

2t∑

i=1

q∑

r=1

[
ei (ln σ)

]2
g(T e∗

r , T e
∗
r )

− 4 csc2 θ

9

2t∑

i=1

q∑

r=1

[
Jei (ln σ)ei (ln σ)

]
g(T e∗

r , e
∗
r )

+ 2 csc2 θ sec2 θ

9

2t∑

i=1

q∑

r=1

[
Jei (ln σ)

]2
g(T e∗

r , T e
∗
r )

+ 2a2 cot2 θ

9

2t∑

i=1

q∑

r=1

[
ei (ln σ)

]2
g(T e∗

r , T e
∗
r )

+ 2b2q cot2 θ

9

2t∑

i=1

[ei (ln σ)]2

− 4a csc2 θ

9

2t∑

i=1

q∑

r=1

[
Jei (ln σ)ei (ln σ)

]
g(T e∗

r , T e
∗
r )

− 4b csc2 θ

9

2t∑

i=1

q∑

r=1

[
Jei (ln σ)ei (ln σ)

]
g(T e∗

r , e
∗
r )

+ 4ab cot2 θ

9

2t∑

i=1

q∑

r=1

[
ei (ln σ)

]2
g(T e∗

r , e
∗
r )

= 2p

9

[
ag(J∇(ln f ),∇(ln f )) + b‖∇(ln f )‖2]
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+ 2q csc2 θ

9

[
ag(J∇(ln σ),∇(ln σ)) + b‖∇(ln σ)‖2]

+ 2 csc2 θ

9
‖∇(ln σ)‖2[a cos2 θ

q∑

r=1

g(T e∗
r , e

∗
r ) + bq cos2 θ

]

− 4 csc2 θ

9
g(J∇(ln σ),∇(ln σ))

q∑

r=1

g(T e∗
r , e

∗
r )

+ 2 csc2 θ sec2 θ

9

[
ag(J∇(ln σ),∇(ln σ)) + b‖∇(ln σ)‖2]

×
[
a cos2 θ

q∑

r=1

g(T e∗
r , T e

∗
r ) + bq cos2 θ

]

+ 2a2 cot2 θ

9
‖∇(ln σ)‖2[a cos2 θ

q∑

r=1

g(T e∗
r , e

∗
r ) + bq cos2 θ

]

+ 2b2q cot2 θ

9
‖∇(ln σ)‖2

− 4a csc2 θ

9
g(J∇(ln σ),∇(ln σ))

[
a cos2 θ

q∑

r=1

g(T e∗
r , e

∗
r ) + bq cos2 θ

]

− 4b csc2 θ

9
g(J∇(ln σ),∇(ln σ))

q∑

r=1

g(T e∗
r , e

∗
r )

+ 4ab cot2 θ

9
‖∇(ln σ)‖2

q∑

r=1

g(T e∗
r , e

∗
r )

= 2bp

9
‖∇(ln f )‖2 + 2

9

[
bq csc2 θ + ax cot2 θ + bq cot2 θ + abx csc2 θ

+ b2q csc2 θ + a3x cot2 θ cos2 θ + a2bq cot2 θ cos2 θ + b2q cot2 θ

+ 2abx cot2 θ
]‖∇(ln σ)‖2 + 2

9

[
ap + aq csc2 θ − 2x csc2 θ

+ a2x csc2 θ + abq csc2 θ − 2a2x cot2 θ − 2abq cot2 θ

− 2bx csc2 θ
]
g(J∇(ln σ),∇(ln σ)),

where x = ∑q
r=1 g(T e

∗
r , e

∗
r ). Thus we obtain the inequality.

Now, we wish to consider the equality case. We obtain by omitting the third term in (5.3) that

h(T M, T M) ⊥ δ. (5.5)

By vanishing the first term and omitting the seventh term in (5.4), we see

h(DT ,DT ) ⊥ JD⊥ and h(DT ,DT ) ⊥ PDθ . (5.6)

From (5.5) and (5.6), it follows that

h(DT ,DT ) = 0. (5.7)

Also, by leaving the third and ninth terms in (5.4), we find

h(D⊥,D⊥) ⊥ JD⊥ and h(D⊥,D⊥) ⊥ PDθ . (5.8)

123



   96 Page 14 of 15 N. Bhunia et al.

Hence, we can conclude from (5.5) and (5.8) that

h(D⊥,D⊥) = 0. (5.9)

On the other side, by omitting the fifth and eleventh terms in (5.4), we derive

h(Dθ ,Dθ ) ⊥ JD⊥ and h(Dθ ,Dθ ) ⊥ PDθ . (5.10)

Therefore, we have from (5.5) and (5.10) that

h(Dθ ,Dθ ) = 0. (5.11)

Furthermore, from leaving the sixth and tenth terms in (5.4), we have

h(D⊥,Dθ ) ⊥ JD⊥ and h(D⊥,Dθ ) ⊥ PDθ . (5.12)

Thus, from (5.5) and (5.12) that

h(D⊥,Dθ ) = 0. (5.13)

By vanishing the eighth term in (5.4) with (5.5), we derive

h(DT ,D⊥) ⊂ JD⊥. (5.14)

By a similar fashion, vanishing the forth term in (5.4) with (5.5), we find

h(DT ,Dθ ) ⊂ PDθ . (5.15)

Since MT is totally geodesic in M , hence by using (5.7), (5.9) and (5.13), we conclude that
MT is totally geodesic in M̄ . On the other hand, since M⊥ and Mθ are totally umbilical in
M , hence by using (5.9), (5.11), (5.14) and (5.15), we can say that M⊥ and Mθ are both
totally umbilical in M̄ . Moreover, from Remark 4.4, Eqs. (5.14) and (5.15), it follows that
M is neither (DT ,D⊥)-mixed geodesic nor (DT ,Dθ )-mixed geodesic in M̄ . This completes
the proof of the theorem. ��
Conclusion 5.2 Metallic structure is a polynomial structure. Here, we have discussed about
the biwarped product submanifolds in nearly metallic Riemannian manifolds. We have
obtained a necessary and sufficient condition for those submanifolds which are locally triv-
ial. Also we have given an inequality in locally nearly metallic Riemannian manifold for the
second fundamental with respect to some conditions. Metallic structure is a generalization of
Golden structure, defined on Riemannian manifolds. If we consider a = b = 1 in this paper,
metallic Riemannian manifolds becomes Golden Riemannian manifolds. Also, we can apply
these results on in some structures of Golden Riemannian manifolds.

Acknowledgements Wewould like to thank the referee for his valuable suggestions towards the improvement
of the paper.
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Abstract In this paper, we study the hyper-generalized

quasi-Einstein (HGQE) warped product spaces with non-

positive scalar curvature. This note deals with investigating

of some geometric and physical properties of ðHGQEÞn
manifolds. Next, we study the general relativistic viscous

fluid ðHGQEÞ4 spacetimes with some physical applica-

tions. Lastly, we show the existence of ðHGQEÞ4 space-

times by constructing a non-trivial example.
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1 Introduction

An nð[ 2Þ-dimensional semi-Riemannian manifold

ðMn; gÞ is said to be an Einstein manifold if its Ricci tensor

S of type (0, 2) satisfies the following condition

S ¼ r

n
g; ð1:1Þ

on M, where r is the scalar curvature of ðMn; gÞ. Equa-
tion (1.1) is called the Einstein metric condition [1].

The notion of quasi-Einstein manifold has been devel-

oped by Chaki and Maity [2]. According to them, a Rie-

mannian manifold ðMn; gÞ, ðn[ 2Þ is said to be a quasi-

Einstein manifold if its nonzero Ricci tensor S of type

(0, 2) satisfies the following condition

SðX; YÞ ¼ agðX; YÞ þ bAðXÞAðYÞ; ð1:2Þ

on M, where a and b are real-valued, nonzero scalar

functions on ðMn; gÞ. A is a nonzero 1-form such that

gðX;UÞ ¼ AðXÞ; gðU;UÞ ¼ 1: ð1:3Þ

A is known as an associated 1-form and U is known as a

generator of ðMn; gÞ. This kind of manifold of dimension

n is denoted by ðQEÞn. If b ¼ 0 in Eq. (1.2), then ðQEÞn
turns into an Einstein manifold.

Then, the notion of generalized quasi-Einstein manifold

has been introduced by Chaki [3]. According to him, a

Riemannian manifold ðMn; gÞ, (n� 3) is said to be a gen-

eralized quasi-Einstein manifold denoted by GðQEÞn if its

nonzero Ricci tensor S of type (0, 2) satisfies the following

condition

SðX; YÞ ¼agðX; YÞ þ bAðXÞAðYÞ
þ c½AðXÞBðYÞ þ AðYÞBðXÞ�;

ð1:4Þ

on M, where a, b and c are real-valued, nonzero scalar

The first author is supported by UGC JRF of India 1216/(CSIR-UGC

NET DEC. 2016)

& Nandan Bhunia

nandan.bhunia31@gmail.com

Sampa Pahan

sampapahan.ju@gmail.com

Arindam Bhattacharyya

bhattachar1968@yahoo.co.in

1 Department of Mathematics, Jadavpur University, Kolkata

700032, India

2 Department of Mathematics, Mrinalini Datta Mahavidyapith,

Kolkata 700051, India

123

Proc. Natl. Acad. Sci., India, Sect. A Phys. Sci.

https://doi.org/10.1007/s40010-020-00706-9

http://crossmark.crossref.org/dialog/?doi=10.1007/s40010-020-00706-9&amp;domain=pdf
https://doi.org/10.1007/s40010-020-00706-9


functions on ðMn; gÞ in which b 6¼ 0, c 6¼ 0. A and B are

two nonzero 1-forms such that

gðX;UÞ ¼ AðXÞ; gðX;VÞ ¼ BðXÞ;
gðU;VÞ ¼ 0; gðU;UÞ ¼ 1; gðV ;VÞ ¼ 1:

ð1:5Þ

Here, a, b and c are known as associated scalars. A and

B are called associated 1-forms. U and V are generators of

this manifold.

Shaikh et al. [4] introduced the notion of hyper-gener-

alized quasi-Einstein (HGQE) manifold. According to

them, a Riemannian manifold ðMn; gÞ, ðn[ 2Þ is said to be

a hyper-generalized quasi-Einstein manifold if its Ricci

tensor S of type (0, 2) is nonzero and the following

condition

SðX; YÞ ¼agðX; YÞ þ bAðXÞAðYÞ
þ c½AðXÞBðYÞ þ AðYÞBðXÞ�
þ d½AðXÞDðYÞ þ AðYÞDðXÞ�;

ð1:6Þ

for all X; Y 2 vðMÞ, is satisfied. Here, a, b, c and d are real-
valued, nonzero scalar functions on ðMn; gÞ. A, B and D are

nonzero 1-forms such that

gðX;UÞ ¼ AðXÞ; gðX;VÞ ¼ BðXÞ; gðX;WÞ ¼ DðXÞ;
ð1:7Þ

U, V and W are the mutually orthogonal unit vector fields,

i.e.,

gðU;VÞ ¼ gðV ;WÞ ¼ gðU;WÞ ¼ 0;

gðU;UÞ ¼ gðV;VÞ ¼ gðW ;WÞ ¼ 1:
ð1:8Þ

a, b, c and d are called associated scalars. A, B and D are

called associated 1-forms. U, V and W are called generators

of this manifold. This manifold of dimension n is denoted

by ðHGQEÞn.
Shaikh et al. [4] studied on hyper-generalized quasi-

Einstein manifolds with some geometric properties of it.

Kim and Kim [5] studied on compact Einstein warped

product spaces with non-positive scalar curvature. G€uler
and Demirba�g [6] dealt with some Ricci conditions on

hyper-generalized quasi-Einstein manifolds. Pahan et al.

[7] worked on multiply warped products quasi-Einstein

manifolds with quarter-symmetric connection and they

have discussed on compact super quasi-Einstein warped

product with non-positive scalar curvature. Motivated by

these works, presently we study about hyper-generalized

quasi-Einstein warped product spaces with non-positive

scalar curvature. Later, we apply our results on some

physical properties of hyper-generalized quasi-Einstein

manifold.

Let fei : i ¼ 1; 2; 3; . . .; ng be an orthogonal frame field

at any point of the manifold. Then, by putting X ¼ Y ¼ ei
in Eq. (1.6) and taking summation over i ð1� i� nÞ, we get

r ¼ naþ b; ð1:9Þ

where r is the scalar curvature of the manifold.

We consider U as the timelike velocity vector field, V as

the heat flux vector field and W as the stress vector field,

i.e.,

gðU;UÞ ¼ �1; gðV;VÞ ¼ 1; gðW ;WÞ ¼ 1: ð1:10Þ

Many geometers worked with various types of curvature

tensors in differential geometry. Tripathi [8] improved

Chen–Ricci inequality for curvature like tensors and its

applications. Chen and Yano [9] introduced the notion of

quasi-constant curvature. According to them, a Riemannian

manifold ðMn; gÞ, ðn� 3Þ is said to be a quasi-constant

curvature if it is conformally flat and its curvature tensor

R of type (0, 4) satisfies the following condition

RðX; Y; Z;NÞ ¼a1½gðY; ZÞgðX;NÞ
� gðX; ZÞgðY ;NÞ�
þ a2½gðY ; ZÞAðXÞAðNÞ
� gðX; ZÞAðYÞAðNÞ�
þ gðX;NÞAðYÞAðZÞ
� gðY ;NÞAðXÞAðZÞ�;

where A is a 1-form and a1, a2 are both nonzero scalars.

Now, we define a Riemannian manifold ðMn; gÞ, ðn� 3Þ
to be hyper-generalized quasi-constant curvature if it is

conformally flat and the curvature tensor of it has the fol-

lowing form

RðX; Y; Z;NÞ ¼b1½gðY; ZÞgðX;NÞ � gðX; ZÞgðY ;NÞ�
þ b2½gðY ; ZÞAðXÞAðNÞ þ gðX;NÞAðYÞAðZÞ
� gðX; ZÞAðYÞAðNÞ � gðY;NÞAðXÞAðZÞ�
þ b3½gðY ; ZÞfAðXÞBðNÞ þ AðNÞBðXÞg
þ gðX;NÞfAðYÞBðZÞ þ AðZÞBðYÞg
� gðX; ZÞfAðYÞBðNÞ þ AðNÞBðYÞg
� gðY ;NÞfAðXÞBðZÞ þ AðZÞBðXÞg�
þ b4½gðY ; ZÞfAðXÞDðNÞ þ AðNÞDðXÞg
þ gðX;NÞfAðYÞDðZÞ þ AðZÞDðYÞg
� gðX; ZÞfAðYÞDðNÞ þ AðNÞDðYÞg
� gðY ;NÞfAðXÞDðZÞ þ AðZÞDðXÞg�;

ð1:11Þ

where A, B, D are 1-forms and b1, b2, b3, b4 are nonzero

scalars.

The notions of cartesian (or direct) products have

fruitful generalizations in the notion of warped products.

The concept of warped product arose due to a surface of

revolution. Two natural extensions of warped product

manifolds are twisted products and convolution manifolds.

Einstein’s field equations and modified field equations have

many exact solutions. These solutions are warped products.
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For example, Robertson–Walker models and the Sch-

warzschild solution are warped products. It was initiated by

Bishop and O’ Neill [10] for studying manifolds with

negative curvature.

Let ðB; gBÞ and ðF; gFÞ be two Riemannian manifolds of

positive dimensions and f : B ! ð0;1Þ be a positive

smooth function on B. Let p : B� F ! B and g : B� F !
F be the natural projection of the product manifold B� F.

The warped product M ¼ B�f F is the manifold B� F

equipped with the Riemannian structure such that

\X;X[ ¼ \p�ðXÞ; p�ðXÞ[
þ f 2ðpðXÞÞ\g�ðXÞ; g�ðXÞ[ ;

for any tangent vector X 2 vðMÞ. Thus, we get

gM ¼ gB þ f 2gF . Here, B and F are base and fiber,

respectively. f is called the warping function of the warped

product. So we obtain the following proposition [11].

Proposition 1.1 The Ricci curvature SM of the warped

product M ¼ B�f F with dimF ¼ k satisfies

(1) SMðX; YÞ ¼ SBðX; YÞ� k
f H

f ðX; YÞ;
(2) SMðX;VÞ ¼ 0;

(3) SMðV;WÞ ¼ SFðV;WÞ � gðV ;WÞf#; f# ¼ �Df
f þ

k�1
f 2 jrf j2,

for any horizontal vectors X, Y (i.e., X; Y 2 vðBÞÞ and any

vertical vectors V, W (i.e., V ;W 2 vðFÞÞ, where Df and Hf

denote the Laplacian of f (i.e., Df ¼ �trðHf Þ) and the

Hessian of f, respectively.

In view of Proposition 1.1, we obtain the following

theorem.

Theorem 1.1 Suppose M ¼ B�f F is an warped product

manifold as well as a hyper-generalized quasi-Einstein

manifold. Then, its Ricci tensor satisfies the following

conditions.

(i) When U, V and W are mutually orthogonal and

tangent to the base B, then the Ricci tensors of B and F

satisfy the following conditions

ðaÞSBðX; YÞ ¼agBðX; YÞ þ bgBðX;UÞgBðY ;UÞ
þ c½gBðX;UÞgBðY;VÞ
þ gBðY ;UÞgBðX;VÞ�
þ d½gBðX;UÞgBðY;WÞ

þ gBðY ;UÞgBðX;WÞ� þ k

f
Hf ðX; YÞ;

ðbÞSFðX; YÞ ¼gFðX; YÞ½af 2 � fDf þ ðk � 1Þjrf j2�:

(ii) When U, V and W are mutually orthogonal and tangent

to the fiber F, then the Ricci tensors of B and F satisfy the

following conditions

ðaÞSBðX; YÞ ¼agBðX; YÞ þ
k

f
Hf ðX; YÞ;

ðbÞSFðX; YÞ ¼gFðX; YÞ½af 2 � fDf þ ðk � 1Þjrf j2�
þ bf 4gFðX;UÞgFðY ;UÞ
þ cf 4½gFðX;UÞgFðY ;VÞ
þ gFðY ;UÞgFðX;VÞ�
þ df 4½gFðX;UÞgFðY ;WÞ
þ gFðY ;UÞgFðX;WÞ�:

The proof of Theorem 1.1 is similar to Theorem 2.1 of

the paper [12].

2 Hyper-generalized Quasi-Einstein Warped
Product Spaces with Non-Positive Scalar
Curvature

In view of Proposition 1.1, we obtain the following result

where Eq. (1.2) turns into

Result 2.1 When U, V and W are mutually orthogonal

and tangent to the base B, the warped product M ¼ B�f F

is a hyper-generalized quasi-Einstein manifold with

SMðX; YÞ ¼agMðX; YÞ þ bAðXÞAðYÞ
þ c½AðXÞBðYÞ þ AðYÞBðXÞ�
þ d½AðXÞDðYÞ þ AðYÞDðXÞ�

if and only if

ð2:aÞSBðX; YÞ ¼agBðX; YÞ þ bgBðX;UÞgBðY ;UÞ
þ c½gBðX;UÞgBðY ;VÞ
þ gBðY;UÞgBðX;VÞ�
þ d½gBðX;UÞgBðY ;WÞ
þ gBðY;UÞgBðX;WÞ�

þ k

f
Hf ðX; YÞ;

ð2:bÞSFðX; YÞ ¼lgFðX; YÞ;
ð2:cÞl ¼ ½af 2�fDf þ ðk � 1Þjrf j2�:

The complete proof of the below lemma is given in [5].

Lemma 2.1 Suppose f is a smooth function on a Rie-

mannian manifold B, then for any vector X,

divðHf ÞðXÞ ¼ Sðrf ;XÞ � Dðdf ÞðXÞ; ð2:1Þ

where D ¼ ddþ dd is the Laplacian on B which is acting

on differential forms.

Now we give the following proposition.
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Proposition 2.1 Suppose ðBm; gBÞ is an mð� 2Þ-dimen-
sional compact Riemannian manifold. Also, suppose that

f is a nonconstant smooth function on B satisfying (2.a) for

a 2 R and k 2 N and if the condition

bgBðX;UÞgBðrf ;UÞ þ c½gBðX;UÞgBðrf ;VÞ
þ gBðrf ;UÞgBðX;VÞ�
þ d½gBðX;UÞgBðrf ;WÞ
þ gBðrf ;UÞgBðX;WÞ� ¼ 0

holds, then f satisfies (2.c) for l 2 R. Hence, for a compact

Riemannian manifold F with SFðX; YÞ ¼ lgFðX; YÞ; we

can construct a compact hyper-generalized quasi-Einstein

warped product space M ¼ B�f F with

SMðX; YÞ ¼agMðX; YÞ þ bAðXÞAðYÞ
þ c½AðXÞBðYÞ þ AðYÞBðXÞ�
þ d½AðXÞDðYÞ þ AðYÞDðXÞ�;

where U, V and W are mutually orthogonal and tangent to

the base B.

Proof By considering the trace of both sides of (2.a), we

obtain

r ¼ am� k
Df
f
þ b; ð2:2Þ

where r is the scalar curvature of B. From the second

Bianchi identity, it follows that

dr ¼ 2divðSÞ: ð2:3Þ

In view of Eqs. (2.2) and (2.3), we get

divSðXÞ ¼ k

2f 2
fDfdf � fdðDf ÞgðXÞ: ð2:4Þ

Also, we obtain

divð1
f
Hf ÞðXÞ ¼

X

i

ðDEi
ð1
f
Hf ÞÞðEi;XÞ

¼ � 1

f 2
Hf ðrf ;XÞ þ 1

f
divHf ðXÞ;

where X is a vector field and fE1;E2; . . .;Emg is an

orthonormal frame of B. Since Hf ðrf ;XÞ ¼
ðDXdf Þðrf Þ ¼ 1

2
dðjrf j2ÞðXÞ; the last equation becomes

divð1
f
Hf ÞðXÞ ¼ � 1

2f 2
dðjrf j2ÞðXÞ þ 1

f
divHf ðXÞ;

X is a vector field of B. Therefore, from (2.a) and Eq. (2.1),

we get

divð1
f
Hf ÞðXÞ ¼ 1

2f 2
fðk � 1Þdðjrf j2Þ

� 2fdðDf Þ þ 2afdfg

þ 1

f
bgBðX;UÞgBðrf ;UÞ

þ 1

f
c½gBðX;UÞgBðrf ;VÞ

þ gBðrf ;UÞgBðX;VÞ�

þ 1

f
d½gBðX;WÞgBðrf ;UÞ

þ gBðrf ;WÞgBðX;UÞ�:

ð2:5Þ

But, (2.a) implies divSB ¼ divðkf Hf Þ. So, from Eqs. (2.4)

and (2.5), it follows that dð�fDf þ ðk � 1Þjrf j2 þ af 2Þ ¼
0; i.e., �fDf þ ðk � 1Þjrf j2 þ af 2 ¼ l, where l is some

constant. This completes the proof of the first part of the

Proposition. Now if ðF; gFÞ is a k-dimensional compact

Riemannian manifold with SF ¼ lgF , then we can make a

compact hyper-generalized quasi-Einstein warped product

M ¼ B�f F with respect to the sufficient Result 2.1. h

Similarly, we obtain the following result and proposition

where U, V and W are mutually orthogonal and tangent to

the fiber F.

Result 2.2 When U, V and W are mutually orthogonal

and tangent to the fiber F, the warped product M ¼ B�f F

is a hyper-generalized quasi-Einstein manifold with

SMðX; YÞ ¼agMðX; YÞ þ bAðXÞAðYÞ
þ c½AðXÞBðYÞ þ AðYÞBðXÞ�
þ d½AðXÞDðYÞ þ AðYÞDðXÞ�

if and only if

ð2:dÞSBðX; YÞ ¼ agBðX; YÞ þ
k

f
Hf ðX; YÞ;

ð2:eÞSFðX; YÞ ¼ gFðX; YÞ½af 2

� fDf þ ðk � 1Þjrf j2� þ bf 4gFðX;UÞgFðY ;UÞ
þ cf 4½gFðX;UÞgFðY ;VÞ þ gFðY;UÞgFðX;VÞ�
þ df 4½gFðX;UÞgFðY ;WÞ þ gFðY ;UÞgFðX;WÞ�;

ð2:f Þl ¼ ½af 2 � fDf þ ðk � 1Þjrf j2�:

Proposition 2.2 Suppose ðBm; gBÞ is an mð� 2Þ-
dimensional compact Riemannian manifold. Also,

suppose that f is a nonconstant smooth function on

B satisfying (2.d) for a 2 R and k 2 N. Hence, for a

compact hyper-generalized quasi-Einstein manifold F with
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SFðX; YÞ ¼gFðX; YÞ½af 2 � fDf

þ ðk � 1Þjrf j2 þ bf 4gFðX;UÞgFðY ;UÞ
þ cf 4½gFðX;UÞgFðY ;VÞ
þ gFðY ;UÞgFðX;VÞ�
þ df 4½gFðX;UÞgFðY ;WÞ
þ gFðY ;UÞgFðX;WÞ�;

we can construct a compact hyper-generalized quasi-

Einstein warped product space M ¼ B�f F with

SMðX; YÞ ¼agMðX; YÞ þ bAðXÞAðYÞ
þ c½AðXÞBðYÞ þ AðYÞBðXÞ�
þ d½AðXÞDðYÞ þ AðYÞDðXÞ�;

where U, V and W are mutually orthogonal and tangent to

the fiber F.

Proof By considering the trace of both sides of (2.d), we

get

r ¼ am� k
Df
f
; ð2:6Þ

where r is the scalar curvature of B.

In view of Eqs. (2.6) and (2.3), we get

divSðXÞ ¼ k

2f 2
fDfdf � fdðDf ÞðXÞg: ð2:7Þ

So, from (2.d) and Eq. (2.1), we obtain

divð1
f
Hf ÞðXÞ ¼ 1

2f 2
fðk � 1Þdðjrf j2Þ

� 2fdðDf Þ þ 2afdfg:
ð2:8Þ

But, (2.d) implies divSB ¼ divðkf Hf Þ. So, from Eqs. (2.7)

and (2.8), it follows that

dð�fDf þ ðk � 1Þjrf j2 þ af 2Þ ¼ 0;

i:e:;�fDf þ ðk � 1Þjrf j2 þ af 2 ¼ l;

where l is some constant. This completes the proof of the

first part of Proposition 2.2. Now if ðF; gFÞ is a k-

dimensional compact Riemannian manifold with

SFðX; YÞ ¼gFðX; YÞ½af 2 � fDf

þ ðk � 1Þjrf j2� þ bf 4gFðX;UÞgFðY;UÞ
þ cf 4½gFðX;UÞgFðY ;VÞ
þ gFðY ;UÞgFðX;VÞ�
þ df 4½gFðX;UÞgFðY ;WÞ
þ gFðY ;UÞgFðX;WÞ�;

then we can make a compact hyper-generalized quasi-

Einstein warped product M ¼ B�f F with respect to the

sufficient Result 2.2. h

Now we state the following theorem.

Theorem 2.1 If M ¼ B�f F is a compact hyper-gener-

alized quasi-Einstein warped product space of non-positive

scalar curvature, then the warped product will be a Rie-

mannian product.

The proof of Theorem 2.1 is similar to Theorem 2.1 of

the paper [13].

3 The Generators U, V and W as Concurrent
Vector Fields

A vector field g is concurrent if it satisfies the following

condition [14]

rXg ¼ kX; ð3:1Þ

where k ð6¼ 0Þ is a constant. If k ¼ 0, then the vector field

turns into a parallel vector field.

Here, we take the concurrent vector fields U, V and

W with respect to the associated 1-forms A, B and D,

respectively.

Then, we get,

ðrXAÞðYÞ ¼ agðX;YÞ; ð3:2Þ

ðrXBÞðYÞ ¼ bgðX;YÞ; ð3:3Þ

ðrXDÞðYÞ ¼ cgðX; YÞ; ð3:4Þ

where a, b and c are the nonzero constants.

We suppose that a; b; c and d are constants and then

considering covariant derivative of Eq. (1.6) with respect to

Z , we get

ðrZSÞðX; YÞ ¼b½ðrZAÞðXÞAðYÞ þ AðXÞðrZAÞðYÞ�
þ c½ðrZAÞðXÞBðYÞ þ AðXÞðrZBÞðYÞ
þ ðrZAÞðYÞBðXÞ þ AðYÞðrZBÞðXÞ�
þ d½ðrZAÞðXÞDðYÞ þ AðXÞðrZDÞðYÞ
þ ðrZAÞðYÞDðXÞ þ AðYÞðrZDÞðXÞ�:

ð3:5Þ

Now by using Eqs. (3.2), (3.3) and (3.4) in Eq. (3.5), we get

ðrZSÞðX; YÞ ¼b½agðZ;XÞAðYÞ þ agðZ; YÞAðXÞ�
þ c½agðZ;XÞBðYÞ þ bgðZ; YÞAðXÞ
þ agðZ; YÞBðXÞ þ bgðZ;XÞAðYÞ�
þ d½agðZ;XÞDðYÞ þ cgðZ; YÞAðXÞ
þ agðZ; YÞDðXÞ þ cgðZ;XÞAðYÞ�:

ð3:6Þ

Taking contraction on Eq. (3.6) over X and Y, we get

drðZÞ ¼2abAðZÞ þ 2c½aBðZÞ þ bAðZÞ�
þ 2d½aDðZÞ þ cAðZÞ�;

ð3:7Þ
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where r being the scalar curvature of this manifold.

From Eq. (1.9), we have

r ¼ naþ b: ð3:8Þ

Since a; b 2 R, therefore

drðXÞ ¼ 0; forallX: ð3:9Þ

From Eqs. (3.7) and (3.9), it follows that

abAðZÞ þ c½aBðZÞ þ bAðZÞ� þ d½aDðZÞ þ cAðZÞ� ¼ 0;

i:e:; ðabþ bcþ cdÞAðZÞ þ acBðZÞ þ adDðZÞ ¼ 0;

i:e:;DðZÞ ¼ � abþ bcþ cd
ad

� �
AðZÞ � c

d
BðZÞ:

ð3:10Þ

Since a, b and c are the nonzero constants, then with the

help of Eq. (3.10) in Eq. (1.6), we get

SðX; YÞ ¼agðX; YÞ � abþ 2bcþ 2cd
a

� �
AðXÞAðYÞ:

ð3:11Þ

Therefore, the manifold turns into a quasi-Einstein mani-

fold. Hence, we get the following theorem.

Theorem 3.1 If the associated scalars are constants and

the associated vector fields of a ðHGQEÞn are concurrent,

then the manifold turns into a quasi-Einstein manifold.

4 Ricci Recurrent ðHGQEÞn

A ðHGQEÞn is Ricci recurrent if its Ricci tensor S of type

(0, 2) obeys the following condition [15]

ðrXSÞðY ; ZÞ ¼ EðXÞSðY; ZÞ;

where E(X) being a nonzero 1-form.

By considering the manifold Ricci recurrent, we get

ðrXSÞðY ; ZÞ ¼ EðXÞSðY; ZÞ: ð4:1Þ

Also, it is known that

ðrXSÞðY ; ZÞ ¼ XSðY ; ZÞ � SðrXY; ZÞ � SðY;rXZÞ:
ð4:2Þ

Using Eq. (4.2) in Eq. (4.1), we get

EðXÞSðY; ZÞ ¼ XSðY; ZÞ � SðrXY ; ZÞ � SðY ;rXZÞ:
ð4:3Þ

Using Eq. (1.6) in Eq. (4.3), we obtain

EðXÞ½agðY; ZÞ þ bAðYÞAðZÞ þ cfAðYÞBðZÞ þ AðZÞBðYÞg
þ dfAðYÞDðZÞ þ AðZÞDðYÞg�
¼ X½agðY ; ZÞ þ bAðYÞAðZÞ þ cfAðYÞBðZÞ
þ AðZÞBðYÞg þ dfAðYÞDðZÞ þ AðZÞDðYÞg�
� ½agðrXY; ZÞ þ bAðrXYÞAðZÞ
þ cfAðrXYÞBðZÞ þ AðZÞBðrXYÞg þ dfAðrXYÞDðZÞ
þ AðZÞDðrXYÞg� � ½agðY ;rXZÞ þ bAðYÞAðrXZÞ
þ cfAðYÞBðrXZÞ þ AðrXZÞBðYÞg þ dfAðYÞDðrXZÞ
þ AðrXZÞDðYÞg�:

ð4:4Þ

Setting Y ¼ Z ¼ U in Eq. (4.4), we have

Xðaþ bÞ � ðaþ bÞEðXÞ ¼2ðaþ bÞAðrXUÞ þ 2cBðrXUÞ
þ 2dDðrXUÞ:

ð4:5Þ

Since AðrXUÞ ¼ 0, therefore Eq. (4.5) becomes

Xðaþ bÞ � ðaþ bÞEðXÞ ¼ 2cBðrXUÞ þ 2dDðrXUÞ;
i:e:;Xðaþ bÞ � ðaþ bÞEðXÞ

¼ 2cgðrXU;VÞ þ 2dgðrXU;WÞ;
i:e:;Xðaþ bÞ � ðaþ bÞEðXÞ

¼ �2cgðrXV ;UÞ � 2dgðrXW ;UÞ;
i:e:;Xðaþ bÞ � ðaþ bÞEðXÞ

¼ �2½gðcrXV þ drXW ;UÞ�;
i:e:;Xðaþ bÞ � ðaþ bÞEðXÞ

¼ �2AðrXðcV þ dWÞÞ:

So, AðrXðcV þ dWÞÞ ¼ 0 if and only if

Xðaþ bÞ � ðaþ bÞEðXÞ ¼ 0. But AðrXðcV þ dWÞÞ ¼ 0

implies

either;rXðcV þ dWÞ ? U;

or; ðcV þ dWÞis a parallel vector field:
ð4:6Þ

Setting Y ¼ Z ¼ V in Eq. (4.4), we obtain

Xa� aEðXÞ ¼ 2aBðrXVÞ þ 2cAðrXVÞ: ð4:7Þ

Since BðrXVÞ ¼ 0, therefore Eq. (4.7) becomes

Xa� aEðXÞ ¼ 2cAðrXVÞ:

So, AðrXVÞ ¼ 0 if and only if Xa� aEðXÞ ¼ 0. But

AðrXVÞ ¼ 0 implies

either;rXV ? U;

or;V is a parallel vector field:
ð4:8Þ

Setting Y ¼ Z ¼ W in Eq. (4.4), we get

Xa� aEðXÞ ¼ 2aDðrXWÞ þ 2dAðrXWÞ: ð4:9Þ

Since DðrXWÞ ¼ 0, therefore Eq. (4.9) becomes
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Xa� aEðXÞ ¼ 2dAðrXWÞ:

So, AðrXWÞ ¼ 0 if and only if Xa� aEðXÞ ¼ 0. But

AðrXWÞ ¼ 0 implies

either;rXW ? U;

or;W is a parallel vector field:
ð4:10Þ

Thus, from Eqs. (4.6), (4.8) and (4.10), we get the fol-

lowing theorem.

Theorem 4.1 If ðHGQEÞn is Ricci recurrent, then

ðiÞEitherrXðcV þ dWÞ ? U

orðcV þ dWÞ is a parallel vector field iff

Xðaþ bÞ � ðaþ bÞEðXÞ ¼ 0:

ðiiÞEitherrXV ? U

or V is a parallel vector field iff Xa� aEðXÞ ¼ 0:

ðiiiÞEitherrXW ? U

or W is a parallel vector field iff Xa� aEðXÞ ¼ 0:

5 Einstein’s Field Equation in a ðHGQEÞn

The Einstein’s field equation is

SðX; YÞ � r

2
gðX; YÞ þ kgðX; YÞ ¼ kTðX; YÞ; ð5:1Þ

where r being the scalar curvature. k and k are the gravi-

tational constant and cosmological constant, respectively.

Considering without cosmological constant ði:e:; k ¼ 0Þ,
then Eq. (5.1) becomes

SðX; YÞ � r

2
gðX; YÞ ¼ kTðX; YÞ: ð5:2Þ

With the help of Eq. (1.6) in Eq. (5.2), we get

ða� r

2
ÞgðX; YÞ þ bAðXÞAðYÞ

þ c½AðXÞBðYÞ þ AðYÞBðXÞ�
þ d½AðXÞDðYÞ þ AðYÞDðXÞ� ¼ kTðX; YÞ:

ð5:3Þ

After covariant differentiation on Eq. (5.3) with respect to

Z, we get

b½ðrZAÞðXÞAðYÞ þ AðXÞðrZAÞðYÞ� þ c½ðrZAÞðXÞBðYÞ
þ AðXÞðrZBÞðYÞ þ ðrZAÞðYÞBðXÞ þ AðYÞðrZBÞðXÞ�
þ d½ðrZAÞðXÞDðYÞ þ AðXÞðrZDÞðYÞ þ ðrZAÞðYÞDðXÞ
þ AðYÞðrZDÞðXÞ� ¼ kðrZTÞðX; YÞ:

ð5:4Þ

Thus, by virtue of Eq. (5.4), we get the following theorem.

Theorem 5.1 If the associated 1-forms A, B and D in a

ðHGQEÞn are covariant constant, then the energy–mo-

mentum is also covariant constant.

6 ðHGQEÞ4 Spacetime Admitting Space-matter
Tensor

Space-matter tensor ~P of type (0, 4) has been introduced by

Petrov [16]. He defined the space-matter tensor as follows

~P ¼ ~Rþ k

2
g ^ T � rG; ð6:1Þ

~R being the curvature tensor of type (0, 4), T being the

energy–momentum tensor of type (0, 2), k being the

gravitational constant and r being the energy density. Also,

G is a tensor of type (0, 4) such that

GðX; Y ; Z;NÞ ¼ gðY; ZÞgðX;NÞ � gðX; ZÞgðY ;NÞ; ð6:2Þ

for all X; Y ; Z;N 2 vðMÞ. Kulkarni–Nomizu product E ^ F

of two (0, 2)-type tensors E and F is as follows.

ðE ^ FÞðX; Y; Z;NÞ ¼ EðY ; ZÞFðX;NÞ þ EðX;NÞFðY; ZÞ
� EðX; ZÞFðY;NÞ � EðY ;NÞFðX; ZÞ;

ð6:3Þ

for X; Y ; Z;N 2 vðMÞ. ~P is called the space-matter tensor

of type (0, 4) of M.

Here, we study ðHGQEÞ4 spacetime when space-matter

tensor is zero. From Eq. (6.1), we obtain

~PðX; Y; Z;NÞ ¼ ~RðX; Y ; Z;NÞ

þ k

2
½gðY ; ZÞTðX;NÞ þ gðX;NÞTðY ; ZÞ

� gðX; ZÞTðY ;NÞ � gðY ;NÞTðX; ZÞ�
� r½gðY ; ZÞgðX;NÞ � gðX; ZÞgðY ;NÞ�:

ð6:4Þ

If ~P ¼ 0 in Eq. (6.4), we get

~RðX; Y; Z;NÞ ¼ � k

2
½gðY ; ZÞTðX;NÞ þ gðX;NÞTðY ; ZÞ

� gðX; ZÞTðY ;NÞ � gðY ;NÞTðX; ZÞ�
þ r½gðY ; ZÞgðX;NÞ � gðX; ZÞgðY ;NÞ�:

ð6:5Þ

Using Eqs. (1.6) and (5.2) in Eq. (6.5), we derive
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~RðX; Y ; Z;NÞ ¼ðr� aþ r

2
Þ½gðY ; ZÞgðX;NÞ � gðX; ZÞgðY ;NÞ�

� b
2
½gðY ; ZÞAðXÞAðNÞ þ gðX;NÞAðYÞAðZÞ

� gðX; ZÞAðYÞAðNÞ � gðY ;NÞAðXÞAðZÞ�

� c
2
½gðY ; ZÞfAðXÞBðNÞ þ AðNÞBðXÞg

þ gðX;NÞfAðYÞBðZÞ þ AðZÞBðYÞg
� gðX; ZÞfAðYÞBðNÞ þ AðNÞBðYÞg
� gðY ;NÞfAðXÞBðZÞ þ AðZÞBðXÞg�

� d
2
½gðY ; ZÞfAðXÞDðNÞ þ AðNÞDðXÞg

þ gðX;NÞfAðYÞDðZÞ þ AðZÞDðYÞg
� gðX; ZÞfAðYÞDðNÞ þ AðNÞDðYÞg
� gðY ;NÞfAðXÞDðZÞ þ AðZÞDðXÞg�:

ð6:6Þ

In view of Eq. (1.11), (6.6) follows that the manifold is a

manifold of hyper-generalized quasi-constant curvature.

Thus, we get the following theorem.

Theorem 6.1 A ðHGQEÞ4 spacetime satisfying Einstein’s

field equation with zero space-matter tensor will be a

spacetime of hyper-generalized quasi-constant curvature.

Finally, we study to get sufficient condition for which

ðHGQEÞ4 may be a divergence free space-matter tensor.

From Eq. (1.9), we get

r ¼ naþ b;

i:e:; r ¼ constant :

This implies drðXÞ ¼ 0, for all X.

With the help of Eqs. (5.2) and (6.4), we get

ðdivPÞðX; Y; ZÞ ¼ðdivRÞðX; Y ; ZÞ

þ 1

2
½ðrXSÞðY; ZÞ � ðrYSÞðX; ZÞ�

� gðY ; ZÞ½1
4
drðXÞ þ drðXÞ�

þ gðX; ZÞ½1
4
drðYÞ þ drðYÞ�:

ð6:7Þ

For a semi-Riemannian manifold,

ðdivRÞðX; Y; ZÞ ¼ ðrXSÞðY; ZÞ � ðrYSÞðX; ZÞ: ð6:8Þ

From Eqs. (6.7) and (6.8), we deduce

ðdivPÞðX; Y; ZÞ ¼ 3

2
½ðrXSÞðY ; ZÞ � ðrYSÞðX; ZÞ�

� gðY ; ZÞ½1
4
drðXÞ þ drðXÞ�

þ gðX; ZÞ½1
4
drðYÞ þ drðYÞ�:

ð6:9Þ

Let us assume that ðdivPÞðX; Y ; ZÞ ¼ 0 and taking con-

traction on Eq. (6.9) over Y and Z, we get drðXÞ ¼ 0.

Thus, we obtain the following theorem.

Theorem 6.2 In a ðHGQEÞ4 spacetime satisfying Ein-

stein’s field equation with divergence free space-matter

tensor, the energy density is constant.

Now using Eq. (1.6) in Eq. (6.9), we have

ðdivPÞðX;Y ; ZÞ ¼ 3

2
½daðXÞgðY ;ZÞ

� daðYÞgðX; ZÞ� þ 3

2
½dbðXÞAðYÞAðZÞ

� dbðYÞAðXÞAðZÞ� þ 3b
2
½ðrXAÞðYÞAðZÞ þ AðYÞðrXAÞðZÞ

� ðrYAÞðXÞAðZÞ � AðXÞðrYAÞðZÞ�

þ 3

2
½dcðXÞfAðYÞBðZÞ þ BðYÞAðZÞg

� dcðYÞfAðXÞBðZÞ þ BðXÞAðZÞg�

þ 3c
2
½ðrXAÞðYÞBðZÞ þ AðYÞðrXBÞðZÞ þ ðrXAÞðZÞBðYÞ

þ AðZÞðrXBÞðYÞ � ðrYAÞðXÞBðZÞ
� AðXÞðrYBÞðZÞ � ðrYAÞðZÞBðXÞ

� AðZÞðrYBÞðXÞ� þ
3

2
½ddðXÞfAðYÞDðZÞ þ DðYÞAðZÞg

� ddðYÞfAðXÞDðZÞ þ DðXÞAðZÞg�

þ 3d
2
½ðrXAÞðYÞDðZÞ þ AðYÞðrXDÞðZÞ

þ ðrXAÞðZÞDðYÞ þ AðZÞðrXDÞðYÞ
� ðrYAÞðXÞDðZÞ � AðXÞðrYDÞðZÞ � ðrYAÞðZÞDðXÞ

� AðZÞðrYDÞðXÞ� � gðY ;ZÞ½1
4
drðXÞ þ drðXÞ�

þ gðX;ZÞ½1
4
drðYÞ þ drðYÞ�:

ð6:10Þ

Considering the conditions that r; a; b; c and d are

constants and the generator U is a parallel vector field

(i.e., rXU ¼ 0). Therefore, we get

drðXÞ ¼ 0; drðXÞ ¼ 0; 8X
andgðrXU; YÞ ¼ 0; i:e:; ðrXAÞðYÞ ¼ 0:

ð6:11Þ

In view of [6], we derive

aþ b ¼ 0; c ¼ 0; d ¼ 0: ð6:12Þ

Using Eqs. (6.11) and (6.12) in Eq. (6.10), we get

ðdivPÞðX;Y ; ZÞ ¼ 0:

Hence, we get the following theorem.

Theorem 6.3 If in a ðHGQEÞ4 spacetime with parallel

vector field U satisfying Einstein’s field equation, the

energy density and the associated scalars are constants,

then the divergence of the space-matter tensor is zero.
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7 General Relativistic Viscous Fluid ðHGQEÞ4
Spacetime

Let us consider ðM4; gÞ be a connected semi-Riemannian

viscous fluid spacetime admitting heat flux obeying Ein-

stein’s field equation. The Einstein’s field equation is given

by

SðX; YÞ � r

2
gðX; YÞ þ kgðX; YÞ ¼ kTðX; YÞ; ð7:1Þ

for all X; Y 2 vðMÞ, where S is the (0, 2)-type Ricci tensor,

r is the scalar curvature, k is the cosmological constant and

k is the gravitational constant.

For the fluid matter distribution, the energy–momentum

tensor has been given by Ellis [17] as

TðX; YÞ ¼ðrþ pÞAðXÞAðYÞ þ pgðX; YÞ þ AðXÞBðYÞ
þ AðYÞBðXÞ þ AðXÞDðYÞ þ AðYÞDðXÞ;

ð7:2Þ

with

gðX;UÞ ¼ AðXÞ; gðX;VÞ ¼ BðXÞ; gðX;WÞ ¼ DðXÞ;
AðUÞ ¼ �1;BðVÞ ¼ 1;DðWÞ ¼ 1;

gðU;VÞ ¼ 0; gðV ;WÞ ¼ 0; gðU;WÞ ¼ 0;

where r is the matter density, p is the isotropic pressure,

U is the timelike velocity vector field, V is the heat con-

duction vector field and W is the stress vector field.

Using Eq. (7.2) in Eq. (7.1), we get

SðX; YÞ ¼ðkpþ r

2
� kÞgðX; YÞ þ kðrþ pÞAðXÞAðYÞ

þ k½AðXÞBðYÞ þ AðYÞBðXÞ�
þ k½AðXÞDðYÞ þ AðYÞDðXÞ�:

ð7:3Þ

Clearly, it follows that this spacetime is a ðHGQEÞ4
spacetime whose associated scalars are ðkpþ r

2
� kÞ,

kðrþ pÞ, k and k. A, B and D are associated 1-forms and

generators are U, V and W. Hence, we get the following

theorem.

Theorem 7.1 A viscous fluid spacetime admitting heat

flux and obeying Einstein’s field equation with cosmolog-

ical constant is a connected semi-Riemannian hyper-gen-

eralized quasi-Einstein manifold of dimension four.

From Eq. (1.9), we get for ðM4; gÞ
r ¼ 4aþ b: ð7:4Þ

Now using Eqs. (1.6) and (7.4) in Eq. (7.3), we gain

2kpþ 2aþ b� 2k
2

� �
gðX; YÞ

¼ ½b� kðrþ pÞ�AðXÞAðYÞ
þ ðc� kÞ½AðXÞBðYÞ þ BðXÞAðYÞ�
þ ðd� kÞ½AðXÞDðYÞ þ AðYÞDðXÞ�:

ð7:5Þ

Putting X ¼ Y ¼ U in Eq. (7.5), we find

r ¼ 2aþ 3b� 2k
2k

: ð7:6Þ

Taking contraction on Eq. (7.3) over X and Y, we deduce

r ¼ 4ðkpþ r

2
� kÞ � kðrþ pÞ: ð7:7Þ

In view of Eqs. (7.4) and (7.6), (7.7) implies that

p ¼ 6k� 6aþ b
6k

: ð7:8Þ

By putting X ¼ Y ¼ V and X ¼ Y ¼ W in Eq. (7.5), we

obtain the same value of p in each case given by

p ¼ 2k� 2a� b
2k

: ð7:9Þ

As a; b are not constants, then in view of Eqs. (7.6), (7.7)

and (7.9) it follows that r and p are not constants. Hence,

we get the following theorem.

Theorem 7.2 If a viscous fluid ðHGQEÞ4 spacetime

admitting heat flux satisfies Einstein’s field equation with

cosmological constant, then isotropic pressure and energy

density of the fluid cannot be a constant.

If a; b are constants, then from Eqs. (7.6) and (7.8), it

implies that r and p are constants. As r[ 0, p[ 0, so we

obtain from Eqs. (7.6) and (7.8) that k\ 2aþ3b
2

and

k[ 6a�b
6

; which implies

6a� b
6

\k\
2aþ 3b

2
:

Also, Eq. (7.9) gives 2aþb
2

\k.
Hence, we get the following theorem.

Theorem 7.3 If a viscous fluid ðHGQEÞ4 spacetime

admitting heat flux satisfies Einstein’s field equation with

cosmological constant, then cosmological constant k obeys

the following condition either, 6a�b
6

\k\ 2aþ3b
2

or,
2aþb
2

\k:

Now we consider a hyper-generalized quasi-Einstein

spacetime satisfying Einstein’s field equation without

cosmological constant (i.e., k ¼ 0 ) whose matter content is

viscous fluid. Putting k ¼ 0 in Eq. (7.3), then Eq. (7.3)

becomes
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SðX; YÞ ¼ðkpþ r

2
ÞgðX; YÞ þ kðrþ pÞAðXÞAðYÞ

þ k½AðXÞBðYÞ þ AðYÞBðXÞ�
þ k½AðXÞDðYÞ þ AðYÞDðXÞ�:

ð7:10Þ

By comparing Eqs. (1.6) and (7.10), we obtain

a ¼ kpþ r

2
; b ¼ kðrþ pÞ; c ¼ k; d ¼ k: ð7:11Þ

Taking contraction on Eq. (7.10) over X and Y, we get

r ¼ kðr� 3pÞ: ð7:12Þ

Using Eq. (7.12) in Eq. (7.10), it follows that

SðX; YÞ ¼ kðr� pÞ
2

gðX; YÞ þ kðrþ pÞAðXÞAðYÞ

þ k½AðXÞBðYÞ þ AðYÞBðXÞ�
þ k½AðXÞDðYÞ þ AðYÞDðXÞ�:

ð7:13Þ

Suppose Q is the Ricci operator given by gðQX; YÞ ¼
SðX; YÞ and

SðQX; YÞ ¼ S2ðX; YÞ. Therefore, we get

AðQXÞ ¼ gðQX;UÞ ¼ SðX;UÞ,
BðQXÞ ¼ gðQX;VÞ ¼ SðX;VÞ and

DðQXÞ ¼ gðQX;WÞ ¼ SðX;WÞ.
Hence, from Eq. (7.13), we have the following equation

SðQX; YÞ ¼ kðr� pÞ
2

SðX; YÞ þ kðrþ pÞSðX;UÞAðYÞ

þ k½SðX;UÞBðYÞ þ AðYÞSðX;VÞ�
þ k½SðX;UÞDðYÞ þ AðYÞSðX;WÞ�:

ð7:14Þ

Contracting Eq. (7.14) over X and Y, we get

S2ðX;XÞ ¼ kQk2 ¼ kðr� pÞr
2

þ kðrþ pÞSðU;UÞ

þ 2kSðU;VÞ þ 2kSðU;WÞ:
ð7:15Þ

From Eqs. (1.6), (7.11) and (7.12), we obtain

SðU;UÞ ¼ b� a ¼ kðrþ 3pÞ
2

: ð7:16Þ

SðU;VÞ ¼ �c ¼ �k: ð7:17Þ

SðU;WÞ ¼ �d ¼ �k: ð7:18Þ

Using Eqs. (7.16), (7.17) and (7.18) in Eq. (7.15), we

derive

kQk2 ¼ k2ðr2 þ 3p2 � 4Þ: ð7:19Þ

Hence, we can state the following theorem.

Theorem 7.4 If a viscous fluid ðHGQEÞ4 spacetime sat-

isfying Einstein’s field equation without cosmological

constant, then the square of the length of Ricci operator is

k2ðr2 þ 3p2 � 4Þ.

Now, if we consider

r[ 3p: ð7:20Þ

From Eq. (7.19), it follows that

k2ðr2 þ 3p2 � 4Þ[ 0;

i:e:; r2 þ 3p2 [ 4:
ð7:21Þ

In view of Eqs. (7.20) and (7.21), we obtain

r2 þ r2

3
[ r2 þ 3p2 [ 4;

which gives

r[
ffiffiffi
3

p
:

Hence, we get the following corollary.

Corollary 7.1 In a viscous fluid ðHGQEÞ4 spacetime

satisfying Einstein’s field equation without cosmological

constant with r[ 3p and p[ 0, the energy density is

greater than
ffiffiffi
3

p
.

8 Example of ðHGQEÞ4 Spacetime

In this section, we give a non-trivial example of ðHGQEÞ4
spacetime to ensure its existence. We take a Lorentzian

metric g on M4 by

ds2 ¼gijdx
idxj ¼ � k

r
ðdtÞ2 þ 1

c
r � 4

ðdrÞ2

þ r2ðdhÞ2 þ ðr sin hÞ2ðd/Þ2;

where i; j ¼ 1; 2; 3; 4 and k, c are constants. Then, nonzero

components of Christoffel symbols, curvature tensors and

Ricci tensors are given below.

C2
33 ¼ 4r � c;C1

12 ¼ � 1

2r
;C2

22 ¼
c

2rðc� 4rÞ ;C
3
32 ¼ C4

42 ¼
1

r
;

C4
43 ¼ cot h;C2

44 ¼ ð4r � cÞðsin hÞ2;C3
44 ¼ � sinð2hÞ

2

9
>>=

>>;

ð8:1Þ

R1221 ¼ � kðc� 3rÞ
r3ðc� 4rÞ ;R1331 ¼

kðc� 4rÞ
2r2

;R1441 ¼
kðc� 4rÞðsin hÞ2

2r2

R2332 ¼
c

2ð4r � cÞ ;R2442 ¼
cðsin hÞ2

2ð4r � cÞ ;R3443 ¼ rðc� 5rÞðsin hÞ2

R11 ¼ � k

r3
;R22 ¼ � 3

rðc� 4rÞ ;R33 ¼ �3;R44 ¼ �3ðsin hÞ2

9
>>>>>>>>>=

>>>>>>>>>;

:

ð8:2Þ

From Eqs. (8.1) and (8.2), it follows thatM4 is a Lorentzian

manifold of nonzero scalar curvature (¼ � 8
r2
). Now our

aim is to show that this manifold is ðHGQEÞ4. Suppose
a; b; c and d are the associated scalars and we consider

these scalars by the following way
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a ¼ � 3

r2
; b ¼ � 4

r2
; c ¼ 2

r2
; d ¼ 3

r2
ð8:3Þ

and the associated 1-forms are as follows

AiðxÞ ¼

ffiffiffi
k

r

r
for i ¼ 1

0 for i ¼ 2; 3; 4

8
<

: ;

BiðxÞ ¼
1

2r2
for i ¼ 4

0 for i ¼ 1; 2; 3

8
<

:

andDiðxÞ ¼
� 1

3r2
for i ¼ 4

0 for i ¼ 1; 2; 3

8
<

:

Thus, we get,

ðiÞR11 ¼ ag11 þ bA1A1 þc½A1B1 þ B1A1� þd½A1D1

þD1A1�
ðiiÞR22 ¼ ag22 þ bA2A2 þ c½A2B2 þ B2A2� þ d½A2D2

þD2A2�
ðiiiÞR33 ¼ ag33 þ bA3A3 þ c½A3B3 þ B3A3� þ d½A3D3

þD3A3�
ðivÞR44 ¼ ag44 þ bA4A4 þ c½A4B4 þ B4A4� þ d½A4D4

þD4A4�:
Since the other Ricci tensors except R11;R22;R33 and R44

are zero, so we have

Rij ¼ agij þ bAiAj þ c½AiBj þ BiAj� þ d½AiDj þ DiAj�;
i; j ¼ 1; 2; 3; 4. It is clearly seen that its scalar curvature

¼ 4a� b ¼ � 8
r2
. Therefore, ðM4; gÞ is a hyper-generalized

quasi-Einstein manifold.

Example 8.1 Suppose ðM4; gÞ is a Lorentzian manifold

equipped with the Lorentzian metric g given by

ds2 ¼gijdx
idx j ¼ � k

r
ðdtÞ2 þ 1

c
r � 4

ðdrÞ2

þ r2ðdhÞ2 þ ðr sin hÞ2ðd/Þ2;

where i; j ¼ 1; 2; 3; 4 and k, c are constants. Then, ðM4; gÞ
is a ðHGQEÞ4 spacetime with nonconstant and nonzero

scalar curvature.

Conclusion : Hyper-generalized quasi-Einstein mani-

folds play a very significant role in general relativity and

cosmology. It has wide applications in general relativistic

viscous fluid spacetime admitting heat flux and stress.

General relativity describes a description of gravity as a

geometric property of spacetime. The curvature of space-

time is directly related to the energy and momentum. Also

we know the cosmological constant to be a homogeneous

energy density which causes the expansion of the universe

to accelerate. Here, we obtain geometric and physical

properties of hyper-generalized quasi-Einstein spacetimes

in general relativity and cosmology with some certain

conditions.

Compliance with ethical standards

Relevance of the Work in Broad Context ðHGQEÞ4 is considered

as base space of general relativistic viscous fluid spacetime. It plays

significant role in general relativity. Warped product arose due to

surface’s revolution. Exact solutions of Einstein’s field equations are

warped products. So it is essential to study Einstein’s field equation,

space-matter tensor, warped product on ðHGQEÞn.
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Abstract: In this paper, we study the generalized Friedmann–Robertson–Walker spacetime in a new way. We know that

the generalized Friedmann-Robertson-Walker metric and solutions of the Einstein field equations can be expressed in terms

of Lorentzian warped products. We consider a multiply warped product metric of the generalized Friedmann-Robertson-

Walker spacetime of type M ¼ B�h1
F1 �h2

F2 with the warping functions h1; h2 associated to the submanifolds F1;F2

with dimensions n1; n2, respectively and the submanifold F1 is conformal to ðRn1 ; gÞ, a pseudo-Euclidean space. Then we

show that the Einstein equations GAB ¼ �j gAB on ðM; gÞ with a cosmological constant j is reduced to the Einstein

equations Gij ¼ �j2g2ij on the submanifold ðF2; g2Þ with the cosmological constant j2. Furthermore, we consider some

black hole solutions as typical examples. Then we derive the corresponding Einstein equations and the reduced Einstein

equations for each black hole solution.

Keywords: Generalized Friedmann–Robertson–Walker spacetime; Multiply warped product; Einstein equations; Black

hole solution.

1. Introduction

Definition 1.1 Let ðMn; gÞ be a semi-Riemannian mani-

fold of dimension n. Then G is said to be an Einstein

gravitational tensor field of M if it satisfies the relation

GðX; YÞ ¼ RicðX; YÞ � 1

2
SgðX;YÞ

for every X; Y 2 XðMÞ, where S is the scalar curvature

tensor on M.

Therefore the Einstein field equations can be written in

the form

RicðX; YÞ � 1

2
SgðX; YÞ þ jgðX; YÞ ¼ kTðX; YÞ;

where T is the stress-energy tensor, j is the cosmological

constant and k is the Einstein gravitational constant. The

basic solutions of the Einstein field equations have been

studied in Lorentzian geometry and general relativity and

they can be expressed in terms of the warped products [1].

In Lorentzian geometry some well-known solutions of the

Einstein field equations such as Schwarzschild and Fried-

mann-Robertson-Walker metrics can be expressed in terms

of the warped products. The generalized Friedmann-

Robertson-Walker metric and solutions of the Einstein field

equations can be expressed in terms of the Lorentzian

warped products. Different models like the general rela-

tivistic model of gravitation and cosmological model pro-

vided the importance to find the Einstein equations. The

warped product geometry is used to solve the partial dif-

ferential equations since we can easily use the method of

separation of variables. In five dimensional warped product

geometry [2], the world has been considered as a higher

dimensional universe expressed in terms of warped product

geometry. Albert Einstein provided a static solution of the

field equations and introduced the cosmological constant

[3]. Recently, the cosmological constants were studied by

many authors on various spaces [4–7].

Definition 1.2 Let ðMn; gÞ be a semi-Riemannian mani-

fold of dimension n ð� 4Þ. Then M is said to be an Einstein

manifold if its Ricci tensor Ric satisfies the condition

RicðX; YÞ ¼ kgðX; YÞ for every X; Y 2 XðMÞ, where k is a

real constant on M.*Corresponding author, E-mail: nandan.bhunia31@gmail.com
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Note 1. RicðX; YÞ ¼ 0 for n ¼ 1 and RicðX; YÞ ¼
K
2
kgðX; YÞ for n ¼ 2: Hence a 2-dimensional semi-Rie-

mannian manifold is Einstein if and only if it has a constant

sectional curvature and (M, g) is Einstein for n ¼ 3 if and

only if it has a constant sectional curvature.

Definition 1.3 Let ðB; gBÞ and ðF; gFÞ be two pseudo-

Riemannian manifolds with dimðBÞ ¼ n ð[ 0Þ, dimðFÞ ¼
m ð[ 0Þ and h be a positive and smooth function on B.

Then the warped product M ¼ B�h F is the product

manifold B� F endowed with the metric tensor gM ¼
gB þ h2gF defined by

gM ¼ p�ðgBÞ þ ðh � pÞ2r�ðgFÞ;

where p : B� F ! B and r : B� F ! F are the natural

projections and � denotes the pull-back operator. Here B

and F are called the base and fiber of M, respectively. The

function h is called the warping function of the warped

product [8].

The concept of warped product was first introduced by

Bishop and O’Neil [9] to construct the examples of Rie-

mannian manifold with negative curvature. Now we can

generalize the warped products to multiply warped

products.

Definition 1.4 10] A multiply warped product is the

product manifold M ¼ B�h1
F1 �h2

F2:::�hm Fm endowed

with the metric tensor g ¼ gB � h2
1gF1

� h2
2gF2

� h2
3gF3

�
::::� h2

mgFm
defined by

g ¼ p�ðgBÞ � ðh1 � pÞ2r�1ðgF1
Þ � :::� ðhm � pÞ2r�mðgFm

Þ;

where p and ri ði ¼ 1; 2; :::;mÞ are the natural projections

of B� F1 � F2:::::� Fm onto B;F1;F2; :::;Fm�1 and Fm,

respectively. For each i 2 f1; 2; :::;mg the function hi :

B ! ð0;1Þ is smooth and ðFi; gFi
Þ is a pseudo-Rieman-

nian manifold.

Note 2. In particular, when B ¼ ðc; dÞ equipped with the

negative definite metric gB ¼ �dt2, where c\d and

ðFi; gFi
Þ is a Riemannian manifold for each

i 2 f1; 2; :::;mg, then we call ðM; gÞ as the generalized

Robertson–Walker spacetimes.

Many authors studied the warped product manifolds and

locally conformally flat manifolds, see [11, 12]. There are

several studies correlating the warped product Einstein

manifolds under various conditions on the curvature and

symmetry, see [13–16]. It is well-known that the Einstein

condition on warped geometries requires that the fibers

must be necessarily Einstein [17]. In 2000, B. Ünal [10]

derived the covariant derivative formulas for multiply

warped products and also studied the geodesic equations

for such type of spaces. In 2000, J. Choi [18] investigated

the curvature of a multiply warped product with C0-

warping functions and represented the interior Sch-

warzschild spacetime as a multiply warped product

spacetime with warping functions. In 2005, F. Dobarro and

B. Ünal [19] studied the Ricci-flat and Einstein-Lorentzian

multiply warped products and provided some results on the

generalized Kasner spacetimes. In 2005 [20], authors

obtained the necessary and sufficient conditions for a static

spacetime to be locally conformally flat. In 2016, D.

Dumitru [21] calculated the warping functions for multiply

generalized Robertson-Walker space-time to be an Einstein

manifold when all fibers are Ricci flat. In 2017, F. Gho-

lami, F. Darabi and A. Haji-Badali [22] studied the mul-

tiply warped product metrics and reduced the Einstein

equations for generalized Friedmann-Robrtson-Walker

spacetime. In 2017, Sousa and Pina [23] studied the warped

product semi-Riemannian Einstein manifolds under con-

sideration that the base is conformal to an n-dimensional

pseudo-Euclidean space and invariant under the action of

an ðn� 1Þ-dimensional group. More recently, in [24], the

authors generalized the work of Sousa and Pina for mul-

tiply warped product semi-Riemannian Einstein manifolds.

So, there are several studies correlating the warped

product manifolds, multiply warped product manifolds,

Einstein-Lorentzian multiply warped product manifolds,

generalized Kasner spacetimes, static spacetime with con-

formal condition and generalized Friedmann-Robrtson-

Walker spacetime etc. It is well-known that the generalized

Friedmann-Robertson-Walker metric and solutions of the

Einstein field equations can be expressed in terms of the

Lorentzian warped products. The multiply warped product

ðM; gÞ is a Lorentzian multiply warped product when it

satisfies Note 2. Then the Lorentzian multiply warped

product ðM; gÞ is called a generalized Robertson-Walker

spacetime. In this paper we consider a multiply warped

product metric of the generalized Friedmann-Robertson-

Walker spacetime of type M ¼ B�h1
F1 �h2

F2 with

dimðBÞ ¼ 1; the warping functions h1; h2 associated to the

submanifolds F1;F2 with dimensions n1; n2, respectively

and the submanifold F1 is conformal to ðRn1 ; gÞ, a pseudo-

Euclidean space. A new way to study on generalized

Friedmann-Robertson-Walker spacetime means we discuss

the Einstein gravitational field tensors and the cosmologi-

cal constant in generalized Friedmann-Robertson-Walker

spacetime ðM; gÞ of type M ¼ B�h1
F1 �h2

F2 equipped

with the metric g ¼ gB � h1
2g1 � h2

2g2; where g1 ¼ g
u2 ; g

being the pseudo-Euclidean metric on Rn1 with respect to

the co-ordinates x ¼ ðx1; x2; :::; xn1
Þ; gij ¼ dijei and u :

Rn1 ! R is a smooth function.

We organize the paper as follows: in section 2, we recall

some elementary notions about multiply warped product

manifolds. In section 3, we compute the Ricci tensor of

N Bhunia et al.



ðFi; giÞ and Einstein gravitational field tensor of ðM; gÞ.
Then we show that the Einstein equations GAB ¼ �j gAB
on ðM; gÞ with the cosmological constant j is reducible to

the Einstein equations Gij ¼ �j2gij on F2 with the cos-

mological constant j2 such that j; j2 are in terms of

h1; h2; n1 and n2. In section 4, we consider some black hole

solutions as typical examples [25, 26]. Then we derive the

corresponding Einstein equations and the reduced Einstein

equations for each black hole solution.

2. Preliminaries

In this section, we recall some basic results for multiply

warped product manifolds [19] which will be needed

throughout the current work. Let f be a smooth function on

a semi-Riemannian manifold (M, g) of dimension n. Then

the Hessian of f is defined by Hf ðX; YÞ ¼ XðYf Þ � ðrXYÞf
and Laplacian of f is defined by Df ¼ tracegðHf Þ; or

D ¼ divðgradÞ, where grad; div and r are the gradient,

divergence and covariant derivative operators,

respectively.

Proposition 2.1 Let M ¼ B�f1 M1 � :::�fm Mm be a

pseudo-Riemannian multiply warped product endowed

with the metric tensor g ¼ gB � f 2
1 gM1

� f 2
2 gM2

� :::�
f 2
mgMm

and also let X; Y ; Z 2 LðBÞ and V 2 LðMiÞ, W 2
LðMjÞ: Then

RicðX; YÞ ¼ RicBðX; YÞ �
Xm

i¼1

ni
fi

� �
Hfi

BðX; YÞ; ð1Þ

RicðV ;XÞ ¼ 0; ð2Þ

RicðV ;WÞ ¼ 0; for i 6¼ j; ð3Þ

RicðV ;WÞ ¼ RicMiðV ;WÞ

� DBfi
fi

þ ðni � 1Þ jgradBfij
2
B

f 2
i

"

þ
Xm

k¼1;k 6¼i

nk
gBðgradBfi; gradBfkÞ

fifk

#
gðV ;WÞ;

for i ¼ j;

ð4Þ

where Ric;RicB and RicMi are the Ricci curvature tensors

of the metrics g; gB and gMi
, respectively.

Proposition 2.2 Let M ¼ B�f1 M1 � :::�fm Mmbe a

pseudo-Riemannian multiply warped product with the

metric tensor g ¼ gB � f 2
1 gM1

� f 2
2 gM2

� :::� f 2
mgMm

:Then

the scalar curvature S of (M, g) admits the following

expressions

S ¼SB � 2
Xm

i¼1

ni
DBfi
fi

þ
Xm

i¼1

SMi

f 2
i

�
Xm

i¼1

niðni � 1Þ jgradBfij
2
B

f 2
i

�
Xm

i¼1

Xm

k¼1;k 6¼i

nink
gBðgradBfi; gradBfkÞ

fifk
;

ð5Þ

where SBand SMiare the scalar curvatures of the metrics

gBand gMi
,respectively.

3. Generalized Friedmann–Robertson–Walker

Spacetime

The Friedmann-Robertson-Walker metric is an exact

solution of the Einstein’s field equations in four dimen-

sional spacetime. It describes an isotropic, homogeneous,

contracting or expanding universe which may be simply or

multiply connected. This metric can be written in the fol-

lowing general form

gðxaÞ ¼ edt2 þ f 2ðtÞgabðxÞdxadxb; ð6Þ

where a; b 2 f1; 2; 3g:

Definition 3.1 Let ðF1; g1Þ and ðF2; g2Þ be two Rieman-

nian manifolds and B be a manifold of dimension one.

Also, let hi : B ! ð0;1Þ; i 2 f1; 2g be smooth functions.

The Lorentzian multiply warped product is the product

manifold M ¼ B� F1 � F2 equipped with the metric g on

M given by

gðxaÞ ¼edt2 þ h1
2ðtÞgabðxlÞdxadxb þ h2

2ðtÞgijðxkÞdxidxj

ð7Þ

with the local components

g00 ¼ gðot; otÞ ¼ e; gab ¼ h1
2ðtÞg1abðxlÞ; gij

¼ h2
2ðtÞg2ijðxkÞ; gia ¼ 0; g0i ¼ 0;

ð8Þ

where e2 ¼ 1; ðxlÞ; ðxkÞ and t are the co-ordinate systems

on F1;F2 and B, respectively. It is also noted that a; b 2
f1; 2; :::; n1g; i; j 2 fn1 þ 1; :::; n1 þ n2g and a 2
f1; :::; n1 þ n2g: We use ot ¼ o

ot ; oi ¼ o
oxi ; oa ¼ o

oxa : We

consider h01 ¼ dh1

dt ; h
0
2 ¼ dh2

dt ;A1 ¼ 2h0
1

h1
;A2 ¼ 2h0

2

h2
:

Now we obtain the following results in terms of the

Ricci tensor and scalar curvature of generalized Fried-

mann-Robertson-Walker spacetime ðM; gÞ of type M ¼
B�h1

F1 �h2
F2 equipped with the metric g ¼ gB �

h1
2g1 � h2

2g2; where g1 ¼ g
u2 ; g being the pseudo-Eucli-

dean metric on Rn1 .
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Proposition 3.2 Let ðM ¼ B�h1
F1 �h2

F2; gÞ be a gen-

eralized Friedmann-Robertson-Walker spacetime. Then we

have

Ricðot; otÞ ¼ �n1

A1
2

4
þ A0

1

2

� �
� n2

A2
2

4
þ A0

2

2

� �
; ð9Þ

Ricðoa; obÞ ¼
1

u
ðn1 � 2ÞH/

g ðoa; obÞ � gab e
A1

2

4
þ A0

1

2

� ��

þðn1 � 1ÞeA1
2

4
þ n2e

A1A2

4

�
; a 6¼ b;

ð10Þ

Ricðoa; obÞ ¼
1

u
ðn1 � 2ÞH/

g ðoa; oaÞ þ
1

u
eaDgu

� 1

u2
ðn1 � 1Þeajrguj2 � gab e

A1
2

4
þ A0

1

2

� ��

þðn1 � 1ÞeA1
2

4
þ n2e

A1A2

4

�
; a ¼ b;

ð11Þ

Ricðoi; ojÞ ¼ RicF2ðoi; ojÞ

� gij e
A2

2

4
þ A0

1

2

� �
þ ðn2 � 1ÞeA2

2

4
þ n1e

A1A2

4

� �
;

ð12Þ

Ricðot; oaÞ ¼ 0; ð13Þ

Ricðoa; oiÞ ¼ 0; ð14Þ

where local components of the Ricci tensor on ðF2; g2Þ is

RicF2ðoi; ojÞ:

Proof Here ðM ¼ B�h1
F1 �h2

F2; gÞ be a generalized

Friedmann-Robertson-Walker spacetime equipped with the

metric g ¼ gB � h1
2g1 � h2

2g2; where g1 ¼ g
u2 ; g being the

pseudo-Euclidean metric on Rn1 . In view of Proposi-

tion 2.1, we obtain

Ricðot; otÞ ¼ RicBðot; otÞ �
X2

i¼1

ni
hi

� �
Hhi

B ðot; otÞ

¼ � n1

h1

� �
Hh1

B ðot; otÞ þ
n2

h2

� �
Hh2

B ðot; otÞ
� �

¼ � n1

h1

� �
€h1 þ

n2

h2

� �
€h2

� �
; sinceHhi

B ¼ €hi

¼ �n1

A1
2

4
þ A0

1

2

� �
� n2

A2
2

4
þ A0

2

2

� �
;

ð15Þ

Ricðoa; obÞ ¼ RicF1ðoa; obÞ �
DBh1

h1

þ ðn1 � 1Þ jgradBh1j2B
h1

2

"

þn2

gBðgradBh1; gradBh2Þ
h1h2

�
gðoa; obÞ

¼ 1

u
ðn1 � 2ÞH/

g ðoa; obÞ � gab e
A1

2

4
þ A0

1

2

� ��

þðn1 � 1ÞeA1
2

4
þ n2e

A1A2

4

�
; a 6¼ b;

ð16Þ

Ricðoa; obÞ ¼ RicF1ðoa; oaÞ �
DBh1

h1

þ ðn1 � 1Þ jgradBh1j2B
h1

2

"

þn2

gBðgradBh1; gradBh2Þ
h1h2

�
gðoa; oaÞ

¼ 1

u
ðn1 � 2ÞH/

g ðoa; oaÞ þ
1

u
eaDgu

� 1

u2
ðn1 � 1Þeajrguj2 � gaa e

A1
2

4
þ A0

1

2

� ��

þðn1 � 1ÞeA1
2

4
þ n2e

A1A2

4

�
; a ¼ b;

ð17Þ

Ricðoi; ojÞ ¼ RicF2ðoi; ojÞ �
DBh2

h2

þ ðn2 � 1Þ jgradBh2j2B
h2

2

"

þn1

gBðgradBh1; gradBh2Þ
h1h2

�
gðoi; ojÞ

¼ RicF2ðoi; ojÞ

� gij e
A2

2

4
þ A0

2

2

� �
þ ðn2 � 1ÞeA2

2

4
þ n1e

A1A2

4

� �
;

ð18Þ

Ricðot; oaÞ ¼ 0; ð19Þ

Ricðoa; oiÞ ¼ 0: ð20Þ

This completes the proof. h

Proposition 3.3 Let ðM ¼ B�h1
F1 �h2

F2; gÞbe a gen-

eralized Friedmann-Robertson-Walker spacetime. Then the

scalar curvature Sof ðM; gÞhave the following expression

S ¼ �2 n1

A1
2

4
þ A0

1

2

� �
þ n2

A2
2

4
þ A0

2

2

� �� �

þ ðn1 � 1Þ
h1

2
2uDgu� n1jrguj2
h i

þ SF2

h2
2

� n1ðn1 � 1ÞeA1
2

4
þ n2ðn2 � 1ÞeA2

2

4

� �

� n1n2e
A1A2

4
:

ð21Þ

Proof To prove this Proposition 3.3, we use

Proposition 2.2 and it follows that
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S ¼ SB � 2
X2

i¼1

ni
DBhi
hi

� �
þ
X2

i¼1

SFi

hi
2

�
X2

i¼1

niðni � 1Þ jgradBhij
2
B

hi
2

�
X2

i¼1

X2

k¼1;k 6¼i

nink
gBðgradBhi; gradBhkÞ

hihk
;

where SB and SFi denote the scalar curvatures of the metrics

gB and gi, respectively.

This implies that

S ¼ �2 n1

A1
2

4
þ A0

1

2

� �
þ n2

A2
2

4
þ A0

2

2

� �� �
þ SF1

h2
1

þ SF2

h2
2

� n1ðn1 � 1ÞeA1
2

4
þ n2ðn2 � 1ÞeA2

2

4

� �
� n1n2e

A1A2

4
:

Now we know that from [17],

RicF1 ¼ 1

u
½ðn1 � 2ÞHu

g ðXi;XjÞ�; i 6¼ j; i; j 2 f1; 2; :::; n1g;

RicF1 ¼ 1

u2
½ðn1 � 2ÞuHu

g ðXi;XiÞ

þ fuDgu� ðn1 � 1Þjrguj2g�ei ; i ¼ j:

Taking trace on both sides of the above equation, we obtain

SF1 ¼
Xn1

i¼1

gii1Ricg1 ii

¼
Xn1

i¼1

gii1Ricg1
ðuXi;uXiÞ

¼
Xn1

i¼1

eiu
2Ricg1

ðXi;XiÞ

¼
Xn1

i¼1

ei ðn1 � 2ÞuHu
g ðXi;XiÞ

h

þfuDgu� ðn1 � 1Þjrguj2ggðXi;XiÞ
i

¼ ðn1 � 2Þu
Xn1

i¼1

eiH
u
g ðXi;XiÞ

þ fuDgu� ðn1 � 1Þjrguj2g
Xn1

i¼1

e2
i dii

¼ ðn1 � 2Þu
Xn1

i¼1

giiHu
g;ii

þ fuDgu� ðn1 � 1Þjrguj2g
Xn1

i¼1

e2
i

¼ ðn1 � 2Þu trðHu
g Þ þ n1fuDgu� ðn1 � 1Þjrguj2g

¼ ðn1 � 2ÞuDguþ n1fuDgu� ðn1 � 1Þjrguj2g
¼ 2ðn1 � 1ÞuDgu� n1ðn1 � 1Þjrguj2:

Hence we obtain

S ¼ �2 n1

A1
2

4
þ A0

1

2

� �
þ n2

A2
2

4
þ A0

2

2

� �� �

þ ðn1 � 1Þ
h1

2
2uDgu� n1jrguj2
h i

þ SF2

h2
2
� n1ðn1 � 1ÞeA1

2

4
þ n2ðn2 � 1ÞeA2

2

4

� �

� n1n2e
A1A2

4
:

This completes the proof. h

Proposition 3.4 Let ðM ¼ B�h1
F1 �h2

F2; gÞbe a gen-

eralized Friedmann-Robertson-Walker spacetime and Gbe

its Einstein gravitational tensor field. Then we have the

following equations

G00 ¼ �ðn1 � 1Þe
2h1

2
½2uDgu� n1jrguj2�

� eSF2

2h2
2
� n1

2
ð3 � 2e� n1Þ

A1
2

4

� n2

2
ð3 � 2e� n2Þ

A2
2

4
� n1ð1 � eÞA

0
1

2

� n2ð1 � eÞA
0
2

2

þ n1n2

2

A1A2

4
;

ð22Þ

Ga0 ¼ 0; Gi0 ¼ 0; Gia ¼ 0; ð23Þ

Gab ¼
1

u
ðn1 � 2ÞHu

g ðoa; obÞ

þ gab �ðn1 � 1Þ
2h1

2
f2uDgu� n1jrguj2g �

SF2

2h2
2

�

þ ðn1 � eÞ A1
2

4
þ A0

1

2

� �
þ n2

A2
2

4
þ A0

2

2

� �

þ eðn1 � 1Þðn1 � 2Þ
2

A1
2

4

þ en2ðn2 � 1Þ
2

A2
2

4
þ en2ðn1 � 2Þ

2

A1A2

4

�
; a 6¼ b;

ð24Þ

Gab ¼
1

u
ðn1 � 2ÞHu

g ðoa; oaÞ þ
1

u
eaDgu� ðn1 � 1Þea

u2
jrguj2

þ gaa �ðn1 � 1Þ
2h1

2
f2uDgu� n1jrguj2g �

SF2

2h2
2

�

þ ðn1 � eÞ A1
2

4
þ A0

1

2

� �
þ n2

A2
2

4
þ A0

2

2

� �

þ eðn1 � 1Þðn1 � 2Þ
2

A1
2

4

þ en2ðn2 � 1Þ
2

A2
2

4
þ en2ðn1 � 2Þ

2

A1A2

4

�
; a ¼ b;

ð25Þ
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Gij ¼ Gij þ gij �ðn1 � 1Þ
2h1

2
f2uDgu� n1jrguj2g

�

þ n1

A1
2

4
þ A0

1

2

� �

þ ðn2 � eÞ A2
2

4
þ A0

2

2

� �

þ en1ðn1 � 1Þ
2

A1
2

4
þ eðn2 � 1Þðn2 � 2Þ

2

A2
2

4

þ en1ðn2 � 2Þ
2

A1A2

4

�
;

ð26Þ

where Gab and Gij are the local components of Einstein

gravitational tensor field G of ðF1; g1Þ and ðF2; g2Þ,
respectively.

Proof We know that the Einstein gravitational tensor

field G of ðM; gÞ is given by

G ¼ Ric � 1

2
Sg:

Using this equation, we get

G00 ¼Ricðot; otÞ �
1

2
Sg00

¼� n1

A1
2

4
þ A0

1

2

� �
þ n2

A2
2

4
þ A0

2

2

� �� �

� 1

2
�2n1e

A1
2

4
þ A0

1

2

� �
� 2n2e

A2
2

4
þ A0

2

2

� ��

þ ðn1 � 1Þe
h2

1

f2uDgu� n1jrguj2g þ
eSF2

h2
2

�n1ðn1 � 1ÞA1
2

4
� n2ðn2 � 1ÞA2

2

4
� n1n2

A1A2

4

�

¼� ðn1 � 1Þe
2h1

2
½2uDgu� n1jrguj2�

� eSF2

2h2
2
� n1

2
ð3 � 2e� n1Þ

A1
2

4

� n2

2
ð3 � 2e� n2Þ

A2
2

4
� n1ð1 � eÞA

0
1

2

� n2ð1 � eÞA
0
2

2

þ n1n2

2

A1A2

4
;

ð27Þ

Ga0 ¼ 0; Gi0 ¼ 0; Gia ¼ 0; ð28Þ

Gab ¼ Ricðoa; obÞ �
1

2
Sgab; a 6¼ b

¼ 1

u
ðn1 � 2ÞHu

g ðoa; obÞ � gab e
A1

2

4

��

þA0
1

2

�
þ ðn1 � 1ÞeA1

2

4

þn2e
A1A2

4

�
� 1

2
gab �2n1

A1
2

4
þ A0

1

2

� ��

� 2n2

A2
2

4
þ A0

2

2

� �

þ ðn1 � 1Þ
h1

2
f2uDgu� n1jrguj2g þ

SF2

h2
2

� n1ðn1 � 1ÞeA1
2

4
� n2ðn2 � 1ÞeA2

2

4

�n1n2e
A1A2

4

�
; a 6¼ b

¼ 1

u
ðn1 � 2ÞHu

g ðoa; obÞ

þ gab �ðn1 � 1Þ
2h1

2
f2uDgu� n1jrguj2g �

SF2

2h2
2

�

þ ðn1 � eÞ A1
2

4
þ A0

1

2

� �
þ n2

A2
2

4
þ A0

2

2

� �

þ eðn1 � 1Þðn1 � 2Þ
2

A1
2

4

þ en2ðn2 � 1Þ
2

A2
2

4
þ en2ðn1 � 2Þ

2

A1A2

4

�
; a 6¼ b;

ð29Þ

Gab ¼ Ricðoa; oaÞ �
1

2
Sgaa; a ¼ b

¼ 1

u
ðn1 � 2ÞHu

g ðoa; oaÞ þ
1

u
eaDgu� ðn1 � 1Þea

u2
jrguj2

� gaa e
A1

2

4
þ A0

1

2

� �
þ ðn1 � 1ÞeA1

2

4
þ n2e

A1A2

4

� �

� 1

2
gaa �2n1

A1
2

4
þ A0

1

2

� �
� 2n2

A2
2

4
þ A0

2

2

� ��

þ ðn1 � 1Þ
h1

2
f2uDgu� n1jrguj2g þ

SF2

h2
2

�n1ðn1 � 1ÞeA1
2

4
� n2ðn2 � 1ÞeA2

2

4
� n1n2e

A1A2

4

�
; a ¼ b

¼ 1

u
ðn1 � 2ÞHu

g ðoa; oaÞ þ
1

u
eaDgu� ðn1 � 1Þea

u2
jrguj2

þ gaa �ðn1 � 1Þ
2h1

2
f2uDgu� n1jrguj2g �

SF2

2h2
2

�

þ ðn1 � eÞ A1
2

4
þ A0

1

2

� �
þ n2

A2
2

4
þ A0

2

2

� �

þ eðn1 � 1Þðn1 � 2Þ
2

A1
2

4

þ en2ðn2 � 1Þ
2

A2
2

4
þ en2ðn1 � 2Þ

2

A1A2

4

�
; a ¼ b;

ð30Þ
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Gij ¼ Ricðoi; ojÞ �
1

2
Sgij

¼ RicF2ðoi; ojÞ � gij e
A2

2

4
þ A0

2

2

� ��

þðn2 � 1ÞeA2
2

4
þ n1e

A1A2

4

�

� 1

2
gij �2n1

A1
2

4
þ A0

1

2

� �
� 2n2

A2
2

4
þ A0

2

2

� ��

þ ðn1 � 1Þ
h1

2
f2uDgu� n1jrguj2g þ

SF2

h2
2

� n1n2e
A1A2

4

�n1ðn1 � 1ÞeA1
2

4
� n2ðn2 � 1ÞeA2

2

4

�

¼ RicF2ðoi; ojÞ �
1

2
SF2g2ij

þ gij �ðn1 � 1Þ
2h1

2
f2uDgu� n1jrguj2g þ n1

A1
2

4
þ A0

1

2

� ��

þ ðn2 � eÞ A2
2

4
þ A0

2

2

� �

þ en1ðn1 � 1Þ
2

A1
2

4
þ eðn2 � 1Þðn2 � 2Þ

2

A2
2

4

þ en1ðn2 � 2Þ
2

A1A2

4

�

¼ Gij þ gij �ðn1 � 1Þ
2h1

2
f2uDgu� n1jrguj2g

�

þ n1

A1
2

4
þ A0

1

2

� �

þ ðn2 � eÞ A2
2

4
þ A0

2

2

� �

þ en1ðn1 � 1Þ
2

A1
2

4
þ eðn2 � 1Þðn2 � 2Þ

2

A2
2

4

þ en1ðn2 � 2Þ
2

A1A2

4

�
:

ð31Þ

This completes the proof. h

Proposition 3.5 The Einstein equations in generalized

Friedmann-Robertson-Walker spacetime ðM; gÞwith the

cosmological constant j are equivalent to the following

reduced Einstein equations

j ¼ ðn1 � 1Þ
2h1

2
2uDgu� n1jrguj2
h i

� en1ðn1 þ n2 þ 2e� 3Þ
2

A1
2

4

� en2ðn2 þ 2e� 3Þ
2

A2
2

4
þ en1ð2 � 2e� n2Þ

2

A0
1

2

þ en2ð3 � 2e� n2Þ
2

A0
2

2
;

ð32Þ

Gij ¼ egij
n2

2
� 1

� �
n1

A1
2

4
þ n1

A0
1

2
þ ðn2 � 1ÞA

0
2

2

�

�n1

A1A2

4

�
:

ð33Þ

Proof Using the equation (22) and G ¼ �j g; we obtain

j ¼ ðn1 � 1Þ
2h1

2
2uDgu� n1jrguj2
h i

þ SF2

2h2
2

� en1ð2eþ n1 � 3Þ
2

A1
2

4

� en2ð2eþ n2 � 3Þ
2

A2
2

4
þ n1eð1 � eÞA

0
1

2

þ n2eð1 � eÞA
0
2

2
� en1n2

2

A1A2

4
:

ð34Þ

Again by using the equation (26), the Einstein equation

G ¼ �j g and the equation (34), we get

Gij ¼ �gij
SF2

2h2
2

þ n1e
A1

2

4
þ n1e

A0
1

2

�

þeðn2 � 1ÞA
0
2

2
� n1e

A1A2

4

�
:

ð35Þ

Now contracting the equation (35) with gij; we have

SF2

h2
2

¼ n1n2e
A1A2

4
� en1n2

A1
2

4
� en1n2

A0
1

2

� en2ðn2 � 1ÞA
0
2

2
:

ð36Þ

Hence from the equations (35) and (36), we obtain

Gij ¼ egij
n2

2
� 1

� �
n1

A1
2

4
þ n1

A0
1

2
þ ðn2 � 1ÞA

0
2

2
� n1

A1A2

4

� �
:

ð37Þ

Using the equation (36) in the equation (34), we get

j ¼ ðn1 � 1Þ
2h1

2
2uDgu� n1jrguj2
h i

� en1ðn1 þ n2 þ 2e� 3Þ
2

A1
2

4

� en2ðn2 þ 2e� 3Þ
2

A2
2

4
þ en1ð2 � 2e� n2Þ

2

A0
1

2

þ en2ð3 � 2e� n2Þ
2

A0
2

2
:

ð38Þ

This completes the proof. h

Proposition 3.6 The Einstein equations G ¼ �j g on

ðM; gÞ with the cosmological constant j induce the Ein-

stein equations Gij ¼ �j2g2ij on ðF2; g2Þ; where j2is given

by

j2 ¼ �eh2
2 n2

2
� 1

� �

n1

A1
2

4
þ n1

A0
1

2
þ ðn2 � 1ÞA

0
2

2
� n1

A1A2

4

� �
:

Proof By using the equations (8) and (33), we get Gij ¼
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�j2g2ij on ðF2; g2Þ, where the cosmological constant j2 is

given by

j2 ¼ �eh2
2 n2

2
� 1

� �

n1

A1
2

4
þ n1

A0
1

2
þ ðn2 � 1ÞA

0
2

2
� n1

A1A2

4

� �
:

ð39Þ

h

Note 3. One can also study the generalized Friedmann-

Robertson-Walker spacetime ðM; gÞ of type M ¼ B�h1

F1 �h2
F2 equipped with the metric g ¼ gB � h1

2g1 �
h2

2g2; where g2 ¼ g
u2 ; g being the pseudo-Euclidean metric

on Rn2 and can compute the Ricci tensor of ðFi; giÞ and

Einstein gravitational field tensor of ðM; gÞ. After similar

calculations we find out the following results for the cos-

mological constants of Einstein equations.

Proposition 3.7 The Einstein equations

GAB ¼ �j gAB on ðM; gÞ with the cosmological constant

j induce the Einstein equations Gab ¼ �j1g1ab on

ðF1; g1Þ, where ðF1; g1Þj and j1 are given by

j ¼ ðn2 � 1Þ
2h2

2
2uDgu� n2jrguj2
h i

� en2ðn1 þ n2 þ 2e� 3Þ
2

A2
2

4

� en1ðn1 þ 2e� 3Þ
2

A1
2

4
þ en2ð2 � 2e� n1Þ

2

A0
2

2

þ en1ð3 � 2e� n1Þ
2

A0
1

2
;

ð40Þ

j1 ¼ �eh1
2 n1

2
� 1

� �
n2

A2
2

4
þ n2

A0
2

2
þ ðn1 � 1ÞA

0
1

2

�

�n2

A1A2

4

�
:

ð41Þ

Proof Similar as Proposition 3.6.

4. Example of generalized black holes

Using the above mentioned Proposition 3.7, we wish to

show some examples of the generalized black hole solu-

tions whose metrics can be written as a multiply warped

product metric of the generalized Friedmann-Robertson-

Walker spacetime ðM ¼ B�h1
F1 �h2

F2; gÞ, where F2 is

conformal to the pseudo-Euclidean space Rn2 . Then we

reduce the Einstein equations GAB ¼ �j gAB into Gab ¼
�j1g1ab by considering an n-dimensional Schwarzschild

black hole and an n-dimensional Reissner-Nördstrom black

hole.

4.1. n-dimensional Schwarzschild black hole

The metric of a Schwarzschild black hole [25] of dimen-

sion n is given by

ds2 ¼ �pðrÞdt2 þ pðrÞ�1dr2 þ r2dX2
n�2; ð42Þ

where pðrÞ ¼ 1 � m
rn�3

� 	
; dX2

n�2 ¼ ð2pÞ
n�1

2

Cðn�1
2
Þ ; Cð1

2
Þ ¼

ffiffiffi
p

p
;Cðzþ 1Þ ¼ zCðzÞ and the geometric mass m

indicates for the radius of horizon. Then this may be

expressed [22] as a multiply warped product M ¼ B�h1

F1 �h2
F2 of dimension n equipped with the metric

ds2 ¼ �dl2 þ h1
2ðlÞdt2 þ h2

2ðlÞdX2
n�2; ð43Þ

where

h1ðlÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

ðF�1ðlÞÞn�3
� 1

r
;

h2ðlÞ ¼ F�1ðlÞ:

We consider F2 is conformal to an ðn� 2Þ-dimensional

pseudo-Euclidean space ðRn�2; gÞ: Then dX2
n�2 ¼

1
u2 dU2

n�2; where dU2
n�2 is the pseudo-Euclidean metric and

u : Rn�2 ! R is a smooth function.

The existence of the above functions h1ðlÞ and h2ðlÞ
guarantees the reduction of Einstein equations GAB ¼
�j gAB into Gab ¼ �j1g1ab, where j and j1 are the cos-

mological constants subject to the set of coupled differ-

ential equations (40) and (41) by the substitution of t by l:

4.2. n-dimensional Reissner-Nördstrom black hole

The metric of a Reissner-Nördstrom black hole of dimen-

sion n (� 4) is given by

ds2 ¼ �pðrÞdt2 þ pðrÞ�1dr2 þ r2dX2
n�2; ð44Þ

where pðrÞ ¼ 1 � m
rn�3 þ q

r2ðn�3Þ

� �
; m and q are the geometric

mass and charge of the black hole, respectively, and

dXn�2 ¼ 2p
C n�1

2ð Þ :

Then equation (44) can be written as an n-dimensional

multiply warped product metric of the generalized Fried-

mann-Robertson-Walker spacetime ðM ¼ B�h1
F1 �h2

F2; gÞ furnished with the metric [22

ds2 ¼ �dl2 þ h1
2ðlÞdt2 þ h2

2ðlÞdX2
n�2; ð45Þ

where

h1ðlÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

ðF�1ðlÞÞn�3
� q

ðF�1ðlÞÞ2n�6
� 1

s
;

h2ðlÞ ¼ F�1ðlÞ

with
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l ¼
Z r

r�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�pðrÞ�1

q
dr ¼ FðrÞ; ðsayÞ

i:e:; r ¼F�1ðlÞ:
ð46Þ

We consider F2 is conformal to an ðn� 2Þ-dimensional

pseudo-Euclidean space ðRn�2; gÞ: Then dX2
n�2 ¼

1
u2 dU2

n�2; where dU2
n�2 is the pseudo-Euclidean metric and

u : Rn�2 ! R is a smooth function.

The existence of the above functions h1ðlÞ and h2ðlÞ
guarantees the reduction of Einstein equations GAB ¼
�j gAB into Gab ¼ �j1g1ab, where j and j1 are the cos-

mological constants subject to the set of coupled differ-

ential equations (40) and (41) by the substitution of t by l:

5. Conclusions

One can also investigate the above singular metrics of n-

dimensional Schwarzschild black hole and Reissner-

Nördstrom black hole in view of the lightlike warped

product [27]. Let us consider the n-dimensional Sch-

warzschild black hole metric given in (42) with respect to

the coordinate system ðt; r; x1; x2; :::; xn�2Þ on ðM ¼ B�h1

F1 �h2
F2; gÞ: Let u and v be two null coordinates such that

u ¼ t þ r and v ¼ t � r: Then the metric given in (42)

transforms into the metric

ds2 ¼ 1

4pðrÞ ½1 � pðrÞ2�½du2 þ dv2� � 2½1 þ pðrÞ2�dudv

þ 1

4
ðu� vÞ2dX2

n�2:

ð47Þ

Clearly if we consider the condition pðrÞ ¼ 1 then the

metric given in (47) becomes

ds2 ¼ �4dudvþ 1

4
ðu� vÞ2dX2

n�2: ð48Þ

Hence the absence of the terms du2 and dv2 in (48) implies

that u and v are all constants. Hence u and v are lightlike

hypersurfaces of M: Therefore, according to [27], it is

possible to construct a lightlike warped product manifold.

Then one can also do the further calculations in a similar

way.

We obtain the same result for the n-dimensional

Reissner-Nördstrom black hole.
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[26] A Bejancu, C Călin and H R Farran J. Math. Phys. 53 122503

(2012)

[27] K Duggal and B Sahin Differential Geometry of Lightlike Sub-
manifolds (Switzerland: Birkhäuser Basel) 36 (2010)
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APPLICATION OF T -CURVATURE TENSOR IN SPACETIMES

NANDAN BHUNIA (1), SAMPA PAHAN (2) AND ARINDAM BHATTACHARYYA (3)

Abstract. In this paper we show that T -flat spacetime is Einstein with constant

curvature and the energy momentum tensor of this spacetime satisfying the Ein-

stein’s field equation with the cosmological constant is covariant constant. Then

we find the length of the Ricci operator and derive some geometric properties for a

T -flat general relativistic viscous fluid spacetime. We also see that for a purely elec-

tromagnetic distribution the scalar curvature of a T -flat spacetime satisfying the

Einstein’s field equation without cosmological constant vanishes. Lastly we study

the general relativistic viscous fluid spacetime with the divergence-free T -curvature

tensor with respect to some conditions and the possible local cosmological structure

is of Petrov type I, D or O.

1. Introduction

This paper is dealt with some investigations in the theory of general relativity with

respect to the coordinate vanishing method in differential geometry. In this type

of study a spacetime of general relativity is considered like a connected pseudo-

Riemannian manifold of dimension four equipped with the Lorentzian metric g having

signature (-, +, +, +). The field equation of Einstein [3] follows that the energy

momentum tensor is of divergence free. If the energy momentum tensor is covariant

constant then this demand is fulfilled. Chaki and Roy [11] had proved that a general

relativistic spacetime admitting the covariant constant energy momentum tensor is

Ricci symmetric. Many authors [13, 16, 5, 18, 17] had studied spacetimes in different
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ways on different manifolds and different curvature tensors.

Let (M, g) be an n-dimensional pseudo-Riemannian manifold and X(M) be the Lie

algebra of vector fields in M. We consider X, Y, Z,W ∈ X(M) throughout the entire

study.

Definition 1.1. A pseudo-Riemannian manifold (M, g) is a differentiable manifold

M equipped with an everywhere non-degenerate, smooth, symmetric metric tensor

g.

Tripathi and Gupta [12] had developed the notion of T - curvature tensor in pseudo-

Riemannian manifolds. They defined T - curvature tensor as follows.

Definition 1.2. In an n-dimensional pseudo-Riemannian manifold (M, g), a T - cur-

vature tensor is a tensor of type (1, 3) defined by

T (X, Y )Z = c0R(X, Y )Z(1.1)

+c1S(Y, Z)X + c2S(X,Z)Y + c3S(X, Y )Z

+c4g(Y, Z)QX + c5g(X,Z)QY + c6g(X, Y )QZ

+rc7 [g(Y, Z)X − g(X,Z)Y ] ,

whereX, Y, Z ∈ X(M); c0, c1, c2, c3, c4, c5, c6, c7 are smooth functions onM ; S,Q,R, r,

g are respectively the Ricci tensor, Ricci operator, curvature tensor, scalar curvature

and pseudo-Riemannian metric tensor.

Definition 1.3. The Riemannian curvature tensor R of type (0, 4) on M is a quadri-

linear mapping R : X(M)× X(M)× X(M)× X(M) → C∞(M) defined by

R(X, Y, Z,W ) = g(R(X, Y )Z,W ) for any X, Y, Z,W ∈ X(M).

T -curvature tensor reduces to many other curvature tensors for different values of

c0, c1, c2, c3, c4, c5, c6, c7.
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Definition 1.4. A T -curvature tensor of type (0, 4) is defined by

T (X, Y, Z,W ) = c0R(X, Y, Z,W )(1.2)

+c1S(Y, Z)g(X,W ) + c2S(X,Z)g(Y,W )

+c3S(X, Y )g(Z,W ) + c4g(Y, Z)S(X,W )

+c5g(X,Z)S(Y,W ) + c6g(X, Y )S(Z,W )

+rc7 [g(Y, Z)g(X,W )− g(X,Z)g(Y,W )] ,

where X, Y, Z,W ∈ X(M), R is the Riemannian curvature tensor, S is the Ricci ten-

sor, g is the pseudo-Riemannian metric tensor and T (X, Y, Z,W ) = g (T (X, Y )Z,W ).

Definition 1.5. A spacetime is called an Einstein spacetime if the Ricci tensor S of

type (0, 2) satisfies the relation S = r
n
, n > 2 on M where r is the scalar curvature

of (Mn, g).

Definition 1.6. A spacetime is called T -flat if the T -curvature tensor of type (0, 4)

satisfies the relation T (X, Y, Z,W ) = 0 on M for any X, Y, Z,W ∈ X(M).

Definition 1.7. A spacetime is called a spacetime with constant curvature if the cur-

vature tensor satisfies the relation R(X, Y, Z,W ) = g(X,Z)g(Y,W )−g(X,W )g(Y, Z)

on M for any X, Y, Z,W ∈ X(M).

Definition 1.8. If a spacetime M admits a symmetry then it is said to be a curvature

collineation (CC) [8, 9, 6] if

(£ξR) (X, Y )Z = 0,(1.3)

where R is the Riemannian curvature tensor.

Definition 1.9. The vector field ξ is said to be a Killing vector field if it satisfies the

relation (£ξg) (X, Y ) = 0 where X, Y ∈ X(M).

Definition 1.10. The vector field ξ is said to be a conformal Killing vector field if it

satisfies the relation (£ξg) (X, Y ) = 2φg(X, Y ) where X, Y ∈ X(M) and φ is being a

scalar.

Definition 1.11. A spacetime is called T -conservative if (div T )(X, Y, Z) = 0.
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Definition 1.12. A (0, 2)-type symmetric tensor field F in a pseudo-Riemannian

manifold (Mn, g) is called Codazzi type if (∇XF )(Y, Z) = (∇Y F )(X,Z) for X, Y, Z ∈

X(M).

This paper has been arranged in the following manner. In the first unit we give intro-

duction. In Section 2 we study spacetime admitting vanishing T -curvature tensor and

some geometric properties have been derived. Section 3 is devoted to the general rel-

ativistic viscous fluid spacetime admitting vanishing T -curvature tensor. In Section

4 we discuss the general relativistic viscous fluid spacetime admitting divergence-free

T -curvature tensor.

2. A spacetime admitting vanishing T -curvature tensor

In this unit we consider V4 as a spacetime of dimension 4 in general relativity for our

entire study. We obtain the following results.

Theorem 2.1. If (c0 + 4c1 + c2 + c3 + c5 + c6) 6= 0 then a T -flat spacetime is an

Einstein spacetime.

Proof. For a T -flat spacetime T (X, Y, Z,W ) = 0. Then from the equation (1.2), we

obtain

0 = c0R(X, Y, Z,W )(2.1)

+c1S(Y, Z)g(X,W ) + c2S(X,Z)g(Y,W )

+c3S(X, Y )g(Z,W ) + c4g(Y, Z)S(X,W )

+c5g(X,Z)S(Y,W ) + c6g(X, Y )S(Z,W )

+rc7 [g(Y, Z)g(X,W )− g(X,Z)g(Y,W )] .

Taking contraction on both sides over X and W , we derive

S(Y, Z) = −

[

r(c4 + 3c7)

(c0 + 4c1 + c2 + c3 + c5 + c6)

]

g(Y, Z).(2.2)

Let α = −
[

r(c4+3c7)
c0+4c1+c2+c3+c5+c6

]

. Then the equation (2.2) becomes

S(Y, Z) = αg(Y, Z).(2.3)

Clearly, if (c0 + 4c1 + c2 + c3 + c5 + c6) 6= 0 then this is an Einstein spacetime. �
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Theorem 2.2. If c0 6= 0, c3+ c6 = 0, (c1+ c2+ c4 + c5) = 0 and (c0 +4c1 + c2 + c3+

c5 + c6) 6= 0 then a T -flat spacetime is a spacetime with constant curvature.

Proof. In view of the equation (2.3), the equation (2.1) implies that

R(X, Y, Z,W ) = −

[

(c1 + c4)α + rc7

c0

]

[g(Y, Z)g(X,W )(2.4)

+

[

rc7 − (c2 + c5)α

c0

]

g(X,Z)g(Y,W )]

−
α(c3 + c6)

c0
g(X, Y )g(Z,W ).

It clearly follows that if c0 6= 0, c3 + c6 = 0, (c1 + c2 + c4 + c5) = 0 and (c0 + 4c1 +

c2 + c3 + c5 + c6) 6= 0 then

R(X, Y, Z,W ) =

[

(c1 + c4)α + rc7

c0

]

[g(X,Z)g(Y,W )− g(Y, Z)g(X,W )].

That is, a T -flat spacetime is a spacetime with constant curvature with respect to

the above conditions. �

Theorem 2.3. The energy momentum tensor is covariant constant in T -flat space-

time satisfying the Einstein’s field equation with the cosmological constant.

Proof. We consider a spacetime satisfying the Einstein’s field equation with the cos-

mological constant

S(X, Y )−
r

2
g(X, Y ) + λg(X, Y ) = kT (X, Y ),(2.5)

where S, λ, r, k and T (X, Y ) are being the Ricci tensor, cosmological constant, scalar

curvature, gravitational constant and energy momentum tensor respectively.

In view of the equations (2.3) and (2.5), we derive

T (X, Y ) =
1

k

(

α−
r

2
+ λ

)

g(X, Y ).(2.6)

By taking the covariant derivative with respect to Z on both sides, we gain

(∇ZT ) (X, Y ) = −
1

k

[

(c4 + 3c7)

(c0 + 4c1 + c2 + c3 + c5 + c6)
+

1

2

]

dr(Z)g(X, Y ).(2.7)

As a T -flat spacetime is an Einstein spacetime with the condition (c0 + 4c1 + c2 +

c3 + c5 + c6) 6= 0, hence the scalar curvature r is a constant. Therefore,

dr(Z) = 0, ∀Z.(2.8)
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The equations (2.7) and (2.8) jointly imply that

(∇ZT ) (X, Y ) = 0.

Thus the energy momentum tensor T (X, Y ) is covariant constant. �

Theorem 2.4. If a spacetime M with T -curvature tensor with respect to a Killing

vector field ξ is curvature collineation then the Lie derivative of T -curvature tensor

vanishes along ξ.

Proof. The geometrical symmetries of a spacetime can be written as

£ξA− 2ΩA = 0,(2.9)

where A is the physical or geometrical quantity, Ω is a scalar and £ξ represents the

Lie derivative with respect to ξ.

For the metric inheritance symmetry we put A = g in the equation (2.9). Thus

(£ξg) (X, Y )− 2Ωg(X, Y ) = 0.(2.10)

Clearly, in this case if Ω = 0 then ξ becomes a Killing vector field. Let a spacetime

M with T -curvature tensor with respect to a Killing vector field ξ be curvature

collineation. Thus we gain

(£ξg) (X, Y ) = 0.(2.11)

As M is admitting a curvature collineation, hence we derive from the equation (1.3)

that

(£ξS) (X, Y ) = 0,(2.12)

where S denotes the Ricci tensor.

We take the Lie derivative of the equation (1.1) and then with the help of the equa-

tions (1.3), (2.11) and (2.12), we derive (£ξT ) (X, Y )Z = 0. �

Theorem 2.5. Let a spacetime satisfying the Einstein’s field equation be of zero T -

curvature tensor. The spacetime admits the matter collineation with respect to ξ if

and only if ξ is a Killing vector field.
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Proof. The symmetry of energy momentum tensor T is called matter collineation and

it is defined by

(£ξT ) (X, Y ) = 0,

where ξ is the symmetry generating vector field and£ξ is the operator of Lie derivative

along ξ.

Let ξ be a Killing vector field of vanishing T -curvature tensor. Therefore

(£ξg) (X, Y ) = 0.(2.13)

Taking the Lie derivative on both the sides of the equation (2.6) with respect to ξ,

we have

1

k

(

α−
r

2
+ λ

)

(£ξg) (X, Y ) = (£ξT ) (X, Y ).(2.14)

Using the equation (2.13) in the equation (2.14), we have

(£ξT ) (X, Y ) = 0.(2.15)

This proves that the spacetime admits the matter collineation.

For the converse part, let (£ξT ) (X, Y ) = 0. Therefore from the equation (2.14), we

find

(£ξg) (X, Y ) = 0.

This shows that ξ is a Killing vector field. �

Theorem 2.6. Let a spacetime satisfying the Einstein’s field equation be of vanishing

T -curvature tensor. The vector field ξ is a conformal Killing vector field if and only

if the energy momentum tensor has the Lie inheritance property with respect to ξ.

Proof. Let ξ be a conformal Killing vector field. Therefore,

(£ξg) (X, Y ) = 2φg(X, Y ),(2.16)

where φ is being a scalar.

Now, from the equation (2.14), it follows that

(

α−
r

2
+ λ

)

2φg(X, Y ) = k (£ξT ) (X, Y ).(2.17)
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With the help of the equation (2.6) in the equation (2.17), we have

(£ξT ) (X, Y ) = 2φT (X, Y ).(2.18)

This shows that the energy momentum tensor has the Lie inheritance property with

respect to ξ.

For the converse part, let the energy momentum tensor have the Lie inheritance

property with respect to ξ. Therefore,

(£ξT ) (X, Y ) = 2φT (X, Y ).

Clearly, the equation (2.16) holds good. This proves that ξ is a conformal Killing

vector field. �

3. General relativistic viscous fluid spacetime admitting vanishing

T -curvature tensor

In this unit we consider the general relativistic viscous fluid spacetime admitting

vanishing T -curvature tensor satisfying the Einstein’s field equation without cosmo-

logical constant with the condition σ+p = 0 where p, σ are respectively the isotropic

pressure and the energy density. Furthermore, σ + p = 0 implies that the fluid be-

haves like a cosmological constant [7] and it is also called the phantom barrier [15].

The choice σ = −p leads to the rapid expansion of this spacetime in cosmology and

it is called inflation [10]. We obtain the following theorems.

Theorem 3.1. If a T -flat general relativistic viscous fluid spacetime with the condi-

tion σ+p = 0 where p, σ are respectively the isotropic pressure and the energy density

satisfies the Einstein’s field equation without cosmological constant, then

‖Q‖2 =
4k2p2(c4 + 3c7)

2

(c0 + 4c1 + c2 + c3 + 2c4 + c5 + c6 + 6c7)2
,

where Q is the Ricci operator.

Proof. In a general relativistic viscous fluid spacetime with the condition σ + p = 0,

the energy momentum tensor T takes the form [3]

T (X, Y ) = pg(X, Y ),(3.1)
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where p is the isotropic pressure, σ denotes the energy density and g(U, U) = −1, U

is the velocity vector field of this flow.

The field equation of Einstein without cosmological constant takes the form

S(X, Y )−
r

2
g(X, Y ) = kT (X, Y ),(3.2)

where r denotes the scalar curvature and k 6= 0.

Using the equations (2.3) and (3.1) in the equation (3.2), we have

(

α−
r

2
− kp

)

g(X, Y ) = 0.(3.3)

Taking contraction on both sides over X and Y , we derive

r = −
2pk(c0 + 4c1 + c2 + c3 + c5 + c6)

(c0 + 4c1 + c2 + c3 + 2c4 + c5 + c6 + 6c7)
.(3.4)

From the equations (2.3) and (3.4), it implies that

S(X, Y ) =
2pk(c4 + 3c7)

(c0 + 4c1 + c2 + c3 + 2c4 + c5 + c6 + 6c7)
g(X, Y ).(3.5)

If Q is the Ricci operator then g(QX, Y ) = S(X, Y ) and S(QX, Y ) = S2(X, Y ).

From the equation (3.5), we have

S(QX, Y ) =
4p2k2(c4 + 3c7)

2

(c0 + 4c1 + c2 + c3 + 2c4 + c5 + c6 + 6c7)2
g(X, Y ).(3.6)

Taking contraction on both sides over X and Y , we get

‖Q‖2 =
4p2k2(c4 + 3c7)

2

(c0 + 4c1 + c2 + c3 + 2c4 + c5 + c6 + 6c7)2
.(3.7)

�

Theorem 3.2. If a T -flat general relativistic viscous fluid spacetime with the con-

dition σ + p = 0 where p, σ are respectively the isotropic pressure and the energy

density obeying the Einstein’s field equation without cosmological constant satisfies

the condition of timelike convergence then this spacetime also satisfies the relation

p(c4 + 3c7)

(c0 + 4c1 + c2 + c3 + 2c4 + c5 + c6 + 6c7)
< 0.

Proof. The condition of timelike convergence [14] is given by

S(X,X) > 0,(3.8)
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for any timelike vector field X .

From the equations (3.1) and (3.2), it follows that

S(X, Y )−
r

2
g(X, Y ) = kpg(X, Y ).(3.9)

Setting X = Y = U in the equation (3.9) and with the help of the equation (3.4), we

have

S(U, U) = −
2pk(c4 + 3c7)

(c0 + 4c1 + c2 + c3 + 2c4 + c5 + c6 + 6c7)
.(3.10)

Since k > 0 and S(U, U) > 0, so we obtain

p(c4 + 3c7)

(c0 + 4c1 + c2 + c3 + 2c4 + c5 + c6 + 6c7)
< 0.(3.11)

�

Theorem 3.3. For a purely electromagnetic distribution the scalar curvature of a

T -flat spacetime with the condition σ+ p = 0 where p, σ are respectively the isotropic

pressure and the energy density satisfying the Einstein’s field equation without cos-

mological constant is zero.

Proof. Taking contraction on both sides of the equation (3.2) over X and Y , we gain

r = −kt,(3.12)

where t is the trace of T .

Using the equation (3.12) in the equation (3.2), we derive

S(X, Y ) = kT (X, Y )−
kt

2
g(X, Y ).(3.13)

For a purely electromagnetic distribution the Einstein’s field equation without cos-

mological constant is given by

S(X, Y ) = kT (X, Y ).(3.14)

From the equations (3.13) and (3.14), it implies that t = 0. Hence, we obtain r = 0

from the equation (3.12). �
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4. General relativistic viscous fluid spacetime admitting

divergence-free T -curvature tensor

This part is devoted to the study of the general relativistic viscous fluid spacetime

admitting the divergence-free T -curvature tensor. We have the following theorems

in this regard.

Theorem 4.1. In a general relativistic viscous fluid spacetime admitting divergence-

free T -curvature tensor, if c1 + c2 = 0 and c3 = 0 then the energy momentum tensor

is of Codazzi type.

Proof. From the equation (1.1), we have

(div T )(X, Y, Z) = (c0 + c1)(∇XS)(Y, Z) + (c2 − c0)(∇Y S)(X,Z)(4.1)

+c3(∇ZS)(X, Y ) +
(c4

2
+ c7

)

g(Y, Z)dr(X)

+
(c5

2
− c7

)

g(X,Z)dr(Y ) +
c6

2
g(X, Y )dr(Z).

Putting (div T )(X, Y, Z) = 0 and dr(X) = 0 in the equation (4.1), we have

0 = (c0 + c1)(∇XS)(Y, Z) + (c2 − c0)(∇Y S)(X,Z)(4.2)

+c3(∇ZS)(X, Y ).

Clearly, if c1 + c2 = 0 and c3 = 0, then we derive from the equation (4.2) that

(∇XS)(Y, Z) = (∇Y S)(X,Z).(4.3)

From the equations (3.2) and (4.3), it implies that

(∇XT )(Y, Z) = (∇Y T )(X,Z).

Therefore, the energy momentum tensor is of Codazzi type. �

Theorem 4.2. In a general relativistic viscous fluid spacetime admitting divergence-

free T -curvature tensor, if c1 + c2 = 0 and c3 = 0 then the velocity vector field of the

fluid is proportional to the gradient vector field of the energy density.

Proof. It is already proved that the energy momentum tensor in the general relativis-

tic viscous fluid spacetime is of Codazzi type. This implies that both the vorticity
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and shear of the fluid vanish and the velocity vector field is hyper-surface orthogonal.

That is, the velocity vector field of the fluid is proportional to the gradient vector

field of the energy density [4, 2]. �

Theorem 4.3. For a general relativistic viscous fluid spacetime admitting divergence-

free T -curvature tensor, if c1 + c2 = 0 and c3 = 0 then the possible local cosmological

structure of this spacetime is of Petrov type I, D or O.

Proof. Barnes [1] proved that if the shear and vorticity of a perfect fluid spacetime

vanish then the velocity vector field U is hyper-surface orthogonal and the energy

density is constant over the hyper-surface which is orthogonal to U . Hence, the local

cosmological structure of this spacetime is of Petrov type I, D or O. �
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