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Abstract

The thesis is concerned with a study of numerical solution of integral equations with
regular and singular kernel by boundary element method and their applications to
water wave scattering problems by thin curved barrier and rectangular thick barrier
present in water region. The work in the present thesis is based on following problems.
[1] Boundary element approach of solving Fredholm and Volterra integral equations.
[2] Line element method of solving singular integral equations.
[3] Hypersingular integral equation formulation of the problem of water wave scattering
by a circular arc shaped impermeable barrier submerged in a water of finite depth.
[4] Water wave interaction with a circular arc shaped porous barrier submerged in a
water of finite depth.
[5] Scattering of water waves by thick rectangular barrier in presence of ice cover.
[6] Numerical approach to the problem of oblique wave scattering by a wide rectangular
impediment with a vent placed under a finite depth water body with ice covered surface.
The problems in [1] and [2] illustrate the application of boundary element method
(BEM) to solve Fredholm and Volterra integral equations of second kind and also
singular integral equations of first kind with weakly singular kernel and hypersingular
equations of first and second kind. In this approach, the the range of integration is
divided into finite number of line elements. Next, discretizing the interval of definition
of the integral equation into same number of line elements and assuming that the
unknown function satisfying the integral equation is constant in each small line element,
it is then converted into a system of linear algebraic equations. The unknown function is

then evaluated on each line element by solving the system of linear algebraic equations.



The error analysis of this method is also discussed here. Some examples are considered
here for illustrating the method.

Under the assumption of linearised theory of water waves, the problem of scattering
of water waves by a thin circular arc shaped barrier, rigid and porous, submerged in
ocean of finite depth, are studied in problems [3] and [4] respectively. By judicious
application of Green’s integral theorem, the corresponding boundary value problem
is reduced to a hypersingular integral equation of first kind for the rigid barrier and
of second kind for the porous barrier. This hypersingular integral equation in each
problem is solved by using two methods. The first method is based on the Boundary
Element Method (BEM) as described in problems [1] and [2]. The second method
is a collocation method where the unknown function satisfying the integral equation
is approximated by an infinite series involving Chebyshev polynomials. Choosing the
collocation points suitably the integral equation is reduced to a system of linear equa-
tions. Using the solution of the integral equation, the quantities of physical interest,
i.e, reflection and transmission coefficients are obtained and studied graphically in each
problem in [3] and [4].

In problem [5], the problem of water wave scattering of a normally incident wave
train by a thick rectangular barriers present in water with ice cover is studied. The
four basic configurations of thick rectangular barrier viz, partially immersed, bottom
standing, submerged to a finite depth and wall with a gap extending full depth of
water region are considered. The problem [6] is concerned with the study of the prob-
lem of scattering of an obliquely incident wave by a thick rectangular wall with a gap
totally submerged in water of finite depth with ice cover. Multi term Galerkin ap-
proximations involving ultraspherical Gegenbauer polynomials is used for solving the
integral equations arising in the mathematical analysis for the problems in [5] and [6].
In problem [6], the corresponding integral equation is also solved by using boundary
element method. Numerical estimates for the reflection and transmission coefficients

are obtained for various values of different parameters and are studied graphically.
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Chapter 1

Introduction

1 Preamble

The theory of integral equations constitute an important topic in Mathematics as this
is one of the most useful mathematical tools in both pure and applied mathematics.
Integral equations arise in a natural way in course of solving the initial and boundary
value problems associated with mathematical modelling of physical phenomena. The
solutions of integral equations play an important role to understand the qualitative
features of the physical phenomena in the natural sciences.

Development of the theory of integral equation is closely associated with the history
of mathematics, specifically applied mathematics. The origin of integral equation may
be attributed to N.H.Abel who in 1826 first reduced the problem of finding the path
of descent of a particle along a smooth vertical curve under the action of gravity in
an interval of time, to an integral equation. Later in 1896, V. Volterra developed the
general theory of solution of a class of linear integral equation where the upper limit of
integral is variable. Such type of integral equations are known after him. I. Fredholm
in 1900 developed the theory of integral equation in which the limits of integral are
constants and these integral equations are known as Fredholm integral equations.

It may be noted that an extensive literature exists for the theory of second kind integral

equations of Fredholm or Volterra type but the literature concerning first kind integral
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equation is rather limited. In some cases the first kind integral equations with special
forms of kernels possess exact solutions. These are mostly singular integral equations
in which the kernels have singularities of different forms.

Study of singular integral equations is significant due to their occurrence and applica-
tion in various physical problems in mathematical physics as has been demonstrated in
Abel integral equation. The kernel of Abel integral equation is a weakly singular kernel
as it has square root singularity. A weakly singular integral can be defined in Riemann
sense and so it is amenable to numerical methods. However a strongly singular integral
needs to be defined in special way. The kernel of Cauchy type singular integral equa-
tion involves strong singularity and the corresponding integral is defined in the sense of
Cauchy principal value. Similarly the kernel of hypersingular integral equation involves
hypersingular integral which is defined as Hadamard finite part integral.

The literature on singular integral equations with Cauchy kernel was enriched around
the middle of twentieth century by contribution of Russian mathematicians like N. L.
Muskhelishvili, S. G. Mikhlin, F. D. Gakhov, I. I. Piralov and others. They carried out
a lot of work on Cauchy type singular integral equations by using the complex vari-
able theory exploiting the concept of analytic functions and Riemann Hilbert boundary
value problem. Extensive references of the works by these mathematicians can be found
in the treatise of Muskhelishvili (1953), Mikhlin (1957), Gakhov (1966).

A major part of the development of singular integral equations involve devising
methods by which these can be investigated for obtaining their solutions successfully.
It may be noted that the methods of complex variable theory leading to the solu-
tion of Riemann Hilbert problems for solving singular integral equations are cum-
bersome. Certain elementary and straightforward methods also produce the solu-
tions relatively. Notable works by Peters (1963), Case (1966), Estrada and Kan-
wal (1989,2000), Chakrabarti (1980,1981,1984,1986,1989.2006,2007), Chakrabarti and
Chakrabarti (1977), Chakrabarti and George (1994), Chakrabarti and Manam (2003),
Chakrabarti and Williams (1980), Mandal and Goswami (1983), Mandal (1986), Mac-
Cammy (1965,1985), Banerjea and Mandal (1993,1995), Williams (1978) may be men-

tioned in this connection. This has resulted in the creation of somewhat new interest in



CH 1. INTRODUCTION

the investigation of singular integral equations by simple and straightforward methods
to obtain their solutions.

Hypersingular integral equations of first kind also arise in various physical problems
of continuum mechanics. Examples range from potential flow past a rigid thin plate,
acoustic scattering by hard plate, water wave interaction with thin impermeable barri-
ers in the linearized theory of water waves (Martin et. al. (1997)), to crack problems in
two dimensional elasticity (Ioakimidis (1982)) and stress field around cracks in fracture
mechanics (Chan et. al. (2003)). The problem of two dimensional flow past a flat rigid
plate in an infinite fluid can be reduced to finding the solution of a simple hypersingular
integral equation with the condition that the unknown function vanishes at the end
points of the range of integration. The solution of the hypersingular integral equation
of first kind was obtained by Parsons and Martin (1992,1994) by using a collocation
method based on approximating the unknown function by Chebychev’s polynomial.
A number of water wave scattering problems involving thin straight or curved plates
have been investigated by formulating them in terms of hypersingular integral equa-
tions (cf. Parsons and Martin (1992,1994), Mandal et. al. (1995), Banerjea et. al.
(1996), Mandal and Gayen (2002), Kanoria and Mandal (2002), Dutta and Banerjea
(2009), Mondal and Banerjea (2016)). Recently boundary element method has been
applied to solve numerically the integral equation with regular, weakly singular and
hypersingular integral equations (cf. Banerjea et. al. (2019), Samanta et. al. (2022)).
Hypersingular integral equations of second kind have been investigated in the literature
rarely. Occurrence of hypersingular integral equations of second kind can be traced to
Prandtl’s (1918) singular integro-differential equation (cf. Dragos (1983)) arising in
connection with the theory of lifting in aerodynamics. A Gauss type quadrature for-
mula was given by Dragos (1994) for its numerical solution. Chakrabarti et. al. (1997),
used a straight forward analysis involving complex function-theoretic method to de-
termine the exact solution of special type of hypersingular integral equation of second
kind. Later Gayen et. al. (2014), Mondal and Banerjea (2016), Mondal et. al. (2021)
used collocation method used by Parsons and Martin (1992) to solve hypersingular in-
tegral equations of second kind. Recently boundary element method has been applied

to solve hypersingular integral equation of second kind numerically and this solution
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is used to solve some water wave problems (cf. Mondal et. al. (2021).

The subject of surface gravity waves is varied and fascinating from the point of
view of types of physical problems which occur as well as mathematical ideas needed
to tackle them. The theory of water waves deals with the study of some general aspect
of wave motion or study of behaviour of waves in presence of some configurations of
interest to the ship designers and oceanographers. Unfortunately even the simplest
problem appears to be difficult to tackle mathematically unless some assumptions are
made about the medium as well as the wave motion. Consequently water is assumed
to be incompressible, inviscid and homogeneous fluid. Thus if one assumes that the
motion in water to be irrotational, then the problems concerning propagation of water
waves reduce to a boundary value problem consisting of Laplace equation together
with appropriate boundary conditions. Again the boundary conditions including the
free surface condition are nonlinear in nature. Thus further assumptions are required
regarding the wave motion to simplify the boundary conditions so as to handle the
boundary value problem mathematically. The nature of assumptions provides a natural
way to classify the theory of water waves. Consequently two approximate theories,
viz, the linearised theory and the shallow water theory are developed from the basic
hydrodynamic theory.

The linearised theory is based on the assumption that the amplitude of wave motion
is small compared to the wavelength(cf. Stoker (1957)). Consequently the motion is
assumed to be small so that the velocity components and the free surface elevation /de-
pression and their partial derivatives are small so that their products and powers can be
neglected. Thus if the motion is assumed to be irrotational then within the framework
of linearised theory the concerned boundary value problem consists in solving Laplace’s
equation together with linearised free surface condition and bottom condition. There
are varied classes of problems in the literature which are studied mathematically within
the framework of linearised theory. The present thesis is concerned with the study of
wave motion under the assumption of linearised theory.

Shallow water theory is developed from the basic hydrodynamic theory on the as-

sumption that the depth of water is small compared to the wavelength. This theory
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gives a set of nonlinear equations even for first order approximation. The first order
approximation leads to the theory of long waves. The higher order approximation gives
solution corresponding to continuous permanent wave profiles of finite amplitude that
can propagate without change of form or shape if viscosity is neglected (cf. Stoker
(1957)).

From mathematical point of view the theory of water waves has been a source of
intriguing and often difficult mathematical problem. Virtually every classical mathe-
matical technique appears somewhere within its confine. The founding fathers of this
subject are Euler, Lagrange, Cauchy, Poisson. Further contributions in the theory of
water waves have been made by Stokes, Lord Kelvin, Kirchhoff and Lamb who con-
structed a number of explicit solutions. In the twentieth century Havelock, Kochin,
Sretensky, Stoker, John and others applied Fredholm theory of boundary integral equa-
tions to the field of water waves. A general exposition of the classical theory is given
in the books of Lamb (1932), Stoker (1957), Wehausen and Laitone (1960), Sretensky
(1977), Lighthill (1978), Whitham (1979), Crapper (1984), Mandal and Chakrabarti
(2000) & Kuznetsov et. al. (2001). Various aspects of linear theory of water waves have
been discussed in the works of Havelock (1929) and Ursell (1947). Applications and
mathematical methods associated with the theory of water waves have been discussed
in Wehausen (1971), Newman (1977), Mei (1983), Linton and Melver (2001).

The present thesis is concerned with the study of some integral equations and its
application to some problems on interaction of water waves with marine structures, un-
der the assumption of linearised theory. The validity of using the linearized theory in
water wave problems has been verified a number of times experimentally. Ursell, Dean
and Yu(1959) experimented on the height of water waves generated by a flat vertical
piston wave-maker and obtained results which are in very good agreement with theo-
retical results obtained under the assumption of linearized theory for small amplitude
gravity waves. Dean and Ursell(1959), Yu and Ursell(1961) also experimented with a
circular cylinder in deep water as well as in finite depth water. In both the experiments

the experimental result of wave amplitude almost coincides with the theoretical results.
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Other experiments were performed from time to time. These experimental evidences

confirm and establish the validity of the linearized theory of water waves.

With this preamble we now describe the problems in the thesis.

2 A brief description of the problems in the thesis

The work in the thesis is concerned with a study of integral equations and its applica-
tions to water wave scattering problems by thin curved barrier and rectangular thick
barrier present in water region. The thesis is divided into four parts. The Part I of the
thesis is an introductory part which comprises of two chapters. Apart from a general
introduction in chapter one, some mathematical preliminaries are discussed in chapter
two.

In Part II of the thesis, there are two chapters viz, Chapter 3 and 4. In this part, the
boundary element method of solution of integral equation with regular and singular
kernel are discussed in chapters 3 and 4 respectively.

The boundary element method (BEM) is a powerful computational technique, provid-
ing numerical solutions to a range of scientific and engineering problems. The method is
easier to apply than the more traditional finite element method. Acoustics, compress-
ible fluid flow problems [cf. Luminita (2007)] are tackled by this numerical technique.
Boundary integral equations are classical tool for the analysis of boundary value prob-
lems consisting of partial differential equation and boundary conditions. The term
boundary element method (BEM) denotes a method for the approximate numerical
solution of these boundary integral equations. The approximate solution of the bound-
ary value problem obtained by BEM has the distinguishing feature that it is an exact
solution of the differential equation in its domain and is parametrized by a finite set
of parameters on the boundary [cf. Beer et. al. (2008), Kirkup (2007), Brebbia and
Dominguez (1994)].

The advantage of BEM over other numerical methods is that only the boundary of
the domain needs to be discretized. Especially in two dimensions where the boundary
is just a curve, this allows very simple data input and storage methods. The bound-

ary element method is especially advantageous in the case of problems with infinite
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or semi-infinite domains, although only the finite surface of the infinite domain has to
be discretized. Thus the solution at any arbitrary point of the domain can be found
after determining the unknown boundary data. For the same level of accuracy, the
boundary element method uses a lesser number of nodes and elements as compared to
the other numerical methods like, finite element method. A detail explanation is given
by Pozrikidis (2002), Becker (1992), Beer and Watson (1992).

As mentioned apriori, the theory of Integral Equations constitute an important topic in
Mathematics. Modeling of physical phenomena in the language of mathematics gives
rise to boundary value problems with a governing differential equation and associated
boundary conditions. Using suitable procedure, the boundary value problem can be
reduced to an integral equation of first or second kind. It is already mentioned that
the literature on second kind integral equation is very rich whereas the literature on
first kind integral equations is very limited. Moreover, if the kernel of the integral
equation is complicated then the analytical methods for solving the integral equation
may not be available. In this situation numerical methods are adopted. A number
of numerical methods are available in the literature viz, Galerkin method, collocation
method where the unknown function satisfying the integral equation is approximated
by a polynomial. An approximate solution of integral equation using various numeri-
cal method has been studied by a number of researchers. Mandal and Bhattacharyya
(2007,2008) obtained approximate numerical solutions of some classes of integral equa-
tions and singular integro-differential equation by using Bernstein polynomials as basis.
Mandal and Bhattacharyya (2007) considered Fredholm integral equations of second
kind and hypersingular integral equations of first and second kind. They explained the
method with illustrative examples and compared the approximate solutions with exact
solutions numerically by evaluating the absolute error associated with the approximate
solutions. An excellent agreement between the exact and approximate solutions was
observed. Also Mandal and Bhattacharyya (2008) used a method based on polynomial
approximation using Bernstein polynomial basis to obtain approximate numerical so-
lution of a singular integro-differential equation with Cauchy kernel. The numerical
results obtained by them agreed favorably with those obtained by various Galerkin

methods earlier in the literature.
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In Chapter 3, we applied boundary element method (BEM) to solve Fredholm and
Volterra integral equations of second kind. In this approach, the the range of integra-
tion is divided into finite number of line elements. Next, discretizing the interval of
definition of the integral equation into same number of line elements and assuming that
the unknown function satisfying the integral equation is constant in each line element,
it is then converted into a system of linear algebraic equations over the line elements. It
may be noted that for Volterra integral equation, a lower triangular matrix associated
with the system of linear algebraic equations is obtained. The unknown function is then
evaluated on each line element by solving the system of linear algebraic equations. The
convergence of the method is studied by increasing the number of line elements. Some
numerical examples of both Fredholm and Volterra integral equations are considered
which are solved by using BEM. From the numerical data, it is observed that quite
accurate results are obtained for both types of integral equations.

In Chapter 4, we have applied boundary element method to solve integral equations
i) of first kind with weakly singular kernel, viz, Abel integral equation and integral
equation with log kernel, ii) of first and second kind with hypersingular kernel.

These integral equations occur while solving the boundary value problems arising in
Mathematical physics, particularly in solid mechanics and theory of water waves.

The analytical solutions of Abel integral equation, integral equation with log ker-
nel and hypersingular integral equation are well known (cf. Mandal and Chakrabarti
(2011)). However if the kernel of the integral equation involves singularity with com-
plicated form, the exact solution may not be easy to obtain in which case numerical
methods are helpful. Moreover, the integral equations with log kernel and Abel integral
equations involve weakly singular kernel while the kernel of the hypersingular integral
equation involves strong singularity. It is important to note here that the integrals
with weak singularity are amenable to the numerical techniques as the integrals can
be defined in ordinary Riemann sense. However the integrals with strong singularity
has to be defined in a special manner and for that reason the numerical evaluation of
integrals with strong singularity needs special attention. The exact solution of hyper-
singular integral equation is available in the literature (cf. Mandal and Chakrabarti

(2011), Dutta and Banerjea (2009)) by function theoretic method or method based on

11
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utilizing the known solution of Cauchy type singular integral equation of first kind.
However, for solving hypersingular integral equation with complicated kernel, Parsons
and Martin (1992) suggested an elegant numerical method based on approximating the
unknown function satisfying the integral equation by Chebychev’s polynomial.
Following the method used in Chapter 3, (cf. Banerjea et. al. (2019)), the range of
integration of the given integral equations in Chapter 4, is divided into finite number
of line elements. Next, discretizing the interval of definition into same number of line
elements, the given integral equation is reduced to a system of algebraic equations over
the line elements. It may be mentioned that the coefficient matrix of the system of
linear equations associated with the Abel integral equation is a lower triangular matrix.
Solving the system of linear algebraic equations, the unknown function is evaluated on
each line element. Some examples are considered here for illustrating the method. It
is observed that use of this method produces very accurate results. The error analysis
of the method is discussed here.

Usually boundary element method is used to solve boundary value problems involving
partial differential equation in a domain in higher dimension. In Chapters 3 and 4
we have used this method to solve integral equations in one dimension. To the best
of our knowledge, this method has not been used in the literature to solve integral
equation although Gray in 1991, Guiggiani in 1992 developed an algorithm to study
hypersingular boundary integral equation and evaluation of hypersingular integrals by

the boundary element method in three-dimensional crack problems.

In Part III of the thesis,the problem of water wave propagation in presence of thin
curved barrier is studied. There two chapters in this part viz, Chapters 5 and 6. In
Chapters 5 and 6, under the assumption of linearised theory of water waves, the prob-
lem of scattering of water waves by a thin circular arc shaped barrier, rigid and porous
respectively, submerged in ocean of finite depth, are studied. The phenomena of water
wave propagation in presence of obstacles of different shapes termed as breakwaters
has been a subject of considerable interest among the researchers since early twentieth
century because of numerous practical applications. A breakwater is a coastal structure

that breaks waves and reduces the wave energy reaching the beach so that a harbour or

12
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an anchorage is protected from the effect of water waves and also the beach erosion is
prevented. Breakwaters are usually rigid structures which extend up to the full depth
of ocean. However, these fixed structures are expensive as large quantity of construc-
tion material is required and also difficult to construct, particularly when the ocean is
very deep. An useful alternative is to construct floating breakwaters. The phenomena
of water wave propagation in presence of a floating breakwater has been a subject of
interest as the floating breakwaters are relatively easier to construct and are cost ef-
fective rather than the fixed structures (cf. Sobhani et. al (1988)). Breakwaters in the
shape of a circular arc submerged in water was studied by many researchers because
it is known that the increase in arc length of a circular arc-shaped rigid breakwater
reduces the reflection (cf Parsons and Martin (1994)). Parsons and Martin (1994) con-
sidered the scattering problem where the circular arc shaped barrier was submerged
in water of infinite depth. He pioneered in solving the corresponding boundary value
problem by first kind hypersingular integral equation formulation where he used collo-
cation method based on approximating the unknown function satisfying hypersingular
integral equation by Chebyshev’s polynomial. The collocation method used in Parsons
and Martin (1994) is an efficient method of solving hypersingular integral equation.
Meclver and Urka (1995) studied the problem using matched series expansion and also
Schwinger variational principal method to obtain numerical results for the reflection
coefficient for a symmetric circular-arc-shaped plate submerged in deep water. Later
Kanoria and Mandal (2002) and Mondal et. al. (2017) adopted hypersingular integral
equation formulation used in Parsons and Martin (1994) to study the wave propagation
problem involving circular arc shaped barrier not symmetric about the vertical axis,
present in deep water and in water of finite depth covered by ice respectively.

In Chapter 5, we have considered the problem of scattering of water waves by a thin
rigid curved barrier in the form of an arc of a circle submerged in ocean of finite depth.
We applied Green’s Integral theorem to reduce the corresponding boundary value prob-
lem to first kind hypersingular integral equation. This hypersingular integral equation
is solved by using two methods.

The first method is based on the Boundary Element Method (BEM) which is described
in Chapters 3 and 4 (cf. Banerjea et. al.(2019), Samanta et. al. (2022)).

13
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The second method is based on the work of Parson and Martin (1994), which is a
collocation method where the unknown function satisfying the integral equation is
approximated by an infinite series involving Chebyshev polynomials. Choosing the
collocation points suitably the integral equation is reduced to a system of linear equa-
tions. This system of linear equations is solved numerically to obtain the solution the
the integral equation.

It was observed that the solution of the integral equation by the two methods agree
with each other. The second method is a well known standard and widely used method
in comparison with the other method. However, the first method illustrates an applica-
tion of BEM in solving integral equations numerically which is not very common and in
some sense new numerical technique in solving integral equations. Using the solution
of the integral equation, the reflection and transmission coefficients are evaluated and
depicted graphically. From the graphical results, it was observed that the size and the
position of the barrier have some impact on the reflection and transmission coefficients.
In Chapter 6, we used a second kind hypersingular integral equation formulation to
study the problem of water wave scattering by a circular arc shaped porous barrier
submerged in water of finite depth.

The problem of scattering of water waves by porous coastal structures like rubble
mound breakwaters are important in coastal engineering as the pores in the barrier
attenuates wave action by dissipating the wave energy and thereby protects the shore
line or harbour. Many researchers used sophisticated mathematical techniques to study
scattering problems involving porous barrier mainly in any form of straight orientation.
Among them the works of Yu (1995), Mclver (1999), Evans and Porter (2011), Tsai
and Young (2011), Gayen and Mandal (2014) may be mentioned.

The problem of wave interaction with perforated semicircular bottom standing barrier
was considered by Liu and Li (2012, 2013) who used multipole expansion method to
study the problem. Later Mondal and Banerjea in (2016) used the second kind hy-
persingular integral equation formulation to study the problem of scattering of water
waves by a circular arc shaped porous barrier submerged in deep ocean. They used the
collocation method as in Parson and Martin (1994) to solve the hypersingular integral

equation and thereby obtained the reflection, transmision and the energy dissipation
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coefficients.

In Chapter 6, the corresponding boundary value problem was reduced to a second kind
hypersingular integral equation by a judicious application of Green’s integral theo-
rem. Following Mondal et. al. (2021), the second kind hypersingular integral equation
was solved by using BEM as well as the collocation method. We may mention here
that the in the present problem the hypersingular integral equation is of second kind
whereas in Mondal et. al. (2021) the hypersingular integral equation was of first kind.
The quantities of interest ie, reflection, transmission and energy dissipation coefficients
were evaluated by using the solution of the second kind hypersingular integral equation
obtained by both the methods. The reflection coefficient obtained thus by both the
methods are presented in tabular form and it was found that the results matched upto
five places of decimal. Also it is observed that the reflection coefficients obtained by
the present methods are in good agreement with the results obtained by Liu and Li
(2012).

Part IV of the thesis consists of two chapters 7 and 8. In Chapter 7, the problem of
water wave propagation in presence of a thick rectangular barrier present in water with
ice cover is studied. The four basic configurations of thick rectangular barrier viz, par-
tially immersed, bottom standing, submerged to a finite depth and barrier with a gap
extending full depth of water region are considered. Chapter 8 is concerned with the
study of the problem of scattering of an obliquely incident wave by a thick rectangular
wall with a gap totally submerged in water of finite depth with ice cover.

Ice is one of the most common material on earth, yet it is very different from all other
known materials. Depending on its morphology and micro-structure, it may behave
as an elastic plate or as a brittle structure or as an viscoelastic material or even as a
quasi-liquid material. A mathematical model for treating the ice sheet as floating thin
elastic plate is well known and a significant research has been carried out using this
model to study the problems related to ocean wave interaction with sea ice (cf. Fox
and Squire (1994); Squire (2007); Chung and Fox (2002); Linton and Chung (2003);
Chakrabarti (2000); Gayen et al.(2005)).

The study of ocean wave interactions with a very large thin, floating elastic plate has

gained immense importance since last decade as it can be used to model a wide range of
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physical systems. One of its important applications consists in modelling a very large
floating structure (VLFS) that is used in ocean space utilization for the construction
of megafloats such as floating airports, offshore runways, floating restaurant etc. It is
a technology that allows these megafloats, which are considered to be artificial lands
to float on rising sea level and has a minimal effect on marine habitat, natural and
tidal current flow (cf. Wang et. al. (2010), Wadhams (1978)). Owing to the large
surface area and relatively small depth, VLFS behaves elastically under wave action
(cf. Wang et. al. (2010)). In the polar region, surface gravity waves propagate from
the open ocean into ice-covered seas. Understanding the modus operandi of formation
of sea ice and its distribution, it is imperative to explain the geophysical phenomena
occurring in the polar regions and in the marginal ice zone. A precinct between ocean
and atmosphere, the sea ice arrests the escape of heat from the ocean to the air above.
Consequently it plays a crucial role in conservation of marine life. An uninterrupted
expanse of unbroken ice over a vast stretch in the polar region often encounters waves
propagating at free surface. It is well known that waves may weaken and rupture the
continuous sea ice causing fissures which may lead to melting of sea ice. This phenom-
ena is an indicator of global climatic change. The amplitude of the waves travelling
beneath the ice needs to be studied as it causes the ice-cover to bend. The bending
of ice-cover is attributed to its elastic property. In order to minimize the impact of
wave action on a VLFS or ice sheet, various anti motion structures and devices such
as breakwaters, submerged plates, oscillating water column breakwater, air cushion,
curtain pile breakwater are designed (cf. Wang (2010); Tari and Ohkubo (2000)).
Also, a number of experiments measuring wave propagation through marginal ice zone
have been reported of which first measurement was carried out by a ship borne wave
recorder (cf Kohout and Meylan (2008)). Later, measurements were carried out by a
echo sounder from a submerged hovering submarine, acoustic Doppler Current Profiler
mounted on an autonomous under water vehicle (cf Kohout and Meylan (2008), Wad-
hams (1978)). Thus the study of the waves in presence of thin or thick plate under
ice cover or VLFS is important. Mathematically, the boundary value problem (BVP)
related to study of water waves in ocean with ice-cover is interesting as it involves

fifth order derivative of the potential function in the boundary condition on ice cover
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whereas the governing partial differential equation is of second order.

The problems of water wave scattering by breakwaters modelled as thin vertical
barriers of various configurations have been studied extensively in the literature under
the assumption of linear theory during the last fifty years. However, the rigid break-
waters in form of thin plates are vulnerable to huge wave load. In this situation an
alternative is to construct breakwater in form of thick rectangular barrier. When the
breakwaters are modelled as thick vertical barriers with rectangular cross sections in
water of uniform finite depth, the corresponding water-wave scattering problems for
normal incidence of a surface wave train were investigated by Mei and Black (1969) for
surface piercing and bottom-standing barriers. They used a variational formulation to
obtain numerical estimates for the reflection coefficient and presented graphically the
numerical results. Later Mandal and Kanoria (2000), Kanoria et al. (1999) and Kano-
ria (1999) considered the problems of oblique and normal wave scattering by thick
barriers respectively, wherein the barriers have four types of configurations such as
surface-piercing or bottom standing or a submerged block, or a thick wall with a gap.
They used multi-term Galerkin approximation method involving ultraspherical Gegen-
bauer polynomials for solving first kind integral equations arising in the mathematical
analysis to obtain very accurate numerical estimates for the reflection coefficient.
There are some notable work of water wave scattering by rectangular trench (cf. Kirby
and Dalrymple (1983), Lee and Ayer (1981), Miles (1982)). Recently Sasmal et al.
(2019) solved the problem of wave scattering over rectangular trench in presence of
ice cover. They considered the multi-term Galerkin approximation techniques. The
problems of scattering of normally incident wave train by a thick barrier for its four
basic configurations and scattering of oblique incident wave train by a totally sub-
merged wall with a gap present in water with ice cover are studied in Chapter 7 and
8 respectively by using multi term Galerkin approximations involving ultraspherical
Gegenbauer polynomials for solving the integral equations arising in the mathematical
analysis (cf Mandal and Kanoria (2000)). In Chapter 8 the corresponding integral
equation is also solved by using boundary element method and the result is in good

agreement with the result obtained by Galerkin approximation. Numerical estimates
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for the reflection and transmission coefficients obtained for various values of different
parameters are depicted graphically. It is also found that the width of the barriers
affects the reflection and transmission coefficients significantly, and there exists an in-
finite number of discrete wave frequencies at which waves are completely transmitted,
as was also observed by Kanorai et al. (1999). From the numerical study, it is clearly
understood that presence of ice cover significantly affects the nature of reflection and
transmission coefficients.

This completes the description of the contents of the present thesis.

The work reported in the present thesis is mainly based on the following papers:

1. Sudeshna Banerjea, Rumpa Chakraborty and Anushree Samanta. Boundary ele-
ment approach of solving fredholm and volterra integral equations, Int. J. Math-

ematical Modelling and Numerical Optimisation. 9(1), (2019), pp. 1-11.

2. Anushree Samanta, Rumpa Chakraborty and Sudeshna Banerjea . Line element
method of solving singular integral equations, Indian Journal of Pure and Applied
Mathematics. 53(2), (2022), pp. 528-541.

3. Dibakar Mondal, Anushree Samanta and Sudeshna Banerjea. Hypersingular in-
tegral equation formulation of the problem of water wave scattering by a circular
arc shaped impermeable barrier submerged in a water of finite depth. Quarterly
Journal of Mechanics and Applied Mathematics, 74(4), (2021), pp. 491-505.

4. Anushree Samanta, Dibakar Mondal and Sudeshna Banerjea. Water wave inter-
action with a circular arc shaped porous barrier submerged in a water of finite

depth, Journal of Engineering Mathematics. 138(1), (2023), 4.

5. Anushree Samanta, Rumpa Chakraborty . Scattering of water waves by thick
rectangular barriers in presence of ice cover, Journal of Ocean Engineering and
Science. 5(3), (2020), pp. 279-293.

6. Anushree Samanta, Rumpa Chakraborty. Numerical approach on oblique wave
scattering by a wide rectangular impediment with a vent placed under a finite
depth water body with ice covered surface, J. Offshore Mech. Arct. Eng.. 145(1),
(2023), pp. 010903.
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Chapter 2

Mathematical preliminaries

Some mathematical preliminaries used in the problems of the present thesis are briefly

studied in the chapter.

1 Basic Equations of the Theory of Water Waves
and Havelock’s Expansion of Water Wave Poten-

tial
(A) Water With A Free Surface

We consider the motion in a homogeneous, incompressible fluid (water) of density
p under the action of gravity and bounded above by a free surface. A rectangular
cartesian co-ordinate system is chosen in which the y-axis is taken vertically downwards
and the plane y=0 is the position of the undisturbed free surface. The fluid occupies
the half space y > 0 if it is infinitely deep or the region 0 < y < h if it is of uniform finite
depth h. The basic equations are derived from the equation of continuity (equation
of conservation of mass) and Euler’s equation of motion (equation of conservation of

momentum). These are respectively given by
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V.q=0 (2.1.1)

and

e @a=v(-L g (212)

where q = (u,v,w) is the fluid velocity, p is the pressure, g is the acceleration due to
gravity and V is the gradient operator. We assume that the motion in the fluid starts
from rest so that it is irrotational and can be described by a velocity potential function
®(x,y,z,t). Hence,

q=Vo (2.1.3)

so that the equation of continuity becomes

V2® =0, in the fluid region (2.1.4)

82

where V2 = (25 612 + 2 822) is the Laplace operator. Using the relation (2.1.3), the

equation of motion (2.1.2) can be integrated to give Bernoulli equation

8<I>

Lo
q +——gy C(t
G g+ E =gy = C(0)

where C'(t) is a constant depending upon time t only and can be absorbed in ® by

redefining ® so that the linearized form of the Bernoulli equation is

0 P
—_gy-Z 2.1.
TR (2.1.5)

Let y = n(x, z,t) denote the free surface depression. The pressure at the free surface is

equal to the atmospheric pressure which is a constant and may be taken to be equal

to zero ( by a suitable choice of scale), so that equation (2.1.5) gives rise to
0
a@(m,y, z,t)=gn(x,z,t) on y=n(z, zt).

EXpandmg (x y,z,t) by Taylor’s series about y = 0 and neglecting the terms of sec-
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ond and higher orders of smallness, this reduces to the linearized dynamical boundary

condition at the free surface as given by

0o

5 ~9n oo y=0. (2.1.6)

We write the equation of the free surface as
F(x,y,z,t) =y -n(z,2,t) =0. (2.1.7)

Sine F' =0 is a boundary of the fluid, we must have

oF s oF s OF oF
ot Ox Ay 0z

which by using the relation (2.1.7) produces

n I on
—+u—-v+w—=0 on =1.
o ox 0z v
Since the velocity components and the free surface depression together with their partial
derivatives are small quantities, their squares, higher powers and products can be

neglected so that this equation becomes

o _0%

E)t_@y(x’y’z’t) on y=n(z,z1t).

Again, expanding g—i(:c,y, z,t) about y = 0 and neglecting terms of second and higher
orders of smallness, the linearized kinematical boundary condition at the free surface
is obtained as

g—;{;:% on y=0. (2.1.8)
This condition implies that the velocity of fluid particles on the free surface normal to
it is the same as the velocity of the free surface.

Elimination of 7 between the equations (2.1.6) and (2.1.8) produces the linearized free
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surface condition as given by

i L

ﬁ_ga_y on y=0. (2.1.9)

The condition of no motion at the bottom gives
VO—->0 as y—>oo (2.1.10a)

if the fluid extends infinitely downwards. However, if the fluid is of uniform finite depth

h below the mean free surface, then

00

8_y_0 on y=h. (2.1.100)

The free surface depression 7n(x, z,t) is obtained from equation (2.1.6) in terms of

the velocity potential ® as
109
n(x,z,t) = ——(x,0, z,1). (2.1.11)
g ot

The basic equations of the linearized theory of water waves are given by the equations
(2.1.4), (2.1.9) and (2.1.10a) or (2.1.10b).
If we assume the motion to be simple harmonic in time with angular frequency o, then

the velocity potential ® can be expressed as
O(2,y,2,t) = Re((x,y, 2)e”") (2.1.12)

so that from equations (2.1.4), (2.1.9) and (2.1.10a,b) we find the potential function ¢
satisfies
V2¢ =0 in the fluid region, (2.1.13)

K¢p+¢,=0 on y=0 (2.1.14)
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2
where K = "?,

Vo—> 0 as y— o0 (2.1.15a)
for infinitely deep fluid, or
g—jz() on y=h (2.1.15b)

for fluid of uniform finite depth.
The equations (2.1.13) to (2.1.15a) or (2.1.15b) are also regarded as basic equations of
the linearized theory of water waves for time harmonic irrotational motion in the fluid.

A detailed discussion can be found in Mandal and Chakrabarti (2000).

For the two-dimensional motion, a representation for the water wave potential ¢
can be obtained by employing the method of separation of variables for solving the

two-dimensional Laplace equation

V2¢ =0 in the fluid region (2.1.16)

where V2 = 88—;2 + g—;, along with the free surface and bottom conditions. In this case,

the solution for the potential function ¢(x,y) representing progressive waves is given
by
exp(-Ky +iKxz) for deep water,

swyy={ o (2.1.17)
S eosbhonexp(xikor) for water of finite depth h ,
where kg is the unique real positive root of the transcendental equation
ktanhkh = K. (2.1.18)

The local solutions are given by

5 (kcosky — Ksinky)e *l(k >0)  for deep water, (2.1.19)
cos kn, (h-y) eXp(_k'n|gj|) for water of finite depth h a

cos knh
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where +ik,’s (n=1,2,3,...) are the purely imaginary roots of the transcendental equa-
tion (2.1.18). It can be shown that the equation (2.1.18) has only two real roots kg
and countably infinite number of purely imaginary roots +ik,(n =1,2,3,...) [cf. Man-
dal and Chakrabarti (2000)].

Thus, the progressive wave solution given by equations (2.1.17) and local solutions
(2.1.19) forms the basis functions for the expansion of the function ¢(z,y) satisfying
Laplace’s equation, free surface condition and bottom condition. Thus, in the case of

fluid of infinite depth, a representation of ¢(x,y) is given by

QS({L',’y) — Ae—Ky+in +B€—Ky—in

Jo C(k)(kcosky — K sinky)e™kdk x>0,

(2.1.20)
“ D(k)(kcosky — K sinky)er*dk x <0,
0

where A, B are unknown constants and C'(k) and D(k) are unknown functions of k.
This is known as Havelock’s expansion of water wave potential ¢(z,y) for deep water.
Similarly, in the case of fluid of finite depth 'h’, Havelock’s expansion of ¢(x,y) is given
by

cosh ko(h —y) gikoa cosh ko(h —y)
cosh kgh 0" cosh koh

—ikox

¢($7 y) = Ao

T Cpetmaosknlhy) -y
! cos knh (2.1.21)

00 ke €08 kn (h—y)
anl Dre cosknh Z < 07

where Ay, By, C,, and D,, are unknowns.

(B) Water With An Ice-Cover

Here we derive the basic equations in the theory of water waves when the water
surface is covered by a thin sheet of ice of thickness h; and density p;. The ice sheet

can be modelled as a thin elastic plate with Young’s modulus E and Poisson ratio v.
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We choose a rectangular cartesian coordinate system when y axis is directed verti-
cally downwards into the water region so that water occupies the region y > 0. The x
axis is along the thin ice cover at rest.

We assume the motion to start from rest so that it is irrotational and can be
described by a velocity potential ®(z,y, z,1).

The equation of continuity gives
VO =0 (2.1.22)

in the fluid region.
The linearised Bernoulli’s equation gives

¢ D
T _ogy-t 2.1.23
TS ( )

where p, p are the pressure and density of water and ¢ is the acceleration due to gravity.
Let us consider the depression of the ice covered surface below the horizontal level as
y=¢(@,2,1).
Then Newton’s equation of motion gives (cf. Fox and Squire (1994))

0%C

mog =mg+l-p-Lv;.C  ony=(. (2.1.24)

3
Here m = pd = h;p;, 11 is the atmospheric pressure, L = % and ¢ is a constant

having dimension of length.
Using (2.1.23) in (2.1.24) we get after simplification

2

0%¢ od 4 ~
Mo =My + IT-p(g T )~ LV;.C on y = 0. (2.1.25)

Also the kinematic condition gives

ac oo i
E = 8_y on y-= 0. (2126)
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Eliminating ¢ between (2.1.25) and (2.1.26), we obtain

2
%[‘1’—5%] =g[1+Dv,.]®, ony=0, (2.1.27)

where D = L.
pg

The bottom condition for ¢ is

VO >0 asy— oo, (2.1.28)
for deep water and
0P
— =0 on Y= h7 (2129)
dy

where the water region is of uniform finite depth h.
Now let us consider two dimensional time harmonic motion with angular frequency o
so that ® = Re{¢(z,y)et}.
Then ¢ satisfies
V26=0 in y>0. (2.1.30)

The ice cover condition (2.1.27) becomes
Ko+ (1-0K+ D}, )P, =0 ony=0. (2.1.31)
The bottom condition becomes
Vo —-0 as y— oo, for deep water (2.1.32)

and

0
a—¢ =0 on y=h, for the water with uniform finite depth h. (2.1.33)
Y

Thus equations(2.1.30)-(2.1.33) give the basic equations when the water surface is cov-

ered with ice.
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The method of separation of variables, the progressive wave solutions and the local
solutions of Laplace’s equation with the ice cover condition for two dimensional har-
monic motion in deep water are e-loyzidoz = e-Ayzihiz - o-Aiysidie
and {(Dk*+1-0k)kcosky — K sinky} el where )\ is the unique real positive root
of the equation

DE*+ (1-6K)k- K =0. (2.1.34)

The other two pairs of complex conjugate zeros of (2.1.34) are (A, A;) and (g, \2)
with Re A\; >0, Im \; >0, Re A\y <0 and Im Ay > 0 (cf. Chakrabarti et. al. (2003)).
Hence for the irrotational motion in water with ice cover, Havelock’s expansion for

wave potential ¢(x,y) is given as
¢(:L‘,y) = Ple_AOy‘H;AO.Z‘ + P2e_>\0y_i>\0x

Pge—)\1y+i>\1.r + P4e—§\1y—i5\1:v

+ [ Dé* +1-0K)coséy — Ksin€yt e 2d x>0,

. Jo QO {E(DE - ) cos &y &y} § (2.135)
P5€7)\1y7i/\1x + P667/\1y+i)\1x

JoT R(O{E(DE  +1 - 0K ) cosEy — K sin &y }etdg x < 0.

Here Pi, Py, ..., P are the unknown constants and Q(&), R(&) are functions of &.
Again for water of uniform finite depth h, the method of separation of variables of
Laplace’s equation for two dimensional motion produces the progressive and local so-

lutions, satisfying the ice cover condition and bottom condition given by (2.1.31) and

cosh po(h-y) oifion cosh p1 (h-y) exipn e cosh fi1 (h-y) etz gnd

(2.1.33) respectively as coshpoh ) ooy ) o aR

€os in (h-y) eEhnT

cos i r , where pi is the unique positive real root of the equation

k(Dk*+1-6K)sinhkh — K coshkh =0, (2.1.36)
and +p7 and +p; with Repy <Impy, Reps > 0 and Impy > 0 are its four complex

conjugate roots and +ipu, are infinite number of purely imaginary zeros (u, > 0 and
real, n=1,2,....) of (2.1.36) with hu, - nm as n - co (Chung and Fox (2002)).
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Hence the Havelock’s expansion of ¢(x,y) for finite depth h of water is given by

cosh ug(h—vy) coshpo(h-y)
— G D ey 7 V1 G oy T THoT
o(r.y) =G cosh poh O T sk toh ‘

cosh p1 (h-y) 1T cosh fi1 (h—y) -t x 00 €08 pin (h—y) —UnT
G coshpuih e +G4 cosh ji1h e +Zn:1sn cos inh e

x>0,
i (2.1.37)

coshpi (h=y) —ijz cosh i1 (h=y) Jify o oo cos pin(h=y) 1.2
G coshpuih € +G6 coshfi1h € +z7’b=1Tn cos nh e

r <0,

where G1, G5, ...,Gg, S, and T, are constants.

Havelock’s expansion theorem

Let f(x) be a function defined in (0, co) which satisfies Dirichlet’s conditions. Then

Havelock’s expansion for f(z) in (0, c0) is given by

f(z) = Ae K7 4 ‘/OOO 9(y) (ycosxy — K sinzxy) dy, (2.1.38)

where K is a non negative parameter,

A=2K /00 f(x)e K%de, (2.1.39)
0
and
2 1 o .
g(y) = TP /0 f(x)(ycoszy — K sinzy)dz. (2.1.40)

The expansion (2.1.38) combined with the relations (2.1.39) and (2.1.40) is known as
Havelock’s expansion theorem in the water wave theorem which is often regarded as a
hybrid integral transform. This is in fact a generalisation of Fourier cosine transform.

This is clear if we put K=0 in these relations.
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If a function is defined in a finite interval (0, h) and satisfies Dirichlet’s conditions

then Havelock’s expansion for f(z) in (0,h) is given by
f(y) = Agcoshko(h—y) + Y Apcoskn(h-y) (2.1.41)
n=1

where kg, *1k, are roots of the equation (2.1.18) and

Ay = — 2o fhf(t)coshk (h-1) (2.1.42)
07 2koh + sinh 2koh Jo 0 ’ o

A, = — dkn fhf(t)cosk; (h—1t) (2.1.43)
" 2koh +sin 2k, h Jo " ' o

This hybrid transform was first used by Havelock in 1929 in connection with a plane

vertical wave maker problem. There is a detail description of this Havelock expansion
theorem in Mandal and Chakrabarti (2000).

2 Two Dimensional Source Potential

Velocity potentials due to the presence of different types of singularities in an in-
compressible inviscid fluid, assuming irrotational motion of small amplitude play a
significant role in the study of the problem of scattering or radiation of waves due to
the presence of obstacles in fluid medium. When a body or a number of bodies present
in fluid undergoes some oscillations, the resulting motion in fluid can be described by
a series of singularities placed on the bodies. These singularities are characterised by
their giving rise to velocity potentials which are typical singular solutions of Laplace’s
equation in the neighbourhood of singularities.

For two dimensional problems these singularities are logarithmic type or multipole type
and for three dimensional problems these are point source or point multipoles.

In the present section we shall consider only the logarithmic singularity.
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(A) Line Source Submerged In Ocean With A Free
Surface

We consider two dimensional time harmonic irrotational motion in an incompress-
ible , inviscid fluid due to presence of a line source at (£,n). If Re{G(z,y;&,n) et}
is the velocity potential then G satisfies

V3G =0 except at (&,7), (2.2.1)
KG+G,=0 on y=0, (2.2.2)
G~Inp as p—0, (2.2.3)
p={(x-)+(y-n)}>, (2.2.4)

VG -0 as y— oo for deep water, (2.2.5)
G,=0 ony=h for finite depth h, (2.2.6)

G behaves as outgoing waves as |z — £| - oo.
The expression for G(x,y;&,n) for deep water and for water region of finite depth are

given below.

(a) Deep Water

00 —k|z—¢|
. — 9~ K(ytn)+iK|z-¢| _ €
where
L(k,t) = kcoskt — Ksinkt for deep water. (2.2.8)

(b) Water region of finite depth

The solution for G satisfying conditions (2.2.1) to 2.2.4) and (2.2.6) is given by
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G(.T, Y; 55 77) = -4 cosh kO(h _ 77) cosh ko(h ~ y) 6ik0|17§|

2]€0h + sinh 2/{50]1
& coskn(h—n)cosk,(h=vy) 4 .
» ko= 2.2,
”n; ik +sin2k b ’ (2:29)

where +ko and ik, (n=1,2,....) are the roots of

ktanh kh = K.

The detailed derivation of (2.2.7) and (2.2.9) can be found in Thorne (1953), Man-
dal (1987) and Mandal and Chakrabarti (2000).

(B) Line Source Submerged In Ocean With Ice Cover

Assuming linear theory and irrotational motion, let Re{¢(x,y) e} denotes ve-
locity potential describing two dimensional irrotational motion due to presence of a

line source at (£,n) in ocean with ice cover. Here ¢(z,y) satisfies
VZp =0 except at (§,n),
the linearised ice cover condition

K¢+ (D, —0K +1)¢, =0 on y=0. (2.2.10)

X

Eh}

Here D= m,

v being Poisson ratio of the material of ice cover, p being the density of water, p; is

K= %2, g being the gravity, d = %hi, E being the Young’s modulus,
the density of ice and h; is the thickness of ice cover.

¢~1Inp as p—0, (2.2.11)

p={(z-€)%+(y-n)?}: (2.2.12)
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Vo -0 as y— oo for deep water, (2.2.13)
¢y=0 ony=h for finite depth h. (2.2.14)

Here ¢ behaves as outgoing waves as |z — &| — oo.

Source potential due to a logarithmic singularity in water with ice cover surface for

deep water is given as

Sy =2 [ RLZOEE DIC) coshhy— R sinh )
’ - 0

k{k(1-0K + Dk*) - K} e > cosk(x—€)dk, (2.2.15)

where y. and y. respectively denote the lesser and greater of y and 7.

Alternately

_ o5 [T L(k,y)L(k,n) ~k|z—¢|
o(2,9) = 2[0 R -0k + DY+ k¢ K

1 —~KX(y+n)+iK\z-¢|
MI—0K + 5DK M)

=271

—2mi[ L —K X1 (y+n)+iKAi|z—=¢]

M(L-0K +5DKNY)

1 ~K X (y+n) =i K|z~
_ _ L)k Afe=€l) 2.2.16
M(L-0K +5DE) ¢ ] (22.16)

where L(k,y) = k(1 - K + Dk*)cosky — K sinky, real positive root KA and two
pairs of complex conjugate zeros K\, K\ and K)o, KXy with Rel; > 0, Re\y <0,

Im(Ay, Ay) > 0 are the roots of the equation
A(k)=(1-6K + DE" k- K =0. (2.2.17)

Source potential for finite depth water with ice cover surface is given as

© {k(1-0K + Dk*) cosh ky. — K sinh ky.}
kAo (k)

coshk(h —y.) cosk(x - &)dk,
(2.2.18)

¢(I7 y) =-2
0
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alternately
d(x,y) = =41 3" f(an;y,m)e” 8 — dmig(p; y, m)e! e
n=1

—4mig(pa; y, n)e™ P+ drig(fiy; y, m)e (2.2.19)
where
1-0K + DK*a*)cos Ka(h-n)cos Ka(h -y
flesy,m) = ( 7 )4 (h =) . 4( v (2.2.20)
2Kah(1-0K + DK*a*) + (1 - 0K + 5DK%*)sin2K ah
g(esy,n) =if(icsy,m), (2.2.21)

two real roots +Kpu(pu > 0), two pairs of complex conjugate zeros Kpui, Ky and
-Kuy, —Kpy, with Repuy <Impy, and an infinite number of purely imaginary zeros

+iKa, (a, >0 and real, n=1,2,...) are the roots of the transcendental equation
Ao(k) = k(1 - 6K + Dk*)sinh kh — K cosh kh = 0. (2.2.22)

A detailed discussion can be found in the thesis of Rupanwita Chowdhury (Gayen)

(2004).

3 Integral Equations

Integral equations arise in a natural way in course of solving varieties of initial and
boundary value problems involving both linear ordinary as well as linear partial differ-
ential equations. As a result many initial and boundary value problems of mathematical
physics can be solved by reducing them into appropriate integral equations.

An equation for the unknown function ¢(x) of a single real variable x, a < x < b is
said to be an integral equation if ¢(x) appears under the sign of integration and the
integral exists in some sense.

The integral equation in which the unknown function appears linearly is called a lin-
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ear integral equation, otherwise it is a nonlinear integral equation. The general one

dimensional linear integral equation for an unknown function ¢(z) is of the form

cp(z) + A /abK(:B,t)go(t)dt = f(x), a<x<b. (2.3.1)

Here c is either 0 or 1 and K (x,t) is a known function which is known as the kernel
of the integral equation. The other known function f(x) is called the forcing term.
The known constant A is the parameter of the integral equation.

The integral equation, in which the forcing term f(x) is equal to zero, is called homo-
geneous integral equation, where as for nonhomogeneous integral equation f(z) # 0.

The integral equation (2.3.1) in which ¢ = 0 is called integral equation of first kind, i.e.

[bK(x,t)go(t)dt - f(z), a<z<b. (2.3.2)

The integral equation (2.3.1) in which ¢ =1 is called integral equation of second kind.
If the limits of integration appearing in the integral equation (2.3.1) are constants,
then the integral equation is known as Fredholm integral equation. If any one limit of
integration is known function of x, the corresponding integral equation (2.3.1) is called
Volterra integral equation.

If the kernel K (x,t) of integral equation (2.3.1) is square integrable, then the kernel is
known as regular kernel and the corresponding integral equation is known as regular
integral equation. Otherwise it is a singular integral equation (cf. Estrada and Kanwal
(2000), Mandal and Chakrabarty (2011)).

If the kernel K (z,t) of integral equation (2.3.1) is of the form

K(x,t) = (“’;(ff)i (2.3.3)

where f(x,t) is bounded in [a,b] x [a,b] with f(z,x) # 0 and 0 < o < 1, then the
integral equation (2.3.1) is known as weakly singular integral equation.

If in the integral equation (2.3.1),

K (x,t) = ff_’?, (2.3.4)
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where f(x,t) is a differentiable function of x and ¢ with f(x,x) # 0, then the integral
equation (2.3.1) is known as singular integral equation, where the integral is to be

understood in the sense of Cauchy principal value as given by

[ " K () p()dt = lim [ i K (e t)p(t)dt + i iK(x,t)gp(t)dt]. (2.3.5)

If the kernel K (z,t) in the integral equation (2.3.1) is of the form

K(x,t) = (J; (ff; (2.3.6)

where f(z,t) is a differentiable function with f(x,x) # 0, then the integral equa-

tion (2.3.1) is known as hypersingular integral equation. A hypersingular integral
| b () dt, a<x<b isunderstood in the sense of two sidled HADAMARD FINITE

a (z-t)2

PART integral of order 2 defined by

QLG IR Iy () b, Yard+i@=0)
J (x—Oth_mUa TR S ‘ (]2'3 )

4 Galerkin Method

One of the most important weighted residual method is Galerkin approximation method.

To describe the method, we need some idea regarding the inner product.

Definition : In a vector space V of real valued functions whose domain is an closed

interval A = [a,b], an inner product of two real functions f(x) and g(x) is defied as

(F),9) = [ F@gyda. (241)
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Galerkin approximation : Let us consider an operator equation as

(Ly)(x) = f(x), weA (2.4.2)

where L is a linear operator in a certain inner product space S to itself, A is a domain
in S and f(x) € S represents the forcing function.
In some problems of physical interest, it is desired to evaluate an inner product (y, f >,

where

(v. 1) = fmy(w)f(x)d:v- (2.4.3)

A real valued function y(x) is said to solve the operator equation (2.4.2) if and only if
(Ly,A) = (X, Ly) = (X, f) forall AeS. (2.4.4)

Now using (2.4.1) and (2.4.4) the function y(z) can be evaluated at least approximately.
Here we replace y(z) by F'(x), where F'is the approximate solution of equation (2.4.2),
so that

(\,LE)= (X, f) forall \eS (2.4.5)

whenever the approximation relation as in equation (2.4.5) holds good, then we can
consider F' as the approximate solution of the operator equation (2.4.2). The determi-
nation of such approximate solutions of the equation (2.4.2) involving the function F

in the form of a truncated series as given by
F(x) =Y a;0,(x) (2.46)
j=1

is known as Galerkin approximation method, {¢;}}_, (n is finite) being the set of basic
functions.
Applying the linear operator L on both side of the equation (2.4.6) and taking inner

product with A € .S on both sides and then using the approximate identity equation
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(2.4.5) , we get
Zaj(Lqﬁj(x),)\(:c)) ~ (f(2),A(z)) for NesS. (2.4.7)

Jj=1

Single-term Galerkin approximation :

If we take n = 1 in equation (2.4.7), and choose A(x) = ¢1(x), then we get a; =

(r.01)

(Lé1.01)

producing the approximate solution for y(z) as

F(z) = a1¢01(x). (2.4.8)

The approximate evaluation of the quantity (y, f > in (2.4.3), can be completed by using
the approximate relation (y, f > ~ (F, f >, which takes up the value al((bl, f ), if only the

single-term Galerkin approximation is used.

Multi-term Galerkin approximation :

Let us choose \(x) = ¢r(x) for some fixed positive integer k, such that 1 < k < n,

then we obtain from (2.4.7), that

2‘”@@(@’%(%))=(f(x),¢k(x)), k=1,2,.0m. (2.4.9)

Thus here we obtain exactly n linear equations for the determination of the n unknown
constants and these constants can be easily determined by appropriate choice of the set
of functions {¢;(z)}}.,. The approximation of y by F', where F' is given by the n-term
truncated series (given in (2.4.6)), is termed as multi-term Galerkin approximations.
Once the n constants aq, as, ...., a, are determined by solving the linear system (2.4.7),
(y, f ), the quantity of our physical interest, is approximately evaluated as
n
(y. )~ 2 ai(e). f)- (2.4.10)

Jj=1

The inner product (gbj, f ) is defined by an integral defined as in equation (2.4.3),and

is evaluated by using appropriate numerical quadrature formula.

37



CH 2. Mathematical preliminaries

The choice of the basis functions {¢; };P:l are chosen suitably by keeping in mind the
regarding boundary conditions of the physical problems.

A detailed dicussion is given by Mandal and Chakrabarty (2000). Also this method is
employed by various researchers in the theory of water waves. Notable among them

are Evans and Morris(1972 a, b), Porter and Evans (1995).

38



PART I1

Solution of Integral Equations



Chapter 3

Boundary element approach of
solving Fredholm and Volterra

integral equations

1. Introduction

In the present chapter we applied boundary element method (BEM) to solve Fred-
holm and Volterra integral equations of second kind. As mentioned apriori, in this
method the integral equation is reduced to a system of algebraic equation by discretiz-
ing the range of integration and the domain of definition of the integral equation into
same number of intervals, assuming the unknown function to be constant in each small
intervals. The unknown function is then evaluated on each line element by solving the
system of linear algebraic equations.

To the best of our knowledge, this method has not been used in the literature to solve
integral equation although Gray(1991), Guiggiani et al. (1992) developed an algorithm
to study hypersingular boundary integral equation and evaluation of hypersingular

integrals in the boundary element method in three-dimensional crack problems. The

1 The content of this chapter is based on the paper “ Boundary element approach of solving Fred-
holm and Volterra integral equations ”, Int. J. Mathematical Modelling and Numerical Optimisation,
9(1) (2019) 1-11.
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advantage of this method is that computationally it is very simple method as compared
to other techniques like use of Bernstein polynomials, Galerkin method and quite ac-

curate results are obtained.

2. Mathematical Formulation:
2.1 Solution of Fredholm integral equation:

Let us consider the following Fredholm integral equation of second kind

b
é(2) = f(z)+ A [ K (2, t)¢(t)dt, a <z <b. (3.1)
The function f(x) and the constant A are known while ¢(z) is the unknown func-

tion to be determined by using boundary element method described below.

We divide the range of integration [a,b] into n line elements where a;_; and a; are
the end points of j** line element, 7 = 1,...n. Thus the range of integration becomes

[a,b] = Uj [a;-1,a;] with ap = a and a,, = b. Here we take

Qp — Qo

aj:a0+jh, h = ,jzl,...n.

Consequently the integral equation (3.1) can be written as follows

6(x) = F(x) + A il f K (2, 4)6(t)dt. (3.2)

Now for t belonging to j* line element joining the points a;_; and a;, we write
t =t;, so that
tj =na; + (1 —77)@]‘_1, 0< n< 1.

Hence equation (3.2) becomes
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o) = F(@) 1Y [ K@ t)0(t) e = a1 )dn (33)

Now, for x belonging to the line element joining the points a; 1 and a;, where

i=1,..n we write x = x;, so that equation (3.3) becomes

o(x;) = fx) + )\ifol K(xi, t;)o(t;)(a; —aj_1)dn, i=1,..n. (3.4)

Assuming ¢; = ¢(z;) as unknown constant in j** line element [cf. Pozrikidis(2002)],

equation (3.4) becomes

Gi=fi+ XY k¢, i=1,..n (3.5)
j=1
where,
1
b= [ K@it (a; = aga)dn, f() = fi (36)
The equation (3.5) is a system of linear equation which can be written in alternate
form as
S Hiig;=f;, i=1,..n (3.7)
j=1
where
HY =65 = M. (3.8)
We write

zi=Ca;+(1-()a;1, 0<(<1L

so that for a particular value of  we get a value of z; in ¢*",4 = 1..n line element and thus
solving (3.7) for a particular value of (, we get the unknown values of ¢/s for x!s, on

each line element. It may be noted here that for numerical computation we take ¢ = 0.5.
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2.2 Solution of Volterra integral equation:

Here we consider Volterra integral equation of the second kind as follows

é(x) = f(z) + A f "K(x,)é()dt, > a. (3.9)

We shall apply Boundary Element Method (BEM) to solve (3.9) for ¢(z) for dif-
ferent values of x. First we shall obtain ¢(x) for x = a; where a; = ag + h,a9 = a and h

is a small positive number chosen. In order to obtain ¢(x) at x = a;, we write
t1:77G1+(1—7”])a0, OST]Sl

where ¢; is a point on the line element joining ay and a;. Consequently the integral

equation (3.9) becomes

é(ar) = f(ar) + A fo " K (an)6(t ) (ar — ag)dn. (3.10)

Here we assume that ¢; = ¢(t1) is a constant (unknown) for ¢; € [ag, a1 ] (cf. Pozrikidis(2002))

so that equation (3.10) can be written as

¢1 :f(&1)+)\¢1 AIK(al,tl)(al—ao)dn (311)
or alternately

(1-AK11)or = fi, (3.12)

where

1

Kll:,/o K(ay,t1)(ar —ao)dn, fi=f(ar). (3.13)

Hence

!

$1= T N (3.14)

Next to obtain ¢(x) at z = ay where a; = ag +ih,i = 1,2 we proceed as follows. At
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x = ag, equation (3.9) becomes

$(as) = f(as) + A f " K (a9, 1) (£)dt + A f 1a2K(a2,t)¢(t)dt. (3.15)

0
Writing t; = na; +(1-n)aj_1, j = 1,2 where ¢; is a point on the line element joining

points [a;_1,a;] equation (3.15) becomes

¢(a2)=f2+)\[01K(a2,t1)¢(t1)(a1—ao)dn+A/OIK(aZ,tQ)qb(tg)(ag—al)dn, (3.16)

where ¢z = ¢(t2), f2=f(a2).
As before assuming that ¢; = ¢(t;),j = 1,2 are constants (unknown) for ¢; € [a;_1,q;],

and noting that ¢, satisfies equation (3.12), the equations (3.16) and (3.12) can be

written as
(1-AKi1)¢r = fo (3.17)
—)\K21¢1 + (1 - )\KQQ)QSQ = f2 (318)
where
1
ng = [0 K(CLQ, tj)(aj - aj_l)dn (319)

and K7, is given by equation (3.13).

It may be noted that the matrix associated with the system of equations (3.17) and

(3.18) is a lower triangular matrix. Hence solving equations (3.18) we obtain

g = fo+ MK
2T 1 A\Kg

where ¢; is given by equation (3.14).

In a similar way to obtain ¢(x) at = = a;, we write

ti=mna; + (1 -n)ai-1, ¢i = (ts), fi=f(ai). (3.20)
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Here t; is the value of t in the *" line element. We assume that ¢; is constant for
t; € [ai-1,a;] ([cf. Pozrikidis(2002)]).Hence from equation (3.9) we obtain the following

system of linear equations.
Y Gioj = fii=1,2,..n. (3.21)
j=1

where

Gijz((Sij—)\Kij), j=1,2 ...... i, i:1,2 ..... n.

is a lower triangular matrix. Thus solving the system of equation (3.21) we obtain

f1 b = fz'+)\2§j Kij¢;

__ 92 .. 3.22
1- MKy 1K, o (3.22)

$1

3. Examples:

To illustrate the method of solution of integral equation by BEM we consider the

following five examples.
Example 1:

First we a second kind Fredholm integral equation

11z 1

Ba) ="+

1
xto(t)dt,0 <z < 1. (3.23)
6 4Jo

Here ¢(x) = 2x is the exact solution.

Following the procedure discussed in section 2.1 we discretize the domain of the integral
equation in to 40 line segments and the values of the unknown functions, ¢(x) is
obtained for z; = a;¢ + (1 = {)a;_1,7 =1,...,40, ¢ = 0.5. Some representative values of
¢(z) are given in Table 3.1. It is observed from the Table 3.1 that the relative error

in each case is 1.4 x 1075. This shows that the error in the approximate value of ¢(x)
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with respect to its exact value is same for all values of x.

Table 3.1: Comparative study of the exact result and present result.

Solution Error
values of x
Dexact Gapprox Absolute error Relative error
0.0125 0.025000 0.025000 0.000000 0.000014
0.1875 0.375000 0.374995 0.000005 0.000014
0.3875 0.775000 0.774989 0.000011 0.000014
0.5875 1.175000 1.174983 0.000017 0.000014
0.7875 1.575000 1.574978 0.000022 0.000014
0.9875 1.975000 1.974972 0.000028 0.000014
Example 2:

We consider a second kind Fredholm integral equation
1
$(z) =1+ f (zt+222)(1)dt -1 <z < 1. (3.24)
-1

Here ¢(z) =1+ 2?2 is the exact solution.

Following the procedure discussed in section 2.1 we discretize the domain of the inte-
gral equation in to 40 line segments and the values of the unknown functions, ¢(z) is
obtained for z; = a;( + (1 = {)a;_1,i =1,...,40, ¢ =0.5. The results are given in Table
3.2. It may be noted here that the values of ¢(x) are symmetric and some represented
values of ¢(z) are presented in Table 3.2. It is observed that for 40 line elements the
relative error in ¢(x) for small values of x is very small and increases as x increases.
For values of x near +1, the relative error is of order 10~ and for small values of x, the
relative error is of order 107 or 1074, We may mention here that this example was il-
lustrated in Mandal and Bhattacharyya (2007) by the method based on approximating
the unknown function by Bernstein polynomials and the absolute/relative error is of
order 10-°. However, computationally the method used in the present paper is simpler
than the method used in Mandal and Bhattacharyya (2007).
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Table 3.2: Comparative study of the exact result and present result.

Solution Error
values of z
Dexact Gapprox Absolute error Relative error
+0.025 1.000694 1.000694 0.000000 0.000000
+0.175 1.034028 1.033988 0.000039 0.000038
+0.375 1.156250 1.156250 0.000180 0.000156
+0.575 1.367361 1.366937 0.000424 0.000310
+0.775 1.667361 1.666590 0.000771 0.000463
+0.975 2.056250 2.055029 0.001221 0.000594
Example 3:

We consider a second kind Fredholm integral equation

sw=1+ [ () o()di0 <z < 1 (3.25)

where

k(x,t)=t(l-z), t<z
=x(l-t), t>uz.

Here ¢(x) =sinz/sin1 is the exact solution.
Following the procedure discussed in section 2.1 we discretize the domain of the integral
equation in to 40 line segments and the values of the unknown functions, ¢(x) is
obtained for z; = ;¢ + (1 -{)a;_1,i =1,...,40, ¢ =0.5. It may be noted here that the

function H% in equation (3.8) is given by
.. 1 . .
HY :—A Kl(xi,tj)(aj—aj_l)dn, 7 <1,

.. 1 1
H"Y =1—f K1(€Ei,ti1)($i—ai—1)dn—/ Ko(i,ti2) (a; — x)dn, i =,
0 0

.. 1
HY = _fo Ky (i tj)(a; —aj)dn, j>1,

where
k(x,t) = Ki(z,t)=t(1-z), t<x,
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k(x,t) = Ko(z,t) =t(1-x), t>ux,

and a;_1 <t; <x;, x; <o < a;. The results are presented in Table 3.3. It is observed

that for 40 line elements the relative error in ¢(x) is of order 1075.

Table 3.3: Comparative study of the exact result and present result.

Solution Error
values of z

Dexact Gapprox Absolute error Relative error
0.0375 0.044554 0.044554 0.0000000000 0.0000000000
0.1375 0.162890 0.162889 7.45 % 1077 4.57 x 1076
0.2375 0.279598 0.279597 1.23 x 106 4.41 x 106
0.3375 0.393512 0.393511 1.63 x 1076 4.15x 1076
0.4375 0.503495 0.503493 1.92 x 10°6 3.81 x10°6
0.5375 0.608447 0.608444 2.05x 1076 3.37x 1076
0.6375 0.707319 0.707317 2.01x 1076 2.84 x 1076
0.7375 0.799124 0.799122 1.76 x 1076 2.20x 1076
0.8375 0.882944 0.882943 1.28 x 106 1.46 x 1076
0.9375 0.957943 0.957942 5.73 x 1077 59x 1077

Example 4:

We consider the Volterra integral equation of the second kind given by,

8(x) = (1+) + [Om(x “Dé()dt, x> 0. (3.26)
Here ¢(x) = e* is the exact solution. Following the procedure discussed in section

2.2

we discretize the domain of the integral equation in to 40 line segments and the values

of the unknown functions, ¢(x) is obtained for x; = a;C+(1-{)a;—1,i=1,...,40, ¢ =0.5.

Some representative values of ¢(x) are given in Table 3.4 . For values of x near zero

relative error is very small. But for = > 0.2. the relative error is of order 104,
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Table 3.4: Comparative study of the exact result and present result.

Solution Error
values of z
Dexact Gapprox Absolute error Relative error

0.0125 1.012578 1.012579 0.000001 0.000001
0.0500 1.051271 1.051280 0.000009 0.000008
0.1000 1.105171 1.105205 0.000034 0.000030
0.1500 1.161834 1.161911 0.000076 0.000066
0.2000 1.221403 1.221540 0.000138 0.000113
0.2500 1.284025 1.284244 0.000218 0.000170
0.3000 1.349859 1.350178 0.000319 0.000237
0.3500 1.419068 1.419510 0.000443 0.000312
0.4000 1.491825 1.492414 0.000589 0.000395
0.4500 1.568312 1.569074 0.000761 0.000485
0.5000 1.648721 1.649680 0.000959 0.000582

Example 5:

We consider the Volterra integral equation of the second kind given by,

8(2) = (1 +we®) - foxtgb(t)dt,x > 0. (3.27)

Here ¢(x) = e® is the exact solution.
Following the procedure discussed in section 2.2 we discretize the domain of the inte-
gral equation in to 40 line segments and the values of the unknown functions, ¢(z) is
obtained for z; = a;¢ + (1 = {)a;_1,7 = 1,...,40, ¢ = 0.5. Some representative values of
¢(x) are given in Table 3.5 . For values of x near zero relative error is very small. But

for x > 0.2, the relative error is of order 1072

3. Discussion and Conclusion:
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Table 3.5: Comparative study of the exact result and present result.

Solution Error
values of z
Dexact Gapprox Absolute error Relative error
0.0125 1.012578 1.012578 0.000000 0.000000
0.0500 1.051271 1.051264 0.000008 0.000009
0.1000 1.105171 1.105139 0.000032 0.000030
0.1500 1.161834 1.161759 0.000075 0.000065
0.2000 1.221403 1.221264 0.000139 0.000114
0.2500 1.284025 1.283801 0.000224 0.000175
0.3000 1.349859 1.349526 0.000333 0.000247
0.3500 1.419068 1.418601 0.000466 0.000329
0.4000 1.491825 1.491199 0.000626 0.000419
0.4500 1.568312 1.567500 0.000813 0.000518
0.5000 1.648721 1.647693 0.001028 0.000624

A simple numerical technique, namely boundary element method is employed here
to solve Fredholm and Volterra integral equations of second kind. For Both types of
integral equation, the discretization of range of integration in to line elements yields a
system of linear equations. For Volterra integral equation, the matrix associated with
the system of linear equations is a lower triangular matrix from which it is very simple
to obtain the solution. For Fredholm integral equation, the matrix associated with the
system of linear equations is a normal dense matrix whose inversion can be obtained
by standard procedure. It is observed from the Tables 3.1, 3.2 and 3.3 that dividing
the range of integration of Fredholm integral equation into 40 line elements, quite good
accuracy in the results are obtained. From Tables 3.4 and 3.5, it is observed that for
Volterra integral equation very accurate results are obtained for values of x near zero.
The advantages of this method is that, this is very simple, time saving, accurate and

efficient numerical technique as compared to other numerical techniques.
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Chapter 4

Line element method of solving

singular integral equations

1. Introduction

In the present chapter we have applied boundary element method described in chap-

ter 3, to solve integral equations i) of first kind with weakly singular kernel, viz, Abel
integral equation and integral equation with log kernel, ii) of first and second kind with
hypersingular kernel.
Boundary value problems arising in Mathematical physics, particularly in solid me-
chanics and theory of water waves can be reduced to singular integral equation like
Abel integral equations, integral equations with log kernel and hypersingular integral
equation.The most general form of Abel Integral Equation of first kind is given by
Mandal and Chakrabarti (2011).

v _K(x,1)e(t)
a (h(z) = h(t))

dt = f(x),a<x<b, (4.1)

where f(a) =0, 0 < a <1, K(x,t) is a continuous function, K(x,z) # 0 and h(x) is

strictly monotone increasing and differentiable function of x on [a,b] and A/(x) # 0

1 The content of this chapter is based on the paper “ Line element method of solving singular
integral equations ”, Indian journal of pure and applied mathematics, 53(2), (2022), 528-541.
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CH 4. Line element method of solving singular integral equations

in [a,b]. It may be noted here that Abel integral equations are often referred to as
Volterra integral equation.

A simple form of integral equation with log kernel is given by

E t—x
f ¢(t) In|—=|dt = f(z), 0<z <1 (4.2)
0 t+x

where, f(x) is a known function and

o(t) ~O(jt-1]"2) as t - 1. (4.3)

The integral equation (4.2) arises in the problem of scattering of water waves by
a thin vertical barrier present in deep water [cf. Mandal and Chakrabarti (2000),
Banerjea and Dutta (2008)]. The condition (4.3) satisfied by the unknown function
¢(t) arises from the physics of the problem. This condition is necessary for the unique-
ness of the solution [cf. Mandal and Chakrabarti (2000)].

Hypersingular integral equations serve as an important tool in solving a large class of
mixed boundary value problems arising in mathematical physics|cf. Kaya and Erdogom

(1987), Chan et. al. (2003)]. The simplest form of hypersingular integral equation is

given by o)
1 t
N fz), -1<z<1 (4.4)
with
o(t) ~O(]1 _t2|%) as [t| - 1. (4.5)

so that ¢(x1) = 0. Here the integral in equation (4.4) is defined in the sense of
Hadamard finite part integral.

The analytical solutions of integral equation(4.1) with K(x,t) = 1 and integral
equation (4.2) and (4.4) are well known [cf. Mandal and Chakrabarti (2011)]. How-
ever if the kernel of the integral equation involves singularity with complicated form,

the exact solution may not be easy to obtain in which case numerical methods are
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helpful. Moreover, the integral equations (4.1) and (4.2) involve weakly singular kernel
while the kernel of the integral equation (4.4) involves strong singularity. It is alredy
mentioned in Chapter 1 that the integrals with weak singularity are amenable to the
numerical techniques as the integrals can be defined in ordinary Riemann sense. How-
ever the integrals with strong singularity has to be defined in a special manner and
for that reason the numerical evaluation of integrals with strong singularity needs spe-
cial attention. In this chapter we shall adopt a very simple method viz Line Element
Method to solve the integral equations (4.1), (4.2) and (4.4) as described in chapter
3. The line element method (LEM) used here is based on boundary element method.
The application of line element method (LEM) in solving integral equations was ini-
tiated by Banerjea et. al. (2019) . They illustrated with examples, the application
of LEM to obtain the solutions of Fredholm and Volterra integral equations of second
kind as described in chapter 3. In their work, the convergence analysis of the method
was not discussed. They applied LEM to reduce the integral equations to a system of
linear algebraic equations. In the present approach, following Banerjea et. al. (2019),
we applied line element method to find numerical solutions of integral equations with
weakly singular kernel and hypersingular kernel. The error analysis of the line element

method is discussed here.

2. Method of solution:

2.1 Solution of the Abel integral equation:

Most general form of Abel integral equation is given by equation (4.1). To find
the unknown function ¢(z) satisfying the integral equation (4.1) for different x in the
region of definition, we shall apply here Line Element Method(LEM). We first consider
the small line element joining the points ay and a; where ag = a and a; = ag + 7y, where
v is a very small positive number. If ¢; is a point on this line element, then ¢; can be
written as

t1=na1 + (1 -n)ap, 0<n<1.
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CH 4. Line element method of solving singular integral equations

Consequently equation (4.1) becomes

dn = f(a1). (4.6)

fl v K(ai,t1) ¢(t)
o (h(ar) = h(t1))”
According to LEM discussed in Chapter 3 [cf. Pozrikidis (2002)], we consider the

function ¢(t) as constant throughout the very small line element joining the points ag

and a; and write ¢1 = ¢(t1). Then equation (4.6) reduces to

Uy K(ay,t)
o (h(a1)-h(t1))

b1 Sdn. = f(ar). (4.7)

Alternately we can write as,

Hyy ¢1 = fu, (4.8)
where ) K )
_ Y alatl _
Hyy = o (h(ar) = h(t1))" n, fi=f(ar). (4.9)
Hence,
Hy

Again taking = = ay where as = a; + 7, the equation (4.1) becomes

a K(ag,t) ¢(t) e [° K(ay,t) ()
ao  (h(ag) = h(t))~ ar (h(ag) = h(t))~

dt = f(as). (4.11)

If ¢; is a point on the line element joining the points a;_y and a;, j = 1,2, then we
can write ¢; as

tj =naj+(1—7])aj,1, j= 1,2, OST]S 1.
Then equation (4.11) becomes

Ly K(as, t1) ¢(t1)d N Ly K(ag, t2) o(t2)

o (h(az)—ha )™ M Jo (hlaz) = htayy> =4 (4.12)

According to the assumption of LEM , we choose ¢; = ¢(¢;), j = 1,2 as constants
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CH 4. Line element method of solving singular integral equations

(unknown) for ¢; € [a;_1,a;]. Using this assumption, equation (4.12) can be written as

2

Z 9 Gj = (4.13)

where

! VK(CLQ? )
o (h(az) - h(t;))"

It is noted that the matrix associated with the system of linear equations (4.8) and

Hy; = dn, j=1,2; fa=f(a2). (4.14)

(4.13) is a lower triangular matrix. Hence solving equation (4.13), we obtain

fo—Hon

4.15
s (4.15)

P2 =
where ¢ is known from equation (4.10). Proceeding similarly, ¢(z) can be found
numerically at x = a; where a; = ag + 77y, 1 =1,2,..n. At i-th step,with all the previous

assumptions, equation (4.1) takes the form

ZHZ] ¢j = fia Z.:1’27""771 (416)
i1
where
K(ai,t; . , ,
7K (ai 1) dn, i=1,2,...n; j=1,2,..4;  fi=f(a;). (4.17)

(h a;) = h(t;))"

with ¢; = ¢(t;) as constant through the line element [a;_1, a;] and
t; = na; + (1 —n)ai,l, 0< n< 1.

Equation (4.16) is a system of linear equations which forms a lower triangular matrix.

Thus solving equation (4.16), we obtain

z 1
=i H;
_fL; b; = / i (4.18)

¢1 =
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2.2 Solution of integral equation with log kernel :

A simple form of integral equation with log kernel is given by equation (4.2) and
(4.3). In order to find the unknown function ¢(x) for different x in the region of
definition numerically, we apply the Line Element Method(LEM). According to the
method, we divide the range of integration [a,b] into n line elements, where the end
points of j-th line element is a;_; and a;, j=1,2,....n, with ap =0, a, = 1, a; = ap+j&, j =
1,2,...n and § = “==#¢ Thus [a,b] = U};[a;1,a;]. Consequently integral equation

(4.2) can be written as follows

if qb(t)ln‘i;—i|dt:f(m),0<x<1 (4.19)
j=1va5-1

If t =¢; is a point on the line joining the points a;_; and a;, then t; can be written
as

tj =na; + (1—77)aj717 OSUS L

Hence equation (4.19) becomes

te—
L= dn, = f(2),0<z <1 (4.20)

> [ €ottn]

i+

Writing = = x;, i=1,2,...,n, for i-th line element joining the points a;_1, a;, the equation

(4.20) becomes
t

n 1 -
%, €ottml

According to LEM, we assume that the value of ¢(t) is constant throughout the small

T

“|dn, = f () (4.21)

T

line element joining the points a;_; and a;, so that ¢; = ¢(¢;), a constant [cf. Pozrikidis

(2002)]. Then equation(4.21) reduces to

S Hij¢5 = fi, i=1,2,.m (4.22)
j=1
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where
1 tj—ZEZ' . .
H”:f 3 1n|—‘d777 fi=f(x),i=1,2,...n;5=1,2,...n (4.23)
0 tj+flfi

It may be noted here that the integral in equation (4.23) is a weakly singular integral
and it can be evaluated numerically. The equation (4.22) is a system of linear equation

solving which we get the numerical values of ¢(x;), i =1,2...n.

2.3 Solution of hypersingular integral equation :

Hypersingular integral equation of first kind :

We consider the simple hypersingular integral equation of first kind of the form

¢(t) _
o) dt = f(z), -1<z<1 (4.24)

with condition (4.5) so that ¢(x1) = 0. The exact solution of equation (4.24) is given
by [cf. Martin (1992)]

v — 1]

1—xt+\/{(1_x2)(1_t2)}] dt. (4.25)

sy = [ 5e)los]
Noting the condition (4.5), we assume
¢(t) = V1 =12 4(t) (4.26)

where 1(t) is a regular function. Now replacing (4.26) in equation (4.24), we get

[Ww

- dt = f(z), -1<z<1 (4.27)

Now we subdivide the range of integration [-1,1] into n number of line elements.i.e.,
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CH 4. Line element method of solving singular integral equations

[-1,1] = U?ﬂ[aj_l,aj] with ag = -1 and a,, = 1. Here we take

aj:a0+jh, h = ,jzl,...n.

Consequently equation (4.27) can be written as follows.

IN
8

IN
—_

dt = f(z), -1 (4.28)

f i V1= P(t)

o (t-x)?

Now for t belonging to j* line element joining the points a;_; and a;, we write
t =t;, so that
ti=na;+(1-n)aj1, 0<n<l.

Hence equation (4.28) becomes

dn = f(z), -1<xz<1 (4.29)

n 1 h 1—t? ¢(t])
/0 (tj—,I)z

Now, for x belonging to the line element joining the points a;,_; and a;, where ¢t =1,...n

J=1

we write = = x;, so that equation (4.29) becomes

n 1h\/1—t32-¢(tj)
>,

(tj —x)?

dy = f(z;) (4.30)

j=1
Here we assume that 1(t;) = ¢); as constant in j* line element joining the points

aj_1, a;, the equation (4.30) reduces to

Y Kijjvi=f;, i=1,23..,n (4.31)
j=1
where,
—t2
d D=1 4.32
(t_%)z n. o f@)=f (432)

For i = j, the integral in Kj;; has strong singularity and so it is not amenable to

numerical techniques. However to evaluate Kj;, can be evaluated analytically and for
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this we write

Kii = i
dZL'Z‘
where
G L=t
" ai-1 (Iz - ti) "

It is easy to evaluate Gj; so that Kj; can be evaluated as

T [ (Ajz; = p(2:)) (A - q())) ]
Kii =———x|In | |
1-a? (Aiﬂfi - C](ffz'))(Az'—lei —p(ﬂfi))
1 [ p(z:) . q(;) _ p(;) _ q(;)
Z; Az - p(ili’l) Az, — q(%) Ay~ p(iﬂz) Ay — Q(CEZ)
- sinla; + sin"ta;
(4.33)
where

Ai:L; plr)y=1+V1-22; g(x)=1-V1-2? (4.34)

—_
+
ju—
|
S
(V]

Thus knowing Kj;;, the system of linear equation (4.31) can be solved to obtain the
unknown values of ¢!s for each x;e[a;-1,a;]. Finally from equation (4.26), the function

¢(z) can be known.

Hypersingular integral equation of second kind :

A simple hypersingular integral equation of second kind is given by
L o(t) t
o(z) - f ¢( 3(5"’ Dt = f(z), -1< x<1 (4.35)

with ¢(£1) = 0 and s(z,t) is a known well behaved function. Noting the condition
#(£1) =0, we assume

o(t) = V1= (1) (4.36)
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where ¥ (t) is a regular function. Following the same procedure for solving first kind
hypersingular integral equation, the second kind hypersingular integral equation (4.35)
can be reduced to a system of algebraic equations. The solution of the system of alge-
braic equations produces the solution of the hypersingular integral equation (4.35).

In the next section we shall illustrate the method described through some examples.

3. Numerical results :

We now consider some examples to illustrate the Line element method.

3.1 Abel integral equation:

Example 1:

We consider the Abel integral equation

. 4
f o) g2t 0ca<n (4.37)
0 r—t1 3

Here ¢(z) = x is the exact solution. Following the procedure discussed in section
2.1, taking v = .1 and 7 = .01 respectively, we obtain the values of ¢(x). Some repre-

sentative values of ¢(x) are given in the table 4.1 and table 4.2 below.

Example 2:

We consider the following Abel integral equation which arises in connection with
the problem of scattering of water waves by a vertical barrier partially immersed in
deep water [cf. Chakrabarti et. al. (1995)].

x, 0<z<l1 (4.38)
0 ’/$2—t2

The exact solution of this Abel integral equation is ¢(t) = 1. Following the procedure
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Table 4.1: Comparative study of the exact result and present result.

v=0.1
values of x Solution Absolute Error
Pexact ¢3~PPY0X
0.1 0.1 0.0954336 4.56639x1073
0.2 0.2 0.1953010 4.69879x10-3
0.3 0.3 0.2952450 4.75550x1073
0.4 0.4 0.395211 4.78890x1073
0.5 0.5 0.495189 4.81149x10-3
0.6 0.6 0.595172 4.82812x1073
0.7 0.7 0.695153 4.84100x10-3
0.8 0.8 0.795149 4.85136x10°3
0.9 0.9 0.89514 4.85993x1073
1.0 1.0 0.995133 4.86717x1073

Table 4.2: Comparative study of the exact result and present result.

~v=0.01
Solution
values of z Absolute Error
¢exact ¢approx
0.1 0.1 0.0995133 4.86716x10~4
0.2 0.2 0.199503 4.90624x10~4
0.3 0.3 0.299508 4.92335x10~4
0.4 0.4 0.399507 4.93355x10*
0.5 0.5 0.499506 4.94055x10~4
0.6 0.6 0.599505 4.94639x10~4
0.7 0.7 0.699505 4.9505x10~4
0.8 0.8 0.799505 4.95375x10~4
0.9 0.9 0.899504 4.95536x10*
1.0 1.0 0.999504 4.95757x104

discussed in section 2.1, and taking the length of each line element v = .1 and v = .01
respectively, the unknown function ¢(z) is obtained for different values of x where
x € [0,1]. Some representative values of ¢(z) are given in table 4.3 and table 4.4

respectively below.

From Tables 4.1 and 4.2 for example 1, and from Tables 4.3 and 4.4 for example 2,
it is observed that as v increases 107! times, the absolute error also increases by 1071

times. However, for 7 = 0.1, the absolute error in example 1 is of order 103 while in
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Table 4.3: Comparative study of the exact result and present result.

v=0.1
values of x Solution Absolute Error
Pexact ¢3~PPT0X
0.1 1 1.00000 6.49833 x 108
0.2 1 1.00000 4.30718 x 108
0.3 1 1.00000 3.14319 x 10-8
0.4 1 1.00000 3.3801 x 108
0.5 1 1.00000 4.13483 x 1078
0.6 1 1.00000 4.48594 x 108
0.7 1 1.00000 4.07682 x 108
0.8 1 1.00000 5.07618 x 108
0.9 1 1.00000 6.13094 x 108
1.0 1 1.00000 6.67634 x 10-8

Table 4.4: Comparative study of the exact result and present result.

~v=0.01
Solution
values of x Absolute Error
Pexact ¢approx
0.1 1 1.00000 9.38194 x 107?
0.2 1 1.00000 2.75213 x 108
0.3 1 1.00000 2.23096 x 108
0.4 1 1.00000 2.73001 x 10-8
0.5 1 1.00000 2.93306 x 108
0.6 1 1.00000 2.29234 x 108
0.7 1 1.00000 2.07567 x 108
0.8 1 1.00000 2.11109 x 10-8
0.9 1 1.00000 2.37410 x 108
1.0 1 1.00000 2.42862 x 108

example 2 it is of order 10~8. Thus it is observed that line element method is simple

and fairly accurate method.

3.2 Integral equation with log kernel:

We consider the integral equation (4.2, 4.3) with f(z) = ma given by

1 _
/(; ¢(t)ln|i+—i‘dt:7m, O<x<l1. (4.39)
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The above integral equation arises in connection with the problem of scattering of water

waves by a vertical barrier partially immersed in deep water [cf. Banerjea Dutta (2008)]

whose exact solution is ¢(z) = — = Since the unknown function o(x) satisfies the

condition (4.3), so we write
w(x)
V1=

where () is a regular function. Thus the given integral equation reduces to

¢(x) = ——=

./01 ‘i_'_z\z/bﬂ =7z, 0<z <1 (4.40)

The exact solution of the given integral equation is ¢(x) = —ﬁ, [cf. Banerjea

Dutta (2008)] so that ¥(z) = - = Following the procedure discussed in section
2.2, the domain [0, 1] is discretized into 10 and 100 line elements respectively, taking
€ =0.1, 0.01, so that we get different values of ¢)(x) in different line segments. Some
representative values of ¢(x) are given in table 4.5 and table 4.6 for £ = 0.1 and £ = 0.01
respectively. It is observed from Table 4.5 that the order of absolute error is 10~ for
¢ =0.1. This indicates that for 10 line elements, the results are fairly accurate. However
it is observed from Table 4.6 that the order of absolute error is 1076 for £ = 0.01. This
shows that the Line Element method gives fairly accurate results and as £ is decreases

by 107! times the absolute error decreases by 1072 times.

Table 4.5: Comparative study of the exact result and present result.

£=0.1
Solution
Interval values of x Absolute Error
Pexact ¢appr0x
[0,.1] 0.05 -0.04795 -0.0489828 1.8775x10~4
[.1,.2] 0.15 -0.139876 -0.140246 3.6984x10~4
[.2,.3] 0.25 -0.223607 -0.233996 3.8875x10~4
[.3,.4] 0.35 -0.301232 -0.301656 4.2373x1074
[4,.5] 0.45 -0.373705 -0.374181 4.7631x10~4
[.5,.6] 0.55 -0.441771 -0.442329 5.5872x10~4
[.6,.7] 0.65 -0.506024 -0.506716 6.9189x10~4
[.7,.8] 0.75 -0.566947 -0.567915 9.6860x10~4
[.8,.9] 0.85 -0.624932 -0.625988 1.0552x1073
[.9,1] 0.95 -0.680309 -0.689418 9.1088x1073
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Table 4.6: Comparative study of the exact result and present result.

£=0.01
Solution
Interval values of z Absolute Error
¢exact ¢approx
[0.05,0.06] 0.055 -0.0535472 -0.0535511 3.91519 x 106
[0.15,0.16] 0.155 -0.144225 -0.144229 3.91375 x 1076
[0.25,0.26] 0.255 -0.227624 -0.227628 4.02584 x 106
[0.35,0.36] 0.355 -0.304971 -0.304975 4.30648 x 106
[0.45,0.46] 0.455 -0.377207 -0.377212 4.80107 x 106
[0.55,0.56] 0.555 -0.445069 -0.445075 5.61181 x 106
[0.65,0.66] 0.655 -0.509146 -0.509153 6.97712 x 1076
[0.75,0.76] 0.755 -0.569913 -0.569922 9.5418 x 106
[0.85,0.86] 0.855 -0.627761 -0.627777 1.57518 x 105
[0.95,0.96] 0.955 -0.683015 -0.683065 4.99048 x 107

3.3 Hypersingular Integral Equation:

Example 1:
Here we consider the hypersingular integral equation (4.24) when f(z) =1

Lot _ -
with
o(t) ~O([1-22)  as |t| - 1. (4.42)

The exact solution of equation (4.41) is given by ( equation (4.25) with f(z) =1)

1
o(x)=-—vV1-2a2 (4.43)
T
According to the substitution used in equation (4.26), we obtain ¢ (z) = -1. Fol-

lowing the procedure discussed in section 2.3, we discretise the domain [-1,1] into 20
and 200 line elements respectively so that the length of each subinterval A = 0.1, 0.01
respectively. Some representative values of ¢)(z) are given for both cases in Table 4.7

and Table 4.8 respectively.
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Table 4.7: Comparative study of the exact result and present result.

h=0.1
Solution
Intervals values of © Absolute Error
Pexact ¢appr0x
[.9,1.0],[-1,-.9] +0.95 -1/x -0.31831 1.77747 x 10712
[.7,.8],[-.8,-.7] +0.75 -1/x -0.31831 2.01006 x 1012
[.5,.6],[-.6,-.5] +0.55 -1/7 -0.31831 2.16993 x 1012
[.3,.4],[-.4,-.3] +0.35 -1/7 -0.31831 2.32203 x 1012
[.1,.2],[-.2,-.1] +0.15 -1/7 -0.31831 2.54963 x 1012
Table 4.8: Comparative study of the exact result and present result.
h=0.01
Solution
Intervals values of x Absolute Error
Pexact ¢approx
[.95,.96],[-.96,-.95] +0.955 -1/m -0.31831 6.96221 x 10-14
[.75,.76],[-.76,-.75] +0.755 -1/7 -0.31831 8.24729 x 1014
[.55,.56],[-.56,-.55] +0.555 -1/7 -0.31831 1.06742 x 1013
[.35,.36],[-.36,-.35] +0.355 -1/7 -0.31831 1.50419 x 1013
[.15,.16],[-.16,-.15] +0.155 -1/m -0.31831 2.45437 x 10713

It is observed from table 4.7 that the error is of order 10~'? when h = 0.1, ie for
20 line elements. This shows the method adopted here is very simple, effective and
produces quite accurate result. Table 4.8 shows that the error is of order 10~* or 10713
for h = 0.01, ie for 200 line elements. Hence it is observed that as h increases by 1071

times, the absolute error increases by 1072/ 10~! times.

Example 2

The hyper singular integral equation of second kind is given by

o(z) - 2U= xQ) f f(i)Q dt = f(z), -l1<a<1 (4.44)

with ¢(£1) = 0, which is known as the elliptic wing case of Prandtl’s equation, for
which a(> 0) is a known constant and f(z) = (%)(1 ~22)z, k , B(> 0) are known
constants [cf. Chakrabarti (1997)]. For simplicity we take 8=m, k=1, a = 55 in (4.44)
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so that f(z)=2(1-22)2.

Because of the condition ¢(+1) =0, we assume
o(t) = VI (1) (4.45)

where 1(t) is a regular function. Now replacing (4.45) in equation (4.44), we get

(@) =2+ o [ Vl(t i;é(t) dt (4.46)

Generalizing the procedure discussed in section 2.3 for 2nd kind hypersingular integral
equation, we discretise the domain [-1,1] into 20 line elements.Some representative

values of ¢(x) are given in Table 4.9 .

Table 4.9: Numerical values.

values of z Yapprox
+0.955 1.33333
+0.755 1.33333
+0.555 1.33333
+0.355 1.33333
+0.155 1.33333

A second method based on approximating the unknown function ¢ (t) in the equa-

tion (4.46) by Chebyshev polynomial is described below.

b(t) = i@ ap U (1) (4.47)

where U, is Chebyshev polynomial of 2nd kind.
Now From Abramowitz and Stegun (1965), we know that

f v ‘t2U VISEGW®) g7 ) (4.48)
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where 7, is Chebyshev polynomial of 1st kind.Now differentiating both side of equation
(4.48) with respect to x , we get

f VIZE UM gy a1y U () (4.49)

C(z-t)?

Now substituting (4.47) in (4.46), and using the relations (4.48) and (4.49), we get
N
Yoa, Ap(z) = 2, —1<z<1, (4.50)

where A, (z) = 22U, (x). Now choosing N + 1 values of z, we get a system of linear
equation, solving which we get the coefficients a, and then ¥ (z). To compare the
result with solution obtained by boundary element method, here we take NV =19, and
x; same as the example (4.46). The results by Chebyshev polynomial approximation

is given in Table 4.10.

Table 4.10: Numerical values.

values of z Yapprox
+0.955 1.33333
+0.755 1.33333
+0.555 1.33333
+0.355 1.33333
+0.155 1.33333

From Tables 4.9 and 4.10 it is observed that results obtained by two method agree

with each other.

4. Convergence of the Line element method to solve
integral equation with regular kernel :

In this section we shall establish the convergence [cf. Goldberg and Chen (1994)]
of the line element method of solution of Fredholm integral equation of second kind.

The proof of convergence for first kind integral equation follows similarly.
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A second kind integral equation is given by
é(z) = f(x)+ A fabK(x,t)qs(z)dt, a<x<h (4.51)
which can be alternately written as
o(x) = f(x) + AM(K¢)(x),a<z<b, (4.52)

where

(Ko)w)= [ K(e.no(ty (4.53)

Following Banerjea et al. (2019), we approximate (K¢)(z) in equation (4.53) using
line element method as (K,¢)(x), given by

noorl
(K0)(@) = (Ku9)(@) = Y. [ K(w.t)0(t)(a; - a;-1)dn (4:54)
=1
where K, : C[a,b] - Cla,b] is a finite rank operator and
ti=na; +(1-n)ajq, 0<n<L

where a; and a;_; are the end point of j-th line element.

Replacing (K¢)(x) from equation (4.54) into equation (4.51) we obtain n* approx-
imation ¢, (x) to ¢(x) as

0u(@) =3, [ Ko )o(t) (@ =g + 1 (2) (455)

To obtain {¢,(x)} we evaluate ¢,(z) from (4.55) at x = x;, where x; belongs to the

line element joining (ax_1,ax). Thus
noorl
Oul@) =Y [ K (s t)on(t)a; - aj)dn + () (4:56)
=1
Considering ¢, (1) = ¢nr to be constant in k" line element, the equation (4.56) can
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be reduced to the following system of linear algebraic equations
Y Hijbpj = f1i=1,2,.....,n (4.57)
j=1

where H;; = 6;; - /01 K (i, t;)(aj —aj_q1)dn. If equation (4.57) has unique solution then

equation (4.55) provides an interpolant
no ol
on(@) =Y. [ K(@t)0(t)(a; = ag1)dy + /(2) (4:58)
=1

of {om ()}
To prove the convergence of the {¢,,(x)}" _;, we use the Brakhage’s lemma [cf. Gold-

berg and Chen (1994)] given as follows.
Brakhage’s Lemma

Let K : V - V be a bounded linear operator and K, : V - V be a sequence of
finite rank operators such that K, (z) —» K(z), VxeV. If | (K- K,)K, ||-> 0asn — o

then Vn sufficiently large (I - K,,)™! exists and || (¢ = &) o < || K= Kpn® oo -

Now (K¢)(z) and (K,¢)(z) are defined by equations (4.54) and (4.53). Thus

(K = K)o bola) = 30 =as) | Bt ot (459)
where
En(z,t;) = f bK(x,s)K(s,tj)ds—gn:l(ak—ak1) [0 UK (2,80 K (51, 15)dC. (4.60)

where s = (1 - ()ag-_1 + Cag.
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Now it is easy to see that

zela,

n 1
(K =KD Kyl < mis S(a=a;00) [ |BuCa )l (4.61)
a j=1

Thus to show that || (K-K,)K, ||— 0asn — oo it is sufficient to show that { F,,(z,t)}
is a uniformly bounded equicontinuous set of functions which are pointwise convergent
to zero so that by Ascoli Arzela’s theorem it can be asserted that { £, (z,t)} uniformly

to zero.

Now Equation (4.60) shows that {E,(z,t)} is point wise convergent and converges

to zero.

We first show that {E,(z,t)} is uniformly bounded sequence. From equation (4.60)

we have

B (z,t)] < 2(b-a)|K(z,t* < 2(b-a) (xt)ﬁr[riabii[ab]|l((a:,t)|2 < M (4.62)

where M is a constant, showing that {E,(x,t)} is uniformly bounded. To show that

{E,(z,t)} is equicontinuous we write
|En(2,t) = En(y, 2)| < |En(2,t) = En(y, )]+ |En(y,t) = En(y, 2)|- (4.63)
Now, using equation (4.60) it can be easily shown that
|En(z,t) — B, (y,t)| < 2(b-a)k SISE%(] |K(z,s) - K(y,s)| (4.64)

where & = max (g ¢)e[ab]x[ab] K (T,1)]
Similarly
|En(y,t) = En(y, 2)| < 2(b-a)k max |K (s,t) = K(s,2)]. (4.65)

Since K (z,t) is uniformly continuous, so for ¢ > 0, the following holds.
|K(z,s) - K(y,s)| < ¢/2k(b—a) whenever |z -y| < 6; and |K(y,t) - K(y,z)| <

70



CH 4. Line element method of solving singular integral equations

e/2k(b—-a) whenever |t - z|< da. Thus choosing § = min(d;,d2) we have

|En(x,t) = E(y,2)| < e. (4.66)

This shows that {FE,(z,t)} is equicontinuous. Thus {E,(x,t)} satisfies all the condi-
tions of Ascoli Arzela’s theorem. Hence by Brakhage’s Lemma the we can say that
¢n > ¢ as n — oo [cf. Goldberg and Chen (1994)].

For the singular integral equations the dominant term can be evaluated exactly and the
corresponding singular integral equations can be reduced to system of linear equations

and proof of convergence of the method can be extended for singular integral equations
also [cf. Goldberg and Chen (1994)].

5. Conclusion :

A simple numerical technique, viz, line element method is employed here to solve
Abel integral equations, integral equation with log kernel and hypersingular integral
equation of first kind. For all three types of integral equations, the discretization of
range of integration as well as the interval of definition of the integral equations into
small line elements, yields a system of linear equations. For Abel integral equation, the
matrix associated with the system of linear equations is a lower triangular matrix from
which it is very simple to obtain the solution. For log integral equation and hypersin-
gular integral equation, the matrix associated with the system of linear equations is a
normal dense matrix whose inversion can be obtained by standard procedure.

Some numerical examples are considered for all the integral equations. It is observed
that in each example, that

i) the the method is very simple to implement numerically,

ii) the absolute error is fairly small even for 10 line elements. This shows the efficiency
of the method.

iii) as the number of line elements increases by 10 times, the absolute error decreases
by 1072/ 10! times.

This shows that the Line Element Method is a very efficient method and yields very
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accurate results for solving weakly singular integral equations as well as hypersingular

integral equations.

72



PART III

Water wave scattering problems by

thin barrier



Chapter 5

Hypersingular Integral Equation
Formulation of the Problem of
Water Wave Scattering by A
Circular Arc Shaped Impermeable
Barrier Submerged in Water of

Finite Depth

1. Introduction

In this Chapter we study the problem of scattering of water waves by a thin im-
permeable circular arc shaped barrier submerged in ocean of finite depth under the

assumption of linearised theory of water waves. As already mentioned in Chapter 1

1 The content of this chapter is based on the paper “ Hypersingular Integral Equation Formulation
of the Problem of Water Wave Scattering by A Circular Arc Shaped Impermeable Barrier Submerged
in Water of Finite Depth ", The Quarterly Journal of Mechanics and Applied Mathematics, 74(4)
(2021) 491-505.
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that breakwaters in the shape of a circular arc submerged in water was studied by many
researchers because it is known that the increase in arc length of a circular arc-shaped
rigid breakwater reduces the reflection of water waves.

The problem is formulated in terms of a hypersingular integral equation of first kind in
terms of the unknown function representing the difference of potential function across
the curved barrier. The hypersingular integral equation is then solved by using two
numerical methods.

The first method is boundary element method (BEM) which is discussed in detail
in chapters 3 and 4. The second method is collocation method where the unknown
function is expanded in terms of Chebyshev polynomials of second kind. Choosing
the collocation points suitably, the integral equation is reduced to a system of alge-
braic equations which is then solved to obtain the unknown function satisfying the
hypersingular integral equation.

The physical quantities of interest viz, the reflection coefficient, transmission co-
efficients, which are expressed in terms of the solution of the hypersingular integral
equation, are computed by both the methods and studied graphically. The comparison
of the reflection coefficient by the two methods shows reasonably good agreement.

We now proceed to formulate the problem mathematically.

2. Mathematical Formulation:

Assuming linear theory we consider the two dimensional motion in water due to
interaction of waves with a circular arc shaped thin impermeable barrier which is fully
submerged in a water region of finite depth h. The configuration is described by a carte-
sian co-ordinate system with x-axis along the mean free surface of water and y-axis
vertically downward passing through the center of the circle. The circular arc shaped
barrier with radius b is placed such a way that it is symmetrical about the y-axis and
the center of the circular arc is at the depth (d+b) from the free surface and the radius
through the end points of the barrier makes an angle  with y-axis. Thus any point

(z,y) on the plate can be expressed as z =bsinsf, y=d+b-bcoss) -1<s<1.
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X

Figure 5.1: Geometry of the problem

We consider a time harmonic train of surface waves with velocity potential
Re(¢e(x,y)e~t) and angular frequency o from x — —oo is incident on the barrier

and is partly reflected and partly transmitted over and below the barrier. Here,

cosh kqo(h — y)etkor
cosh kgh

Qe = (5.1)

where kg is the unique real positive root of the transcendental equation
ktanh kh = K (5.2)
with K =o?/g.

Now the resulting motion can be described by velocity potential Re(¢(x,y)e~wt), ¢(x,y)

satisfies the following boundary value problem.

V26 =0 in the fluid region, (5.3)
K¢+¢,=0 on y=0, (5.4)
g—jzo on y=h, (5.5)
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2 v¢  is bounded as r — 0, (5.6)

where 7 is the distance of any point of the fluid region from the either sharp ends of
the barrier. This is a well known condition which expresses the singular behaviour of
velocity at the tips of the thin plate within the frame work of linearised theory of water

waves. A detailed discussion on this condition is given in (cf. Mandal and Chakrabarti

(2000)).

The boundary condition on the curved plate surface I' is given by

Op1 g9

—=—=0 I 5.7

on  On on (5:7)
Here the potential functions ¢o(x,y) is in the region 22 + (y — b—d)? > b? and ¢ (x,y)
is in the region 22 + (y —b—d)? < b? and % denotes the normal derivative at a point on
I
The far field condition is

¢"(z,y) + RY™(~x,y) as x > —oo,
¢(x,y) ~ (5.8)
Teine(z,y) as x — oo,

where R and T are the reflection and transmission coefficients respectively, which are

to be determined.

3. Method of solution:

In this section we will proceed to find the reflection and transmission coefficients us-
ing hypersingular integral equation formulation. Following Parson and Martin (1994),
we shall reduce the boundary value problem (5.1) to (5.8) to a hypersingular integral
equation of first kind over the barrier I' using Green’s integral theorem. Let G(x,y;&,n)
be the source potential which describes motion in water due to the presence of a line

source at (£,m). The representation of G(x,y;&,n) is given (cf. Mandal Chakrabarti
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(2000)) below.

G(z,y;€,n) =log (%)

- B _ —kh & ' -
_2][ [coshk(h y) coshk(h —n) L C sinh k7 sinh ky |cos k(x f)dk (5.9)
0

ksinh kh — K cosh kh k cosh kh

where 7,1’ = \/(x -&)%+ (y ¥ n)? and the symbol ;" indicates that, along the path of
integration, there is a small circular indentation below the unique real positive root kg

of the transcendental equation ksinh kh — K cosh kh = 0.

Now applying Green’s Integral theorem to the functions ¥ (x,y) = ¢(x,y)—¢"(z,y)
and G(z,y;&,n) in the fluid region suitably, we obtain the integral representation of

the potential function as
56 = 9" (En) - 5= [ [610) 5 -G,y E.m)ds, (510)

where p = (z,y) is a point on barrier I'; [¢](p) is the discontinuity of potential
function ¢(z,y) across I' and a%p is the normal derivative at the point p on I'. It is
very clear that the unknown function [¢](p) vanishes at the tips of the arc barrier and
its derivative has square root singularity there.
Now taking normal derivative to both sides of equation (5.10) at another point q = (&, 7)
on the barrier, and using the boundary condition (5.7), we finally obtain the integro-

differential equation
1 0 0 . _ dge
o 8—%fr[¢](P)8—%G(p, q)dsp = on, (&,m). (5.11)

Now the order of integration and differentiation in equation (5.11) can be inter-
changed provided the integral is interpreted as a Hadamard Finite part integral and

finally we obtain the hypersingular integral equation

= [ 1010) 52— Gl a)ds, = o (c.0) (512)

o dngon,
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where [¢(p)] vanishes at the tips of I.
Now to obtain the explicit form of the kernel of the integral equation (5.12), we write
parametrically the coordinates of points p(z,y) and ¢(§,n) on the barrier I" and the

normal derivatives n, and n, at points p and g respectively as follows

x(s) =bsinsh, y(s)=d+b-bcossh; -1<s<1, (5.13)

&(t) =bsinth, n(t)=d+b-bcostd; -1<t<1, (5.14)

n, = (—sinsb, cos sf); n, = (—sinth, costd), (5.15)

X =x-&=b(sinsf —sintd); Y =y+n=2d+2b-b(cos sb + costh). (5.16)

Now using equations (5.13), (5.14) and (5.15) in equation (5.9), we get the simplified

2
form of a;?annp (p;q) as

’°G 1
S . D) = TReR(s 1) L(s,1) (5.17)
q P
where
1 1
L(s,t) = - -
(8, ) [4b2 sin2 (s;t)a 5292(3 _ t)z]
X?2-Y? 2XY i
—m COS(S - t)@ + m Sln(t - 8)0

—2sin tf sin s6 fo ” p(k) sinh knsinh ky cos kX dk
+2sintf cos sf fo ” p(k) sinh kn cosh ky sin kX dk
-2 costf sin sf /0 ” p(k) cosh knsinh ky sin kX dk
-2 costh cos sf fo ) w(k) cosh kn cosh ky cos k X dk
—sintf sin 59[@' cosh ko(h - y) cosh ko(h —n) e*olX]

[ee] 2 00
- Z An €08 ki (h =) cos ki (h = 1) e7FlX] 4 % Z o SIN gy sin o, e X

n=1 n=0
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- costh cos 39[(2’ sinh ko (h - y) sinh ko(h - n) e™olXl

) oI & ]
+ 2 Ansinky, (h - y) sink, (h - n) e - % > 0 €08 vy cos g |

n=1 n=0

—sintf cos s@lg‘ sinh kqg(h —y) cosh ko(h — 1) cikolX|

) 2 ) T
= > Ansinky, (h - y) cosk,(h-n) e ¥+ % 3, cos apy sinay,n e Xl

n=1 n=0

+cos tfsin sH[C cosh ko(h —y) sinh kg(h —n) e*olX]

o0 2 o0
- Z Ancosk,(h—y)sink,(h-n) e hnl X1 4 % Z ot Sin A,y cos ay,n el (5.18)
n=1 n=0

where kg and ik,, are roots of the transcendental equations ktanh kh— K = 0; and 7cv,’s

are roots of the equation cosh kh = 0. and

_ ke kR _ 47rk(2) . _ 47rk,21
lu’(k) ~ coshkh?’ C_ 2koh+sinh(2koh) ’ )\n = 2k h+sin(2k,h)

Here L(s,t) is the nonsingular part of the kernel .

From equation (5.1), we get

9¢™e(§,m) _ ket
on, ~ coshkoh

sinh(ko(h —n) +ith). (5.19)

Writing
F(s) = [6(p(s)], -1<s<L, (5.20)

and using equations (5.17) and (5.20), the hypersingular integral equation can be

written as

koei*o€(®) ginh (ko(h=n(t)) +1t0)
cosh koh .

ff(s)[ L p62L(s,1)] ds = 208 (5.21)

1 (s—1)2

We will solve the above integral equation (5.21) by two methods, (i) Boundary el-
ement method ,(ii) Chebyshev Polynomial approximation method in the next section.

Using the solution f(s) of the hypersingular integral equation (5.21), the reflection and
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transmission coefficients can be written in terms of f(s) as described below.

Making & - —oo in equation (5.10) and comparing it with far field condition for

#(&,m) in equation (5.8), we obtain

2b0iky cosh koh

R=—
Qkoh + sinh 2]€0h

[ff(s) sinh(ko(h —y(s)) +isf) e*o(®) ds. (5.22)

Similarly making £ — +oco in equation (5.10) and using equation (5.8), we get

2b0ikq cosh kgh

T=1-
Qkoh + sinh Qkoh

fll f(s)sinh(ko(h —y(s)) —ish) e *oz() s, (5.23)

In the next section we shall proceed to solve the integral equation (5.21) to find f(s).

4. Solution of the Integral Equation:

We will use two methods to solve the integral equation (5.21) numerically.

Method I : Boundary Element Method

It is already known that [¢] = 0 at the tips of the barrier, this asserts that f(s) =0 at
s==1.

Hence we construct

f(s)=V1-s2g(s) (5.24)

where g(s) is a regular function in [-1,1].
So substituting (5.24) in (5.21), the hypersingular integral equation can be rewritten

as

[11 v1- 52{ (s _1t)2 + L(Sat)} g(s)ds = x(t) (5.25)

where X(t) — 27Tb9/€0 etko&(t) sinil()i/;oéél}:n(lf))ﬂt@) .

Now we divide the range of integration [-1,1] into m number of line elements i.e.

81



CH 5. Water wave scattering by a circular arc shaped impermeable barrier

[-1,1] = Uj%[aj-1,a;], where a; 1 and a; are the end points of jth line element and
Am—ag

ap =-1, a, =1. and a; =ap +jr’, 1’ =

Now we take s = s; where s; € [a;_1,a,],7=1,2....;,m. So
s;=(1-7)ajy +7a;, 0<7<L (5.26)

Also t belonging to line element joining a; 1 and a;, we write t = t; = (1=v)a;_1 +7ya;, 0 <
vy<1,1=1,2,......om.

So, equation (5.25) can be rewritten as

Z/ \/1 —S +L(sj,t)} g(s;) r'dr=x(t;), i=1,2,...,m. (5.27)

Now in this Boundary Element Method, we assume that the unknown function
in the integral equation takes constant values in each small intervals, i.e. we take
g(sj) = g; as a constant for jth line element, j = 1,2,....,m. So, under this assumption

Integral equation (5.27) is reduced to a system of linear equations which can be written

as
i ai; 9;=Xi, t=1,2,....,m (5.28)
a
where
f \/——3{ +L(s],t)}r dr, i=1,2,om; j=1,2,om, (5.29)
xi=x(t), 1=1,2,.....,m. (5.30)

\/1-s2
Now when ¢ = j, the integral fol (Sj_—tl)@ dr , si,t; € [a;_1,a;] becomes hypersingular

integral. It is difficult to find any quadrature formula to evaluate this hypersingular

integral. However this can be evaluated exactly by simple algebraic manipulation and

is given by
A(s) s - ot log st—(1+A(t))(1+ A(s))
(s—1)2 A(t) st—(1-A(t))(1+ A(s))
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s _ _t_

- 2A(t)( (L A@)AL AW ) ~ sin"i(s) (5.31)
(T — 1?2 - A(1)?

where A(s) = V1 -2

Now choosing t; = “==L, ¢ = 1,2,....,m, the system of equation (5.28) is solved to

obtain the unknown functions g;, j = 1,2,..m and hence f(s;) is approximated in each

[aj_1,a;]. Hence |R|, |T'| can be evaluated as

_ 21kob cosh koh ko (s;)
R=- Skoh + sinh2koh Zgjf /1= s3sinh (ko(h - y(s;)) +15;0)e i) dr.
(5.32)
~ 21kob0 cosh koh 1 5 . ikow(s;) i
T=1- 2k0h+smh2k0h§g'/o /1 - sisinh (ko(h—y(s;)) —1s;60)e"™ r' dr.
(5.33)

Method II : Chebyshev polynomial approximation method
In this method we approximate f(s) as
f(s) »~ V1-s2 chU (s) (5.34)

where N is an integer, U,(s) is the nth order Chebyshev polynomial of 2nd kind and
¢, are unknown complex constants for each n=0,1,2....., N.
Substituting f(s) from (5.34) in (5.21), we find that the hypersingular integral equation

(5.21) reduces to the following system of linear algebraic equation in ¢, s.

]zV: cn Ap(t) = v(t), -1<t<1, (5.35)

n=0

where

An(t):fll (—;:t)f U,(s) ds — 126° [11 VI=$ Uy(s) L(s,t) ds
=-n(n+1) U,(t) - b*0? [11\/1 -2 Uy(s) L(s,t) ds, (5.36)
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eko¢(®) sinh (ko(h —n(t)) +itd)

U(t) = 27Tb8k0 Coshkoh

(5.37)

Now to find the unknown coefficients ¢,,, we choose the collocation points t = ¢, as

25 +1
tztjzcos( J

1=0,1,2,..... N. .
2N+2)7r’ J 07 Pt ) (538)

Substituting ¢; s from (5.38) in (5.35) , we get a system of (/N +1) linear equations

n (N + 1) unknowns ¢, s given by

N

Y oen An(ty) = v(t;), j=0,1,2,...,N. (5.39)
n=0
Solving the above system equations, we can evaluate the constants ¢,, n=0,1,2,.....; N,

and using these we can find the Reflection and Transmission coefficients as

22k0b¢9 cosh ko /_ 2 wkoz(s)
2kroh+s1nh2k:0 f 8% Un(s) sinh (Ko(h =y(s)) +s0)e s
(5.40)
3 QZkObQ cosh /{30 D) wkoz(s)
L vt 7;) [ V1= 52 Uy(s) sinh (ko(h - y(s)) —150)e 05 ds.
(5.41)

5. Numerical Results:

The reflection coefficient |R| and the transmission coefficient |T'| are computed nu-
merically and depicted graphically against the wave number Kh after solving the hy-
persingular integral equations by boundary element method and the collocation method
for various values of the non dimensional parameters d/h, b/h and 6. The numerical val-
ues of |R| and |T'| are evaluated from equations (5.32) and (5.33) respectively, once f(y)
satisfying the hypersingular integral equation is solved by boundary element method.
In this method it is observed that the values of |R| for fixed Kh,d/h,b/h,6 coincide up

to four places of decimal if the system of linear equation (5.28) is solved for 25 to 30 line
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elements for 0§ = /10, 37/10 and 40 to 45 line elements for higher value of 6. Also the
collocation method of solution of hypersingular integral equation gives the numerical
values of |R| and |T'| from equations (5.40) and (5.41). Here the values of |R| coincide
up to four decimal places for N = 15 and 20 in equation (5.35). The values of |R| ob-
tained from above mentioned two methods are presented for d/h = 0.2, b/h = 0.2 in the

_ %; n=1,2,3,4,5 respectively. It is

tables 5.1 to 5.5 and for various values of 6
observed from the following tables that the difference between values of |R| computed
by two methods occur at fourth or fifth decimal places. This shows that |R| obtained
from two methods agree with each other reasonably well. However better accuracy
can be achieved by increasing the number of line elements in equation (5.28) and N in
equation (5.35) which requires very high speed computers. It may be mentioned here

that the energy identity |R|? +|T'|? = 1 is satisfied for various values of the parameter.

Table 5.1: Reflection coefficient for 6 = {5; % =0.2; % =0.2
Kh BEM Collocation Method
0.2 0.000278079 0.000295432
0.8 0.00300751 0.003365431
1.6 0.0104197 0.01073812

Table 5.2: Reflection coefficient for 0 = %; % =0.2; % =0.2
Kh BEM Collocation Method
0.2 0.000556401 0.00058391
0.8 0.013196 0.01328417
1.6 0.0515258 0.05149834

Table 5.3: Reflection coefficient for 0 = %; % =0.2; % =0.2
Kh BEM Collocation Method

0.2 0.0130173 0.0131289
0.8 0.00429729 0.0043156
1.6 0.0435797 0.0438269

In the figure 5.2, the values of |R| obtained by the present method for semicircular
barrier are depicted against wave number and compared with the results of Liu and Li
(2012) for d/h = 0.5, b/h = 0.5 0 = /2. As mentioned in Chapter 1, the problem of wave
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Table 5.4: Reflection coefficient for 6 = %; % =0.2; % =0.2
Kh BEM Collocation Method
0.2 0.0339529 0.0338976
0.8 0.0470688 0.04734521
1.6 0.0493447 0.0495498
Table 5.5: Reflection coefficient for 6 = %; % =0.2; % =0.2
Kh BEM Collocation Method
0.2 0.0552093 0.0556122
0.8 0.0540345 0.0539642
1.6 0.1341400 0.1343521

interaction with perforated semicircular barrier was considered by Liu and Li (2012)
who used multipole expansion method to study the problem. In Table 1 of the work
of Liu and Li (2012), numerical results for |R| for impermeable semicircular barrier are
presented. from figure 5.2, it is observed that |R| for a semi-circular breakwater almost
coincide with the data given in Table 1 of Liu and Li (2012). The figures 5.3 to 5.8
depicts |R| against the wave number Kh for different values of arc length 6, depth of
barrier below mean free surface d/h and radius of the circular barrier b/h. It is observed
from the figures that

1. For fixed d/h and b/h, | R| shows monotone increasing behaviour for 6 = 7/10, 37/10.
However, for § = 7/2, i.e., for semicircular barrier, |R| shows oscillatory behaviour.
This may be attributed to the fact that as the arc length of the barrier increases, there
occurs a multiple reflections of waves between the bottom of the water region and the
arcs of the semicircular barrier, as the two ends of the arc are nearer to the bottom of
the water region. In fact this oscilatory behavior of |R| occurs for semicircular barrier
as d/h increases.

2. For fixed 6, d/h, |R| increases as radius increases.

3. For fixed 6,b/h,|R| decreases as d/h increases.

4. The work of Parsons and Martin (1994) shows that when the barrier is present in
infinitely deep water region, |R| decreases with increase of arc length of the barrier.
However, in the present study, when the water region is of finite depth, such behaviour

of the |R| is not observed in general. It is seen from fig 5.4 that except for certain wave
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Figure 5.2: Comparison between our result and the results of Liu and Li for d/h = 0.5, b/h = 0.5 and

6=1

number Kh, |R| does not usually decrease with the increase of arc length of the barrier.

0.05
0041 +0=r/10 e
—0 =37 /10 e
0.03 = §=57/10 P ]
x
0021 ]
00LF .
0= |
0 18

Figure 5.3: Reflection coefficient vs. wave number for different 6, d/h = 0.1, b/h =0.1

6. Conclusion:

The problem of scattering of water waves by a impermeable curved barrier is stud-
ied by using first kind hypersingular integral equation based on judicious application

of Green’s integral theorem. The hyper singular integral equation is solved by two
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Figure 5.4: Reflection coefficient vs. wave number for different 6, d/h = 0.1, b/h = 0.2
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Figure 5.5: Reflection coefficient vs. wave number for different 6, d/h = 0.2, b/h = 0.2
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Figure 5.6: Reflection coefficient vs. wave number for different depth d/h where b/h =0.2 and 6 = J;
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Figure 5.8: Reflection coefficient vs. wave number for different depth d/h where b/h =0.2 and 6 = %r

methods viz, the Boundary Element Method and the Collocation Method. The collo-
cation method based on Chebychef polynomial approximation is well known and widely
used in numerical solution of the integral equations. However, the boundary element
method is usually not very common in solving integral equation but it is a simple
method which gives reasonably good results. The reflection coefficient, transmission
coefficient are evaluated from the two method agrees reasonably well. Also the reflec-
tion coefficient evaluated by the present method are compared with the results in Liu
Li (2012) and it was found that the results are in very good agreement with each other.
From graphical results, the following conclusions are made.

1. For fixed radius of the barrier and for fixed depth of the barrier below the mean free
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surface, it is observed that |R| shows oscillatory behaviour for a semi circular barrier.
2. For fixed arc length of the barrier and for fixed depth of the barrier below the mean
free surface, |R| increases as radius of the barrier increases.

3. For fixed arc length and radius of the barrier, |R| decreases as the depth of the
barrier below the mean free surface increases.

4. Tt is observed from the literature that when the barrier is present in infinitely deep
water region, |R| decreases with increase of arc length of the barrier. However, in the
present study, when the water region is of finite depth, it is observed that except for
certain values of wave number, |R| does not usually decrease with the increase of arc
length of the barrier. This may be attributed to the interaction of the barrier with the
depth of the water region.
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Chapter 6

Water wave interaction with a
circular arc shaped porous barrier

submerged in a water of finite

depth

1. Introduction

In this chapter we study the problem of scattering of water waves by a thin circular
arc shaped porous barrier submerged in water of finite depth. It is already mentioned
in chapter 1 that the problem of scattering of water waves by a porous coastal structure
like rubble mound breakwater is important in coastal engineering as the pores in the
barrier attenuates wave action by dissipating the wave energy and thereby protects the
shore line or harbour. Many researchers used sophisticated mathematical techniques
to study scattering problems involving porous barrier.

By judicious application of Green’s integral theorem, the problem concerned is formu-

1 The content of this chapter is based on the paper “ Water wave interaction with a circular arc
shaped porous barrier submerged in a water of finite depth ”, Journal of Engineering mathematics,
(Accepted for publication)
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lated in terms of a hypersingular integral equation of second kind where the unknown
function represents the difference of potential function across the curved barrier. The
hypersingular integral equation is then solved by two methods viz, boundary element
method (BEM) and the collocation method as decribed in Chapter 5. Using the solu-
tion of the hypersingular integral equation, obtained by both the methods, the reflection
coefficient, transmission coefficient and energy dissipation coefficient are computed and

depicted graphically against the wave number.

2. Problem Formulation:

X
/
‘ h
e
D
P
v
y
Y

Figure 6.1: Geometry of the problem

We consider an irrotational motion in water due to the interaction of incident waves
with a thin porous circular-arc shaped barrier I', submerged in water of finite depth
h, as sketched in figure 6.1. A cartesian coordinate system is taken with x-axis along
the undisturbed free surface and y-axis vertically downwards so that the water region
is 0 <y <h; —oo <x < oo. The barrier I' is an arc of the circle of radius p and
center at (0, A+ p) and is placed such that it is symmetric about y-axis and the radius
through end points make angle 6 with y-axis, so that any point (z,y) on I is given by
r=psin€d, y=A+p-pcos&l, —-1<E<1.

Under the assumption of the linearised theory of water waves, a train of surface waves

represented by the velocity potential Re(¢™¢(x,y)e~t) and frequency o is normally
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incident from x — —oo on the porous barrier I' and is partially reflected by I' and

partially transmitted over and below I'. Here

cosh ko (h — y)eikor
cosh kgh

gine = (6.1)

where kg is the unique real positive root of the transcendental equation
ktanh kh = K (6.2)
with K =02/g.

The scattered potential is described by Re(¢(z,y)et) where ¢(x,y) is the solution

of the following boundary value problem.

V2¢=0; in the fluid region, (6.3)
K¢+¢,=0 on y=0, (6.4)
g—jzo on y=h, (6.5)
r?v¢ s bounded as r — 0 (6.6)

where r is the distance of any point of the fluid from the either sharp end of the barrier.

On the porous surface of the barrier I' (cf. Yu (1995),Solitt and Cross (1972))

a(/)out 0(/)i71,n . %

o = on -~ 5n " I (6.7a)
% = —ikoG [¢](x,y) on T. (6.7b)
n

Here the potential functions ¢,y (x,y) is in the region 22+ (y—p—X)? > p? and ¢, (2, y)
is in the region 22 + (y — p— A)? < p? and 8% denotes the normal derivative at a point
on I' and [¢](z,y) = dout(x,y) — dinn(x,y) is the potential difference across I' and G

is the porous-effect-parameter given by
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G =G, +iG; (6.8)

where (G, and G are related to the resistance coefficient and the inertial coefficient of
the porous barrier I' respectively (cf. Yu (1995)).

We note that the first equality in equation (6.7) indicates the continuity of normal
fluxes at the perforated plate. The second equality indicates that the normal fluid
velocity passing through the perforated plate is linearly proportional to the pressure
difference between the both sides of the arc.

The far field condition is

¢inc($7y) + R¢inc(_x’y) as r — —09,
¢(z,y) ~ (6.9)
Tgine(z,y) as @ > 0o

where R and T are the reflection and transmission coefficients respectively, which are

to be determined.

3. Method of solution:

3.1 Reduction of the boundary value problem to a second kind
hypersingular integral equation

In this section, following Parson and Martin (1994) we shall reduce the boundary
value problem (6.1) to (6.9) to a hypersingular integral equation of second kind over
the barrier I' using Green’s integral theorem. For this let us suppose that G(z,y; «, )
be a source potential due to a line source at («, ) in the fluid region. The G is given
by (cf. Mondal et. al. (2021))

R o | coshk(h—-y)coshk(h-_)
‘0. 3) = log ( _2][
G(z.y;0,0) =log(37) =2 J. [ kesinh kh — K cosh kh
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.\ e~*hsinh kB sinh ky |cos k(x — a)
k cosh kh

dk, (6.10)

where R, R/ =+\/(x-a)+ (y *B)%
Now applying Green’s integral theorem to the function ¢(z,y) — ¢™(z,y) and
G(z,y;,B) in the fluid region suitably, we obtain the integral representation of po-

tential function as
8. 5) = 0" (5) - 5 [[1610) 5 -G, sa0 F)ds, (6.11)

where p = (z,y) is a point on barrier I', [¢](p) is the discontinuity of potential function
¢(z,y) across I and 6%}) is the normal derivative at the point p on I'. Since the unknown
function [¢](p) vanishes at the tips of the arc barrier while its derivative has square
root singularity there.

Now taking normal derivative of both sides of equation (6.11) at another point ¢ = («, 5)

on the barrier, and using the boundary condition (6.7) given by

99

o, " ~ikoG [¢](q), gonT, (6.12)

we finally obtain the integro-differential equation from equation (6.11) as

1 0

5% In,

8 (binc
ong

/; [@b](p)%g(l?;@dsp - koG [9](q) = (a,), qonT. (6.13)

Simplification of equation (6.13) produces the hypersingular integral equation of
second kind for [¢] as

82 inc
% fr[czﬁ](p) 5——G(.)ds, — ikoG [6)(a) = a;n (a.8), gonT  (6.14)

where

[¢] = 0 at the two end points of T (6.15)

In the equation (6.14) the hypersingular integral is understood in the sense of Hadamard

finite part integral as given in Parsons and Martin (1994). To obtain the explicit form
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of the kernel of (6.14), we parametrically represent the points p = (z,y) and ¢ = («, 3)

as

x(&) =psinéd, y(&)=A+p-pcos&h; -1<E<1, (6.16)
a(n) =psinnbd, p(n)=A+p-pcosnl; -1<n<l1. (6.17)
The unit normals n, and n, at the points p and ¢ on barrier I' are given by

n, = (-sinéf, cos€l); n, = (—sinnb,cosnd). (6.18)

Using relations (6.16) and (6.17) in (6.10), we simplified the kernel of integral equation
(6.14) as

1
dngon, (piq) = - 2o H(En) (6.19)

where the function H (&, n) represents the nonsingular part of the kernel. The expression

for H(&,n) is given by

1 1 X2-Y?
&) == 4p? sin? 510 _p292(£—77)2]_ ey el
o 2 Gu(n - €)0 - 2sinngsi 59f°° (k) sinh kB sinh ky cos kX dk
(XZ+79) sin(n sinnfsingd | - u(k)s S Yy COs

+2sinnf cos €0 /(;oo w(k) sinh kS cosh ky sin kX dk
—2cosnfsin &l /OWO w(k) cosh kS sinh ky sin kX dk
—2cosnb cos &l [OOO w(k) cosh kS cosh ky cos k X dk
—sinnd sin{@[(z’ cosh ko(h —y) cosh ko(h - ) ol
- ifin coskn(h —y) cosk,(h - ) e Xl 4 2% ien sine,ysine, e X!

—cosnb cos 59[(2' sinh ko(h - y) sinh ko(h - ) el
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o0 2 0o
+ Y knsink,(h-y)sink, (h - 8) e*¥l - % Y €, cos €,y COS €3 eE”|X|]
n=1 n=0

—sinnf cos {(9|F sinh ko (h - y) cosh kg (h — B) eFolX]

[ee] 2 00
B Z Ko ST kn(h’ - y) cos kn(h - B) et % Z €n COS €Y SIN nf3 6_6n|X|]
n=0

n=1

+cosnf sin 5«9[( cosh ko(h - y) sinh ko(h - ) e?*olX]

- > kncosky,(h-y) sink,(h-0) e_k"|X|+2% > ensine,ycose,f 6_6"|X|] (6.20)
n=1 n=0

where ko and +ik,, are roots of the trancendental equations ktanh kh — K = 0; i€,’s are

roots of the equation coshkh=0; X =x-«a; Y =y+ [, and

_ kekh, _ Arkg . _ drky
w(k) = Sims €= Yohtsinh(Zkoh) ' 'n T D, htsin(2knh) |

Also using relation (6.17) and equation (6.1), the expression for 855:: (a, B) in equation
(6.14) can be simplified as
gly) - 20 af,:j’ﬁ)
kgetkoo(n) ‘
= ol sinh(ko(h — B(n)) +inbd). (6.21)

Writing (&) = [¢(p(€))], where [¢(p(£))] represents the discontinuity of ¢ across
the barrier at p, the simplified form of hypersingular integral equation (6.14) can be

rewritten as

1 1 '
L f(f)lm = p*0° H (&, n) |d€ + 2mipOkoG f(n) = 2mp0g(n), -1<n<1
(6.22)
so that f satisfies the end conditions

f(x1) = 0. (6.23)

We will solve the above integral equation (6.22) by two method, (i) Boundary element
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method, (ii) Collocation method.

3.2 Reflection and Transmission coefficient

The reflection and transmission coefficients can be obtained in terms of f(§) in the
following manner.
Making o - —oo in equation (6.11) and then comparing with far field condition (6.9)

for ¢(&,m), we obtain reflection coefficient as

2p0ikq cosh koh

= " 9koh + sinh 2koh

[ 7@ sim((h - y(©)) +ig8) H7© de. (6:24)

Similarly, making oz - +o0 in equation (6.11), the transmission coefficient is given by

~ 2p0ikg cosh koh
Qkoh + sinh Qkoh

T- [ 5@ sinh(ko(h - y(©)) - ig) o7 © de. (6.25)

3.3 Solution of Integral Equation
We will use two method to solve the integral equation (6.22) numerically by the

following two methods.

Method I : Boundary Element Method
To obtain the numerical solution of the hypersingular equation (6.22) along with

the edge condition (6.23), we write f(§) as

f(&) =182 4(8), (6.26)

where (&) is a regular function in [-1,1]. The square root factor in (6.26) ensures
that f(&) has the correct behaviour at the ends of the porous barrier.
Noting f(£) from equation (6.26), the hypersingular integral equation (6.22) can

98



CH 6. water wave scattering by a circular arc shaped perforated barrier

be rewritten as

SV s 0 A |016) de - 2mindn GV T w)

=2mplg(n), -1<n<l. (6.27)

Now we divide the domain of integration [-1,1] into n number of line elements

as [-1,1] = Uj[a;-1,a;] with end points ag = -1 and a, = 1 and a; = ag + jb, where

— G@n—ag
b= oo

Taking 5 = gj for gj € [aj_l,aj] ie.
&=((1-71)aj1+7a;, 0<7<1, j=12,...n (6.28)

and n =n; € [a;_1,a;], for n; = (L =7)a;.1 +ya;, 0<~y<1, i=1,2, ...n, werewrite

equation (6.27) as

n 1
> ), vl-ﬁtgiéga—ﬁm?ﬂ@nw1M@Wd7+%mﬁmG¢1—ﬁ¢w»
J= J g
=2mplg(n;), i=1,2,....n. (6.29)

Now according to boundary element method approximation [cf. Banerjea et. al.
(2019), Samanta et. al. (2022)], we assume that the unknown function in integral equa-
tion takes constant values in each small intervals i.e. we take ¥(§;) =y, j=1,2,...n
as a constant for j-th line element. So, the integral equation (6.29) is reduced to a

system of linear equations

S ety =2mplgs, i=1,2,...n (6.30)

j=1

where

1 1 )
Cij = [0 1- f;[m - p202 H(fja 771) bdr+ 6ij27TZp9koG\/ 1- 7722 (631)
j i
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Here ¢;; is Kronecker delta and

gi=9(m), 1=12,..,n (6.32)

J1-¢2
Now, for ¢ = j, the integral fol (é;_nfp dr, (&, mi) €[ai-1,a;] in the coefficient ¢;; in
(6.30) is hypersingular which can be evaluated exactly by simple algebraic manipulation

as mentioned in chapter 5 and is given by [cf. Samanta et. al. (2022)]

A© oo n o, 577—(1+A(77))(1+A(£))‘
€02 AW e (- AT+ A©)

€ __n
9 A(n)( TARDAG) _ A ) e (6) (6.33)
(1+A(g) - 1)2 - A(U)Q

where A(£) =+/1-&2.

Now solving the system of linear equation (6.30), we obtain the unknown function v,
for j=1,2,...,n, and f(;) is approximated in each line intervals to evaluate R and T

from equation (6.24) and (6.25) as

_ 2pBikg cosh koh 5 n()
= =T+ sinh 2k Z%[ /1 - &7 sinh(ko(h - y(&;)) +18,0) e b dr,
(6.34)
B 2p0ikq cosh koh 5 o)
= " 2koh + sinh 2koh Z% / V = & sinh(ko(h = y(&;)) —ig;0) e bdr.
(6.35)

Method 1I : Collocation method

Here we approximate f(£), keeping in mind the behavior of it at tips of barrier, as

f(€) %\/1—522)%%(5) (6.36)

where N is an integer, U, (&) is the nth order Chebyshev polynomial of 2nd kind and

d,, are unknown complex constants for each n=0,1,2.....; N.
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With f(£) given by (6.36), the hypersingular part of equation (6.22) can be evaluated

as

[ V1 52 U D = - a(n+ 1)UL() (6.37)

Substituting (6.36) in the hypersingular integral equation (6.22), and noting the rela-
tion (6.37) we obtain

N
> dn Bu(n) =2mp0 g(n) , -1<n<1 (6.38)
n=0

where

Bu(n) == w(n s DU () - 720 [ VI-8 U,(0) H(E.) d
+2mipOkoG/1 - n? U, (n). (6.39)

Choosing the collocation points n =n;, j=0,1,...., N as

27+1
(

2N+2)7r, j=0,1,2,...N (6.40)

1n; = COS

n (6.38), we obtain a system of linear equations

N
> dnBn(n;) =2mp0 g(n;), j=0,1,2,...,N (6.41)
n=0

for the determination of the constants d,,s.
The reflection and transmission coefficients are evaluated from equation (6.24) and

(6.25) as

2p0ikg cosh koh / 5 .

- h ikoz(£)
B = kol + sinth 2kl ,;)d V1= Un(&)sinh(ko(h - y(8)) +i0) ™0™ de,
(6.42)

B 2p0ikg cosh kgh 5 ) e ©
L IS Ty ;}d o [T U (€ sinh(ko(h-y(€)) ~ig6) 0% e

(6.43)
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3.4 Energy Identity:

Porosity of the plate I' causes the dissipation of wave energy, in which case |R|? +
|T'|? < 1. Mathematically we can justify this by using Green’s Integral theorem to the
functions ¢ and ¢ in the region bounded by X <2 < X, y=0; z=-X, 0<y <
h;, - X<x<X,y=h; =X, 0<y<h;and a closed contour enclosing the porous

barrier I'. Then making X — oo we obtain the energy identity as

R +|TP=1-J (6.44)
where
2KG,.pl cosh kgh 1 2
J= / d 6.45
]{foh-‘r %smh2k0h -1 |f(£|)| g ( )

is the energy dissipation coefficient. From the relation (6.44), it is clear that |R|?+|T|? <
1for G, #0i.e., G # 01i.e. wave energy-dissipation always occurs if the barrier is porous.

It may be noted that J =0 for G = 0.

4. Numerical Results

In this section, the numerical results for reflection and transmission coefficients and
energy dissipation coefficient are depicted graphically against the dimensionless wave
number Kh for various values of the non dimensional parameters 6, %, 2. G. Here
0, %, 2 G represent arc length of the barrier, depth of submergence of the barrier
below the mean free surface, radius of the circular barrier and the porosity parameter
respectively. From equation (6.8) we have G = G, +iG;, where G, = Re[G] denotes the
resistance coefficient of the porous barrier while G; = Im[G] denotes the inertial coef-
ficient of the porous barrier. Large value of inertial coefficient denotes large pores in
the barrier which allow the water to pass through it while large value of the resistance

coefficient restricts the passage of water through the pores of the barrier. For a porous
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medium where the resistance coefficient dominates the inertial coefficient, the porosity
parameter G can be considered as real [cf. Yu (1995)]. Also G = 0 corresponds to rigid
barrier.

In the Tables 6.1, 6.2 and 6.3, the reflection coefficients obtained by solving the hyper-
singular integral equation (6.22) by boundary element method and collocation method
. 3r 5r

are compared for 6 = =% o

10 To0 1o respectively and % =0.2;2=0.6; G =1. It is observed

from the following tables that the reflection coefficients by both the method agree with
each other till five places of decimal taking N =11 in equation (6.41) and 35 line ele-
ments in equation (6.30). Better accuracy can be achieved by increasing the number
of line element in equation (6.30) and increasing the number of collocation points N

in equation (6.41).

Table 6.1: Reflection coefficient for 6 = 5; A

2 =02

14
h

=06;G=1

Kh BEM Collocation Method
0.5 0.0095919 0.0095898
1.0 0.0318140 0.0318252
1.5 0.0614684 0.0614722
2.0 0.0886124 0.0886198

Table 6.2: Reflection coefficient for 6 = 3Z:

A .
10° 5:0.2,

Kh BEM Collocation Method
0.5 0.0083070 0.0083095
1.0 0.0339673 0.0339718
1.5 0.0519162 0.0519198
2.0 0.0543681 0.0543721
Table 6.3: Reflection coefficient for 6 = 51’—0; % =0.2; % =06;G=

Kh BEM Collocation Method
0.5 0.2232330 0.2232391
1.0 0.2129352 0.2129402
1.5 0.1695932 0.1695996
2.0 0.1344371 0.1344427
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0 0.2 0.4 0.6 0.8
ko h

Figure 6.2: Comparison of |R| between the results obtained by Liu and Li ? and our results with
Ah=0.1, p/h=0.9, 0 =7/2 and Gg = Gkoh =0.5

In fig 6.2, the reflection coefficient obtained by using the methods in the present
paper is compared with the results obtained by Liu and Li (2012) in 'fig.2’. This
figure depicts |R| against koh for A/h = 0.1, p/h = 0.9, 6 = /2, Gy = Gkoh = 0.5.
This result corresponds to the problem of wave interaction with semicircular bottom
standing porous barrier which was considered earlier by Liu and Li (2012) using a
different method. From fig 6.2 it is observed that the reflection coefficients obtained
in the present paper are in good agreement with 'fig.2" in Liu and Li (2012) for A/h =
0.1, p/h=0.9, 0=7/2, Gy =Gkoh =0.5.

In figures 6.3a and 6.3b, |R| is depicted against the wave number Kh for different
porosity parameter G =0, 1, 1+4/2, A\/h=0.1, p/h=0.1, 6= and 3% respectively.
The graph of |R| for G = 0 corresponds to the rigid barrier which coincides with the
results in Mondal et. al. (2021). For G =1 it is already mentioned that the resistance
coefficient dominated the porous coefficient. It is observed from both the figures 6.3a
and 6.3b that as G changes from 0 to 1 and then 1+ i/2 the value of |R| decreases
for a particular Kh. This shows that larger the value of inertial coefficient smaller is

the value of |R|. So porosity of the barrier reduces the reflection of the surface waves.

From figure 6.2a it is observed that for small values of the wave number Kh, |R| almost
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coincides for G =0,1,1+4/2. This is plausible because the barrier is near the surface
(A/h =0.1) and so the long waves which are near the sea bottom are unaffected by the

porosity of the barrier.

0.015 T T T T T T T T T 0.015

0.011

IR

X 00t}

0.005

=61
G112

0 | | | | | | | | 0.005
1.

6.3a 6.3b

Figure 6.3: Reflection coefficient against wave number for different porosity parameter . where (2a)

AMh=0.1, p/h=01, §=7:(2b) \/h=0.1, p/h=0.1, =3

In Figures 6.4 and 6.5, |R|, |T|, and J are plotted against the wave number Kh for

Ah=0.1, and = f; for different radius p/h of the circular barrier and for the porosity
parameter G =1, 1+i/2 respectively.
Now, from figures 6.4 and 6.5 it is observed for a fixed Kh, |R|, and J increases while
|T'| decreases as the radius of the barrier p/h increases. This shows that an increase in
the length of the radius induces more reflection and dissipation of wave energy. Also
for a fixed radius, as Kh increases, |R| and J increases and |T| decreases showing that
more energy dissipation and reflection of the short waves occur. Also for any fixed
values of A/h, p/h and 0; |R|, J decreases while |T| increases as G changes from G = 1
to G = 1+i/2. This shows that as the inertial coefficient G; of the porosity parameter G
increases, the reflection and energy dissipation coefficient decrease while transmission
coefficient increases. This is plausible since the increase in inertial coefficient of the
porosity parameter GG implies that the pores in the barrier are bigger in size which
allow the water to pass through them and thereby increasing the transmission and
decreasing the reflection. This phenomena is also observed in figures 6.3a and 6.3b.

Figures 6.6 and 6.7 depict |R|, |T|, J against Kh for different depths of the barrier

below the mean free surface for G = 1 and G = 1+1i/2 respectively. From figures 6.6 and
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Figure 6.4: Reflection and Transmission coefficient and energy dissipation vs. wave number for dif-

ferent radius p, for \/h=0.1, G =1, 0 =5
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Figure 6.5: Reflection and Transmission coeflicient and energy dissipation vs. wave number for dif-

ferent radius p, for A/h =0.1, G=1+ %, 0=1
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Figure 6.6: Reflection and Transmission coefficient and energy dissipation against wave number for
different depth A\. where p/h=0.5, G=1, 0= {5
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Figure 6.7: Reflection and Transmission coefficient and energy dissipation against wave number for

different depth A. where p/h=0.5, G=1+ % , 0=15
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6.7 it is observed that for fixed value of G, 6, p/h, and Kh, |R|, J decreases while |T|
increases as A/h increases. This is plausible because as the depth of the barrier below
the mean free surface increases, more wave energy is transmitted above the barrier

reducing the reflection thereby.
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Figure 6.8: Reflection and Transmission coefficient and energy dissipation against wave number for
different arc length where A\/h =0.3, p/h=0.5, G =1

Figure 6.8 and 6.9 depicts |R|, |T'|, J for various values of §. A small oscillation in | R|
is observed from Fig 6.9, as the arc length 6 increases. For fixed values of p/h, A/h, G,
it is observed that after a certain value of the wave number Kh, |R| decreases rapidly
with Kh as 6 increases. This shows that the reflection of the short waves which are
near the free surface decrease as the arc length of the barrier increases. However, as
the arc length of the barrier increases, J increases while |T'| decreases. For a fixed arc

length, J increases with Kh, reaches a maximum and then decrease with Kh.

5. Conclusion
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Figure 6.9: Reflection and Transmission coefficient and energy dissipation against wave number for
different arc length where A\/h =0.3, p/h=0.5, G =1+ 35

The problem of scattering of water waves by a thin circular arc shaped porous bar-
rier submerged in finite depth ocean is studied by using hypersingular integral equation
formulation. Using Green’s integral theorem suitably, the corresponding boundary
value problem is reduced to a hypersingular integral equation of second kind in an
unknown function representing the difference of potential function across the curved
barrier. The hypersingular integral equation is then solved by two methods viz, the
boundary element method and the collocation method. Using the solution of the hy-
persingular integral equation, the reflection coefficient, transmission coefficient and
energy dissipation coefficient are computed and depicted graphically against the wave
number. It was observed that the reflection, transmission and energy dissipation co-
efficients obtained by using the solution by both the methods, of the second kind
hypersingular integral equation are in good agreement. The collocation method is a
well known method which is usually used for solving hypersingular integral equation
but the boundary element method used here is a simple method and is relatively less

known method for solving hypersingular integral equation. Also the reflection coeffi-
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cients corresponding to the problem of water wave scattering by a semicircular bottom
standing barrier, obtained by using the methods described in the present paper is com-
pared with the known results given by Liu and Li (2012). It was observed that the
results are in good agreement.

From the graphical result the following observations are made:

1. The reflection and energy dissipation coefficient decrease while transmission coeffi-
cient increases as inertial coefficient of the porosity parameter G increases.

2. An increase in the length of the radius induces more reflection and dissipation of
wave energy for fixed values of porosity parameter, arc length and the depth of sub-
mergence of the barrier below the mean free surface.

3. For fixed values of porosity parameter, arc length and radius of the barrier, as the
depth of submergence of the barrier below the mean free surface increases, more wave
energy is transmitted above the barrier reducing the reflection.

4. The reflection of the short waves which are near the free surface decrease as the
arc length of the barrier increases.

This method based on hypersingular integral equation formulation is an efficient method
which can be used for other suitable configurations of the circular arc shaped porous

or rigid barrier.
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Water wave scattering problems by

thick barrier



Chapter 7

Scattering of water waves by thick
rectangular barrier in presence of

ice cover

1. Introduction

Assuming linear theory, the two dimensional problem of water wave scattering by
thick rectangular barrier in presence of thin ice cover, is investigated in this chapter. As
mentioned in chapter 1, breakwaters in form of a thick vertical barrier with rectangular
cross sections present in water with free surface has been studied by many researchers.
When the water is covered with a thin sheet of ice which is modelled as a thin elastic
plate, the corresponding water wave propagation problems in presence of thick rect-
angular barrier are of some interest to oceanographers. In this chapter, four types of
thick barrier configurations are considered, viz, partially immersed, bottom standing,
fully submerged upto a finite depth in water and in form of a thick rectangular wall

with a submerged gap.

1 The content of this chapter is based on the paper “ Scattering of water waves by thick rectangular
barriers in presence of ice cover”, Journal of Ocean Engineering and Science, 5(3) (2020) 279-293.
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Figure 7.1: Figures of thick barriers

2. Problem Construction

We consider two dimensional irrotational motion due to presence of a thick barrier
of uniform rectangular cross section, in water with a thin layer of ice cover on its
upper surface. We choose a rectangular cartesian coordinate system in which the x
axis is along the mean ice cover surface and y axis vertically downward so that the
water occupies the region 0 < y < h. The rectangular thick barrier of uniform thickness
2b is present in the water symmetrically about y axis. Four different configurations
of the barrier are considered as shown in fig 7.1, so that the wetted part of barrier
occupies the region b < x < band y € L = L;,j = 1,2,3,4. Here L; = (0,a) for
partially immersed barrier (type-1); Ly = (¢,h) for bottom standing barrier (type-
IT); Ly = (a,c) for barrier which is fully submerged upto a finite depth in water
(type-11I) and Ly = (0,a) + (¢, h), 0<a <c<h for corresponding for thick rectangular
wall with a submerged gap (type-1V).
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Considering ice cover as an elastic plate, we study the motion due to interaction
of a train of normally incident surface wave from positive infinity with the ice cover
and the barrier. The the normally incident wave train is represented by the velocity

potential Re(¢"¢(x,y)e ) | where

2 cosh A\g(h — y)e-iro(z=0)

7.1
cosh \ph (7.1)

¢inc _

and A is the unique real positive root of the transcendental equation
k(1-eK + Dk*)tanhkh = K. (7.2)

Here K = 02/g, o is the circular frequency of incoming wave train, g is gravitational ac-

Ehg e = £oho
12(1-v?)p1g’ P10

hg is the small thickness of the ice-cover and E, v respectively are the Youngs modulus

celeration and D = po is the density of ice, p; is the density of water,
and Poissons ratio of the ice. Let the resulting motion in the fluid be described by
the velocity potential Re[¢™c(x,y)e~t] where ¢(x,y) satisfies the following boundary

value problem.

V26 =0; in the fluid region, (7.3)
54 |z| >b  for type I, IV barrier,
(DF+1—5K)¢y+K¢=0; ony=0, (7.4)
. 2| < 0o for type II, III barrier,
¢ =0, onx=+b, yelL;forj=1234, (7.5)
rB3v¢  is bounded as r — 0 (7.6)

where r is the distance of submerged edge of the thick barrier,

¢y, =0, ony=1, |z|<bfor j-th barrier type, j=1,2,34, (7.7)
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|z| >b  for type ILIV barrier,
¢y =0,  ony=h, (7.8)

|z| < 00 for type LIII barrier

and finally,

¢"e(x,y) + Rp™(~x,y) as & — oo,

To™me(x,y) as x - —oo.
Here R and T are the reflection and transmission coefficients and are to be determined
for each barrier configuration. In equation(7.7), l; = a; ls = ¢; I3 = a,¢; Iy = a, ¢ corre-

sponding to type I, I, III and IV barrier configurations as depicted in Figure 7.1.

3. Method of solution

Due to the geometrical symmetry of the rectangular barrier about x = 0; ¢(z,y)
can be split into symmetric and antisymmetric parts, ¢ (x,y) and ¢ (x,y), re-

spectively, so that
o(x,y) = " (z,y) + 9" (2,y) (7.10)

where
¢sm(_x7y) = ¢Sm(x7y)7 gbansm(_x,y) = _gbansm(l,’y)‘ (711)

Therefore, we consider only the region z > 0. Now ¢¥™asm(z y) satisfy equations (7.3)

to (7.8) together with
;" (0,9)=0  ¢"™(0,y)=0 O<y<h. (7.12)

Let the behavior of ¢s™ansm(x y) for large x be represented by

cosh \g(h —y)

oo [e—i)\o(x_b) n Rsm,ansmei/\o(I—b)]’ as r — oo (713)
COS 0

gbsm,cmsm(‘,p7 y) ~
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where R and R*™ are unknown constants. These constants are related to R and
T by
1 .
R,T = S(R™ £ R e, (7.14)

Now the eigen function expansions of ¢s"ensm(x, y) satisfying equations (7.3), (7.4),
(7.5), (7.7), (7.8), (7.12) for x > 0 in the different regions for each barrier configuration

are given below.

Region I (z>b, 0<y<h):

_cosh \g(h-y)

w [e—i,\o(x—b) 4 Rsm,ansmei/\o(x—b)]
cosh \g

¢sm,ansm(x’ y)

n z A:Lm,ansm cos )\n(h _ y) e—An(ac—b) (715)

n=1

where A, (n=1,2,....) are the real positive roots of the equation
k(1-eK + Dk*)tankh+ K =0 (7.16)

and Rsmansm - AP are unknown constants to be determined.
Region IT (O0<xz<b,ye L=L;=(0,h)-L;, j=1,2,3,4).

For barrier configuration of Type I, y € L, = (a,h), ¢*™(x,y) and ¢vs™(x,y)

are given by

(e, 0 o | Bmcosh £ -
¢ ( y) _ + Z h-a coS 7’],7T(y Cl) . (717)
gonsm (z, y) Bgrsm x| asi| Bensmginh 2me h-a

Here B.™*™"*™ are unknown constants to be determined.
For barrier configuration of Type II, 5 ¢ Ly = (0,¢), ¢*"(z,y) and ¢osm(x, 1)
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are given by

¢ (z,y) C§m cosapx cosh ag(c-1y)

gbansm(x’ y) C(c)msm sin T cosh apnC

© | U5 cosh a,x

+> cos o, (c—y) (7.18)

n=1 | Cansm ginh «,x

where +ag, iy, (n=1,2,...) are the roots of the equation

a(l-eK + Da*)tanh ac=K (7.19)

Cflm,ansm

and are unknown constants to be determined.

For barrier configuration of Type IIl, y ¢ Ly = (0,a) + (c,h), ¢5m™emsm(x,y)

are given by

(2, y) Dg™ cosfor | cosh Bo(a-1y)
(bansm(x’y) Dgnsm sin ﬂox cosh Boa

< | D™ cosh B,x
+> b cos Bu(a-1vy), 0<y<a, (7.20)
n=1| Dansm ginh £,z

where +0y, +if3,, (n =1,2,...) are the roots of equation

B(1-€eK + DB*) tanh fa=K (7.21)
and
(z, 0 o | E5mcosh =L _
¢ ( y) = + Z h—c COSM c<y< h. (722)
¢ansm(x’ y) Eansm g n=1| Eansmginh % h—-c

Here D;™ and E.™**™ are unknown constants to be determined.
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For barrier configuration of Type IV, y ¢ Ly = (a,c), the expressions of

¢sm,ansm(x’ y) are giVen by

sm(x, 0 © | H3™cosh == -
o (@, y) - +y o COSM (7.23)

(bansm(gj7 y) Hgnsm T n=1 H;Jlmsm sinh er(glc c—a

where H,,"™*"*™ are unknown constants to be determined.

Now let us define

¢;m,ansm(b+ ij) — f'sm,ansm(y)7 0< y < h. (724)
Then
fsm,ansm(y) =0 foryelLs= ij and x=0b+0. (725)
Noting the continuity of ¢3™*"*™ (x,y) across x =b, y e L=L; = (0,h) - L; we have
G (b 0,) = STy fory e L=L= (ORI (1.26)

so that fsmansm(y) is an unknown function for y e L=L; = (0,h) - L;, j=1,2,3,4.
Also due to the edge condition described in equation (7.6) we must have the requirement
that

ferensm(y) = Oly =1I?) asy - 1=1; (j=1,2,3,4). (7.27)

Substituting ¢z """ (z,y) from equation (7.15) into equation (7.24) and using Have-
lock inversion formula we obtain the constants Rs™ansm — AX™"*™ in terms of the

unknown function fsmaensm(y) as

47 cosh Agh
do

1 _ Rsm,ansm —

/éfsm’a”sm(y) cosh \g(h-y) dy (7.28)
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and

4
Azm,ansm — _6_ ) fsm,ansm(y) CcOS )\n(h — y) dy (729)
n JL

with
do = 2Xoh +sinh 2X\oh ; 0, =2\, h +sin 2\,h (n=1,2,....).
Next we shall proceed to evaluate the constants By, "™ Cy "™ Dy amsm  parr-ansm - ppem.a

appearing in the expressions for ¢*mensm (. y) for Region II.

Barrier configuration of Type I:
Substituting the equation (7.17) in condition (7.26) and using Fourier cosine inversion,

we get that f*m(y) for type-I barrier satisfy the condition

[y dy=0 (7:30)

and the constants are obtained as

1 h
Bgm = o f ferm(y) dy. (7.31)
—a Ja
2 1 1 h nr(y - a)
Bsm,ansm - = , [ sm,ansm cos ——= d . 732
" nmw (sinh ZT”Z cosh %I; ) a f (®) h-a Y ( :

Barrier configuration of Type II:

Substituting the equation (7.18) in the condition (7.26), and using Havelock inver-

sion formula, we get

_ 4coshage
Yo

sm,ansm
C’0

( 3 1 1 ) —/(;C fsm,ansm(y) cosh 060(0 — y) dy, (733)

sinagb’ cos apb

1 1
sinha,,b’ cosha,

4
O’rslm,ansm _ _(

= b) —/:fsm’a"m(y) cosay,(c—y) dy (7.34)
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with

Yo = 2apc + sinh 2agc¢; ¥, = 20, + sin 2ay,c.

Barrier configuration of Type III:

Similarly we can derive the constants Dy™*"*"™"

sm,ansm 4 cosh ﬁoa 1 1 fa
Dy - - sm,ansm h a d
' €0 ( sin Byb’ cos ﬁob) 0 f () cosh By(a —y) dy,
A1 1 a
Dsm.ansm _ = , f sm,ansm : B d
' €n (Sinh Bab’ cosh Bnb) , (y) cos Bu(a-1y) dy

with €9 =208pa +sinh 26ya; €, =28,a +sin 26,a, and

1
h-c

ansm __
EO -

[ ety dy,

2 1 1 h nm(y —c)
ETsLm,ansm - , f sm,ansm cos d
mr(sinh n1b 7 cosh Z—fg) c d 2 h-c Y

and f*m(y) for type III barrier must satisfy the condition

h
/c f(y) dy = 0.
Barrier configuration of Type IV:

In this case the constants H:™ is derived as

1 c
Hansm - f ansm d ,
0 c—ata f (y) dy
2 1 1 c nm(y—a)
Hzm,ansm - , f sm,ansm CcoS d
nw(sinh 21 ” cosh %i)) a / ) c-a Y
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and in this case f*"(y) must satisfy

[ ) dy-o. (7.42)

3.2 Reduction to integral equation

Now ¢ (g y) is continuous across the line z=b ye L=L; (j=1,2,3,4), so
that

G (b +0,y) = ¢ (b~ 0,y), yeL=1L; (j=1,2,3,4) (7.43)
which produces the integral equation

_cosh \g(h-y)

L=L:.(j=1,23.4
coshogh 0 Ve ; (7=1,2,3,4)

[Fsm,ansm(u) ]\4’8"’)@,CL’I’LSTfL(y7 u) d
L
(7.44)

where

4 cosh® \oh

[rsm,ansm —
(y) 50(1 + Rsm,ansm)

fsm,ansm(y)’ y € I = Ej (] = 1’ 2,3’4) (745)

and Msmansm(y o) (y,u € L) are real and symmetric in y and u, and their expressions

for each type of barrier configurations are given below.

Barrier configuration of Type I:

For y, ue L = (a,h)

& [cos N\y(h=vy)cos A\(h—u)
MSm ,
(v u) = (:osh2 Aoh [Z: ( On
1 nwb nr(y - a) nm(u—a)
—— coth 4
t o cot o CO8 T Cos — — : (7.46)
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do b & [ cos N\p(h=y)cos A\p(h—u)
NJansm ’ — +
(y,) cosh? )\Oh|:4(h—a) nZ:l( On,
1 _ _
t o tanh ;M_TZ; Cos mr}Ey_ aa) Cos mrf(in aa) )] (7.47)
Barrier configuration of Type II:
For y, u € Ly = (0,c)
do & [cos N\y(h=vy)cos A\(h—u)
MSm , -
() cosh? )\ohlnz::l( On,
s coth a,,bcos v, (¢ = y) cos ay, (¢ — 1) )
Tn
_cotagh cosh ap(c - y) Coshozo(c—u)]7 (7.48)
"0
o & [ cos Ap(h—vy)cos A\(h—u)
Mansm , —
(v 0) cosh? )\Oh[nz::l ( On
.\ tanh av,bcos ay, (¢ — 1) cos v, (¢ — )
Tn
+ tanagh cosh ap(c—vy) coshozo(c—u)]' (7.49)
o
Barrier configuration of Type III:
For y, ue Lz = (0,a) + (c,h), we consider following three different cases.
Case-1 (y, ue (0,a)):
do & fcos Ap(h—y) cos Ap(h—u)
MSm , -
() cosh? \gh l nZ::l ( On
. coth 8,bcos B, (a —y) cos B, (a —u)
En
h - h -
—COt /Bob COS Bo(a’ y) CO8 /Bo(a’ U)], (750)
€0
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do [ & (cos An(h =y)cos A\p(h—u)

2

Mansm —
(y,) cosh? Xoh| =1 On
s tanh 3,bcos B, (a —y) cos B,(a —u)
€n
+ tan b coshﬁo(a—y)coshﬂo(a—u)]' (7.51)
€0

Case-2 (y, u e (c,h)):

do & [ cos Ap(h=y)cos \y(h—u)
Msm , -
) cosh? \gh [ ,;1 ( On
1 nmb nt(y-c)  nm(u-c)
h .52
+2n7rCOt o 008 T 008 —— : (7.52)
do b & [cos A\p(h—1y)cos N\, (h—u)
Mesm(y, — +
(y,u) cosh? thl4(h—0) ;( On
1 nmb nt(y-c) nm(u-c)
+ %tanhh_ccos o oS — : (7.53)
Case-3 (y € (0,a), u e (¢,h) and y € (¢, h), u € (0,a) ):
do & cos Ap(h—y)cos \y(h—-u)
M (y, u) = MM (y, u) = . 7.54
(y,u) u) = & 5 (7.54)
Barrier configuration of Type IV:
For y, u e Ly = (a,c):
do & [cos A\p(c—y)cos A\(c—u)
MSm , -
(. v) cosh? AOC[;( On
+ 1 coth b Ccos nrly = a) cos nr(u—a) )], (7.55)
2nm c—a c—a c-a
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do b cos Ap(c—1y)cos A\, (c—u)
Mansm _
(y,u) = cosh? AOC[4(C a) Z ( 5

b _ _
+ —— tanh nr CoS n(y - a) CoS nm(u-a) )]
2nm c—a c—a c—a

(7.56)

If we now define the constants C'sm.ansm by

1 _ Rsm,ansm

gsmansm - o (7.57)

]_ + Rsm,ansm

then by using the relations (7.28) and (7.45) , we get

cosh Ag(h - y) = = .
omansm dy=Comemsm L= Ly, (j=1,2,3,4). 7.58
|/ W) T b (=1.23,4).  (759)
Thus if the integral equation (7.44) can be solved, then these solutions can be used
to obtain C*™sm from equation (7.58). Also using equation (7.14) and (7.57), the

reflection and transmission coefficients |R| and |T| can be produced by the following

relations | | | |
1 + C’smoansm Csm _ Cansm
= ;T =—m——— 7.59
” == (7.59)
with
A = [1 + (Csm)Q + (Oansm)Q + (Csmcansm)Q]l/Q. (760)

3.3 (Galerkin approach to solve integral equation

In Galerkin approach we approximate the functions Fsmensm(y) as

Fsm,ansm(y) ~ j:sm,ansm(y), y € I = Ej, (] = 172’3’4) (761)

where Fsm.ansm(y) have multi-term Galerkin expansions in terms of suitable basis func-
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tions. We observe that Ly, Lo, L4 are single intervals, while Ls consists of two disjoint

intervals. For the single intervals L;, (j=1,2,4), Fsmansm(y) are expressed as

N
fsm,ansm(y) — Z aflm,ansm tflm,ansm(y)’ y € Lj; (] — 1’ 2’4) (762)
n=0
and for double interval Ls = (0,a) + (¢, h), F™sm(y) can be approximated as

N sm,ansm __sm,ansm
2 n=00n DPn

(y), 0<y<a,
Jf:'sm,ansm(y) — (763)

Z ObSm ,ansm sm ansm(y) c< y < h

where the basis functions ;""" (y) for y € L; (j = 1,2,4) and p;™*"*"(y) for

sm,ansm

0<y<a, g (y) for ¢ < y < h are chosen in terms of ultraspherical Gegenbauer
polynomials of order 1/6 with suitable weights [cf. Porter(1972), Evans and Ferny-

hough (1995)]. The basis functions in various intervals are given below.

3.4 Basis Functions

Barrier configuration of Type-I
As ¢y ™ =0 on y = h and hence

Fsm,asm ~ ¢sm,a5m(b y)
x 7
can be continued as an even function of y across y = h. In this case the basis function is

not explicitly depends on the upper surface condition because of the partially immersed

barrier. The detailed is given in Kanoria (1999). We choose the basis function as follows

tsm(y) = gm (y), m=0,1,2,..........
o (7.64)

tarem(y) = g’ (), m=0,1,2,.00ccc
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where

25 T'($)(2m)! h-y

(1) 1
m'(y) = 1 1 fm( ) (7.65)
gt 7l (2m+ (1/3))(h-a)3 {(h-a)? - (h-y)2}3 h-a

Barrier configuration of Type-I1
For this type of fully submerged barrier, we have to take the ice cover condition and
the behavior

Fsmsasm

~(c—y) M asy—»c-0

as derived by considering the flow field near the corner point (b,c). Thus Fsmesm = F'(y)

satisfies
KF(y)+(1-eK)F'(y)=0, y=0, (7.66)

F(y)~(c-y), as y—c-0. (7.67)

Thus

Y

d ¢ R
£m(y) = tamsm(y) = ¢, (y) = _d_yle—l_eéimw [ eTersoRtt 1, (1) dt], 0<y<c. (7.68)

We choose the basis function in terms of ,,(y), as follows

R 25 T(L)(2m)! 1
() - (5)(2m) lcf%n(g)’ 0<y<c (7.69)
WF(2m+%)c§(02—y2)§ c

Barrier configuration of Type-II1

Here we choose two different basis functions for two disjoint intervals

d a
o () = 0™ (y) = pm(y) = —d—y[e‘ldgm‘*‘” [ et p(t) dt]|, O<y<a
Y
(7.70)
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where :
25 I'(£)(2m)! 1
() = —— D Cfm(y)7 0<y<a (7.71)
ml(2m + 3)as (a® - y?)3 a
@ (y) = gl( (y), m=0,1,2,.........
(7.72)
qansm(y) = gl,(ﬁ)(y), m=0,1,2,........
and
26 T(1)(2m)! .
g1 (v) = 6 (61)( ") Crfm(h y)) c<y<h
TD(2m+ (1/3))(h= )5 {(h=e)* = (h=y)?ys "\ 7=
(7.73)
Barrier configuration of Type-1V
Here we choose basis function for a <y < ¢ as
tsm(y) = g,(j) (y), m=0,1,2,.........
" (7.74)
tansm (o) = gD (y), m=0,1,2, ..........
where
25 T(L) m! 2 — -
g () = : EG) & IOm( i c), a<y<ec.  (7.75)
m (m+3)(5%)* {(y - a)(c-y)}? e

3.5 Reduction of Integral equation to Linear system
of equations

For single intervals L = L;, (j = 1,2,4), we substitute the approximation (7.61)
in equations (7.44) , and then multiplying both side by appropriate t5,"*"*"(y) and
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integrate over L to obtain the linear system of equations
N
Z @, AT JATLansm - gamansm - om = 0,1,2, ..., N (7.76)
n=0

where

Kgmensm = f f M (g ) £ () £ (y) du dy, man=0,1,2,..., N,
L L

h Ao (h -
dfnm,ansm:[—cos o =9) pomansmn(y) 4y, m=0,1,2,...N. (7.78)
L cosh A\gh

For each L;, (j = 1,2,4), the integrals in the equations (7.77) and (7.78) can be
evaluated explicitly. Thus the constants a,"*"*™ (n =0, 1,...N) are obtained by solving
the linear equations (7.76) for each of type-1, type-II and type-IV barrier. The relation

(7.58) produce
N

Crsm-ansm _ Z a;m,ansm dzm,ansm (779)

n=0
and after knowing the values of Cs™amsm we can get the absolute values of reflection
and transmission coefficient by equations (7.59) for each of type-1, type-II and type-IV

barrier.

Now when L = Lz = (0,a) + (¢, h), we substitute the expressions (7.63) in equa-
tion (7.44), and multiplying both side first by pr """ (y) (0 < y < a) and then by

sm,ansm

U (y) (¢ <y < h) and then integrate over (0,a) and (¢, h) respectively, we get the

linear system of equations

sm,ansm
mn

sm,ansm sm,ansm (1)sm,ansm
Gmn ) N ( Hypn ) ( dm
+ =

sm,ansm 2)sm,ansm
Py di"

N
sm,ansm
2,
n=0
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where

GSm ,ansm

Msm,ansm(yau) psm ansm(u) du} p:;bm,ansm(y) dy7

O\

HS’VTZ ,ansm

=

PSm ,ansm _

Msm,ansm(y’u) psm ansm U) du qsm,ansm(y) dy,

{/ Msm,ansm(yju) qsmansm(u) du} pimm,ansm(y) dy, (781)

;enn;bl,ansm — f {[ Msm ansm(y7 ,u/) qsm ansm(u) du} sm,ansm(y) dy7

so that Py "™ = Hyw ™™™ and

sm,ansm @ cosh A h_y sm,ansm
i =/0 coh Ao(h=y) umansm() dy,

cosh \ogh m
" cosh Ag(h - y)
R e v L (YR 7.82
. eoshogh m (v) dy (7.82)

The integrals in the relations (7.81) and (7.82) can be evaluated explicitly and thus
the constants for type-IIT ay™*"*™ and b, (n=0,1,2,....N) from linear equations

(7.80) are obtained. From equation (7.58), we approximate C"-4msm ag

N
Csmiansm _ Z {aflm,ansm dgll)sm,ansm n bim,ansm dqgQ)sm,ansm}. (783)

n=0

3.6 Coefficients of Linear system of Equation

Here we shall calculate the coefficient matrix and forcing terms of the linear system

of equations for each type of barrier configurations.
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Barrier configuration of Type-I

In this case we get from equation (7.77) and (7.78)

o [( 1)m+ni(4<fzn+lg D=0} Jyss (A - )}
™ cosh® Agh =1 5, {AT(h—a)}%
Jops12 (TW)‘] m+ i3 (Tﬂ-)
+2 ot rmb s 21 : )], (7.84)
rm h—-a (rm)s
8 1200\ ( 23
Kansm: §n6m
" costhoh[(h—a)((F(%)‘*))“ ’
o (=)} g =)}
(= 1
r=1 o {Ar(h-a)}?
S 1 (17) Sy 1 (rT)
+2 tanh rmb Zen 21 : )] (7.85)
rm h-a (7"7r)§

where &y, = 1 for n =0, and &y, = 0 for n > 1 and J,,’s are Bessel functions of first

kind of order m.

I .1
e — e (7.86)
cosh \gh (Mo(h—a))s
Iy
g S (7.87)

~coshXoh (\g(h -a))s

where I,,’s are modified Bessel function of first kind of order n.

Barrier configuration of Type-I1

In this case we get from equation (7.77) and (7.78)

oo (cos? N h gy, 1 (Ne)dy, 1 (AC)
me % [4(—1)”“"2( g
cosh” A\ph = 0, (A\0)3
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coth a,.b cos? a.c J2n+é (arc) J2m+é (arc) )
+

r (a/rc)%
I n+1(0&00)[ m+;(0€00)
_ Cotacd cosh? age k- 2 — ], (7.88)
Yo (o)
oo (cos? A\h Jy, 1 (AeC) Ty, 1 (ArC)
Kg’:;;sm — 620 4(_1)m+nz 2n+3g - 2m+g
cosh” \gh =1 6, (\c)3
+tanh a,bcos? a,.c szé (O‘rC)JQm+% (ar0) )
Vr (oy0)3
Ly 1 (00¢) Iy 1 (r0C)
tan apb cosh? age 2n+1 2 1+6 ‘|, (7.89)
Yo (apc)s
I m l(AOC)
fnm,ansm — 2 *6 - (790)
(Aoc)s
Barrier configuration of Type-I111
In this case we get from equation (7.81) and (7.82)
o 2
o _ 520 A1y S cos?\.h J2n+%()\7"a)l‘]2m+é()\ra)
cosh™ A\oh =1 6. (\a)s
+coth B.bcos? Bra J2n+é(ﬁra)t]2¢?+%(ﬁra) )
€r (ﬁra)g
L. 1(Boa) Ly, 1 (o)
_ Cotfb cosh? Bya s ’ A :|, (7.91)
€0 (Boa)s
o 2
Gamam _ 520 A1y S cos? \.h J2n+%()\ra2J2m+%()\ra)
cosh” A\gh = 6 (\ya)s
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+tanh Brbcos? Bra J2n+% (ﬁTa)J2m+é (Bra)

€r (ﬁra)%
N tan ng COSh2 ﬂoa, IZTH% (ﬁoa)IZn:+é (ﬁoa)
€0 (Boa)?

om 4( 1)n+m+15

|
],

cos A\ h J2n+13 {\ (h_c)}szH()‘ a)

" cosh? Aoh 7; oy {)\r(h—c)} (\a)s

Hggfm Hsm

m,n—1»

PSm _ Hsm

nm?h

P’n(lq/’f’:LSm _ P.Sm

m-1,n>

sm_ 60 [( 1)m+n2(4{]2n+163 {)\T’(h_c)}‘]2m+%3 {)‘T(h_c)}
m T osh? Ah = 5, I\ (h—c)}s
2 rmh J2n+13 (Tﬂ—)JQer (rm) )]
+— coth ,
rm h-c (T’]T)3

wnsm 0o 127b\( 23 5 s
mn COSh2 )\Oh h—c (F(%)4) 0nY0m

Joni i {Ar(h =)} Sy {A(h =€)}

+(—1)m+”i(

r=1 Or {/\T(h_a)}g
2 rmb J2n+1 (rm) 2m+1(7‘7T))]
+— tanh ,
rmw h-c (7"71')3

where dg,, = 1 for n =0, and dq, =0 for n > 1.
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Ao = W (7.99)
dDemsm = gsm (7.100)
@1 Ly {Mo(h =€)} (7.101)
" cosh \ph {)\o(h—c))}%
A = g2, (7.102)

Barrier configuration of Type-IV
In this case we get from equation (7.77) and (7.78)

do e~ 4 -
JrCAE S o S 5
" costhohl,;{ér()\T%)g +Z( 2

( (- 1)”+2 cos A, (h = 52) if n is odd ) ( (-1)™*3 cos \, (h-%%) if m is odd )}
X

(-1)2 sin A, (h — £2) if n is even (-1)% sin A (h - £2) if m is even

4
[ e A L R ARTLa

c—a

( (=1)% cos(Z2) if n is odd )X( (=1)™% cos(%F) if m is odd )H (7.103)

(—1)% sin(5) if n is even (—1)7 sin(%F) if m is even

o 127b( 23
Kansm — 5 na "
mn coshQ/\Oh[c—a((F(%)‘*)) om0

c—a c—a
2{5 (/\ )éx‘]rwé()\r 5 )XJeré()\r 5 )><
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(( 1)z cos A (h - £2) if n is odd ) (( 1)™2 cos A, (h-%%) if m is odd )}
X

(-1)" sin A, (h - ) if n is even (-1)" sin A\, (h - 5¢) if m is even

4
s 2 \3 ) rT rT
— tanh J | — J |l —
() e a(7)m(5)

(-1)"2 cos 7 if n is odd (-1)™2 cos 7 if m is odd
x . (7.104)

(-1)"2 sinZ - if n is even (-1)"% sin = - if m is even

gom - CD™ eAO(’;“*?}:);h ¢ o(h-erp) 1m+g(A0?)’ (7.105)
o (5
dorsm = 4 (7.106)

4. Numerical Results

The numerical esimates of |R| and |T| are obtained from equation (7.59) after using
the solution of the linear system (7.76) (for type I, II and IV barrier) and (7.80) (for
type III barrier) for different values of wave numbers and other nondimensionalized
parameters. In equations (7.76) and (7.80), we have taken N = 30 which gives five
figure accuracy of the numerical values of unknowns a,,,. The energy identity relation
|R|> +|T'|? = 1 is numerically verified for various wave numbers for all types of barrier
configurations. For Type I barrier configuration, the energy identity is presented in
Table 7.1 where |R| and |T| are calculated for different values of the wave numbers and
for a/h=0.2, b/h=0.5, D/h* =1, ¢/h =0.1
In Fig. 7.2 the reflection coefficients are depicted for four types of barrier configurations
for very small values of ice cover parameters =0.001 and 7 =0.0001 ie, when there
is almost no ice cover. For Type I barrier conﬁguratlon we have taken 7=01,2=12

and For Type II barrier configuration, 2 7 = 2.0 and 7 =0.5; for Type HI and Type v
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Table 7.1: Energy identity, Type I barrier for ; = 0.2,% =0.5, % =1, =01
Kb IR |T| R+ TP =1
0.1 | 0.666316 | 0.745669 1
0.5 | 0.914335 | 0.404958 1
1.0 | 0.951493 | 0.307672 1
1.5 | 0.964458 | 0.264236 1
2.0 | 0.971479 | 0.237124 1
2.5 1 0.976021 | 0.217677 1
2.9 1 0.978682 | 0.205381 1

barrier configurations 3 = 0.2, 7 = 0.4,% =land 3 =02,7 = 0.4,% = (.1 respectively.
The graph of |R| for Type I, Type II, Type III and Type IV barrier configurations in
Fig.7.2 are compared with the curves of Figure 2 (a), Figure 3, Figure 4 and Figure 6
of Kanoria et. al. (1999). It is seen that the curves depicting |R| in Fig.7.2 for very
small values of ice cover parameters matches quite well with those figures of Kanoria
et. al. (1999).

Also in table (Table 7.2), |R| for Type I barrier configuration for D/h* = 0.1x107%, ¢/h =
0.1 x107° and for % = 0.2 and % = 0.5 are compared with the numerical data for |R)|
from Kanoria et. al. (1999) (for D/h* =0, ¢/h = 0. It is observed fron Table 7.2 that

the results match up to 3 decimal places showing the correctness of results obtained in

the present problem.

It is seen from Fig.7.2 that for barrier configuration of type IV ie, the barrier with a
gap induces highest reflection |R| as compared to other type of barrier configurations.
Also the thick partially immersed barrier (Type I) produces more reflection than Type
IT and Type III barrier configuration. Also for Type II and Type III barrier configura-
tions, |R| shows oscillatory behaviour and for certain wave numbers |R| = 0. However
this type of behaviour is not observed for Type I and Type IV barrier configurations.
This type of behavior of the reflection coefficient |R| for different types of thick rect-
angular barriers may be attributed to the nature of reflection and transmission of the
incident wave train. The barriers of Type I and IV are surface piercing and as such an
incident surface wave train undergoes more reflection than the Type II and III barriers

which are submerged and not surface piercing. For Type I and Type IV barrier config-
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urations there is not much scope for multiple reflections by the barrier and the bottom
of water region, so that the oscillatory behavior of |R| is not observed for these type
of barrier configurations. For higher values of wave number, the incident wave train is
confined near the upper surface and as such the incident wave is almost fully reflected
by the barrier of Type I and IV. The fig. 7.2 precisely demonstrates this behaviour
of reflected waves for type [ and IV barriers. However, for type II and III barriers,
there occurs multiple interactions of the waves with the upper surface of the barrier
for Type II barrier configuration and upper and lower surface of the barrier for type
1T barrier configuration and the bottom of water region producing multiple reflection
which results in exhibiting oscillatory behavior of |R|. These facts are well known in

the theory of water waves (cf. Kanoria et. al. (1999)).

0 05 1 15 2 25 3
Kh

Figure 7.2: Reflection coefficients for four types of barriers without ice cover

Table 7.2: Reflection coefficient for ; = 0.2, 7 = 0.5, D1, £=01

£
h

o
>

Kh | |R| obtained from present result | |R| obtained from Kanoria (1999)
0.2 0.778132 0.778019
1.0 0.967543 0.967934
1.8 0.992729 0.992543

Fig. 7.3(a) to Fig. 7.6(a) show the behavior of |R| and Fig. 7.3(b) to Fig. 7.6(b)
show the behavior of |T| against wave number for partially immersed thick barrier
(Type I barrier configuration).

In Fig. 7.3(a), |R| and in Fig. 7.3(b) |T| are depicted for different values of ; =
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(a) (b)

Figure 7.3: (a) Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number
for type-I barrier, for different ¢/h, D/h* = .1, a/h = 0.2, b/h = 0.5

Figure 7.4: (a)Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number for
type-I barrier, for different %7 e/h=0.01, a/h=0.2, b/h =0.5

0.00001,0.001,0.1, and for D/h*=0.1, a/h=0.2, b/h = 0.5 .From the figures, it can be
seen that as €/h i.e., thickness of ice cover increases, |R| increases while |T'| decreases
although the change is not significant.

Figs. 7.4(a)and (b) depict the effect of elasticity of the ice cover on the reflection
and transmission coefficients respectively. In Fig. 7.4(a) and in Fig. 7.4(b), |R| and
|T| are plotted for four different values of D/h* = 0.01,0.1,1,2 with fixed values of
e/h =0.01, a/h =0.2 and b/h = 0.5. |R| increases and |T| decreases with decreasing
values of h—%. This shows that large values of D induces more energy transmition and

less wave reflection.
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IR|
ITl

(b)

Figure 7.5: (a)Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number for

type-1I barrier, for different a/h, ¢/h = 0.01,% =0.1,b/h=0.1

08 e 1
JOUEE A bih=L0
_0B; et - -bh=01 ||
L - —Dbh=001
04
02/
0 1 1 1 1 1
0 05 1 15 2 25 3 )

(a) (b)

Figure 7.6: (a)Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number for
type-1 barrier, for different b/h, €/h = 0‘01,% =0.1,a/h=0.2

In Figs. 7.5(a) and 7.5(b), |R| and |T| are depicted for various values of ¢ = 0.01,0.1,0.5
and for fixed value of D/h* =0.1,¢/h =0.01,b/h = 0.1 respectively. It is clear from the
figure that increase in length of the barrier increases |R| and decreases |T.

In Fig. 7.6(a) and (b)depicts the effect of the width of the barrier ie, b/h on |R| and
IT| for D/h* = 0.1,¢/h = 0.01,a/h = 0.2 . It is seen that large values of £ increases
the values of |R| and decreases |T'|. Thus it can be remarked that gradually increasing

values of width and length of the barrier induced more reflection and less transmission.

Fig. 7.7(a) to Fig. 7.9(a) depict |R| and Fig. 7.7(b) to Fig. 7.9(b) depict |T| for
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Figure 7.7: (a)Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number for
type-II barrier, for different D/h*, ¢/h =0.1, b/h = 1.0, ¢/h = 0.5
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Figure 7.8: (a)Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number for

type-1I barrier, for different b/h, €/h =0.01, % =.1,¢/h=05

bottom standing thick barrier ie, Type-II barrier configuration. In Fig. 7.7(a) and
7.7(b), |R| and |T| are plotted respectively for different values of & =0.01,0.1,1.0,2.0
with fixed values of = 0.1, % =1.0, # =0.5. It is seen from the graph that the elastic
behaviour of the ice cover produces oscillations in |R| and |T.

Fig. 7.8(a), (b) depict |R| and |T| for different values of width of the barrier £ =
1.0,2.0,5.0,0.01 and D/h* = 0.1, €¢/h = 0.01, ¢/h = 0.5. It is observed that when the
width of the barrier is very small there is hardly any oscillations in |R| and |T'|. How-
ever for a wide barrier oscillations in |R| and |T'| are observed and for certain values

of the wave number there occurs zero reflection and no transmission of wave energy.
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Figure 7.9: (a)Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number for

type-1I barrier, for different c¢/h, ¢/h = 0.01, h% =.1,b/h=1.0

Also as the width of the barrier increases the frequency of the oscillations in |R| and

|T'| inctreases.

In Fig. 7.9(a), (b) |R| and |T| are plotted against the wave number kh different
values of £ = 0.4,0.5,0.6 and D/h* = 0.1, €/h = 0.01, b/h = 0.1. Fig. 7.9(a), (b)
exhibit oscillatory behaviour in |R|, |T'| and |R| =0, |T| = 0 for certain values of wave
number kh. It is also observed that as the values of ; decreases, ie, the length of the
bottom standing thick barrier increases, the amplitude of |R|,|T| gradually increases.
This is plausible because long bottom standing barrier induces more reflection and less
transmission of wave energy.

The behaviours of |R| and |T| for submerged thick rectangular block are exhibited in
Fig. 7.10(a), Fig. 7.11(a) and in Figs. 7.10(b), 7.11(b) respectively for fully submerged
barrier ie, for Type III barrier configuration.

Figs. 7.10(a) and 7.10(b) have shown the behavior of |R| and |T'| respectively for
different values of D/h* = 0.01,0.1,1.0,2.0 with fixed values of § = 0.01,% =02,¢ =
0.6, 7 = 0.8. The figures exhibit oscillatory behaviour of |R| and |T'| and the frequecy
of oscillation decrease with increase of D/h*. These behaviors of |R| and |T| are due to
the elastic behaviour of the ice cover.

Fig. 7.11(a) depicts |R| and Fig. 7.11(b) depicts |T] for different values of 2 =
0.01,1.0,2.0 with fixed values of ; =0.01,7 =0.6,7 = 0.8, % = 0.1 . From the figures
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for type-III barrier, for different D/h*, ¢/h = 0.01, b/h = 2.0, a/h = 0.6, ¢/h = 0.8
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Figure 7.11: (a)Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number
for type-I1I barrier, for different b/h, e/h =0.01, & =.1, a/h=0.6, ¢/h =0.8

it is observed that that |R| and |T'| show oscillatory behaviour and the amplitude of

oscillation increases as the width or the thickness of the barrier increases.

Finally, Fig. 7.12 to Fig. 7.14 depict the values of |R| and |T| for thick vertical wall
with submerged gap ie, type-IV barrier configuration.

Fig. 7.12(a) and Fig. 7.12(b) show the behavior of |R| and |T'| respectively for differ-
ent values of &4 =0.01,0.1,1.0,2.0. with fixed e/h = 0.01, b/h =0.1, a/h =0.2, ¢/h =0.4.
It is observed that |R| decreases and |T'| increases with increasing values of £. As ob-

served by Kanoria et. al.(1999), in this case it is seen that |R| asymptotically increases

141



CH 7. Scattering of water waves by thick rectangular barrier in presence of ice cover

Figure 7.12: (a)Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number

(b)

for type-IV barrier, for different D/h*, ¢/h =0.01, b/h = .1, a/h = 0.2, c/h = 0.4
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Figure 7.13: (a)Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number
for type-IV barrier, for different b/h, €/h =0.01, & =0.1, a/h =0.2, ¢/h =0.4

to unity and there is no oscillation for |R|. Similar qualitative behaviour is observed

from Fig. 7.4, for Type I barrier configurations.

Fig. 7.13(a) and 7.13(b) express the behavior of |R| and |T'| for different thickness
of the barrier 9 =0.01,0.1,1.0 with fixed values of ; =0.01,3 = 0.2,7 = 0. 4, L 71 =0.1.
From the figure it is clear that |R| gradually increases with the increase of 2 7o It is
important to observe that, when the width of the barrier is almost same as the depth
of water, |R| is nearly equal to unity. But for the comparatively small values of %,

|R| asymptotically increases to unity and |T'| asymptotically decreases to zero as the
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Figure 7.14: (a)Reflection coefficient vs. wave number (b)Transmission coefficient vs. wave number

for type-IV barrier, for different gap i.e. (¢c-a)/h, ¢/h =0.01, % =0.1

wave number increases. This is plausible because with large wave number, the surface
waves which are near the ice cover surface are reflected back by the barrier. The same
qualitative feature can be observed in Figure 6 of Kanoria et. al.[1999] (in absence of

ice cover over the rectangular barriers).

Fig. 7.14(a) and 7.14(b) are drawn for the Type IV barrier with different lengths
of the submerged gap of the thick rectangular barrier 2 = 0.2,0.3,0.4 with e/h =
0.01, D/h* = 0.1. This figure shows that more wave energy reflected and less energy

transmitted when the length of the gap decreases.

5. Conclusion

The problem of water wave scattering in a water body of uniform finite depth with
a thin ice cover on its surface, in presence of thick rectangular barriers of four different
geometrical configurations, are studied by employing the multiterm Galerkin approx-
imation method involving ultraspherical Gegenbauer polynomials of order 1/6. Very
accurate numerical results for reflection and transmission coefficient are obtained for

different values of wave number and other parameters involving the physical problem.
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They also satisfy the energy identity. The numerical results which agree quite well with
the known results available in the literature in absence of ice cover. The thickness and
depth of thick barriers affect the reflection and transmission coefficient which is quite
evident from the figures. For partially immersed barrier(type-1), reflection increases
with the increment of depth and thickness of barrier. For bottom standing (type-1I)
and fully immersed (type-111) barriers, there occurs zero reflection which depends on
the width of barrier. Also in type-IV barrier configuration, the increment in the length
of the submerged gap of the thick wall causes lesser reflection. Thus the breakwaters
in form of rectangular thick barrier has some impact on the reflected and transmitted

wave energy.
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Chapter 8

Numerical approach to the problem
of oblique wave scattering by a
wide rectangular impediment with
a vent placed under a finite depth

water body with ice covered surface

1. Introduction

The problem of water wave diffraction by some obstacles of different geometrical
shapes have been studied substantially by the researchers in last few decades with
different mathematical techniques.

As mentioned in chapter 1, the problem of scattering of water waves by thin vertical
barriers are studied by many researchers like, Ursell (1947) for a partially immersed

vertical plate, Evans (1970) for a submerged vertical plate, Porter (1972) for a barrier

1 The content of this chapter is based on the paper “ Numerical approach on oblique wave
scattering by a wide rectangular impediment with a vent placed under a finite depth water body with
ice covered surface 7, Journal of offshore mechanics and arctic engineering, 145(1) (2023) 011902.
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with a submerged gap, Banerjea and Mandal (2009) for a surface piercing wall with
multiple submerged gaps, Banerjea et. al. (1996) for a submerged wall with a gap,
Kanoria and Mandal (1996) for two parallel vertical barriers with submerged gaps in
water of uniform finite depth, Das et. al. (1997) for two parallel thin barriers with gaps
and others. But now a days, due to the practical importance in marine engineering, the
vertical barriers are chosen to be thick. Some researchers like Kanoria et. al. (1999),
Mandal and Kanoria (2000), Xie et al. (2011) studied scattering problems by thick
rectangular barriers placing them in different position under the finite depth water.
When ocean waves interact with floating sea ice, they are known to propagate as ice-
coupled gravity waves at the interface between the floating sea ice and underlying
water. Ice-coupled gravity waves are relevant in cold regions and in floating ice-cover
platforms for vehicular usage. The basic characteristics of an ice sheet can be explained
by modeling it as an elastic plate using the well-known Euler-Bernoulli plate theory.
The first wave propagation model in the presence of a thin elastic beam floating on
the water was initiated by Greenhill (1887) over a century ago. Using a computational
mode-matching technique, Fox and Squire (1994) discussed the first evaluated solutions
of the Greenhill’s (1887) mathematical model for the sake of geophysical interest. Later,
many research attempts were made to study a thin sheet of ice having elastic properties
(cf. Fox and Squire (1994), Balmforth and Craster (1999) and the literature cited
therein). Sturova (2015) used Greenhill’s function to deal with the radiation problem
involving a submerged cylinder in water with ice cover. Also, some recent papers
explain the effect of floating ice sheet/elastic plate on wave scattering problems (cf.
Samanta and Chakraborty (2020) and Sarkar et al.(2021)).

In the present chapter, we study the effect of ice cover on waves scattering by
obliquely incident wave by submerged wall with rectangular cross-section having a gap
in a finite depth water. Due to the geometrical symmetry of the construction about its
center line, the boundary value problem is split in two separate problems involving the
symmetric part and antisymmetric part of the velocity potential function. Then the
matching of eigen function expansion of velocity potential through the corner points of
the barriers produces an integral equation. This integral equation is then solved by two

methods, viz, multiterm Galerkin approximation method using ultraspherical Gegen-
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baurer polynomial as basis functions and also boundary element method. Recently,
utilizing same multi term Galerkin technique, Chakraborty and Mandal (2014,2015)
solved scattering problem by rectangular trench. The boundary element method is
also utilised by Mondal et.al. (2021) while studying a scattering problem circular arc
shaped barrier. Utilising the solutions of the integral equations, we obtain the reflec-
tion and transmission coefficient which are then depicted in the graphs against the
wave number. These graphs show that the presence of ice cover and height of the gap

remarkably affects the reflection coefficients.

2. Formulation of the problem

I-cZover
= ————l—)———— ——
y ar inc
o (xy)

C

T inc (xy)
0 , d g

R (pmc (xy)

2b

Figure 8.1: Geometrical configuration of the problem

We consider an irrotational motion in an inviscid, incompressible, and homogeneous
fluid (water) with a constant density p;. A Cartesian coordinate system is taken with
y-axis directed vertically downward passing through the middle of the thick wall. The
(z,z) plane denotes the rest position of a thin ice sheet floating on the water. This thin
ice sheet is modeled as a thin elastic plate of infinite extent. The fluid occupies the re-
gion 0 <y < h below the ice-covered surface. The obstacle is of the form of a submerged

thick wall with a gap whose position is given by -b<x <b, ye L = {(a,c) + (d,h)}.
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The wall is at the depth a below the ice cover and the gap of the wall is at depth ¢
below the ice cover surface with gap length (d-c) and the width of the wall is 2b. The
geometrical configuration is depicted in figure 8.1.

Now we consider a train of waves coming from positive x- direction is incident obliquely
on the the wall with angle of incidence a with x axis. Under the assumption of lin-
earized theory of water wave the incident wave is represented by the velocity potential

Re{¢™(z,y) (>~} where

2cosh \g(h — y)e-i(@=b)

8.1
cosh \gh (8.1)

¢inc _

and A is the unique real positive root of the transcendental equation
u(l - eK + Du*) tanhuh = K. (8.2)

Here K = 02/g, o is the circular frequency of incoming wave train, g is gravitational

Eh3 _ poho . . . .
T-oprg = 5 where pg is the density of ice, p; is the

density of water, hg is the small thickness of the ice-cover and E, v are respectively the

acceleration and D =

Young’s modulus and Poisson’s ratio of the ice and = A\gcosa, v = \gsina. Assuming
velocity potential to be of the form Re{¢(z,y) e/**=7)} ¢(z,y) satisfies the following

boundary value problem.

(V2-v%)¢=0; in the fluid region, (8.3)
s
(D@ +1-eK)p,+Kp=0;  on y=0. (8.4)
¢ =0, onx=+b, y e L={(a,c)+(d,h)}. (8.5)
¢y=0, ony=a,cd; |r[<Db. (8.6)
¢y =0, on y=h; |z|>b. (8.7)
r3v¢  is bounded as r — 0, (8.8)

where r is the distance of submerged edge of the thick wall,
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¢inc(xvy) + Rﬁbmc(—%y) as T — oo,
To™me(x,y) as x - —oo.

Here R and T are the reflection and transmission coefficients and are to be determined.

3. Method of solution

The geometrical symmetry of the thick wall about x = 0 allows us to split the veloc-
ity potential ¢(x,y) into symmetric part ¢, (z,y) and antisymmetric part ¢ansm(z,y)
such that

O(2,y) = dsm(, y) + Gansm (7, Y) (8.10)

where

¢sm(_x>y) = ¢Sm(w,y), (bansm(_x?y) = _¢ansm(x7y)' (8'11)

Therefore, we consider only the region z > 0. Now ¢, ansm (2, y) satisfy equations (8.3)

to (8.8) together with

0Psm
ox

(an) = 07 ¢ansm(0>y) =0 0< Yy < h. (812)

Let the behavior of ¢y ansm(2,y) for large x be represented by

cosh Ag(h —y)

h \eh [efi,u(x—b) + Rsm,ansmew(xib)] as T — o0 (813)
Cosn Ag

¢sm,ansm($a y) ~
where R, and Rg,sm, are unknown constants. These constants are related to R and T

by
1 .
R, T = §(Rsm + Ronsm ) €201, (8.14)
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Now, the whole fluid region is divided into three regions

i) Region-1 (z >b; 0<y<h);

ii) Region-II (0 <z <b; 0<y<a);

iii) Region-I11 (0 <z < b; c<y<d);

The eigen function expansions of ¢s, ansm (%, y) satisfying equations (8.3), (8.4), (8.5),
(8.6), (8.7), (8.12) for x > 0 in the different regions are given below.

Region I:

¢sm,ansm($, y) = ¢(ya >‘07 h)[e—iso(x—b) + Rsm,ansmeiSO(x_b)]

+ Z A(n)sm,ansm QZ(y, )\,m h) e—sn(l’—b)
n=1

17
+ 3" A(n) sm.ansm V(Y An, h) e7nsn(m) (8.15)

n=I

where Ry ansm, A(N)sm.ansm are unknown constants to be determined and

cosh A\, (h—-y)

COSh)\nh ) %D(?/,Amh) = COs An(h_y) (816)

(i An, h) =

Here A\, (n=0,1,11) satisfy the transcendental equation
K =u(1 - eK + Du*) tanhuh (8.17)

and A\, (n=1,2,....) satisfy the transcendental equation

u(l - eK + Du*)tanuh + K =0, (8.18)

1, forn=0,1,

€En =

-1, form=1II
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and
VAZ+v2 form=1,23,......
Sn = (8.19)
VA2 =12 form=0,1,11.
Region II:
bsm(2,Y) B(0) gy, costox
= w(ya Qq, (l)
¢ansm(x7y) B(O)ansm Siﬂtol’
U | B(n)sg, cost,x
+ Y(y; an, a)
n=I | B(Nn)ansm Sint,x

o | B(n)sgy, cosh t,z _
+2) D (y; o, @) (8.20)
n=1| B(n)ansm sinh ¢,z
where B(n)sm.ansm are unknown constants to be determined and +ayp, oy, oy, +ia,

(n=1,2,...) are the roots of the equation

a(l-eK + Da*)tanh aa = K, (8.21)
and
vai+v? forn=1,23, ...
t = (8.22)
Vaz-v2 forn=0,1,11.
Region III:
¢sm(xay) O(O)Sm coshvw >, C(n)sm COShnt mr(d—y)
= +y cos ——>%
(8.23)
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where C'(n) sm ansm are unknown constants to be determined and

2
N 2 8.24
6\ (72) + (324)
We now define
0
%stm,ansm(b + 07 y) = fsm,ansm(y)7 0< y< h. (825)
Then
fsm,ansm(y) =0 for Yye L (826)
and
o _
%qﬁsm,amm(b £0,9) = fomansm(y) forye L=(0,h)- L. (8.27)

Also due to the edge condition (8.8) , we have the requirement

fsm,ansm(y) = O(|a/ - y|_1/3) as y - a- 07

fsm,ansm(y) :O(|y—c|‘1/3) asy — C+0, (828)

fsm,ansm(y) :O(|d_y|_1/3) asy — d-0.

We shall now evaluate the various constants A(1)sm ansms B(1N)sm.ansms C(N)sm.ansm

appearing in equation (8.15), (8.20) and (8.23) for different regions.
For Region-I

Using the expression of ¢ ansm (2, y) of equation (8.15) into (8.25) and then using

Havelock’s Inversion formula, we obtain
4i)g cosh? \g

h
1 - Rsm,ansm = 5 [ fsm,ansm(y) 7/1(3/; )‘07 h) dy (829)
0o L

with (50 = 2)\0]1 + sinh 2/\0h ; and
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for n=I, II,

40\, cosh? A h
A(n)sm,ansm = /fsm ansm(y) /l/}(ya)‘nah) (830)

ensn n

with 0, =2\, h +sinh 2\,h (n=1,11),
for, n=1,2.3,....... ,

4N,
A(n)sm,ansm = - S

s An, h) dy (8.31)

with 0, =2\, h +sin 2\,h (n=1,2,....).

For Region-II

Again substituting equation (8.20) in (8.27) and applying Havelock’s Inversion For-

mula, we have

for n=0, I, II

B(n)sm,ansm = 4@n COSh2 dnd ( L

tnYn sint,b’ cost,b

)f fsm.ansm(Y) ¥ (y; 0, a) dy
(8.32)

with v, = 2a,a +sinh 2a,,a  and

for n=1,2,3,......

4o,
n'yn

B amanen = 122 ) B S0 dy (539

sinht,b’ cosht b

with v, = 2a,a + sin 2a,a.
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For Region-III

Using equation (8.23) in (8.27) and applying Fourier Cosine Inversion, we get

1 1
= 34

1
sinh &,b’ Cosh &b

mT(d v)

(8.35)

C (1) sm,ansm = (2 c)( ) ] fsm.ansm(y) cos ——==

3.1. Reduction to integral equation

Now due to the continuity of velocity potential across the gap, we match ¢gm, ansm (2, y)

across the line x = b, y € L, which yields

¢sm7ansm(b + Oa y) = Cbsm,ansm(b - O, y)a ye E (836)

which after using the expression of ¢, ansm (2, y) from equations (8.15), (8.20), (8.23)
along with the equations (8.29) -(8.31), reduces to a integral equation

[ Komanon () Mo anom (9:10) du =653 2o, h), g € L (8.37)
where
4 _
Icsm ansm = sm,ansm ; L
ansm(Y) T — fsmansm(y), Y€
with
- “—‘502 (8.38)
Ao cosh® A\gh

and My, ansm(y, 1) (y,u € L) are real and symmetric in y and u. and their expressions

are given below.
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Case-1: y,uc€ (0,a)

Mg (y,u) = li ()‘n @Z)(y;An;hg (u; Ay h)

n=1

. ap cotht,b Y(y; o, a) i(u;an,a))
tnYn

_ap cottgh cosh® aga ¥(y; o, a) ¥(u; ag,a)
0o

I (OanOttnb cosh® ana (y; o, a) (u; o, a)

- Z tnYn

n=I

i\, cosh®\,h
+ e ———

Ensnén

(i das ) w(u;An,m)], (.39)

< (A D(y; Ay ) D(u; A,y b
Mansm(y,u)zﬁ[zl( U(y S()Siﬂ(u )

.\ o tanht,b P (y; an, a) ¥(u; an, a)
tnYn
_ap(=tanteh) cosh® apga Y (y; o, a) ¥(u; o, a)
too

~ IZI: (an(—tantnb) cosh® ana (y; am, a) (u; o, a)
tnYn

n=I

i\, cosh®\,h
+ e

6nsnan

Y(y; An, 1) %U(U;An,h))]- (8.40)

Case-2: y,uc€(c,d)
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Mg (y,u) = [i (’\" (Y5 Ans 1) 1 (u; Ao, )

SnOn,

n=1

coth&,b cos nm(d-y) cos nr(d-u)
2(d ) &n d-c d-c

coth vb L (i), cosh®\,h
- |
Ad-c)v = €n5n0n

= (N U(y: M, B) U(w; Ay b
Mansm(y,U)ZﬁlZ:l( V(y ngb(u )

tanh &,b cos nm(d-y) cos nm(d-u)
2(d c) &n d-c d-c

tanhwb I (i), cosh®\,h
- [
4(d - C) Vo1

Ensn(sn

Case-3: For y € (0,a), ue(c,d) and ye€(c,d), ue(0,a)

S A V(Y Ay h) (s An, h)
Z $nOn,

Msm,ansm = |:

i\, cosh®\,h

671877,577,

V(s Ay h) Y (us A, h) |-

—Z

Writing
1 Rsm ansm

J = -
sm,ansm 1 + Rsm ansm

By A ) ¢<u;An,h>)],

(5 A 1) @w(u;xn,h))]‘

(8.41)

(8.42)

(8.43)

(8.44)

and then by using the relations (8.29) and (8.38), Rsm.ansm 18 given by the relation

_/f, Ksm,ansm(y) d)(yu /\07 h) dy = Jsm,ansm'
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Here the integral equation (8.37) can be solved to obtain the unknown function
Ksm,ansm(w) which involves the unknown function fg, ansm(u) as given in equation
(8.38). Knowing K ansm(w), we can obtain Jgm, ansm in terms of R, ansm from equa-
tion (8.45). Also by using (8.14) and (8.44) the reflection and transmission coefficients

|R|, and |T| in terms of Jsy, ansm are given below as

I

|R| — ‘1+JsmAJansm‘ . |T| — |J5m—iansm|
with

3.2. Solution of the integral equation using two
numerical methods

Here we proceed to solve the integral equation (8.37) in two disjoint intervals using

the following methods.

3.2.1. Boundary element method

Noting the edge condition (8.8) and the relation (8.38) and (8.28), we find that the
unknown function Ky, ansm(u) satisfying the integral equation (8.37) have % singular-

ities at y = a—; c+; d— . Thus we write

Kemansm(y) = ¥/ (a=y)(y - ) (d-y) Gomansm(y) (8.47)

where Gy ansm(y) is a regular function in y € L = [0,a] + [c, d].

Using the relation (8.47), the integral equation (8.37) can be rewritten as

/f: Gsm,ansm(u) Msm,ansm(yau) du = ﬁ(y)a Yy e E (848)
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where

smansm(yau) \/(a u)(u_c)(d u) smansm(y> )>
H(y) =¥y do. h). (8.49)

Since L consists of two intervals, so we divide the first interval [0, a] into n; num-
ber of subintervals and the second interval [¢,d] into ny number of subintervals such

that [0,a] = U, [a;-1,a;] and [c d] UJ 1 [bj-1,b;] with ag = 0; a; = ag + iy ; and

by =c¢; bj =by + jra ; where ry = 220 and 1y = ‘i;.
Now we take u = ul; € [a;i1,0;], i=1,2,....,ny and u = u2; € [bj_1,b;], Jj =
1,2,...... , M2, SO
ULL = (1 — £)ai,1 + §ai
0<&<l. (8.50)
u2j = (1=&)bj-1 + &b,
Also when y belongs to the line element [a;-1,a;], i =1,2,....,n1, we write y = y1; =

(1 -n)a;—1 +na; and when y belongs to the line element [b;_1,b,], j =1,2,.....,n9, we
write y = y2; = (1 -n)b_1 +nb; 0<n<1.

So equation (8.48) can be rewritten as

Zzl:ll 01 Gsm,ansm(U1i) Msm,ansm(y1k7U1i) rldf

+ Zj 1 0 sm,ansm(U2j) Msm,ansm(ylkauzj) r2d£ = ﬁ(ylk)a k= 1727 """ y 1,

1/0 sm, ansm U1 ) Msm ansm(y2l7U1 ) Tldg

+ ZJ ) 0 Gsmansm(U25) Meam ansm (Y21, u2;) m2d€ =9(y2;), 1=1,2,.....,n9.

Now by boundary element method we consider that the unknown function of the inte-
gral equation takes constant value in each small subinterval(cf. Samanta et al. (2021)).

So we assume Gy ansm(ul;) = G(9)smansm = constant where ul; € [a;_1,a;], @ =
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1,2,....,ny and G*™as™(y2;) = G(J)smansm = constant where u2; € [b;_1,b;], j =
1,2,....,n9. So under this approximation, integral equation (8.51) reduces to a sys-
tem of linear equation written as

m . M(k, Z.)sm,omsm
Z G(Z)sm,ansm(

) + ZG(ﬂsm,&mm(

M(ka j)sm,ansm )

i=1 M1, 1) smansm M1, 7) sm.ansm
:( 9(k) ) k=1,2,m (352)
9(1) [=1,2,..,m0
where
MK, D) smansm = Jy Memansm(y1, al;) rdé
ML) amansm = Jo MEmamsm(y2,, ul;) ridé
M(/{:,j)sm,ansm = fol Msmvansm(ylk,u%) rodé
ML, ) smansm = Jy MEmansm(y2, 42.) rodé
and

I(k) =9(yle) 5 O(1) = I(y20).

Solving the system of equation (8.52) , we obtain the unknown constants G (7) sy, ansm
fori=1,2,....,n1 and G(J)smansm for j =1,2,....,n9. Hence Jgm ansm can be evaluated

from equation (8.45) as

ni 1
Jsm,ansm = Z G(i>sm,ansm A \3/(a - ylz)(yll - C)(d - ?/11) w(ylzv )‘07 h) rldn
=1

n2

+ZG(j)sm,an5mfol V(a-y2;)(y2; - o) (d-y2;) ¥(y2;; Ao, k) r2dn.

=1

(8.53)

3.2.2. Multiterm Galerkin method
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To solve the integral equation (8.37), we approximate g ansm(y) as

’Csm,ansm(y) ~ fsm,ansm(y)a y € E (8'54)

where Fgp ansm (y) have multi-term Galerkin expansions in terms of suitable basis func-

tions.

Since L = (0,a) + (c,d) consists of two disjoint intervals, s0 Fepm.ansm(y) can be ex-

pressed as

Zﬁf:o a(n)sm,ansm p(n)sm,ansm(y)7 0< y<a,
fsm,ansm(y) = (855)

Zy]y:o b(n)sm,ansm Q(n)sm,ansm(y)a c<y< d7

where a(n) and b(n) are unknown constants and p(n)sm.ansm(Y), ¢(7)sm.ansm (V)

are basis functions chosen as follows.

Choice of Basis Functions

For O<y<a

Here we have to consider the ice covered surface condition and the cube-root sin-

gularity of velocity near corner point (b,a). Thus Keyp ansm(y) = K(y) satisfies

4
(D% +1-cK)K'(y) + KK(y)=0;  ony=0 (8.56)
K(y) ~o(a-y)3 as y - a-0. (8.57)
If we define
IC()—IC()—L]&IC()d 0<y< (8.58)
Y=Y " T 7K+ Dt 0 w yed '
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(8.59)

then
K'(y)=0, on y=0
(8.60)

IC(y)No(a—y)_% as y - a-0.

So, (a2-y?)3 K(y) can be expanded in (0, a) as a complete set of even ultraspherical

Gegenbaurer Polynomials Cy (£).

Thus we take
R Ll e COIOY] Y
where p(m)(y) is chosen as
28 F(%)l(Qm)' s 9), O<y<a (8.62)
i(a®-y?)s a

pm)(y) = AT(2m + Dab(

For c<y<d
Here we have to consider only the cube-root singular behavior of the velocity at the

points (b,c) and (b,d). So a complete set C5,(2554) of ultraspherical Gegenbaurer

Polynomials are used to for expansion of {(y —¢)(d - y)}%lem,amm(y) inc<y<d. So

we choose
25 T(1) m! |
" d-c

q(m)sm,ansm(y) = 1 1
T D(m+5)(%59)° {(y - ) (d-y)}?

Reduction of Integral equation to Linear system of equations

Substituting the approximations (8.55) in equation(8.37) and then multiply both
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side first by p(m)sm ansm (y) and then by ¢(m)sm.ansm (y) and then integrate over (0, a)

and (c,d) respectively , we obtain two linear systems of equations

N

g(m7 n)sm,ansm N
Za(n)sm,ansm( ) + ;b(n)sm@nsm(

n=0 P(mu n)sm,ansm

H(ma n)sm,ansm )

(m7 77,) sm,ansm

( d(m) ) ansm

(2)

), m=0,1,...N (8.64)
d(m)sm,ansm

where

g(ma n)sm,ansm Msm ansm(ya U’) p(n)sm ansm(u du p(m)sm,ansm(y) dyv

o\
o\

d
H(man)sm,ansm [ Msm ansm(yau) Q(n sm ansm(u) du p(m)sm,ansm(y) dy;

| |
! |
| |
| |

—- —.

P(man)sm,ansm Q(m)sm,ansm(y) d,%

/Msm,ansm(yv )p(n)smansm(u) du
0

d d
Q. Wamansn = [ 4 | Mamanom (5:10) a(0)mann () dutf a(m)mansn () .
(8.65)
SO that P(m, n)sm@nsm = H(m7 n)sm,ansm b and
d(m)g%rz,ansm = '[0 1/)(% >‘07 h) p(m)sm,ansm(y) dy
d
(1) 2 ansm = [ D Mo 1) () somamem (y) . (8.66)

So, solving the equations (8.64) we find a(n)sm ansm and b(n)sm.ansm and then by
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using (8.45) we get a simplified form of Js, ansm as

N

Jsm,ansm = Z {a(n)sm,ansm d(n)g}r)z,ansm + b(n)sm,ansm d(n)k(wz?z,ansm} . (867)

n=0

Coefficients of Linear system of Equation

The coefficient matrix of the linear system of equations (8.64) are calculated as

follows

© (N cos? Ak Jonet (M@)o, 1 (Nea)
gm’nsm: 4(-1)m+n r T 6 - 6
(= a0 (255 (v

r=1

N o, cotht,bcos? a,a ‘]2n+é (ara)J2m+% (ara) )

trﬁ)/r (Ogra,)%
g cotitph 9 I2n+é(a0a)[2m+%(040a)
- ———cosh” apa .
toYo (apa)s

osh? o I2n+% (aTa’)[QnTé (Oéf‘a)
rVr (ara)§

SRICIED)

I (ar cot t,b
—c
r=1

.\ i A, cosh® \.h I2n+é(>‘ra)12m+é(>\ra))], (8.68)

67’37’57‘ ()\ra)%

< (N, cos? \h Jonsi (Ar@) S 1 (Nva)
gmanansm=6[4 -1)mm™ ( . : : 1 :
( ) ( ) Z 57‘57" ()\TCL)g

r=1

LG tanht¢,bcos? a,a ']2n+é (Ofra)szJr% (ara) )

b (o,a)3
_ ap (—tanteh) cosh? aya ]2n+é(040@)]2ni+é(040a)
too (vpa)s
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- 4(-1)mm Y cosh® o,

U (ar (—tant,b) ‘[2n+%(a7"a)12m+é(a7’a‘)
r=1 Ly (o,a)3

N i A\ cosh? \,.h ]2n+%(A7'a)‘[2m+%(A7‘a)
67’87‘57" ()\ra)% )

%(ma n)sm,ansm =

(8.69)

1 ()\ra)

43 [i Ar cos)\rh( (—1)%(305)\7«(}1 Hd) for even n ) s ()‘ & C)JQ
(-1)"7 sin A, (h - &) for odd n

r=1 Sr0r

(Ara) (A %)é

r=I Ersr(sr

(-1)"% sinh A, (h - &) for odd n

Tad O 59 Jy (0 59)
(A 593

|2,
Q(m7n)sm:6 [2;{8 S

( (-1)2 cos A, (h — %) for even n ) ( (-1)% cos A (h — 42) for even m
X
(-1)" sin A\, (h - &) for odd m

(-1)"% sin A (h - &d) for odd n

( (1) cos X for even n ) . ( (-1)% cos Z for even m ) }

(—1)% sin & for oddeven n (—1)mT_1 sin 2Z for odd m

. 12 7 23 cothvb 5s
0nY0m
(- {T (D} v

i 43\, +%()‘r d776) Im+%()\7" %)
_ : x
r= IGTST‘ r (A’r %)3
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i\, cosh/\rh( (-1)2 cosh A, (h - %2) for even n ) (A i ) e (Ara)
(>\ a)s (A %)

(8.70)
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( (-1)2 cosh A\ (h — %) for even n ) ( (-1)% cosh A,(h — £2) for even m )]
X
(-1)"2 sinh A\, (h - &) for odd n (-1)"% sinh A (h - &) for odd m

(8.71)
where dg,, = 1 for n =0, and dq,, =0 for n > 1.

> [ 2\ ’]n+l()‘1" %) Jm+l()‘7“ %)
Qm,n ansm:5[2 { = X . 16 X
( ) 1; S’f‘67‘ (>\7" %)5

( (-1)2 cos A, (h — £4) for even n ) ( (-1)% cos A (h — £2) for even m )
X
(-1)"7 sin A (h - &) for odd n (-1)"% sin A, (h - &) for odd m

( (-1)2 cos Z for even n ) ( (-1)% cos IF for even m ) }
X

(-1)" sin = o for oddeven n (-1)"F sin’Z o for odd m

. 12 7 25 tanhuvb S5
onv0m
(d=c){T(3)} v

B i 42/\ +%(/\r d%c) Im+%()\7" %) «
re ]ersr r ()\r %)%

( (-1)2 cosh \.(h — %) for even n ) ( (-1)% cosh A,.(h — %2) for even m )]
X
(-1)"% sinh A, (h - &) for odd n (-1)"2 sinh A, (h - &d) for odd m

(8.72)
Also,
L m+;()\0a)
d(m)g}g,ansm = 26—17 (873)
(Aoa)s
_1)ym /\o(hf%d) 7A0(hfcgd) I,.1 /\0@
A1) D g = "€ - ; he A 21). (8.74)
2 cosh A\g ()\0%)6
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4. Numerical Results

In this section, we will discuss about the reflection coefficient |R| and transmission
coefficient |T'| computed numerically by solving the integral equation using boundary
element method (BEM) and multiterm Galerkin method for different values of non-
dimensional parameters a/h, b/h, c/h, d/h, «, D[h* €/h. The physical quantities
|R|, |T| evaluated by using the solution of integral equation (8.37) by BEM converges
upto six decimal places by taking ny = 25, ny = 25. For the numerical solution of inte-
gral equation (8.37) using multiterm Galerkin method, it is first necessary to compute
the infinite series given by (8.64) and (8.67) by truncating it as prescribed degree of
accuracy. Choosing 250 terms in each series a six figure accuracy in the numerical
results have been achieved. The accuracy can be further increased by taking more
terms in the series as mentioned by Chakraborty and Mandal [2014,2015]. The energy
identity |R|?> +|T'|? = 1 is verified here for different values of the parameters. The val-
ues of |R| obtained by solving the integral equation by above mentioned two methods
for different values of kh are presented in tables (8.1) to (8.3) for different values of
parameters a/h, b/h,c/h,d[h,a with ¢/h =0.01; D/h*=0.01 . The tables shows that
the results by two methods agree with each other reasonably well. Also the numerical
estimates of reflection coefficient for various values of the different parameters are ex-

plained graphically in Figure (8.2) to Figure (8.7) .

Table 8.1: Reflection coefficient for a = 7F; #=0.2; £ =04 ; % =0.6; % =1.0
Kh BEM Galerkin Method
0.5 0.669100 0.669105
1.0 0.566317 0.566319
1.5 0.187967 0.187968
2.0 0.096431 0.096434

In Fig.8.2, the values of |R| are plotted against Kh to compare the present result

with the result corresponding to scattering by a bottom standing thick barrier consid-
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Table 8.2: Reflection coefficient for a = %; 3+ =0.2; £ =0.6 ; % =0.8; TbL =2.0
Kh BEM Galerkin Method
0.5 0.418307 0.418310
1.0 0.099753 0.099755
1.5 0.344931 0.344931
2.0 0.418114 0.418117
Table 8.3: Reflection coefficient for a = ; 3+ =0.3; £ =0.5; % =0.8; % =1.0
Kh BEM Galerkin Method
0.5 0.514193 0.514194
1.0 0.629259 0.629261
1.5 0.406748 0.406750
2.0 0.162717 0.162718

ered by Samanta and Chakraborty (2020) (Fig. 11(a) there). In our calculation we
have taken %€ =0 a/h =0.6 ¢/h=0.8 b/h =1.0 a=0. A good agreement in the results
is observed from Fig.8.2.

0.2

0.151

0.05

0 05 1 15 2 25 3
Kh

Figure 8.2: Reflection coefficient vs. wave number, (a) fully submerged barrier in cf. [Samanta
and Chakraborty (2020)] with a/h = 0.6 ; ¢/h = 0.8 ; b/h = 1.0; (b) present paper with a/h =
06; (d-=¢)/h=0; b/h=1.0; a=0°

In Fig. 8.3, reflection coefficient (|R|) is depicted against wave number (Kh) for
different values of elastic coefficient (£=0.01,0.1 and 1.0) and fixed values of €/h = 0.01,

a/h=0.2,¢/h=0.6,d/h=08,b/h=1.0, a=7%. It observed that |R| exhibits oscillatory
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behaviour and the frequency of oscillation is more for very small values of D/h*.

Fig. 8.4 shows the behavior |R| against Kh for variation in the width of the barrier,

Kh

Figure 8.3: Reflection coefficient vs. wave number for different D/h%, e/h = 0.01, a/h = 0.2, c/h = 0.6,
d/h=0.8,b/h=1.0,a=7

2=0.01,0.1,1.0,2.0 and €/h = 0.01, D/h* = 0.01, a/h = 0.2, ¢/h = 0.6, d/h = 0.8, o = F.
It is seen that |R| exhibits oscillatory behaviour for barrier with large width which
may be attributed due to multiple interaction of the waves with the barrier and the
bottom of the water region. The amplitude of |R| gradually increases with increasing
width of the barrier. When the wall is comparatively thin (b/h = 0.01), the reflection
coefficient first increases then decreases asymptotically to zero with increase of wave
number and |R| doesnot exhibit oscillatory behaviour. This shows that wide barrier
induces multiple reflection of waves than thin barrier. This behavior of infinitely thin
barrier observed in previous literature (cf. Porter and Evans (1995)).

The graphs in Fig. 8.5 depict the reflection coefficient |R| against wave number with
different values of incident wave angle o = 0, %, 7 and § and fixed values of ¢/h = 0.01,
D/h*=0.01, a/h =0.2, ¢/h=0.4, d/h = 0.6, b/h = 1.0. From the figure it seen that |R|
exhibits oscillatory behaviour and increasing values of incident wave angle decreases
the amplitude of |R| and as the wave number increases. The graphs of |R| against
non dimensional wave number are depicted in Fig. 8.6 for different values of the gap
(4-¢=0.2,0.3,0.4) in the barrier with fixed values of e/h = 0.01, D/h* = 0.01, a/h = 0.2,
c/h =04, d/h = 0.6, « = T. It is seen from the graph that |R| exhibits oscillatory

1
behaviour and an increasing in gap length induces more reflection and for large wave
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021

Figure 8.4: Reflection coefficient vs. wave number for different width b, ¢/h = 0.01, D/h* = 0.01,

a/h=0.2,¢/h=0.6,d/h=08, a=3

08

Figure 8.5: Reflection coefficient vs. wave number for different angle of inclination a, €/h = 0.01,

D/h*=0.01, a/h=0.2, c/h=0.4, d/h = 0.6, b/h = 1.0

numbers, the |R| corresponding to different gap length of the barrier almost coincide

with each others.
In Fig.8.7 we have shown how the water depth affects the reflection coefficient. Here

we have made all the parameters non-dimensional by parameter a. Here in Fig. 8.7,

|R| is plotted against Ka for different uniform height of the water body h/a (=1,2,3)
7- It is observed

for fixed values of ¢/a = 0.01, D/a* = 0.01, ¢/a = 0.4, d/a = 0.6, a =
that | R| shows the oscillatory behaviour. Also we have observed that with the increase
in water depth the reflection coefficient decreases for a particular wave number. With

increasing depth of water, the area occupied by the wall become comparatively less for
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08
(T - (g2
06 Ggh03 |
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s

Figure 8.6: Reflection coefficient vs. wave number for different gap of wall
0.01, a/h =0.2, ¢/[h =04, d[h =06, a =}

08
06! —hfa=1
Y04t
02§
0 Vid I
2 25 3

0 05 1 15
Ka

Figure 8.7: Reflection coefficient vs. wave number for different water depth h/a, ¢/a = 0.01, D/a* =

0.01, ¢/a=0.4,d[/a=0.6, a=7

fixed values of ¢/a and d/a, so the reflection coefficient decreases accordingly.

5. Conclusion

The problem of obliquely incident wave scattering by a thick vertical rectangular
wall with a gap in presence of ice cover is investigated. The corresponding bound-
ary value problem is reduced to an integral equation in terms of unknown horizontal
component of velocity across the gaps. This integral equation is solved by two meth-

ods, viz, boundary element method and multi-term Galerkin approximation method.
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The solution of the integral equation obtained by two methods are matched to ensure
the correctness of the methods. This BEM method is computationally simple com-
pared to other methods. These results are depicted in a number of figures against
non-dimensional wave numbers. The thickness of the barrier and flexural rigidity of
the ice present in upper surface of water affects the reflection coefficient significantly.
It is observed that large width of the thick barrier increases reflection of the wave and
when thickness of ice cover increases the amplitude of reflection coefficient increases
and more oscillation can be visible in the curves of |R|. The mathematical technique
and analysis used here can be applied to wave structure interaction problems arising

in several branches of marine engineering and mathematical physics problems.
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The present thesis is concerned with a study of numerical solution of integral equa-
tions with regular and singular kernel and their applications to water wave scattering

problems by thin curved barrier and rectangular thick barrier present in water region.

The boundary element method (BEM) is a powerful computational technique, pro-
viding numerical solutions to the boundary value problems corresponding to a varied
range of scientific and engineering problems. The method is easier to apply than the
more traditional finite element method. The advantage of BEM over other numerical
methods is that only the boundary of the domain needs to be discretized. Thus the
solution of the boundary value problem at any arbitrary point of the domain can be
found after determining the unknown boundary data.

In the present thesis, we have applied boundary element method to solve integral equa-
tions with regular and singular kernel, assuming the unknown function satisfying the
integral equation, as constant in each line element and corresponding convergence anal-
ysis was done. This method can be applied to solve integral equations by assuming
the unknown function satisfying the integral equation, as linear function or quadratic
function of the argument. The necessary convergence analysis can be done for these
cases. Also the boundary element method can be used to study water wave scattering
problems involving obstacles of various geometrical shapes.

Water wave scattering problems involving barrier present in water with various bathymetry
is important from the point of view of coastal engineering. The interaction of water
waves with non uniform bottom topography is important in understanding the wave

induced mass transport. This class of problems involving barriers present in water
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region of nonuniform bathymetry can be studied.

The numerical scheme based on boundary element method is a simple numerical
method which is applied to solve integral equations kernel of various forms. Partic-
ularly this method is quite useful in solving hypersingular integral equations of first
and second kind with complicated kernel. We may mention here that hypersingular
integral equation formulation provides an efficient method in solving boundary value
problem associated with water wave propagation problems in two or three dimension
involving obstacles in form of various geometrical shapes. There is much scope to study
this class of problems involving barriers porous or rigid in form of thin plate, circular
plate, cylindrical configurations using hypersingular integral equation formulation and
applying boundary element method to solve the corresponding hypersingular integral
equations. In addition to this boundary element method can be applied to solve a
wide range of integral equations with regular as well as singular kernel arising in the

continuum mechanics.

It is well known that the problem of scattering of water waves by porous coastal
structures like rubble mound breakwaters are important in coastal engineering as the
pores in the barrier attenuates wave action by dissipating the wave energy and thereby
protects the coast line or harbour. Many researchers used sophisticated mathematical
techniques to study scattering problems involving porous barrier with constant porosity.
However when the porosity of the barrier is variable, then the literature concerning
these scattering problems are rather limited. There is much scope to study water wave

propagation problems in presence of barriers with variable porosity.
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