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Abstract

ABSTRACT

Flow through microchannels are of substantial importance as on date due to its multi
dimensional applications in modern electronic industries, Micro Electro Mechanical Systems
(MEM) as well as micro biological systems and various other applications. Due to the typical
sizes of the microchannels as well as flow parameters involved in the microchannel flow, it
closely resembles fluid flow through some typical biological systems like blood flow through
veins etc. Also with the gradua implementation of prosthetic limbs and artificial organs in
medical sciences, study of microchannel flow is receiving more attention. A very fundamental
way of studying flow through microchannels are finding out basic flow parameters like
velocity, temperature etc for a given flow situations.

From the existing literatures it is found that, these areas of fluid flow & heat transfer
are quiet less developed compared to its conventional counterpart. Likewise conventional
flow through macro channels, Navier-Stokes equation is aso valid for microchannel flows.
However, depending upon the situation, boundary conditions get changed in case of flow
through microchannels. For example, no slip boundary condition for velocity and temperature
is sufficiently accurate approximation in case of conventional macrochannel flows. But the
same approximation no longer holds good in case of microchannel flows as for later case the
mean free path of the fluid molecules under consideration becomes comparable with the
channel characteristics dimensions. Therefore, possibility of momentum exchange with the
channel wall gets increased, hence velocity as well as temperature slip phenomenon is
observed. As the governing Navier-Stokes equations are still valid for microchannel flows as
well, therefore the same have been simplified under the initial & boundary conditions of the
considered microchannel and discussed in detail in chapter-3 of this thesis. In the subsequent
chapters simplified Navier-Stokes equations along with the boundary conditions have been
solved numerically to trace the exact velocity and temperature distributions.

Though numerical method can be applied for any kind of flow situation and for any
geometry but it is aso to be noted that, it is quite laborious and time consuming to obtain
numerical solution for any flow situations. Also the numerical analysis needs to be carried out
freshly even with a minor change in flow geometry. An aternative approach could be
obtaining the analytical solution, so that flow parameters like velocity, temperature etc. could

be found out easily at any point in the flow field. However, like conventional flow, it isnot an
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Abstract

easy to find out analytical solutions for microchannel flow; rather thing is more complicated
due to the presence of dlip. Therefore, a simpler aternative approach to find the solution is
the utilization of approximate analytical solution. From the existing literatures, it is observed
that approximate analytical techniques are less devel oped for microchannel flows compared to
its conventional counterparts. Therefore, in this work, effort has been given to apply some
approximate analytical techniques to determine the velocity and temperature distribution for
laminar fluid flow through a straight rectangular microchannel.

The results obtained by various approximate analytical techniques have been
compared with the results obtained by numerical methods. For the purpose of better
understanding of accuracy obtained by various approximate methods (Integral Ritz, Integral
Kantorovich, Variational Ritz, Variationa Kantorovich etc.), results have been plotted
graphically. Also for the purpose of showing influence of channel geometry on results three
different aspect ratio of the channels (A=1, 0.5 and 0.25) have been considered.

As sufficient accuracy may be obtained by adopting different approximate analytical
techniques, therefore it can be considered that, rather than going for complicated numerical
analysis or exact analytical solutions, approximate analytica methods may be utilized for

almost all practical purposes.
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NOMENCLATURE

K Thermal conductivity (W.m™.°C™)

T Temperature (°C)

Tw  Wall temperature (°C)

Ts  Slip temperature (°C)

q Heat transfer rate (W)

X Spatial variable in the longitudinal direction (m)

y Spatial variable in the transverse direction (m)

X Dimensionless spatial variable (in the longitudinal direction)

Y Dimensionless spatial variable (in the transverse direction)

L Dimension of the channel in the x direction

I Dimension of the channel in the transverse direction

U Non dimensional velocity in the flow direction

Us Slip velocity (m/s)

u Ve ocity in the flow direction (m/s)
Aspect ratio of the channel (=I/L)

B Coefficient to accommodate the effect of slip phenomenon
Tangential momentum accommodation coefficient

Ft Therma momentum accommodation coefficient

Kn Knudsen number

Pr Prandtl Number of the considered fluid

Dy Hydraulic diameter of the channel

p Wetted perimeter of the channel

Ac Cross sectional area of the channel

Lc Characteristic length of the channel

Greek symbols

a Thermal diffusivity

0 Dimensionless temperature

A Mean free path of the fluid molecules

y2;

Dynamic viscosity of the fluid considered
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Chapter -1: Introduction

INTRODUCTION
1.1 Background

With the advancement of micro electro mechanicaltesy, its application areas like
micro-heat exchangers, micro-valves and many othiero-fluidic systems have been started
developing. Therefore fabrication of MEMS and urstinding of flow through microchannels
have gained considerable importance in modern days.

Basic dynamic laws of Physics such as Newton’'s t#wmotion, Newton’s law of
viscosity, Pascal’'s law etc together culminate Nwier-Stokes equation of fluid mechanics,
which is basically the governing equation of fludechanics. Theoretically Navier-Stokes
equations are believed to be complete and anydfirfidid flow problems can be solved with the
help of these laws. However the classical Naviek& equations fail to predict the behavior of
ideal gas flows through microchannels at high Kiemdsumbers [1], known as slip flow. Due to
the confined area of the channel the mean freeqgddtke fluid is comparable to the characteristic
length of the channel (hydraulic diameter can besmered as he characteristic length of the
channel) leading to slip-like flow behavior andosiy diffusion-enhanced transport of mass and
momentum, To solve the slip flow problems theosdlyc as well as numerically, a tuning
parameter is required to be incorporated, which kisown as tangential momentum
accommodation coefficient (TMAC). The introductioh TMAC considers the effect of slip at
the wall. And this is worth saying that this is thaly possible way developed as of now to solve
the slip flow problems numerically as well as thegmally. From the time of Maxwell it is known
that the no-slip boundary condition can be violakedcase of rarified gas flows [2]. Other
deviations from classical macro scale flows incluaeservations of higher mass flow rates

through the channel [3] and nonlinear pressure dtopg the channel [4].

1.2 Utilization of microchannels

To mitigate the criteria of very high rate of héwnsfer, microchannels are often utilized. Its
application area is increasing day by day in adaslectronic equipments. Microchannel heat
transfer has the potential of cooling high powensity microchips [5]. In their paper Gawati

al. [5] suggested that, to enhance the heat transignecessary to study simultaneous effects of

various parameters like size of channel, shapehahrel, fluid properties, Reynolds number,
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friction factor, pressure drop, pumping power dtt.order to fabricate such micro devices
effectively, it is necessary to understand the &mental mechanisms involved in fluid flow and
heat transfer characteristics in microchannels esititese parameters affects the transport

phenomena for the bulk of MEMS and micro-fluidigagations.

1.3 General characteristics of flow through microchannels

Published studies based on an extensive literaenvews include a variety of fluid types,
microchannel cross-section configurations, flowesat analytical techniques, and channel
materials. The issues and related areas assoeigtedhe microchannels are summarized in the
following table.

Table-1: Channel classification schemes

Definition Therange of channel dimensions
Conventional channels > 3mm
Minichannels 3mmr D; > 100 um
Microchannels 100 pm D> 10 um
Transitional microchannels 10 D > 1 pum
Transitional nanochannels 1D > 0.1 um
Nanochannels D<0.1 um

When the molecular mean free path of the of thiel fis comparable with the system’s
characteristic lengths then the fluid’s molecul@iucdture become more important and the
traditional continuum assumption does not hold gaog longer. In such situations fluid exhibits
non continuum behavior such as slip flow (that @ reero velocity at the boundary) and
thermodynamic temperature jump (that is fluid terapge at the boundary is different from that
of the boundary itself) at the solid-fluid interéac

Some common example of fluid flow in slip-flow e includes low pressure fluid
flow, such as air flow occurring at high atmospkeend in vacuum. Micro fluidic systems
typically have characteristic lengths of the ordérlpm to 100pm. Analysis of micro fluidic

systems must consider rarefaction and other camtneaffects even at very standard conditions.
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The flow in the following systems like micro-gyragme, accelerometer, flow sensors,

microchannels, micro valves etc. in slip flow regim of practical interest.

In this context a dimensionless parameter calleddsen Number plays an important
role to determine whether a flow should be congidexrs a microchannel flow or not. In another
word, Knudsen No. basically determines whether sheuld to carry out flow analysis by

assuming the as continuum or non continuum. Thed&en number is defined by

_ Mean free path of the fluid particles

Kn=

Characteristic Length of the duct

This number is very small for continuum flows. Fmmventional flows the mean free
path of the fluid particles are much lower compaedther dimensions associated with the flow
channel. However for microchannel flows mean fra¢hpof the particles are comparable with
dimension of the flow passage. When the Knudsenbeurfor a flow system lies in the range
0.001 < Kn < 0.1 we consider the flow as microchannel flow and d@healysis should be carried
out by considering non-continuum model of fluidvilo

Several effects which are normally neglected icnmscopic flow become significant in
microchannel flow situations. The first of thesecroi scale phenomena is the two or three
dimensional transport effects. As characteristingtes are reduced to the same order of
magnitude as the hydrodynamic boundary layer tlisknmomentum transfer in directions other
than stream wise direction can increase signiflgdf0].

Another significant micro scale effect is the tergiure variation in the transport fluid
that can cause a significant variation in fluid gedies (e.g. apparent viscosity of fluid etc)
throughout the micro system, which readily invaledathe assumptions of constant properties of
transport fluid [10]. Along with the above mentiaheharacteristics significant viscosity variation
near the solid wall, slip flow at the wall and naucpolar fluid effects etc. are observed in
microchannel flow. Because of the size of the flmagsage a huge pressure drop generally occurs
and therefore the flow through a microchannel inggel lies predominantly within the laminar

flow regime.

1.4 Importance of studying flow through microchannels

Study of flow through microchannels is of great ortance because of its applications in the

micro devices in engineering, medical and otheerddic areas. Microchannel flow play a key
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role in biological systems like blood flow insideins etc beside its numerous other applications

like the cooling of electronic equipments like Igtated chips, Computer motherboard etc.

Microchannels offer certain advantages due to thigin surface-to-volume ratio and their
small volumes over conventional fluid flow passagése large surface-to-volume ratio leads to
high rate of heat transfer, making micro deviceseignt tools for compact heat exchangers. That
is why microchannels are used so extensively imntaé management of high-power-density
microprocessors. Study of micro-channel flow hasengly been recognized as a prime contender
for cooling of next generation cutting edge eleaits.

Microchannels are also used in the area of Micrecttdb Mechanical system (MEMS)
devices for biological and chemical analysis. Thienpry advantage of micro scale devices in
these applications are the very good match wittstlage of biological structures and the potential
for placing multiple functions for chemical analysin a small area. Microchannels are used to
transport biological materials such as proteinsADBEIls, and embryos or to transport chemical
samples. Typical of such devices is the i-STAT Hlaample analysis cartridge. Flows in
biological devices and chemical analysis micro deviare usually much slower than those in

heat transfer and chemical reactor micro devices.

1.5 Aim of the present work

Though numerical method can be applied for any kihfliow situation and for any geometry but

it is also to be noted that, it is quite labori@nsl time consuming to obtain numerical solution for
any flow situations. Also the numerical analysieaeto be carried out freshly even with a minor
change in flow geometry. An alternative approachld¢de obtaining the analytical solution, so
that flow parameters like velocity, temperature. emuld be found out easily with less effort.

However, like conventional flow, it is not an easgk to find out exact analytical solutions for

flow within microchannel; rather thing is more cdmpted due to the presence of slip at
boundary walls. Therefore, a simpler alternatigpraach to find the solution is the utilization of

approximate analytical solution. From the existiitgratures, it is observed that analytical

techniques are less developed for flow through octtannel. Therefore, in this work, effort has
been given to apply some approximate analyticahrtegies to determine the velocity and
temperature distribution for laminar fluid flow tugh a straight microchannel of rectangular

Cross section.
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Chapter-2: Literature Review

LITERATURE REVIEW:

It is already stated that flow within microchannate of substantial importance due to its multi
dimensional applications in modern electronic indas, MEMs as well as micro-biological
systems and various other applications. Few relbttectures on flow through microchannels

are reviewed and reported as follows:

1. Kundu et al. [6] described a procedure for approximate anaytolution of the no
slip flow through a straight rectangular microchalnas a function of aspect ratio of
the channel. The variation of different flow andh&ansfer parameters (like velocity
distribution, temperature distribution, Nusselt Nagn of the flow etc) for different
aspect ratio of the rectangular channel has bescribed. The result determined by
different techniques had been presented in a catiparway for easy understanding
of the accuracy level of predictions. Results staioled had been compared with the
results obtained by solving the governing differ@néquation that is with the exact

result.

2. Hooman [7] presented a superposition approachwuestigate forced convection in
microducts of arbitrary cross sections subjectedlcand H2 boundary conditions in
the slip flow regime with farther assumption of emperature jump condition.
Utilizing the TMAC and thermal accommodation coegnts, results obtained for no
slip calculation had been extended to find out @altor slip flow situations. It was
also shown in the paper that this superpositiorhatkts strictly valid for the steady
laminar fully developed flow (both thermally and dmgdynamically) through

microchannels.

3. Sobhanet al. [8] have shown in their research paper on comparatudy of flow
through microchannels that, the continuum hypothdses not get violated as long as
channels have hydraulic diameter 50um or more. Agsalt analysis based on
Navier-Stokes and energy equations are expectewtiel the phenomena observed
sufficiently as long as the experimental conditiam&l measurements are identified

and simulated correctly. The discrepancies in ptexis are due to entrance and exit
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conditions etc. They have also suggested that tiseee need of further study to

closely monitor each parameter influencing thedpamt fluid in microchannels.

Sharpet al. [11] has described that microchannel flow diffgsn their conventional
macroscopic counterpart from two aspects. The ssgalk of the flow passage makes
molecular effects such as wall slip more importamd it amplifies the magnitudes of
certain ordinary continuum effects to extreme Ilsviglr example strain rate, shear
rate etc. Fluids that are Newtonian at ordinaregsadf shear and extension can
become non-Newtonian at very high rates. The presguadient generally also
becomes very large at microchannel flows. For dgfluid flowing through a solid
microchannel, electro kinetic effects become sigaift at the solid liquid interface
due to small characteristic length of the flow pags For example an electrically
charged double layer forms which includes an dtdtcharge distribution in a very
thin fluid layer adjacent to the wall. Applicatiasf an electric field to this layer
creates a body force capable of moving the fluid asvere slipping over the wall. It
was also shown that, As the Knudsen number corgirtaeincrease; continuum
assumptions and fluid theory are no longer appleadnalysis of such flow requires
consideration of different physical phenomena. Aer [Bharpet al., despite
considerable simplicity of the laminar flow equasothrough a microchannel,
experimental results often deviates from the themakeresults in case of friction
factor and Reynolds number relationship.

Meolanset al. [12] has developed an analytical approach to t@bmount of the

influence of the lateral wall on stationary isothat gas flow through a rectangular
microchannel. The study concerns pressure gradigrgn flows in channels where
the length is large compared to the critical snsalimension namely the channel
height. It was also shown that calculation of vocs based on stokes equation
treatment and uses the property of Laplace operdtoe mass flow rates also
measured along such systems were fitted to firseoond order polynomial form s

following the mean Knudsen number of the flow. T$élgp and accommodation
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coefficients were extracted from mass flow ratesough the rectangular

microchannels.

Dongariet al. [13] showed that the flow of liquid in microchamne quite different
from the flow of gas. Standard results may be agpfor liquid flow through a
microchannels but this is not the case for the galiewas shown that the non
dimensional Knudsen number plays a major role m lieat transfer analysis of
microchannel flows. The Knudsen number is largieéf mean free path of the gas is
large or the characteristic dimension of the chhrisesmall. Former can be

accomplished by reducing the pressure in the chhanne

It was also told that the difficulties come frometlfact that flow is generally
compressible and the slip at the wall has to begjately modeled. In this paper an
integral form of Navier-Stokes equation was emptbyéiich was assumed valid in
the slip flow region also. A second order model waed to find out the slip velocity.
A change in curvature of the pressure versus trearst wise coordinates at high
Knudsen number was observed by the analysis. Fnemdnalysis it is observed that
Navier — Stokes equation along with second ordgr relodel and appropriate co-
efficient can be used for simulating a large rang&nudsen number and secondly
any simulation which wants to capture behavior oéspure and volume flux

correctly, should employ at least a second ordeurate boundary condition.

From the work of Tengt al. [14] it is understood that, rectangular microchelan
with LVG (Longitudinal vortex generations) have teetheat transfer enhancement
than smooth rectangular microchannels. It hasladem established that, at Reynolds
number in the range of 600- 750 transition fromiteanto turbulent occurs for a flow
through a microchannel. Like conventional macroncieds flows here also Nusselt
number of a function of Reynolds numbers. It ha® dleen demonstrated that for
flow with low Reynolds number through a microchdnfessentially laminar flow)

generates a parabolic velocity profile in the fulgveloped region.
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Chakraborty [15] analyzed the flow problems withanstraight microchannel of
arbitrary cross-section either exactly or approxetausing three general solution
methods namely, complex function analysis, membraitgation analogy and
variational method. With these three methods, wglgorofile within a channel of
arbitrary cross-section is calculated. In his paghe flow considered viscous,

incompressible and pressure driven and governadiaier-Stokes equation.
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Chapter-3: Modeling and Analysis
MODELING AND ANALYSIS
3.1 Consideration of the Physical problem

For the purpose of analysis a rectangular micraoklanf arbitrary dimensions (having

dimension(2l x2L)) has been chosen satisfying the criteria of mitaooels. The flow of

the fluid through the duct has been consideredsgximetric. Following assumptions have

also been made for the purpose of analysis.

a) Incompressible flow.

b) Flow through the duct is laminar and fully develd@ad steady flow.
c) Fluid properties remain unchanged in the flow field

d) No axial conduction is present, viscous dissipaéfiact is neglected.
e) The boundary walls are maintained at a constanpeeature.

f) Flow occurs only in one direction (here z direcjion

g) No body forces are present in the flow field.

¥

i

FN

£~ | 2L ‘I

Z [flow direction]

Fig. 1: Cross section of the rectangular microchannel
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3.2 Mathematical modeling

Two separate analyses namdiuid flow analysis and Heat transfer analysis have been

carried out for determining velocity and temperatdistribution respectively.

321 Analytical approach

3211  Fluidflowanalysis
The Navier-Stokes equation which is valid for gtbés of fluid flow problems is also
applicable for the present case. Therefore writireggeneralized Navier-Stokes equation
in Cartesian coordinate we get,

ou Adu oOu.  Odul|_ 0p d°u  d°u  d°u
pl—+tu—+v—+w— [=———+ st —t— +b, (1)
ot ox oy 0z 0x ox- o0y° o0z

[ 2 2 2
v, ov, oV av}_@+ {6v+0v av}by )

—tU—+V— +W— +
ot Vox oy Voz| oy Mo oyt oz

0 (3)

fow  ow  ow  ow]|_ dp | o*w 9w 9w
—+U—+V—F+W— |[=——+ + + +b,
ot ox dy oz o0z | ox* oay* 07°

Due to the assumptions referred in points 2(a)foabove,

a) All the %terms are zero (Steady state)

b) u=v=0, due to the assumptions that flow is in only direction.

. ow
c) Flow is steady, therefor%— term becomes zero.
y;

d) b, =b,=b, =0 (As from the assumptions, body force equal to 0).
Therefore the equations 1, 2 and 3 will be simguifas,

op _ 62W+02W
0z x> oy?

(4)
Corresponding boundary conditions are as follows:

w=u,, atx=#l andy==%L (5)
Where, u, is the slip velocity at the wall. Now to simplifiie analysis and making the
results unit free governing momentum equation o€ tflow has been non-

dimensionalized by introducing following non dimanmeal variables:
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U:_IIJ(W_US) . X_

THWIUS) Ly Xy oY gand A= 6)
) (dpj L | L
L°c| —
dx
Defining average velocity by s the average velocity defined as,
wdxdy
J"[ dxdy

Substituting these variables in the above equatithies governing momentum equation

becomes:

02U 1 9%U
vz Ty =1 ®)
X2 A2 9y?

Where % is the pressure gradient in the flow direction asdumed to be constant for

the present situation (that is why partial derivesi have been converted to ordinary
differentials).

Despite simpler look of EqQ. 8 it is to be notedtthiae slip velocity at the wall that igis
known. Therefore some provision must exist to foid the value ofis.

From the work of Hooman [7] the slip velocity isrgn by:

_F-2p o

KnD, — (9)

u
s % AN wan

The original boundary conditiow=ug at the boundary also gets non-dimensionalized
after substituting non dimensional variables astioaad in Eq. 6 above.

Therefore the non dimensionalized boundary conastiare

U=0at X=txlandY =#1 (20)

Eq. 8 resembles the velocity field of the no symdition. Therefore solution obtained for
U by solving Eq. 8 has been denoted Wys. However due to the presence of slip
phenomenon the actual solution takes the folloviamm:

2
U:UNS+2'_:F [EzDLHj (11)
C
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Here Dy is the hydraulic diameter of the channel ardd.the characteristic length of the
flow passage. As per Hooman [7] the simplified tielaship for obtaining the velocity

field is given by:

U=BU,,+1-B (12)
where B is defined by the relation:

B= ! . (13)

1+ 2-F Kn D,

FUs. M 2L,
Putting, D, =% and L. =L (14)

g 1
Eq. 13 gets modified aB} = 5 (15)
2-F [ 2A j
1+ Kn
FUM  (1+A

[JU wsdXdyY

HereU s, =% (16)

W

The factor VF defined by the following Eq. 17 playwital role in accommodating slip
velocity effects through the duct.

VF = % Kn[D,, (17)
Approximate analytical solutions of Eq. 8 haverbebtained subjected to the boundary

conditions (Eg. 10) as mentioned in the followiegttons.

From Eqg. 12 it may be noted that (1-B) closely naisies the slip flow contribution on
velocity as the same gets added along with thednmensional velocity term to get the
total velocity for slip flow situations. Therefotiee slip factor may be defined by Eq. 18,
£=1-B (18)
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3.21.1.1 Analytical approach for velocity distribution

For the purpose of finding approximate analyticalugons Integral (Integral Ritz,
Integral Kantorovich etc) and Variational (Variatad Ritz, Variational Kantorovich etc)
methods have been considered. Results obtainegflyirg those methods are listed
below:

Integral Ritz methods

Here the governing differential equation has bedwesl by integral method using second
order approximation of Ritz profile. The generatizzgjuation is given by

w(x, )= (L2 =x2 )17 - y?)(ay + @)% +b,y? + ¢, x%y% +a,x* +by* + .o, ) (19)
For the purpose of calculation, a second ordercated series is considered. For different
types of second order approximation we obtain cbfie series.

In this method the second order series is apprdednaccording to Eq. 20 given below.
w(x, y) = (L2 =212 - y* @, +2,x?) (20)

Eqg. 20 is subjected to the following two condigon

LI LI
a[ [ (07w/ax + 37w/ 3y dxcy =4[ [ (dp/ pciz)xcly 1)
00 00
9°w 9°w 1 dp
And W |x:O,y:0 +a_y2 |x:0,y:O: ;E (22)

From Eqg. 21 and Eqg. 22 two unknowns namejyalmd a may be obtained. Now
substituting values as per Eq. 6 and Eq. 7 the diorensional velocity distribution
through the flow may be obtained. Thus non dimeradivelocity distribution by Integral
Ritz method-1 is therefore given by:

UX,Y) = 9(L- X?) {2+25A2

= . 4 +5X2}(1—Y2—2YW/F) (23)
4(3+26A%)| L+A%)

Integral Kantorovich method

Here also the solution is obtained by integral mdtbonsidering the Kantorovich profile
given by:

w(x,y) =12 = y2 X, (x) + y* X, (x)] (24)

Where X and X% are functions of x and to be determined. By intimdg the operators

D E%, two differential equations obtained can be raraged as follows:
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(12D?/3-1) X, +12(12D?/15-1) X, = dp/ 21z (25)
(°D? -2)x, + 212X, = (dp/2) (26)
The above two differential equation may be solveauftaneously to obtairX,; and X,

for the boundary conditiorx, (L) = X, (1) = u (27)
And the velocity profile for Integral Kantorovicheathod is given by following Eg. 28.

U(X,Y) = 2|\?;| A-Y)- @-kY2)X, + A-k,Y?)X,]
: (28)
—3YMWF - a-kY?)x, + @-ky2)x, )+ Y 4o v2yaox, -k x,)
Where k, :%(a'2 -2 and Kk, :%(,[32 -2) (29)
_ (B -2)exp@x/A) and X. = (a®-2)exp(BX | A (30)
t(B-a®)exp@! A © (B -a?)expBl A)
21 Q2B =2) , AQ2-F) (e’ ~2) a1
10a(B° -a”) 108(B8° -a”)
a=(27/2-+/489/2) and = (27/2++/489/2) (32)

Variational Methods
In this method of solution a variation of the fupatis considered at a particular point,
and the summation of these variations over thereerzibne is considered to be zero.

Therefore the necessary condition for variatiooainiulation is is given by:

J = jlj(azu/ax2 +09u/dy? — dp/ pdz)dudxdy = 0 (33)

-L-
Where | is a functional form and is the variation of the function.
Variational Ritz method:
The profile used for first order approximation fissder approximation is:
wix, )= (L2 = J1? - y? e, (34)
Eq. 34 may be substituted in Eq. 33 and followieguit may be obtained upon non

dimensionalisation.
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U(X.,Y) =%(1—x2)(1—2v VF -Y?) (35)
Variational Kantorovich method:

Coshiy5/2(X/A} 1. 2 _
U(X,Y)= 2M cosh/5/2/ A) 1/Q-Y*-2VF [Y) (36)

where

M, = tanhW 2/A)-1 and a=(@14-4133)Y% ; B= (14+/133)"? (37)

\5/2

3212 Heat transfer analysis

To find out the temperature distribution througle tthuct cross section Navier-Stokes
energy equation is to be considered. The most gbred Navier-Stokes energy

equation is as follows:

pc[a—T+ 0_T+V6_T wa—T}:i[kaTj i(km—] a[ka—Tj q'”+p¢+ﬂ]’%

ot ox oy oz | ox\' ox) ody\ ody) 0z\ oz
(38)
Where the operatcnB is defined asR —i+ ui +v—+wi (39)
Dt Dt ot o0x o0y 0z
and ® = Dissipation function (40)
Which up on simplification subjected to the assuons 2(a) to 2(f) becomes:
Eqg. 38 is subjected to the boundary condition #hahe wallT =Tg (41)

Similar to the momentum equations, energy equatalso needs to be non

dimensionalized. For this purpose following non eémgsional variables have been

introduced:
-Ts oT oT
= and mC —=pL)w 42
@K q= paz A;mpa =p( )mpa (42)

Where Tis the slip temperature at the wall.
Eq. 38 upon substituting non dimensional varialleaccordance with Eq. 6 and Eq. 42

becomes
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2’60 %0 _A
A vz = g0V (43)

From Eqg. 43 it is clear that once velocity fieldksown, temperature profile can be

obtained by solving the differential equation (E&) subjected to non dimensional
boundary conditions:
g=0at X =+1 andY =#%*1 (44)
Similar to the VF factor defined by Eqg. 17 for sliplocity fields, TF factor defined by
Eq. 45 considers the effects temperature slipemticrochannels.
2-F n_2

F D d;_rGlTyy (45)

TF =

Non dimensional temperature fields have been anallyt as well as numerically solved
by many researchers for the case of non slip fldve solution procedure for temperature
is similar to the solution procedure of velocityherefore different approximate analytical
techniques, similar to those which were utilizedhon dimensional velocity field have

been considered for temperature as well in the seotion.

32121 Analytical approach for temperature distribution

For the purpose of getting approximate analyticdlitton both Integral (Integral Ritz,
Integral Kantorovich) and Variational (VariationRlitz and Variational Kantorovich)
methods have been considered. The expres$ias function of X and Y have been

mentioned against each method.

Integral Ritz method
Similar to the Integral Ritz method described fetocity, a second order temperature
profile given by Eq. 46 below has been considerad the same has been solved using
the conditions mentioned in Eqg. 53 and 54 below.
a(x,Y) = - x2J1-v2)a, +a,x?) (46)

1

4 T(Azaze/ax2 +09°6/aY? )axdy =4ﬁ (/4 (X, Y)dYdX (47)
0 00

0
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20°6
X2

0°0
+
aY?

:%\U(X,Y]

(48)

X=0Y=0

X=0Y=0 X=0Y=0

Eq. 46 upon solving subjected to the condition @f £7 and 48 gives the following

result:
A(X,Y) = (L- X?)(a, +a, X 2)1L-2Y [TF -Y?) (49)
Where
A(L8+ 405A? +1905A*
=~ a 2 2 ) 2 (50)
32(1+ A%)(L+10A%)(3+26A%)
345A3
& (51)

- 32(1+ A?)(1+10A?)(3+ 26A?)
Integral Kantorovich method
Similar to the approximation mentioned in caseelbuity profile, temperature profile

for the Integral Kantorovich method may be appreadead by Eq. 582 mentioned below.
0= [1-v2JX,(X) +Y2X, ()] (52)
Eq. 58 is solved utilizing the condition mentionedeq. 53 and 54 and following result is
obtained.

B(X,Y) = A=Y X, (X)+Y*X,(X)]-2Y OF X, (X) + X, (X) OF [2Y -4Y®)  (53)
Where

X,(X)=N, +Ce™'*+C,e™'* (54)
X,(X)=N, +Ce™'*+C,e™'" (55)
N,=—-(B+A/4) and N,=-(B-A/4) (56)
<o, {1_ P o)
) :W—EW and C, :W—EW (58)
C,=-C,(a’*-2)/2 andC,=-C,(a*-2)/2 (59)
E, =(B-A/4)/2-(a’-2)(B+Al4)/4 (60)
E,=(B+A/4)/2-(B*-a?)l4-E, (61)
a=(27/2-/489/2)"* and B = (27/2++/489/2)"° (62)
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Variational Ritz method

The necessary condition for the formulation of ¥#anal Ritz is given by Eq. 69 below.

a = [ [[a2a26/0x2 +a26/av? - (A/4)0 |oBdxdY =0 (63)

dLe—n
Le—r

And the temperature profile considered is

6=01-X?J1-Y?)a, (64)
Which upon substitution into Eq. 63 gives the terapge profile as:
9A
BX,Y)=——— (1-X*)(1-2OF Y -Y? 65
(X.Y) 40(1+A2)( )( ) (65)

Variational Kantorovich method

_3A[ cosh/(B/2)(X/A) _
X = 20| cosh¢/5/2/A)

1[@-2v oF -v?)] (66)

322 Numerical Approach

The governing differential equation for slip flowrgblems through a rectangular
microchannel has been solved numerically partibplanplementing finite difference
method discritization technique to compare the Itesobtained by applying different
approximate analytical techniques.

For the purpose of solving the governing equatioasierically discritization is
must. Entire cross section of the channel has deeded by m vertical and n horizontal

points and therefore a total {fnx n) grid points have been obtained as shown in Fig-2.
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]_1 J:2 - P ]:{m_l} ]:m

i=(n-1)

i=n

Fig. 2: Grid points obtained on the channel cross sectonikcritization

Therefore the region-1< X <1 has been subdivided inton-1) equal divisions and
similarly the region -1<Y <1 has been subdivided intth-1) equal subdivisions.

Denoting each division bjaX and AY along the x and y direction respectively, we may

write:
X:L and AY = 2 (67)
(m-1) (n-2)
Now discritizing Eq. 8 we get,
foralli=2:(n-1) , j=2:(m-1)
Uiy —2; Uy L1 Ujja—2U +U; iy 1
(AX)? A (AY)?
Yia, +U”“ + Yija + Yiju -U.. 2 + 2 -
(AX)* (AX)*  (AAY)?  (AAY)® V[ (AX)*  (AAY)?
- (AX)* +(AY)? 1+ Uiy 4 Uiy + Uija + Ui ju (68)
" 2{(AX)* +(AY) %} (AX)* (&X)*  (AAY)”  (AAY)?
Subjected to the following discritized boundary dibions:
fori=1:n
U,=0 andU, =0 (69)
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for j=1:m
U,;=0 andU_ ;=0 (70)

Here for (i,j) is the considered point.

(ili-]'}

Fig. 3: Discritization scheme

A tri diagonal matrix can easily be formed from Ed., 75 and 76. Therefore the same
can easily be solved by any commercial mathworkioigjware by Gaussian elimination
or any other suitable techniques. The present izt equations have been solved
using MATLAB software.

Solving Eg. 68 to Eq. 70ys values has been obtained for the entire crossosettism

have been calculated applying Eq. 71
Upsw =D, U; ;,AXAY (71)
i

By putting the values dflysu obtained from Eq. 71 into Eq. 15 value of B carfdaend
out. Once B value is obtained, Eqg. 12 can be easilyed and velocity field would be
obtained, also slip coefficient given by Eqg. 18 banfound out.

Poiseuille number of the flow, which is of partiauinterest, may also be found out by

numerical methods by Eq. 72 mentioned below.

Po= ZI[Z]:ZU ' jAxmrj +[2'FF Kn(liAAjzﬂl(%j (72)

To obtain the temperature field, similar techniquepted for velocity is to be followed.

However while solving for temperature profile; oteng should be kept in mind that,
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prior solving discritized equation for temperaturelocity fields should be known.
Discritizing Eq. 39 and Eg. 40:
A2 Hi—l,j _20i,j +0i+l,j + 0i,j—1_26i,j +0i,j+l - A

=2U..
(8X)? (AY)? 4"

o BB A 0+ 0) s (@, 48 -2, | (73)
T 2[(AAY)C +(AX) ]| (AX) ’ (AY) ’ ’ 4 -

fori=1:n
6,=0 andg,=0 (74)
for j=1:m
6,=0 andg ;=0 (75)

Discritized equation Eq. 79 to Eq. 81 forms a idgbnal matrix structure which can

easily be solved by matrix method to find out tlwdugson of the temperature field
similar to the velocity field.
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4. RESULTSAND DISCUSSIONS

Result obtained for velocity and temperature distribution using different approximate analytical
methods have been compared with the results obtained by numerical methods for fluid having
y=14&Pr=0.7.

For the purpose of better understanding results have been compared by plotting graphs.
Such plots for velocity distribution are depicted in the following figures (Fig. 4 to Fig. 6). For the
purpose of plotting the graphs three different aspect ratios of the channels have been considered to
get a clear picture about the dependence of velocity on channel geometry. From the plots it is
evident that, Integral Kantorovich method gives the best result among different approximate
methods considered. However the accuracy level varies with the channel aspect ratios. It is
observed that for A=0.25 IK gives the best estimate whereas for A=1 it gives the least accurate
estimation. Also from the plots it is observed, that velocity at the wall is non-zero which confirms
the presence of dlip effect at the boundary wall.

2 | ‘ | | | | | |
~ SLIP VELOCITY DISTRIBUTION FOR A=1 [>_NUMERICAL
5 5 ! oK
—-—VR
1_.
U
05F %
A I S N N SO O IS B B
0 0.1 ke 0.3 0.4 [L& 06 LLE 0.8 0.9 1

y 2

Fig. 4: Slip velocity variation for A=1 along the height of the channel at x=0
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Fig. 5: Slip velocity variation for A=0.5 along the height of the channel at x=0

~ SLIP VELOCITY DISTRIBUTION FOR A=0.25
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Fig. 6: Slip velocity variation for A=0.25 along the height of the channel at x=0

For the purpose of understanding the difference between dlip velocity field and non dlip velocity
field, for otherwise identical flow situations, a dlip coefficient have been introduced in chapter-3,

Eqg. 18. It is worth noting that, like al other parameters, the dlip velocity also depends upon the
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channel aspect ratio. The comparative values of dlip coefficients for different aspect ratios of the

channel are depicted in the following table:

Table-2: Comparison of dlip coefficients for different aspect ratio of the channels for different
Knudsen number and aspect ratio of the channel

Slip Coefficient (B)
Name of the method Kn=0.1 Kn=0.05 Kn=0.001

A=1 A=0.5 | A=0.25 A=1 A=0.5 | A=0.25 A=1 A=0.5 | A=0.25
Numerical 0.152 | 0.164 | 0.187 | 0.143 | 0.157 | 0.179 | 0.129 | 0.147 | 0.158
Integral Ritz 0.137 0.139 0.155 0.139 0.151 0.171 0.117 0.139 0.144
Integral Kantorovich 0.159 | 0.171 | 0.193 | 0.154 | 0.164 | 0.176 | 0.131 | 0.145 | 0.156
Variational Ritz 0.181 0.187 0.201 0.174 0.181 0.187 0.137 0.159 0.167
Variational Kantorovich | 0.173 | 0.192 | 0.199 | 0.167 | 0.175 0.183 0.135 | 0.157 | 0.165

From the above Table-2 it is evident that as the channel aspect ratio is decreasing, the dlip
coefficient is increasing, which shows that with decreasing channel aspect ratio tendency of dlip is
increasing. Also from the data depicted on the above table it is seen that, Integral Kantorovich
method gives the best estimate for slip coefficient also. From the above table it is al'so evident that
as the Knudsen number is decreasing the value of dlip co efficient is aso decreasing, that is flow is
approaching towards the conventional flow. From the definition of Knudsen number lower value of
Knudsen number means higher channel characteristic length compared to mean free path of the
fluid particles which indicated that flow tend to become conventional macrochannel flow. Therefore

for lower Knudsen number, lower slip coefficient obtained as expected.

Similarly in line with the velocity fields, temperature fields have also been plotted on the
same co ordinate. Likewise velocities, temperatures have also been plotted for three different aspect
ratios (that isfor A=1, 0.5 and 0.25) in Fig. 7 to Fig. 9. In case of temperature profilesit is observed
that among the chosen approximate methods, Integral Kantorovich method gives the best estimate.
However, in accuracy level is more or less same with different aspect ratio. From the plotsit is aso
observed that, non dimensional temperature values are becoming negative, which indicates that, the
temperature of the fluid is lower than the dlip temperature that is temperature of the fluid layer
adjacent to the wall.. In case of non dlip flow situations non dimensional temperature obtained at the

wall would be 0, however for dlip condition a non zero value is observed, which indicates better

Page-28




Chapter-4: Results and discussions

cooling that is more heat removal from the bulk fluid to the wall in the direction of flow due to the

presence of finite temperature difference.
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Fig. 7: Slip temperature variation for A=1 along the height of the channel at x=0
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Fig. 8: Slip temperature variation for A=0.5 along the height of the channel at x=0
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Fig. 9: Slip temperature variation for A=0.25 along the height of the channel at x=0

Due to the symmetrical nature of the flow through the channel, all the values have been
considered at X=0. Though the graphs have been plotted for different Y values at X=0, the same
could be plotted for any region of the channel and similar result expected.

From the above plots it is evident that, both velocity and temperature fields are dependent
upon the aspect ratio of the channel. Therefore the accuracy level of different approximate
analytical techniques also depends on the channel aspect ratio hence channel geometry. It is aso
observed that, the results obtained by various approximate analytical methods are very close to the
exact value (less than 5% error). Therefore results obtained by various methods can be utilized for
al practical purposes. In addition to these from Fig: 10 it is also observed that the Poiseuille
Numbers for flow is also dependent on the aspect ratio of the channel as well as on the Knudsen

number of the flow considered.
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Fig. 10: Variation of Poiseuille Number with Knudsen number

From Fig: 10, it is seen that Poiseuille number for the flow is in the range of 5 to 3.5. Such a low
value of the Poiseuille number suggests that flow regime considered is of laminar nature, therefore
writing the Navier-Stokes equations for laminar flow regime is a correct approximation. Also for
lower values of Knudsen number higher Poiseuille number is observed, which suggests that at
lower Knudsen number higher friction coefficient is observed (as Po=f. Re). As the Knudsen
number goes on increasing, the value of Po goes on decreasing suggesting a decline of friction
factor which is expected. Also the same pattern is observed as aspect ratios of the channels are
increasing. With channel aspect ratio tends towards 1, the channel cross section tends to become
symmetric; therefore it is very natural to expect that frictiona effect gets lowered. Studying the

variation of Po number the power required for maintaining the flow can be approximated.
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CONCLUSION AND SCOPE OF FUTURE WORK
Conclusions

Different approximate analytical solutions for calculating velocity profile and temperature
profile has been found out for hydrodynamically as well as thermally fully developed flow for
a constant wall temperature rectangular channel under steady state condition but for the dip
flow situations. The solution of mathematical modeling has been achieved for the dlip flow
situations by different approximate and numerical methods both for momentum as well as
energy equations. However it should also be noted that the energy equation mentioned in
chapter 3 is coupled with velocity fields. Therefore most appropriate method for velocity fields
required to be used to get the best result for temperature fields also. The sameis also clear from
the plots, which show that Integral Kanotorovich method is the most appropriate method for

velocity as well as temperature.

As the approximate analytical methods are a function of aspect ratio and the accuracy
of different approximate methods depend the aspect ratio of the channel, therefore proper
approximate methods must be chosen for analytica velocity and temperature profile,

depending upon the aspect ratio of the channel.

Therefore it can be concluded that without going in to the cumbersome numerical solution
method or exact solutions approximate analytical solutions may be utilized for dlip velocities

and temperatures for all practical purposes as the results gives less than 5% deviation.
Scope of futurework:

In the present work, analytical approach for flow through a microchannel has been
considered for analysis of fluid flow and heat transfer characteristics. The Navier-Stokes
equation has been reduced to simpler form to simplify the mathematical analysis. As for
example, the viscous dissipation term is neglected. As a result, the predicted results show some
deviation from the numerical ones. Therefore, the scope of future work may be analysis of
fluid flow and heat transfer characteristics for flow within microchannels considering al the

terms in the Navier-Stokes equation.

Page-32



Chapter-5: Conclusion and Scope of future work

Also present work has been carried out by considering a rectangular cross section of the
microchannels. However the research work can be carried out farther for the channels having
any other cross sections rather than rectangular. Though in line with the existing literatures it
has been concluded that results obtained for flow through rectangular microchannels are valid
for any other channels of arbitrary cross sections, still the results can be verified considering a
wide range of cross sectional shapes and tallying the result.
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