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Time : Two hours Full Marks : 50

Answer question No. 1 and any three from the rest.

1. Isthe topological vector space boundedness equivalent to
metric boundedness for a metrizable topological vector
space ? Justify your answer. 2

2. a) Inatopological vector space X, forany A — X prove

b)

that A =N(A + V), where V runsoverallutdsof 9. 3

Define a Balanced subset of a topological vector space
X. If Bis balanced then show that B is also so and ifalso

0 e B® then B?is also balanced. 5

Let X be a complex topological vector space, Y be a
subspace of X, n be a positive integer and dim Y = n.
Then prove that (i) every isomorphism of C" onto Y is a

homeomorphism and (i1) Y is closed. 8

Prove that every locally compact topological vector

space has finite dimension. 7
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If X is a topological vector space with a countable local
base then show that there is a metric d on X such thatd is
compatible with the topology of X, the open balls

centered at are balanced and d is invariant. 9

When a linear map A:X —Y, where X and Y are
topological vector spaces, called bounded ? For a linear

map A prove that (a) - (b) — (c), where

a) A iscontinuous

b) A isbounded

c) If x, »6,, then {Ax, :n=1,2,---} isbounded. 5
If X is metrizable then show that (¢c) — (a). 3

Let A be a convex absorbing set in a topological vector

space X. Then show that

) BA(X+Y)Spp () +HA(Y)
) pp(tx)=tpa(x) if £>0
i) Ma isaseminorm isAis balanced.

iv) If B={x:p,(x)<1} and C={x:p,(x)<1) then
Bc AcC and pg =p, = Ue. 8

b)

[3]

Suppose Y is a subspace of a topological vector space X
and Y is an F-space in the topology inherited from X.
Then prove that Y is a closed subspace of X. 7

Prove that a topological vector space X is normable iff its

origin has a convex bounded neighborhood. 4

Let X and Y be topological vector spaces, {A,} is a
sequence of continuous linear maps of X into Y. If C is the
setofall x € X forwhich {A x} isaCauchysequence

in'Y and C is of 2nd category then prove that C=X. 5

Let A and B be disjoint nonemply convex sets in a locally

convex topological vector space X where A is compact
and B is closed. Then prove that there is a Ae X',
1,1, € R such that

ReA(x) < <1, <ReAy

Vx € A and Vy e B. 8

If fis a continuous linear functional on a subspace M of a

locally convex space X then prove that there exists

Ae X" suchthat A =f on M. 8



