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ABSTRACT 

 

In this doctoral dissertation, theoretical and experimental investigations 

on various triangular shaped Microstrip Antennas (MAs) and Dielectric 

Resonator Antennas (DRAs) are presented in a systematic way irrespective of 

their applications if any. For theoretical investigation, the antenna is modeled 

here as a “Cavity”. Wave equation is solved within the cavity (here, antenna) for 

a given boundary conditions first to find the approximate solution of the 

eigenfunction. Internal electric  and magnetic  fields are plotted using 

conventional „slope method‟ (or gradient method) to identify various modes. 

Radiation characteristics of a particular mode are then investigated. Input 

impedance, far-field patterns, total Q-factor, radiated power, gain, bandwidth, 

radiation efficiency etc. are investigated. Closed form expressions are given 

here to predict the input impedance and far-field radiation patterns for 

different modes. 

Literature survey shows that Rectangular DRA (RDRA) has been 

investigated at fundamental  mode only using magnetic dipole moment. 

The untouched areas (i.e. input impedance, far-field patterns, total Q-factor, 

radiated power, gain, bandwidth, radiation efficiency etc.) on RDRA are also 

investigated here for different  modes.  

 

In this doctoral dissertation, radiation characteristics are presented for: 

 Equilateral Triangular Microstrip Antenna (ETMA) 

 30°–60°–90° Triangular Microstrip Antenna (TMA) 

 45°–45°–90° TMA 

 Isosceles TMA. 

 Rectangular DRA (RDRA) 

 Equilateral Triangular Dielectric Resonator Antenna (ETDRA) 

 30°–60°–90° Triangular Dielectric Resonator Antenna (TDRA) 

 45°–45°–90° TDRA. 



 

 

 Isosceles TDRA. 

 Inhomogeneous RDRA. 

 

A simple, novel and time efficient procedure is developed to compute 

singularity free expressions for computing far-field radiation patterns of any 

antenna with rectilinear symmetry. This technique is also extended here to 

compute stored energy, dielectric loss, conductor loss etc. 

It is found that our analytical solutions can predict the results orders 

faster than numerical EM simulators. Typical results are shown in Table 1 with 

respect to rectangular and triangular shaped antennas. For this comparison, a 

personal computer having Core 2 duo Intel processor and 3GB RAM is used. 

 
Table 1 

Comparison of Time between Analytical Solution and EM Simulators 

SL 

No 
Antenna Mode 

Time (seconds) 

Numerical EM Simulator Analytical 

Theory (our) IE3D HFSS CST 

1 
Rectangular 

MA 

 156 189 169 2.86 

 162 194 208 1.89 

2 
Equilateral 

TMA 

 194 284 302 2.45 

 211 327 311 2.66 

3 
Rectangular 

DRA 

 - 246 352 2.72 

 - 277 324 2.81 

4 
Equilateral 

TDRA 

 - 338 355 2.89 

 - 341 379 2.82 

 

Our analytical solutions can efficiently be utilized as entire domain full-wave 

MoM analysis. Further, the results of these theoretical investigations can easily 

be extended to the cases of triangular shaped waveguides, filters, oscillators, 

cavities etc.  
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Chapter I 

Introduction 

 

1.1    Introduction 

 

The design and development of modern communication systems are 

highly dependent on the performance of an antenna. Metallic dipole, waveguide 

aperture, horn, Microstrip Antenna (MA) etc are widely used for different 

applications starting from radio frequency to microwave frequencies. As the 

frequency goes upward to 100-300GHz or higher, metallic losses may limit the 

use of the antenna. Obviously an antenna without any metallic surface can be 

used to avoid the metallic loss at higher frequency. Dielectric Resonator 

Antenna (DRA) made up of low-loss dielectric material is a suitable candidate 

for high frequency application [1]. 

It is well known that the size of an antenna varies inversely with 

operating frequency. An antenna operating in the fundamental mode will have 

small size at high frequency and the small size of the antenna may not be 

suitable with other circuitry and feeding mechanism. Higher-order modes of 

the same antenna may solve this problem if the corresponding mode satisfies 

all the required specification. Therefore, it is very important to have a proper 

knowledge on the characteristics of various higher order modes of an antenna 

[2]. Obviously, antennas having high degrees of freedom will give more 

flexibility to choose the fundamental as well as higher order modes of an 

antenna. 

 

1.2    Choice of Topic 

 

Literature survey shows that the researchers have focused on 

hemispherical, cylindrical and parallelepiped shaped 3-dimensional antennas. 

The above mentioned shapes have one (radius), two (radius and height) and 
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three (length, width and height) dimensional degrees of freedom respectively [3, 

4]. Scalene triangular cylindrical shaped antennas have four degrees of 

freedom (3 unequal sides and height) and will give more flexibility compared to 

conventional rectangular shaped antennas. 

Elliptic, parabolic, bipolar, etc. co-ordinate systems [3] are also available 

where the wave equation can be solved, but those geometries are not 

practically suitable for making an antenna due to complicated geometry. Even 

the customized small sizes of 3D hemispherical and circular cylindrical 

antennas are also not easy to fabricate due to their curvature surface. A small 

error may lead to exciting an unexpected mode. Whereas, rectangular shaped 

antennas have planar surfaces which are very easy to make from a practical 

point of view. Therefore, antennas having planar surfaces such as rectangular, 

triangular, pentagonal, hexagonal, octagonal etc. shaped geometries should get 

preference to design an antenna. But researchers have focused on rectangular 

shaped antennas only. The wave equation can easily be solved within a 

rectangular geometry, whereas there are no straight ways to solve the wave 

equation for other geometries in Cartesian coordinate system. The inclined 

nature of arm(s) restricts us to apply the boundary conditions directly. Time 

consuming trial-error method using either fabrication and measurement or 3D 

full-wave EM simulation can solve this problem for a particular geometry. Due 

to that reason, triangular, pentagonal, hexagonal, octagonal etc. shaped 

geometries did not get much attention. Out of these, triangular geometry is the 

simplest one and is considered here to design an antenna in this doctoral 

dissertation. 

 

A triangular shaped antenna has got several advantages such as: 

 A scalene triangle (three unequal sides) has more degrees of freedom 

than rectangular (length and width) or circular (radius only) shaped 

geometry  which will give more flexibility to design an antenna, cavity 

resonator, waveguide etc. 
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 It can store more energy than rectangular or circular cylindrical or 

spherical shaped antennas. 

 For a given resonant frequency, it takes smaller area. For example, when 

the relative permittivity of DRA is equal to 100, thickness of the DRA is 

1mm and the resonant frequency is 8.50 GHz, the Rectangular DRA 

(RDRA) and Cylindrical DRA (CDRA) occupy the area 50mm2 and 

15.2mm2 respectively whereas the Equilateral Triangular DRA (ETDRA) 

will occupy 10.8mm2. Hence, the more compact antenna can be made 

using triangular geometry [5]. 

 The compactness of antenna can further be improved by replacing an 

equilateral triangular geometry by 30°–60°–90° triangular geometry. For 

a given resonant frequency, 30°–60°–90° triangular shaped MA (or DRA) 

takes just half the area compared to that of equilateral shaped MA (or 

DRA) as shown in this dissertation. 

 Equilateral Triangular Microstrip Antenna (ETMA) supports various 

radiation characteristics [6].  

 One can excite six equilateral triangular antennas parasitically whereas 

maximum four antennas are possible for rectangular geometry. 

 Due to high quality factor, Triangular Microstrip Antenna (TMA) is a 

narrowband antenna. This property can easily be utilized to design a 

narrow band antenna for receiving signals in noisy environments 

 The property of smaller size with respect to rectangular and circular 

cylindrical geometry can be utilized to design circulator, filter etc. 

 Multiband antennas can easily be made using triangular shaped 

antennas. For example, equilateral TMA can excite three broadside 

modes for a single coaxial probe excitation [6]. 

 It is possible to excite five broadside radiating modes (30°–60°–90° TMA) 

using a single coaxial probe to create a penta-band antenna. 

 It is possible to suppress the fundamental mode of 45°–45°–90° TMA 

without any extra circuitry. 
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Literature survey shows that the researchers have focused on equilateral TMA 

only. The detailed literature survey is presented in Chapter II. We have 

extended the analysis of different triangular shaped radiators both for 

Microstrip Antenna (MA) and Dielectric Resonator Antenna (DRA) version. Most 

of the advantages as mentioned above are fruitful results of this theoretical 

investigation.  

It is important to investigate new shaped antenna geometry always. After 

this investigation, the advantages or disadvantages of the investigated object 

will come out as fruitful results. If it is found after rigorous investigation that 

the new investigated geometry do not show any advantages, the future 

researchers will not waste their valuable time on that geometry. Obviously, it 

will help the researchers. Further, if the limitations of the antenna geometry 

are known beforehand, it will always help the future researchers to achieve 

their requirement using that geometry by overcoming those limitations. 

Theoretical investigations always have potential in terms of application. 

We have to utilize the pros and cons of any theory for a specific application. 

Sometimes, it might be looked apparent that there is (or will be) no practical 

application with respect to an observer. For example, after the invention of 

Fourier series in terms of trigonometric series by J. B. J. Fourier, it was 

rejected by J. L. Lagrange for publication in 1807 [7, pp. 165]. Now-a-days, 

Fourier series is being applied almost in every domain.  

Therefore, in this doctoral dissertation, the main objective is to 

investigate the properties of various triangular shaped antennas (both, 2-

dimensional and 3-dimensional cases) irrespective of their applications if any. 

Analytical solutions are given to predict the results. It is found that our 

analytical solutions can predict the results orders faster than numerical EM 

simulators [8-10]. Typical results are shown in Table 1.1 with respect to 

rectangular and triangular shaped antennas. For this comparison, a personal 

computer having Core 2 duo Intel processor and 3GB RAM is used. 
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Further, the results of these theoretical investigations can easily be 

extended to the cases of triangular shaped waveguides, filters, cavities etc.  

 

Table 1.1 

Comparison of time between analytical solution and EM simulators 

SL 

No 
Antenna Mode 

Time (seconds) 

Numerical EM Simulator Analytical 

Theory IE3D [8] HFSS [9] CST [10] 

1 
Rectangular 

MA 

 156 189 169 2.86 

 162 194 208 1.89 

2 
Equilateral 

TMA 

 194 284 302 2.45 

 211 327 311 2.66 

3 
Rectangular 

DRA 

 - 246 352 2.72 

 - 277 324 2.81 

4 
Equilateral 

TDRA 

 - 338 355 2.89 

 - 341 379 2.82 

 

 

1.3    Scope of Work and Motivation 

 

Literature survey shows that the Microstrip Antennas (MA) and Dielectric 

Resonator Antennas (DRA) are two strong candidates at microwave frequency. 

DRA shows superiority over the MA at millimeter wave application due to the 

absence of conductor loss. Conventional cavity model [11-15] is generally 

adopted to investigate the microstrip antennas. According to cavity model, the 

microstrip antenna has constant field variation along the thickness of the 

substrate which results in the tangential components   and 

  (please see Fig. 1.1) being equal to zero. Therefore, only  component is 

utilized to investigate the MA according to cavity model. Rectangular and 

circular shaped MAs have been widely investigated using this cavity model. 

Resonant frequency, input impedance, radiation patterns, quality factor, gain, 

bandwidth, etc. have been widely investigated and reported. 

In case of DRA, only cylindrical DRA (CDRA) has been investigated 

analytically by S. A. Long et al in 1983 [1]. In [1], the CDRA has been modeled 
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as a cavity bounded by Perfect Magnetic Conductors (PMC). Approximate 

solution for the eigenfunction has also been given therein for  and  

modes. “Equivalence Principle” [4, 16] has been used to predict the far field 

radiation patterns with close form compact expressions for the fundamental 

 mode. Input impedance of CDRA has also been reported by them in 1986 

[17]. Resonant frequency and far-field radiation patterns of hemispherical and 

rectangular shaped DRAs have also been investigated by S. A. Long et al [18-

19]. The internal fields for the fundamental  mode have been reported for 

Hemispherical DRA (HDRA) in [18] whereas results on Rectangular DRA 

(RDRA) have been reported in [19] without any explicit mathematical relation to 

the internal fields. Further, resonant frequencies for various  and  modes 

have been reported by R. K. Mongia in 1992 [20]. In 1997, eigenfunction, 

radiation Q-factor, stored energy etc have been investigated for the 

fundamental  mode by R. K. Mongia et al [21]. Therefore, theoretical 

analysis on RDRA is still under nascent stage. 

 

 

 

 

 

 

 

 

Full-wave analyses such as Method of Moment (MoM), Finite element 

Method (FEM), Finite Difference Time Domain (FDTD) etc. are time consuming 

process. Huge computational time and large memory are required to solve a 

particular problem. Such types of process are run in the background of 

commercially available 3D EM simulators. Numerical 3D EM simulators are 

easy to understand and are able to handle arbitrary geometry within few 

minutes. But the user does not get any information which is running in the 

 
Fig. 1.1 3D geometry of equilateral triangular shaped MA (left) and DRA (right) 
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back-end. Therefore, the working principle of an electromagnetic object still 

remains hidden to the user.  Beside, the numerical 3D EM simulator can 

determine the resonant frequency, radiation patterns, etc. but takes a long 

time (minimum 4-5 minutes for one structure) whereas the analytical solutions 

give the results within 2-3 seconds as shown throughout this dissertation. 

Analytical solutions are user friendly both from understanding and application 

point of view. Once the problem is solved analytically, the closed form results 

can efficiently be utilized for different application. Further, the analytical 

solutions are efficiently utilized for entire domain full-wave MoM analysis [22-

23]. Therefore, it is very important to have analytical results on ETDRA. 

It should be pointed here that the triangular and rectangular shaped 

radiators both are analyzed in the rectangular coordinate system . For 

example, the eigenfunctions for equilateral triangular and rectangular 

geometries as shown in Fig. 1.2 with Neumann boundary conditions can be 

expressed as: 

 

 

 

and 

 

 

where all terms are carrying their usual meaning. Hence, the mathematical 

analysis of a single equilateral triangular geometry with PMC boundary 

conditions is equivalent to the analysis of simultaneous three rectangular 

geometries. Therefore, the theoretical results are first verified with measured 

data for rectangular shaped radiators.  

In this dissertation, triangular shaped Microstrip Antennas (MA) and 

Dielectric Resonator Antennas (DRA) are investigated analytically by 

considering the antenna as a “Cavity”. Characteristics of different triangular 
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shaped MA and DRAs are presented in a systematic way. Advantages, 

disadvantages, limitation, etc. all are discussed whenever necessary. 

Theoretical results are verified with measured data as found in the published 

literature or by own experimental data. 

 

 

 

 

 

 

 

 

 

1.4    Procedure for Theoretical Investigations 

 

In this dissertation, different triangular shaped MAs and DRAs are 

investigated theoretically. The antenna is first assumed as a “Cavity”. The wave 

equation is solved within the cavity (here, antenna) for a given boundary 

conditions first to find the approximate solution of the eigenfunction. Internal 

electric  and magnetic  fields are plotted using conventional „slope 

method‟ (or gradient method) to identify various modes. Standard mode 

nomenclature [3-4, 16, 24] is used to identify various modes. Radiation 

characteristics of a particular mode are then investigated. Input impedance, 

far-field patterns, total Q-factor, radiated power, gain, bandwidth, radiation 

efficiency etc. are investigated. Finally, these are presented in respective 

chapters systematically. 

 

1.5    Organization of Dissertation 

 

Before starting any mathematical analysis on triangular shaped 

radiators, it is very important to have a brief idea on previous works. After that, 

it will be very helpful to summarize the theoretical analysis during this period. 

 
Fig. 1.2 Geometry of equilateral triangle (left) and rectangle (right) 
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Therefore, this doctoral dissertation is divided into five parts. In Part I, 

introduction and literature survey are discussed. In Part II, different types of 

Triangular Microstrip Antennas (TMA) are investigated. In the Part III section, 

Triangular Dielectric Resonator Antennas (TDRA) are analyzed. In the last 

section, Part IV, numerically efficient techniques are described which are 

developed during this work. In Part V, brief conclusions and scope of future 

works are given. A brief overview of the organization of the chapters is as: 

 

Part I: 

 

 Chapter I  : Theoretical background and scope of work is 

presented in this chapter briefly.  

 

 Chapter II  : A brief literature survey on different triangular 

shaped radiators is presented.  

 

Part II: 

 

 Chapter III  : In this chapter, Equilateral Triangular Microstrip 

Antennas (ETMA) is presented. Eigenfunction, resonant frequency, 

internal field components, input impedance, radiation patterns, etc. are 

investigated. 

 

 Chapter IV  : The characteristics of 30°–60°–90° Triangular 

Microstrip Antenna (TMA) is discussed using the cavity model.  

 

 Chapter V  : 45°–45°–90° TMA is investigated. Eigenfunction, 

input impedance, radiation characteristics, etc. are presented. 

 

 Chapter VI  : Tri-linear transformation is modified to investigate 

certain isosceles TMA. 

 

Part III: 
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 Chapter VII : Radiation characteristics of Rectangular Dielectric 

Resonator Antenna (RDRA) are presented for arbitrary  modes. 

Approximate solution of eigenfunction, resonant frequency, internal field 

variation, far-field radiation patterns etc. are presented. 

 

 Chapter VIII : In this chapter, the radiation characteristics of an 

Equilateral Triangular Dielectric Resonator Antenna (ETDRA) are 

presented. 

 

 Chapter IX  : 30°–60°–90° Triangular Dielectric Resonator Antenna 

(TDRA) is discussed in detail. 

 

 Chapter X  : 45°–45°–90° TDRA is presented in this chapter. 

Eigenfunction, resonant frequency, radiation patterns, quality factor, etc. 

are discussed. 

 

 Chapter XI  : Some theoretical investigations on different isosceles 

triangular dielectric resonator antenna are presented. 

 

Part IV: 

 

 Chapter XII : Inhomogeneous rectangular dielectric resonator 

antenna is also investigated here theoretically. 

 

 Chapter XIII : A simple procedure is demonstrated for computing 

singularity free far-field radiation patterns of any antenna having 

rectilinear symmetry. 

 

Part V: 

 

 Chapter XIV : In this chapter, conclusions are drawn of this 

theoretical investigation. Scope of future works is also suggested. 

 

 



Chapter II:    Literature Survey 

Sudipta Maity   13 
 

Chapter II 

Literature Survey 

 

2.1    Introduction 

 

Literature survey plays an important role in the field of research to find 

the scope of work. It is important to have a proper knowledge of previous works 

if any, to avoid the repetition of any work. As our main objective is to 

investigate the different triangular shaped radiators, a brief, concise literature 

survey is presented here on different triangular shaped geometries. 

 

2.2    60°–60°–60° Triangular Shaped Radiators 

 

The explicit solution of Helmholtz wave equation for an equilateral 

triangular metallic waveguide has been summarized by S. A. Schelkunoff in his 

book ‘Electromagnetic Waves’ in 1943 [24]. The eigenfunctions  and 

eigenvalues are given for both  and  modes of propagation in Cartesian 

coordinate system. Tri-linear transformation has been adopted to obtain the 

solution. A suitable choice of tri-linear transformation is also given there. 

Graphical field distributions for first few modes are also given. 

Operational modes of a waveguide Y-circulator using demagnetized 

triangular ferrite post has been investigated both theoretically and 

experimentally by Y. Akaiwa in 1970s [25-26]. Duality theorem [4] has been 

applied to obtain the eigenfunctions of a demagnetized triangular ferrite post. 

The solutions of the wave equation for  and  modes with Dirichlet’s 

boundary condition  are dual for  and  modes with Neumann 

boundary condition  respectively. Theoretical resonant frequencies 

have been compared with experimental data for fundamental  mode. The 

rotational property of the eigenfunctions of the equilateral triangular ferrite 

post has been investigated in [26]. 
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An extensive theoretical and experimental work on planar triangular 

microstrip resonators have been carried out by J. Helszajn in 1978 [27-28]. For 

theoretical investigation, the fields within the equilateral triangular resonator 

have been assumed as invariant along the thickness of the substrate which 

was very small compared to the operating wavelength. Distribution of electric 

field (in dB) along the edges, stored energy, radiation quality factor  etc 

have been investigated. Various properties of the eigenfunctions of an 

equilateral triangular resonator have been investigated to construct the 

circulator [29-34]. In [29], admittance of complex gyrator contour has been 

investigated using a contour integral formulation. E-plane circulator using 

single equilateral triangular shaped resonator has been investigated in [30]. 

The fictitious magnetic wall has been considered to excite the odd modes only. 

The transverse resonance technique has been applied to predict the 

propagation constant. In [31], conventional geometry of circulator has also 

been perturbed by magnetic wall ridges to improve its tunability. Three 

magnetic ridges have been used along the structural symmetric line of the 

equilateral triangular resonator. An extensive mode charts has been given 

therein for different dimensions of magnetic ridges with experimental 

validations. Perturbation technique has been applied to compute loaded Q-

factor. In [32], the theory of an equilateral triangular resonator has also been 

extended to obtain the cutoff wave numbers and working principle of a regular 

hexagon.  

Radiation characteristics of an equilateral triangular microstrip resonator 

have been investigated analytically by M. Cuhaci in 1977 [35] and the details 

can be found in his Master of Applied Science dissertation [36]. Radiation 

patterns and radiation Q-factor  both have been investigated for 

fundamental  mode. Radiation properties have been investigated from 

electric surface current distribution . Closed form compact expressions for 

far-field radiation patterns have also been given there. Various losses on the 

microstrip resonators have been investigated. Different procedures to excite the 
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triangular microstrip resonator have been described by equivalent circuit 

parameters. An extensive comparison between theoretical results with 

experimental data has also been included in his thesis. 

In 1980, the working principle of an equilateral Triangular Microstrip 

Antenna (TMA) from magnetic surface current  has been reported for the 

first time by I. J. Bahl and P. Bhartia in their book ‘Microstrip Antennas’ [15]. A 

detailed procedure to evaluate the far-field radiation patterns from magnetic 

surface current can be found in that book.  The concepts on effective 

permittivity  and effective length  [27, 37] have been utilized to 

account the fringing effect. Far-field radiation patterns, stored energy , 

radiated power , radiation Q-factor  etc have been investigated with 

closed form expressions for fundamental  mode only in [15].  

In [37], the transverse resonance technique has been used to investigate 

different microstrip resonators. For theoretical simplicity, original microstrip 

resonator has been sub-divided into several rectangular strips and each strip 

has been replaced by equivalent waveguide transmission line model. The 

discontinuity between any two successive strips has been modeled as lumped 

element. Theoretical results have been verified with magnetic wall 

approximation and experimental data. 

Segmentation technique [38-39] has also been reported to investigate the 

planar microstrip structure. First, one complicated microstrip structure has 

been segmented into several rectangular shaped resonators. The Green’s 

function of rectangular geometry with proper boundary condition (either 

electric or magnetic) has been utilized to find the characteristics of the original 

problem. The S-matrix has been utilized for theoretical investigation. 

Originally, the segmentation technique was limited to a structure which could 

be decomposed into several rectangular ones. The development of Green’s 

function for different triangular geometries (45°–45°–90°, 60°–60°–60° and 30°–

60°–90°) by R. Chadha et al in 1980 [40] has accelerated the utilization of 

segmentation technique. To evaluate the Green’s function for 45°–45°–90°, 60°–
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60°–60° and 30°–60°–90° shaped triangular  geometries, simple image source 

method has been utilized. Due to small thickness of substrate along z-direction 

(please see Fig. 1.1), the Green’s function was evaluated for x-y plane only. 2D 

Fourier series expansion method has been applied to obtain the required 

Green’s function. Development of Green’s function can be found in detail in 

[41-42]. 

Full wave analysis has also been reported on isosceles triangular shaped 

microstrip antennas by A. K. Sharma et al in 1982 [43]. The problem has been 

solved in the spectral domain. Wave equation was solved in spectral domain by 

considering  and  modes. Method of moment was applied to convert the 

integral equations into linear equations. Galerkin technique has been applied 

to determine the transverse charge density on the patch. Theoretical results on 

resonant frequency for 45°–45°–90° and 60°–60°–60° TMAs have been verified 

with experimental data for fundamental mode only. In [44], entire domain basis 

functions have been utilized to predict the resonant frequency of an equilateral 

TMA. Extensive experimental data have been compared with theoretical results 

to show the effectiveness of the entire domain basis function.  

Field theory approach has also been applied to investigate triangular 

waveguide [45], triangular ferrite post [46] etc. In [45], the internal fields have 

been expressed first as an infinite sum of mode voltage and mode current by 

considering both  and  modes. By considering ‘N’ terms for  mode and 

‘M’ terms for  mode, the generalized telegraphist’s equations have been 

transformed into the algebraic eigenvalue equation. After solving this 

eigenvalue equation, the phase constant has been evaluated. Attenuation 

constant, stored energy, power distribution, etc. have also been investigated 

therein. Equilateral triangular dielectric waveguide and ‘Y’ dielectric waveguide 

have been investigated using this procedure. In [46], H-plane waveguide 

junction with three-sided ferrite prism has been investigated using the infinite 

summation of cylindrical circular modes. The point-matching technique has 

been applied to find the fields at ferrite-air interface. A finite system of 



Chapter II:    Literature Survey 

Sudipta Maity   17 
 

inhomogeneous equation has been solved to obtain the exact field distribution. 

Theoretical results have been verified for waveguide junction circulator with 

cylindrical ferrite post. 

 Geometrical Optics (GO) have also been reported to investigate the un-

fed triangular microstrip resonators by E. F. Keuster et al in 1983 [47]. 

Different geometries such as 45°–45°–90°, 60°–60°–60° and 30°–60°–90° 

triangles have been investigated. This approach was based on the solution of 

complex reflection co-efficient for a plane-wave incident at an angle  on a 

straight edge. The patch has been assumed as a cavity formed and the 

eigenvalue problem has been solved using plane-wave reflection under the 

patch. The total electric field was expressed as a sum of reflected waves and 

perturbation technique was applied to solve this problem. Simple formulas 

have been given for radiation Q-factor, but these are limited to  and  

modes for Equilateral TMA (ETMA). However, the accuracy of the theory is 

limited due to non-consideration of various losses. 

Y. Tu has used a similar approach in his masters’ thesis in 1983 [48].  

Reflection of plane waves has been adopted to obtain the characteristic 

equation and the resonant frequency as well as the quality factor for 45°–45°–

90°, 60°–60°–60° and 30°–60°–90° TMAs. A simple procedure has been 

demonstrated therein to obtain the Q-factor from Smith chart as found in [49]. 

Comparison between measured and calculated resonant frequency and quality 

factor has been tabulated. No comparative study between theoretical and 

experimental input impedance has been performed. 

Superposition of plane-waves along with Snell’s Law has been 

investigated by P. L. Overfelt et al in 1983 [50]. Complete solutions for 

Transverse Electric (TE) and Transverse Magnetic (TM) modes have been given 

for four metallic hollow triangular waveguides (45°–45°–90°, 60°–60°–60°, 30°–

60°–90° and 30°–30°–120°) in 1986 [51]. Simple magnetic wall boundary 

conditions have been applied for theoretical investigations. The existence of odd 

mode solutions for an equilateral triangular metallic waveguide has been 
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pointed therein. But, it was already pointed by F. E. Borgnis and C. H. Papas 

long ago, in 1958 with closed form expressions [52].  

Field solutions for TE and TM modes have been derived therein for 

different shaped metallic waveguides. Recently, the mode function of an 

equilateral triangle has been reported by B. J. McCartin for Dirichlet [53], 

Neumann [54] or mixed [55] boundary conditions. Details can also be found in 

[56-57] also. In [53-55], tri-linear coordinate system has been utilized for 

theoretical investigation. Due to inclined sides of an equilateral triangle, new 

local coordinate system has been generated inside the triangle using triangular 

coordinate system . Wave equation has been solved using triangular 

coordinate system which was finally converted to the original coordinate 

system . Superposition of shifted plane waves has been used to find the 

exact solution for an equilateral triangle with proper boundary conditions 

(Dirichlet [53], Neumann [54] or mixed [55] boundary conditions). Finally, 

mathematical identities have been utilized to find the wave numbers. 

Modal analysis of an equilateral TMA has been reported by K. F. Lee et al 

in 1988 [6]. Cavity model [11-12] has been used to analyze the characteristics 

of a probe fed equilateral TMA for different  modes. Input impedance, far-

field radiation patterns, Q-factor etc have been investigated. Conventional 

magnetic surface current model has been utilized for far-field calculation. 

Theoretical results have been compared with experimental data as found in the 

open literature [15, 58]. It should be pointed here that the errors in the 

expressions of far-field radiation patterns have been corrected by K. F. Lee et al 

in 1988 [6]. 

Several CAD models [59-75] have also been reported to define the 

effective length  and effective permittivity  of the ETMA for predicting the 

resonant frequencies of different  modes more accurately. Other 

techniques such as neuro-fuzzy approach [76], artificial neural network [77], 

Tabu search method [78] etc. have also been applied to predict its resonant 

frequency. In [76], five layer Adaptive Neuro-Fuzzy Inference System (ANFIS) 
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has been utilized to find the resonant frequency. First order Sugeno fuzzy 

model with back-propagation (BP) algorithm and Least Square Method (LSM) 

have been used to compute unknowns. On the other hand, adaptive multilayer 

perceptron has been used in [77] to calculate the resonant frequency for 

different modes. Learning rate  and momentum coefficient  both have 

been utilized to accelerate the learning process. In [78], the Artificial Neural 

Networks (ANNs) have been trained using a parallel tabu search algorithm to 

find the resonant frequencies. Theoretical results have been compared with 

experimental data for rectangular, circular, and equilateral triangular shaped 

microstrip antennas. 

Once the property of an antenna is known, we can easily use it for 

different applications. For example, ETMA has been widely investigated for 

broadband [79-84] and ultra-wideband [85-88] applications. Simple L-shaped 

probe has been used to excite the triangular microstrip antenna to obtain wide 

bandwidth (42% in [79] and 61% in [83]) whereas folded shorting wall along 

with shorting pin has been demonstrated to obtain 28.1% bandwidth [81]. In 

[82], V-shaped slot on equilateral TMA whose apex was shorted to ground has 

been reported for wideband application (25% bandwidth) covering UMTS and 

ISM band. In [86], simple microstrip fed triangular monopole antenna with 

tapered ground plane has been reported covering 2.9 GHz to 12 GHz band. 

Besides, ETMA has also been reported for circularly polarized [89-91], 

dual frequency [92] and multiband [93] application and operation in array 

configuration [94-95]. To obtain circular polarization, three 30°–30°–120° 

shaped (approximately) triangular slots have been cut on equilateral triangular 

resonator in [90] whereas simple narrow slots and cross-slot have been 

demonstrated for circular polarization in [91]. In [93], tunable equilateral 

triangular microstrip antenna has been reported for multiband operation. To 

obtain the multiband operation (1.95 GHz – 2.16 GHz), varactor diodes and F-

shaped slits have been used therein. By changing the bias voltage, the 

switching between one frequency to another has been obtained. The designed 
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antenna has return loss better than 20 dB with gain between 2.87dBi to 

3.1dBi. In [94], cross-slot has been applied on an equilateral triangular 

microstrip antenna for circular polarization. This basic antenna geometry has 

been utilized to design sequentially rotated antenna array using two elements 

for wide (40MHz) axial ratio bandwidth application. In [95], antenna arrays 

using an equilateral triangular microstrip antenna have been reported to 

improve the radiation characteristics (gain, directivity and beam width). 

Equilateral triangular geometry has also been used for filters [96-99] and 

Substrate Integrated Waveguide (SIW) [100] applications. In [96], dual mode 

operation of the triangular patch resonator has been demonstrated using 

Wheeler’s cavity mode theory. The rotational property of equilateral triangular 

geometry has been utilized to explain the operation of dual mode band pass 

filters. Equilateral triangular microstrip patch resonator has also been 

investigated using slots and parasitic elements for dual-mode band pass 

operation [97]. A triangular ring shaped resonator has been demonstrated for 

band stop filter application in [98]. Higher order modes of the resonator have 

been excited for this purpose. On the other hand, in [99], a compact metal–

insulator–metal (MIM) waveguide with a triangular-annular channel has been 

reported to the plasmonic filter application. 

The performance of an ETMA has been enhanced by modifying the 

ground plane [101-102]. Two symmetrical corrugations beside the triangular 

patch radiator and a U-shaped ground plane has been reported in [101] for 

wideband application (114%) covering 0.66 GHz to 2.41 GHz. On the other 

hand, folded-line-shaped defected ground structure (DGS) has been 

demonstrated with improved skirt rejection in [102]. A good literature survey of 

the various shapes DGS and uses of DGS can be found in [103]. The procedure 

has also been demonstrated to reduce the cross-pol level of an ETMA [104]. In 

[104], dual L-strip lines have been utilized to excite the equilateral triangular 

microstrip antenna with thick air substrate. These two L-strip lines have been 

placed face-to-face with a 180°-phase shift. Due to the use of air-substrate, the 
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impedance bandwidth has been improved whereas the use of dual L-strip lines 

reduced the cross-pol level compared to single L-strip line. 

 The size reduction procedure has also been reported to make compact 

antenna [105]. Simple F-shaped probe has been used therein to excite the 

equilateral triangular microstrip antenna covering 3.1 GHz to 5.0 GHz (approx. 

47%). The F-shaped probe has been placed along the symmetric line near to 

the apex to excite the antenna. 

On the other hand, triangular shaped Dielectric Resonator Antenna 

(DRA) has been investigated experimentally by A. Ittipiboon et al in 1993 [106]. 

In [106], the non-availability of theory on triangular DRA has been clearly 

mentioned. A triangular shaped DRA has been obtained by cutting a 

rectangular DRA diagonally. Experimental results on resonant frequency and 

far-field radiation patterns have been discussed. It has been pointed out 

therein that the radiation patterns are similar to a horizontal magnetic dipole 

placed on a conducting ground plane. 

Literature survey shows that some experimental works have been 

reported on the performance of thin equilateral Triangular DRA (TDRA) for the 

fundamental  mode [107-111]. Several feeding mechanisms such as 

aperture on the ground plane [107], slot line [108], conformal strip [109], 

rectangular waveguide aperture [110], disk loaded coaxial aperture [111] etc. 

have been utilized to excite the low profile Equilateral TDRA (ETDRA). In [107], 

a thin ETDRA having relative permittivity  equal to 82 has been excited using 

a slot. Approximate expression as reported in [25] on demagnetized equilateral 

triangular shaped ferrite post has been applied in [107] to predict the resonant 

frequency of an ETDRA for fundamental  mode using magnetic wall 

model. A standing wave solution along the triangular cross section has been 

explicitly given therein whereas the same along the height of the ETDRA has 

not been reported. The offset position of the ETDRA has been adjusted for 

optimal performance. In [109], conformal strip has been used along the median 

of the ETDRA to excite the ETDRA. With reference to this configuration, an 
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improved impedance bandwidth of 5.5% has been obtained which was 1.8 

times wider than that of the aperture-coupled configuration [107]. 

Experimental investigations on slot coupled thin ETDRA has been reported in 

[108] where slot position with respect to ETDRA has been adjusted for optimal 

performance.  

In [110], the ETDRA has been excited using waveguide aperture. In [110], 

the ETDRA has been placed on a large ground plane and the slot was kept on 

the open-end of a rectangular waveguide. With this feed mechanism, the thin 

ETDRA has been demonstrated for 11.4% impedance bandwidth. An extremely 

useful excitation procedure has been demonstrated for thin ETDRA in [111]. 

Circular shaped conducting disk has been placed on the top of the coaxial 

probe for better impedance matching between the ETDRA and feed. From 

experimental far-field patterns of [107-111], it is found the ETDRA can 

efficiently be utilized as a broadside radiator with lower cross-pol level.  

The ETDRA has also been investigated analytically using the simple 

waveguide model and the mode matching technique to predict the resonant 

frequency by A. A. Kishk in 2001 [112]. A transcendental equation has been 

given therein to compute the wave number along the height (z-direction, say) of 

the ETDRA. It is found that this transcendental equation is in error. This is 

explained in detail with mathematical proof in this dissertation. Further, 

explicit solution for the field variation along the height of the ETDRA has not 

been provided in [100-112].  

ETDRA has also been demonstrated for wideband application [113] and 

antenna array application [114]. In [113], the ETDRA has been excited using 

coaxial probe. Input impedance , far-field radiation patterns, etc 

have been investigated therein using the numerical EM simulator. In case of 

array application [114], three ETDRAs have been excited using a single coaxial 

probe placed near apex of each ETDRA. A comparative study can be found 

therein on a single element and three element array as well as for single 

element dual segment (stack configuration) and three elements dual segments. 
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ETDRA has also been investigated using an EM simulator for WLAN 

applications in [115]. In [116], a brief historical review and current state of art 

on DRA have been presented in detail. 

It should be noted here that numerical techniques have also been 

reported in a general sense to analyze arbitrary shaped waveguides [117-120]. 

For example, in [117], boundary value problem in waveguides has been solved 

using Kirchhoff’s integral formulation of the electromagnetic field and the 

solution can handle conventional air filled waveguide as well as partially 

dielectric filled waveguides and triangular waveguides, whereas generalized 

mesh-free approximation has been reported in [120]. The surface integral 

equation has been reported to compute the cutoff wave numbers for arbitrary 

shaped waveguides [121]. Both  and  modes have been investigated using 

surface integral equation which was solved using an iterative process. Due to 

absence of charge in case of  modes, the computation of  mode cut-off 

frequency was faster than the  cases.  

In [122], 2D electromagnetic boundary value problems (including 

trapezoidal and triangular waveguides) have been solved iteratively using 

Schwarz's procedure by M. F. Iskander. Full-wave method of moments in 

spectral domain analysis has also been reported for equilateral microstrip 

antenna and equilateral waveguide antenna [123-125]. Recently, different 

antennas including microstrip and dielectric resonator antennas have been 

investigated using characteristic modes [126]. In [126], the electric field integral 

equation has been solved using method of moment to investigate the antenna 

using characteristic modes. Mode tracking technique has been applied to 

obtain the correct mode accurately. Although the process can handle arbitrary 

shaped antenna in general, theoretical investigations have been reported in 

[126] for equilateral TMA and equilateral TDRA only. 

It should be pointed here that equilateral triangular shaped monopole 

antenna has also been widely investigated using commercially available 

software and the results have been verified experimentally [127-131]. In [127], 
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a small and simple triangular-ring-shaped printed monopole antenna has been 

reported for wideband application covering 4.2 GHz to 9.8 GHz. In [128], a Co 

Planar Waveguide (CPW) fed planar triangular shaped monopole antenna has 

been reported for DCS1800 and the IEEE 802.11a 5.2/5.8 GHz WLAN 

application with high gain (4-6 dBi) throughout the operating band. Parametric 

study has been performed therein for different flare angles to optimize the 

antenna. In [129], fractal geometry has been applied to triangular monopole 

antenna with truncated and notched ground for the Ultra Wide Band (UWB) 

application covering 2.6 GHz to 14.26 GHz band. The ground plane of the 

triangular monopole antenna has been modified in [130] to obtain ultra wide 

band (2.5 GHz – 10.8 GHz) characteristics. Wideband (1.42 GHz – 2.7 GHz) 

circular polarization using a triangular monopole antenna has been 

demonstrated in [131]. Asymmetric feed configuration has been utilized to 

obtain wide (62%) axial-ratio bandwidth in [131]. 

Further, theoretical investigation has also been reported on equilateral 

triangular semiconductor laser [132-134]. In [132-134], the equilateral 

triangular semiconductor has been modeled as optical micro-cavity first and 

then wave equation has been solved for TE and/or TM cases. Theoretical 

results for resonant frequency and quality factors [132-133] have been verified 

using the FDTD technique. The effect of metal layers on different modes has 

also been reported in [132]. 

Although the practical applications of triangular shaped geometry in 

microwave field have started in the 1970s following the works of A. Yoshihiko 

[25], it is interesting to note that triangular shape had already been applied in 

rotating missile problem in 1959 [135]. Extensive experimental results have 

been reported therein. Further, the triangular shaped geometry is also an 

attractive object in the field of elasticity. Stress has been investigated on 

equilateral and isosceles right triangular geometry by I. S. Sokolnikoff in 1946 

[136]. Triangular geometry has also been investigated in the domain of fluid 

dynamics [137-139], heat transfer [140], vibration [141] etc. 
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2.3    45°–45°–90° Triangular Shaped Radiators 

 

Another triangular shaped radiator, more precisely 45°–45°–90° 

Triangular Microstrip Antenna (TMA) has been focused on after equilateral 

TMA. But the explicit solution for eigenfunctions, input impedance, radiation 

characteristics for different modes etc. are still under research.  

Field distribution for the first few modes of 45°–45°–90° Triangular Wave 

Guide (TWG) has been shown by S. A. Schelkunoff in his Book, 

‘Electromagnetic Waves’ [24]. Corresponding eigenfunctions for a particular 

mode has also been given therein, but the general solution of 45°–45°–90° TWG 

has not been mentioned explicitly. The general expression for eigenvalues  

(i.e. in other term, the resonant frequency,  where all terms 

are carrying their usual meaning) of a 45°–45°–90° TMA for arbitrary  

modes have been expressed of I. J. Bahl and P. Bhartia in [142] as: 

 

 

 

where  are modal indices and a is the length of the isosceles triangle’s 

sides. At the dominant mode (  and ) the resonance wave number is 

given by [142-143]: 

 

 

 

Analytical solution of a 45°–45°–90° triangular membrane for Dirichlet’s 

boundary condition  has been given by P. M. Morse and H. Feshbach in 

1953 [144] and the corresponding eigenvalues has been given therein by: 

 

 

 

To obtain the eigenfunctions for TE mode, superposition theorem has been 

applied therein. Modal distribution for few modes in the triangular membrane 
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can be found therein. According to [144], fundamental mode occurs for  

and . Therefore, the resonance wave number of the dominant mode (  

and ) is given by .  

Comparing equations (2.1) and (2.3), eigenvalues take different 

expressions for  mode of metallic waveguide or using duality,  mode of 

dielectric waveguide/ microstrip antenna bounded by magnetic conductor. 

Further, according to P. L. Overfelt et al [51], the eigenvalues of metallic 

waveguide for  mode should be . Thus, three different 

expressions for eigenvalues are reported in literature without any general 

validation for all possible modes. In this dissertation, we have investigated 45°–

45°–90° triangular shaped microstrip antenna and dielectric resonator 

antenna. Correct expression for eigenvalues, is given here for microstrip 

antenna and dielectric resonator antenna with experimental validation for 

different modes. 

In [47-48], 45°–45°–90° triangular microstrip resonator has been 

investigated using Geometrical Optics (GO).  Radiation Q-factor and resonant 

frequency have also been discussed there for few modes. Similar procedure has 

also been reported in [145] to investigate the 45°–45°–90° TMA.  The 

performance of 45°–45°–90° TMA has been predicted therein using eight 

reflected waves. The coefficients of those reflected waves have been determined 

using complex contour integration. Input impedance, radiation Q-factor and 

resonant frequency have been discussed therein for fundamental (dominant) 

mode only. 

The use of segmentation technique [38-39] to investigate the planar 

microstrip structure is similar to equilateral TMA, but limited to fundamental 

mode of operation [146-147]. It should be noted here that the Green’s functions 

are available for 45°–45°–90°, 60°–60°–60° and 30°–60°–90° triangular 

geometry for different mode [40], but the investigation of higher order modes of 

a planar microstrip structure using that Green’s function has not been 

reported yet. In [148], segmentation and desegmentation techniques have been 
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utilized to investigate different 45°–45°–90° TMA. To determine the input 

impedance, the coupling matrices have been evaluated in a general multiport 

sense. Accelerated techniques have been utilized in [148] for faster convergence 

of infinite summation. Finally, this technique has been applied to design an 

antenna for circular polarization.  

The eigenvalues of 45°–45°–90° triangular metallic waveguide [51] have 

efficiently been utilized for predicting the resonant frequency for different 

modes of a 45°–45°–90° TMA [149]. One antenna has also been fabricated for 

experimental validation of resonant frequency for first four modes. Far-field 

radiation patterns have also been given there showing the broad side radiating 

nature of the 45°–45°–90° TMA without any closed form expressions for 

predicting far-field patterns. Further, input impedance, Q-factors, etc. have 

also not been investigated therein. 

In [150], eigenfunctions of 45°–45°–90° triangular geometry for different 

boundary conditions has been reported by P. L. Overfelt in 1989. The 

eigenfunctions have been derived by modeling one side wall as Perfect Electric 

Conductor (PEC) and rest two walls as Perfect Magnetic Conductor (PMC) and 

vice versa. This analysis has also been extended to investigate four sided 

uniform waveguide. Contour plots of the first two modes for different 

waveguides have also been given therein. 

 

2.4    30°–60°–90° Triangular Shaped Radiators 

 

30o-60o-90o triangular shaped radiator is a most compact antenna 

element reported so far among rectangular, circular, annular and equilateral 

triangular shaped antenna [151]. At fundamental mode of operation around 2.6 

GHz, the rectangular, circular, semi-circular, annular ring and equilateral 

triangular MAs take almost 3.6, 3.2, 1.6, 2.5 and 2 times area compared to 

30°–60°–90° TMA respectively where all antennas have been excited using a 

coaxial - probe [151, Table 2.13]. Therefore, 30o-60o-90o triangular shape is an 

important geometry. 
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30o-60o-90o triangular microstrip resonator has also been investigated 

using Geometrical Optics (GO) [47-48] or by superposition of plane-waves [51] 

like equilateral triangular geometry. Resonant frequency  and radiation 

quality factor  have been discussed only in [47-48] whereas input 

impedance has been investigated in [152]. Complex contour integration has 

been applied as applied for 45°–45°–90° TMA in [145]. In case of 30°–60°–90° 

TMA, the electric field under the patch has been expressed as a sum of twelve 

plane waves whereas the same was eight for 45°–45°–90° TMA. Due to the large 

numbers of plane waves, computation complexity has been increased in case of 

30°–60°–90° TMA. After solving the complex coefficients of the plane waves, the 

conventional EMF method has been used to predict the input impedance of the 

30°–60°–90° TMA. Theoretical results of input impedance and Q-factor both 

have been compared with experimental data. It should be pointed here that 

only the fundamental mode of 30°–60°–90° [152] and 45°–45°–90° [145] shaped 

TMA have been investigated only by G. A. Kyriacou et al [145, 152]. 

The comment paper by Zhang and Fu on [153] in 1991 revealed that the 

pioneering work on 30o-60o-90o triangular waveguide has been done by Prof. 

Weigen Lin in 1979 [153-154]. As already mentioned earlier, the eigenfunctions 

for TE and TM modes of a 30o-60o-90o metallic triangular waveguide have been 

reported long ago, in 1958 by F. E. Borgnis and C. H. Papas [52].  

Literature survey shows that researchers have used the result on 

eigenvalues only to calculate the resonant frequency for 30o-60o-90o TMA [155]. 

Three different TMAs (60o-60o-60o, 30o-60o-90o and 30o-30o-120o shaped TMA) 

have been investigated using the IE3D EM simulator [8]. Based on EM 

simulator, an expression for accounting the fringing effect has also been given 

therein. The characteristics of 30o-60o-90o TMA and 30o-30o-120o TMA have not 

been explored therein (60o-60o-60o TMA has been reported by K. F. Lee et al in 

1988 [6]). 

A simulation based comparative study between 30o-60o-90o TMA and 

15o-75o-90o TMA on effective size, bandwidth, gain, etc. have also been reported 
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by Olaimat et al in 2011 [156]. One prototype has been fabricated for 

comparison purpose. No theoretical development is observed. In [157], 30o-60o-

90o TMA has been investigated using an EM simulator. Resonant frequency, 

beam width, bandwidth and far-field patterns have been investigated in [157]. 

Comparative study between 30o-60o-90o TMA and 15o-75o-90o TMA on effective 

size, bandwidth, gain etc. have also been reported therein. 

 

2.5    Isosceles Triangular Shaped Radiators 

 

Literature survey shows that shielded isosceles triangular microstrip 

resonator has been investigated using spectral domain method of moments by 

A. K. Sharma et al in 1982 [43]. Fourier transformation has been applied for 

theoretical investigation. Fundamental mode has been investigated only. 

Theoretical results are verified with experimental data for different isosceles 

triangular microstrip resonators.  

The transmission line model has also been utilized to investigate different 

isosceles TMAs by K. Kathiravan et al in 1989 [158] for fundamental mode. The 

isosceles TMA has been approximated as a circular segment whose two sides 

coincide with the two iso-sides of the isosceles TMA. To account for the fringing 

effect, the curved side has been expressed as effective length  of the 

isosceles TMA and all calculations have been performed using . The 

transmission line model has been applied to compute the modal current and 

voltage for  mode only. In [158],  has been considered only as modal index 

instead of two modal indices ‘ ’ as found in rectangular, equilateral etc. 

shaped microstrip antennas. Resonant frequency , radiation Q-factor  

and maximum value of the real part of input impedance  have been 

reported therein in tabular form for different apex angle. It has been found that 

as the apex angle decreases it is found from [158] that  decreases,  and  

increases. We have also found similar observation in case of isosceles TMA 

using cavity model as presented in this dissertation. 
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In [159-160], isosceles 46o-46o-84o TMA has been reported for ultra 

wideband application. The idea to obtain the desired results is similar to [105] 

as explained earlier and is not repeated here for brevity. Recently, isosceles 

(and equilateral) TMA has been investigated as electrically small reconfigurable 

antenna in 2011 [161]. To construct electrically small antenna, blocking 

capacitors has been utilized. The DC bias has been varied from 2V to 20V. Far-

field radiation patterns, efficiency and gain have been investigated therein. 

 

2.6    Conclusion 

 

Literature survey on different triangular shaped antennas is presented in 

a systematic way to understand the current state of art. In summary, we can 

conclude that: 

 Radiation characteristics of an equilateral TMA have been reported for 

different  modes using modal analysis. 

 Resonant frequency of 45°–45°–90° and 30°–60°–90° TMAs for different 

 modes have been reported only. 

 Input impedance and quality factor of a 45°–45°–90° TMA has been 

reported for fundamental  mode only. 

 The resonant frequency of an equilateral TDRA has been reported only 

for different  modes. 

 

Therefore, there is plenty of scope to work on triangular shaped radiators. In 

this dissertation, theoretical investigations are performed on different TMAs 

and TDRAs as given below: 

 Cavity model analysis is performed on 45°–45°–90°, 30°–60°–90° and 

isosceles TMAs  

 Radiation characteristics of 60°–60°–60°, 30°–60°–90°, 45°–45°–90° and 

isosceles TDRAs are presented by treating the TDRAs as a cavity. 
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Chapter III 

Equilateral Triangular Microstrip Antenna 

 

3.1    Introduction 

 

Equilateral Triangular Microstrip Antenna (ETMA) as shown in Fig. 3.1 

has been investigated by K. F. Lee et al in 1988 [6] using conventional cavity 

model [11-15]. According to the cavity model, the internal field components are 

independent of z-direction. On substituting , one can easily find 

that  because  and . Therefore, the radiation 

characteristics of an ETMA are 

dependent on  components only. 

Still, evaluation of far-field patterns 

of an ETMA is quite complex 

compared to rectangular Microstrip 

Antenna (MA) because of the 

inclined sides. It is important to 

obtain a detailed description for 

evaluating the far-field patterns of an ETMA. It will be helpful to solve the 

problem not only with Equilateral Triangular Dielectric Resonator Antenna 

(ETDRA), where all the internal field components are functions of x-y-z 

coordinates but other triangular shaped radiator also. 

Although the theoretical results are summarized in [6], we have derived 

all expressions showing every step in detail. The analysis of equilateral TMA is 

very important to know its characteristics. The theory on ETMA can easily be 

extended to investigate other triangular shaped resonators, oscillators, filters 

etc.  

 The inherent structural symmetry of ETMA leads to flexibility in the 

choice of feed. It is found that: 

 

 
Fig. 3.1 Geometry and feed configuration of antenna 
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 Equilateral TMA shows more number of broadside radiating modes 

compared to rectangular MA. ETMA shows three broadside radiation 

modes among the first five modes.  

 For moderate value of input resistance, ETMA can efficiently be utilized 

as a triple band antenna using a single coaxial probe feed. 

 ETMA can be used for multiband application. 

 ETMA shows high Q-factor compared to rectangular MA. Therefore, 

ETMA is a narrow band structure. This property can efficiently be 

utilized to make equilateral triangular shaped filters. 

 ETMA can store high energy compared to rectangular MA. 

 

3.2    Theory 

 

In this section, an equilateral TMA is investigated analytically using 

conventional cavity model [11-15]. The antenna geometry of an ETMA having 

side length  is shown in Fig. 3.1 where the standard Cartesian coordinate 

system is adopted. The antenna is placed on a substrate having thickness  

and relative permittivity . Coaxial probe is placed at  point to excite the 

antenna. Eigenfunctions, eigenvalues, far-field radiation patterns, input 

impedance, radiated power (  in %), total Q-factor , gain , bandwidth 

, efficiency  are investigated. 

 

3.2.1    Eigenfunctions 

 

To evaluate the eigenfunctions  for  mode, the ETMA is modeled 

as a cavity. The ground plane is removed first by applying image theory which 

results an equilateral triangular cavity having . The side walls of the 

ETMA are modeled as Perfect Magnetic Conductor (PMC) whereas the top and 

bottom surfaces are modeled as Perfect Electric Conductor (PEC). Conventional 

cavity model [11-15] is applied to evaluate the eigenfunctions  of an 

ETMA. According to cavity model, the eigenction  is independent of z-
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coordinate, because the thickness of the patch  is much smaller than the 

operating wavelength. Mathematically, this can be written as . 

Therefore, the eigenfunctions  is a function of x-y coordinates only. Tri-

linear transformation is used as defined in [24] to generate the local coordinate 

system inside the equilateral triangular section. The equilateral triangular 

section is symmetric with respect to x-axis as shown in Fig. 3.1. But after 

applying tri-linear transformation, the symmetry gets shifted to y-axis. 

Following [53], one can easily obtain the  function both for even and odd 

modes. The solutions of  for even  and odd  modes are given by 

[24, 51, 53]: 

 

 

 

 

and 

 

 

 

 

where  are integers such that  and other terms are 

carrying their usual meaning. 

Some properties of even and odd mode solutions along the triangular 

section of an isolated ETMA are shown in Fig. 3.2 for some modes. The „even‟ 

and „odd‟ mode solutions of  are clearly evident from Fig. 3.2. 

The internal field components for  mode due to probe excitation  

are given by: 
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(a) Even (left) and odd (right) mode for  mode 

 

 
(b) Even (left) and odd (right) mode for  mode 

 

 
(c) Even (left) and odd (right) mode for  mode 

Fig. 3.2 Even (left) and odd (right) mode property of the eigenfunctions 
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where 

 

 

Theoretical magnetic field lines for even mode within the ETMA are shown in 

Fig. 3.3 for first four modes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

To investigate the even  and odd  mode solutions, a probe fed 

ETMA is simulated using Finite Element Method (FEM) based commercial 3D 

numerical full-wave EM Simulator HFSS [9]. Different combinations of 

dimensions and relative permittivity are also investigated. Different feeding 

techniques are also applied such as aperture, strip, microtsrip line, etc. But we 

 
(a) Magnetic field lines for  (left) and  (right) mode  

 

 
(b) Magnetic field lines for  (left) and  (right) mode 

Fig. 3.3 Magnetic field patterns within the ETMA at  surface for different modes 
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did not observe any „odd‟ mode field distribution (please see Fig. 3.3) along the 

triangular cross-section. Therefore, we discuss here the „even‟ mode solution 

only. Far-field radiation patterns, radiated power, Quality factor (Q-factor), 

bandwidth etc. are investigated. 

It should be pointed here that to excite the „odd‟ mode, we have to 

introduce a null along its median which is only possible by using extra 

circuitry such as shorting pin. Therefore, the original geometry of the antenna 

must be perturbed to exite the „odd‟ mode using conventional feeding 

structures. In that case, perturbation must be accounted to predict the actual 

radiation characteristics of the ETMA. 

 

3.2.2    Resonant Frequency 

 

The eigenvalues for an ETMA are given by [24]: 

 

 

 

The resonant frequency can be found using 

 

 

 

where  is the velocity of light in free space and  is the relative permittivity of 

substrate. For fixed values of  and , the resonant frequencies of the first 20 

modes are shown in Table 3.1. 

To account the effect of fringing, several CAD models have been reported 

for efficient evaluation of effective side length . In this dissertation,  is 

evaluated as [12-15]: 

 

 

 

It is assumed that the effect of permittivity is inherently included in the 

effective side length  here as found in the case of circular MA [14]. 
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Table 3.1 

Resonant frequencies for first 20 modes of an ETMA 

 

Sl No Mode 
Resonant  
Frequency 

(GHz) 

 

Sl No Mode 
Resonant  
Frequency 

(GHz) 

1  1.3125 11  6.5625 

2  2.2733 12  6.8200 

3  2.6250 13  6.9451 

4  3.4726 14  7.3077 

5  3.9375 15  7.9836 

6  4.5466 16  8.1966 

7  4.7323 17  9.0933 

8  5.2500 18  9.1875 

9  5.7211 19  10.251 

10  6.0146 20  11.367 

 

 

3.2.3    Far-Field Radiation Patterns 

 

“Equivalence Principle” [4, 16] is used to evaluate the far-zone electric 

field. For theoretical simplicity, the apex  of the triangle ABC is shifted to the 

origin. Substituting  in equation (3.1a), we get: 

 

 

 

 

 

where 
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The effect of shifting along the x-axis will be reflected as a multiplying factor 

 with the modal amplitude where . Magnetic 

surface current  model [12-15, 162] is used here to investigate the ETMA. 

A closed form analytical expressions are given here. 

 

Magnetic Surface Current  Model 

 

To utilize this model, AC, BC and AB sides having a rectangular cross-

section are modeled as Perfect Magnetic Conductors (PMC). 

 

Surface Current along AC Surface (PMC) 

 

 

 

 

Surface Current along AB Surface (PMC) 

 

 

 

 

Surface Current along BC Surface (PMC) 

 

 

Fields along AC Surface (PMC) 

 

The magnetic surface current along the AC surface is evaluated from equation 

(3.6a) as: 

 

 

 

 -component  due to  surface current 
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where 

 

 

which can be expressed as: 

 

where 

 

To evaluate the value of , we need the find the values of  and  

and these are given be: 

 

 

 

 

 

 

 

 

 

 

 

 

 

On separation of terms, one can get the expression  having 

terms only. 
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Similarly, on separation of  and  terms, one can write: 

 

 

 

It should be pointed here that the expressions for  and  

are exactly same as reported in [6]. For example,  can be expressed as: 

 

 

 

 

 

which is exactly similar to [6] except the  sign. The  sign of  is 

included to calculate the  term. Therefore, we can write: 
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 -component of due to  surface current 

 

where 

 

 

which can be expressed as: 

 

where 

 

 

 

and  are evaluated first and they are given by: 
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On separation of  terms, one can get the expression for  having 

 terms only. Therefore, we can write: 

 

 

 

 

Similarly, on separation of  and  terms, one can write: 
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Hence, we can write: 

 

 

 

 

 

Fields along AB Surface (PMC) 

 

Magnetic surface current along the AB surface is evaluated from equation 

(3.6b) as: 

 

 

 

 -component  due to  surface current 

 

 

 

where 
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 -component  due to  surface current 

 

 

where 

 

 

 

Performing similar calculation as down in case of , we can write: 

 

 

 

 

 

 

 

 

 

 

 

 

 

and separating terms, one can get the expression  having 

terms only as: 
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which is exactly same as found for  where . Hence, 

 

 

Similarly, on separation of and  terms, one can write: 
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Fields along BC Surface (PMC) 

 

The magnetic surface current along the BC surface is evaluated from equation 

(3.6c) as: 

 

 

 

 -component  due to  surface current 

 

 

 

 

 

where 

 

 

For ; 
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Similarly, 

 

 

Hence,  

 

 

 

 

Summary: 

 

The components for far-zone electric fields are summarized here as: 
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where 
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Here,  is constant and other terms are carrying their usual meaning. 

Therefore, the far-zone electric field at point  can be expressed as [16]: 

 

 

 

 

where 

 

 

 

 

Here, all terms are carrying their usual meaning. 

 

3.2.4    Input Impedance 

 

The conventional concept of „filamentary current model‟ is used here to 

evaluate the input impedance of a probe fed ETMA. The current is modeled as a 

one dimensional uniform current ribbon having effective width  along  axis 

as: 
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where 

 

 

 

The RF voltage  is evaluated at the feed point  and the 

input impedance is then calculated as [13]: 

 

 

 

where  and  is effective loss tangent where  is 

total quality factor. 

 

3.2.5    Radiated Power, Quality factor, Efficiency and Gain 

 

For efficient evaluation of the input impedance of an ETMA, we have to 

evaluate the quality factor (Q-factor) accurately. The total Q-factor is 

evaluated as [12-15]: 

 

 

 

where  is the total energy stored in the patch at resonance ,  and  are 

conductor loss and dielectric loss respectively and  is radiated power. These 

quantities are evaluated using standard procedures as [12-15]: 
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Here  and  are efficiency, surface resistivity, resonant frequency 

and loss tangent of the substrate respectively and other symbols are carrying 

their usual meaning. The effect of surface wave (

 and  [163]) is neglected here as 

the 1st higher order mode i.e.  mode shows much higher frequency than our 

investigated operating frequency range. 

 

3.3    Results 

 

In this section, theoretical results on resonant frequency, far-field 

patterns, input impedance, etc. are discussed for various  modes. 

Theoretical results are verified against experimental data as reported in [6, 15, 

58]. MATLABTM [164] routines are written for numerical implementation. 

 

3.3.1    Resonant Frequency 

 

The resonant frequency is calculated using effective length  of the 

ETMA as shown in Table 3.2. Slight modification in the effective length  is 

able to predict the resonant frequency with an error of 1.5% only. 
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Table 3.2 

Experimental validation of resonant frequency  

 

Sl No Mode 
Resonant Frequency (GHz) Error (%) 

Mea. [6] Theory [6] Our Theory [6] Our 

1  1.280 1.2989 1.2928 1.4799 0.99954 

2  2.242 2.2498 2.2392 0.34949 -0.12555 

3  2.550 2.5979 2.5856 1.8779 1.3956 

4  3.400 3.4367 3.4204 1.0788 0.60035 

5  3.824 3.8968 3.8784 1.9045 1.4221 

 

 

3.3.2    Input Impedance 

 

The knowledge of input impedance is very important for designing an 

antenna. The coaxial probe is modeled here as uniform current ribbon of 

effective width  along x axis. The value of  is considered equal to 6mm as 

found in [6].  

 It is important to discuss the effect of total Q-factor  on the input 

impedance characteristics. Accurate computation of  plays an important role 

to predict the input impedance accurately. If  changes for fixed value of  and 

, the magnitude of the input impedance changes. Typical results are shown 

for  mode in Fig. 3.4. This type of variation is found in all other modes 

also. 

The experimental values of  for  and  modes are 122, 72 

and 99 respectively for  and  at the resonant 

frequency [6]. Theoretical values for the same are 128.95, 74.097 and 99.969 

respectively. Theoretical and experimental [58] input impedance variations with 

frequency of an ETMA having  and  are 

shown in Fig. 3.5 for first five modes. 
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From Fig. 3.5, it is found that the variation of the input impedance with 

frequency for  is in close agreement for  and  modes. 

 
(a)  mode 

 

 
Fig. 3.4 Effect of Q-factor  on the input impedance characteristics at 

 mode  

 
(e)  mode 

 
Fig. 3.5 Comparison of input impedance with experimental data for 

different modes  

 

 

 
(b)  mode 

 

 
(c)  mode 

 

 
(d)  mode 
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Although the theoretical and experimental  for  mode are close to each 

other, but a significant error is observed in the real part of the input 

impedance. This type of discrepancy is also reported in [6]. 

The theory developed here using cavity model is exactly the same as 

reported in [6]. Therefore, our theoretical results are similar to [6]. One 

interesting point is observed during this work. In [6], variation of input 

impedance with frequency for  and  modes had not been reported. 

From Fig. 3.5(b) and 3.5(d), it is found that the theoretical input impedance is 

almost doubled with respect to the experimental data. It is worth mentioning 

here that these two modes (  and  modes) produce a null in the 

broadside direction as will be seen in the next section.  

 

3.3.3    Radiation Patterns 

 

A detailed description of normalized far-field radiation patterns have 

been reported in [6]. Therefore, the theoretical results on the far-field patterns 

are plotted here using the absolute value of gain (in dB) as shown in Figs. 3.6. 

From Fig. 3.6, it found that  and  modes are radiating in the 

broadside direction, whereas  and  modes show a null in the 

broadside direction. 

 

 

 

 

 

 

 

 

 

 

 

 
(a)  mode 

 

 
(b)  mode 

 

 
(c)  mode 

 

 
(d)  mode 
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Theoretical far-field radiation patterns are also compared with 

experimental data [15] for dominant  mode. It is found that the far-field 

power patterns are in good agreement with experimental data as shown in Fig. 

3.7. 

 

 

 

 

 

 

 

 

 

Fig. 3.6 Far-field E-plane (solid line) and H-plane (dashed line with circle) power patterns 

of an ETMA for different modes  
 

 

 
(e)  mode 

 

 
(f)  mode 

 

 
(g)  mode 

 

 
(h)  mode 

 

 
(i)  mode 

 

 
(j)  mode 

 

 
                            (a) E-plane                                                   (b) H-plane 

 
Fig. 3.7 Experimental validation of far-field power patterns of an ETMA for  mode 
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3.3.4    Radiated Power, Quality factor, Efficiency and Gain 

 

Radiated power in percentage  (in %), defined as  where  

is radiation Q-factor, total Q-factor , gain, bandwidth , efficiency  

etc. are also calculated using this theory. These are shown for the first five 

modes in Fig. 3.8. In Fig. 3.8, the antenna specification of the ETMA (

 and ) is kept here same as reported in [6] to show 

the correctness of our computation. It is found from Fig. 3.8 that the radiated 

power , gain  and radiation efficiency  are directly to 

proportional to the resonant frequency and increases with frequency as shown 

in Fig. 3.8(a), 3.8(c) and 3.8(e) respectively. Total Q-factor is increasing up to a 

certain value of frequency and after that it is decreasing with frequency for a 

particular mode as shown in Fig. 3.8(b). From Fig. 3.8 (d), it is found that the 

BW is decreasing up to a certain value of frequency and after that it is 

increasing with frequency as expected because BW is just inversely related to 

the total Q - factor. 

In Table 3.3, radiation characteristics of first few modes are shown 

for . Radiated power 

, radiation Q-factor , total Q-factor , BW (in %), gain (in dB), 

radiation efficiency  are shown. From Table 3.3, it is found that most of the 

higher order modes produce a higher gain compared to fundamental  

mode. 

It should be pointed here that our theoretical Q-factors,  and  as 

shown in Table 3.3 are little bit higher compared to the theoretical data as 

reported in [6]. This is due to slight modification in the calculation of effective 

length  of the ETMA. This small change can predict the resonant frequency 

with an error of 1.5%, whereas the maximum error as reported in [6] is 2% (for 

 mode). 

 

 

 



                                                   Chapter III: Equilateral Triangular Microstrip Antenna 

Sudipta Maity    59 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
(a) Variation of  (in %) with frequency 

 
(e) Variation of  with frequency 

 

 
(b) Variation  with frequency 

 

 
(c) Variation of  with frequency 

 
(d) Variation of  with frequency 

 

 
 

Fig. 3.8 Radiation characteristics of an ETMA for different modes  
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Table 3.3 

Radiation characteristics of first few modes of an ETMA 

 

Sl 
No 

Mode 
  

(GHz) 
   

 
 

Gain 
(dB) 

 

1  1.293 3.832 164 129 0.5483 6.083 78.64 

2  2.239 4.148 151.5 125.3 0.5643 3.146 82.73 

3  2.586 7.652 82.11 74.1 0.9543 4.882 90.24 

4  3.42 5.525 113.7 99.96 0.7074 9.115 87.9 

5  3.878 7.459 84.24 76.69 0.922 4.155 91.05 

6  4.478 7.609 82.57 75.57 0.9356 5.281 91.53 

7  4.661 5.268 119.3 105.3 0.6713 8.296 88.32 

8  5.171 8.07 77.86 71.83 0.9844 5.441 92.26 

9  5.635 7.742 81.15 74.76 0.9458 9.752 92.12 

10  5.924 3.29 191 159.3 0.4438 8.267 83.43 

11  6.464 7.71 81.49 75.25 0.9396 6.728 92.35 

12  6.718 8.067 77.88 72.22 0.9791 7.125 92.73 

13  6.841 7.538 83.36 76.93 0.9192 8.208 92.29 

14  7.198 6.71 93.64 85.69 0.8252 7.317 91.52 

15  7.757 7.477 84.04 77.69 0.9101 6.278 92.45 

 

 

3.4    Conclusion 

 

In this chapter, Equilateral Triangular Microstrip Antenna (ETMA) is 

investigated using the cavity model. Although the investigations on ETMA have 

been reported three decades earlier (in 1988) by K. F. Lee et al [6], we have 

derived it analytically. It will help us to investigate the other triangular shaped 

radiators viz. Triangular Microstrip Antenna (TMA) or Triangular Dielectric 

Resonator Antenna (TDRA).  

 

From this investigation, it is found that: 

 

  and  modes produce a peak in the broadside direction 

  and  modes produce a null in the broadside direction 

 Input impedance characteristics are in good agreement with 

experimental data for  and  modes 
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 The theoretical magnitude of the input impedance is almost double 

compared to experimental data for  and  modes. These two 

modes produce null in the broadside direction. 

 Most of the higher order modes produce a higher gain compared to 

fundamental  mode. 
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Chapter IV 

30°–60°–90° Triangular Microstrip Antenna 

 

4.1    Introduction 

 

In Chapter III, Equilateral Triangular Microstrip Antenna (ETMA) is 

investigated. If we divide the ETMA along its median, we will get two identical 

30°–60°–90° Triangular Microstrip Antennas (TMA). Literature survey shows 

that researchers have focused to compute the resonant frequencies for different 

modes of a 30°–60°–90° TMA [155]. Input impedance of 30°–60°–90° TMA has 

also been reported for fundamental mode only [152]. Radiation characteristics 

of a 30°–60°–90° TMA has not been reported so far.  

In this chapter, 30°–60°–90° TMA is investigated analytically using cavity 

model [12-15]. Modal analysis is performed for  mode of a probe fed 30°–

60°–90° TMA. For theoretical investigation, the coaxial probe is modeled in 

three different ways:  

 

I. One dimensional (1D) uniform ribbon along  direction 

II. One dimensional (1D) uniform ribbon along  direction 

III. Two dimensional (2D) rectangular shaped sheet. 

 

Closed form expressions are given here for predicting the far-field radiation 

patterns of a 30°–60°–90° TMA. Input impedance, Q-factor, radiated powers (in 

%), Gain (G), Band Width (BW) etc. are investigated. Theoretical results are 

verified with experimental data. 

The study of 30°–60°–90° TMA is very important to design a compact 

antenna with respect to conventional regular shaped MAs. At fundamental 

mode of operation around 2.6GHz, the rectangular, circular, annular ring, 

semi-circular and equilateral triangular MAs take almost 3.6, 3.2, 2.5, 1.6 and 

2 times area compared to 30°–60°–90° TMA respectively where all antennas 
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have been excited using a 50Ω coaxial-probe [151, Table 2.13].  Further, Study 

of 30°–60°–90° TMA is very important compared to the above mentioned MAs 

from far-field radiation point of view. It is found that the first 9 modes of the 

30°–60°–90° TMA shows a peak in the broadside direction as discussed in this 

chapter. 

It should be pointed here that we have reported most of this works in 

[165-166] during our dissertational research.  First five modes are discussed in 

those papers. Therefore, in this chapter, we will discuss the radiation 

characteristics of first 10 modes for  mode of a probe fed 30°–60°–90° 

TMA. 

 

4.2    Theory 

 

In this section, 30°–60°–90° TMA is investigated analytically using 

conventional cavity model [12-15]. In Fig. 4.1, the antenna geometry is shown 

in the standard Cartesian coordinate system. 

Base (AB) length of the 30°–60°–90° TMA is  

and the probe is placed at  point. The 

antenna is placed on a grounded substrate 

whose thickness  is small compared to the 

operating wavelength. Eigenfunctions, 

eigenvalues, far-field radiation patterns, 

input impedance, Q-factor, gain, bandwidth etc. are investigated. One antenna 

prototype is fabricated for experimental validation. 

 

4.2.1    Eigenfunctions 

 

The conventional cavity model is used to investigate the 30°–60°–90° 

TMA which support  mode only. Assuming no variation along  direction 

(thin substrate i.e. thickness of substrate  is much less than operating 

wavelength) as shown in Fig. 4.1, the eigenfunctions  will be a function of x-

 
Fig. 4.1 Geometry of 30°–60°–90°TMA 
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y coordinate only. To predict the approximate solution for eigenfunctions  

of 30°–60°–90° TMA for  mode, the concept of duality is applied as found 

for equilateral triangular resonator in [25, 27]. The eigenfunctions  for  

mode with electric boundary condition i.e. Dirichlet boundary condition  

is equivalent to the eigenfunctions for  mode with magnetic boundary 

condition i.e. Neumann boundary condition . For, example [4, 16, 

24], a waveguide (metallic or dielectric) is placed in the x-y-z coordinate system 

such that  and it is infinitely long along the z-direction. If 

the waveguide is bounded in the x-y direction by metals, the boundary 

conditions will be a Dirichlet boundary condition ( ). Applying this 

condition for  mode, one can easily obtain 

 

 

 

Here, all terms are carrying their usual meaning. In case of dielectric 

waveguide, the boundary conditions will be a Neumann boundary 

condition . Applying this condition for  mode, we obtain 

 

 

 

Hence, the eigenfunctions  of 30°–60°–90° triangular resonator having 

Perfect Magnetic Conductor (PMC) for  mode can be found by duality from 

 mode of 30°–60°–90° triangular waveguide with the Perfect Electric 

Conductor (PEC) and is given by [52, 153-154]: 

 

 

 

 

where  are mode indices such that . Hence, the internal field 

for  mode due to probe excitation  is given by: 
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The complete internal field configuration is 

 

 

 

 

 

 

The contour of electric field on the antenna surface is shown in Fig. 4.2 

for first 10 modes of a 30°–60°–90° TMA having   and 

 at their modal frequency.  The same antenna is simulated using 3D 

EM simulator HFSS [9]. Coaxial probe is placed in different positions to excite 

the 30°–60°–90° TMA. Simulated magnitudes of the total electric field on the 

antenna surface are also shown in Fig. 4.2. It is found that the magnitude 

distribution of the electric field on the patch surface is not dependent on the 

probe position but that alone determines the mode of operation. It is clear from 

Fig. 4.2 that the approximate solution for the eigenfunctions  as given 

by equation (4.3) is the required eigenfunctions of the 30°–60°–90° TMA with 

magnetic wall for  modes.  
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4.2.2    Resonant Frequency 

 

The eigenvalues for a 30°–60°–90° TMA are given by [52, 153-154]: 

 

 

 

The resonant frequency can be found using 

 
                               (a)  mode                                                    (b)  mode                                               

 
                                 (c)  mode                                                     (d)  mode                                

 

 
                                (e)   mode                                                   (f)   mode                            

 

 
                                (g)  mode                                                   (h)  mode                                

 

 
                                 (i)   mode                                                 (j)  mode                           

Fig. 4.2 Normalized field for different  modes  

Right : Plot of magnitude of the electric field on the patch surface using HFSS 

Left : contour plot of eigenfunctions  
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where c is the velocity of light in free space and  is the relative permittivity of 

substrate. For fixed values of , the eigenvalues for the first 20 modes of 30°–

60°–90° TMA are shown in Table 4.1. 

 

Table 4.1 

Resonant frequencies for first 20 modes of a 30°–60°–90° TMA 

 

Sl No Mode 
Resonant  
Frequency 

(GHz) 

 

Sl No Mode 
Resonant  
Frequency 

(GHz) 

1  1.0950 11  5.4749 

2  1.8966 12  5.6897 

3  2.1900 13  5.7941 

4  2.8970 14  6.0966 

5  3.2849 15  6.6605 

6  3.7931 16  6.8381 

7  3.9480 17  7.5862 

8  4.3799 18  7.6648 

9  4.7729 19  8.5520 

10  5.0178 20  9.4828 

 

To account the effect of fringing, the effective side length  of the 30°–

60°–90° TMA  is [27]: 

 

 

 

4.2.3    Feed Model 

 

Proper feed modeling plays an important role to predict the input 

impedance characteristics of an antenna. Literature survey shows that the 

coaxial probe feed has been modelled as either 1D uniform current ribbon [6] 

or 2D rectangular shaped strip [13]. There is no comparative study between the 

effects of 1D and 2D feed modeling. In this work, feed  is modeled in three 
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different ways: 

 

I. Uniform current ribbon of effective width  along  direction  [6], 

II. Uniform current ribbon of effective width  along  direction  and  

III. Two dimensional rectangular shaped strip  of effective area  

[13] 

 

These three definitions for the feed can be expressed as: 

 

I.  

 

 

II.  

 

 

III.  

 

 

A comparative study is performed here for the first time between all three types 

of feed modeling to understand the effect of different definitions.  

 

4.2.4    Far-Field Radiation Patterns 

 

To predict the far-field radiation patterns of a 30°–60°–90° TMA, 

magnetic surface current  model is used [6, 12-15,162]. Magnetic surface 

current  is evaluated along its periphery AC, BC and AB sides as 
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The evaluation of far-zone electric fields is exactly similar to as shown for 

equilateral TMA in Chapter III and is not repeated here for the sake of brevity. 

The far-zone electric fields at point  can be expressed as: 

 

 

 

 

 

where 
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Here,  is modal amplitude of a particular mode and other terms are 

carrying their usual meaning.  

 

4.2.5    Input Impedance 

 

Evaluation of the input impedance  is straight forward as given in 

[13]. The RF voltage  at the feed point  is evaluated as: 

 

 

 

Therefore, the input impedance becomes: 

 

 

 

Here, , and is effective loss tangent, is total 

quality factor. Therefore, accurate evaluation of  will 

play a vital role to predict the input impedance. 

In this dissertation, the feed  is modeled in three different ways as  

and  as given by equations (4.11a) - (4.11c). The inner product  
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between the feed  and the eigenfunctions  can be expressed as: 

 

Case I:  

 

 

 

 

 

Case II:  

 

 

 

 

 

Case III:  

 

 

 

 

 

where  

 

4.2.6    Radiated Power, Quality factor, Efficiency and Gain 

 

Radiated power in percentage  which is defined as  

where  is the radiation quality factor, dielectric loss , conductor loss , 
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radiation loss ), total stored energy , bandwidth , efficiency , 

directivity , gain  etc. are also calculated using standard procedure as 

found [12-15] or as calculated for equilateral TMA in Chapter III. The effect of 

surface wave loss is neglected here. Therefore, the total quality factor  is 

defined as: 

 

 

 

4.3    Results 

 

In this section, theoretical results on resonant frequency, far-field 

patterns, input impedance, etc. are discussed for various  modes. One 

antenna prototype having  and  

is fabricated in our laboratory for experimental validation as shown in Fig. 4.3. 

The antenna is excited using standard 50Ω 

co-axial probe whose inner conductor radius 

is 0.63mm. The same is also simulated using 

FEM based numerical EM simulator HFSS [9] 

or MoM based commercial software IE3D [8]. 

The results are verified with experimental 

data and/or data obtained using an EM 

simulator.  

 

4.3.1    Resonant Frequency 

 

In this section, theoretical resonant frequencies are compared with our 

own experimental data. Some experimental data are also collected from [48]. In 

[48], five antenna geometries have been excited at their fundamental  

mode. In our case, we have successfully excited fist five modes as shown in 

Table 4.2. It is found that our experimental data show excellent agreement with 

theoretically computed resonant frequency compared to [48]. This may be due 

 
Fig. 4.3 Photograph of fabricated antenna 
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to manual collection of experimental data from earlier network analyzer in 

1983. From Table 4.2, it is found that the maximum absolute error between 

the theoretical  and our measured  resonant frequency is 0.37%. 

 

Table 4.2 

Experimental validation of resonant frequency for   modes 

Antenna 
a 

(mm) 
Mode 

 

Res. Freq. (GHz) Error 
(%)   

d = 0.76mm, 

  = 2.34,  

=0.0018 
[48] 

62.354  1.722 1.811 5.19 

60.622  1.765 1.863 5.56 

56.292  1.882 2.006 6.59 

51.962  2.046 2.173 6.20 

47.631  2.204 2.37 7.53 

d = 0.762mm, 

  = 2.5, 

 =0.0035  
(our) 

100  1.093 1.094 0.06 

100  1.891 1.894 0.17 

100  2.181 2.187 0.29 

100  2.904 2.894 -0.36 

100  3.269 3.281 0.37 

 

 

4.3.2    Radiation Patterns 

 

Power patterns for various modes are calculated for different feed 

modeling ( ). For a particular mode, it is found that  and  

give non-distinguishable power patterns. For example, typical radiation 

patterns with gain (dB) for  and  modes are shown in Figs. 4.4. 

Therefore, the nature of radiation patterns for various modes is discussed for  

excitation only. 

 

 

 

 

 

 

 

 

 
(a) E-plane (left) and H-plane (right) patterns for  mode 



Chapter IV:    30°–60°–90° Triangular Microstrip Antenna 

 

Sudipta Maity   75 
 

 

 

 

 

 

 

 

 

 

 

It should be pointed here that the comparison between  and  on 

far-field radiation patterns are shown in our paper [166] for  mode which 

is published as  mode. This is a typographical error for which erratum has 

been communicated to the publishers. 

Far-field E-plane  and H-plane   power patterns of a 

30°–60°–90° TMA having  

are shown in Fig. 4.5 with absolute gain for first 10 modes. Antenna 

parameters are kept similar to equilateral TMA (side length = 100mm) for 

comparison purpose. It is found from Fig. 4.5 that first nine modes of a 30°–

60°–90° TMA shows a peak in the broadside direction. Slight dip is observed in 

the broadside direction for  mode.  mode is the first mode which 

shows null in the broadside direction. Therefore, 30°–60°–90° TMA shows more 

number of broadside modes than equilateral TMA. 

 

 

 

 

 

 

 

 

 
(b) E-plane (left) and H-plane (right) patterns for  mode 

Fig. 4.4 Comparison of far-field power patterns for different feed:  (solid line),  (triangle) 

and  (circle)  

 
(a)  mode 

 

 
(b)  mode 
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For experimental validation, theoretical results are compared with 

experimental data as shown in Fig. 4.6. In Fig. 4.6, Numerical Integration (NI) 

using the inbuilt functions (syms, matlabFunction, quad2d etc.) of MATLABTM is 

also performed to evaluate far-zone electric field to show the correctness of our 

theory. Data obtained using EM simulator HFSS [9] and IE3D [8] are also 

shown in Fig. 4.6. It is found that our theoretical results on far-field radiation 

patterns are in close agreement with experimental data and/or data obtained 

using an EM simulator. 

Fig. 4.5 Theoretical E-plane (solid line) and H-plane (dashed line) power patterns for 

various  modes (a = 86.603mm, h = 1.59mm,  = 2.32 and =0.0005) 

 

 

 
(c)  mode 

 

 
(d)  mode 

 

 
(e)  mode 

 

 
(f)  mode 

 

 
(g)  mode 

 

 
(h)  mode 

 

 
(i)  mode 

 

 
(j)  mode 
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(a) E-plane (left) and H-plane (right) power patterns for TM10 mode 

 
(c) E-plane (left) and H-plane (right) power patterns for TM20 mode 

 

 
(b) E-plane (left) and H-plane (right) power patterns for TM11 mode 

 

 

 
(e) E-plane (left) and H-plane (right) power patterns for TM30 mode 

Fig. 4.6 Experimental validation of power patterns for various  modes  

 

 
(d) E-plane (left) and H-plane (right) power patterns for TM21 mode 
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4.3.3    Input Impedance 

 

Input impedance characteristics for three different types of feed 

modeling are depicted in Fig. 4.7. It is found from Fig. 4.7 that all types of feed 

modeling show almost same  with reasonable value of  and/or  for a 

particular mode. In [6], it is clearly mentioned that the effective length of 

uniform current ribbon has been considered equal to 6mm to get agreement 

with experimental data.   But, it is found that the effect of  and/or  on the 

input impedance profile is negligible and it is very difficult to differentiate those 

curves from each other.  and  show almost same results as shown in 

Fig. 4.8. One can choose  and/or  as small as 0.1mm or as high as 10mm. 

Hence it is concluded that cavity model analysis of 30°–60°–90° TMA will give 

same results both for one dimensional and/or two dimensional feed modeling. 

It should be pointed here that for some impractical values of  and/or  say 

for example 30mm, there is a possibility to have little differences of input 

impedance computed for different feed modeling. In such cases, the effective 

length of feed width will be comparable to patch dimensions and will not be 

considered. 

 

 

 

 

 

 

 

 

Theoretical results on input impedance are compared with experimental 

data for first five broadside modes are shown in Fig. 4.9 for 

 and . Measured quality 

factor  as discussed in next sub-section is used to calculate the input 

impedance for various modes. For better clarity and resolution, results are 

 
Fig 4.7 Input impedance of  mode for 

different feed 

  

 

 

 
Fig 4.8 Variation of input impedance with different feed 

dimensions at  mode 

 are in mm. 
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shown only for . It is found that theoretical results are in good agreement 

with experimental data. It is quite obvious to have a little discrepancy between 

theoretical and experimental results because many factors are not considered 

in cavity model analysis. This type of discrepancy in input impedance of an 

equilateral TMA is also noticeable for  and  modes [6, Figs. 12-

13]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
(a) Input impedance for TM10 mode (

) 

 
(e) Input impedance for TM30 mode ( ) 

Fig. 4.9 Experimental validation of input impedance for different  modes 

  

 
(b) Input impedance for TM11 mode (

) 

 
(c) Input impedance for TM20 mode (

) 

 
(d) Input impedance for TM21 mode (

) 
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Variation of input resistance (max) with feed location is of interest to 

excite single or multiple modes. A typical point D ( ) is assumed on AC 

(please see Fig. 4.1) and the variations of input resistance with different feed 

positions along DB path for first five broadside modes are investigated. Typical 

plot is shown in Fig. 4.10 for . 

 

 

 

 

 

 

 

 

 

From Fig. 4.10, one can easily find a probe location to excite all five modes. For 

example, if the feed is placed at  on DB line (  = 1mm) we 

obtain  = 100, 105, 57, 73 and 69  for  and  

modes respectively. It should be noted here that equilateral TMA shows three 

broadside radiating modes  among first five modes with 

reasonable input resistance (50-100Ω) [6]. This broadside radiation 

characteristic can make 30°–60°–90° TMA more attractive compared to 

equilateral TMA. 

 

4.3.4    Radiated Power, Quality factor, Efficiency and Gain 

 

In this section, radiated power in percentage  which is evaluated as 

 where  is radiation Q-factor, total Q-factor , bandwidth 

, gain  etc. are discussed. It is important to have a knowledge on total 

quality factor ( ) and  to design an antenna as an efficient radiator. Due 

to different excitations, modal amplitudes differ for a particular mode. It is 

found that the intermediate data such as  etc may vary but the 

 
Fig 4.10 Variation of maximum input resistance with feed location 
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concerned final results i.e. ,  etc are not distinguishable 

as expected. Typical results are shown in Table 4.3 for  and  modes.  

A closer look reveals that the final quantities (please see equations 3.31 – 3.40 

in Chapter III) are independent of modal amplitudes. The final quantities are 

obtained after normalization with respect to modal amplitude of  because 

other two components of electric field i.e.  and  are equal to zero in cavity 

model analysis [12-15]. Further, the effect of feed position on Q-factor is also 

very small [6]. 

 

Table 4.3 

Comparison of various quantities for different feed modeling 

 

Mode J 

Intermediate Parameter Final Parameter 

    
 

(%) 
(%)   BW 

 
(dB) 

 

 0.000423 4.39E+04 5259 3011 4.576 84.13 137.3 115.5 0.6121 4.982 

 0.000426 4.42E+04 5300 3035 4.576 84.13 137.3 115.5 0.6121 4.982 

 0.000421 4.37E+04 5238 2999 4.576 84.13 137.3 115.5 0.6121 4.982 

 

 

 0.000354 1.49E+05 5795 4367 10.69 93.6 58.75 54.99 1.286 5.834 

 0.000352 1.48E+05 5764 4343 10.69 93.6 58.75 54.99 1.286 5.834 

 0.000345 1.45E+05 5644 4253 10.69 93.6 58.75 54.99 1.286 5.834 

 

In Table 4.4, theoretical results on total Q-factor  are compared with 

measured data . As regards the experimental data presented in [48, Table 

4] too, agreement with our theory is better than that the theory presented 

therein. From Table 4.4, it is clear that the theoretical total Q-factors  are 

in excellent agreement with our measurements   whereas significant error 

is observed while comparing with measured data as presented in [48, Table 4]. 

This may be due to manual collection of data (possibly, from analog system) in 

1983 [48]. 

Variations of  and  with resonant frequency for first 

five modes are shown in Figs. 4.11 for  only. In Table 4.5, radiation 

characteristics of first 15 modes are shown for 

 and . The base length of the 30°–60°–90° TMA is kept equal 
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to the median of an equilateral TMA having side length 100mm for comparison 

purpose. From Table 4.5, it is found that suitable higher order modes can 

produce higher gain compared to fundamental  mode. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
(a)Variation of  with frequency 

 
Fig. 4.11 Radiation characteristics of 30°–60°–90° TMA  

 

 
(b)Variation of  with frequency 

 

 
(c)Variation of  with frequency 

 
(d)Variation of  with frequency 

 

 
(e)Variation of  with frequency 

 
(f)Variation of  with frequency 
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Table 4.4 

Comparison of total Q-factor for  modes 

Antenna a (mm) Mode Mea.  Theo.  Error (%) 

d = 0.76mm, 

  = 2.34,  

=0.0018 
[48] 

62.354  133.2 172 29.1 

60.622  126.07 171 35.6 

56.292  125.47 169 34.7 

51.962  120.35 166 37.9 

47.631  116 162 39.6 

d = 0.762mm, 

  = 2.5, 

 =0.0035  
(our) 

100  136 137.8 1.32 

100  126 124.9 -0.009 

100  109 110.9 1.74 

100  111.7 112.9 1.07 

100  93.4 92.7 -0.007 

 

Table 4.5 

Characteristics of first 15 modes of a 30°–60°–90° TMA 

 

Sl 
No 

Mode  (GHz)      (dB)  

1  1.134 1.929 325.8 208.1 0.3397 5.093 63.89 

2  1.964 3.98 157.9 128.6 0.5496 4.85 81.5 

3  2.267 6.733 93.32 82.72 0.8548 5.983 88.64 

4  2.999 5.883 106.8 94.15 0.751 6.524 88.15 

5  3.401 9.197 68.32 63.09 1.121 5.795 92.35 

6  3.927 9.16 68.59 63.52 1.113 7.009 92.61 

7  4.088 7.089 88.63 80.43 0.8792 5.854 90.75 

8  4.535 11.1 56.61 53.24 1.328 6.903 94.05 

9  4.942 8.11 77.47 71.43 0.9899 7.223 92.2 

10  5.195 7.651 82.13 75.45 0.9371 6.85 91.88 

11  5.669 12.13 51.78 49.1 1.44 7.579 94.83 

12  5.891 11.61 54.14 51.25 1.38 8.332 94.66 

13  5.999 8.551 73.48 68.28 1.036 7.912 92.92 

14  6.312 8.747 71.83 66.91 1.057 7.811 93.15 

15  6.802 11.49 54.69 51.84 1.364 8.187 94.79 

 

 

4.4    Conclusion 

 

In this chapter, theoretical investigations on 30°–60°–90° Triangular 

Microstrip Antenna (TMA) is presented using the cavity model. Modal analysis 
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is performed for  mode of a probe fed 30°–60°–90° TMA. Coaxial probe is 

modeled here in three different ways to study its input impedance 

characteristics. It is found that all three definitions for feed modeling are able 

to predict almost indistinguishable characteristics. From this theoretical 

investigation, it is found that: 

 

 For a given resonant frequency, 30°–60°–90° TMA takes half area 

compared to equilateral TMA 

 First 9 modes produce a peak in the broadside direction 

  mode is the first mode which produces a null in the broadside 

direction 

 It is possible to excite first five modes for a reasonable value of input 

impedance using single coaxial probe. This feature can efficiently be 

utilized to design a penta-band antenna using 30°–60°–90° TMA. 
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Chapter V 

45°–45°–90° Triangular Microstrip Antenna 

 

5.1    Introduction 

 

Theoretical investigations on Equilateral Triangular Microstrip Antenna 

(ETMA) and 30°–60°–90° Triangular Microstrip Antennas (TMA) are presented 

in the last two chapters using ‘Cavity Model’. Besides these two triangular 

shaped antennas, isosceles 45°–45°–90° triangular shaped Microstrip Antenna 

(MA) has also been reported in which only resonant frequency has been 

computed for various modes only [149]. The Green’s function of the isosceles 

45°–45°–90° TMA has been reported for segmentation technique [40]. Input 

impedance has been calculated for fundamental  mode only [145]. Modal 

analysis of isosceles 45°–45°–90° TMA has not been reported so far. Therefore, 

we take this opportunity to investigate the isosceles 45°–45°–90° TMA using the 

cavity model. 

It is found that the isosceles 45°–45°–90° TMA takes just half area 

compared to square MA for a given resonant frequency. Further, isosceles 45°–

45°–90° TMA can be used as a triple band antenna as shown in section 5.3. 

In this chapter, characteristics of 45°–45°–90° Triangular Microstrip 

Antenna (TMA) is presented. Modal analysis is performed for  modes of a 

probe fed 45°–45°–90° TMA using cavity model [12-15] for the first time. As the 

thickness of the substrate (say, along  direction) is much less than the 

operating wavelength, the standing wave field variation can be assumed 

constant along the thickness of the substrate  This physical 

phenomenon is proved in this chapter mathematically. Approximate solution 

for the eigenfunctions  is given here. Closed form expressions for 

far-field radiation patterns are given here for isosceles 45°–45°–90° TMA. Input 

impedance, Q-factor, radiated power, gain, bandwidth, etc. are investigated and 
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are presented in a systematic way. Theoretical results are verified with 

experimental data.  

 

5.2    Theory 

 

In this section, isosceles 45°–45°–90° TMA is investigated analytically 

using conventional cavity model [12-15]. In Fig. 5.1, the antenna geometry of 

the isosceles 45°–45°–90° TMA is shown in the rectangular coordinate system 

where the antenna is placed along the x-y surface. The antenna is aligned along 

the z-axis. Base (AB) length of the isosceles 45°–45°–90° TMA is  and the 

probe is placed at  point. Eigenfunctions, eigenvalues, far-field radiation 

patterns, input impedance etc. are investigated.  

 

 

 

 

 

 

 

 

5.2.1    Eigenfunctions 

 

The conventional cavity model is used to investigate the isosceles 45°–

45°–90° TMA. To predict the approximate solution for eigenfunctions  of 

isosceles 45°–45°–90° TMA for  modes, the antenna is assumed as a 

cavity whose rectangular side walls (AC, AB and BC) are Perfect Magnetic 

Conductors (PMC) and the top and bottom surfaces are Perfect Electric 

Conductors (PEC). Due to the existence of one inclined plane (AC side as shown 

in Fig. 5.1), the eigenfunction is expressed first as: 

 

 

 

where 

 
Fig. 5.1 Geometry of isosceles 45°–45°–90° TMA 
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To obtain the  function, we follow the procedure here given by W. R. 

Smythe in 1939 [168]. According to W. R. Smyth, the superposition of two 

square wave-guide fields will produce the field of an isosceles right-triangular 

guide with the same cutoff frequency. Therefore, we can write:  

 

 

 

 

Now, PMC is applied along the periphery of the isosceles right TMA. It is found 

that: 

 

 

 

To satisfy the remaining boundary conditions  along  plane, we 

decompose the normal components  into  and  components as: 

 

 

 

 

 

Hence, 

 

 

 

Computing  
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Hence, 

 

 

 

Now, 

 

 

 

 

Therefore,  can be expressed as: 

 

 

 

where  

 

Now, the antenna is excited using a -directed coaxial probe. The  component 

will satisfy the inhomogeneous wave equation whose solution can be expressed 

as: 

 

 

 

In next sub-section, it is shown that the third modal index  takes the 

value equal to 1 for very high order modes (357th mode for 

) which may not be excited practically using conventional 

feeding mechanism for thin substrate. Therefore, we will discuss the  

modes with  which means that there is no variation of fields along the 
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height of the substrate. This is equivalent to assume  for thin substrate 

as reported earlier by Y. T. Lo et al [11]. The eigenfunctions with  can be 

written as: 

 

 

 

The complete internal field configuration is 

 

 

 

 

 

 

Here,  is modal amplitude and other terms are carrying their usual 

meaning. In Fig. 5.2, internal magnetic field distributions are shown for some 

modes. Three sides AC, AB and BC are also shown to define the triangular 

region. The magnitude of the magnetic field is first normalized and then is 

calculated in dB. 

 

5.2.2    Resonant Frequency 

 

The resonant frequencies for arbitrary  modes of the 45°–45°–90° 

TMA can easily be evaluated from separation equation 

 as: 

 

 

where  is the velocity of light in free space and  is the relative permittivity of 

substrate. For fixed values of , the resonant frequencies are computed for 

various modes as shown in Table 5.1. It should be pointed here that  takes 

same expression for square MA as found for 45°–45°–90° TMA. Therefore, 45°–
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45°–90° TMA takes just half area compared to square MA for a given resonant 

frequency. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In Table 5.1, resonant frequency for first 25 modes are shown for 

. It is found that the third modal index  takes 

a value equal to 1 first for the 357th mode. Practical excitation of such super 

Fig. 5.2 Internal magnetic field distribution (in dB) for some modes   

 
(a)  

 
(b)  

 
(c)  

 
(d)  

 
(e)  

 
(f)  
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high order mode is quite impossible using conventional thin substrate. Thicker 

substrates may be used to excite modes with . In that case, the antenna 

will act as a metal loaded Dielectric Resonator Antenna (DRA). Investigations 

on DRA (rectangular and triangular shaped DRAs) are presented in Chapters 

VII to XI. Therefore, we will focus here on various modes with  of 

microstrip patch antennas. It is also found that use of thinner substrate will 

shift that mode (with ) to upward direction. For example, an isosceles 45°–

45°–90° TMA having  will produce the first 

mode with  at 1100th position (

 ). As the excitation of higher order modes with  is quite 

impossible in practice for Microstrip Antenna (MA), the mode will be termed as 

 instead of . If not mentioned, it is assumed that the third modal 

index  is equal to zero. 

 

Table 5.1 

Resonant frequencies for various modes of a 45°–45°–90° TMA 

 

Sl No Mode 
Resonant 
Frequency 

(GHz) 

 

Sl No Mode 
Resonant 
Frequency 

(GHz) 

1  0.9844 16  5.3010 

2  1.3921 17  5.5685 

3  1.9688 18  5.7399 

4  2.2011 19  5.9063 

5  2.7842 20  5.9877 

6  2.9531 21  6.2257 

7  3.1129 22  6.3031 

8  3.5492 23  6.6034 

9  3.9375 24  6.8906 

10  4.0587 25  6.9606 

11  4.1764 Modes having  

12  4.4023 355  30.894 

13  4.9219 356  30.910 

14  4.9219 357  30.971 

15  5.0194 358  30.987 
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It should be pointed here that Prof. C. A. Balanis has investigated the 

rectangular MA using 3D cavity model in [162]. But, image theory has not been 

applied to remove the ground plane. Therefore, the half wave number along the 

height of the patch antenna will be double compared to our theory. As the 

investigated mode has a third modal index equal to zero , the half wave 

number along the height does not play any role in the prediction of antenna 

characteristics. Further, no comment is made there on the occurrence of higher 

order mode with . In this dissertation, the physical phenomenon of 

microstrip patch antenna  is explained with mathematical proof. 

To account the effect of fringing, the effective side length  of the 

isosceles 45°–45°–90° TMA [12, 14, 27] is expressed as: 

 

 

 

 

5.2.3    Feed Model 

 

Proper feed modeling plays an important role to predict the input 

impedance characteristics of an antenna. In case of 30°–60°–90° TMA (please 

see Chapter IV), we have presented an extensive investigations on feed 

modeling for cavity model analysis of a microstrip antenna. In case of isosceles 

45°–45°–90° TMA, feed  is modeled in four different ways: 

 

I. Uniform current ribbon of effective width  along  direction  [6], 

II. Uniform current ribbon of effective width  along  direction  and  

III. Two dimensional rectangular shaped strip  of effective area  

[13] 

IV. Delta function along x-y coordinates  

 

These four definitions are expressed as: 

 

I.  
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II.  

 

 

III.  

 

 

IV.  

 

where  is magnitude of current and   for . A comparative 

study is performed here for these four types of feed modeling to understand the 

effect of feed on the performance of a TMA.  

 

5.2.4    Far-Field Radiation Patterns 

 

To predict the far-field radiation patterns of an isosceles 45°–45°–90° 

TMA, magnetic surface current  model is used [6, 11-15, 162]. 

Magnetic surface current  is evaluated along its periphery AC, BC and AB 

sides. The steps are similar to those as done for equilateral and 30°–60°–90° 

TMA. Therefore, we will not present the time consuming steps for brevity. The 

far-zone electric field at point  can be expressed as: 

 

 

 

 

where 
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Here,  is modal amplitude of a particular mode and other terms are 

carrying their usual meaning.  

 

5.2.5    Input Impedance 

 

To find the input impedance, the RF voltage  at the feed point  

is evaluated as [13]: 
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Therefore, the input impedance becomes: 

 

 

where 

 

 

 

and  is effective loss tangent, defined as  Here  is total quality 

factor. 

 

5.2.6    Radiated Power, Quality factor, Efficiency and Gain 

 

Evaluation of radiated power in percentage which is defined 

as  where  is the radiation quality factor [15], conductor loss 

, dielectric loss , radiation loss ), total stored energy , directivity 

, efficiency , gain , bandwidth   are evaluated using standard 

procedure as found in [12-15] or as calculated for equilateral TMA in Chapter 

III to find the radiation characteristics of the isosceles 45°–45°–90° TMA. The 

effect of surface wave loss is neglected here. Therefore, the total quality factor 

 is defined as: 

 

 

 

5.3    Results 

 

In this section, theoretical results on resonant frequency, far-field 

patterns, input impedance, etc. are discussed for various  modes. One 

antenna prototype having  and  

is fabricated in our laboratory for experimental validation. The conducting 

patch is cut manually and is pasted on the substrate using gum as shown in 

Fig. 5.3. This process is very cost effective as we can save the cost of the 

chemicals to fabricate a microstrip antenna using the etching procedure. The 
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same substrate can be re-utilized to make 

another microstrip antenna. Further, we can 

make an antenna prototype within few minutes 

manually. The antenna is excited using 

standard 50Ω co-axial probe whose inner 

conductor radius is 0.63mm. The same is also 

simulated using commercially available FEM 

based numerical 3D EM simulator, HFSS [9]. 

The results are verified with experimental data 

and/or data obtained using an EM simulator.  

 
 

5.3.1    Resonant Frequency 

 

In this section, theoretical resonant frequencies are compared with our 

own experimental data. We have successfully excited fist seven modes. 

Different modes are identified by observing their internal field distribution. The 

resonant frequencies are computed using  and  as shown in Table 

5.2. It is found from Table 5.2, that our theory can predict the resonant 

frequency with an accuracy of less than 1%. 

 

5.3.2    Radiation Patterns 

 

For theoretical investigations on 45°–45°–90° TMA, we have modeled the 

feed current in four different ways. For a particular mode, it is found that 

 and  give exactly same far-field radiation patterns and these are 

non-distinguishable from each other ( ). For example, typical 

radiation patterns with gain (dB) for  and  modes are shown in Fig. 

5.4. Therefore, the far-field radiation patterns for various modes are discussed 

for  excitation only as it does not process any single or double integration in 

the evaluation of . In case of other simple definitions , far-

 

 

 
Fig. 5.3 Photograph of fabricated 

antenna 
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field radiation patterns do not vary with  and/or  as found earlier for 30°–

60°–90° TMA. This is shown in shown in Fig. 5.5 for  modes. 

 

Table 5.2 

Experimental validation of resonant frequency for  modes 

 

Mode 

Resonant Freq. (GHz) Error (%) 

Exp. 
 

 

 

 
  

 1.329 1.3547 1.3402 1.9324 0.8412 

 1.893 1.9158 1.8953 1.205 0.1215 

 2.683 2.7094 2.6804 0.9826 -0.0984 

 2.971 3.0292 2.9967 1.9576 0.8661 

 3.769 3.8316 3.7906 1.6614 0.5731 

 3.984 4.064 4.0205 2.0092 0.9171 

 4.221 4.2839 4.238 1.4897 0.4032 

 

 

 

 

 

 

 

 

 

 

Far-field radiation patterns of a 45°–45°–90° TMA having 

 and  are calculated using our 

analytical closed form expressions. It is found that the far-field power patterns 

at  is exactly the same as found for  plane. Therefore, it is 

important to investigate the field patterns at  and  planes as 

the polarization of an antenna is mainly investigated at those four planes. In 

Fig. 5.6, normalized field strengths are shown for first few modes. Form Fig. 

 
(a)  

 
(b)  

Fig. 5.4 Far-field power patterns with absolute gain (dB) for different feed modeling:   (in solid line),  (in 

triangle),  (in circle) and  (in square)  
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5.6, it is found that  and  both components are present at  and 

 planes whereas only one component i.e. either   or  is present at 

 plane. Further,  and  both components take an exact same value 

at  and  planes. For further investigation, magnitude and angle of  

and  components are calculated at  as shown in Table 5.3. The angular 

difference  between  and  is also shown for reference.  The angular 

difference  is either 0° or 180°. Similar observation is also found for other 

broadside radiating modes.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(i) Plot of normalized  (in solid line) and  (in dashed line) for  mode 

 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

 
(a)  

Fig. 5.5 Far-field power patterns with absolute gain (dB) for different dimensions of  and/or :  

 (in solid line),  (in star),  (in circle)  
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(ii) Plot of normalized  (in solid line) and  (in dashed line) for  mode 

 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

(iii) Plot of normalized  (in solid line) and  (in dashed line) for  mode 

 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 
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(iv) Plot of normalized  (in solid line) and  (in dashed line) for  mode 

 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

(v) Plot of normalized  (in solid line) and  (in dashed line) for  mode 

 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 
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It should be pointed here that principle planes (  and  planes) 

contain either   or  in case of rectangular and circular shaped microstrip 

antennas whereas 45°–45°–90° TMA contains both   and  at  and  

planes.  

Table 5.3 

Comparative study between  or  for   modes at  

 

Mode 
 

(degree) 
 

(dB) 

Magnitude (dB) Angle (degree)  
(degree)     

 

0 84.7 81.7 81.7 74.9 74.9 0 

45 84.7 84.7 -240.4 74.9 -105.1 180 

90 84.7 81.7 81.7 74.9 -105.1 180 

135 84.7 -240.4 84.7 -105.1 -105.1 0 

 

0 102.8 99.7 99.7 129.9 -50.1 180 

45 102.8 -219.3 102.8 129.9 -50.1 180 

90 102.8 99.7 99.7 -50.1 -50.1 0 

135 102.8 102.8 -219.3 -50.1 -50.1 0 

 

 

(vi) Plot of normalized  (in solid line) and  (in dashed line) for  mode 

Fig. 5.6 Plot of normalized far-zone field strength for various  modes 

 

 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 
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For experimental validation, theoretical results are compared with 

experimental data [149, 167] as shown in Fig. 5.7. It is found that our 

theoretical results on far-field radiation patterns are in close agreement with 

experimental data.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.3.3    Input Impedance 

 

For efficient excitation of a particular mode, the knowledge on input 

impedance  and its variation with feed location are very important. For 

theoretical investigations, coaxial probe is modeled here in four different ways. 

The effect of different definitions of probe excitation on input impedance is 

investigated first. Typical results are shown for  mode in Fig. 5.8. It is 

found that they all produce the same result. It is also found that the input 

impedance do not vary with  and/or  for a particular mode. This is shown 

in shown in Fig. 5.9 for  mode. Hence it is concluded that cavity model 

 
                         (a) E-plane                                  (b) H-plane  

(i) :  [149] 
 

 

 
                         (a) E-plane                                  (b) H-plane  

(ii)   [167] 

Fig. 5.7 Experimental validation of far-field power patterns for different  modes  
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analysis of microstrip antenna gives the same results for one dimensional or 

two dimensional or delta function of feed modeling. Further, any reasonable 

feed dimension can be used for . For better clarity and resolution, 

theoretical results are shown only for  only. Therefore, it is concluded to use 

 to investigate the microstrip antenna using the simple cavity model as it 

does not process any single or double integration in the evaluation of . 

 

 

 

 

 

 

 

 

 

 

Therefore, theoretical results on input impedance  are 

verified with experimental data with the help of   only as shown in Fig. 5.10 

for first four broadside radiating modes. It is found that our theoretical results 

are in good agreement with experimental data. Little discrepancy is found in 

the measured  at  mode as shown in Fig. 5.10(c). This may be due to 

small air gap between the conducting patch and substrate, inevitable for our 

fabrication technique.  

Further, it is quite obvious to have a little discrepancy between 

theoretical and experimental results because many factors are not considered 

in cavity model analysis, such as thickness of conducting patch, the finite size 

of the substrate and ground plane, etc. This type of discrepancy in input 

impedance of an equilateral TMA is also noticeable for  mode [6, Fig. 12] 

and  and  modes [6, Fig. 13]. 

 

 
Fig. 5.8 Effect of different feed modeling on 

input impedance for  mode:   (in solid 

line),  (in star),  (in circle) and  (in 

square) 

 

:  and  are in mm 

 

 
Fig. 5.9 Effect of feed dimensions  and/or  on input 

impedance for  mode:   (in solid line),  (in 

triangle),  (in circle) and  (in square) 

: 

 and  are in mm 
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Variation of  with feed position is also important to excite one or more 

than one broadside radiating modes. If we have a prior knowledge, we can 

easily avoid trial and error method. A closer look reveals that eigenfunctions 

 of an isosceles 45°–45°–90° TMA is a superposition of eigenfunctions of 

rectangular MA for  and  modes. Therefore, it is easy to excite two 

broadside modes. It is found that one can excite three broadside radiating 

modes by choosing a proper field position. A typical point  is selected 

on AC sides and the probe is traversed from D to B. Typical results are shown 

in Fig. 5.11 for  and  modes which produce 71, 72 and 80Ω 

maximum input resistance respectively at . Therefore, isosceles 45°–

45°–90° TMA can also be utilized as a triple band antenna like equilateral TMA. 

From Fig. 5.11, it is clear that the  mode will not be excited for 

 as it produces almost zero input resistance in that region. 

Therefore, mode suppression is possible without any extra circuitry (i.e. 

shorting pin). In a similar way, we can suppress other higher order modes also 

by selecting proper feed position.  

 

 
(a)  Mode 

Fig. 5.10 Experimental validation of input impedance for different modes 

 
 
 

 
(b)  Mode 

 
(c)  Mode 

 
(d)  Mode 
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It is very interesting to note that we can easily suppress the fundamental  

mode of an isosceles 45°–45°–90° TMA without any shorting pin or any other 

extra circuitry. If we choose the feed position near to corners A or C, all modes 

are always excited. In case of feed position near to corner B, the fundamental 

 mode is being suppressed and the  mode becomes the first excited 

mode. This is shown in Fig. 5.12. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 5.11 Variation of maximum input resistance for different modes  

 

 
Fig. 5.12 Suppression of fundamental  mode: feed at A  and B 

 :  
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5.3.4    Radiated Power, Quality factor, Efficiency and Gain 

 

In this section, radiated power , Q-factor, bandwidth , 

gain , efficiency  etc. are discussed. It is important to have a prior 

knowledge on total quality factor ( ) and radiated power  to design an 

antenna as an efficient radiator. Due to different excitations, modal amplitudes 

differ for a particular mode. It is found that the intermediate data such as 

 etc may vary, but the concerned final results i.e. , 

 etc are not distinguishable as expected. Typical results are shown in Table 

5.4 for  and  modes.  A closer look reveals that these final quantities 

are independent of modal amplitudes. Basically, the far-zone electric field of a 

microstrip antenna is mainly dependent on the magnitude of  and 

independent of other field components according to cavity model analysis [12-

15]. Therefore the magnitude of  is cancelled from numerator and 

denominator. Similar observation is also found for 30°–60°–90° TMA in Chapter 

IV. Further, the effect of feed position on Q-factor is also very small [6]. 

 

Table 5.4 

Comparison of various quantities for different feed modeling 

 

Mode J 
Intermediate Parameter Final Parameter 

    
 

(%) 
  (%) BW 

 
(dB) 

 

 4.64E+09 3.64E+17 5.69E+16 3.21E+16 3.6 176.5 141.8 80.3 0.5 5.1 

 4.64E+09 3.64E+17 5.69E+16 3.21E+16 3.6 176.5 141.8 80.3 0.5 5.1 

 4.63E+09 3.63E+17 5.68E+16 3.20E+16 3.6 176.5 141.8 80.3 0.5 5.1 

 4.65E+09 3.64E+17 5.70E+16 3.22E+16 3.6 176.5 141.8 80.3 0.5 5.1 

 

 

 2.05E+09 6.91E+17 3.34E+16 2.50E+16 8.687 72.33 66.69 92.21 1.06 6.74 

 2.04E+09 6.86E+17 3.31E+16 2.48E+16 8.687 72.33 66.69 92.21 1.06 6.74 

 2.03E+09 6.84E+17 3.31E+16 2.48E+16 8.687 72.33 66.69 92.21 1.06 6.74 

 2.06E+09 6.92E+17 3.34E+16 2.50E+16 8.687 72.33 66.69 92.21 1.06 6.74 

 

Variations of  and  with resonant frequency for first five 

modes are shown in Fig. 4.13 for  only.   
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In Table 5.5, radiation characteristics of first few modes are shown for 

. The base length of the 30°–

 
(a)Variation of  with frequency 

 
Fig. 5.13 Radiation characteristics of 45°–45°–90° TMA  

 

 
(b)Variation of  with frequency 

 

 
(c)Variation of  with frequency 

 
(d)Variation of  with frequency 

 

 
(e)Variation of  with frequency 

 
(f)Variation of  with frequency 
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60°–90° TMA is kept equal to the median of an equilateral TMA having side 

length 100mm. Radiated power in percentage , radiation Q-factor , 

total Q-factor ,  (in %), gain (in dB), radiation efficiency  are shown. 

From Table 5.5, it is found that suitable higher order modes can produce 

higher gain compared to fundamental  mode. 

 

Table 5.5 

Characteristics of first 15 modes of a 45°–45°–90° TMA 

 

Sl 
No 

Mode 
  

(GHz) 
   

 
 

Gain 
(dB) 

 

1  0.9688 2.174 289 188.8 0.3745 5.24 65.34 

2  1.37 3.362 186.9 143.4 0.4932 5.55 76.73 

3  1.938 6.663 94.3 82.99 0.852 5.15 88.01 

4  2.166 3.199 196.4 154.2 0.4585 5.41 78.51 

5  2.74 7.034 89.32 80.07 0.8832 7.04 89.64 

6  2.906 8.054 78.01 70.97 0.9963 5.76 90.98 

7  3.064 5.075 123.8 107.2 0.6597 5.21 86.59 

8  3.493 5.175 121.4 105.9 0.6675 6.30 87.25 

9  3.875 8.687 72.33 66.69 1.06 6.74 92.21 

10  3.994 5.71 110 97.6 0.7245 6.40 88.7 

11  4.11 7.772 80.85 73.98 0.9558 8.87 91.5 

12  4.332 6.621 94.9 85.7 0.8251 6.57 90.3 

13  4.844 5.891 106.7 95.49 0.7405 7.42 89.52 

14  4.94 6.325 99.33 89.62 0.789 8.42 90.22 

15  5.217 8.082 77.75 71.75 0.9856 6.04 92.28 

 

 

5.4    Conclusion 

 

In this chapter, theoretical investigations on isosceles 45°–45°–90° 

Triangular Microstrip Antenna (TMA) is presented using the cavity model. 

Physical explanation of the 3D cavity model is provided for the first time 

indicating how it reduces to the standard 2D case for small values of substrate 

heights. Modal analysis is performed for different  modes of a probe fed 

45°–45°–90° TMA. Feed (coaxial probe) is modeled here in four different ways to 

study its input impedance characteristics and far-field radiation patterns. It is 
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found that all four definitions for feed modeling are able to predict almost 

indistinguishable characteristics. From this theoretical investigation, it is found 

that: 

 

 For a given resonant frequency, 45°–45°–90° TMA takes half area 

compared to the square microstrip antenna 

 It is better to use  to investigate the microstrip antenna using simple 

cavity model as it does not process any single or double integration in the 

evaluation of . 

 Excitation of higher  modes with third modal index  equal to 1 is 

quite impossible using conventional feeding mechanism for thin 

substrate. Therefore, the 3D eigenfunctions  becomes 2D 

eigenfunctions  because  becomes equal to unity (i.e. 

constant) with third modal index .   

 Four modes  out of first five mode produce a 

peak in the broadside direction 

 It is possible to excite three modes for a reasonable maximum value of 

input resistance  using a single coaxial probe. Therefore, 45°–45°–90° 

TMA can be used as a triple band antenna. 

 Fundamental  mode can easily be suppressed without any shorting 

pin or any other extra circuitry. 
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Chapter VI 

Isosceles Triangular Microstrip Antenna 

 

6.1    Introduction 

 

In the last three chapters, theoretical investigations on Equilateral 

Triangular Microstrip Antenna (ETMA), 30°–60°–90° Triangular Microstrip 

Antennas (TMA) and isosceles 45°–45°–90° TMAs are presented using ‘Cavity 

Model’. A mathematical explanation of having a third modal index equal to zero 

for the small thickness of substrate height is given here for the first time. 

Characteristics of different modes are presented in a systematic way so that 

one can utilize it to design an antenna efficiently. 

Besides these three triangular shapes, eigenfunctions for a given set of 

boundary conditions is not available for other triangular shaped geometries. An 

arbitrary shaped triangle is characterized by three unequal angles. Evaluation 

of eigenfunctions for such type of triangular geometries is very difficult and has 

not been reported yet. An attempt is made to find the solution for an isosceles 

triangular geometry by Damle et al [169] using tri-linear transformation as 

defined in [53-55]. As the tri-linear transformation found in literature [53-55] is 

applicable only for equilateral triangular geometry, the attempt by Damle et al 

[169] is not valid for arbitrary shaped isosceles triangular geometry. Further, it 

is clearly mentioned in [169] that the general solution of an isosceles triangle is 

not possible using tri-linear transformation.  

But, it is found that the approximate solution of an arbitrary shaped 

isosceles triangular microstrip antenna can be obtained using tri-linear 

transformation for fundamental  mode. In case of higher order modes, the 

solution for eigenfunctions and eigenvalues both do not satisfy the wave 

equation simultaneously. We tried to define a CAD model to obtain an 

approximate solution of eigenfunctions for higher order modes, but this CAD 
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model produces large error (50-60% or more, sometimes 150%) in the 

prediction of resonant frequency. If we try to predict the resonant frequency 

using CAD model, we did not get proper internal field distribution. Therefore, 

we will restrict our investigation on fundamental  mode only. 

  In this chapter, theoretical investigation on arbitrary shaped isosceles 

Triangular Microstrip Antenna (TMA) is presented for fundamental  mode 

only. Approximate solutions for eigenfunctions and eigenvalues are obtained 

using tri-linear transformation as defined by S. A. Schelkunoff [24].  Radiation 

characteristics, input impedance, radiated powers, total Q-factors, gain, etc. 

are discussed in detail for different isosceles TMA. Limitation of our theory is 

also described. Two antenna prototypes are fabricated and measured in our 

laboratory. Theoretical results are verified with experimental data.  

 

6.2    Theory 

 

In this section, theoretical investigations on arbitrary shaped isosceles 

TMA are presented using the concept of 3D cavity model as introduced in 

Chapter V. Antenna geometry of an isosceles TMA is shown in Fig. 6.1 where 

the antenna is placed along x-y surface of the rectangular coordinate system. 

The antenna is bounded by AC, AB and BC sides along the x-y surface. The 

antenna is aligned along the z-axis. The length of equal sides (AC and AB) is  

and the equal angles  are adjacent to the BC side as shown in Fig. 6.1. The 

antenna is excited using 50Ω coaxial probe which is placed at  point. 

Eigenfunctions, eigenvalues, far-field radiation patterns, input impedance, Q-

factors etc. are investigated.  

 

6.2.1    Eigenfunctions 

 

To evaluate the eigenfunctions  of an isosceles TMA, the 

antenna is assumed as cavity whose side walls are Perfect Magnetic Conductor 

(PMC) and top and bottom walls are Perfect Electric Conductor (PEC). 
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Therefore, the cavity is basically a 3D structure whose eigenfunctions is 

expressed as: 

 

 

 

where   

 

 

 

 

 

 

 

 

 

To obtain the  function, we use the tri-linear coordinate system as 

equilateral triangle is a special case of an isosceles triangle. Further, we follow 

the procedure as reported by B. McCartin [53] for theoretical derivation. The 

geometry of the isosceles triangle with tri-linear coordinate system is shown in 

Fig. 6.2 where with  and 

. The coordinates of any point  within the isosceles triangle can be 

expressed in terms of tri-linear coordinate system as: 

 

    

                  

 

 

such that 

 

 

 

From Fig. 6.2, it is easily observed that With this 

definition of we can write 

 

 
Fig. 6.1 Geometry of isosceles TMA 

 
Fig. 6.2 Coordinate for trilinear transformation 
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To satisfy the basic property of trilinear co-ordinate system, i.e.

we have modify it using such that  

 

   

                  

                      

 

The two dimensional Helmholtz equation is given by 

 

 

 

Following [53], the complete solution can be expressed as: 
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The evaluation of  is straight forward as shown for 45°–45°–90° TMA in 

Chapter V and is not repeated here for brevity. Therefore, we can write the 

eigenfunctions  as: 

 

 

 

 

Excitation of higher order modes with  is impossible for thin substrate as 

explained in detail in Chapter V and is not repeated here for the sake of brevity. 

Therefore, the eigenfunctions  can be expressed as . 

Now, the antenna is excited using a -directed coaxial probe. The  

component will satisfy the inhomogeneous wave equation whose solution can 

be expressed as: 

 

 

 

 

 

Limitation 

 

It should be pointed here that the tri-linear transformation is valid for 

equilateral triangle only, not for any arbitrary shaped triangle as per its 

definition [24]. In [169], it is clearly mentioned that general solutions for 

isosceles triangle are not possible to obtain using tri-linear transformation as 

defined in [53-55]. Mathematical proof is also given there to justify the basis of 

our analysis. In case of our analysis, the solution of an arbitrary shaped 

isosceles triangle is obtained using tri-linear transformation as defined in [24].  

It is found that the solutions on eigenfunctions and eigenvalues of an isosceles 
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 TMA having  are valid for fundamental mode 

 only. In case of higher order mode, the solution of eigenfunctions and 

eigenvalues both do not satisfy the wave equation simultaneously. Several CAD 

models are tried to obtain the general solution with the existing solutions as 

derived here on eigenfunctions and eigenvalues but we did not get proper 

results. For a particular CAD model, the solutions (eigenfunctions and 

eigenvalues) for different isosceles triangle are compared with the solutions of 

an equilateral triangle as equilateral triangle is a special case of an isosceles 

triangle. We did not get a suitable CAD model which is valid for all isosceles 

triangles including an equilateral triangle for all higher order modes. Similar 

observation is also found for the isosceles  TMA having . 

Further, as the angle  decreases from  of an isosceles  TMA, say 

for example , it is found that the theoretical field patterns do not match 

with data obtained using 3D EM simulator HFSS [9] at fundamental  

mode. Therefore, we will discuss the fundamental  mode of an isosceles 

 TMA having . The properties of different isosceles TMA at 

fundamental  mode are also presented next few sections.  

In Fig. 6.3, internal magnetic field distributions for some isosceles TMA 

are shown for fundamental  mode only. Three sides AC, AB and BC are 

also shown to define the triangular region. The normalized magnitude of 

magnetic field (in dB) is used to express the internal fields for different 

isosceles TMA. 

 

6.2.2    Resonant Frequency 

 

To compute the resonant frequency , separation equation 

 is used. Therefore, we can write: 
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where  is the velocity of light in free space and is the relative permittivity of 

substrate.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

To account the effect of fringing, several isosceles  TMAs are 

simulated in 3D EM simulator HFSS [9]. It is found that as the angle  

increases from 60° to 90°, resonant frequency decreases. Typical results are 

shown in Fig. 6.4. It is interesting to note that the physical area of an isosceles 

65°–65°–50° TMA is greater than the those for isosceles 80°–80°–20° TMA as 

shown in Fig. 6.5. For example, the area of  is smaller than the area of 

. Similarly, the area of  is smaller than the area of .  

Fig. 6.3 Approximate internal magnetic field distribution (in dB) for some isosceles 

TMA at fundamental  mode (a = 100mm, d = 1.59mm,  = 2.32  

 

 
(a) Isosceles TMA having  60°  

(b) Isosceles TMA having  70° 

 
(c) Isosceles TMA having  75° 

 
(d) Isosceles TMA having  80° 
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Therefore, the resonant frequency decreases as the physical area of isosceles 

 TMA decreases. 

 

 

 

 

 

 

 

 

 

 

 

Based on data obtained from the 3D EM simulator, a curve fitted 

expression for the effective side length  of the isosceles  TMA [12-

15] is expressed as: 

 

 

 

where 

 

 

 

 

Here, the angle  is in degrees. 

 

6.2.3    Feed Model 

 

In Chapter V, feed  is modeled in four different ways to investigate the 

input impedance characteristics of an isosceles 45°–45°–90° TMA as: 

 

I. Uniform current ribbon of effective width  along  direction  [6], 

 

 
Fig. 6.4 Variation of simulated input impedance for different 

isosceles TMAs  

 
 

 
Fig.6.5 Geometry of different 

isosceles triangle 
 



                                                   Chapter VI:    Isosceles Triangular Microstrip Antenna 

 

Sudipta Maity   119 
 

II. Uniform current ribbon of effective width  along  direction  and  

III. Two dimensional rectangular shaped strip  of effective area  

[13] 

IV. Delta function  along x-y coordinates 

 

Comparative study is also presented between all four definitions of feed 

modeling to understand the effect of feed on the performance of a TMA. It is 

found that they all produce same results. Therefore, for theoretical simplicity, 

we define the feed  here as  

 

 

 

6.2.4    Far-Field Radiation Patterns 

 

To predict the far-field radiation patterns of any isosceles TMA, magnetic 

surface current model is applied [6, 12-15, 162].  Magnetic surface currents 

 are evaluated along its periphery AC, BC and AB sides using the 

‘Equivalence Principle’ [4, 16]. The steps are similar to those for equilateral, 

30°–60°–90° or 45°–45°–90° TMA and are time consuming. A very simple, time 

efficient and computationally efficient technique is applied to evaluate the far-

field radiation patterns of any isosceles TMA. This process is general and is 

applied to different planar (aperture or microstrip antennas) and non-planar 

(dielectric resonator antenna) antennas as presented in Chapter XIII. Therefore, 

the steps are not repeated here for brevity. The far-zone electric field at point 

 can be expressed as [16]: 
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where all terms are carrying their usual meaning and  are evaluated 

using the process presented in Chapter XIII. 

 

6.2.5    Input Impedance 

 

To evaluate the input impedance  at the feed point , the RF 

voltage  is calculated at  as [13]: 

 

 

 

Therefore, the input impedance can be expressed as: 

 

 

where . Here  is the effective loss tangent, defined as 

 where  is total quality factor. 

 

6.2.6    Radiated Power, Quality factor, Efficiency and Gain 

 

Neglecting the effect of surface wave loss, radiated power , radiation 

loss ), conductor loss , dielectric loss , total stored energy , 

efficiency , gain , directivity , Bandwidth  etc. are evaluated using 

standard procedure as found in [12-16] or as calculated for equilateral TMA in 

Chapter III. Therefore, the total quality factor  is defined as: 

 

 

 

6.3    Results 

 

In this section, theoretical results on resonant frequency, far-field 

patterns, input impedance, etc. are discussed for various isosceles TMA at 

fundamental  mode. Two antennas are fabricated in our laboratory for 

experimental validation as shown in Fig. 6.6. These two antennas are excited 
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using standard 50Ω co-axial probe whose inner conductor radius is 0.63mm. 

The same are also simulated using FEM based numerical 3D EM simulator, 

HFSS [9]. Theoretical results are compared with experimental data and/or data 

obtained using 3D EM simulator HFSS to show the accuracy of our theory.  

 

 

 

 

 

 

 

 

6.3.1    Resonant Frequency 

 

Theoretical resonant frequencies are compared with experimental data as 

shown in Table 6.1.  It is found, our theoretical results are in close agreement 

with measured  resonant frequency with accuracy of 1.5%. 

 

Table 6.1 

Experimental Validation of Resonant Frequency 

 
(deg) 

a 
(mm) 

d 
(mm) 

 
Frequency (GHZ) Error 

(%) Theory Mea. 

60 100 1.59 2.32 1.2643 1.28 [6] -1.224 

68 50 0.762 2.5 2.1456 2.132 0.639 

77 50 0.762 2.5 2.0684 2.046 1.096 
 

 

5.3.2    Radiation Patterns 

 

In this section, theoretical results on far-field radiation patterns for 

different isosceles TMA are investigated for fundamental  mode. 

Normalized electric field strength at  and  plane are shown Fig. 

6.7 for some isosceles TMA.  

 

 
Fig. 6.6 Photograph of fabricated isosceles TMAs: left  and right  
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                         (a)  plane                                (b)  plane 

(i) Normalized far-zone field patterns for = 60° 

 
 

 

 
                        (a)  plane                                 (b)  plane 

(ii) Normalized far-zone field patterns for = 65° 

 
 

 

 
               (a)  plane                   (b)  plane 

(iii) Normalized far-zone field patterns for = 70° 
 

 

 

 
             (a)  plane                    (b)  plane 

(iv) Normalized far-zone field patterns for = 75° 
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Form Fig. 6.7, it is found that our theoretical results are in good agreement 

with data obtained from 3D EM simulator HFSS [9]. Further, it is also found 

from Fig. 6.7 that theoretical  component is present only at  plane 

whereas both  and  components are present at  plane. Further, the 

magnitude of simulated  component is quite small compared to  at  

plane. Therefore, the radiation at  plane is basically due to  

component. It is also clear from Figs. 6.7 that the fundamental  mode of all 

isosceles TMA produces a peak in the broadside direction. 

 For experimental validation, our theoretical results on E-plane (  

plane) and H-plane (  plane) are compared with experimental data for 

some isosceles TMA having = 60°, 68° and 77° as shown in Figs. 6.8. It is 

found that our theory is in good agreement with experimental data. Little 

discrepancy is found which is due to the finite size of ground plane. 

 
                          (a)  plane                               (b)  plane 

(v) Normalized far-zone field patterns for = 80° 
 

 

 

 
(a)  plane                  (b)  plane 

(vi) Normalized far-zone field patterns for = 85° 

Fig. 6.7 Plot of normalized far-zone field strength for various isosceles TMA 
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6.3.3    Input Impedance 

 

Variation of input impedance with frequency for different isosceles TMA 

in fundamental  mode are shown in Fig. 6.9 for  

 and  . In Fig. 6.9, comparison of input impedance 

 between our theory and data obtained using 3D EM simulator 

HFSS [9] are shown for different isosceles TMA. It is found that our theoretical 

results on input impedance show close agreement with data obtained from 3D 

EM simulator HFSS. Little discrepancy is found in . This may be due to our 

simplified theory which does not account for the finite size of ground plane. It 

is worth mentioning here that this type of discrepancy is also found in 

 

 
                                    (a)  plane                    (b)  plane 

(i) Theoretical and experimental power patterns for = 60°  [15] 

 

 

 

 
                                  (a)  plane                  (b)  plane 

(ii) Theoretical and experimental power patterns for = 68°  

 

 

 
                                   (a)  plane                   (b)  plane 

(iii) Theoretical and experimental power patterns for = 77°  
Fig. 6.8 Experimental validation of far-field power patterns for different isosceles TMAs 
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equilateral TMA [6, 12-14].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In Fig. 6.10, theoretical results on  are compared with experimental 

data for different isosceles TMA. It is found that our theory is in good 

agreement with experimental data.  

 

 

 

 

 

 

 

 

 

 

Fig. 6.9 Comparison of input impedance with data obtained using 3D EM simulator HFSS for different 

isosceles TMA  
 

 

 

 

 
(a)  = 60°  

 [6] 

 

 
(b) = 68° 

 

 
(a) = 60° 

 
(b) = 65° 

 
(c) = 70° 

 
(d) = 75° 
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6.3.4    Radiated Power, Quality factor, Efficiency and Gain 

 

In this section, radiated power, Q-factor, bandwidth , gain  etc. 

are discussed. It is important to have a knowledge on total quality factor ( ) 

and radiated power  to design an antenna as an efficient radiator. In Table 

6.2, radiation characteristics of different isosceles TMAs are shown for 

 and . It is found that Q-factors 

increase with . 

 

 

Table 6.2 

Radiation Characteristics of different Isosceles TMAs 

 

Sl 
No 

 
(deg) 

fr 
(GHz) 

   
 
 

Gain 
(abs) 

 

1 60 1.171 3.47 181.1 138.2 0.5118 3.938 76.31 

2 65 1.132 2.239 280.7 188.7 0.3747 3.609 67.24 

3 70 1.107 1.269 495.1 265.3 0.2665 3.047 53.58 

4 75 1.086 0.5925 1060 369.8 0.1912 2.137 34.87 

5 80 1.052 0.2229 2819 468.1 0.1511 0.9762 16.61 

6 85 1.051 0.1554 4044 492.7 0.1435 0.3565 12.18 

 

 

 
(c) = 77°  

Fig. 6.10 Experimental validation of input impedance for different isosceles TMA  
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Variations of  and  with resonant frequency for first five modes are 

shown in Fig. 6.11. From Fig. 6.11, it is found that it is possible to achieve 

higher gain compared to 60°-60°-60° TMA.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
(a)Variation of  with frequency 

 
Fig. 6.11 Radiation characteristics of different isosceles TMAs  

 

 
(b)Variation of  with frequency 

 

 
(c)Variation of  with frequency 

 
(d)Variation of  with frequency 

 

 
(e)Variation of  with frequency 

 
(f)Variation of  with frequency 
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6.4  Conclusion 

 

In this chapter, details of theoretical investigations on isosceles 

Triangular Microstrip Antenna (TMA) with, results are presented using the 

cavity model. Trilinear transformation [24] is modified to obtain the 

approximate solutions on eigenfunctions and eigenvalues. As the trilinear 

transformation is applicable for equilateral triangle only, it is found that our 

theory is only for fundamental  mode of isosceles  TMA having 

60°. Resonant frequency, input impedance, far-field patterns, Q-factors etc. 

are investigated. Theoretical results are verified with experimental data and 

data obtained using 3D EM simulator HFSS [9] to show the accuracy of our 

theory. From this theoretical investigation, it is found that: 

 

 Fundamental  mode of isosceles  TMA produces a peak in 

the broadside direction. 

 Resonant frequency decreases as  increases from 60° to 90°. Therefore, 

our theory can efficiently be utilized to make compact antenna. 

 Our theory is valid for isosceles  TMA having 60°. 
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Chapter 

7. Rectangular DRA (RDRA) 

8. Equilateral Triangular DRA (ETDRA) 

9. 30°–60°–90° Triangular DRA (TDRA) 

10. 45°–45°–90° TDRA 

11. Isosceles TDRA 
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Introduction 

 

We have discussed so far different triangular shaped microstrip patch 

antennas such as equilateral Triangular Microstrip Antenna (TMA), 30°–60°–

90° TMA, 45°–45°–90° TMA and isosceles TMA for  mode of operation. 

Cavity model [12-15] is adopted here to investigate the characteristics of those 

triangular shaped microstrip antennas. The analysis is presented for Microstrip 

Antennas (MA) having no variation along the thickness (or height, say -

direction) of the substrate (i.e. ). Therefore, the -directed electric field 

component  has been used to derive the far-zone radiation patterns only, 

because the other two tangential components  and   are 

equal to zero according to cavity model. In case of Dielectric Resonator Antenna 

(DRA),  and  components are not zero and their effects must be accounted 

for accurate prediction of far-field radiation patterns and other characteristics. 

Typical geometry of Equilateral Triangular MA (ETMA) and Equilateral 

Triangular DRA (ETDRA) are shown in Chapter I (please see Fig. 1.1). 

A closer look of the eigenfunctions  for rectangular 

 and equilateral triangular geometry (as shown in Fig. 3.1 in 

Chapter III) for magnetic boundary wall condition  can be written 

as: 

 

 For Rectangular Geometry 

 

 

 

 For Equilateral Geometry 

 

 

 

 

The eigenfunction  can be expressed with respect to  as: 
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Therefore, theoretical investigations on an equilateral triangular geometry are 

equivalent to investigate three rectangular geometries simultaneously.  

Further, as mentioned in Chapter III that the evaluation of far-field 

radiation patterns from ‘Equivalence Principle’ [4, 16] for an ETMA is a much 

more complex and lengthier process compared to that for Rectangular MA 

(RMA) due to the inclined planes (or surfaces) of the ETMA. This is due to the 

complex expressions for the -directed electric field component  (or 

eigenfunction). In case of Triangular Dielectric Resonator Antenna (TDRA), all 

internal field components are functions of x-y-z coordinates. Hence, the 

mathematical treatment of TDRA will be a little bit more complex compared to 

ETMA. Cartesian coordinate system is suitable to investigate the triangular 

shaped DRAs. Therefore, it is important to develop a theory on Rectangular 

DRA (RDRA) for theoretical simplicity first as the three sides of the RDRA are 

either parallel of perpendicular to x-y-z axis in the Cartesian coordinate system. 

After that, this theory will be extended to investigate different triangular 

shaped DRAs. 

Literature survey shows that the Rectangular DRA (RDRA) has been 

investigated for fundamental  mode only. Analytical solution for arbitrary 

 modes has not been reported. Even, the explicit solution (approximate) 

for the eigenfunction of a RDRA for  modes has not been reported so far. 

Therefore, the investigations on RDRA will help us in two aspects: 

 

 The unfocused analytical aspects on the RDRA will be investigated here 

for arbitrary  modes 

 The investigations on RDRA will help us to analyze the triangular shaped 

DRAs. 

 

In the next chapter (Chapter VII), theoretical investigations on RDRA are 
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presented. A brief literature survey on RDRA is also given to know the current 

state of art. In Chapters VIII – XI, different triangular shaped DRAs are 

investigated analytically. 
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Chapter VII 

Rectangular Dielectric Resonator Antenna 

 

7.1    Introduction 

 

Dielectric Resonator Antenna (DRA) made up with low-loss dielectric 

material is very attractive due to high gain and inherent wideband nature. 

Hemispherical, cylindrical and rectangular shaped DRAs have been 

investigated widely. Rectangular DRA (RDRA) gives better flexibility to design 

an antenna in terms of frequency and bandwidth for its two aspect ratios 

(length/height and width/height) over hemispherical and cylindrical DRAs. The 

radiation property of a RDRA is similar to that of a magnetic dipole and its 

fundamental  mode has been investigated only [21]. Radiation Q-factor 

 has also been investigated therein using the concept of magnetic dipole 

moment.  

Far-field radiation patterns of a RDRA have been reported by S. A. Long 

et al. in 1983 [19] for fundamental mode only. No closed form expressions have 

been reported therein. An attempt has also been made to investigate the 

radiation characteristics of a RDRA for fundamental  mode by A. S. Zoubi 

in his Ph.D. dissertation in 2008 [170]. Closed form expressions to predict the 

far-field radiation patterns have been given there for  mode.  

Radiation characteristics of the RDRA for higher order modes have 

been investigated theoretically using the concept of magnetic dipole and array 

factor and experimentally verified by Aldo Petosa et al in 2011 [171]. In [171], a 

full-wave simulator has been utilized to find the area of maximum field 

confinement to design the RDRA. The spacing (s) between any two modes (or 

array element) has been estimated as  for calculating far-field patterns. 

Moreover, no compact expression is available to find the radiation pattern for a 

given mode. Besides, in [171], it has been claimed that the  mode for 
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 produces a null in the broadside direction. This observation is not 

correct as shown in this chapter.  

In this section, theoretical investigations on RDRA are presented. 

Conventional Dielectric Waveguide Model (DWM) is used to investigate the 

RDRA for arbitrary  modes where m, n and p are modal indices along the 

x, y and z-direction respectively. Approximate solution for the eigenfunction is 

given here. Closed form expressions are given here to predict the far-zone 

electric field for arbitrary  modes. Radiation characteristics for different 

modes are also investigated here. The theory on “probes in the waveguide” is 

used here to predict the input impedance of a probe inserted RDRA. Closed 

form expressions are given here to predict the input impedance of a RDRA for 

different  modes. Theoretical results are verified with published 

experimental data.  

It should be mentioned here that the theory developed during this 

dissertational period is partially reported in [172-173]. 

 

7.2    Theory 

 

In this section, theoretical investigations on source free RDRA having 

dimensions  and relative permittivity  is presented. In Fig. 7.1, 

antenna geometry is shown in the standard Cartesian coordinate system. The 

antenna is placed on a metallic ground, whose size is sufficiently large compare 

to the RDRA. Rectangular dielectric resonator shows both  and  modes 

[20] but the practical existence of  mode in case of RDRA is in doubt [21]. 

Therefore, we will discuss the  modes only. Eigenfunctions, eigenvalues, far-

field radiation patterns, input impedance, Q-factor etc. are investigated. One 

antenna prototype is fabricated for experimental validation. 

 

7.2.1    Eigenfunctions and Eigenvalues 

 

In Fig. 7.1, the antenna geometry is shown where a rectangular DRA 
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having dimensions  and relative permittivity  is placed on a ground 

plane at . The origin is placed at the center of the base of the RDRA. By 

applying the image theory, the ground plane is removed first and the process 

results an source free isolated RDRA having dimensions of  where 

. Conventional simple boundary conditions [21] are applied to investigate 

different  modes of the source free isolated RDRA. Perfect Magnetic 

Conductors (PMC) are applied at  and  surfaces, whereas 

Imperfect Magnetic Conductors (IPMC) are applied along  surfaces.  

 

 

 

 

 

 

 

 

 

After solving the wave function inside the RDRA, one can find the 

eigenfunctions  for  modes as: 

 

 

 

where   and the third wave number can be found after 

solving the transcendental equation: 

 

 

 

The resonant frequency is found from separation equation and is given by: 

 

 

 

For fundamental  mode of operation, substituting  and , 

 
Fig 7.1 Geometry of the antenna (a) top view and (b) side view 
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the eigenfunction becomes  

 

 

 

which is exactly same as reported in [21]. 

The electric and magnetic fields inside the RDRA can be expressed for 

 modes as: 

 

 

 

 

 

 

 

 

where A is a constant and other notations are denoting the usual meaning. 

Internal field distribution for some modes are shown in Fig. 7.2. 

 

7.2.2    Far-Field Radiation Patterns 

 

To find the radiation characteristics, „Equivalence Principle‟ [4, 16] is 

applied. It is known [21] that the RDRA shows non-confined modes and does 

not satisfy  on all surfaces. For theoretical investigations,  

and  surfaces are modeled as Perfect Magnetic Conductors (PMC) 

whereas the  surfaces are modeled as Imperfect Magnetic Conductor 

(IPMC). Therefore, the magnetic surface currents  and electric 

surface currents  on the surfaces of the RDRA both are to be 

evaluated depending on the boundary conditions. 
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The magnetic surface currents  and electric surface currents  will 

be evaluated from the internal field distribution of the RDRA. Therefore, all the 

integrals related to far-zone electric, can be expressed as: 

 

 
(a) Plot of magnetic (left) and electric (right) field for  mode 

 
(b) Plot of magnetic (left) and electric (right) field for  mode 

 
(c) Plot of magnetic (left) and electric (right) field for  mode 

 

Fig. 7.2 Magnetic field patterns along x-y surface at  (left) and electric field patterns 

along x-z surface at  (right) patterns for various modes 
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where  and  are known for a given function and . Two 

constant terms  and  are introduced to deal with either  or  

term. This function will be utilized to evaluate the closed form expressions for 

far-field radiation patterns of a RDRA.  

For theoretical investigations, it is assumed that  and  

are the field strength of  and  components respectively. 

Magnetic surface current , electric surface current   and the 

corresponding fields along each surface are evaluated as: 

 

A. Fields along AB surface  
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B. Fields along BC surface  

 

 

 

 

 

C. Fields along DC surface  

 

 

 

 

 



Chapter VII: Rectangular Dielectric Resonator Antenna 

 

Sudipta Maity   142 

 

 

 

 

 

 

D. Fields along AD surface  

 

 

 

 

 

E. Fields along TOP surface  

 

 

 

 

 

F. Fields along BOTTOM surface  
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where  and  are the field strength of  and  

respectively and  function is defined by equation (7.6).  

 

The total far-zone electric field at point  is evaluated as [16]: 

 

 

 

 

where, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The expressions for  and  can be put together to obtain a closed 

form expression. We have reported the final closed form expressions to 

compute the far-field radiation patterns of a RDRA for various  modes in 

[172] and are not repeated here for the sake of brevity. 
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7.2.3    Input Impedance 

 

Evaluation of the input impedance of a RDRA is based on “Probes in 

Cavities” as found in [4]. This theory has been applied to find the input 

impedance of a Cylindrical DRA (CDRA) for fundamental  mode by S. A. 

Long et al. in 1986 [17]. This theory is applied here to find the input impedance 

of RDRA for fundamental  mode whose dimensions are  and 

relative permittivity is . Input impedance for fundamental  mode can be 

written as [4]: 

 

 

where 

 

 

Here,  Is electric field inside RDRA for  mode,  is probe current density, 

 is the magnitude of current,  is operating frequency,  is resonant 

frequency and  is total quality factor. Electric field inside the RDRA must be 

normalized such that 

 

 

 

where . The normalized electric fields inside the RDRA can be expressed 

as: 

 

 

 

 

where  is normalization factor and evaluated according to equation (7.24) as: 
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where 

 

 

 

Therefore, we can write: 

 

 

 

Probe current density  is modeled here as one dimensional  directed current 

as [4]: 

 

 

 

where  is wave number inside the RDRA,  is probe length and  is probe 

location. This approximation will be valid when  where r is the radius of 

the coaxial probe. 

 

The last unknown quantity , as defined by equation (7.23) is evaluated as: 
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Summary for  mode: 

 

The Input impedance of the probe inserted RDRA for  mode can be 

evaluated as: 

 

 

 

 

 

 

 

Summary for  mode: 

 

In case of  modes, the final closed form expressions to evaluate the 

input impedance of the probe inserted RDRA are: 
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7.2.4    Radiated Power, Quality factor, Efficiency and Gain 

 

An isolated DRA does not contain any conductor. But, to use the 

dielectric block as an antenna, a metallic ground plane is required to support 

the feed structure. Therefore, the conductor loss due to the conducting ground 

plane must be accounted to predict its radiation characteristics, but the 

amount of conductor loss will be small compared to microstrip antenna as the 

DRA does not contain any metallic patch on it. Radiated power in percentage 

may be evaluated as [15]   where  is the radiation 

quality factor, conductor loss , dielectric loss , radiation loss ), total 

stored energy , Bandwidth , efficiency , directivity , gain  are 

also calculated using standard procedure as found in [12-16] or as calculated 

in Chapter III. Due to the absence of surface wave [5, 174], the effect of surface 

wave loss is neglected here. Therefore, the total quality factor  is evaluated 

as: 

 

 

 

It should be pointed here that IPMC is applied along  surfaces to 

compute the eigenfunctions of the RDRA. If the stored electric and magnetic 

energy within the RDRA are  and  respectively, it is found that . 

These are also evaluated using numerical integration. We found the same 

results. For further investigation, we have derived the  and  for 

rectangular waveguide (PEC boundary) and rectangular microstrip antenna 

(PMC boundary) and it is found that that . Therefore, to compute the 

Q-factors, we have to find separately  and  to compute the total stored 

energy . This observation (  for imperfect boundary wall) is also found 

for equilateral triangular DRA as shown in the next chapter.  
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In case of RDRA,  is evaluated as: 

 

 

 

 

 

 

 

where 

 

 

 

 

 

 

 

Similarly, 

 

 

 

 

Hence, 
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Similarly, the magnetic stored energy  is evaluated as: 

 

 

 

 

 

 

Therefore, the total stored energy within the RDRA can be evaluated as: 

 

 

 

where 

 

 

 

 

It should be pointed here that the expression for  appears to be half of that 

reported in [5, 21, 174]. This difference is presumably due to non-consideration 

of the ground plane for supporting the feed. 

 

7.3    Results 

 

In this section, theoretical results on resonant frequency, far-field 

patterns, input impedance etc. are discussed. Radiation characteristics for 

various  modes are discussed. From rigorous 3D EM simulation using 

HFSS [9], we do not observe any mode along the y-direction having  

Therefore, we discuss here  modes. One antenna having 
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 and  is simulated using HFSS. The 

antenna is excited using standard 50Ω co-axial probe whose inner conductor 

radius is 0.63mm. Theoretical results are verified with experimental data 

and/or data obtained using an EM simulator.  

 

7.3.1    Resonant Frequency 

 

Three transcendental equations have been reported by R. K. Mongia in 

1992 [20] using Marcatili‟s waveguide model [175] to predict the resonant 

frequency for various  modes. In this work, we have applied simple 

boundary conditions [21] (PMC at  and  and IPMC at 

) are applied, which results a single transcendental equation for 

predicting the resonant frequency. Simultaneous solution of three 

transcendental equations is a little bit more complex than solving one 

transcendental equation. In Table 7.1, comparison between theoretical and 

experimental resonant frequencies for different modes is shown. Theoretical 

resonant frequencies are also compared with data obtained using 3D EM 

simulator HFSS for some higher order modes as shown in Table 7.2. In Table 

7.3, theoretical results on resonant frequencies for first 20 modes are shown 

for a RDRA having . 

 

Table 7.1 

Comparison of resonant frequencies with experimental data 

Sl. 
No 

Ref. 
a 

(mm) 
b 

(mm) 
d 

(mm) 
 Mode 

Reso. Freq. (GHz) 

Theory Experiment 

1 [176] 20.8 10.5 18.5 10  3.483 3.40 

2 [176] 20.8 10.5 18.5 10  5.276 5.18 

3 [177] 10 10 6.1 10  24.435 23.86 

4 [177] 10 10 6.1 10  24.465 23.87 
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Table 7.2 

Comparison of resonant frequencies with simulated data 

 

Sl. 
No 

Mode 
Reso. Freq. (GHz) 

Theory HFSS [9] 

1  4.38 4.39 

2  5.13 5.21 

3  6.06 6.17 

4  6.60 6.67 

 

 

Table 7.3 

Resonant frequencies for first 20 modes of a RDRA 

 

Sl No Mode 
Reso. Freq.  

(GHz) 

 

Sl No Mode 
Reso. Freq.  

(GHz) 

1  2.7577 11  7.7753 

2  3.9411 12  7.7753 

3  4.3843 13  8.1937 

4  5.1352 14  8.7816 

5  5.4655 15  8.9685 

6  6.0649 16  9.5061 

7  6.3408 17  9.8474 

8  6.6038 18  10.014 

9  7.0978 19  10.496 

10  7.5568 20  11.251 

 

 

7.3.2    Far-Field Radiation Patterns 

 

In this section, theoretical results on far-field radiation patterns are 

presented for various  modes. Modes with even values of  will not be 

excited for a RDRA placed on a metallic ground plane [5, 177] as electric field 

for these modes will be short circuited. Therefore, theoretical results are 
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presented for odd values of  only. Far-field power are computed at  (E-

plane) and  (H-plane) planes. The maximum values (in dB) at these two 

planes are stored in  and  variables respectively. The magnitudes of 

 and  variables are comparable for modes having odd values of  

(i.e.  etc. modes) whereas a large difference is found for modes 

having even values of  (i.e.  etc. modes). Typical results are 

shown for few modes in Table 7.4 for  and 

. 

 

Table 7.4 

Comparison of gain at  and  Plane 

 

Sl  

No 

Modes 

 

Resonant 

Frequency 

(GHz) 

 (in dB) 

(  plane) 

 (in dB) 

(  plane) 

1  2.76 4.57 4.39 

2  4.38 5.46 -299.27 

3  8.19 3.51 -307.58 

4  10.45 -2.22 -2.85 

5  14.77 8.56 -308.96 

 

This type of discrepancies in the far-field power patterns for the modes 

having even values of  at   (H-plane) plane is not observed in the 3D 

EM simulator. To find the reason of such type of discrepancies, the internal 

fields are observed. One antenna having  

and  is simulated using HFSS [9]. Simulated internal field 

patterns for  mode are shown in Figs. 7.3 at the resonant frequency 

(5.203GHz). Due to the presence of the ground plane at , electric field 

distribution is shown for  to . Theoretical field patterns for  mode 

are shown in Fig. 7.2(b) which is exactly similar to Fig. 7.3. Therefore, it is a 

 mode. The eigenfunctions, obtained from source free analysis of an 
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isolated RDRA, is able to predict the internal fields, but unable to predict the 

far-field power patterns of modes having even values of  (i.e.  

etc. modes) at  plane. This may be due to the application of simple 

boundary conditions [21] (PMC at  and  and IPMC at 

). 

For, further investigation, a Rectangular Microstrip Antenna (RMA) is 

investigated using cavity model [12-15]. Closed form expressions for far-field 

radiation patterns are given in [14, Chap. 4]. These expressions are used to 

compute the far-field radiation patterns. Similar observation is also found for 

RMA as found for RDRA. Typical results are shown for a RMA having 

 and  at  mode. 

The magnitudes of  (at  plane) and  (at  plane) are 

2.49dB and -311.51dB respectively. We have also derived the closed form 

expressions for far-zone electric field  and . In case of our theory, we found 

exactly the same results. This type of discrepancy is not found from data 

obtained using 3D EM simulator HFSS. This may be due to the limited analysis 

on  mode with PMC boundary conditions. The use of both  and  modes 

with imperfect walls can give the proper solution. Mode matching techniques 

must be used to solve this problem. It is very surprising that the RMA has been 

investigated extensively using the cavity model. But this type of discrepancy 

has not been pointed out in the literature. 

 

 

 

 

 

 

 

 

 

 
Fig. 7.3 Simulated magnetic field patterns along x-y surface at  (left) and electric field 

patterns along x-z surface at  (right) patterns for  mode 
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In case of rectangular DRA, a similar phenomenon is also found. RDRA 

is investigated here for  mode only using simple boundary conditions. We are 

trying to investigate the RDRA using both  and  modes simultaneously for 

imperfect boundary walls in all six surfaces. Due to the large number of 

unknowns, it is very difficult to solve the problem in the space domain. For 

example, following Marcatili‟s method [175], we will have 6 unknowns for the 

fields inside the RDRA and 6 unknowns for the fields outside the RDRA for  

mode only. Similarly, 12 numbers of unknowns will be there for  mode. 

Therefore, we have to solve the problem on RDRA for 24 numbers of unknowns.  

The fruitful outcome of this investigation is that the single mode (  

mode for RDRA and  mode RMA) solution with simple boundary conditions 

is unable to predict the far-field radiation patterns with an absolute gain for all 

modes which produce a null in the broadside direction in a general sense. The 

problem is identified on rectangular geometry (rectangular microstrip antenna 

and rectangular DRA).  

 In case of our analysis of RDRA for  modes, the discrepancy in the 

prediction of far-field radiation patterns for even values of  at  plane is 

overcome by:  

 

 Obtaining the normalized far-field power patterns at  plane 

and then  

 Adding the overall gain  with the normalized power patterns at 

 plane 

 

The first step, increases the power patterns from a low value (-300dB 

approximately) to 0dB. In the second step, addition of overall gain  with the 

normalized power pattern at  plane makes the patter compared to the 

E-plane ( ) power pattern. Theoretical far-field power patterns at  

(E-plan  and  planes (H-plane) are shown in Figs. 7.4 for first 10 modes 

of a RDRA having  and . 
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(a) Far-zone E-plane (solid line) and H-plane (circle with dashed line) power patterns with 

absolute gain (in dB) for  (left) and   (right) modes 

 

 

 
(b) Far-zone E-plane (solid line) and H-plane (circle with dashed line) power patterns with 

absolute gain (in dB) for  (left) and   (right) modes 

 

 

 
(c) Far-zone E-plane (solid line) and H-plane (circle with dashed line) power patterns with 

absolute gain (in dB) for  (left) and   (right) modes 

 

 

 
(d) Far-zone E-plane (solid line) and H-plane (circle with dashed line) power patterns with 

absolute gain (in dB) for  (left) and   (right) modes 

 

 

 

 
(e) Far-zone E-plane (solid line) and H-plane (circle with dashed line) power patterns with 

absolute gain (in dB) for  (left) and   (right) modes 

Fig. 7.4 Plot of far-zone power patterns with absolute gain (in dB) for various  modes 

 

 



Chapter VII: Rectangular Dielectric Resonator Antenna 

 

Sudipta Maity   156 

 

From Fig. 7.4, it is found that modes with even values of  (here 

 and  modes) show a null in the broadside direction. Some 

modes such as  modes show a dip in the broadside direction. This is 

due to the improper choice of dimensions for the excitement of a particular 

mode at their corresponding resonant frequency. For example, wire antenna 

[178] having length equal to  shows a peak in the broadside direction 

whereas a wire antenna having length equal to  shows beam splitting and 

dip in the broadside direction. Improper choice of dimensions produces a large 

dip in the broadside direction. For further verification, typical results are 

shown in Fig. 7.5 for pure  and  modes. If  is changed as in Fig. 7.5, 

mode purity is preserved from theoretical point for  mode but the 

magnitude of field distribution along the surfaces of RDRA differs significantly. 

This changes the theoretical contributions of  and  drastically and results 

in a broadside dip (or null). Similar behavior is also found for  mode. The 

same observation had already been reported by McAllister et al [19, Fig. 4] in 

1983 for  mode only without any explicit mathematical relation. In this 

work, closed form expressions are given to predict the radiation characteristics 

of RDRA for various  modes. 

 

 

 

 

 

 

 

Further, it is clear from Fig. 7.4 that  mode (Fig. 7.4(c)) produces 

more gain in the broadside direction compared to   mode (Fig. 7.4(d)). This 

observation is correct for the RDRA having  

and .  mode can produce more gain in the broadside 

direction compared to  mode by selecting proper dimensions and 

 
Fig. 7.5 Effect of dimensions on E-plane (dashed) and H-plane (solid) power patterns for (a)  mode (a 

= b = 15mm) (b)  mode (b = d = 15mm); (  = 8.9,  = 0.0005) 
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permittivity of the RDRA. This is shown in Fig. 7.6 for a = 10mm, b = 6mm, d = 

7mm,  = 10,  = 0.0005. 

 

 

 

 

 

 

 

For experimental validation, far-field E-plane and H-plane power patterns are 

computed for  and  modes as shown in Fig. 7.7. Experimental 

data are collected from published literature [21, 171]. Theoretical results for 

 mode is normalized with respect to -50dB as found in [21] whereas the 

results for  and  modes are normalized with respect to -35dB as 

found in [171]. It is found that our theoretical results are in close agreement 

with experimental data. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 7.6 Gain enhancement by selecting proper dimensions and permittivity (a) for  mode (b) for 

 mode (a = 10mm, b = 6mm, d = 7mm,  = 10,  = 0.0005) 

 
 

 
(i) Normalized power patterns for  mode (a) E-plane (b) H-plane 

(a = h=9.31mm, b = 4.6mm,  = 37.84) [21] 

 

 
(ii) Normalized power patterns for  mode (a) E-plane (b) H-plane 

) [171] 
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Normalized field patterns for  and  modes of a RDRA 

having  and  are shown in Fig. 7.8. It is 

clear that theoretical results are in good agreement with normalized measured 

data or data obtained using 3D EM simulator HFSS [9].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
(iii) Normalized power patterns for  mode (a) E-plane (b) H-plane 

 [171] 

Fig. 7.7 Experimental validation of far-field power patterns for different modes 

 
(a) Power patterns for  mode: theory (4.38GHz), simulated (4.39GHz) 

 

 
(b) Power patterns for  mode: theory (5.13GHz), simulated (5.21GHz) 

 

 

 
(c) Power patterns for  mode: theory (6.06GHz), simulated (6.17GHz) 
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7.3.3    Input Impedance 

 

In this section, the theoretical result on input impedance is presented. 

Probe fed RDRA has been reported by S. A. Long et al. in 1983 [19]. In that 

communication, rectangular DRA having  has 

been excited using a coaxial probe whose length  is 10.3mm as shown in Fig 

7.1. The coaxial Probe has been placed inside the DRA along x-axis and near to 

the edge of the RDRA [19, 179]. But in [19], no information about the exact 

probe position is available. Besides that, the probe radius  has also not been 

mentioned there. Rigorous 3D EM simulation is performed using FEM based 

commercial software HFSS [9] for . As the probe position  is 

not available in [19], a parametric study is performed for various values of   

and it is found that  mm gives reasonable results as reported in [19, Fig. 

2]. Our theory (with measured ) is applied to calculate the input impedance of 

probe inserted RDRA for . Theoretical, simulated and measured [19] 

results are shown in Fig. 7.9. It is found that our theoretical results are in 

agreement with measured and/or simulated data. Little discrepancies are there 

as our model does not account for probe radius. Further, our theory does not 

account the field outside the RDRA in the evaluation of . 

 

 

 

 

 
(d) Power patterns for  mode: theory (6.60GHz), simulated (6.66GHz) 

Fig. 7.8 Comparison of normalized theoretical far-field power patterns with data 

obtained using 3D EM simulator HFSS for  and  modes 
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7.3.4     Radiated Power, Quality factor, Efficiency and Gain 

 

In this analysis, the effect of feed mechanism is not considered. Stored 

energy, different types of losses, etc. is calculated using the source free theory. 

Bandwidth , efficiency , gain  etc are also calculated. A general 

MATLAB® [164] code is written to obtain various quantities for different modes. 

In [21], radiation Q-factor  has been evaluated from magnetic dipole 

moment for  mode as: 

 

 

 

where is vector from origin,  is volume of RDRA and  is 

volume polarization current density. Closed form expression has been reported 

there for evaluating  as  where   is resonant frequency,  

is stored electric energy and  is the radiated power from the 

magnetic dipole of moment . In Fig. 7.10, variation of normalized radiation 

Q-factor  with (d/b) ratio for  is shown for  mode. 

Theoretical results on normalized radiation Q-factor as reported in [21] is also 

shown in that graph. From Fig. 7.10, it is found that the nature of the graphs 

is almost similar for a certain value of  ratio (here, approximately equal to 

2). Beyond that, as the ratio of  is increasing for fixed value of  and , 

 
Fig. 7.9 Experimental validation of input impedance for  mode 

 [19] 
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normalized  increases whereas 

the same is decreasing according 

to [21]. This may be due to the 

approximate (or equivalent) theory 

for computing  in [21] whereas 

our theory is based on standard 

procedure as found in [12-16] or 

as calculated for Equilateral 

Triangular Microstrip Antenna (ETMA) in Chapter III. In Table 7.5, our theory 

is compared with magnetic dipole theory for computing the radiation Q-factor. 

Measured data [21] is also shown there. It is found that our theory gives the 

same results as reported in [21]. But most of the cases, our theory is a little bit 

closer to experimental data compared to the theory based on magnetic dipole 

moment. The discrepancy between the theory and experimental data may be 

due to non-consideration of feed mechanism. 

 

Table 7.5 

Comparison of Rad. Q-factor for  mode with measured data [21] 

Sl 
No 

 
(mm) 

 
(mm) 

 
(mm) 

 
Radiation Q-factor  

Mongia [21] Our Exp [21] 

1 7.45 2.98 7.45 79.46 128.7 74.2 95 

2 8.6 2.58 8.6 37.84 37.9 20.85 28.5 

3 8.77 3.51 8.77 37.84 44 26.416 31.5 

4 15.24 3.1 7.62 10.8 5.8 5.1185 5.9 

5 10.16 10.16 7.11 20 18.9 18.971 15.4 

6 10.16 7.11 10.16 20 15.9 15.39 14.3 

7 9.31 9.31 4.6 37.84 48.1 47.249 32.3 

8 15.24 7.62 7.62 37.84 47.6 42.52 34.1 

9 7.62 7.62 15.24 37.84 23.5 24.455 18.9 

10 8.77 3.51 8.77 37.84 31.3 26.416 24.1 

11 8.77 8.77 3.51 37.84 45.5 45.226 31.3 

12 9.31 4.6 9.31 37.84 34.8 30.468 22.4 

13 12.7 2.54 2.54 79.46 86.8 73.898 45.4 

14 12.7 6.35 6.35 79.46 139.6 122.48 73.6 

15 7.7 7.7 7.7 79.46 117.6 111.3 56.4 

 

 
Fig. 7.10 Variation of normalized radiation Q-factor with 

(d/b) ratio for  mode   
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It should be pointed here that in [21], stored electric energy  has 

been computed for isolated RDRA , not for RDRA  placed 

on a metallic ground plane as discussed earlier in the previous section. 

Therefore, the theoretical results on radiation Q-factor  will be 

half as reported in [21]. Further, image theory has to be applied to remove the 

ground plane, which will produce a magnetic dipole having twice strength  

as reported in [171]. The radiation Q-factor will further be reduced. 

Some experimental results on radiation Q-factor  have been reported 

in [180] without proper mode identifications. Rigorous 3D simulations are 

performed to identify various  modes by observing their field patterns near 

the measured resonant frequency ( . Some unknown modes for RDRA are 

also observed, which are not yet reported in literature. These modes are 

discarded for the time being as we are interested in  modes only. It is also 

found that our theory gives much higher value of  compared to measured 

and/or simulated ones for degenerate modes, possibly due to coupling of 

modes and consequent reduction of Q-factor. Table 7.6 shows a comparison 

between theoretical  measured  [180] and simulated  values of  

for various  modes only without any mode degeneracy. An Isolated RDRA 

having dimensions of   is modeled here as a probe fed RDRA whose 

dimensions are  where  above the ground plane according to 

image theory. This might be one of the reasons for inconsistency between 

measured, simulated and theoretical data. 

Our theoretical (superscript „T‟) model is also applied to find the gain and 

BW for various modes and compared with measured data (superscript „M‟). 

Some typical results are shown in Table 7.7. (From the plot of measured  

([171], Fig. 7) it is easily seen that multiple modes have been excited in RDRA1 

(1st sample of Table 7.7). For this reason, measured BW  is not compared 

to this sample in Table 7.7). It is found that our results are in agreement with 

measured values. Slight discrepancies are there as our model does not account 

for feed. 
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Table 7.6 

Comparison of radiation Q factor with [180] 

Ref [180]  (GHz) Mode  

Table Sample    

Mode  
no as  

in [180] 
HFSS    

II A 4.67 4.65 4.34 1  90 74.6 131.3 

II B 5.68 5.65 5.33 1  31.5 35.5 45.8 

II C 6.32 6.27 5.93 1  28.5 31.2 39.7 

III A 6.59 6.57 6.35 1  58 65 77.5 

III A 7.78 7.78 7.47 3  700 1262 1458 

III B 7.99 7.92 7.81 1  22.5 29.3 27.2 

III B 9.47 9.47 9.19 3  241 217.2 246.2 

III C 11.48 11.47 11.3 2  144 131 139 

 

Table 7.7 

Comparison gain and  for various modes ( ) 

Ref  
Dimension  

Mode 
 BW (%) 

a b D     

[171] 
10 7 7 10  5.5 5.64 - 10.65 

10 5 5 30  10.2 10.93 7.26 9.2 

[5] 

10 52 52 25.4  - 4.81 8.2 8.17 

12 27.5 27.5 28.5  - 5.14 10.2 7.59 

20 47 47 12.8  - 5.00 5.1 4.57 

25 25.4 25.4 20  - 4.81 3.6 2.69 

40 21.1 21.1 14.7  - 4.68 1.9 1.38 

100 12 12 15  - 4.48 1.0 0.53 

[176] 10 31.9 26.1 15.9  4.04 4.75 9.09 7.8 

[181] 10 21 18 5  - 5.35 11.21 10.9 

 

Typical theoretical results on  and BW for higher order modes with 

odd values of m and p of a RDRA having a = 15.24mm, b = 7.62mm, h = 3.1mm 

and  = 10.8 are shown in Table 7.8. From Table 7.8, it is found that, by 

selecting the proper material and dimensions of RDRA, a higher order mode 

may give an enhanced gain over  mode. 



Chapter VII: Rectangular Dielectric Resonator Antenna 

 

Sudipta Maity   164 

 

Table 7.8 

Radiation characteristics of various  modes  

 

Sl 
No 

Mode 
 

(GHz) 
 
 

 
 

  
 
 

Gain 
(dB) 

  

1  2.658 104.0 99.63 6.04 6.02 11.75 5.46 1.17E+08 8.21E+07 

2  3.605 10.01 96.47 62.75 60.54 1.17 8.51 2.38E+08 1.93E+08 

3  4.408 37.07 99.05 16.95 16.79 4.21 9.76 3.71E+08 3.21E+08 

4  4.894 11.48 97.04 54.72 53.10 1.33 8.86 4.63E+08 4.12E+08 

5  4.981 5.33 93.84 118.0 110.7 0.64 10.57 4.80E+08 4.30E+08 

6  5.945 3.96 92.04 158.5 145.9 0.48 10.41 6.93E+08 6.42E+08 

7  6.202 9.25 96.43 67.93 65.51 1.08 5.90 7.56E+08 7.04E+08 

8  6.302 11.77 97.19 53.41 51.90 1.36 7.25 7.81E+08 7.29E+08 

9  6.607 19.05 98.25 32.98 32.40 2.18 11.06 8.59E+08 8.08E+08 

10  7.132 4.31 92.74 145.7 135.1 0.52 10.19 1.00E+09 9.52E+08 

11  7.344 1.54 82.02 408.4 335.0 0.21 8.83 1.06E+09 1.01E+09 

12  7.765 7.55 95.74 83.26 79.72 0.89 7.81 1.19E+09 1.14E+09 

13  8.024 34.95 99.05 17.98 17.81 3.97 10.00 1.27E+09 1.22E+09 

14  8.323 0.63 65.15 1005. 654.8 0.11 9.18 1.36E+09 1.32E+09 

15  8.335 26.06 98.73 24.11 23.80 2.97 10.14 1.37E+09 1.32E+09 

16  8.444 4.61 93.25 136.2 127.0 0.56 10.35 1.40E+09 1.36E+09 

17  8.924 3.05 90.13 206.4 186.0 0.38 9.68 1.56E+09 1.52E+09 

18  9.465 1.05 75.98 598.1 454.5 0.16 10.91 1.76E+09 1.71E+09 

19  9.739 1.62 83.02 387.4 321.6 0.22 8.49 1.86E+09 1.81E+09 

20  9.863 15.24 97.87 41.22 40.35 1.75 13.90 1.91E+09 1.86E+09 

 

It is interesting to note that for fixed aspect ratios (  and  ratios), 

variation of  and  with respect to  (or resonant frequency) 

are almost constant for different  modes. Typical results are shown in Fig. 

7.11 with respect to . 

Variations of  and  with  ratio are shown in Fig. 

7.12 for some modes.   and  are calculated from magnetic dipole 

moment theory as reported in [21] are also shown (in dotted black line) therein 

for comparison purpose.  

In Fig. 7.13, variations of  and  with  ratio are 

shown for some modes.  It is found from Figs. 7.12 and 7.13, by selecting 

proper mode for given dimensions and permittivity of the RDRA, we can achieve 

both high gain and . 
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Fig 7.11 Radiation characteristics of RDRA for different  modes for fixed  and  : (

) 

 

 
(a) Variation of  with  

 
(b) Variation of  with  

 
(c) Variation of  with  

 
(d) Variation of  with  

 
(e) Variation of rad. efficiency with  

 
(f) Variation of  with  
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Fig 7.12 Radiation characteristics of RDRA for different  modes with  ratio: (

)  

 
(a) Variation of  with  ratio 

 
(b) Variation of  with  ratio 

 
(c) Variation of  with  ratio 

 
(d) Variation of  with  ratio 

 
(e) Variation of rad. efficiency with  ratio 

 
(f) Variation of  with  ratio 
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Fig 7.13 Radiation characteristics of RDRA for different  modes with  ratio: (

)  

 
(a) Variation of  with  ratio 

 
(b) Variation of  with  ratio 

 
(c) Variation of  with  ratio 

 
(d) Variation of  with  ratio 

 
(e) Variation of rad. efficiency with  ratio 

 
(f) Variation of  with  ratio 
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7.4    Conclusion 

 

In this chapter, theoretical investigation on Rectangular Dielectric 

Resonator Antenna (RDRA) is presented for  modes. The RDRA is modeled 

here as source free cavity for theoretical investigations. Approximate solution 

for the eigenfunction is given here. Closed form analytic expressions are given 

here to predict the far-zone electric field and the input impedance of a probe 

inserted RDRA. Radiation characteristics of the RDRA are also presented. 

Radiated power , radiation Q-factor ,  total stored energy , 

bandwidth , efficiency , gain  etc. are also discussed here. From this 

theoretical investigation, it is found that: 

 

 All  modes with odd values of  and , produce a peak in the 

broadside direction. 

 RDRA supports different far-field radiation patterns. 

 Due to the existence of imperfect wall at , stored magnetic 

energy  and electric energy  are not equal.  

 By selecting proper dimensions and relative permittivity of the RDRA, 

higher order modes can produce higher gain compared to fundamental 

 mode. 

 For a given mode, radiated power , total Q-factor ,  efficiency , 

gain  etc become almost same for fixed values of aspect ratios (  

and ). 
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Chapter VIII 

Equilateral Triangular Dielectric Resonator 

Antenna 

 

8.1    Introduction 

 

Dielectric Resonator Antenna (DRA) made up of low loss dielectric 

material is a potential element for modern communication system. Theoretical 

and experimental investigations have been reported extensively on 

hemispherical and cylindrical DRAs [5, 174]. In the previous chapter, 

theoretical investigations on rectangular DRAs (RDRA) are presented 

analytically for arbitrary  modes. Radiation characteristics for different 

 modes of a RDRA are presented in a systematic way to understand its 

working principle properly. We have also reported this analytical work [172] 

partially in 2014 although the RDRA has been investigated by several 

researchers since 1983. 

On the other hand, Equilateral Triangular DRA (ETDRA) did not receive 

much attention. Conventional source-free ETDRA having side length a, height 

d and relative permittivity  on a metallic ground plane is shown Fig. 8.1. 

Literature survey shows that some experimental works have been reported on 

the performance of thin ETDRA for fundamental  mode [107-111]. Several 

feeding mechanisms such as aperture on the ground plane [107], slot line 

[108], conformal strip [109], rectangular waveguide aperture [110], disk loaded 

coaxial aperture [111] etc had also been utilized by K. W. Leung et al to excite 

the ETDRA. A qualitative comparison can be made from those experimental 

investigations as reported in [107-111] but it will be limited to thin (or low-

profile i.e. ) ETDRA and fundamental  mode only. It is important to 

have some theoretical investigations to understand the working principle of an 

ETDRA for arbitrary dimensions  and relative permittivity  for different 
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 modes.  

 

 

 

 

 

 

 

 

 

The first paper on ETDRA [107] has been reported by K. W. Leung et al 

where the closed form solutions for the eigenfunctions and eigenvalues have 

given for an ETDRA. Going through [107], one can encounter some confusion 

on eigenfunctions and eigenvalues from theoretical point. The expressions for 

eigenfunctions and eigenvalues as reported in [107] are not simultaneously 

applicable to a single electromagnetic object. For theoretical investigation, 

approximate solution for eigenfunction of the ETDRA has been expressed in 

[107] as: 

 

 

 

where 

 

 

 

 

 

Here  are integers such that  and other terms are 

carrying their usual meanings. It is clear that the field variation along the finite 

height (or length) of the ETDRA has been expressed as a  z-directed 

travelling wave ( ). To predict the resonant frequency ,  has been 

assumed equal to  for fundamental  mode [25, 107] while the other 

 
Fig. 8.1 Conventional antenna configuration (a) top view (b) side view 
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two wave numbers are obtained following the procedure suggested by S. A. 

Schelkunoff [24]. It has been clearly mentioned in [107] that the resonant 

frequency is determined predominantly by the height of ETDRA when . 

Therefore, the field variation along the height of ETDRA must be a standing 

wave, instead of travelling wave. Otherwise, the resonant frequency must be 

independent of the height of ETDRA as found in conventional cavity model 

analysis of microstrip antenna [6, 11-15]. Therefore, the eigenfunctions have 

been reported for equilateral triangular dielectric waveguide whereas the 

eigenvalues have been given for equilateral triangular dielectric cavity. 

In [112], the triangular surfaces on the top and bottom of an isolated 

ETDRA are modeled as Imperfect Magnetic Conductors (IPMC), whereas the 

side walls having rectangular cross-section are modeled as Perfect Magnetic 

Conductors (PMC) to investigate the  mode of an ETDRA. The mode 

matching technique has been utilized therein to predict the third wave number 

( ) along the height of the ETDRA as given below [112]: 

 

 

 

Mathematical steps for obtaining equation (8.4) have not been given there. It is 

found that equation (8.4) is in error. Equation (8.4) should contain the  factor 

as a multiplication constant to the right sight for  mode of analysis [4, 16, 

182]. This is explained in detail with proper mathematical theory in the theory 

section. Explicit solution for the standing wave field variation along the height 

(say,  function) of the ETDRA has also not been provided in [112]. 

The standing wave field variation along the height of the ETDRA can be 

assumed as either 

 

 

or 
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where  is the phase constant for a particular mode. It is evident that equation 

(8.5b) will take the same form as defined by equation (8.5a) for  

where . Both forms as given in equations (8.5a) and (8.5b) satisfy 

the separation equation [4, 16] i.e.  where  is the composite wave 

number along the x-y direction [24] and  is the free-space wave number after 

multiplication by  as given in equation (8.2). A complete standing wave 

field pattern inside the dielectric resonator antenna may be obtained for which 

the eigenvalues are same in all cases. But the field variation may not be same 

along the height of the ETDRA. To justify this matter,  is computed from the 

equation (8.4) as reported in [112] for the time being and different expressions 

for  as defined by equations (8.5a) and (8.5b) are used to plot the internal 

electric field variation along the height  of an isolated ETDRA for 

the fundamental  mode at  plane (ABCD surface, say). This is shown 

in Fig. 8.2.  

 It is clear from Fig. 8.2 that the internal field distributions along the 

height of ETDRA (  plane) for different cases are not same. But the 

theoretical resonant frequencies are equal (here, 1.5GHz) in all cases. For  

mode, there must be only one half cycle along the height of the isolated 

ETDRA. But Figs. 8.2(a) and 8.2(d) both contain almost two half cycles along 

the height of the isolated ETDRA for  mode. Such types of internal field 

distribution cannot be excited for DRA placed over a metallic ground plane [5, 

174, 177] as the mode will be short circuited. In Fig. 8.2(c), partial introduction 

of another half cycle with one complete half cycle is produced at the upper 

portion of the isolated ETDRA. Hence, Figs. 8.2(a), 8.2(c) and 8.2(d) are not 

correct field distributions along the height of an isolated ETDRA. Fig. 8.2(b) 

contains one full cycle (at the middle portion) but the partial introduction of 

other two half cycles are found. Hence, Fig. 8.2(b) cannot be accepted as 

correct electric field distribution along the height of an isolated ETDRA. It 

should be pointed here that a trial-error method can be used for different 

values of  to achieve only one half cycle along the height of an isolated 
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ETDRA. Obviously, it will be a time consuming process for different values of a, 

d and . Exact internal field distribution of a cavity (here, ETDRA) is essential 

to investigate its other electromagnetic properties such as stored energy, 

quality factor etc. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The formula for predicting the resonant frequency for different  

modes produces a large error for arbitrary dimensions and permittivity of the 

ETDRA. With the help of correct transcendental equation for computing  as 

explained later in this dissertation, one will get almost 16% error in the 

prediction of resonant frequency for an ETDRA having a = 66mm, d = 24mm,  

= 12 as reported in [112]. This is also shown with proper theoretical proof. 

Further, literature survey shows that Equilateral Triangular Microstrip 

Antenna (ETMA) [6, 11-15, 35-36] has been investigated theoretically but the 

ETDRA has not been analyzed theoretically so far. Closed form expressions for 

far-field radiation patterns of different  modes of ETMA have been 

reported in [6]. There is no formula for predicting the far-field radiation 

 
(a)  

 

Fig. 8.2 Electric field variation along the height an isolated ETDRA along y=0 plane  

(a = 66mm, d = 24mm,  = 12)  

 
(b)  

 

 
(c)  

 

 
(d)  
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patterns of an ETDRA. In summary, the characteristics of an ETDRA have not 

been reported so far. Therefore, there is a wide area to work on ETDRA. 

In this chapter, equilateral triangular dielectric resonator antenna is 

investigated theoretically. Approximate solution for the eigenfunction of an 

ETDRA is given for  mode using simple waveguide model.  For theoretical 

investigation, the triangular surfaces on the top and bottom of the source free 

isolated ETDRA are modeled either as Perfect Magnetic Conductors (PMC) or 

Imperfect Magnetic Conductors (IPMC), whereas the side walls of rectangular 

cross-section are modeled as PMC only. Both cases are considered separately 

to investigate the ETDRA. Field variation along the triangular section (i.e. x-y 

plane) of an ETDRA with PMC boundary condition is obtained from the  

mode of an equilateral triangular metallic waveguide [24] by applying duality as 

found in [25, 27], or as detailed in generalized form in [52-53]. Explicit 

solutions of field variation along the height of an ETDRA are given here using 

PMC and IPMC models for the first time. Two different general approaches are 

applied to find the third wave number  for IPMC boundary conditions along 

the height of the ETDRA. Both solutions give the same results as expected. But 

we did not obtain equation (8.4) as reported in [112]. This is explained here 

with theoretical proof. It is found that the resonant frequencies computed using 

a magnetic wall model (all surfaces are PMC) and mixed magnetic wall model 

(PMC and IPMC) are almost equal for different modes. However, without 

introduction of the concept of effective area, as suggested by us, both models 

lead to considerable error in the predicting of resonant frequency. The concept 

of reduction in effective area due to magnetic field lines which avoid the corners 

is accounted here by defining the effective dimension of ETDRA to predict the 

resonant frequencies for different  modes. Our curve fitted expressions 

for effective dimensions can predict the resonant frequency with an accuracy of 

4%. Close form expressions for far-field radiation patterns of the fundamental 

 mode are given here using ‘Equivalence Principle’ [4, 16] for both models 

(PMC and IPMC). Theoretical results on resonant frequencies and far-field 
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radiation patterns are compared with experimental data as found in the 

published literature [107-113] to show the accuracy of our theory for different 

dimensions and relative permittivity of ETDRA. One prototype is also fabricated 

for further experimental verification. 

The study on ETDRA is very important from computational time. If we 

have a closed form analytical solution, we can easily predict the radiation 

characteristics of an ETDRA quickly compared to 3D numerical full wave EM 

simulator. To justify this fact, a personal computer having Core 2 duo Intel 

processor (clock frequency = 2.2 GHz) and 3GB RAM is used to investigate the 

characteristics of some ETDRAs using commercially available numerical 3D EM 

simulators, HFSS and CST. The same are also evaluated using our analytic 

solutions as given in this dissertation. A comparison of time is shown in Table 

8.1. It is clear from Table 8.1 that analytical solution can predict the far-field 

radiation patterns of an antenna much faster than numerical EM simulators. 

 

Table 8.1 

Comparison of time between analytical solution and EM simulators 

Sl  
No 

Antenna Parameters Time (seconds) 

a (mm) d (mm)  HFSS CST Analytical 

1 66 24 12 288 317 2.97 

2 36 21 10 311 308 2.72 

3 24 15 38.74 291 344 3.15 

4 10 5 82 307 305 2.88 

5 20 12 25 346 312 3.03 

 

Further, the analytical solutions are efficiently utilized for entire domain 

full-wave MoM analysis of an antenna [23]. Therefore, it is very important to 

have analytical results on ETDRA. 

 

8.2    Theory 

 

In this section, theoretical investigations on source free ETDRA having 

side length , height  and relative permittivity  is presented. In Fig. 8.1, 

antenna geometry is shown in the standard Cartesian coordinate system. The 
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antenna is placed on a metallic ground, whose size is sufficiently large compare 

to the ETDRA.  mode of the ETDRA is discussed here. Eigenfunctions, 

eigenvalues, far-field radiation patterns, radiated power, gain, Q-factor etc. are 

investigated. One antenna prototype is fabricated for experimental validation. 

 

8.2.1    Eigenfunctions 

 

In Fig. 8.1, the antenna geometry is shown where an equilateral 

triangular DRA having side length , height  and relative permittivity  is 

placed on a ground plane at  surface. The origin is placed at the in-center 

(or orthocenter) of the triangular geometry. By applying the image theory, the 

ground plane is removed first and the process results an source free isolated 

ETDRA having side length , height  where . The simple waveguide 

model is applied here to find the approximate solution of eigenfunctions 

 for arbitrary  modes. Here,  is the standing 

wave solution along the x-y direction, whereas  is the standing wave 

solution along the z-direction. 

 

8.2.1.1    Evaluation of  Function 

 

To evaluate the standing wave field variation  along the x-y 

direction, the side walls having rectangular cross-section of the ETDRA are 

modeled as PMC. Tri-linear transformation is used as defined in [24] to 

generate local co-ordinate system inside the equilateral triangular section. The 

equilateral triangular section is symmetric with respect to x-axis as shown in 

Fig. 8.1. But after applying tri-linear transformation, the symmetry gets shifted 

to y-axis. Following [53], one can easily obtain the  function both for even 

and odd modes. The solution of  function for even mode is defined by 

equation (8.2) whereas the solution for odd mode is given by [53]: 
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where  are as defined earlier. Even and odd properties of the 

eigenfunctions for some  modes are shown in Chapter III for equilateral 

Triangular Microstrip Antenna (ETMA) (please see Fig. 3.2) and is not repeated 

here for the sake of brevity. 

If we want to plot the internal electric  and magnetic  field distribution 

along the x-y plane at  constant surface, we do not have to have any 

knowledge about  function. For a fixed value of z,  function will take 

constant value and this constant value can be clumped up with the modal 

magnitude. Therefore, we can easily plot the  or  field within the ETDRA 

along the x-y plane as done for microstrip patch antenna. Typical results are 

shown in Fig. 8.3 for ‘even’ and ‘odd’ mode solution. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
(a) Internal electric (left) and magnetic (right) field distribution for ‘even’  mode 

 

 
(b) Internal electric (left) and magnetic (right) field distribution for ‘odd’  mode 
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To investigate the even  and odd  mode solutions, a probe fed 

ETDRA is simulated using FEM based numerical full-wave 3D EM Simulator 

HFSS [9]. Different combinations of dimensions  and relative permittivity 

 are also used. Different feeding techniques are also applied such as 

aperture on the ground plane, strip, microtsrip line etc. Internal electric  and 

magnetic  field distribution along the x-y plane at  surface are 

observed to identify various modes. It is found that all modes are ‘even’  

modes. We did not observe any ‘odd’ mode field distribution (please see Fig. 

8.3) along the triangular cross-section. Similar observation is also found for 

equilateral triangular microstrip antennas due to plausible reason already 

discussed. Therefore, we discuss here ‘even’ modes of ETDRA only. 

 

 
(c) Internal electric (left) and magnetic (right) field distribution for ‘even’  mode 

 

 
(d) Internal electric (left) and magnetic (right) field distribution for ‘odd’  mode 

Fig. 8.3 Internal electric  and magnetic  field distribution for ‘even’ and ‘odd’ mode (a = 

66mm, d = 24mm,  = 12) 
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8.2.1.2    Evaluation of  Function 

 

Literature survey shows that the standing wave filed solution along the 

height of the ETDRA (  function) is not reported so far explicitly. Simple 

waveguide model is applied to find the approximate solution for  function. 

Two cases for the boundary conditions are considered separately. First, it is 

assumed that the source free isolated ETDRA is bounded by Perfect Magnetic 

Conductor (PMC) along its height also. This model is termed as ‘PMC model’. 

The  function is assumed as: 

 

 

 

After applying PMC at , we obtain: 

 

 

 

The constant terms  can easily be clumped up with the modal 

amplitude. At fundamental mode ,  is equal to  which is exactly 

the same as reported in [25, 107]. In [25, 107], the origin of  has not been 

reported explicitly. An intuitive method has been used to predict the value of  

at fundamental mode. Here, we derived the expressions for predicting  at 

different  modes using ‘PMC model’. 

In the second case, it is assumed that most of the field lines are confined 

within the source free isolated ETDRA and the fields outside the isolated 

ETDRA are decaying exponentially along the z-direction. This model is termed 

as ‘IPMC model’. Thus, following Marcatili’s method [175], the  function 

can be expressed as: 
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where  and  Here,  is the free-space wave 

number,  is the composite wave number along the x-y direction [24] and given 

by: 

 

 

 

and other terms are carrying their usual meaning. Tangential components of 

both electric and magnetic fields must be continuous at  surface. This 

process leads to a complex transcendental equation as:  

 

 

 

 

 

The second factor of the equation (8.11) can be rearranged as: 

 

 

 

 

After matching the tangential electric and magnetic fields at , the  

function can be simplified as: 

 

 

 

The multiplication of  and  functions will give the final approximate 

solution for the eigenfunctions .  

In comparing equation (8.13) with equation (8.4), it is evident that both 

equations are same except for the  factor. Equation (8.4) satisfies all the data 

in the Table 1 of [112] as already pointed by us in [183]. Now, if we assume 

that the  factor is a typographical error in [112], then the field variation along 

the height of the ETDRA will be  (according to equation (8.15)) which 

will produce a zero electric field at  (please see Fig. 8.2(a)). But the odd 

mode solution, i.e.  along the height of the DRA, placed on a 
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metallic ground plane, is not possible as electric field for these odd modes will 

be short circuited [5, 177] because  at . Hence, the final 

expression for  function is  

 

 

 

where  is the solution of transcendental equation  

 

 

 

For further investigation, the  function along the height of the 

isolated ETDRA is assumed as [175]: 

 

 

 

Obviously, equation (8.18) is different form of equation (8.9). Tangential electric 

and magnetic field components are matched at , leading to: 

 

 

  and  

 

It should be pointed here that individual analysis of even and odd mode 

solutions for  modes of a dielectric waveguide using the mode matching 

technique will always contain  as a multiplication factor to  whereas  will 

come as a multiplication factor to   for  modes [4, 16, 182] where  is the 

relative permeability of the dielectric waveguide. In the present work, two 

different general solutions for field variation along the height of the isolated 

ETDRA as shown by equations (8.9) and (8.18) are applied for the  mode of 

analysis. In both cases,  results as a multiplication factor to . Hence, 

equation (8.4) as reported in [112] should contain  as a multiplication factor 

to . This may be a typographical error. Further, equation (8.4) with   factor 

is the characteristic equation for the odd mode solution of an isolated dielectric 



Chapter VIII:    Equilateral Triangular Dielectric Resonator Antenna 

Sudipta Maity   182 
 

waveguide as obtained in equation (8.15) and this odd mode solution will 

produce a zero electric field at  (please see Fig. 8.2(a)). A DRA placed on a 

metallic ground plane does not support odd mode solution along its height 

(here, z-direction) [5, 174,177]. Hence, the explicit solution for the field 

variation along the height of an isolated ETDRA must be an even mode solution 

as obtained by equations (8.16) or (8.18). 

If equation (8.4) is correct and does not carry any  factor with  as 

explained above, the correctness of equation (8.4) is questionable. Further, 

equation (8.4) does not support the field variation along the height of an 

isolated ETDRA where the partial introduction of another half cycle is observed 

as shown in Fig. 8.2. 

Different constant of equation (8.18) i.e.  and  must be evaluated 

to find the final expression for  function. After evaluating those constant, 

one can easily express the  function as: 

 

 

 

In Fig. 8.4, the different expressions of  as obtained by equations 

(8.8), (8.16) and (8.18) are used with ‘even’ mode solution of  as defined 

by equation (8.2) to plot the internal electric field along the height of the 

isolated ETDRA for the fundamental  mode. From Fig. 8.4, it is found that 

all three types of expressions for  are giving similar electric field 

distribution. The partial introduction of another half cycle as shown in Fig. 8.2 

is not observed according to [174, 184]. Further, it is found from Fig. 8.4 that 

the centre of electric field variation along the height is at origin as expected, not 

at the centre of the surface (here ABCD). It should be pointed here that the 

theoretical center of the electric field distribution along the height for 

cylindrical and rectangular shaped DRAs is at the origin as well as at the 

centre of the surface. This is because of the placement of cylindrical and 
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rectangular shaped DRAs are symmetrical about the origin for theoretical 

investigation. In case of ETDRA, the origin is placed at the in-centre (or 

orthocenter).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Following equation (8.18) for ‘IPMC model’, the approximate solution for 

the eigenfunctions  of an isolated ETDRA is given by: 

 

 

 

The complete electric and magnetic fields inside the ETDRA can be expressed 

for  modes as: 

 

 
(c) 

Fig. 8.4 Electric field variation along the height (  plane) an 

isolated ETDRA for  mode (a = 40mm, d = 20mm,  = 37.84)  

(a)   where  is defined by equation (8.8)  

(b)  where  is defined by equation (8.17) 

(c)  where  is defined by equation (8.19) 
 

 
(a) 

 
(b) 



Chapter VIII:    Equilateral Triangular Dielectric Resonator Antenna 

Sudipta Maity   184 
 

 

 

 

 

 

 

 

where A is a constant and other notations are denoting their usual meaning. It 

is important to have some knowledge on graphical internal electric and 

magnetic field patterns for different modes. Typical results are already shown 

in Fig. 8.3 for some lower order modes. In Figs. 8.5 -8.6, internal field 

distribution for some higher order modes are shown.  

 

8.2.2    Resonant Frequency 

 

The resonant frequency of an isolated source free ETDRA for arbitrary 

 mode is evaluated from separation equation 

 as: 

 

 

 

where c is the velocity of light in free space.  
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In Table 8.2,  computed using equations (8.8), (8.17) and (8.19) to find 

the resonant frequencies are shown for different modes of an isolated 

source free ETDRA having  and  [112]. From Table 

8.2, it is clear that both equations (8.17) and (8.19) give exactly the same 

results for different modes as expected. The error is maximum (19% aprox.) for 

the fundamental  mode and the error is decreasing for higher order 

modes. 

Equation (8.8) for computing  is able to predict the resonant frequency 

with 3-5% error for low-profile ETDRA  [107-111]. 

Theoretical results are verified with experimental data. In case of arbitrary 

dimensions of ETDRA (not low-profile ETDRA),  produces almost 16% error in 

the prediction of  of an ETDRA having  [112] 

 
  (a)            (b)             (c) 

(a) -field patterns at  plane  (b) -field patterns at  plane    

(c) field patterns at  plane 

Fig. 8.6 Internal field distribution for  modes (a = 66mm, d = 24mm,  = 12) 

 

 

 
                            (a)                                                  (b)                                                   (c) 

Fig. 8.5 Internal field distribution for  modes (a = 66mm, d = 24mm,  = 12) 

(a) -field patterns at  plane  (b) -field patterns at  plane    

(c) field patterns at  plane 
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as shown in Table 8.2. The transcendental equation for computing    as 

reported in [112] is in error.  We have successfully demonstrated this fact with 

proper mathematical derivation. Our transcendental equations (8.17) and 

(8.19) for computing  are also produce 19% error as shown in Table 8.2. 

Similar observation had already been reported by A. Yoshihiko in 1974 for 

demagnetized equilateral triangular shaped ferrite posts [25]. In [25], it is 

clearly mentioned that the theoretical resonant frequency of such type of 

triangular ferrite posts can be smaller than experimental data by 20% at higher 

frequencies. This type of error is due to non-consideration of feed mechanism 

and the size of finite ground plane in the prediction of resonant frequency [21]. 

 

Table 8.2 

Comparison of resonant frequency for different expressions of  

[112] 

Mode 

Resonant Frequency (GHz) Error (%) 

equ.  
(8.8) 

equ.  
(8.17) 

equ.  
(8.19) 

[112] 
equ.  
(8.8) 

equ.  
(8.17) 

equ.  
(8.19) 

 1.256 1.220 1.220 1.5 16.3 18.7 18.7 

 1.968 1.956 1.956 2.2 10.6 11.1 11.1 

 2.483 2.476 2.476 2.8 11.3 11.6 11.6 

 3.160 3.156 3.156 3.3 4.2 4.4 4.4 

 3.279 3.275 3.275 3.6 8.9 9.0 9.0 

 4.107 4.105 4.105 4.4 6.7 6.7 6.7 

 4.714 4.712 4.712 4.8 1.8 1.8 1.8 

 

The concept of fringing effect is well established for microstrip antennas 

[6, 11-15]. But, the effect of fringing in DRA has not been reported explicitly [5, 

174]. Hence, it is expected to have a third factor for making the experimental 

(or simulated) resonant frequencies higher than the theoretical values. The 

reduction in effective area can be explained with the help of electric field lines 

which avoid the corners (if any) as explained by S. A. Schekunoff in [24] for 

waveguides bounded by Perfect Electric Conductors (PEC) and applying 

‘Principle of Duality’ for our case bounded by Perfect Magnetic Conductors 

(PMC). To justify this fact, S. A. Schekunoff had given an excellent example in 



                             Chapter VIII:    Equilateral Triangular Dielectric Resonator Antenna 

Sudipta Maity   187 

 

[24]. The ratio of cutoff frequency between circular and semi-circular metallic 

waveguides (i.e. bounded by Perfect Electric Conductor (PEC)) having same 

radius is approximately equal to  i.e. 1.4. In practice, the same is found 

equal to 1.6. The magnetic field lines tend to avoid the corners in semi-circular 

metallic waveguide which results in reduction of effective area and as a 

consequence, the cutoff frequency of the semi-circular metallic waveguide 

increases. In our case, the ETDR bounded by PMC contains three acute angles. 

Due to three acute angles, electric field lines will avoid all corners and this 

process will result a smaller effective size than its actual physical size. Typical 

results of simulated internal electric field are shown in Fig. 8.7. 

It should be pointed here that our source free theory does not include the 

effect of excitation. The avoidance of electric field from three corners due to 

PMC boundary condition is also not reflected by our theory as shown in Fig. 

8.8. The theoretical contour of field lines is matching with data obtained from 

3D EM simulator HFSS but the magnitude differs. This type of discrepancy is 

not found in equilateral Triangular Microstrip Antenna (TMA). 

For a first order approximation, curve-fitted formula for computing the 

effective length ( ) of ETDRA is defined for various  modes as: 

 

 

 

Here, . The effective height ( ) of the ETDRA is expressed as [185]: 

 

 

 

It is worth mentioning here that the use of equations (8.24) and (8.25) for 

effective dimensions ( ) are consistent with the internal field distribution as 

shown in Figs. 8.3 – 8.6 respectively. 

To have an idea on modal indices for different modes, the resonant 

frequencies are computed for first few modes using both ‘PMC’ and ‘IPMC’ 

model. This is shown in Table 8.3. It is found from Table 8.3 that mode 

degeneracy occurs for . 
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Table 8.3 

Resonant frequencies  for first few modes of an ETDRA 

 

Sl No Mode 

 (GHz) 

 

Sl No Mode 

 (GHz) 

equ. 
(8.8) 

equ. 
(8.19) 

equ. 
(8.8) 

equ. 
(8.19) 

1  1.2561 1.2201 11  3.2791 3.2753 

2  1.7626 1.7479 12  3.2791 3.2753 

3  1.9676 1.9561 13  3.5595 3.5136 

4  2.483 2.4761 14  3.5595 3.5136 

5  2.483 2.4761 15  3.612 3.6088 

6  2.7739 2.6083 16  3.7682 3.7304 

7  2.843 2.7684 17  3.9166 3.914 

8  3.1003 3.0138 18  3.9166 3.914 

9  3.1604 3.1515 19  4.0611 4.031 

10  3.2212 3.1562 20  4.1072 4.1048 

 

  

Fig. 8.7 Confinement of -field which avoid the corners within the ETDRA bounded by PMC for 

different modes (a = 66mm, d = 24mm,  = 12) (a)  mode (b)  mode 

 
(a) 

 
(b) 

Fig. 8.8 Theoretical (source free theory) Internal -field distribution (in dB) for different modes of 

an ETDRA (a = 66mm, d = 24mm,  = 12) (a)  mode (b)  mode 
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8.2.3    Far-Field Radiation Patterns 

 

Far-field radiation patterns of an equilateral triangular microstrip 

antenna have been reported in 1988 by K. F. Lee et al [6] using conventional 

cavity model [6, 11-15] where  component has been utilized only, because the 

tangential components ( )   and   are equal to zero according to cavity 

model ( ) [6, 11-15]. Mathematical explanation for obtaining 

 for microstrip patch antenna is already given in Chapter V. In case 

of ETDRA,  and  components are not zero and their effects must be 

accounted for accurate prediction of the far-field radiation patterns.  

To find the far field radiation patterns of an ETDRA for arbitrary  

modes, ‘Equivalence Principle’ [4, 16] is applied by the author for the first time. 

For theoretical investigation, the triangular surfaces on the top and bottom of 

the source free isolated ETDRA are modeled either as Perfect Magnetic 

Conductors (PMC) or Imperfect Magnetic Conductors (IPMC), whereas the side 

walls of rectangular cross-section are modeled as PMC only. Therefore, the 

magnetic surface currents  and electric surface currents 

 on the surfaces of the ETDRA both are to be evaluated depending on the 

boundary conditions (PMC or IPMC). 

To make the calculation simple, we place the apex of triangle ABC at 

origin. Hence, the eigenfunctions  can be written as: 

 

 

 

This effect of shifting will be accounted in the final expressions for far-field 

radiation patterns. Further, the slope of AC and AB surfaces (please see Fig. 

8.1) are defined as  and –  respectively where . Further, for 

theoretical calculation, it is assumed that 
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where  

 

Surface Current along AC Surface (PMC) 

 

 

 

Surface Current along AB Surface (PMC) 

 

 

 

Surface Current along BC Surface (PMC) 

 

 

Surface Current along TOP Surface  (PMC) 

 

 

 

Surface Current along BOTTOM Surface  (IMPC) 

 

 

 

Evaluation of  for PMC and IPMC Model: 

 

Closer look reveals that  function is changed due to different 

boundary conditions. Therefore, the contribution of the height of the ETDRA 

on far-field radiation patterns is evaluated separately. The final results of two 

important integrals as defined below will be used for this calculation. 
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 For PMC Model: 

 

 

 

 

and 

 

 

 

 

 

 For IPMC: 

 

 

 

and 
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The contributions of the x and y coordinate values on the far-field radiation 

patterns are quite similar to equilateral triangular microstrip antenna (ETMA). 

Therefore, the final results are given here. 

 

Fields along AC Surface (PMC) 

 

 

 -component  due to  surface current 

 

 

 

where 
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and  

 

 -component  due to  surface current 

 

 

 

where 

 

 

 

 

 

 

 -component  due to  surface current 

 

 

 

where 
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where  

 

and 

 

 

 

 

 

 

 

 

Hence, 
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Fields along AB Surface (PMC) 

 

 

 -component  due to  surface current 

 

 

 

where 

 

 

 

 

 

 -component  due to  surface current 

 

 

 



Chapter VIII:    Equilateral Triangular Dielectric Resonator Antenna 

Sudipta Maity   196 
 

where 

 

 

 

 

 

 -component  due to  surface current 

 

 

 

 

 

where 

 

 

 

Fields along BC Surface (PMC) 

 

 

 -component  due to  surface current 
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where 

 

 

 

 

 

 

 

 -component  due to  surface current 

 

 

 

where 
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Fields along TOP Surface  

 

 

 

 -component  due to  surface current 

 

 

 

where 

 

 

 -component  due to  surface current 

 

 

 

where 
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 -component  due to  surface current 

 

 

 

 

 -component  due to  surface current 

 

 

  

 

Fields along BOTTOM Surface  

 

 

 

 -component  due to  surface current 

 

 

 

 

 -component  due to  surface current 
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 -component  due to  surface current 

 

 

 

 

 -component  due to  surface current 

 

 

 

 

Here,  and  are the field strength of  and  

components respectively,  is constant and other terms are carrying their 

usual meaning. The far-zone electric field at point  is evaluated as [10]: 

 

 

 

 

where, 
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Here, all terms are carrying their usual meaning. Various constant as defined 

during the evaluation of far-field radiation patterns are summarized here for 

reference purpose. 

 

 

 

 

 

 

 

8.2.4    Radiated Power, Quality factor, Efficiency and Gain 

 

Radiated power in percent may be computed as [15]  

where  is the radiation quality factor, conductor loss , dielectric loss , 

radiation loss ), total stored energy , Bandwidth (BW), efficiency (e), 

directivity (D), gain (G) are also calculated using standard procedure as found 

in [12-16] or as calculated for equilateral TMA in Chapter III. Due to the 

absence of surface wave [5, 174], the effect of surface wave loss is neglected 

here. Therefore, the total quality factor  is evaluated as: 
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It should be pointed here that in case of IPMC model, IPMC is applied along 

 surfaces to compute the eqigenfunction of the source free ETDRA. It is 

found that the stored electric energy  is not equal to stored magnetic 

energy . In case of PMC model, it is found that . The total stored 

energy within the ETDRA is then evaluated as: 

 

 

 

8.2.5    Input Impedance 

 

Prediction of input impedance  is also important for an antenna. The 

input impedance is evaluated in a similar process as demonstrated for 

rectangular DRA in Chapter VII as [4]: 

 

 

where 

 

 

Here,  is electric field inside the ETDRA for a particular mode,  is probe 

current density,  is the magnitude of current,  is operating frequency,  is 

resonant frequency and  is total quality factor. Electric field inside the 

ETDRA is normalized such that 

 

 

 

where . Probe current density  is modeled here as one dimensional  

directed current as [4]: 
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where   is probe length and  is the probe location. This 

approximation will be valid when  where r is the radius of the coaxial 

probe. The reason for defining  instead of wave number  

within the ETDRA is demonstrate in the next section. 

 

8.3 Results 

 

In this section, theoretical results on resonant frequency, far-field 

patterns, Q-factor, etc. are discussed for various  modes. It is found that the 

electric field gets confined in the middle portion of the ETDRA due to three 

corners (having acute angle) and feed mechanism (please see Figs. 8.7). As a 

result, the effective dimensions  become smaller than actual physical 

dimensions . Therefore, the resonant frequency must be computed using 

 instead of .  

In practice, actual dimensions  are present. Therefore, conductor 

loss , dielectric loss , stored energy  etc must be computed using 

actual dimensions . But internal fields computed using  do not 

produce proper field patterns over the region bounded by . Typical results 

are shown in Fig. 8.9 for  mode (please see Fig. 8.3 and 8.4 also). As the 

conductor (at  plane) and dielectric are present over actual physical 

dimensions , we have used  to compute  etc. Hence, resonant 

frequency  must be computed using  otherwise field 

distortion may occur as shown in Fig. 8.9. 

Another issue is related to computation of input impedance . During 

the evaluation of , we have to use actual dimensions  instead of . 

Because in some cases, probe position  may be outside the ETDRA 

considering . This condition will be more prominent in case of 30°–60°–

90° and 45°–45°–90° TDRAs as shown in Chapter IX and X respectively where 

 for fundamental  mode. Keeping these considerations in 

mind as mentioned above, the process by which resonant frequency, far-field 
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radiation patterns, different types of losses, Q-factors etc are calculated is 

shown below:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It should be pointed here that, in case of Microstrip Antennas (MA), say 

for example equilateral Triangular MA (TMA), computation of , 

far-field patterns, etc. using either  (actual physical dimension) or  (effective 

dimension due to fringing) do not produce much difference as shown in Table 

8.4. This is because the difference between  and  is small. Similar 

observation is also found in rectangular MA, 30°–60°–90° TMA etc. 

Followed Procedure 

 

1. Computation of resonant frequency  only 

 Use  to compute  

 

2. Computation of  etc.  

I. Compute  using  

II. Compute internal field distribution using  

III. Compute far-field patterns using  

IV. Compute  etc using  

 

 
Fig. 8.9 Field plot over  region whereas fields are computed using  

(a) -field patterns at  plane  (b) -field patterns at  plane    

(c) field patterns at  plane 
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Table 8.4 

Characteristics of equilateral TMA computed using actual and effective  

length  

Sl 
No 

Mode 

Computed using  Computed using  

 
(GHz) 

  
Gain 
(dB) 

 
(GHz) 

  
Gain 
(dB) 

1  1.2928 163.97 128.95 6.0834 1.3125 161.51 127.57 6.1021 

2  3.4204 113.73 99.964 9.1152 3.4726 112.02 98.695 9.1254 

3  7.8638 77.103 71.744 10.945 7.9836 75.945 70.758 10.951 

 

Coming back to our analysis on ETDRA, one antenna structure is 

fabricated having  and  as shown in Fig. 8.10. The 

ETDRA is excited using 50Ω coaxial 

probe. The probe is placed immediately 

outside the ETDRA at apex. The same 

antenna is also simulated using FEM 

based commercial numerical 3D EM 

simulator HFSS [9]. Some experimental 

results are also collected from 

published literature. It is found that 

theoretical results are in close agreement with experimental data and/or data 

obtained using EM simulator HFSS [9].  

 

8.3.1    Resonant Frequency 

 

 The resonant frequencies are computed using the PMC model (equation 

(8.8)) and IPMC model (equation (8.19)) for different  modes of the ETDRA 

as shown in Tables 8.5 and 8.6 respectively. In our experiment, we have 

successfully excited the pure  and  modes. Other modes may 

be excited for different probe positions. The experimental resonant frequencies 

for these three modes are also shown. It is found that the expressions for 

effective dimensions  are in excellent agreement (4% error) with 

measured data. PMC model (equation (8.8)) also gives similar results as found 

 
Fig. 8.10 Photograph of fabricated ETDRA 
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for IPMC model. But, in case of low profile ETDRA, PMC model is more 

accurate than IPMC model as shown Table 8.7. Therefore, it is concluded that 

the PMC model is more accurate than IPMC model. 

The effect of excitation (and finite size of ground plane) on the resonant 

frequency of an ETDRA (i.e. same ETDRA but different feeding mechanism) can 

easily be found from samples 1 and 2 (and samples 3 and 4) in Table 8.7. This 

effect is not accounted for calculating effective dimensions ( ). Due to this 

reason, a tradeoff is maintained for different feeding mechanisms in equations 

(8.24) and (8.25) which results in an error of 4% for computing resonant 

frequency. 

 

Table 8.5 

Comparison of resonant frequency for  modes using PMC model 

Mode 

 [112]  (our) 

Reso. Freq. (GHz) Error  
(%) 

Reso. Freq. (GHz) Error 
(%) equ. (8.8) [112] equ. (8.8) Mea. (our) 

 1.528 1.5 -1.8 2.667 2.61 -2.2 

 2.286 2.2 -3.9 4.340 4.20 -3.3 

 2.732 2.8 2.4 5.282 5.17 -2.3 

 3.355 3.3 -1.7 

 
 3.480 3.6 3.3 

 4.261 4.4 3.2 

 4.822 4.8 -0.5 
 

Table 8.6 

Comparison of resonant frequency for  modes using IPMC model 

Mode 

 [112]  (our) 

Reso. Freq. (GHz) 
Error 
(%) 

Reso. Freq. (GHz) 
Error 
(%) equ. (8.19) [112] equ. (8.19) 

Mea.  
(our) 

 1.499 1.5 0.1 2.647 2.61 -1.4 

 2.275 2.2 -3.4 4.333 4.20 -3.2 

 2.724 2.8 2.7 5.277 5.17 -2.2 

 3.350 3.3 -1.5 

 
 3.476 3.6 3.4 

 4.258 4.4 3.2 

 4.820 4.8 -0.4 
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Table 8.7 

Computation of resonant frequency for  mode  

Sl 
No. 

Ref. 

Dimension Reso. Freq. (GHz) Error (%) 

a 
(mm) 

d 
(mm) 

PMC  
Model 

IPMC  
Model 

Mea. 
PMC 
Model 

IPMC 
Model 

1 [107] 20 1.1 7.76 7.42 7.59 -2.24 2.28 

2 [108] 20 1.1 7.76 7.42 7.9 1.77 6.12 

3 [109] 20 0.98 8.68 8.22 8.8 1.38 6.55 

4 [110] 20 0.98 8.68 8.22 8.91 2.60 7.70 

5 [111] 20 1.06 8.04 7.69 8.09 0.58 5.22 

 

 

8.3.2    Radiation Patterns 

 

In this section, theoretical results on far-field radiation patterns are 

presented for various  modes using ‘PMC model’. Modes with even values 

of  will not be excited for an ETDRA placed on a metallic ground plane [5, 177] 

because these modes will be short circuited. Therefore, theoretical results are 

presented for odd values of  only. Far-field power are computed at  (E-

plane) and  (H-plane) planes. Theoretical far-field power patterns are 

shown in Figs. 8.11 for first few modes of an ETDRA having 

 and . 

 

 

 

 

 

 

 

 

 

 

 

 

 
(a)  

 
(b)  

 
(c)  

 
(d)  
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In [5], the radiation characteristics of Equilateral Triangular Microstrip 

Antenna (ETMA) have been reported. We have also noticed all those properties 

as shown in Chapter III. From Fig. 8.11, it is found that the radiation 

characteristics of an ETDRA for different combination of  and  are exactly 

same as found for ETMA. The electric fields of modes with even values of  will 

be short circuited for a DRA placed on a metallic ground plane [5, 174]. These 

modes are not shown here for brevity. On the other hand, modes with odd 

values of  have the similar property as found in rectangular 

DRA [172]. Therefore, a mode weather will produce a peak or null in the 

broadside direction is mainly controlled by the proper choice of  and . 

Further, it is found from Fig. 8.11 that the  mode produces a large 

dip in the broadside direction. This is due to the improper choice of  and . 

An ETDRA having  and  does not 

show a dip in the broadside direction as shown in Fig. 8.12(a). Further, it is 

also found that some modes such as  and  also show beam splitting 

property. This is due to the improper choice of  and . For example, an 

ETDRA having  and  does not show 

beam splitting property and shows a peak in the broadside direction as shown 

in Fig. 8.12(b). 

 

 

 
(o)  

 
(p)  

Fig. 8.11 Normalized far-zone E-plane (solid line) and H-plane (circle with dotted line) power 

patterns for various  modes  
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 Although we have computed the far-field patterns using actual physical 

dimensions  as described earlier, it should be pointed here that 

normalized E-plane  and H-plane   computed using 

 and  are same. Typical results are shown in Fig. 8.13 for  and 

 modes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

For experimental validation, our theoretical results on far-field radiation 

patterns (PMC and IPMC model) are compared with measured data as found in 

[110]. The measured data corresponding to 8.91GHz (resonant frequency) are 

extracted from [110] for theoretical validation. This is shown in Fig. 8.14(a). For 

 
 (a) for  mode 

 
(b) for  mode 

 
(a) E-plane (left) and H-plane (right) for  mode  

 

 
(b) E-plane (left) and H-plane (right) for  mode  

Fig. 8.13 Comparison far-zone power patterns computed using  and  for different 

mode  : solid line for  and circle for    

Fig. 8.12 Improvement of radiation patterns (E-plane in solid line and H-plane in circle with dotted line) by 

selecting proper dimensions and  for various  modes  
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further verification, our own experimental results on (normalized) E-plane and 

H-plane power patterns of the fabricated antenna are compared with this 

theory as shown in Fig. 8.14(b). It is found that theoretical results are in close 

agreement with experimental data. Little discrepancy occurs in the E-plane. 

This may be due to the finite size of ground plane. It is found that PMC and 

IPMC both models give almost the same results for predicting far-field radiation 

patterns. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Theoretical results on some higher order  modes are compared 

with data obtained using 3D EM simulator HFSS. These are shown in Fig. 

8.15.  

 

 

 

 

 

 

 

 
(i) Field patterns for  mode 

 
(i) for  mode (a = 20mm, h = 0.98mm,  = 82) [110] 

 

 
 

 
(ii) for  mode (a = 36mm, h = 21mm,  = 10) (our) 

 
Fig. 8.14 Experimental validation of far-field patterns for  mode: (a) E-plane (b) H-plane 
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It is clear from Fig. 8.15 that theoretical results are in good agreement with 

data obtained using 3D EM simulator HFSS [9]. Little discrepancy is found. 

This is due to the effect of excitation which is not included in our source free 

simple theory. 

 
(ii) Field patterns for  mode 

 

 

 
(iii) Field patterns for  mode 

 

 

 

 
(v) Field patterns for  mode 

 
Fig. 8.15 Comparison of normalized far-field power patterns at  (left) and  

(right) plane with data obtained using 3D EM simulator HFSS for different  modes 

 

 

 
(iv) Field patterns for  mode 
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8.3.3    Radiated Power, Quality factor, Efficiency and Gain 

 

In this analysis, the effect of feed mechanism is not considered. In [21], it 

is clearly mentioned that the natural resonant frequency and the Q-factors 

(radiation Q-factor  and total Q-factor ) are highly sensitive with feeding 

mechanism [21]. Proper source modeling is required to obtain accurate results. 

In Table 8.8, comparison between theoretical and measured total Q-factor  

is shown using PMC and IPMC models. In all cases, the loss-tangent  is 

assumed to be equal to 0.0005 for theoretical calculation. The discrepancy is 

due to non-consideration of feed and finite size of ground plane in our theory. 

Further, it is found that the IPMC model produces slight larger  compared to 

the PMC model, but both models produce almost same . 

Typical theoretical results on  and  for various  

modes of an ETDRA having  and  are shown in 

Table 8.9 using the PMC model. From Table 8.9, it is found that the 

 mode can produce higher gain (8.1dB) compared to 

fundamental  mode (4.7dB). Further, it is also shown in the previous 

section that, by selecting proper dimensions and relative permittivity of the 

ETDRA, one can control the far-field radiation patterns as found for 

rectangular DRA. Therefore, a higher order mode may be used to produce 

higher gain compared to fundamental mode by selecting proper dimensions 

and relative permittivity of an ETDRA. 

 

Table 8.8 

Comparison of total Q-factor using PMC model 

Sl 
No 

Ref Mode 
Dimension (mm) 

 
Mea. 

 
Theoretical  

a d PMC IPMC 

1 [112]  66 24 12 11.21 25.564 29.322 

2 our  36 21 10 7.85 22.782 24.762 

3 [113]  66 24 12 14.667 48.207 50.213 

4 [113]  66 24 12 13.333 46.894 49.071 
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Table 8.9 

Radiation characteristics of first few  modes of an ETDRA 

 

Sl 

No 
Mode 

 

(GHz) 
    

 

 

Gain 

(dB) 

1  1.256 24.21 98.52 25.95 25.56 2.766 4.73 

2  1.763 6.718 94.98 93.53 88.83 0.796 4.635 

3  1.968 12.68 97.29 49.55 48.21 1.467 6.257 

4  2.483 12.99 97.38 48.39 47.12 1.501 6.746 

5  2.774 1.555 81.76 404 330.3 0.2141 6.565 

6  2.843 11.73 97.13 53.55 52.01 1.359 7.264 

7  3.1 6.476 94.94 97.03 92.12 0.7676 8.702 

8  3.16 17.99 98.12 34.94 34.28 2.063 4.503 

9  3.221 5.914 94.49 106.2 100.4 0.7044 8.566 

10  3.279 16.39 97.94 38.33 37.54 1.884 5.971 

11  3.559 0.7897 69.71 795.6 554.6 0.1275 9.297 

12  3.612 2.041 85.61 307.9 263.6 0.2683 9.328 

13  3.768 0.962 73.75 653.1 481.7 0.1468 7.147 

14  3.917 8.233 96.01 76.32 73.28 0.965 7.937 

15  4.061 2.458 87.81 255.6 224.4 0.3151 6.582 

16  4.107 4.798 93.36 130.9 122.3 0.5784 5.942 

17  4.154 1.361 79.96 461.7 369.2 0.1915 7.942 

18  4.422 0.3701 52.1 1698 884.6 0.07993 9.928 

19  4.464 0.9396 73.43 668.7 491 0.144 6.683 

20  4.593 8.316 96.08 75.56 72.59 0.9741 9.854 

21  4.632 22.07 98.48 28.47 28.04 2.522 4.361 

22  4.674 1.241 78.52 506.4 397.6 0.1778 10.83 

23  4.714 11.89 97.22 52.86 51.39 1.376 5.803 

24  4.756 7.889 95.88 79.65 76.36 0.926 8.938 

25  4.835 0.7711 69.46 814.9 566 0.1249 6.308 

 

For fixed value of  ratio, variations of  and  with  

are shown in Fig. 8.16 for first few modes. It is found that they are almost 

constant as found for rectangular DRA (please see Chapter VII). Numerical 

instability occurs at  mode in the calculation of gain . To find such 

type of discrepancy, variations of  and  with  ratio for a 

fixed value of  are calculated for first few modes as shown in Fig. 8.17.  It is 

clear from Fig. 8.17 that   and  take different values at 
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different modes.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From Fig. 8.17, it is found that for certain values  ratio, numerical 

instability occurs for  mode. A further investigation reveals that 

 
Fig 8.16 Radiation characteristics of ETDRA for different  modes for fixed  ratio 

( ) 

 
(a) Variation of  with  

 
(b) Variation of  with  

 
(c) Variation of  with  

 
(d) Variation of  with  

 
(e) Variation of rad. efficiency with  

 
(f) Variation of  with  
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 occurs at different  point and  follows similar 

curve as found for gain . To calculate ,  the  and  axis is divided with   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a step size of 1°. A step size of less than 1° produces exactly the same results 

as found in step size of 1°. Such type of numerical instability is also observed 

 
Fig 8.17 Radiation characteristics of ETDRA for different  modes with  ratio 

( )  

 
(a) Variation of  with  ratio 

 
(b) Variation of  with  ratio 

 
(c) Variation of  with  ratio 

 
(d) Variation of  with  ratio 

 
(e) Variation of rad. efficiency with  ratio 

 
(f) Variation of  with  ratio 
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for  etc. modes. This may be due to non-consideration of feed 

in our simple theory. IPMC model produces similar results and is not shown 

here for the sake of brevity. It should be pointed here that if we increase the 

step size from 1° to 5°, such type of numerical instability is not observed. In 

that case, the actual  point corresponding to  will be calculated 

wrongly. 

 

8.3.4    Input Impedance 

 

The concept of effective dimensions  is not suitable to predict the 

input impedance . It is so since in certain cases, i.e. for certain 

combinations of  and , the probe position  would lie outside the 

triangle of side ‘ ’.  Hence, the input impedance  is calculated using . 

Due to the use of , theoretical 

resonant frequency will be smaller than 

experimental data. Therefore the x-axis 

(frequency scale) is normalized with 

respect to resonant frequency as 

reported in [6]. In Fig. 8.18, theoretical 

input impedance is compared with 

experimental data [113] for 

fundamental  mode. Measured  

is used for theoretical computation. It is 

found that our theoretical results are in 

good agreement with experimental data. It is found that our theory on  is in 

good agreement with experimental data. 

 

8.4  Conclusion 

 

In this chapter, theoretical investigation on Equilateral Triangular 

Dielectric Resonator Antenna (ETDRA) is presented for various  modes. 

 

 
Fig 8.18 Comparison of input impedance with 

experimental data for  mode (

)  
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The ETDRA is modeled here as source free cavity. For theoretical investigation, 

the triangular surfaces on the top and bottom of the source free isolated 

ETDRA are modeled either as Perfect Magnetic Conductors (PMC) or Imperfect 

Magnetic Conductors (IPMC), whereas the side walls of rectangular cross-

section are modeled as PMC only. These two models are termed as IPMC and 

PMC models respectively. Both cases are considered separately to investigate 

the ETDRA. Approximate solution for the eigenfunction is given here. Closed 

form analytic expressions are given here to predict the far-zone electric field for 

various  modes. Radiated power , radiation Q-factor ,  total 

stored energy , bandwidth ( , efficiency , gain  are also discussed 

here. From this theoretical investigation, it is found that: 

 

 Radiation characteristics of an ETDRA for a  modes are mainly 

controlled by the choice of  and  modal indices. 

 Due to the existence of an imperfect wall at  in IMPC model, stored 

magnetic energy  and electric energy  are not equal.  

 By selecting proper dimensions and relative permittivity of an ETDRA, 

higher order modes can produce higher gain compared to fundamental 

 mode. 

 Our theory does not account the effect of three corners on internal E-

fields (please see Figs. 8.7-8.8) and feed mechanism. Further, ETDRA 

has sinusoidal variation along its height, whereas an equilateral 

Triangular Microstrip Antenna (TMA) has a constant variation due to thin 

substrate. Therefore, the effect of excitation on Q-factor is large 

compared to equilateral TMA. 

 For a given mode, radiated power in percentage , total Q-factor  

and gain  become almost same for fixed values of aspect ratio ( ) 

and relative permittivity of an ETDRA as found for rectangular DRA. 
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Chapter IX 

30°–60°–90° Triangular Dielectric Resonator 

Antenna 

 

9.1 Introduction 

 

Dielectric Resonator Antennas (DRAs) are very attractive over 

conventional shaped Microstrip Antennas (MA) due to their inherent wideband 

nature, high gain and high radiation efficiency. Literature survey shows that 

hemispherical, cylindrical and rectangular shaped DRAs have been reported so 

far [5, 174]. Some experimental investigations have also been reported on 

equilateral Triangular Dielectric Resonator Antenna (TDRA) [107-115]. On the 

other hand, 30°–60°–90° TDRA has not been reported so far. There is no work 

available, neither experimental nor theoretical on 30°–60°–90° TDRA.  

In this chapter, theoretical investigations on 30°–60°–90° Triangular 

Dielectric Resonator Antenna (TDRA) is presented for arbitrary  modes. 

The conventional waveguide model is used to investigate the performance of the 

30°–60°–90° TDRA. For theoretical investigations, the surfaces of the 30°–60°–

90° TDRA are modeled as Perfect Magnetic Conductors (PMC). Approximate 

solutions for the eigenfunctions and eigenvalues are given here. Simple curve 

fitted formula is given here to predict the resonant frequencies efficiently for 

different  modes. A closed form analytical expressions are given for the 

first time to predict the far-field radiation patterns for different modes. 

Theoretical results are verified with experimental data and data obtained using 

3D EM simulator HFSS [9]. 

 

9.2 Theory 

 

In this section, theoretical investigations on source free 30°–60°–90° 
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TDRA having base , height  and relative permittivity  is presented. In Fig. 

9.1, antenna geometry is shown in the standard Cartesian coordinate system. 

The antenna is placed on x-y plane and the height of the antenna is aligned 

along the z-axis. The 30°–60°–

90° TDRA is placed on a 

metallic ground, whose size is 

sufficiently large compared to 

the 30°–60°–90° TDRA. Modal 

characteristics of 30°–60°–90° 

TDRA is presented here for arbitrary  modes for the first time, hitherto 

unreported. Eigenfunctions, eigenvalues, far-field radiation patterns, radiated 

power, gain, Q-factor etc. are investigated. One antenna prototype is fabricated 

for experimental validation. 

 

9.2.1    Eigenfunctions 

 

In Fig. 9.1, the antenna geometry of a 30°–60°–90° TDRA having base , 

height  and relative permittivity  is shown. The antenna is placed on a 

conducting ground plane at  surface. The origin is placed at the apex (A) of 

the triangular geometry. For theoretical investigations, the image theory is 

applied first to remove the ground plane and the process results a source free 

isolated 30°–60°–90° TDRA having base , height  where . Simple 

dielectric waveguide model is applied here to find the approximate solution of 

eigenfunctions  for arbitrary  modes. Here,  is 

the standing wave solution along the x-y direction, whereas  is the 

standing wave solution along the z-direction. For theoretical investigation, all 

surfaces of the 30°–60°–90° TDRA are modeled as Perfect Magnetic Conductors 

(PMC). 

 

 

 

 
Fig. 9.1 Antenna configuration (a) top view (b) side view 
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9.2.1.1    Evaluation of  Function 

 

To evaluate the standing wave field variations along the x-y 

direction , duality property of the electromagnetic field is applied here. If 

a metallic 30°–60°–90° triangular waveguide is enclosed by metals along the x-y 

plane and is infinitely long along the z-direction, the eigenfunctions  for 

 and  modes are given by [52, 134-135]: 

 

 

 

 

 

 

 

where  are modal indices such that . The procedure to use the 

‘duality property’ in the prediction of characteristic function for dielectric 

waveguide from metallic waveguide is given in Chapter IV (30°–60°–90° 

Triangular Microstrip Antenna) and is not repeated here for brevity. The  

function for  mode of 30°–60°–90° TDRA (PMC boundary condition) is 

given by: 

 

 

 

 

9.2.1.2    Evaluation of  Function 

 

To evaluate the standing wave field solutions along the height of the 30°–

60°–90° TDRA (  function), the top and bottom surfaces of the TDRA are 
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also modeled as PMC. Initially, the  function is assumed as: 

 

 

 

After applying the PMC boundary conditions at , we obtain: 

 

 

 

The constant terms  can easily be clumped up with the modal 

amplitude. 

Therefore, the approximate solution for the eigenfunctions 

 of an isolated source free 30°–60°–90° TDRA is: 

 

 

 

 

where  

. Therefore, the internal electric and magnetic fields components 

can be expressed for  modes as: 
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where A is a constant and other notations are carrying their usual meaning. In 

Fig. 9.2, internal field distributions for some modes are shown.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
(i) Internal field distribution for  mode (scale is in dB) 

 
(ii) Internal field distribution for  mode (scale is in dB) 

 

 
(iii) Internal field distribution for  mode (scale is in dB) 

Fig. 9.2 Internal electric and magnetic field distribution for different  modes (a = 66mm, d 

= 24mm,  = 12 (a)  field patterns at  plane (b)  field patterns at  plane 

(c)  field patterns at  plane 
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9.2.2    Resonant Frequency 

 

The resonant frequency of an isolated source free 30°–60°–90° TDRA for 

arbitrary  mode is evaluated using separation equation 

 as: 

 

 

 

where c is the velocity of light in free space. It is worth mentioning here that 

the fundamental mode occurs for  and . 

To have an idea on modal indices for different modes, the resonant 

frequencies are computed for first few modes as shown in Table 9.1. A closer 

look of the equation (9.7) reveals that  and  can be interchanged to produce 

same results. Therefore, mode degeneracy exists in 30°–60°–90° TDRA. 

 

Table 9.1 

Resonant frequencies for first few modes of a 30°–60°–90° TDRA 

 

Sl  
No 

Mode 
Reso. Freq. 

(GHz) 

 

Sl  
No 

Mode 
Reso. Freq. 

(GHz) 

1  1.1775 11  3.1604 

2  1.5917 12  3.3663 

3  1.7626 13  3.4217 

4  2.1971 14  3.5325 

5  2.4442 15  3.5854 

6  2.7739 16  3.7682 

7  2.8092 17  3.8435 

8  2.8754 18  3.8922 

9  3.0064 19  4.0368 

10  3.1003 20  4.0611 

 

Theoretical results on resonant frequency are compared with data 

obtained using 3D EM simulator HFSS [9] as shown in Table 9.2. Large 

discrepancy is found between theoretical and simulated data. The error is 

maximum (27.76% aprox.) for the fundamental  mode and the error is 
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decreasing for higher order modes. This is due to the avoidance of electric field 

lines in the corner for the TDRA bounded by PMC as explained in the case of 

the Equilateral TDRA (ETDRA) and is not repeated here for brevity. 

 

Table 9.2 

Comparison of resonant frequency with 3D simulator HFSS 

 

Mode 

Resonant Frequency 
(GHz) Error (%) 

Theoretical HFSS[9] 

 1.1775 1.63 27.76 

 1.7626 1.99 11.42 

 2.4442 2.51 2.623 

 2.7739 2.81 1.286 

 

As the theoretical resonant frequency is smaller than the data obtained using 

the 3D EM simulator, the concept of decrease in effective size as described in 

case of ETDRA (please see Chapter VIII) is used to predict the effective 

dimensions of the 30°–60°–90° TDRA. 

For a first order approximation, curve-fitted formula for computing the 

effective length ( ) of 30°–60°–90° TDRA is defined for various  modes as: 

 

 

 

Here, . The effective height ( ) of the 30°–60°–90° TDRA is 

expressed as [185]: 

 

 

 

9.2.3    Far-Field Radiation Patterns 

 

We have reported the closed form analytical expressions for predicting 

the far-field radiation patterns of a 30°–60°–90° triangular microstrip antenna 

using conventional cavity model [165-166] where  component is used only, 
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because the tangential components   and   are equal to 

zero according to cavity model ( ) [6, 12-15]. In case of 30°–60°–

90° TDRA,  and  components are not zero and their effects must be 

accounted for accurate prediction of the far-field radiation patterns as done for 

equilateral TDRA.  

To predict the far field radiation patterns of a 30°–60°–90° TDRA for 

arbitrary  modes, ‘Equivalence Principle’ [4, 16] is applied for the first 

time, hitherto unreported. All surfaces of the 30°–60°–90° TDRA are modeled as 

PMC for theoretical investigation. Therefore, the magnetic surface currents 

 on each surface must be evaluated to find the far-zone electric 

field. Before starting any theoretical calculation, it is assumed that 

 

 

 

where 

 

 

 

Surface Current along AC Surface 

 

 

 

 

Surface Current along AB Surface 

 

 

 

Surface Current along BC Surface 

 

 

Surface Current along TOP Surface  
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Surface Current along BOTTOM Surface  

 

 

Evaluation of  for PMC Model 

 

Closer look reveals that  function is same as derived for equilateral 

TDRA using the PMC model. Hence, the contribution along the height  on 

far-field radiation patterns will take same closed form relations as derived for 

equilateral TDRA using the PMC model. Therefore, the final results are 

summarized here as: 

 

 

 

 

and 

 

 

 

 

The contributions of the x-y coordinates on far-field radiation patterns are quite 

similar to 30°–60°–90° Triangular Microstrip Antenna (TMA). Therefore, the 

final results are given here. 

 

Fields along AC Surface (PMC) 
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 -component  due to  surface current 

 

 

 

where 

 

 

 

 

 

 

where . 

 

 -component  due to  surface current 

 

 

 

where 
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 -component  due to  surface current 

 

 

 

where 

 

 

 

 

 

 

where  

 

and 
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Hence, 

 

 

 

 

Fields along AB Surface (PMC) 

 

 

 -component  due to  surface current 

 

 

 

where 
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 -component  due to  surface current 

 

 

 

where 

 

 

 

 

 

Fields along BC Surface (PMC) 

 

 

 -component  due to  surface current 

 

 

 

where 
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where  

 

 

 -component  due to  surface current 

 

 

 

where 

 

 

 

 

 

Fields along TOP Surface  

 

 

 -component  due to  surface current 
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where 

 

 

 -component  due to  surface current 

 

 

 

where 

 

 

Fields along BOTTOM Surface  

 

 

 -component  due to  surface current 

 

 

 

 

 -component  due to  surface current 

 

 

 

 

Here, and  are the field strength of  and  components 
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respectively,  is constant and other terms are carrying their usual meaning. 

The total far-zone electric field at point  is evaluated as [16]: 

 

 

 

 

where, 

 

 

 

 

 

 

 

 

 

 

 

 

 

Various constants as defined during the evaluation of far-field radiation 

patterns are summarized here for reference purpose. 

 

 

 

 

 

9.2.4    Radiated Power, Quality factor, Efficiency and Gain 

 

The Knowledge of radiated power in percentage which is calculated as 

[15]   where  is the radiation quality factor, bandwidth 

, efficiency , gain  etc. is very important to choose a particular mode 
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for designing an antenna using 30°–60°–90° TDRA. These are evaluated using 

standard procedure as found in [12-16] or as calculated for Equilateral TDRA 

in Chapter VIII. 

 

9.2.5    Input Impedance 

 

The evaluation of input impedance  is straight forward as done for 

rectangular and equilateral triangular shaped dielectric resonator antenna. The 

input impedance is evaluated as [4]: 

 

 

where 

 

 

Here,  is probe current density,  is the magnitude of current,  is operating 

frequency,  is resonant frequency,  is total quality factor and  is the 

normalized electric field inside the 30°–60°–90° TDRA. For thin probe 

approximation, the probe current density  is modeled here as one 

dimensional  directed current as [4]: 

 

 

 

where   is probe length and  is probe location. This 

approximation is valid when  where  is the radius of the coaxial probe. 

 

9.3  Results 

 

In this section, theoretical results on resonant frequency, far-field 

patterns, Q-factor etc. are discussed. Radiation characteristics for various  

modes are discussed. Two 30°–60°–90° TDRAs are fabricated in our laboratory. 
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The TDRA is excited using 50Ω coaxial probe for measurement. The probe is 

placed just outside the TDRA grazing its surfaces. The probe is placed in 

different positions to excite different modes. Theoretical results are compared 

with experimental data and data obtained using an EM simulator to show the 

accuracy of our theory.  

 

9.3.1    Resonant Frequency 

 

In Table 9.3, comparison of theoretical resonant frequencies with 

experimental data is shown for different  modes of the 30°–60°–90° 

TDRA. In our experiment, we have 

successfully excited the pure  

 and  modes. It is found that 

the expression for effective dimensions ( ) 

are in excellent agreement (5% error) with 

measured data. This is due to non 

consideration of feed mechanism and finite 

size of ground plane in our theoretical 

calculation. 

 

Table 9.3 

Experimental validation of resonant frequency for  modes 

 

Mode 
Resonant Frequency (GHz) 

Error (%) 
Theoretical Measured 

 2.5874 2.553 -1.3472 

 2.6159 2.699 3.08 

 2.9528 2.921 -1.0871 

 3.1724 3.279 3.2502 

 3.3235 3.421 2.8497 

 

 

 

 
Fig. 9.3 Photograph of fabricated 30°–60°–

90° TDRA 
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9.3.2    Radiation Patterns 

 

In this section, we will first present the theoretical results on far-field 

radiation patterns for different  modes. In Fig. 9.4, E-plane  and 

H-plane  power patterns are shown with absolute gain (in dB) for first 

few modes of a 30°–60°–90° TDRA having  and 

. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
(a)  

 
(b)  

 
(c)  

 
(d)  

 
(e)  

 
(f)  

 
(g)  

 
(h)  



Chapter IX:  30°–60°–90° Triangular Dielectric Resonator Antenna 

Sudipta Maity   238 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From Fig. 9.4, it is found that a small dip in the broadside direction is 

produced for  Mode. The magnitude of dip is large enough for  and 

 modes. By selecting proper dimensions and relative permittivity of the 

30°–60°–90° TDRA, we can easily remove such dip from the radiation patterns 

 
(i)  

 
(j)  

 
(k)  

 
(l)  

 
(m)  

 
(n)  

 

 
(o)  

Fig. 9.4 Far-zone E-plane (solid line) and H-plane (circle with dotted line) power patterns with 

absolute gain (in dB) of 30°–60°–90° TDRA for  different  modes  
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as shown in Fig. 9.5. Typical results are shown for  mode in Fig. 9.5. In 

similar fashion, we can easily stop the beam splitting property for  and 

 modes. Typical results are shown for  mode in Fig. 9.5.  Further, it 

is found that  mode is the first mode which produces a null in the 

broadside direction. 

 

 

 

 

 

 

 

 

 

For experimental validation, a 30°–60°–90° TDRA having 

 and  is fabricated at our laboratory. The antenna is 

excited using 50Ω coaxial probe. The probe has radius equal to 0.63mm.  Far-

field radiation patterns are measured for fundamental  mode. The 

measured data are compared with theoretical results as shown in Fig. 9.6. It is 

found that our theoretical results are in good agreement with experimental 

data. Little discrepancy is found. This is due to the finite size of metallic 

ground plane. 

 

 

 

 

 

 

 

 

 
Fig. 9.6 Comparison of far-field radiation patterns between our theory (in solid) and 

experimental data (in dashed) for  mode of 30°–60°–90° TDRA (a) E-plane 

 (b) H-plane  (a = 48mm, h = 7.8mm,  = 25) 
 

 
 

Fig. 9.5 Improvement of far-zone E-plane (solid line) and H-plane (circle with dotted line) power 

patterns with absolute gain (in dB) of 30°–60°–90° TDRA  

 
 

 

 
(a) Removal of dip from broadside direction 

for  mode 

 
(b) Beam splitting property has been removed 

for  mode 
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For further verification, theoretical results for different  modes are 

compared with data obtained using 3D EM simulator HFSS [9] as shown in Fig. 

9.7. It is clear from Fig. 9.7 that our theoretical results are in good agreement 

with data obtained using 3D EM simulator HFSS. Little discrepancy is found 

especially for  mode. The size of the finite ground is taken sufficiently 

large. Therefore, the distortion in the far-field patterns is mainly due to the 

effect of excitation which is not used in our source free theory. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
(a) E-plane (left) and H-plane (right) power patterns for  mode 

 
(b) E-plane (left) and H-plane (right) power patterns for  mode 

 

 

 
(d) E-plane (left) and H-plane (right) power patterns for  mode 

Fig. 9.7 Comparison between theoretical (in solid line) and simulated (in dotted line) normalized 

power patterns for different  modes:  

 

 

 
(c) E-plane (left) and H-plane (right) power patterns for  mode 
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9.3.3    Radiated Power, Quality factor, Efficiency and Gain 

 

In this analysis, the effect of feed mechanism is not considered. Stored 

energy, different types of losses within the TDRA, radiated power in percentage 

 which is calculated in terms of radiation Q-factor  [15] as 

, total Q-factor , bandwidth , efficiency , gain 

 are calculated without considering the effect of excitation. A general 

MATLAB code is written to obtain various quantities for different  modes. 

Typical theoretical results on  and  for various modes of a source 

free 30°–60°–90° TDRA having  and  are shown in 

Table 9.4. From Table 9.4, it is found that higher order  modes can 

produce more gain compared to fundamental  mode. Therefore, by 

selecting the proper material and dimensions of 30°–60°–90° TDRA, a higher 

order mode may give an enhanced gain over  mode. 

Variation of  and  with resonant frequencies for fixed 

value of  ratio are shown in Fig. 9.8 for different  modes. It is found 

that for a fixed value of aspect ratio , these quantities are almost constant 

except radiation efficiency  as found for rectangular DRA and equilateral 

TDRAs. In case of radiation efficiency , small variation is found for small size 

of 30°–60°–90° TDRA . 

Variations of  and  with  ratio for fixed value of  

are shown in Fig. 9.9 for first few modes. Numerical instability occurs in the 

evaluation of  . This may be due to non-consideration of feed in our source 

free theory as explained in the case of the Equilateral TDRA (Chapter VIII) and 

is not repeated here for the sake of brevity. 
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Table 9.4 

Radiation characteristics of various  modes  

 

Sl 

No 
Mode 

 

(GHz) 
    

 

 

Gain 

(dB) 

1  1.178 15.02 97.63 41.84 40.85 1.731 4.715 

2  1.592 12.09 97.13 51.97 50.47 1.401 4.394 

3  1.763 20.52 98.3 30.62 30.1 2.349 4.522 

4  2.197 12.4 97.25 50.65 49.26 1.436 5.122 

5  2.444 15.59 97.81 40.3 39.42 1.794 6.445 

6  2.774 15.57 97.82 40.36 39.48 1.791 6.299 

7  2.809 8.269 96.71 75.98 73.48 0.9623 6.405 

8  2.875 11.14 96.99 56.38 54.68 1.293 5.204 

9  3.006 6.377 95.76 98.53 94.35 0.7494 13.36 

10  3.1 6.318 95.71 99.44 95.18 0.7429 7.58 

11  3.16 10.87 96.92 57.8 56.02 1.262 7.86 

12  3.366 2.31 89.04 272 242.2 0.2919 7.171 

13  3.422 13.38 97.5 46.96 45.78 1.545 5.213 

14  3.533 3.184 91.78 197.3 181.1 0.3904 9.574 

15  3.585 5.796 94.41 108.4 102.3 0.6909 8.377 

16  3.768 2.203 88.51 285.3 252.5 0.2801 10.27 

17  3.844 1.665 85.33 377.4 322 0.2196 8.757 

18  3.892 12.94 97.43 48.54 47.29 1.495 6.526 

19  4.037 15.49 97.84 40.56 39.69 1.782 7.803 

20  4.061 1.504 83.97 417.8 350.9 0.2015 10.73 

21  4.107 10 96.7 62.81 60.74 1.164 5.818 

22  4.268 1.375 82.7 456.8 377.8 0.1872 7.634 

23  4.312 9.474 96.53 66.32 64.02 1.105 6.91 

24  4.4 0.8194 73.99 766.8 567.4 0.1246 10.28 

25  4.572 5.586 94.27 112.5 106 0.6669 10.08 
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Fig 9.8 Radiation characteristics of 30°–60°–90° TDRA for fixed  ratio 

( ) 

 
(a) Variation of  with  

 
(b) Variation of  with  

 
(c) Variation of  with  

 
(d) Variation of  with  

 
(e) Variation of rad. efficiency with  

 
(f) Variation of  with  
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9.3.4    Input Impedance 

 

Evaluation of input impedance  using parameter  instead of 

 along with necessary explanation is discussed in detail for equilateral 

 
Fig 9.9 Radiation characteristics of 30°–60°–90° TDRA for different  modes with  ratio: 

( ) 

 
(a) Variation of  with  ratio 

 
(b) Variation of  with  ratio 

 
(c) Variation of  with  ratio 

 
(d) Variation of  with  ratio 

 
(e) Variation of rad. efficiency with  ratio 

 
(f) Variation of  with  ratio 
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TDRA in Chapter VIII. Similar phenomena is also found for 30°–60°–90° TDRA 

where effective length  at fundamental  is almost nearly equal to 

. Confinement of electric field in the middle portion of the 30°–60°–90° TDRA 

is shown in Fig. 9.10. Theoretical electric field distribution is shown in Fig. 

9.11 for comparison purpose.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As our theory does not include the effect of excitation, in some cases, probe 

position  may eventually be outside the 30°–60°–90° TDRA (i.e.  

). For example, we can easily excite the fundamental  mode  by 

placing the probe inside the TDRA either near corner A 

 or near corner C . In the 

second case, we will face difficulty to compute  using  

because . Therefore,  is computed considering the base of the triangle 

 
(a)  mode 

 
(b)  mode 

Fig. 9.10 Confinement of -field which avoid the corners within the 30°–60°–90° TDRA bounded 

by PMC for different modes (a = 66mm, d = 24mm,  = 12) (a)  mode (b)  mode 

 
(a)  mode 

 
(b)  mode 

Fig. 9.11 Theoretical (source free theory) -field distribution (in dB) within the 30°–60°–90° TDRA 

for different modes (a = 66mm, d = 24mm,  = 12) (a)  mode (b)  mode 
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at its actual value ‘ ’ instead of the effective value ‘ ’ and is plotted against 

normalized frequency. Theoretical input impedance is compared with 

experimental data for  mode in Fig. 9.12 . Measured  is used for 

theoretical computation. It is found that 

there is little discrepancy between our 

theory and experimental data and they are 

in good agreement. This small discrepancy 

is due to the air gap between the probe and 

TDRA. Hand-drill is used to make the hole 

inside the TDRA. The diameter of the hole is 

1.8mm (approx.) whereas the diameter of 

the probe is 1.22mm. Further, the length of 

the hole (17mm approx.) is also slightly 

longer than the probe length . 

The effect of the resulting air gap is not 

included in our theory. 

 

9.4  Conclusion 

 

In this chapter, theoretical investigation on 30°–60°–90° Triangular 

Dielectric Resonator Antenna (TDRA) is presented for  modes for the first 

time. The 30°–60°–90° TDRA is modeled here as source free cavity enclosed by 

Perfect Magnetic Conductors (PMC) for theoretical investigations. Approximate 

solution for the eigenfunctions and eigenvalues are given here. Closed form 

analytic expressions to predict the far-zone electric field are also given here. 

Radiated power in percentage , Radiation Q-factor ,  total stored 

energy , bandwidth , efficiency , gain  etc. are also discussed 

here. Theoretical results are compared with experimental data and data 

obtained using the 3D EM simulator to show the accuracy of our theory. From 

this theoretical investigation, it is found that: 

 

 

 
Fig 9.12 Comparison of input impedance with 

experimental data for  mode of 30°–60°–

90° TDRA (

)  
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 Radiation characteristics of a 30°–60°–90° TDRA for different  

modes are mainly controlled by the choice of modal indices  and  as 

found for equilateral TDRA. 

  mode is the first mode which produces a null in the broadside 

direction. 

 Higher order modes can produce higher gain compared to fundamental 

 mode by selecting proper dimensions and relative permittivity of 

the 30°–60°–90° TDRA 

 For a given mode, radiated power in percentage , total Q-factor ,  

efficiency , gain  etc. are almost same for fixed values of aspect 

ratio  and relative permittivity of the 30°–60°–90° TDRA. 
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Chapter X 

45°–45°–90° Triangular Dielectric Resonator 

Antenna 

 

10.1    Introduction 

 

In Chapters VIII and IX, theoretical investigations on equilateral and 30°–

60°–90° shaped Triangular Dielectric Resonator Antennas (TDRAs) are 

presented respectively. In this chapter, we will present the theoretical 

investigations on isosceles 45°–45°–90° TDRA. The analysis on isosceles 45°–

45°–90° TDRA made up with low loss dielectric material is very important in 

terms of size. It takes just half volume of a square shaped Dielectric Resonator 

Antenna (DRA) for a given frequency as shown in this chapter. 

Literature survey shows that experimental investigations on prediction of 

resonant frequency for different  modes of an isosceles 45°–45°–90° 

Triangular Microstrip Antenna (TMA) have been reported only [149]. We have 

theoretically investigated the radiation characteristics of an isosceles 45°–45°–

90° TMA as shown in Chapter V for the first time. On the other hand, isosceles 

45°–45°–90° TDRA as yet not receive much attention. Experimental 

investigations on isosceles 45°–45°–90° TDRA has been reported by R. K. 

Mongia et al in 1994 [106]. Besides that, there is no other work on isosceles 

45°–45°–90° TDRA. Detailed literature survey on 45°–45°–90° triangular shaped 

antennas including both microstrip antenna (MA) and DRA are presented in 

Chapter II.  

In this chapter, theoretical investigations on isosceles 45°–45°–90° TDRA 

are presented for the first time. Simple dielectric waveguide model is used to 

investigate it. For theoretical investigation, all surfaces of the isosceles 45°–

45°–90° TDRA are modeled as Perfect Magnetic Conductors (PMC). 

Approximate solution for the eigenfunctions   and eigenvalues of a source 
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free isosceles 45°–45°–90° TDRA are given here for  modes.  Approximate 

expression is also given here to predict the resonant frequency. Closed form 

expressions for far-field radiation patterns of arbitrary  modes are given 

here using ‘Equivalence Principle’ [10] for the first time. Theoretical results are 

compared with experimental data and data obtained using 3D EM simulator 

HFSS to show the accuracy of our theory for different dimensions and relative 

permittivity of the antenna. 

 

10.2    Theory 

 

In this section, theoretical investigations on source free isosceles 45°–

45°–90° TDRA having equal side length , height  and relative permittivity  

as shown in Fig. 10.1 is presented. Standard Cartesian coordinate system is 

used to represent the antenna geometry. The antenna is placed on a metallic 

ground, whose size is sufficiently large compared to the largest dimension of 

isosceles 45°–45°–90° TDRA. It is found that the isosceles 45°–45°–90° TDRA 

supports   mode. Therefore,  mode of 45°–45°–90° TDRA is discussed 

here. Eigenfunctions, eigenvalues, resonant frequency , far-field radiation 

patterns, radiated power, gain, Q-factor, gain, bandwidth etc. are investigated. 

 

 

 

 

 

 

 

 

 

10.2.1    Eigenfunctions 

 

In Fig. 10.1, the antenna geometry is shown where the source free 

 
Fig. 10.1 Antenna configuration (a) top view (b) side view 
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isosceles 45°–45°–90° TDRA is placed on a ground plane at  surface. The 

origin is placed at the apex (point A) of the triangular geometry as shown in Fig. 

10.1(a). To remove the effect of ground plane on the performance of the TDRA, 

image theory is applied and the process results an source free isolated 

isosceles 45°–45°–90° TDRA having equal side length , height  where . 

Simple magnetic wall dielectric waveguide model is applied here to find the 

approximate solution of eigenfunctions  for an arbitrary  

modes.  

Due to the existence of one inclined plane AC side as shown in Fig. 10.1 

in x-y plane, it is better to express the eigenfunctions  as 

. Here,  is the standing wave solution along the x-y direction, 

whereas  is the standing wave solution along the z-direction. This 

simplifies the evaluation of the eigenfunctions in terms of  and  

functions separately using method of separation. 

The evaluation of  function is exactly same as derived for isosceles 

45°–45°–90° Triangular Microstrip Antenna (TMA) and is not repeated here for 

brevity. Therefore, the solution for  function is: 

 

 

 

where  are modal indices. The evaluation of  function is quite similar to 

equilateral and 30°–60°–90° TDRAs. After applying Perfect Magnetic 

Conductors (PMC) at ,   can be expressed for  modes as: 

 

 

 

Here,  is a constant. Therefore, the approximate solution of eigenfunctions for 

 modes of a source free isosceles 45°–45°–90° TDRA is: 

 

 

 

The complete electric and magnetic fields inside the isosceles 45°–45°–90° 
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TDRA can be expressed for  modes as: 

 

 

 

 

 

 

 

 

where A is a constant and other notations are carrying their usual meaning. It 

is important to have some knowledge on internal electric and magnetic field 

distribution for different modes in hand. It will help to identify modes without 

plotting any field. Typical results are shown in Figs. 10.2 - 10.4 for some 

modes.  

 

10.2.2    Resonant Frequency 

 

Resonant frequency can easily be evaluated using separation equation 

. Therefore, the resonant frequency 

of an isolated source free isosceles 45°–45°–90° TDRA for an arbitrary  

mode is evaluated as: 

 

 

 

where c is the velocity of light in free space. Substituting  and 

 in equation (10.5) for fundamental   mode of operation, the 

resonant frequency  is evaluated as: 
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                            (a)                                                 (b)        (c) 

Fig. 10.3 Internal field distribution for  mode (a = 66mm, d = 24mm,  = 12) 

(a)  field patterns at  plane  (b)  field patterns at  plane (c)  field patterns at  plane 

 
                            (a)                                                  (b)          (c) 

Fig. 10.2 Internal field distribution for  mode (a = 66mm, d = 24mm,  = 12) 

(a)  field patterns at  plane  (b)  field patterns at  plane (c)  field patterns at  plane 

 
                            (a)                                                 (b)            (c) 

Fig. 10.4 Internal field distribution for  mode (a = 66mm, d = 24mm,  = 12) 

(a)  field patterns at  plane  (b)  field patterns at  plane (c)  field patterns at  plane 
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A close look on  reveals that a square DRA has the same 

value for  according to magnetic wall model of DRA. Therefore, 45°–45°–90° 

TDRA will take just half volume compared to a square DRA having side  for 

same resonant frequency. Hence, the analysis on 45°–45°–90° TDRA is 

important in terms of space utilization. 

To have an idea on different modes of a 45°–45°–90° TDRA, the resonant 

frequencies are computed for different  modes as shown in Table 10.1. 

 

Table 10.1 

Resonant frequencies for first few modes of a 45°–45°–90° TDRA 

 

Sl No Mode 
Resonant  
Frequency 

(GHz) 

 

Sl No Mode 
Resonant  
Frequency 

(GHz) 

1  1.1150 11  2.8503 

2  1.2935 12  2.8597 

3  1.5917 13  2.9248 

4  1.7215 14  3.0064 

5  2.0624 15  3.0683 

6  2.1642 16  3.0771 

7  2.2614 17  3.2800 

8  2.5306 18  3.3449 

9  2.7739 19  3.4007 

10  2.7835 20  3.4086 

 

Some isosceles 45°–45°–90° TDRAs are simulated using 3D EM simulator 

HFSS [9]. It is found that theoretical resonant frequencies are always smaller 

than the corresponding data obtained using the 3D EM simulator as shown in 

Table 10.2. This can easily be explained with respect to electric field lines 

which tend to avoid the corner for PMC boundary by applying the duality 

principle as explained by S. A. Schelkunoff in case of metallic waveguide for 

magnetic field lines [24]. This phenomenon is explained in detail for equilateral 

TDRA in Chapter VIII and is not repeated here for the sake of brevity. Similar 

observation is also found for 30°–60°–90° TDRAs as shown in Chapter IX. 

Accordingly, the effective length  of an isosceles 45°–45°–90° TDRA for 
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various  modes is expressed as: 

 

 

 

 

 

Table 10.2 

Comparison of resonant frequencies with HFSS [9] 

 

Mode 
Resonant Frequency (GHz) 

Error (%) 
Theoretical HFSS [9] 

 1.4246 1.85 22.99 

 1.6291 2.02 19.35 

 1.9756 2.33 15.21 

 

 

10.2.3    Far-Field Radiation Patterns 

 

Literature survey shows that there is no theoretical work on isosceles 

45°–45°–90° TDRA. Therefore, we take the opportunity to predict the far-field 

radiation patterns of an isosceles 45°–45°–90° TDRA for different  modes 

for the first time. To find the far field radiation patterns for arbitrary  

modes of operation, ‘Equivalence Principle’ [4, 16] is applied. All surfaces of the 

isosceles 45°–45°–90° TDRA are modeled as Perfect Magnetic Conductors (PMC) 

for theoretical investigation. Thereafter, the magnetic surface currents on each 

surface are evaluated as . The procedure for evaluating various 

components of far-zone electric field are similar to Equilateral TDRA (ETDRA) 

or 30°–60°–90° TDRA and are not repeated here for brevity. Therefore, the total 

far-zone electric field at point  is evaluated as [16]: 

 

 

 

 

where, 
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Here,  and  are the amplitudes of  and  components respectively, 

 is constant and other terms are carrying their usual meaning. 
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10.2.4    Radiated Power, Quality factor, Efficiency and Gain 

 

The total quality factor  is evaluated as: 

 

 

 

where  is the resonant frequency,  is total stored energy,  is conductor 

loss,  is dielectric loss and  is radiation loss. These quantities are evaluated 

using standard procedure as presented in Chapter III.  

 

10.3.5    Input Impedance 

 

 The computation of input impedance  is similar process as 

demonstrate for rectangular DRA, equilateral TDRA and 30°–60°–90° TDRA in 

Chapters VII-IX as [4]: 

 

 

where 

 

 

Here,  is normalized electric field inside the 45°–45°–90° TDRA for a 

particular mode,  is probe current density and other terms carrying their 

meaning. Probe current density  is modeled here as one dimensional  

directed current as [4]: 

 

 

 

where   is probe length and  is probe location. 
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10.3    Results 

 

In this section, theoretical results on resonant frequency, far-field 

patterns, Q-factor etc. are discussed. Radiation characteristics for various  

 modes are discussed. Two antenna prototypes are fabricated in our 

laboratory as shown in Fig. 10.5. Conventional 50Ω coaxial probe is used to 

excite the isosceles 45°–45°–90° TDRA. The same antenna is also simulated 

using FEM based commercial numerical 3D EM simulator HFSS [9].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

10.3.1    Resonant Frequency 

 

In Table 10.3, theoretical results on resonant frequencies for different 

modes are compared with our experimental data. The isosceles 45°–45°–90° 

TDRA is excited using coaxial for experimental validation of our theory. The 

probe is placed immediately outside the TDRA to avoid the drilling problem. 

Different modes are identified from its internal field patterns. Experimental 

results are shown in Table 10.3. It is worth mentioning here that the excitation 

 
Fig. 10.5 Typical photograph of fabricated 

antenna 
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of other higher order modes may be possible with other types of feeding 

mechanism.  

Little discrepancy is found between our theory and experimental data as 

our theory does not account the effect of excitation and finite size of ground 

plane. In [21], it is clearly mentioned that the natural resonant frequency is 

highly sensitive to excitation [21]. Proper feed modeling is required to obtain 

accurate results. 

 

Table 10.3 

Comparison of resonant frequency with experimental data 

 

Mode 
Reso. Freq. (GHz) 

Error (%) 
Theoretical Measured 

 2.9557 2.928 -0.94649 

 3.2563 3.266 0.29594 

 3.7465 3.716 -0.81951 

 3.9787 4.068 2.1951 

 4.7188 4.829 2.2818 

 

 

10.3.2    Far-Field Radiation Patterns 

 

In this section, theoretical results on far-field radiation patterns are 

presented for various  modes. The modes with even values of  will not be 

excited for a DRA placed on a metallic ground plane [5, 177] as mentioned in 

Chapters VIII and IX. Therefore, theoretical results are presented for odd values 

of  only. Far-field power patterns are computed at conventional  and 

 planes. It is found that the results are exactly same as found in the 

case of 45°–45°–90° Triangular Microstrip Antenna (TMA) in Chapters VIII. 

Therefore, it is important to investigate the far-field radiation patterns at four 

planes i.e.  and  planes. Theoretical results are 

shown in Fig. 10.6 for first five modes. 
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(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

 

(i) Normalized far-zone  (solid line) and  (dotted line) for  mode 

 

 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

 

(ii) Normalized far-zone  (solid line) and  (dotted line) for  mode 
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(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

 

(iii) Normalized far-zone  (solid line) and  (dotted line) for  mode 

 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

 

(iv) Normalized far-zone  (solid line) and  (dotted line) for  mode 
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It is found from Fig. 10.6 that   and  both are present at  

and  planes for all modes whereas either   or  is present at  

plane. This observation is exactly same as found for isosceles 45°–45°–90° 

TMA. More precisely, the far-zone radiation patterns of an isosceles 45°–45°–

90° TDRA for   modes are exactly similar for modes 

of an isosceles 45°–45°–90° TMA. 

For further investigation, magnitude and angle of  and  components 

are calculated at  as shown in Table 10.4. The angular difference  

between  and  is either 0° or 180° at broadside direction. Similar 

observation is also found in other broadside radiating modes.  

For experimental validation, our theoretical results on far-field radiation 

patterns are compared with our experimental data as shown in Fig. 10.7. It is 

found that theoretical results are in good agreement with experimental data. 

Little discrepancy is found as our source free theory does not include the effect 

of excitation and finite size of ground plane. 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

 

(v) Normalized far-zone  (solid line) and  (dotted line) for  mode 

Fig. 10.6 Theoretical far-zone electric field for different  modes 
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Table 10.4 

Comparative study between  or  for   modes at  

Mode 
 

(degree) 
 

(dB) 

Magnitude (dB) 
Angle 

(degree) 
 

(degree) 
    

 

0 130.4 127.4 127.4 -65.5 -65.5 0 

45 130.4 130.4 -189.2 -65.5 114.5 -180 

90 130.4 127.4 127.4 -65.5 114.5 -180 

135 130.4 -189.2 130.4 114.5 114.5 0 

 

0 118.9 115.9 115.9 42.9 -137.1 180 

45 118.9 -203.9 118.9 42.9 -137.1 180 

90 118.9 115.9 115.9 -137.1 -137.1 0 

135 118.9 118.9 -203.9 -137.1 -137.1 0 

 

 

 

 

 

 

 

 

 

Theoretical results on some higher order  modes are compared 

with data obtained using 3D EM simulator HFSS as shown in Fig. 10.8. It is 

clear that theoretical results are in good agreement with experimental data or 

data obtained using a 3D EM simulator (HFSS). The small discrepancy is due 

to not a consideration of the effect of source and finite size of ground plane. 

Theoretically, either  or  is present at  plane with the 

orthogonal component negligible whereas both components are present in the 

3D EM simulator HFSS output data. This may be due to our simple magnetic 

wall approximation. Apart from that, little discrepancy is found between 

theoretical results and data obtained using the 3D EM simulator. This may be 

due to non-consideration of feed and finite size of ground plane into our theory. 

 

 
Fig. 10.7 Experimental validation of far-field radiation patterns for  mode of 

45°–45°–90° TDRA : theory (solid line) and experiment (dotted line with circle) (a) E-

plane (b) H-plane  
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(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

 

(i) Normalized far-zone  (solid line) and  (dotted line) for  mode 

 

 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

 

(ii) Normalized far-zone  (solid line) and  (dotted line) for  mode 
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10.3.3    Radiated Power, Quality factor, Gain and Bandwidth 

 

Theoretical results on radiation Q-factor , total Q-factor , 

radiation power ,  gain , and  for first few modes of an isosceles 

45°–45°–90° TDRA having  and  are shown in Table 

10.5. From Table 10.5, it is found that  

and  modes can produce higher gain (21.61dB, 9.04dB, 10.34dB, 9.04dB, 

10.92dB, 10.85dB and 9.4dB respectively) compared to the fundamental  

mode (7.72dB). Further, it is also found that one can control the far-field 

radiation patterns by selecting proper dimensions and relative permittivity as 

shown in previous chapters and is not repeated here for brevity.  

Variation of  and  with resonant frequencies are shown in 

Fig. 10.9 for fixed value of aspect ratio . It is found from Fig. 10.9 that 

these quantities are almost constant as found for rectangular DRA, equilateral 

TDRA and 30°–60°–90° TDRA. In case of radiation efficiency , small variation 

 
(a)  plane 

 
(b)  plane 

 
(c)  plane 

 
(d)  plane 

 

(iii) Normalized far-zone  (solid line) and  (dotted line) for  mode 

 
Fig. 10.8 Comparison of far-zone electric field with simulated data for different  modes 
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is found for small size of 45°–45°–90° TDRA. Numerical instability occurs in the 

evaluation of  for  mode. To find such type of instability, 

 and  are calculated for different values of  ratio for a 

fixed value of  are shown in Fig. 10.10 for first few modes. Numerical 

instability occurs in the evaluation of  for  and  modes. This may 

be due to non-consideration of feed in our source free theory as explained in 

detail in the case of the Equilateral TDRA (Chapter VIII) and is not repeated 

here for the sake of brevity. 

 

Table 10.5 

Radiation characteristics of first few  modes  

 

Sl 

No 
Mode 

 

(GHz) 
     

Gain 

(dB) 

1  1.115 22.35 98.39 28.11 27.66 2.556 7.718 

2  1.294 18.77 98.11 33.47 32.84 2.153 4.504 

3  1.592 21.49 98.36 29.23 28.75 2.459 8.22 

4  1.721 3.451 90.65 182.1 165 0.4284 5.539 

5  2.062 17.56 98.03 35.78 35.08 2.016 7.004 

6  2.164 14.4 97.62 43.63 42.59 1.66 5.085 

7  2.261 4.219 92.33 148.9 137.5 0.5142 7.702 

8  2.531 5.867 94.39 107.1 101.1 0.6995 5.973 

9  2.774 20.83 98.36 30.16 29.67 2.383 4.293 

10  2.784 12.14 97.22 51.74 50.3 1.406 21.61 

11  2.85 4.422 92.73 142.1 131.8 0.5366 9.041 

12  2.86 10.91 96.92 57.59 55.82 1.267 6.545 

13  2.925 13.96 97.58 45.01 43.92 1.61 7.787 

14  3.006 11.07 96.97 56.77 55.05 1.284 10.34 

15  3.068 3.122 90.04 201.3 181.2 0.3902 6.801 

16  3.077 5.016 93.56 125.3 117.2 0.6033 9.041 

17  3.28 4.132 92.31 152.1 140.4 0.5038 10.92 

18  3.345 3.312 90.59 189.7 171.9 0.4114 10.85 

19  3.401 15.41 97.82 40.78 39.89 1.773 5.885 

20  3.409 1.94 84.95 323.8 275.1 0.2571 9.399 
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Fig 10.9 Radiation characteristics of 45°–45°–90° TDRA for fixed  ratio 

( ) 

 
(a) Variation of  with  

 
(b) Variation of  with  

 
(c) Variation of  with  

 
(d) Variation of  with  

 
(e) Variation of rad. efficiency with  

 
(f) Variation of  with  
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A closer observation between Figs. 10.9(f) and 10.10(f) reveals that 

numerical instability occurs due to improper choice of dimensions of TDRA. For 

example,   mode does not show numerical instability for  (please 

 
Fig 10.10 Radiation characteristics of 45°–45°–90° TDRA for different  modes with  ratio: 

( )  

 
(a) Variation of  with  ratio 

 
(b) Variation of  with  ratio 

 
(c) Variation of  with  ratio 

 
(d) Variation of  with  ratio 

 
(e) Variation of rad. efficiency with  ratio 

 
(f) Variation of  with  ratio 
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see Fig. 10.9(f)) whereas the same mode shows numerical instability for 

different values of  ratio (please see Fig. 10.10(f)). The same observation is 

also found for 30°–60°–90° TDRA also (please see Figs. 9.8(f) and 9.9(f) in 

Chapter IX).    

 

10.3.4    Input Impedance 

 

Evaluation of input impedance  using  instead of  is 

already discussed in detail for equilateral TDRA and 30°–60°–90° TDRA in 

Chapters VIII-IX and is not repeated 

here for the sake of brevity. A similar 

phenomenon is also found for 45°–

45°–90° TDRA. Therefore,  is 

computed using  and is plotted 

against normalized frequency. Typical 

results are shown for   mode in 

Fig. 10.11. Measured  is used for 

theoretical computation. It is found 

that our theory is in good agreement 

with experimental data. 

 

10.4    Conclusion 

 

In this chapter, theoretical investigation on isosceles 45°–45°–90° 

Triangular Dielectric Resonator Antenna (TDRA) is presented for  modes 

for the first time. The isosceles 45°–45°–90° TDRA is modeled here as source 

free cavity, bounded by Perfect Magnetic Conductors (PMC). Approximate 

solution for the eigenfunctions and eigenvalues are given here. Approximate 

expression is also given here to predict the resonant frequency for different 

 modes. Closed form analytic expressions are given here to predict the 

far-zone electric field for various  modes. Radiation Q-factor , 

 

 
Fig 10.11 Comparison of input impedance with 

experimental data for  mode (

)  
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radiated power in percentage , bandwidth , 

efficiency , gain  etc. are also discussed. From this theoretical 

investigation, it is found that: 

 

 Radiation characteristics of an isosceles 45°–45°–90° TDRA placed on a 

metallic ground plane are mainly controlled by the choice of modal 

indices  and  for a particular  mode. 

 Higher order modes can be used to produce higher gain compared to 

fundamental  mode by selecting proper dimensions and permittivity 

of the TDRA. 

 For a given mode, radiated power , total Q-factor  and gain (G) 

become almost same for fixed values of aspect ratios ( ) and relative 

permittivity of the 45°–45°–90° TDRA as found for rectangular DRA, 

equilateral TDRA and 30°–60°–90° TDRA. 
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Chapter XI 

Isosceles Triangular Dielectric Resonator 

Antenna 

 

11.1    Introduction 

 

In the last three Chapters, modal characteristics of equilateral, 30°–60°–

90° and 45°–45°–90° shaped Triangular Dielectric Resonator Antennas (TDRAs) 

are presented. In this chapter, theoretical investigation on isosceles TDRA is 

presented. Literature survey shows that there is no work available neither 

theoretical nor experimental investigation on isosceles TDRA [5, 174]. In 

Chapter VI, we have presented approximate investigations on fundamental 

 mode of an isosceles Triangular Microstrip Antenna (TMA). This theory is 

extended here to investigate an isosceles TDRA for the first time.  

In this chapter, simple magnetic wall dielectric waveguide model is used 

to investigate the isosceles  TDRA. The surfaces of the TDRA are 

modeled as Perfect Magnetic Conductors (PMC) to find the approximate 

solution of eigenfunctions  and eigenvalues for  modes.  Approximate 

expression is given here to predict its resonant frequency. ‘Equivalence 

Principle’ [4, 16] is used to find the far-zone electric field. Theoretical results 

are compared with experimental data and data obtained using 3D EM 

simulator HFSS [9] to show the accuracy of our theory. 

 

11.2    Theory 

 

In Fig. 11.1, a source free isosceles  TDRA having equal side 

length , height  and relative permittivity  is shown in Cartesian coordinate 

system. For theoretical investigations, the isosceles TDRA is modeled here as a 

dielectric cavity bounded by PMC. Image theory is applied first to remove the 
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ground plane, which results an isosceles TDRA in free space having height 

.  mode of the isosceles TDRA is investigated here. Eigenfunctions, 

eigenvalues, resonant frequency , far-field radiation patterns, radiated 

power, gain, Q-factor, bandwidth are investigated. 

 

 

 

 

 

 

 

 

 

11.2.1    Eigenfunctions 

 

Due to the presence of inclined surfaces along AC and AB sides, the 

eigenfunctions is expressed as . The evaluation of 

 is similar as shown in Chapter VI for isosceles  TMA using 

modified tri-linear transformation and can be expressed as:  

 

 

 

 

 

 

 

 
Fig. 11.1 Antenna configuration (a) top view (b) side view 
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Applying PMC at , the  function can be expressed as: 

 

 

 

Therefore, the eigenfunctions can be expressed as: 

 

 

 

Limitation 

 

It is found that the solutions for eigenfunctions and eigenvalues  of 

the isosceles  TDRA having  are valid for 

 modes only. The reason has already been explained in detail in 

Chapter VI for isosceles  TMA and is not repeated here for the sake of 

brevity. A similar phenomenon is also found for higher values of modal indices 

 and . Therefore, we will only discuss the  modes of the 

isosceles  TDRA having .  

In Fig. 11.2, internal field distributions are shown for an isosceles TDRA 

for  and  modes only. Three sides AC, AB and BC are also shown to 

define the triangular region. The field strength is normalized (in dB) to express 

the internal field distribution within the TDRA.  

 

11.2.2    Resonant Frequency 

 

To predict the resonant frequency, separation equation  is 

used. Resonant frequency of an isolated source free isosceles  TDRA 
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is evaluated as: 

 

 

 

where c is the velocity of light in free space.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

It is found from rigorous 3D EM simulations using HFSS [9] that as the 

angle  increases from 60° to 90°, resonant frequency also increases as 

expected. Typical results are shown in Fig. 11.3. It should be noted here that 

the resonant frequency decreases as the size of the  TMA decreases 

(i.e.  increases from 60° to 90°) as explained in Chapter VI. This is because of 

the fact that the effective length of the isosceles TMA increases due to fringing 

as the size of the  TMA decreases (please see Fig. 6.4 in Chapter VI). 

 
                            (a)                                                  (b)          (c) 

(i) Internal field distribution of 60°–60°–60° TDRA at  mode 

(a)  field patterns at  plane  (b)  field patterns at  plane (c)  field patterns at  plane 

 
                            (a)                                                 (b)            (c) 

(ii) Internal field distribution 70°–70°–40° TDRA at  mode 

Fig. 11.2 Approximate internal field patterns for different isosceles TDRA at  modes (a)  field patterns 

at  plane  (b)  field patterns at  plane (c)  field patterns at  plane 

(a = 66mm, d = 24mm,  = 12) 
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On the other hand, the fringing effect is not found in case of DRA due to high 

permittivity of the material. Further, electric fields avoid the corners of the 

TDRA as explained for other TDRAs in Chapters VIII-X. This reduces the 

effective area which results higher resonant frequency as the size of the TDRA 

decreases. 

 

 

 

 

 

 

 

 

 

 

 

For a first order approximation, based on data obtained from 3D EM simulator 

HFSS [9], the effective side length  of the isosceles  TDRA is 

expressed as: 

 

 

 

 
 

Here, the angle  is in degrees. 

 

11.2.3    Far-Field Radiation Patterns 

 

‘Equivalence Principle’ [4, 16] is used to find the far zone electric field of 

an isosceles  TDRA. For theoretical investigation, the surfaces of the 

TDRA are modeled here as Perfect Magnetic Conductors (PMC). The magnetic 

surface currents  are evaluated to find the far-field patterns which 

are similar to those for equilateral TDRA as shown in Chapter VIII and are not 

 

 
Fig. 11.3 Variation of simulated input impedance for different isosceles TDRAs 
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repeated here for brevity. All surface integrals are evaluated using our 

singularity free, simple and novel technique as presented in Chapter XIII. The 

total far-zone electric field at point  is evaluated as [16]: 

 

 

 

 

where, 

 

 

 

Here, all terms are carrying their usual meaning. 

 

11.2.4    Radiated Power, Quality factor, Efficiency and Gain 

 

The total quality factor  is evaluated as: 

 

 

 

where  is the resonant frequency,  is total stored energy,  is conductor 

loss,  is dielectric loss and  is radiation loss. These quantities are evaluated 

using standard procedures as presented in Chapter III.  

 

11.2.5    Input Impedance 

 

 Computation of input impedance  is similar as demonstrated for 

rectangular DRA, equilateral TDRA, 30°–60°–90° TDRA and 45°–45°–90° TDRA 

in Chapters VII-X using the following relation [4]: 
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where all terms are defined earlier (Chapters VII-X) and are not repeated here 

for the sake of brevity. Probe current density  is modeled here as one 

dimensional  directed current as [4]: 

 

 

 

where   is probe length and  is the probe location. 

 

11.3    Results 

 

In this section, theoretical results on resonant frequency, far-field 

patterns, Q-factor etc. are discussed. Three antennas are fabricated in our 

laboratory as shown in Fig. 11.4. Conventional 50Ω coaxial probe is used to 

excite those isosceles TDRAs. The same are also simulated using FEM based 

3D EM simulator HFSS [9]. All measurements are performed using Agilent E-

series VNA (Model No: E85071B, Frequency range: 300MHz to 8.5GHz). 

 

 

 

 

 

 

 

 

 

11.3.1    Resonant Frequency 

 

In Table 11.1, theoretical resonant frequencies are compared with 

experimental data and data obtained using 3D EM simulator HFSS [9]. It is 

found that our theory can predict the resonant frequency with an accuracy of 

3.1%. 

 
Fig. 11.4 Photograph of fabricated isosceles TDRA 
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Table 11.1 

Experimental verification of resonant frequency 

 

(deg) 

a 

(mm) 

d 

(mm) 
 Mode 

Frequency (GHz) Error (%) 

HFSS Theory Mea. HFSS Theory 

60 66 24 12  1.501 1.454 1.5 [113] -0.067 3.06 

60 36 21 10  2.55 2.5537 2.61 2.29 2.16 

70 25 4.5 20  4.79 4.7091 4.85 1.24 2.91 

75 19.67 19 10  4.76 4.9538 4.82 1.24 -2.78 
 

 

11.3.2    Far-Field Radiation Patterns 

 

In this section, theoretical results on far-field radiation patterns of 

different isosceles  TDRA are presented for various  modes. It is 

already mentioned in Chapters VIII - X that the modes with even values of  

will not be excited for a DRA placed on a metallic ground plane [5, 177]. 

Therefore, theoretical results are presented here for odd values of  only. 

Normalized far-zone electric field strength at  and  plane are 

shown in Fig. 11.5 for some isosceles  TDRAs. It is found from Fig. 

11.5 that   modes produce a peak in the broadside direction. 

Due to the improper choice of dimensions and/and permittivity, slight dip may 

be observed (for example, 80°–80°–20° TDRA at  mode in Fig. 11.5(d)). 

 

 

 

 

 

 

 

 

 

 

 

 
(a) 60°–60°–60° TDRA at  

 
(b) 70°–70°–40° TDRA at  



                                   Chapter XI:    Isosceles Triangular Dielectric Resonator Antenna 

Sudipta Maity   281 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For experimental validation, our theoretical results on E-plane (  

plane) and H-plane (  plane) are compared with experimental data for 

some isosceles  TDRAs having  = 60°, 70° and 75° as shown in 

Figs. 11.6[(i)-(iii)]. It is found that our theory is in good agreement with 

 
(c) 80°–80°–20° TDRA at  

 
(d) 60°–60°–60° TDRA at  

 
(e) 70°–70°–40° TDRA at  

 
(f) 80°–80°–20° TDRA at  

 
(g) 60°–60°–60° TDRA at  

 
(h) 70°–70°–40° TDRA at  

 
(i) 80°–80°–20° TDRA at  

 

Fig. 11.5 Normalized far-zone E-plane (solid line) and H-plane (circle with dotted line) power 

patterns of different isosceles TDRA at different  modes 
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experimental data. Little discrepancy is found which is due to the finite size of 

ground plane. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
                           (a) E-plane                               (b) H-plane  

(iii) 70°–70°–40° TDRA at   

 

 
                           (a) E-plane                               (b) H-plane  

(iv) 75°–75°–30° TDRA at   

 
Fig. 11.6 Comparison of theoretical (solid line) power patterns with experimental data (circle with 

dashed line) for different isosceles TDRAs 

 

 
                       (a) E-plane                               (b) H-plane  

(i) 60°–60°–60° TDRA at   [113] 

 

 
                            (a) E-plane                               (b) H-plane  

(ii) 60°–60°–60° TDRA at   
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11.3.3    Radiated Power, Quality factor, Efficiency and Gain 

 

In Table 11.2, theoretical radiation Q-factor , total Q-factor , 

radiation power in percentage  which is calculated as [15] 

,  gain  and radiation efficiency   for different isosceles 

 TDRAs are shown. From Table 11.2, it is found that as  increases 

from 60° to 90°,  and  increase whereas  and  decreases. 

Further, for a fixed isosceles  TDRA, higher order modes produce a 

higher gain compared to fundamental  mode.  

 

Table 11.2 

Characteristics of different isosceles  TDRAs  

 

Mode 
 

(deg) 

 
(GHz) 

    
 
 

Gain 
(dB) 

 

60 1.256 32.96 98.91 19.07 18.86 3.75 4.71 

65 1.261 17.36 97.93 36.2 35.45 1.995 4.67 

70 1.279 12.36 97.09 50.84 49.36 1.433 4.66 

75 1.321 7.519 95.24 83.57 79.59 0.8884 4.60 

80 1.431 3.585 90.26 175.3 158.2 0.447 4.65 

85 1.873 1.412 76.15 444.9 338.8 0.2087 5.89 

 

 

60 2.843 17.48 98.41 35.94 35.37 1.999 7.33 

65 2.845 9.52 97.12 66 64.1 1.103 7.23 

70 2.853 7.074 96.14 88.82 85.39 0.8281 7.35 

75 2.872 4.657 94.22 134.9 127.1 0.5562 7.74 

80 2.925 2.644 90.08 237.6 214 0.3304 8.41 

85 3.165 1.151 77.59 545.8 423.5 0.167 8.79 

 

 

60 4.593 12.5 97.35 50.28 48.95 1.444 9.87 

65 4.594 7.109 95.44 88.39 84.35 0.8383 9.52 

70 4.599 5.762 94.42 109 103 0.6868 8.87 

75 4.611 4.407 92.82 142.6 132.3 0.5343 8.35 

80 4.644 3.102 90.05 202.6 182.4 0.3877 9.13 

85 4.798 1.604 81.73 391.6 320.1 0.2209 9.14 

 

In Fig. 11.7, variation of  and  with height  are 

shown for different isosceles  TDRAs for  mode for fixed aspect 
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ratio . It is found that  and  are almost constant, 

whereas little variation is found in the case of radiation efficiency  as found 

for other triangular shaped DRAs. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig 11.7 Characteristics of different isosceles TDRAs at  mode with height 

 ( ) 

 
(a) Variation of  with  

 
(b) Variation of  with  

 
(c) Variation of  with  

 
(d) Variation of  with  

 
(e) Variation of rad. efficiency with  

 
(f) Variation of  with  
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In Fig. 11.8, variation of  and  with resonant 

frequency are shown for different isosceles  TDRAs for  mode. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig 11.8 Characteristics of different isosceles TDRAs at  mode with aspect ratio 

 ( ) 

 
(a) Variation of  with  ratio 

 
(b) Variation of  with  ratio 

 
(c) Variation of  with  ratio 

 
(d) Variation of  with  ratio 

 
(e) Variation of rad. efficiency with  ratio 

 
(f) Variation of  with  ratio 
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11.3.4    Input Impedance 

 

Evaluation of input impedance  using  instead of  is 

already discussed in detail for equilateral, 30°–60°–90°  and 45°–45°–90° 

TDRAs in Chapters VIII-X and is not repeated here for the sake of brevity. A 

similar phenomenon is also found for 

isosceles TDRA. Theoretical results are 

compared with experimental data as 

shown in Fig. 11.9 for   mode of 

an isosceles 67°–67°–46° TDRA where 

 is computed using  and is 

plotted with normalized frequency. 

Little discrepancy is found between our 

theory and experimental data. This is 

due to the air gap between the probe 

and TDRA. Hand-drill is used to make 

the hole inside the TDRA. The diameter 

of the hole is 1.85mm (approx.) whereas the diameter of the probe is 1.22mm. 

Further, the length of the hole (19mm approx.) is also slightly longer than the 

probe length . The effect of the air gap is also not included in our 

theory. 

 

11.4    Conclusion 

 

In this chapter, theoretical investigation on isosceles  

Triangular Dielectric Resonator Antenna (TDRA) is presented for  modes 

for the first time using simple magnetic wall dielectric waveguide model. Our 

theory is valid for  modes only as the tri-linear transformation is not 

applicable for arbitrary isosceles triangles. Approximate solutions for 

eigenfunctions and eigenvalues are derived. Approximate expression is also 

given here to predict the resonant frequency with an accuracy of 4%. Far-field 

 

 
Fig 11.9 Comparison of input impedance with 

experimental data for  mode (

 

)  
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radiation patterns, radiation Q-factor ,  radiated power in percentage 

, bandwidth , efficiency , gain  are also 

discussed. From these theoretical investigations, it is found that: 

 

 Resonant frequency for fundamental  mode increases as the size of 

the isosceles  TDRA decreases (i.e.  increases from 60° to 90°) 

whereas the same decreases for isosceles  TMA. 

 All  modes produce a peak in the broadside direction. 

 Higher order modes can be used to produce higher gain compared to 

fundamental  mode by selecting proper dimensions and permittivity 

of the TDRA. 
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Rectangular DRA (HIRDRA) 
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Chapter XII 

Inhomogeneous Rectangular Dielectric Resonator 

Antenna 

 

12.1    Introduction 

 

Dielectric Resonator Antenna (DRA) has got various advantages like 

small size, low loss, inherent wideband nature and high radiation efficiency. 

Hemispherical, cylindrical and rectangular shaped DRAs have been analyzed 

widely [5, 174].  For a fixed relative permittivity ( ), Rectangular DRA (RDRA) 

having dimensions  shows greater flexibility in terms of frequency 

selection over cylindrical and spherical DRAs due to its two aspect ratios. The 

flexibility can further be increased by introducing an additional segment having 

different relative permittivity (please see Fig. 12.1). 

The basic structure of metallic waveguide and dielectric loaded partially 

filled waveguide are similar but partially filled waveguides have extra degrees of 

freedom. Hence it shows greater flexibility to tune its cutoff frequency, 

bandwidth, etc. [186-187]. Partially filled waveguides have been investigated 

using mode matching technique [186-187] and transmission line theory [188]. 

Similar analysis on aperture fed RDRA using mode matching technique is 

available in [23]. Hollow RDRA has also been analyzed using transmission line 

model [189]. 

The vertically stacked configuration of RDRA having two or more 

segments has been reported using dielectric waveguide model [190]. CAD 

model had also been reported by the subsequent researchers [191-192] to 

predict the resonant frequency of such stacked RDRA.  

In this work, stacking of RDRA is done along the width (y-direction) of 

RDRA as shown in Fig. 12.1. The two segments have an identical cross-section 

along x-z direction ( ) but different width ( ) along y-direction and have 
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different relative permittivity ( ). Simple boundary conditions are applied 

as available for conventional RDRA [21]. Fundamental  mode is 

investigated using mode matching technique. A closed form simple 

transcendental equation is given here for computing the wave-numbers along 

the y - direction inside the two parallel segments of RDRA. Theoretical results 

are verified with the 3D EM simulator for a wide range of dimensions and 

relative permittivity. One sample is also fabricated for theoretical validation. It 

is found that our theoretical results are in close agreement with measured data 

and data obtained using the 3D EM simulator. It is found that Horizontally 

Inhomogeneous RDRA (HIRDRA) gives broadside radiation patterns for  

mode and the patterns are almost symmetric. 

 

 

 

 

 

 

 

 

 

 

12.2    Theory 

 

Two RDRA segments, RDRA1 and RDRA2 having dimensions  

and  and relative permittivity  and  respectively are stacked 

horizontally along the y-direction and placed over a common ground plane as 

shown in Fig. 12.1. The x-axis is placed along the interface between these two 

RDRAs and the origin is placed at the center of its side . For theoretical 

analysis, ground plane is removed first by applying image theory and this 

process results in an isolated similar structure having dimensions  

where  and  as shown in Fig. 12.2. Perfect Magnetic 

 
 
 

 
Fig. 12.1 Geometry of the antenna 

 

 
Fig. 12.2 Geometry of an isolated HIRDRA 
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Conductors (PMC) are considered at  and  and imperfect 

magnetic conductors are considered at  and  [21]. 

 

12.2.1    Eigenfunctions 

 

The structure of isolated horizontally inhomogeneous RDRA has a 

dielectric discontinuity along the y - direction only. We are interested to 

investigate the fundamental  mode for theoretical simplicity. A suitable 

choice of wave variation along x and z-directions inside the two RDRA 

segments for pure  mode can be expressed as: 

 

 

 

Due to the existence of imperfect magnetic conductors, fields are exponentially 

decaying outside the resonator along the y-direction. Thus, following [175], the 

eigenfunctions  inside the two RDRA segments can be expressed as: 

 

 

where 

 

 

 

 

 

Here,  is the free-space wave number,  
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and other terms are carrying usual meaning. It is worth mentioning that  can 

be expressed from equations (12.3) – (12.5) as: 

 

 

 

 

Computation Various Constant: 

 

To evaluate the coefficients  and , tangential electric and magnetic 

fields are matched at  and .  

 

Fields matching at  

 

 

 

Dividing equation (12.9) by (12.10), we get: 

 

 

 

Fields matching at  

 

 

 

Dividing equation (12.12) by (12.13), we get:  
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Fields matching at  

 

 

 

Dividing equation (12.15) by (12.16), we get: 

 

 

 

 

 

 

A close look at equations (12.3)-(12.4) reveal that  and  are the functions 

of free-space wave number . Hence, equation (12.18) is a function of  only 

for a given set of values of      and . After solving equation (12.18) 

for , one can find the resonant frequency. After simple algebraic 

mathematical calculation, the eigenfunctions can be expressed as: 
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where 

 

 

 

 

Here,  is a constant. It is worth mentioning here that  and  will be either 

real or pure imaginary for loss-less cases [4, 188] such that if  is real,  

will be imaginary and vice versa. Further,  will be either pure imaginary or 

real for imaginary and real values of  respectively. A similar phenomenon is 

also found for . 

 

12.2.2    Resonant Frequency 

 

The transcendental equation (12.18) can be solved for free-space wave 

number  which results the resonant frequency of the structure for  

mode. To evaluate the resonant frequency, bisection method is used. A solution 

is obtained if the relative absolute convergence between any two successive 

solutions is less than . 

 

12.2.3    Internal Field Components 

 

Once the eigenfunctions of a cavity is found, it is quite simple to express 

all the internal field components using Maxwell’s equations [4, 16]. The 

internal field components within these two RDRA segments can be written as: 

 

Field components in RDRA1  

 

 

 



                     Chapter XII:    Inhomogeneous Rectangular Dielectric Resonator Antenna 

 
 

Sudipta Maity   297 

 

 

 

 

 

 

Field components in RDRA2  

 

 

 

 

 

 

 

 

12.2.4    Far-Field Radiation Patterns 

 

Far-field radiation patterns are computed using ‘Equivalence Principle’ 

[4, 16]. For theoretical investigations of fundamental  mode of the 

HIRDRA, Perfect Magnetic Conductor (PMC) is applied at  and 

. Imperfect magnetic Conductor (IPMC) is applied at  and 

. For theoretical computation, the top view of the HIDRA is shown in Fig. 

12.3. Therefore the magnetic surface current  is evaluated at  and 
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 whereas the electric surface current  and  both are evaluated at 

 and . 

 

Fields along AB Surface  

 

 

Fields along FE Surface  

 

 

Fields along AF Surface  

 

 

 

 

 

 

 

 

 

 

 

Fields along TOP Surface  

 

 

Fields along BOTTOM Surface  

 

 

Before doing any calculations for radiated fields, let’s first consider a simple 

integration defined for real  and  as: 

 

 

 
Fig. 12.3 Top view of HIRDRA for evaluating far-field 

patterns  



                     Chapter XII:    Inhomogeneous Rectangular Dielectric Resonator Antenna 

 
 

Sudipta Maity   299 

 

 

where 

 

 

Assuming that; 
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 Radiated Field from RDRA1: 

 

Fields along AB Surface  

 

 

 

 

Fields along FE Surface  

 

 

 

 

Fields along AF Surface  
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Fields along TOP Surface  

 

 

 

 

Fields along BOTTOM Surface  

 

 

 

 

 Radiated Field from RDRA2: 

 

Fields along BC Surface  

 

 

 

 

Fields along ED Surface  
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Fields along CD Surface  

 

 

 

 

 

 

 

 

 

 

 

Fields along Top2 Surface  

 

 

 

 

Fields along Bottom2 Surface  
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Therefore, the total far-zone electric field at point  is evaluated as [16]: 

 

 

 

 

where, 

 

 

 

 

 

 

 

 

 

 

 

 

 

Here, all terms are carrying their usual meaning. 

 

12.3    Results 

 

In this section, theoretical results on resonant frequency and far-field 

patterns are discussed. Four antennas are fabricated in our laboratory. Typical 

photograph of fabricated antenna is shown in Fig. 12.4. Dielectric bars are cut 

manually using hack saw. Different types of sand papers are used to make its 

surfaces smooth. It is obvious to have some roughness in the surfaces. It is 

found that these types of small roughness do not give much impact on its 

characteristics as shown in the next sub-section. Three antennas out of four 
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are excited using aperture on the ground plane. The last antenna does not 

cover the whole aperture. Therefore, it is excited using 50Ω coaxial probe. 

 

 

 

 

 

 

 

 

 

 

12.3.1    Resonant Frequency 

 

Some samples are simulated using FEM based commercially available 3D 

numerical EM simulator HFSS [9]. Theoretical results on resonant frequencies 

are compared with data obtained using 3D EM simulator HFSS. In Table 12.1, 

total twelve samples are shown for comparison purpose. It is found that 

theoretical resonant frequencies  are in good agreement with an accuracy 

between 1 - 9%. This is due to the effect of feed mechanism and finite size of 

ground plane, which are not included in our theory [21]. It is worth mentioning 

here that the analytical solution for the resonant frequency of conventional 

RDRA gives accuracy between 1-12% [21]. 

Due to large no of parameters , it is very difficult to 

fit a curve for arbitrary dimensions and permittivity. Complex curve fitted CAD 

model as reported in [190-192] can be used to minimize the error in the 

prediction of resonant frequency. These can be done by defining effective 

dimensions and/or effective permittivity. For a first order approximation, the 

effective permittivity can be expressed as: 

 

 

 
Fig. 12.4 Typical photograph of fabricated antenna 
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where it is assumed that the effect of all dimensional parameters (  and ) 

are included inherently. Effective permittivity  can be expressed using 

complex function of (      and ) to reduce the error in the prediction 

of resonant frequency. The same purpose is achieved with a simple curve fitted 

formula which is valid for arbitrary dimensions (    and ) and relative 

permittivities of (  and ) as shown in Table 12.1.  Equation (12.30) is much 

simpler than those reported in [190-192]. Further, this simple approximation 

can predict the resonant frequency within 3% error for a wide range of 

dimensions and relative permittivity of HIRDRA as shown in Table 12.1.  

 

Table 12.1 

Comparison of theoretical resonant frequency with 3D EM simulator HFSS 

Sl  
No 

Dimensions 
(mm) 

  

Resonant Frequency 
(GHz) 

Error  
(%) 

    
Theory 

( ) 

Theory 

( ) 

HFSS 
[9] 

(  

) 

(  

) 

1 10 8 5 5 10 25 4.565 4.865 4.737 -3.6 2.63 

2 10 12 3 6 80 25 2.761 2.942 2.954 -6.5 -0.39 

3 15 15 1 3 40 80 2.215 2.359 2.365 -6.3 -0.24 

4 10 10 10 10 50 100 1.836 1.957 2.011 -9.5 -2.73 

5 15 10 5 3 100 10 1.850 1.972 1.982 -6.7 -0.51 

6 6 4 2 3 10 40 6.324 6.742 6.754 -6.4 -0.17 

7 6 6 2 2 10 40 6.592 7.023 6.966 -5.4 0.82 

8 6 6 3 3 30 100 3.707 3.952 3.977 -6.8 -0.63 

9 12 2.5 1.5 1 100 40 4.988 5.316 5.436 -8.2 -2.26 

10 12 2.5 3 2 25 80 5.121 5.458 5.526 -7.3 -1.24 

11 5 6 4 5 40 80 4.000 4.264 4.353 -8.8 -2.08 

12 5 6 1 4 40 80 4.193 4.469 4.590 -8.6 -2.68 

 

In Table 12.2, theoretical results on resonant frequencies are compared 

with experimental data. It is found that theoretical results are in good 

agreement with measured data. Typical photograph of experimental result 

displaying on  (in dB) is shown in Figure 12.5. 
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It is worth mentioning that the interchange of the source free RDRA 

segments as shown in Figure. 12.1 does not change the resonant frequency of 

the entire antenna system; 

because it consists of only 

two segments and the 

antenna structure remains 

unaltered after applying the 

image theory.  A typical 

result is shown in Table 12.2 

(sample III and IV). A little 

discrepancy is found in the 

second decimal place of 

measured resonant 

frequency. This is due to 

positional displacement. 

Further, our theory does not account the effect of excitation (or feed 

mechanism) and the finite size of ground plane. 

It should be noted here that the design of vertically stacked RDRA to 

achieve wide impedance bandwidth is mainly based on trial and error method 

and experience.  The guidelines for vertically stacked RDRA as reported in 

[190-192] are limited to a range of thickness and permittivity of the inserted 

segment. Besides, the permittivity of the inserted segment ( ) must be higher 

than the permittivity of original RDRA ( ). But no such restriction is applicable 

to our case. 

Our theory is further applied to compute the resonant frequency of 

sample no 4 in [193] which deals with full-wave numerical analysis of 

discontinuities within RDRA. A good agreement with full-wave 3D numerical 

technique is found. This is shown in Table 12.3. 

Further, equations (12.3) – (12.8) as mentioned above give exact same 

resonant frequency as found for conventional single RDRA for  

 
Fig. 12.5 Measured  of sample I of Table II (

) 
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(say). Some typical results are shown in Table 12.4.  

 

Table 12.2 

Experimental validation of resonant frequency  

Sample 

Dimensions 
(mm)   

Resonant Freq. 
(GHz) 

Err 
(%) 

    Theory Mea. (our) 

I 25 5 25 17 10 25 3.569 3.52 1.37 

II 25 25 5 3 10 25 2.757 2.68 2.79 

III 25 5 25 5 10 25 4.511 4.42 2.02 

IV 25 5 5 25 25 10 4.511 4.43 1.79 

 

Table 12.3 

Theoretical validation of resonant frequency with [193] * 

Dimensions (mm) 
  

Res. Freq. (GHz) Error 
(%)     Theory [193] 

7.45 3.725 1.49 1.49 85 75 4.627 4.627 0.0 

*Sample No 4 of Table 3 in [193] 

 

Table 12.4 

Comparison of resonant frequency with conventional RDRA  

for  and  

Sl 
No 

Dimensions 
(mm)  

Resonant Frequency 
(GHz) 

Error 
(%) 

    Theory [21] 

1 15.24 7.62 1 2.1 10.8 6.95 6.95 0.0 

2 10.16 7.11 5.16 5 20 4.63 4.63 0.0 

3 9.31 9.31 2.3 2.3 37.84 4.00 4.00 0.0 

4 8.77 3.51 4 4.77 37.84 4.89 4.89 0.0 

5 12.7 6.35 3.35 3 79.46 2.40 2.40 0.0 

 

 

12.3.2    Radiation Patterns 

 

In this section, theoretical results on far-field radiation patterns are 

compared with experimental data. MATLAB code is written to compute the E-

plane  and H-plane  power patterns. Theoretical far-zone 

power patterns are shown in Figs. 12.6 for  mode. It is found that 
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theoretical results are in close agreement with experimental data. Little 

discrepancy occurs in the E-plane. This may be due to the finite size of ground 

plane.  

 

  

 

 

 

 

 

 

 

12.4    Advantages 

 

Horizontally Inhomogeneous RDRA (HIRDRA) is formed here by adding 

two RDRA segments side by side. This type of structure gives two additional 

degrees of freedom (width ratio and relative permittivity) to the design of RDRA. 

These can be used to obtain a wider tuning range in terms of frequency. For 

example, a conventional probe fed RDRA having dimensions  

will show resonance at 5.091GHz and 8.087GHz for  and 10 

respectively. Therefore, HIRDRA can be designed to obtain any resonant 

frequency within 5-8 GHz such that  . This is shown in Fig. 12.7. 

Probe length can be adjusted to achieve the optimized result. 

The second advantage is that the structure is very cost-effective and 

useful for practical realization. In the above example, the RDRA will show 

resonance at 5.8GHz for  which is not readily available, whereas  

(readily available) will show resonance at 5.95GHz. HIRDRA having 

 using  and , both readily available is able to cover the 

entire 5.8GHz band (5.69GHz - 5.97GHz) as shown in Fig. 12.7. In this way, 

with proper tuning, the additional degrees of freedom can lead to an 

application specific design with any combination of materials available. 

 

 
        

Fig. 12.6 Theoretical and measured far-field patterns of HIRDRA : (a) E-plane and (b) H-plane 
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Further, this theory can easily be extended to investigate fractal shaped 

RDRAs, log-periodic antenna using RDRAs etc., which are not possible using 

the theory on vertically stacked RDRAs as reported in [190-192]. 

 

12.5    Conclusion 

 

In this chapter, inhomogeneous RDRA is investigated analytically for the 

first time. Fundamental  mode is investigated here for theoretical 

simplicity. One transcendental equation is given here using the mode matching 

technique to predict its resonant frequency. It is found that: 

 

 Our theory can predict the resonant frequency with an accuracy of 3%.  

 The fundamental  mode produces a peak in the broadside direction. 

 Our theory is valid for arbitrary dimensions and permittivity as shown in 

Table 12.1. 

 

 

 

 

 

 

 

 

 
Fig. 12.7 Simulated  for different values of  , showing the wide tuning range 

of HIRDRA (   and ) 
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Chapter XIII 

Singularity Free Expressions for Far-Field 

Radiation Patterns 

 

13.1    Introduction 

 

In this dissertation, different types of triangular shaped Microstrip 

Antennas (MA) and Dielectric Resonator Antennas (DRA) are investigated 

analytically. Closed form compact expressions for evaluating far-field radiation 

patterns ( ) for different antennas are given here in the respective chapters. 

Analytical expressions for ( ) are very important to design an antenna 

quickly for a given specification. Other characteristics such as radiated power 

, total Q-factor , radiation Q-factor , gain , directivity , 

bandwidth  etc. are directly related to far-field radiation patterns [12-16, 

162]. The input impedance of an antenna is highly dependent on the efficient 

evaluation of total Q-factor  which is in turns a function of ( ). To 

evaluate the total radiated power  over the hemisphere, we generally use 

numerical integration because of complicated non-separable complex 

expressions both for  and . There is always a possibility to have 

 or  form due to singularities occurring for arbitrary dimensions and 

relative permittivity of an antenna. Therefore, it is important to evaluate the 

far-zone electric field ( ) at point  efficiently. Any singularity in the 

expressions on far-field radiation patterns must be handled efficiently to obtain 

accurate results quickly. It should be pointed here that MATLAB [164] can 

integrate a singular function, but it takes a long time. If all the non-singular 

integrations are solved numerically for a particular value of , it will be 

time consuming process to evaluate the  etc. 

Commercially available numerical EM simulators such as IE3D [8], HFSS 
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[9], CST [10] etc. use different numerical techniques to solve a particular 

boundary value problem (here, radiation from an antenna). Radiation 

characteristics of an antenna for different modes can easily be predicted using 

those EM simulators but the user does not get any physical insight. If any 

singularity occurs in the evaluation of far-field patterns, the EM simulator 

takes care of it inherently. The end user does not face any difficulty to obtain 

the end results. The time required to simulate an antenna using the EM 

simulator is shown in Table 13.1. 

On the other hand, singularity free analytic solution of an antenna as 

presented in this chapter is able to predict the results with proper physical 

insight. Analytical solutions can give the results much faster than EM 

simulators. To show the difference, a personal computer having Core 2 duo 

Intel processor and 3GB RAM is used to simulate rectangular and equilateral 

triangular shaped microstrip antennas using IE3D, HFSS and CST. Far-field 

radiation patterns are observed for different modes. The same (far-field 

radiation patterns) are also evaluated using analytic solutions. A comparison of 

time is shown in Table 13.1. It is clear from Table 13.1 that analytical solution 

can predict the far-field radiation patterns of an antenna orders faster than 

numerical EM simulators. 

 

Table 13.1 

Comparison of time between analytical solution and EM simulators 

Sl Antenna Mode 
Time (seconds) 

IE3D HFSS CST Analytical 

1 
Rectangular 

MA 

 218 297 310 2.82 

 254 305 344 3.12 

2 
Equilateral  

TMA 

 241 388 371 3.08 

 278 391 447 3.11 

  

To predict the far-field radiation patterns ( ) for any antenna with 

rectilinear symmetry in Cartesian coordinate system, we generally come across 

expression of the form frequently as: 
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which is singular when  because  can be expressed as: 

 

 

 

If we do not have any prior knowledge about the original integral (here, 

expression (13.1a)), it will be a time consuming process to remove the 

singularity from equation (13.1b) when . A non-singular integral i.e. 

(13.1a) becomes singular for particular values of  and . Handling this type 

of singularity due to the occurrence of (13.1a) in case of rectangular shaped 

slot, horn, microstrip antenna etc is quite simple compared to the case of 

equilateral Triangular Microstrip Antenna (TMA). This is due to the complex 

expression for internal fields (and geometry) of an equilateral TMA. The final 

expressions of far-field radiation patterns are given by K. F. Lee et al. [6] 

without any explicit step for derivation. If we try to obtain the same expressions 

as given by K. F. Lee et al. in [6], we have to segregate  and 

 terms from each line integration along the three sides of the equilateral 

TMA. This is a time consuming process compared to Rectangular Microstrip 

Antenna (RMA). Further, there is always a possibility to encounter a singularity 

at any mode for a particular choice of antenna parameters and/or modal 

indices. Because each term of equation (13)-(14) of [6] has  like terms 

in the denominator. 

Further, we will encounter similar type of integrations in the evaluation 

of conductor loss , dielectric loss  etc. analytically. Most of the time, 

these are calculated numerically which is a time consuming process. 

In this dissertation, closed form expressions to predict the far-field 

radiation patterns for different Microstrip Antenna (MA) and Dielectric 

Resonator Antenna (DRA) are derived analytically as given in the respective 

chapters. From these expressions, it is found that almost all terms have 
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 like terms in the denominator. Table 13.2 depicts the total number of 

singularities for different antennas in the expressions on far-zone electric field 

( ). 

 

Table 13.2 

No of singularity for different antennas 

Sl No Ref. Antenna Mode No. of Singularity 

1 [162] Slot Aperture  1 

2 [14] Rectangular MA  4 

3 [6] Equilateral TMA  15 

4 Our 30°–60°–90° TMA  12 

5 Our 45°–45°–90° TMA  6 

6 Our Isosceles TMA  10 

7 [170] Rectangular DRA  7 

8 Our Equilateral TDRA  29*  

9 Our 30°–60°–90° TDRA  26* 

10 Our 45°–45°–90° TDRA  18* 

11 Our Isosceles TDRA  29* 

 

In case of Triangular DRA (TDRA) as marked by ‘*’, the contribution from top 

and bottom surfaces on the far-field radiation patterns are not considered to 

give the total no of singularity because of complexity. Typical example of the 2D 

integration is shown by equation (13.2a) for Equilateral TDRA (ETDRA). 

 

 

 

One will encounter two numbers of this type of integrals for ETDRA. Initially, 

we tried to solve these kind of integrals analytically. We faced several 

singularities for arbitrary choice of dimensions, permittivity and modal indices 

of the ETDRA.   can be expressed as: 
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where 

 

 

 

 

 

Here all terms are defined in Chapter VIII. The evaluation of  is much 

lengthier, complex and time consuming process than those presented on any 

antennas. It is very difficult to overcome those singularities during the 

evaluation of far-field radiation patterns  for arbitrary 

dimensions and permittivity of the equilateral TDRA. Considerable 

preprocessing effort is required to remove all singularities for efficient 

computation of . Similar type of difficulties (singularities) will be encountered 

during the evaluation of far-field patterns of other triangular shaped TDRAs. 

Therefore, it is important to have one method to produce singularity free 

expressions. 

The L'Hôpital's rule is generally applied to find the value of a function at 

singularity. The derivation of far-zone electric field and the removal of the 

singularity may be simple as found (or identified) for rectangular slot aperture 

(one singularity for  mode of operation) [162] or rectangular Microstrip 

Antenna (MA) (two singularities for  mode of operation) [14] but it is a time 

consuming process for equilateral Triangular MA (TMA) (15 number of 

singularities for  mode of operation) [6] or equilateral TDRA (29 number of 

singularities for  mode of operation). Further, evaluation of  and  for 

an equilateral TMA (three modal indices: ) [6] are much more complex and 

lengthier than that for rectangular MA (two modal indices: ) [14]. An 

unequal -sided  polygonal antenna may have a complex characteristic 
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function having  number of modal indices and consequently will require a 

complex mathematical analysis for evaluating the far-field radiation patterns. 

It should be pointed out here that the microstrip antennas are analyzed 

using Cavity Model where the transverse components of electric field i.e.  and 

 are set to zero for  mode of operation [12-15]. In case of DRA, these two 

components (i.e.  and ) are not zero and we have to consider the 

contribution of all components of internal fields. Obviously, the analysis of the 

equilateral triangular DRA will be more complex than equilateral TMA due to 

the existence of  and  for  mode of operation. 

In this chapter, analytic evaluation of far-field radiation patterns for 

various antennas with rectilinear symmetry reported in the literature so far i.e. 

rectangular slot aperture [162], rectangular MA [14], rectangular DRA [170] 

and equilateral TMA [6] as shown in Fig. 13.1 are revisited. 30°–60°–90° TMA is 

also investigated here. A simple technique is demonstrated to construct the 

singularity free far-field radiation patterns of an antenna in Cartesian 

coordinate system. Various components of electric  and magnetic  

potentials are evaluated either by line integration or surface integration 

depending on the antenna geometry [12-15]. A close look reveals that the 

radiating fields are combination of  terms. These terms 

are decomposed into a summation of single  terms and these  

terms are integrated analytically by taking care of singularity as: 

 

 

 

After that, all terms are added to get final expressions for far-field radiation 

patterns which do not suffer from singularity. This procedure is general and is 

able to handle both real as well as complex singularities (if any). To use this 

technique, all radiating field integrands are expressed as a summation of  

function for various values of W. For example, second integral of  in equation 

(13.1) can be expressed as: 
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It should be pointed here that the complexity occurs after the first step (i.e. 

decomposition of  and  terms into the summation of 

isolated  terms) in standard method. One can easily avoid the 

singularities in the expressions of far-field radiation patterns of an antenna 

using this technique and thus time consuming complex mathematical 

simplification process. This technique is applied to rectangular slot aperture 

[162], Rectangular MA (RMA) [14], Rectangular DRA (RDRA) [170], equilateral 

TMA [6] and 30°–60°–90° TMA as shown in Fig. 1 to show the correctness of 

our theory. This process may be applied to other coordinate systems if one can 

express the governing term(s) as a combination of exp() terms. 

 

 

 

 

 

 

 

 

 

 

 

 

It should be noted here that the singularity in the spectral domain MoM 

analysis of an antenna is taken care of by either evaluating residue or by 

changing the contour of integral path. Analytic removal of singularity in 

spectral domain MoM analysis [194] is much more complex and much more 

time consuming than our technique. 

Further, this novel technique is very efficient to compute certain type of 

 
Fig. 13.1 Geometry of different antennas (a) equilateral TMA (b) slot aperture on 

waveguide (c) rectangular slot on cylindrical surface (d) rectangular MA (e) rectangular 

DRA (f)  TMA 
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integrals to find stored energy within the antenna (or cavity) in a general form 

to reduce the number of integrands for a particular problem. For example, 

equations (13.1) can be expressed in a general way as: 

 

 

  

where p and q are constant depending on choice of function. Typical results are 

shown for equilateral TMA to show the effectiveness of our theory for 

computing stored energy of an antenna. Total 18 number of integrals are 

replaced by a single integration using this novel technique for equilateral TMA. 

In this way, one can save huge computational time as well as pen & pencil 

work. 

Theoretical results on far-field radiation patterns are compared with 

measured data as found in the published literature [15, 21, 162, 165]. Analytic 

results for various integrals are compared with numerical integration using the 

inbuilt function of MATLAB® [164] to show the accuracy of our theory. 

 

13.2    Source of Singularity 

 

Before going into details, it is important to have knowledge about the 

sources of singularity in the evaluation of far-field radiation patterns from 

‘Equivalence Principle’ [4, 16]. It is found that singularity may occur in two 

ways:  

 

(i) Any intermediate step while evaluating radiation patterns may be 

singular. For example, consider the integral  as defined by equation (13.6) 

which will occur if we try to find the radiation patterns of an equilateral 

Triangular Microstrip Antenna (TMA) whose equal side length is a from electric 

surface current. The antenna geometry for equilateral TMA is shown in Fig. 

13.1(a). 
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Here, p and q are constant. The steps to solve equation (13.6) are given below: 

 

 

 

 

 

 

 

 

where 

 

 

 

Now, we can see that  is singular when q is equal to zero. In that case ( ), 

 takes different solution as given below: 

 

 

 

 

 

Further, when p becomes equal to 0,  will be singular. All types of 
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possibility must be considered to get accurate results. But in text books [12-15, 

162] (and in the published articles), one single compact form for far-field 

radiation patterns is found and considerations of various factors to remove the 

singularity are not seen.   

 

(ii) Singularity in the final expressions of far-field radiation patterns may 

occur due to simplification. For example, consider the radiation from the BC 

side of an equilateral TMA where one will encounter  type integral as defined 

by equation (13.7): 

 

 

 

where . After some straight forward mathematical 

calculation,  can be expressed as: 

 

 

 

 

 

The terms as derived in equation (13.7.b) are present in the equation (14) of [6]. 

This produces singularity (  and  become zero) for all  

modes of equilateral TMA at  plane. This singularity occurs due to 

mathematical simplification. It should be noted here that this singularity can 

easily be removed by expressing  after the 1st step (i.e. equation (13.7a)) as: 

 

 

 

By applying our novel technique as presented the next section, one can easily 

evaluate the singularity free far-field expressions for any antenna with 

rectilinear symmetry. This technique can easily be applied to reduce the total 

number of integrals in a general sense by single integrals to evaluate other 
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important quantities such as electric stored energy , magnetic stored 

energy , conductor loss , dielectric loss  etc. 

 

13.3    Theory 

 

The main objective of this work is to establish this technique for different 

antennas in Cartesian coordinate system. The analysis of rectangular aperture 

(slot) antenna is inherently included in the Rectangular MA (RMA). Therefore, a 

detailed description of this technique is given for RMA. A similar process can be 

applied to other antennas. The far-zone electric field at a point  [16] is 

evaluated as:  

 

 

 

 

where 

 

 

 

 

 

Here all notations are carrying usual meaning. If not mentioned otherwise, it is 

assumed that   and . 

 

13.3.1    Radiating Slot Aperture 

 

If a rectangular waveguide mounted on an infinite ground plane as 

shown in Fig. 13.1(b) is operating at fundamental  mode, then electric field 

distribution on that rectangular aperture can be expressed as [162]: 
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Here all terms are carrying their usual meaning. The compact expressions for 

far-field radiation patterns are given by C. A. Balanis [162]. It is clear from 

[162, Table 12.1, pp. 596] that the fields are singular for 

 

 

 

To predict the far-field radiation patterns accurately, we have to consider the 

contribution of those singular points separately. This extra mathematical 

processing can easily be avoided using our technique. The far-field patterns 

from magnetic surface current ( ) can be expressed as: 

 

 

 

 

 

 

 

 

where  and other terms are carrying their usual meaning. Equation 

(13.16) takes care all the singularities. In Fig. 13.2, real and imaginary parts of 

 are plotted to show the effectiveness of our theory. It is clear from Fig. 

13.2(a) that our theory is able to calculate the value of  at  and  

which is a singular point ( ) according to [162]. 

 

13.3.2    Rectangular Slot on Cylindrical Surface 

 

In a similar way, we can easily predict the far-field radiation patterns of a 

rectangular slot on a conducting cylindrical surface as shown in Fig. 13.1(c). 

The electric field in the aperture can be expressed as [195]: 
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and for dominant  mode of operation in the rectangular waveguide can be 

expressed as [195, pp. 574]: 

 

 

 

 

 

For a specific value of , far-field radiation patterns may 

be singular. For example, singularity occurs for  and . To produce 

singularity free far-field radiation patterns, similar process can be used as 

given by equation (13.16) with simple modification due to coordinate system 

and is not repeated here for brevity. 

The analysis of radiating fields from arbitrary mode of operation for 

rectangular aperture (or waveguide) can be performed as demonstrated for 

Rectangular Microstrip Antenna (RMA) below. 

 

13.3.3    Rectangular Microstrip Antenna (RMA) 

 

The antenna geometry of a Rectangular Microstrip Antenna (RMA) is 

shown in Fig. 13.1(d). The closed form compact expressions for predicting the 

far-field radiation patterns are given in [14, equation (4.13) and (4.14)] which 

are singular when 

 

 

 

where  and . To apply this technique, ‘Equivalence 

Principle’ [4, 14, 16] is used to find the magnetic surface currents along the 

four surfaces of the RMA. Radiation from each surface are then calculated 

individually using our novel technique as: 
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where ,   is the thickness of the substrate and other terms are 

carrying their usual meaning. Now,  is singular at  and 

 for  mode of operation according to [14] whereas our theory 

gives a finite value of  as shown in Fig. 13.2(b). 

 

13.3.4    Rectangular Dielectric Resonator Antenna (RDRA) 

 

Rectangular DRA (RDRA) is a favorite candidate for modern 

communication system. The analytical expressions to predict the far-zone 

electric field ( ) of a Rectangular DRA (RDRA) having  dimensions 

and relative permittivity  for the fundamental  mode (please see Fig. 

13.1(e)) are given in [170]. These expressions are singular when 
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Here,  and ,  and  

are as given below: 

 

 

 

To avoid those singularities, our theory is applied to calculate electric and 

magnetic potentials as given below: 

 

 

 

 

 

 

 

 

 

 

 

 

 

Here  and  are 

the field strength of  and  respectively,   is constant and function  

is given by: 

 

 

 

 

By applying our theory, we can easily avoid the singularity of  at  

(and  due to  term for  mode as shown in Fig. 13.2(c). 
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This technique can easily be extended to arbitrary  mode of a RDRA just 

by making  and  as presented in Chapter VII. 

 

13.3.5    Equilateral Triangular MA (ETMA) 

 

The derivation of far-field radiation patterns of an equilateral TMA is 

given in detail in Chapter III. This is very time consuming. Mathematical 

complexity occurs after decomposition of all combined sin()/cos()-exp() terms 

into isolated exp() terms. If we stop our calculation at that stage and use 

equation (13.3), we can easily bypass those complex calculations and 

singularity. The final closed form expressions for far-field radiation patterns 

are: 

 

 

 

 

 

where 
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All terms are evaluated using equation (13.3). According to K. F. Lee et al. [6],  

 and  point produces singularity  due to 

 term for  mode of an equilateral TMA having 

 and . One may encounter several singularities due 

to presence of total 15 number of  like terms in the far-field 

expressions [6, equation (13)-(14)] whereas our theory does not produce any 

singularity. A typical result is shown in Fig. 13.2(d) for  mode. It should be 

pointed here that the obvious singularity for  modes at  plane [6] 

is removed without any extra mathematical work. Hence, this theory is very 

time efficient from the mathematical handwork point. 

 

13.3.6    30°–60°–90° TMA 

 

We have investigated the characteristics of a 30°–60°–90° TMA in 

Chapter IV. We have also reported our work on 30°–60°–90° TMA [165-166]. 

The far-field radiation patterns for  mode of 30°–60°–90° TMA (see Fig. 

13.1(e)) having base length (AB) equal to a, are singular due to the presence of 
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 terms. Therefore, it is important to have singularity free expressions 

for efficient evaluation of far-zone electric field. Our theory is applied to predict 

the singularity free far-field radiation patterns. Typical results are given here 

for  mode as: 

 

 

 

 

 

where 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Here,  is constant. Equation (13.53) is solved by equation (13.3) as: 

 

 

 

The singularities [165-166] due to the existence of  terms are 

removed as already shown for rectangular aperture, rectangular MA, 
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rectangular DRA and equilateral TMA. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

13.4    Results 

 

In this section, our theoretical results are compared with measured data 

 
(a)  mode of rectangular waveguide aperture [162] 

 

 
(b)  mode of rectangular MA [14] 

 

 
(c)  mode of RDRA [170]  

 

 
(d)  mode of equilateral TMA [6] 

Fig. 13.2 Removal of singularity from far-zone electric field 

(a)  at  plane ( ) 

(b)  at  plane ( ) 

(c)  at   plane ( ) 

(d)  at  ( )  
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as found in literature for fundamental modes of RMA [162], RDRA [170], 

equilateral TMA [15] and 30°–60°–90° TMA [165-166].  These are shown in Figs. 

13.3 - 13.6 respectively. Fig. 13.3 is normalized with respect to -40dB as found 

in [162] and Figs. 13.4 - 13.6 are normalized with respect to -50dB as found in 

the literature [15, 21, 165-166]. It is found that our singularity free expressions 

are in excellent agreement with measured data as found in literature. Little 

discrepancy is observed in E-plane power patterns. This may be due to the 

finite size of ground plane. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 13.4 Comparison between theoretical and experimental far-field  radiation patterns of RDRA 

at  mode (a) E-plane (b) H-plane ( ) [21] 

 

 

 
Fig. 13.6 Comparison between theoretical and experimental far-field  radiation patterns of 30°–

30°–90°  TMA at  mode (a) E-plane (b) H-plane ( ) [165] 
 

 
Fig. 13.3 Comparison between theoretical and experimental far-field  radiation patterns of RMA at 

 mode (a) E-plane (b) H-plane ( ) [162] 

 

 
Fig. 13.5 Comparison between theoretical and experimental far-field  radiation patterns of 

equilateral TMA at  mode (a) E-plane (b) H-plane ( ) [15] 
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13.5    Other Application 

 

This technique can easily be extended here to evaluate total Q-factor , 

different types of losses, stored energy, etc. Typical example is shown here with 

respect to stored energy. If the stored electrical and magnetic energy are  and 

 respectively then 

 

 

 

where 

 

 

Evaluation of  and  are quite simple for rectangular shaped 

antenna/cavity as the all functions are separable. In case of triangular 

microstrip antenna, the eigenfunctions are non-separable with respect to x-y 

coordinate as shown in the respective chapters. Therefore, a typical example is 

shown here for equilateral TMA to justify the advantages of our novel 

technique. To evaluate  and  of an equilateral TMA, we have to perform 

three equations as given below: 

 

 

 

 

 

It should be pointed here that one has to deal with equations (13.59) - (13.61) 

to calculate conduction loss ( ), dielectric loss ( ) for an equilateral triangular 

shaped metallic cavity, waveguide and microstrip antenna. 

If we expand equations (13.59) - (13.61), we get  integrals from each 
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equation. Further, these integrals (total  numbers) are similar in 

nature where the integrands are combination of sin()/cos() functions. Each 

integral may produce a singularity for a particular choice of antenna 

dimensions and operating mode. For example, consider the integral  as 

shown below: 

 

 

 

 

 

For exact evaluation of , we have to consider all possible cases for 

 and . Obviously, due to consideration of several 

factors, the final result for  will be bigger. In this way, total 18 integrals have 

to be solved to find the values of  and . Singularities may also appear 

therein under certain conditions. 

Our theory is applied in a general sense where one integration is solved 

and this integral is able to find the results of equations (13.59)-(13.61) without 

any singularity. Equations (13.59)-(13.61) can be expressed in general form as: 

 

 

 

 

where A, B, C, D, E, F, G and H are constant and are used to choose sin()-cos() 

functions. After some simple mathematical manipulation, we can write: 
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where 

  

 

 

 

 

 

 

 

 

 

 

 

 

By defining  and , we can easily evaluate .  The final 

expressions for  and  are: 
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To verify our analytical solution for  function, Numerical 

Integration (NI) using the inbuilt functions (syms, matlabFunction, quad2d etc.) of 

MATLAB [164] are used. A personal computer having having Core 2 duo Intel 

processor and 3GB RAM is used for all types of computation. Typical results 

are shown in Table 13.3 for  mode. In Table 13.4, comparison between our 

theory and NI to evaluate  and  are shown for various modes.  

 

Table 13.3 

Accuracy of  function for  Mode (a = 100mm) 

Sl  
No 

Function  Theory NI 

1  0.0012 0.0012 

2  -1.7028e-4 -1.7028e-4 

3  -1.7121e-4 -1.7121e-4 

 

Table 13.4 

Accuracy of  and  functions (a = 100mm) 

Mode 
(m, n) 

   

Theory NI Theory NI Theory NI 

1,0 10.0825 10.0825 1.3140 1.3140 0.0065 0.0065 

1,1 17.0947 17.0947 17.0947 17.0947 0.0065 0.0065 

2,1 29.6549 29.6549 10.2326 10.2326 0.0032 0.0032 

4,3 144.3159 144.3159 66.5182 66.5182 0.0032 0.0032 
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13.6    Advantages of the proposed technique 

 

There are several advantages of the use of our proposed technique. The 

advantages of our proposed simple techniques are: 

 

 It is simple and easy to understand. 

 We do not have to have any prior knowledge on singular point. Our 

proposed technique takes care all singularities (if any) analytically. 

 Decomposition of combined  terms as a 

summation of single  terms is the first step to find the far-field 

radiation patterns. Complexity occurs after this step. We can easily avoid 

those complex calculations after the first step. In this way, we can easily 

save huge time (approximately 90-95%). 

 Due to simplification of an expression, there is a possibility to get extra 

singularities as shown in this chapter. In case of our method, there is no 

chance to generate extra singularity 

 Our analytic solution gives results much faster than the 3D EM 

simulator or inbuilt functions on numerical integration of MATLAB  

 Similar types of integration can easily be expressed in a general form. 

 

In summary, we can calculate singularity free closed form analytic expressions 

for far-field radiation patterns ( ), electric stored energy , magnetic 

stored energy , conduction loss ( ), dielectric loss ( ) for any antenna (or 

cavity resonator,  waveguide etc.) with rectilinear symmetry quickly. 

 

13.7    Conclusion 

 

Theoretical investigations on far-field radiation patterns of different 

antennas are presented in Cartesian coordinate system. A time efficient two 

steps simple procedure is presented to evaluate singularity free far-zone 

electric field as:  

 



Chapter XIII:    Singularity Free Expressions for Far-Field Radiation Patterns 

 

Sudipta Maity   336 

 

 Decompose all the combined  terms as a 

summation of  terms  

 Integrate each  terms analytically using equation (13.3)  

 2D/3D integration can easily be integrated in a similar way. 

 

This theory is applied to different antennas in rectangular coordinate 

system for computing far-field patterns. Theoretical results are compared with 

measured data as found in the open literature to show the accuracy of our 

theory. This process is also applied to evaluate certain types of integrals which 

occur to evaluate stored energy or losses of an antenna (or waveguide) by single 

integration. Theoretical results are compared with numerical integration using 

the inbuilt function of MATLAB® to show the accuracy of our theory. Therefore, 

it is concluded that this novel technique can efficiently be utilized  

 

i) to give singularity free expressions for far-zone electric fields  

ii) to reduce unnecessary time consuming mathematical processing  

iii) to provide a much more efficient analysis than these offered by the 

numerical simulator. 

 

It should be pointed here that the analytical results of all type of integrations 

as presented in respective chapters are always verified with this singularity free 

procedure. 
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Chapter XIV 

Conclusion and Scope of Future Work 

 

14.1    Introduction 

 

A study of theoretical investigations on radiation characteristics of 

different triangular shaped radiators is presented in this dissertation. 

Equilateral, 45°–45°–90°, 30°–60°–90° and isosceles triangular shaped 

Microstrip Antennas (MAs) and Dielectric Resonator Antennas (DRAs) both are 

investigated. Eigenfunction , eigenvalue, resonant frequency , input 

impedance , quality factor , gain , bandwidth etc are 

investigated. The topics on Rectangular DRA (RDRA) hitherto left untouched by 

researchers are also studied here. Theoretical results are verified with 

experimental data and data obtained using 3D EM simulator HFSS [9]. At the 

end of each chapter, we have already summarized the characteristics of the 

investigated antenna. 

 

14.2    Principal Contributions 

 

Literature survey shows that modal investigations had been presented on 

equilateral Triangular Microstrip Antenna (TMA) only by K. F. Lee et al in 1988 

[6]. Resonant frequency of 45°–45°–90° TMA [149], 30°–60°–90° TMA [155] and 

equilateral Triangular DRA (TDRA) [107, 112] for different  modes has been 

reported only. Input impedance of 45°–45°–90° TMA [145] and 30°–60°–90° 

TMA [152] has also been reported for  mode only. The theory as presented 

in Chapters IV to Chapters XIII, which is valid for different  modes is our 

main and totally novel contributions. In summary, we may write: 
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1. Radiation characteristics (i.e. resonant frequency, far-field patterns, 

input impedance, Q-factor, etc.) of 30°–60°–90° (Chapters IV) and 45°–

45°–90° (Chapters V) TMAs are presented for different  modes. 

2. Theoretical investigations on probe fed isosceles  TMA is 

presented here. This theory is valid at fundamental  mode of 

isosceles  TMA having 60° (Chapters VI). 

3. Eigenfunction, far-field radiation patterns, Q-factors, bandwidth, gain, 

etc. are investigated for arbitrary  mode of rectangular DRA 

(Chapters VII). 

4. Radiation characteristics of an equilateral Triangular DRA (TDRA) are 

presented for different  modes (Chapters VIII). 

5. 30°–60°–90° TDRA is investigated in Chapters IX for different  

modes. 

6. Characteristics of an isosceles 45°–45°–90° TDRA for different  

modes is presented in Chapters X. 

7. Isosceles  TDRA is also investigated here (Chapters XI). This 

theory is valid for  modes of the isosceles  TDRA 

having 60°. 

8. Horizontally Inhomogeneous Rectangular DRA (HIRDRA) is also 

investigated at fundamental  mode (Chapters XII). 

9. A time efficient, simple and novel technique is demonstrated to 

evaluate singularity free closed form expressions of far-field radiation 

patterns, stored energy, different type of losses etc. of any antenna 

with rectilinear symmetry for any arbitrary chosen mode (Chapters 

XIII). 

 

It is found that our theory can predict the results much faster than 

commercially available numerical EM simulators (IE3D [8], HFSS [9] and CST 

[10]) as shown in Chapter I. 
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14.3 Scope of Future Work 

 

Although equilateral, 45°–45°–90°, 30°–60°–90° and isosceles shaped 

TMAs and TDRAs are investigated analytically in this dissertation, a significant 

amount of work remains to be done on triangular geometry. In the near future, 

the unsolved areas may be focused on as an extension of this work. The scope 

of future work may be summarized as: 

 

1. General solution of arbitrary shaped isosceles  TMA and 

TDRA may be studied for different  modes. 

2. The eigenfunction of an arbitrary shaped scalene triangular radiator 

may be evaluated for different  and  modes. 

3. More rigorous analysis of any triangular shaped antenna may be 

studied using Imperfect Magnetic Conductor (IPMC) boundary 

condition. 

4. TDRAs have been investigated here without considering the effect of 

feed mechanism. The effects of excitation on resonant frequency, far-

field patterns, Q-factors etc. may be studied analytically. 

5. Stacked configuration of the antenna using equilateral, 45°–45°–90°, 

30°–60°–90° and isosceles shaped TMAs and TDRAs geometry may 

be studied. This study may be extended for an arbitrary shaped 

scalene TMA and TDRA. 

6. The analysis of triangular shaped radiations may be extended to 

other rectilinear shaped radiators such as parallelogram, pentagon, 

hexagon etc for different  modes analytically. 
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