Ref.Ex: FP/H 09/GR-A/36/2019
BACHELOR OF SCIENCE FINAL EXAMINATION, 2019

(3rd Year, 1st Semester)

PHYSICS (Honours) _
Time : 2 hrs. - Paper- HO-9 Full Marks : 50
(25 marks for each group)
GROUP -A

Use separate Answer Scripts for each group
Answer question 4 and any two questions from the rest.

1. {a) The equation of motion of a particle under the unpuls:lve force in
a VISCOUb medmm is given by )

;_m-&g +v%E +kx = Pé(t). Solve the equation with the he]p of Laplace trans-
- formation with mltlai condition 2/(0) = z(0) = 0.
"+ {b) Show that V2 __ = = = —4763(T — Zo) where & T is a position vector.
- {¢)State and prove the Parseval’s theorem in connectlon to the Fourier Trans-
' formation. - - (4+3+3]

2.(a)Let f(z,t) be a solutnon of the heat equation -5{ = D%:-Eé in one
dimension. The initial condition at £ = 0 is f (z,0) = e~ for —oo < z < 0.

- Then for all ¢ > 0, find f (z,t) using Fourier Transformation technique.

- {b)Prove the following

D cosx = Jo(x)+2 300 (1) Tau(z), and sinx = 25°%° (—1)%" Ty (). 15+5]
¥ 3. (a) Let f(z) be analytic in a region R bounded by two concentric
- circles €, and C, and on the boundary. If z5 be any point in R then find
- f(z) -
Rt)S Prove that f " cos?™ §df = 2 ko 2ol
C o) IE f(z) = (22 — 1)/2, find the branch points and branch lines. Show that

~along the branch hnes phases are not saine and differ by . _
o (d) With 2 = z + iy, which of the following is an a,naiytm function of the
| complex variable z in'the domain |z] < 2 ?
) Brz—iy), () Qo+ ) (T — o - i)
i) (1 ~ 2z — i) (3 — = — iy)® (iv)(z + iy — 1)V/2 L (2434347
: 4. Evaluate the following integral using complex analysis:
‘In quantum mechamca.l analysis of scattermg 1eads to the function

1{¢) = f ———-J"’m.‘-’“" dx

2 2
o 2~

N \#here o is real and pds_i;tive. This integral is divergent and therefore am-
~ biguous. From the physical conditions of the problem there is a further
- requirement f(o) is to have the form €% so that it will represent an outgoing

. scattered wave. _ (5]
P OR .
I= & 2de,  for0<p<l. | N ()



Group B (25 Marks)
Statistical Mechanics - 1

Answer any five questions {all carry equal marks) :

1. (a) Define the probability density function {p.d.f.) fa(z) of a conﬁinucfus

variable.
(b) Does the p.d.f. have any unit or dimension 7 Justify.

(¢} Let fx(x) be the p.d.f. of a random variable X. If we transform the
random variable as, Y = F(X), where F' is a continuous function defined

everywhere, not necessarily invertible, what is the p.d.f. fy-(y) of ¥ ?

(d) Show how the Fourier transform of the p.d.f., i.e. f(k) can generate the
moments of the'p.d.f. via an appropriate expansion. (1+1+2+§;1)

2. (a) The phase space of a one dimensional single particle is described by
. its coordinate ¢ and momentum p. Consider a rectangular phase space
volume between ¢ = g1, ¢ = g2, p = p; and p = py. Show that for a

free, non~1nteractmg particle, the phase space volume remains 1nva.r1a.nt

m time.

{(b) State Liouville’s Theorem. Argue its connection to the above problcin-.
(3+2)

3. Consider a system of N one dimensional distinguishable classical harmonic
oscillators having equal angular frequency “w’. In the micro-canonical ensem-

ble, derive an expressxon for the number of mlcro—st.a.tes of 1[:he system conﬁned

~within an energy hyper-surface of radius E. Clea.rly mentlon a,pprox1mat10ns _

and their justifications, if any. ' - | (5)



4. A classical ideal gas with N identical particles is described by the Hamiltonian
N Lo
H e Z [Bk| R
e 2m
| (2) Find the canonical partitidn function and the entropy.

{b} Discuss briefly GlbbS paradox in relation to thls problem. Why is this
called a “paradoz” 7 o \ ‘ (3+2)

5. Consider an ultra-relativistic ideal gas in 3 spatial dimensions described by

lf-the_ Hamiltonian,

H=3"|pife.
k=1
- Find the canonical partition fuilction and the entropy. (3+2)

6. Let us consider a linear chain of N ‘spins’ each of which can take integer
fva.lues, Sk = +1. Where (+1) represents an up-spin and (1) represents a
down—spm, and suffix ‘&’ indicates location on the linear cham The energy

of the sysbem in a.bsence of external magnemc field is given by,
Elﬂing{s3} =—J Z 8; 8, J=0.
<J.h>

Where summation runs over nearest neighbours.

-.{a) For the one dimensional chain having the topology of & 'cil;cle ( system
' with periodic boundary condlt.lon) find transfer matrlx and partition

functxon Mention clearly any assumptlon(s) made to arrive at the resuit.

{b) Denve by exact calcﬂation, an expression for magnetisation per spin.

(2+3)
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1. {a) The equation of motion of a particle under the impulsive force in
a viscous medium is given by '

: mi—i{; +v4% +kz = P§(t). Solve the equation with the help of Laplace trans-
, formation with initial condition z/(0) = z(0) = 0.

" (b) Show that V2 If—lfbl = —478%(Z — 23} where Tis a position vector.
(c)State and prove the Parseval’s theorem in connection to the Fourier Trans-
* formation. [4+3+3]

2.(a)Let f(z,t) be a solution of the heat equation %{ = Dgzé in one
dimension. The initial condition at ¢ = 0 is f(z,0) = e~ for —oo < z < co.
Then for all ¢ > 0, find f(z, t) using Fourier Transformation technique.
- {b)Prove the following
Ccosz = Jo(z)+2 3077 | (—1)*Tok(z), and sinz = 2 3°0% (—1)%" 'yl () [5+5)
3. (a) Let f(z) be analytic in a region R bounded by two concentric
circles C) and C and on the boundary. If zy be any point in R then find
f(#0). )
 (b) Prove that f" cos?" §d6 = 2 g 20
() If f(z) = {#* —1)V/2, find the branch points and branch lines. Show that
along the branch lines phases are not, same and differ by .
- (d) With 2 = z + 4y, which of the following is an analytic function of the
.. .complex variable z in-the domain |z] < 2 7
D) B+ =), (@) L+ x4+ i) T -z — iy)?
ti2) (1 — 2z — ¢)*(3 = z ~ 1y)? (i) (z + iy — 1)V L [2+3+3+7]
! 4. Evaluate the following integral using complex analysis:
In quentum mechanical analysis of scattering leads to the fnction

I(d):/ :nsm:cdm

2 _ 52
\)()':C o

. where 7 is real and positive. This integral is divergent and therefore am-

biguous. From the physical conditions of the problem there is a further
. requirement I(o) is to have the form e so that it will represent an outgoi;lg;
i scattered wave. 5}
‘ OR

I= P28 de, . for0<p<l (8]
Group B (25 Marks)
Statistical Mechanics - T

Answer any five questions (all carry equal marks) :

1. {a) Define the probability density function {p.d.f.) fa(z) of a continuous

variable.
(b) Does the p.d.f. have any unit or dimension ? Justify.

{(c) Let fx(x) be the p.d.f. of a random variable X. If we transform the
random variable as, Y = F(X), where F is a continuous function defined

everywhere, not necessarily invertible, what is the p.d.f. fr(y)of Y ?

(d) Show how the Fourier transform of the p.d.f, i.e. f(k) can generate the
moments of the p.d.f. via an appropriate expansion. (1+1+2+1)

2. (a) The phase space of a one dimensional single particle is described :by
its coordinate g and momentum p. Consider a rectangular phase spa‘uce
volume between g = g1, ¢ = go, p = p; and p = ps. Show that for a
free, non-interacting particle, the phase space volume remains invariant
in time.

(b) State Liouville’s Theorem. Argue its connection to the above problein.

(3+2)

3. Consider a system of N one dimensional distinguishable classical harmonic
oscillators having equal angular frequency ‘“w’. In the micro-canonical ensern-
ble, derive an expression for the number of micro-states of the system confined

within an energy hyper-surface of radius F. Clearly mention approxlmatmns

and their justifications, if any. (5)
4. A classical ideal gas with N identical particles is described by the Hamiltonian
N 0
H=Y il
e 2m
(2) Find the canonical partition function and the entropy.

{b) Discuss briefly Gibbs’ pdradox in relation to this problem. Why is this
called a “paradoz” 7 ’ : (3+2)

5. Consider an ultra-relativistic ideal gas in 3 spatial dimensions described by

‘the Hamiltonian,

N
H=Y"lpife.
k=1

Find the canonical partition function and the entropy. (3+2)

6. Let us consider a linear chain of N ‘spins’ each of which can take integer
values, Si = £1. Where (+1) represents an up-spin and (—1) represents a
down-spin, and suffix ‘&’ indicates lécation on the linear chain. The energy
of the system in absence of external magnetic field is given by,
Buing{Si}=—J Y 8; 8, J=0.
<jk>

Where summation runs over nearest neighbours.

.. (a) Forthe one dimensional chain having the topology of a circle ( system
with periodic boundary condition), find transfer matrix and partition

function. Mention clearly any assumption(s) made to arrive at the result.

{b} Derive by exact caleulation, an expression for magnetisation per spin.

(2+3)






