13.

14.

(4)

Let f(x) be Riemann integrable, 2n periodic function and

S (x)~ z ¢x €™ Then prove that
n=ao

@) tim = [ 7= Sy (i0f de=0
1 = &
(i) 57 [ 17 eof dx= ;l%z 342

Letf:[-m,n] >R be defined as follows :

Cosx,0<x<nrm
—Cosx,—-n<x<0

f(X)={

obtain the Fourier series for the function f(x). Hence find the
sum of the series
2 6
13 577
what is the value of the Fourier series at x=07? 21/2+1 1/2+1
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BACHELOR OF SCIENCE EXAMINATION, 2019
(3rd Year, 1st Semester)

MATHEMATICS (HONOURS)
Analysis - 11T
Paper - 5.4

Time : Two hours Full Marks : 50

Symbols/Notations have their usual meaning.

PART - I (25 marks)
Answer any five questions.

1. Let X denote the set of all sequences of real numbers. Define
d: XxX—>R by

~ =~ S |xn_yn|
dx,y)=)) —. ————————
(x y) n=1 2" 1+|Xn _yn|

forall ¥={x,} and y={y,} in X. Show that d is a metric on

X. 5

2. (a) Define distance between two sets and diameter of a set in
a metric space (X,d).

(b) Prove that dist (x, A)=0 if and only if x€ 4. 243

3. (a) Define nowhere dense subset in a metric space. Give an
example of it.

(Turn over)



(2)

(b) Prove that in a metric space (X,d), a subset A of X is
nowhere dense iff every non empty open set U in X contains
a non empty open set V such that VA A = ¢. 2+3

State and prove Baire’s Category theorem. 5

Show that a mapping f:(X,d) — (Y, p) is continuous on X if
and only if fl(G) is open in X, for all open subset G of Y. 5

State Banach contraction principle theorem.
Let X = {xisreal : x > 1} and let a mapping T : X — X be

defined by T(x)z%x+l,VxeX.
X

Then show that T is a contraction mapping and find the unique
fixed point of T in X, with respect to usual metric. 2+3

Prove that every closed interval of reals is a compact set. 5

PART - II (25 marks)
Answer any five questions.

Let ECR. Show that a sequence of functions {f (x)};
f : E->R is uniformly convergent on E if and only if for
every € >0, Ja positive integer ‘p’ such that [f (x) — f _(x)]
<e,yxeEand yvm,n>p. 5

10.

I1.

12.

(3)

0
Let a series of functions ZUk (x) converge uniformly to a
k=1

sum function f(x) in [a,b] and each U, (x) is continuous in
[a,b]. For each x € [a,b] define

" X
&@=§LM&W
=
Show that g (x) converges iniformly to g(x) in [a,b]. 5

Prove that a power series z anx" with radius of convergence

‘p’, converges absolutely and uniformly on [a,b] < (- p,p).5

(a) Let {f } beasequence of continuous real-valued functions
converging uniformly to ‘f” on a set E(CR). If x — x
then show that

lim £, (x,)=f(x) 3
(b) Examine uniform convergence of the following infinite
series :
o AN x2n—1
nzz:l 1+ x%" 2

Let ‘f” be a bounded improper integrable function on [0,27]
and let ‘a’ be a point of Lipschitz continuity of f. Then show
that the Fourier series of ‘f” is convergent at x = a with sum
f(a). State the sumfunction at a point of discontinuity.  4+1

(Turn over)



