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ABSTRACT

Man has related himself with shell structures through natural examples from the very first dawn
of civilization. Enhanced load carrying capacity of curve surfaces have facilitated mankind and
the earliest balloons, tyres, pressure cookers and domes were conceptualized imitating the natural
examples of human skull, egg shell etc. The application, fabrication, construction and research on
shell structures have sailed a long way and researchers are now engaged in analyzing and
designing shell structures with laminated composites. Successful implementation of laminated
composites in fabrication of shell surfaces requires understanding of its behavioral characteristics
comprehensively. To attain this, understanding the current status of shell research and
indentifying the areas which has not been explored are mandatory requirements. With this aim,
the literature on laminated composites is reviewed thoroughly to identify the broad scope which
needs to be addressed. The actual scope of the present study is defined subsequently from the
broad scope and the skewed hypar graphite-epoxy shell is picked up for present study. A finite
element formulation is developed using an eight noded curved quadrilateral element. The
modified Harzian contact law is used to model the contact mechanics and the dynamic equation of
equilibrium is solved using Newmark’s time integration scheme. The present code is validated
through solution of a number of benchmark problems.

A number of other problems with a number of practical parametric variations like stacking
sequences and boundary conditions are solved. Both normal and oblique low velocity impact are
considered. The results are presented systematically in form of tables and figures. The results are
meticulously examined to extract meaningful conclusion of engineering significance. The
conclusions are presented systematically at the end of the chapters.

Scope of future research is indicated at the end of the thesis.



ORGANISATION OF THE THESIS

The thesis is divided into nine chapters and one appendix. Chapter 1 contains the general
introduction, course of development of shell structure and research importance of present study.
In Chapter 2, the review of the existing literature is reported meticulously. The available
literature is thoroughly analyzed and critically discussed to identify the lacunae present therein.
Based on the elaborate review exercise, the actual scope of the present work is outlined and
presented in Chapter 3. Having defined the scope, Chapter 4 contains the mathematical
formulation employed in the present analysis. A wide spectrum of author’s own problems are
taken up and solved with different practical parametric variations and are discussed in details in
Chapters 5, 6, 7 and 8. Results are also obtained for some specific benchmark problems solved
by earlier investigators to establish the validity of the present formulation in relevant chapters.
Chapter 5 deals with impact response of simply supported laminated composite skewed hypar
shells. Chapter 6 reports impact response of laminated composite skewed hypar shells with
clamped boundary condition. Chapter 7 proposes some design guidelines for point supported
laminated composite skewed hypar shells considering the dynamic behavior due to impact load.
Response of simply supported laminated skewed hypar shell due to oblique impact is presented
in Chapter 8 considering dry friction between the impactor and shell surface. Chapter 9
discusses about the future scope of the present study. The references are presented in the

Appendix.



Chapter 1

INTRODUCTION

1.1 GENERAL

Man has been a keen observer of nature from very ancient times and the natural
examples of shell structures did not escape his notice. He also understood it well
that nature spontaneously evolves means of load transfer mechanism which can
guide him to conceptualise and design different structural elements.

Egg and nut shell, animal skulls are natural examples of shell structures imitating
which man developed the Chou vases and Greek Urns in shape of shells. With
the passage of time, balloons, pressure cookers, various containers and pipes
were fabricated as shell structures and the trend is continuing till today.

Section 1.2 briefly captures the developmental course of shell structures and
highlights the importance of the present study.

1.2 COURSE OF DEVELOPMENT OF SHELL STRUCTURES AND

THE RESEARCH IMPORTANCE OF PRESENT STUDY

Apart from primitive examples of shell structures, more massive structures of
shells came into being as early as AD 538 when the mosque of Santa Sofia was
built in Istanbul. This mosque was an example of shell structure being used in
civil engineering followed by the Pantheon of Rome, having a large span built
as early as AD 125. Application of shell structures in other engineering fields

gained importance also as a result of which the first prototype submarine was



built in 1620 followed by the earliest pressure cooker being fabricated in 1888.
The first half of the eighteenth century saw the introduction of thin walled
pressure vessels together with the evolution of pneumatic tyre in 1845. As the
course of human civilization attained maturity, shell structures also increasingly
found places in different civil engineering applications. Shell structures started
being used as roofing units, foundation components, drain storage structures,
chimneys, water tanks and cooling towers.

The design of shell structures of different complicated forms necessitated
elaborate mathematical treatment and closed form series solution got proposed
but for limited class of shells.

Apart from the simple cylindrical and spherical configurations strong and
aesthetically appealing elliptical, hyperbolic and conoidal shells started getting
places in the industry. These shell configurations with complicated boundary
and loading conditions do not admit closed form solutions and the approximate
methods like weighted residual method, finite difference method, Rayleigh-Ritz
method, and Galerkin method started getting applied to analyse the shell
structures. The advent of high-speed computers and the efficiency of the finite
element approach to analysis a wide spectrum of shell problems started getting
utilised by the researchers and engineers in obtaining solutions of shells with
complicated loading and boundary conditions.

The hunt of advanced materials in the weight sensitive branches of engineering
resulted in the introduction of laminated composites in the second half of the

last century. These composites started getting applied to fabricate aerospace,



naval and civil engineering shell forms. Success of finite element method, the
use of high speed computer and the efficiency of the laminated composites
collectively created a thrust of wide spread application of composite shell
structures with different loading and boundary conditions.

With the increasing acceptability of the laminated composites the researchers
and engineers concentrated also on appropriate characterisation of these
materials together with studying the different vulnerable aspects, performance
of laminated composites in environment having hygro-thermal gradient,
behaviour of these materials with low transverse shear strength under impact,
delamination, First ply failure of these structures due to fabrication defect or
overloading attracted the attention of the researchers also.

Efficient and confident use of laminated composite shells requires knowledge
about their performance under different adverse conditions out of which impact
response is one of the important areas. A composite civil engineering shell
structure may undergo impact effects induced due to snowfall, air bone debris
and drop hammer incidents in shop floors. The present study realises the
importance of analysing the impact behaviour of laminated composite shells and
the industrially popular skewed hypar shell form has been taken up for the
study. They are doubly ruled, easy to fabricate, aesthetically pleasant skewed
hypar shells have been studied under normal and oblique low velocity impacts
to extract meaningful engineering conclusions that may directly being used by

practicing engineers.



Chapter 2

REVIEW OF LITERATURE

2.1 GENERAL

Impact is a high force or shock generated over a short period of time when two or more bodies collide.
In such occurrence, the time of load application is less than the one third of the lowest natural time
period of vibration of the parts. Such a force usually has a greater effect than a force of lower
magnitude applied over a proportionately longer period.

Impact on structural elements may be induced due to a number of reasons. Air born debris strikes the
adjacent structures causing an impact. Impact is also caused by drop hammer cases in industrial floors
and when aircraft strikes flying objects. Research awareness on impact analysis dates back to the
nineteenth century when Hertz (1881) proposed a classical contact law for impact between two elastic
solids.

Among the different improved sophisticated materials that have been introduced to cast and fabricate
structural elements, the laminated composites are one of the most preferred ones. Use of laminated
composites in fabricating structural units started from the second half of the last century and has gained
great importance due to the versatility of these improved materials. Despite having a number of
advantages these materials being weak in transverse shear are susceptible to damage under impact
loading.

Keeping in view the importance of research on impact and the necessity of confident use of the

laminated composites in the industry, the first step of this research effort is to scrutinise the published



papers on impact particularly those related to impact on composite structures. The review of literature
to follow focuses on this.

“Historical Review” presented in Section 2.2 gives a picture of the course of development of research related to
impact on structures, which started in the first half of twentieth century (1913). Section 2.3 critically discusses

the volume of published literature reported here to identify the areas which require research attention.

2.2 HISTORICAL REVIEW

2.2.1  Normal Impact

Impact may be defined as collision between two or more bodies and is encountered in many fields of
science and technology. Classical rigid-body impact dynamics was founded on Newton's laws of
motion. Newton (1687) offered the kinematic definition of the coefficient of restitution. Poisson (1817)
predicted that an impact generally consists of separate compression and restitution phases.

It is quite obvious, that a proper contact law is indispensable to model an impact problem. The classical
contact law between elastic solids was derived by Hertz (1881). He addressed the problem of contact of
the elastic bodies under normal loading without friction for isotropic material. Based on some simple
assumptions, he confirmed that the contact pressure distribution is hemispherical between two
contacting smooth spheres. He also showed that the contact zone of elastic solids with curved profiles
in contact is in the shape of an ellipse and non-linearly varying deformation with the normal load.
Timoshenko (1913) proposed the basic approach of this theory. Combining the Euler beam theory and
Hartzian contact law he studied the low velocity impact problem between a steel ball and an elastic
beam. He extended the problem further to solve the impact problem of isotropic plate and shell.
Classical contact law proposed by Hertz was used by Goldsmith (1960) to study impact occurrence on

homogeneous isotropic material. Sun and Chottopadhyay (1975) proposed an analytical treatment of



the impact performance of composite plate. This may be regarded as one of the earliest analytical work
of impact investigation, applying of Mindlin plate theory. Dobyns (1981) pursued similar model
among the others, to study the impact response of laminated composite plates.

The problem turned out to be more complicated in case of anisotropic materials like the laminated
composites. The classical contact law proposed by Hertz, for homogeneous isotropic material, was
found to be inadequate in case of laminated composite. Yang and Sun (1982) conducted tests on static
indentation induced by steel balls and proposed a power law for the contact phenomenon based on their
study. Tan and Sun (1985) undertook an experimental and analytical study on a laminated composite
graphite epoxy plate. They found that the static contact law proposed by Yang and Sun also holds well
in case of dynamic impact. Time histories of contact force and displacement were reported by Sun and
Chen (1985) for simply supported plate under impact using steel ball as an impactor using the modified
Hatzian contact law proposed by Tan and Sun (1985).

Elber (1983) reported that due to low-velocity impact, thin laminates undergo large deformations.
Impact induced damage initiation and propagation was investigated by Cantwell and Morton (1985).
High velocity impact on laminated composite plate was considered in their analysis. Keer et al. (1986)
adopted non Hertzian contact law to describe indentation due to impact. Local deformation of the target
structure and the impactor in the contact area was considered to evaluate the response of transversely
isotropic beams and plate. Investigation on transient response due to impact on a cylindrical shell was
reported by Ramkumar and Thakur (1987). Fourier series solution technique was applied in the analysis
to describe transient response. Wu and Chang (1989) considered the impact response of a steel plate
with clamped boundary condition at four edges. They concluded that contact duration depends on the
mass of the impactor and contact stiffness as well. An iterative three-dimensional finite element

technique was formulated by Hwang and Sun (1989) for failure analysis of laminated composites.



Response of a simply supported orthotropic cylindrical shell was reported by Christiforou and
Swamson (1990) subjected to low velocity impact. Local indentation of the target and the striker was
neglected in the formulation, and therefore validation of the model remained restricted within loading
and unloading phase only. Lin and Lee (1990) examined the impact response of laminated composite
plates and shell considering modified Hertzian contact law proposed by Tan and Sun (1985)
considering local indentation. Wang and Yew (1990) predicted the damage in thin circular laminates
due to low-velocity impact by using energy principles.

Interaction between matrix cracking and delaminations was studied by Choi et al. (1991) due to low
velocity impact. They concluded that cracks in outside layers are vertical and caused by bending
effects, although in inside layers they are inclined and mainly caused by shear effects. In a later work
(1992), the authors proposed a double failure criterion identifying separately, the matrix rupture and
delamination. An extensive review of impact response of laminated composite structures was reported
by Abrate (1991,1994). Analysis of a laminated composite open cylindrical shell was reported by Gong
et al. (1994) under low velocity impact. They considered permanent indentation during impact event
following modified Hertzian contact law. Impact analysis of shell structure was formulated by Toh et
al. (1995) for an orthotropic laminated cylindrical shell under low velocity impact targeted by a solid
striker. Shim et al. (1996) predicted an elastic response of glass/epoxy laminated composite ogival
shells subjected to low velocity impact at any arbitrary location by a solid striker. They proposed an
analytic bi-harmonic polynomial solution. A numerical analysis procedure was performed by Vaziri et
al. (1996) to estimate the impact response of laminated composite plates and cylindrical shell. Hertzian
contact law was utilized to describe the impact behavior. An effort to predict the inter-laminar stresses
and failure was made by Ganapathy and Rao (1997, 1998) via Kirchhoff-Love shell theory along with

Green’s tensor. Finite element models, with and without geometric nonlinearity were compared by



Kistler and Waas (1998) for a laminated composite cylindrical shell subjected to transverse central
impact. Chun and Lam (1998) reported impact response of fully clamped laminated composite plate.
Schoeppner and Abrate (2000) investigated load level causing delamination in composites due to
impact. They defined it as delamination threshold load. After studying various models available for
analyzing the impact dynamics, Abrate (2001) proposed selection guidelines for choosing an
appropriate model for each particular impact event. Krishnamurty et al. (2001, 2003) presented a
parametric study of impact response and damage of laminated cylindrical composite shells. They
illustrated that the degenerated shell element is sufficiently accurate to be used in impact-damage
analysis. Saravanos and Christoforou (2002) formulated the theoretical framework for analyzing low-
energy impacts on laminated shells of double curvature with distributed piezoelectric actuator and
sensor layers. Contact law was formulated using exact in-plane Ritz solutions by them. Johnson and
Holzapfel (2003) reviewed recent progress on material modeling and numerical simulation of soft body
impact on fiber reinforced composite structures. Applicability of explicit finite element analysis codes
to model composite shell struck by highly deformable soft impactors was also investigated. A finite
element analysis strategy was implemented by Mahanta et al. (2004) for estimation of contact force
history and stresses in FRP composite laminates subjected to transverse impact. Her and Liang (2004)
utilized ANSYS and LS DYNA to investigate the contact force induced impact damage for a laminated
composite shell subjected to low velocity impact. While reviewing the current damage mechanics and
fracture methods for predicting delamination under impact available in the literature, Elder et al. (2003,
2004) concluded that additional development is required for current techniques before a definitive
predictive delamination method be made available. Choi and Lim (2004) compared a linearized contact
law with modified Hertzian contact law for low velocity impact analysis of composite laminates. High-

order impact model of sandwich beams was developed by Mijia and Pizhong (2005) for impact analysis



of sandwich panels with transversely flexible cores. The system consists of multiple small impactors
with small masses. The dynamic response of the composite shells was considered by Jafari et al. (2005)
due to transverse impact and axial compressive loads. Convolution integral technique was utilized for
solution of the shell under the given loading conditions. A higher-order dynamic impact theory was
developed by Malekzadeh (2006) to analyze the low-velocity impact on composite sandwich panel with
transversely flexible core hit by multiple small impactors of small masses.

Impact damage is a major issue in the design of laminated composite structures. Delaminations are
particularly serious since they are formed at relatively low loads and have a major influence on flexural
stiffness and stability against buckling. Li et al. (2006) undertook an experimental program to predict
the modes of damage of laminated composites under low-velocity impact. They found that the most
common modes of damage are transverse cracking and delamination. A continuum damage mechanics
(CDM) model for fabric reinforced composites was proposed by Johnson and Holzapfel (2006) to
model both in-ply damage and delamination failure during impact. Delamination criteria were fixed
allowing the interfaces to damage and fracture as delamination failure energy criterion was reached. A
criterion was derived by Olsson 2006) for delamination inception in transversely isotropic laminated
plates under small mass causing high velocity impact. They reported that the resulting delamination
threshold load was about 21% higher than the corresponding quasi-static threshold load. Zheng et al.
(2006) proposed a kinetic theory and related damage criterion for the composite laminated structures.
Finite element code considering geometric nonlinearity was functional to examine the impact
mechanical behavior of the composite filament cylindrical vessel. A 3D finite element formulation was
carried out by Chakraborty (2007) to evaluate delamination at the interfaces of graphite/epoxy
laminated fiber reinforced composites due to low velocity impact of multiple cylindrical impactors.

Newmark-3 method was used for numerical integration along with Hertzian contact law for transient



dynamic finite element analysis. Zhao and Cho (2007) investigated low-velocity impact-induced
damage initiation and propagation in laminated composite shells. Inter-laminar stress distribution and
progressive failure were described using three-dimensional eight-noded non-conforming element. A
computational model was proposed by Icardi (2007) to explore the local extent and the through-the-
thickness position of the damage generated due to low velocity impact on laminated composite plate.
Puente et al. (2007) formulated an analytical model to study the impact progression of a spherical
projectile indenting into a carbon/epoxy woven laminate at high velocity. The kinetic energy of the
projectile was assumed to be absorbed by the laminate by three different mechanisms: laminate
crushing, linear momentum transfer and tensile fiber failure. An elasto-plastic contact law was used, by
Zheng and Binienda (2007) which accounted for permanent indentation and damage effects, to study
small mass impact on laminated composite plates. After of results analysis they opined that damage can
change the dynamic response significantly with escalating impact velocity.

Xu et al. (2008) simulated a three-dimensional peridynamic model to forecast delamination and matrix
damage patterns. Results were validated with experimentally observed correlation of damage area and
impact energy. An investigation on laminated composite thin disks of epoxy resin reinforced by carbon
fiber under low velocity impact was performed by Tia et al. (2008). Influence of stacking sequence and
energy impact on load—time histories, displacement—time histories and energy—time histories were
investigated. Farooq and Gregory (2009) studied the initiation and propagation of barely visible impact
damage (BVID) and static-load deflection behavior of fibrous composite panels struck by variable
shape indentors using computational model. Setoodeh et al. (2009) coupled three-dimensional elasticity
based approach with layer wise laminated plate theory to execute low velocity impact analyses of fiber
reinforced laminated composite plates. Yokoyama et al. (2010) formulated an energy-based failure

model to work out the impact resistance of composite shells. The damage model formulation combined
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stress-based continuum damage mechanics and fracture mechanics approaches. Charpy impact test was
chosen by Ghasemnejad et al. (2010) to study the energy absorbing capacity of delaminated
carbon/epoxy composite beam. It was shown that composite beams with closer position of delamination
to impacted surface are able to absorb more energy in comparison with other delamination positions in
hybrid and non-hybrid ones. The generalized ray method (GRM) was employed by Liu (2011) to study
beams and layered media under the influence of transient elastic wave. The study was extended to
investigate transient response of laminated composite cylindrical shell under impact load. Zhang et al.
(2013) performed some experimental and numerical simulations on the vulnerability of laminated glass
windows subjected to windborne wooden block impact. Wooden debris of different impact energy were
considered. A contact law was proposed by He et al. (2013) to predict the permanent indentation due to
low-velocity impact on laminated composites, considering anisotropic elasto-plasticity. Their
experimental results showed that fiber failure is primary responsible for failure in composite laminates
due to low-velocity impact. A computational model based on the subsection displacement theory and
the large deflection analysis was formulated by Wang et al. (2013). They illustrated the dynamic
response of isotropic laminated circular plates impacted by a soft body. The model took into account
the inter-laminar shear deformation induced in the middle weak layer. Malik et al. (2013) performed a
sensitivity analysis to ascertain the degree of influence of various mechanical and material parameters
on the impact behavior of the composite laminated plates. Effort was made to pick up the parameter

which is needed to be considered more critically in design based on the normalized sensitivity
coefficients of each individual parameter. Perez et al. (2013) used a finite element formulation to

predict of the impact generated internal damage in composite laminates. Micro-mechanical approach

was adopted to estimate the performance of the composite.
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Small pieces of gravel impacting a car windshield can cause micro-cracks, which may
propagate and lead to dangerous glass fracture events. Marcon et al. (2014), while scrutinizing the
fracture mechanics of micro-cracks in the laminated glass plates of car windshields, concluded that
cyclic fatigue is not a controlling factor in crack propagation in impacted glass. Farooq and Myler
(2014) carried out physical testing and numerical simulations of flat and round nose drop-weight
impact on carbon fibre-reinforced laminated composite panels to predict ply level failure. Xiao et al.
(2014) reported an analytical approach for measuring the damaged area of a laminate introduced by low
velocity impact. Their method was computationally cheaper than the nonlinear three dimensional Finite
element analyses. Low-velocity impact responses and impact-induced damages were evaluated by Li et
al. (2014) for the stiffened composite laminated plates based on the progressive failure model and
layer-wise/solid-elements method (LW/SE). Hertzian contact law was adopted for the analysis. Evci
(2015) investigated low velocity impact induced damage properties such as damage thresholds, critical
energy thresholds and damage process of laminated composites. Damage thresholds of Hertzian failure
of woven and unidirectional Glass Fiber Reinforced Polymer laminates of varying thicknesses were
determined through impact tests. Kavousi et al. (2015) analyzed laminated composite beams
theoretically for low-velocity impact with arbitrary lay-ups and different boundary conditions subjected
to repetitive impacts of multiple masses. Higher-order shear deformation beam theory and modified
Hertzian contact law were used for modeling. Numerical examples showed that the time of impact
played an important role in determining contact forces, beam displacements, and energies absorbed by
the beam. Liu et al. (2015) explored the effect of different failure criteria, including Puck, Hashin and
Chang—Chang criteria, on the dynamic progressive failure properties of carbon fiber composite

laminates. A unified theoretical framework was presented considering intra-laminar damage and inter-
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laminar delamination of composites based on the variational form of the initial value problem with an
interface discontinuity.

Repair or reinforcement of damaged part of the composite structure is essential to improve its service
life. Energy absorption and impact damage of the repaired laminates were recorded by Chen et al.
(2016) when subjected to projectile impact by a gas gun above ballistic velocity at different locations
from centre of the patch. Numerical replications were also carried out to detect energy absorbing
capability of the repaired composite laminates. Farooq and Myler (2016) formulated a dynamic
computational model of low velocity drop-weight impacts on fibre-reinforced laminated composite
panels. The model established that flat nose impacts caused localized barely visible internal damage
that severely reduces compressive residual strength which might result in catastrophic failure during
operation. Haro et al. (2016) investigated ballistic impact behavior of hybrid composite laminates
synthesized for armor protection. The energy dissipation potential of the hybrid composite was
compared with the initial impact energy of low caliber weapons to determine the protection level
achieved by the developed hybrid laminates. Ivancevic and Smojver (2016) proposed a multi-scale
impact damage prediction methodology based on a micromechanical model damage formulation for
laminated composite structures. They proposed a numerical approach for explicit finite element
analyses which was employed for modeling high-velocity impact damage in laminated composites.
Transient response of a composite laminated plate and cylindrical shells were studied numerically by
Choi (2016) under the action of low-velocity impact. A geometrically nonlinear finite element program
was developed using the shear deformation theory of a doubly curved shell and von Karman’s large
deflection theory. An experimental program was undertaken by Yang et al. (2017) to predict fracture
and impact properties of laminated composites. The double cantilever beam configuration was

considered to investigate the fracture properties. Impacted composite laminates were mainly carried out
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ignoring the local stress non-uniformity and strength difference between the fiber and matrix according
to the macro-mechanics-based homogenous strength theories. A multi scale analysis scheme was
proposed by Lou et al. (2017) which combined the micromechanics of failure (MMF) theory for intra-
laminar damage and cohesive model for inter-laminar failure. Impact fatigue of square plates with holes
was studied by Santos et al. (2017) for different relative positions of the point of impact with respect to
that of the hole. They observed experimentally that for small relative distances the damage progresses
relatively faster. Boria et al. (2017) illustrated the results of an experiment done on a fully
thermoplastic composite, where both the reinforcement and the matrix were made with polypropylene.
The target structure was examined under different impact loading conditions using a drop weight
testing machine. The influence of the impact or mass and velocity on the energy absorption capability
of the material was discussed by them. Liao and Liu (2017) reported dynamic mechanical responses
and damage mechanisms of plastic fiber-reinforced polymer matrix composite laminate under low
velocity impact. They concluded that the plastic damage model leads to higher precision than the elastic
damage model as the impact energy becomes relatively large.

Hossoon et al. (2017) formulated a finite element code to predict the behavior of damaged composite
wedges under slamming impact. Results were interpreted by assessing the hydro-elastic influence both
on kinematic effect owing to deflection of the composite panel and dynamic effect caused due the fluid-
structure interaction. An experimental study was carried out by Yang (2017) to explore fracture and
impact properties of novel Auxetic Kevlar laminated composites. Auxetic Kevlar reinforced composites
depicted a considerable reduction in damaged area compared to the woven counterpart under impact
test. Fan and Wang (2017) considered the low-velocity impact response of a shear deformable
laminated plate containing both carbon nano-tube reinforced composite layers and fiber reinforced

composite layers. A refined self-consistent model was selected allowing for the effect of matrix cracks
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to portray the degraded stiffness of the plate. A numerical solution was proposed by Natsuki et al.
(2017) to evaluate low velocity impact response of laminated plates having an elastic medium layer.
The elastic material present between the laminates was replicated by spring model with constant elastic
stiffness. The influences of impactor parameters, such as velocity and mass, on the impact response

were also look into.

2.2.2 Oblique Impact

In most of the practical situations the impacts that occur are oblique in nature. Sliding of such impactor
over the target surface may cause a frictional drag. Dry friction considered conventionally, depends on
normal pressure of contact but is nearly independent of sliding speed. Rickerby and Macmillan (1979)
proposed an iterative solution to work out the equation of motion of a spherical impactor and to
compute the volume it brushes out over the target surface during the impact event. The model was
validated with experimental results. An experimental program was undertaken by Suderarajan and
Shewmon (1986) on six different ductile target materials with different levels of impact velocities
considering different angles of inclination. A hard steel ball was used as the impactor in experiment.
They measured the crater volume created, the rebound velocity and its angle as well. Gupta and Madhu
(1991) performed a series of experiments on mild steel plate, subjected to both normal and oblique
impact force, fired by spinning armor piercing projectile. A parametric study on residual velocity as
well as the damage created due different impact velocities and target thicknesses was presented.
Experiments on aluminum alloy cantilever beam were carried out by Shu et al. (1992). Madjidi et al.
(1996) carried out an experimental program on reinforced polyester laminates for low velocity oblique
impact. They concluded that, between two orthogonal effects of impacts — normal and tangential, the
effect of the former is far more significant than that of the latter. An experimental study on normal and
oblique impact was reported by Gupta and Madhu (1997). A high velocity impact was fired on single
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and layered plate made with mild steel and aluminum. Nature of damage that occurred on the target and
residual velocity as well was reported. Tu and Chao (1998) studied oblique impact behavior of a simply
supported laminated plate struck by a rigid impactor. Moving boundary problem was considered which
consists of an undetermined contact area and undetermined contact stress distribution with anisotropic
friction. Energy variation and contact mechanics approach was utilized in the solution method.
Spottswood and Palazotto (2001) determined the physical response including material failure of thin
curved composite panel intended to resist transverse loading. A nonlinear finite element code was
implemented to predict the cause of failure. Luo et al. (2001) reported impact damage initiation and
propagation in composite plates. They confirmed that impact damage could be predicted by introducing
both threshold strength and propagation strength of matrix cracking. Abrate (2001) compared different
mathematical model to portray the impact event. He also compared between simple and complex
dynamic model of impact load. An extension of this approach by Rajbhandari (2003) included an
additional virtual delamination ply with a reduced shear capacity between the actual plies. This
provided better results where axial based damage modes were minimal.

Puente et al. (2008) used a finite element model for carbon/epoxy woven laminates to calculate residual
velocity and extend of damaged area under high velocity impact. Experiments using a gas gun were
conducted to validate the model. A morphological analysis was also made to investigate the different
breakage mechanisms that appear during the indentation. Greve et al. (2008) proposed a simulation
technique of stable fragmentation in fibre reinforced composite structures under dynamic compressive
loading. An explicit crash code was applied to implement a hybrid modeling technique, in which two
distinct material models act simultaneously. A numerical experiment using finite element technique
was reported by Mills et al. (2009) to predict the rotational and linear acceleration of a head-form,

representing a motorcyclist’s head, considering the effects of friction at the head/helmet and
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helmet/road interfaces. Oblique impact effect on the skin of the helicopter blade was studied by
Navarro et al. (2012) both experimentally and through numerical modelling. A sandwich panel made up
of a foam core covered with a thin woven composite skin was utilized as the target material. Damage
mechanisms in the skin due to this kind of loading were studied including propagation of damage.
Paruka et al. (2013) scrutinized energy absorbed by a square tube made of fiber E-glass and polyester
composite to cause a collapse. Quasi-static impacts with four angles of laminates were applied on each
specimen to observe the crush behaviors. They concluded that the tube material and structure absorb
more energy as the composite suffer more crushing before collapse. Energy absorbed in the tube
decreased significantly with increase in impact angle. Ivanez et al. (2015) formulated an experimental
study of low-velocity oblique impact on composite sandwich plates. Several impact angles and impact
energies were selected to study their influence on the maximum contact force, maximum contact time,
absorbed energy and maximum displacement of the impactor and damaged area. They established that
peak load and energy absorption rose with increasing impact energy and impact angle, while the
contact time remained almost constant. Crushing due to dynamic axial and oblique load on circular
tubes with externally press-fitted ring around the outer tube surface was investigated by Isaac et al.
(2016). A finite element simulation tool for analysis was functioned. The study establised the potential
of improving the energy absorption capacity of a ring strips, fitted around the tube surface. Xie et al.
(2016) reported the impact generated perforation behavior of carbon fiber reinforced plastics. Ballistic
impact tests were executed on the composite using an one-stage gas gun at different impact angles and
impact velocities varying from 70 to 280 m/s. A simple energy model was adopted to study the effect
of the impact angle and ballistic limit on the energy dissipated by the laminate at velocity close to the
ballistic limit. Tabacu (2016) concentrated on the collapse mode of circular tubes with multi-cell insert

due to oblique impact. The material assigned to the structures was such that the material strain-rate
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sensitivity could be neglected. Experimental and numerical analyses was performed by Ansari and
Chakrabarti (2017) to study the behavior of unidirectional glass fiber reinforced cross ply laminate.
Different projectile nose shapes, incidence velocities, incidence angles and laminate thicknesses were
considered in the study. Velocity and acceleration-time histories of projectile along with ballistic limit,
energy absorption and damage pattern on the target plate were presented. Ansari et al. (2017) studied
the ballistic performance of Glass Fiber Reinforced Polymer (GFRP) composite struck by conical
nosed steel projectiles. A parametric study on target thicknesses, geometry and boundary conditions

was made against contact force, residual velocity and induced damage.

2.3 CRITICAL DISCUSSION

Dynamic response of initially stressed laminated plates was reported by Sun and Chottopadhayay
(1975) who also reported the energy transferred to the striking mass during impact. Sun and Chen
(1985) also worked on impact on initially stressed composite laminates. Static indentation laws were
used for low velocity impact analysis of laminated composite plates by Tan and Sun (1985), while
Christiforou and Swamson (1990) chose simply supported orthotropic cylindrical shells for impact
analysis. The shells that were considered were complete cylinders and cylindrical shell panels were not
studied. Low velocity impact response was studied experimentally by Choi et al. (1991) and Gong et al.
(1994) worked on low velocity impact response of composite shell panels using spring mass model.
Impact analysis of orthotropic laminated shell panels continued to be studied by Toh et al. (1995) who
concentrated on transient stresses. Vaziri et al. (1996) analyzed plates and complete cylinders under
impact loads. Cylindrical composite shell panel received attention from Krishnamurty et al.
(2001,2003) who worked on impact induced damage. Similar work on impact induced damage
initiation and progression was carried out by Zhao and Cho (2007) for cylindrical shell panels.

Geometrically non-linear transient dynamic analysis of composite plates and shells was studied by Choi
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(2016) for different shell curvatures. Progressive failure of laminated composites under low velocity
impact was reported recently by Liao and Liu (2017) using a finite element model.

It is evident from the review of literature that impact response of composite plates has received
adequate attention from the researchers, while cylindrical shell panels have found place in very few
research articles. The little work that has been reported on the impact response of composite shell
panels deals with only with cylindrical shells. A number of industrially preferred shell configurations
like spherical, skewed hypar and the conoidal shell panels have not been studied in depth in terms of
their behavior under impact loading.

The present study is aimed at fulfilling a part of this lacuna by focusing on impact response of

industrially important skewed hypar shell panels.
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Chapter 3

SCOPE OF PRESENT STUDY

3.1 GENERAL

Based on the detail review of literature, it is evident that researchers have engaged themselves
in exploring different behavioral aspects of laminated composite shells from the second half of
the last century. Many important aspects related to direct application of this exotic material in
different weight sensitive branches of engineering have been reported as research articles. Still
it is felt that successful implementation of this material in fabricating civil engineering shell
structures requires a deeper understanding of the impact behavior particularly because these

materials are weak in transverse shear.

The present research aims to fulfill this lacuna considering the skewed hypar shell geometry.

Section 3.2 outlines the systematic steps that are adopted to fulfill the scope.

3.2 PRESENT SCOPE

A finite element formulation of impact problem is presented employing an eight noded curved
quadrilateral element. Strain displacement relationship of thin shell are used to develop the
contact forces in the different phases of loading , unloading and reloading. The Newmark’s
time integration scheme is utilized for solving the dynamic equation of equilibrium.

Response of simply supported and clamped skewed hypar shells subjected to low velocity
impact are studied in details. Apart from these, the practical boundary condition of point
supports is also considered which does not normally receive attention but has wide practical
applications. Both normal impactandoblique impact cases are studied considering the friction

between the impactor and the shell surface. The results that are obtained for different stacking
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sequences and boundary conditions are studied in details to extract meaningful conclusions of
engineering significance.

Chapter 4 presents the mathematical formulation while Chapter 5 to Chapter 8 contain the
different problems, related detailed discussion and the significant conclusions. General
conclusion, significant contribution and future scope of the present study are indicated in

Chapter 9.
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Chapter 4

MATHEMATICAL FORMULATION

4.1 GENERAL

This chapter presents the mathematical formulation and solution techniques for study of
vibration characteristics of laminated composite hypar shell under normal and oblique
impact forces.

The finite element formulation is presented in Section 4.2. The impact formulation

adopted is furnished in Section 4.3. Section 4.4 describes the solution technique adopted.

4.2 FINITE ELEMENT FORMULATION
421 Shell Element

A general shallow skewed hypar shell of plan dimension ‘a x b’ as shown in Figure 4.1 is
considered. The surface defined by Equation 4.4, has only the cross curvature. The
equation of the middle surface of a general shell, referred to the Cartesian coordinate
system (x, y, z) is expressed as:

z=fx.y) (4.1)
A shell is defined as shallow if any infinitesimal line element of its middle surface is

approximated by the length of its projection on the XY plane. This implies that
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Moreover, the lateral boundary of a shallow shell is approximated by its projection on the

XY plane with regard to its boundary conditions. According to Vlasov (1958), the above
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conditions are practically satisfied for shells with a rise to span ratio less than 1/5 and the

curvatures are approximately represented as:

2 2 2
1 o=z 1 _ 0z 1 _0z (4.3)
R, ox” R, 0Oy R, Oxdy
The skewed hypar shell with only € has surface equation as follows.
xp

4c
z=—b(x—a/2)(y—b/2) (4.4)

a

Figure 4.1 Surface of a skewed hypar shell and degrees of freedom

4.2.2 Selection of the shell element

In finite element approach the structure has to be discretized into a number of elements
connected at the nodal points. Element shall be such that it can properly characterize the
behaviour of the structure. An eight noded curved quadratic isoparametric element is
chosen in the present analysis having all three radii of curvature. The quadrilateral
element has four corner nodes and four mid side nodes. The isoparametric element

(Figure 4.2) is oriented in the natural coordinate system (&,7,¢ ) and is mapped to the
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Cartesian coordinate system using the Jacobian matrix. The local coordinate of the hypar

shell is shown in Figure 4.3 in Cartesian coordinate system.
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Figure 4.2 The shell element with isoparametric coordinates
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Figure 4.3 The composite skewed hypar shell element with Cartesian
coordinates
The full surface of the shell has to be discretized into finite elements. The order of
numbering of elements and nodes over the plan area of a typical skewed hypar surface is

shown in Figure 4.4 for a typical 8x8 mesh.
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Figure 4.4 A typical discretization of 8x8 mesh on plan area with element and node

numbers

4.2.3 Selection of the shape functions

The shape functions or interpolation functions are polynomials of natural coordinates

(&,1m,¢ ) which relate the generalized displacements at any point within an element to the

nodal values of the displacements. These are derived from an interpolation polynomial in
terms of the natural coordinates so that the displacement fields are satisfactorily
represented. For the analysis of thin shells, where the final element is assumed to have

mid-surface nodes only, the interpolation polynomial is a function of & and 7 and has the

following form:

w&,n) =4, + A+ A,n+ A3€52 + 1446577"'145772 + A6‘§277+ 1474»:772 (4.5)
The shape functions derived from interpolation polynomial are:

N, =(1+&€ N1+n7 )EE +nnp ~1)/4 fori=1,2, 3, 4
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N, :(1+§§i )(1—772 )/2 for i=5,7
N, =(+nm,J1-£)2 for i=6,8 (4.6)
where, N, denotes the shape function at ith node having natural coordinates &, and 7, .

The correctness of the shape functions is checked from the relations

ON. ON.,
2N, > o and 2 on 4.7)

In an isoparametric formulation the generalised displacements and coordinates are
interpolated from their nodal values by the same set of shape functions. Hence, the

coordinates (x, y) of any point within an element are obtained as:

x:ZNixi y:iNiyi' (4.8)
i=1 in1

where x; and y;: are the coordinates of the ith node.

4.2.4 Selection of the generalized displacement fields and nodal displacements

Three dimensional solid elements can be operated for modeling of any shell surface.
When the thickness of the entity is considerably smaller than the other dimensions, the
nodes along the thickness direction contribute additional degrees of freedom than those
looked-for and hence are not preferred. Thus five degrees of freedom including three
translations (u, v, w) and two rotations (¢, f) are attached to each node. The final element
has mid-surface nodes only and a line in the thickness direction remains straight but not
necessarily normal to the mid-surface after deformation. The directions of the generalized

displacements are shown in Figure 4.1.

The following expressions establish the relations between the displacement at any point

with respect to the co-ordinates & and 77 and the nodal degrees of freedom.
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”ZZNi”i VZZNiV' WZZN‘Wi azzNiai ﬂzzg:Niﬁi 4.9)

The generalized displacement vector of an element is expressed in terms of the shape

functions and nodal degrees of freedom as:

[4.]=[N}d.} (4.10)
u _[Ni] e
v (V] v,

i, {df=wi=>" (V] w, (4.11)
a [V ] 2
p i LAV

where,
[N.]=[N, N, N, . . . . N (4.12)
[ )=lu, w, uy . . . . ug]etc (4.13)

4.2.5 Strain displacement equations

The strain-displacement relations on the basis of improved first order approximation

theory for thin shells are established as:

& e k,
g," 8,8 k}’
lef=1ro t =17 t+21k, (4.14)
Vel |70 k..
V) |7 k,.

where, the first vector is the mid-surface strain and the second vector is the curvature and

are related to degrees of freedom as:
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& Ou/ox
53 ov/ oy
Vet =10u/0y+0v/ox—2w/R, (4.15)
0 o +0ow/ox
}/f.z p+0ow/oy
and
k. Oa / Ox
k, op /oy
ky t=10aldy+0p/ox (4.16)
k. 0
k,, 0

The strain components of the Equation 4.15 and Equation 4.16 are to be judged together
for generalized illustration of the three-dimensional strain field and are put across in the

following form

te}=1ad,} 4.17)
where

N T
¢ ox o0 0z Ox Oy Oz

u v w o ﬂ} (4.18)

and [H] is an 8x20 matrix of the form given in Table 4.1

In the isoparametric formulation the displacements are interpolated from nodal values via
shape functions and therefore the derivatives of the displacements are obtained with
respect to the natural coordinates and then appropriate transformation technique is

functioned.
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Table 4.1Elements of [H]

12345678910 11 12 13

14 15 16 17 18 19 20

-I/ny

Thus, the vector {d . | is expressed in terms of natural coordinates as:

.=, }

where,

fg1=Jou ou ou v v v
oleg on o o5 on o

and [J] is Jacobian matrix expressed as
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[ ox oy oz |
o0& o0& o0&
[V]= & ¥ & (4.21)
on on oOn
ox oy Oz
o¢ oc o

From Equation 4.20 it is evident that the vector {d " }is obtained on multiplying the nodal
displacement vector {5i }by a matrix [A] containing the shape functions and derivatives

with respect to the natural coordinates.

Thus,

1, 1= [ALoesy O Jsma (4.22)

where, n is the number of nodes in the element and {3, }is given by

{5i}={u1 Vi woa B . .o su, v, W, a, ﬂn}T (4.23)

Combining the equations 4.17, 4.19 and 4.20 one gets

{g}le = [H]xxzo {de }z(m = [H]s;xzo [J];(I)xzo {dn }20><1

71 (4.24)
= [H]sxzo[J]20x20 [A]ZOXSn {51' }sm = [B]SXSn{é‘i }5;1><1

where [B] is the strain displacement matrix.

4.2.6 Force-strain relationship

To establish the relationship between the forces and strains, the shell thickness is assumed
to be made of a composite laminate which in turn consists of a number of thin laminae.

The principal material axes are designated by 1 and 2 and the moduli of elasticity of a
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lamina along these two directions are E11 and E22 respectively. If the major and minor

Poisson’s ratios are vi2 and 121, then using the reciprocal relation one obtains

Vo = (Ezz /Ell)vlz (4.25)

The on-axis elastic constant matrix corresponding to the fibre direction is given by

O, 0, 0
[Qgi ]0,, =10, 0, 0 (4.26)
0 0 O

where, O,, = (1_‘/12‘/21)_] E,,
0., :(1_V12V21)—1 E,,
O, = (1_‘/12‘/21 )_1E11V21’

Q66 =G, (4.27)

For obtaining the eclastic constant matrix corresponding to any arbitrary principal axes,
making an angle Gwith the fiber direction, appropriate transformation is necessary. Thus

the off-axis elastic constant matrix is formulated from the on-axis elastic constant matrix

as:
Qll QIZ Ql6
0,],=|0. 0, 0. |-ITo,],I] (4.28)
Q16 Q26 Q66
in which
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m’ n’ mn
[T]z n’ m’ —mn

2 2
—2mn 2mn m” —n

(4.29)

(4.30)

and m=cos @ and n =sind
The transverse shear deformation, is modeled in the off-axis elastic constant matrix given

as:

Q44 Q45
= 4.31
[QU ] [Q45 Qsj ( )

where,
_ 2 2
Qu=G;m” +Gyun

Oy = (GIS -Gy )mn

Oy = G13n2 + G23m2 (4.32)

where, G13 and G23 are the shear moduli in the transverse direction, i.e., normal to the
laminate plane.

The stress-strain relations are given by

0
N O, 0, 0O x
0
o,r= O, 0, Oy g, rtz ky
O O O || |€n kxy

Q

(4.33)

)

xy

T 0

and { xz } _ |:Q44 Q45 }{732 (4_34)
T yz Q45 Q 55 7/ yz

The force and moment resultants (refer Figure 4.5) are obtained from the stresses as
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N, o.dz
Ny Gde
ny T, dz
{F} M w2 | o zdz 435
B My B _th/z GyZdZ ( ' )
M., 7,z2dz
QX TXZ dZ
0, 7,.dz

where o and o are the normal stresses along X and Y directions, respectively and 7, ,
7. and 7 _are shear stresses in XY, XZ and YZ planes, respectively. The thickness of a

laminate is denoted by 4. In the present case upward deflection, tensile inplane forces,
hogging moments and inplane shears tending to rotate the shell element anti-clockwise

are taken as positive.

Figure 4.5 Generalized force and moment resultants
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Since the laminate consists of a number of laminae, the total stress resultants of an np-

layer laminate are expressed as

Nx

np Zk
Ny :kzl[Qij]( .[
Ny,
M.X'

np Zk
m, =2} |
M

xy

Qx _ w» *
{QJ’ } ) kgl[Qij }{zkju

Equations 4.34, 4.35 and 4.36 are combined to obtain

N, Ay,
N, Ap
Ny A
M, _| Bu
M, By,
M, By
0, 0
o,] L0

or  {F}=[Dl{g}

where,

f

M M
O o= o

<
&

S o= o

<
&

0
Y xz
0
yz

}d}

k.x
Zk
dz+ [ k, rzdz
k-1 kxy
k
Zk 2
zdz + | k, tz7dz
k-1 kxy

Bll BlZ Bl6 0
B12 322 326 0
B16 B26 B66 0
Dll D12 D16 0
D12 D22 D26 0
D16 D26 D66 0

;0 1,j=1,2,6
1,j=4.5
0| &l
0 52
0 |7y
0 ||k,
0 ||k,
0 ||k,
Si ng
Sy | 7’22

Ay = 30, 2k —740) By =~ 30,4 (22 —22.,)
i = A&k e = Ze) By =5 285 )i (Zk T 2

1 np
D. =—
O

(0 (2} —ziy) ij=1,2,6
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mp -
S, :kglFiFj(Gij)k(zk — 2, )ij=12 (4.41)

In the above equations zx and zi; are the distances measured from the midsurface of a
laminate to the bottom of the kth and (k-1)th laminate, respectively. (O« is the off-axis
elastic constant matrix for the kth lamina. The 8x8 matrix in Equation 4.39 is termed as
the laminate stiffness matrix [D]. Fi and F; are two shear connection factors presently

taken as unity for thin shell.

4.2.7 Element stiffness matrix
The element stiffness and mass matrices and element load vector are derived by using the

minimum energy principle. The element stiffness matrix is

k.= [[[B] [DIBJxdy (4.42)

The two-dimensional integral is converted to isoparametric coordinates and is carried out
by 2x2 Gauss quadrature because the shape functions are derived from a cubic
interpolation polynomial and it is an established fact that a polynomial of degree 2n-1 is

integrated exactly by n point Gauss quadrature.

4.2.8 Element mass matrix

The generalised inertia matrix per unit area consists of translatory and rotatory inertia
terms. The mass and moment of inertia are respectively the measures of translatory and
rotatory inertial resistances and are given by the following equations respectively. Mass
per unit area is denoted by P and is given by

np Zk

P=Y |pdz (4.43)

k=lz; ,

Moment of inertia per unit area is denoted by / and is given by
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np Zk

I=73% [zpdz (4.44)

k=lz

Incorporating both the translatory and rotatory inertia terms, the generalised inertia matrix

takes the following form,

M, ]= [[INT [pINJaxdy . (4.43)
where,
N, 0 0 0 0] p 0 0 0 0]
Jo N 0 0 0 o p 000
N]=x|0 0o N 0 of [p]=>]0 0 p 0 0], (4.46)
Mo 0o o N 0 “lo 0 0 10
0 0 0 0 N,| 0 0 0 0 I

43 IMPACT FORMULATION

Impact is a simple occurrence with various complicated consequences, and what appears
as a logical conclusion in one situation seems to be completely opposite in another.
During the life period of a structure, impacts due to foreign objects are probable to occur
during manufacturing, service and maintenance operations. An example of in-service
impact is due to wind born debris in cyclone prone areas. During the manufacturing
process or during maintenance, tools may drop on the structural floors. In this case,
impact velocities are small but the mass of the projectile is large. Laminated composite
structures are more susceptible to impact damage than similar metallic structures due to
the low transverse shear capacity of composites. In composites, impacts generate internal
damage, which is hidden within the plies and which frequently cannot be perceived by

visual assessment. This internal damage can cause inexorable diminution in strength
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which can mature under load. Therefore, the effects of foreign object impacts on
composite structures must be appreciated, and proper measures should be taken in the

design process to account for these likely events.

43.1 Contact Law

A simple relationship connecting the contact force and the indentation is termed as the
contact law. Local deformations in the contact region must be accounted for in the
analysis in order to accurately predict the contact force history. The indentation, defined
as the difference between the displacement of the projectile and that of the back face of
the target body, can be of the same order as or larger than the overall displacement of the
laminate. A detailed description of the contact between the impactor and the structure
during an impact event would be difficult to assess and is not required as part of the
impact dynamics analysis. Instead, what is needed is a contact law relating the contact
force to the indentation, which is defined as the motion of the projectile relative to that of
the target. With the material systems commonly used, strain rate effects are negligible
such that static and dynamic contact laws are identical, and so statically determined
contact laws can be used in the dynamic analysis. If k be the contact stiffness and am be
the maximum local indentation, the contact force F. during loading is given by (modified

Hertzian contact law)

F =ka;’0<a <a, (4.47)

The indentation parameter o; at any i™ iteration depends on the difference of the
displacements of the impactor and the target structure at any instant of time, and the

contact force as well i.e. the values of a; keeps changing with time with time-varying
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displacements of both the rigid impactor and the target structure. In the present analysis
where oblique impact is also considered along with the normal impact, effect of friction
generated due to sliding of the impactor over the surface of the target structure has been
considered along with the vertical disarticulation while calculating the indentation
parameter and the contact force at each time step. Considering displacements along any
arbitrary global directions for oblique impact, the indentation ai at any ith iteration is

given as

ai=wi(t)cosi- ws(Xec,ye,tc) (4.48)
where wi and ws are displacement of impactor and target shell displacement along global
z direction at the point of impact (Xc ,yc), at any time instant tc.

Thus, with the maximum indentation taking place, the maximum contact force is attained,
followed by the displacement of the impactor reaching its maximum W. Goldmith (1960).
Subsequently the displacement of the impactor gradually decreases, but the target point
displacement keeps on changing and finally increases to a maximum and then comes a
time when these two displacements become equal. This leads to zero value of indentation.
Eventually the contact force becomes zero when the impactor loses contact with the
target. This process of attaining the maximum contact force till the reduction of the same
to zero is fundamentally referred to as unloading. The indentation process introduces
damage and permanent deformations in the contact zone; as a result, the unloading curve
differs from the loading curve. Provided that the mass of the impactor is not very small, a
second impact may occur upon the rebound of the target structure leading to an identical
phenomenon of contact deformation and attainment of the maximum. This is known as
reloading. In many cases, multiple impacts occur and the reloading curve is again

different. If Fm be the maximum contact force at the onset of unloading and om be the
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maximum indentation during loading, the contact force F. for unloading and reloading are

expressed as. [As proposed by Sun and Chen (1985)]

2.5
Unloading phase:  F. =F, {M (4.49)
am - a() i
L5
Reloading phase: F=F [M (4.50)
am - 6ZO _

where ao denotes the permanent indentation in a loading-unloading cycle and is

determined as Sun and Chen (1985)
ao=Pc (om-ap) if o, >a, (4.51)
=0 if am<oler (452)

where fcs a constant and oc is the critical indentation beyond which permanent
indentation occurs, and the values are 0.094 and .01667cm respectively for graphite-

epoxy composite as taken by Sun and Chen (1985).

4.4 SOLUTION TECHNIQUE
4.4.1 Formulation of Dynamic Equation

The dynamic equilibrium equation of the target shell for low velocity impact is given by

the following equation:

[M]{&} K5} = {F) (4.53)
where [M] and [K] are global mass and elastic stiffness matrices, respectively. {&} is the

global displacement vector. For the impact problem {F}, the force vector is given as

{F}={000...F......000}T (4.54)
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Here F. is the contact force given by the indentation law and the equation of motion of the
rigid impactor is given as:

m.a),-+FC =0 (4.55)

where mi and a), are the mass and acceleration of the impactor respectively. Since the
author dealt with impact load in the present thesis, a lumped load scheme has been
utilized. The concentrated load is applied at the central node after global numbering,
corresponding to the third degree of freedom for that node in the negative direction for

normal impact.

However, for oblique impact if px, py be the coefficients of friction in global x and y-
direction of graphite-epoxy composite, whereas 0i be the angle of impact with z-direction.

Feki be the contact force in k™ direction at i™ iteration then we have

Fezir1y=Fezi)(t) cosbi (4.56)
Fex(i+1y=Fex(i)(t)sinBi -px Fez(i)(t)cosOi (4.57)
Fey(i+1y=Fcy(i)(t) sini -py Fezi)(t)cosbi (4.58)

4.4.2 Solution using Newmark's time integration scheme
Aim of the numerical integration of finite element system equilibrium equations is to
appraise a good approximation to the actual dynamic response of the structure under
consideration. In order to predict the dynamic response of the structure accurately it is
required to solve all the system equilibrium equation accurately. Equation 4.53, 4.54 and
4.55 are solved using Newmark constant- acceleration time integration algorithm in the
present analysis. Equation 4.42 may be expressed in iteration form at each time step.

o i+1 At’ i

K {A }HAI = T{F }I+At + [M ]{b }i

(4.59)

Where
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(4.60)

bl = () +At{A}t + Af {A}

(4.61)

The same solution scheme is also utilized for solving the equation of motion of the

impactor, i.e. Equation (4.55). It is to be noted that a modified contact force Frin

i+1

obtained from the previous iteration is used to solve the current response A . The

iteration procedure is continued until the equilibrium criterion is met.
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Chapter 5

IMPACT RESPONSE OF SIMPLY SUPPORTED SKEWED
HYPAR SHELL: A NUMERICAL STUDY

5.1 GENERAL

The mathematical formulation presented in Chapter 4 is applied to carry out a number of
numerical experimentations considering simply supported composite hypar shells. Numerical
examples considered and the corresponding validation are presented in Section 5.2. Section
5.3 contains the important results and the corresponding discussions. The salient findings

from this exercise are presented as conclusions in Section 5.4.

5.2 NUMERICAL EXAMPLES

Problems are solved with two different objectives. The present formulation is applied to
solve natural frequencies of cantilever graphite-epoxy twisted plates which are structurally
similar to skewed hypar shells. This problem is expected to validate both the stiffness and
mass matrix formulation of present finite element code. A problem, solved earlier by Sun and
Chen[1985] regarding the impact response of composite plate , is taken up as the benchmark
problem to validate the impact formulation. The details of the benchmark problems are

furnished in Table 5.1 and Figure 5.1
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Table 5.1 Non-dimensional fundamental frequencies (w) for three layer graphite-epoxy

cantilever twisted plates, [#/-6/6 ] laminate

Angle 17
of twist (deg) 0 15 30 45 60 75 90
#=15" Qatu and Lessia[1991] 1.0035 0.9296 0.7465 0.5286  0.3545 0.2723  0.2555
Present formulation 0.9990 0.9257 0.7445 0.5279  0.3542 0.2720  0.2551
¢=30 Qatuand Lessia[1991] 0.9566 0.8914 07205 05149 03443 02606  0.2436
Present formulation 0.9490 0.8842 0.7181 0.5142 03447 02613  0.2444

a/b=1, a/h=100; E11=138 GPa, E22=8.96 GPa, G12=7.1 GPa, v12=0.3

350
300

250 Sun and Chen [1985]

g

Present formulation

/A

0 100 200 300 400 500
Time (ps)

Contact force (N)
e
8 8

n
(=]

o

E11=120 GPa, Ex= 7.9 GPa, Gi2= G23=G13=5.5 GPa, v,,=0.30,

P =1.58x 10-5 N-sec’/cm>
Plate size=20cm x 20cm. x 0.269cm.; Ply orientation = [ 0°/45%/0%-45%0°]% Velocity of
impactor = 3m/s; Mass density of impactor = 7.96x10-5 N-sec/cm*

Figure 5.1 Contact force history of simply supported plate under low velocity impact

43



Apart from the problems mentioned above, impact response of skewed hypar shells being
impacted at the central point are also studied for simply supported boundary condition,
different laminations and impact velocities. The details of the problems which are the

author’s own are given below.

(1) Boundary condition :- Simply supported (SS)

(i)  Lamination:- +45%/-45° (AP), 0°/90° (CP)

(ii1))  Velocity of impact (m/s):- 1,2,3,5,7,10

(iv)  Details of shell geometry :- a=1.0m, b=1.0m, t=0.02m, ¢=0.2m
%) Material details :- E11=120GPa, E22= 7.9 GPa,

G12= G23=G13=5.5GPa

V2= (.30, P = 1.58x10-5N-sec¥cm?

5.3  RESULTS AND DISCUSSIONS

The results in Table 5.1 show that the fundamental frequency values of the twisted plates
obtained by the present formulation agree very closely to those reported by Qatu and Lessia
[1991]. This agreement validates the correct incorporation of stiffness and mass matrix
formulation in the present code. Figure 5.1 shows the time variation of the contact force
induced in a composite plate under low velocity impact previously reported by Sun and Chen
[1985]. The values obtained by the present formulation are also presented graphically in the
same figure in a different style. Here again excellent agreement of results is observed which
establishes the correctness of impact formulation.

To study the impact response of simply supported (SS) angle ply (AP) shell Figure 5.2 to

5.7 and Table 5.2 are studied. All the results of contact force and displacement that are
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presented in either graphical or tabular form are arrived at after the study of time step
convergence. The finite element mesh adopted is also based on force and displacement
convergence criteria. When low velocity normal impact response of simply supported angle
ply shell is studied being struck by the spherical impactor centrally, it is observed that the
contact force shows a sort of parabolic variation with a single peak. After a given time span
which is 100us or less, the contact force converges to a null value. It is interesting to note
that higher the impactor velocity higher is the contact force as expected, but the force dies
down to a null value earlier. This behavior may be attributed to the fact that the higher the
velocity more rapid is the elastic rebound of the impactor followed by detachment which
causes contact force to decay out. It is also very interesting to observe that the time instant
corresponding to peak contact force and that for peak displacement do not match. This is
because the resultant displacement at any time instant is a cumulative effect of the
instantaneous contact force value and the inertia effect of the previous instant. The figure
showing the transient displacement reflects the fact that vibration continues even after the
force dies down with successively occurring peak though the peak values are less in
magnitude than the highest peak which occurs a bit after the instant of maximum contact
force but before the full decay of it.

To estimate the equivalent static load (ESL) corresponding to a particular impactor velocity ,
a concentrated load at the centre (point of impact) is applied and adjusted the yield a central
displacement equal to the maximum dynamic displacement. It is further explored to estimate
the magnitude of the central displacement when the peak contact force is applied at the point
of impact as a static concentrated load. The central displacement obtained under such a load

when divides the maximum dynamic displacements yields dynamic magnification factor
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(DMF). The variations of maximum contact force, maximum dynamic displacement and
equivalent static load (ESL) with impactor velocity are almost linear and of three above
mentioned values are increasing functions of impactor velocity. However the dynamic
magnification factor (DMF) and the impactor velocity shows a logarithmic relation and the
DMF is a decreasing function of velocity.

The behavior of the impact response of simply supported (SS) cross ply (CP) shell may be
studied through Figure 5.9 to 5.14 and Table 5.2. The nature of contact force and dynamic
displacement for this class (SS/ CP) of shell is more or less similar to what is discussed
before for SS/AP shell. One interesting difference is that for SS/ CP shell the peak dynamic
displacement does not only show a phase lag with respect to the peak contact force but by
time displacement value reaches the peak the contact force value dies down totally. This
shows that the after-effect of impact are some times more severe than the shell response
during the impact and study of displacement variation even after the contact force decays to a
null value is absolutely necessary. However, after passage of some more time the subsequent
local maxima which are obtained do not touch the peak.

The dependence of the maximum contact force, the peak dynamic displacement and the
equivalent static load (ESL) on the impactor velocity in case of simply supported cross ply
(SS /CP) shell are similar to what is observed in case of simply supported angle ply (SS/AP )
shell. The same is shown in Figure 5.8 for supported angle ply (SS/AP) shell and in Figure
5.13 for simply supported cross ply (SS /CP) shell.

It is further noted that the maximum value of contact force and displacement for SS /AP and
SS /CP shells are almost equal for any given velocity of the impactor. It is further noted that

the value of ESL and DMF are higher in case of SS /AP shell.
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Figure 5.2 Impact response of simply supported angle ply (SS/AP) composite hypar shells

for impact velocity 1m/s
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Figure 5.3 Impact response of simply supported angle ply (SS/AP) composite hypar shells

for impact velocity 2m/s
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Figure 5.4 Impact response of simply supported angle ply (SS/AP) composite hypar shells

for impact velocity 3m/s
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Figure 5.5 Impact response of simply supported angle ply (SS/AP) composite hypar shells

for impact velocity Sm/s
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Figure 5.6 Impact response of simply supported angle ply (SS/AP) composite hypar shells

for impact velocity 7m/s
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for impact velocity 10m/s
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Figure 5.10 Impact response of simply supported cross ply (SS/CP) composite hypar shells

for impact velocity 2m/s
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Table 5.2 Maximum contact force, maximum dynamic displacement, equivalent static load,
dynamic magnification factor due to different impact velocities for anti-symmetric ply shell

Boundary condition Maximum . Equivalent Dynamic
. . . . Maximum . . .
and ply orientation Velocity(m/s)  impact displacement(m) static load magnification
load(N) N) factor
0 0 0 0 0
1 310.1821 0.000169 1654 2.84
2 715.7551 0.000356 3484 2.25
0%/90° 3 1169.577 0.000552 5398 2.10
5 2169.126 0.000965 9434 1.97
7 3261.304 0.001390 13593 1.77
Simply 10 5025.045 0.002031 19863 1.56
supported
0 0 0 0 0
1 309.2766 0.000168 2080 3.76
4459450 2 713.6038 0.000341 4210 2.97
3 1165.866 0.000523 6460 2.76
5 2162.327 0.00090 11100 2.58
7 3252.504 0.001287 15900 2.31
10 5010.827 0.001875 23200 2.03

5.4  CONCLUSIONS

The following conclusions may be derived from the present study.
1. The close agreement of the results obtained by the present method with those available
in the published literature establishes the correctness of the approach used here .

2. Under the influence of normal low velocity impact the contact force shows a parabolic
combined loading and unloading curve with a single peak for the practical class of shells
considered here. Higher magnitude of impact velocity results in higher value of the peak
contact force. However, due to a sharp elastic rebound the total duration of contact force

is less for higher velocity of impactor.
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The time instants at which the maximum contact force and the maximum dynamic
displacement occur show a phase difference and interestingly in some cases the
maximum displacement and hence stresses may occur even after the contact force dies
down totally .Thus it is concluded that the study should be continued only after when the
major peaks of the dynamic displacement die down and not after the full decay of the
contact force only.

The maximum contact force, the peak dynamic displacement and the equivalent static
load are all increasing functions of impactor velocity, the relations being almost linear.
However, the dynamic magnification factor shows a logarithmically decreasing

tendency with increase of the velocity of impact.
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Chapter 6

IMPACT PERFORMANCE OF COMPOSITE HYPAR SHELL

ROOF WITH CLAMPED BOUNDARY CONDITION

6.1 GENERAL

Impact response of fully clamped skewed hypar shell roofs is presented in this chapter.
Section 6.2 describes the numerical examples considered, while results are reported and
discussed in Section 6.3. The conclusions of engineering significance are presented in
Section 6.4.

6.2 NUMERICAL EXAMPLES

A problem solved earlier by Chun and Lam [1998], related to the impact response of clamped
composite plate, is taken up as the benchmark to validate the impact formulation for clamped

boundary condition and the results are furnished as Figure 6.1.
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ke =1x108N/m!*
Figure 6.1 Contact force history of clamped plate

Apart from the problem mentioned above, impact response of skewed hypar shells being
impacted at the central point is also studied for clamped boundary condition, different
laminations and impact velocities. The details of the problems which are the author’s own are
given below.

(1) Boundary condition :- Clamped (CL)

(i)  Lamination:- +459%-45° (AP), 0°/90° (CP)

(ii1))  Velocity of impact in (m/s):- 1,2, 3,5,7, 10

(iv)  Details of shell geometry :- a=1.0m, b=1.0m, h=0.02m, ¢=0.2m

(v) Material details :- E11=120GPa, Ex= 7.9 GPa,

Gi2= G23= G13= 5.5GPa

v,,= 0.30, p=1.58x10"°N-sec’/cm*
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The converged value of time step At=3ps is adopted for the present analysis.

6.3 RESULTS AND DISCUSSION

Figure 6.1 shows the time variation of the contact force induced in a composite plate under
low velocity impact as obtained by Chun and Lam [1998]. The values obtained by the present
formulation are also presented graphically in the same figure in a different style. Excellent
agreement of results is observed which establishes the correctness of impact formulation.

To study the impact response of clamped (CL) angle ply (AP) shell Figure 6.2 to 6.7 and
Table 6.1 are to be studied. All the results of contact force and displacement that are
presented, in either graphical or tabular form, are arrived at after a study of time step
convergence. The finite element mesh adopted is also based on force and displacement
convergence criteria. When low velocity normal impact response of clamped angle ply shell
is studied being struck by the spherical impactor centrally it is observed that the contact force
shows a sort of parabolic variation with a single peak. After a given time span of 100us or
less, the contact force dies down to a null value. It is interesting to note that higher the
impactor velocity higher is the contact force as expected, but the force dies down to a null
value earlier. This behavior may be attributed to the fact that higher the velocity, more rapid
is the elastic rebound of the impactor followed by detachment which causes the contact force
to decay out. It is also very interesting to observe that the time instant corresponding to peak
contact force and that for peak displacement do not match. This is because the resultant
displacement at any time instant is a cumulative effect of the instantaneous contact force
value and the inertia effect of the previous instant. Figures showing the transient
displacements reflect the fact that vibration continues even after the force dies down with

successively occurring peaks though, the peak values are less in magnitude than the highest

56



peak which occurs a bit after the instant of maximum contact force but before the full decay
of it.

To estimate the equivalent static load (ESL) corresponding to a particular impactor velocity ,
a concentrated load at the centre (point of impact) is applied and adjusted to yield a central
displacement equal to the maximum dynamic displacement. The magnitude of the central
displacement is calculated with the peak contact force applied at the point of impact as a
static concentrated load. The central displacement obtained under such a load when divides
the maximum dynamic displacements yields dynamic magnification factor (DMF). The
variations of maximum contact force, maximum dynamic displacement and equivalent static
load (ESL) with impact velocity are almost linear and all of the three above mentioned values
are increasing functions of the impact velocity. However the dynamic magnification factor
(DMF) and the impact velocity shows a logarithmic relation and the DMF is a decreasing
function of velocity of impact.

The behavior of the impact response of clamped (CL) cross ply (CP) may be studied from
Figure 6.9 to 6.14 and Table 6.1. The nature of contact force and dynamic displacement for
this class (CL/ CP) of shell is more or less similar to what is discussed before for CL/AP
shell. One interesting difference is that for CL/ CP shell the peak dynamic displacement does
not only show a phase lag with respect to the peak contact force but by the time ,
displacement value reaches the peak , the contact force value dies down totally. This shows
that the after-effect of impact is some times more severe than the shell response during the
impact and study of displacement variation even after the contact force decays to a null value
is absolutely necessary. However, after passage of some more time the subsequent local

maxima which are obtained do not touch the peak.
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The dependence of the maximum contact force, the peak dynamic displacement and the
equivalent static load (ESL) on the impactor velocity in case of clamped cross ply (CL /CP)
(Figure 6.15) shell are similar to what is observed in case of clamped angle ply (CL/AP )
shell (Figure 6.8).

It is further noted that the maximum value of the contact force and displacement for CL /AP
and CL /CP shells are almost equal for any given velocity of the impactor but the value of

ESL and DMF are higher in case of CL /AP shell.
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Table 6.1 Maximum contact force, maximum dynamic displacement, equivalent static load,
dynamic magnification factor for different impact velocities

Boundary condition Mi?;(;::cutm Maximum Equivalent Dynamic
and ply orientation Velocity(m/s) load displacement static load magnification
(N) (m) N) factor
0 0 0 0 0
1 3104116 0.000175 2401.84 3.93
2 716.0525 0.000368 5031.99 3.14
0°/90° 3 1175.383 0.000549 7518.80 2.73
5 2180.685 0.000944 12916.88 2.58
7 3277.516 0.001346 18427.72 2.33
Clamped 10 5043.874 0.001953 26739.72 2.09
0 0 0 0 0
1 309.6553 0.000172 3001.077 5.22
4597450 2 713.8558 0.000349 6079.476 4.18
3 1165.725 0.000526 9167.109 3.91
5 2160.912 0.000911 15883.056 3.68
7 3248.894 0.001316 22938.054 3.30
10 5003.201 0.001941 33829.285 291

6.4 CONCLUSIONS

The following conclusions may be derived from the present study.

1. The close agreement of the results obtained by the present method with those available
in the published literature establishes the correctness of the approach used here.

2. Under the influence of normal low velocity impact, the contact force shows a parabolic
combined loading and unloading curve with a single peak for the practical class of shells
considered here. Higher magnitude of impact velocity results in higher value of the peak
contact force but due to a sharp elastic rebound, the total duration of contact force is less
for higher velocity of impactor.
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The time instants at which the maximum contact force and the maximum dynamic
displacement occur show a phase difference and interestingly in some cases the
maximum displacement and hence stresses may occur even after the contact force dies
down totally .Thus it is concluded that the study may be stopped only after when the
major peaks of the dynamic displacement die down and not after the full decay of the
contact force only.

The maximum contact force, the peak dynamic displacement and the equivalent static
load are all increasing functions of impactor velocity, the relations being almost linear.
However, the dynamic magnification factor shows a logarithmically decreasing

tendency with increase of the velocity of impact.
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Chapter 7

ANALYSIS AND DESIGN GUIDELINES OF POINT-

SUPPORTED COMPOSITE SKEWED HYPAR SHELL ROOF

7.1 GENERAL

Using the mathematical formulation presented in Chapter 4, impact response parameters are
evaluated and design aspects of corner supported composite skewed hypar shell under low
velocity impact are high-lighted in this chapter. A number of problems are solved for validation
of the present approach and to explore the impact behavior of the class of shells mentioned above
which are presented in Section 7.2. Section 7.3 contains the important results and related

discussion while conclusions are presented in Section 7.4.

7.2 NUMERICAL EXAMPLES

Natural frequencies obtained by the present approach are compared with those reported by Narita
and Leissa [1984] for a point supported isotropic cylindrical shell. This was solved to validate
the correct incorporation of the point supported boundary condition in the present computer
code. In this problem, the author has taken the liberty of applying the formulation developed for
composite shells to the isotropic case by making the moduli of elasticity and shear equal in all
directions. Appropriate changes in curvature terms are done to model the cylindrical geometry.

The detail of the benchmark problem is furnished in Table 7.1.
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Table 7.1 First four non-dimensional natural frequencies l(T) = wpa® ’(%l)lof isotropic corner-

point supported cylindrical shell

Narita and Present
Leissa (1984)  formulation
19.76 19.758
31.48 31.45
41.94 41.90
55.74 55.77

a/b =1, ai/a=1, a/h=100, a/R=0.5, V =0.3
Apart from the problems mentioned above, impact responses of skewed hypar shells being
impacted at the central point are also studied for eight different shell options combining two
boundary conditions and four laminations. Six impact velocities are considered. The details of
the problems which are the author’s own are given below.
(1) Boundary condition- Two different boundary conditions having different
arrangements of point supports along four edges, designated as
BD-1 and BD-2 are adopted (Figure 7.2). BD-1 shells are point
supported only at the corners, while BD-2 shells have four
additional point supports at the mid-points of the four edges.
(i)  Lamination: -  +45%-45° (AP)(AS), 0°/90° (CP)(AS),+45%-45°+45°% AP)(SY),
0°/90°%0°(CP) (SY)
(ii1))  Velocity of impact (m/s): - 1,2,3,5,7,10
(iv)  Details of shell geometry: - a=1.0m, b=1.0m, t=0.02m, ¢=0.2m
V) Material details: - En=120GPa, E2o= 7.9 GPa, Gi2= G23= G13= 5.5GPa
v,,= 0.30, p=1.58x10"N-sec’/cm*

The converged value for a time step At=3ps is adopted in the present analysis.
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BD-1 Shell BD-2 Shell

® - Position of point support
Figure 7.1 Arrangement of boundary conditions

7.3 RESULTS AND DISCUSSION

The result of Table 7.1 shows that the natural frequency values of corner point supported
cylindrical shell obtained by the present formulation agree closely to those reported by Narita
and Leissa (1984). Thus, the correct incorporation point supported boundary condition in the
present code is established.

The finite element mesh adopted in the present study is based on force and displacement
convergence criteria. All the results of contact force and displacement that are presented in
tabular form are arrived at after the study of time step convergence. Some typical results are
represented graphically also. Time histories of contact force and displacement for BD-1 shell
options are shown in Figure 7.3 to 7.6 whereas the same for BD-2 shell options are represented
in Figure 7.8 to 7.11. When low velocity normal impact response of Point-supported shells is
studied being struck by the spherical impactor centrally, it is observed that the contact force
shows a sort of parabolic variation with a single peak. After a given time span which is 100us or
less the contact force converges to a null value. It is interesting to note that higher the impact
velocity higher is the contact force as expected, but the force dies down to a null value earlier.

This behavior may be attributed to the fact that the higher the velocity more rapid is the elastic

68



rebound of the impactor followed by detachment which causes contact force to decay out. It is
also very interesting to observe that the time instant corresponding to peak contact force and that
for peak displacement do not match. This is because the resultant displacement at any time
instant is a cumulative effect of the instantaneous contact force value and the inertia effect of the
previous instant. The figure showing the transient displacement reflects the fact that vibration
continues even after the force dies down with successively occurring peak though the peak
values are less in magnitude than the highest peak which occurs a bit after the instant of
maximum contact force but before the full decay of it.

The displacement histories of several points (Figure 7.3) are studied along with the node of
impact (node-1). It may be noted that at some of the points, e.g. Node-2 and 8, the displacement
at some instant may exceed the same occurring at the point of impact. But such displacements
will never govern the design as they are always less that the absolute maximum displacement
occurring at the point of contact. Important information regarding the deflection of Node- 2, 3, 8

and 9 is these points suffers stress reversal which is never seen to occur at node of impact.
2

O-0-000

Figure 7.2 Points at which displacements are calculated

To estimate the equivalent static load (ESL) corresponding to a particular impact velocity, a
concentrated load at the center (point of impact) is applied and adjusted the yield a central
displacement equal to the maximum dynamic displacement. It is further explored to estimate the

magnitude of the central displacement when the peak contact force is applied at the point of
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impact as a static concentrated load. The central displacement obtained under such a load when

divides the maximum dynamic displacements yields dynamic magnification factor (DMF). These

two parameters will help to design the shell by static load without doing the detail dynamic

analysis. The variations of maximum contact force, maximum dynamic displacement and

equivalent static load (ESL) with impactor velocity are almost linear and are increasing functions

of impactor velocity for both the boundary conditions. However the dynamic magnification

factor (DMF) and the impactor velocity shows a logarithmic relation and the DMF is a

decreasing function of velocity for the same. All these variations are represented in Figure 7.7

for BD-1 shells and in Figure 7.12 for BD-2 shells.

Some typical response patterns of corner

supported shells under impact loading are shown

below.
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Figure 7.3 Impact response of point-supported anti-symmetric angle ply (APAS/BD-1)
composite hypar shells for impact velocity 10m/s
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hypar shells for impact velocity 10m/s
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Figure 7.8 Impact response of point-supported anti-symmetric angle ply (APAS/BD-2)

composite hypar shells for impact velocity 10m/s
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composite hypar shells for impact velocity 10m/s
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Figure 7.10 Impact response of point-supported

hypar shells for impact velocity 10m/s

symmetric angle ply (APSY/BD-2) composite

5000 0.005 Point-1
0.004 Point-8
_ 4000 E ' Point-9
z £ 0.003
€ 3000 b Point-10
g E 0.002
-
T 2000 § 0.001
S =
S 1000 é 0
Q
0 -0.001
100 200 300 400 500 20.002
-1000 Time (us)
Time (us)
Point-1 Point-1
. 0.0045
0.005 Point-2 0.004 Point-5
_ 0.004 Point-3 2 0.0035 Point-6
E Point-4 = 0.003
= 0.003 = 0.0025 Point-7
S 0.002 g 0.002
g $ 0.0015
g 0.001 = 0.001
ER & 0.0005
2 RN
20,001 20 400 600 -0.0005
-0.001
-0.002 i
Time (us) Time (us)

Figure 7.11 Impact response of point-supported symmetric cross ply (CPSY/BD-2) composite

hypar shells for impact velocity 10m/s
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Figure 7.12 Variation of maximum contact force, maximum dynamic displacement, equivalent
static load and dynamic magnification factor with velocity for point-supported composite hypar
shells of BD-2 shell option

7.3.1 Effect of stacking sequence on impact response

The relative performances of cross-ply and angle-ply shells under impact may be studied by
keeping the number of laminae same in both the cases. It is observed that for BD-1 two and
three-layered laminates, angle-ply shows better performance than cross-ply and yields lesser
deflection values. The maximum contact force generated at the point of impact is higher in case
of CP shells in contrast to AP shells though the contact force dies down more or less at equal
paces. While discussing the results of BD-2 two and three-layered laminates, deflections and
contact forces of AP and CP shells are quite comparable. Thus conclusively one may infer that

for BD-1 edge conditions angle ply laminates may be preferred over cross ply ones if one has the
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option to choose.

Table 7.2 Maximum contact force, maximum dynamic displacement, equivalent static load, dynamic

magnification factor for different velocities of the impactor for BD-1 shell

Boundary condition and ply

i . Maximum Maximum Equivalent Dynamic
orientation Velocity(m/s)  impact dynamic static load magnification
load(N)  displacement(m) N) factor
1 310.824 0.000181 1124 1.754
2 716.848 0.000373 2317 1.409
09/900 3 1170.221 0.000566 3516 1.32
5 2168.200 0.000961 5969 1.264
7 3257.591 0.001365 8478 1.14
10 5015.142 0.001987 12342 1.013
Anti- 1 309.835 0.000172 1104 1.92
symmetric 2 714.222 0.000351 2253 1.52
ply 1450/.450 3 1165.861 0.00053 3402 1.43
5 2160.158 0.000898 5764 1.36
7 3247.508 0.001281 8222 1.21
BD-1 10 5002.12 0.001868 11990 1.07
1 296.573 0.000392 915 2.960
2 680.355 0.000783 1829 2.630
0/90°/0° 3 1105.675 0.001190 2780 2.460
5 2168.200 0.001230 4873 1.410
7 3257.591 0.001365 6732 1.260
Symmetric 10 5002.12 0.001876 10330 1.042
ply 1 294.407 0.000350 892 5.49
2 675.097 0.000727 1864 4.86
0/ 42071 20 3 1096.942 0.001116 2607 4.54
FASASTAS 5 2160.158 0.001898 4433 2.29
7 3247.508 0.002681 6263 2.05
10 5002.12 0.003884 9073 1.81
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Table 7.3 Maximum contact force, maximum dynamic displacement, equivalent static load,
dynamic magnification factor for different velocities of the impactor for BD-2 shell

Boundary condition and ply orientation . Maximum Maximum Equivalent Dynamic
Velocity . i ! . .
(m/s) impact displacement  static load magnification
load(N) (m) (N) factor
1 310.358 0.000164 1058 1.858
2 716.129 0.000329 2122 1.477
3 1169.694 0.000492 3174 1.380
0°/90° 5 2169.357 0.000844 5445 1.301
7 3176.346 0.001224 7897 1.160
Non- 10 5029.359 0.001785 11342 1.021
Symmetric 1 309.421 0.000169 1089 1.949
Ply 2 713.923 0.000339 2187 1.541
+45%/-45° 3 1166.147 0.000511 3292 1.436
5 2162.702 0.000861 5547 1.346
7 3253.985 0.001221 7877 1.200
BD-2 10 5013.577 0.001772 11416 1.055
1 296.056 0.000373 890 3.33
2 676.383 0.000721 1720 3.06
0°/90%/0° 3 1101.179 0.001098 2620 2.83
5 2037.332 0.001860 4439 2.55
7 3055.144 0.002632 6281 2.30
Symmetric 10 4708.150 0.003785 9033 2.00
ply 1 294.204 0.000352 840 5.50
2 676.383 0.000721 1721 4.87
+45%/-45%+45° 3 1101.179 0.001098 2621 4.50
5 2037.332 0.001860 4441 2.28
7 3055.144 0.002633 6287 2.00
10 4708.150 0.003785 9025 1.80

Table 7.4 Working equations relating different design parameters with impact velocity (vi)

BD-1 shell BD-2 shell
F = 10.79v{>+401.05 vi -136.525 F=11.615 vi*+380.6 vi -101.37
0= 1x10"°vi?+0.001 vi -4.667 0= 1x10"vi?+0.001 vi
(This equation is not valid for 0°/90%0° shell)
ESL = 9.549 vi?+995.25 vi -52.907 ESL =4.31 vi?+981.85 vi -48.776
DMF = -.835In(vi)+3.117 DMF = -0.782In(vi)+3.247

F = Maximum contact force; 6 = Maximum dynamic displacement
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7.3.2 Effect of number of boundary constraints on impact response

BD-1 shells have the smaller number of boundary constraints than BD-2 shells. The results of
maximum downward deflections in Table 7.2 and Table 7.3 show that under impact loading the
deflection decreases as the number of support constraints increases, which is quite natural. In
cases of symmetric plies both for angle and cross ply options, downward deflections are more or
less same for BD-1 and BD-2. When the rate of increment of deflection due to increase in impact
velocities are checked, it is found that rate of deflection increases with the increment of impact
velocity up to Sm/s. But the rate of increment in deflection decreases after Sm/s impact velocity.
This shows the deflections in the lower impact velocity levels are affected by numbers of
boundary constraints but as the velocity increases and approaches towards high velocity impact,
it becomes independent of numbers of boundary constraints. That is the effect of impact becomes
more localised. From the above discussion it can be also concluded that in case of symmetric ply

shell option increment in boundary constraint does causes significant improvement in stiffness.

7.3.3 Responses of different composite shells in terms equivalent static load (ESL) and

dynamic magnification factor (DMF)

From the definition of ESL as discussed it can be easily understood that the shell suffering higher
deflection will be subjected to higher equivalent static load. This quantity has been calculated to
make the design procedure simpler. It is evident that the shell subjected to higher ESL will
generate higher bending moments and normal forces. Here again the repetition of the same
interpretation may not be insignificant that for two-layered unsymmetrical ply of BD-1 and BD-2
shells CP shell options are under higher loading (ESL) than AP shell options. Difference in ESL

for BD-1 and BD-2 three-layered symmetric ply of CP and AP shell options is not too
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significant. While comparing the ESL between BD-1 and BD-2 shells it can be noticed that BD-2
shells are under lower load as the deflection of this shell is lower than BD-1.

When DMF are studied, it can be seen that though the maximum dynamic deflections are lower
in BD-2 shell option than BD-1 shells, dynamic magnification is higher in BD-2 option. While
comparing the results with CP shells with AP shells, AP shells shows higher dynamic
magnification though its deflection is lower than CP shells in BD-1 option. It may be noted that
in case of BD-2 shells DMF of AP and CP plies are at par when anti-symmetrically laid. When
the symmetric ply shell option is compared in this regard with anti-symmetric ply shells it is the
symmetric ply which shows higher dynamic magnification factor in both the boundary
conditions, but symmetric ply AP shells show higher value than CP shells in lower level of
impact velocity but in higher impact velocity DMF of AP shells drops down below the CP shells
(Fig-14). It is interesting to notice here that for all shell options there is a considerable drop in

DMF when the impact velocity is equal to or higher than Sm/s.

7.3.4 Performances of different shell options

The depth of a shell surface is mostly governed by the maximum values of deflection and
different shell actions. These are dependent on the contact force, ESL and DMF. To get an idea
of the performance of different shell options with respect to the four above mentioned governing
quantities, Table 7.5 assigns ranks to different shell combinations, from 1 to 8, in ascending

order of magnitude of these parameters.

79



Table 7.5 Ranks of different shell combinations in terms of deflection, ESL and DMF

Governing shell actions

Shell Deflection Contact ESL DMF Sum of Ranks in
options (m) force (N) (N) ranks terms of
sum of
ranks
ASCP/BD-1 4 8 8 1 21 6
ASAP/BD-1 3 6 7 3 19 5
SYCP/BD-1 8 4 4 5 21 6
SYAP/BD-1 5 2 3 7 17 3
ASCP/BD-2 1 7 5 2 15 1
ASAP/BD-2 2 5 6 4 17 3
SYCP/BD-2 7 3 2 6 18 4
SYAP/BD-2 6 1 1 8 16 2
>CP=175 > AP =69 YSY =72 YAS=72 YBD-1=78 >BD-2 =66

To obtain an overall picture of how the different shell options perform in terms of the governing
impact response parameters, they are ranked according to the sum of ranks for individual
governing impact response parameters in Table 7.5. It can be noted that the ASCP/BD-2 option
is the best choice as far as the deflection criteria is concern and it also emerges as the best choice
as per the overall criteria. The first three choices of shells as per their rank in terms of sum of
ranks are ASCP/BD-2, SYAP/BD-2 and SYAP/BD-1, ASAP/BD-2. As per rank based on sum of
ranks, SYAP/BD-1 and ASAP/BD-2 stands in same position. Though the shell option in the first
and third rank also stands in first and third position as per the deflection criteria but the shell
option in second rank is not within first three as far as deflection is concern.

The facts discussed above show that the deflection criterion may not be considered as the only
governing factor in impact response of the hypar shell roof. It may be also noted that the
boundary conditions and ply orientations are also the essential factors to be considered.

Sum of the rank of AP shells is 69, and for CP shells 75. This implies that the performance of AP

shells is comparatively better than CP shells under impact load. Sum of the rank of symmetric
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ply (SY) and asymmetric ply (AS) are 72. These indicate that performance of SY and AS shells
are similar for sudden impact. Increase in boundary constraints improves the impact behavior of
skewed hypar shell roofs as it can be found that sum of rank of BD-1 and BD-2 shells are 78 and
66 respectively.

These facts help to conclude that while selecting a shell option for skewed hypar geometry from
the available options as discussed in this thesis a designer is free to choose symmetric or
asymmetric ply options. But it always better to have angle ply (AP) than a cross ply (CP) shell.
Increase in number of supports increases the number of boundary constraints is proofed to be

better but it also depends on the actual site condition and other functional requirements.

7.4 CONCLUSIONS

The following conclusions can be drawn from this study:

1. The present formulation can be applied to study the impact response of point-supported
composite skewed hypar shells, which is evident from the close agreement of the present
results with the published ones.

2. Under the influence of normal low velocity impact the contact force shows a parabolic
combined loading and unloading curve with a single peak for the practical class of shells
considered here. Higher magnitude of impact velocity results in higher value of the peak
contact force. However, due to a sharp elastic rebound the total duration of contact force is
less for higher velocity of impactor.

3. The time instants at which the maximum contact force and the maximum dynamic
displacement occur show a phase difference and interestingly in some cases the maximum

displacement and hence stresses may occur even after the contact force dies down totally
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.Thus it is concluded that the study should be continued only after when the major peaks of
the dynamic displacement die down and not after the full decay of the contact force only.

4. The maximum contact force, the peak dynamic displacement and the equivalent static load
are all increasing functions of impactor velocity, the relations being almost linear. However,
the dynamic magnification factor shows a logarithmically decreasing tendency with increase
of the velocity of impact.

5. The displacement histories of several points (Figure 7.3) are studied along with the node of
impact (node-1). It may be noted that at some of the points, e.g. Node-2 and 8, the
displacement at some instant may exceed the same occurring at the point of impact. But such
displacements will never govern the design as they are always less that the absolute
maximum displacement occurring at the point of contact.

6. Table 7.5 shows that only the increase or decrease in boundary constraints may not be the
only governing factor of deflection characteristics of a shell. This requires more detail study.

7. Though the symmetric and asymmetric plies show comparable performance, angle ply shell
performs bit better than cross ply shell.

8. It is also clear from the results that increase in boundary constraints gives better performance
under impact load but it should also comply with the other functional requirements of the

site.
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Chapter 8

IMPACT PERFORMANCE OF COMPOSITE HYPAR SHELL
ROOF UNDER OBLIQUE IMPACT WITH FRICTION

8.1 GENERAL

Behavior of skewed hypar shell under low velocity oblique impact is studied and presented in
this chapter. Dry friction has been considered which depends on normal pressure of contact but is
nearly independent of sliding speed.

The problem used to validate the oblique impact formulation and those solved to study the
behavior of skewed hypars subjected to oblique impact are presented in Section 8.2. The results
and the related discussions are furnished in Section 8.3. The conclusions of major engineering

significance find place in Section 8.4.
8.2 NUMERICAL EXAMPLES

Problems are solved to validate the present finite element code and to numerically explore the
different behavioral aspects of composite skewed hypar shell roof under low-velocity impact
with an obliquity. Problem of impact response of composite plate, solved earlier by Tu and
Chow (1999) serves as the benchmark to validate the correct incorporation of oblique impact
formulation considering the effect of friction for simply-supported boundary condition. The

detail of the benchmark problem is furnished in Figure 8.1.
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Figure 8.1 Contact force history of a simply supported plate under oblique impact

Besides the aforementioned problem, responses of skewed hypar shells being impacted at the
central point are also studied for two different ply options combining simply supported boundary
condition. Six impact velocities with four different angle of impact are considered. The details of

which are furnished below.

i) Boundary conditions Simply-supported (SS)

ii)  Laminations +45°/-45" (Angle ply or AP)0°/90° (Cross
ply or CP)

ii)  Velocity of impact (m/s) 1,2,3,5,7,10

iv)  Angle of impact () 0% 15° 30°, 45°

iv)  Details of shell geometry a=1.0m, b=1.0m, t=0.02m, ¢=0.2m

8.3 RESULTS AND DISCUSSION

8.3.1 Results of benchmark problems

Figure 8.1 presents diagrammatically the results of the benchmark problem including the
published ones and those obtained by the present approach. The contact force history obtained by

the present approach for a simply-supported composite plate under oblique impact considering
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the effect of friction shows a good agreement with that reported by Tu and Chao (1999). This
confirms the correct incorporation of the oblique impact formulation considering the effect of
friction for simply-supported boundary condition in the present finite element code. Here the
authors have taken the liberty of converting the hypar shell configuration to plate assigning a

zero value to the curvature.

8.3.2 General behavior of the hypar shells under oblique impact

The finite element mesh implemented in the present study is based primarily on force and
displacement convergence criteria. All the results of contact force and displacement that are

presented are arrived at only after the study of time step convergence.

Table 8.2 and 8.3 contains the maximum values of the contact force, maximum dynamic
displacement for different impact velocities and different angle of impact for simply-supported
boundary condition. The values of equivalent static loads and dynamic magnification factors (as
explained hereafter) are also furnished in the tables.

Contact force and displacement histories are studied on the central point where the impactor
strikes the shell. Typical time histories of contact force and displacement for simply-supported
shell are shown in Figure 8.2 and Figure 8.3 for different impact angle and for 10m/s impact
velocity only.

While studying low velocity impact response, struck by the spherical impactor centrally, it is
observed that the contact force follows a parabolic variation having a single peak. After some
time both for angle and cross ply shell the contact force converges to zero value for normal
impact around or less than 60us, whereas, the oblique impact dies down at about 35us. It is

interesting to note that higher the impact velocity, higher is the contact force, but the force dies
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down to zero relatively faster (although such pictorial representation is not furnished here to
maintain brevity). This behavior may be attributed to the rapid elastic rebound of the impactor
with the increment in the velocity value followed by detachment which causes contact force to
decay out. It is also worth noting that the time instants corresponding to peak contact forces and
peak displacements at the centre point do not match. This is because the resultant displacement at
any time instant is a cumulative effect of the instantaneous contact force value and the inertia
effect of the previous instant. The figures showing the transient displacement show that vibration
continues even after the force dies down with successively occurring peaks, though the peak
values are less in magnitude than the highest peak which occurs a bit after the instant of
maximum contact force but before the full decay. It is to be noted that the contact forces and the
transient displacements do not exhibit any tendency of local reversal. The peak transverse
contact force in oblique impact is considerably low than normal impact as component of the

impact is shared in tangential direction. Contact force decreases as the obliquity increases.

Table 8.1 Maximum contact force, maximum dynamic displacement, equivalent static load,
dynamic magnification factor for different velocities of the impactor for simply supported angle
ply (SS/AP) hypar shell

\Velocity ) Dynamic magnification
Maximum Maximum Equivalent static load (N) factor
of impact contact force (N) displacement (m) (ESL) (DMF)

(m/s) [0i=0" 0i=15" 0i=30" 0=45" | 0i=0" 0i=15" 0:=30" 0i=45"] 0i=0" 0i=15" 0:=30" 0i=45"|0i=0" 0:=15" 0i=30" 0:=45"

3 11659 4365 406.6 3322 [0.00050 0.00011 0.00011 0.00010] 6204.7 1407.4 1382.7 1200 | 2.76 1.035 1322 1.227
S 21623 8224 7702  622.8 |0.00086 0.00019 0.00019 0.00016/10638.4 2395.1 23333 20123| 258 1.14 1.061 1.355
7 32525 12552 1161.6  951.4 [0.00123 0.00028 0.00027 0.00024|15237.4 34444 33827 2913.6| 231 0863 1.137 1'.052

1 3093 1128 1047  86.0 |0.00017 0.00003 0.00003 0.00003| 2074 4272 421.0 3642|376 1533 1440 2283
2 7136 2656 246.7  276.7 [0.00034 0.00007 0.00007 0.00008| 4206 911.1 8951 10309( 297 1306 1226 19428

5010.8 1961.3 1815.5 1473.7 |0.00180 0.00041 0.00040 0.00035]|22207.5 5098.8 4975.3 4308.6) 2.03 093 0.864 1.131

0i = Angle of impact measured with vertical axis
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Table 8.2 Maximum contact force, maximum dynamic displacement, equivalent static load,
dynamic magnification factor for different velocities of the impactor for simply supported cross
ply (SS/CP) hypar shell

Velocity ) Dynamic magnification

Maximum Maximum Equivalent static load (N) factor
of impact contact force (N) displacement (m) (ESL) (DMF)

(m/s) | Bi=0" 8i=15" 6:i=30" 0=45" | 0i=0" 0:=15" 0:=30" 0:i=45"] 0:i=0" 0i=15" 0:=30" 0:=45"]0:=0" 0:=15" 0i=30" 0:=45"

1 3102 1124 1045 86.0 [0.00017 0.00003 0.00004 0.00003| 1627.5 341.2 3608 3127|284 117 126 132

2 7158 2645 2462 2022 |0.00034 0.00008 0.00008 0.00007) 33333 7824 6657 6657|225 102 1.27 1.16

3 1169.6 436.6 407.0 3324 [0.000550.00010 0.00012 0.00011] 5411.8 10392 1196.1 1039.2] 2.1 081 1.00  1.04

5 2169.1 818.2 7682 6227 (0.00090 0.00022 0.00021 0.00021| 8843.1 2098.0 20938.0 2098.0( 1.97 0.89 0.83 0.94
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8.3.3 Equivalent Static Load and Dynamic Magnification Factor

To estimate the equivalent static load (ESL) corresponding to a particular impact velocity, a
concentrated load at the centre (point of impact) is applied and adjusted the yield a central
displacement equal to the maximum dynamic displacement. It is further explored to estimate the
magnitude of the central displacement when the peak contact force is applied at the point of
impact as a static concentrated load. The central displacement obtained under such a load when
divides the maximum dynamic displacements yields dynamic magnification factor (DMF).The
variations of maximum contact force, maximum dynamic displacement and equivalent static load
(ESL) with impact velocity, shown in Figure 8.4 and Figure 8.5, are almost linear and are
increasing functions of impact velocity. However, the dynamic magnification factor (DMF) and
the impact velocity shows a logarithmic detrimental relation with impact velocity. This enables

the designer to practice the static approximation of the problem.
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8.3.4 Comparative performance of angle ply and cross ply shell

The behavior of the impact response of simply supported cross (SS/CP) and angle ply (SS/AP)
shell may be studied through Figure 8.2 and Figure 8.3 and Table 8.2 and Table 8.3. The nature
of contact force and dynamic displacement for SS/ CP shell is more or less similar to what is
discussed before for SS/AP shell. One interesting difference is that for SS/ CP shell the peak
dynamic displacement does not only show a phase lag with respect to the peak contact force but
by the time displacement value reaches the peak, the contact force value dies down totally. This
shows that the after-effect of impact are some times more severe than the shell response during

the impact and study of displacement variation even after the contact force decays to a null value
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is absolutely necessary. However, after passage of some more time the subsequent local maxima
which are obtained do not touch the peak.

The dependence of the maximum contact force, the peak dynamic displacement and the
equivalent static load (ESL) on the impactor velocity in case of simply supported cross ply (SS
/CP) shell are comparable to what is observed in case of simply supported angle ply (SS/AP)
shell.

While comparing the equivalent static (ESL) load it was observed that the value of the same is
little higher in case of SS/AP shell option and difference increases with increase of impact
velocity. Difference of ESL value between two shell options remains more or less same with
change of impact angle.

When dynamic magnification factor (DMF) was compared between two shell options it was
found that dynamic magnification factor is higher in case of SS/AP shell in compare to SS/CP
shell. It is interesting to note that DMF value sometimes is less than unity in case of oblique

impact with high impact velocity.

8.4 CONCLUSIONS

The following conclusions can be drawn from this study:

1. The present formulation can be applied to study the response of simply supported composite
skewed hypar shell under oblique impact, which is evident from the close agreement of the
present results with the published one.

2. Under the influence of low velocity oblique impact the contact force shows a parabolic
combined loading and unloading curve with a single peak for simply supported shell
considered here for all values of impact angles. Higher magnitude of impact velocity results

in higher value of the peak contact force. However, due to a sharp elastic rebound the total
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duration of contact force is less for higher velocity of impactor. Value of the peak contact
force decreases with increase in angle of impact. Such decrement occurs in case oblique
impact as only a component (vertical) contributes in normal impact.

The time instants at which the maximum contact force and the maximum dynamic
displacement occur show a phase difference and interestingly in some cases the maximum
displacement and hence stresses may occur even after the contact force dies down totally
.Thus it is concluded that the study should be continued only up to the time when the major
peaks of the dynamic displacement die down and not up to the full decay of the contact force
only.

The maximum contact force, the peak dynamic displacement and the equivalent static load
are all increasing functions of impactor velocity, the relations being almost linear. However,
the dynamic magnification factor shows a logarithmically decreasing tendency with increase
of the velocity of impact.

For SS/ CP shell the peak dynamic displacement does not only show a phase lag with
respect to the peak contact force but by the time displacement value reaches the peak, the
contact force value dies down totally. This shows that the after-effect of impact are some
times more severe than the shell response during the impact and study of displacement
variation is required even after the contact force decays to a null value

Equivalent static (ESL) load is little higher in case of SS/AP shell than in case of SS/CP and
the difference increases with increment of impact velocity. This confirms that the SS/AP

shell performs better in terms of load carrying capacity.
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7. Dynamic magnification factor is higher in case of SS/AP shell compared to SS/CP shell. It is
interesting to note that DMF value sometimes is less than unity in case of oblique impact

with high impact velocity.
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Chapter 9

CONCLUSION AND FUTURE SCOPE

9.1 GENERAL

In this chapter a general conclusion on the outcome of the present thesis and the significant

contribution made by the author through the present study is presented. The chapter ends with

the future scope of the present work.

9.2 GENERAL CONCLUSION

Considering the results presented and analyzed in the present study in different chapters

following general conclusion may derived.

1.

Close agreement of the results obtained by the present method with those available in the
published literature establishes the correctness of the approach use here.

Under the influence of the low velocity impact the contact force shows a parabolic
combined loading unloading curve with a single peak for the practical class of shells
considered in this study. Higher magnitude of impact velocity results in higher value of
the peak contact force. However, due to a sharp elastic rebound the total duration of
contact force is less for higher velocity of impactor.

The time instants at which the maximum contact force and the maximum dynamic
displacement occur show a phase difference and interestingly in some cases the
maximum displacement and hence stresses may occur even after the contact force dies
down totally .Thus it is concluded that the study should be continued only after when the
major peaks of the dynamic displacement die down and not after the full decay of the

contact force only.
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. The maximum contact force, the peak dynamic displacement and the equivalent static
load are all increasing functions of impactor velocity, the relations being almost linear.
However, the dynamic magnification factor shows a logarithmically decreasing tendency
with increase of the velocity of impact.

. Though the symmetric and asymmetric plies show comparable performance, angle ply
shell performs bit better than cross ply shell.

. The displacement histories of several other nodes are studied along with the node of
impact. Interestingly in some of the nodes, other than node of impact, the displacement
at some instant exceed the same occurring at the point of impact. Though such
displacements will never govern the design as they are always less that the absolute
maximum displacement occurring at the point of contact.

. Increase or decrease in boundary constraints may not be the only governing factor of
deflection characteristics of a shell but increase in boundary constraints gives better
performance under impact load but it should also comply with the other functional
requirements of the site.

. It is interesting to note that DMF value sometimes is less than unity in case of oblique

impact with high impact velocity.

9.3 SIGNIFICANT CONTRIBUTION MADE THROUGH PRESENT THESIS

A skewed hypar shell which is easy to be fabricated apart from being aesthetically appealing

should find greater application in the industry as felt by the author. The principal contribution of

the author lies in carrying out an in-depth study of laminated composite skewed hypar shell

subjected to impact loading by varying parameters like staking sequence, boundary condition,
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impact velocity and angle of impact. A thesis in engineering on shells should preferably end up
with suggesting pin pointed recommendations which will help confident use of the shell in
practical field. The ranks proposed in the present thesis for choosing the optimum shell option
among a number of choices in terms of contact force, impact deflection, equivalent static load
and dynamic magnification factor should act as design aids to practicing engineers. In a nut shell,
the contribution made through the present work is about exploring the impact behavior of a shell
configuration not reported in the past and suggesting design guidelines to practicing engineers to
use those shells confidently for which design codes are not available.

9.4 FUTURE SCOPE

Impact on composite shell surface may lead to localized damages in forms of delamination and
failure of matrix or fiber. The present work may be continued to explore these post impact
effects. Linear and nonlinear first ply failure and progressive failure analyses may be carried out
under impact loading as an extension of the present research. The complicated aspects like
impact induced dynamic instability problems and analyzing shells having different edges with
different constraints may be taken up for future study. These are indicative areas where future

research may be carried out and the above list is not exhaustive.
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