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Quantum Mechanics - ¥I
o ~ Paper:HO-12 —
Time:Twohowrs .~  Full Marks : 50 -

Us_e.'separ_ate'AﬁSWer,S‘cri-p‘tifor each group -

GROUP- A (25 miiks)

Answer any faur questlons

- | (1) Con51der the followmg 2x 2 matrix gwen by:

10 -

- Find its eigenvectors and eigenvalues, and hence diagonalize it.

(2) ‘Consider the stmonary stai‘eq of a pmholv in an mﬁmfdv deop aqmro (poten-
tial) well (of width 2L, and btretchmg from 1 = —~L bo z =L} and let the lmtm,l
(t=0) wave—ftmctzon of the partlcle be given by:

Ginbe ) = Afue) bl

wlhere ug and »; are the normalized g g:ound state and the first m:cxted states of that -
._pa,ltu.lc Obain the wave-function ¥z, £) for any later time £ > 0 and show that the
- probability |¥(z, t)]2 is an oscxllatmg function of time.

(3). In the operator approach to the Id- quantum harmamc oscillator, the n
exmted state is created from its ground state [0 > by the prescrxptlon

(jl ]0>

]n.>




ar

“value of [Z, 7y

- Show that the states thus generated are orthonormal, ie  <-mjn > = - (Here .
- -the symbols have their usual meaning and the second quantlzatxon operators obeys
. the commutation relation:  [a,af] = 1 | S

(4). W'ha't‘ do you understand by the Pm*z'iy' of a State? What are the properties of . o

the Parity operator / in giantum mechanics? If I comimutes with the Hamiltonjan
“show that the exgux—staces of the: bystem must- also hawe definite pauty Are the' S
angular ruonentum operators paraty mvamant? e - : :

(5).At & given time; a particle is in state [, > .-givén by

7a? )

: {\i .2
|tho > = (-—— e 2t

A measurement of its momentum is made. What, is 1he probablhty of gottmcr an -

fl.

answer within & swall range Ap = 5 and: cenlred around h.e velue Bfa'?

{8}, Define an ‘Z*Iermﬁ an operator, snd show that its e gen alues are always real, -
) P

Sta,rtmg from the fundamental commutation. rela.mo [
2, w here N'is an integer. - -

)

| =ik, calculate the

-('F) Starting Erom the time-c ependent Schrodmger equatlon, obtam the equatlon:
- of contlnuxty .

% ,

g P Vi=0

© wherep = [ d3:c [ {z, )]* and the cirrent depsity j 7 have their usual meanings. In

the light of this equation of contmulty, discuss the interpretation of [¥| in quantum- '

' mechanics.




- MakriX, pui; satisfies the von Neuménn equation.

. (a) By using the expression of grand partition function, - |
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~Answer any five questions.

. In the grand canonical ensemble theory, (a) dérive the expression of probability (P.y) of the

system having energy Ey and particle number Ny whet it is in equilibrium with the raservoir._
(b) Show that entropy can be expressed as S = —kg Y, P,y In P, o [s+2=8)

. Let the mixed state density MatTiX, Py, of & mixed state be defined as & Weighted- sum of

Py like prgy = i Piy where 2 be a‘pure state density matrix of a pure state vector, |y;)
and 3 p; =1, (a) Hence, show that Tr(p2,) < 1. (b) Prove that the mixed state density

[3+2=5]

Q= izﬁ.’ Zlé—ﬁi:cﬁfie, (Where Z"rzﬁ = N) ., '
N=O {n:} ‘ : . ‘ € ‘ a

for ideal gases or by any other mea

s show that the expression of mean occupation number
7 of energy level ¢ is B '

1
. . zrlefeyg’
(b) Derive the expression of relative mean square fluctuation:

fie =

. . M = :1— - a.
. "n,f e
Explain the significance of two terms-in the right hand side. 2+ {2+1)=5]

. (&) By assuming that the chemical reaction occurs-at constant temperature, T' and pressure,

P and by minimizing the total Gibbs's potential due to the -constituent reactants derive
the condition of chemical equilibirium. - (b) Derive the law of mass action to achieve the
equilibrium of chemical reaction in gaseous mixture where the grand partition function for
the m-~component mixture is: : ' :

o rﬂ! . s V i
Q=J]Qu Q=cB0) 71y - X3 ™).
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Symbols have the usual meanings. B | - '[2+3==51

. (a) Show that the total partition function of a single hydrogen atom is ZH(i) eﬁR, Where

R i3 the Rydberg constant. (b) Consider the ionized hydrogen gas at high en()ugh temperature

where ionization and recombination lead to the equlhbrlum governed by H = p'*‘—l-e Derive

-the Saha equation in the equ111br1um - e
Ty Ne.__ g AR

- _ 3 13
. A3

:'Symbols have their usual meanings. o B .'}__[2-1'-3=S_].'

. By using the following relaL1onsh1ps valid for the 1deaI Bose gas

PV e B 1
m?*jﬁjhl-—ze ﬁ.) ‘and NI:ZWZ_‘leﬁE:T’

where ¢ is.the single particle energy, z = /%27 and f~* = L,BT show that when the volume'. .

V is very large, the above relationships can be expressed as,

P gs(z) N—Ny 92(2) ~
i = mZee gnd — == -
kel M % PO

\évhere A= ip/ﬁﬂ'mkﬁT and the Bose-Einstein function, g,(#) is defined as

(2) = 1 /’x’ ot dx
IAEI= ') Jo z=le? — 1]

: Other symbols have the usual meanings. ' ' - . '[3+2=5] :

. For the ideal Fermi gas we know that N V. =g f312(2) //\3 and B = Nk_BT Fs72(2)/ fape(2)..
By using the following asymptotic expansions of f,(z) valid at low temp_era.tme: _ o

| I 715/ ' i
pite) = G [t e o | ot = G 1

2 .. r
+-7T8-—(lnz)"2+---]-,

show that (a) ksTInz = ep (1 - B (Z)%), (b) £& = Z £, where er = (;2 )2/3(%) = ksTy.
' Symbols have their usual meamngs ' _ [3+2=5]

. Derive the expressmns of both (¢) and (a&) for a 5pm—— particle i in a magnetm field a.long the
z direction, i, e., B = B2. A _ B A 5]
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