Ex/M.Sc¢/M/1.2/32/2018

MASTER OF SCIENCE EXAMINATION, 2018
(1st Year, 1st Semester)
MATHEMATICS
Unit-1.2
(Real Analysis)

Full Marks : 50 Time : Two Hours

The figures in the margin indicate full marks.

Answer question no. 1 and any three from the rest.

1. Give an example of an uncountable set with Lebesgue

measure zero. 2

2. (a) Define a Lebesgue measurable set. Show that (a, OC]

is Lebesgue measurable. 1+4

(b) Prove that following are equivalent

(1) E c R 1s Lebesgue measurable.

(i) For any €>0, there is an open set O D E such

that M*(O—E)<E.
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(i) There is a Gg-set G D E such that
n*(G-E)=0. 6

(c) If A is an open interval containing £, then show that

n(A)=p"(E)+u (A\E). 5

3. (a) If fand g are Lebesgue measurable functions then show
that f + g 1s also Lebesgue measurable. 3

(b) For a bounded measurable function f prove that there
exists a sequence of simple functions {f,, }n such that

£, — £ uniformly. 6

(c) For a ring R, prove that M(R) = S(R), where M(R)

and S(R) are the monotone class and ¢ -ring generated
by R. 7

4. (a) Define an outer measure u*. For any E € H (R), show
that

W' (E)=inf {5(F):EcF, FeS(R)}
=inf {W(F):ECF, FeS},

where symbols have their usual meanings. 1+5
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(b) In a set of finite Lebesgue measure E, prove that

fn— f ae implies f, — f in (m) where f,, f are
all measurable functions on E. 5

(c) Define almost uniform convergence. If f,, f are

measurable and f, — f a.u. then show that f, — f

ae and f, = f in (m). 5

5. (a) For a bounded measurable function f defined on a

measurable set £ of finite Lebesgue measure prove that

[g fdu=0iff f=0 ae. 4

(b) State and prove Monotone Convergence Theorem.
1+6

(c) Prove that f is a function of bounded variation on

[a, b] iff f can be expressed as the difference of two

monotone increasing functions. 5

6. (a) If a bounded function f on [a, b] is Riemann integrable

on [a, b] then show that f'is Lebesgue integrable on

b b
[a, b] and RJ.f :LJ.f. Is the converse true ? Justify

a a

your answer. 8+1

[Turn over]

4/102 -160



[ 4]
(b) If f is Lebesgue integrable on [a, b] and
X
F(x):J.f du for all xe[a, b] then prove that

a

F’(x) exists and F'= f a.e. in [a, b]. 7
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