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Abstract 

Cracks in engineering structures pose a significant threat to their integrity, leading to the 

propagation of the cracks and potentially catastrophic failure. These cracks, often originating 

from stress concentrations or material defects, weaken the structure, reduce its load-bearing 

capacity, and accelerate fatigue failure. Consequently, effective crack repair and structural 

health monitoring are crucial for ensuring the safety and longevity of critical components. 

Previous research has primarily focused on static crack repair using piezoelectric materials, 

demonstrating their ability to reduce stress intensity factors (SIF) under static loading. 

However, a comprehensive analysis of fatigue life enhancement, incorporating both the active 

and passive effects of piezoelectric patches, remains largely unexplored. Specifically, the 

passive stiffening effect of the patch and the combined "hybrid" repair effect have not been 

analytically modeled and validated against finite element (FE) solutions. Additionally, these 

repair techniques are not yet utilized for complex structures like cracked I-beams, cracks 

emanating from the elliptical hole, arc-shaped cracked specimens, cracked plates under 

bending, etc.   

This thesis aims to develop and validate analytical models for passive, active, and hybrid crack 

repair using piezoelectric materials to enhance fatigue life under cyclic loading. The primary 

objectives are to develop analytical models that accurately predict the SIF and fatigue crack 

growth rate (FCGR) in cracked plates and beams repaired with piezoelectric patches under 

various loading conditions. Additionally, this thesis aims to investigate the individual and 

combined effects of passive stiffening and active actuation on crack behavior and to conduct a 

parametric study to determine the optimal thickness and voltage application to the piezoelectric 

actuators for maximum crack mitigation and fatigue life extension. At last, the developed 

analytical model is validated against finite element (FE) simulations using ABAQUS.  

The methodology employed in this thesis is based on linear elastic fracture mechanics (LEFM) 

principles. The SIF is calculated using established solutions for cracked structures, and the 

weight function method (WFM) and crack surface widening energy release rate are used to 

determine the SIF induced by piezoelectric actuation. The passive effect of the piezoelectric 

patch is determined using Rose’s equations. The superposition principle combines the effects 

of mechanical loading and piezoelectric actuation. Fatigue crack growth is predicted using the 

standard crack growth model, considering various stress and voltage ratios.  
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The analytical models developed in this thesis were rigorously validated against FE solutions 

obtained using ABAQUS software. This validation process involved comparing the calculated 

SIF and fatigue life predictions with the FE results under various loading conditions and repair 

configurations. The consistency between the analytical and FE results confirms the accuracy 

and reliability of the proposed models. 

The main findings of the thesis demonstrate that piezoelectric patches, particularly in hybrid 

repair configurations, significantly reduce SIF and extend fatigue life. Hybrid repair, combining 

passive stiffening and active actuation, consistently outperformed individual passive or active 

repair methods. Active repair using strategically placed piezoelectric actuators mitigates crack 

propagation in various structural geometries, including plates with elliptical holes, arc-shaped 

specimens, and I-beams. The parametric studies revealed that thin actuators are optimal for low 

mechanical loads, while thick actuators perform better under higher loads as they are prone to 

mechanical failure. Furthermore, applying external voltages to piezoelectric actuators induces 

controlled deformations, significantly reducing FCGR and enhancing structural integrity. This 

research provides a robust context for designing and implementing effective piezoelectric-based 

crack repair strategies, contributing to developing safer and more durable engineering 

structures. 
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Nomenclature 
K୍ SIF of the cracked specimen without repair 

K୔ SIF after passive repair 

K୔
∗  Modified SIF of passive repair after considering bending effect 

K୔୧ୣ୸୭ SIF due to the actuation of the piezoelectric patch 

K୅ SIF after active repair  

Kୌ SIF after hybrid repair  

K୍
୑౛ SIF due to mechanical loading for an I-beam 

K୍
୑ౌ 

SIF due to bending moment produced by the piezoelectric actuation for 
an I-beam 

K୍
୊ౌ 

SIF due to axial load produced by the piezoelectric actuation for an I-
beam 

K୍
୔୧ୣ୸୭ Total SIF due to the piezoelectric actuation for an I-beam 

K୍
୘୭୲ୟ୪ Total SIF after repair for an I-beam for an I-beam 

K୫ୟ୶ Maximum SIF corresponds to maximum stress   

K୫୧୬ Minimum SIF corresponds to minimum stress   

∆K SIF range (K୫ୟ୶ − K୫୧୬)  

∆K୲୦ Threshold SIF range ൫MPa√mm൯ 

K୰ Reference stress intensity factor 

K୍େ Fracture toughness  

𝑎 Crack length 

𝑎௖ Critical crack length 

𝑎௢ Initial crack length 

𝑐 Length of the crack emanating from elliptical hole 

F ቀ
a

W
ቁ Non-dimensional geometry correction factor (GCF) for double edge 

cracked plate 

𝐹ଵ ቀ
௔

ௐ
ቁ and 

𝐹ଶ ቀ
௔

ௐ
,
௑

ௐ
,
ௐ

ோ
ቁ 

Non-dimensional geometry correction factor (GCF) for arc-shaped 
specimen 

F ቀ
a

h
ቁ Non-dimensional geometry correction factor (GCF) for edge cracked 

plate under bending 

W Half-width/width of the specimen  

A Cross-sectional area of specimen (m2) 

t Thickness of the specimen 

E Young’s modulus of the specimen 

Aୖ Cross cross-sectional area of the patch 
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E୔ Young’s modulus of the patch 

t୔ Thickness of the patch 

W୔ and L୔ Half-width/width/length of the patch 

H୔ and h୔ Height of the patch 

T Width of the distributed electrode  

dଷଵ Piezoelectric strain coefficient (m/V) 

G୅  Shear modulus of the adhesive material  

t୅ Adhesive thickness 

𝑎ଵ Semi-major axis of elliptical hole 

𝑏ଵ Semi-minor axis of elliptical hole 

t୵ Thickness of the web portion of the I-beam.  

t୤ Thickness of the flange of the I-beam 

h୵ Height of the flange of the I-beam 

W୤ Width of the flange of the I-beam 

Y୬ୡ 
Change in the location of the neutral axis for the cracked and un-cracked 
sections 

h Height of the plate 

L Length of the plate under bending 

S Stiffness ratio 

cത Physical parameters related to passive repair 

k spring constant 

y୫ୟ୶  The distance of the extreme fibers of the cracked plate from the neutral 
axis 

C୫ 
Coefficient depends on the structure's geometry for a plate containing 
elliptical hole 

I୔୪ୟ୲ୣ  Moment of inertia of the plate  

I୔ୟ୲ୡ୦  Moment of inertia of the patch 

I Moment of inertia of the I-beam 

n  Ratio of modulus of elasticity 

ℎ(𝑥, 𝑐) and  
ℎ(𝑥, 𝑦, 𝑎) 

Weight function 

u୰(x, c) Crack opening displacements 
ୢୟ

ୢ୒
, 
ୢୡ

ୢ୒
 Fatigue crack growth rate (FCGR) 

C,m, p and q Constant related to fatigue crack growth model 

Mୡ Bending moment at the cracked section of the I-beam 
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Mୣ Bending moment due to the mechanical load on the I-beam 

M௔ and M୔ Bending moment produced due to the piezoelectric actuation 

M Bending moment produced in a plate under bending 

F୔ 
Force developed in a structure due to the actuation by bonded 
piezoelectric actuators 

N Axial force applied to the I-beam.  

P Point load on the cracked plate under three point bending scenario 

V Applied voltage 

V୫ୟ୶ Maximum applied voltage  

V୫୧୬ Minimum applied voltage  

∆V Difference in voltage (V୫ୟ୶ − V୫୧୬)  

υ  Poisson’s ratio of the specimen 

β  Shear stress transfer length 

σ୔୧ୣ୸୭(x) Stress produced by the piezoelectric patch  

𝜎௣ Bending stress produced by piezoelectric actuation 

(σ୔୧ୣ୸୭)୫ୟ୶ Maximum stress produced by the piezoelectric patch under V୫ୟ୶ 

(σ୔୧ୣ୸୭)୫୧୬ Minimum stress produced by the piezoelectric patch under V୫୧୬ 

∆σ୔୧ୣ୸୭ Range of stress produced by the piezoelectric patch [(σ୔୧ୣ୸୭)୫ୟ୶ −
(σ୔୧ୣ୸୭)୫୧୬] 

σ୫ୟ୶ Maximum applied stress  

σ୫୧୬ Minimum applied stress  

∆σ Stress range (σ୫ୟ୶ − σ୫୧୬) 

σ଴ Uniaxial tensile load 

𝜎 Stress developed in a plate under bending 

σ୔ Reduced stress at the crack plane after fixing the patch 

σୖ Stress developed in the patch 

σ୷ Stress distribution along the loading direction in the presence of elliptical 
hole 

σ଴ Tensile stress 

ρ 
Radius of curvature or the radius of the auxiliary circle at a point on the 
ellipse 

Λ Piezoelectric strain  

ψ Non-dimensional parameter related to stress developed by piezoelectric 
patch 

α A constant related to piezoelectric stress  

ζ and ξ Parameters related to the geometry of the I-beam 
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λଵ, λଶ, ηଵ and ηଶ Parameters related to the beam geometry and crack length  

 

Subscripts 
c Cracked-section of the I-beam 

uc Uncracked-section of the I-beam 

s Specimen 

p Piezoelectric patch 

 

Abbreviations  
AR Aspect ratio of the elliptical hole 

BCF Bending Correction Factor 

FCGR Fatigue Crack Growth Rate 

GCF Geometry Correction Factor 

LEFM Linear Elastic Fracture Mechanics 

SIF Stress Intensity Factor  

WFM Weight Function Method 
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Chapter 1 

INTRODUCTION 

1 Introduction 

1.1 Background and Motivation 

Structural integrity is a critical concern across various engineering disciplines, as 

components and structures are subjected to cyclic loading, environmental effects, and 

operational stresses that can lead to crack initiation and propagation. Cracks are harmful to the 

performance and longevity of structural components, leading to catastrophic failures if not 

addressed efficiently. The presence of cracks significantly reduces the load-bearing capacity of 

structures, accelerates material degradation, and, in many cases, results in unexpected 

breakdowns. Understanding the behavior of materials under these conditions is essential for 

designing reliable and safe structures that can withstand these challenges. Engineers must 

carefully analyze and predict how different materials will respond to these factors in order to 

prevent catastrophic failures. By effectively repairing cracks in structures, engineers can 

prolong the lifespan of the materials and prevent further deterioration. Therefore, the 

development of efficient crack repair techniques is imperative to ensure the safety, reliability, 

and service life of engineering structures. 

Cracks in structural components can originate from several sources, including 

manufacturing defects, material imperfections, thermal stresses, fatigue loading, and accidental 

impacts. Once a crack forms, it propagates under cyclic loading, leading to progressive material 

failure. The severity of a crack depends on several factors, including its size, shape, location, 

and orientation relative to the applied load. Cracks tend to grow due to stress concentration at 

their tips, accelerating structural degradation. The stress intensity factor (SIF) governs crack 

growth behavior, and if it exceeds the critical fracture toughness of the material, rapid fracture 

can occur. Structural failures due to fatigue cracks have been widely recognized in aerospace, 

automotive, civil, and marine engineering applications. Aircraft fuselage components, bridges, 

offshore platforms, and railway tracks are particularly susceptible to fatigue-related failures. 

Cracks can cause catastrophic consequences without appropriate mitigation strategies, leading 

to human casualties, financial losses, and environmental hazards. Thus, developing robust crack 

repair methods is essential to enhance the fatigue life of structures and prevent failures. 
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Mitigating the effects of cracks is crucial to extending the service life of structural 

components and ensuring operational safety. Several strategies have been developed to address 

crack formation and propagation, including routine inspections, damage detection techniques, 

and active and passive repair methods. Crack repair methods aim to arrest crack growth, reduce 

stress concentration at the crack tip, or enhance the structural integrity of the damaged 

component. Traditional repair techniques, such as composite patching, stop-hole drilling, 

welding etc. have been extensively used, but they have inherent limitations that demand 

exploring more advanced and efficient repair methods. 

The need for durable structures across various engineering fields has significantly 

influenced the evolution of crack repair techniques. Initially, manual methods like riveting and 

mechanical fastening were prevalent for aircraft and ship repairs in the early 20th century. The 

mid-20th century saw the rise of welding, which provided a more substantial solution for 

repairing metallic components. By the late 20th century, composite patch repair techniques 

gained attention, especially in aerospace applications where weight reduction and fatigue 

resistance were critical. Composite patching is a prominent method for repairing cracked 

metallic and composite structures, introducing adhesive bonding technology allowed for the 

practical application of composite patches, marking a pivotal advancement in repair 

methodologies, utilizing bonded composite patches to redistribute stresses and mitigate stress 

intensity factors at crack tips. These patches are favored in aerospace and marine applications 

due to their high strength-to-weight ratios and excellent fatigue resistance. However, their 

effectiveness is influenced by adhesive properties, patch thickness, bonding processes, and 

environmental factors such as moisture absorption and temperature fluctuations, which can 

compromise long-term performance. In contrast, welding is a traditional repair technique that 

restores structural integrity by fusing cracked regions through heat application, followed by 

post-weld treatments to alleviate residual stresses. Despite extensive use across various 

industries, welding presents challenges, including potential alterations to material 

microstructure, the introduction of residual stresses, and the creation of heat-affected zones that 

may lead to new cracks under cyclic loading. Furthermore, welding is not universally 

applicable, particularly for high-strength alloys and fatigue-sensitive components. 

Concurrently, stop-hole techniques became popular for their cost-effectiveness in halting crack 

propagation in infrastructure maintenance. The stop-hole method offers a straightforward and 

cost-effective approach to halt crack propagation by drilling a hole at the crack tip and 

redistributing stress concentrations. While this technique is easy to implement, it serves only as 
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a temporary fix, as cracks can re-initiate from the drilled hole edges, and it does not enhance 

the structural strength of the component, limiting its use in critical applications. Shape memory 

alloys (SMAs) were introduced in the early 21st century as a self-healing mechanism that can 

return to its original shape upon heating, making them a promising solution for crack repair and 

enhancing crack mitigation strategies. SMAs can apply compressive forces to crack surfaces 

when integrated into cracked structures, reducing stress intensity and preventing propagation. 

Despite their self-healing capabilities and adaptability, the application of SMAs is constrained 

by high costs, complex manufacturing, and the necessity for precise temperature control to 

activate their properties. Recently, piezoelectric actuators have emerged, providing real-time 

stress control and adaptive repair capabilities. Integrating innovative materials, real-time 

monitoring systems, and automated technologies have transformed crack repair methodologies, 

advancing the way for more efficient and sustainable engineering solutions.  

Piezoelectric materials, which can convert electrical energy into mechanical strain, have 

emerged as a promising solution for active crack repair over conventional methods. Unlike 

passive repair methods, piezoelectric actuators offer real-time control over stress distribution in 

cracked structures. Piezoelectric actuators induce strain in the material by applying an external 

voltage, counteracting the stress concentration at the crack tip, and effectively reducing the 

stress intensity factor (SIF). This approach enables adaptive crack repair, providing a dynamic 

and efficient solution to mitigate crack-related failures. Furthermore, integration with structural 

health monitoring (SHM) enables real-time crack growth detection and mitigation, with the 

actuators adapting to changing load conditions via voltage adjustments to prevent further 

propagation. Piezoelectric actuators' lightweight and non-intrusive nature minimizes structural 

design modifications, contrasting with welding or composite patching methods, which may 

alter material properties or increase weight. Consequently, these actuators' continuous stress 

distribution adjustment significantly enhances structural integrity, particularly in applications 

with repeated loading cycles, such as aerospace and automotive structures. Finally, their 

minimal energy requirements and potential for integration with renewable energy sources, like 

vibration energy harvesting, contribute to energy efficiency and sustainability in long-term 

applications. 

This thesis is motivated by the critical need for effective crack repair techniques to ensure 

the safety and longevity of engineering structures subjected to cyclic loading and environmental 

effects.  Traditional crack repair methods have limitations, prompting the exploration of more 

advanced solutions. This thesis investigates the potential of piezoelectric actuators for active 
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crack repair, aiming to leverage their ability to dynamically control stress distribution and 

enhance fatigue resistance in cracked structures. This approach seeks to overcome the 

limitations of passive repair methods and provide a more efficient and sustainable solution for 

structural health management. 

1.2 Literature Review 

Traditional repair methods like welding and bolting face stress concentration and durability 

limitations. Modern research explores innovative solutions, such as shape memory alloys and 

piezoelectric actuators, which enhance structural performance. Piezoelectric actuators enable 

real-time stress mitigation and load redistribution, which have been proven effective through 

various studies. An extensive literature review in connection to the related area of work in the 

present thesis is explained in the current section. This literature review explores the role of 

fracture mechanics associated with the repair technique as the repair capability is assessed 

through the reduction of the stress intensity factor (SIF), followed by the discussion of the 

current state of research concerning different aspects of repairing structural components with a 

specific focus on the application of piezoelectric actuators.  

1.2.1 Significance of Fracture Mechanics in Repair Technique Evaluation 

The evaluation of structural repair techniques for cracked components is fundamentally 

based on fracture mechanics and fatigue crack propagation principles. Cracks significantly 

reduce the load-bearing capacity of the structure and increase the risk of failure, particularly 

under cyclic loading conditions. Fracture mechanics offers a comprehensive analytical 

framework for understanding crack initiation and propagation, allowing for the quantification 

of the forces driving these processes. Fatigue crack propagation occurs over time due to 

repeated stress cycles and is crucial for measuring long-term structural integrity. When a crack 

forms, it creates a stress concentration at its tip, leading to potential propagation if the stress 

intensity factor (SIF, KI) exceeds the fracture toughness (KIC) of the material. This critical limit 

is a key material property that predicts failure conditions [Dowling et al. (2021)]. The analysis 

of crack behavior typically employs Linear Elastic Fracture Mechanics (LEFM) and Elastic-

Plastic Fracture Mechanics (EPFM). LEFM is suitable for scenarios where the tiny plastic zone 

at the crack tip allows linear elastic analysis. Conversely, EPFM is necessary for cases involving 

significant plastic deformation, often seen in ductile materials or under high loads. The J-

integral in EPFM quantifies the energy available for crack growth, while the energy release rate 

(G) defines the energy available for crack extension per unit area. Crack propagation becomes 
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likely when G exceeds its critical limit (GC), which can lead to catastrophic failure [Anderson 

(2017), Broek (1982)]. Non-destructive testing (NDT) methods, such as ultrasonic and 

radiographic testing, are essential for evaluating the integrity of repaired structures and 

monitoring crack growth. These techniques enable early defect detection, facilitating proactive 

maintenance. By integrating fracture mechanics with NDT, decision-making is enhanced, repair 

strategies are optimized, and overall structural reliability is improved [Ahmad and Bond 

(2018)].   

The Stress Intensity Factor (SIF) is a critical parameter in fracture mechanics that 

characterizes the stress state near a crack tip and is essential for predicting crack growth and 

fatigue life [Anderson (2017)]. Accurate SIF calculations inform whether a crack will propagate 

or remain stable under applied loads. Various methods have been developed for SIF 

determination, including analytical, numerical, experimental, and hybrid techniques like the 

weight function method and the superposition principle, each with distinct strengths and 

limitations based on crack configuration, material properties, and loading conditions. Analytical 

solutions provide exact SIF expressions for simple geometries, typically derived from linear 

elastic fracture mechanics (LEFM). The most prevalent analytical approach stems from Irwin’s 

(1957) stress field equations, utilizing conformal mapping, Westergaard functions, or complex 

variable techniques [Tada et al. (2000)]. Solutions exist for standard cases, such as edge-cracked 

plates and center-cracked panels, but these methods are limited to idealized geometries and 

loading conditions. Although analytical methods yield quick results, their application is 

confined to scenarios with well-defined boundary conditions. Numerical methods, particularly 

Finite Element Analysis (FEA), are extensively used for complex geometries and loading 

conditions. FEA computes stress fields near crack tips using mesh refinement strategies, 

including quarter-point and singularity elements [Raju and Newman (1979)]. Techniques like 

the J-integral, displacement correlation method, and virtual crack closure technique (VCCT) 

are commonly employed for SIF extraction [Anderson (2017)]. The accuracy of FEA depends 

on mesh density and element type, with adaptive meshing strategies enhancing precision. The 

Boundary Element Method (BEM) is another effective numerical approach, particularly for 

infinite domains, requiring discretization only on boundaries [Aliabadi (2003)]. Despite being 

computationally intensive, numerical methods offer high accuracy and flexibility for real-world 

applications. Hybrid approaches combining FEA and BEM have been explored to leverage the 

strengths of both techniques. The weight function method provides rapid SIF estimation across 

various loading conditions without extensive computational resources, although its 
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applicability relies on precomputed weight functions [Shivakumar and Raju (1992)]. The 

superposition principle simplifies complex loading scenarios by decomposing them into 

simpler cases with known SIF solutions, which is beneficial for mixed-mode fracture analysis 

[Rice (1968)]. SIF calculation methods have evolved from classical analytical techniques to 

advanced numerical and experimental methodologies. The method choice hinges on the 

geometry's complexity, loading conditions, and required accuracy. While analytical and weight 

function methods are efficient for simpler cases, numerical and experimental techniques offer 

greater flexibility for real-world applications, with ongoing developments in hybrid methods 

enhancing SIF determination in engineering practice. This literature review focuses on applying 

Digital Image Correlation (DIC) in experimental studies to determine Stress Intensity Factors 

(SIF) in various materials, highlighting the limited use of PZT for reducing SIF and enhancing 

damage performance. DIC has been recognized for accurately capturing 2D and 3D strain 

fields, making it suitable for SIF calculations [Tavares et al. (2014)]. Hamam et al. (2007) 

utilized DIC to assess SIF variations in a steel specimen during fatigue cycles, employing a 

decomposition of displacement fields onto elastic fields. Mogadpalli and Parameswaran (2008) 

extended this approach to orthotropic composite materials, analyzing edge-cracked 

unidirectional fiber composites under tensile loads. They recorded displacement fields using 

DIC to determine SIF. Richter‐Trummer et al. (2010) introduced a methodology for in situ SIF 

determination in damaged structures, combining DIC with an overdetermined algorithm to 

enhance measurement accuracy and address rigid body motion challenges. Further applications 

of DIC include studies on crack propagation in materials such as pure titanium [Mathieu et al. 

(2012)], where SIF was assessed alongside T-stress and plastic zone size. Tasdemir (2013) 

employed a single edge-notch bend test on polycarbonate to simultaneously measure mode I 

SIF, capturing force, displacement, and near-crack images. Tavares et al. (2014) integrated 

experimental and numerical methods to evaluate SIF for modes I and II based on Linear Elastic 

Fracture Mechanics (LEFM). Roux-Langlois et al. (2015) simulated fatigue crack growth using 

Williams’ series, validating experimental data through DIC and X-FEM methods, while Harilal 

et al. (2015) focused on SIF determination in Al 2014-T6 alloy specimens using DIC to analyze 

strain fields around cracks. Gonzáles et al. (2017) explored SIF and pseudo-SIFs in fatigue 

cracks, considering factors like crack tip plasticity. Manthiramoorthy and Krishnaveni (2017) 

applied DIC to determine mode I SIF in compact tension specimens of polycarbonate. 

Mokhtarishirazabad et al. (2018) presented a structural health monitoring approach using DIC 

on aluminum alloy 2024-T3 specimens under cyclic loading, aiming to measure SIF 

continuously. Lastly, Dai et al. (2020) combined DIC with acoustic emission methods to analyze 
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SIF, crack tip positions, and fracture process zones in concrete specimens subjected to three-

point bending. Overall, the reviewed studies demonstrate the versatility and effectiveness of 

DIC in SIF determination across various materials and loading conditions while also indicating 

a gap in applying PZT to enhance damage performance [Yoneyama et al. (2006)]. 

The progression of fatigue cracks, which is a process that is both progressive and time-

dependent, has a significant impact on the durability and longevity of components that have 

been repaired. Even when the material is subjected to stress levels lower than its yield strength, 

cyclic loading can cause cracks that gradually propagate throughout the material [Dowling et 

al. (2021), Suresh (1998)]. Paris' Law, a relationship based on empirical data, establishes a 

correlation between the fatigue crack growth rate (da/dN) and the stress intensity factor (ΔK) 

range. This relationship is a powerful predictive tool for estimating the remaining fatigue life 

of structures that have been repaired [Paris and Erdogan (1963)]. There is a direct correlation 

between the efficacy of a repair technique and its capacity to effectively reduce the value of 

ΔK, significantly slowing down the propagation of cracks. Factors influencing fatigue crack 

growth include the stress ratio (SR), intrinsic material properties, loading frequency, and 

environmental conditions. Understanding fracture mechanics and fatigue crack propagation is 

imperative for developing advanced repair methodologies. Each repair technique reduces the 

stress intensity factor at the crack tip, preventing further crack propagation. Fracture mechanics 

principles allow engineers to quantify these effects and select the most effective repair strategy. 

By analyzing SIF analysis, energy release rate assessments, and fatigue crack growth 

predictions, engineers can create optimized repair strategies to ensure that repaired components 

maintain structural integrity under operational loads.  

1.2.2 Review of Conventional and Advanced Repair Techniques 

Various crack repair techniques have been developed to ensure the longevity and 

reliability of engineering structures. These techniques can be broadly categorized into 

conventional (passive) and advanced (active) methods. This section comprehensively reviews 

both approaches, highlighting their advantages, limitations, and recent advancements. Welding 

is one of the most commonly used repair techniques for cracked metallic structures [Al-Karawi 

et al. (2020), Rodríguez-Sánchez et al. (2011)]. The primary advantage of welding is the 

complete fusion of the material, restoring the mechanical integrity of the component. However, 

it needs careful execution to avoid residual stresses and microstructural changes that accelerate 

fatigue damage [Guo and Li (2024)]. Post-weld heat treatments are often necessary to ensure 

longevity [Gurney (1979)]. Mechanical fastening is widely used in aerospace and automotive 
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industries to repair structural cracks [Chan and Vedhagiri (2001), Kradinov et al. (2002)]. This 

method involves attaching reinforcements using bolts or rivets, such as doubler plates or straps. 

The fasteners redistribute the load, reducing the crack tip's stress intensity. However, bolted 

repairs often lead to a stress concentration around the fastener holes, which can initiate 

secondary cracks. Additionally, this method increases the structure's weight and may affect its 

aerodynamic properties in aircraft applications. Stop drilling is a temporary crack mitigation 

technique where a hole is drilled at the crack tip to reduce stress concentration and slow down 

crack propagation [Ayatollahi et al. (2014)]. This method is often used with other repair 

techniques, such as bonding or bolted reinforcements. However, extensive drilling and 

machining may be required for bolting, resulting in additional material removal and structural 

weakness [Li et al. (2021)]. Adhesive bonding involves using high-strength epoxy resins or 

polymer-based adhesives to bond composite or metallic patches over cracks, commonly applied 

in aircraft structural repair. This technique distributes stresses over a larger area, reducing stress 

intensity factors (SIF) and enhancing fatigue resistance [Chan and Vedhagiri (2001), Colombi 

and Fava (2015), Davis and Bond (1999), Mohammadi et al. (2021), Park et al. (1992), 

Tsamasphyros et al. (2001), Yu and Wu (2017, 2018)]. Composite patch repair with carbon-

fiber-reinforced polymer (CFRP) has effectively reduced crack propagation and increased 

structural integrity [Hasegawa et al. (2015), Li et al. (2021), Liu et al. (2022), Mohammadi et 

al. (2021)]. Studies indicate that double-sided repairs provide significantly better fatigue 

resistance and SIF reduction than single-sided repairs [Ouinas et al. (2007)]. Finite element 

analyses have demonstrated that repairing a structure on both sides can halve the SIF compared 

to single-sided repairs, improving load distribution and slowing crack growth ([Errouane et al. 

(2014), Wang et al. (2018)]. Experimental assessments of single- and double-sided repairs in 

aircraft structures further confirm that two-sided reinforcement maintains structural integrity 

by limiting out-of-plane bending and crack propagation [Duong et al. (2006), Duong and Wang 

(2004), Li et al. (2020)]. Hybrid composite patches have proven effective in repairing cracked 

components, especially in aluminum and steel structures [Valadi et al. (2020). Additionally, 

stop-hole techniques—where symmetrical holes are drilled along a crack’s path—help reduce 

stress concentration and crack growth rates [Ayatollahi et al. (2014)]. Studies have 

demonstrated that combining FRP reinforcement with stop-hole techniques enhances fatigue 

life, particularly in steel structures under cyclic loading [Liu et al. (2009)]. Prestressing CFRP 

patches in repairs has improved fatigue by minimizing residual stresses and crack growth rates 

[Ghafoori et al. (2012)]. Finite element modeling indicates that prestressed CFRP-wrapped steel 

pipes with through-wall cracks reduce SIF significantly, strengthening structural integrity 
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[Kong et al. (2023)]. Adhesive-bonded repairs significantly extend fatigue life by redistributing 

stress and delaying crack propagation. In particular, CFRP and glass-fiber-reinforced polymer 

(GFRP) patches have been shown to enhance fatigue performance by reducing stress intensity 

at crack tips [Chen et al. (2018), Ghafoori et al. (2012), Hafiz and Wahab (2015), Huang et al. 

(2022)]. However, environmental factors such as moisture and high temperatures can degrade 

the bond quality, necessitating careful adhesive selection and environmental protection 

[Kondratiev et al. (2021), Tan et al., (2021)] 

The rise of active repair techniques such as shape memory alloy (SMA) and 

Piezoelectric materials has been facilitated by advancements in material science [Wang and Wu 

(2012)]. SMAs, such as Ni-Ti alloys, have gathered attention for their ability to induce 

compressive stresses around crack tips, thereby reducing crack propagation forces. Shape 

memory alloys (SMAs) can be used to apply compressive stresses at crack tips, retarding crack 

growth by changing their shape upon heating and reducing the SIF. Combining prestressed 

CFRP and shape memory alloys (SMA) further enhances crack-arresting effects [Deng et al. 

(2023)]. However, their temperature-dependent effectiveness may limit their applicability in 

certain conditions, and techniques require precise control and may not be suitable for large-

scale structures. Piezoelectric actuators present a dynamic solution for active crack repair 

[Aabid et al. (2022, 2023)]. When subjected to an electric field, these actuators generate 

localized compressive stresses that reduce SIF at crack tips. Recent studies have shown that 

applying appropriate voltage levels to bonded piezoelectric patches can significantly extend the 

fatigue life of cracked components. Furthermore, piezoelectric materials can be integrated with 

structural health monitoring systems for real-time damage detection and repair. However, crack 

repair techniques are evolving, with conventional and advanced methods playing crucial roles 

in maintaining structural integrity. Crack repair techniques have evolved from conventional 

passive to advanced active control strategies. While traditional approaches such as welding and 

adhesive bonding remain widely used, innovative materials like SMAs and piezoelectric 

actuators pave the way for next-generation repair solutions. Additionally, hybrid repair 

approaches combining multiple techniques could offer enhanced durability and efficiency in 

structural repair and fatigue life extension. 

1.2.3 Fundamentals and Application of Piezoelectric Materials 

Piezoelectric materials exhibit a unique electromechanical coupling phenomenon, 

enabling the direct conversion between mechanical stress and electrical potential. This 

fundamental property, governed by the piezoelectric effect, has facilitated extensive application 
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across multiple domains, including structural health monitoring, adaptive control, energy 

harvesting, and active vibration suppression. The continual advancement in material 

engineering, computational modeling, and fabrication techniques has further expanded the 

capabilities of piezoelectric materials, making them integral to developing intelligent structures, 

biomedical devices, and energy-autonomous systems.  

The operational principle of piezoelectric materials is based on their ability to generate 

an electric charge in response to applied mechanical stress (direct piezoelectric effect) and to 

undergo mechanical deformation upon exposure to an electric field (inverse piezoelectric 

effect). This bidirectional coupling is exploited in various sensing and actuation applications. 

Among commercially available piezoelectric materials, Lead Zirconate Titanate (PZT) remains 

the most widely utilized due to its high piezoelectric coefficient, dielectric permittivity, and 

electromechanical coupling efficiency [Arnau and Soares (2008), Badr and Ali (2011), Nogas-

Ćwikiel (2011)]. Unlike polymer-based materials such as PVDF, which offer flexibility but 

limited actuation strength, PZT provides high actuation capacity across a wide frequency range. 

Although alternatives like LT, SPN [Bafandeh et al. (2015)], PMN [Nijmeijer et al. (1997)], and 

LMN [Taeyong Lee and Lakes (2001)] have specific advantages, PZT’s superior performance, 

reliability, cost-effectiveness, and ease of integration with both metallic and composite 

substrates make it the optimal choice. The constitutive equations governing piezoelectricity 

establish the relationship between mechanical stress, strain, electric field, and polarization, 

forming the foundation for the mathematical modeling of piezoelectric-based systems [Hall 

(2001)]. The modeling of piezoelectric behavior involves coupled electromechanical equations 

governed by constitutive relationships, where the electric displacement and strain depend on 

applied electric fields and stresses, respectively [Liu (2008)]. These equations allow for precise 

predictions of material behavior under complex loading conditions, facilitating the optimization 

of piezoelectric devices for specific applications. Several models, such as the Rayleigh-Ritz 

approximation and finite element-based electromechanical coupling models, have been 

proposed to predict piezoelectric behavior in real-world applications [Duan et al. (2010)]. 

However, piezoelectric properties are temperature and frequency-dependent, affecting 

performance in high-temperature applications or dynamic loading conditions [Alaimo et al. 

(2011)]. Furthermore, frequency-dependent performance variations impact their suitability for 

ultrasonics, vibration control, and guided wave applications [Park et al. (2003)].  

Piezoelectric sensors play a crucial role in SHM by detecting structural damage and 

assessing integrity. Piezoelectric sensors leverage the direct piezoelectric effect to transduce 
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mechanical deformations into electrical signals, making them highly effective for structural 

health monitoring (SHM) [Duan et al. (2010)]. These sensors are widely employed to detect 

variations in stress distribution, crack propagation, and delamination in composite materials. 

Inoue et al. (2015) examined the performance of PZT bimorph structures in enhancing 

sensitivity, demonstrating that an increase in layer thickness significantly improves voltage 

output. Similarly, Wang (2010) analyzed piezoelectric sensor configurations in simply 

supported beams, underscoring their applicability in real-time strain monitoring. These findings 

highlight the efficacy of piezoelectric sensors in ensuring the structural integrity of critical 

components, particularly in aerospace and civil infrastructure applications. Additionally, 

advanced distributed sensor networks, wireless sensor technology, and data fusion techniques 

have enabled real-time damage detection and prognosis, allowing for predictive maintenance 

strategies that enhance safety and operational efficiency. Impedance-based SHM relies on the 

electromechanical impedance (EMI) technique, where changes in impedance spectra indicate 

structural degradation [Park et al. (2003)].  Roy et al. (2021a, 2021b) developed an analytical 

model and finite element analysis to monitor damage in short and slender beams and presented 

non-destructive methods to identify cracks in structural components using a piezoelectric 

sensor.  

Piezoelectric materials have been extensively investigated for energy harvesting, 

wherein ambient mechanical vibrations are converted into usable electrical energy. This 

approach is advantageous for powering autonomous sensing systems and wireless 

communication devices. Integrating PZT-based harvesters into microelectromechanical 

systems (MEMS) has facilitated the miniaturization of self-sustaining sensor networks [Aabid 

et al. (2021), Elahi (2021)]. Additionally, advances in composite piezoelectric materials with 

enhanced flexibility and superior electromechanical coefficients have significantly improved 

the efficiency of energy harvesting mechanisms. Recent studies have also explored hybrid 

configurations incorporating multiple energy conversion modalities to optimize energy capture 

and storage capabilities. Emerging research is focused on enhancing the durability and 

efficiency of piezoelectric energy harvesters through advanced materials, such as graphene-

based piezoelectric composites and flexible polymer-based harvesters, which exhibit high 

mechanical compliance while maintaining energy conversion efficiency. Furthermore, 

integrating energy harvesting modules with low-power electronics has enabled the development 

of self-powered sensor networks for aerospace, biomedical, and environmental applications. 
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Piezoelectric actuators are integral to active structural control strategies, offering precise 

and rapid response to externally applied voltages. These actuators are extensively employed for 

shape morphing, vibration reduction, and fatigue crack mitigation. The theoretical framework 

for piezoelectric control is based in the electromechanical constitutive relations, which define 

the interaction between mechanical displacement and applied electric potential [Chee et al. 

(1998)]. Active damping techniques involve the integration of piezoelectric actuators with 

feedback control systems to mitigate resonant vibrations and noise [Duan et al. 2010). 

Moreover, piezoelectric actuators have been widely adopted in aerospace and automotive 

applications for enhancing structural resilience and optimizing performance under dynamic 

loading conditions [Abuzaid et al. (2015b)]. Recent advancements in adaptive control 

algorithms and machine learning techniques have enabled real-time optimization of 

piezoelectric actuator performance, further improving their efficacy in mitigating structural 

vibrations [Lin et al. (2013)].  Piezoelectric materials, especially PZT-based ones, are crucial in 

sensing, actuation, energy harvesting, and active control applications due to their high 

sensitivity, low power consumption, and real-time monitoring capabilities. 

1.2.4 Piezoelectric Actuators based Active Repair/Control Techniques 

Piezoelectric actuators are extensively used for active control applications, including 

vibration suppression, shape adaptation, and crack mitigation. The literature on PZT-based 

active repair/control techniques primarily focuses on three key approaches: analytical methods, 

numerical simulations, and experimental validation. By strategically integrating PZT actuators 

within damaged structures, previous researchers have demonstrated significant improvements 

in structural integrity, load-bearing capacity, and overall durability. The combination of 

analytical, numerical, and experimental approaches has enabled a comprehensive 

understanding of the interaction between electromechanical forces and fracture mechanics, 

thereby advancing repair strategies. 

Several analytical models have been developed to assess the impact of PZT actuators 

on the stress intensity factor (SIF) of cracked structures. Theoretically, theoretical frameworks 

have used fracture mechanics models to include the electromechanical interaction that PZT 

patches cause. Much work has been done using weight function techniques and J-integral 

formulations to determine how much the stress intensity factor (SIF) goes down when PZT 

actuators are used [Kumar (2018)]. Crawley and De Luis (1987) made static and dynamic 

models to see how voltage affects controlling the behavior of structures with piezoelectric 

patches for smart systems. They also conducted a scaling analysis to compare the efficiency of 
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different piezoelectric materials in transmitting strain to the substructure. A study by Alaimo et 

al. (2009) used a multidomain approach to create a two-dimensional boundary integral 

formulation that could model cracks and combine piezoelectric patches with structures. Their 

analysis considers perfect and imperfect adhesive interfaces, employing a "spring model" for 

traction-displacement relationships. The study was expanded to examine how things change 

over time by combining piezoelectric and elastic coupling and measuring dynamic stress 

intensity factors using the dual reciprocity method. The focus was on how changes in dynamic 

conditions affect how well piezoelectric crack repair works [Alaimo et al. (2011)]. Liu (2007) 

explored using multi-layered piezoelectric patches for repairing cracked structures using two-

dimensional finite element analyses. Results show that lower repair voltages are more efficient 

and safer, while factors like crack contact conditions and friction have minimal impact. The 

optimal design choices involve increasing layers, extending patch length, and minimizing 

thickness. Based on this, they introduced two repair criteria: slope continuity and fracture 

mechanics [Liu (2008a)]. It is emphasized how important it is to look at crack tip fields and 

contact conditions in order to figure out the repair voltage accurately. It is also confirmed that 

using higher voltages might hurt the results of the repair. An investigation was conducted 

regarding applying piezoelectric actuators to mitigate stress concentration around a hole [Shah 

et al. (1994)]. The SCF value around a hole in a cylinder can be considerably diminished 

through the strategic placement of actuators [Allahyari and Golabi (2020)]. Roy et al. (2023) 

conducted a study to find out how bad a crack was using sensing tools and developed a way to 

restore dynamic responsiveness using steady-state vibration analysis and piezoelectric material. 

Wang et al. (2013c) looked into the shear effect of a crack at the interface between a 

piezoelectric actuator and an elastic substrate. They formulated a way to understand the stresses 

and energy release rates at the crack interface in a piezoelectric composite adhesive, and they 

discussed about how electrical loading, geometry, and material mismatch affect this. Fesharaki 

et al. (2015, 2016, 2017, 2020) aimed to find the best placement of piezoelectric patches to 

reduce stress concentration in plates under tension. They used particle swarm optimization to 

analyze patch area, voltage, and stiffness ratios. Results showed that optimal patch locations 

depend on stiffness and thickness ratios. The study also identified different actuator placement 

models based on stiffness ratios, demonstrating their effectiveness in stress reduction across 

different plate types. 

Wang and Quek (2004) looked into how piezoelectric patches could be used to fix 

delaminated beams while they were being loaded statically. They focused on reducing shear 
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stress singularities at the tips of the delamination by looking at fracture mechanics. They 

conducted fracture mechanics analysis to determine the necessary voltages for effective repair. 

They also extended their work to investigate piezoelectric layers for repairing delaminated 

beams under compressive forces, eliminating stress discontinuities that can lead to fracture. The 

right voltage setting for the piezoelectric layers and testing of the buckling load of delaminated 

beams in different situations have been suggested [Wang et al. (2005)]. Another study suggested 

a design for discrete electrodes on the patches, calculating the necessary voltages and examining 

how these voltages affect the size and location of the delamination Wu and Wang (2010a). 

Another work by Duan et al. (2008) presented a methodology for using piezoelectric patches to 

repair delaminated beams under static loading, addressing singularity caused by shear stresses. 

They conducted parametric studies to demonstrate the effectiveness of the repair methodology 

and proposed an index for assessing repair effectiveness. Shindo et al. (2013) looked into how 

piezoelectric actuators could control delamination in woven fabric composites when loaded in 

Mode I. They specifically considered a double cantilever beam (DCB) specimen made of woven 

glass fiber reinforced polymer (GFRP). This study included finite element analysis to compare 

predictions with experimental results and investigate how actuator placement affects the 

effectiveness of the repair. Later, this study discussed how woven glass fiber-reinforced 

polymer composites delaminated when loaded with piezoelectric actuators in Mode I at 

cryogenic temperatures. It showed that piezoelectric control is a good way to handle 

delamination at liquid nitrogen temperatures [Shindo et al. (2013). Rabinovitch (2007) 

investigated how piezoelectric materials could control edge stresses and stop debonding failure 

in reinforced concrete beams that were strengthened with composite materials. A mathematical 

model was also created to test how well piezoelectric actuators work at creating counteracting 

stresses, which solves problems in civil engineering applications. Narayanan and Balamurugan 

(2003) presented a model for laminated structures with integrated piezoelectric sensors and 

actuators, accounting for temperature effects and electromechanical coupling. The study looked 

at different ways to control active vibration and found that the linear quadratic regulator (LQR) 

method works best, especially for lowering peak voltages in piezo actuator layers. While Wu 

and Wang (2010b) conducted a closed-loop feedback control repair method for delaminated 

beam structures, they used piezoelectric patches to create local shear forces and reduce stress 

singularities in cases of different delamination sizes and alignments. Alaimo et al. (2016) 

suggested a one-dimensional method for layered smart beams that uses Hermite shape functions 

and state space representation for first-order shear deformation beam theory and electro-elastic 

couplings to improve the simulation of passive and active vibration-damping systems. Wang 
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(2002) derived an equation that describes the piezoelectric effect in columns and used the direct 

difference method to solve an eigenvalue problem. This showed that the column structure's 

ability to bend can be greatly increased by carefully placing the piezoelectric layers and 

applying the right voltages. Wang and Chase (2003) looked into how piezoelectric materials 

could be used to improve the buckling strength of composite structures that had fatigue cracks. 

It suggested an analytical model to determine how crack features affect buckling and showed 

that small piezoelectric patches can effectively compensate for structural integrity loss. Wang 

and Quek (2005) looked into the buckling strength of column structures that were cracked and 

suggested using piezoelectric materials to make the structures stronger so that they could handle 

less buckling. It used a model to investigate how boundary constraints and sensor placement 

affect the voltage sent to piezoelectric patches and looked at a crack that caused rotation to stop. 

Maleki and Mohammadi (2017) analyzed how stable cracked functionally graded material 

columns are when they are affected by piezoelectric patches. They modeled the crack as a 

rotational massless spring. This study revealed that the crack reduces load capacity based on 

location and depth, while strategically placed piezoelectric patches can mitigate these effects 

and enhance the column's buckling performance under applied voltage. Khiem et al. (2023) 

conducted a modal analysis of a cracked Timoshenko beam combined with a piezoelectric layer. 

They examined how the beam's vibrational characteristics affected the crack parameters and 

material properties. The study proposed a novel indicator for crack detection through modal 

sensor charge, demonstrating its potential advantages over traditional methods. Wang et al. 

(2002) presented a method for repairing a cracked beam under external load using a 

piezoelectric material to induce a local moment that aids in closing the crack for effective repair. 

The study demonstrated how the required actuation voltage varies with factors such as the 

distance from the applied force to the crack, the crack's position along the beam, and the 

thickness ratio of the piezoelectric patch to the beam. Using the perturbation method, Ashtari 

(2016) devised an analytical answer for how a cracked beam fixed with a piezoelectric patch 

would bend. A model for calculating the patches' dimensions revealed that the beam's thickness, 

length, applied load, and crack characteristics all have an impact. Wu and Wang (2011) 

proposed a method for effectively repairing a notched cantilever beam under dynamic loading 

using piezoelectric patches. A sensor patch keeps track of the stress concentration, and an 

actuator patch applies an actuation voltage. Wang (2010) showed a model that used active 

control methods to stabilize the first two buckling modes of simply supported and cantilevered 

beams. The piezoelectric actuators and optimal feedback control increased the beams' buckling 

loads. The results show that the designed linear quadratic regulator (LQR) controller stabilizes 
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the beams well, and segmented actuators placed in the best way for buckling control work best. 

Ariaei et al. (2010) devised a way to use piezoelectric patches to fix broken beams when they 

are under a moving mass. Their method focused on changing the broken beam's first natural 

frequency to match that of a healthy beam. The research showed that applying an outside 

voltage to the piezoelectric patch effectively lowers crack singularity, increases beam 

deflection, and produces results that are very similar to those of a beam that isn't cracked. Cheng 

et al. (2007) created a new type of composite pipe joint system with piezoelectric layers that 

made the joint stronger by spreading out stress better under different loads. A detailed 

investigation of the system's behavior under torsion loading, utilizing theoretical modeling and 

numerical examples, was carried out by Cheng and Li (2008) to assess the impact of the 

piezoelectric layers on adhesive layer stresses. 

Cheng and Taheri (2005) developed an adhesive joint system using electromechanical 

piezoelectric patches to control bending moments and reduce stress concentration in the 

adhesive layer. Their further study [Cheng et al. (2006)] assessed joint strength enhancement 

through electric field adjustments and piezoelectric sensors/actuators. Khalili et al. (2010) 

created an adhesively bonded single lap joint to reduce peel and shear stress concentrations by 

surface bonding piezoelectric patches. They developed an analytical model to assess stress 

distribution, evaluate the influence of electric fields, and analyze the effects of patch 

characteristics on joint performance. A study by Jin et al. (2010) investigated how partially 

deboned adhesive layers affected the electromechanical behavior of piezoelectric actuators 

when subjected to high-frequency loads. They proposed a model that simulates shear 

deformation, explaining its effects on the actuators' dynamic response and stress transfer 

mechanisms. Jin and Wang (2011) investigated an analytical study to comprehend how the 

mechanical and geometrical properties of the adhesive layer affect the electromechanical 

behavior of a piezoceramic actuator, focusing on interfacial debonding and its influence on the 

layered structure's response. Abuzaid et al. (2020) examined how piezoelectric actuators could 

change stress concentration factors (SCFs) in aluminum plates with half-circle notches. Their 

findings demonstrated that SCFs decrease linearly with active piezoelectric actuators, 

enhancing structural load-carrying capacity. Also, another study showed an analytical model 

for the mode-I stress intensity factor in cracked plates with bonded piezoelectric actuators. It 

showed that these actuators could reduce the severity of the crack when they were used in the 

extension mode [Abuzaid et al. (2017a)]. A new geometrical weight function method was 

formed to figure out the Mode-I stress intensity factor (SIF) for using piezoelectric actuators to 
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actively fix a plate that has a crack along one edge [Abuzaid et al. (2018b)]. The same approach 

derived the mode-I SIF for active repairs in center-cracked plates [Abuzaid et al. (2018a)]. 

Kumar et al. (2020b) explored piezoelectric materials for repairing cracks in structures 

subjected to thermo-mechanical loading, demonstrating that double patches are more effective 

than single ones. In addition, optimal voltage and patch placement were evaluated for enhanced 

crack repair efficacy. 

The finite element method is widely used in engineering, particularly for structural 

analysis and repair techniques.  This portion of the literature review investigates the application 

of the finite element (FE) method in active repair techniques employing piezoelectric (PZT) 

patches.  Recent advancements in commercial software, particularly ABAQUS, ANSYS, and 

COMSOL Multiphysics, offer coupled electro-mechanical simulations to model and simulate 

piezoelectric-actuated crack repair mechanisms.  One of the numerical modeling methods is 

coupled field analysis, which looks at how stress is distributed by combining the 

electromechanical properties of piezoelectric materials with the structural analysis framework. 

The second part of the Fracture Mechanics Approach uses Virtual Crack Closure Techniques 

(VCCT) and contour integral methods to figure out the stress intensity factor (SIF) values for 

different loading conditions. Early research in fracture mechanics, like that by Chan et al. (1970) 

and Rybicki and Kanninen (1977), laid the groundwork for using finite element methods to find 

stress intensity factors (SIF) at crack tips. This foundation has since been built upon and 

expanded in numerous subsequent studies. Subsequent studies explored dynamic load repairs 

on cracked structures through electromechanical admittance approaches, employing 3D FEM 

modeling [Providakis (2007)]. The results demonstrated improved load-bearing capacity and 

crack closure in the structures. Caimmi and Pavan (2013) made a further contribution by using 

FE models and linear elastic fracture mechanics (LEFM) to study single-fiber composite 

fractures and check SIF across crack fronts. Their study found that the fiber-matrix interface 

properties greatly influenced the fracture behavior. Recent research has focused on integrating 

PZT patches for structural repair. Platz et al. (2011) found the best places to put patches to lower 

the cyclic stress intensity near crack tips. Abuzaid et al. (2015a, 2015b) looked at how changes 

in adhesive shear modulus affect nodal stress distributions. In their subsequent work, [Abuzaid 

et al. (2017b)] utilized ANSYS's SOLID226 element to model PZT patches, revealing the 

significance of adhesive properties on repair performance under mode I crack propagation. 

More research into PZT patch configurations, like that by Kumar et al. (2020a), showed that 

different repair methods work well on orthotropic composite plates. Studies have shown that 



Chapter 1 

18 
 

PZT actuators can enhance surface integrity and delay crack initiation under extreme loads 

[Zaccardi et al. (2022)]. Additionally, the combination of patch configurations and PZT 

actuators has proven to be highly effective in improving the structural integrity of orthotropic 

composite plates. Duan et al. (2008) used ABAQUS to look at delaminated beams under static 

loads and moment equilibrium methods to test PZT-based active repairs. Duan et al. (2008) 

looked into how PZT patches could create local shear forces on delaminated sections and used 

FE methods to prove the design worked. The results demonstrated significant improvements in 

the structural integrity of the delaminated beams. The virtual crack closure technique (VCCT) 

has further been implemented to model delamination in composite materials with PZT patches 

[Orifici and Krueger (2012)], while Shindo et al. (2013a) investigated PZT actuator control over 

delamination in CFRP laminates under mode I loading, including experiments at cryogenic 

temperatures [Shindo et al. (2013b)]. Their work calculated strain energy release rates (SERR) 

based on stress and displacement metrics at crack fronts. Computational models incorporating 

PZT actuator properties, stress distributions, and dynamic loading conditions have been widely 

developed by Zhu and Liu (2021). The extended finite element method (XFEM) has been 

instrumental in simulating crack growth in repaired structures, revealing that optimal voltage 

application significantly decreases SIF [Kumar et al. (2021)]. Numerical simulations on a 

cracked cantilever beam reveal that the adhesive layer significantly influences repair 

performance, requiring higher voltages for imperfect bonds [Alaimo et al. (2009)]. These 

studies collectively highlighted the importance of patch dimensions and voltage variations in 

optimal repair outcomes, emphasizing the versatility and effectiveness of the FE method in 

conjunction with PZT patches for structural repair. 

Numerous experimental methodologies have been conducted regarding recent 

advancements in applying piezoelectric materials, specifically PZT (lead zirconate titanate) 

patches, for monitoring and repairing structural damage. Recent studies have proposed various 

methodologies to optimize the measurement of stress intensity factors (SIF) in cracked plates 

utilizing strain gauges and piezoelectric actuators (PZT). Sarangi et al. (2010b, 2010a) 

introduced a finite element (FE) technique to determine the optimal locations for strain gauges 

on aluminum plates, focusing on elastic strain evaluation. Younis and Kang (2011) emphasized 

the importance of selecting appropriate strain gauges for specific applications, enhancing 

measurement accuracy through dimensionless curves and a refined hole-drilling method. Platz 

et al. (2011) explored the effects of PZT-controlled reinforcement near crack tips, demonstrating 

that mechanical compression can mitigate crack propagation. Wu and Wang (2011) investigated 
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the impact of bonded PZT actuators on notched cantilever beams under dynamic loads through 

experiments. Sarangi et al. (2013) further confirmed the significance of optimal strain gauge 

placement for accurately determining mode I SIF using a single strain gauge training technique. 

Abuzaid et al. (2018b) conducted experiments on edge-cracked plates repaired with bonded 

PZT actuators, utilizing strain gauges to measure SIF during mode I crack propagation. 

Fesharaki et al. (2020) employed a particle swarm optimization (PSO) algorithm to identify 

optimal PZT actuator patterns in thin plates, demonstrating reduced stress concentrations 

through experimental and numerical validation. Huynh et al. (2019) developed a PZT-based 

structural monitoring system for damage detection, integrating experimental and numerical 

approaches to define the sensing area of PZT materials. Another investigation focused on 

determining SIFs in cracked plates with bonded PZT actuators subjected to thermo-mechanical 

loading, revealing significant reductions in SIFs with varying actuator voltages [Kumar et al. 

(2020b)]. The sensors identified the stress field at the crack tip, and an appropriate voltage was 

applied to the actuator patch to minimize the severity of the crack. Overall, the literature 

highlighted a rigorous effort to improve SIF measurement techniques and crack repair 

methodologies through the innovative application of strain gauges and PZT actuators. 

1.3 Research Gap and Objectives of the Thesis 

From the literature survey, it is evident that composite and piezoelectric-based static repairs 

have been effective in reducing crack severity. Moreover, there is a lack of research on how 

piezoelectric patches improve fatigue life, especially with their passive stiffening effect. 

Previous studies have focused mainly on static loading conditions and simpler geometries, 

neglecting the complex interactions between passive and active repair mechanisms under cyclic 

loading. Exploration in applying active repair techniques to complex geometries such as I-

beams, plates with elliptical holes, and arc-shaped specimens is lacking. Furthermore, detailed 

analysis and validation of fatigue repair techniques using piezoelectric patches with finite 

element (FE) solutions are required. The lack of research highlights the need for further 

investigation into the effectiveness of active repair techniques in complex geometries under 

cyclic loading. Detailed FE analysis and validation are essential to better understand the 

potential benefits of piezoelectric patches in improving fatigue life. Ultimately, this research 

will pave the way for developing more reliable and durable structures in the future. 

In response to the identified research gap, this thesis undertakes to develop and validate 

analytical models designed explicitly for piezoelectric-based crack repair. The methodology 
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begins by establishing the initial state of the cracked structure, where the SIF of unrepaired 

structure is computed to assess the impact of piezoelectric-based crack repair. After the initial 

calculation, the passive repair method is applied, with Rose's equations used to determine the 

corrected SIF by incorporating a bending correction factor. Subsequently, the piezoelectric 

effect is quantified using the weight function method (WFM) and the surface widening energy 

release rate, providing a detailed understanding of the stress induced by the piezoelectric 

material. The superposition principle in LEFM is used to integrate mechanical and piezoelectric 

contributions, yielding the total post-repair SIF. Under cyclic loading, establishing the SIF 

range remains essential for understanding the structural response to varying loads. It is 

determined by assessing the maximum and minimum loads experienced by the structure, 

offering a comprehensive evaluation of the SIF range for various crack lengths. Ultimately, this 

determined SIF range forms the basis for computing the fatigue crack growth rate (FCGR). This 

rate is then utilized to estimate the structure's fatigue life, based on the fatigue crack growth 

rate (FCGR). This estimation considers the crack's growth progression until it reaches the 

critical length defined by the material's fracture toughness. 

The novelty of this thesis lies in developing the first unified analytical–numerical 

framework that integrates both passive stiffening and active actuation of piezoelectric patches 

for fatigue life enhancement under cyclic loading of a double-edged cracked plate. Unlike 

existing studies limited to static repair and simple geometries, this work extends active repair 

methodologies to complex structural forms such as bottom-edged cracked I-beam, a crack 

emanating from the elliptical hole of a plate, an arc-shaped specimen with an edge crack, and 

an edge-cracked plate under bending. This thesis introduces geometry-specific analytical 

models coupled with FE validation to accurately quantify SIF reduction and fatigue life 

improvement. 

The main objective of this thesis is to develop and validate analytical models for 

piezoelectric-based crack repair, focusing on enhancing fatigue life and structural integrity. The 

following objectives are aimed at the present thesis: 

1. To develop and validate an analytical model for hybrid repair (passive and active) of 

double-edged cracked plates, demonstrating the combined effectiveness of 

piezoelectric patch stiffness and actuation in reducing the stress intensity factor (SIF) 

and extending fatigue life under cyclic loading. A parametric study is to be conducted 

to optimize geometric dimensions and voltage ratios and the performance of hybrid 

repair with individual passive and active repair methods. 
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2. To formulate and validate an analytical model for repairing bottom-edge cracked I-

beams using piezoelectric patches, accounting for the shifted neutral surface induced 

by the crack. Evaluation of the SIF and fracture loads under static loading is to be 

carried out. A parametric study is to be conducted to optimize patch thickness, and 

the fatigue crack growth rate (FCGR) and fatigue life under varying repair voltages 

are to be assessed relative to unrepaired conditions. 

3. To develop a closed-form analytical solution for the SIF of cracks emanating from 

elliptical holes in tensile plates repaired with strategically placed piezoelectric 

actuators. The solution is to be validated through numerical simulations. The effects 

of elliptical hole geometry, crack propagation characteristics, and actuator 

configurations on the SIF are to be analyzed, and fatigue crack growth and fatigue 

life are evaluated for various geometries. 

4. To apply Linear Elastic Fracture Mechanics (LEFM) principles to analyze and 

mitigate fatigue crack growth rates (FCGR) in arc-shaped edge-cracked specimens 

using piezoelectric patches. The mode-I SIF under actuation is to be determined via 

the Weight Function Method (WFM). An analytical model for cyclic tensile loading 

is to be developed, and the influence of repair voltage on the SIF range and FCGR is 

to be systematically evaluated. 

5. To develop and validate an analytical model for repairing edge-cracked plates 

subjected to bending loads through strategically placed piezoelectric actuators. The 

SIF is to be computed using Tada's formula combined with the superposition 

principle. The effectiveness of counteracting bending moments in reducing SIF is to 

be demonstrated, with model validation performed through ABAQUS simulations. 

1.4 Description of the thesis 

The application of piezoelectric actuators for active crack repair and fatigue life extension 

of various structural configurations is investigated in the present thesis. Through analytical 

investigation and numerical validation, this thesis explores the effectiveness of piezoelectric 

actuators in reducing the Stress Intensity Factor (SIF), thereby enhancing structural integrity.  

Chapter 2 proposes a hybrid repair approach for repairing a double-edged cracked plate 

using piezoelectric actuators. The problem formulation involves deriving SIF expressions for 

the cracked plate under different repair conditions—passive, active, and hybrid. The weight 

function method is utilized to determine SIF under actuation. A methodology is developed to 

estimate fatigue crack growth rate (FCGR) and fatigue life parameters. Finite Element Analysis 
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(FEA) is performed in ABAQUS CAE, and the FE results are validated against analogous 

experimental and numerical data. The discussion on how different parameters, such as voltage 

ratio, patch thickness, and externally applied voltage, influence the improvement of fatigue life 

is also reported.  

Chapter 3 focuses on the structural integrity enhancement of a bottom-edge cracked I-beam 

using piezoelectric actuators. The SIF for unrepaired and actively repaired I-beams is derived 

from the crack surface widening energy release rate, followed by an estimated fracture load and 

fatigue life. The Finite Element (FE) model of the cracked I-beam with a bonded piezoelectric 

patch is developed, and mesh sensitivity analysis is conducted for accuracy. Various validation 

studies are performed to compare the analytical, numerical, and experimental results. The 

effects of piezoelectric actuator thickness on fracture load and fatigue life are analyzed to assess 

the viability of active repair in significant structural components. Furthermore, this study 

extends to repairing cracks emanating from an elliptical hole, a critical scenario in aerospace 

and mechanical structures.  

Chapter 4 uses the weight function to determine the SIF for piezoelectric actuation, followed 

by the calculation of total SIF using the superposition principle. The estimation of FCGR and 

fatigue life is carried out to quantify the repair effectiveness. The Finite Element (FE) model 

incorporates a piezoelectric patch integrated with the cracked specimen, and the results are 

validated against the present findings. A parametric analysis investigates the influence of repair 

voltage, patch thickness, crack length, semi-major axis length, and aspect ratio on SIF reduction 

and fatigue life enhancement.  

In the next problem, the repair capability is investigated for an edge-cracked arc-shaped 

specimen using piezoelectric actuators in Chapter 5. The SIF for cracked and repaired 

specimens is derived, followed by an estimation of FCGR and fatigue life. The study analyzes 

the effects of crack length, piezoelectric actuator thickness, and actuator size on the repair 

effectiveness. The findings provide insights into the viability of using piezoelectric-based repair 

strategies for curved structural components subjected to cyclic loading.  

In Chapter 6, the strengthening of an edge-cracked plate under bending using piezoelectric 

actuators is addressed. The SIF of the cracked specimen is formulated, and the effectiveness of 

piezoelectric patch-based repair is evaluated through analytical and numerical methods. 

Numerical analysis is carried out in ABAQUS to simulate both the cracked and repaired 

conditions, followed by a validation study. The influence of crack length on the reduction of 

SIF is discussed in this chapter, and an assessment of the improvement in mechanical 

performance due to active repair is concluded. 
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Chapter 2 

HYBRID REPAIR OF DOUBLE-EDGED CRACKED PLATE 

USING PIEZOELECTRIC ACTUATOR 

2 Hybrid Repair 

2.1 Introduction 

Any damage to a structural component results in its inability to function. Most failures 

occur due to ongoing fatigue stress, damaging the structure. Moreover, a damaged structure 

may exhibit increased vibration, a significant decrease in overall loading capacity, and 

potential complete failure. Damage restoration, such as composite patch repair, piezoelectric 

actuation, and stop-hole techniques, offers a cost-effective approach to prolonging the lifespan 

of damaged components. Repairing cracked components involves utilizing various methods, 

including applying composite patches, leveraging the actuation effect of piezoelectric 

materials, employing the stop-hole technique, and combining stop-hole and FRP patches to 

address different loading conditions. Chapter 1 discusses the relevant literature on composite 

and metallic patches, shape memory alloys (SMAs), and stop-hole techniques for effectively 

repairing structural failures in the 1.2.2 section. Even though composite patch repair has been 

widely investigated and proved to be very effective, the severity of the crack cannot be 

adjusted as the loading scenario changes. As a result, piezoelectric materials have gained 

popularity due to the ability to control repairs with externally applied voltage as needed. The 

use of piezoelectric actuators for structural health monitoring and repairing of the cracked 

component is discussed in Chapter 1 under the 1.2.3 section. Subsequently, the role of 

piezoelectric actuators in reducing mode-I SIF is discussed in Chapter 1 under Section 1.2.4. 

The piezoelectric patches efficiently decrease the Stress Intensity Factor (SIF) when activated 

appropriately. Leveraging the weight function method (WFM) facilitates the formation of a 

precise analytical model to assess the Stress Intensity Factor (SIF) induced by the 

piezoelectric actuator stress within the framework of Linear Elastic Fracture Mechanics 

(LEFM).  

The double-edged cracked plate is a crucial geometry among different structural 

configurations due to its occurrence in critical load-bearing components. Understanding crack 

propagation and its mitigation in such plates is essential for ensuring long-term structural 

integrity and safety. Previous research has primarily focused on passive repair using 
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composite patches for double-edged cracked plates [Wang et al. (2018)], demonstrating 

significant improvements in structural integrity. However, these methods cannot actively 

control the crack's severity as loading conditions change. To address this limitation, 

piezoelectric actuators offer an innovative solution by introducing mechanisms for active 

repair. However, only a few investigations have revealed the combined effect of piezoelectric 

materials and other repair techniques. To attain additional benefits from piezoelectric 

materials, the stiffness effect of the patch can be combined with the active effect when the 

patch is placed on the cracked surface to reduce the severity of the crack. No analytical model 

has been developed that combines the passive and active effects (voltage effect) of 

piezoelectric materials. So, the present research work focuses on proposing a model based on 

this novel approach and subsequently investigating the influence of passive and active repairs 

(hybrid repair) on cracked specimens under fatigue loading. One of the advantages of this 

hybrid repair method is the ability to make a wide range of potential repairs by simply 

applying one patch on the cracked surface. The passive effect is enough to decrease the Stress 

Intensity Factor (SIF) and prolong the fatigue life for small crack lengths under low loading 

conditions. In a critical environment, this can be accomplished by supplying external voltage 

as required. The cracked plate is modeled using linear elastic fracture mechanics (LEFM). 

Rose's equation and the Bending Correction Factor (BCF) are used to model the passive repair 

method. The weight function method (WFM) is being considered for modeling active repair. 

Paris Law [Paris and Erdogan (1963)] is used to determine the fatigue crack growth rate 

(FCGR) and the service life of a structure. The developed analytical model for passive and 

active repair, i.e., hybrid repair, is verified with the FE solutions using ABAQUS. This 

research is significant as it offers a versatile and effective repair methodology for double-

edged cracked plates, improving structural integrity, extending fatigue life, and providing 

adaptability to varying loading conditions. Integrating passive and active repair mechanisms 

in the proposed hybrid approach offers a comprehensive solution for fatigue life under various 

loading conditions, ensuring structural durability and adaptability to different stress levels. 

2.2 Problem Formulation  

This investigation utilized a double-edge cracked infinite plate under cyclic tensile 

load for evaluation, as shown in Figure 2.1. To mitigate the influence of the crack, a 

piezoelectric actuator/patch is placed on the crack surfaces/the high-stress region to utilize the 

passive and active effects as well. The actuator utilizes an external electric field to induce 



Hybrid Repair of Double-Edged Cracked Plate 

25 
 

compression stress near the cracked front. Due to stress redistribution, it tends to mitigate 

crack singular stresses, resulting in a reduction in SIF. Because of the linearity of the 

materials, the superposition concept is used. As long as loading remains uniform, the SIF for 

linear elastic materials is additive. Thus, the superposition approach permits SIF solutions for 

complicated configurations to be developed from basic examples with well-established 

solutions. The width of the crack is taken to be the same as that of the cracked plate. The 

following sections describe the methodology followed for the analytical model and 

subsequent analysis. 

 

Figure 2.1: Cracked plate repaired with piezoelectric actuator/patch 

2.2.1 SIF Calculation for the Cracked Plate 

In order to determine SIF, Tada's theoretical approach [Tada et al. (2000)] was 

employed. The expression of the Mode-I SIF is given by Eq. (2.1) based on linear elastic 

fracture mechanics (LEFM) of a cracked rectangular plate of infinite size where mode-I is 

considered the only operative opening mode. 

𝐾ூ = 𝜎଴√𝜋𝑎 (2.1) 

where  σ଴ is the uniaxial tensile stress applied on the cross-section of the plate at an infinite 

distance (Figure 2.1) with crack length ‘a’. When the geometry of the cracked body affects the 

crack length, considering the non-dimensional geometry correction factor (GCF), F ቀ
ୟ

୛
ቁ, the 

mode-I SIF may be redefined as Tada et al. (2000), 

𝐾ூ = 𝜎଴√𝜋𝑎 . 𝐹 ቀ
௔

ௐ
ቁ  (2.2) 
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where ‘W’ is the half-width of the cracked plate and the expression for F ቀ
ୟ

୛
ቁ is given by, 

𝐹 ቀ
𝑎

𝑊
ቁ =

1.122 − 0.561 ቀ
𝑎
𝑊ቁ − 0.205 ቀ

𝑎
𝑊ቁ

ଶ

+ 0.47 ቀ
𝑎
𝑊ቁ

ଷ

− 0.19 ቀ
𝑎
𝑊ቁ

ସ

ට1 −
𝑎
𝑊

 (2.3) 

2.2.2 SIF Reduction via Passive Repair 

In the case of passive repair, a cracked structure with a piezoelectric actuator/patch 

attached to the plate is considered. However, no actuation voltage is applied. Based on the 

superposition concept, stress distribution between the plate and piezoelectric patch, as shown 

in Figure 2.2, can be given by, 

𝜎଴𝐴 = 𝜎௉𝐴 + 𝜎ோ𝐴ோ  (2.4) 

where σ୔ is the reduced effective stress along the potential crack route [Rose and Wang 

(2002), Wang et al.  (2018)] after fixing the piezoelectric patch under uniform uniaxial 

stress σ଴, σୖ is the stress developed in the patch, A and Aୖ are the cross-sectional area of the 

plate and patch, respectively.  

 

Figure 2.2: Stress distribution between the plate and piezoelectric patch 

The reduced SIF is given by Eq. (2.5) 

𝐾௉ = 𝜎௉√𝜋𝑎  (2.5) 

The 1-D theory of bonded joints [Rose (1988)] is utilized to reduce the stress the plate shares 

and is expressed by Eq. (2.6), 

𝜎௉ =
𝜎଴

1 + 𝑆
 (2.6) 

where S is the stiffness ratio between the patch and the cracked plate and is given by  

𝑆 =
𝐸௉ ∙ 𝑊௉ ∙ 𝑡௉

𝐸 ∙ 𝑊 ∙ 𝑡
 (2.7) 

where E, W, and t and E୔, W୔, and t୔ are Young’s modulus, half-width, and thickness of the 

cracked plate and the piezoelectric patch, respectively.  
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Shear stress distribution will occur in the y-direction as the patch covers the crack length. 

[Rice (1972)] described the upper bond SIF for an infinite cracked plate with a physical 

parameter cത, and the expression is as follows: 

𝐾௉ = 𝜎௉√𝜋𝑐̅ (2.8) 

where, 

𝑐̅ =
1

𝜋𝑘
 (2.9) 

Where k represents the spring constant and is given by Eq. (2.10) 

𝑘 =
𝛽𝑆

(1 + 𝑆)(1 − 𝜐ଶ)
 (2.10) 

Where υ represents the Poisson’s ratio of the cracked rectangular plate and β represents the 

shear stress transfer length in a characteristic adhesively bonded joint and is given by Eq. 

(2.11), 

𝛽 = ඨ
𝐺஺

𝑡஺
൬

1

𝐸௉𝑡௉
+

1

𝐸𝑡
൰ (2.11) 

Where G୅ and t୅are the shear modulus and adhesive thickness respectively. From Eq. (2.9) 

and (2.10), cത can be written as, 

𝑐̅ =
(1 + 𝑆)

𝑆
∙

(1 − 𝜐ଶ)

𝜋𝛽
 (2.12) 

Because Eq. (2.8) is determined for an infinite crack length, the resultant SIF is for the top 

bond to the infinite cracked Plate. These estimations are restrained due to the patch's 

reinforcing effect. As a result, the calculated findings are the lowest SIF bound for an infinite 

cracked plate reinforced by a single-sided patch [Zheng (2007)]. For an arbitrary crack length, 

the following equation has been developed to compute the SIF for an infinite cracked plate 

using a single-sided patch [Rose (1988), Zheng (2007)]. 

𝐾௉ = 𝜎௉ ∙ ඨ
𝜋𝑎𝑐̅

𝑎 + 𝑐̅
 (2.13) 

When the crack becomes extremely short, the results obtained from Eq. (2.13) are close to the 

results that were obtained from Eq. (2.1). When the crack's length is relatively long, the 

calculated results of Eq. (2.13) provide the same findings as Eq. (2.8). This research 

demonstrates that Eq. (2.13) falls inside the upper and lower bounds as described by Wang et 

al. (2018). 
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The equation has been modified considering the geometry of the cracked plate as proposed by 

Tada et al. (2000). 

𝐾௉ = 𝜎௉ . ට
𝜋𝑎𝑐

𝑎 + 𝑐
∙ 𝐹 ቀ

𝑎

𝑊
ቁ (2.14) 

The previously mentioned mathematical approaches for studying cracked, adhesively bonded 

structures are for extensional loading, and it is assumed that both the cracked and patch layers 

have no bending stiffness. The existence of a crack in one layer of a bonded structure causes 

out-of-plane bending due to the loss of symmetry resulting from the crack. Out-of-plane 

bending enhances the stress intensity components. Bending's influence (increase in stress 

intensity parameters) in a structure develops as the crack length rises. This increase in stress 

intensity parameters will impact the propagation of fracture rates and must be considered in 

the study. The stress singularities in front of the crack tips eliminate the force transmitted at 

the cracking plane due to a crack in a single cracked layer. When such a cracked layer is part 

of an adhesively bonded structure, the same force release at the crack plane is taken in part by 

the cracked layer in the form of stress singularities, as with a single cracked layer, and the 

balance of the force is transmitted to the right next patch layer via the adhesive. The force in 

each plate near the plane of the cracking will differ from that at the ends due to the force 

transferred to the patch layer. At the crack's plane, the net internal unequal force between the 

two layers equals the force transferred from the crack to the patch layer. The bending can be 

attributed to this inconsistent force. Considering this bending effect, a Bending Correction 

Factor (BCF) is introduced by Ratwani (1979), and a modified SIF can be expressed by Eq. 

(2.15).  

𝐾௉
∗ = (1 + 𝐵𝐶𝐹) ∙ 𝐾௉ (2.15) 

The bending correction factor (BCF) is given by Ratwani (1979), 

𝐵𝐶𝐹 = 𝑎 ∙ 𝑦௠௔௫ ∙ ൬1 −
𝐾௉

𝐾ூ
൰ ∙

𝑡 ∙ (𝑡 + 𝑡௉)

𝐼
 (2.16) 

Where y୫ୟ୶ is the distance of the extreme fibres of the cracked plate from the neutral axis 

given by Eq. (2.17), 

𝑦௠௔௫ = 𝑡 + 𝑍 (2.17) 

where, 

𝑍 = 𝑆 ∙
(𝑡 + 𝑡௉ + 2𝑡஺)

2(1 + 𝑆)
 (2.18) 

‘I’ is the moment of inertia of the repaired plate given by Eq. (2.19). 
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𝐼 = 𝐼௉௟௔௧௘ + 𝑛. 𝐼௉௔௧௖௛  (2.19) 

I୔୪ୟ୲ୣ and I୔ୟ୲ୡ୦ are the moment of inertia of the plate and patch, respectively, and n is the 

ratio of modulus of elasticity.  

Where,  

𝑛 =
𝐸௉

𝐸
 (2.20) 

𝐼௉௟௔௧௘ = 𝑊 ∙
𝑡ଷ

12
+ 𝑊௉ ∙ 𝑡 ∙ 𝑍ଶ (2.21) 

𝐼௉௔௧௖௛ = 𝑊௉ ∙
𝑡௉

ଷ

12
+ 𝑊௉ ∙ 𝑡௉ ∙

ቂ
𝑡௉
2

+ 𝑡஺ + ቀ
𝑡
2

− 𝑍ቁቃ
ଶ

4
 

(2.22) 

Combining the Eqs. (2.16) to (2.22), the parameter BCF can be found and the modified SIF 

after passive repair can be expressed as:  

𝐾௉
∗ = (1 + 𝐵𝐶𝐹) ∙

𝜎଴

1 + 𝑆
. ඨ

𝜋𝑎𝑐̅

𝑎 + 𝑐̅
∙ 𝐹 ቀ

𝑎

𝑊
ቁ (2.23) 

2.2.3 SIF Reduction via Active and Hybrid Repair 

2.2.3.1 Active Repair  

The SIF is calculated using the concept of the superposition principle of LEFM, where 

two cases are taken into account and combined. The cases are described as follows: the 

cracked plate is subjected to mechanical loading only, and the plate is only under actuation 

(no mechanical loading). The SIF after active repair can be written as, 

𝐾஺ = 𝐾ூ + 𝐾௉௜௘௭௢  (2.24) 

where SIF under actuation effect, K୔୧ୣ୸୭ is evaluated by weight function method (WFM) as 

proposed by Bueckner (1970) and K୍ is computed in the section 2.2.1. The weight function is 

evaluated using the y-direction displacement obtained by the Westergaard stress function 

[Anderson (2017)]. Now the solution of K୔୧ୣ୸୭ may thus be obtained from the following 

statement for a cracked body using weight function h(x, y, a) and piezoelectric 

stress σ୔୧ୣ୸୭(x) [Abuzaid et al. (2018b)].  

𝐾௉௜௘௭௢ = න{ℎ(𝑥, 𝑦, 𝑎) ∙ 𝜎௉௜௘௭௢(𝑥)}𝑑𝑥

௔

଴

 (2.25) 
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For any boundary condition, K୔୧ୣ୸୭ can be computed once WFM is known for a 

particular geometry. The weight function of a system with a cracked linear elastic body under 

a symmetrical load needs knowledge of the reference SIF from Eq. (2.1) as well as the 

specific geometry's mode-I stress system. The reference SIF under the action of σ୔୧ୣ୸୭ can be 

written as 

 𝐾௥ = 𝜎௉௜௘௭௢√𝜋𝑎 (2.26) 

The weight function for a 2D cracked structure under mode-I opening load is as follows: 

ℎ(𝑥, 𝑦, 𝑎) =
𝐸ሖ

2𝐾௥

𝑑𝑢௬

𝑑𝑎
 (2.27) 

where Eሖ = E for plane stress and Eሖ = E (1 − νଶ)⁄  for plane strain conditions. u୷ is the plate's 

displacement in the y direction. The in-plane crack opening displacement for mode-I opening 

as per the Westergaard stress function [Anderson (2017)] is given as, 

𝑢௬ = ±
2𝜎௉௜௘௭௢

𝐸ሖ
ඥ𝑥(𝑎 − 𝑥) (2.28) 

As the plate is double-edge cracked with crack length a, differentiating u୷ with respect to a,  

𝑑𝑢௬

𝑑𝑎
= ±

𝜎௉௜௘௭௢

𝐸ሖ
ට

𝑥

𝑎 − 𝑥
 (2.29) 

Now substituting Eqs. (2.26) and (2.29) in Eq. (2.27) and the weight function can be found as, 

ℎ(𝑥, 𝑦, 𝑎) =
1

√4𝜋𝑎
ට

𝑥

𝑎 − 𝑥
 (2.30) 

Piezoelectric actuators are bonded on the cracked plate completely where σ୔୧ୣ୸୭ is the 

stress produced by the piezoelectric actuators, which has an equal perpendicular distribution 

to the crack surface. dଷଵ is the only effective mode which is piezoelectric strain coefficient. 

Under the application of the external voltage V, the shear force produced by the piezoelectric 

actuators is given by [Crawley and de Luis (1987)], 

𝐹௉௜௘௭௢ =
𝐸𝑡𝑇

𝜓 + 𝛼
∙ 𝛬 (2.31) 

Where T is the distributed electrode width. ψ is a non-dimensional parameter given by Eq. 

(2.32). α is a constant that depends on the type of loading and for extensional loading its value 

is α = 2 [Crawley and de Luis (1987)]. 

𝜓 =
𝐸𝑊𝑡

𝐸௉𝑊௉𝑡௉
 (2.32) 
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Λ is the piezoelectric strain given by, 

𝛬 =
𝑑ଷଵ

𝑡௉
∙ 𝑉 (2.33) 

σ୔୧ୣ୸୭ can be computed from the Eqs. (2.31) - (2.33) and is expressed as follows, 

𝜎௉௜௘௭௢ =
𝐸𝑡𝑇

𝐴(𝜓 + 𝛼)
∙

𝑑ଷଵ

𝑡௉
𝑉 (2.34) 

Where A is the effective cross-sectional area of the plate.  

As the solution obtained by Eq. (2.25) is based on the application of LEFM, the effect 

of the geometry of any infinite plate is to be taken into account using the dimensionless 

geometry correction factor proposed by Tada et al. (2000) and Eq. (2.25) may be modified as, 

𝐾௉௜௘௭௢ = ൥න{ℎ(𝑥, 𝑦, 𝑎) ∙ 𝜎௉௜௘௭௢} ∙ 𝑑𝑥

௔

଴

 ൩ ∙ 𝐹 ቀ
𝑎

𝑊
ቁ (2.35) 

Now, using Eq. (2.2) and Eq. (2.35), 𝐾஺ can be expressed as, 

𝐾஺ = ൥𝜎଴√𝜋𝑎 + න ℎ(𝑥, 𝑦, 𝑎) ∙ 𝜎௉௜௘௭௢ ∙ 𝑑𝑥

௔

଴

൩ ∙ 𝐹 ቀ
𝑎

𝑊
ቁ (2.36) 

2.2.3.2 Hybrid Repair 

The expression of SIF as represented by Eq. (2.36), holds suitable for active repair 

only, i.e., the passive reinforcement effect is not considered. Since this research is not only 

concerned with active repair but also focuses on its passive effect, an innovative repair 

method is established that encompasses the idea of merging both repair methods and is termed 

a 'hybrid' repair. The superposition principle is used again by considering the cases: the plate 

is attached with a non-activated patch under mechanical loading (no voltage), and the plate is 

only under actuation (no mechanical loading). The SIF after hybrid repair can be written as 

Kୌ = K୔
∗ + K୔୧ୣ୸୭ where K୔

∗  is calculated in section 2.2.2, while K୔୧ୣ୸୭ is in the previous 

discussion. The final expression of SIF can be expressed as, 

𝐾ு = ቎(1 + 𝐵𝐶𝐹) ∙
𝜎଴

1 + 𝑆
. ඨ

𝜋𝑎𝑐̅

𝑎 + 𝑐̅
+ න ℎ(𝑥, 𝑦, 𝑎) ∙ 𝜎௉௜௘௭௢ ∙ 𝑑𝑥

௔

଴

቏ ∙ 𝐹 ቀ
𝑎

𝑊
ቁ (2.37) 
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2.2.4 Methodology for Fatigue Crack Growth Rate (FCGR) and Fatigue 

Life Estimation 

In this section, fatigue crack growth rate (FCGR) and service life of a cracked 

structure are estimated under cyclic tension. For this purpose, the Paris crack growth model 

for mode-I is adopted and is expressed as [Paris and Erdogan (1963)], 

𝑑𝑎

𝑑𝑁
= 𝐶 ∙ (∆𝐾)௠ (2.38) 

The above expression gives the FCGR (mm/cycle). C and m are the material constants for a 

particular value of stress ratio (R).  

The difference in SIF for maximum and minimum loading is necessary for this study 

and may be calculated using the previous sections' derivations. The change in SIF (∆K =

K୫ୟ୶ − K୫୧୬) is influenced by the change in stress quantity only (∆σ = σ୫ୟ୶ − σ୫୧୬) in all 

cases under consideration, such as without repair, passive repair, active repair, and hybrid 

repair. To find out the fatigue life as well as the fatigue crack growth rate for all the above 

scenarios, Eq. (2.38) is integrated from initial crack length 𝑎௢ to final crack length 𝑎௙. During 

numerical integration, a small incremental crack extension ∆𝑎௜ is recorded for an incremental 

number of cycles ∆𝑁௜ and can be written as 𝑎௜ାଵ = 𝑎௜ + ∆𝑎௜ and 𝑁௜ାଵ = 𝑁௜ + ∆𝑁௜ 

respectively. Under cyclic tensile load, there is an increase in crack length and it reaches the 

value of critical crack length 𝑎௖ ൫𝑎௙ → 𝑎௖൯ after any number of loading cycles. To find the 

fatigue life of a damaged structure, the above-mentioned numerical integration is to be carried 

out between 𝑎௢ and 𝑎௖. The fracture toughness of the plate material is given by 𝐾ூ஼ =

𝜎଴ඥ𝜋𝑎௖ ∙ 𝐹 ቀ
௔೎

ௐ
ቁ. The critical length depends on the applied stress and configuration of the 

cracked structure.  

2.2.4.1 Without repair 

From Eq. (2.2), the SIF range can be written as, 

∆𝐾ூ = ∆𝜎 ∙ √𝜋𝑎 ∙ 𝐹 ቀ
𝑎

𝑊
ቁ (2.39) 

Putting this value in Eq. (2.38) we have, 
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⎩
⎪
⎨

⎪
⎧

𝑑𝑎

𝑑𝑁
= 𝐶 ∙ ቂ∆𝜎 ∙ √𝜋𝑎 . 𝐹 ቀ

𝑎

𝑊
ቁቃ

௠

𝑑𝑁 =
𝑑𝑎

𝐶 ∙ ቂ∆𝜎 ∙ √𝜋𝑎 . 𝐹 ቀ
𝑎
𝑊ቁቃ

௠

 (2.40) 

In order to calculate the propagated crack length after the N loading cycle, numerical 

integration of Eq. (2.40) is performed. 

𝑁௙ = න 𝑑𝑁

ே೑

଴

= න
𝑑𝑎

𝐶 ∙ ቂ∆𝜎 ∙ √𝜋𝑎 . 𝐹 ቀ
𝑎
𝑊ቁቃ

௠

௔೑స௔೎

௔೚

 (2.41) 

2.2.4.2 Passive Repair 

From Eq. (2.23), SIF range can be written as 

 ∆𝐾௉
∗ = (1 + 𝐵𝐶𝐹) ∙

∆𝜎

1 + 𝑆
. ට

𝜋𝑎𝑐

𝑎 + 𝑐
∙ 𝐹 ቀ

𝑎

𝑊
ቁ (2.42) 

Putting this value in Eq. (2.38) we have, 

⎩
⎪
⎪
⎨

⎪
⎪
⎧

𝑑𝑎

𝑑𝑁
= 𝐶 ∙ ቈ(1 + 𝐵𝐶𝐹) ∙

∆𝜎

1 + 𝑆
. ට

𝜋𝑎𝑐

𝑎 + 𝑐
∙ 𝐹 ቀ

𝑎

𝑊
ቁ቉

௠

𝑑𝑁 =
𝑑𝑎

𝐶 ∙ ቈ(1 + 𝐵𝐶𝐹) ∙
∆𝜎

1 + 𝑆
. ට

𝜋𝑎𝑐
𝑎 + 𝑐

∙ 𝐹 ቀ
𝑎
𝑊ቁ቉

௠

 (2.43) 

In the same way, we can calculate the fatigue life after passive repair and given below, 

𝑁௙ = න 𝑑𝑁

ே೑

଴

= න
𝑑𝑎

𝐶 ∙ ቈ(1 + 𝐵𝐶𝐹) ∙
∆𝜎

1 + 𝑆
. ට

𝜋𝑎𝑐̅
𝑎 + 𝑐̅ ∙ 𝐹 ቀ

𝑎
𝑊ቁ቉

௠

௔೑స௔೎

௔೚

 (2.44) 

2.2.4.3 Active Repair 

From Eq. (2.36), SIF range for only active repair can be written as,  

∆𝐾஺ = ൝∆𝜎√𝜋𝑎 + න ℎ(𝑥, 𝑦, 𝑎) ∙ ∆𝜎௉௜௘௭௢ ∙ 𝑑𝑥

௔

଴

ൡ ∙ 𝐹 ቀ
𝑎

𝑊
ቁ (2.45) 

where, 
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⎩
⎪
⎨

⎪
⎧∆𝜎௉௜௘௭௢ =

𝐸𝑡𝑇

𝐴(𝜓 + 𝛼)
∙

𝑑ଷଵ

𝑡௉
∙ ∆𝑉

∆𝑉 = 𝑉௠௔௫ − 𝑉௠௜௡                      

 (2.46) 

Putting this value in Eq. (2.38) we have, 

⎩
⎪⎪
⎨

⎪⎪
⎧ 𝑑𝑎

𝑑𝑁
= 𝐶 ∙ ൥൝∆𝜎√𝜋𝑎 + න ℎ(𝑥, 𝑦, 𝑎) ∙ ∆𝜎௉௜௘௭௢ ∙ 𝑑𝑥

௔

଴

ൡ ∙ 𝐹 ቀ
𝑎

𝑊
ቁ൩

௠

𝑑𝑁 =
𝑑𝑎

𝐶 ∙ ቂ൛∆𝜎√𝜋𝑎 + ∫ ℎ(𝑥, 𝑦, 𝑎) ∙ ∆𝜎௉௜௘௭௢ ∙ 𝑑𝑥
௔

଴
ൟ ∙ 𝐹 ቀ

𝑎
𝑊ቁቃ

௠

 (2.47) 

and the fatigue life is given by, 

𝑁௙ = න 𝑑𝑁

ே೑

଴

= න
𝑑𝑎

𝐶 ∙ ቂ൛∆𝜎√𝜋𝑎 + ∫ ℎ(𝑥, 𝑦, 𝑎) ∙ ∆𝜎௉௜௘௭௢ ∙ 𝑑𝑥
௔

଴
ൟ ∙ 𝐹 ቀ

𝑎
𝑊ቁቃ

௠

௔೑స௔೎

௔೚

 (2.48) 

2.2.4.4 Hybrid Repair 

From Eq. (2.37), SIF range can be written as 

∆𝐾ு = ቐ(1 + 𝐵𝐶𝐹) ∙
∆𝜎

1 + 𝑆
. ඨ

𝜋𝑎𝑐̅

𝑎 + 𝑐̅
+ න ℎ(𝑥, 𝑦, 𝑎) ∙ ∆𝜎௉௜௘௭௢ ∙ 𝑑𝑥

௔

଴

ቑ ∙ 𝐹 ቀ
𝑎

𝑊
ቁ (2.49) 

Putting this value in Eq. (2.38) we have, 

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝑑𝑎

𝑑𝑁
= 𝐶 ∙ ቎ቐ(1 + 𝐵𝐶𝐹) ∙

∆𝜎

1 + 𝑆
. ඨ

𝜋𝑎𝑐̅

𝑎 + 𝑐̅
+ න ℎ(𝑥, 𝑦, 𝑎) ∙ ∆𝜎௉௜௘௭௢ ∙ 𝑑𝑥

௔

଴

ቑ ∙ 𝐹 ቀ
𝑎

𝑊
ቁ቏

௠

𝑑𝑁 =
𝑑𝑎

𝐶 ∙ ቈቊ(1 + 𝐵𝐶𝐹) ∙
∆𝜎

1 + 𝑆
. ට

𝜋𝑎𝑐̅
𝑎 + 𝑐̅ + ∫ ℎ(𝑥, 𝑦, 𝑎) ∙ ∆𝜎௉௜௘௭௢ ∙ 𝑑𝑥

௔

଴
ቋ ∙ 𝐹 ቀ

𝑎
𝑊ቁ቉

௠

 (2.50) 

and the fatigue life is given by, 

𝑁௙ = න 𝑑𝑁

ே೑

଴

= න
𝑑𝑎

𝐶 ∙ ቈቊ(1 + 𝐵𝐶𝐹) ∙
∆𝜎

1 + 𝑆
. ට

𝜋𝑎𝑐̅
𝑎 + 𝑐̅ + ∫ ℎ(𝑥, 𝑦, 𝑎) ∙ ∆𝜎௉௜௘௭௢ ∙ 𝑑𝑥

௔

଴
ቋ ∙ 𝐹 ቀ

𝑎
𝑊ቁ቉

௠

௔೑స௔೎

௔೚

 

(2.51) 
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2.3 Finite Element Analysis (FEA) Using ABAQUS 

In order to validate the results obtained from the numerical analysis, an FE model is 

developed by modelling a structure with a piezoelectric patch. At first, three deformable 

bodies are created and 2 planar shells are created to model the Plate, piezoelectric patch, 

adhesive layer, and cracks with the dimensions, material properties, and damage parameters 

as given in  Table 2.1-2.5. The plate model is partitioned into two geometries to incorporate 

the crack on both sides of the plate. The piezoelectric patch model is defined with a local 

material orientation by creating a datum where axis 3 is kept along the depth of the patch 

model. It is to be noted that ABAQUS takes direction 3 as the polarization direction. The 

piezoelectric patch and cracked plates are attached by using tie interaction under the 

interaction module. The model is simulated under a static step where the cyclic load is applied 

by creating a tabular amplitude and selecting the created amplitude as the variation of the 

magnitude of load with time. The external voltage on the piezoelectric patch is applied by 

creating two electrical boundary conditions on the two opposite faces of the patch. The 

voltage of the face attached to the adhesive is kept zero and the other face is given a finite 

value. Subsequently, for validation purposes, three more deformable bodies are created under 

the part module to model the cracked plate and two piezoelectric patches with the dimensions 

as considered in the published literature by Abuzaid et al. (2018b). For the analysis, material 

properties as mentioned by Abuzaid et al. (2018b) are assigned to the plate model and 

piezoelectric patch models. Thenceforth as required a seam crack at the middle of one side of 

the plate is considered. 

 

Figure 2.3: Model of the cracked plate with an assembled piezoelectric patch on the 

ABAQUS platform 
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The propagation of a crack is considered to be in quasi-static condition, i.e., the crack 

grows very slowly such that at every instant, the problem can be regarded as static and can be 

performed by the extended finite element method (XFEM). Without re-meshing the model, 

XFEM enables the investigation of fracture growth along solution-dependent paths. The 

maximum principal stress value is specified to initiate the crack propagation in the material 

definition.  XFEM analysis is performed under the static step. Figure 2.3 depicts the 3D 

model with the tied piezoelectric patch with an adhesive layer and the location of the crack. 

Figure 2.4 shows the selected crack domain and the planar element that is required to specify 

the XFEM crack. 

  

Figure 2.4: Depiction of the crack domain, crack location, and meshing condition for XFEM 

analysis 

2.4 Validation Study 

2.4.1 Validation of the Present FE Model 

In order to validate the efficacy of the present analytical approach and finite element 

analysis, results obtained by both methods are compared with the experimental and numerical 

results published by Abuzaid et al. (2018b). The material properties, geometric properties, 

loading conditions, and boundary conditions are considered identical to those of Abuzaid et 

al. (2018b). Two piezoelectric patches are bonded by an adhesive layer, as shown in Figure 

2.5. 

 
Figure 2.5: Schematic illustration of the considered cracked plate with bonded piezoelectric 

patch as used in the experimental work of Abuzaid et al. (2018b) 
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Figure 2.6(a) and (b) depict the finite element model of the plate discretized by 

hexahedral elements and its deformed shape, respectively. Figure 2.7 presents the comparison 

of the present theoretical and FE analysis with the experimental results published by Abuzaid 

et al. (2018b). The results of the present analysis match pretty well with that of the published 

literature. 

 

Figure 2.6: FE model of the cracked plate with attached piezo actuators considered for 

validation (a) before simulation (b) after simulation 

 

Figure 2.7: Comparison of the present results with the published experimental and numerical 

results in Abuzaid et al. (2018b) 
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2.4.2 Validation of Proposed Analytical Model Using ABAQUS 

The present analytical approach aims to intend that a piezoelectric patch can slow down 

the fatigue crack growth rate. In addition to the analytical approach, a Finite element analysis 

(FEA) with the help of ABAQUS Standard CAE is performed to match the results. XFEM 

(Extended Finite Element) cracks are incorporated into the plate, and the model is simulated 

using a static step to facilitate crack propagation under cyclic loading. The model is 

discretized by hexahedral elements with 0.00015 m approximate global size. The sweep 

meshing technique with the medial axis algorithm is considered for discretization. The cyclic 

load is applied in the static step by creating a tabular amplitude, which varies the load with 

time as required. Where the maximum and minimum stress values are 330 MPa and 33 MPa, 

respectively. The adhesive layer is sandwiched between the plate and the piezoelectric patch, 

as mentioned by Kumar et al. (2023). The mating faces of the adhesive layer to the 

piezoelectric patch and the adhesive layer to the plates are assembled by using tie interaction 

from the interaction module. An electrical boundary condition of zero voltage is applied on 

the face of the piezoelectric patch, which is attached to the adhesive layer. 

For the analysis, the parameters related to the geometry of the plate, piezoelectric patch 

(PZT-5H), and adhesive are given in Table 2.1. The material properties are mentioned in 

Table 2.2-2.4, respectively. The fatigue properties of the plate Al 2024-T3 are given in Table 

2.5. 

Table 2.1: Parameters about the geometry of the repaired configurations as shown in Figure 

2.1 

Dimensions 
Al 2024-T3 

(mm) 

PZT-5H 

(mm) 

Resin Epoxy 

(mm) 

Height H=200 HP=100 HA=100 

Width W=100 WP=100 WA=100 

Thickness t=1.6 tP=0.5, 0.75 and 1 tA=0.05, 0.075 and 1 

Table 2.2: Mechanical properties of Al 2024-T3 plate material 

Elastic 

Modulus (E) 

(GPa) 

Poisson’s ratio 

(ν) 

Tensile yield 

strength 

(MPa) 

Ultimate 

tensile strength 

(MPa) 

Density 

Kg/m3 

74 0.33 345 483 2780 
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Table 2.3: Properties of piezoelectric material PZT-5H 

Piezoelectric 

coefficient  

(10-12 C/N) 

Flexibility coefficient 

(10-12 m2/N) 

Dielectric 

constant 

Density 

Kg/m3 

𝑑ଷଵ = −274 

𝑑ଷଷ = 593 

𝑑ଵହ = 741 

𝑠ଵଵ = 16.5, 𝑠ଵଶ = −4.78, 𝑠ଵସ = −8.45,  

𝑠ଷଷ = 20.7, 𝑠ସସ = 43.5, 𝑠଺଺ = 2(𝑠ଵଵ − 𝑠ଵଶ) 

𝑘ଵଵ

= 3130 

𝑘ଷଵ

= 3400 

7600 

Table 2.4: Material properties of resin epoxy 

Elastic Modulus (EA) 

(GPa) 

Poisson’s 

ratio 𝝂𝑨 

Tensile yield 

strength 

(TA) 

(MPa) 

Shera Modulus 

(GA) 

(GPa) 

 

Density 

(Kg/m3) 

2.8 0.35 30 1.05 1210 

Table 2.5: Fracture properties of Al 2024-T3 and Paris law material constants at stress ratio 

R=0.1 [Ayatollahi et al. (2014)] 

∆𝑲𝒕𝒉 ൫𝑴𝑷𝒂√𝒎൯ 𝑲𝑰𝑪 ൫𝑴𝑷𝒂√𝒎൯ C m 

3.61 33.16 7.172×10-8 3.0089 

 

Figure 2.8: Comparison of present analytical results with the results obtained by FEA in 

ABAQUS 
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It should be mentioned that 500V is provided to the piezoelectric patch to slow down 

the crack propagation rate. Thereafter, the results are compared for authentication, and the 

same are shown in Figure 2.8. The graphical comparison between the results obtained by FEA 

and the analytical method shows a good match. The deformed FE models of the cracked plate 

with propagated crack before and after attaching the piezoelectric patch are displayed in 

Figure 2.9. The simulated finite element models at the three conditions without repair 

(without patch), passive repair (patch without voltage actuation), and active repair (with 

actuated patch) are depicted in Figure 2.9(a), (b), and (c). 

 

Figure 2.9: Deformed FE model of the cracked plate with propagated crack (a) before 

attaching the piezoelectric patch (b) after attaching the piezoelectric patch (c) after attaching 

the piezoelectric patch and applying a voltage of 500 V 

2.5 Results and Discussion 

Once the output of the numerical simulation is matched with the FE analysis, further 

investigation is carried out to determine the fatigue life and FCGR under cyclic loading 

without repair, passive repair, active repair, and hybrid repair of the cracked plate using the 

analytical method proposed in this work.  

2.5.1 Fatigue Life of the Cracked Plate  

The cracked plate without repair (plate without patch) is subjected to a cyclic load 

between 8 KN and 0.8 KN, which results in σ୫ୟ୶ = 50 MPa, σ୫୧୬ = 5 MPa, and the Stress 
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Ratio (SR) of 0.1. The same stress ratio is maintained for all the subsequent analyses. Crack 

length is propagated under fatigue loading and reaches the critical crack length of 𝑎௖, 

when (K୍)୛୧୲୦୭୳୲ ୰ୣ୮ୟ୧୰ = K୍େ. The corresponding number of cycles N୤ provides the fatigue 

life, which is calculated using Eq. (2.41). Figure 2.10(a) represents the increase in crack 

length without a repaired plate concerning the number of loading cycles (𝑁) and Figure 

2.10(b) shows the change in FCGR (𝑑𝑎 𝑑𝑁⁄ ) against SIF range (∆𝐾).  

 

Figure 2.10: The results of the without repaired plate (a) Final crack length vs. number of 

loading cycles (b) Fatigue crack growth rate vs. SIF range 

2.5.2 Fatigue Life Enhancement via Passive Repair 

The bonded piezoelectric patch is attached to the plate. However, no voltage is applied to 

the patch. SIF is reduced significantly due to its passive effect, i.e., due to the stiffness of the 

patch material. The fatigue life is calculated for passive repair using Eq. (2.44). This repair 

method is affected by the piezoelectric patch thickness, 𝑡௉, and adhesive thickness, 𝑡஺. To 

study the effect of thicknesses and to choose the best possible thicknesses of the patch and 

adhesive, an investigation is carried out for different patch thicknesses, 𝑡௉ =

0.5, 0.75, 𝑎𝑛𝑑 1 𝑚𝑚, and different adhesive thicknesses 𝑡஺ = 0.05, 0.075 𝑎𝑛𝑑 0.1 𝑚𝑚  

Figure 2.11 demonstrates the propagation of crack length concerning the number of 

loading cycles for different patches and adhesive thicknesses. From Eq. (2.42), it is clear that 

𝑑𝑎 𝑑𝑁⁄  provides a fixed value for a particular value of ∆𝐾  for all parameters related to 

different repair configurations. However, ∆𝐾 attains a specific value after a different number 

of loading cycles for various configurations. Thus, for proper comparison of FCGR 

concerning the SIF range, choosing an optimum number of loading cycles is essential. In the 
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concerned case, the change in FCGR (𝑑𝑎 𝑑𝑁⁄ ) with respect to SIF range (∆𝐾) within 

3 × 10ହ cycles are shown in Figure 2.12 for different adhesive thicknesses. The crack growth 

rate can be delayed by maintaining a higher patch thickness. The crack growth rate without a 

repair plate is also included in the figure. 

 

Figure 2.11: Change in crack length with loading cycles for passive repair configurations (a) 

𝑡஺=0.05mm (b) 𝑡஺=0.075mm (c) 𝑡஺=0.1mm 

Figure 2.13 demonstrates the variation of fatigue life ൫𝑁௙൯ for different patches and 

adhesive thicknesses. As can be seen, passive repair enhances the fatigue life by 99.31%, 

254%, and 520% for patch thicknesses 0.5 mm, 0.75 mm, and 1 mm, respectively, compared 

to without repair condition when the adhesive thickness is kept at 0.05 mm. For different 

adhesive thicknesses (0.075 mm and 0.1 mm), it is found that fatigue life can be enhanced by 

68.56%, 195.25%, 411% and 51.73%, 163.23%, 351.95% as compared to without repair 

condition. The fatigue life is also increased by 77.6% and 211.5% for patch thickness 0.75 

mm and 1 mm, respectively, compared to the fatigue life obtained when patch thickness is 0.5 



Hybrid Repair of Double-Edged Cracked Plate 

43 
 

mm. This is found as better stress distribution occurs for higher patch thickness, which results 

in lower crack tip stress and lower SIF and, hence, an increase in fatigue life. A higher patch 

thickness is more efficient for the passive repair of any cracked structure.  

However, fatigue life decreases with the increase in adhesive thickness for a particular 

patch thickness. Fatigue life is reduced by 15.4% and 23.8% for the adhesive thickness of 

0.075 mm and 0.1 mm, respectively, compared to the fatigue life obtained for the adhesive 

thickness of 0.05 mm when patch thickness is kept at 0.5 mm. This may be a consequence of 

inadequate load transfer to the patch, resulting in reduced load sharing. For low adhesive 

thickness, the crack growth rate is found to be minimal, as described in Figure 2.12. So, for 

better repair performance, thickness adhesive is to be chosen.  

 

Figure 2.12: Fatigue crack growth rate vs SIF Range for passive repair configuration (a) 𝑡஺ =

0.05𝑚𝑚 (b) 𝑡஺ = 0.075𝑚𝑚  (c) 𝑡஺ = 0.1𝑚𝑚 
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Figure 2.13: Fatigue life vs. adhesive thickness for various patch thicknesses for a passive 

repair illustration 

2.5.3 Fatigue Life Enhancement via Active Repair 

This section discusses the repair performance of only actuation by the piezoelectric 

patch, neglecting the passive effect. This discussion is made to have the appropriate voltage 

ratio (VR), thickness, and externally applied voltage of the patch. For this analysis, the 

thickness of the adhesive is kept low, say 0.05 mm, as higher adhesive thickness leads to a 

decrease in the load transfer to the cracked plate and, hence, low repair performance.  

2.5.3.1 Effect of Voltage Ratio (VR) 

Since the repair method is carried out under fatigue loading, choosing the proper voltage ratio 

is essential. (𝑉𝑅 = 𝑉௠௜௡ 𝑉௠௔௫⁄ ) applied to the patch for better performance. The fatigue crack 

growth rate depends on the SIF range (∆𝐾) and the fatigue life additionally depends on 𝐾௠௔௫ 

as fatigue life is calculated when 𝐾௠௔௫ becomes equal to the 𝐾ூ஼. So, minimizing SIF range 

(∆𝐾) and maximizing the number of cycles required to reach the fracture toughness (𝐾௠௔௫ =

 𝐾ூ஼) is the significant attention of this analysis. Voltage ratio (VR) is taken as 0, 0.2, 0.4, 0.6, 

0.8, and 1.0 with 𝑉௠௔௫ = 500 𝑉.   

The change in crack length against the loading cycle is shown in Figure 2.14(a) for 

various voltage ratios. Because the maximum voltage is fixed in this case, the maximum SIFs 

are the same for all voltage ratios, and thus the critical crack length is identical. It is observed 

that the number of loading cycles required to reach the critical crack length (𝑎௖ = 43.77 𝑚𝑚) 

drops with a rising voltage ratio. Figure 2.14(b) illustrates the change in the rate of fatigue 

development of cracks about the SIF range (∆𝐾) within 10ହ cycles, and it indicates that 
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the voltage ratio has a significant influence on crack growth rate and that the zero-voltage 

ratio (𝑉𝑅 = 0 𝑜𝑟 𝑉௠௜௡ = 0) offers the most delayed crack growth. 

 

Figure 2.14: The results of active repair for various voltage ratios keeping Vmax=500 V (a) 

Crack length vs loading cycle (b) Fatigue crack growth rate vs SIF range (c) Fatigue life 

It is observed that the maximum fatigue life is obtained when VR = 0, and it decreases 

as VR increases while 𝑉௠௔௫ is kept constant at 500 V. The fatigue life is improved by 27.12%, 

21%, 15.28%, 9.92%, 4.85%, and 0.12% corresponding to VR = 0, 0.2, 0.4, 0.6, 0.8, and 1, 

respectively, as compared to without repair cases as seen in Figure 2.14(c). For active repair, 

 ∆𝐾 = ൛∆𝜎√𝜋𝑎 + ൣ∫ ℎ(𝑥, 𝑦, 𝑎) ∙ {𝐸 ∙ 𝑡 ∙ 𝑇 ∙ 𝑑ଷଵ ∙ ∆𝑉 𝐴 ∙ 𝑡௉ ∙ (𝜓 + 𝛼)⁄ } ∙ 𝑑𝑥
௔

଴
൧ൟ ∙ 𝐹 ቀ

௔

ௐ
ቁ  (2.52) 

The second term of Eq. (2.52) provides the change in SIF under voltage application, 

which is a negative quantity. The second term vanishes when VR=1.0 a ∆𝑉 = 0. In order to 

minimize ∆𝐾,  ∆𝑉 must be maintained at a higher value which results in low FCGR. To 
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maximize the fatigue life, 𝐾௠௔௫ is to be lowered by applying a higher 𝑉௠௔௫. So, for the best 

repair performance, 𝑉௠௜௡ should be equal to zero i.e., VR = 0 to maintain maximum ∆𝑉 for a 

fixed value of  𝑉௠௔௫. Furthermore, the findings show that even at constant voltage, where 

there is no change in ∆𝐾, a slight increase in fatigue life is obtained. This is because the 

application of continuous voltage lowers 𝐾௠௔௫, i.e., ൫𝐾஺,௠௔௫൯
௔௧ ହ଴଴ ௏

< ൫𝐾ூ,௠௔௫൯
௪௜௧௛௢௨௧ ௥௘௣௔௜௥

 

and more cycles are required to reach 𝐾ூ஼. 

2.5.3.2 Effect of Piezoelectric Patch Thickness 

The thickness of piezoelectric actuators plays an essential role in repair performance. 

It was reported in previous research [Abuzaid et al. (2018a)] that thin actuators with high 

voltage provide the best result. This happens because the compressive force produced at the 

crack surface by the piezoelectric patch is inversely proportional to the thickness of the patch. 

For this reason, a 500 V maximum voltage (𝑉௠௔௫) is taken to study the effect of piezoelectric 

patch thickness for 𝑡௉ = 0.5, 0.75, 𝑎𝑛𝑑 1 𝑚𝑚.  The change in final crack length concerning 

the number of loading cycles is shown in Figure 2.15(a). The fatigue life is decreased by 

3.53% for the case when the piezoelectric patch is increased from 0.5 mm to 0.75 mm, 6.05% 

for the case when the piezoelectric patch is increased from 0.5 mm to 1 mm, and 2.61% when 

it is changed from 0.75 mm to 1 mm as shown in Figure 2.15(b).  

 

Figure 2.15: The results of active repair for different patch thicknesses (a) Crack length vs. 

loading cycle (b) Fatigue life 
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2.5.3.3 Effect of Maximum Applied Voltage 

For the investigation of the effect of the maximum applied voltage applied to the patch 

on performance, an investigation has been carried out by varying the maximum voltage 

(𝑉௠௔௫) from 500 V to 1000 V. Given that, the permissible limit of the electric field is 

considered as 2 kV/mm; consequently, the maximum applied voltage for the lowest thickness 

among all considered thicknesses (e.g., 0.5 mm) becomes 1000 V. The piezoelectric patch 

thickness is kept at 0.5 mm. Crack length is calculated against several loading cycles for the 

plate only under actuation (active repair) as represented in Figure 2.16(a). The variation of 

FCGR (𝑑𝑎 𝑑𝑁⁄ ) concerning the SIF range (∆𝐾) within 10ହ cycles are plotted in Figure 

2.16(b) and lower crack growth is observed for the higher applied voltage. This is due to the 

higher reduction of stress at the crack tip hence lowering the SIF. 

 

Figure 2.16: The results of active repair for various applied external maximum voltages (a) 

Crack length vs loading cycle (b) Fatigue crack growth rate vs SIF range 

According to Figure 2.17(a), the fatigue life extends as the applied external voltage 

rises.  The findings indicate that the fatigue life can be enhanced by 27.12%, 33.68%, 40.7%, 

48.22%, 56.27%, and 64.92% for the voltages 500 V, 600 V, 700 V, 800 V, 900 V, and 1000 

V respectively concerning without repair condition as shown in Figure 2.17(b). The 

percentage increase in fatigue life when applied external voltages are increased from 500 V is 

summarized in Figure 2.17(b). It is found that the fatigue life is improved by 5.16%, 10.6%, 

16.5%, 22.9%, and 29.73% when the applied voltage is increased by an amount of 100 V, 200 

V, 300 V, 400 V, and 500 V respectively from the applied voltage of 500 V. It has been 

observed that for each 100 V rise, fatigue life could have increased by around 5-7% for this 
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repair configuration as shown in Figure 2.17(c). The plate structure, crack geometry, and 

applied mechanical load determine the voltage requirement, and a suitable range of external 

voltage is chosen accordingly.  

 

Figure 2.17: (a) Fatigue life for different external applied voltage (b) Increase in fatigue life 

for different external applied voltage compared to without repair (c) Increase in fatigue life 

for incremental applied voltages concerning 500 V application 

2.5.4 Fatigue Life Enhancement via Hybrid Repair 

It is clear from the results of the previous sections that an increase in patch thickness 

(tP) results in a longer fatigue life for passive repair. It has been shown in 2.5.3.2 that 

increasing 𝑡௉ will reduce the fatigue life in the case of only active repair given that the 

piezoelectric patch produces less strain at higher 𝑡௉. Results from the hybrid repair 

methodology, which combines passive and active repair, are reported in this section. An 
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optimal value of 𝑡௉ must be maintained to achieve the best performance. Additionally, it has 

been found that zero voltage ratio (VR) offers the best repair and, subsequently, a longer 

fatigue life. 

The crack length corresponding to the loading cycle is calculated with 𝑡௉ = 0.5 mm 

and zero voltage ratio as represented in Figure 2.18(a) for various applied voltages in 

connection with a without repair case. The number of loading cycles required to reach the 

critical crack length increases as the externally applied voltages increase. Under 100V, 500V, 

and 1000V applications, hybrid repair enhances fatigue life by 111.95%, 174.88%, and 

294.92%, respectively, compared to without repair conditions. The change in crack growth 

rate against the SIF range within 3 × 10ହ cycles are also determined and plotted in Figure 

2.18(b) for the cases such as without repair, and hybrid repair with 500 V and 1000 V. It can 

be highlighted that the rise in voltage significantly slows the crack growth rate and thus 

improves fatigue life. 

 

Figure 2.18: The results of hybrid repair for various applied voltages (a) Crack length vs. 

loading cycle (b) Fatigue crack growth rate vs. SIF range 

Figure 2.19 represents the variation of the fatigue life concerning the patch thickness 

for different applied external voltages. It has been found that better fatigue life is obtained for 

the higher t୔ and external voltage. Even though the results show that higher thickness leads to 

better fatigue life, choosing an optimum lower thickness is preferable. If a higher thickness is 

selected, the passive effect remains unaffected even if the mechanical load increases while 

actuation is reduced due to its high thickness. If a lower thickness is chosen, the passive effect 
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is slightly reduced. Still, the actuation effect can be enhanced by raising the externally applied 

voltages, as it provides better actuation for thin patches. 

 

Figure 2.19: Fatigue life vs. patch thickness for various applied voltages in a hybrid repair 

case 

In this repair method, the influence of the external voltage is an important 

consideration. Following the mechanical loading and desired service life, the proper voltage 

range is chosen. Figure 2.20 depicts the fatigue life relative to the different applied external 

voltage for all repair methods while maintaining t୔ = 0.5 mm and VR=0 to show a more 

detailed illustration.  Since the fatigue life of passive repair and without repair conditions is 

independent of voltage, a constant fatigue life has been found for these cases, as can be seen 

in Figure 2.20. The results of hybrid repair are identical to those of passive repair if no voltage 

is applied to the patch, simulating the situation where the plate is not given any actuation. A 

significant improvement in fatigue life is observed with a rise in voltage as the actuation 

delivered to the plate encounters the action while the passive effect remains unchanged.  

Additionally, an illustration demonstrates how well active, passive, and hybrid repairs 

perform compared to those without repair. The percentage increase in fatigue life for different 

repair cases compared to without repair for various external voltages is reported in Figure 

2.21(a). Hybrid repair provides maximum fatigue life enhancement as compared to other 

repair methods. It is observed that hybrid, passive, and active repairs exhibit 174.88%, 

99.31%, and 27.12% improvement in fatigue life, respectively, as compared to without repair 

conditions under the application of 500 V. Passive repair is found to have a constant increase 
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in fatigue life than without repair, and this finding holds across all voltages because passive 

repair has no actuation effect.  

 

Figure 2.20: The variation in fatigue life about the applied external voltage for all repair 

techniques 

 

Figure 2.21: The percentage increase in fatigue life for different applied external voltages (a) 

hybrid, active, and passive repair over without repair (b) hybrid repair over active and passive 

repair 

Since it is evident that hybrid repair provides the best performance, another illustration 

has been made to demonstrate how well a hybrid repair can deliver longer service life when 

compared to passive and active repair, as depicted in Figure 2.21(b). In contrast to passive 

repair, hybrid repair shows 6.34%, 37.92%, and 98.14% enhanced fatigue life under 100 V, 

500 V, and 1000 V applications. Furthermore, hybrid repair shows 102.32%, 116.23%, and 
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139.46% improved fatigue life compared to active repair under 100 V, 500 V, and 1000 V 

applications.  

When the applied voltage is increased from 0 to 100, the fatigue life is increased by 

6.34%. When 500 V and 1000 V are applied, the fatigue life is increased by 29.69% and 

86.32%, respectively, concerning 100 V applications. Fatigue life rises by 43.67% when the 

voltage is increased from 500 V to 1000 V. Every 100 V increase leads to a 6% to 8% rise in 

fatigue life. This change is slightly higher at higher voltages, possibly due to the dominance 

of the actuation effect over the passive effect.  

2.6 Summary  

This chapter uses the reverse piezoelectric effect to develop an analytical model for 

repairing a double-edge cracked infinite plate. The hybrid repair is carried out by considering 

the actuation effect and the passive effect of the patch due to its strong bond with the cracked 

plate. The combined effect of the patch sharing the external load and the compressive stress 

caused by the actuation of the piezoelectric patch under external voltage results in a 

significant stress reduction at the crack tip. This investigation is conducted under cyclic 

tensile load with R=0.1 and various voltage ratios. Afterward, a validation study is carried out 

to examine the accuracy of the proposed analytical model using ABAQUS FE solutions and 

published experimental results.  

Discussions on Outcomes, which can be made from the results, are listed below: 

 The investigation demonstrates that different repair techniques, such as active, passive, 

and hybrid repair, improve the fatigue life of the cracked structure in contrast to those 

without repair. The hybrid repair case exhibits the best performance.  

 The passive effect can extend the service life. The thickness of the patch and adhesive 

also has an impact on the repair. The best results are obtained by combining a lower 

thickness with a larger surface area. Adhesive selection has significance as bond 

strength largely depends on the adhesive's properties.   

 Active repair is very suitable because it provides a wide range of repairs by applying 

different voltages and placing a single patch on the cracked plate. It can be carried out 

using constant voltage as well as cyclic voltages. The best fatigue life is obtained with 

a zero-voltage ratio instead of a continuous voltage applied throughout the loading 

cycle. The higher thickness of the patch reduces the fatigue life. 
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 The piezoelectric patch performs best when combined with its active and passive 

effects. The passive impact becomes more significant at low applied voltage, but 

higher voltage results in a higher actuation effect and, thus, longer fatigue life. The 

best suitable thickness is reported because very high thickness at constant voltage 

provides less performance. 
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Chapter 3 

STRUCTURAL INTEGRITY ENHANCEMENT OF A 

BOTTOM-EDGE CRACKED I-BEAM USING 

PIEZOELECTRIC ACTUATORS 

3. Chapter 3 

3.1 Introduction 

Beams are fundamental structural elements widely employed across diverse 

engineering applications, from bridges and buildings to aircraft and machinery. These 

essential components are designed to withstand various loads, ensuring the stability and safety 

of the structures they support. While beams can possess various cross-sectional shapes, 

including rectangular, C-shaped, and T-shaped, the I-beam stands out due to its exceptional 

efficiency in resisting bending loads. This efficiency arise from its optimized distribution of 

material, maximizing strength while minimizing weight. However, beams are susceptible to 

fatigue and damage over time, particularly under cyclic loading like any structural element. 

The initiation of cracks, whether due to material flaws or operational stresses, poses a 

significant threat to structural integrity. Unaddressed cracks can propagate rapidly, leading to 

catastrophic failures, highlighting the critical importance of early detection and effective 

repair strategies. 

A comprehensive review of existing literature reveals various repair techniques, 

including prestressed patches, shape memory alloys (SMAs), and composite patches. While 

these passive methods have demonstrated effectiveness, their performance can be 

compromised by variations in the loading environment. This limitation has encouraged 

interest in active repair techniques, particularly those utilizing piezoelectric actuators. Despite 

numerous studies on piezoelectric repair, a notable gap exists in applying these actuators to 

enhance the fatigue life of cracked structural members, especially I-beams. Although studies 

have explored repairing rectangular beams with piezoelectric actuators and I-beams with 

prestressed composite patches, an analytical approach specifically tailored to address bottom-

edge cracks in I-beams remains unexplored. This research gap presents a unique method to 

develop an innovative repair strategy that utilizes the versatility of piezoelectric materials to 

significantly improve the structural integrity and lifespan of I-beams. 
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This chapter addresses the critical issue of crack propagation in I-beams by developing 

a novel analytical model for a bottom-edge cracked I-beam repaired with a strategically 

placed piezoelectric patch. The main objective is to deliver an opposing moment to counteract 

the moment induced by external loading, considering the shift in the neutral surface due to the 

crack. This analysis integrates fundamental principles of fracture mechanics and 

piezoelectricity to derive mathematical expressions for the stress intensity factor (SIF) and 

fracture loads. This study validates the proposed analytical model through finite element (FE) 

simulations using ABAQUS under various configurations. Furthermore, this study assesses 

static repair performance by evaluating the SIF and fracture loads for various crack lengths 

and repair voltages. A parametric study determines the optimal patch thickness for maximum 

repair effectiveness. Finally, the fatigue crack growth rate (FCGR) and fatigue life are 

evaluated under different repair voltages, comparing the results with those of an unrepaired I-

beam. 

3.2 Problem Formulation 

The chapter focuses on developing SIF solutions for a configuration of cracked I-beam 

repaired with piezoelectric actuators. This section proposes SIF solutions for a cracked I-beam 

strengthened using piezoelectric materials. The geometry of the repaired I-beam is shown in 

Figure 3.1, indicating that the piezoelectric actuator is attached to the top flange of the beam 

while the crack present on the I-beam is on the bottom side. A four-point bending specimen is 

utilized to conduct this study where loads are applied at L/4 distance from the ends, and the 

piezoelectric patch is fixed at the mid-position of the beam on a span of length L/2. The width 

of the patch is the same as the width of the top flange of the I-beam. The initial crack length is 

greater than the thickness of the bottom flange. The voltage is so applied to the patch that a 

tensile force is created at the upper fiber of the top flange of the beam, resulting in the transfer 

of axial force and a moment at the geometric center of the cracked section. Hence, an opposite 

moment is developed as that of the applied moment, which minimizes the stress at the crack 

tip. The formulation of the SIF solutions for different loading combinations acted 

simultaneously involves a rigorous analytical approach [Ghafoori and Motavalli (2011)] using 

the concept of crack surface widening energy release rate [Xie et al. (2004)]. The interaction 

between the I-beam and the piezoelectric reinforcement determines the force exerted on the 

upper fiber of the top flange of the beam [Crawley and de Luis (1987)]. The neutral axis is 

shifted due to the presence of the crack, and the SIF under actuation is calculated accordingly. 

The superposition principle is then utilized to calculate the overall SIF of the I-beam 
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strengthened with piezoelectric actuators. The fracture load is investigated in a static repair 

scenario under constant voltage application, whereas in cyclic loading, repetitive voltage is 

applied to the patch with a zero-phase difference from the mechanical loading. 

 

Figure 3.1:  Geometry of the bottom edge-cracked I-beam repaired with the integration of the 

piezoelectric patch 

3.2.1 SIF of Cracked I-Beams 

Analytical solutions of SIF are introduced for a cracked I-beam by Ghafoori and 

Motavalli (2011). The established analytical solutions utilize the crack surface widening 

energy release rate to calculate the SIF. The experimental results and FE simulations using 

ABAQUS are used to verify the proposed model. The schematic view of the cracked half-

length I-beam is shown in Figure 3.2. The SIF of the cracked I-beam considering plane-stress 

condition is given by Ghafoori and Motavalli (2011),  

𝐾ூ = ቈቊ−
𝑁ଶ

𝐴
−

(𝑀௖ − 𝑌௡௖ ∙ 𝑁)ଶ

𝐼
+ 𝑁ଶ(𝜆ଵ + 𝜆ଶ) + 𝑀௖

ଶ(𝜂ଵ + 𝜂ଶ)ቋ
𝜋

𝑡௪
቉

ଵ
ଶ

 (3.1) 

 

Figure 3.2: Schematic diagram of half-length cracked I-beam 
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where Y୬ୡ is the change in the location of the neutral axis for the cracked and un-cracked 

sections, Mୡ is the bending moment at the cracked section, and ‘N’ is the axial force. ‘A’ and 

‘I’ are the uncracked section's area, and the moment of inertia, respectively, and t୵ is the 

thickness of the web portion of the beam. Subscript ‘c’ stands for cracked cross-section and 

‘uc’ for un-cracked cross-section. λଵ, λଶ, ηଵ and ηଶ are parameters related to the beam 

geometry and crack length [Ghafoori and Motavalli (2011)]. The details of these parameters 

are given in Appendix A. 

This study examines the cracked beam subjected to a total load of Fୣ as shown in 

Figure 3.1, resulting in a net-bending moment Mୣ = Fୣ ∙ L 8⁄   at the cracked section. Axial 

force (N) is considered to be zero. Thus, the SIF of the cracked I-beam only under the bending 

moment Mୣ is expressed as,  

𝐾ூ
ெ೐ = 𝑀௘ ൤൜−

1

𝐼
+ (𝜂ଵ + 𝜂ଶ)ൠ

𝜋

𝑡௪
൨

ଵ
ଶ
 (3.2) 

3.2.2 SIF Reduction via Piezoelectric Actuators 

The schematic diagram for a cracked I-beam strengthened by a piezoelectric actuator 

is shown in Figure 3.1. The top fiber of the I-beam experiences compressive stress under 

external load. The piezoelectric actuator is placed at the top of the I-beam to counteract this 

bending moment. The piezoelectric strain coefficient dଷଵ is considered the only effective 

mode, indicating that the patch is polarized in the y-direction (3-direction of the patch) and 

extensional strain occurs along the length of the beam (1-direction of the patch). For the 

present study, the force exerted by the patch is assumed only on the top fiber of the top flange 

of the I-beam, and under the application of the external voltage V, this force is given by 

Crawley and de Luis (1987), 

𝐹௉ =
𝐸𝑡௙𝑇

𝜓 + 𝛼
𝛬 (3.3) 

where T is the distributed electrode width. ψ is a non-dimensional parameter given by Eq. 

(3.4). α is a constant that depends on the type of loading, and for bending, its value is α = 6 

Crawley and de Luis (1987). 

𝜓 =
𝐸𝑊௙𝑡௙

𝐸௉𝑊௉𝑡௉
 (3.4) 

Λ is the piezoelectric strain given by, 
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𝛬 =
𝑑ଷଵ

𝑡௉
𝑉 (3.5) 

Where E, W୤, and t୤ are Young’s modulus, the width of the flange, and the thickness of the 

flange for the beam, respectively and E୔, W୔, and t୔ are Young’s modulus, width, and 

thickness of the patch, respectively. 

This force exerted at the top layer of the cracked I-beam is being transferred as the 

combined effect of a compressive force F୔ and a moment M୔ at the neutral surface of the 

uncracked section of the beam. The overall SIF contribution by the actuation of the 

piezoelectric material is calculated using the superposition principle.   

The SIF under the pure bending moment M୔ is given by, 

𝐾ூ
ெು = 𝑀௉ ൤൜−

1

𝐼
+ (𝜂ଵ + 𝜂ଶ)ൠ

𝜋

𝑡௪
൨

ଵ
ଶ
 (3.6) 

where M୔ is defined as, 

𝑀௉ = 𝐹௉ ൬𝑡௙ +
ℎ

2
൰ (3.7) 

The SIF under the loading of pure axial force F୔ is given by, 

𝐾ூ
ிು = 𝐹௉ ൤൜−

1

𝐴
+ (𝜆ଵ + 𝜆ଶ) + 𝑌௡௖

ଶ (𝜂ଵ + 𝜂ଶ)ൠ
𝜋

𝑡௪
൨

ଵ
ଶ
 (3.8) 

The final expression of the SIF due to the actuation effect of the piezoelectric material is 

obtained by adding the SIF due to M୔ and the axial force F୔ using the superposition principle 

and written as, 

𝐾ூ
௉௜௘௭௢ = 𝐾ூ

ெು + 𝐾ூ
ிು  (3.9) 

The total SIF is obtained by adding the individual SIF contribution by the piezoelectric 

actuator and the external loading and given by, 

𝐾ூ
்௢௧௔௟ = 𝐾ூ

ெ೐  + 𝐾ூ
௉௜௘௭௢  (3.10) 

It is to be noted that when the term K୍
୔୧ୣ୸୭ is calculated alone, it gives a negative value as the 

compressive stress is developed at the crack tip, which tends to close the crack. But when 



Chapter 3 

60 
 

combined with the SIF due to the external loading, this term K୍
୔୧ୣ୸୭ is being deducted from 

the  K୍
୑౛ and a reduced K୍

୘୭୲ୟ୪ is obtained.  

The Eq.(3.10) can be rewritten as,  

𝐾ூ
்௢௧௔௟ = ൜𝑀௘ + 𝐹௉ ൬𝑡௙ +

ℎ

2
൰ൠ ൤൜−

1

𝐼
+ (𝜂ଵ + 𝜂ଶ)ൠ

𝜋

𝑡௪
൨

ଵ
ଶ

+ 𝐹௉ ൤൜−
1

𝐴
+ (𝜆ଵ + 𝜆ଶ) + 𝑌௡௖

ଶ (𝜂ଵ + 𝜂ଶ)ൠ
𝜋

𝑡௪
൨

ଵ
ଶ
 

(3.11) 

The total SIF K୍
୘୭୲ୟ୪ in a beam is influenced by crack length ‘a’, external bending 

moment Mୣ, and tensile force F୔ produced at the top flange of the I-beam. In the actuated 

mode of the piezoelectric patch, the total SIF ൫K୍
୘୭୲ୟ୪൯ initially remains negative ൫K୍

୔୧ୣ୸୭ >

K୍
୑౛൯ until the external bending moment surpasses a specific threshold value ൫K୍

୑౛ ≥ K୍
୔୧ୣ୸୭൯. 

This situation arises from the compressive axial force and negative bending moment imposed 

by the piezoelectric patch on the cracked section of the beam. The behavior of the crack 

shows different modes with increasing external load under constant actuation by the 

piezoelectric patch, as discussed by [Ghafoori et al. (2012)]. Initially, compressive stress at 

the crack tip maintains a passive crack mode. Negative SIFs imply compressive stress fields 

but hold no physical significance. The crack gradually opens as the external bending moment 

exceeds a threshold value Mୣ,୲୦ at which K୍

୑౛,౪౞ = K୍
୔୧ୣ୸୭, resulting in K୍

୘୭୲ୟ୪ = 0. When 

compressive stress vanishes around the crack tip, the crack becomes fully active and 

transitions to a tensile stress field ൫K୍
୑౛ > K୍

୔୧ୣ୸୭൯ occurs. Failure modes include fracture 

failure of the beam and piezoelectric patch if stresses exceed materials’ permissible limits. In 

this analysis, external loading is chosen above the threshold value Mୣ,୲୦   for the occurrence of 

active crack mode ൫K୍
୑౛ ≥ K୍

୔୧ୣ୸୭൯, so that K୍
୘୭୲ୟ୪ > 0.  

3.2.3 Methodology for Fracture Load Estimation  

The maximum load-carrying capacity of cracked I-beams depends on the crack size, 

its location, and the properties of the beam material. When a beam is cracked, its structural 

integrity is compromised, and it will have a lower load-carrying capacity than an intact beam 

beyond a certain amount of load, resulting in catastrophic failure for a given crack geometry. 

As far as the fracture load of an I-beam is concerned, fracture mechanics criteria are 

commonly used to evaluate the impact of cracks on maximum load-carrying capacity. Based 
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on linear-elastic fracture mechanics (LEFM), the maximum load-carrying capacity of the 

cracked I-beam is determined when the SIF reaches the fracture toughness of the material. 

3.2.3.1 Fracture Load Estimation Without Repair 

To calculate the fracture load (F୤୪
୵୰), the SIF ൫K୍

୑౛൯ for the cracked beam as obtained 

by Eq. (3.2) is made equal to the fracture toughness (K୍େ) and is given by, 

𝐾ூ
ெ೐ = 𝐾ூ஼ =

𝐹௙௟
௪௥ ∙ 𝐿

8
൤൜−

1

𝐼
+ (𝜂ଵ + 𝜂ଶ)ൠ

𝜋

𝑡௪
൨

ଵ
ଶ

 

𝐹௙௟
௪௥ =

8 ∙ 𝐾ூ஼

𝐿 ቂቄ−
1
𝐼

+ (𝜂ଵ + 𝜂ଶ)ቅ
𝜋
𝑡௪

ቃ

ଵ
ଶ

 
(3.12) 

3.2.3.2 Fracture Load Estimation with Active Repair 

To calculate the fracture load (F୤୪
ୟ୰), the SIF for the cracked beam after repair, as 

obtained by Eq. (3.11), is made equal to the fracture toughness (K୍େ) and is given by, 

𝐾ூ
்௢௧௔௟ = 𝐾ூ஼ = ൜

𝐹௖௥
௔௥ ∙ 𝐿

8
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2
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𝜋
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൨

ଵ
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𝑡௪
൨

ଵ
ଶ
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3.2.4 Methodology for FCGR and Fatigue Life Estimation 

In this section, an attempt is made to estimate the fatigue crack growth (FCG) and 

service life of a cracked structure subjected to cyclic tension. For this purpose, the most 

common expression of the FCG model developed at NASA and first published by Forman, 

and Mettu (1990), describes all three regions of the well-known crack growth curve 

[Anderson (2017)].  

𝑑𝑎

𝑑𝑁
= 𝐶 ∙ (∆𝐾)௠ ∙

ቀ1 −
∆𝐾௧௛
∆𝐾 ቁ

௣

ቀ1 −
𝐾௠௔௫

𝐾ூ௖
ቁ

௤ (3.14) 
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The expression mentioned above describes the FCGR (in millimeters per cycle). C, m, p, and 

q are experimentally determined material constants. Determining the SIF range (∆K =

K୫ୟ୶ − K୫୧୬) between maximum and minimum loading is of the utmost importance for this 

study. This SIF range can be determined by derivation from previous sections. The difference 

in SIF (∆K) is influenced by the range in load magnitude ൫∆Fୣ = Fୣ,୫ୟ୶ − Fୣ,୫୧୬൯ and the 

change in applied repair voltage (∆V = V୫ୟ୶ − V୫୧୬) across all analyzed cases. The crack 

growth concerning the number of loading cycles is determined by taking the incremental 

crack propagation (∆𝑎௜) against incremental loading cycles (∆N୧), where ∆𝑎௜ = 𝑎௜ାଵ − 𝑎௜  

and ∆N୧ = N୧ାଵ − N୧. In every iteration, ∆a୧ is calculated for a specific ∆N୧. Then, crack 

length ൫𝑎௙൯ , SIF range (∆K), and maximum SIF (K୫ୟ୶) are updated. This iteration is 

repeated until either the maximum SIF (K୫ୟ୶) reaches the value of the fracture toughness 

(K୍େ) or the crack length ൫𝑎௙൯ reaches the critical crack length aୡ. The fatigue life for all the 

situations can be directly obtained by integrating Eq. (14) from the initial crack length a୭ to 

the final crack length,  𝑎௙ ൫ 𝑎௙ =  𝑎௖൯. The critical crack length ( 𝑎௖) depends upon the 

applied load, the structural configuration of the cracked beam, and the repair parameters. It is 

determined from the fracture toughness (K୍େ) of the beam material and is given by, 

𝐾ூ஼ = ൫𝐾ூ
ெ೐൯

௔௧ ௔೎
 for without repair condition 

𝐾ூ஼ = ൫𝐾ூ
்௢௧௔௟൯

௔௧ ௔೎
 for active repair condition  

3.2.4.1 Fatigue Life Without Repair 

From Eq. (3.2), the SIF range can be written as, 

∆𝐾ூ
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ଶ
 (3.15) 

Putting this value in Eq. (3.14), we have, 
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and, 

(3.16) 
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Fatigue life without repair condition is obtained from the  numerical integration of Eq. (3.16), 
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(3.17) 

3.2.4.2 Fatigue Life Enhancement via Active Repair 

From Eq. (3.11), the SIF range can be written as, 

∆𝐾ூ
்௢௧௔௟ = ൜∆𝑀௘ + ∆𝐹௉ ൬𝑡௙ +
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2
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(3.18) 

Putting this value in Eq. (3.14), one obtains, 
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(3.19) 

and, 

Fatigue life after repair is obtained from the  numerical integration of Eq. (3.19), 
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(3.20) 

3.3 Finite Element (FE) Modelling using ABAQUS and 

Validation 

In this section, Finite element models have been developed using the commercial FE 

software package ABAQUS to evaluate the SIF and fracture load. However, the present study 

aims to reduce the SIF at the crack root by applying external voltage on the attached 

piezoelectric patch at the top of the I-beam under the four-point loading situation. Therefore, 

the numerical model mainly comprises an I-beam, piezoelectric patch, and adhesive layer. 

Firstly, two cracked I-beams are modeled: one with a seam crack to determine the SIF and 

another with an XFEM crack. The results obtained from the present FE simulation are 

validated with the available experimental results [Ghafoori and Motavalli (2011)] under static 

load to check the accuracy of the FE model. Secondly, another model with the integrated 

piezoelectric patch is developed, and results obtained from the analytical model are compared 

with the results of the FE simulation.  

3.3.1 Modeling of the cracked I-beam 

To perform the analysis, an I-section is created using the sketch section of the part 

module of ABAQUS CAE, and then the section is extruded for the required length. The beam 

model is partitioned to apply the loading at the L/4 distance from both ends. After that, the 

beam is partitioned again by creating a cell to incorporate a crack by assigning a seam crack 

from the interaction module, as shown in Figure 3.3a. The dimensions of the partitions are 

adjusted to account for the various crack lengths. The beam is further partitioned to discretize 

the model smoothly by hexahedral elements Figure 3.3b. A static step is created, and the 

required boundary conditions are applied at the ends by controlling displacements to simulate 

the cracked I-beam. 
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Figure 3.3: (a) Wireframe model of the beam describing the partitions for crack and load (b) 

the discretized beam model 

3.3.2 Modeling of the cracked I-beam repaired with bonded piezoelectric 

patch 

Two rectangular sections are created and extruded to form the piezoelectric patch and 

the adhesive layer. Using the assembly module, the instances are created and the patch is 

attached between the two load regions (length of L/2). The piezoelectric patch to the adhesive 

layer and the adhesive layer to the beam’s top surface are bonded by tie interaction under the 

interaction module. The seam crack is assigned to the created cell partitions at the mid-span 

using the interaction module. The assembled model with seam crack is shown in Figure 3.4. 

The Piezoelectric patch instance is separately assigned with a datum where the ‘Z’ or ‘3’ axis 

is taken along the thickness (Figure 3.4) since the polarization direction is ‘Z’ or ‘3’. The 

assembled model is meshed by a hexahedral element, and the piezoelectricity is defined to the 

respective part by applying the piezoelectric element type under the mesh module. The two 

ends of the beam are fixed by creating an ‘Encastre’ boundary condition (B.C.) in which all 

the degrees of freedom ceased under the initial step. Subsequently, another electrical 

boundary condition is applied on the face of the piezoelectric patch, which is in contact with 

the adhesive layer to keep the voltage zero on that face. The loads are given by creating two 

load lines. A static general step is created to apply the loading.  
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Figure 3.4: 3D Model of an I-Sectional beam with a crack at the bottom and an attached 

piezoelectric patch on the top face 

3.3.3 Modeling of Propagating Crack 

The propagation of cracks is modeled in ABAQUS with the aid of the Extended Finite 

Element Method (XFEM), which allows precise modeling of cracks by enriching standard 

finite elements with additional degrees of freedom to capture crack propagation with minimal 

remeshing [Belytschko and Black (1999)]. A 3D rectangular planar shell part was created 

with a length equal to the crack length and width, the same as that of the beam, to make the 

XFEM crack. The planar object is fitted at the mid-span of the beam. The fracture criteria are 

defined in the material property of the beam under the property module. The 3D rectangular 

planar shell is defined as a crack under the interaction module while creating the XFEM 

crack, and the beam is defined as the crack domain, as shown in Figure 3.5. 

 

Figure 3.5: A model representing the XFEM crack and its domain of an I-beam of length 500 

mm with a 20 mm crack length with a bonded piezoelectric patch 
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3.3.4 Mesh Sensitivity Analysis 

Mesh sensitivity analysis is essential to ensure the accuracy of finite element (FE) 

models, especially when validating results against analytical or experimental data. For this 

study, the goal was to determine the appropriate mesh size for accurately capturing the stress 

intensity factor (SIF). The analytical SIF for the crack length of 20 mm is 945 MPa.mm0.5 

when subjected to a 10 kN load. Mesh sizes ranging from coarse (0.05 m) to fine (0.005 m) 

were considered here. The FE model was analyzed with varying mesh sizes, ranging from 

coarse to fine. Table 3.1 compares mesh size, SIF, and the relative error to the analytical SIF. 

Results show that with mesh sizes smaller than 0.008 m, the SIF stabilizes. As a result, there 

is no significant improvement while increasing computational time, indicating convergence. 

A mesh size of 0.008 m was chosen as the optimal balance between accuracy and 

computational efficiency. Therefore, 0.008 m is the best choice for FE modeling to accurately 

validate the SIF against the analytical result. 

Table 3.1:  Mesh convergence study 

Global approximate 

element Size (m) 

Analytical SIF 

(MPa.mm0.5) 

Numerical SIF 

(MPa.mm0.5) 
Error (%) 

0.05 

945.52 

816.95 13.60 

0.03 845.21 10.61 

0.015 872.80 7.69 

0.01 908.43 3.92 

0.008 930.83 1.55 

0.007 932.24 1.40 

0.006 932.72 1.35 

0.005 933.19 1.30 

3.3.5 Validation of FE Model for a Cracked I-Beam Without Repair 

To validate the present FE model of the cracked I-beam, results obtained from the 

present FE analysis are compared with the experimental results obtained by Ghafoori and 

Motavalli (2011). The considered experimental investigation was conducted for a fatigue 

loading of 1 kN to 10 kN with an initial crack length of 12.2 mm on a steel I-beam. The 

geometric properties are tf = 6.2 mm, bf = 65 mm, h =107.4 mm, tw=4.4 mm, and L=1000 mm. 

In the present FE analysis, the total load of 10 kN is divided into two halves and is applied in 
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the trim strips created by face partitioning at the 250 mm distance from both ends. After 

applying the load, the stress distribution is obtained and represented in Figure 3.6 for the 

crack length of 20 mm. The SIF range (∆K) is taken from the literature, and the numerical SIF 

is recorded from the FE analysis for maximum and minimum loading for different crack 

lengths as depicted in Table 3.2, showing a good agreement with the present FE modeling.  

 

 

Figure 3.6: Stress distribution at the root of 20 mm crack under 10 kN load 

Table 3.2: Comparison of the SIF range (∆K) of the present FE model with the experimental 

study [Ghafoori and Motavalli (2011)] 

Case 

Crack 

Length 

(mm) 

SIF range (∆𝐊) 

൫𝐌𝐏𝐚√𝐦𝐦൯ 

Present FE 

Experimental 

[Ghafoori and 

Motavalli (2011)] 

Cracked steel I-beam 

15 

20 

25 

802.19 

842.61 

900.53 

809.19 

851.61 

912.53 

Another analysis is conducted to determine the fracture load and demonstrate the 

accuracy of a propagating crack. A statically loaded cracked steel I-beam is modeled on the 

ABAQUS platform with a crack length of 74 mm to validate this scenario [Ghafoori and 

Motavalli (2011)]. In this present XFEM analysis, the magnitude of the load is estimated at 

which the crack starts propagating. The estimated load, i.e., critical load for the mentioned 

crack depth, is 16.2 kN for the present FE analysis, which is pretty close to that of 15.9 kN for 

the experimental study [Ghafoori and Motavalli (2011)]. 
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Furthermore, the crack begins propagating when SIF reaches the fracture toughness of 

the material, and the corresponding load is the fracture load. In this stage, the crack will 

propagate even under constant loading, resulting in catastrophic component failure. Figure 3.7 

represents the deformed configuration where the crack propagation has just started. As the 

applied loading continues to increase, the beam approaches complete failure, as shown in 

Figure 3.8. It is worth noting that the two deformed views are provided in Figure 3.8 to 

clearly illustrate the occurrence of the final failure of the beam, which could well correlate 

and give insights into the actual failure of a beam in practice. The first deformed view of 

Figure 3.8 indicates that the propagating crack reached the top flange, whereas the second 

shows the I-beam's complete failure. 

 

 

Figure 3.7: A deformed view of the cracked beam focusing on the crack root shows the crack 

propagation initiation 

 

Figure 3.8: A deformed view of the cracked beam focusing on the crack root showing the 

final fracture 
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3.3.6 Validation of Analytical Model for Active Repair 

In the previous section, the FE model was well-verified for cracked steel I-beam for 

static loading and under-crack propagation scenarios. The analytical model developed in this 

article for the bottom edge-cracked I-beam with the integration of the piezoelectric patch 

(Figure 3.1) is now verified with the FE analysis. The I-beam is made of Al 6061-T6, whereas 

PZT-5H is utilized for actuation, and resin epoxy is used to fix the piezoelectric patch to the 

beam. The dimensions of the I-beam and piezoelectric patch are taken as mentioned in Table 

3.3 for both FE and analytical analysis. The material properties of the I-beam are mentioned 

in Table 3.4. 

Table 3.3:  Parameters of the geometry 

Dimensions 
Al 6061-T6 

(mm) 

PZT-5H 

(mm) 

Height hmax=76.2 hp=0.5 

Width bf=63.5 bp=63.5 

Thickness tw=3.81, tf=3.81 0.5 

Length 500 250 

Table 3.4:  Mechanical properties and crack growth parameters of Al 6061-T6 material 

[Fossati et al. (2021)] 

Parameter Value 

Elastic Modulus (Eୱ)(GPa) 68.9 

Poisson’s ratio (ν) 0.33 

Tensile yield strength (MPa) 276 

Ultimate tensile strength (MPa) 310 

Density (Kg/m3) 2700 

∆K୲୦൫MPa√mm൯ at SR=0.1 45.52 

K୍େ൫MPa√mm൯ 938.2 

C 5.079e-10 

m 2.3 

p 0.5 

q 0.5 
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3.3.6.1 Validation of Active Repair by Static Voltage 

A 500 mm long cracked I-beam is modeled using the ABAQUS platform with various 

crack lengths. A four-point bending scheme is used, applying a load of 1 kN magnitude (a 

total load of 2 kN) along partitioned sections to develop a constant bending moment. A 

piezoelectric actuator is mounted to the top flange between the load regions to generate an 

opposite local bending moment when voltage is applied. The simulation is conducted without 

actuating the piezoelectric patch, then attempting to repair the crack by actuating the patch 

externally under 500 V. The numerical SIF is recorded for various crack lengths for both 

cases. The analytical results obtained from Eqs. (3.2) and (3.11) are compared with the 

numerical results of ABAQUS and represented in Table 3.5, revealing a good agreement with 

the numerical one. Figure 3.9(a) and (b) illustrate the deformed configurations of the I-beam 

before and after voltage is applied. The axial normal stress component of the beam is 

measured at the nearest node to the crack root. A considerable stress reduction is found at the 

root after applying the voltage, indicating enhanced structural integrity of the beam. 

Table 3.5: Comparison of analytical SIF with the FE solutions for Al 6061-T6 I-beam 

repaired with PZT-5H 

Repair Voltage 
(V) 

Crack 
Length 
(mm) 

SIF ൫𝐌𝐏𝐚√𝐦𝐦൯ 

Analytical FE 

0 

10 

15 

20 

163.04 

185.36 

209.68 

169.04 

192.36 

217.68 

500 

10 

15 

20 

195.4 

222.5 

252.2 

210.4 

232.5 

259.2 

3.3.6.2 Validation of Analytical Model for Fracture Load 

Another FE analysis is performed to validate the use of piezoelectric actuation to 

arrest the propagating crack, leading to an increase in fracture load. A beam with a 20-mm 

crack length is simulated to measure the fracture load under piezoelectric actuation. The crack 

propagates when the total load is 7.39 kN without applying voltage to the piezoelectric patch. 

When a 200 V external voltage field is applied to the top face of the attached piezoelectric 

patch, the crack propagation is arrested. Figure 3.10a shows the propagation of the XFEM 

crack before applying the external voltage to the patch. In contrast, Figure 3.10b shows that 
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the crack propagation gets arrested after applying the suitable voltage to the piezoelectric 

patch. The study suggests that crack propagation can be stopped by applying a considerable 

amount of external voltage to the piezoelectric patch due to the maximum SIF reducing to 

some extent and becoming less than the fracture toughness, potentially preventing crack 

propagation. The fracture load is computed analytically using the formula provided by Eqs. 

(3.12) and (3.13). The analytical and FE findings of the fracture load are illustrated in Table 

3.6 for the cases without and with 100-500 V actuation for a 20 mm crack length. 

 

Figure 3.9: FE deformed cracked I-beam (crack length=20 mm) with piezoelectric patch (a) 

before applying voltage (b) after applying 500 V 

Table 3.6: Comparison of analytical fracture load (Ffl) with the FE solutions for Al 6061-T6 

cracked I-beam 

Fracture Load, Ffl (kN) 

Repair Voltage (V) 0 100 200 300 400 500 

Present Analytical 7.44 7.51 7.58 7.64 7.71 7.78 

FE analysis 7.39 7.46 7.52 7.59 7.66 7.72 
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Figure 3.10: (a) Propagated XFEM Crack under applied load before piezoelectric actuation 

(b) Propagation of crack is arrested by applying an external voltage of 200 V on the patch 

3.3.6.3 Validation of Analytical Model for Fatigue Crack Growth (FCG) 

FE approaches for crack growth simulation often involve tedious manual modeling to 

modify crack depths. Therefore, fatigue crack growth (FCG) is calculated instead of fatigue 

life, and the FCG obtained from the FE simulation is used to validate the analytical modeling. 

FE analysis is done by remodeling with different crack lengths starting from 5 mm to 20 mm 

with an increment of 1 mm. SIF values of considered crack lengths are obtained from 

numerical simulations at maximum and minimum loading. The fatigue crack growth (FCG) 

calculation is done based on well-established LEFM for cracked members, and the modeling 

of fatigue crack propagation is performed with SIF ranges (∆K) obtained from the numerical 

simulation [Chen et al. (2018), Huang et al. (2022)].  The number of loading cycles for 

different crack lengths can be determined from the expression given by Eq. (3.21), 

∆𝑁 =
∆𝑎

𝐶 ∙ (∆𝐾)௠ ∙
ቀ1 −

∆𝐾௧௛

∆𝐾 ቁ
௣

ቀ1 −
𝐾௠௔௫

𝐾ூ௖
ቁ

௤

 

(3.21) 

The loading is provided in a range of 0.2 kN to 2 kN. The voltage corresponding to 

minimum loading is kept at 0 V, and 500 V is applied for the maximum loading for a 

particular loading cycle. The analytical and numerical fatigue crack growth curves are 

presented in Figure 3.11, showing good agreement.  
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Figure 3.11: Comparison of numerical and analytical fatigue crack growth (FCG) against the 

number of loading cycles 

3.4 Results and Discussion 

Once the findings of the analytical approach are validated with FE analysis for all 

defined configurations, a study is conducted to determine the SIF and fracture load. In 

contrast, using the analytical method proposed in this work, the SIF range, FCGR, and fatigue 

life are calculated under cyclic tensile loading without repair and with repair under various 

repair voltages. 

3.4.1 Comparison of Repaired and Without Repaired I-Beams 

The SIFs are estimated under static loading using Eqs. (3.2) and (3.11) without and 

with repair configurations, respectively, under a constant load of 1 kN at each load point (total 

2 kN). The repair voltages applied during this investigation were 100, 200, 300, 400, and 500 

V, and the crack length ranges from 5mm to 50mm. The thickness of the patch employed in 

this comparison study is 0.5 mm. Figure 3.12a depicts the variation of SIF about crack length 

at various repair voltages. It shows a significant reduction in SIF compared to the 

configuration without repair after applying voltages. The amount of SIF reduction is higher as 

the repair voltage increases due to the piezoelectric material providing a counter-moment 

similar to the applied moment at the crack plane, reducing stress at the crack tip. Higher repair 

voltages show the most significant reduction as the actuation effect increases with the increase 

of repair voltages. The results are taken until the SIF reaches the material's fracture toughness. 

The enlarged view of the illustration near the fracture toughness for various repair voltages is 

shown separately, as represented in Figure 3.12b. It has been found that the critical crack 
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length increases for the higher repair voltages and given by 56.2 mm for without repair 

configuration, whereas 56.8 mm, 57.4 mm, 58 mm, 58.6 mm, and 59.2 mm for 100, 200, 300, 

400, and 500 V respectively. Figure 3.13 depicts the reduction percentage in SIF after repair 

compared to the condition without repair for various repair voltages and crack lengths of 10 

mm, 20 mm, 30 mm, 40 mm, and 50 mm. This illustration shows that the highest reduction is 

achieved for larger cracks under a fixed repair voltage. For example, 16.61 % and 17.97 % 

reductions are achieved for crack lengths 5 mm and 50 mm, respectively, under 500 V repair 

voltage. This is found as the patch is attached to the top flange of the beam while the crack is 

on the bottom side, and due to this, the shock of actuation produced by the patch is less for 

short crack. 

 

Figure 3.12: SIF vs. Crack length for various repair voltages 

 

Figure 3.13: Effect of repair voltages on the percentage of reduction in SIF concerning 

without repair conditions for various crack length 
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3.4.2 Influence of Piezoelectric Patch Thickness 

Choosing the proper thickness of the piezoelectric patch is very important, as the 

actuation mainly produced depends on the stiffness ratio and the piezoelectric strain [Zhou et 

al. (2024)]. In the previous discussions, the thickness was taken as 0.5 mm for the conciseness 

of the validation study. However, to understand the role of patch thickness on repair 

performance, a study has been conducted for different thicknesses ranging from 0.1 mm to 1 

mm. Every piezoelectric material has a specific maximum limit of applied electric field above 

which it does not function properly [Cheng et al. (2000), Royston and Houston (1998), 

Udayakumar et al. (1995)]. The maximum voltage that can be used for a piezoelectric 

material depends on the thickness of the material, as the electric field is represented by 

kilovolts per unit thickness. Typically, the maximum electric field that can be applied to a 

piezoelectric material is 1-2 kV per millimeter. Therefore, to discuss the influence of the 

thickness of the piezoelectric material, this comparison study is carried out at voltages lower 

than the maximum voltage that the material of the lowest thickness can take within the range 

of thickness under consideration. In this case, the thicknesses are taken from 0.1 mm to 1 mm. 

Since the maximum electric field does not exceed 2 kV per millimeter, 200 volts at 0.1 mm is 

the highest possible limit. Figure 3.14 represents the SIF concerning patch thickness for 

different applied voltages. This study is done for two different crack lengths, 25mm and 50 

mm. From this parametric illustration, it is clear that a higher reduction in SIF is found for the 

lower thickness of the patch under the above-mentioned conditions. The SIFs presented here 

are the same for all thicknesses under 0 V application, as the patch has no actuation effect. 

Since the thickness of the patch is very small compared to the cross-sectional dimension of 

the I-beam, the passive effect is not considered here. 

 

Figure 3.14: Variation of SIF for different thicknesses of the piezoelectric patch under 

various repair voltages (Electric field < 2kV/mm) (a) 25 mm (b) 50 mm 
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The prior discussion indicates that a thin patch can yield favorable outcomes when 

minimal actuation is necessary, specifically under conditions of relatively low mechanical 

load and constraints on the maximum absolute voltage. Nevertheless, it is more so when the 

external mechanical load is significantly less. Repair using thin piezoelectric material 

becomes less efficient as the mechanical load increases after a patch is fixed permanently to 

the beam. Therefore, an analysis has been performed to represent the maximum repair 

capabilities for various patch thicknesses at the fixed electric field. The amount of applied 

voltage for a particular thickness is calculated from the maximum allowable electric field, 

which has been taken as 2 kV/mm for this study. For this instance, the maximum permissible 

repair voltage for 0.1 mm is 200 V, whereas, for 1 mm, it is 2000 V. Figure 3.15a shows the 

SIF after repair for different thicknesses ranging from 0.1 mm to 1 mm and the voltage 

applied for each thickness so that, in all cases, the electric field remains fixed at 2 kV/mm. 

Figure 3.15b illustrates the percentage of reduction in SIF under the maximum permissible 

electric field of 2 kV/mm, demonstrating that a patch with 1 mm thickness shows maximum 

reduced SIF for all the crack lengths.  

 

Figure 3.15: (a) SIFs for various patch thicknesses (b) the percentage of reduction in SIF for 

various patch thicknesses (Electric field =2 kV/mm) 

Table 3.7 summarizes the advantages and limitations of thin and thick patches, along 

with the justification for choosing optimum patch thickness From the above illustrations, it 

can be seen that reduction in SIF is more significant for lower thickness when a lower range 

of repair voltage is chosen. Nevertheless, the lower thickness of the patch leads to mechanical 

failure [Anton et al. (2012), Wang et al. (2019)]. However, if the external mechanical load 

increases for a given configuration, a patch of low thickness becomes less effective. 

Furthermore, the maximum repair capacity is lower for lower patch thicknesses. Considering 
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these scenarios, the 0.5 mm thickness is chosen as it strikes a balance between reducing SIF 

and maintaining mechanical stability under different load conditions while also allowing 

sufficient voltage application without risking failure. It ensures sufficient repair performance 

under moderate voltage while avoiding the failure risks of a thinner patch and the high voltage 

requirements of a thicker patch. 

Table 3.7: Comparison of Patch Thickness: Performance, Limitations, and Suitability 

Patch 

Thickness 
Advantages Limitations/Justifications 

0.1 mm 

 Provides higher SIF reduction at 

low voltage (200 V). 

 Performs well under light 

mechanical loads. 

 Ideal for minimal actuation across 

bonded surfaces. 

 Limited repair capacity under high 

loads. 

 Less effective as mechanical load 

increases. 

 Prone to mechanical failure under 

higher load conditions 

1 mm 

 Offers higher repair capacity.  

 Achieves maximum SIF reduction 

under heavy loads. 

 Designed for improved mechanical 

stability under significant loads. 

 Less efficient under low voltage. 

 Requires higher voltage for 

maximum actuation (2000 V). 

 Comparatively higher voltage is 

required for minimal actuation. 

0.5 mm 

(Chosen) 

 Balances repair capacity and 

mechanical reliability. 

 Requires moderate voltage (1000 

V). 

 Effective under both low and 

moderate load conditions. 

 Suitable for varying load 

conditions. 

 Though it does not provide the 

greatest reduction in SIF compared 

to a 1 mm patch, it eliminates the 

mechanical failure risks associated 

with 0.1 mm, making it an 

excellent choice. 

3.4.3 Fracture Load Evaluation 

The fracture load of any cracked I-beam is highly influenced by the length of the crack 

and the repair voltage, as can be found in Eqs. (3.12) and (3.13). Figure 3.16 depicts the 

variation in fracture load concerning repair voltage for various crack lengths. It is to be noted 
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that the application of zero voltage denotes the fracture load without repair conditions. As the 

crack length increases, the fracture load gradually decreases for all the repair configurations 

due to increased stress at the crack tip with the crack length. Figure 3.17 shows the percentage 

increase in fracture load for various repair voltages corresponding to conditions at different 

crack lengths. From this illustration, it is found that, for a given repair voltage, a shorter crack 

length results in a lower percentage increase in fracture load than a longer crack. This 

illustration clearly shows that a smaller voltage is required to improve the structural integrity 

of the beam when a short crack is present whenever needed to enhance the same percentage of 

fracture load as compared to a longer crack. Due to the large crack, the shifting of the neutral 

axis is more significant, i.e., Y୬ is higher, resulting in higher K୍
୊ౌ, as mentioned in Eq. (3.8). 

Therefore,  K୍
୊ౌ  will have more contributions in K୍

୔୧ୣ୸୭ even at fixed repair voltages, as found 

in Eq. (3.9). This is why increasing the fracture load by a higher percentage with a lower 

voltage at a larger crack is possible. 

 

Figure 3.16: Variation of fracture load under different repair voltages for various crack 

lengths 

Furthermore, to understand the effect of repair voltage on fracture load for different 

crack lengths, a study has been conducted where fracture load for various repair voltages is 

plotted against the crack length ranging from 25 mm to 30 mm, as represented in Figure 3.18. 

A suitable fracture load of 6.3 kN is chosen for this illustration. It has been observed that the 

beam can withstand this load when the crack length is 26.4 mm. After repairing with 

piezoelectric material, the same amount of load can be survived by the cracked beam when 

the crack lengths are 26.8, 27.2, 27.6, 28, and 28.4 mm under the repair voltages 100, 200, 

300, 400, and 500 V, respectively. This example illustrates that by applying voltage, the 

effective crack length of the 28.4 mm crack beam can be reduced to 26.4 mm. 
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Figure 3.17: Percentage of increase in fracture load for various crack lengths and repair 

voltages 

 

Figure 3.18: Variation of fracture load for a crack length ranging between 25 mm to 30 mm 

under different repair voltage 

3.4.4 Fatigue Crack Growth (FCG) and Fatigue Life Analysis 

The fatigue loading on the cracked beam causes the propagation of the crack length, 

which is a function of external loading, beam geometry, and material properties. This analysis 

is carried out for fixed loading and beam geometry, but the only variable is the repair voltage. 

The cyclic loading range is chosen from 2 kN to 0.2 kN, and the results presented in this 

section are based on various repair voltages. The SIF range is calculated from Eqs. (3.15) and 

(3.18) between the upper and lower limits of the fatigue loading for different crack lengths, 
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and the variation of SIF range for different crack lengths is represented in Figure 3.19 various 

repair voltages. The SIF range is calculated until the maximum SIF reaches the material's 

fracture toughness. The results clearly show that the SIF range is increasing with the increase 

in crack length. It is also clear that the SIF range is reduced for a given crack length with a 

higher repair voltage. The enlarged representation of  Figure 3.19 shows that when the crack 

propagates to 40 mm, the SIF range is reduced by 3.91%, 7.82%, 11.73%, 15.65%, and 

19.56% as compared to without repair condition under the repair voltage of 100 V, 200 V, 

300 V, 400 V, and 500 V, respectively. Before repair, when the value of the SIF range goes to 

500 MPa.mm0.5, the length of the propagated crack is found to be 45.7 mm. Now, after 

repairing it with a repair voltage of 500 V, the length of the propagated crack is 50.72 mm 

when the SIF range reaches the same previous value.  

 

Figure 3.19: SIF Range vs. Crack length for various repair voltages 

It is to be noted that the term ∆F୔ of Eq. (3.18) depend on the change in applied 

voltage ∆V. These terms vanish when a constant voltage is applied throughout the loading 

cycles. Therefore, the SIF range remains unchanged before and after repair. As reported in 

Chapter 2, the zero voltage ratio (VR) provides the best repair performance. In order to 

minimize  ∆K, ∆V must be maintained at a higher value. The maximum SIF (K୫ୟ୶) would be 

lowered by applying a higher maximum voltage ( V୫ୟ୶) to maximize the fatigue life. 

Therefore, V୫୧୬ is equal to zero for the best repair performance i.e., VR = 0, to maintain 

maximum ∆V for a fixed value of  V୫ୟ୶. The fatigue crack growth (FCG) concerning several 

loading cycles is computed until the critical crack length (ac) is reached for the corresponding 

repair configuration. Figure 3.20 represents different repair voltage configurations without 
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and with different repair voltages. The findings demonstrated that the repair with a 500 V 

shows the most delayed growth of the crack compared to the one without a repair case. The 

reduction in the SIF range due to the actuation by the piezoelectric patch leads to delayed 

crack growth, as the SIF range drives crack growth. For example, it takes 272693 cycles to 

reach 50 mm crack length, whereas it is  469523 cycles when repaired with a 500 V, as 

represented in Figure 3.20.  

The SIF range (∆K) after different loading cycles is greatly influenced after repairing with 

various voltages, as described in Figure 3.21. A drastic rise in the SIF range is found after a 

different number of loading cycles for different repair voltages. This exceptional increase is 

observed after 250000 cycles for without repair case, whereas it is after 450000 cycles 

through repair with 500 voltage, as shown in Figure 3.21.  

 

Figure 3.20: Crack length vs. number of loading cycles for various repair voltage 

However, a sharp increase in crack growth is observed for each repair voltage after a 

specific loading cycle, as seen in Figure 3.20 Figure 3.21. For each repair voltage, after a few 

cycles of this rapid growth, the crack length reaches the critical crack length, and the 

corresponding number of loading cycles determines its fatigue life. To further illustrate the 

fatigue life enhancement after repair, Figure 3.22 shows an increase in fatigue life under 

various repaired voltages compared to without repair conditions, against zero repair voltage. 

Figure 3.22 also depicts the percentage improvement in fatigue life under different repair 

voltages. A 10.78%, 22.94%, 37.01%, 53.43%, and 72.7% enhanced fatigue life is achieved 

under the repair voltages of 100 V, 200 V, 300 V, 400 V, and 500 V, respectively. As the 

illustration shows, the repaired beam's fatigue life is higher and has occurred for two reasons. 
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Firstly, the actuation offered by the piezoelectric patch reduces the SIF range (∆K) by 

lowering the maximum SIF (K୫ୟ୶). At the same time, the minimum SIF (K୫୧୬) remains the 

same due to zero V application at the minimum external mechanical loading. This slows the 

crack propagation, requiring more loading cycles to reach the material's fracture toughness. 

Secondly, as the maximum SIF goes down, it takes more loading cycles to reach the critical 

crack length, after which the material will have uncontrolled crack growth, resulting in 

complete failure. 

 

Figure 3.21: SIF Range vs Number of loading cycles (N) 

 

Figure 3.22: Fatigue life and the increase in fatigue life concerning without repair conditions 

Figure 3.23 demonstrates the log-log plot of FCGR concerning the SIF range (ΔK) for 

different repair voltages. The plot is obtained similarly to the standard FCGR model for all the 

repair configurations [Anderson (2017)]. In this analysis, the loading is chosen so that the SIF 
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range remains higher than the threshold limit of the material (ΔK>ΔKth) at the beginning of 

the cycle, resulting in obtaining the plot in regions II and III only. However, it is observed in 

Figure 3.23 that the straight line segment indicates Region II, where stable crack growth is 

observed. It is also worth noting that exponential growth describes Region III, where crack 

growth is very rapid due to high ΔK values. Since the crack growth is very fast in Region III, 

the value of maximum SIF (Kmax) reaches the fracture toughness of the material (KIC) 

rapidly, resulting in the complete failure of the beam.  

 

Figure 3.23: FCGR vs. SIF Range for various repair voltages 

The FCGR concerning the propagated crack length for without and with repair cases is 

represented in Figure 3.24. It is clear from the observations that the FCGR drops significantly 

after the repair, and 500 V shows a more significant reduction. This is due to the reduced SIF 

range, which stimulates the propagation. In the beginning, the change in the FCGR 

concerning the crack length is minimal. It starts to grow effectively between 35 mm and 40 

crack length, as shown in Figure 3.24. Again, between 45 mm and 55 mm, it is observed to 

increase very sharply as the value of the SIF range also increases rapidly in this region. After 

repairing with the piezoelectric patch at a certain crack length, a significant reduction of  

FCGR is observed compared to the case without repair. After repairing with 500 V, the lowest 

FCGR is observed. For example, when the FCGR reaches 0.004 mm/cycle, the crack lengths 

advanced are 52.8 mm, 53.5 mm, 54.2 mm, 55 mm, 55.7 mm, and 56.5 mm corresponds to 

without repair, 100 V, 200 V, 300 V, 400 V, and 500 V, respectively, as shown in Figure 

3.24. 
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Figure 3.24: FCGR vs. final crack length for various repair voltages 

 

Figure 3.25: FCGR vs. number of loading cycles for various repair voltages 

Figure 3.25 demonstrates the variation of FCGR for various loading cycles under 

different repair scenarios. As seen from the illustration, at the beginning of the loading cycles, 

no significant changes in FCGR are observed up to a particular limit of the loading cycles. 

Without repair configuration, this limit is approximately 150000 cycles. In contrast, 400000 

cycles were found when repaired with 500 V. This may be because this region has a 

considerably lower SIF range. Another zone found in this case where a substantial increase 

has been seen in between 150000 cycles to 250000 cycles without repair conditions, whereas 

350000 cycles to 450000 cycles for repairing with 500 V scenario. The sharp rise in FCGR is 

found after 275000, 300000, 335000, 375000, 420000, and 470000 cycles correspond to 

without repair, 100 V, 200 V, 300 V, 400 V, and 500 V, respectively. Figure 3.25 shows 



Chapter 3 

86 
 

almost vertical segments after the specific number of cycles mentioned above, and the gap 

between this vertical line continuously increases with the rise in applied voltage. Though the 

increase in applied voltage is 100 V for all the cases, the increase in cycles before the sharp 

rise is relatively higher at a higher applied voltage. This is due to enhanced actuation by the 

piezoelectric materials at higher voltages. For a detailed discussion, a fixed FCGR is taken, 

say 0.002 mm/cycle, and the corresponding number of loading cycles is determined, as shown 

in Figure 3.25. It has been found that after 219365, 250347, 284607, 324995, 371178, and 

425560 loading cycles, FCGR reached 0.002 mm/cycle.    

3.5 Summary 

This chapter proposed an analytical model for repairing a bottom-edged cracked I-

section beam using the reverse piezoelectric effect. The patch was attached to the upper 

surface of the top flange of the I-beam. The proposed repair approach was carried out by 

employing the actuation effect offered by the piezoelectric patch. The extension due to 

actuation provides the opposite moment compared to the moment caused by the external 

loading. A four-point bending scenario has been chosen to analyze static and cyclic tensile 

loading with SR=0.1. The effect of shifting the neutral axis due to the presence of the crack 

was also considered. The compressive stress produced by the actuation of the piezoelectric 

patch under external voltage significantly minimizes the stress at the crack tip due to the 

powerful bonding of the patch with the cracked beam. Afterward, numerical FE solutions 

were obtained on the ABAQUS platform to validate the accuracy of the suggested analytical 

model. The developed FE model was first validated with published literature, followed by 

verifying the present analytical approach. A significant reduction in SIF was found after 

repair. The best repair was achieved with 500 V, and the long crack exhibits comparatively 

higher repair performance at fixed repair voltage. A patch of thickness 0.1 mm offers 

significant SIF reduction at low applied voltages, but its limited mechanical robustness and 

lower repair capacity under increased loads are drawbacks. Thicker patches (1 mm) enable 

higher repair capacity and reduced SIF at higher voltages but require a stronger voltage 

application. An optimum thickness of  0.5 mm was proposed, which provides adequate repair 

performance without exceeding voltage limits, making it a practical choice. The maximum 

load-carrying capacity could be enhanced after repair. However, for a fixed repair voltage, a 

longer crack improved the fracture load more than a shorter crack length. The SIF range is 

significantly reduced under cyclic tensile load after repair. At the same time, the voltage was 

applied between zero and the maximum value with zero phase difference concerning the 
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mechanical loading. As a result, the FCGR was also considerably reduced after repair.  Higher 

repair voltage results in a more significant actuation effect, resulting in delayed crack 

propagation, and, hence, extended fatigue life was achieved. The proposed approach 

highlighted the potential use of piezoelectric actuators to inhibit premature failure and expand 

the service life of the bottom-edge cracked I-beams. Furthermore, this approach could 

enhance the durability and reliability of damaged structures with similar configurations. 
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Appendix A 

The area (A) of the un-cracked section is given by,   

𝐴 = ℎ𝑡௪ + 2𝑡௙𝑏௙          (A.3.1) 

The moment of inertia (I) of the un-cracked cross-section is given by, 
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The parameters 𝜆ଵ, 𝜆ଶ, 𝜂ଵ and 𝜂ଶ related to the beam geometry and crack length for a ≥ t୤ are 

given by,  
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Chapter 4 

REPAIR OF CRACKS EMANATING FROM ELLIPTICAL 

HOLES USING PIEZOELECTRIC ACTUATORS 

4. Chapter 4 

4.1 Introduction  

Tension plates with holes are likely among the most common structural components in 

engineering applications, from aerospace to civil infrastructure. Holes are purposefully 

provided into these plates to facilitate connections, reduce weight, or accommodate specific 

design requirements. However, these holes act as stress concentrators, leading to a significant 

increase in localized stress. The hole's geometry is the main factor in determining the stress 

concentration factor (SCF) value, as elliptical shapes of holes exhibit a complex distribution 

of the stresses. Consequently, cracks can initiate and propagate from the boundary of these 

holes, particularly under cyclic fatigue loading, ultimately compromising the structural 

integrity and potentially leading to catastrophic failure. The repair of such cracks plays a vital 

role in restoring component integrity and durability.  

As discussed in the literature survey, most of the repair works have been restricted to 

the simpler geometries of straight cracks or circular holes, with very little consideration paid 

to the more complicated stress fields associated with elliptical holes in tension plates. 

Furthermore, existing literature lacks comprehensive studies on utilizing piezoelectric patches 

for active crack repair in plates with elliptical holes. Considering the common existence of 

elliptical holes in real applications, there exists significant potential for studies on the efficacy 

of piezoelectric actuators in repairing cracks emanating from these geometries. More work is 

needed to solve this interaction between the piezoelectric actuator-generated stress fields and 

the elliptical hole-caused local stress concentration effects.  

Therefore, this chapter intends to address these deficiencies by proposing an integrated 

approach to repairing cracks emanating from elliptical holes in tensile plates using 

piezoelectric actuators. This study integrates analytical modeling with numerical validation to 

understand the complex interactions of the stress fields and actuator-induced stress. This 

chapter aims to develop a closed-form analytical solution of stress intensity factor (SIF) for 

the crack emanating from an elliptical hole repaired by strategically located piezoelectric 

actuators. the proposed approach is validated with the finite element (FE) simulations 



Chapter 4 

90 
 

performed on the ABAQUS platform. The reduction of SIF for various geometric parameters 

of the elliptical hole, crack, and piezoelectric actuators is discussed. Finally, the fatigue crack 

growth (FCG) and fatigue life are estimated for different hole geometries.  

4.2 Problem Formulation 

This section derives the SIF of the crack emanating from an elliptical hole for an 

infinitely loaded tensile plate before and after repair using piezoelectric actuators. The ellipse 

with semi-major and semi-minor axes a1 and b1 are considered here. The plate is subjected to 

a tensile stress σ଴ at an infinite distance, as shown in Figure 4.1. To repair the cracked plate, it 

is proposed to strategically place eight patches above and below the crack on both sides, as 

shown in Figure 4.1. 

 

Figure 4.1: Schematic diagram of the plate with cracks emanating from an elliptical hole 

integrated with piezoelectric patches 

4.2.1 Estimation for Cracks Emanating from an Elliptical Hole 

The complex potential method helps to obtain the stress distribution along the loading 

direction and can be expressed as [Weißgraeber et al. (2016)], 
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The expression mentioned in Eq. (4.1) provides the stress concentration factor (SCF). 

To illustrate the SIF at the crack root, which emanates from the elliptical hole, the symmetric 

cracks of the length of ‘c’ are considered, as shown in Figure 4.1. Previous researchers 

proposed various approximate formulas for SIF [Kotousov and Jones (2002), Kujawski 

(1991), Lukáš (1987), Schijve (1980)]. The solution proposed by Lukáš (1987), given by Eq. 

(4.2), was used widely, and this approximate model was also verified with published 

numerical data [Newman (1971)].  

𝐾ூ = 𝜎଴

ଵ.ଵଶଶቀଵା
మೌభ
್భ

ቁ

ටଵାସ.ହ
ೌభ೎

್భ
మ

√𝜋𝑐  (4.2) 

But, the shortcoming of this model was that it limits for the short crack emanating 

from shallow notch only. Another lacuna of this model is that it does not reveal the limiting 

cases, such as center crack. (bଵ → 0) and edge crack (bଵ → ∞). Considering the above 

shortfalls, Weißgraeber et al. (2016) proposed an improved SIF approximation as that of 

Lukáš (1987) and given by Eq. (4.3). This SIF solution ideally considers the extensive range 

of cracks and the limit mentioned above in cases of the cracks. This improved model was 

well-verified with the FE solutions on the ABAQUS platform.  

𝐾ூ = 𝜎଴

ଵ.ଵଶଶቀଵା
మೌభ
್భ

ቁ

ඨଵାହ.଴ସ
ೌభ೎

್భ
మ ቀ

ೌభ
ೌభశ೎

ቁ
భష೟ೌ೙ (య್భ మ೎⁄ )

√𝜋𝑐   
(4.3) 

4.2.2 SIF Reduction via Piezoelectric Actuators 

The piezoelectric patches are polarized along the thickness, and the d31 mode is 

activated to produce the extension mode along the loading direction or the direction 

perpendicular to the cracked surface. The extensional strain in the patch leads to the 

development of compressive stress at the crack tip. The SIF, due to only the actuation 

provided by the piezoelectric patch, is a negative quantity, which is fictitious. However, the 

sum eventually gives a positive value when added to SIF for any mechanical load only via the 

superposition theorem of LEFM. So, the calculation of SIF under actuation is now essential.  
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The weight function method developed by Bueckner (1970) is an essential technique for 

determining SIF in the case of complex stress distributions. For a given stress distribution 

σ(x) in the uncracked component, the SIF K୍, is determined as follows:  

𝐾ூ = ∫ ℎ(𝑥, 𝑐) ∙ 𝜎(𝑥)𝑑𝑥
௖

଴
  (4.4) 

where ℎ(𝑥, 𝑐) represents the weight function. As demonstrated by Rice (1972), this 

function can be determined using the crack opening displacements (CODs) of a reference load 

case (denoted by subscript 𝑟) and the corresponding reference SIF, K୰. 

ℎ(𝑥, 𝑐) =
ாሖ

௄ೝ
𝑢௥(𝑥, 𝑐)  (4.5) 

The modulus Eሖ  is equal to Young's modulus E in the case of plane stress, and for plane 

strain, it is given by 𝐸ሖ = 𝐸/(1 − 𝜈ଶ), where ν represents the Poisson ratio. Equation (4.5) is 

frequently employed as the foundation for deriving approximate weight functions. The crack-

opening displacements can be described by Eq. (4.6) using a power series. 

𝑢௥(𝑥, 𝑐) = ∑ 𝐶௠ ቀ1 −
௫

௖
ቁ

௠ା
భ

మஶ
௠ୀ଴   (4.6) 

Where the coefficient C୫ depends on the structure's geometry and is determined based on the 

following conditions as discussed by Petroski and Achenbach (1978), 

 The crack-tip displacement is related to the stress intensity factor as follows: 

𝑢௥(𝑥 → 𝑐) = ට
଼

గ

௄಺ೝ

ாሖ
√𝑐 − 𝑥  (4.7) 

 The energy balance condition requires [Petroski and Achenbach (1978)], 

∫ 𝐾ூ௥
ଶ 𝑑𝑐

௖

଴
= 𝐸ሖ ∫ 𝜎௥(𝑥)

௖

଴
𝑢௥(𝑥, 𝑐)𝑑𝑥  (4.8) 

 The second and third derivatives of COD become equal to zero for an edge crack [Fett 

(1991), Fett et al. (1987)] 

డమ௨

డ௫మ = 0, and  
డయ௨

డ௫య = 0, for 𝑥 = 0 (4.9) 

 ln order to fulfill the requirement of symmetry concerning the center of the hole 𝑥 =

−𝑎ଵ, we can additionally introduce the following conditions: 
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డమ௨

డ௫మ = 0 for 𝑥 = −𝑎ଵ  (4.10) 

ln order to determine the weight function for the crack/notch problem, the numerical 

results of Newman (1971) and Nisitani (1978) for 𝑎ଵ/𝜌 ≤ 1 were chosen as the reference 

stress intensity factor and the stress distribution, Eq. (4.1), as the reference stress σ୰. In the 

case of a symmetrical crack configuration (cracks at both sides of the notch), which has been 

considered by Newman (1971) and Nisitani (1978), the well-known formula for the weight 

function of a symmetrically loaded crack can be rewritten as, 

ℎ =
ଵ

√గ௖
ቆට

ଶ௔భା௖ା௫

௖ି௫
+ ට

௖ି௫

ଶ௔భା௖ା௫
ቇ  (4.11) 

Weight functions for cracks in front of elliptical internal notches were determined with Eqs. 

(4.6)-(4.11). The results are expressed in terms of the function 𝑔൫𝑥
𝑐⁄ ,

𝑎ଵ
𝜌ൗ ൯ and written 

according to the following expression,  

ℎ = ට
ଶ

గ௖
∙

௚ቀ௫
௖⁄ ,

௔భ
ఘൗ ቁ 

ඥଵି௫
௖⁄

  (4.12) 

In the above expression, the values of the function 𝑔 ൫𝑥
𝑐⁄ ,

𝑎ଵ
𝜌ൗ ൯ are reported by Fett (1993) 

for various  𝑎ଵ/𝜌, 𝑐/𝜌 and 𝑥/𝑐. As this study aims to find the SIF at crack root only (𝑥 = 𝑐), 

𝑥/𝑐 = 1.0 is only considered here. And it is found that for 𝑥/𝑐 = 1.0, 𝑔൫𝑥
𝑐⁄ ,

𝑎ଵ
𝜌ൗ ൯ = 1.0 for 

all 𝑎ଵ/𝜌, c/ρ. 

As the overall configuration mentioned in Figure 4.1 is symmetric about the y-axis, the 

half model is considered for further mathematical derivation. The stress intensity factor (SIF) 

under the effect of actuation, K୔, can be determined for a cracked body by utilizing the weight 

function, ℎ(𝑥, 𝑐), and the piezoelectric stress (𝜎௉௜௘௭௢), as described in the following 

expression [Abuzaid et al. (2018)]. 

𝐾௉௜௘௭௢ = ∫ ℎ(𝑥, 𝑐) ∙ 𝜎௉௜௘௭௢𝑑𝑥
௖

଴
  (4.13) 

If piezoelectric actuators are bonded on the cracked plate completely, then σ୔୧ୣ୸୭ =

{E ∙ t ∙ T ∙ dଷଵ ∙ V A ∙ t୔ ∙ (ψ + α)⁄ } and this stress has equal distribution at right angles to the 

crack surface. Here, ‘T’ is the distributed electrode width, ‘A’ represents the plate's effective 

cross-sectional area, ψ = EWt E୔W୔t୔,⁄  and α = 2 for extensional loading [Crawley and Luis 

(1987)]. 
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Now, SIF, after repair (𝐾஺) can be expressed as, 

𝐾஺ = 𝐾ூ + 𝐾௉௜௘௭௢  

𝐾஺ =

⎣
⎢
⎢
⎢
⎡

𝜎଴

ଵ.ଵଶଶቀଵା
మೌభ
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ඨଵାହ.଴ସ
ೌభ೎

್భ
మ ቀ

ೌభ
ೌభశ೎

ቁ
భష೟ೌ೙ (య್భ మ೎⁄ )

√𝜋𝑐 + ∫ ℎ(𝑥, 𝑐) ∙ 𝜎௉௜௘௭௢ ∙ 𝑑𝑥
௖

଴

⎦
⎥
⎥
⎥
⎤

  
(4.14) 

 

4.2.3 FCGR and Fatigue Life Estimation 

In this section, we aim to determine the fatigue crack growth (FCG) and the fatigue 

life of a cracked structure subjected to cyclic tension. To achieve this, we utilize the most 

commonly used version of NASA's FCG model, initially introduced by Forman and Mettu 

(1990), which describes all three sections of the well-known crack growth curve [Anderson 

(2017)]. 

ௗ௖

ௗே
= 𝐶 ∙ (∆𝐾)௠ ∙

ቀଵି
∆಼೟೓

∆಼
ቁ

೛

൬ଵି
಼೘ೌೣ

಼಺೎
൰

೜  (4.15) 

The above expression describes the FCGR (measured in millimeters per cycle). C, m, p, and q 

are empirically determined material constants. Determining the SIF range (∆𝐾 = 𝐾௠௔௫ −

𝐾௠௜௡) between maximum and minimum loading is vital for predicting the FCG and 

estimating the number of loading cycles needed to reach the fracture toughness of the 

material. This SIF range can be calculated by deriving from the preceding sections. It is 

primarily influenced by the variation in stress magnitude (∆𝜎 = 𝜎௠௔௫ − 𝜎௠௜௡) and the change 

in the applied repair voltage (∆𝑉 = 𝑉௠௔௫ − 𝑉௠௜௡). 

The crack growth concerning the number of loading cycles is determined by taking the 

incremental crack propagation (∆𝑐௜) against incremental loading cycles (∆𝑁௜), where ∆𝑐௜ =

𝑐௜ାଵ − 𝑐௜  and ∆𝑁௜ = 𝑁௜ାଵ − 𝑁௜. In every iteration, ∆c୧ is calculated for a specific ∆N୧. Then, 

crack length ൫𝑐௙൯ , SIF range (∆K), and maximum SIF (𝐾௠௔௫) are updated. This iteration is 

repeated until either the maximum SIF (K୫ୟ୶) reaches the value of the fracture toughness 

(𝐾ூ஼) or the crack length ൫𝑐௙൯ reaches the critical crack length 𝑎௖. The fatigue life for all the 

situations can be directly obtained by integrating Eq. (4.14) from the initial crack length 𝑐௢ to 

the final crack length  𝑐௙ ൫ 𝑐௙ =  𝑐௖൯.  

Fatigue life after repair is obtained from the numerical integration of Eq. (4.15), 
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௖೚
𝑑𝑐  (4.16) 

The critical crack length ( 𝑐௖) depends upon the applied load, the structural configuration of 

the cracked beam, and the repair parameters. It is derived from the fracture toughness (K୍େ) of 

the material and is expressed as: 

𝐾ூ஼ = (𝐾ூ)௔௧ ௖೎
 for without repair condition 

𝐾ூ஼ = (𝐾஺)௔௧ ௖೎
 for active repair condition  

The SIF range in the absence of piezoelectric actuators can be derived from Eq. (4.2), and 

expressed as, 

∆𝐾ூ = ∆𝜎଴
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(4.17) 

Substituting this value into Eq. (4.16), we obtain: 
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(4.18) 

In the same way, the SIF range after repair with piezoelectric actuators can be derived from 

Eq. (4.14) and expressed as, 

∆𝐾஺ =
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   (4.19) 

Substituting this value into Eq. (4.15), we obtain, 
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(4.20) 

By incorporating Eqs. (4.18) and (4.20) into (4.16), the fatigue life can be calculated for 

without repair and after repair, respectively.  

4.3 Finite Element Analysis and Validation 

In this section, numerical simulations were performed using the ABAQUS FE 

software to validate the results obtained from the current analysis. Firstly, a specimen with a 

crack emanating from an elliptical hole is modeled and compared with analytical results and 

the previously published FE solutions [Weißgraeber et al. (2016)] to validate the present FE 

modeling. Secondly, the repair of the crack using a piezoelectric patch has been carried out to 

validate the present analytical approach.  A half model is considered for FE analysis.  

4.3.1 FE Modelling of the Cracked Specimen with Piezoelectric Patch 

Five deformable bodies are initially generated to represent one plate and four 

piezoelectric patches, with their dimensions and material properties detailed in Table 4.1 

Table 4.2. An elliptical hole is positioned at the center of the plate, as illustrated in Figure 

4.2a. The plate model is partitioned to account for the crack located at the vertex of the 

elliptical hole. A seam crack of the specified length is introduced along the major axis 

direction of the elliptical hole, as shown in Figure 4.2b. The piezoelectric patches are defined 

with a local material orientation by creating a datum where axis ‘3’ aligns with the patches' 

depth. It is important to note that in ABAQUS, direction ‘3’ corresponds to the polarization 

direction. The piezoelectric patches and the cracked plate are connected using a ‘tie 

interaction’ within the interaction module. The bottom of the plate is subjected to an 

‘ENCASTRE’ boundary condition. At the same time, the right-side x-displacement is 

constrained to zero (U1 = 0), as illustrated in Figure 4.2c. The cracked plate is modeled using 

a ‘3D stress’ element, whereas the piezoelectric patches are modeled with a ‘piezoelectric 
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element.’ The model is discretized using hexahedral elements with an approximate global size 

of 0.005 m. The meshed model is shown in Figure 4.3. External voltage is applied to each 

piezoelectric patch by setting up two electrical boundary conditions on the opposing faces of 

the patch. The voltage on the face attached to the cracked plate is maintained at zero, while a 

finite voltage value is applied to the top face. Only the cracked plate is analyzed for 

validation, using dimensions consistent with the study presented in ref. [Weißgraeber et al. 

(2016)]. 

 

Figure 4.2: FE model on the ABAQUS platform, a1 = 5 mm, b1 = 1.25 mm, and c = 11.67 

mm (a) Half of the cracked plate with piezoelectric patches assembled on both sides (b) 

Enlarged view near the crack (c) Boundary conditions applied to the model 

 

Figure 4.3: FE mesh model 
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4.3.2 Validation of FE Model Without Piezoelectric Patch 

A total of 11 numerical simulations have been performed to validate the present FE 

model for cracked plates with elliptical holes only. For all the cases, the semi-major axis of 

the elliptical hole was taken 5 mm. Figure 4.4 depicts the deformed shape of the plate after 

simulation. Figure 4.5a represents the comparison of normalized SIF of present FE findings 

with published results [Weißgraeber et al. (2016)] for a fixed aspect ratio (AR) of the 

elliptical hole, a1/b1=4 (a1=5 mm, b1=1.25 mm) and different normalized crack lengths 

[s=c/(a1+c)]. Figure 4.5b represents SIF values concerning the aspect ratios (1, 2, 2.5, and 4) 

for a fixed normalized crack length s=0.7. As can be interpreted from the comparison with the 

published findings of the normalized SIF, the present analysis matches the published literature 

well.  

 

Figure 4.4: FE model of the cracked plate after simulation (without repair) 

 

Figure 4.5: Comparison of the analytical and present FE findings with the published FE 

results [Weißgraeber et al. (2016)] 

4.3.3 Validation of FE Model with Piezoelectric Patch 

In the previous section, the FE model was well-verified for a plate with a crack 

emanating from an elliptical hole for static loading without a repair case. The present 
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analytical approach proposed to reduce SIF at the crack root by the actuation provided by the 

piezoelectric patches. The analytical model developed in this article regarding the repair by 

the piezoelectric patch (Figure 4.1) is now verified with the FE analysis. The plate is made of 

Al 6061-T6, whereas PZT-5H is utilized for actuation. It is important to note that the 

piezoelectric patch is supplied with a voltage of 500 V. The normalized crack lengths, 

[s=c/(a1+c)], taken for this analysis range from 0.2 to 0.7; thus, crack lengths become 1.25 

mm, 2.143 mm, 3.333 mm, 5 mm, 7.5 mm, and 11.67 mm, respectively. The elliptical hole's 

aspect ratios (AR) are taken as 2, 3, and 4 for a fixed semi-major axis length, a1 = 5 mm. 

Subsequently, the results are compared for authentication, as depicted in Figure 4.6. The 

graphical comparison between the outcomes obtained using the FEA and the analytical 

method demonstrates a strong agreement. Figure 4.7 presents the deformed finite element 

models of the cracked plate after a 500 V application to the piezoelectric patch. 

Table 4.1: Mechanical properties and crack growth parameters of Al 6061-T6 material 

[Fossati et al. (2021)] 

Parameter Value 

Elastic Modulus (Eୱ)(GPa) 68.9 
Poisson’s ratio (ν) 0.33 
Tensile yield strength (MPa) 276 
Ultimate tensile strength (MPa) 310 
Density (Kg/m3) 2700 

∆K୲୦൫MPa√mm൯ at SR=0.1 45.52 

 K୍େ൫MPa√mm൯ 938.2 

C 5.079e-10 
m 2.3 
p 0.5 
q 0.5 

Table 4.2: Geometric parameters for plate and piezoelectric patch 

Dimensions Al 6061-T6 (mm) PZT-5H (mm) 

Height  H=100 HP=25 
Width W=50 WP=45 
Thickness t=1.6 tP=0.5 
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Figure 4.6: Comparison of the present analytical results with those obtained from FEA in 

ABAQUS 

 

Figure 4.7: Deformed FE model of the repaired plate under the application of a 500 V 

4.4 Results and Discussion 

Once the findings of the proposed approach are validated with FE analysis in the 

presence of the piezoelectric patch, various analytical studies are conducted to estimate the 

SIF for different aspect ratios, semi-major axis lengths, and different crack lengths. 

Subsequently, the SIF range, FCGR, and fatigue life are calculated under cyclic tensile 

loading using the proposed analytical method, taking into account the aforementioned 

parameters. 
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4.4.1 Effect of Applied Voltage and Patch Thickness on Repair Efficiency 

This section discusses how different applied voltages and patch thicknesses influence 

SIF to suggest the ideal patch thickness and voltage for repairing the cracked plate. The SIFs 

are estimated under a tensile stress of 30 MPa for various repair voltages ranging from 0, 100, 

200, 300, 400, and 500 V. The geometries of the elliptical hole are taken as a1=10 mm and 

a1/b1=4. The variation of SIF about various repair voltages at various patch thicknesses ranges 

from 0.1 mm to 0.5 mm, depicted in Figure 4.8 for the two different crack lengths, 5 mm and 

10 mm, respectively.  A significant decrease in SIF is observed as the repair voltage increases 

from zero for every patch thickness and the crack length. The amount of SIF reduction is 

higher as the repair voltage increases due to the piezoelectric material possessing more 

extensional strain, which provides more compressive stress at the crack tip, reducing effective 

stress at the crack tip. 

 

Figure 4.8: Comparison of repaired and without repair conditions for various thicknesses 

a1=10 mm, AR=4 (a) c=5 mm (b) c=10 mm 

Choosing the proper thickness of the piezoelectric patch is very important, as the 

actuation mainly produced depends on the stiffness ratio and the piezoelectric strain [Zhou et 

al. (2024)]. In the previous section, the thickness was taken as 0.5 mm for the conciseness of 

the validation study. Furthermore, Figure 4.8 also shows that patches of low thickness are 

most capable of repair. Besides that, it is to be noted that it is possible to apply a certain 

amount of this electric field to any piezoelectric material, usually from 1 kV/mm to 2 kV/mm. 

However, in the above analysis, it can be said that for a thickness of 0.1 mm when 500 volts is 

applied, the electric field is 5 kV per millimeter, which is practically impossible to apply on 
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the patch. Therefore, selecting the maximum voltage that can be used for a given thickness is 

considered based on the maximum permissible electric field, as the electric field is 

represented by kilovolts per unit thickness.  

This analysis assumes that this maximum limit is 1 kV per millimeter, and another 

study is carried out for different thicknesses where the electric field is limited to 1 kV/mm. A 

5 mm crack length, a semimajor axis of 10 mm length, and an aspect ratio of 4 are taken to 

conduct this study. Figure 4.9a shows the variation of SIF concerning electric fields ranging 

from 0 to 1 kV/mm for different patch thicknesses. In terms of absolute voltage, thin actuators 

perform better, as shown in Figure 4.8. Under the application of 100 V, a 0.1 mm patch gives 

a 4.38% reduction in SIF, whereas a 0.5 mm patch provides a 3.13% reduction in SIF 

compared to a 0 V application. Here, it is noted that, considering a permissible electric field of 

1 kV/mm, 100 V is the maximum permissible absolute voltage for a 0.1 mm patch, whereas 

500 V is for a 0.5 mm patch.  

From the above discussion, it can be said that a thin patch can give good results when 

low actuation is required, i.e., when mechanical load is relatively low and if there is a 

restriction regarding the upper limit of absolute voltage. However, to obtain higher actuation 

as and when required with the increase in external mechanical load, the apparent repair 

capacity of the thin patch is much lower. To address this, another study is conducted at the 

maximum permissible limit of the electric field, and the maximum possible performance of 

patches of different thicknesses can be interpreted. Figure 4.9b shows the SIF after repair for 

different thicknesses ranging from 0.1 mm to 0.5 mm and the voltage applied for each 

thickness so that, in all cases, the electric field remains fixed at 1 kV/mm. The amount of 

applied voltage for a particular thickness is calculated from the maximum allowable electric 

field. Note that the absolute voltage for a 0.1 mm patch is 100 V; for a 0.5 mm patch, it is 500 

V under 1 kV/mm application. For all the crack lengths considered here, the SIF is reduced 

significantly with the increase in patch thicknesses. The reduction of SIFs at 1 kV/mm as 

compared to 0 kV/mm is 4.38%, 7.97%, 10.96%, 13.55%, and 15.69 % for the 0.1 mm, 0.2 

mm, 0.3 mm, 0.4 mm, and 0.5 mm the thicknesses of the patch, respectively. In these two 

scenarios, it can be seen that a 0.5 mm patch can repair much more, even at a fixed 1 kV/mm 

electric field. However, the amount of piezoelectric strain is the same in both cases, and the 

effect of stiffness ratio can bounce better results for comparatively thicker patches.  

Therefore, it can be seen that SIF decreases more sharply for lower thickness when a lower 

range of repair voltage is chosen. Nevertheless, the lower thickness of the patch leads to 
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mechanical failure [Anton et al. (2012), Wang et al. (2019)]. However, if the external 

mechanical load increases for a given configuration, a patch of low thickness becomes less 

effective. Furthermore, the maximum repair capacity is lower for lower patch thicknesses. 

Considering these cases, a patch thickness of 0.5 mm is carefully chosen for the rest of the 

analysis. 

 

Figure 4.9: (a) SIF vs. Electric field for various thicknesses of the patch, c= 5 mm  (b) SIF vs. 

thickness of the patch for various crack lengths at constant Electric Field (Ef=1kV/mm) a1=10 

mm, AR=4 

4.4.2 SIF Variation with Crack Length, Semi-Major Axis, and Aspect 
Ratio 

The previous section identified suitable thicknesses and corresponding voltages. Based 

on that, it is essential to analyze the stress intensity factors (SIFs) to understand crack 

propagation behavior under static tensile stress. This section focuses on SIF calculations for 

different crack lengths, semi-major axis lengths, and aspect ratios (AR) for a patch thickness 

of 0.5 mm and a repair voltage of 500 V. The analysis explores crack lengths ranging from 1 

mm to 15 mm, semi-major axis lengths from 5 mm to 15 mm, and aspect ratios (AR) of 1, 2, 

3, and 4. The goal is to examine how these parameters influence SIFs under a constant tensile 

load of 30 MPa. Figure 4.10 illustrates the variation of SIFs via a 3D plot with crack length on 

the x-axis, the semi-major axis of the elliptical hole on the y-axis, and SIF on the z-axis for 

both without repair and repaired conditions at an applied voltage of 500 V. This detailed 

examination of SIFs for various geometric parameters is crucial for determining failure risks 

and the effectiveness of repair techniques. 
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Figure 4.10: SIFs for various hole and crack geometries 

4.4.2.1 Effect of crack length (c) 

The effect of crack length on stress intensity factor (SIF) is significant when 

emanating from an elliptical hole and repaired using piezoelectric patches. As the crack length 

increases, the SIF tends to rise due to the greater stress concentration at the crack tip, 

especially around discontinuities like an elliptical hole. Under an applied voltage of 500 V, 
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the piezoelectric patch can induce strain, which helps reduce the SIF by counteracting the 

mechanical stresses. 

It is observed that for a fixed semi-major axis and aspect ratio, the SIF increases with 

crack length, as shown in Figure 4.10. The percentage reduction in the stress intensity factor 

(SIF) concerning the crack length is represented in Figure 4.11 for semi-major axis lengths 5 

mm, 10 mm and 15 mm and aspect ratios (AR) ranging from 1 to 4. As can be seen in the 

illustration, this reduction is more significant for longer cracks when using a piezoelectric 

patch, as the increased stress concentration at the crack tip makes the crack more sensitive to 

the applied strain from the patch. While SIF naturally increases with crack length, the strain 

induced by the piezoelectric patch counteracts the mechanical stresses more effectively in 

longer cracks, resulting in a more significant reduction in SIF. Thus, with all other parameters 

constant, the decrease in SIF percentage compared to without repair condition is higher for 

longer cracks because the applied strain likely has a more significant impact on larger stress 

fields at the crack tip. At a1=5 mm, AR=1, the reduction is 21.53% for crack length, c=10 

mm, significantly higher than the 19.1% observed for c=5 mm. 

 

Figure 4.11: Percentage of reduction in SIF for various hole and crack geometries 
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4.4.2.2 Effect of Semi-Major Axis Length (a1) 

The semi-major axis of the hole also plays a vital role, with larger semi-major axes 

typically resulting in higher SIF values due to the increased stress concentration around larger 

holes for a given crack length, as shown in Figure 4.10. Figure 4.12 represents the percentage 

reduction in SIF, focusing on the effect of using piezoelectric patch for different values of the 

semi-major axis ranging from 5 mm to 15 mm and for four different aspect ratios (AR=1, 2, 3, 

and 4). The percentage reduction in SIF values is represented for two crack lengths, 5 mm and 

10 mm (Figure 4.12). As the semi-major axis increases from 5 to 15, the percentage reduction 

in SIF consistently decreases across all aspect ratios (AR=1 to AR=4) and all crack lengths, 

indicating that the piezoelectric patch has a more noticeable effect on reducing SIF for shorter 

semi-major axes. This suggests that the actuation by the piezoelectric patch is insufficient for 

larger elliptical holes as extensive stress distribution exists around the crack tip, resulting in 

less SIF reduction.  The highest reduction is observed at a1=5 mm and AR=1; hence, the patch 

is more effective in smaller hole and longer crack length configurations. This implies that the 

piezoelectric patch is more effective in reducing SIF for longer cracks, especially at smaller 

semi-major axes. This explains the overall decrease in the percentage reduction in SIF as the 

semi-major axis increases, particularly noticeable in AR=1. 

 

Figure 4.12: Percentage of reduction in SIF for various hole geometry for crack length (a) 

c=5 mm (b) c=10 mm 

4.4.2.3 Effect of Aspect Ratio (AR) 

The aspect ratio (AR) also plays a vital role, with higher aspect ratios (AR=2, 3, and 

4) showing less reduction in SIF across all values of ‘a1’ and ‘c,’ indicating that the geometry 

of the elliptical hole influences how effectively the patch can reduce stress. The reduction in 
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SIF is found less for aspect ratios AR=2, 3, and 4 than AR=1 because the stress distribution 

around the elliptical hole becomes less concentrated as the aspect ratio increases. When 

AR=1, the elliptical hole is closer to a circular shape, and stress concentrations at the crack tip 

exhibit greater exposure to variations induced by external control mechanisms such as 

piezoelectric actuation. This allows the piezoelectric patch to more effectively counteract 

mechanical stresses by inducing strain in a relatively confined area.  

As the aspect ratio increases (AR=2, 3, 4), the shape of the elliptical hole elongates for 

a fixed semi-major axis. However, for elongated geometries (high AR), the crack's stress field 

becomes less influenced by local changes introduced by these actuators. This means that 

further increases in AR result in minimal changes to the stress distribution around the crack. 

The reduction in SIFs for AR=2, 3, and 4 remains almost the same because, at these aspect 

ratios, the stress concentration near the crack tip reaches a steady state. After all, the influence 

of geometry stabilizes. While the hole becomes more elongated, the change in stress 

concentration between AR=2 and AR=4 is relatively minor compared to the shift from AR=1 

to AR=2. For instance, at a1=5 mm, the reduction in SIF was found to be 23.19%, 19.28%, 

19.2%, and 19.1% for AR=1, 2, 3, and 4, respectively, for a crack length of 5 mm as shown in 

Figure 4.12a. Thus, the piezoelectric patch effectiveness levels out across AR=2, 3, and 4, 

leading to similar percentage reductions in SIF across all values of ‘a1’ and ‘c’. This suggests 

that the hole's shape, except AR=1, doesn't significantly alter the patch's performance, as the 

overall stress field behaves similarly for higher AR values.  

4.4.3 SIF Range, Fatigue Crack Growth (FCG), and Fatigue Life (Nf) 
Analysis 

The SIF range, which quantifies the effect of stress distribution near a crack tip, highly 

depends on the geometries of the crack and elliptical hole. This section analyses the SIF range 

between the stress range of 80 MPa and 8 MPa (SR=0.1) about crack length, semi-major axis 

length (a1), and aspect ratio (AR) under conditions with and without piezoelectric repair (V = 

0 and V = 500). As crack length (c) increases, the SIF range steadily increases across all AR 

values and all repair conditions since longer cracks intensify the stress concentration near the 

crack tip, raising the SIF range values, as depicted in Figure 4.13. This higher SIF range in 

long cracks enhances the possibility of rapid crack propagation under cyclic loading, reducing 

the structure's overall durability.  
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Figure 4.13: SIF Range vs. crack length (c) for various geometries of the elliptical hole 

It is to be noted that, under fatigue loading, the SIF range remains constant before and 

after repair when a fixed voltage ( V୫ୟ୶ =  V୫୧୬, ∆V = 0) is applied throughout the loading 

cycles as the zero-voltage ratio (VR) offers the best repair performance as stated in Chapter 2. 

To minimize ∆K, ∆V must be kept at a higher value. To increase fatigue life, the maximum 

SIF (K୫ୟ୶) would be lowered by applying a higher maximum voltage ( V୫ୟ୶). Therefore, to 
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achieve top repair performance, V୫୧୬ is equal to zero (VR = 0), resulting in maximum ∆V for 

a fixed  V୫ୟ୶. Hence, the piezoelectric patches are applied an external voltage of  V୫ୟ୶=500, 

reducing the SIF range across all crack lengths and aspect ratios compared to without repair 

conditions. For instance, at a=5mm and AR = 4, the SIF range after repair (V= 500) decreases 

from 397 MPa.mm0.5 to 365.4 MPa.mm0.5 for c = 5 mm, whereas it decreases from 661.1 

MPa.mm0.5 to 598 MPa.mm0.5 for c = 20 mm. The externally applied voltage causes the 

piezoelectric material to generate a compressive stress that opposes the existing maximum 

tensile stresses, resulting in a reduction in maximum SIF (K୫ୟ୶) thereby decreasing the 

overall SIF range. Consequently, the reduction in the SIF range can delay crack propagation, 

enhancing the fatigue life of the material.  

Figure 4.14 illustrates the percentage reduction in the SIF range as a function of crack 

length for various semi-major axes (a1) and aspect ratios (AR) after repair using a 

piezoelectric patch. The reduction of SIF reductions is more significant with longer cracks for 

all aspect ratios, as shown in Figure 4.14, reflecting an adequate control over the SIF range 

even as crack severity grows. This repair is essential in delaying crack growth at this stage, 

acting as an effective repair strategy under fatigue loading. For smaller semi-major axes (a1=5 

mm), the reduction of the SIF range shows a consistent increase with crack length, 

particularly for higher aspect ratios, where AR = 3 and AR = 4 surpass AR = 1 and AR = 2. 

For a1=10 mm, a similar pattern is observed; however, the percentage reductions are generally 

lower than those obtained with the smaller semi-major axis. This finding emphasizes the 

significance of designing repair methods according to crack geometry, as higher aspect ratios 

and smaller semi-major axes provide the most significant reductions in the SIF range. 

 

Figure 4.14: Percentage of reduction in SIF range concerning crack length for various 

geometries of elliptical hole 



Chapter 4 

110 
 

Figure 4.15 presents a log-log plot of the Fatigue Crack Growth Rate (FCGR) against 

the SIF range (ΔK) for different crack lengths (5 mm and 10 mm) and aspect ratios (AR=1, 2, 

3, and 4), comparing without repair conditions with repairs conducted at 500 V. The plot 

follows a standard FCGR model approach [Anderson (2017)]. It reflects data for loading 

conditions that ensure the SIF range remains above the material’s threshold limit (ΔK>ΔKth) 

at the beginning of the cycle. This choice allows the focus to stay on Regions II and III, where 

significant crack propagation occurs. In Region II, a straight line on the log-log plot is 

observed; crack growth is stable and adheres to the Paris crack growth model [Paris and 

Erdogan (1963)]. In contrast, Region III exhibits exponential crack growth, where ΔK reaches 

elevated values. This rapid crack propagation drives the maximum SIF (Kmax) towards the 

material’s fracture toughness (KIC), quickly leading to catastrophic failure. For this instance, 

when the crack grows to 10 mm, the FCGR is found to be 0.00121 mm/cycle and 0.000918 

mm/cycle for 0 V and 500 V applications, respectively, for semi-major axis 5 mm and aspect 

ratio (AR) of 4. The difference between repair and without-repair scenarios highlights the 

influence of repair conditions on crack propagation rates, showing how repair can reduce the 

crack propagations and lifespan of the material under cyclic stress conditions. 

 

Figure 4.15: FCGR for various geometries of the elliptical hole 
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The fatigue crack growth (FCG) after several loading cycles is calculated until the critical 

crack length (cc) is attained for the given configuration. Figure 4.16 depicts FCG with and 

without repair configurations, assuming an initial crack length of 5 mm. The semi-major axis 

lengths were 5 mm and 10 mm, with aspect ratios (AR) ranging from 1 to 4. 

 

Figure 4.16: Final crack length (c) concerning the number of loading cycles (N) for various 

geometries of elliptical hole 
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The studies revealed that the repair causes the crack to grow more slowly than the one 

without a repair case. Since the SIF range drives crack growth, the actuation of the 

piezoelectric patch reduces the SIF range, enabling delayed crack growth. In particular, 

reaching a 30 mm crack length requires 12781, 12716, 12755, and 12841 cycles for aspect 

ratios 1, 2, 3, and 4, respectively. In contrast, when repaired with a 500 V, the cycles increase 

to 17493, 17366, 17402, and 17513, assuming semi-major axis lengths of 5 mm, as illustrated 

in Figure 4.16. 

 

Figure 4.17: (a) Fatigue life for with and without repair condition (b) Percentage of increase 

in fatigue life for various geometries of elliptical hole 

Following several rapid growth cycles at each repair voltage, the crack length attains 

the critical threshold, with the associated number of loading cycles dictating its fatigue 

lifetime. Figure 4.17a demonstrates the post-repair fatigue life, showcasing fatigue life across 

different geometric configurations, including semi-major axis lengths of 5 and 10 mm, with 

aspect ratios varying from 1 to 4, both with and without repair situations. Additionally, given 

the aforementioned geometric configurations, Figure 4.17b shows the percentage 

improvement in fatigue life when repaired with a 500 V compared to without-repair 

situations; for a semi-major axis length of 5 mm, 40.78%, 42.08%, 43.17%, and 43.91%, 

enhanced fatigue life is achieved for aspect ratios 1, 2, 3, and 4, respectively. The 

corresponding values for a semi-major axis length of 10 mm are 45.51%, 44.94%, 45.67%, 

and 46.36%. The repaired structure reveals a longer fatigue life, attributed to two primary 

factors. First, the piezoelectric patch’s actuation reduces the SIF range by lowering the 

maximum SIF, while the minimum SIF remains unchanged due to zero voltage application at 

minimum external loading. This reduction in the SIF range slows crack growth, increasing the 

cycles required to reach the fracture toughness. Second, since fracture toughness influences 
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fatigue life, the reduced maximum SIF requires more loading cycles to get the critical crack 

length. Thus, the piezoelectric patch enhances the beam's fatigue resistance by delaying 

critical crack progression. Beyond critical length, uncontrolled crack propagation would lead 

to catastrophic failure.  

4.5 Summary 

This study aimed to enhance the structural integrity of cracked plates containing elliptical 

holes by utilizing piezoelectric actuators for active repair. This research employed linear 

elastic fracture mechanics (LEFM) principles to compute SIF using the Weight Function 

Method (WFM). A superposition approach integrated the effects of piezoelectric actuation on 

the SIF. Fatigue crack growth rate (FCGR) was estimated through established models, and 

parametric studies were conducted to assess the influence of geometric and actuation 

parameters. Numerical validation via ABAQUS further authenticate the reliability of the 

analytical framework. Applying piezoelectric patches under external voltage substantially 

reduces the SIF range across varying crack lengths and aspect ratios. This repair method 

effectively mitigates the intensifying effects of stress concentration due to crack propagation, 

particularly for longer cracks and higher ARs, presenting a promising approach for enhancing 

the fatigue resistance and longevity of structural materials under cyclic loading. However, the 

following essential findings have been drawn from this study: 

 Piezoelectric actuators show a crucial role in mitigating crack propagation when 

emanating from an elliptical hole by actively reducing the stress intensity factor (SIF) 

enhances the structural integrity of damaged components. 

 The effectiveness of piezoelectric patches in reducing stress intensity factors (SIF) 

changes with crack length, hole size, and aspect ratio. Longer cracks benefit more 

from the actuation; nevertheless, this effect diminishes as the hole size and aspect ratio 

increase. 

 The aspect ratio (AR) of elliptical holes influences the repair efficiency, especially a 

more significant SIF reduction as the hole shape approaches a circular shape. 

Although changes in aspect ratio (AR) have minimal impact on repair efficiency for a 

fixed crack length and semi-major axis length. Additionally, the percentage reduction 

decreases as the aspect ratio (AR) increases, likely due to the increased stress 

concentration, implying that the patch becomes less effective for higher aspect ratios. 
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 A more significant decrease in SIF is observed for smaller semi-major axes, even 

though the total length of the opening, which is the sum of the semi-major axis and 

crack length, remaining constant. 

 The thickness of piezoelectric actuators affects their performance. Thinner actuators 

are more suitable for lower loads, while thicker ones show superior mechanical 

performance under higher loads. This highlights the importance of selecting the right 

actuator based on the load conditions. 

 The integration of piezoelectric patches leads to a notable extension of fatigue life, 

confirming their potential as an effective solution for prolonging the service life of 

structural components, especially when the cracks emanate from elliptical holes. 
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Chapter 5 

REPAIR OF AN EDGE-CRACKED ARC-SHAPED SPECIMEN 

USING PIEZOELECTRIC ACTUATORS 

5. Repair of an Edge-Cracked Arc-Shaped Specimen Using Piezoelectric Actuators 

5.1. Introduction 

The utilization of piezoelectric materials for structural health monitoring and active repair 

has gained significant traction in recent decades. The ability of these materials to convert 

electrical energy into mechanical strain and vice versa allows for precise control of structural 

deformation, making them ideal for applications involving crack repair. Specifically, applying 

adhesively bonded piezoelectric patches to induce localized stress fields that counteract the 

stress concentration at crack tips has demonstrated promising results in mitigating crack 

propagation. This approach offers a potential solution to extend the lifespan of critical structural 

components, reducing maintenance costs and enhancing safety. 

While extensive research has focused on repairing plate and beam specimens of regular 

sections using piezoelectric actuators, a critical gap exists in understanding and implementing 

this technique for arc-shaped specimens. The practical necessity for repairing arc-shaped 

components arises from extensive use in various engineering applications, including pipelines, 

curved structural members in aerospace and automotive industries, and pressure vessels. These 

components are often subjected to complex loading conditions, including cyclic stresses and 

environmental factors, which can lead to the formation and propagation of cracks. Effective and 

reliable repair techniques for such structures are paramount to ensure their continued 

functionality and prevent catastrophic failures. Thus, the lack of studies addressing the specific 

challenges associated with repairing arc-shaped specimens represents a significant limitation in 

the current state of knowledge. 

This chapter aims to address this critical gap by investigating the feasibility and 

effectiveness of piezoelectric actuators for repairing edge-cracked arc-shaped specimens, 

encompassing both static and fatigue repair analyses. Firstly, the chapter details the 

methodology employed to develop an analytical model based on Linear Elastic Fracture 

Mechanics (LEFM) and the Weight Function Method (WFM) to determine the mode-I stress 

intensity factor (SIF) under both static loading conditions. This model incorporates the effects 
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of piezoelectric actuation, allowing for analysis of the static repair of the arc-shaped specimen 

under constant uniaxial tensile loading. The effectiveness of the piezoelectric patch in reducing 

the Mode-I SIF is evaluated, providing insights into the static repair performance. Parametric 

studies are conducted to examine the influence of various factors, including the dimensions of 

the specimen, the crack length, and the dimensions of the piezoelectric patch, on the repair 

efficiency. Specifically, the effects of patch thickness and width are thoroughly investigated to 

determine optimal configurations for maximizing stress reduction. Secondly, the chapter delves 

into the fatigue repair of the arc-shaped specimen under cyclic tensile loading. By applying the 

Paris model, the fatigue crack growth rate (FCGR) is predicted before and after the application 

of piezoelectric actuation. This analysis assesses the ability of the piezoelectric patch to reduce 

FCGR and extend the fatigue life of the specimen. The influence of various parameters, such 

as the applied voltage and the number of loading cycles, is also highlighted to govern the 

effectiveness of the active repair strategy.  

5.2. Problem Formulation 

Estimating SIF under static loading for scenarios such as without and active repair becomes 

essential since the SIF range (∆𝐾) impacts both FCGR and fatigue life. This analysis is carried 

out for an arc-shaped specimen with an edge crack of length ‘𝑎’, which is exposed to a load of 

P, as shown in Figure 5.1. The crack length is along the x-direction. At the same time, the y-

direction denotes the loading direction, and it is perpendicular to the crack length or x-direction, 

whereas the thickness is along the z-direction. 

 

Figure 5.1: Edge cracked arc-shaped specimen was repaired with a piezoelectric patch 
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5.2.1 SIF Estimation for the Cracked Specimen 

In this configuration, Mode-I is the only effectual mode considered, and the Mode-I SIF 

for an arc-shaped edge cracked specimen is calculated using LEFM and given by Eq. (5.1) as 

proposed by  Tada et al. (2000). 

𝐾ூ = 𝜎଴√𝜋𝑎 (5.1) 

where, 

 𝜎଴ =  
𝑃

𝑡௦.𝑊௦
 (5.2) 

where tୱ and Wୱ are the thickness and width of the specimen. 

As the geometry of the cracked specimen affects the fracture parameters, a shape correction 

factor is introduced [Tada et al. (2000)], and the modified mode-I SIF can be written as, 
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Where shape correction factors can be expressed as, 
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Where 𝑋  is the distance between the crack mouth and the line of action of the load, and R is 

the radius of the specimen's outer surface, as shown in Figure 5.1. 

5.2.2 SIF Reduction via Active Repair 

The SIF of the piezoelectric patch integrated cracked specimen is estimated by using 

the superposition method of LEFM, where two different scenarios are considered to calculate 

their total SIF (𝐾஺) after repair and can be written as, 

𝐾஺ = 𝐾ூ + 𝐾௉௜௘௭௢ (5.6) 

where 𝐾௉௜௘௭௢ is SIF only exists under the piezoelectric actuation effect, which is evaluated by 

the weight function method (WFM) [Bueckner (1970)] and can be written as,  
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𝐾௉௜௘௭௢ = න ℎ(𝑥, 𝑦, 𝑎) ∙ 𝜎௉௜௘௭௢ ∙ 𝑑𝑥

௔

଴

 (5.7) 

Where ℎ(𝑥, 𝑦, 𝑎) is the weight function, Eሖ  represents Young’s modulus in plane strain 

or plane stress conditions. The weight function is derived from in-plane crack opening 

displacement, which belongs to the Westergaard stress function [Anderson (2017)] as computed 

in Chapter 2 and 4. 𝜎୔୧ୣ୸୭ is the stress created by the piezoelectric materials. The piezoelectric 

patch is polarized along the thickness or 3-direction, and 𝑑ଷଵ is the only effective mode 

considered here, which indicates the patch is strained along the perpendicular direction of the 

crack or in the 1-direction when the voltage is applied along the 3-direction. For perfect bonding 

between the piezoelectric patch and the cracked specimen, piezoelectric stress is given by Eq. 

(5.8). Moreover, this stress has equal distribution at right angles to the cracked surface. 

𝜎௉௜௘௭௢ =
𝐸௦𝑡௦𝑇

𝐴(𝜓 + 𝛼)
∙

𝑑ଷଵ𝑉

𝑡௣
 (5.8) 

Where, 𝐸௦ is Young’s modulus of the specimen, 𝐸௣, 𝑊௣, 𝑡௣ Young’s modulus, width and 

thickness of the piezoelectric patch, respectively, T is the width of distributed electrodes on the 

piezoelectric patch, 𝐴 is the effective cross-sectional area of the specimen, 𝑑ଷଵ is the 

piezoelectric strain coefficient, V is the applied voltage, 𝛼 = 2 for extensional loading and 𝜓 =

𝐸௦𝑊௦𝑡௦ 𝐸௉𝑊௉𝑡௉⁄ , [Crawley and Luis (1987)]. So, the total SIF can be written as, 
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Given that the solution derived from Eq. (5.9), depending on the application of LEFM 

principles, it is necessary to account for the shape correction factor [Tada et al. (2000)], resulting 

in a potential modification of Eq. (5.9), as follows: 
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5.2.3 FCGR and Fatigue Life Estimation 

 The specimen is subjected to cyclic tensile loads having maximum stress and minimum 

stress 𝜎௠௔௫ and 𝜎௠௜௡, respectively, and the corresponding SIFs are 𝐾௠௔௫ and 𝐾௠௜௡. The Paris 
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crack growth model is used here to predict FCGR under cyclic tensile stress and is expressed 

as [Paris and Erdogan (1963)]. 

𝑑𝑎

𝑑𝑁
= 𝐶 ∙ (∆𝐾)௠ (5.11) 

5.2.3.1 Without repair 

The SIF range (∆𝐾 = 𝐾௠௔௫ − 𝐾௠௜௡) for the cracked specimen under 𝜎௠௔௫ and 𝜎௠௜௡ can be 

calculated from the Eq. (5.3) and written as,  

∆𝐾ூ = (𝜎௠௔௫ − 𝜎௠௜௡) ∙ √𝜋𝑎 ∙ 𝐹ଵ ቀ
𝑎

𝑊
ቁ ∙ 𝐹ଶ ൬

𝑎

𝑊
,

𝑋

𝑊
,
𝑊

𝑅
൰ (5.12) 

FCGR is now calculated by putting the expression of Eq. (5.12) into Paris crack growth model 

and expressed as, 

𝑑𝑎

𝑑𝑁
= 𝐶 ∙ ൤(𝜎௠௔௫ − 𝜎௠௜௡) ∙ √𝜋𝑎 ∙ 𝐹ଵ ቀ

𝑎

𝑊
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𝑋
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𝑊

𝑅
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 (5.13) 

The fatigue life is calculated from the material property fracture toughness (𝐾ூ஼) such a way 

that 𝐾௠௔௫ reaches the value of 𝐾ூ஼. The fatigue life is calculated by integrating the Eq. (5.13) 

within the limit of initial crack length (𝑎௢) and critical crack length (𝑎௖). The fatigue life can 

be written as, 

൫𝑁௙൯
௪௜௧௛௢௨௧ ௥௘௣௔௜௥

= න
𝑑𝑎
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 (5.14) 

5.2.3.2 Active repair  

The voltage is applied to the patch as 𝑉௠௔௫ and 𝑉௠௜௡ with no phase difference with the 

mechanical load. The SIF range (∆𝐾 = 𝐾௠௔௫ − 𝐾௠௜௡) for the cracked specimen after repair 

can be calculated from the Eq. (5.10) and written as, 

∆𝐾஺ = ൥(𝜎௠௔௫ − 𝜎௠௜௡) ∙ √𝜋𝑎 + න ℎ(𝑥, 𝑦, 𝑎) ∙ ∆𝜎௉௜௘௭௢ ∙ 𝑑𝑥
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FCGR can be expressed as, 

𝑑𝑎

𝑑𝑁
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(5.16) 

The fatigue life can be written as, 

൫𝑁௙൯
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5.3. Results and Discussion 

In this section, various studies were conducted to observe the efficacy of the repair 

method. For this study, the piezoelectric materials are PZT-5H, and the cracked specimen is Al 

2024-T3. The effect of adhesive was not considered for this analysis. The actuator width is so 

kept that it covers the entire crack length. The voltage is applied to the piezoelectric actuators 

so that extensional strain occurs, causing compressive stress at the crack tip. When an external 

voltage is applied, the piezoelectric patch is kept closer to the crack plane to provide the highest 

possible compressive stress. It is exposed to a maximum stress of 10 MPa while maintaining a 

stress ratio (SR) of 0.1. This amount of load is chosen in such a way that the SIF range remains 

more significant than the threshold limit (∆𝐾 > ∆𝐾௧௛). The voltage is set to maximum for the 

highest stress and zero for the minimum stress, as discussed in Chapter 2. Piezoelectric 

materials have a maximum electric field limit for proper function, and the absolute voltage is 

determined by its thickness. For PZT-5H, it is about 1-2 kV/mm [Udayakumar et al. (1995)]. 

For safe operation by the piezoelectric materials, a maximum of 1 kV/mm is chosen, and 

subsequently, the maximum possible voltage becomes 500 V as the thickness chosen is 0.5 mm. 

The parameters of the geometry of the specimen and piezoelectric patch are as follows: 

Wୱ = 40 mm, 𝑎௜ = 8 mm, R = 80 mm, X = 0, 20 mm, tୱ = 1.6 mm, W୮ = 20, 25, 30 mm, 

H୮ = 25 mm and t୮ = 0.5, 0.75, 1.0  mm. The material properties of the specimen are given 

in Table 5.1 and the material properties of PZT-5H are presented in Table 5.2.  
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Table 5.1: Mechanical properties and crack growth parameters of Al 2024-T3 plate material 

Parameter Value 

Elastic Modulus (Eୱ)(GPa) 74 

Poisson’s ratio (ν) 0.33 

Tensile yield strength (MPa) 345 

Ultimate tensile strength (MPa) 483 

Density (Kg/m3) 2780 

∆K୲୦൫MPa√m൯ at SR=0.1 3.61 

K୍େ൫MPa√m൯ 33.16 

C 7.172×10-8 

m 3.0089 

Table 5.2: Properties of piezoelectric material PZT-5H 

Piezoelectric 

coefficient 

(10-12 C/N) 

Flexibility coefficient 

(10-12 m2/N) 

Density 

(Kg/m3) 

d31=-274 

d33=593 

d15=741 

s11=16.5, s12=-4.78, s14=-8.45, s33=20.7, 

s44=43.5,  

s66=2(s11-s12) 

7500 

5.3.1 Comparison of Repaired and Without Repaired Specimens 

To evaluate the effectiveness of the piezoelectric actuator-based repair technique, a 

comparative study has been conducted examining cracked and repaired specimens subjected to 

varying external voltages. The piezoelectric patches, with dimensions of t୮ = 0.5 mm, H୮ =

25 mm, and W୮ = 30 mm, were applied to specimens containing crack lengths ranging from 

1 mm to 10 mm. Specimens were subjected to a constant tensile stress of 10 MPa in all cases. 

The analytical Stress Intensity Factor (SIF) results, presented in Figure 5.2, demonstrate 

the impact of different geometric configurations (𝑋/𝑊 = 0.5 and 0) and repair conditions on 

crack behavior. Notably, a significant reduction in SIF was observed upon applying external 

voltage to the piezoelectric patches. Specifically, a 21.1% reduction in SIF was achieved with 

an applied voltage of 500 V, while a 4.2% reduction was observed at 100 V, both compared to 

the without repair condition. 
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This reduction can be attributed to the positive strain induced by the piezoelectric 

material, which effectively modifies the stress distribution near the crack tip. The compressive 

stress generated by the actuator, directly proportional to the applied electric field, counteracts 

the tensile stress concentration at the crack tip, thereby reducing the overall SIF. The linear 

relationship between applied voltage and SIF reduction suggests that maximizing the applied 

voltage is crucial for achieving optimal repair performance. As expected, the total SIF increased 

with increasing crack length. However, the repair efficacy, as measured by the percentage 

reduction in SIF, remained consistent across all crack lengths for a given applied voltage. This 

indicates that the piezoelectric repair technique is effective regardless of the initial crack size, 

suggesting a robust solution. 

 

Figure 5.2: SIF variations concerning various crack lengths and repair voltages (a) 𝑋/𝑊 =

0.5 (b) 𝑋/𝑊 = 0 

5.3.2 Influence of Piezoelectric Patch Thickness and Size 

Figure 5.3 illustrates the variation of Stress Intensity Factors (SIFs) as a function of 

piezoelectric patch thickness ൫𝑡௣൯ and applied repair voltage. This analysis was conducted for 

a fixed crack length (𝑎 =  8 𝑚𝑚) and piezoelectric actuator dimensions of W୮ =  30 mm and 

H୮ =  25 mm, with patch thicknesses of 0.5 mm, 0.75 mm, and 1 mm. While the adhesive 

bonding of the piezoelectric patch enhances the overall stiffness of the structure, the passive 

stiffness contribution of the patch itself was not considered in this study. As expected, when no 

voltage is applied (0 V), the SIFs remain unaffected by the presence of the piezoelectric patch, 

indicating the absence of induced compressive stress. However, a significant influence is 

observed with the application of repair voltages. At a consistently applied voltage of 500 V, an 

increase in patch thickness from 0.5 mm to 1 mm resulted in a 5.8% increase in the total SIFs. 
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Conversely, the SIFs exhibited a linear decrease with increasing repair voltage across all patch 

thicknesses. Notably, at 500 V, the SIF reduction was 21.1% for a 0.5 mm patch, 18.5% for a 

0.75 mm patch, and 16.5% for a 1 mm patch, observed across different geometric configurations 

(𝑋/𝑊 =  0.5 and 0). This demonstrates the effectiveness of piezoelectric actuation in 

mitigating crack propagation, with thinner patches yielding a more pronounced reduction in 

SIFs under the same voltage. 

These findings suggest that to minimize SIFs and enhance crack repair, employing thinner 

piezoelectric actuators with higher applied voltages is advantageous, even though thicker 

patches contribute to structural reinforcement. This can be attributed to the inverse relationship 

between the strain generated by the piezoelectric actuator and its thickness. Thinner patches 

produce excellent strain under the same applied voltage, resulting in a more significant 

compressive stress field at the crack tip and a more substantial reduction in SIFs.  

 

Figure 5.3: SIF variations for different piezoelectric actuator thicknesses under different 

repair voltages with crack length (a) of 8 mm (a) 𝑋/𝑊 = 0.5 (b) 𝑋/𝑊 = 0 

The size of the piezoelectric patch, particularly its width, proved to be a critical factor 

in reducing SIFs, as patch geometry directly influences the compressive stress field near the 

crack tip. Figure 5.4 illustrates the SIF variations for patch widths (W୮) of 20, 25, and 30 mm, 

with constant height (H୮ = 25 mm), crack length (𝑎 = 8 𝑚𝑚), and thickness (t୮ = 0.5 mm). 

Under a 500V application, SIF reductions were 21.1%, 15.35%, and 10.33% for widths 20, 25, 

and 30 mm, respectively, demonstrating an inverse relationship between patch width and SIF 

reduction. This highlights the efficacy of wider patches in mitigating stress concentration. This 

trend can be attributed to the expanded area over which compressive stress acts, facilitated by 

a larger patch. A wider compressive stress distribution effectively counteracts tensile stress, 

significantly reducing SIF. Additionally, the maximum possible electrode width, fundamentally 
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limited by patch width, allows for more uniform electric field application and resulting 

compressive stress. The investigation established that increased patch width significantly 

reduces SIFs, highlighting the importance of patch geometry for optimal repair performance. 

Careful consideration of patch width is essential for maximizing piezoelectric patch 

effectiveness in crack mitigation. 

 

Figure 5.4:  SIF variations for different piezoelectric actuators widths under different repair 

voltages with crack length, a=8 mm (a) 𝑋/𝑊 = 0.5 (b) 𝑋/𝑊 = 0 

5.3.3  SIF Range, Fatigue Crack Growth, and Fatigue Life Analysis 

The crack length continuously increases under cyclic tensile loading. The results were 

taken approximately within the Paris region. The final crack length ൫𝑎௙൯ concerning the number 

of loading cycles (𝑁) is represented in Figure 5.5 for the cracked specimen's different geometry, 

(𝑋/𝑊 = 0 and 0.5) under various repair voltages. This illustration shows that the growth of 

cracks is slowed down as the repair voltage increases. This can be characterized by the patch's 

compressive stress, which lowers the effect of tensile stress at the fracture tip. 

The above result was taken up to the critical crack length. (𝑎௖), which is calculated 

when the 𝐾௠௔௫ = 𝐾ூ஼ of the material, under plane stress conditions. The fatigue life under 

different repair voltages is shown in Figure 5.6a for the different geometry of the specimen. As 

the patch provides compressive stress at the crack's tip, more loading cycles are required to 

reach the critical crack length, achieving enhanced service life. The percentage of enhanced 

fatigue life is shown in Figure 5.6b for different geometries of the specimen. It is observed that 

a 124% higher fatigue life is obtained for 𝑋/𝑊 = 0, whereas a 130% enhanced fatigue life is 

obtained for 𝑋/𝑊 = 0.5 under the application of 500 V as compared to without repair 

conditions.  
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Figure 5.5: Final crack length ൫𝑎௙൯ vs. number of loading cycles (N) for various repair 

voltage (a) 𝑋/𝑊 = 0.5 (b) 𝑋/𝑊 = 0 

 

Figure 5.6: (a) Fatigue life variation (b) Percentage of fatigue life increase for different repair 

voltages. 

Figure 5.7 illustrates how the SIF range (∆𝐾) varies for various repair voltages based 

on the number of cycles for different geometries. At 20,000 loading cycles, a 24.72% reduced 

SIF range is obtained under a repair voltage of 500 V compared to when no repair conditions 

were applied for 𝑋/𝑊 = 0.5. In contrast, a 35.49% reduced SIF range is found for 𝑋/𝑊 = 0 

after 1,00,000 cycles under the same repair configuration. This is seen because the patch's 

actuation effect reduces the maximum SIF due to the maximum voltage application at 

maximum loading. In contrast, the zero-voltage application at minimum loading does not affect 
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the minimum SIF. As a result, the difference between the maximum and minimum SIFs is 

reduced. 

 

Figure 5.7: SIF range (∆K) vs. number of loading cycles (N) under different repair voltages (a) 

X/W=0.5 (b) X/W=0 

 

Figure 5.8: FCGR vs. Final crack length ൫𝑎௙൯ (a) X/W=0.5 (b) X/W=0 

The FCGR is prominently influenced by the SIF range, which drives the crack growth, 

which can be minimized by applying suitable voltages to the patch, as demonstrated in the 

previous discussion. Now, to comprehend the variation of FCGR concerning the final crack 

length ൫𝑎௙൯, a study is conducted under different voltages for 𝑋 𝑊⁄ = 0.5 and 0, as illustrated 

in Figure 5.8. It has been noted that crack growth rates are delayed at higher repair voltages for 

both configurations. In the scenario where 𝑋/𝑊 =  0.5, a similar rate of increase in FCGR is 

observed starting from the initial crack length. However, a significant rise in FCGR occurs after 
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the crack length reaches 20 mm, especially when X/W = 0 is chosen. It is worth noting that 

when a higher repair voltage is utilized, a delayed crack growth rate is observed. 

In addition, Figure 5.9a illustrates the FCGR about different repair voltages once the 

crack length reaches 15 mm. The FCGR values are 1.02 × 10ିସ and 4.56 × 10ିହ mm/cycle 

for 𝑋/𝑊 = 0.5, while for 𝑋/𝑊 = 0, the values are  4.62 × 10ିସ and 2.07 × 10ିସ mm/cycle 

under without repair and with a voltage application of 500 V, respectively. Figure 5.9b 

illustrates the reduction in FCGR percentage when various repair voltages are applied once the 

crack length reaches 15 mm for both geometries. The application of repair voltages of 100, 200, 

300, 400, and 500 V results in a decrease in FCGR by approximately 13%, 25%, 36%, 46%, 

and 55%, respectively, at any final crack length ൫𝑎௙ ≤ 𝑎௖൯ as compared to the case without any 

repair. 

 

Figure 5.9: (a) FCGR (b) Percentage of FCGR reduction for different repair voltages for 

crack length 15 mm 

Furthermore, the FCGR is depicted in the number of loading cycles at different repair 

voltages, as illustrated in Figure 5.10. Initially, the growth is relatively consistent across all 

repair scenarios. However, a noticeable increase is observed after a specific range for all 

configurations. In the case of 𝑋/𝑊 =  0.5, substantial growth occurs after 20,000 cycles 

without external voltages. Conversely, this severe growth is observed after 70,000 cycles under 

500 V, as depicted in Figure 5.10a. For 𝑋/𝑊 =  0, significant growth is observed after 

1,50,000 cycles in the case of a 0 V application. On the other hand, this severe growth is seen 

after 3,50,000 cycles under 500 V, as shown in Figure 5.10b. 

Figure 5.11 illustrates the FCGR concerning the SIF range for different repair voltages 

and the without repair case for both the specimen geometry, i.e., 𝑋/𝑊 =  0.5 and 0. As the 
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SIF range drives the propagation of the crack and the Paris model is adopted to predict the 

FCGR, it is evident that for the exact value of the SIF range, Eq. (5.15) would provide the same 

results and an almost undistinguishable curve for all the repair cases. In the case of 𝑋/𝑊 = 0.5, 

the SIF range was initially relatively high compared to when 𝑋/𝑊 = 0. Due to this fact, lower 

FCGR is found at the beginning of the loading cycles in the case of 𝑋/𝑊 = 0, as represented 

in Figure 5.11b, whereas the crack grows at a higher rate at the start of the loading cycles, as 

shown in Figure 5.11a.  

 

Figure 5.10: FCGR vs. number of loading cycles (N) (a) 𝑋/𝑊 = 0.5 (b) 𝑋/𝑊 = 0 

 

Figure 5.11:  FCGR vs. SIF range (∆𝐾) (a) 𝑋/𝑊 = 0.5 (b) 𝑋/𝑊 = 0 

Moreover, an investigation has been carried out to more thoroughly understand the 

FCGR at the end of the half fatigue life cycle ൫𝑁 𝑁௙ = 0.5⁄ ൯, when interpreting fatigue life 

within the context of that specific repair configuration. Figure 5.12 illustrates the fluctuation of 
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FCGR concerning repair voltages for N N୤ = 0.5⁄ . It is evident that when the structural 

component reaches half of its service life, a significantly reduced FCGR is found under 500 V, 

compared to the conditions without any repair. Hence, the above findings indicate that the 

application of voltage to the piezoelectric patch effectively retards crack growth and proves 

highly successful in repairing damaged structures, thereby extending their service life. 

 

Figure 5.12: FCGR for various repair voltages at half of its fatigue life cycle ൫𝑁 𝑁௙ = 0.5⁄ ൯ 

5.4. Summary 

This chapter investigated the feasibility and effectiveness of adhesively bonded 

piezoelectric actuators to repair edge-cracked arc-shaped specimens under static and fatigue 

loading conditions. The primary objectives were to determine the Mode-I stress intensity factor 

(SIF) analytically and fatigue crack growth rate (FCGR), and to demonstrate the reduction of 

these parameters through the application of external voltage to the piezoelectric patches, 

thereby extending the specimen's service life. The methodology employed linear elastic fracture 

mechanics (LEFM), including the superposition principle and the weight function method 

(WFM), to model the crack behavior and the actuator's effect. The Paris model was used to 

predict FCGR under cyclic loading. The findings from the static repair revealed a significant 

reduction in the Mode-I SIF upon applying voltage to the piezoelectric actuators. This reduction 

was attributed to the compressive stress generated by the actuators near the crack tip, effectively 

counteracting the tensile stress induced by the external load. The Parametric analysis 

underscores optimizing actuator dimensions and applied voltage for maximum repair 

performance. Firstly, increasing the applied voltage directly correlated with a more significant 

reduction in SIF. Thinner piezoelectric patches with higher applied voltages yielded the most 
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substantial SIF reductions. This is due to the strain produced inversely with patch thickness. 

Thirdly, a larger width of the piezoelectric patch significantly enhanced repair performance. 

Moreover, it was observed that the SIF increased with crack length, requiring higher voltages 

for effective repair at longer crack lengths. The findings from the fatigue repair demonstrated a 

notable decrease in FCGR and a substantial increase in fatigue life with the application of 

external voltage. The piezoelectric actuators delayed crack growth by compressing stress at the 

crack tip, requiring more loading cycles to reach the critical crack length. Notably, a significant 

enhancement in fatigue life was observed, with 1.3 times rise achieved under a 500V repair 

voltage compared to the without repair condition. The SIF range (∆K) was also reduced, 

indicating a decrease in the driving force for crack propagation. Furthermore, higher repair 

voltages consistently resulted in delayed crack growth rates and a substantial reduction in 

FCGR at various stages of the fatigue life. This study provided a comprehensive understanding 

of the potential of piezoelectric actuators in the active repair of edge-cracked arc-shaped 

specimens, contributing to the development of more reliable and durable engineering structures. 
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Chapter 6 

STRENGTHENING OF AN EDGE-CRACKED PLATE 

UNDER BENDING USING PIEZOELECTRIC ACTUATORS 

6. Chapter 6 

6.1 Introduction  

Plates are fundamental structural elements extensively used in aerospace, automotive, 

and civil engineering applications due to their high strength-to-weight ratio and ability to 

withstand various loading conditions. In many practical scenarios, plates are subjected to 

bending loads, making them susceptible to stress concentrations and potential failure. In 

practical applications, these plates are susceptible to crack initiation under bending-induced 

stress due to factors like fatigue, manufacturing defects, or impact loads, which can significantly 

reduce their load-carrying capacity. If left unaddressed, these cracks can reduce load-bearing 

capacity, cause excessive vibrations, and, in extreme cases, catastrophic failure. Consequently, 

repairing cracks in structural plates is crucial to maintaining their integrity and extending their 

service life. Several crack repair techniques have been developed, including composite and 

metallic patching, stop-hole drilling, and hybrid approaches that combine fiber-reinforced 

polymer (FRP) patches with other methods. While these methods effectively delay crack 

propagation, their efficiency in cases involving bending loads remains limited due to the 

complex stress distributions involved. 

The literature survey in Chapter 1 indicates various studies on repairing cracked plates 

using piezoelectric patches under different loading conditions, such as tensile, shear, and 

dynamic loads. Researchers have successfully applied piezoelectric actuators to mitigate crack 

propagation and reduce stress intensity factors (SIF) in center-cracked, edge-cracked, and 

delaminated plates. These studies highlight the advantages of piezoelectric patches in actively 

controlling stress fields through applied voltage, thereby enhancing structural integrity. 

Experimental and numerical investigations have demonstrated the effectiveness of piezoelectric 

patches in extending fatigue life and improving the mechanical response of cracked 

components. However, despite these advancements, research on repairing cracks in plates 

subjected to bending loads has received relatively less attention. The unique stress distribution 

in bending scenarios requires a specific approach, which remains an unexplored domain in 

current literature. Addressing this gap can overlay the method for novel active repair techniques 
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tailored for bending-dominated structural applications. 

This chapter aims to mitigate the severity of cracks in bending plates by using the actuation 

capabilities of piezoelectric patches. To achieve this, the research employs a novel approach 

where two piezoelectric patches with identical polarities are strategically positioned above the 

shifted neutral axis of the plate. This configuration induces an extensional strain within the plate 

above the neutral axis, generating a counteracting negative bending moment that balances the 

externally applied bending load. Stress Intensity Factors (SIFs) are determined using Tada's 

formula [Tada et al. (2000)], which is based on Linear Elastic Fracture Mechanics (LEFM). 

The superposition principle is then used to find the net SIF. This is done by adding the SIFs of 

the cracked plate under the initial bending load to the SIFs that come only from the piezoelectric 

actuation. This methodology predicts a reduction in the overall SIF, indicating a decrease in 

crack severity. To validate the efficacy of this proposed approach, the findings are rigorously 

compared with Finite Element (FE) simulations conducted using the ABAQUS software 

package. This comparative analysis serves to enhance the reliability of the developed model. 

6.2 Problem Formulation 

This investigation focuses on the critical estimation of the Stress Intensity Factor (SIF) 

within a static loading regime, explicitly focusing on active repair scenarios. This emphasis 

arises from the pivotal role of SIF reduction in determining the efficacy of any potential repair 

strategies. A three-point bending plate featuring an edge crack of length 'a' is analyzed. The 

plate is subjected to a load 'P' applied along the direction of the crack, as illustrated in Figure 

6.1. The crack propagation occurs in the y-direction, while the applied load 'P' acts in the same 

direction. This loading configuration induces a bending stress perpendicular to the crack length, 

or in the x-direction, with the plate thickness oriented in the z-direction. 

6.2.1 SIF Estimation for the Cracked Specimen 

Only Mode-I Stress Intensity Factors (SIFs) were deemed significant for the present 

analysis. The Mode-I SIF for an edge-cracked plate with unit thickness under bending loading 

was determined through Linear Elastic Fracture Mechanics (LEFM) principles. Based on the 

established formulation by Tada et al. (2000), this calculation is presented in Eq. (6.1). 
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Figure 6.1: Schematic diagram of the cracked plate repaired with piezoelectric actuators 
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Where L, h, and t are the specimen's length, height, and thickness, respectively. 

Here, to address the influence of the cracked specimen's geometry on the fracture 

parameters, a shape correction factor, denoted as F ቀ
ୟ

୦
ቁ, is incorporated into the analysis. This 

factor, crucial for accurate fracture parameter determination, is formulated following the 

approach proposed by Tada et al. (2000). 
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௛
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  (6.4) 
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6.2.2 SIF Reduction via Active Repair 

To effectively repair a cracked plate, it is imperative to mitigate the net stress concentration 

at the crack tip. This study investigates a novel approach utilizing piezoelectric patches to 

counteract the detrimental moment induced by external loading. As illustrated in Figure 6.1, 

two piezoelectric patches are strategically positioned symmetrically on the opposing surfaces 

of the plate, precisely above the neutral axis. Assuming a consistent polarity across the 

longitudinal axis of both patches and a polarization direction perpendicular to this axis, applying 

an electrical voltage to these patches generates a resultant axial force [Maleki and Mohammadi 

(2017)]. 

The piezoelectric patch employed in this investigation exhibits polarization along its 

thickness (axis 3). Consequently, the dominant piezoelectric effect considered is dଷଵ. This 

signifies that when a voltage is applied along the thickness direction (axis 3), the patch 

experiences strain perpendicular to its thickness, specifically along axis 1, which aligns with 

the direction perpendicular to the crack within the specimen. Assuming a state of perfect 

adhesion between the piezoelectric patch and the cracked component, the mathematical 

expression describing the tensile force generated can be formulated as follows [Crawley and 

Luis (1987)],  

𝐹௉ =
ாೞ௧ೞ்

(టାఈ)
∙

ௗయభ௏

௧೛
  (6.5) 

where, 

𝜓 = 𝐸௦𝑊௦𝑡௦ 𝐸௣𝑊௣𝑡௣⁄  (6.6) 

In the above expression,  Eୱ represents Young's modulus of the cracked plate while 

E୮, W୮, and  t୮ denotes Young's modulus, width, and thickness of the integrated piezoelectric 

patch. The parameter T characterizes the width of the distributed electrodes on the piezoelectric 

patch. The effective cross-sectional area of the specimen is denoted by A and dଷଵ signifies the 

piezoelectric strain coefficient. The applied voltage is represented by V, with the coefficient α 

As established in previous research, assuming a value of α = 6 for extensional loading 

conditions [Crawley and Luis (1987)]. 

This specific configuration would result in the induction of a localized bending moment 

within the plate, which can be mathematically expressed as follows: 
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𝑀௔ = −2 ∙ 𝐹௉ ∙ ቀ
௛ି௛೛

ଶ
ቁ  (6.7) 

When the patch length is less than the plate dimensions, the applied electrical stimulus induces 

a localized stress field within the plate. This localized stress manifests as either a tensile or 

compressive axial load depending on the polarity (positive or negative) or the direction of the 

applied voltage [Maleki and Mohammadi (2017)]. The SIF existing under the piezoelectric 

actuation effect, K୔୧ୣ୸୭, can be written as, 

𝐾௉௜௘௭௢ = 𝜎௣√𝜋𝑎 𝐹 ቀ
௔

௛
ቁ  (6.8) 

where,  

𝜎௣ =
଺ெೌ

௛మ   (6.9) 

The superposition principle of LEFM was employed to determine the piezoelectric patch-

integrated, cracked specimen's stress intensity factor (SIF). This involved analyzing two distinct 

scenarios to subsequently calculate the overall SIF (K୅) after repair. The mathematical 

expression for K୅ can be formulated as follows, 

𝐾஺ = 𝐾ூ + 𝐾௉௜௘௭௢  (6.10) 

The SIF denoted by K୔୧ୣ୸୭, is uniquely attributable to the induced stresses generated by the 

piezoelectric actuation mechanism. This particular SIF term emerges solely due to the internal 

stresses developed within the material due to the applied electric field across the piezoelectric 

layers, with no influence from other sources of mechanical loading or external forces. 

6.3 Finite Element (FE) Modelling and Validation 

A finite element (FE) model was developed using ABAQUS to validate the analytical results 

of piezoelectric-actuator-based crack repair of a bottom edge cracked plate under bending. The 

model comprised a plate and two piezoelectric patches, represented as deformable bodies, with 

their dimensions and material properties specified in Tables 6.1 and 6.2. The plate was 

partitioned to include a seam crack along its bottom edge at the mid-plane, reflecting the crack 

geometry. The piezoelectric patches were assigned local material orientations by creating a 

datum, with axis ‘3’ aligned with the patch thickness, representing the polarization direction. 

This orientation is crucial for accurately representing how electricity affects the patch material 

in the ABAQUS software. The plate was modeled using ‘3D stress’ elements, while the 

piezoelectric patches were represented by ‘piezoelectric elements’. The piezoelectric patches 

were bonded to the cracked plate using tie constraints defined in the interaction module, 
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ensuring a seamless transfer of forces and moments. Figure 6.2 visually depicts the assembled 

3D model, showcasing the integrated piezoelectric patches. A three-point bending load was 

applied to the top edge of the plate along the cracked surface. The actuation of the piezoelectric 

patches was modeled by applying electrical boundary conditions: one face of each patch, 

bonded to the plate, was provided with zero voltage, while the opposite face was assigned a 

finite voltage to induce extensional strain. This configuration created a counteracting moment 

at the crack tip, reducing the stress intensity factor (SIF).  The SIF is determined by evaluating 

the J-integral [Weißgraeber et al. (2016)]. This integral is computed along a closed path 

encircling the crack tip, measuring the energy release rate associated with crack growth. 

 

Figure 6.2: Piezoelectric patch assembly on a cracked plate modeled in ABAQUS 

Table 6.1: Geometric parameters of repaired configurations (Figure 6.1) 

Dimensions Al 2024-T3  PZT-5H 

Height (mm) h=25 hp=10 

Length (mm) L=100 Lp=50 

Thickness (mm) t=1 tp=0.25, 0.5, 0.75 and 1 

Table 6.2: Mechanical properties of Al 2024-T3 plate material  

Elastic Modulus (E) 

(GPa) 

Poisson’s 

ratio (ν) 

Tensile yield 

strength 

(MPa) 

Ultimate 

tensile strength 

(MPa) 

Density 

Kg/m3 

74 0.33 345 483 2780 

6.3.1 Validation of the Cracked Plate Model 

To validate the finite element (FE) model, the study focused exclusively on cracked plates 

subjected to bending loads. Stress Intensity Factors (SIFs) were determined for crack lengths 

of 3 mm, 4 mm, and 5 mm, applying a 100 N load in each case. The SIF values obtained from 

the FE analysis were rigorously compared with those predicted by well-established analytical 

solutions presented in Tada et al. (2000). Figure 6.3 depicts the deformed configuration of the 
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plate with a 5 mm crack. A comparative summary of the SIF values obtained from both 

analytical and FE methods is presented in Table 6.3, demonstrating excellent agreement and 

validating the accuracy of the present FE model. 

 

Figure 6.3: Deformed cracked plate model (crack length: 5 mm) 

Table 6.3: Comparison of FE and Analytical results for a cracked plate 

Crack length 

(mm) 

SIF (MPa.mm0.5) 

Present FE Analytical [Tada et al. (2000)] 

3 71.25 73.45 

4 82.22 83.9 

5 91.64 93.99 

6.3.2 Validation of the Repaired Plate Model 

This study investigates a method to reduce the severity of cracks in structures. 

Piezoelectric patches are attached to the structure and activated with an external electrical 

voltage. To assess the effectiveness of this method, the results from the present analytical model 

are compared with those obtained from finite element (FE) simulations. An external voltage of 

200 volts is applied to the piezoelectric patches. The plate is then subjected to a load of 100 N, 

and the analysis is performed for different crack lengths. The Stress Intensity Factor (SIF), a 

measure of the stress concentration at the crack tip, is calculated. Figure 6.4a illustrates the 

overall deformation of the structure while Figure 6.4b provides a magnified view of the region 

around the crack tip. The results show a significant reduction in stress at the crack tip compared 

to the case without the piezoelectric patches, as evident in Figure 6.3. Table 6.4 presents the 

SIF values obtained from the analytical model and the FE simulations. The FE simulation 

results closely match the predictions of the analytical model, demonstrating the accuracy of the 

present analytical model and the effectiveness of piezoelectric-based crack repair. These 
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findings emphasize the value of combining FE analysis with analytical methods for validating 

structural repair techniques. 

 

Figure 6.4: Deformed model of cracked plate repaired with piezoelectric actuators with 200 

V (a) front view (b) enlarged view of the cracked region 

Table 6.4: Comparison of FE and Analytical results for a repaired plate under a repair voltage 

of 200 V 

Crack length 

(mm) 

SIF (MPa.mm0.5) 

Analytical Present FE 

3 52.65 48.44 

4 83.9 77.86 

5 77.79 71.41 

6.4 Results and Discussion 

The finite element (FE) analysis results presented in the previous section demonstrated 

strong agreement with the predictions of the analytical model. Building upon this validation, 

this section investigates the impact of various key parameters on the stress intensity factors 

(SIFs) at the crack tip. These parameters include the applied repair voltage, crack length, and 

patch thickness. A three-point bending test was conducted on a specimen subjected to a 100 N 

load, as illustrated in Figure 6.1. The material and geometric properties of the specimen are 

detailed in Tables 6.1 and 6.2. The SIFs were computed for a fixed crack length of 5 mm and 
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patch thickness of 0.5 mm, while systematically varying the repair voltage. A reference case 

was also included in the analysis. This case did not have any repair voltage applied. The purpose 

of this reference case was to evaluate the effectiveness of the repair techniques. The study 

considered piezoelectric patches with 0.25 mm, 0.5 mm, 0.75 mm, and 1 mm thicknesses. To 

ensure optimal performance, the maximum electric field applied to the patches was limited to 

1 kV/mm. For the 0.25 mm thick patch, the maximum applicable voltage was calculated to be 

250 V. To maintain a safe operating margin, a maximum voltage of 200 V was selected for the 

present analysis. 

6.4.1 Comparison of Repaired and Unrepaired Specimens 

Figure 6.5 demonstrates a significant decrease in stress intensity factors (SIFs) following 

repair. This decrease becomes more pronounced as the repair voltage increases. This 

improvement is attributed to the enhanced actuation of the patch, which becomes more effective 

with higher voltages. This actuation generates a counteracting moment at the crack plane. This 

counteracting moment opposes the applied bending moment, reducing the crack tip's effective 

stress. Specifically, 5.37%, 10.74%, 16.11%, and 21.48% SIF reductions were observed for 

repair voltages of 50 V, 100 V, 150 V, and 200 V, respectively. These results indicate that 

higher repair voltages lead to more effective crack closure due to stronger patch actuation. This 

finding emphasizes the importance of voltage-controlled actuation in mitigating the net stress 

at the crack tip. This behavior highlights the critical role of selecting appropriate repair voltages 

in optimizing mechanical performance and extending the service life of damaged components. 

 

Figure 6.5: Comparison of SIFs with and without repair configurations 
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6.4.2 Influence of Patch Thickness 

The selection of piezoelectric patch thickness significantly influences repair efficacy. 

This is attributed to the interplay between the patch's stiffness and its piezoelectric strain. Figure 

6.6 illustrates the impact of varying repair voltages (0-200 V) on the stress intensity factor (SIF) 

for different crack lengths. The results demonstrate that thinner actuators generally exhibit 

superior SIF reduction. For instance, a 200 V application resulted in SIF reductions of 30.01%, 

21.48%, 8.36%, and 6.84% for a 5 mm crack, respectively. It is crucial to note that each patch's 

maximum allowable electric field limits its performance. This field is defined as the applied 

voltage per unit patch thickness. For example, at an electric field of 0.2 kV/mm, SIF reductions 

were 10.74% for a 0.5 mm patch and 7.97% for a 1 mm patch. Conversely, at 0.4 kV/mm, the 

reductions were 15.01% for a 0.25 mm patch and 21.48% for a 0.5 mm patch. While thinner 

patches generally provide better SIF reduction under fixed voltage conditions (e.g., 15.01% for 

a 0.25 mm patch at 100 V compared to 6.84% for a 1 mm patch at 100 V), thicker patches can 

achieve significantly higher repair effectiveness due to their ability to withstand greater 

maximum voltages. 

 

Figure 6.6: SIF vs. repair voltages concerning various patch thicknesses for crack lengths (a) 

a=2 mm (b) a=3 mm (c) a=4 mm (d) a=5 mm 
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Thinner piezoelectric patches (e.g., 0.25 mm), such as those with a thickness of 0.25 

mm, exhibit effective actuation under limited voltage and low mechanical loading conditions. 

However, their ability to repair damage diminishes significantly when subjected to higher 

external mechanical loads. In contrast, thicker patches, for example, those with a thickness of 

1 mm, demonstrate superior damage repair capabilities. This is evident in their ability to 

significantly reduce stress intensity factors (SIFs), which is crucial for preventing crack 

propagation. Thinner patches face practical limitations. Their reduced thickness can lead to 

mechanical failure under increased loading. Furthermore, they are more susceptible to dielectric 

breakdown due to higher electric field intensities at the same applied voltage. These factors 

limit their effectiveness under demanding mechanical conditions. Thicker patches, such as the 

1 mm variant, offer improved repair performance due to their higher stiffness ratio, which 

enhances their ability to counteract applied loads. They also exhibit greater robustness against 

mechanical failure. The selection of an optimal patch thickness involved carefully considering 

several critical factors. These factors included the device's performance, durability under 

operational conditions, and the maximum allowable voltage across the patch. After thoroughly 

analyzing these factors, a patch thickness of 0.5 mm was identified as the most suitable for 

subsequent investigations. This choice represents a balanced compromise that ensures 

acceptable levels of performance and durability while remaining within the constraints imposed 

by voltage limitations. 

6.4.3 Influence of Crack Length 

The influence of crack length on repair effectiveness was investigated by analyzing 

cracks ranging from 2 mm to 6 mm long, utilizing a 0.5 mm thick patch. Figure 6.7a 

demonstrates the variation of the stress intensity factor (SIF) concerning the crack length, 

considering various repair voltages. As anticipated, the SIF increased with increasing crack 

length. This is attributed to the amplified stress concentration at the crack tip for longer cracks. 

However, this analysis primarily evaluates the repair performance of the patch within the 

specified configuration. Figure 6.7b illustrates the significant reduction in SIF achieved through 

the repair process across all crack lengths. The percentage reduction in SIF is presented for 

repair voltages of 50 V, 100 V, 150 V, and 200 V. A noteworthy observation is that the SIF 

reduction is more substantial for longer cracks at a constant repair voltage. For instance, at a 

repair voltage of 200 V, the SIF reduction was 23.33% for a 2 mm crack, while a 6 mm crack 

exhibited a more pronounced decrease of 26.67% compared to the without repair condition. 

This enhanced stress mitigation at the crack tip for longer cracks can be attributed to two factors. 
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Firstly, the increased force concentration at the crack tip for longer cracks leads to a more 

significant stress reduction. Secondly, the smaller cross-sectional area at the cracked section for 

longer cracks amplifies the patch's ability to reduce stress, thereby improving overall repair 

performance effectively. 

 

Figure 6.7: (a) SIF vs. crack length for various repair voltages (b) percentage of reduction in 

SIF for various crack lengths and repair voltages 

6.5 Summary 

This chapter explored an innovative repair methodology that leverages the 

electromechanical coupling properties of piezoelectric actuators to actively mitigate crack 

severity in bending-loaded plates. By strategically placing piezoelectric patches on the cracked 

plate and applying a controlled external voltage, the proposed approach generates a 

counteracting moment to reduce the stress intensity at the crack tip, thereby enhancing structural 

durability and delaying failure. The methodology employed in this study is grounded in Linear 

Elastic Fracture Mechanics (LEFM) principles, particularly the evaluation of Stress Intensity 

Factors (SIFs) to quantify crack severity. The repair mechanism is designed to place two 

piezoelectric patches with identical polarities above the cracked plate's shifted neutral axis, 

inducing extensional strain and generating a negative bending moment that counterbalances the 

applied load. The analytical model incorporates Tada’s formula to compute SIFs and applies 

the superposition principle to determine the net SIF after repair. Finite Element (FE) simulations 

were conducted using ABAQUS to validate the analytical findings, allowing for a comparative 

analysis of theoretical and numerical results. The study investigated the effects of key 

parameters, such as crack length, patch thickness, and applied voltage, to assess the efficacy of 

piezoelectric repair. Notably, a significant reduction in SIF was observed. These findings 
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indicate that thinner patches perform efficiently under lower voltage applications, whereas 

thicker patches are better suited for higher load scenarios. The results confirm that piezoelectric 

patches can be effectively utilized to repair cracked plates under bending loads, extending the 

lifespan of structural components and reducing maintenance costs. Despite its promising 

outcomes, the study acknowledges certain limitations. The research primarily focuses on 

idealized conditions, including uniform material properties and simplified boundary 

constraints, which may differ from real-world applications. Additionally, the long-term 

durability of piezoelectric patches under fluctuating environmental and mechanical conditions 

remains to be explored. Future studies could investigate integrating this technique with other 

passive repair methods, optimize actuator placement for enhanced efficiency, and assess the 

feasibility of multi-layered piezoelectric configurations for improved performance. 

Furthermore, experimental validation is necessary to support the numerical and analytical 

findings. In conclusion, this research provides a novel, cost-effective solution for strengthening 

bending-loaded cracked plates using piezoelectric actuators. By reducing crack severity and 

enhancing load-bearing capacity, this method offers significant implications for aerospace, 

automotive, and civil engineering applications. The findings advance active structural repair 

technologies and intelligent material-based repair systems innovations. 
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Chapter 7 

CONCLUSION AND FUTURE SCOPE OF WORK 

7 CLOSURE 

7.1 Conclusion 

This thesis investigates the use of piezoelectric actuators to mitigate the severity of cracks in 

structural components through the reverse piezoelectric effect. It demonstrates how active crack 

suppression enhances structural durability by leveraging electromechanical actuation. 

Furthermore, the effectiveness of piezoelectric patches in repairing cracks and extending fatigue 

life is evaluated for various structural geometries. The analysis integrates Linear Elastic 

Fracture Mechanics (LEFM) with analytical modeling to quantify the effectiveness of 

piezoelectric actuation. Calculations of Stress Intensity Factor (SIF) are performed using the 

Weight Function Method (WFM) and Tada’s formula, with the superposition principle 

employed to estimate the net reduction in SIF due to induced piezoelectric stresses. The study 

extends its findings to fatigue crack growth rate (FCGR) estimation using the standard FCGR 

model, explaining the enhancement in fatigue life after repair. The analytical models formulated 

in this research are thoroughly validated via numerical finite element simulations, 

demonstrating their accuracy and reliability.  The analytical and numerical methods 

demonstrate significant agreement, confirming the validity of the established methodology. The 

analytical findings are verified through finite element (FE) simulations in ABAQUS, ensuring 

the reliability of the proposed approach. 

 The study conducted in this thesis follows an organized approach to investigating the 

application of piezoelectric actuators for repairing cracks in structural components. An 

analytical model is initially developed for a double-edge cracked infinite plate, integrating both 

active and passive effects of piezoelectric patches. The Stress Intensity Factor (SIF) is 

determined using the Weight Function Method (WFM), while Rose’s equation incorporates the 

passive effect. A hybrid repair approach is also explored, integrating active and passive 

mechanisms. The influence of patch thickness, voltage ratio, and externally applied voltage on 

fatigue life enhancement is examined for passive, active, and hybrid repair scenarios.  

Moreover, an investigation is conducted into repairing cracks emanating from elliptical 

holes in a plate. The Weight Function Method (WFM) and a superposition technique are 

employed to estimate the total SIF. Furthermore, the influence of geometric parameters such as 
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the semi-major axis, aspect ratio, and patch thickness on SIF reduction and fatigue life 

enhancement is investigated. Additionally, the effectiveness of piezoelectric actuators in 

mitigating fatigue crack growth in an edge-cracked arc-shaped specimen is examined. The 

WFM is employed to determine the SIF, and the study evaluates the effects of geometric 

parameters of the specimen, patch thickness, and externally applied voltage on the overall repair 

efficiency of the arc-shaped cracked specimen.  

Furthermore, the study extends to a bottom-edged cracked I-beam under four-point 

bending, considering the influence of the shifted neutral axis caused by the crack. The crack 

surface widening energy release rate is utilized to determine the SIFs. The effects of crack 

length, patch thickness, and externally applied voltage on SIFs, fracture load, and fatigue life 

are systematically investigated. Finally, a novel repair methodology is developed for edge-

cracked plate-like structures subjected to bending loads. The study primarily focuses on static 

repair. The impact of crack length, patch thickness, and applied voltage on repair efficiency is 

thoroughly discussed. 

 To emphasize the significance of this thesis in the field, key findings from the analysis 

are outlined below: 

 Piezoelectric actuators reduce stress intensity factors (SIF), reduce crack 

propagation, and enhance structural integrity across various configurations. The 

application of piezoelectric patches significantly enhances fatigue life under cyclic 

loading conditions. 

 Integrating the piezoelectric patch's active and passive effects provides better results 

in enhancing fatigue life compared to depending on either method alone, especially 

in the context of cracked plates, where it is possible to fix the patch onto the cracked 

surface.  

 The selection and application of repair voltage are crucial for optimizing SIF 

reduction and extending fatigue life, as they improve load-bearing capacity, delay 

in crack initiation, and significantly enhance service life. A cyclic voltage and 

mechanical loading applied with a zero-phase difference significantly improve 

fatigue life compared to a constant voltage. The zero-voltage ratio (VR) consistently 

exhibits the best fatigue life enhancement.  

 Patch thickness is found to be a vital design parameter.  Piezoelectric strain remains 

consistent across all patch thicknesses within a uniform electric field.  Thinner 
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patches perform better at lower voltages under low load conditions, while thicker 

patches are more effective in handling higher mechanical stresses, highlighting the 

existence of application-specific optimal patch thicknesses.  

 It is found that patch width plays a crucial role in reducing SIFs, with wider patches 

facilitating a more effective compressive stress distribution, thereby enhancing 

crack mitigation. Optimizing patch geometry is essential for maximizing the 

efficacy of piezoelectric repair. 

 The structural integrity of transverse load-bearing members is significantly 

improved by the counteracting moments produced by piezoelectric actuation, 

resulting in effective crack growth suppression and enhanced load-bearing capacity. 

 Longer cracks consistently exhibit a more noticeable response to piezoelectric 

repair, demonstrating more significant percentage reductions in SIF and more 

substantial extensions of fatigue life. The percentage of improved fracture load is 

significantly higher in I-beam structures, particularly for larger crack sizes, 

showcasing its effectiveness in various structural applications. 

 The shape and size of cracks and holes significantly affect the performance of 

piezoelectric-based repairs for cracks emanating from elliptical holes. When the 

total opening length of the plate (the sum of the semi-major axis and the crack 

length) is kept constant, a greater reduction in SIF is observed for smaller semi-

major axes. The aspect ratio (AR) of elliptical holes marginally influences repair 

performance at a fixed semimajor axis length and crack length, except when the hole 

approximates a circular shape. 

Another critical factor influencing the overall effectiveness of piezoelectric crack repair is 

the material properties of the actuator. The current work employs Lead Zirconate Titanate (PZT) 

due to its superior electromechanical coupling coefficient, high dielectric permittivity, and 

strong mechanical endurance, making it highly efficient for stress modulation and fatigue life 

improvement. The actuation capability is further governed by properties such as elastic 

modulus, which enhances load transfer and crack surface closure, and piezoelectric coefficients, 

which dictate the induced strain and actuation force. Together, these properties determine the 

magnitude of stress intensity factor reduction achievable during repair. Optimizing such 

material characteristics is therefore essential for ensuring reliable and effective piezoelectric-

based crack mitigation. 
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7.2 Practical Application of the Findings 

The outcomes of this thesis hold considerable practical implications for many engineering 

disciplines. By leveraging piezoelectric actuators for active repair, engineers can strengthen 

structural robustness and prolong the operational lifespan of critical components across sectors 

like aerospace, civil infrastructure, and mechanical engineering. In the aerospace domain, for 

instance, strategically positioned piezoelectric patches can effectively remediate fatigue cracks 

in aircraft wings and fuselages, thereby reducing maintenance costs and enhancing safety 

margins. Similarly, these patches can be deployed in bridges and buildings for continuous crack 

monitoring and timely repair, preventing catastrophic structural failures. Marine engineering 

applications, such as ships and offshore platforms, can use piezoelectric actuation to enhance 

the operational reliability of structural components subjected to severe environmental 

conditions. Additionally, railway systems can integrate piezoelectric repair techniques to 

mitigate fatigue damage in tracks and supporting infrastructure, ensuring safer and more 

efficient transport networks. The renewable energy sector, particularly wind turbine blades and 

solar panel support structures, can benefit from these findings by increasing resilience against 

cyclic loading conditions. Moreover, defense and military applications can gain from 

autonomous repair capabilities in military aircraft, naval vessels, and armored vehicles, 

improving mission readiness and reducing operational maintenance. Modifying the repair 

strategy through precise voltage and patch thickness optimization enables highly efficient and 

targeted maintenance interventions, creating more durable and reliable structures. 

7.3 Advantages, Limitations and Challenges 

Piezoelectric actuators offer significant advantages over conventional crack repair techniques, 

such as mechanical fastening, adhesive bonding, and welding. Traditional repair approaches 

often lead to added weight, stress concentration, and reduced fatigue strength. In contrast, 

piezoelectric actuators provide a non-invasive, lightweight, and reversible means of applying 

controlled stresses to suppress crack propagation. Their ability to generate in-plane compressive 

stresses dynamically allows them to actively reduce stress intensity factors (SIFs) in real time, 

enhancing fatigue life and delaying crack propagation. Furthermore, piezoelectric repair 

systems also minimize structural downtime and enable non-destructive repair without the need 

for disassembly or physical alteration of the component, making them highly suitable for critical 

engineering applications requiring rapid and adaptive intervention. The actuation voltage can 
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be precisely adjusted to achieve desired stress redistribution, allowing adaptive control and 

long-term maintenance with minimal manual intervention. 

While the study establishes the viability of piezoelectric actuators for crack repair, several 

limitations exist. The analytical and numerical investigations assume ideal bonding conditions 

between the actuator and the substrate, which may differ in real-world applications due to 

imperfect adhesion or interfacial delamination. Environmental influences such as temperature, 

humidity, and long-term material degradation are not incorporated but can significantly affect 

actuator performance. Moreover, the current thesis primarily focuses on linear elastic conditions 

and does not address nonlinear behavior, plastic deformation, or large deflection effects. The 

implementation of piezoelectric systems in large-scale structures poses challenges in terms of 

energy supply, control electrical system, and integration with complex geometries. The 

brittleness of ceramic-based materials like PZT and their potential depolarization under extreme 

conditions also limit their applicability in highly dynamic environments. Future work should 

also focus on developing robust bonding interfaces and proposal of methods to overcome these 

real-world limitations. 

7.4 Future Scope 

The research presented in this thesis puts a strong foundation for applying piezoelectric 

actuators in structural repair. However, several paths remain unexplored, offering productive 

ground for future investigations. A comprehensive understanding of the influence of 

environmental factors, such as temperature and humidity, on the long-term performance of 

piezoelectric repairs is crucial. Furthermore, exploring the behavior of these repairs under 

dynamic and complex loading conditions, including impact and fatigue under variable 

amplitude loading, would provide valuable understanding. Developing advanced actuator 

materials with enhanced durability and efficiency, alongside optimization algorithms for patch 

placement and design, presents another significant area of focus. Integrating real-time 

monitoring systems with the repair strategy would enable adaptive control and enhance the 

reliability of the repair. Finally, developing scalable and cost-effective manufacturing 

techniques for piezoelectric actuators is essential for extensive industrial adoption. 

Considering the collective findings of this thesis, future research should focus on: 

 Conducting detailed studies to evaluate the performance of piezoelectric repairs under 

diverse environmental conditions, including temperature variations, humidity, and 

corrosive environments, to ensure long-term reliability. 
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 Investigating the response of piezoelectric repaired structures under various dynamic 

loading scenarios, such as impact loading and variable amplitude fatigue, to assess their 

robustness in real-world applications. 

 Exploring and developing novel piezoelectric materials with improved 

electromechanical properties, enhanced durability, and excellent resistance to 

environmental degradation, facilitating their extensive adoption in industrial 

applications and reducing overall repair costs. 

 Developing sophisticated optimization algorithms and methodologies to determine the 

optimal size, shape, and placement of piezoelectric patches for specific structural 

configurations and loading conditions, maximizing repair effectiveness. 

 Integrating advanced Structural Health Monitoring (SHM) frameworks with 

piezoelectric repair systems through embedded sensor–actuator networks for 

continuous condition tracking and autonomous crack detection. 

 Developing adaptive control mechanisms that utilize real-time SHM data to activate 

piezoelectric actuation on demand, enabling intelligent, self-regulating repair strategies. 

 Implementing wireless, scalable SHM–actuation networks that support predictive 

maintenance and self-healing functionalities to enhance structural reliability and service 

life. 
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Abstract
This study examines the use of piezoelectric materials/patches for passive, active, and hybrid repairs of a double-edged
cracked plate. The study considers the stiffness effect of the piezoelectric patch for passive repair, the actuation effect of
piezoelectric materials for active repair, and their combination as hybrid repair. The analytical model for cracked structures
is developed using linear elastic fracture mechanics, which calculates the stress intensity factor (SIF) for various repair
techniques under constant tensile load. The passive effect of the piezoelectric patch is determined using Rose’s equations,
while the stress produced by the piezoelectric material is computed using the weight function method. The fatigue life cycle
for various repair configurations is determined under cyclic tensile loading using the Paris law with a stress ratio (R) of 0.1
and different voltage ratios (VR). The model is verified with experimental results and analytical fatigue life with FE solutions
using ABAQUS software. It is to be noted that an analytical model is developed for the first time to account for both passive
and active repairs, i.e., hybrid repair, and to verify the efficacy of the model using published experimental and FE solutions
using ABAQUS. A parametric study is conducted to choose the best-sized piezoelectric actuator/patch, voltage, and voltage
ratio. The results show a significant reduction in Mode-I SIF for all repair cases, with hybrid repair achieving the greatest
reduction and extending fatigue life by 174.88, 116.23, and 37.92% as compared to without repair, active, and passive repairs,
respectively, under 500 V with zero VR application.

Keywords Stress intensity factor (SIF) · Linear elastic fracture mechanics (LEFM) · Fatigue crack growth rate (FCGR) ·
Cracked plate · Piezoelectric actuator · Active repair · Stress ratio (R)

List of symbols

KI SIF of the cracked plate without repair
σ0 Uniaxial tensile load
a Crack length
W Half-width of the plate
F

( a
W

)
Non-dimensional geometry correction factor

σP Reduced stress at the crack plane after fixing
the patch
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σR Stress developed in the patch
A Cross-sectional area of the plate
AR Cross-sectional area of the patch
S Stiffness ratio
EP Young’s modulus of the patch
tP Thickness of the patch
WP Half-width of the patch
E Young’s modulus of the plate
t Thickness of the plate
c Physical parameter related to passive repair
k Spring constant
υ Poisson’s ratio of the plate
β Shear stress transfer length
GA Shear modulus of the adhesive material
tA Adhesive thickness
ymax The distance of the extreme fibers of the

cracked plate from the neutral axis
IPlate Moment of inertia of the plate
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ABSTRACT 
Structural health monitoring and repair have become increasingly crucial in confirming the safety 
and longevity of damaged structures. This study presents a novel approach to enhancing the 
structural integrity and extending the fatigue life of a bottom-edge cracked I-beam by applying 
piezoelectric actuators strategically placed along the crack location by actively suppressing crack 
propagation. An innovative actuation system induces controlled deformations in the I-beam, 
effectively reducing the Stress Intensity Factor (SIF) and preventing crack propagation. The efficacy 
of the proposed approach is validated through a series of numerical results on the ABAQUS plat
form, including static loading, fatigue loading, and crack growth monitoring. Various parameters, 
like maximum loading capacity under static loading, interpretation of crack growth rate, and ser
vice life, are monitored and analyzed throughout the cyclic loading process. The results demon
strate that the application of 500 V to the piezoelectric actuators significantly reduces the SIF by 
16.62% under a 2 kN total load, a 2.86% enhanced maximum load-carrying capacity is obtained, 
delayed crack propagation is found after repair, and a 72.67% extended service life is achieved 
under a load range of 0.2 kN to 2 kN. Overall, the outcomes of this research lead to the develop
ment of innovative and efficient techniques for delaying the propagation of cracks, thereby pre
venting the premature onset of catastrophic failure of cracked I-beams.
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1. Introduction

Structural integrity is crucial in engineering, as the failure of 
structural components can have devastating consequences. 
Structural Health Monitoring (SHM) is a continuous process 
that assesses the condition, detects damage, and determines 
its ability to perform well over time while ensuring the 
safety and longevity of structures by gathering real-time 
data, enabling timely interventions and maintenance activ
ities. Early crack detection and repair become essential, as 
unaddressed cracks can propagate and cause catastrophic 
failures.

Beams are especially susceptible to fatigue and damage 
over time, being a principal load-bearing component. Cracks 
in beams, whether brought on by cyclic loading or material 
flaws, can seriously affect their structural performance [1–4]. 
Traditional crack repair techniques, such as welding [5,6], 
bolting [7,8], and adhesive bonding [8–15], have been used 
in engineering for decades. However, conventional repair 
techniques have limitations and challenges. Welding can cre
ate residual stresses and heat-affected zones, potentially 
weakening the surrounding material and threatening its 
structural integrity [16–18]. Extensive drilling and machin
ing may be required for bolting, resulting in additional 
material removal and structural weakness [19]. Adhesive 
bonding may only be appropriate for some materials or 

loading conditions, and achieving adequate bond strength 
can be difficult. The adhesive-bonded repair technique uses 
specialized adhesives to bond Carbon-fiber-reinforced poly
mer (CFRP) to cracked surfaces and provide structural 
reinforcement [11,20–22]. Furthermore, traditional repair 
methods can be expensive, time-consuming, and disruptive 
to existing operations or services, highlighting the need for 
innovative and efficient repair methods to address these lim
itations and ensure long-term structural performance and 
safety. In recent years, cutting-edge materials and technolo
gies like piezoelectric patch repair [23–32], prestressed 
CFRP [33–35], and shape memory alloy (SMA) have created 
new opportunities for repairing and improving the perform
ance of damaged structures.

Piezoelectric materials can produce mechanical motion 
from electrical energy and vice versa, enabling them to cause 
precisely controlled deformations in structures by applying a 
voltage. This capability allows real-time monitoring and 
repair facilities, improving the safety and reliability of the 
cracked component. Piezoelectric actuators can reduce 
stress, redistribute loads, and enhance beam structural integ
rity by interacting with damaged structures. Overall, the 
lightweight design, low power consumption, and compatibil
ity with SHM systems make piezoelectric actuators versatile 
and efficient for various engineering applications. Crawley 
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ABSTRACT
Monitoring structural stability and repairing damaged components has grown in importance to ensure the safety and longevity

of various engineering structures. This paper presents an innovative method for improving the performance and delaying the

failure of edge‐cracked plate‐like structures by incorporating piezoelectric actuators during bending. The proposed method uses

two piezoelectric actuators strategically placed along the plate's surface to create a counter‐moment that reduces the severity of

the crack. The analytical model was based on well‐known stress intensity factor (SIF) solutions for the cracked plate, while the

SIF after actuation was calculated with the counter moment produced by the piezoelectric patch. The superposition principle

was then used to determine the total SIF after repair. The proposed technique was validated against the ABAQUS‐based finite

element solutions. SIFs are calculated for various parameters like crack length, patch thickness, and repair voltage. The results

demonstrate that the integration of piezoelectric actuators significantly enhances the beam's structural integrity by reducing the

SIF. A 21.48% reduced SIF was obtained under 200 V repair voltage for a 5mm crack length and 0.5 mm patch thickness.

Overall, this novel approach offers a promising method for increasing the integrity of cracked structural components, partic-

ularly under bending, reducing maintenance costs, and enhancing overall safety.

1 | Introduction

Structural components often experience damage that harms
functionality, typically due to continuous fatigue stress. Damage
to these components increases their exposure to vibrations,
reduces load‐carrying capacity, and, in severe cases, may result
in complete structural failure. Repairing such damage offers a
cost‐effective solution for extending the functional life of these
structures. Among the established repair techniques, composite
and metallic patch repairs have been widely adopted for miti-
gating structural failures [1–4]. An alternative repair technique
is the stop‐hole method [5], or a combination of stop‐hole and
FRP patches [6], along with the actuation effects of piezoelectric
materials, depending on the loading conditions. Although
composite patch repair has been widely investigated and proven

highly effective, its ability to mitigate crack severity is limited
when there is a change in the loading conditions. Recent ad-
vancements, however, have explored innovative methods such as
piezoelectric actuators, which, when attached to damaged struc-
tures, enable repair through controlled external voltage applica-
tions [7]. As a result, piezoelectric materials offer a unique
advantage in active structural repair due to their electro-
mechanical coupling properties, since repair can be regulated by
an externally provided voltage as needed. The benefits of this
active repair include addressing a wide range of potential issues
by simply applying one patch to the cracked surface. Adopting
piezoelectric patches as a repair method provides technical ben-
efits in restoring structural integrity and offers possible economic
advantages, including reduced maintenance costs and extended
service life, which are essential for industrial applications.

© 2025 Wiley‐VCH GmbH.
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Abstract. The focus of the current research is on the feasibility of an 

adhesively bound piezoelectric actuator in the active repair of an edge-

cracked C-shaped specimen. First, only constant uniaxial tensile loading is 

used to determine the Mode-I stress intensity factor. The Mode-I stress 

intensity factor is then examined while taking into account the actuation 

effect provided by the piezoelectric patch when an external voltage is 

applied. For an edge-cracked C-shaped specimen, the total stress intensity 

factor is determined analytically using the concept of the superposition 

principle of the linear-elastic crack problem. The outcome demonstrates a 

considerable decrease in the Mode-I stress intensity factor following active 

repair using the piezoelectric actuator. Parametric analysis has been carried 

out to comprehend repair performance and choose the best-sized actuators 

for active repair. 

Keywords: Stress Intensity Factor; Active Repair; Piezoelectric Actuator; 

Fracture Mechanics 

1. Introduction 

Active repair of a damaged structure utilizing piezoelectric (PZT) actuators has 

significantly reduced crack damage progression in structures due to its electro-mechanical 

impact during the past few decades. Similarly, there are many other forms of passive 

restoration of damaged structures employing composite materials, which has been quite 

popular in recent years. Transducers made of piezoelectric materials can function as a sensor 

or an actuator. Typically, the sensor will be used to determine the health state, while the 

actuator will be utilized to repair the structure. Piezoelectric actuators have demonstrated the 

ability to reduce and regulate the shear stress concentration and joint edge peel in adhesively 

bonded joint systems during the past 20 years. As a result, the research of piezoelectric 

actuator applications in damaged structures and adhesively bonded combination systems is 

based on three distinct repair inquiry methodologies: analytical, numerical, and experimental. 

A piezoelectric actuator can also be used for other investigations, such as the control of 

delamination in composite material beams. 
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Study on Fatigue Crack Propagation 
Reduction and Extended Service Life 
in an Arc-Shaped Cracked Specimen 
Using Piezoelectric Patch 

Sourav Pattanayak and Goutam Pohit 

Abstract This study examines the role of an adhesively joined piezoelectric actuator 
in reducing crack propagation rate in an arc-shaped edge-cracked specimen while 
exposed to fatigue loading. This study employs the linear elastic fracture mechanics 
(LEFM) concept to determine the mode-I stress intensity factor (SIF) for maximum 
and minimum tensile stresses applied on the cracked specimen. The weight func-
tion method (WFM) determines the Mode-I SIF under actuation alone. On the other 
hand, the total SIF is obtained by applying the superposition principle of LEFM. 
The cracked structure’s fatigue crack growth rate (FCGR) before and after repair is 
determined using the Paris model, considering a stress ratio (SR) of 0.1. The investi-
gation of various cracked structure geometries demonstrates a substantial reduction 
in FCGR when external voltages are applied, significantly improving fatigue life. 
A 55.22% reduced FCGR and a 130% enhanced fatigue life are achieved under a 
repair voltage of 500 V compared to without a repair condition. Notably, since the 
geometric characteristics of both components are crucial in preventing crack prop-
agation, careful selection of the specimen’s geometry and the piezoelectric actuator 
can significantly extend service life. 

Keywords Stress intensity factor (SIF) · Linear elastic fracture mechanics 
(LEFM) · Piezoelectric materials · Paris law · Fatigue crack growth rate (FCGR) 

Nomenclatures 

A Cross-sectional area of the specimen (m2) 
a Crack length (m)
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