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Abstract

Beams are essential components of all types of structures. Beams can be used to idealize or
represent various structural elements, like, cutting tools, robotic arms, wind mill blades, helicopter
rotor blades, heart valves, and many more. The notion of functionally graded materials (FGM)
emerged in an attempt to design a new type of particulate composite material as an alternate to the
standard fibrous composites due to their frequently occurring delamination failure. So, it is
anticipated that using beams with functionally graded materials will increase their dependability
and safety. As functionally graded materials are all customized materials so it is necessary to
investigate the behaviour of functionally graded beams thoroughly with all types of variations in
gradation parameters for the process of design and development. This study examines the
deformation and stress behaviours of a functionally graded (FG) material beam under mechanical
as well as thermo-mechanical loading circumstances.

To analyse behaviour of an FG beam thoroughly a new type of unified higher order beam
theory has been derived in context of Third order Shear Deformation Theory (TSDT). To take into
account of the influence of non-linearity on the beam behaviour, von-Karman principle has also
been integrated into the formulation. Adaptation of principle of stationary total potential through
von-Karman’s principle has enabled to incorporate higher order terms (up to 6™ order) to examine
behaviour of beams more minutely for various cases of material gradations under different
mechanical and thermo-mechanical loads. The material's properties, such as its modulus of
elasticity, stiffness, coefficient of thermal expansion, and thermal conductivity, have been assumed
to vary over the thickness of the beam but Poisson’s ration has been taken constant.

Standard problems from few previous works [33, 128] have been solved using the
mathematical model developed in the present work under mechanical load as well as thermo-
mechanical load to determine transverse deflection, axial stress and shear stress. It has been
observed that the results of transverse deflection and axial stress have been validated with the results
of the work from the base papers [33, 128] under mechanical and thermal load both. But it has also
been observed that result of shear stress differs considerably with the results determined by the
authors in [33] and [128]. It has been concluded that due to incorporation of 6" order derivative in
the mathematical model this difference in shear stress has been appeared because in the
mathematical model derived by the authors of [33] and [128], up to 4™ order derivative appeared.

In the present work it has also been experienced that analysis of FG beams with dimensional
discontinuities is not possible with analytical method. For this reason, FEA codes have been

developed to analyse FG beams with circular and elliptical holes under static loadings.
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Chapter 1: Background and Motivation

1.1 Introduction

The material sciences and technology are undergoing a revolution in the modern
period. Researchers are working hard to create novel, intelligent materials to meet the need
for increased reliability and efficiency of machines and structures. The invention of
Functionally Graded Materials (FGMs) was motivated by the observation of naturally
occurring materials, such as bamboo, human bones, teeth, etc., which exhibit superior
qualities in their behavior due to the progressive fluctuation in their properties. The
development of very high-grade particulate composite materials with proper material
gradation laws and parameters has completely changed engineering and materials science
research. Such advanced composites with smooth and continuous property variation along
a specified path and in a desired pattern are called functionally graded (FG) materials. Such
materials exhibit a progressive change in structure and composition (volume of
constituents) over volume, leading to a smooth shift in the material's properties that differ
from the parent materials. Lay Traditional composites fail because of the rapid
concentration of interface stress caused by their layered composition; in contrast, FGMs
exhibit no interface phenomenon since their characteristics change gradually or
continuously. Changing the material elements' makeup (by volume) is the most popular
way to produce FGMs (figure 1.1). The percentage by volume at that position governs the
subsequent properties of the parent material, which are obtained by varying the composition
(volume) of elements of such materials in a predetermined manner.

Though the idea of FGM was first documented in the middle of the 1980s, the overall
notion of gradually changing the characteristics of composites and polymers were

germinated ways back in the early 1970s [4]. The incubation of FGM began during the
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Japanese hypersonic space plane project, where the primary goal was to create a material
with specific properties to lessen the thermal stresses at the refractory layer interface. These
thermal stresses were the main cause of spacecraft failure during the spacecraft's entry into
the earth's atmosphere, where there was a thermal gradient of roughly 1000K in a thickness
of 1cm. Therefore, FGM for this kind of application is composed of metal on one side and
refractory ceramic on the other. This will work well to provide high temperature toughness
and strength with low residual stresses and stress concentration since the smooth property
variation there almost eliminates any interface. Graded qualities for an appropriate
combination of contrast materials (other FGMs) are thought to have multiple application
areas with increased dependability and safety, in addition to the use of FGM as a thermal
barrier. As aresult, it is possible to apply FGMs in a number of fields, including biomedical,

electronics, optical, nuclear, aerospace, energy conservation, and many more [4].

Phase-8 particl
with
Phase-4 matrix

Transition zone

Phage-A particl
with
Phase-8 matrix

(@) (b) ()
Figure 1.1 a) Continuous, b) stepwise graded structures ™,
c) An FGM with the volume fractions of constituent phases graded in one (vertical) direction (3!

In a functionally graded material, the ingredient composition is varied in such a
manner and in a direction such that, desired sequence of attributes and properties can be
obtained. Various types of graded composite materials have been schematically represented
in figure 1.1. There are two methods related to the production of FGM: one involves the
use of fiber reinforcement in an ordered variation and other one is variation of particles.

Particulate composite FGMs are manufactured utilizing a variety of processes, including
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thermal spray, powder metallurgy, high-speed centrifugal casting, and others, to regulate
the volume fraction of the particle constituents [8]. Though there is still much to learn about
the processing of FGMs, given the speed at which technology is developing, it is anticipated
that FGM processing will become commercially viable very soon.

Many studies have focused on simulating the behavior functionally graded material
under various loading. When designing applications, a precise and realistic estimate of the
material behavior is quite helpful. The specific shape, size, and orientation of the FGMs
vary with position, and their volume fraction affects their volume-dependent properties in
addition to the individual component properties. This is because the FGMs have a tailored
variation of microstructure that was introduced especially during their formation.
Furthermore, in a thermal environment where each unique property is also temperature-
dependent, the situation becomes even more complex. Many methods, such as the rule of
mixtures and the Mori-Tanaka scheme in the micromechanics model, are currently widely
utilized to estimate the behavior of FGMs. Nonetheless, another area of research pertinent
to FGMs has been to produce a fair approximation of material property based on micro-

structural investigations and the existing experimental data.
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As was previously said, FGMs are believed to be the preferable option in many critical
applications because of their superior properties. They have the potential to completely
transform and composite technologies in design processes if their manufacturing costs can
be lowered. As FGM is a customized material and can be manufactured with controlled
parameters like composition of particles, gradations laws, direction of variation etc to have
desired property distributions corresponding to any specific requirements, their potential
applications in a variety of engineering fields make them highly versatile (figure 1.2).
Therefore, research on the theoretical and experimental aspects of using FGMs in
engineering design is highly important and essential for the development of new
technologies.

Almost all of the applications that were previously covered include beams or
structures that resemble beams. Beams can be used to idealize a variety of structural
components, including cutting tools, robotic arms, space erectable booms, turbine blades,
helicopter rotor blades, heart valves, and many more. Structural components known as
beams provide resistance against bending under applied loads. Beams are typically made
of long, prismatic bars with normal loads applied to the bars' axes. A beam's load carrying
capacities are determined by first analyzing the equilibrium needs for the beam as a whole,
and then analyzing a portion of the beam for equilibrium conditions. The statics principles
are necessary for the analysis of the forces. In order to determine the distribution of stress,
strain, and displacement within a beam that is subjected to a specified system of forces,
several requirements pertaining to specific physical laws, material qualities, and geometry
must be taken into account. Numerous beam models have been used in the past to address
engineering issues [14] and offer the kind of reliable, accurate forecasts that are necessary

for design.
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For the successful designing of various beam like and plate like structures in critical
applications composite materials remains first choice for the engineers in 20th century.
These are good for many uses and have a high stiffness to strength ratio. Investigation on
behavior of laminated composite beam and plate under static and dynamic loadings have
emerged as a major field of study in recent years. However, composites have an innate
issue with de-bonding and de-lamination, and interfacial failure endures when exposed to
thermo-mechanical environments. FGMs' properties gradually vary, therefore using them
to these kinds of applications will undoubtedly increase their performance in terms of safety
and longevity.

Due to technological advancement in method of computing high accuracy in design
and analysis of machine and machine components with large and complicated design
parameters are achievable. It is now possible to obtain an approximate solution of
complicated governing equations for a variety of static and dynamic non-linearities, for
which the direct solutions are extremely difficult to find. This is made possible by advances
in computer speed and accuracy. Several reports that identify approximations by meshing
(dividing the domain into smaller entities) have been published. These methods include
finite difference and finite element techniques. However, mesh-less techniques like the
spectral method and boundary element method are also attracting the attention of academics
in more recent publications.

As it is comparatively easy to solve governing equations numerically using
Collocation methods, they are often used by researchers to solve various complex problems
approximately. A differential equation is satisfied, to a certain degree of tolerance, at a
limited number of locations known as collocation points in a collocation method. The
foundation of a collocation approach is assessing a differential equation's accuracy at a

limited number of collocation locations. This technique's primary benefits are its low
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computational cost and ease of use. However, this technique's application is limited to a
relatively confined area due to its low level of precision.

Among all the collocation methods, B-spline collocation method is best because, use
of B-spline as approximation polynomials enhances the accuracy of the collocation
technique and thus it becomes appropriate for the numerical solutions of intricate governing
equations. It has been noted that the application of the B-spline basis function collocation
technique to engineering issue solving is growing. B-splines are very well suited for curve
fitting applications because of their superior local control and smoothness at the interface
characteristics. The objective is to link the low computing cost of collocation with the
improved accuracy and smoothness of B-spline basis functions. It has been demonstrated
that this method can be just as effective as other well-known methods like finite element
analysis and finite difference methods. Comparing the B-spline Collocation Method to the
Finite Element and Finite Difference Methods reveals a few key advantages. The B-spline
Collocation Method has an advantage over the Finite Difference Method in that it offers a
piecewise-continuous, closed form solution. Working with intricate forms and profiles can
benefit from the use of finite element formulation; nevertheless, B-spline collocation
methods have an advantage over finite element methods in that the former procedure is
easier to understand and apply to differential equation problems.

Since the 1980s, B-spline collocation has been used to solve heat transfer and fluid
flow issues. Several reports on convection-radiation and fluid-heat-mass transfer studies
have been published. In contrast, structural analysis has seen less use of B-spline
collocation and a much smaller number of reported studies. Because of its flexibility and
smoothness, researchers have recently become interested in the use of Non-uniform
Rationalized B-splines (NURBS) in isogeometric analysis (IGA) [128, 143] and

isogeometric collocation. Therefore, it is believed that the B-spline collocation technique
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can be highly useful in getting approximate solutions to the non-uniform FG beam behavior
in a temperature environment.

Till now discussion has been taken place on solution of FGM beam and beam like
structures made of functionally graded materials with various gradation laws under
different types of loading static or dynamic, mechanical or thermal or thermo-mechanical
through analytical formulation process and numerical solution methods. But, in case of
complicated structure topology, it becomes very much difficult to formulate an FG beam
problem analytically and solve by collocation method. The best alternative method for this
case is solving problems of complicated geometry with any FEA software by using its
programming module. Many authors have adopted this method [139-142] to solve
problems like determination of stress intensity factor (SIF) of any FG beams and plates
with various dimensional discontinuity under linear and non-linear loading.

1.2 Need for the research

Because of delamination and stress discontinuity, traditional laminated composites are
inherently vulnerable to failing under thermo-mechanical conditions. Functionally graded
materials, which have additional safety and dependability for the gradual variation in
attributes, will be chosen for such circumstances. It is believed that FGMs will become the
most popular material for many applications if processing manufacturing of FGM becomes
more affordable with technical advancements. Therefore, it is imperative that a thorough
theoretical analysis of the behavior of the components that make up FGMs be anticipated
with great fervour.

The majority of engineering applications, as previously mentioned, require beams and
plates. In other words, a variety of applications can benefit from the use of the beam/plate
paradigm (for instance, windmill blades can be thought of as beams, while current Armor

can be thought of as plates). Currently, laminated composites are the material of choice for
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these kinds of applications because of their excellent strength to weight ratio and high
stiffness. However, by lessening the interfacial phenomenon, the adoption of FGMs will
further improve their capabilities. Therefore, an intriguing and pertinent field of study is
the analysis of primary or secondary structural elements that can be idealized as beams
(1D) or plates (2D) composed of functionally graded materials. Furthermore, with increase
in dimensional complicacy problems are required to be solved with FEA software using
their programming capabilities. So, more researches required to develop FEA software
programming to make solution process of FG beam problems dimensional complicacy
independent. Development of these types of FEA software programming will definitely
help us a lot to solve various types crack analysis problems in FG beams and plates.

This study aims to investigate very minutely the influence of various functional
gradation parameters, types of loadings and boundary conditions on behaviour of a FG
beams by developing a higher order beam formulation. Using this higher order
mathematical model, different behavioural output parameters like deformation, axial stress
and shear stresses etc can be studied under arbitrary boundary conditions, subjected to static
or dynamic load in a thermal and mechanical environment very easily and more accurately.
The research will also consider solution of FG beams with dimensional discontinuities
using FEA programming to implement the FEA solution process to solve problems FG

beams with cracks.

1.3 Research objective

It is a proven fact that FGMs have a lot of potential to be used as an useful and efficient
materials in a variety of engineering applications, yet their use is currently restricted
because of challenges with production and design. These challenges related to
manufacturing and design can be averted greatly by deep understanding of its mechanics

and material behavior. In solving problems related to FG beams adopting approximate
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method of solution is quite useful and, in that case, devising a suitable numerical method
of solution is very much needed keeping balance between desired accuracy and related
computational cost. Following a thorough analysis of the most recent research on FG beams
and plates, it was found that there are comparatively few studies on the deformation and
stresses (axial and shear) of these contemporary composites under simultaneous
mechanical and thermal load. Additionally, there are not many studies on numerical
analysis of FG beams with various dimensional discontinuities under mechanical and
thermal loadings. For all these reasons, researchers are very interested in creating novel
formulations and strategies that will make the both analytical as well as numerical analysis
of FG beams simpler and lead to a very much acceptable solution.

On the basis of the research requirements stated above, present work proposes a unique
method of formulation of a unified higher order differential equation, in the frame work of
Third order Shear Deformation Theory (TSDT), and as a function of a single parameter to
obtain a single governing equation for the FG beams subjected to thermo-mechanical load
and arbitrary boundary condition. The special feature of this technique is that the effect of
shear deformation is separately considered by converting the displacement variables into a
function of independent variable. Also, to incorporate 6th order of derivative, principle of
total potential energy has been adopted through Hamilton’s principle instead of elasticity
method. Hence if the effect of shear deformation is neglected the theory simplifies to that
of classical Euler-Bernoulli beam theory and if time derivative is neglected it gets converted
into Timoshenko beam theory. The proposed method follows the approximate solution
using B-spline collocation technique using Greville abscissa as collocation points. Hence
the present work explores the stress and deformation behavior of FG Timoshenko beams

subjected to thermo-mechanical load with arbitrary boundary conditions using B-spline
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collocation technique using a mathematical code developed specifically for this research.

In the next part of the research, a FEA code has been developed to analyze

1.4 Thesis outline

The contents of this thesis are organized in the following form:

» Chapter 2: Literature review
This chapter summarizes a detailed review on the prominent works reported in
the relevant area to identify the research gaps and future scope involving the issue

of interest.
» Chapter 3: Materials and methods

This chapter summarizes the classical beam theory (Euler-Bernoulli beam
theory), first order beam theory (Timoshenko beam theory) and Third order beam
theory (Reddy) and extends them to include material gradations in FGMs. This
chapter also explores the technique of B-spline collocation and demonstrates its
flexibility and accuracy in solving differential equations of different order; thus, to
solve structural problems also that are of higher order. B-spline functions of non-
uniform knot spacing have been considered; thus, the effect of change of knot
spacing and increase in number of knot spans on the final results has been explored.
In the end few case studies of approximate solution of isotropic beam problem under

mechanical and thermo-mechanical load has been also addressed.
» Chapter 4: Functionally graded beams under purely mechanical load

In this chapter a mathematical model has been developed to discusses about
the deformation behavior and corresponding stresses induced in a Functionally
Graded beam in the frame work of Third order beam theory (TSDT) along with a
novel unified formulation technique. To solve the derived governing differential
equation a numerical method named, B-spline collocation method, has been
adopted for various material gradations. Deformation and stresses; bending (axial)
stresses and transverse (shear) stresses, and position of neutral axis are studied for

a wide range for different type of volume fractions of constituents.

» Chapter 5: Functionally graded beams under thermo-mechanical load
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In this chapter stresses and deformation of FG beams under different
thermo-mechanical loading environment has been studied for a various temperature
ranges and gradients. Purely thermal and thermo-mechanical load has been
considered where temperature has been varied along the beam height. Exact
solutions for the deformation and stress have also been obtained for three types of
boundary conditions viz.- Clamped-Free (C-F), Simply Supported (S-S) and
Propped Cantilever (C-S). The study has been extended to cover wide range of
temperature distribution so as to include uniform, linear and non-linear temperature
profiles. Deformation and stresses; bending (axial) stresses and transverse (shear)
stresses, have been reported for different type of volume fractions of constituents.

The buckling problem for C-S & C-C beams has also been reported.
> Chapter 6: FEA Simulations

This chapter includes a FEA code to model any beam structure with and
without dimensional discontinuity like, incorporation of circular hole and elliptical
hole in any beam at any given location to analyze it under all types of loadings and

with all types of material gradations.
> Chapter 7: Conclusions and future scope

The conclusions drawn from the above chapters and scope for future works

are reported in this chapter.

1.5 Closure
This chapter offers an overview of functionally graded materials, which are
advanced graded composites that offer increased safety and dependability and are
appropriate for numerous essential applications. These materials are inherently free
of delamination and stress discontinuity, which gives them an advantage over
traditional laminated composites. Many possible uses for these materials are
evaluated, and appropriate knowledge of their mechanics for matching uses is
anticipated. In this sense, it will be necessary for design processes to analyze
functionally graded higher order beams for stress and deformation in a thermo-
mechanical environment. Therefore, the aforementioned concept has been chosen
as the current work's research goal. This chapter concludes by summarizing the

thesis's outline and research goals.
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Chapter 2: Literature Review

2.1 Introduction

The present era is the era of customised material. Design of various structural
components like beams, plates, discs etc are done not only on the basis of topological
modifications but also material modifications. Customized materials like fibrous composite
materials and the particulate composite materials can be designed varying their constituent
properties as well as their process parameters. Though many researches have been done on
fibrous composites but particulate composites are yet to explored fully. In the present work
a detailed review has been done on the past works in various area of research on
Functionally Graded Materials (FGM), a particular type of particulate composite, and the
influence of its constitutional properties on the behaviour of various structural components

like beams, plates, discs etc under different loading and boundary conditions.

2.2 Categorized review

It is a very well-known fact that to do a research work successfully, a through and
versatile literature review is very much essential. In the present work, many literatures like
research papers, books, reports etc have been reviewed sincerely to follow the recent trends
of research work in this particular field. The literatures which have been review under the
present research consists of various research papers published in different renowned
journals, many valuable and famous books, research reports and other online documents.
To present a detailed report on literature review, it has been assorted into few categories.
Few literature reviews have been done on Functionally Graded Material development,
study of its properties and utilities. Few literature reviews have been done on structural
analysis of FGM components like beams, plates, discs etc under mechanical loading as well
as thermo-mechanical loading. Various other research works have also been reviewed on
numerical solution of various governing differential equations through B-spline collocation
method. Many other research works on FEA analysis of various FGM structural element

like beam, plate, shell etc using a FEA commercial programming have also been done.
2.2.1 Research on Functionally Graded Material

Since mid-1980s, with the advent of Functionally Graded Materials (FGMs), we are
witnessing a new era in the field of material technology. FGMs, belongs to a class of
advanced materials which have continuous variation in properties along a desired direction

and in desired fashion. In such materials the composition (volume of constituents) and
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hence the structure gradually change over the volume, resulting in corresponding change
in the properties of the material that is different from either of the parent material. A
thorough overview about FGMs, their manufacturing techniques, modelling and design and
applications can be referred in [1-12]. S. Suresh et al [1 - 3] published two papers and a
documentary in the year of 1997 and 1998 on Functionally Graded Material and their
indentation process where they discussed in detail about the fundamentals of FGM and
process of property determination. Next year in 1999 Y. Miyamoto et al [4] published
another document in Springer on design, processing and application of various FGM in
detail. T. Nakamura et al [5] did a valuable work in the year of 2000 on determination of
structural properties of various functionally graded materials using inverse analysis and
instrumented analysis method. A detailed work was done by B. Kieback et al [6] on various
processing technique of functionally graded material and published in the year of 2003. In
the year of 2007 Bhattacharyya et al [7] reported a study on research regarding deflection
behaviour of Al/SiC FGM. In their study they also determined stress to strain ratio of the
that FGM under various loading and boundary conditions. M. R. Mahamood et al [§]
presented many very useful and important information regarding material properties,
processing techniques, testing methodologies and various applications of different
functionally graded materials in their extensive review report which was published in the
year of 2012. In the same year a very precious and specific work was reported by S. Hayun
et al [9] regarding an extensive study on microstructure and mechanical properties of silicon
carbide processed by Spark Plasma Sintering (SPS) process. In the year of 2014 two
detailed reviews were published on thermos-mechanical properties of functionally graded

materials. One was by S. S. Rao et al [11] and other one was by V. Birman et al [12].
2.2.2 Research on FGM beams, plates, discs etc under mechanical loading.

Beams, plates and discs are very important structural components that have wide
application area. When structures are exposed to severe environments then to sustain such
conditions the materials must exhibit superior properties. If we consider a space shuttle,
while entering the earth’s atmosphere, is exposed to very high temperature gradient through
a small thickness. The extreme pressure and temperature gradient requires stringent
behaviour prominently significant at the interface. Conventionally, the composites used for
such applications fail due to interfacial stress concentrations observed under critical
environmental conditions. The ceramic-metal based FGMs are especially suitable for such

high temperature gradients with ceramic part exposed to higher temperature while the metal
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part ensures the FGM to have its strength. The gradual change of material properties aids
in sustaining the stress-concentration and residual stresses developed otherwise. The design
of such structural components needs a thorough analysis of load-deflection-stress
behaviour under various thermo-mechanical conditions and other related environmental
factors. Although considerable research on the functionally graded materials has been
reported since their conceptualization, most of the work in the area of functionally graded

structures (beams and plates) has been done in last two decades.

Although considerable research on the functionally graded materials has been
reported since their conceptualization, most of the work in the area of functionally graded
structures (beams and plates) has been done only in last two decades. In the researches on
Functionally Graded structure, different types of studies and analysis have been performed
by various authors under different types of loadings like mechanical loading, thermal
loading and thermo-mechanical loadings. In the present literature review, all the works on
FGM structures like beam, plate and discs under mechanical loadings have jot down from
reference [13] to [81] in chronology of year of publication. In 2000, Reddy published a
work on analysis of a FGM plate under thermo-mechanical loading [13]. In this work he
established a governing equation using von-Karman principle and solved it using Navier’s
solution method. In the same year C. M. Wang and J. Reddy [14] published an important
book on relationship between classical solution of deformable beams and plates. In very
next year, that is in 2001 B. V. Shankar [15] studied the behaviour of FG Euler-Bernoulli
beam using elasticity approach and is considered as the most fundamental work in this
realm of FG beams. In this work an exponential variation of modulus of elasticity across
the thickness is considered, keeping Poisson’s ratio constant; the variations in stress and
displacements are monitored and the behaviour of slender and stubby beams under different
loading conditions are compared. In year 2002 two important research works were
published. One on vibration analysis of a FGM tapered beam by B. K. Lee et al [16]. An
innovative work of A. Chakraborty, S. Gopalakrishnan and J. Reddy on development of a
new beam element to analyse any FGM beam using finite element method was surfaced in
2003 [17]. In their work they derived a new stiffness matrix considering material properties
as a nodal degree of freedom of the element and also made the new element capable to free
it from shear locking. Their worked helped a lot in later researchers to analyse their
problems of FGM beams using FEA method with least error. Sankar and Zhu [18] did an

analysis of a FGM beam in a new approach using the method of Fourier analysis combined
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with Galerkin’s method for solution and published their work in 2004. A non-linear analysis
of a FGM beam under thermo-mechanical loading was performed by M. Tahani et al [19]
was performed with First Order Shear Deformation (FSDT) to find out deformation and
stresses throughout the FGM beam topology. Their work was published in a renowned
journal in the year of 2006. M. Tahani et al extended their [20] work in 2007 into a layer
wise non-linear analysis to a FGM plate made with power law of material gradation to find
out its deformation and stresses. In the very same year another two important works were
published in two renowned journals. One on static and vibration analysis using higher order
deformation theory for FG beams which was reported by Aydogdu and Taskin [21] where
they used higher order beam theory for the formulation of the problems governing
differential equation using Hamilton’s principle and solved that governing differential
equation for the natural frequencies corresponding to various modes using Navier type
solutions. Second one was published by Zhong et al [22] where they reported an analytical
method for the formulation of FG beams and solutions are obtained using Airy’s stress
function. Banerjee et al. [23] did an analytical analysis using non-linear shooting and
Adomian Decomposition method to study the large deflection behaviour of compliant
cantilever beams. The authors published their work in a very renowned journal named
Journal of Non-Linear Mechanics in the year of 2008. In the same year few more works
were published on analytical as well as numerical analysis of FGM beams with various
boundary and loading conditions with various gradation laws for functional gradation of
materials. Those papers were published in different prestigious journals by M. A. Benatta
et al [24], R. Kadoli et al. [25], S. Kapuria et al [26] and X. F. Li et al [27]. Kadoli et al.
[25] reported the static analysis of FG beams using higher order theory and reported carious
cases of axial and shear stress distribution through finite element solution technique. In
their work, Kapuria et al. [26] studied the static and dynamic behavior of FG beams using
a finite element based third order zig-zag beam modeling theory in which the modulus of
elasticity and other parameters were determined using a modified rule of mixtures. As part
of their research, the authors put up an experimental setup to confirm and validate the
findings for a Ni/Al203 FGM that was made by a powder metallurgical method. For the
better convergence of the result, they used modified rule of mixture and compared the result
with the existing rule of mixture. Li [27] presented a novel unified formulation for the FG
Timoshenko beam, which consists of a single fourth order equation that simplifies the three

differential equations of displacement variables. After ignoring a few variables, the formulation

was analytically reduced to Rayleigh and the Euler-Bernoulli beam while accounting for the effects
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of rotating inertia and shear deformation. In the current work, Li’s [27] the concept for unification
of governing differential equations in terms of a single parameter has been adopted. Li [27]
described methodology was modified by Sina et al. [28] to include heat loading of tapered beams
through the development of a new beam theory for laminated composites. The authors also extended
their work to examine the vibrational features of FG beams in their work. Guinta et al. developed
a unified formulation for displacement variables of the cross-section in [31] by utilizing a
general N-order approximation. The theory was then applied to FG beams. Their work was
published in a renowned journal in the year of 2010. By translating the governing equations
to the Fredholm integral equation and extending the mode shapes as power series to achieve
the solution, Huang and Li [32] investigated the free vibration characteristics of the axially
graded tapered FG (AFG) beam and published their work in the Journal of Sound and

Vibration in the same year of 2010.

X. F. Li et al [33] extended their work which they did in 2008 [27] to remodel the
governing equation from the view point of higher order beam theory to deal with free and
forced vibration of a FGM beam. In their work they incorporated 4" moment of inertia in
their unified higher order beam model and expressed all the governing equations in terms
of a single parameter ‘F’. The authors solved their unified governing equations by
successive integration method employing various boundary conditions suitable for a given
load case and type of boundary condition. In the present work, theory developed by X. F.
Li has been followed and further higher order beam theory has been developed and the
governing equations have been unified with help of a common parameter ‘F’ as X. F. Li did

in their work [33]. This work of X. F. Li [33] was published in the year of 2010.

Exact solutions for the free vibration analysis of symmetric FG beams with
temperature-dependent (TD) material properties were reported by Mahi et al. [34] in the
same year, that is, in 2010. The non-linear temperature distribution throughout the beam
height was taken into consideration, along with three different distribution types: power
law, exponential, and sigmoid variation. To analyse analytically large deflection of a beam
with cantilever and simply-supported boundary conditions G. H. Rahimi et al [35]
formulated a suitable governing equation in their work, using Adomian Decomposition
method. Their derived formulation was made capable to take account of all geometrical
non-linearities and functional variations of FGM. They published their work in the same

year of 2010. Simsek [36] used higher order beam theory to study the dynamic behavior of
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FG beams. Two different formulations were used, using mid-layer shear rotation and mid-

layer slope as variables.

Position of neutral surface in a FGM beam has immense importance in the bending
analysis of a FGM beam under various boundary and loading conditions. In [37-39], the
impact of geometric nonlinearity has been discussed as a means of explaining relatively
substantial deformations in FG beams through the form of von Karman relations in the
displacement terms. The neutral axis does not line up with the cross-section's center of
gravity because of the differences in material qualities throughout the cross-section. Neutral
axis location fluctuation with material gradation has been discussed in [37-39]. H.
Yaghoobi et al [37] did a work on determination of neutral surface of a FGM beam with
various material gradation laws. In their work they determined bending stress distribution
throughout the cross section of a FGM beam with simply supported boundary condition
and under uniformly distributed loading. From their work they established the fact that
position of neutral surface in a FGM beam has immense role in determination of bending
stresses. Their work published in a prestigious journal in the year of 2010. In very next year
G. Akhras et al [38] did a dynamic analysis of a FGM plate to study its free vibrations. In
their work they applied the spline finite strip method to investigate the stability and
vibration behavior of piezoelectric composite plates. Work of G. H. Rahimi et al [35] was
carried forward by A. R. Davoodinik et al [39] to study large deflection of tapered beam
made of functionally graded material (FGM) with various laws of material gradation along
the beam height. In their work, Davoodinik et al [39] used same method derived by Rahimi
et al [35] with change in application.

Vibration analysis of an FGM is a very tedious work to do. There is a considerable
am  ount of mathematical intricacies in deriving a suitable governing equation to find
out natural frequencies of a FGM beam under mechanical as well as thermal loading
conditions. Two important works were done by two authors in the year of 2011 on vibration
analysis of functionally graded beams. H. Hein et al [40] studied free vibration of a non-
uniform and axially functionally graded beam with various boundary conditions. In their
analysis they investigated vibrations of FGM beams with varying cross-sections using
Euler-Bernoulli theory and Haar wavelet matrices. Another work which was done vibration
analysis of a FGM beam was work of A Mahi et al [41]. In their work they formulated a
mathematical model with help of Higher Order Beam theory and Hamilton’s principle to
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study temperature dependent free vibration of a FGM beam with Power Law and

Exponential law of material gradation.

Mohanty et al. [42, 43] provided an analysis for the FG beam sitting on Winkler's
foundation and the solution using the finite element approach. They then expanded their
study to incorporate both static and dynamic stability. J. Reddy [44, 45] published a
research paper in the same year of 2011 where, he developed a microstructure based non-
linear Euler Bernoulli beam theory to register the effect of size of the microstructures in the
functionally graded material. Another work was done on free vibration analysis of a tapered
FGM beam in that year 2011. That work was done by Shahaba et al. [46]. In their work
they studied free vibration and stability of FG tapered beam for first order shear
deformation using finite element technique. Shahba did another work along with
Rajshekharan [47] to study free vibration and stability of an Euler tapered FG beam using
differential transform element method and the differential quadrature element. Two more
works were done in 2012 on vibration analysis of FGM beam. Few governing equations of
a geometrically non-linear FG beam were formulated and simplified to a single fourth order
equation by Ma et al [48]. In their work they employed the shooting method to get the
numerical solution of the equation for examining the pre- and post-buckling properties of
clamped and simply supported FGM beams. Next year, that is, in the year of 2013 Loja et
al [50] did a numerical analysis on functionally graded sandwich plate structures with
piezoelectric skins. In their work they studied static and dynamic behaviours of FG

sandwiched plates with piezoelectric skins using the B-spline finite strip technique.

Many more works were published in 2013 on dynamic analysis, like vibration
analysis and buckling analysis, of straight and tapered FGM beam with various material
gradation laws and under various loading and boundary conditions. Those works have been
mentioned from reference number [51] to [57]. Analytical analysis of a FGM tapered beam
was performed by D. K. Nguyen et al [51] to determine large deflection of the beam. S
Rajshekharan [52] developed a differential transform based dynamic stiffness methodology
to do vibration and buckling analysis of a functionally graded beam with non-uniform
cross-section and having functional gradation along axial direction. In the same year he did
another work [53] on the base of previous work to modify it for functionally graded tapered
Timoshenko beams using differential transform-based quadrature method. In order to
precisely define the form function in the finite element approach and to analyze the

vibration behaviour of a rotating tapered AFG beam, Shahba et al. [54] employed the unit
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dummy load method. The buckling and vibration behaviours of FG beams for both
temperature-dependent and independent material parameters were investigated by
Wattanasakulpong et al. [55]. H. Yaghoobi et al [56] studied analytically the influence of
elastic foundation of a functionally graded beam on its large amplitude vibration and post
buckling characteristics. D. G. Zhang [57] derived a neutral surface higher-order shear
deformation beam theory based on non-linear von Karman stain-displacement relationship
to do non-linear bending analysis of FGM beam. They solved the governing equation which
they developed in their work by Ritz method to find bending stresses and deflections under

various loading and boundary conditions.

Many authors published various important work on the analysis of tapered beam
made of functionally graded materials in the year of 2014 [58-61]. A. Mitra et all [58] did
a large amplitude vibration analysis of a tapered FGM beam subjected to a harmonic
excitation where material variation was considered axially. D. K. Nguyen et al [59]
extended his previous work [51] which he published in the year of 2013 to analyse a
functionally graded tapered beam for large deflection with material variations along the
thickness instead of axial functional gradation. He published another work in the same year
of 2014 [60] where he considered end forces on the tapered FGM beam in addition to his
previous works [51] & [59]. N T Nguyen et al [61] did static analysis of a functionally
graded beam considering both axial and transverse variation of material gradation with
respect to the axis of the beam with various loading and boundary conditions. They adopted
Euler-Bernoulli beam theory in derivation of the governing equation for static analysis of
FGM beams and in their mathematical model they considered power law of material

gradation.

Few important researches were published on discs and plates [62, 63] made of
functionally graded materials in the year of 2015. H. Callioglu [62] published a work on
elastic-plastic stress analysis of rotating disc made of functionally graded material with
power law of material gradation. In their investigation they derived the governing equation
for their problem considering the rotating velocity of the disc constant. They solved the
governing equation with successive integration method and determined elastic as well as
plastic stress distribution in the disc. They validated their analytical results with numerical
ones which were determined using a FEA software ANSYS. They showed that both the
results from analytical process and from software are in good agreement. Another work

was reported in that year 2015 by A. Reali and H. Gomez [63] on structural analysis of thin
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plate structures made of functionally graded material analytically. In their work they
formulated a governing equation on basis of Eiler-Bernoulli beam theory and Kirchoff plate
theory. To solve the governing equation the authors adopted Iso-Geometric Analysis (IGA)
method where NURBS collocation technique used.

Few more works on FGM tapered beam [64,65] were registered in 2016. All these
works were non-linear analysis under the subjection of dynamic loadings. Fang et al [64]
performed a dynamic analysis of a rotating axially functionally graded tapered beam to
study the effect of various design parameters like, hub ratio, taper ratio, rotational speed
ratio, material gradient and rotary inertia on the natural frequency the tapered cantilever
FGM beam. In their analysis the authors adopted Chebyshev-Ritz method to solve the
problem. Lohar et al [65] also did a very important analytical analysis of an axially
functionally graded taper beam to study the characteristic of free vibration of the beam
considering it on an elastic foundation. In their work, Lohar et al adopted iterative scheme
using relaxation parameters for static analysis and the dynamic part was formulated using
Hamilton’s principle. The free vibration frequencies were evaluated for different values of
taper parameters and foundation thickness. Dimensionless frequency-amplitude surface

plotted.

Few research works on analysis of various non-linear structures like variable section
bar and beam, variable thickness plates, annular discs [66-69] in the time span of 2017 to
2018. In last few recent years, that is, from 2019 to 2023 miscellaneous work on FGM
beams and plates [70-81] regarding dynamic analysis of FGM beam have been done and

published in various renowned journals.
2.2.3 Research on FGM beams, plates, discs etc under thermo-mechanical loading.

The behaviours of FG beams in thermal conditions have been extensively studied due
to the fact that ceramic-metal FG beams and plates perform best in high/severe temperature
environments. It has been noted that the majority of these studies have taken into account
the temperature gradient load (across the cross-section), presuming that the temperature
distribution is linear or non-linear. One dimensional steady state heat transfer equation must
be solved in order to generate a non-linear temperature distribution. There have also been
a few situations documented when the temperature is assumed to rise uniformly throughout
or to be distributed uniformly over the length. These investigations can be broadly divided

into two categories: linked studies (also known as temperature-dependent properties, or
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TD) and uncoupled studies (also known as temperature-independent properties, or TID). In
the first scenario, material properties depend on both temperature and space; in the second
scenario, however, they only change along space when the system's external temperature

distribution overlaps.

As FGM structures like beam, plates and discs are readily chosen in the applications
with high thermal environment, researches on analysis of FGM structures under thermal
loading and thermo-mechanical loading and researches on studies of physical behaviour of
FGM structures under thermal and thermo-mechanical loading always been a very
important research subject of interest to various researchers. It has been noted that the
majority of these studies have taken into account the temperature gradient load (across the
cross-section), presuming that the temperature distribution is linear or non-linear. One
dimensional steady state heat transfer equation must be solved in order to generate a non-
linear temperature distribution. There have also been a few situations documented when
the temperature is assumed to rise uniformly throughout or to be distributed uniformly over
the length. These investigations can be broadly divided into two categories: linked studies
(also known as temperature-dependent properties, or TD) and uncoupled studies (also
known as temperature-independent properties, or TID). In the first scenario, material
properties depend on both temperature and space; in the second scenario, however, they

only change along space when the system's external temperature distribution overlaps.

Many researches on analytical as well as numerical analysis of various FGM
structures like FGM bar, beam, plate and disc with material gradation along axial direction
and/or transverse direction following material gradation laws under linear and non-linear
loading and boundary conditions have been mentioned as reference in this present work.
Reddy along with another researcher [82, 83] performed an analysis of a FGM plate made
of metal and ceramic analytically under dynamic loading in a thermo-mechanical
environment. To derive the governing differential equation for their analysis they used First
Order Shear Deformation (FSDT) beam theory and von-Karman’s principle or law. To
incorporate thermo-mechanical loading thermo-mechanical coupling was introduced in the
formulation. They published their research in the year of 1997. Another two works on two
different types of functionally graded structure were done [84, 85] in the year of 2002. One
was done by B. V. Shankar and J. T. Tzeng [84] on analytical analysis of beams made of
functionally graded materials with material gradation along the thickness of beams under

thermo-mechanical loading. In their work they developed governing equations for their
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problem taking Poisson’s ratio constant and varying other material properties, mechanical
as well as thermal, as per the exponential laws of material gradations along thickness of the
beam. In the mathematical model they considered variation of temperature across the
thickness also exponential. To find out distribution of thermal stresses and deflections in
the beam they solved the derived thermoelastic equilibrium equation in closed form. In the
same year H. S. Shen [85] did a non-linear bending analysis of rectangular plate made of
functionally graded material with material gradation along its thickness. The boundary
condition was considered as simply supported and two types of loading was considered in
their analysis. One uniformly distributed transverse load and another one sinusoidal varying
load in a thermal environment. The material properties were assumed temperature
dependent. To develop the mathematical model of the problem they used Reddy higher
order beam theory and the differential equations thus formed were solved by a mixed
Galerkin-perturbation method. Sundararajan et al. [86] published a work in 2005 non-linear
flexural analysis of a functionally graded rectangular skewed plate. In their work they
investigated the vibration analysis of FGM plates utilizing TD material characteristics and
von Karman non-linearity. A non-linear temperature distribution was also assumed and the
effective material properties were calculated using material grading using the Mori-Tanaka
method. Another important work was done by S. R. Li et al [87] on thermal post buckling
of FGM beam in the frame work of Timoshenko beam theory in next year i.e., in 2006. The
authors took into account the effect of shear deformation using geometrically non-linear
formulation in the derivation of the governing equation. The beam was subjected to both
mechanical and TID thermal loading with temperature distribution profile being non-linear.
Tahani et al [88] developed a layer wise theory to determine analytically deflection and
stress distribution of a functionally graded plate under cylindrical bending load in a thermal
environment. The authors considered power law of material gradation along the thickness
of the plate. They published their paper in 2009. In the very next year Kiani et al [89]
reported a work on buckling analysis of a functionally graded beam with power law of
material gradation across the beam thickness under subjection of various types of thermal
loadings and boundary conditions. Three types of thermal loadings were considered.
Uniform temperature rise, Linear and non-linear temperature distribution. The boundary
conditions which were considered are Clamped, Roller and Simply-supported. To
formulate their problem, they adopted Euler-Bernoulli beam theory and solved them by

successive integration method in closed form using various boundary conditions.
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In order to achieve precise solutions to the buckling problem, Ma has extended their
work which they published in 2012[48] to [90]. In their previous work [48], they analysed
a shear deformable FGM beam for non-linear static response under mechanical loading
only. In work [90], they modified their mathematical model to measure non-linear response
under in-plane thermal loadings. Fallah et al [91] reported a work on buckling analysis and
non-linear vibration analysis of a FGM beam under thermo-mechanical loading and

constrained with an elastic foundation.

For use in sensors and actuators, a different class of FG materials composed of
piezoelectric components offers improved dependability and efficiency. Another pertinent
field of research is the behaviour of beams composed of FG piezoelectric (FGP) material
for specialized applications, such as MEMS. Fu et al. [92] investigated how the FG Euler
beam behaved under thermal piezo-electric load in terms of buckling, stability, and free
vibration characteristics with nonlinear temperature distribution and temperature-

dependent material parameters.

Few works were done by Zhang et al [93], Kani et al [94] and Niknam et al [95] in
the year of 2014 on non-linear analysis of FGM beams with constant as well as varying
cross-section under mechanical and thermal loading both. In 2026 Paul et al [96], Y. Sun et
al [97] and P. Nayak et al [98] did some important work on non-linear post buckling
analysis of FGM beams resting on elastic foundations. A non-linear post buckling analysis
for temperature-dependent properties and non-linear temperature distribution was reported
by Paul and Das [99]. Broyden's algorithm was used by the authors to incorporate the non-
linear part of the solution. Various combinations of FGMs were chosen for a comparative
analysis. The impact of boundary conditions on the stability of FGM beams with uniform
and linear temperature gradients across the cross-section was studied by Nasirzadeh et al.
[100]. They simultaneously investigated the thermal and electrical fields' stability criteria
for FG beams, reporting their findings over a range of end circumstances and power law
indices. Temperature-dependent material properties were taken into consideration in
Majumdar and Das's [102] study of thermal buckling under temperature load of clamped
beams for both linear and nonlinear temperature distribution across the beam height. An
algorithm for solving the nonlinear governing equation by an iterative approach to find
critical temperature was succinctly explained. A mathematical model was presented by A
Paul et al [103] which one was an improvement on the previously available mathematical

models for post buckling analysis of a tapered FGM beam subjected to a heat load
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corresponding to uniform temperature rise and steady state heat conduction. P Nayak et al
[104] published a research paper in the year of 2020 containing a non-linear analysis of a
rotating FGM disc to represent elastic-plastic front of that rotating FGM disc. In their work
they considered two materials as constituent particles of FGM, one ceramic another metal
where variation of composition of those constituent particles followed the power law of
material gradation. They used Principle of Stationary total Potential (PSTP) and Hencky’s

deformation theory to formulate the governing equation of the problem.

In the year of 2020 a very innovative work was published by D Mahapatra et al [105]
on thermo-mechanical analysis of FGM beam using a unified Timoshenko beam theory
under the action of mechanical and thermal load both. In their work they followed the work
of X. F. Li [33] to derive the governing equations to measure deflection and stress of the
FG beam by unifying the elementary governing equations in term of a single parameter ‘F’.
The authors used Timoshenko beam theory following the path of elasticity method to derive
the governing equation. B-spline collocation method was adopted to solve the governing
equation. Authors followed various boundary conditions and temperature distribution for
the analysis. Few more works published by Nayak et al [106] and R. Javatheri et al [107 &
108] in the same year on non-linear analysis of FG Beams under thermo-mechanical

loadings.
2.2.4 Numerical analysis using B-spline collocation method.

As per the above discussion it is evident that various researchers have adopted
different techniques, analytical or numerical, in solving the governing equations
representing any problem of linear or non-linear analysis of FG beams under mechanical
or thermo-mechanical loadings. Different types of numerical methods are there like B-
spline Collocation method, NURBS based Iso-geometric method, Galarkin method, FEA
method etc. Among all these methods, the most popular numerical method has been the
finite element method. The B-spline collocation technique has been employed more
frequently in recent years to solve structural issues as well. B-splines are commonly used
because of their adaptability and computational effectiveness. In comparison to the Finite
Element Method, the collocation technique is much simpler and easier to use for a wide
range of differential equation problems. In the following discussions works of few

researchers have been mentioned who have adopted B-spline collocation method to solve
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governing equations of various FG been analysis problem under mechanical as well as

thermal loadings.

Few works on some problems other that analysis of an FG Beam using B-spline
collocation [109-111] have been referred in this present work. Chawla et al [109] published
a paper in the year of 1975 where he used B-spline collocation method to solve one
dimensional heat and mass transfer problem. He published another paper [110] in 1979
where he solved a governing differential equation representing a radiation problem using
B-spline collocation method. Another researcher named G Fairweather [111] examined the
effectiveness of the spline collocation techniques in solving a differential equation
representing governing equation of any boundary value problem. Patlashenko [112] studied
the solution process of various one dimensional linear and nonlinear problems under
thermal as well as mechanical loadings using cubic B-spline collocation method. Efficiency
and accuracy of B-spline collocation method was proved very satisfactory. In [113]
Patlashenko extended his work to nonlinear analysis of two-dimensional problems like
analysis of laminated panels with help of cubic B-spline collocation method. The spline
strip approach was employed by Mizusawa et al. [114, 117] to investigate the vibration
properties of thick laminated cylindrical panes and cross-ply laminates. In 1995, Bert et al.
[116] applied the method of spline collocation to find approximate solution in statics
analysis of beams and plates. Sun et al. [118, 136] reported the application of B-spline
collocation to problems of linear elasticity using orthogonal cubic B-spline functions.
Kadalbajoo and Yadaw [125, 130] reported a work on comparison study between the B-
spline collocation technique, the Finite Element analysis, and the Finite Difference
techniques for a two-parameter singularly perturbed boundary value problem. The B-spline
collocation method provided better approximation and convergence than the other two
techniques. As a general rule, we can assume that for relatively simple geometries like
beams and plates, B-spline collocation might be favored. A thorough examination of the
literature pertinent to the B-spline collocation method has been covered separately later in
this chapter. Wu et al. [124] examined the impact of a non-uniform knot span in the spline
collocation procedure applied to a structural problem. The author applied the same
concept—radial spline functions—to beam problems and demonstrated that non-uniform
knot spacing provides a better approximation. Due to its tendency to diminish the spline's
continuity at the knots, multiplicity of the knots could be considered an extra parameter in

the study. Vibration analysis of non-uniform beams supported on elastic foundation and of
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pre-twisted beams using spline collocation with uniform knot span has been carried out by
Hsu [126, 127]. The effect of multiple knots in a structural problem is considered by
Provatidis [135] through finite element analysis using cubic B-spline shape functions.
Recently, Isogeometric (IG) analysis [137] (using NURBS, which is a refined formulation
of B-splines, as shape functions) is increasingly attracting researchers for finding
approximate solutions to complex problems. Auricchio et al. [128] have reported the
applications of IG collocation technique and applied it to theoretical analysis of many

mathematical problems

It is very much difficult to analyze FG beam and beam with various dimensional
discontinuities under different types of loadings through analytical formulation process and
numerical solution methods. The best alternative method for this case is solving problems
of complicated geometry with any FEA software by using its programming module. Many
authors have adopted this method [139-142] to solve problems like determination of stress
intensity factor (SIF) of any FG beams and plates with various dimensional discontinuity
under linear and non-linear loading. Bhandari et al [139] analyzed a FG plate with various
material gradations under uniformly distributed static loading using a FEA software in its
programming module and published their work in the year of 2013. In 2008 Liu et al [140]
reported a systematic approach of FEA analysis of any FGM component through the
development of voxels. Ahmed Hassan et al [141] did a work on FEA analysis of an FG
object by writing a FEA program and published their work in the year of 2022. In recent
year of 2023 Shehab M. B et al [142] did an investigation on free vibration of a cracked FG
plate analytically using a mathematical software and also solved the problem through finite
element analysis method using a FEA commercial software. They validated the results they
got through analytical method using a mathematical code with the results received from

FEA analysis using a FEA software.

Page | 26



2.3 Closure

In the above literature review parts of the field of FG beams and FG materials as a
whole have been extensively studied. In this review various types of works pertinent to the
modeling of different FG structures like FG beams, plates etc and their analysis under
various loading and boundary conditions have been compiled. Based on a thorough
investigation of the literature, it is believed that gaps still exist in the knowledge related to
the formulation of governing equation for more accurate analysis of FG structures with
more complexities in structure’s topology and functional gradation along with complicated
loading and boundary conditions. Additionally, there is a perceived need for techniques to
determine whether certain FGM combinations are appropriate for a given application,
particularly when thermomechanical stress conditions are present. Furthermore, there aren't
many research that address how tapered FG beams behave in hot environments. Therefore,
a thorough stress and deformation analysis is required in order to propose design solutions
for the development of dependable and sustainable mechanical components. The current
study's attempt to examine the stress and deformation of functionally graded Timoshenko
beams in a thermo-mechanical environment—with a uniform and tapered section—will

undoubtedly help to underpin the design procedures.
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Chapter 3: Fundamental Concepts, Theories and Principles

3.1 Introduction

Since beams are an essential component of almost all buildings, a thorough
examination and synthesis of them is crucial to the overall design of the structures. The
various beam models that have been put forth over the past 200 years have enabled design
engineers to satisfactorily address a large range of significant structural issues. In beam
design, Euler's 1-d beam theory (Classical theory) from the 17th century is still in use. The
advancement of sophisticated beam theories has made it possible to build thin-walled
beams and complex geometries with acceptable accuracy, opening up new design
possibilities for designers. The investigation of the additional difficulties associated with
geometrical and material non-linearities is made possible by the higher order beam theories.
Nevertheless, in order to achieve the appropriate degree of accuracy, solving these theories
involves extensive computations. Therefore, the design engineer carefully considers the
available theories in order to strike a balance between the computational demands and the

accuracy needed for any given application.

The development of new materials, particularly composites, which offer high
strength/stiffness-to-weight ratios for beams has opened up research on the micro- and
macro-mechanics of these materials and the related lamination theory for beams and plates.
The lamination theory is a modified version of the extended beam theory that takes into
account the sequential arrangement of laminates, plies, and layers of materials. This
comprises the parameters for axial stretching and twisting in conjunction with bending
stiffness. In the final decades of the 20th century, a number of studies on the creation of
ideas regarding the behaviour of composite beams and plates were documented in the

literature.

The idea of functionally graded materials originated from composites' incapacity to
withstand harsh thermo-mechanical conditions. In the setting of smooth modulation of
material properties, better beam theories are required for the use of functionally graded
materials in beams and plates. It makes obvious sense that FGM-based beams would
function similarly to infinitely layered laminated composite beams. Therefore, all that
would be needed for the mathematical treatment of FG beams would be a mathematical
treatment of the current composite beam/plate theories.

Recent technology advancements have enabled high-speed computer capabilities to support
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engineering analytical processes, which call for higher precision in less time and money.
Mathematicians and researchers are working to improve the precision of currently available
approaches or to develop new ones. Due to the complexity of the geometries and related
non-linearities, exact solutions to the engineering challenges are not achievable. But as
computing power increases, accurate approximations within a reasonable practical range
can be produced, even in complex circumstances. One of the widely used approximation
techniques for analysis and design is the finite element technique. There are further
approaches such as spectral element method, boundary element method, and finite
differences. Because they are easy to use, collocation methods are often used to provide
numerical approximations to governing equations.
A differential equation is satisfied, to a certain degree of tolerance, at a limited number of
locations known as collocation points in a collocation method. The foundation of a
collocation approach is assessing a differential equation's accuracy at a limited number of
collocation locations. This technique's primary benefit is its low computational cost and
ease of use. However, this technique's application is limited to a relatively confined area

due to its low level of precision.

The collocation technique becomes more accurate and appropriate for numerical
solutions of complicated governing equations when B-splines are used as approximation
polynomials. It has been noted that the application of the B-spline basis function collocation
technique to engineering issue solving is growing. B-splines are very well suited for curve
fitting applications because of their superior local control and smoothness at the interface
characteristics. The objective is to link the low computing cost of collocation with the

improved accuracy and smoothness of B-spline basis functions.

It has been noted that there is comparatively very little use of B-spline collocation in
obtaining approximations for higher order structural issues. Additionally, there is a strong
belief that this technique can be highly useful in providing more precise solutions to

structural analysis difficulties.

An innovative approach to the formulation of FG beams has been covered in this
chapter. In order to condense the three governing equations into a single equation, Li [27
& 33] suggested taking into account an independent parameter linking the displacement
variables. The resulting simplified differential equation resembles the classical beam

equation quite a bit. This chapter also includes an in-depth introduction to the B-spline
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collocation approach, demonstrating its usefulness in solving structural issues. There have
also been discussions of a few case studies to investigate the applicability of this technique
to well-established structural challenges. In-house mathematical code and its subroutines

have been created to quickly get and analyse the results.

3.2 Modelling of a Beam

A vital part of the majority of structures are beams. These structural components
provide resistance against bending as a result of applied loads. Beams are typically made
of long, prismatic bars with normal loads applied to the bars' axes. A beam's load carrying
capacities are determined by first analyzing the equilibrium needs for the beam as a whole,
and then analyzing a portion of the beam for equilibrium conditions. The statics principles
are necessary for the analysis of the forces. Thus, specific criteria related to geometry,
loading, and material behaviour must be selected in order to construct a beam and monitor
the stress distribution inside it as a result of the applied load. Numerous beam models have
been used in the past to address engineering issues [148] and offer the kind of reliable,
accurate forecasts that are necessary for design. A thorough examination of beam modelling

has been covered in the following discussion.

To analyse a beam problem any one of the following two approaches may be adopted.

e Mechanics of solids approach (elementary)

— It uses an assumed deformation mode/ strain distribution and hence yields
average stress at a section under a given loading

— It treats each type of loading separately viz. axial, bending, torsion etc.

— Itis derived under a number of assumptions hence valid for slender members/
restrictive conditions

o Theory of elasticity approach (refined)

— It is general approach valid for any type of external loading with lesser
simplifications, requires less intuition/ experience to solve and is nearer to
exact/ real distribution of displacement, strain and stress.

— It is preferred when critical design constraints like minimum weight,

minimum cost etc.

All physical problems can be described or presented by a differential equation

which is called as governing equation of the problem. These differential equations are
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produced in the framework of structural mechanics by integrating the constitutive law,
equilibrium equation, and kinematics relationship—the three fundamental equations of
continuum mechanics. A partial differential equation is created by combining the
kinematics equation (i.e., the relationship between strains and deformations), the
constitutive equation (i.e., the relationship between stresses and strains), and the
equilibrium equation (i.e., the relationship between the internal reactions and the external
loads). Figure 3.1 below represents the steps which are followed to establish the Governing

equation of any physical problem along with its solution procedure.

external loads deformations
(displacements,
(forces, moments) tations) _
x .
N
e kinematics

Y ¥
stresses <—{ constitutive equationJ—» strains

measure for measure for
loading deformation

partial differential equation(s)

solution

- analytical methods
- numerical methods
(FDM, FEM, FVM, BEM)

Fig. 3.1: Flowchart to solve a physical problem [

In solving a structural problem its material model plays an important role. if we are
looking at a three-dimensional beam problem, we must consider six stress components, six
strain components, and three displacement components—a total of 15 quantities. In
addition to meeting the boundary requirements, these parts also need to meet 15 governing

equations that are distributed throughout the body: six stress-strain relations, six strain
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displacement relations, three equations of equilibrium, and six equations of compatibility
(the latter are derived using the strain displacement relations, so they are excluded). A three-
dimensional beam problem may have an extremely complex and challenging direct
solution. Therefore, it is wise to simplify the examples by making them two-dimensional.
In this sense, there are two different kinds of formulations: plane strain and plane stress.

Plane strain analysis, or the latter method, is used to analyse beam difficulties.

To analyse a slender body where other dimensions are very small with respect to
the length, generally plain strain model of material property is considered. As the length is
very long, it is reasonable to assume longitudinal stain &,, is zero. So also y,, and y,,, are
zero. Thus, only non-zero strains are €y, €,y and yy,,. The stress-strain constitutive relation
for a linear elastic isotropic material under such pre-strain condition is given by

0
0. &
{og} - £ v 1-v 0 {eﬁi} 3.1)
- ) |
Toy 1-2v)(1+v) 0 0 = - v exy

Few examples of plain-strain conditions are like bending and torsion of a long shaft

which has been schematically represented by figure 3.2 below.

S O I

B

[
-

b d

Figure 3.2: Plane Strain Case [

3.3 Beam Theories

Many beam models have been formulated over the past two centuries to analyse a
variety of structural problems regarding beam design. These beam models are mostly

differentiated by the degree of approximations and assumptions made.

3.3.1 Euler-Bernoulli Beam Theory (EBBT)
First widely acceptable beam theory was formulated by Euler and Bernoulli. This beam

theory is popularly known as Euler Bernoulli Beam Theory (EBBT) which also called as
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Classical Beam Theory (CBT). This beam theory is mainly applicable for long prismatic

body derivation and application of which is restricted to the following assumptions

» No deformation in the cross-section, that is cross-section remains rigid after

deformation.

> Rotation of cross-section occurs about the neutral axis,

» Neutral surface and the cross-section remain perpendicular to each other after

bending,

The classic theories of beam bending distinguish between shear-rigid and shear flexible
models. The thin or Euler-Bernoulli beam, also known as the shear rigid-beam, ignores the
shear deformation caused by shear forces. According to this theory, as shown in Fig. 3.3, a
cross-sectional plane that was perpendicular to the beam axis prior to the deformation

continues to be so in the deformed condition.

(a) (b)
7 /
‘__-——-__-—-__‘_--_‘_"'-‘—-
——-——-——.________________J To— ¥
v=0° Y#0

Figure 3.3 Different deformation modes of a bending beam: a shear-rigid; b shear-flexible 5%

According to the first hypothesis, no in-plane deformations are accounted for and,
therefore, the in-plane displacements ‘v’ and ‘w’ depend upon the axial coordinate ‘x’ only.

This means:

v
Syy=@=0
ow
SZZ:EZO
_8v+6w_0
Yvz =5, dy

(3.2)

On the basis of the second hypothesis, the out-of-plane or axial displacement u is
linear versus the in-plane coordinate i.e., 4 = u + y¢, + z¢,,, where ¢y and ¢ , are the

rotation angles along the y- and z-axis respectively and u is the in mid-plane stretching. It
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can be observed that plane (AOB) after deformation will have two types of motion: one is

translation in downward direction, w(x) and other is rotation, ¢ y.

On the basis of the third hypothesis and according to the definition of shear strains,

shear deformations yx. and yxy are also disregarded i.e., ¥x; = Vxy = 0, hence:

_6u+8w_ +8w_0 ow
R PR P A N 33
_6u+6v_ +6v_0 ov (3.3)
y"y_ay 6x_¢z ox d)z__ﬂ

If loading is constrained in the x-z plane, the deflection along y direction is negligible, then

u = u + z¢,, hence:

200 =u—z2 (3.4)
dx

We can then deduce that v=0 since there is no relative motion transverse to the x-z
plane. Nonetheless, because the cross-sectional plane stays rigid, the third variable, or
displacement along the z-direction, w(x), is independent of the z-coordinate. It suggests
that every layer will have the same vertical displacement with respect to the neutral axis
and that the bending deformation is mostly dependent on the bending of the beam's centre

line. In accordance with EBBT, the three displacement variables are:

_ dw

ulx) =u— ZE

5(x) = 0 (3.5)
wlx)=w

According to EBBT the strains are limited to axial direction only; hence the axial
strain will be given by:

_du _du d*w
o T Tax Cdxe

(3.6)
The axial stress, oxx is calculated from axial strain using the constitutive equation:

du 62W> 3.7)

O'xx=E€xx=E<a—ZW

The stress resultants are obtained by integrating the axial stress over the cross-

section:
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du  0*w
Oy = ngx = E<E—ZW> (38)
(1) Axial force (NVy):
N()—f dA—fEd” AN 3.9
xx_AUxx _A dx Zaxz (')
(i)  Bending Moment (M):
0= [ artn = [ (2 (2 2) 610
y(x) = Azaxx =), 2E\ =25
For an isotropic beam integrating Eq. 8 & 9 will give:
du du N,
— FA— o 3.11
N, = E4 dx l dx EA G-11)
M = Elazw ’’w M,
Yo axZJ dx2  EI
Substituting the above Eq. 10 in Eq. 7 we get:
N M,z 3.12
gt T o

which is the traditional bending equation.

Euler Bernoulli beam theory, however, is riddled with contradictions. It is evident
from Eq. 1 that even in the absence of a transverse force in that direction, the normal stress
oyy 1s not zero. Furthermore, since transverse shear strains are taken to be zero, this theory
produces a value of zero for tx.. When the aspect ratio (L/h) is large, this assumption does
not result in substantial inaccuracies; nevertheless, for smaller aspect ratios (L/h), the
amplitude of shear stresses is extremely considerable and may not be disregarded. As a
result, the Timoshenko beam theory, which takes into account shear strain in the transverse
direction—was created. Figure 3.4 below represents how Timoshenko beam theory has

been developed by superimposing Euler-Bernoulli beam theory and shear deformation.
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Bernoulli
beam

(a)

(b)

Timoshenko
beam

Figure 3.4 Superposition of the Euler—Bernoulli beam (a) and the shear deformation (b) to the

Timoshenko beam (c) in the x-z plane 1>

3.3.2 Timoshenko Beam Theory (TBT) or First Order Shear Deformation Theory
(FSDT)

Timoshenko beam theory considers the influence of shear deformation along with

the axial deformation which has been mentioned in the preceding section. According to
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Timoshenko beam theory, a transverse plane rotates more by shear deformation (Fig. 3.4)
than it does in EBBT because of the additional shear deformation of the plane. Thus, there
may be a relationship between the shear angle, plane rotation, and the slope of the beam's

midline:

dw 3.13
d)y:_a"'yxz ( )

Hence the axial deformation in the axial direction will be given by &t = u — zQy,
where ¢y denotes the rotation of the cross section about the y-axis (see Fig. 3.4). It is
assumed in Eq. 3.10 that shear strain and corresponding shear stress are uniform throughout
the cross-section and that they are the same at all points. This is not possible, particularly
if external loading is applied only to the top surface and there are no loads at the bottom. A
proper shear correction factor value, which will be covered later in this section, is used to

remedy this inaccuracy. Therefore, the Timoshenko beam's displacement variables are:

u(x) =u—zgp, (3.14)
v(x) =0
wx)=w

From the strain-displacement relation:

_di_du  de,

Exx—a—a de (3.15)
1
Exz =nyz

The axial and shear stress may be calculated from the constitutive relations:

du 62W>
(3.16)

(2 :Eexx :E<E_ZW

dw
Tz = GV =G (¢y + a)

The axial force (Nx), bending moment (My) and Shear force (Vx) can be written as:

Ny (x) =JAaxdi=JA<E <Z_Z_Zi_f>>d"‘ (3.17)
M, (x) = Lzaxdi: L(ZE (Z_;‘_Zi_i’» dA (3.18)
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V) = |

A

~ dw (3.19)
T, dA = fA G (qby + E) dA

Eq. 3.19 can be used to calculate the average shear force for a cross-section that can
be used to calculate average shear stress developed in a plane; hence Timoshenko beam
theory requires shear correction factors (ks) to compensate for the error due to this constant
shear stress assumption. The shear correction factors depend not only on the material and

geometric parameters, but also on the load and boundary conditions.

3.3.3 Higher Order Shear Deformation Theory (HSDT)

Various beam theories are dependent on the fact that how distribution of shear stress
in the cross-sectional plane of a beam is considered. This distribution of shear stress
influences the deformation of beam. Euler-Bernoulli beam theory considers zero influence
of shear stress on the deflection of the beam. In Timoshenko beam theory shear stress
distributed uniformly over the cross-section of the beam. In Higher Order beam theories
this distribution of shear stress happens according to the higher order polynomial. So, in
summery we can say when distribution of shear stress on the cross-section surface is of first
order then it is called as First Order Shear Deformation theory (FSDT). When this shear
stress distribution is of second order then it is called Second Order Shear Deformation
theory (SSDT). Likewise for third order distribution of shear stress on the cross-section is

the base of Third Order Shear Deformation (TSDT) theory.

There are many higher order beam theories. The general expression of the axial
displacement u(x, z) as a function of domain variables x and z is as follows.
dwo (x)
0x

Now W(z), which is known as a shape function, may have various expressions with

u(x,z) =uy(x) — z + W (2)y,(x) (3.20)

respect to domain variable z according to various beam theories. Following table shown

various expressions of shape functions W(z) for various beam theories.

Table 3.1: The shape functions ¥(z) for various beam theories (62,

S1 Beam Theories Shape Functions
No
1 First order shear deformation theory (FSDT) Y(z)=z
2 Second order shear deformation theory (SSDT) Y(z) =z (1 _z )
h
3 Third order shear deformation theory (TSDT) 47?2
lp(Z) =z|1- W
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4 Tri tric shear def tion th TrSDT h mnz
rigonometric shear deformation theory (Tr ) ¥(z) = Esmf

5 Exponential shear deformation theory (ESDT) Y(z) = ze~2@/h)*

6 Hyperbolic shear deformation theory (HSDT)

z 1
Y(z) = hsinh (E) -z coshz

Now to depict the fact that how does cross-section of a beam take shape under
loading according to the Euler-Bernoulli beam theory, Timoshenko beam theory and Third
Order beam theory, following figures, that is figure no 3.5a, b & c have been presented

below.

Bernoulli

(b)

Timoshenko

du.

dx

third-order theory

Figure 3.5 Comparison of different beam theories in regards to the deformation in the x-z plane:

a) Euler—Bernoulli, b) Timoshenko and c) third-order theory. >
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In the present work Third Order Shear Deformation Theory (TSDT) has been adopted and
detailed of this Higher Order Beam Theory has been discussed in the following chapter.

3.4 Principle of Virtual Work

To establish the state of static equilibrium of any object under various loading and
boundary conditions, principle of the virtual work theorem is the best way to express it. It
serves as the foundation for the formulation of solids and structural problems and is the

first variational concept in mechanics.

According to fundamental physics, virtual work is the sum of all the forces acting on
a particle to cause a modest hypothetical displacement while maintaining constant force
levels and taking into account all existing restrictions. The same idea can be used to a
deformable continuous body, which is supposed to be a group of material particles subject
to boundary conditions and with a continuous displacement field existing in the range of
infinitesimal deformation. As a result, the total work done on the body is the sum of all the
works done on its constituent particles. There are two sorts of this work: internal work
resulting from the material structure itself, and external work caused by the applied loads.
During the infinitesimal deformation, the applied loads stay constant, but the displacements
caused by the external forces dictate the internal forces, which are determined by
compatibility and constitutive relations. The algebraic total of internal and exterior work is
zero, according to the virtual work principle. Operator § represents the infinitesimal virtual
displacement using the variational formulation. The following beam formulation problem
provides a simplified explanation of the idea of virtual work using variational formulation

for a continuous media.

Virtual work theorem can be expressed as dWiternat + OWexternar = 0 where
SWexternar 18 the work done by an external load on the system or body under consideration.
It is also known as potential energy of the body stored in. The strain energy which is stored
in the body due to straining is denoted as SWy, ternai- NOW according to the Principle of
Stationary Total Potential (PSTP) total energy will remain constant under the action of

external forces which is stated or represented as follows.

Il = (U + Vp) = Constant
=80 =8U+Vp)=0 (3.21)
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Here II represents total energy, U represents strain energy and Vp represents potential
energy. To discuss in detail the virtual work theorem let us consider a beam with arbitrary

boundary conditions and loading as shown in Fig. 3.6 below.

F
g(x) ‘
wy (@) =0 \ f#‘ "¢$¢1 #1 V‘
w,(0)=0 —— — e — _t‘:“ P
X% g )
- -
z 1wy ¥

Fig. 3.6: Beam with arbitrary load and Boundary conditions *>*

Assuming one dimensional beam problem corresponding to EBBT, the internal strain

energy and external work potential of the system can be written as:

1
U= —fff OxxExx AV (3.22)
200y

L
= —U (qw+fu)dx+Fw+Pul (3.23)
0

Using equation 3.21 we get

611=5U+5V=0:>maxx5%d1/—[
14

© oy 1~

(q5w+f§u)dx+F5w+P5u}:O (3.24)

The first term of Eq. 3.24 can be simplified for a rectangular cross-section beam of

constant width ‘b’ as:

S Ly
O S

| O'M5gxdidx—[ (qgow+ fSu)dx + FSw+ Pc‘)‘u} -0 (3.25)
A

Substituting for €,,and using Eq. 3.6 of EBB theory we get:

t dou d25w ¢
H ( e jdAdx—H(q§W+f5u)dx+F5w+P§u}:0 (3.26)

From Eq. 3.8 & 3.9
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L 2
[l ~. dOU g, 40N s f6u dx— FSw—Péu=0 (3.27)
0 dx dx

After rearranging the terms in accordance with the displacement variables, the above
equation can be further reduced using integration by parts, leaving the following governing

equations and boundary conditions for the Euler Bernoulli beam:

Governing Equations: for 0<x<L

a) for du:
dN
- dxx =f (3.28)
b) for dw:
d’M,
- o -q=0 (3.29)

Boundary conditions: at x=0 or x=L

Essential or kinematic boundary Natural or force boundary
conditions conditions
u prescribed Nx=P
or
aw .
— prescribed My=0
w prescribed Vixy=F

The above Eq. 3.28 & 3.29 can be substituted for Nx & My using Eq. 3.10 to obtain:

d du
_dx_(EA_dx]:f (3.30)

d’ d*w
dx (_EI dx’ ]_q -0 e

The conventional equation for beam bending that is used in foundational engineering
classes is Eq. 3.31. As a result, we have seen that the virtual work method is a helpful tool

for determining the governing equations and required boundary conditions. The
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aforementioned formulas pertain to an isotropic substance possessing consistent physical
characteristics. It is recognized that because this method starts with the most basic
equilibrium equations, it will be useful in determining the beam equations for more
complex scenarios such as material orthotropy or anisotropy, thermal gradients along length
or height, simultaneous mechanical and thermal loading, variable cross sections, etc. The
next chapter applies the virtual work concept to obtain the governing equations for a
functionally graded material beam subjected to arbitrary boundary conditions. Presenting a
description of the anisotropic behaviour and appropriate modelling of FGMs is relevant a

priori in order to build a beam equation for FGMs.

3.5 Functional Gradation of Material

When an object is imposed with some loading subjected to a boundary condition the
stresses induced in it greatly governed by the structural properties of the material of that
object. So, discussion om material properties in detail are very much essential. Now
material is of two types in broadest sense. One is natural material and other one is
customized material. Most widely used customized material is composite material. Further
composite materials are of two types. Fibrous composite material and particulate composite

material.

Fibrous composite materials are made of various types of fibres bonded together by
a matrix material. Whereas in particulate composite material the reinforcing material is
particle of various materials. The particles here also bound by a matrix material also.
Common examples of particulate composite material are Metal matrix Composite (MMC),
Functionally Graded Material (FGM) etc. In the present work Functionally Graded
Materials have been considered. So, a detailed discussion would be taken place on

functionally graded material.

A functionally graded material is modelled by gradation of particles of various
materials as per a pre-defined function. This process of functional gradation is mainly done

by two ways- (i) by Rule of Mixture and by (i1) By Mori-Tanaka rule.

Rule of Mixture can be presented as follows:

P(z)=RV,+BV,=R(1-V,)+ BV, (3.30)
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Where, volume fraction of the first particle is represented by Vi and the second
particle volume fraction is represented by V> which is equal to (1-V1). P; are any material

property of the constituent materials or particles.

Particularly appropriate examples for the Mori-Tanaka technique are those with a
well-defined continuous matrix and a discontinuous particulate phase. The bulk modulus,

B, and the shear modulus, G, are related using this method:

B-B _ v,
B, - B, 1+(1_V2)£2+_§];1
G-G v, (3.31)
G,~G, 1+(1-1,) & |

G1(9B1+8G,)

Once the values of B and G are calculated, they can be used to find
6(B;+2G;)

where f; =

Young’s modulus and Poisson’s ratio as below:

B
g=2BC (3.32a)
3B+G
L, 3B-2G
2(3B+G) (3.32b)

The effective thermal conductivity, K and coefficient of thermal expansion, a are

given by:
K-K, v,
K2 _K1 1_'_(1_[/2) K§1—<IK1 (3.3321)
1 1
a—a, A_A]
= (3.33b)

e T,
2 1

As previously stated, the aforementioned criterion ignores the specific phase
interactions involved at the microstructural level in favour of bulk features. The effective
qualities of FGMs fluctuate in the gradation direction because the volume fraction of each
phase varies progressively in that direction. It is possible to suppose that the volume

fraction will initially fluctuate continuously over the thickness in accordance with one of
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three distributions: power law (P-FGM), sigmoid law (S-FGM), or exponential law (E-
FGM).

According to power law the volume fraction is given by:

P(z)= RV +PRV,=FR(1-V,)+ BV,

1Y (3.34)
V,(2) Z(%jj

where £ is the exponent of variation.

When a single power law function is applied in some circumstances (such as multi-
layered composites), stress concentration occurs close to an interface where the material is
continuous but changes quickly. In these situations, the volume fraction corresponding to
two power law functions make the distribution of stress smooth. This kind of composition

is known as the sigmoid function (S-FGM), and it is described as follows:

V(Z):l 1+£ ﬂfor(_ﬁgzgo)
2 > 7 >
(3.35)
1] 22" <z<h
KL(Z)—I—E 1—7 fOl"(O_Z_j)
The rule of mixture is defined for S-FGM as:
P(z)= BV, + BV, =R (1-V,)+ BV, for (-4 <z<0)
3.36
P(z)=RBV,+PV, =R (1-V,)+ BV, for(0<z<4) (3.36)

Another rule of mixture is there which is often preferred by many researchers and
engineers due to its simplicity in formulation. This is known as exponential law of material

gradation and is expressed as follows.

P(z) = CeD(H%)
C=P, (3.37)
D= lln i

h \P) |
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Above mentioned three laws of material gradation have been presented graphically

in figures 3.7a, b, c below.

Fig. 3.7 (a)

z/h
(]

-0.25
A

0 0.2 0.4 0.6 0.8 1

0.25 —

z/h
[«
|

-0.25 —

-85 ' 5 (2) ‘

Fig. 3.7 (c)

Fig. 3.7: Various profiles for phase distribution a) P-FGM, b) S-FGM, c) E-FGM 44!
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3.6 B-Spline Collocation Technique
3.6.1 B-spline basis function

The term Spline is originated from a flexible tool used by draftsmen and shipbuilders
to draw curves via predetermined places known as knots in a way that makes the curve and
its derivatives continuous even at the joints. The concept of spline was originally developed
in the 17th century during the building of boats and ships. The lengthy curves on a boat
were inscribed on wood using a thin, flexible steel or wood strip that was initially known
as a spline. On a level surface, the spline is bent and secured in place by several hooked
metal weights known as "ducks". This fact has been depicted in figure 3.8 below. The
uniform stress distribution across the ducks contributes to the smoothness, which reduces
the drag of the vessel in the water. The plotting of spline curves has been replaced by tools
like "French curves," however ship prototypes still employ this method.

——

| 194

Figure 3.8: Hooked weights, called “ducks,” accurately secure a spline — here, no more than a thin

strip of balsa — for tracing the hull of a sailing vessel. Source: Edson International %!

Mathematically, higher degree polynomials that may be continuous over the domain
and their derivatives are required if we have to trace a smooth curve. Higher degree
polynomial expression handling, however, is costly and time-consuming. Thus, piece-wise
polynomials were conceptualized. This indicates that many polynomials (of smaller degree)
formed over sub-domains can approximate the function rather than utilizing a single
polynomial for the full domain. We refer to these polynomials as piece-wise polynomials.
The piece-wise polynomials have to be differentiable to some extent and sufficiently

smooth at the connecting points. Spline curves have both of these characteristics.
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B-splines are the most flexible and smooth among all the spline curve types, including
cubic splines, Bezier curves, and B-splines. As a result, they work well as piece-wise
polynomials in curve fitting. A spline function with minimal support in terms of a certain
degree, smoothness, and domain partition is called a B-spline. The basis function of a B-
spline is its fundamental component. It's depicted in the parametric space "t." They rely on
a set of non-decreasing coordinates in parametric space known as a knot-vector and are

described in terms of the order or degree of the curve. Given the knot vector, it is:

T = [ty, ty, byee... . (3.38)

where, n+1 = no. of control points and ‘k’ is order of the polynomial spline. The b-spline

basis of ks’ order is defined recursively using the relation:

i ti+
N(i,k) = " N(i,k—l) +t ‘ N(i+l,k—l) (3.39)

i+k=1 " ti
In order to use the above relation, we need to define the smallest basis function i.e. of

first order:

L <t<ty, 340
"0, otherwise (3.40)
Using (n+1) control points BO, B1... Bn, a B-spline function is defined as:
B(t)=Y N, (1).B, (3.41)
i=0

Since the B-spline equation above is parametric in terms of "t," a mathematical curve
can be constructed by identifying the vertices' coordinates and using Ni,k as the basis or
weighting function for the polygon. Standard textbooks contain information on the features

of the B-spline basis; nonetheless, a few pertinent properties are briefly covered here.

The knot vector, T, the number of control points (n+1), and the order (k) of the b-
spline basis function determine the nature of B-spline functions. A Bezier curve will closely
resemble the final curve if the number of control points (polygon vertices) is equal to the
order of the basis. On the other hand, the curve breaks out into several parts known as spans
when the number of control points increases, providing the curve more local control and
flexibility. Various B-splines with different Besis Functions have been shown in figure 3.9

below.
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Figure 3.9(a-f) B-spline basis functions: open uniform and non-uniform type with various order

and knot vectors [110]

Various Knot Vectors and Order Values corresponding to the above figures have been

mentioned below.

a) | k=2 [0012344] [0 0 0.25 05 0.75 1 1]
Open-uniform | b) | k=3 | [0001234555] |or | [0 0 00204 06. 0811 1]
¢ | k=4 | [0000123333] [0 000 0333 0667 1 11]
d) [ k=3 [000134555] [0000206 08111]
Open-non- = I 0 000113333] [0 000 0333033311 1]
uniform or i i
P [ k=3] [00011333] [0 0 0 0.333 0.333 1 11]
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A careful knot vector selection is always required because the knot vector has an
impact on the final B-spline curve. Knot vectors can be classified as either periodic or open,
with each type having a uniform and non-uniform variation. Only open uniform and open
non-uniform knot vectors are taken into consideration in this study. An open uniform knot
vector has many "k" knots at both ends and uniform spacing between them; non-uniform
knots can have many knots in between in addition to the ends or inconsistent spacing. As
may be seen in figure 3.9(a-f), non-uniform knot vectors result in poorer curve continuity.
When plotting Figure 3.9f, the existence of several knots results in a discontinuity. For
example, in Figure 3.9, each segment/span is represented by four spline functions. These
basic functions are combined using the vertex coordinate through equation 4, and the
number of polynomials is equal to the order of the spline. Equation 4 gives a B-spline curve
of order k (polynomial of degree k-1) with continuous derivatives of order 1, 2, 3,..., k-2
over the whole curve [112]. The number of smoothness criteria between the segments at
the interface will be given by: Suppose two 4th order B-spline curves are meeting at an
interface (a knot). The 4th order curve is a 3rd degree polynomial. This example will help

us grasp the continuity property of B-splines.

1 C’ B(1);=B(1)+1

2 C! B’(1);=B’(1)j+1

3 c B"(t);=B"(t);+
k-1 cr? B¥(1);=B" ()41

As a result, a 4th order (3rd degree) curve will have three smoothness requirements
and be C, continuous throughout. For an open uniform knot vector, the aforementioned
condition is true. The continuity of the B-spline curve, on the other hand, diminishes at
interfaces if the knot vector is non-uniform and there are numerous knots; this is
represented by C¥*!, where "s" is the number of knots at the interface. As a result, the

number of smoothness criteria increases to k-s.
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The resulting B-spline is divided into pieces or segments by the knot vector, or spline
curve, which takes the shape of spans or segments when the number of control points
exceeds the spline order. The number of spans in the knot vector equals the number of curve
segments. Furthermore, the order, k, is equal to the number of non-zero basis functions in
a given span. For example, if the spline has four orders and six control points, its three
segments will match the knot vector [0 000 12 3 3 3 3], or 0-1, 1-2, and 2-3. Four explicit
non-zero basis functions (polynomials) will correspond to each span, and only four control
points will contribute to the curve formation for that span (and the other spans as well).
With the help of matrix representation, this system is readily understood. Equation 3.41 can

be expressed as follows:

B(1)=[B,][N] (3.42)

where [N] is a square matrix of order equal to number of control points, and [Bi] is
the coordinate vector. For the 4th order b-spline considered above, the matrix [N] using

equation 3.39 and 3.40 will be:

(1-¢) 0 0

(3t—4.5t2 +1.75t3)
(1.5¢ -0.91677")

0.25(2-1) 0

(4.5: — 37 +0.5833¢° —1.5)

0.1667 (1-1)’

(3.43)

0.667¢ (2.25/ —0.58331 —2.25¢ + 0.75) (15.75t -6.75¢* +0.9167¢ -1 1.25)
0 0.25(t -1y’ (-23.25¢+11.25¢ ~1.75¢" +15.75)
i 0 0 (1-2) ]

It is evident from the above that B1B2B3B4 will impact the first span while the other
two points will not affect the first span; similarly, the other spans use B2B3B4Bs and

B3B4BsBg accordingly, if [Bi]=[B1B2B3B4BsBs¢] to have a knot vector [0 000 12 3 3 3].

Figure 3.9 makes clear how flexible the B-spline basis is. However, the following
conditions [112] can be used to regulate the flexibility of the resulting B-spline curve using

these basis functions in equation 3:
a) By changing basis function types and knot vector types
b) By changing basis function’s order

c) By changing positioning of the control polygon vertices
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d) By using multiple vertices polygon

B-splines curves made of various knot vector combinations and convex hull vertices
combinations are displayed in Figure 3.10. A fourth order B-spline curve with six control
points and no coinciding knots in the knot vector is shown in Figure 3.10a [Open uniform
knot vector [0 00 0 1 2 3 3 3 3], and unique vertices.] Given that the knot vector has three
spans, the B-spline curve has three segments, which are, respectively, BiB2B3B4, B2B3B4Bs
and B3B4BsBs. The effect of a coincident knot in the knot vector is depicted in Figure 3.10b
[b) non-uniform knot vector with multiple coincident knots [0000 1 1 2 2 2 2]. Since there are
still six vertices (control points) in the knot vector, there are only two spans in the curve—
the intermediate span being a zero-span because of knot multiplicity. When the knot vector
is uniform but there is a multiple vertex (coincidence control point) at B3, the resulting
curve is displayed in Figure 3.10c [c) Two coincident vertex points at Bs & open uniform knot
vector [00001234444]. The curve is obviously drawn in the direction of the coinciding
vertex. The fact that only the middle part of curve 3.10c is impacted, with the other
segments remaining unaffected, is another significant characteristic of the B-spline curve.
The combined effect of many coincident vertices and knot multiplicity is evident in figure
3.10d [d) Multiple knots as well as multiple vertex (at B3) [00001 12 3 3 3 3], leading to a Co
continuity at B3. However, adding a new vertex must result in an increase in the number of
knots in the knot vector; in other words, if a coincident vertex is considered to be added,

then the knot vector must contain numerous knots, and vice versa.
3.6.2 Collocation technique

The numeric solution of an initial or boundary value problem that is a linear
combination of coordinate function with linear coefficients can be obtained through the
development of a collocation approach. At a limited number of locations known as
collocation points, it entails satisfying a differential equation to a certain degree of
tolerance. Therefore, the collocation approach relies on assessing a differential equation's
accuracy at a limited number of collocation locations. Examine the following differential
equation:

0,y")=0
f(xy) (3.44)
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Figure 3.10(a-d): B-spline curves with various control (1]

By mentioning boundary conditions as y(a) = y; and y(b) = y,, indicates domain
of the problem is [a, b]. This approach starts with the assumption of an approximation
polynomial (or a trial solution). Typically, this method starts with a suitable selection of
fundamental functions {¢,, ¢, ¢Ps,...,P,} joined together in a generalized form as
follows: Y = Yi*; C;¢p;. The boundary conditions must be met by this approximation
solution, but extra equations are needed to get the unknown coefficients, Ci. Therefore, it
is necessary to determine a collection of collocation points in the domain [a, b] so that the
differential equation can be satisfied by the approximation polynomial Y. Therefore, the
approximation needs to meet both the boundary conditions and the differential equation at
the nodes (collocation sites). Since "n" is a quality parameter in this case, an increase in its

value must result in an increase in accuracy and a decrease in error.

Depending on the nature of the problem, several fundamental functions (¢i) may be
chosen. A wise choice of these functions could aid in a speedy convergence of the solution.
Choosing the right collocation points is another crucial step in achieving quick

convergence. Therefore, this technique's primary benefit is its simplicity, which results in
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a low computational cost. However, this technique's application is limited to a relatively

confined area due to its low level of precision.

Using piecewise polynomials can significantly improve the technique's accuracy, and
B-splines provide an excellent workaround. Many technical difficulties have been solved
recently thanks to the combination of B-splines' flexibility and smoothness and
collocation's inexpensive cost. The main benefit of the B-spline basis is its smoothness
(being differentiable) and extremely high degree of continuity at the interfaces, even though
they are piecewise polynomials. The B-spline collocation method is briefly described in the

following paragraphs.
3.6.3 B-Spline Collocation method

From the above discussion it is quite evident that to solve any differential equation
through any approximate solution method like collocation method a piece wise polynomial
is essential as an approximate function and B-spline is a very good polynomial as an
approximate solution. To make a B-spline function very useful for any approximate
solution, it is required to evaluate properly the B-spline curve's order, the type of knot
vector, and the number of control points that result from these factors. In order for the B-
spline curve to be differentiated when substituted, if the order of the differential equation
is known, it must be greater. For example, if the differential equation is of second order, the
order of the B-spline curve must be three (2nd degree polynomial) or more. In order to
provide enough resolution to approximate the problem's solution, choosing the right knot
vector is also crucial. The number of B-spline curve segments in the problem domain is
determined by the number of spans in the knot vector; each segment is made up of a
compilation of k basis functions. The number of control points in the B-spline function
equals the number of coefficients needed for the approximation function. The total number
of coefficients will be k.1 if the knot vector with 1 intervals is used to generate the kth order

B-spline.

The number of smoothness criteria at the knots is (k-s) and hence depends on the
multiplicity "s" since the continuity at the knots at the interfaces of segments (internal
knots) equals C**!. Let i represent the coordinate vector's dimension or the number of
control points. At each internal knot, let 91 represent the number of smoothness conditions,
which is equal to (k-s). Therefore, the number of coefficients of piecewise polynomials of

degree "1," which is equivalent to the number of control points, can be written as follows:
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N=k->3 (3.45)
If the knot vector is open uniform type, then the number of smoothness condition at
each internal knot is equal to (k-1); for 1 spans there are 1-1 internal knots, hence the number

of control points reduces to:

N=kl-(-1)k-1)=Il+k-1 (3.46)
This leads to Jt unknowns that are to be determined for which an equal number of
equations are required. If there are ‘m’ boundary conditions, which provide ‘m’
simultaneous equations; the number of equations still required will amount to 9t-m. These

equations will be obtained from collocation points. Hence the number of collocation points

required is equal to Jt-m.

Numerous collocation schemes are employed based on the collocation points chosen;
the most well-known ones are the Greville, orthogonal, and nodal collocation schemes
[135]. Whereas the points for orthogonal collocation are determined using the Gaussian-
Legendre quadrature approach, often known as Gauss points, the nodes or collocation
points for nodal collocation coincide with the intermediate knot points. The order of the
differential equation, the continuity of the curve, and the order of the B-spline basis are
used to determine how many Gauss points are needed for each interval. For a 1-, 2-, or 3-

point orthogonal collocation, the corresponding Gauss points in the normalized domain -
1, 1] are [0], [i %] and [0, + \El Collocation points are determined using the Greville

abscissa method based on a knot vector, T = [to, t1, t2...... , ta+k+1], as follows:

1
xp = =+ Ly + o+ L) (3.47)
where (=0, 1... g-n), g is the total number of knots in knot vector.

As Greville abscissa collocation is straightforward and maintains accuracy, it is used in this
work for all approximations. To further streamline the process, we can assume (generally)
that to = 0 and ta++1 = L in order to combine the parametric and real spaces. As a result, we
can assume t = x [135] or that the parametric and domain variables coincide. The B-spline
collocation can be summarized by taking the subsequent actions to get the approximate

solutions:

a) A suitable knot vector and order of B-spline must be assumed
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b)

d)

g)

h)

)

k)
)
ii)

The basic functions using equations 1&2 are then calculated

By using Greville abscissa, the abscissa coordinates of the control points are

calculated

Using equation 4 the b-spline curve equations and their derivatives can be

calculated

The equations obtained in step d can be substituted in the governing differential

equation

Substituting the equations of step e in the boundary conditions will provide

necessary equations for solution

The collocation points obtained in step ¢ may be substituted in the differential

equation to get the remaining equations

The simultaneous equations obtained may be solved to obtain the ordinate

coordinates of the control points

These ordinate coordinates can be substituted in equation 3 to obtain the required

approximate solution

The percentage error and RMS error may be calculated so as to quantify the

approximations for desired accuracy
If the error is not within permissible limits then two approaches may be adopted:
increase the number of spans in the knot vector

increase the order of the b-spline basis function

To execute above sequence of jobs of B-spline collocation method, a MATLAB code

has been developed along with few subroutines. The above method has been applied to

solve a fourth order isotropic beam problem in the following paragraphs. To ensure a

precise match, the findings are compared with existing literature.

3.6.4 Case Studies on Isotropic Beam Problem, 4th order differential equation

An isotropic rectangular cross-section beam is considered for analysis. Its governing

equation is a one dimensional fourth order boundary value problem [144] given by:
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d*w
— = 3.48
El——+q=0 (3.48)

n._n

where "q" is a mechanical load with known boundary conditions, "w" is the beam's
transverse deflection, and "EI" is the beam's flexural resistance. The beam's boundary

condition as follows could be taken into consideration:

Table-3.2: Various Beam Boundary Conditions

SL
No Type of b.O}mdary Corresponding conditions
condition
ow o’w o’w
a) | Clamped-Free (C-F Hw(0)=0,(E)—(0)=0,(iii)—-(L)=0,(iv)—(L)=0
) p (C-F) (H)w(0) =0, (i) ax( ) =0, (i) e (L)=0,Gv) e (L)
Clamped-Simply . Caow, o Ow . B
b) supported (C-S) (@mw(0) =0, (11)5(0) =0, (zzz)y(L),(zv)w(L)—O
ey | Champed-Clamped (C- 1 30) ~0,i) 22 (0) = 0,Gi) 22 (L) = 0.(mw(1) =0
Simply supported- . _O*w 0*w ‘
d) | Simply supported (S-S) | OW(0)=0, (zz)y(O) =0, (’”)y(L) =0,@)w(L)=0

3.6.4.1 Case study 1: Isotropic beam subjected to only mechanical load

To solve Equation 13 numerically, an analysis is conducted on a rectangular beam
with homogeneous dimensions along the span. Its width is believed to be unity, its height
to be 0.125 meters, and its length to be 0.5 meters. Assume that the beam is made of steel
with a Young's modulus of 210 GPa. A uniformly distributed load of 10kN/m is applied to
the beam. An approximation polynomial of sixth order B-spline basis function is used to
solve Equation (13). To keep things simple, the knot vector is chosen to have a single span,
which is provided by:. According to Equation 8, if | is the number of span, then I+k-1 is the
number of control points. Because there are four boundary conditions in this scenario, Jt =

6, and we thus require two collocation points.

In order to numerically solve Equation 3.48, a rectangular beam of uniform
dimensions throughout the span is considered for analysis. Its length is assumed to be 0.5m,
its height is 0.125m and width is assumed to be unity. Let the material of the beam be steel
whose Young’s modulus is taken as 210GPa. The beam is loaded with a uniformly
distributed load of 10kN/m. In order to solve Equation (3.48) a sixth order B-spline basis

function is considered as approximating polynomial. For simplicity the knot vector is
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selected so as to have a single span of knot vector givenby: T=[000000111111].
From Equation 3.45, if the number of spans is 1, then the number of control points is 1+k-

1. Hence in this case 9t = 6, and since we have four boundary conditions, we need two

collocation points.

A mathematical code is used to solve the governing Equation (3.48) using the
boundary conditions listed in Table 3.2, which correspond to different end circumstances.
The results are presented in Figure 3.11 (a-d). Subsequently, the outcomes are confirmed
using the reference results found in the literature [112, 138]. Table 3.3 displays the
deflections under mechanical load for various end circumstances, along with a comparison

of the obtained results with conventional findings in the literature.
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Figure 3.11 Deflection of beam (I/h=4) using B-spline collocation and its validation a) C-F, b) S-S, c) C-S,
d) c-c 8l
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A noteworthy finding in figure 3.11 above is that the Timoshenko and Euler

deflections differ significantly at smaller aspect ratios (I’h=4). The disparity between the

two plots must get less as the aspect ratio is increased. Figure 3.12 confirms the same.

The foregoing figures and Table 3.3 make it evident that the B-spline collocation

technique can be highly successful in providing high-accuracy approximation solutions (the

difference between the produced and standard results varies in the range of 10-13 RMS

error %). This technique's degree of accuracy suggests that it can also manage intricate

loadings and non-linearities, particularly for beams and plates.

Table-3.3: Error analysis of B-spline collocation for beam sunder purely mechanical load

Order of .
No. of internal
. e Type of beam RMS Error %
End Condition B-spline knots
Euler-Bernoulli 6 0 5.27x10%3
C-F Timoshenko 6 0 1.50x1012
Euler-Bernoulli 6 0 9.23x10%
S-S Timoshenko 6 0 2.55x10°%
Euler-Bernoulli 6 0 4.45x10713
C-8 Timoshenko 6 0 4.07x10713
Euler-Bernoulli 6 0 4.78x1013
C-C Timoshenko 6 0 3.63x10™13
x1073 x107%
0 )
L S 1/h=40 A —&— Timoshenko Beam 1/h=40
5 5 -©- Euler Beam
Eor E T
c -10 c -18
o (=]
o0 T
9 15— & 15—
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220 — —-©- Euler Beam 220 —
L 3 L b -
_25).|.|.|. _25).|.|.|.|.
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Length of beam (m)
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Figure 3.12 Comparison of Euler and Timoshenko deflection using B-spline collocation and its

validation a) C-F, b) S-S, ¢) C-S, d) C-C 138!

Since the current method is parametric, studies may also be conducted over a range
of beam length values. Therefore, by lengthening the beam to 5 meters, the aspect ratio ('h
ratio) of the beam is increased to 40. The resulting deformation of the beam under the load
of 10 kN/m is displayed in Figure 3.12. Shear deformation's effect is noticeable when
1/h<10 and disappears when aspect ratio increases. Figure 3.12 (a-d) provides verification
of the same outcome. Therefore, the parametric representation of the B-splines aids in
obtaining additional understanding of the issue at hand. The following part examines the

computational analysis of beams that are exposed to thermo-mechanical loading.
3.6.4.2 Isotropic beam subjected to only thermo-mechanical load

This section examines the scenario where a thermal load is applied to the beam. To
verify the findings, an issue from [138] is used. An evenly distributed load of intensity "q"
is applied to a propped beam, which is clamped at the left end and simply supported at the
right. Additionally, a linear temperature distribution provided by: is applied to the beam.

z 1
T=Tb+(Tt_Tb)[E+§]

where Tb and Tt are temperature of bottom and top surface respectively which is

(3.49)

defined initially and ‘h’ is height of beam cross-section.

It is noted that the boundary conditions are altered yet the governing differential
equation stays the same even with the thermal load included. The moment distribution

along the length of the beam is notably altered by the thermal load. By combining the
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mechanical and thermal moments in Table 3.2's end conditions, the boundary condition for

this problem can be found.

Table-3.4: Modifications on boundary conditions for thermos-mechanical loads

Sl. Type of boundary . .
No. condition Corresponding conditions
. oW L OW 0w

a) | Clamped-Free (C-F) (Hw(0)=0, (zz)a(O) =0, (7ii) P (L) +T e =0, (zv)ﬁ(L) =0
Clamped-Simply ) N NGR .

b) supported (C-S) (Hw(0)=0, (ZZ)E(O) =0, (lll)@(L) +7 o =0, (lv)w(L) =0
Clamped-Clamped ) L Oow .0 .

0) (H)w(0)=0,(i))—(0) =0, (lll)—W(L) =0,(v)w(L)=0
(c-c) ox ox
Simpl ted-Simpl o’ o’

g) | >mPly supported-Simply (i)w(O)=0,(ii)8—zv(o)+Tmmm =o,(iii)a—2v(L)+T =0,(iv)w(L)=0

X X

moment

supported (S-S)

Table-3.5: Variation of temperatures in beam

Temperature (°C)

Case Top Bottom

Ambient Temp.
Surface Surface P

Casela 31 33 30
Caselb 31 35 30
Caselc 31 37 30
Case2a 33 31 30
Case2b 35 31 30
Case2c 37 31 30

The behavior of this type of beam is examined under thermomechanical loads, and
Equation (3.48) is resolved by substituting the boundary conditions found in Table 3.4 and
employing the B-spline collocation method. The thermal load—that is, the variations in the
temperatures of the top and bottom surfaces—is maintained at a constant 10 kN/m. We've
looked at two different kinds of boundary conditions: i) Clamped-Free and ii) Clamped-
Simply supported. Because of the sliding/free end constraint, the impact of internal forces
resulting from temperature rise is minimal in both scenarios. For the sake of conciseness,

the change in characteristics with temperature is also not taken into account. Three different
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forms of thermal loading have been taken into consideration, as listed in Table 3.5, in order

to track changes in deflection as the temperature gradient in the beam progressively grows.

For steel, the coefficient of thermal expansion (o) has been determined to be 24x10-6/0C.

The remaining information and process are the same as in the purely mechanical load

example from earlier. Following a comparison of the results with those in [129], an exact

match is established, as illustrated in Figure 3.13. On purpose, the mechanical and thermal

moments are kept in opposition to one another. Because of this, the beam's deflection

changes dramatically as the temperature gradient increases. Thus, Figure 3.13(a—b) clearly

illustrates how heat load has an impact on beam behavior.
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Figure 3.13: Deflection under thermo-mechanical load a) C-F b) C-S 138

Table-3.6: Error analysis of B-spline collocation for beam under thermo- mechanical load

End
Condition

C-F

C-S

Type of
beam

Timoshenko

Timoshenko

Case

Case la
Case 1b
Case 1c
Case 2a
Case 2b
Case 2c

Order of No. of internal
B-spline knots
6 0
0
6 0
6 0
6 0
6 0

RMS Error
%

5.22x10*
1.28x1073
1.55x107
1.21x10*
3.45x10*
5.82x10°¢
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3.7 Closure

This chapter has covered a variety of beam model types and their formulations.
Additionally, a summary of functionally graded material modelling has been included. The
idea of the B-splines collocation approach is then investigated in order to get an
approximate numerical solution of differential equations of different orders that are
pertinent to structural issues. The accuracy of the method is then established by verifying
the relevant results with existing literature. Using this technique, a great degree of precision

has been found by numerically solving a few case studies of structural analysis issues.
The following conclusions can be summarized:

» The piece-wise closed form solution can be obtained quickly and with little
computational cost using the B-spline collocation method.

» The methodology has a high degree of accuracy and may be used to complex
scenarios as well.

» B-splines' parametric character makes it easy to investigate the given problem
for a variety of dimensions.

» It can be deduced from the structural problems addressed that this technique
can also be efficiently used to study the effect of geometric and material non-

linearities.
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Chapter 4: Unified Higher Order Formulation under
Mechanical load

4.1 Introduction

Since the mid-1980s, with the advent of Functionally Graded Materials (FGMs), we
have been witnessing a new era in the field of material technology. FGMs belong to a class
of advanced materials that have continuous variation in properties along a desired direction
and in a desired fashion. Compositions (volume of constituents) and hence the properties
gradually change over the volume of such materials, resulting in a corresponding change
in the properties of the material that is different from either of the parent materials.
Functionally graded materials eliminate the sharp interfaces existing in composite materials
and structures, where failure is usually initiated. Due to their customized behavior, FGMs
may have very wide applications. If their manufacturing cost is reduced by improving the
processes, then it may revolutionize the design process as a whole. A thorough overview of
FGMs, their manufacturing techniques, modeling and design, and applications can be found
in [1-10]. In [11] and [12], an exhaustive review of the modeling and analysis of
functionally graded materials and their applications has been reported under mechanical as

well as thermos mechanical loading.

Although considerable research on functionally graded materials has been reported
since their conceptualization, most of the work in the area of functionally graded structures
(beams and plates) has been done only in the last two decades. Analysis of a beam structure
is based on few well-known theories. Most primitive theory among these is Euler-Bernoulli
(Classical beam theory, CBT) beam theory. Then it was modified by Timoshenko and it is
known as First Order Shear Deformation Theory (FSDT). There was another modification
done by Levinson termed as Second Order Shear Deformation Theory (SSDT) after that
many modifications have been done by many scientists. In the present work the analysis of
the FGM beam is based on Reddy-Bickford derived Higher Order Shear Deformation
Theory (HSDT) theory which is a Third Order Shear Deformation Theory (TSDT) to have
a clear picture of the developments. Conventionally, CBT is suitable for slender beams with
large values of aspect ratio, and as such, the effect of transverse shear deformation can be
ignored. In FSDT, a constant state of transverse shear strain with respect to thickness is
assumed; however, this theory requires a shear correction factor to accommodate for

vanishing shear stresses at the top and bottom fibers of the beam. It has been established
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that this theory gives satisfactory results for small aspect ratios as well. Second-order shear
deformation theory is rarely adopted, and theories higher than third-order shear
deformation theory are rarely used because, compared to the efforts required, the accuracy
gained is difficult to justify. The third-order beam theory, also known as higher-order beam
theory, adopts a displacement field such that it develops a parabolic shear strain across any
cross-section, requiring no shear correction factor. Later, new theories like Carrera Unified
Formulation (CUF) have also emerged to generalize the theories to a wider spectrum. The
same concept has been adopted and reported by many researchers in the case of FG beams

as well, and a categorical description is put forth in the successive paragraphs.

4.2 Higer Order beam formulation with given functional gradation

In the present work a beam has been considered which is made of a functionally
graded material. Let us consider, the length of the beam is ‘L’ and it has a rectangular cross-
section of width ‘b’ and height ‘h’. It has been shown in figure 1 below. The x-axis is
oriented in the axial direction along the mid-plane of the unbent beam, and the positive z-

axis is directed upwards and perpendicular to the x-axis.

Let axial and transverse deflections of the beam be represented by ‘u’ and ‘w,
respectively, whereas angular or rotational deflection of the cross-section at the mid-plane
is represented by ‘¢’. To account for the variable values at mid plane a subscript of value
0 has been used in this work. Further, in the present work, ‘w’ and ‘y’ have been used to
denote or represent the transverse deflection and the shear deformation respectively which
are assumed to be functions of ‘x” and are uniform for a cross-section. In this work, higher
order beam theory is considered according to which the top and bottom surfaces of the
beam are free from shear traction. To arrive at such boundary condition, we assume the

following condition for shear deformation (y,) [33]:

472
Yz =1 — 5z Yo 4.1)
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Metalrich

Fig. 4.1. Diagram of a Functionally Graded Beam with co-ordinate system (138

For small deformations we can write [33]:

du Jw
= — 4+ — 4.2
YXZ aZ + ax ( )

Integrating both sides with respect to ‘z’, the expression for deformation ‘u’ is obtained as

472 ow
‘LL(X, Z) = f (1 - ?> Yo — a dz (43)
473 ow
u(x, Z) = uo(x) + (Z - W) Yo — Za (44)
473 d
u(x,z) = ug(x) + z¢py — 3—;2 (qbo + %) (4.5)

The above Eq. (4.5) is obtained by substituting, ¢, = Z—Z and yo = ¢ + Z—V:in Eq. (4.2).

. du .
Knowing that &, = 5, We can write:

ou 0 4z3 (0 9w
0 Po _ ( %o + ) = £, O + 26, D + 236, (4.6)

ox = gx V2% T3ne\ox T an?
Vxz = (1 - 4h—222> (¢0 + g—:) = ¥z + 2%y, @ (4.7)
where,
P -2
e
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=3 T e

To derive the governing equations of motion for an FG beam, Hamilton’s Principle is

applied as shown below.

SL=8U+K+V)=0 (4.8)

t L \
6U = f f f(axx&sxx + 7,,0Vy,) dAdxdt
0o Jo Ja

'

t oL
5K = fo fo fA p(2) (U + WwoW) dAdxdt (4.9)

t L
oV = —f f qéwdxdt
0 Jo /

Substituting the expressions for U, K and V in Eq. (4.8) and assuming,

N, = faxdi, M, = fzaxdi
A A

P, = fz3axdi, Q, = foZdA,
A A

R, = fZZTdeA and I, = fzkp(z)dA,
A A

We get the following governing equation
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t (L
f f (NySexy® + M8y + P8y ®) dxdt
0 Jo
t oL
+f f (Qx 65z + R 6Y,, @) dxdt (4.10)
0 Jo
t (L t oL
+f f]k((u5u+vi/6v'v))dxdt—f f qéwdxdt = 0
0 Jo 0 Jo

Integrating by parts and categorically separating the variables, the following

governing equations and boundary conditions are derived.

aali" = 10%+ Il*%— c113% (4.11)

S LA (412)

cq ZZXF;X + aa(ix +q=0¢l; % + ¢y l" % — ¢, %l aj:‘évtz + 1, a;t‘;v (4.13)
Boundary Conditions (at x =0 & at x = L)

N, — IO% -1 % + 15 <% + g;;) =0 (4.14)

M, -1, aauto — K, a;;" + c114*% =0 (4.15)

claai; + Qy — 115 662;0 cly” aazio + ¢, %l 6636\/:2 + IOZ—V: =0 (4.16)

To simplify the above equations, the following substitutions have also been incorporated:
Mx =M, — 1P, Qx = 0Qx — 2Ry,

I =

P = L=l Ky =1 = 2¢, + cflg

Substituting o, = E(2).&,, in expressions for Nx and M, and simplification thereafter,

we get
ou, L 00, 0w
N = Ey 0x +E dx ~ b3 0x? (+17)
_ E E:*\ 0¢, c,EfE5\ 02w
M,=—N,+ (4" —— ——( E*——)— 4.18
x EO"< Eo>ax B T TR T ) 9x2 (4.18)
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E; E{E3\ 0¢, c,E3?\ 02w
P =N (E - )—— Eo — — .
= x T | Ly E, ) ox C1Le E, ) ox? (4.19)

_ ow

0 = G3 (90 + 5 ) (4.20)

The following assumptions have been made for the simplification of the above equations.

E; = fsz(z)dA
A

G = jsz(z)dA
A

Eg = Es — c1Es42
A* = E, — 2c,E, + c2E,
G = Gy — 2¢,Gy + ¢,2G,
K*=1,—2c1, + c?I
Is =I5 — c1ls42
(Where, s =1,2,4)

The expression for Nx (Eq. 4.17) is used to eliminate uo to arrive at the following
expressions. Further, it is assumed that the resultant axial force will be zero (for statically
determinate cases), so by substituting Nx=0 in the above equations obtained after
eliminating u0, we arrive at final governing equations for an FG beam in the framework of

higher-order beam theory.

_0%¢, _ 03w ow\ __0%¢p, _ 03w
I v . oW\ _ I 421
axz  Cbigis G <¢°+ ax) 9tz 45y (421)
(0o 0w _ 03¢, _ 0*w
Go(a*%)*ﬁ(’%W‘cﬁsw ta
0 (I;0%¢p, cilz 03w 3¢,
_ . 9(h - 9" Po 4.22
U8 0x <10 otz " 1, oxatz) " V4 gxac? (4.22)
2*w 2%w

2
~Cileg g T g
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Where,

_ E;?
A =4 ——
Ey
Tx * E;E3
Es= (E“' ", )

1*2

Iy

T* * III3

Iy =14 — Io
g E3?
6 = Le ——/—

Ey

Li et al. [33] have also derived similar equations, but they have neglected the higher-
order terms considering E6 and 16. The derivation in their work has been approached using
the theory of elasticity approach, and hence the scope of incorporation of these (E6 and 16)
terms could not be made. Moreover, the boundary conditions are also affected. In the
present work, the derivation of the above governing equation is followed from the first
principles using Hamilton’s principle, which also enables us to derive the relevant
expressions for boundary conditions. The above formulation can be compared with that of

[33], and the above equations are reduced to the same equations by ignoring E6 and 16.

4.3 Unification of governing equations with a common parameter
A significant finding of [27, 33] is to reduce the above two equations into a single
governing equation by considering an independent parameter ‘F’ such that domain
variables i.e., w and @, are functions of ‘F’ such that it satisfies the governing equations.
In the present work, similar substitution is made after appropriate modification as below
and substituted in the governing equation to obtain a single expression for higher-order
beam theory, taking into account the higher order terms.
wop LOF KOF
Gg 0x? ~ G§ Ot?
OF ¢ E;03F ¢ I; 93F
P ="5x "6 o T Gr oxa?

(4.23A)

(4.23B)
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After substituting Eq. (4.23) to Eq. (4.21 and 4.22) the governing equation for FG

beams is simplified to:

z E?\ d'F , I? +10A* a'F Y azF+10i{*a4F (4.20)
27 F, ) oxt 270 ) TG (axae T 09 T Gy ot 1 '

It can be observed that the above equation is exactly similar to the equation derived
in reference [105] when the terms E6 and 16 are neglected. The above equation represents
the single governing equation for FG beams in the framework of higher order beam theory.
Once the parameter ‘F’ is calculated, the other dependent variables can be easily
determined, which can be used to calculate the stresses and strains in the beam for various
loading and boundary conditions. We may also calculate the shear forces and bending

moments caused by the external loads using the equations discussed in previous paragraphs.

Additionally, by substituting ¢; = 0 and c2 = 0 in the above equation, we arrive at
Timoshenko beam theory for FG beams [27], which can be further reduced to Rayleigh and
Euler beam theory by considering infinite shear modulus. To distinguish the current study
and work of Li [33] for higher order beam theory, the terms containing E6 are multiplied
with an arbitrary constant whose value is taken as zero or one; when it is zero, it suffices to

Li’s work, while its value is one it represents the present study.
Now, to find out expression for axial deflection we need use the following expression

N, = jo-xdi (4.25)
A

Where,
Oxx = E(2)€xx

Now, from equation (4.6) we can write

_6u0+ 0p, 4z3 6¢0+62W
o P T

B dx  0x?
Substituting above expression in equation (4.25) we get the expressions for u,

Exx» OxxCan be obtained in terms of w & @, as shown below

dug _ Ny E{0¢y ¢E30°w (4.26)
ox E, E, 0x E, 0x?
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Integrating both sides, assuming that the resultant axial force vanishes, and using the
boundary conditions, we can obtain the equation for u0, which can be further substituted in

Eq. (4.5) to obtain axial deformation, strains and stresses as below.

u:(z—clz3—E—*)¢0+c1(Z—z—z )(Z‘;V (4.27)

Exx = g—z = (Z 123 —ﬂ)% +c (gz z )?:TV: (4.28)
=D =B x |- -B) ra(B-2) 35 @)
HZQMﬁﬂm%Pgs@ow) (430)

Now if we substitute expression of ‘w’ and ‘¢’ in the equations (4.27) to (4.30) we
will get relation between field variables, i.e., axial deformation u (x, z), axial strain &,

axial stress oy,, and in-plain shear stress 7, in terms of parameter ‘F’.

In the Eq. (4.29) and Eq. (4.30), the modulus of elasticity follows a power law
distribution across the height of the beam, and Poisson’s ratio is assumed to be a constant.
The solution to the above problem is approached using the B-spline Collocation technique.
The variation of the modulus of elasticity is made according to the power law distribution

given by

E(z) = Ey + (E; — Ep) ( +0. 5) (4.31)
The subscript ‘B’ refers to the power law index whereas the subscripts ‘b’ and ‘t’
represent bottom and top fiber respectively. The variation of the modulus of elasticity for
various values of the power law index is plotted in Figure 2. The variation of the modulus
of rigidity will be similar to the elasticity modulus due to the assumption of constant
Poisson’s ratio. Modulus of rigidity is calculated from the relation:

E(2)

‘D= d+

(4.32)
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4.4 Exact Solution by successive integration and using boundary
conditions

In the preceding section governing equation of a FG Timoshenko beam for arbitrary
loading and boundary condition has been derived. It is a fourth order ordinary differential
equation in terms of an independent variable, F. In order to determine the domain variables
of the problem and subsequently the stresses in the beam, F is to be required to be
determined. For obtaining solution of the problem as above boundary conditions must be
specified initially. In the present work five types of boundary conditions are considered for
study and are mentioned in Table-1. The conventional beams like cantilever, simply
supported or clamped may be formed by suitable combinations of these boundary

conditions, for example:

a) Cantilever beam (C-F;)

b) Simply supported beam (S-S) or (S-Sst)

¢) Propped beam (C-S) or (C-Sst) or (C-Cst)
d) Fixed beam (C-C)

Table 4.1: Boundary Conditions with value of DOFs

i) Clamped (C) u=0 w=0 ¢=0

i)  Movable clamped (Cs.) N =0 w=0 ¢=0

iii)  Simply supported (.5) u=0 w=0 M, =0

iv)] Movable simply supported (Ssz) N, =0 w=0 M =0

v)  Free (F)) N, =0 M, =0 V_= dZY =0
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Integration of the governing equation of FG beam (Equation 4.24) after neglecting

the time derivative parts we get the following solution:

4 3 2
le;]* %+q%+c2%+qx+c4 (4.33)

11

where Cj (j=1,2,3,4) are constants to be determined from the end conditions and

. E’
D, = (E — F‘J . It is hence observed that the method follows the conventional integration
0

technique as the material gradient is varying only along the cross-section while remaining
constant along the beam axis. In the present study four combinations of boundary
conditions as defined above are considered as above to find the exact solution for a FG
Timoshenko beam. The beams are subjected to an external uniform mechanical pressure of
‘q” kN/m intensity throughout the span on its top surface. The resulting deformations and

stresses are then observed for a wide range of parameters as discussed below.

Various Boundary conditions
4.4.1 Clamped-Free (C-F;)

For a cantilever beam slope and deflection at the fixed end are zero while shear force
and bending moment at the free end are zero. Hence, we have the following end conditions

for a C-Fr beam-

w(0) = ¢(0) =0,My(l) = Ve, () =0 (4.34)

AT IS AR

Fig. 4.3: Cantilever FG Beam (C-F,) [*38]

Using Eq. 4.23A and B in Eq. 4.34 the boundary condition is converted into following form:

A d*F dF cE. d°F —  —nd’F - —nd’F
F-2 2| == —a 2 | oA +c¢E )—| =|(4+c¢E)—| =0
( G, dx’ jxo ( & G d’ 10 [( 14)dx2 ], [( 14)dx3 jl (4.35)
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The above conditions can be used to obtain four simultaneous linear equations in C;
(=1,2,3,4) which can be solved easily to obtain the coefficients and thereby the
independent variable, F. Once F is determined, the actual domain variables and stresses can

be easily obtained as shown below:

2.2 q q c
=D (x* =40 +60°x7 ) - Yo 11(x —~2Ix)+ o 1;4 xl (4.36)
E*
=4 | 43?3 = S
@ 6Dl( X X G xJ (4.37)
Bll B 2
- 20 (33 -3l +31
R An(x v +31°x) (4.38)
Bll B 2
- =4 _2u(y 3243
u A“¢ - A“(x x +30x) (4.39)
qE(z)|( By, 2 2
o =—| —+z|(x -2Ix+1 4.40
=0 [AH ( ) (440
S A2 T (R TR (4.41)
2D | 4,
A By
o, =—=(1-x)| [ zE(z)dz+=1L [ E(z)d: (4.42)
D —h/2 All —h/2

For isotropic beams D*=EIl, Kss5 = ksGA and stretching-bending coupling coefficient

B11=0, hence for isotropic materials the above equations are reduced to:

w= 9 (x“—4l)c3 +6sz2)—L(x2—21x)
24E]1 2k ,GA (4.43)
= %(x2 —21x+12)(z) = M]yz

The above can be easily verified from standard textbooks and relevant literature. In a

similar way we can write direct solutions corresponding to other end conditions also.

4.4.2 Clamped-Simply supported (C-S)
For a propped cantilever beam (C-S) slope and deflection at the fixed end are zero
while transverse deflection and bending moment at the roller end are zero. Similar to

procedure followed above and the given end conditions for a C-S beam we obtain:

w(0)=¢(0)=0,w(l)=M (1)=0 (4.44)
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Fig. 4.4: Propped FG Beam (C-S) 138

D d°F dr D" d’F L O'F
(F_K_ dx’ j :(Ej :(F_K_ dx’ ] :[D ox’ ] -0 (449
55 x=0 x=0 55 x=I x=[
Ewm—T (20 =508 4368 )+ —L (v~ 4 260+ 50x)- 22 (¥ 1) (4.46)
144D 2 55 55
o= E(z) B _, L*(4x212 —5xI° +l4)—L(x2 ~Ix) (4.47)
&\ 4, 24D 2K,

(o, = q_ (8x12_513)+%(2x—1)}{ j zE(z)dz—% JZ- E(Z)dZ} (4.48)

55 —h/2 11 —h/2

Where,
r D
S=—+—
3 K

If we neglect the effect of shear deformation in the above analysis for C-S beam hence the
corresponding beam will become Euler-Bernoulli beam (EBB). For such beams the value
of K55 will be infinite hence the value of £=12/3 which will simplify them to those for EB
beams. Further if the beam is assumed to be isotropic by substituting D*=EI, K55=ksGA
and B11=0 as in the previous case. It has been observed that the resulting equations for
isotropic beam with C-F boundary condition, then the resulting equations for transverse

deflection, axial and shear stress are exactly similar to that in standard books [Shames 152].
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4.4.3 Simply Supported-Simply Supported (S-S)
A similar analysis as above for S-S or S-SSL type boundary condition whose at least
one end is roller supported is discussed in this section. The boundary conditions associated

with such beam are:

w(0)=M (0)=0w(l)=M(1)=0 (4.50)

q
IREEEEEEEEEEREER!

Fig. 4.5: Simply Supported FG Beam (S-S) (3]

F—id :D*af B“N -M,| =0
K o ox~ A4, -

F D d°F =D*af B“N -M,| =0
K dx* - ox~ A, o

The final expressions obtained for transverse deflection and stresses after solution and

(4.51)

simplification of the linear simultaneous equations are obtained as:

2 3
2L AL AT e
KSS dx -0 dx *=0 dx =l dx x=l
9 3 3 q 2
24D (x —2x°1+xl ) E(X _XI) (453)
_E(z)| B, 2
58 e
2D —h/2 4 )

4.4.4 Clamped-Clamped (C-C)
For a fixed-fixed (C-C) beam, slope and deflection at both the ends is zero. Hence the

related end conditions are:
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w(0)=¢(0)=0,w(l)=¢(1)=0 (4.56)

7
-+ L
2 2
Fig. 4.6: Fixed FG Beam (C-C) [*8!
D" d’F R
[F__d ZJ :(d_Fj :[F_id fJ :(d_Fj =0 (4.56)
K dx 0 dx ) _, K., dx B & )
I BV
) g ) (4.57)
E(z)( B, ,
SRV VTR 4.58
* 2D [A“ {‘1( )} 459
q F Bll z
O, = *(Z—Zx) J zE(z )dz ——- J. E(z)dz 459
2P /2 A

4.5 Numerical solution using B-spline collocation technique

Now to solve the governing equation as stated in Eq. 4.24 a numerical method named
as B-spline Collocation method has been adopted in this work. A detailed discussion has
already been taken place in Chapter 2 about the B-spline collocation technique. According
to this technique a B-spline function is needed to be considered as a trial solution for the
parameter ‘F’ and need to substitute in the governing equation, i.e., Eq. 4.24. The resulting
equation is then forced to satisfy the governing equation at collocation points given by
Greville abscissa. Here in the present study a B-spline function of sixth order basis function
has been considered (as the governing equation is a fourth order differential equation so the

degree of polynomial needed is 5th.)
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It can be assessed that the number of collocation points required will be equal to the
difference between the number of control points of the B-spline curve and the number of
boundary conditions. In the present case, a sixth-order B-spline function with no
intermediate knots is used. Hence, we have six coefficients to be determined. As there are
4 boundary conditions available, we require only 2 collocation points to develop six linear

equations that can be solved easily to find the coefficients.

In the next section, the solution is approached using the B-spline collocation
technique; a detailed discussion of the process is reported by Mahapatra et al. [105] for
reference. A mathematical code developed for the above formulation is used to obtain

computational results.
4.6 Results and Discussions

In the present work, new higher-order unified formulations have been derived for the
determination of deflection, axial stress and shear stress, as mentioned in the previous
section. Now the results generated using these formulae have been validated, as discussed

below.

4.6.1 Verification of results

To verify the results with standard literature references, we consider the data as
discussed in a numerical example of cantilever beam in Li et al. [33]. The considered beam
is of length L = 0.5m, depth h = L/3 and width of unit length. Aluminium (Al) has been
considered at the bottom and Silicon Nitride (Si3N4) has been considered at the top as the
constituent materials for the functionally graded material for this beam, whose properties

have been mentioned below.

Ep = Eq = 70GPa, E; = E(s;,,) = 348GPa

A constant value of Poisson’s ratio is assumed over here as 0.3. The value of the power
law index is assumed to be equal to 1. It has been assumed that at the top of the beam, a
pressure load of 1kN/m is being imposed uniformly. The axial and shear stresses are
normalized as follows:

Oy A %
ql

Oxnorm = ql Txznorm =

The normalized axial and shear stresses are calculated at different locations in the

span of the beam and are presented in Figures.
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Fig. 4.7: Verification of present work, a) normalized axial stress b) normalized shear stresses

(ignoring E6)

As can be observed from Figure 4.7, the results of this study match exactly those of
Li et al. [33] while ignoring the higher order terms that contain E6. The significance of the

terms containing E6 on the behaviour of FG beams is explored in successive paragraphs.

A comparison of normalized axial and shear stresses for higher-order beam theory
used in [33] with the higher-order beam theory of the present work (considering E6) reveals
that the effect of E6 is negligible for axial stresses; however, from Figure 4.8, it can be

clearly observed that the effect of consideration of the higher order terms has a moderate
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effect (approximately 4.083%) on shear stresses and a very small difference of 0.836% in

the normalized axial stresses.
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Fig. 4.8: Comparison plots for effect of higher order terms on shear stress

4.6.2 Other numerical experiments

In this section, the behaviour of FG beams for different cases of material distribution
(using different index values) and the effect of shear modulus on the stresses are discussed.
In Figure 4.9a & b, the normalized axial and shear stresses at the fixed end of the beam are
respectively plotted for different values of the power law index ranging from (0, 0.2, 1, 2,
and 5). Hence, a comparative study of axial and shear stresses in FG beams with an
equivalent isotropic beam can be observed. The asymmetry in the material composition
results in behavioural variations, as reported in Figure 4.9. With the increase in index value,
the maximum axial stress (at the top and bottom fibers) varies considerably as compared to
the isotropic case. The maximum shear stress also increases with increasing index up to a

certain maximum, then decreases.
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Fig. 4.9: Effect of material gradation on stresses (fixed end), a) Normalized axial stresses b)

Normalized shear stresses

The study of the effect of material gradient on deflection and stresses of an FG beam
can be further extended using three dimensional plots that give better visualization and
understanding. Figure 4.10(a-c) reports the 3D plots corresponding to the beam and can be

referred to for the study of the effect of material index on the beam behaviour.
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Fig. 4.10: 3D plots to visualize the effect of material gradation on beam behaviour a) Normalized

axial stress, b) Normalized shear stress, c) Deflection

In Figure-4.10, comparative plots for different beam theories are reported for axial
and shear stresses for different values of aspect ratio. For Euler’s theory the shear modulus
is considered to be infinite while for Timoshenko theory the value of c1 is assumed to be
zero. To distinguish the current study and Li [33] for higher order beam theory, the terms
containing E6 are multiplied with an arbitrary constant whose value is taken as zero/ one;
when it is zero, it suffices to Li’s work while its value is one for present study. The

normalized transverse deflection is calculated using the relation:

WhSEb
ql*

w =

In Figure-4.11(a & b), the deflection of cantilever corresponding to various beam
theories is plotted for two aspect ratios of 3 and 10. It can be observed that for L/h=3, there

is a significant difference in deflection corresponding to Euler’s theory, while, Li’s work
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and present deflections are almost equal, differences being negligible. Timoshenko
deflection only marginally varies from the higher order cases. However, for L/h=10, all
types of deflections are practically indistinguishable. The results are in line with the

previous similar reported studies.

It can be observed from Figure-4.11(c & d) that the axial stresses calculated by all the
beam theories are nearly equally for both aspect ratios. The normalized axial stress values
are proportionally increasing for increasing aspect ratios while the variation is of same
profile. However, shear stresses are significantly different for the various theories
considered as in Figure-6(e&f). The shear stresses are zero for Euler’s theory due to infinite
value of shear modulus while for other theories, the observed values of shear stresses are
parabolically obtained with zero shear at top and bottom surfaces. The values of shear
stresses obtained using higher order beam theory [33] are slightly higher than that of
Timoshenko theory and the results obtained using the present work are in between the

stresses obtained by Timoshenko beam [27] and higher order beam theory reported in [33].

Average percentage difference between the results, with and without the inclusion of
higher order terms (i.e., present work and cited literature) for normalized axial stress is

0.8355% and for normalized shear stress, it is 4.083% (For details, please refer appendix).
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Fig. 4.11: Comparison of various results according to various beam theories for L/h ratio 3 &10 —
(a) Beam Deflection for L/h=3 &10, (b) Normalized Axial Stress for L/h=3&10, and (c) Normalized
Shear Stress for L/h=3&10

To continue further with the numeric experiments, normalized transverse deflection
are studied as a function of material gradient index. The maximum deflection that is
obtained is a function of index value as reported in literature. Hence to observe such effects
in the present case along with the effect of aspect ratio using various beam theories is
reported in Figure 4.12. For an in-depth observation, the study has been categorized as two
cases; Case-A: when ceramic is on the top surface, Case-B: metal surface is in top with the
external uniformly distributed load acting on the top surface in downward direction. It can
be expected that changing the loading surface will also have substantial effect on the

behaviour of beam for a given material composition.

It can be clearly observed from Figure-4.12a of case A that for thick stubby beams
there is a clear difference in the maximum transverse displacement corresponding to Euler,
Timoshenko and higher order theories. This difference is small for lower gradients, that
increases as the value of index P increases for L/h=3. This difference in normalized
transverse displacement reduces as the aspect ratio increases; for L/h =10, the difference is
practically insignificant as in Figure-4.12b of case A. Another noticeable observation in

Figure-4.12 (a & b) of case A is that the slope of the curve (rate of increase in maximum
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deflection) decreases as the material gradient increases. This can be explained by the fact
that the percentage of metal (less stiff component) increases as the value of B increases,
(when B=0 then material at top surface is 100%, for =1, both components are 50% and
further increase in B increases the composition of metal). It can be observed that the effect
of material gradient is more significant for values up to f=2; the effect is less significant

for higher index values.

In the next study, i.e. Case-B, the beam is inverted to expose the metal part to the
external load applied at top surface. For =0, i.e. for isotropic material made of metal, the
deflection is maximum and as the stiffer component fraction increases with the value of
the deflection decreases considerably. This can be observed in Figure-4.12 a & b of case B
for aspect ratio 3 and 10. Similar to the previous case the difference in the Euler and higher
order displacements is significant for lower aspect ratio and is practically insignificant for

aspect ratio greater than 10.
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Case-B L/h=10
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Fig. 4.12. Dimensionless maximum transverse deflection as a function of material gradient index

for Case A: Metal at base and Ceramic at top and Case B: Metal at top and Ceramic at base.

Another study has been done where three discrete combinations of materials have
been selected to observe the variation in beam behaviour due to arbitrary ratio of material
properties. The material properties of selected materials are mentioned in Table-4.2. The

combination of materials with ration of material properties is mentioned in Table-4.3.

Table 4.2. Structural Properties of the reinforcing particles 33!

SI. No. Material Modulus of Poisson’s Ratio
Elasticity
1. Aluminum 70GPa 0.30
2. Silicon Nitride 348GPa 0.24
3. Silicon Carbide 440GPa 0.27
4, Steel 210GPa 0.30

Table4.3. Combination of various reinforcing particles for analysis under mechanical load

Set Materials Ratio of Modulus of Elasticity
Set-A Aluminum+ Silicon Nitride (348GPa /70GPa) ~5
Set-B Aluminum+ Silicon Carbide (440GPa /70GPa) ~7
Set-C Aluminum+ Steel (210GPa /70GPa) ~3
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The three combinations can be observed to have a discrete ratio of modulus of
elasticity (3, 5 and 7). The behaviour of such beams corresponding to =1 has been plotted
in Figure-4.13 to observe the variations and relate the same to ratio of material properties.
The behaviour of such beams corresponding to =1 under uniformly distributed load for a

comparative study is mentioned in Figure-4.13.
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Figure-4.13 Comparative plots for various combinations of materials with aluminium a)

Normalized Transverse Deflection b) Normalized Axial Stress c) Normalized Shear Stress

The deflection of cantilever beam is plotted in Figure-4.13a. From the figure it can be
observed that composition corresponding to Set-B is stiffer and that validates the elasticity
moduli ratio. However, when we observe the stresses, the variation is as shown in Figure-
4.13b for axial stress and 9c for shear stress. The stresses are found to be higher for higher
moduli ratios. In the present case, the normalized tensile stresses at top surface are higher
for Set-B for moduli ratio 7 while the compressive stresses are on the lower side for the
same set of materials. On the contrary, for Set-B with moduli ratio 3, the maximum tensile
stress at top fibre is lower and compressive stress at lower surface are higher than the other
sets. Another observation from Figure-4.13b is that the steepness (curvature) of the axial
stress curves increases with increase in moduli ratio. Figure-9¢ shows the normalized shear
stress plots for the three combinations of materials. It is clear that shear stress is higher for
Set-B with higher moduli ratio, which can also be inferred from the axial stress values. This

discussion is pertinent to the design plan of FG beams.

The study is further extended to include simply supported boundary condition
(bending moment and deflection are zero at the supports) for FG beam. In Figure 4.14,
deflection and stress plots corresponding to simply supported boundary condition are
presented. It is observed that the differences in axial stress and shear stress are similar in

trend as for cantilever support. The percentage difference in axial stresses for a cantilever
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beam is about 1.2% for isotropic beam and 1.9% for FG beam. On the other hand, the
difference in shear stress is 7.7% for isotropic beam and 8.0% for FG beam (details can be

referred in appendix)
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Figure-4.14 Comparison of the isotropic and FG beam behaviour with/without higher order

terms a) deflection, b) normalized axial stress, c) normalized shear stress

4.7 Closure

Using Hamilton’s principle, a higher-order beam formulation is derived to obtain a
single governing equation for functionally graded beams by incorporating higher-order
terms that were not considered in previous similar work. The unification of three developed
equations into a single equation is done by considering a parameter that is a function of
domain variables. The solution to the governing equation is approached using the
approximation technique of B-spline collocation. A cantilever functionally graded beam
with grading along the cross-section is studied for its behavioural properties under the
action of a distributed mechanical load. The variation of modulus of elasticity and modulus
of rigidity is considered by power law, and Poisson’s ratio is considered to be a constant.
The collocation points are calculated using Greville abscissa. It is observed that the new
higher order terms have a moderate effect (approximately 4%) on the shear stress
calculations compared to the similar report cited in the literature and only 0.8% on
normalized axial stresses. The normal stresses are negligibly affected by the new terms
considered for cantilever beams. The difference in values corresponding to simply
supported end conditions is slightly on the higher side; 1.8% for axial stress and 8% for
shear stresses. The study is then extended to explore the effect of material gradient, aspect
ratio, and moduli ratio on transverse deformation, normalized axial stresses, and

normalized shear stress variations.
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Chapter 5: Unified Higher Order Formulation under Thermo-
Mechanical load

5.1 Introduction

The development of functionally graded materials as high-grade composite materials
has fundamentally changed engineering and several aspects of material technology
research. Due to the progressive change in their properties, which is the core of FGMs,
naturally occurring FGMs like bamboo, human bones and teeth, etc., exhibit excellent
qualities in their behaviour. However, FGM was developed to stop composites from
delaminating under thermo-mechanical stress conditions. In order to achieve high
temperature strength and toughness and to avoid stress concentration or residual stresses,
the most typical FGM is composed of a refractory ceramic and metal. The FGMs have
continuous or gradual changes in characteristics, hence there is no interface problem, in

contrast to typical composites which have sharp interfaces leading to failures.

Structures are made up of plates and beams. When structures are subjected to harsh
environments, the materials must possess excellent qualities in order to withstand such
situations. When a space shuttle enters the earth's atmosphere, it is subjected to a very high
temperature gradient via a very thin layer of air. The enormous gradient in pressure and
temperature necessitates strict behaviour that is particularly important near the interface.
The ceramic half of ceramic-metal based FGMs is exposed to greater temperatures while
the metal part guarantees the FGM maintains its strength, making them particularly ideal
for such extreme temperature gradients. The stress-concentration and residual stresses that
would have otherwise generated are sustained by the gradual change in material
characteristics. Such structural components must be designed after a careful investigation

of load-deflection-stress behaviour under various thermomechanical conditions.

After an exhaustive review of the published works in the area of thermo-mechanical
analysis of FG beams it has been observed that studies pertinent to simultaneous thermal
and mechanical loading has been relatively less. Considering the scope of applications of
beams in wide areas of severe/ critical standards the possibility of beams exposed to
amalgamated thermal and mechanical loading cannot be foreseen. In other words when FG

beam is subjected to constant mechanical load in thermal environment the study of
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deformation and stresses with changes in temperature distribution can be quite significant

in its design analysis and synthesis.

In this chapter the effect of change of temperature distribution on stress and
deformation behaviour of an FG Timoshenko beam loaded with a constant mechanical load
and a temperature gradient in transverse direction is reported. The governing equations
derived in the previous chapter for FG beams have been extended to include the thermal
strains due to applied temperature gradients. The effect of transverse shear strains is also
considered. As the formulation is derived using the unified approach as reported by Li [27]
in which a single governing equation is derived by reducing the three differential equations
of displacement variables into a single fourth order equation. Poisson’s ratio is assumed to
be a constant and material properties are assumed to be independent of temperature change.
Such formulation in the area of thermo-mechanical analysis is unique and has been reported

for the first time in literature.

Exact solutions are obtained assuming beam to be subjected to various boundary
conditions. Numerical solution using B-spline collocation is also used to study the
deformation and stresses so as to compare the same with exact results and thus to verify the
precision of the technique for thermo-mechanical loading conditions. The combination of
materials as discussed in previous chapter i.e. Aluminium/Steel (metal-metal), Stainless
Steel/ Silicon Nitride(metal-ceramic) and Stainless Steel/ Zirconia (metal-ceramic) as
FGM-1, FGM-2 & FGM-3 have been also considered in the present study of thermo-

mechanical loading under linear and non-linear distribution of temperatures.

5.2 Governing equation of FG beam under thermo-mechanical load

This section discusses the formulation of the beam taken into account to include
thermal gradients across the beam cross-section. The thermal force and thermal moment
produced by the temperature gradient applied to the beam result in thermal bending. When
an isotropic material is used, a beam’s uniform temperature rise does not result in bending;
nevertheless, if thermal strains are restricted, thermal buckling, also known as bowing,
results. However, with functionally graded materials, the beam bends for any kind of
temperature change, even for a uniform rise. The change in coefficient of thermal expansion
brought on by the material grading of FGM’s component parts is what causes bending. The
mechanical load and the amount of mechanical pressure present will determine the amount

of deformation that results.
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This section discusses the governing equation for a uniformly loaded FG beam that

is exposed to a temperature gradient. The dimensions and coordinate system used in the

previous chapter are presumptively the same. The methodology is still the same; the only

difference is that in addition to mechanical strains, thermal strains caused by temperature

gradients must also be taken into account. The strains are deducted from the mechanical

strains since it is recognized that thermal strains only cause stresses when they are

restricted. The remaining criteria and technique are the same as those previously taken into

account.

Based on higher order beam theory:

u(x,z) = ug(x) +z¢o —

0¢o

473 ow
3z (¢0 + a)

+z

0x

Z3 ad)o aZW
iz

dx  0x2

Ethermal = a(2){T(2) — Ty}

yxz:<

where,

472
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) (60

ow
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Here a(z) is the coefficient of thermal expansion and T(z) is the temperature profile;

both of these depends on the material configuration given by volume composition of parent

materials.

The constitutive law for the material for linear thermo-elastic conditions is given by-

Oy = E(Z)'{éxx _Qhermal }

B du _dg, 42°(dg, d’w)_ ] (5.5)
_E(Z){dx+2 ™ 3h2( v dsz a(z)(T() TO)}

47° dw

7, =G(2).y, = G(z).(l—Fj(w&) (5.6)

To derive the governing equations of motion for an FG beam, Hamilton’s Principle is

applied as shown below.

SL=8(U+K+V)=0 (5.7)

t (L
N
6U =.f f f(axx&sxx + T,,0Vy,) dAdxdt
0o Jo Ja

t ~L
SK = ] ] ] p(2) (Wb + wéw) dAdxdt
0704 S (5.8)

t rL
6V = —j j qéwdxdt
o Jo

1t (L dw\?
oW == N6<—) dx dt
ZIOJ;) mo\ax) ¥

Substituting the expressions for U, K and V in Eqg. (8) and assuming,
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N, = f O dA, M, = f 20, dA (5.9)
A A

P, = f z30,,dA, Q, = f Ty dA, (5.10)
A A

R, = f z°1,,dA andl, = f zkp(2)dA, (5.11)
A A

In the above equations, Nt represents the thermal force; Mt is the thermal moment given

by-
N, = j E(z).a(z)AT(z).dA (5.12)
M, = j 2E(z).a(z)AT(z).dA (5.13)

-h/2

We get the following governing equation
t rL
j j (Ne8exx @ + M8, + P, 8ey®) dxdt
0 Jo
t rL
+J. f (Qx(syxz(o) + Rx5)/xz(2))dxdt
0 Y0

. (5.14)
+ j j I (W61 + WoW)) dxdt
0 Y0

t rL t L d 2
- f f qéwdxdt — f f N8 (—W> dxdt=0
o Jo 0 Jo dx

Integrating by parts and categorically separating the variables, the following governing
equations and boundary conditions are derived.
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oM, 9%u, 0%9, ’w
_X_ = I* * — LA 5.16
ox = hige the gamal 5ae (>16)

9%p, 90, 0w
o T ox Phrge T
(5.17)
d3u, . 0%, ,, 0w %w
Gl =—=+cl, ' + 1
0x 0t? ax otz 0x? 0t? ot?
Boundary Conditions (atx = 0 &atx = L)
duy ¢y dpy  I*w
N, —1 -1 I — Ny =0 1
"3t 16t+cl3<ax+ax6t T (518)
_ L, o0u L0¢ %w
M, -1 a_to_ Ky® 6t0 +ely” %0t —Mr =0 (5.19)
oP, _ 0%u, 02 9%¢ 3w ow
Clg'l' Qx - C113W - C1]4, atz +c 1 16 a atz + IOE - 0 (520)

To simplify the above equations, the following substitutions have also been incorporated:
Mx =My — 1P, Qx = Qx — 2Ry,
I* = Ij_C11j+2, KZ* 212_2C114+C1216

]

Substituting o, = E(2). &, in expressions for Nx and M, and simplification thereafter,

we get
ou, L 0oy 0w
N, =E, e +E; ) —C1E3W—NT (5.21)
_ E E:*\ 0¢, clE;E3> 92w
_f «_ 21 9% et it S el 5.22
M E, Nz <A ) ox <C1E4 E, /0x? My (5-22)
_E; . E{E5\d¢y c,E3?\ 0%w
Po= gl (E ) e CL ) e (5.23)
ow
Qx = Go (¢0 + E) (5.24)

The following assumptions have been made for the simplification of the above equations.
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E; = fsz(z)dA
A

G = fzfa(z)dA
A

E¢ =Es — c1Es4

A* = E, — 2¢,E, + c?Eg4
Gy = Gy — 2¢,Gy + %G,
K*=1,—2c1, + c?I

Is =1 —¢1ls4

(Where, s =1,2,4)

The expression for Nx (Eg. 5.17) is used to eliminate uo to arrive at the following

expressions. Further, it is assumed that the resultant axial force will be zero (for statically

determinate cases), so by substituting Nx=0 in the above equations obtained after

eliminating u0, we arrive at final governing equations for an FG beam in the framework of

higher-order beam theory.

_ 0%¢y _ 0w | owy _, 0%, _ 0*w
4 axz c1£4 ox3 Go ((’bo +E> =K

otz M 5xac2
(0o 0w _ 03¢, _ 0*w 9’w
GO W + _axz + Cl E4_ _ax3 - C1E6 ax4 +NT axz + q

B d (I; 0%¢, N clz 03w e 23,
~ g\l oz T, axatz) T Y oxac?
2*w 2%w

2
~Cileg g Tl

where,
L E*Z
= A — L
Ey
_ E;E,
E; = (E* —)
4 4 EO
1*2
K* =K ——
Iy

(5.25)

(5.26)
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The above equation is the governing equation for FG beams under thermo-mechanical
load. It contains only two variables (¢ & w). As discussed in the last chapter an independent
parameter ‘F’ is considered to further simplify the above equation. The consideration of
such independent variable was first introduced by Li [33] to FG beams under mechanical
load and it is extended to consider the thermo-mechanical loading conditions. As per the
authors knowledge this technique is for thermo-mechanical loading conditions is unique
and applied for the first time in the present research. Substituting the following expression
for ¢ and w the governing equation is obtained as:

wop AOF K0P (5.274)
Gy 0x? ~ G§ Ot?
OF ¢E;0°F cily 0°F
P =" TG o TG oxor (5.27B)
After substituting Eq. (5.23) to Eq. (5.21 and 5.22) the governing equation for FG beams

is simplified to:

£ EZ\ 0*F 9%F A*a4F+k*a4F
2 Ey)ox* "T\ox2 Gpox* ' G; ot

, 12\ 1,470 a*F . 0°F 1K 9*F
— —— |+ ——t =t —— = =
270 ) T e e T 09 T gy gt ¢

(5.28A)

In case of other boundary conditions with at one sliding support i.e. for C-Fr, C-Ssi,

S-Ssi beams, the term ‘N7’ can be assumed to be negligible and can be ignored.

4
D*d F

11W—q =0 (5288)

The bending moment and shear force will take the form-

_E’ E:*\ 0¢, c,E;E5\ 02w
M,=—N,+ |4 - |- (cE; - ——)——-M 5.29
x X+< E0> 0x (C1 4 E, )axz T (5.29)
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_ E
M, = (Elo N, MT> + (& )—— 4) ax2 (5.30)

Substituting for ‘w’ and phi

_ E,* _ . 0%F

M, = . —N,— My |— (4" + c@)w (5.31)
_ ow _ __ 0%F

0, = Gt (¢0 + E) = (& +aF) o (5.32)

It can be observed that the governing equation for both purely mechanical load and
thermos-mechanical load corresponding to the three boundary conditions (C-Fr, C-SSL, S-
SSL) is same; only the boundary conditions are updated for the latter case. The boundary

conditions we have for these cases:

Table 5.1: Various boundary conditions of FG Beam under thermal load

Beam x=0 x=I

a) Cantilever beam (C-Fr) u=0, w=0, ¢ =0 Nx=0, Mx=0, Qxz=0

b) Simply supported (S-Sst)  u=0, w=0, Mx=0 u=0, w=0, Mx=0
beam

c) Propped beam (C-Ss1)  u=0,w=0, ¢ =0 u=0, w=0, Mx=0

It is observed that only bending moment terms are modified in the boundary
condition, due to thermal moment caused by temperature gradient. Once the independent
variable ‘F’ is determined, the other dependent variables can easily be determined. Exact
solution of Equation 5.32 is derived for each of the above three boundary conditions after
considering the beam to be loaded with constant mechanical load in thermal environment
is presented in next section. In the latter half of the chapter the case of non-zero axial force
has been taken to study the buckling behaviour of C-C and S-S beams.

Poisson’s ratio is assumed to be a constant. As the material gradient is assumed to
vary along the cross-section height hence the term D11* is constant, here in case of uniform

cross-section beams. The above equation is hence open for the any type of material
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gradation law, temperature gradient and three boundary conditions mentioned above. In the
next section different temperature gradients assumed in the study and their formulation is

discussed.

5.3 Various temperature profiles

The top surface is assumed to be at temperature, Tt while the bottom surface
temperature is Tb. Here it is assumed that Tt<Tb, so as to have a thermal moment opposite
in sense to mechanical moment. Both Tt and Tb are greater than the ambient temperature
TO. Three temperature profiles are considered in the present study- a) uniform temperature
rise (UTR), b) linear temperature distribution (LTD) and b) non-linear temperature
distribution (NLTD). Generally, the temperature distribution in a component is determined
using steady state heat conduction equation assuming the heat flow to be one-dimensional
along the beam height. In a limiting case when beam is slender the temperature distribution

can be approximated to be linear along the beam height.

5.3.1 Uniform Temperature Rise

The beam is uniformly heated in such a way that all the points along any cross-section
are raised by an equal amount above the ambient temperature. In this case AT=T(z)-To will
cause thermal expansion in each layer and the relative expansion of the layers cause

bending of the beam.
5.3.2 Linear temperature distribution
The two surfaces (top and bottom) of the beam are assumed to be at an initial

temperature higher than the surroundings and the temperature distribution is assumed to

follow a linear distribution according to the expression-

T(z2)=T,+(T, —R)-(%%) (5.33)

If both the temperature Tt and Tb are kept at same value then the latter part of above
equation becomes zero and will reduce to the case of uniform temperature rise. Ven thermal

expansion as the constituents have different expansion coefficients.

5.3.3 Non-linear temperature distribution
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Assuming there is no heat generation and heat flows uni-directionally from bottom
layer to top layer such that it follows steady state one dimensional heat conduction equation
given by:

d dT
E(K(Z)EJZO’T(-W) =Ty Thizy =Ty (5.34)

In the above equation K(z) is the thermal conductivity of FGM at any point along the
cross-section. The variation of thermal conductivity is also assumed to vary according to
rule of mixtures. The above equation can be solved using polynomial series solution [25,
26, 28] and assuming that the first seven terms (Np) of the series provide accurate solutions,

the temperature profile across the beam height is given by:

. i if+1
(T e (D) (K (12
T=T + = {oiﬂ+1(ij(2+h) ] (5.35)
where-
RYENTA
R_giml(ij

and K =Ki-Kp

5.4 Solution of governing equations

Equation 5.28(A&B) represents the governing equation of a higher order theory for
shear deformable FG beam subjected to mechanical loads in thermal environment. It is also
observed that for those beam end conditions in which the axial force is negligible, the
bending moment is a function of thermal load and moment as given by Equation 5.30. This
is applicable for three end conditions viz. —a) cantilever or clamped-free (C-Fr); b) propped
cantilever or clamped-simply supported (C-SSL) and c) Simply Supported-Simply
supported (S-SSL). In order to have zero axial force one of the ends must be free to move
in horizontal direction; hence the present study focuses on these end conditions only. In
order to include other end conditions, the effect of the axial force can be taken into account
that is however a non-linear analysis and beyond the scope of present study. However, a
case study considering the limiting conditions of non-linearity is approached to study the
buckling problem of clamped-clamped and clamped-simply supported beams using the
above equation to find a satisfactory match.
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In this section solution of the above governing equation is approached using direct
integration and also using numerical technique of B-spline collocation. The collocation

technique is found to give very precise results when compared to the exact solution.
5.4.1 Exact solution by direct integration

Integration of the governing equation of FG beams (Equation 5.28B) leads to the

following solution:

Fed X e e ieate (5.36)
D24 Mg T2y TR T '

where Cj (j=1,2,3,4) are constants to be determined from the end conditions. In the

present study the three boundary conditions free of axial forces are considered as above to
find the exact solution for thermo-mechanical loading of FG Timoshenko beams. The
beams are subjected to an external uniform mechanical pressure of ‘q’ kN/m intensity
throughout the span and are also subjected to various types of temperature distributions
superimposed on the beam. The resulting deformations and stresses are then observed for

a wide range of parameters.
5.4.2 Various end conditions-Clamped-Free (C-Fy)

For a cantilever beam slope and deflection at the fixed end are zero while shear force
and bending moment at the free end are zero. Hence, we have the following end conditions

for a C-F beam:

w(0) = ¢(0) = 0, My (1) = Qxz(1) = 0 (5.37)
The above boundary condition (Equation 5.36) can be substituted by Equations
5.27A-B, 5.31 and 5.32 respectively to obtain the following:

<F A*d2F> _< dF c1E4*d3F> 3
Gg dx? =0 dx G§ dx3 =0

d*F Ej d*F (5:38)
1 * % 0 _ A% % _
<(A + C1E4)W - E—ONT - MT) l = ((A + C1E4_) W) l =0

x= x=

Substituting the Equations 5.36in Equation 5.38 to obtain four simultaneous linear

equations in Cj (j=1,2,3,4) which can be solved easily to obtain:

q

A ATk

q 1

Ak Tk

F= (x* — 41x3 + 61%x?) — QR Eflx + Ajl)+....... (5:39)
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Correspondingly after substitution of ‘F’, we can easily obtain the following expressions.

— 2,2 q cEj
24D11 (x* — 41x3 + 61%x?%) — ZGO D11 D11 G l.... o
2 ( * )
x_(i,v )
------- Z(A* + C1E4) EO T T
and using Equations 5.5:
E(2) (311 ){ 2 Bi4 E(z) Ny
Oxx = ——z x% —2lx + 17 —(—N —M)}+—
2D \ Ay C ) Ay T r Agy (5.41)

— E(@)a(2)AT(2)
Using the axial stresses obtained in Equation 5.6, shear stresses can easily be derived by

integrating:

_rz doyx
Oxz _f /2 dx dz

Hence an expression for shear stress is obtained as:

B11

oy = % (=) [f v zE(z)dz — — E(Z)dz] (5.42)

—h/2

The above Equations 5.39, 5.40-5.42 represent respectively the transverse deflection,
normal stresses and shear stresses in a FG Timoshenko Beam subjected to thermo-
mechanical load with C-F boundary conditions. It is clear from the Equation 5.40- 5.41 that
in the absence of mechanical load (g=0) the transverse deflection and axial stresses are non-
zero. On the other hand, if thermal load is zero (i.e. surface temperatures are equal to
ambient temperature) then the equations 5.40, 5.41 exactly resembles that of Reference
[16]. For isotropic beams D1u1*=El, Go*= GA and E1*=0, hence for isotropic materials the

above equations are reduced to:

2

_ 2,2y __1 2 _ _ XMy 5.43
(x* — 41x3 + 61%x?) ZGA(x 21lx) >EI ( )

24EI

(5.44)

z Myz
Gxx=%(x2—21x+lz)+TT ;

For isotropic beams the last two terms of Equation 5.44 are equal and hence cancel
each other and terms with thermal moment are obtained. The above equations can be easily

verified from standard available text-books of solid mechanics.
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5.4.3 Approximate solution using B-spline collocation technique

Now to solve the governing equation 5.27B, B-spline Collocation method has been
adopted in this work. A detailed discussion has already been taken place in Chapter 3 and
4 about the B-spline collocation technique, hence it is not discussed again. Using this
technique, a trial solution for the parameter ‘F’ is assumed as B-spline shape function that
will be substituted in the governing equation, i.e., Eq. 5.27B. The resulting equation is then
forced to satisfy the governing equation at collocation points given by Greville abscissa.
Here in the present study a B-spline function of sixth order basis function has been
considered (as the governing equation is a fourth order differential equation so the degree
of polynomial needed is 5th.)

It can be assessed that the number of collocation points required will be equal to the
difference between the number of control points of the B-spline curve and the number of
boundary conditions. In the present case, a sixth-order B-spline function with no
intermediate knots is used. Hence, we have six coefficients to be determined. As there are
4 boundary conditions available, we require only 2 collocation points to develop six linear

equations that can be solved easily to find the coefficients.

In the next section, the solution is approached using the B-spline collocation
technique; a detailed discussion of the process is reported by Mahapatra et al. [105] for
reference. A mathematical code developed for the above formulation is used to obtain

computational results.
5.5 Results and Discussions

In the present work, new higher-order unified formulations have been derived for the
determination of deflection, axial stress and shear stress under purely thermal and thermo-
mechanical loading conditions, as mentioned in the previous section. Now the results

generated using these formulae have been validated, as discussed below.

5.5.1 Verification of results

To validate the results of the above a simply supported beam is considered whose
length, 1I=100mm and height, h=10mm to have I/h ratio 10. The material of FGM is assumed
to vary according to an exponential function. The modulus of elasticity and coefficient of
thermal expansion vary according to the function, E(2z) = E,ef? and a(z) = aye??

assuming Poisson’s ratio to be a constant, v=0.25 and q=0. The plane strain case is
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considered and accordingly value of E and a. is taken. An exponential temperature gradient
given by 6(z) = ATe*? where AT=100°C and x=+230m-1 for temperature gradient

% = 10 for the given height. To consider the effect of relative values of coefficient of

thermal expansion and modulus of elasticity, it is assumed that «, = 1% while the values

of § & vy are varied according to Table-5.2 that relates to the Figure-5.1.

It can be observed from the figures below that the present method exactly matches
with the results in literature and validates the current method for study. From the present
study the important observations made are: a) The neutral axis shifts towards the stiffer side
in case of thermal loads also, b) maximum axial stress are obtained near the neutral axis, c)
from figure 1c and 1e it is observed that when the temperature gradient is in opposite sense
relative to the material gradation, which significantly reduces the thermal stresses, d) the
deflection of the beam is much higher when the stiffness and thermal coefficient vary in
the same direction as that of temperature (figure 2b) which further increases for higher
value of thermal coefficient, e) the deflection largely reduces when the temperature gradient

IS opposite to the expansion coefficient and elastic moduli.

Table 5.2: Properties of FG beam considered for validation under thermal load

Case Eo GPa Enh GPa p m? v/B
b 1 1 0 0
c 10 1 -K 1
d 1 10 K 1
e 10 1 -K 15
f 1 10 K 15
9 1 10 K -1
1 1
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0.8 _* S 230mt e.8 j # Shankar, 2003
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Figure 5.1(a-f): E-FGM simply-supported beam subjected to purely thermal load and

5.5.2 Other numerical experiments

its verification

To have a deeper insight on the behaviour of a FG beams when it is subjected to

mechanical load and the temperature distribution across the beam height is varied, a number

of numerical results based on the above analysis are presented in this section. In order to

provide a clear perspective, the study has been categorized into different cases so that the

behaviour of FG beam is studied by varying one of the parameters (relevant to FGM) with

a progressive rise of temperature and temperature independent (T1D) properties. The range

of temperatures considered in the present study is comparatively small hence variation of

properties with temperature is not considered in the present study.

The parameters that are of interest are: a) volume fraction of constituents governed

by rule of mixture, b) comparison of different material combinations for constituents and

hence material properties, c) comparison of various beams theories for the same aspect ratio

(I/n), and d) uniform temperature rise, linear and non-linear temperature profiles. A

comparison of variation in load parameters namely purely mechanical/ purely thermal/

thermo-mechanical behavior has also been considered for different set of temperature
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ranges. For various numerical experiments, FGM-1 is assumed as Aluminum and Silicon

Nitride while FGM-2 is considered as Stainless steel and Zirconia.

For computational purpose a beam of length L=1m and height h=0.1m, temperature
of the surroundings To=30°C (stress-free state) and uniform pressure of intensity g=10kN/m
has been assumed. The material properties are mentioned in Table-5.2. The temperature of
the top and bottom surfaces is kept at constant values assuming steady state conditions and

observations are made for different sets of temperature as mentioned in Table-5.4.

The axial stresses and shear stresses are normalized using the following relations-

5 _{obh). (o) 505
norm ql + NT 7 ¥ norm ql + NT .
Table-5.3 Structural and thermal properties of reinforcing particles
Modulus of Coefficient of
. Poisson’s Y Thermal Thermal Conductivity
Material : Elasticity ) 1
Ratio (GPa) Expansion (Wm=K™)
10-6(00-1)
Steel 0.3000 207 12.3 51.90
Aluminum 0.3300 69 23.6 222.00
Stainless 0.3262 201.04 12.330 15.379
Steel
Silicon 348.43 5.8723 13.7230
Nitride 0.2400
Zirconia 0.2882 244.27 12.766 1.7000

Table-5.4 Symbols for temperature distribution adapted in the graphs

Temperature S m]obr?:] Temperature Lin eafymbl(\)jlonlinear

To study the effect of volume composition of the constituent materials on thermo-
mechanical behavior of FG beam, the following study is reported. A cantilever beam with
FGM-1(with metal at bottom and ceramic at top) composition is considered with

dimensions as above. The successive studies take into account, the volume fractions using
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power law theory. 50% of both the constituents is taken, hence index value is considered to
be one. It is observed (Figure 5.2 and 5.3) that even with the slightest rise in temperature
of surface (above ambient temperature), results in appreciable variations in the deformation
and stress features of FG beam. For example, when the given FG beam is kept near a heat
source such that the temperature of bottom surface rises by 2°C and the temperature of top
surface rises by 1°C from the ambient, then the thermal gradient induces a net moment (due
to the difference in coefficient of thermal expansion of the layers) that deflects the beam in
upward direction. Thus, even for a small rise in temperature from the surrounding an FG
beam shows a special behaviour that must be understood for further design and

development.

In Figure 5.3 (a-c) the deflection, normal and shear stresses are plotted for a given
temperature rise and no mechanical load. The same results are compared with reported
literature and found a satisfactory match in deflection and normal stresses; thus, results are
again verified (even for power law distribution). From Figure 5.3c, it is observed that the
shear stress values are negligibly small, the reason for the same is that the effect of thermal
strain on shear strain is ignored in the fundamental derivations, and this may be considered

as a future scope.

e.5 .
0.4 ; B:] Tbcttom=32 C
= = Tep = 31°C
~ —
N @3r T,o=30°C
E e.2 ?
boe.1— -#- Temperaturevariation
o L
T e—
- L
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N L
—
—~ -0.2 —
© L
C -8.3 —
[<] L
< 0.4
-0.5 1 \ L | - |
3e.8 31 31.2 31.4 31.6 31.8 32 32.2

Temperature (°C)
Figure-5.2 Nonlinear Temperature variation due to functional grading
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Figure-5.3(a-c): Purely Thermal Load
a) deflection, b) normalized axial stress, c) normalized shear stress
(For a small temperature gradient and material gradient using power law)

In order to have a broader view of such changes in their behaviour, the values of
temperatures for uniform, linear and non-linear distribution must be judiciously selected
and suitable combinations of materials must be selected to obtain desired properties. A
number of case studies are discussed in elaborate in the successive paragraphs.

In the next study a metal-ceramic combination (FGM-1) is again considered for
observing the characteristics of FG beam under purely thermal load and linear temperature
variation as shown in Table 5.5. Aluminium with higher value of coefficient of thermal
expansion is at the bottom, as compared to ceramic (Silicon Nitride), which is at the top.
The case-1 gives a deflection in upward direction as expected, and also for case-2 and case-
3, the deflection can be predicted a priori. However, the normal stresses have to be observed

more carefully.
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Table-5.5: Symbols for temperature distribution adapted in the graphs (5.4)

Cases Tb Tt To

Case-1 31 30 30

Case-2 35 31 30

Case-3 31 35 30
600 e.5

Present Work

500
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300
200
100

Present Work

Case-1

Case-2

Case-3

Exact Results

Normalized Height (z/h)

®
T T T T[T T T ] "

Transverse Deflection, w (um)

24 -0.1 & Case-1
7198; . & Case-2
+ 0.2 @ Case-3
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Figure-5.4: Purely Thermal Load with flipped gradients
a) deflection, b) normalized axial stress
In Figure 5.4b, the case-1 can be visualized as following. Aluminium with greater thermal

expansion will expand, however the top ceramic does not. The differential expansion
between the top and bottom creates a thermal moment as already discussed. To maintain
continuity, the bottom layers will not be allowed to expand freely resulting in compressive
thermal stress at bottom. However, the continuity requirement and thermal moment bends
the beam upwards resulting in compressive mechanical stresses at the top fiber. The stresses
in the fibres near the centre line are tensile (whose intensity will depend on the thermal
expansion coefficient ratio). Similarly in case-2, both top and bottom fiber will expand but
for different temperature gradients, resulting in thermal moment. The thermal compressive
stress at the bottom is very small as compared to the mechanical strains. This is because of
requirement to maintain geometric continuity. However, it may be noted that the net stress
at the top decreases. The reason is due the differential expansion of top and bottom fiber
which is only responsible for causing stress. The more the difference in expansion
coefficient, more will be the resulting stress. In case-3, the direction of thermal moment is
reversed.

Table-5.6 Symbols for temperature distribution adapted in the graphs (5.5)

Cases Eu/Et O/ Ot ATy ATt
Case-1 1 10 20 10
Case-2 10 1 20 10
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Figure-5.5 a) deflection, b) normalized axial stress, c) normalized shear stress when
temperature of bottom layer is more than that of top layer as per table-5.6

To study the effect of combination of materials, a unique study has been planned in which

arbitrary set of parameters have been considered to generalise the results.

For FGM-1 and FGM-2 comparison
Table-5.7 Symbols for temperature distribution
adapted in the graphs (5.6)

Cases Material Ev/Et ob/ ot ATt ATy
Combination (°C) (°C)
Case-1.1 FGM-1 1/5 4 1 5
Case-1.2 FGM-1 1/5 4 5 1
Case-2.1 FGM-2 4/5 1 1 5
Case-2.2 FGM-2 4/5 1 5 1
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Figure-5.6 Comparison of a) deflection, b) normalized axial stress, c) normalized shear stress
of FGM1 and FGM2 when temperature of bottom layer is more than that of top layer

5.6 Closure

In this chapter a detailed study has been performed to understand and exhibit
influence of thermal and thermos-mechanical loads on the structural behaviours of an FG
beam made with different types of material gradations and subjected to various types of
boundary conditions. Though many works have already been done on analysis of FG beams
under thermal and thermo-mechanical loading by various of authors, in the present work
FG beams have been reanalysed in frame work of a newly developed higher order unified
beam theory. To validate the newly developed mathematical model work of Li at al [27,
33], work of Wattanasakulpong et al [55] and work of Mahapatra et al [70, 105] have been
referred. It has been shown that the present mathematical model can be used to validate the
results of the problems solved by the above-mentioned authors in their works with
exclusion of higher terms which have been incorporated in the present mathematical model.
It has been vividly described in this chapter and also in the previous chapter that, exclusion
of higher terms which have been considered in the present work to derive the governing
differential equations influences few results, especially in plane shear stresses,

considerably. Few further problems have been solved thereafter.
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Chapter 6: FEA Analysis using APDL Programming

6.1 Introduction

In chapter 4 and 5 a FGM beam has been investigated for the determination of transverse

2

displacement ‘w’, normalized axial stress ‘cxx’ and normalized shear stress ‘.’ with

respect to normalized domain variable, i.e., (JL—C) To determine these parameters a unified

higher order mathematical model has been derived from ‘Principle of Stationary Total
Potential (PSTP)’ point of view by using Hamilton’s principle. The governing equation thus
derived has been solved using a numerical method known as B-spline colocation method
to find the expression of the unification parameter ‘F’ in terms of the domain variable.
Further substituting this ‘F’ in the expression of ‘w’, ‘oxx’ and ‘tx,” value of these output

parameters have been determined at different normalized domain positions, i.e., at different

values of (%)

Though the above-mentioned process has been validated with many published results but
to establish more firmly the authenticity of this newly developed formulation or
mathematical model under the frame work of ‘Unified Higher Order Beam Theory’,
another validation has been done using a very renowned numerical method known as Finite
Element Analysis (FEA) method. This FEA method has been executed with a FEA

software.

A FEA software has many modules. To validate the results determined by Unified Higher
Order beam formulations using a mathematical code the same problem has been solved by
Finite Element Analysis (FEA) method using programming Module module of a FEA
software by executing a FEA program. This FEA program has been developed in this
present work in few parts. One part of the program is to generate a model of beam with ‘n’
numbers of layers according to few input parameters like, length of the beam ‘L’, width of
the beam ‘b’, height of the beam ‘h’ and number of layers ‘n’. Next part of the FEA Code
generates material properties for each layer as per a material gradation law and impart those
properties at each layer successfully. In the present work Eq. 3.30 has been incorporated
in the FEA Code to generate material properties as per the power law of material gradation
for each layer out of the given properties of two constituent materials. Last part of the FEA

Code has been developed to mesh the topology automatically against input value of number
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of elements wished by the user in all the directions. This part of the program also let user

to impose boundary conditions and loadings with minimum effort.

In the following sections few problems have been solved with the Unified Higher Order
Beam Theory using the Mathematical Code as well as through Finite Element Analysis

(FEA) method using a FEA Programming and their results have been compared.
6.2 Validation of APDL Programming by solving few problems

6.2.1 A FGM cantilever beam subjected to a given UDL

In this problem a FGM beam has been considered of length 1m, width 0.1m and thickness
also 0.1m. A Uniformly Distributed Load (UDL) of 1000 N/m has been imposed on the
beam over its throughout length. The beam is made of a FGM in combination of Aluminium
and Silicon Nitride where Aluminium at the bottom layer and Silicon Nitride at the top
layer. Properties of Aluminium and Silicon Nitride have been taken from table 1.0. The
gradation of material has been done as per power law and properties have been calculated
by Eq. 31 and Eq. 32. This problem definition has been taken from the work of X. F. Li et

al B3,

To validate the FEA program/code, two output parameters have been evaluated. One
transverse deflection ‘w’ and other one is axial stress ‘g, ’. Prior the final simulation grid
independence has been checked. To check the grid independence a mesh control parameter
factor which has been named as MCP, has been incorporated in the program. This MCP
value has been set 1 in the first trial and then 0.5 in the second trial. To check the grid
independence, the reference output parameter which has been considered is the maximum

transverse deflection at free end.

Following is the geometry of a FGM beam created as per the above-mentioned dimensional

values using the FEA code or Macro with 50 layers (Figure 6.1a and b).
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Figure-6.1a FGM Beam Geometry generated using the FEA Program
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Figure-6.1b Enlarged view of the FGM Beam Geometry generated using the FEA Program
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Now to set the proper value of Mesh Control Parameter (MCP) this problem has been
solved with various combination of MCP values and for each case maximum deflection and
maximum axial stress have been calculated. Here MCPv’ and ‘M CPh’ means mesh control
parameter along horizontal or axial direction of the FGM beam and vertical direction
respectively. The reference value for controlling size of elements of the FGM beam here
has been taken as height of each layer. So, if MCP value is set 1 for any direction of the
beam then the size of the element in that direction would be equal to the thickness or height

of each layer.

For the present problem length of the beam has been considered 1 meter. Height and width
of the FGM beam has been considered 1—10 th of the length of the beam. Therefore, the height

and width of the FGM beam become 0.1 m each. Total 50 number of layers have been
considered in this FGM beam for gradation along height of the beam. So, thickness of each

layer for the present case would be % = 0.002 mm.

Therefore, if ‘MCPv’ is taken as 1 and “MCPh’ is taken as 2 then size of each element along
vertical direction is equal to the thickness of each layer and size along axial direction of the
beam is 2 times the size of thickness of each layer. In the present problem following four
combinations of the ‘MCPv’ and ‘MCPh’ values have been considered and with each
combinations the problem has been solved for maximum transverse deflection and

maximum axial stress.

Table 6.1: Maximum transverse deflection and maximum axial stress for various MCP values

MCPv | MCPh Nodes Elements | Max Defection Max Stress
1 2 12801 12500 0.085896 mm 4.2273 Mpa

1 1 25551 25000 0.086111 mm 4.2389 Mpa
0.5 1 50601 50000 0.085924 mm 4.2552 Mpa
0.5 0.5 101101 100000 0.086110 mm 4.2567 Mpa

From the above table 6.1 it is very much clear that with ‘MCPv’ and ‘MCPh’ values 1 each,
results of maximum transverse deflection and maximum axial stress are quite acceptable as
reducing the values of ‘MCPh’ and ‘MCPv’ further, results of maximum transverse
deflection and maximum axial stress do not improve much. So, it has been decided to do
all the simulations ahead with ‘MCPv’ and ‘MCPh’ values as 1 as this combination

generates lesser number of nodes.

Page | 121



Following figures (figure 6.2a, b and c) shows the enlarged meshed views of the FGM beam

with above mentioned combinations of ‘MCPv’ and ‘MCPh’ values.
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Structural analysis of a 2D cantilever FGM beam with SHELL181 element subjected

Figure-6.2a Enlarged Meshed view of the FGM Beam Geometry generated using the FEA
Program considering ‘MCPv’ and ‘MCPh’ values 1 and 2 respectively.
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Figure-6.2b Enlarged Meshed view of the FGM Beam Geometry generated using the FEA
Program considering ‘MCPv’ and ‘MCPh’ values 1 each.
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Figure-6.2c Enlarged Meshed view of the FGM Beam Geometry generated using the FEA
Program considering ‘MCPv’ and ‘MCPh’ values 0.5 and 1 respectively.
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Figure-6.2d Enlarged Meshed view of the FGM Beam Geometry generated using the FEA
Program considering ‘MCPv’ and ‘MCPh’ values 0.5 each.
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Following figures shows the enlarged meshed views of the FGM beam with above

mentioned combinations of ‘MCPv’ and ‘MCPh’ values.

Now, among the above configurations further simulations have been completed with the
configuration corresponding to the ‘MCPv’ and ‘MCPh’ values 1 each. In this simulation
SHELL181 element has been used and material properties have been generated for each of
the 50 layers using power law of material property gradation and have been assigned with
separate material property number. After calculating material property values for each layer

of the beam, those have been assigned properly to each layer.

In this problem boundary conditions and loading have been imposed on nodes and for that
purpose a suitable APDL Macro has been written to select proper nodes to apply

displacement values and loading values.

Following is the figure of the FGM beam with clamped boundary condition at the left most
nodes, that is, at nodes having ‘X’ coordinate value 0 with displacement parameter vales as
Ux=0,Uy=0,Uz=0, Rx =0, Ry =0 and Rz = 0, that is, All Degree of Freedom (ALL
DOF) =0.

To apply load nodes at ‘Y’ coordinate value ‘h’ have been selected using a APDL Macro
and the number of those nodes have been counted and labelled with a suitable name.
Afterward total load has been divided by those number of nodes, that per unit load has been

imposed at each of the above nodes.

Loading and boundary conditions have been depicted in figure numbers 6.3 and b.
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Figure-6.3a Loading and Boundary Condition imposed using the FEA code.
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Structural analysdlis of a 2D cantilever FGI )eam with SHELL181 element subjected

Figure-6.3b Enlarged view of imposed Loading and Boundary Condition shown in fig. 6.3a

After imposing loading and boundary conditions solution has been done and transverse

deflections of the beam at various nodes on the mid line or elastic curve along the length
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of the beam have been listed. Then a graph has been plotted between the x-coordinate of

the nodes and the deflection values which has been presented in figure 6.4 below.
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Figure-6.4 Variation of transverse deflection of elastic curve at y=h/2 along the length of the

FGM beam.

Now axial stress values at various nodes on the left most side of the beam, that is, at the x-
coordinate value zero have been listed. Here also a graph between y-coordinates of the

nodes and axial stress values in Pascal has been plotted and presented below.
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Figure-6.5 Variation of axial stress along the height of the FGM beam at x=0.
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Besides graph plotting contour plotting has also been done for the deflection distribution

and axial stress distribution as shown below.
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Structural analysis of a 2D cantilever FGM beam with SHELL181 element subjected

Figure-6.6 Contour plotting of the transverse deflection along the length in the FEA program.
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Structural analysis of a 2D cantilever FGM beam with SHELL181 element subjected

Figure-6.7a Contour plotting of the Axial stress distribution in the FEA program.
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Figure-6.7b Enlarged view of the contour plot shown in figure 6.7a
Now to validate the method of determination of transverse deflections at various nodes on
the central curve or elastic curve of the FGM beam along its length with help of FEA
method using the APDL code developed in this work, all the values of transverse
deflections have been compared with the results of transverse deflection determined by the
Unified Higher Order Beam theory developed in this present work using a MATLAB code

which has also been written in this present work.

As the problem solved here has been taken from the work of X. F. Li 1], all the results of
transverse deflection have also been compared with result of the work of X. F. Li 3. To
compare all these results three set of data have been plotted in a single graph against axial
distance of the beam measured from fixed end. The graph which has been plotted has been

shown below.
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Figure-6.8a Comparison of deflections determined using ANSYS APDL program with MATLAB

results and with the results from the work of X. F. Li 1331,

Similar to the transverse deflections, axial stress at various nodes on the vertical edge at the
left most position, that is, at x=0 determined with help of FEA method using the APDL
code developed in this work, have been compared with the results of axial stresses
determined analytically using the MATLAB code which is also developed in this present
work. All the results of axial stresses have also been compared with result of the work of

X. F. Li 3], Following is the graph showing all the above-mentioned results together.
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Figure-6.8b Comparison of axial stress using ANSYS APDL program with MATLAB results and with

the results from the work of X. F. Li B3I,
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6.2.2 A FGM simply supported beam subjected to a given UDL
To validate the ANSYS APDL program developed in this work, another problem of a FGM
beam with transverse loading has been solved with the APDL program developed in this

work. The problem definition has been stated below which has been taken from the work

of X. F. Li B3],

In this problem a FGM Simply-supported beam has been considered of length 1m, width
0.1m and thickness also 0.1m. A Uniformly Distributed Load (UDL) of 1000 N/m has been
imposed on the beam over its throughout length. The beam is made of a FGM in
combination of Aluminium and Silicon Nitride where Aluminium at the bottom layer and
Silicon Nitride at the top layer. Properties of Aluminium and Silicon Nitride have been
taken from table 1.0. The gradation of material has been done as per power law and

properties have been calculated by Eq. 31 and Eq. 32.

Above problem has been solved for the output parameters i.e., transverse deflection ‘w’ and
axial stress ‘0, using the APDL program. The APDL program automatically generates the
FGM beam with ‘n’ number of layer as user input. Here 50 number of layers have been
considered. After generating the topology of the FGM beam the APDL program can
automatically calculate material properties for each layer and can assign them at each layer
as discussed for the case of cantilever beam. This program also imposes boundary
conditions and loading at required nodes after selecting them automatically as per the user

input. Following are the figures depicting the loading and boundary conditions on the beam.
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Figure-6.9 (a) Full view of the total beam with Wedge support as boundary condition and
loading as UDL (b) Enlarged view of imposed Loading and Boundary Condition.

After imposing loading and boundary conditions solution has been done and transverse
deflections of the beam at various nodes on the mid line or elastic curve along the length
of the beam have been listed. Then a graph has been plotted between the x-coordinate of

the nodes and the deflection values which has been presented below.
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Figure-6.10 Variation of transverse deflection of elastic curve at y=h/2 along the length of the
FGM beam.

Now axial stress values at various nodes on the axis of symmetry of the mid surface of the
beam, that is, at the x-coordinate value L/2 have been listed. Here also a graph between y-

coordinates of the nodes and axial stress values in Pascal has been plotted and shown below.
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Figure-6.11 Variation of axial stress along the height of the FGM beam at mid surface i.e at
x=L/2.
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Besides graph plotting contour plotting has also been done for the deflection distribution

and axial stress distribution as shown below.
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Strct analysis of a 2D canti FGM beam with SHELL181 subjected to UDL.

Figure-6.12 Contour plotting of the transverse deflection along the length of the simply-
supported beam.
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Figure-6.13a Contour plot of the Axial stress distribution of a simply-supported FGM beam under
UDL.
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Figure-6.13b Enlarged view of above contour plot as shown in figure 6.13a.

The output parameters i.e., transverse deflection ‘w’ and axial stress ‘o,,,’ which have been
determined above using FEA method through APDL program developed in the present
work have also been compared with the values calculated by the derived Unified Higher
Order Beam theory and solved using B-spline collocation method in the present work

through a MATLAB code.

As the problem solved here has been taken from the work of X. F. Li 1], all the results of
transverse deflection and axial stress have also been compared with result of the work of
X. F. Li 31, To compare all these results three set of data have been plotted in a single graph
against axial distance of the beam measured from fixed end. The graph which has been

plotted has been shown below.
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Figure-6.14 Comparison of FEA code derived results with results from code for Hinged condition
a) deflection, b) normalized axial stress

6.3 Solving few critical problems using a FEA software programming

Structural analysis of any non-uniform and irregular bodies made of functionally graded
materials (FGM) is very difficult using a mathematical program. Because it is extremely
difficult to derive a governing equation for an irregular body, for example, beams and bars
with various dimensional discontinuities like holes of various sizes and shapes, notches
with various dimensions etc in the frame work of Unified Higher Order Beam Theory. So,

it is a wise decision to analyse an irregular body using FEA method using a FEA software
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through its programming module. Before proceeding in the development of a FEA Code
for beams and bars with holes and notches, few FEA Codes have been developed to solve

1, 1138

few problems from a few published research papers 27} 331 11381 and validated their results.

These have been shown in section 6.2 in detail.

After validating basic FEA codes for FGM beams and bars without any discontinuity and
having ‘n’ number of layers, these programs have been modified to incorporate various
discontinuities like circular holes and elliptical holes with different dimensions. These FEA

codes can also incorporate the holes at user defined positions in the beams and bars.

To examine the efficiency and capability of the FEA codes, few problems of beams and
bars with circular holes and elliptical holes have been solved in this section. In the first
problem a short beam/bar of length 100mm and cross-section 10mmx10mm has been
considered. This beam/bar has been incorporated with a hole of Smm diameter at the centre
of the beam/bar and has been imposed with an axial load of 1kN at extreme right end with
extreme left end fully fixed. Here one thing is worthy to mention over here that, as in this
validation process only axial force is imposed so this layered structure would be considered

as a Bar though it is termed as a Beam.

Now before the solution of the above-mentioned problem is performed, proper value of
Mesh Control Parameter ‘MCP’ for the grid independent solution has been determined. It
has been shown in the previous section that, MCP value of ‘1’ has given a grid independent
solution successfully. But in the present problem due to incorporation of the hole, denser
meshing is required. To determine the mesh independent solution total five MCP values

have been tested. These are 1, 0.5, 0.25, 0.2 and 0.125.

Here one thing is worthy to mention that for the purpose of validation only single material
has been used in this problem, that is, steel with modulus of elasticity (E) 210 GPa,
Poisson’s ratio 0.3 and Density 7800 kg/m’. Though topology of the beam/bar has been
created with 50 layers but each layer has been assigned with material properties of steel
only. Then maximum stress has been determined which is occurred at the vicinity of the
hole and this maximum value of stress is compared with the analytically determined
maximum value of stress considering the standard value of ‘Stress Concentration Factor’
(SIF). Following is the figure of the topology of the beam/bar with hole generated using
the APDL program.
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Figure-6.15a Layered beam/bar generated by the FEA code with a hole at center.

Figure-6.15b Enlarged view of the layered beam/bar generated by the FEA code with a hole at
center
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Now, to determine required value of MCP (Mesh Control Parameter) for the mesh

independent solution maximum axial stresses have been calculated for each value of MCP.
Following is the meshed view with MCP 0.2.
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Figure-6.16 (a) Meshed view of the beam/bar with hole (b) Enlarged view of the mesh near hole
position.
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From the above meshed view, it is clear that MCP value perfectly controls the meshing
around the circular hole and a perfect structed mesh has been done as per the curvature of
the hole. After successful meshing, loading and boundary condition been imposed. Under
boundary condition, each node of the left most edge has been assigned with all degree of
freedom equal to zero, i.e Ux=0, Uy=0, Uz=0, Rx=0, Ry=0 and Rz=0. To impose load,
number of nodes at the right most edge have been counted first and then total load value
have been divided by this number of nodes to get load for each node. Following is the figure

of the beam/bar with loadings and boundary conditions imposed.
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Figure-6.17 Beam/bar with hole subjected to boundary condition and loading.
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Figure-6.18 a, b Enlarged views of the imposed boundary condition on the nodes at the left most
edge.
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Figure-6.19 a, b Enlarged views of the imposed loadings on the nodes at the right most edge.
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After imposing loading and boundary conditions the problem has been solved and
maximum stress at the vicinity of the hole has been noted. In this problem simulation has
been done for various mesh sizes controlled by a parameter named as ‘Mesh Control
Parameter’ (MCP). MCP values which have been used for this problem are 1.0, 0.5, 0.25,
0.2 and 0.125. For each value of MCP maximum stress in the beam/bar with hole which is
occurred near hole has been noted and compared with the theoretical value of the maximum
stress calculated analytically and with help of standard value of Stress Intensity Factor

(SIF).

As per the given data regarding dimensions of the beam/bar structure the nominal stress

that would be generated in the beam/bar near hole is

Load
- Cross — sectional area at hole
1000N
- (Width — Hole dia) X Thickness

Oy

1000 N

_ _ 2
= A0—5) x L0 mmz ~ 20 N/mm

Now Stress Concentration Factor has been selected from a standard graph as shown below
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Figure-6.20 Graph of theoretical Stress Concentration Factor K; for Rectangular Beam/Bar with
Transverse Hole in Tension or Compression 4%

From the given problem the value of (%) is % = 0.5. So, the value of Stress Intensity Factor

K, is corresponding to the graph above is 2.15.

Page | 142



Therefore, the maximum value of axial stress at the hole-area becomes
0y = 20MPa X K; =20 X 2.15 = 43 MPa

Now, maximum stress in the beam/bar at hole region has been determined numerically
using an APDL program for different mesh density controlled by different MCP values.
These values of maximum stresses for each MCP values have been summarized in a table

shown below.

Table 6.2: Maximum transverse deflection and maximum axial stress for various MCP values

Max.
?\f[lif;s[:; MCP Element size equal to Elf;:i ts NN(? d(g %error
APDL
40.5609 1.00 | Height of each layer (h,) | 37704 38336 5.67
41.0131 0.50 Half of h,, 132840 134070 4.62
41.973 0.25 One fourth of hy, 495860 498282 2.39
42.7849 0.20 One fifth of hy, 758931 761947 0.5
42.8012 0.125 One eighth of h, 975447 993985 0.46

From the values shown in the table it is quite clear that the APDL program calculates more
or less same maximum stress value with error less than 1% with mesh fineness
corresponding to MCP values 0.2 and 0.125. As MCP value of 0.125 generates considerably
larger number of nodes than that of MCP value 0.2 with a negligible improvement in the
value of maximum stress, all the further simulations for structural analysis of beams/bars
with various type of circular as well as elliptical holes. MCP value would be considered as
0.2. Following is the figure of stress distribution of the beam/bar with a central hole as

mentioned in the problem stated above.
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Figure-6.21 Axial stress distribution around the circular hole in the layered beam made of steel.

After validating the APDL program developed for the FEA analysis of any FGM beam/bar

with circular and elliptical holes in it, various cases have been solved below.

Case I: In this problem a FGM Bar of length 100 mm and made of an isotropic material
steel has been considered. Width and height of the bar has been considered as 10 mm. There
is an elliptical hole of following mentioned dimensions at the centre of the bar. It is
subjected with an axial load of 1000 N at the right extreme edge equally distributed along

the edge length. The dimensions of the elliptical holes are as follows

Table 6.3: Dimensions of the elliptical holes placed at centre of the layered beam/bar

S1 Hole Length along the axis of the L.ength along thc.:
No 1o beam/bar perpendicular of the axis of the
) ) beam/bar
1 1 4mm 3mm
2 2 3mm 4mm
3 3 Smm 3mm
4 4 3mm Smm
5 5 10mm Smm

All the configurations of the bar object have been constructed using the APDL program
designed in this work. The APDL program developed here is so general that it can create

any of the above-mentioned configurations very easily and with minimum time. Following
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are two figures of the bar/beam created by the APDL program with hole configurations 3

and 4 mentioned above.

aseas Ansys
TYPE NUM 2023R1

FEB 29 2024
15:25:37

Str Analysis of a 2D Bar with elliptical hole SHELL181 element subjected axial 1

Figure-6.22a A layered beam with an elliptical hole at center as per configuration 3 of table 6.3.

Ansys
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Figure-6.22b Enlarged view of fig 6-18a showing layers prominently along with the elliptical hole.

Page | 145



EE:;::::'":::::: Ansys
...... 202381
bt LR ﬁf it
i P
i i i i i i
el Y R 5

Figure-6.23a Structured meshing of the layered beam/bar with the elliptical hole.

CEe=s Ansys
2023R1

FHB ps| 2§24
15:pa}31

BN EEENEEEEEEEEEREE

N
N

A

Str Analysis of a 2D Bar with elliptical hole SHELL181 element subjected axial 1

Figure-6.23b Enlarged view of the above meshing clearly showing the SHELL elements near hole.
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Upon successful meshing, boundary condition and loading have been imposed on the
proper nodes. Nodes on the left most edge have been constrained with all degree of freedom
and an axial load has been imposed on each node at right most edge. This has been depicted

in the figure below.

Ansys
2023R1
- FEB 29 202
16:26:10

Str Analysis of a 2D Iso Bar with elliptical hole SHELL181 element subjected axi

Figure-6.24 Imposition of boundary condition and loading on the layered bar/beam with
elliptical hole.

After imposition of load and boundary conditions the problem has been solved and

following is the contour plot of axial stress distribution near the hole-region.

Page | 147



omaz. soroTron Ansys

STEP=1

Str Analysis of a 2D Iso Bar with elliptical hole SHELL181 element subjected axi

Figure-6.25 Contour plot of the axial stress distribution in the beam with hole configuration 3.

Now simulation has been done using the APDL program with hole configuration 4 as

mentioned in table 6.3. Following is the axial stress distribution.

Str Analysis of a 2D Iso Bar with elliptical hole SHELL181 element subjected axi

Figure-6.26 Contour plot of the axial stress distribution in the beam with hole configuration 4.
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In the following table axial stress results for all the hole configuration as mentioned in the

table 6.3 have been summarized.

Table 6.4: Maximum axial stresses generated around the elliptical holes of various

configurations.

Dimension of the Nominal Max. Stress stress
elliptical hole (mm) (MPa) (by concentration
stress . MCP
‘ . (MPa) APDL numerically
X-axis Y -axis Program) (Kn)
length length
4 3 14.29 28.2952 1.98
3 4 16.67 37.3744 2.24
5 3 14.29 26.1546 1.83 0.20
3 5 20 42.2157 2.11
10 5 20 37.4695 1.87

In the present problem though the geometry of the beam/bar has been created in layer wise
with 50 layers but each layer has been assigned with a single material steel to make it
isotropic. In the next case or problem same beam/bar has been considered but with circular
hole of various dimeters placed at the centre of the beam and with varying materials

between top and bottom layers.

Case II: In this case two materials have been considered. Top layer is made of 100% Silicon
Nitride (Si3N4) and bottom layer is made of 100% Aluminium (Al). In between top layer
and bottom layer these two materials have been mixed up as per laws of volume mixture
following power law of mixture. The material properties of Silicon Nitride (Si3N4) and
Aluminium (Al) have been taken from table 4.1 [*3] and material properties of the in
between layers have been calculated in the APDL code as per Power law of mixture. These
material properties have been assigned to each layers automatically by the APDL
programming. For this case a load of 1000 N has been imposed axially at the nodes of
extreme right end or edge. Nodes on the extreme left edge has been imposed with the
boundary condition of zero degree of freedom. As the loading for this case has been
considered as axial one so it will be termed as bar and its geometrical configuration would
be same as the above problems of isometric material, that is, length 100mm and section 10
x 10mm. For this case two types of circular holes with diameter 3mm and Smm have been

considered at the centre of the bar. As mentioned above, the material property variations
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have been made as per power law and five different values of the power law index, that is

five different values of ‘B’ have been considered here. Following table shows all the design

variants with various combinations of hole diameter and power law index ‘f’.

Bar geometry: 100mm x 10mm x 10mm. Hole position: (50mm, Smm) from lower left end.

Table 6.5: Various design variants of the problem mentioned in Case II.

Design Variant | Hole Dia (mm) Power law index (B)
1 0.25
2 0.50
3 3mm 1
4 2
5 5
6 0.20
7 0.25
8 Smm 0.50
9 1
10 2
11 5
12 6mm 1
13 7mm 1
14 8mm 1

Following are the results of maximum deflection and maximum axial stress out of the above

simulation using APDL program.

Table 6.6: Maximum deflection and axial stress corresponding to various design variants of Case

Design H(?le Power Maximum deflection (mm) M.aximum

Variant Dia law X Y Vector axial stress
(mm) | index (B) sum (MPa)
1.1 0.25 0.0140064 | 0.049028 | 0.051005 32.9527
1.2 0.50 0.012789 | 0.049775 | 0.051392 36.8393
1.3 3mm 1 0.010453 | 0.041743 | 0.043031 31.652
1.4 2 0.00802 | 0.029895 | 0.030952 32.6395
IL.5 5 0.005566 | 0.015703 | 0.01666 32.7165
1.6 0.25 0.01525 | 0.051959 | 0.054151 37.4362
1.7 omm 0.50 0.01365 | 0.052361 | 0.054111 42.0727
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I1.8 1 0.011323 | 0.044712 | 0.046124 39.6843
I1.9 2 0.008838 | 0.032785 | 0.033955 43.6052
I.10 5 0.006239 | 0.01792 | 0.018996 45.0093
IL.11 6mm 1 0.011785 | 0.04604 | 0.047518 49.3647
II.12 7mm 1 0.01324 | 0.050354 | 0.052065 57.5252
II.13 &mm 1 0.014507 | 0.053396 | 0.055332 63.408

Above results which have been tabulated can be categorized into two parts. One is the study

of influence of power law index of the material gradation on deflection and axial stress

generated in the FG beam with a given size of hole at centre of the beam. Next category of

result is the impact of hole diameter for a given power law index value of the material

gradation on maximum deflection and axial stress. Here one thing is necessary to mention

that, for both the above-mentioned categories beam has been subjected to an axial loading

with opposite end being fixed. So, though it is being mentioned as a Beam, but it is working

in this case, that is, in case II as a Bar.

Two above mentioned categories of results have been presented below by few graphs.

Max axial deflection
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e 3mm Dia
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Figure-6.27 Influence of power law indices on maximum axial deflection under axial load of a

beam with two types of hole diameters, 3mm and 5mm.
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Figure-6.28 Influence of power law indices on maximum transverse deflection under axial load

of a beam with two types of hole diameters, 3mm and 5mm.
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Figure-6.29 Influence of power law indices on maximum normal stress under axial load of a

beam with two types of hole diameters, 3mm and 5mm.
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NODAL SOLUTION Ansys
STEP=1 2023R1
SUB =1
TIME=1 MER {.2(.)24
5x (AVG) 00:20:14
R5Y5=0
DMX =.051005
SMN =-.020065
SMX =32.9527
-.020065 7.30721 14.6345 21.9618 29.289
3.64357 10.9708 18.2981 25.6254 32.9527

Figure-6.30a Contour plot of deflection as per Design Variant Il.1 mentioned in table 6.6.

— Ansys
2023R1

STEP=1
SUB =1
TIME=1 MRER ]..2(.)2‘1
ax (AVE) 00:22:54
R5YS5=0

DMX =.051005
SMN =-.0200&5
SMX =32.9527

-.020065 7.30721 14.6345 21.9¢618 29.289

3.64357 10.5708 18.2981 25.6254 32.9527

Figure-6.30b Contour plot of axial stress as per Design Variant 1l.1 mentioned in table 6.6.

Page | 153



jopaL soroTron Ansys
STEP=1 2023R1
SUB =1
TIME=1 MAR .'.S 2(.)2'1
5% (AVE) 10:28:19
RSYS=0
DMX =,048507
SMN =-.02811¢
SMX =35.83683
-.02811¢ T7.94242 15.913 23.8835 31.854
3.95715 11.9277 19.8982 27.8688 35.8383

Figure-6.31a Contour plot of deflection as per Design Variant 1.2 mentioned in table 6.6.

NODAL SOLUTION An SYS
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SUB =1
TIME=1
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-.028116 7.94242 15.813 5 54
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Figure-6.31b Contour plot of axial stress as per Design Variant 1.2 mentioned in table 6.6.
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Similarly, many other design variants can be simulated with ease and accuracy within

minimum time.
6.4 Closure

It is evident from the above discussion that to analyse a beam or bar structure made of a
functionally graded material with various types of material gradations, with various types
of loadings and with various types of dimensional discontinuities, it is not possible every
time to approach mathematically by solving few governing differential equations with help
of with few boundary conditions. Derivation of governing differential equations for any
structural problem where topology of the structure is complicated, is a very tedious job. For
those cases solving problems with finite element method through any well-established FEA
software like ANSYS is very helpful. In this work few problems with dimensional
discontinuities have been simulated with ANSYS APDL programming. Solving numerical
problem with ANSYS APDL programming give immense flexibility to simulate problems
with a large number of design variants in minimum time and with maximum accuracy.
Before ANSYS APDL programming has been adopted for solving problems of FG bars and
beams with various types of holes, it has been validated with results of previously solved

FG beam problems analytically using MATLAB programs.
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Chapter 7: Conclusions & scope for future work

7.1 Introduction

Because of their innate ability to gradually change their characteristics, functionally graded
materials can be highly helpful in situations where interfacial stress concentration causes
delamination failure. A sharp change in direction at the contact causes this concentration of
stress. Therefore, FGMs can be a very acceptable alternative when joining materials whose
characteristics vary greatly in order to produce a composite and avoid failure under

temperature or load-related critical circumstances.

Numerous application domains, including as windmill and helicopter blades, cutting tools,
turbomachine blades, and beam-like structures, can all be optimized as beams. It is
anticipated that using beams with functionally graded qualities will increase their
dependability and safety. In a similar vein, graded material tapered beams can be used in
applications like as aerospace and biomedicine, where a high stiffness-to-weight ratio is
necessary. It follows that in order to maximize the design and development processes, it
will undoubtedly be necessary to investigate the behaviour of functionally graded beams.
Therefore, in the design synthesis and analysis of such components, the principles of beam
modelling to account for deformation and stresses, and incorporating the gradient in
characteristics, become extremely important. Consequently, it has been determined that a
pertinent and fascinating research field is the examination of the stress and deformation

behaviour of FG beams under thermo-mechanical load.

In this research a unified higher order beam theory has been formulated using the principle
of virtual work theorem through Hamilton’s principle in the frame work of third order shear
deformation theory. The resulting equations are coupled in terms of stiffness coefficients
along with generalized boundary conditions are obtained. The derived governing equation
solved numerically using B-spline collocation method under mechanical and thermal loads
both. The grading is assumed to be along the cross-sectional height by considering the
variations of elasticity, rigidity modulus, expansion coefficient and thermal conductivity
while Poisson’s ratio is assumed to be a constant. The formulation has been simplified into
a single governing equation by assuming an independent parameter to relate the

displacement variables. This method has been suggested by Li [33] for purely mechanical
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load, and this work extends the same to thermo-mechanical conditions. The solution to the
equations is approached both analytically and numerically to study the behaviour of such
beams under purely mechanical, purely thermal and thermo-mechanical loading conditions.
The axial and shear stresses and their variations with respect to various parameters have
been studied to draw a number of important conclusions that will serve to refine the design
and optimization processes of these components. Furthermore, a FEA code has been
developed to solve FG beam problems with holes and other types of dimensional

discontinuities under various types of loadings and boundary conditions.

7.2  Conclusions

In this section conclusions have been drawn in few categories associated with types of loads
and method of analysis, that is mathematically and by software.

7.2.1 Functionally graded beams under mechanical load

a) The grading has a significant impact on the beam's deformation and stress
properties. The behavior of the beam adopts the properties of the bottom material

as the index value increases.

b) It is noted that the neutral axis moves in the direction of the more elastic material.
For a given index value, the neutral axis is the furthest from the geometrical center

and decreases asymptotically as [§ increases.

¢) For C-C beams, the impact of a change in material composition is negligible, but

for S-SSL beams, it is noticeable.
d) Non-uniform loading can also be solved using this mathematical model.

e) Analysis of FG beams using the unified higher order beam theory, which is the
novelty of this present work, shows that the results on defection and axial stresses
are very much in compliance with the results determined by Li et al [33] and D.

Mahapatra et al [138]. But the value of shear stress differs by more than 4%.
7.2.2  Functionally graded beams under thermo-mechanical load

a) Independent of mechanical loading, the deflection of the FG beam caused by the

transverse thermal gradient begins at even the smallest increase in surface
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b)

d)

7.2.3

b)

temperature above the surrounding value. This is caused by variations in the
component materials' attributes, particularly their expansion coefficient.

The directions of the temperature and material property gradients have a significant
impact on how the FG beams respond. When the expansion coefficient and
temperature gradient are pointing in the same direction, there are increased stresses.
There will be significant deflections and stresses if the gradients of heat
conductivity, elasticity modulus, and expansion coefficient coincide. For this
reason, such circumstances should always be avoided in design.

The behavior of the beam is significantly different for linear and non-linear
temperature profiles for the same temperature differential between the top and
bottom surfaces.

The thermal conductivity of the parent materials is critical to the behavior of the FG
beam in the event of nonlinear temperature profiles. The temperature profile will be
more nonlinear the greater the differential in thermal conductivity. Therefore, even
for thick beams, a linear temperature profile may be assumed if the elements'
differences in thermal conductivity are negligible.

All the above conclusions are based on the analysis of FG beams using the unified
higher order beam theory derived in the present work in the environment
mechanical as well as thermal load as mentioned before. Now, it has been observed
that under thermal load also the results on shear stress differs considerably with the

previous work of different authors [27,33,138].

Functionally graded beams with dimensional discontinuities

It has been observed that, it is very much difficult and cumbersome to analyze
beams and plates with dimensional discontinuities using the formulated higher
order beam theory formulations.

To overcome the above-mentioned problem few FEA codes have been generated
using a FEA commercial software. These codes are capable to generate layered
model of FG beams with user input variables like, geometrical parameters, number
of layers, material properties of the constituent particles and meshing parameters.
Same problems of FG beams as considered for solving with the unified higher order

beam theory using a mathematical software have been solved with the newly
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developed FEA code. The results of transverse deflections and axial stresses are in
good compliance with the analytical results.
d) Few more problems of beams with circular and elliptical holes under axial as well

as transverse loadings have been solved.

7.3  Scope for the future

The current study examines the stress and deformation behavior of uniformly tapered FG
Timoshenko beams under both thermomechanical and simply mechanical loading
scenarios. In order to characterize the precise behavior of FG beams, both exact and
approximate solutions have been obtained for the investigation of the reaction to variations
in material composition, type of end constraint, temperature profiles, material gradient
laws, etc. To expand the work on a larger scale, there are still several unexplored areas. The

following can be used to summarize the possible future work:

e In the present study uniform mechanical load is assumed. However, the non-
uniform loading may be also considered using the same formulation.

e In the present work FG beams have been investigated only under static loadings.
This study can be extended to the analysis of FG beams with various dynamic
loadings and buckling analysis along with post buckling analysis.

e The present study is takes into account third order variation of shear deformation
(Reddy’s theory), however other beam theories may be followed to include other
higher order of shear so that precise results for thick stubby beams can be obtained
successfully.

e The effect of uniform rotation may be included to extend the studies further to
include a number of applications. It is felt that only an extra term of centrifugal
force has to be included in the formulation.

e The analysis of pre-twisted beams is a significant research area to study the relevant
applications to turbo-machine blade design. The present formulation can be
extended to include a pre-twist configuration and their corresponding behavior may
be studied.

e The formulation can also be extended to study the behavior of piezo-electric FG
beams used in sensors and actuators especially used in aerospace and biomedical

arcas.
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e The analysis of beams under non-rigid support conditions is also an open area that
can be explored through small inclusions in the formulations.

e In the present study of unified higher order beam theory has been derived taking
into consideration uniform cross-section of been. Varying cross=section along the
axis of the beam may be considered.

e The formulation can be extended to explore two dimensional plate analysis as well,
that is a separate research area of interest.

e The vibration and dynamic studies pertinent to present formula and extendable to
above cases is an interesting research area in the present context.

e The present study is based on computational technique for analysis; it may be
validated using experimental procedures.

e The approximation using B-spline collocation can be extended to NURBS-
collocation, more sophisticatedly called as isogeometric collocation. The use of
Isogeometric formulation in numerical solutions is a trending topic for engineering
research community.

e A FEA code has been developed in the present work to analyze FG beams with
various holes incorporated. Only two-dimensional geometry of beam can be
developed by this code. It can be modified to build three-dimensional FG beams
and plates with incorporation of more varieties of holes in addition to circular and
elliptical holes.

In addition to the above, a number of application areas specific to the need of engineering

may be explored for design with added reliability and safety.
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In the present study, a functionally graded cantilever heam has been analyzed to observe
its deformation behavior and stress variations. While the material properties (modulus of
clasticity, modulus of rigidity, and density) have been varied along the height of the beam,
Poisson’s ratic has been considered a constant. The governing equations have been
derived using Hamilton’s Principle in the framework of higher-order beam theory. The
derived equations arc then simplified to a single equation, which is similar to that of
isotropic beams. However, the work is extended to include a few higher-order terms and
to study the effect of the incorporation of these terms on the resulting FG beam behavior.
The development of a single governing equation for studying the statics and dynamics of
an FG beam with the incorporation of higher-order terms is a unique part of the report.
The solution of the governing equation is approached using approximate methods; in this
work, the B-spline collocation technique is used to arrive at the results. A sixth-order B-
spline basis function is used as an approximating polynomial, and the Greville abscissa has
been used to generate collocation points. The obtained results have been verified against
standard literature to find a satisfactory match, The results include comparative plots for
normalized bending and transverse shear stresses, with and without the inclusion of
higher-order terms. The results are then extended to study the effect of material index on
the deformation and stress behavior of FG beams. The effect of aspect ratio on results is
also studied for comparison of various beam theories.

1. Introduction

Since the mid-1980s, with the advent of
Functionally Graded Materials (FGMs), we have
been witnessing a new era in the field of material
technology. FGMs belong to a class of advanced
materials that have continuous variation in
properties along a desired direction and in a
desired fashion. Compositions (volume of
constituents) and hence the properties gradually
change over the volume of such materials,
resulting in a corresponding change in the
properties of the material that is different from
either of the parent materials. Functionally
graded materials eliminate the sharp interfaces
existing in composite materials and structures,
where failure is usually Initiated. Due to thelr
customized behavior, FGMs may have very wide
applications. If their manufacturing cost Is
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reduced by improving the processes, then it may
revolutionize the design process as a whole. A
thorough overview of FGMs, their manufacturing
techniques, modeling and design, and
applications can be found in [1-5]. In [6], an
exhaustive review of the modeling and analysis of
functionally graded materials and their
applications has been reported.

Although  considerable  research  on
functionally graded materials has been reported
since their conceptualization, most of the work in
the area of functionally graded structures (beams
and plates) has been done only in the last two
decades.

The literature search has been categorized
into Euler-Bernoulli (Classical beam theory,
CBT), Timoshenko (First order shear
deformation theory, FSDT), and Reddy-Bickford
(Higher order shear deformation theory, HSDT)
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Abstract. The study of behavior of functionally gruded structural members is a significant area ol research these days. The
behavior of such structures is studied in the framework of beam theorics proposed for isotropic beams. Usually, three
governing cquations are derived and solved Lo arrive al solutions for such benms. However, in literature (here is a unique
method to unify the three cquations fo a single governing cquation for Timoshenko beams. The theory has been also
extended to include correelion in shear siresses through Reddy-Bicklord (Higher order) beam theory. However, in reported
literature, few higher order terms have been ignored for brevity.

The authors in this work have formulated a fourlh order differential equation following (he Iigher Order Beam theory
and considering more higher order terms unifying all the separte equations representing axinl deflection, transverse
defleclion and rotation with help of a parameter. This formulation has been derived on the busis ol Tlamilton’s prineiple o
obtain a unique cquation to study static as well as dynamic behavior of FG beams with various supporting boundary
conditions. A comparative study on the cllcet of higher order term in the formulation for the behavioral study ol FGM
beams has been reported in this paper. Subscquenlly comparalive studics for defleetion and stress behavior of the FG
cantilever beams for difTerent cases of aspeel ratio and material gradation subjecled 1o uniform loading conditions has been
reporied.

1. INTRODUCTION

JFunctionally Graded Materials (IFGMSs) were [irst introduced in the middle of the 1980s and with its introduction
the area of malerial technology has entered o new age. FGMs are a subset of advanced materials that continuously
vary their properties in the desired direction and in (he desired way. In such materials, the structure and, consequently,
the composition (volume of constituents) vary gradually over the volume, changing the material's propertics in o way
that makes it distinel from either of the parent malerials. Therefore, lunctionally graded materials oliminate any sharp
interfaces that may be present in composite materials or structures, which are frequently the source of failure. FGMs
may have a very broad range of uscs because of (heir individualized activity. I[ their production costs can be decrensed
by streumlining the procedures, il might completely aller how designs ore oreated. References [1-5] reports
comprehensive description of FGMs, their manufacturing processes, modelling and design, and applications.
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