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Abstract

In this dissertation, we explore the best coapproximation problem, a notion complementary

to the classical best approximation problem, within the framework of Banach space using the

notion of Birkhoff-James orthogonality. We study the problem in the space of all n×n diagonal

matrices from a computational perspective. We completely characterize the best coapproxima-

tion(s) to a given matrix T out of a given subspace Y of the space of diagonal matrices Dn. As

a consequence of our study, we solve the problem computationally in the space ℓn∞. We present

a tractable approach to solve the best coapproximation problem in the space ℓn1 , leading to a

complete characterization of coproximinal and co-Chebyshev subspaces. We next introduce two

types of subspaces which may be regarded as the least favorable situations from the existence of

best coapproximations, named as anti-coproximinal subspaces and strongly anti-coproximinal

subspaces. We obtain some necessary and sufficient conditions for strongly anti-coproximinal

subspaces in general Banach spaces, separatelty. In particular, we show that strictly convex

and smooth Banach spaces does not contain any strongly anti-coproximinal subspaces, and we

provide a characterization of the anti-coproximinal subspaces in smooth Banach spaces. The

geometry of such subspaces is further explored in finite-dimensional real polyhedral Banach

spaces, revealing intriguing structural properties. Extending beyond finite dimensions, we an-

alyze the problem in the space of scalar-valued continuous functions, where anti-coproximinal

and strongly anti-coproximinal subspaces coincide, and offer a full characterization. We also ex-

amine the stability of these notions in the setting of vector-valued continuous functions. Finally,

we explore these subspaces in the space of all bounded linear operators, further broadening the

scope of our study.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and historical backgrounds

At the heart of mathematics lies the concept of distance, a seemingly simple measure that

gives rise to rich and profound structures. From the early days of Euclidean geometry to

the abstract landscapes of modern functional analysis, our understanding of space has evolved

by refining how we compare and measure proximity between elements. The intuitive idea of

“closeness” underpins both the philosophical and mathematical motivations for approximation

theory. In the setting of Euclidean spaces, the problem of finding the best approximation, a

point in a subspace closest to a given point outside the subspace, is directly tied to the notion

of orthogonality. The classical picture is that the shortest path from a point to a subspace lies

along the perpendicular, grounded in the basic geometric fact that, in a right-angled triangle,

the perpendicular is shorter than the hypotenuse. Now interestingly, in a right angle triangle

the base is also smaller than the hypotenuse, elevating this geometrical observation leads to the

concept of best coapproximation, a dual notion to the best approximation.

In the general setting of Banach space the classical inner-product orthogonality breaks down.

To address this limitation, generalized concepts such as Birkhoff-James orthogonality arise, cap-

turing a geometric sense of orthogonality based on normed structure. While the theory of best

approximation in Banach spaces has been extensively studied, the concept of best coapproxi-

mation remains less explored, yet it is an equally natural and meaningful counterpart. In this

dissertation, we examine the best coapproximation problem through the lens of Birkhoff–James

orthogonality, approaching it from both computational and analytical perspectives. We par-
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Chapter 1. Introduction

ticularly focus on the existence of best coapproximations and investigate the newly introduced

notions under the least favorable conditions for its existence.

1.2 Basic geometric properties

Let X be a Banach space over real or complex field K and let X∗ be the dual of X. We denote

the notations BX and SX for the unit ball and the unit sphere of X, respectively. For a non-zero

x ∈ X, x∗ ∈ SX∗ is said to be a supporting functional at x if x∗(x) = ∥x∥. The set of all supporting

functionals at x is denoted by J(x), i.e., J(x) = {x∗ ∈ SX∗ : x∗(x) = ∥x∥}. Let L(X,Y) (K(X,Y))

be the space of all bounded (compact) linear operators between X and Y. Given T ∈ L(X,Y),

let MT denote the norm attainment set of T , i.e., MT = {x ∈ X : ∥x∥ = 1, ∥Tx∥ = ∥T∥}.
We now recall several geometric notions fundamental to the study of Banach spaces:

Definition 1.1. Let X be a Banach space and let x ∈ SX.

� Smooth point: x is said to be a smooth point if J(x) is singleton.

� Extreme point: x is said to be an extreme point of BX if x = (1 − t)y + tz, for some

t ∈ (0, 1) and some y, z ∈ BX implies that x = y = z. The set of all extreme points of BX

is denoted by Ext(BX).

� Exposed point: x is said to be an exposed point of BX if there exists x∗ ∈ J(x) such

that x∗(y) < 1 = x∗(x), for any y ∈ SX \ {x}. Clearly, every exposed point of BX is also

an extreme point of BX. The set of all exposed points of BX is denoted by Exp(BX).

� Strongly exposed point: We say x to be a strongly exposed point of BX if there exists

x∗ ∈ J(x) such that for any sequence {xn} ⊂ BX, x
∗(xn) −→ 1 = x∗(x) implies that

xn −→ x. Clearly, every strongly exposed point is an exposed point. The set of all strongly

exposed points of BX is denoted by st-Exp(BX).

� Rotund point: x is said to be a rotund point of BX if for some y ∈ BX, ∥x+y2 ∥ = 2

implies x = y. A smooth exposed point of BX is a rotund point.

� Face: A convex set F ⊂ SX is said to be a face of BX if for any y, z ∈ BX,
1
2(y + z) ∈ F

implies that y, z ∈ F. F is called a maximal face if for any face F ′ of BX, F ⊂ F ′ implies

F = F ′. For x ∈ X, J(x) is a face of BX∗ .

These local geometric properties lead naturally to global properties of Banach spaces:

Definition 1.2. Let X be a Banach space.

2



Chapter 1. Introduction

� Smooth space: The space X is said to be smooth if x is smooth for each x ∈ SX.

� Strictly Banach space: The space X is said to be strictly convex if Ext(BX) = SX,

i.e., every element of SX is an extreme point of BX. Note that in a strictly convex Banach

space every element of its unit sphere is rotund.

� Polyhedral Banach space: A real finite-dimensional Banach space X is said to be

polyhedral if BX is a polyhedron. In other words, X is polyhedral if and only if Ext(BX)

is finite. In a polyhedral Banach space every extreme point is exposed.

We now recall two fundamental theorems in functional analysis that connect the geometry

of Banach spaces with topological properties of dual spaces:

Theorem 1.1. (Banach-Alaoglu theorem:) Let X be a Banach space. The unit ball BX∗ is

compact in the weak*-topology.

Theorem 1.2. (Krein-Milman theorem:) Let A be a non-empty compact subset of a Haus-

dorff locally convex space E. Then A = co(Ext(A)).

Combining these two famous theorems we state the important property of the unit ball of

dual space: The unit ball of a dual space X is the closed convex hull of its extreme points in

weak*-topology, i.e., BX∗ = co(Ext(BX∗))
w∗
.

1.3 Best coapproximation

Before delving into the concept of best coapproximation, we first recall the classical notion of

best approximation, a more extensively studied concept in approximation theory.

Definition 1.3. (Best approximation:)[44] Let X be a Banach space and let Y be a subspace

of X. Given any x ∈ X, we say that y0 ∈ Y is a best approximation to x out of Y if ∥x− y0∥ ≤
∥x− y∥ for all y ∈ Y.

The set of all best approximation points to x ∈ X out of Y is denoted by PY(x) (see [44]).

In general, the existence and uniqueness of best approximations are not guaranteed in arbitrary

Banach spaces. However, existence is ensured when Y is finite-dimensional, and uniqueness

is guaranteed if X is a strictly convex Banach space. We now introduce the notion of best

coapproximation, a dual-type concept to best approximation, with a fundamentally different

geometric structure.

3



Chapter 1. Introduction

Definition 1.4. (Best coapproximation:)[15, 33] Let X be a Banach space and let Y be a

subspace of X. Given any x ∈ X, we say that y0 ∈ Y is a best coapproximation to x out of Y if

∥y − y0∥ ≤ ∥x− y∥ for all y ∈ Y.

Similar to the notion of best approximation, the existence and uniqueness of best coapprox-

imations are not guaranteed in general. However, a key distinction between these two concepts

becomes evident when we observe that, unlike best approximations, best coapproximations may

fail to exist even in finite-dimensional settings. Given x ∈ X and a subspace Y of X, the (possi-

bly empty) set of all best coapproximations to x out of Y is denoted by RY(x). The set dom RY

denotes the set of all points of x ∈ X from which the best coapproximation to x out of Y

exists, i.e., dom RY = {x ∈ X : RY(x) ̸= ∅}. Before proceeding further, we note some basic

characteristics of best coapproximation using the notion RY.

Theorem 1.3. Let Y be a subspace of X. Then the following holds true:

(i) [15, Lemma 1] ∥RY(x)∥ ≤ ∥x∥, for any x ∈ dom RY.

(ii) [33, Th. 5.3] If x ∈ dom RY, then RY(x) ⊂ dom RY and RY(RY(x)) = RY(x).

(iii) [33, Th. 5.3] If x ∈ dom RY and y ∈ Y, then x+y ∈ dom RY and RY(x+y) = RY(x)+y.

(iv) [15, Lemma 1] If x ∈ dom RY and α ∈ C, then αx ∈ dom RY and RY(αx) = αRY(x).

(v) [15, Lemma 1] If X is smooth, then

(a) RY(x) is singleton for each x ∈ dom RY.

(b) dom RY is a subspace of X.

(vi) [15, Th. 1] If dim(X) ≥ 3, then X is a Hilbert space if and only if RY(x) ̸= ∅, for each

closed hyperspace Y of X and for each x ∈ X.

Theorem 1.4. [33, Th. 5.1, 5.2] Let Y,Z be two subspaces of X with Y ⊂ Z. Then

(i) RY(RZ(x)) ⊂ RY(x), for any x ∈ X.

(ii) Whenever X is smooth, then for any x ∈ dom RZ, RY(RZ(x)) = RY(x). Moreover

∥RY(x)∥ ≤ ∥RZ(x)∥, for any x ∈ dom RY ∩ dom RZ.

Since the existence and uniqueness of best coapproximations are not guaranteed in general,

it is natural to focus on those subspaces for which these properties do hold. This consideration

leads to the notions of coproximinal and co-Chebyshev subspaces.

Definition 1.5. Let Y be a subspace of a Banach space X.

4



Chapter 1. Introduction

� Coproximinal subspace: Y is said to be coproximinal if a best coapproximation to any

element of X out of Y exists i.e., dom RY = X.

� Co-Chebyshev subspace: A coproximinal subspace Y is said to be co-Chebyshev if the

best coapproximation is unique for each point i.e., dom RY = X and RY(x) is singleton,

for each x ∈ X.

The existence of best coapproximation is deeply connected to the existence of a linear norm-1

projection, the connection is stated as follows.

Theorem 1.5. [33] Let Y be a closed subspace of X and let x ∈ X. Then the following statements

are equivalent:

(i) y0 is the best coapproximation to x out of Y, i.e., y0 ∈ RY(x).

(ii) There exists a linear norm-1 projection P from span{Y, x} to Y and P (x) = {y0}.

This connection have been more extensively explored in [4, 5, 24, 26, 39, 43, 56]. The

above connection indicates that a subspace Y is coproximinal in X if and only if there exists

a linear norm-1 projection from every subspace of X containing Y to Y. In this context it is

important to note that a subspace Y of X is said to be 1-complemented if there exists a linear

norm-1 projection map from X to Y. Observing the connection between the existence of best

coapproximation and linear norm-1 projection map, it is immediate that an 1-complemented

subspace is a coproximinal subspace. However the converse is not true, which has been depicted

by an example of Linedenstrauss, see [25].

1.4 Birkhoff-James orthogonality

Having introduced the concept of best coapproximation and explored some of its fundamental

properties, we now turn our attention to a geometric notion that plays a pivotal role in our

approach: Birkhoff-James orthogonality. This notion of orthogonality, which generalizes the

classical idea from inner product spaces to arbitrary normed spaces, serves as a crucial analytical

tool in the study of best coapproximation. We begin by recalling the definition which was

introduced by Birkhoff [2].

Definition 1.6. (Birkhoff-James orthogonality:)[2] Let X be a Banach space and let x, y ∈
X. Then x is said to be Birkhoff-James orthogonal to y (denoted as x ⊥B y) if ∥x+ λy∥ ≥ ∥x∥,
for all scalar λ.

5



Chapter 1. Introduction

Building on Birkhoff’s work, James [20, 19] provided this orthogonality notion in terms

of supporting functionals, which elegantly illustrates the utility of this said orthogonality in

studying the structural and analytical aspects of Banach spaces. The following theorem presents

James’s characterization in terms of elements of the dual space:

Theorem 1.6. [20, Th. 2.1] Let X be a Banach space and let x, y ∈ X. Then x ⊥B y if and

only if there exists f ∈ J(x) such that f(y) = 0.

Birkhoff-James orthogonality is homogeneous, i.e., x ⊥B y =⇒ αx ⊥B βy ∀α, β ∈ C. How-

ever, in general, this notion of orthogonality is not symmetric, i.e., x ⊥B y does not necessarily

imply y ⊥B x. Notably, the symmetricity of Birkhoff-James orthogonality induces an inner

product space on the space if the dimension of the space is greater or equal to 3. An important

geometric consequence of James’s result is that for any x ∈ X, there exists a closed hyperspace

H ⊂ X such that x ⊥B H, i.e., x ⊥B h for all h ∈ H. However, the converse does not hold

in general: given a closed hyperspace H ⊂ X, there may not exist a nonzero element x ∈ X

such that x ⊥B H. In fact, the existence of such an element for all hyperspaces characterizes

reflexivity (see [19]). A Banach space X is reflexive if and only if for every closed hyperspace

H ⊂ X, there exists x(̸= 0) ∈ X such that x ⊥B H. In a similar vein, the dual condition

characterizes Hilbert spaces (see [19]): A Banach space X is a Hilbert space if and only if for

every closed hyperspace H ⊂ X, there exists x ̸= 0 ∈ X such that H ⊥B x. In this context, it

is worth noting a striking example that illustrates the geometric irregularity of general Banach

spaces (see [19]): In the space C[0, 1] of all continuous real-valued functions on [0, 1], there exists

no closed hyperspace H and no nonzero x ∈ C[0, 1] such that H ⊥B x.

In the context of operator theory, Bhatia and Šemrl [8, Th. 1.1] and Paul [32, Lemma 2]

separately provided a characterization of Birkhoff-James orthogonality in the space of bounded

linear operators L(H), where H is a finite-dimensional Hilbert space.

Theorem 1.7. (Bhatia-S̆emrl Theorem:) Let H be a finite-dimensional Hilbert space and

let T,A ∈ L(H). Then T ⊥B A if and only if there exists x ∈MT such that ⟨Tx,Ax⟩ = 0.

This result was later substantially generalized setting of Banach spaces by Sain and Paul

[47, Th. 2.1], as stated below.

Theorem 1.8. Let X be a finite-dimensional real Banach space. Let T ∈ L(X) be such that

MT = ±D, where D is a closed, connected subset of SX. Then for any A ∈ L(X) with T ⊥B A,

there exists x ∈ D such that Tx ⊥B Ax.

In addition to exact orthogonality, our study also requires the notion of approximate Birkhoff-

James orthogonality, introduced by Chmieliński [9].
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Chapter 1. Introduction

Definition 1.7. (Approximate Birkhoff-James orthogonality:)[9, 10] Let X be a Banach

space and let x, y ∈ X. Let ϵ ∈ [0, 1). Then x is said to be approximate Birkhoff-James orthogonal

to y (denoted as x ⊥ϵ
B y) if ∥x+ λy∥ ≥ ∥x∥ − ϵ|λ|∥y∥, for all scalar λ.

The following characterization of this approximate version of this orthogonality in terms of

functionals is particularly useful in our study.

Theorem 1.9. [12, Th. 2.3] Let X be a Banach space. Suppose ϵ ∈ [0, 1) and let x, y ∈ X.

Then x ⊥ϵ
B y if and only if there exists f ∈ J(x) such that |f(y)| ≤ ϵ∥y∥.

1.5 Birkhoff-James Orthogonality in the Study

of Best Coapproximation

Let us first observe the connection between best approximation and Birkhoff-James orthogo-

nality.

Theorem 1.10. [44] Let Y be a subspace of X and let x ∈ X. Then the following are equivalent:

(i) y0 is a best approximation to x out of Y, i.e., y0 ∈ PY(x).

(ii) x− y0 ⊥B Y.

A similar connection exists between best coapproximation and Birkhoff-James orthogonality,

as described in the following result:

Theorem 1.11. [15] Let Y be a subspace of X and let x ∈ X. Then the following are equivalent:

(i) y0 is a best coapproximation to x out of Y, i.e., y0 ∈ RY(x).

(ii) Y ⊥B x− y0.

The orthogonality connection between these two notions best approximation and best coap-

proximation depicted the dual nature of these two problems. Since in general the Birkhoff-James

orthogonality is not symmetric, for x ∈ X, PY(x) ̸= RY(x). However, in case of Hilbert space,

the orthogonality is symmetric and therefore, the notion of best coapproximation coincides with

the notion of best approximation. Connecting Theorem 1.6 and Theorem 1.11, the following is

immediate.

Theorem 1.12. [33, Th. 2.1] Let Y be a subspace of X and let x ∈ X \ Y. Then y0 is a best

coapproximation to x out of Y if and only if for each y ∈ Y, there exists an fy ∈ J(y) such that

fy(x− y0) = 0.
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Chapter 1. Introduction

Building on this orthogonality framework, this dissertation explores the concept of best

coapproximation within the setting of Banach spaces. The problem is examined from both

computational and analytical perspectives across a range of geometrically distinct spaces, in-

cluding smooth and strictly convex Banach spaces, polyhedral spaces (notably ℓn1 and ℓn∞),

spaces of continuous functions such as C(K), and spaces of bounded linear operators. In the

next section we give an outline of the content of thesis.

1.6 Outline of the thesis

This dissertation is organized into six chapters. The first chapter serves as an introduction,

presenting fundamental notations and preliminary results concerning various geometric aspects

of Banach spaces.

Chapter 2 explores the best coapproximation problem computationally to a given matrix T

out of a given subspace Y of the space of all diagonal matrices Dn. This is accomplished through

the application of Birkhoff-James orthogonality techniques, supplemented by a newly introduced

property termed as the ∗-Property. Notably, our approach yields a complete characterization

of the best coapproximation problem in ℓn∞ as a specific case of our framework.

In Chapter 3, we study the best coapproximation problem in the space ℓn1 from a compu-

tational perspective. We present an algorithmic approach to solve the problem by studing a

norming property of subspaces of ℓn1 , which helps us to provide a complete characterization of

coproximinal and co-Chebyshev subspaces.

In Chapter 4, we introduce the concepts of anti-coproximinal and strongly anti-coproximinal

subspaces to examine the least favorable scenarios encountered in the best coapproximation

problem. Our primary focus is on finite-dimensional real polyhedral Banach spaces, specifically

ℓn1 and ℓn∞, aiming to explore the extreme properties of these newly introduced subspaces.

Chapter 5 delves into the study of anti-coproximinal and strongly anti-coproximinal sub-

spaces within the space of continuous functions and vector valued continuous functions. A

complete characterization has been provided for those subspaces in the space C(K) and in the

sequence spaces c0, c, ℓ∞. We also explore some necessary and sufficient conditions for strongly

anti-coproximinal subspaces in general Banach space settings, separately.

The final chapter, i.e., Chapter 6 extends these two notions of subspaces to the space of all

bounded linear operators. We also provide an abstract approach to tackle the best coapproxi-

mation problem in a more general setting, which helps us to obtain a complete characterization

of coproximinal and co-Chebyshev subspaces as well as anti-coproximinal and strongly anti-

coproximinal subspaces.
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Chapter 1. Introduction

To make each chapter self-contained, we provide a brief motivation, along with the relevant

notations and terminologies in the beginning of each chapter for the convenience of the readers.
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CHAPTER 2

ON BEST COAPPROXIMATIONS IN

SUBSPACES OF DIAGONAL MATRICES

2.1 Introduction

This chapter addresses the problem of best coapproximation in subspaces of the space of all

diagonal matrices. Our aim is to develop a computational approach to solve the problem within

these specific settings. The motivation for this investigation arises from recent progress in the

study of approximation theory in Banach spaces, particularly employing orthogonality concept.

Although the spirit of this work aligns with recent developments such as those in [45], our

approach deviates significantly in its methods and focus, especially in the context of matrix

subspaces. We begin by setting up the necessary notations and terminologies that will be used

throughout the chapter.

We use the symbol H to denote a Hilbert space, along with its usual inner product ⟨ , ⟩ and

its usual norm ||.||2. In this chapter, we will only work with real Hilbert spaces. Let ⊥ denote

Content of this chapter is based on the following paper:

� Sain, D., Sohel, S., Ghosh, S., Paul, K., On best coapproximations in subspaces of diagonal matri-
ces, Linear Multilinear Algebra, 71 (2023), 47-62.
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Chapter 2. On best coapproximations in subspaces of diagonal matrices

the usual orthogonality relation on H. L(H) (K(H)) denotes the Banach space of all bounded

(compact) linear operators on H, endowed with the usual operator norm. Given T ∈ L(H), let

MT denote the norm attainment set of T ,i.e, MT = {x ∈ H : ∥x∥2 = 1, ∥Tx∥2 = ∥T∥} . We

note that MT ̸= ∅ whenever T ∈ K(H). In case H is finite-dimensional, given any T ∈ L(H),

we identify T with its matrix representation with respect to the canonical basis of H. Let Mn

denote the space of all n × n real matrices and let Dn be the subspace of Mn, consisting of

diagonal matrices. Given T ∈ Mn, let T t denotes the transpose of T. Given any A ∈ Dn with

diagonal entries aii, 1 ≤ i ≤ n, we write A = ((a11, a22, . . . , ann)), for the sake of brevity. The

zero element of Rn is denoted by θ, whenever n > 1.

Given x ∈ X and a subspace Y of X, the (possibly empty) set of all best coapproximations

to x out of Y is denoted by RY(x). Our aim in this chapter is to explore the problem of finding

the best coapproximation(s) to any given T ∈ Mn out of any given subspace Y of Dn, provided

the best coapproximation(s) exist. We employ Birkhoff-James orthogonality techniques and

the concept of numerical range of an operator T ∈ L(H), to obtain a complete solution to the

above problem, which is also computationally effective. Let us recall from the pioneering articles

[2, 20] that given any two elements x, y in a Banach space X, we say that x is Birkhoff-James

orthogonal to y, written as x ⊥B y, if ∥x+λy∥ ≥ ∥x∥ for all λ ∈ R. It should be noted that given

any subspace Y of a Banach space X and an element x ∈ X, y0 ∈ Y is a best coapproximation

to x out of Y if and only if Y ⊥B (x− y0, ) i.e., y ⊥B (x− y0) for all y ∈ Y. Using Theorem 1.1

of [8], also known as the Bhatia-S̆emrl Theorem, we study the best coapproximation problem

from the perspective of Birkhoff-James orthogonality. We also recall that given any T ∈ L(H),

the numerical range of T is defined as W (T ) := {⟨Tx, x⟩ : ∥x∥2 = 1}. We refer the readers to

[17], for a comprehensive study and possible applications of the numerical range of an operator

in L(H).

In this chapter, we obtain a complete characterization of the best coapproximation to an

element of Mn out of a given subspace of Dn. We emphasize that our method is computationally

convenient and it is possible to present a tractable algorithmic solution to the above problem

by using it. We further illustrate this by presenting explicit numerical examples in support of

our claim. The first step in this direction is to obtain a theoretical characterization of the best

coapproximation problem in K(H). The second step is to explore some fundamental attributes

of the newly introduced ∗-Property in connection with the best coapproximation problem. In

the final step, we assimilate the previously obtained results to present the desired algorithm

to study the best coapproximation problem in any given subspace of Dn. We also characterize

the coproximinal subspaces and co-Chebyshev subspaces of Dn in Mn. As another important

application of the present study, we observe that a particular case of our method gives a complete
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solution to the best coapproximation problem in ℓm∞, for any given m ∈ N.

2.2 ∗-Property

2.2.1 Definition

In order to apply the above concepts in our designated study, we need to introduce the following

definitions whose importance will be self-evident in due course of time.

Definition 2.1. Let A = {A1, A2, . . . , Am} be a set of linearly independent elements in Dn,

where Ak = ((ak11, a
k
22, . . . , a

k
nn)), for each 1 ≤ k ≤ m. Considering the diagonal matrices

A1, A2, . . . , Am as column vectors, we form the n × m matrix Ã = (ãij)1≤i≤n,1≤j≤m, where

ãij = ajii.

(i) For each i ∈ {1, 2, . . . , n}, the i-th component of A is defined as the i-th row of Ã, i.e.,
(
a1ii, a

2
ii, . . . , a

m
ii

)
. Whenever the context is clear we simply say the i-th component of A

as the i-th component.

(ii) The i-th component and the j-th component are said to be equivalent if

(
a1ii, a

2
ii, . . . , a

m
ii

)
= ±

(
a1jj , a

2
jj , . . . , a

m
jj

)
.

(iii) The positively associated set P+
i (A) of the i-th component is defined as

P+
i (A) =

{
j ∈ {1, 2, . . . , n} :

(
a1jj , a

2
jj , . . . , a

m
jj

)
=
(
a1ii, a

2
ii, . . . , a

m
ii

)}
.

Similarly, the negatively associated set P−
i (A) is defined as

P−
i (A) =

{
j ∈ {1, 2, . . . , n} :

(
a1jj , a

2
jj , . . . , a

m
jj

)
= −

(
a1ii, a

2
ii, . . . , a

m
ii

)}
.

For simplicity, we write P+
i (A) = P+

i and P−
i (A) = P−

i , if the context is clear.

(iv) The i-th component is said to satisfy the ∗-Property with respect to A if there exist

β1, β2, . . . , βm ∈ R such that

∣∣∣
m∑

k=1

βka
k
ii

∣∣∣ > max
{∣∣∣

m∑

k=1

βka
k
jj

∣∣∣ : 1 ≤ j ≤ n, j /∈ P+
i ∪ P−

i

}
.

Definition 2.2. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak = ((ak11, a
k
22,

. . . , aknn)), for each 1 ≤ k ≤ m. Suppose that the i-th component satisfies the ∗-Property with

12
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|P+
i ∪ P−

i | = ki. Given T = (bpq)1≤p,q≤n, we define the ∗-associated matrix of T corresponding

to the i-th component as a square matrix of order ki, given by iT∗ = (crs)1≤r,s≤ki , where

crs = brs, (r, s) ∈ P+
i ×

(
P+
i ∪ P−

i

)

= −brs, (r, s) ∈ P−
i ×

(
P+
i ∪ P−

i

)
.

2.2.2 Characteristics of the ∗-Property

We establish some fundamental attributes of the newly introduced ∗-Property which also plays

an important role in our scheme. To begin with, we establish the basis invariance of equivalent

components and the ∗-Property.

Proposition 2.1. Let Y be a subspace of Dn and let A = {A1, A2, . . . , Am},B = {B1, B2, . . . ,

Bm} be two bases of Y, where Ak = ((ak11, a
k
22, . . . , a

k
nn))and Bk = ((bk11, b

k
22, . . . , b

k
nn)), for each

1 ≤ k ≤ m. Then

(i) P+
i (A) = P+

i (B) and P−
i (A) = P−

i (B), i ∈ {1, 2, . . . , n}.
(ii) For any i ∈ {1, 2, . . . , n}, the i-th component satisfies the ∗-Property with respect to A if

and only if the i-th component satisfies the ∗-Property with respect to B.

Proof. (i) Consider the two matrices Ã and B̃ as constructed in Definition 2.1. Since A and B
are two bases of Y, so there exists an invertible matrix Q = (qij)1≤i,j≤m such that Ã = B̃Q,

where ãij =
∑m

k=1 b̃ikqkj , for any 1 ≤ i ≤ n, 1 ≤ j ≤ m. The desired result then follows easily.

(ii) We first prove the necessary part. As before let Q = (qij)1≤i,j≤m be the invertible matrix

such that Ã = B̃Q, where ãij =
∑m

k=1 b̃ikqkj , for any 1 ≤ i ≤ n, 1 ≤ j ≤ m. Since the i-th

component satisfies the ∗-Property with respect to A, there exist β1, β2, . . . , βm ∈ R such that

|
m∑

k=1

βka
k
ii| > max

{
|
m∑

k=1

βka
k
jj | : 1 ≤ j ≤ n, j /∈ P+

i ∪ P−
i

}
.

Observe that Ãβ̃ = B̃Qβ̃, where β̃ = (β1 β2 . . . βm)t. Considering γ̃ = (γ1 γ2 . . . γm)t = Qβ̃,

it is easy to see that for any r ∈ {1, 2, . . . , n},

|
m∑

k=1

γkb
k
rr| = |

m∑

k=1

( m∑

j=1

qkjβj

)
b̃rk| = |

m∑

j=1

(
m∑

k=1

b̃rkqkj)βj | = |
m∑

j=1

ãrjβj | = |
m∑

j=1

βja
j
rr|.

This immediately shows that the i-th component satisfies the ∗-Property with respect to B.
This completes the necessary part. The sufficient part follows similarly.

In light of the above theorem, from now onwards we will not explicitly mention the choice of
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basis in the description of the ∗-Property. Our next theorem essentially guarantees the existence

of the ∗-Property.

Theorem 2.1. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak = ((ak11, a
k
22,

. . . , aknn)), for each 1 ≤ k ≤ m. Then there exists 1 ≤ i ≤ n such that the i-th component satisfies

the ∗-Property.

Proof. Let the i1-th, i2-th, . . . , ip-th components represent all the nonequivalent components

For any w̃ = (γ1, γ2, . . . , γm) ∈ Rm, consider the set of scalars

Sw̃ :=

{
|
m∑

k=1

γka
k
i1i1 |, |

m∑

k=1

γka
k
i2i2 |, . . . , |

m∑

k=1

γka
k
ipip |

}
.

Case 1 : If Sw̃ attains its maximum at a unique point, say at |∑m
k=1 γka

k
irir

|, where r ∈
{1, 2, . . . , p}, then clearly the ir-th component satisfies the ∗-Property.

Case 2 : Let us assume that the maximum of Sw̃ is attained at exactly two points. Suppose

that for is, it ∈ {i1, i2, . . . , ip} and is ̸= it,

|
m∑

k=1

γka
k
isis | = |

m∑

k=1

γka
k
itit | > max

{
|
m∑

k=1

γka
k
qq| : q ∈ {i1, i2, . . . , ip} \ {is, it}

}
.

Let us define functions fs, ft : Rm −→ R given by

fs(ũ) := |⟨ ũ, ãis ⟩| and ft(ũ) := |⟨ ũ, ãit ⟩|,

where ũ = (α1, α2, . . . , αm) ∈ Rm and ãis = (a1isis , a
2
isis

, . . . , amisis), ãit = (a1itit , a
2
itit
, . . . , amitit) are

the is-th and the it-th component, respectively.

Let us also define another function, g : Rm −→ R given by

g(ũ) := max {|⟨ ũ, ãq ⟩| : q ∈ {i1, i2, . . . , ip} \ {is, it}} ,

where ãq = (a1qq, a
2
qq, . . . , a

m
qq) is the q-th component. Since fi, g are continuous function on Rm,

ϕi = fi−g is also continuous and ϕi (w̃) > 0, for all i ∈ {s, t} , where w̃ = (γ1, γ2, . . . , γm) ∈ Rm.

It is easy to observe that there exists an open ball Bδ (w̃) , with radius δ > 0 and centered at

w̃, such that ϕi (ỹ) > 0, for all ỹ ∈ Bδ (w̃) . Consider the hyperspaces H1, H2 of Rm given by

H1 = {x̃ ∈ Rm : ⟨ x̃, (ãis + ãit)⟩ = 0} ,

H2 = {x̃ ∈ Rm : ⟨ x̃, (ãis − ãit)⟩ = 0} .
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We note that {x̃ ∈ Rm : fs (x̃) = ft (x̃)} = H1 ∪ H2, which is a nowhere dense set in Rm.

Therefore, by choosing ṽ := (β1, β2, . . . , βm) ∈ Bδ (w̃)\(H1∪H2), we obtain that fs (ṽ) ̸= ft (ṽ) .

Without loss of generality, assume fs (ṽ) > ft (ṽ) . It is now easy to observe that

|
m∑

k=1

βka
k
isis | > max

{
|
m∑

k=1

βka
k
qq| : 1 ≤ q ≤ n, q /∈ P+

is
∪ P−

is

}
.

Therefore, the is-th component satisfies the ∗-Property.

Case 3 : Suppose that the maximum of Sw̃ is attained at r(> 2) number of points and let

the i1-th,i2-th, . . . , ir-th components satisfy

|
m∑

k=1

γka
k
i1i1 | = . . . = |

m∑

k=1

γka
k
irir | > max

{
|
m∑

k=1

γka
k
qq| : q ∈ {i1, . . . , ip} \ {i1, . . . , ir}

}
.

By similar argument as given in Case 2, it can be shown that at least one of the il-th components

satisfies the ∗-Property, where l ∈ {1, 2, . . . , r} . This completes the theorem.

Remark 2.2. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak = ((ak11, a
k
22,

. . . , aknn)), for each 1 ≤ k ≤ m. In particular, for any β1, β2, . . . , βm ∈ R, there exists an i-

th component such that ||∑m
k=1 βkAk|| = |∑m

k=1 βka
k
ii|, where the i-th component satisfies the

∗-Property.

Our next aim is to obtain a tractable necessary and sufficient condition for the ∗-Property.

In this context, we first recall the definition of a normal cone. A non-empty set K ⊂ Rn is said

to be a normal cone if the following three conditions are satisfied:

(i)u, v ∈ K ⇒ u+ v ∈ K, (ii)u ∈ K, α ≥ 0 ⇒ αu ∈ K, (iii)K ∩ (−K) = {θ}.

We define interior of the normal cone K, denoted by int(K), as the collection of all interior

points of the normal cone K. We refer the readers to [50], for an application of the notion of

normal cones in studying approximate Birkhoff-James orthogonality in Banach spaces. We also

require the following lemma for our purpose.

Lemma 2.1. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak = ((ak11, a
k
22, . . . ,

aknn)), for each 1 ≤ k ≤ m. Given any i, j ∈ {1, 2, . . . , n}, where j /∈ P+
i ∪P−

i , there exist a pair

of normal cones whose interiors are the collection of all the (β1, β2, . . . , βm) ∈ Rm such that

|∑m
k=1 βka

k
ii| > |∑m

k=1 βka
k
jj |.
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Proof. Let us consider the set

C :=

{
(β1, β2, . . . , βm) ∈ Rm : |

m∑

k=1

βka
k
ii| > |

m∑

k=1

βka
k
jj |
}
.

Let us also construct two sets K1 and K2 such that

K1 :=

{
(β1, β2, . . . , βm) ∈ C :

m∑

k=1

βka
k
ii > 0

}⋃
{θ},

K2 :=

{
(β1, β2, . . . , βm) ∈ C :

m∑

k=1

βka
k
ii < 0

}⋃
{θ}.

From the definition of K1 and K2, it is evident that K1 = −K2. Now, it is immediate that

x̃ ∈ K1 implies that αx̃ ∈ K1, for all α ≥ 0. Therefore, to prove that K1 is a normal cone,

we only need to show ũ, ṽ ∈ K1 implies ũ + ṽ ∈ K1. Suppose that ũ = (α1, α2, . . . , αm) and

ṽ = (γ1, γ2, . . . , γm) ∈ K1. Then,
∑m

k=1(αk + γk)a
k
ii > 0 and for any j ∈ {1, 2, . . . , n} such that

j /∈ P+
i ∪ P−

i , it follows that

|
m∑

k=1

(αk + γk)a
k
jj | ≤ |

m∑

k=1

αka
k
jj | + |

m∑

k=1

γka
k
jj | < |

m∑

k=1

αka
k
ii| + |

m∑

k=1

γka
k
ii|

= |
m∑

k=1

(αk + γk)a
k
ii|.

This proves that K1 (and therefore, K2) is a normal cone. It is rather straightforward to verify

that int(K1) = K1 \ {θ} and int(K2) = K2 \ {θ}. Therefore, int(K1)∪ int(K2) = C, as desired.

This completes the proof of the lemma.

Next we introduce the notion of associated pair of cones, which turns out to be useful in

characterizing the ∗-Property.

Definition 2.3. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak = ((ak11, a
k
22,

. . . , aknn)), for each 1 ≤ k ≤ m. Given any i ∈ {1, 2, . . . , n}, we define the pair of normal cones

Ki
j ,−Ki

j as the associated pair of cones of the i-th component with respect to the j-th compo-

nent, given by

Ki
j :=

{
(β1, β2, . . . , βm) ∈ Rm : |

m∑

k=1

βka
k
ii| > |

m∑

k=1

βka
k
jj | and

m∑

k=1

βka
k
ii > 0

}
∪ {θ},

for all j /∈ P+
i ∪ P−

i .

Finally, we are in a position to characterize the ∗-Property from a geometric perspective.
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Theorem 2.3. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak = ((ak11, a
k
22,

. . . , aknn)), for each 1 ≤ k ≤ m. Then for any i ∈ {1, 2, . . . , n}, the i-th component satisfies the

∗-Property if and only if

⋂{
int(Ki

j) ∪ int(−Ki
j) : 1 ≤ j ≤ n, j /∈ P+

i ∪ P−
i

}
̸= ∅.

Proof. Suppose that the i-th component satisfies the ∗-Property, i.e., there exists x̃ = (β1, β1, . . . ,

βm) ∈ Rm such that

|
m∑

k=1

βka
k
ii| > max

{
|
m∑

k=1

βka
k
jj | : j /∈ P+

i ∪ P−
i

}
.

This is equivalent to x̃ ∈ int(Ki
j)∪int(−Ki

j), for all 1 ≤ j ≤ n and j /∈ P+
i ∪P−

i , where Ki
j ,−Ki

j

are the pair of associated cones of the i-th component with respect to the j-th component.

Therefore, ⋂{
int(Ki

j) ∪ int(−Ki
j) : 1 ≤ j ≤ n, j /∈ P+

i ∪ P−
i

}
̸= ∅.

This completes the proof of the necessary part of the theorem. We note that the sufficient part

of theorem also follows from similar arguments and the definition of pair of associated cones.

This establishes the theorem.

We next obtain a simple and useful sufficient condition for the ∗-Property. It should be noted

that in practise, the following result can be readily applied in most cases of the computations

involving the ∗-Property, since checking the linear independence of a given set of vectors is not

complicated at all by virtue of the well-known method of row reduction of matrices.

Proposition 2.2. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak =

((ak11, a
k
22, . . . , a

k
nn)), for each 1 ≤ k ≤ m. Suppose that the i-th component

(
a1ii, a

2
ii, . . . , a

m
ii

)
/∈

span{
(
a1jj , a

2
jj , . . . , a

m
jj

)
: 1 ≤ j ≤ n, j /∈ P+

i ∪P−
i }, where

(
a1jj , a

2
jj , . . . , a

m
jj

)
is the j-th com-

ponent. Then the i-th component satisfies the ∗-Property.

Proof. Let

Y1 = span

{(
a1jj , a

2
jj , . . . , a

m
jj

)
: 1 ≤ j ≤ n, j /∈ P+

i ∪ P−
i

}
,

Y2 = span

{(
a1jj , a

2
jj , . . . , a

m
jj

)
: 1 ≤ j ≤ n

}
.

Clearly, Y1 ⊊ Y2 = Rm, which implies that Y ⊥
2 ⊊ Y ⊥

1 . Therefore, there exists (γ1, γ2, . . . , γm) ∈

17
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Y ⊥
1 \ Y ⊥

2 such that

|
m∑

k=1

γka
k
ii| > max

{
|
m∑

k=1

γka
k
jj | : 1 ≤ j ≤ n, j /∈ P+

i ∪ P−
i

}
= 0.

In other words, the i-th component satisfies the ∗-Property, as desired.

Remark 2.4. Suppose that Ti is the collection of all those j such that the j-th component is

a scalar multiple of the i-th component, where i, j ∈ {1, 2, . . . , n}. Let us assume that the i-th

component (a1ii, a
2
ii, . . . , a

m
ii ) = cj(a

1
jj , a

2
jj , . . . , a

m
jj), where

(
a1jj , a

2
jj , . . . , a

m
jj

)
is the j-th compo-

nent and |cj | ≥ 1, for all j ∈ Ti. Also assume that (a1ii, a
2
ii, . . . , a

m
ii ) /∈ span{

(
a1kk, a

2
kk, . . . , a

m
kk

)
:

1 ≤ k ≤ n, k /∈ Ti}. Following similar argument from Proposition 2.2, the i-th component

satisfies the ∗-Property.

The following lemma is crucial for that purpose, besides being interesting in its own right by

providing a lower bound on the number of nonequivalent components satisfying the ∗-Property.

Lemma 2.2. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak = ((ak11, a
k
22, . . . ,

aknn)), for each 1 ≤ k ≤ m. Let the total number of nonequivalent components satisfying the ∗-
Property be p. Then p ≥ m.

Proof. Suppose that the j1-th, j2-th, . . . , jp-th nonequivalent components satisfy the ∗-Property.

Suppose on the contrary that p < m. Let Y1 = span{(a1jsjs , a
2
jsjs

, . . . , amjsjs) : 1 ≤ s ≤ p} and

let Y2 = span{
(
a1ii, a

2
ii, . . . , a

m
ii

)
) : 1 ≤ i ≤ n}. Clearly, Y1 ⊊ Y2 = Rm, which implies that

Y ⊥
2 ⊊ Y ⊥

1 . Therefore, there exists (γ1, γ2, . . . , γm) ∈ Y ⊥
1 \ Y ⊥

2 such that

|
m∑

k=1

γka
k
ii| > max

{
|
m∑

k=1

γka
k
jsjs | : 1 ≤ s ≤ p

}
= 0,

for some i /∈ {j1, j2, . . . , jp}. Following Theorem 2.1, we obtain that the i-th component, which

is nonequivalent to the j1-th, j2-th, . . . , jp-th components, satisfies the ∗-Property. This con-

tradiction completes the proof of the lemma.

2.3 Best coapproximation in subspaces of

Dn

We begin with a theoretical characterization of best coapproximations in K(H), that will play a

crucial role in the computational approach towards finding best coapproximation(s) (provided

18
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it exists) in any given subspace of Dn, as adopted in the present chapter.

Theorem 2.5. Let H be a Hilbert space and let T,A1, A2, . . . , Am ∈ K(H). Given any α1, α2, . . . ,

αm ∈ R,
∑m

i=1 αiAi is a best coapproximation to T out of span{A1, A2, . . . , Am} if and only if

given any β1, β2, . . . , βm ∈ R, there exists x ∈M∑m
i=1 βiAi

such that

⟨
m∑

i=1

βiAix, (T −
m∑

i=1

αiAi)x ⟩ = 0.

Proof. It follows from the definitions of Birkhoff-James orthogonality and best coapproximation

that
∑m

i=1 αiAi is a best coapproximation to T out of span{A1, A2, . . . , Am} if and only if

A ⊥B (T −∑m
i=1 αiAi) , for all A ∈ span {A1, A2, . . . , Am} . Clearly, this is equivalent to the

following:

m∑

i=1

βiAi ⊥B (T −
m∑

i=1

αiAi) ∀ β1, β2, . . . , βm ∈ R.

It follows from [47, Th. 2.2] that for any β1, β2, . . . , βm ∈ R, M∑m
i=1 βiAi

is the unit sphere

of some subspace of H. Now applying [46, Th. 2.2], we conclude that the above condition is

equivalent to the existence of x = x(β1, . . . , βm) ∈ M∑m
i=1 βiAi

such that ⟨ ∑m
i=1 βiAix, (T −

∑m
i=1 αiAi)x ⟩ = 0, for any β1, β2, . . . , βm ∈ R. This completes the proof of the theorem.

We are now ready to present a computationally convenient characterization of the best

coapproximation to an element of Mn out of a given subspace of Dn.

Theorem 2.6. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak = ((ak11, a
k
22,

. . . , aknn)), for each 1 ≤ k ≤ m. Suppose that the j1-th, j2-th, . . . , jr-th nonequivalent components

satisfy the ∗-Property. Then given any T ∈ Mn,
∑m

k=1 αkAk is a best coapproximation to T

out of span {A1, A2, . . . , Am} if and only if α1, α2, . . . , αm ∈ R satisfy the following relations:

a1jpjpα1 + a2jpjpα2 + . . .+ amjpjpαm ∈W
(
jpT∗

)
,

for all p ∈ {1, 2, . . . , r}, where W
(
jpT∗

)
is the numerical range of the ∗-associated matrix of T

corresponding to the jp-th component.

Proof. Let us first prove the necessary part of the theorem. Assume that the js-th component

satisfies the ∗-Property, where s ∈ {1, 2, . . . , r}. Then there exists ṽ = (β1, β2, . . . , βm) ∈
Rm such that |∑m

k=1 βka
k
jsjs

| > max{|∑m
k=1 βka

k
qq| : 1 ≤ q ≤ n, q /∈ P+

js
∪ P−

js
}. Therefore,

∥∑m
k=1 βkAk∥ = |∑m

k=1 βka
k
jsjs

| and the norm attainment set of
∑m

k=1 βkAk is

M∑m
k=1 βkAk

=
{
x = (x1, x2, . . . , xn) ∈ Rn : ∥x∥2 = 1, xh = 0 ∀ h /∈ P+

js
∪ P−

js

}
.
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Let T = (buv)1≤u,v≤n ∈ Mn. Since
∑m

k=1 αkAk is a best coapproximation to T out of span{A1, A2,

. . . , Am}, it follows from Theorem 2.5 that for some x ∈M∑m
k=1 βkAk

,

〈 m∑

k=1

βkAkx, (T −
m∑

k=1

αkAk)x

〉
= 0

=⇒
〈 m∑

k=1

βkAkx, Tx

〉
=

〈 m∑

k=1

βkAkx,
m∑

k=1

αkAkx

〉
.

By a straight forward calculation, the previous equation can be expressed as

a1jsjsα1 + . . .+ amjsjsαm =
∑

u∈P+
js
,v∈P+

js
∪P−

js

buvxuxv −
∑

u∈P−
js
,v∈P+

js
∪P−

js

buvxuxv

∈ W
(
jsT∗

)
.

Similarly, we can observe that for all p ∈ {1, 2, . . . , r} ,

a1jpjpα1 + a2jpjpα2 + . . .+ amjpjpαm ∈W
(
jpT∗

)
, (2.1)

completing the proof of the necessary part.

We now prove the sufficient part of the theorem. For any β1, β2, . . . , βm ∈ R, not all zero,

by virtue of Remark 2.2, there exists t ∈ {1, 2, . . . , r} such that the jt-th component satisfies

∥∑m
k=1 βkAk∥ = |∑m

k=1 βka
k
jtjt

|. Let P+
jt

= {jt, jt2 , . . . , jtw} and P−
jt

=
{
jtw+1 , jtw+2 , . . . , jtv

}
,

so that |P+
jt
∪ P−

jt
| = v. From the hypothesis, α1, α2, . . . , αm ∈ R satisfy the following relations:

a1jtjtα1 + a2jtjtα2 + . . .+ amjtjtαm ∈W
(
jtT∗

)
.

Therefore, there exists y = (yt, yt2 , . . . , ytv) ∈ Rv with ∥y∥2 = 1 such that

a1jtjtα1 + a2jtjtα2 + . . .+ amjtjtαm = ⟨jtT∗y, y⟩. (2.2)

Now by taking ŷ = (ỹ1, ỹ2, . . . , ỹn) ∈ Rn such that ỹh = 0 ∀ jh /∈ P+
jt
∪ P−

jt
and ỹh = yh ∀ jh ∈

P+
jt

∪ P−
jt

, it is easy to observe that ŷ ∈ M∑m
k=1 βkAk

. By some easy calculations and by using

the equation (2.2), we conclude that

〈 m∑

k=1

βkAkŷ, (T −
m∑

k=1

αkAk) ŷ

〉
= (

m∑

k=1

βka
k
jtjt)

[
〈
y, jtT∗y

〉
−

m∑

k=1

αka
k
jtjt

]
= 0.
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The sufficient part of the theorem now follows directly from Theorem 2.5. This establishes the

theorem.

Remark 2.7. Suppose that A1, A2, . . . , Am ∈ Mn, where 1 ≤ m ≤ n, are such that AiA
t
j , A

t
iAj

are symmetric, for all i, j ∈ {1, 2, . . . ,m} . Then from [28, Cor. 9], there exist orthogonal

matrices P and Q such that P tAiQ = Di, where Di ∈ Dn, for all i ∈ {1, 2, . . . ,m}. Moreover,

since P and Q are orthogonal matrices, it is easy to see that ∥∑m
i=1 βiAi∥ = ∥∑m

i=1 βiDi∥, for
all β1, β2, . . . , βm ∈ R.

The above remark allows us to present the following strengthened version of Theorem 2.6.

Theorem 2.8. Let A = {A1, A2, . . . , Am} be linearly independent in Mn such that AiA
t
j , A

t
iAj

are symmetric, for all i, j ∈ {1, 2, . . . ,m} . Let D1, D2, . . . , Dm ∈ Dn be such that Di = P tAiQ,

where Di = ((di11, d
i
22, . . . , d

i
nn)), for all i ∈ {1, 2, . . . ,m} and P,Q ∈ Mn are orthogonal ma-

trices. Suppose that the j1-th, j2-th, . . . , jr-th nonequivalent components satisfy the ∗-Property
(with respect to span{D1, D2, . . . , Dm}). Then given any T ∈ Mn,

∑m
i=1 αiAi is a best coap-

proximation to T out of span {A1, A2, . . . , Am} if and only if α1, α2, . . . , αm ∈ R satisfy the

following relations:

d1jpjpα1 + d2jpjpα2 + . . .+ dmjpjpαm ∈W
(
jp(P tTQ)∗

)
,

for all p ∈ {1, 2, . . . , r}, where W
(
jp(P tTQ)∗

)
is the numerical range of the ∗-associated matrix

of P tTQ corresponding to the jp-th component.

Proof.
∑m

i=1 αiAi is a best coapproximation to T out of span {A1, A2, . . . , Am} if and only if

given any β1, β2, . . . , βm ∈ R, there exists x ∈M∑m
i=1 βiAi

such that

⟨ (
∑m

i=1 βiAi)x, (T −∑m
i=1 αiAi)x ⟩ = 0, i.e,

〈 (
P

m∑

i=1

βiDiQ
t

)
x,

(
T − P

m∑

i=1

αiDiQ
t

)
x

〉
= 0.

So, for y = Qtx, it is immediate that ⟨ (
∑m

i=1 βiDi) y,
(
P tTQ−∑m

i=1 αiDi

)
y ⟩ = 0. We

also note that x ∈ M∑m
i=1 βiAi

if and only if y = Qtx ∈ M∑m
i=1 βiDi

. Therefore,
∑m

i=1 αiAi is

a best coapproximation to T out of span {A1, A2, . . . , Am} if and only if
∑m

i=1 αiDi is a best

coapproximation to P tTQ out of span {D1, D2, . . . , Dm} . Now the desired result follows directly

from Theorem 2.6. This completes the proof of the theorem.

To illustrate the applicability of Theorem 2.6 from a computational point of view, we next

present a series of explicit numerical examples elaborating the different features of the best

21



Chapter 2. On best coapproximations in subspaces of diagonal matrices

coapproximation problem, related to the existence and the uniqueness. In each case, an al-

gorithmic approach is presented which further underlines the usefulness of the ∗-Property in

studying best coapproximation problems in subspaces of Dn.

Example 2.9. Let A1 = (( 7, −5, 2, 6, −7, −5, 1 )), A2 = (( 1, 3, 4, 3, −1, 3,

2 )), A3 = (( 3, −7, −4, 5, −3, −7, −2 )) be linearly independent matrices in D7. Our

aim is to find the best coapproximation(s) to any given T out of Y = span {A1, A2, A3} . In view

of the Theorem 2.6, we proceed in the following steps.

Step 1 : For i ∈ {1, 2, . . . , 7} , the i-th components are respectively

(7, 1, 3), (−5, 3,−7), (2, 4,−4), (6, 3, 5), (−7,−1,−3), (−5, 3,−7), (1, 2,−2).

Step 2 : P+
1 = {1} , P−

1 = {5} ; P+
2 = {2, 6} , P−

2 = ∅; P+
3 = {3} , P−

3 = ∅; P+
4 = {4} , P−

4 =

∅; P+
5 = {5} , P−

5 = {1} ; P+
6 = {2, 6} , P−

6 = ∅; P+
7 = {7} , P−

7 = ∅, respectively, where P+
i

and P−
i are the positively associated set and the negatively associated set of the i-th component,

respectively, for all i ∈ {1, 2, . . . , 7} .

Step 3 : Here the nonequivalent components satisfying the ∗-Property may be taken as the

1-st component, the 2-nd component, the 3-rd component and the 4-th component.

Step 4 : In this final step, we consider a given T ∈ M7 and apply Theorem 2.6 to obtain the

best coapproximation to T out of Y. In order to illustrate the various possibilities arising in the

best coapproximation problem in D7, it suffices to consider the following three particular cases.

Case 1 : Let T1 ∈ M7 be given by T1 = (bij)1≤i,j≤7 , where b11 = 2, b15 = 4, b22 = 1, b26 =

3, b33 = 4, b44 = 1, b51 = −7, b55 = −2, b62 = 2, b66 = 1 and the other bij’s can be chosen

arbitrarily.

Therefore, 1T1∗ =


2 4

7 2


 , 2T1∗ =


1 3

2 1


 , 3T1∗ = (4), 4T1∗ = (1).

Then from Theorem 2.6,
∑3

i=1 αiAi is a best coapproximation to T1 out of Y if and only if

α1, α2, α3 ∈ R satisfies the following relations:

7α1 + α2 + 3α3 ∈ W
(
1T1∗

)
= [−7/2, 15/2]

−5α1 + 3α2 − 7α3 ∈ W
(
2T1∗

)
= [−3/2, 7/2]

2α1 + 4α2 − 4α3 ∈ W
(
3T1∗

)
= {4}
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6α1 + 3α2 − 5α3 ∈ W
(
4T1∗

)
= {1}.

Since there are infinitely many α1, α2, α3 ∈ R satisfying the above relations, there are infinitely

many best coapproximation to T1 out of Y. Moreover,

RY(T1) = {(( x, 4 − x, 4, 1, −x, 4 − x , 2)) : 1/2 ≤ x ≤ 11/2}.

Case 2 : Let T2 ∈ M7 be given by T1 = (cij)1≤i,j≤7 , where c11 = 3, c15 = −5, c22 = 1, c26 =

3, c33 = 4, c44 = 1, c51 = −5, c55 = −3, c62 = 2, c66 = 1 and the other cij’s can be chosen

arbitrarily.

Therefore, 1T2∗ =


3 −5

5 3


 , 2T2∗ =


1 3

2 1


 , 3T2∗ = (4), 4T2∗ = (1).

Then from Theorem 2.6,

7α1 + α2 + 3α3 ∈ W
(
1T2∗

)
= {3}

−5α1 + 3α2 − 7α3 ∈ W
(
2T2∗

)
= [−3/2, 7/2]

2α1 + 4α2 − 4α3 ∈ W
(
3T2∗

)
= {4}

6α1 + 3α2 − 5α3 ∈ W
(
4T2∗

)
= {1}.

Since there exist unique α1, α2, α3 ∈ R satisfying the above relations, the best coapproximation

to T out of Y is unique. Moreover,

RY(T2) = {(( 3, 1, 4, 1, −3, 1 , 2))}.

Case 3 : Let T3 ∈ M7 be given by T3 = (dij)1≤i,j≤7 , where d11 = 14, d15 = 1, d22 =

1, d26 = 3, d33 = 4, d44 = 1, d51 = 1, d55 = −14, d62 = 2, d66 = 1 and the other dij’s can be

chosen arbitrarily.

Therefore, 1T3∗ =


14 1

−1 14


 , 2T3∗ =


1 3

2 1


 , 3T3∗ = (4), 4T3∗ = (1).

Then from Theorem 2.6,

7α1 + α2 + 3α3 ∈ W
(
1T3∗

)
= {14}

−5α1 + 3α2 − 7α3 ∈ W
(
2T3∗

)
= [−3/2, 7/2]

2α1 + 4α2 − 4α3 ∈ W
(
3T3∗

)
= {4}

6α1 + 3α2 − 5α3 ∈ W
(
4T3∗

)
= {1}.
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Since there exists no such α1, α2, α3 ∈ R satisfying the above relations, it follows that

RY(T3) = ∅.

2.3.1 Characterization of coproximinal subspaces

We now obtain a characterization of the coproximinal subspaces of Dn in terms of the ∗-Property.

Theorem 2.10. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak = ((ak11, a
k
22,

. . . , aknn)), for each 1 ≤ k ≤ m. Then span {A1, A2, . . . , Am} is a coproximinal subspace of Mn if

and only if there exist exactly m number of nonequivalent components satisfying the ∗-Property.

Proof. Let us first prove the sufficient part of the theorem. Let the j1-th, j2-th, . . . , jm-

th components be chosen as the nonequivalent m number of components satisfying the ∗-

Property. Let us consider C ∈ Mm given by C = (cst)1≤s,t≤m such that cst = atjsjs , where(
a1jsjs , a

2
jsjs

, . . . , amjsjs

)
is the js-th component. We claim that rank(C) = m. Suppose on

the contrary rank(C) < m. Let Y1 = span{
(
a1jsjs , a

2
jsjs

, . . . , amjsjs

)
: 1 ≤ s ≤ m} and let

Y2 = span{
(
a1ii, a

2
ii, . . . , a

m
ii

)
: 1 ≤ i ≤ n}. Clearly, Y1 ⊊ Y2 = Rm, which implies that

Y ⊥
2 ⊊ Y ⊥

1 . Therefore, there exists (γ1, γ2, . . . , γm) ∈ Y ⊥
1 \ Y ⊥

2 such that |∑m
k=1 γka

k
ii| >

max{|∑m
k=1 γka

k
jsjs

| : 1 ≤ s ≤ m} = 0, for some i /∈ {j1, j2, . . . , jm} . Following Theorem

2.1, there exists an i-th component, which is nonequivalent to the j1-th, j2-th, . . . , jm-th com-

ponents, that satisfies the ∗-Property. This contradiction establishes our claim. Therefore, C is

invertible and hence onto. So, for any β1, β2, . . . , βm ∈ R, there always exist α1, α2, . . . , αm ∈ R

such that a1jsjsα1 + a2jsjsα2 + . . . + amjsjsαm = βi, for all s ∈ {1, 2, . . . ,m}. Noting that for any

T ∈ Mn, W (jsT∗) ⊂ R, therefore we conclude that

a1jsjsα1 + a2jsjsα2 + . . .+ amjsjsαm ∈W
(
jsT∗

)
, (2.3)

for all s ∈ {1, 2, . . . ,m} . Following Theorem 2.6, it is now evident that
∑m

k=1 αkAk is the best

coapproximation to T out of span {A1, A2, . . . , Am}. This shows that span {A1, A2, . . . , Am} is

a coproximinal subspace of Mn.

Let us now prove the necessary part of the theorem. Suppose that the j1-th, j2-th, . . . , jp-

th nonequivalent components satisfy the ∗-Property. Then from Lemma 2.2, we get that p ≥
m. Let us now take the p × m matrix D = (dst)1≤s≤p, 1≤t≤m such that dst = atjsjs , where(
a1jsjs , a

2
jsjs

, . . . , amjsjs

)
is the js-th component. Let TD ∈ L(H1,H2) be the linear operator

corresponding to the matrix D with respect to the standard ordered bases of H1,H2, where
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H1 = Rm and H2 = Rp. Since span {A1, A2, . . . , Am} is a coproximinal subspace of Mn, for

T ∈ Mn, there exist α1, α2, . . . , αm ∈ R satisfying the following relations:

a1jsjsα1 + a2jsjsα2 + . . .+ amjsjsαm ∈W
(
jsT∗

)
, (2.4)

for all s ∈ {1, 2, . . . , p} . We now claim that TD is onto. Let β = (β1, β2, . . . , βp) ∈ Rp. We note

that for any T = (bij)1≤i,j≤n, jsT∗ is a h× h matrix whose entries are (±bij) depending on P+
js

and P−
js
, where |P+

js
∪ P−

js
| = h. So we can choose T suitably so that W (jsT∗) = {βs} for each

s ∈ {1, 2, . . . , p} . This shows that for each s ∈ {1, 2, . . . , p} , we get

a1jsjsα1 + a2jsjsα2 + . . .+ amjsjsαm = βs

and so TD(α) = β, where α = (α1, α2, . . . αm) ∈ Rm. Thus TD is onto and therefore, m ≥ p.

This along with Lemma 2.2 completes the proof.

2.3.2 Characterization of co-Chebyshev subspaces

We now obtain a characterization of the co-Chebyshev subspaces of Dn in terms of the ∗-

Property.

Theorem 2.11. Let A = {A1, A2, . . . , Am} be linearly independent in Dn, where Ak = ((ak11, a
k
22,

. . . , aknn)), for each 1 ≤ k ≤ m. Suppose that the i1-th, i2-th, . . ., ip-th nonequivalent components

satisfy the ∗-Property. Then span{A1, A2, . . . , Am} is a co-Chebyshev subspace of Mn if and

only if p = m and |P+
is

∪ P−
is
| = 1 for all s ∈ {1, 2, . . . , p}.

Proof. We first prove the sufficient part of the theorem. Since p = m, we note from Theorem

2.10 that span{A1, A2, . . . , Am} is a coproximinal subspace of Mn. Therefore, for any given

T ∈ Mn, there exist α1, α2. . . . , αm ∈ R satisfying the following relations:

a1isisα1 + a2isisα2 + . . .+ amisisαm ∈W
(
isT∗

)
, (2.5)

for all s ∈ {1, 2, . . . ,m}. Since |P+
is

∪ P−
is
| = 1, it follows that isT∗ is of order 1. Moreover,

W
(
isT∗

)
= (bisis), for every s ∈ {1, 2, . . . ,m}, where T = (bij)1≤i,j≤n. Therefore, relations

(2.5) represent a system of linear equation with coefficient matrix C = (cst)1≤s,t≤m, where

cst = atisis . Following the arguments given in the proof of Theorem 2.10, we conclude that C

is invertible. Hence for any given T ∈ Mn, there exists a unique (α1, α2, . . . , αm) ∈ Rm sat-

isfying the relations (2.5). Therefore, span{A1, A2, . . . , Am} is a co-Chebyshev subspace of Mn.
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We now prove the necessary part of the theorem. Let us assume that span{A1, A2, . . . , Am}
is a co-Chebyshev subspace of Mn. In particular, span{A1, A2, . . . , Am} is a coproximinal

subspace of Mn. Therefore, from Theorem 2.10, we get p = m. Suppose on the contrary

|P+
is

∪ P−
is
| = ks > 1, for some s ∈ {1, 2, . . . ,m}. Therefore, isT∗ is of order ks. Let us consider

Q = (qrt)1≤r≤p,1≤t≤m, where qrt = atirir . Since p = m, following the arguments given in the

proof of Theorem 2.10, Q is invertible. Now, for any two scalars c and d, where c ̸= d, we can

choose a suitable T ∈ Mn such that c, d ∈ W
(
isT∗

)
. Therefore, we can conclude that there

exist at least two different sets of (α1, α2, . . . , αm) ∈ Rm satisfying the relations:

a1ililα1 + a2ililα2 + . . .+ amililαm ∈W
(
ilT∗

)
,

for all l ∈ {1, 2, . . . ,m}. This contradicts that span{A1, A2, . . . , Am} is a co-Chebyshev subspace

of Mn. Hence the theorem.

As an immediate application of the above theorem, we record the following interesting

observation.

Corollary 2.1. Dn is a co-Chebyshev subspace of Mn.

Proof. Clearly, {Ek : 1 ≤ k ≤ n} is a basis of Dn, where Ek = (ekij)1≤i,j≤n is given by

ekij = 1, whenever i = j = k

= 0, otherwise.

It is trivial to observe that for all 1 ≤ i ≤ n, the i-th component satisfies the ∗-Property and

|P+
i ∪ P−

i | = 1. Therefore, the desired result follows directly from Theorem 2.11.

2.4 Best coapproximation in ℓn∞
As another important application of the theories developed in the present chapter, it is possible

to characterize the best coapproximation problem in the setting of ℓn∞, for any given n ∈ N.

This in turn is equivalent to the following optimization problem:

Problem: Let aij , αk ∈ R be fixed, where 1 ≤ i ≤ m, 1 ≤ j, k ≤ n. Find a necessary and

sufficient condition for the existence of β1, β2, . . . , βm ∈ R such that for any c1, c2, . . . , cm ∈ R,
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the following inequality holds true:

max

{
|αk −

m∑

i=1

ciaik| : 1 ≤ k ≤ n

}
≥ max

{
|
m∑

i=1

βiaik −
m∑

i=1

ciaik| : 1 ≤ k ≤ n

}
.

Moreover, in case existence is guaranteed, find all such β1, β2, . . . , βm ∈ R.

We emphasize that the above problem is not entirely trivial, most notably because the exis-

tence of a desired solution is not a priori guaranteed. However, it is possible to completely solve

the problem (from both theoretical and computational perspectives), by applying the method-

ology already developed in this chapter. It is well-known that ℓn∞ (endowed with its usual max-

imum norm) is isometrically isomorphic to Dn endowed with the usual operator norm. Indeed,

the natural choice map Ψ : ℓn∞ −→ Dn, taking (a1, a2, . . . , an) ∈ ℓn∞ to ((a1, a2, . . . , an)) ∈ Dn

is easily seen to be the desired isometric isomorphism. This connection allows us to obtain an

algorithmic approach to the best coapproximation problem in any given subspace Y of ℓn∞ via

the methods already developed to treat the corresponding best coapproximation problem in the

subspace Ψ(Y) of Dn. It should be noted in this context that our theory essentially translates

into characterizing the best coapproximation(s) to any given T ∈ Mn out of any given subspace

of ℓn∞, and therefore, the best coapproximation problem in subspaces of ℓn∞ is only a particular

case of the results developed so far. To illustrate this further, we make note of the following

two remarks pertaining to the best coapproximation problem in ℓn∞ :

� ℓn∞ is a coproximinal subspace of Mn for each n ∈ N. This is simply a reformulation of

Corollary 2.1.

� By using the concept of the ∗-Property, and the above mentioned isometric isomorphism

Ψ : ℓn∞ −→ Dn, it is quite straightforward to construct subspaces of ℓn∞ which are (not)

coproximinal. Indeed, in light of the theories developed in this chapter, any such con-

struction essentially reduces to controlling the number (nonequivalent) of i-th components

satisfying the ∗-Property, for 1 ≤ i ≤ n. As an explicit example, it can be readily verified

that Y1 is a coproximinal subspace of l7∞, whereas Y2 is not, where

Y1 = span {(6, 1, 4, 3, 3, 1, 1), (2, 5, 2, 3, 1, 5, 1), (4, 3, 8, 6, 2, 3, 2), (2, 1, 4, 9, 1, 1, 3)} ,

Y2 = span {(2,−5, 3, 1,−2,−5, 2), (−4, 2, 2,−2,−4, 2,−4)} .

In view of our treatment of the theory of coapproximations in ℓn∞ spaces, it seems appropriate

to end the present chapter with the following concluding remark:
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Remark 2.12. The theory of best coapproximations in Banach spaces remains a much less ex-

posed area of research, especially from a computational point of view, in comparison to the theory

of best approximations. Certainly, this is in part due to the inherently complicated non-linear

nature of the best coapproximation problem and the difficulty of the corresponding computations

involved in the process. In this context, the reader is encouraged to look up the literature, in-

cluding [33, 36]. Our main focus in this chapter is to illustrate the following principle in the

setting of ℓn∞ (or, more generally, for matrices in Mn out of subspaces of Dn):

It is possible to essentially reduce the much harder “best coapproximation problem” to the

well-known and way more simpler “existence and uniqueness problem corresponding to a par-

ticular system of linear problems”, by applying the concept of orthogonality.

Indeed, using the methodology developed so far, it is now very easy to explicitly produce

examples of coproximinal and co-Chebyshev subspaces in the setting of ℓn∞. Therefore, in light

of the above fact, a natural query would be to test the validity of such a nicety, in the setting of

classical Banach spaces other than ℓn∞.
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CHAPTER 3

ON BEST COAPPROXIMATION

PROBLEM IN ℓn1

3.1 Introduction

As seen in the previous chapter, finding the best coapproximation in Banach spaces is a chal-

lenging problem, particularly from a computational standpoint. In that chapter, we focused on

a complete characterization of the problem within the space of diagonal matrices, which enabled

a computational resolution in certain subspaces of ℓn∞. A natural and compelling direction for

extending this investigation is to explore the best coapproximation problem in subspaces of the

dual space, ℓn1 . This space, with its distinct geometric and duality properties, offers a con-

trasting yet complementary setting to ℓn∞. As an application of our methodology, we provide a

complete identification of coproximinal and co-Chebyshev subspaces of ℓn1 . It is time to mention

the basic terminologies and the notations to be used throughout the chapter.

We use the symbols X,Y to denote real Banach spaces, unless stated otherwise. The usual

notations BX = {x ∈ X : ∥x∥ ≤ 1} and SX = {x ∈ X : ∥x∥ = 1} are used to denote the unit

Content of this chapter is based on the following paper:

� Sain, D., Sohel, S., Ghosh, S., Paul, K., On Best coapproximation problem in ℓn1 , Linear Multilinear
Algebra, 72 (2024), 31-49.
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ball and the unit sphere of X, respectively. An element x ∈ BX is said to be an extreme point

of the unit ball if x = (1 − t)y + tz, for some t ∈ (0, 1) and for some y, z ∈ BX, then x = y = z.

The collection of all extreme points of the unit ball BX is denoted by Ext(BX). The dual of a

Banach space X is denoted by X∗. Given any f ∈ X∗, Mf denotes the norm attainment set of f ,

i.e., Mf := {x ∈ SX : |f(x)| = ∥f∥}. We note that Mf ̸= ∅, whenever X is reflexive. Given any

m × n matrix A, At denotes the transpose of A. Let L(X,Y) be denoted as the Banach space

of all bounded linear operators from X to Y, endowed with the usual operator norm. For given

any T ∈ L(X,Y), the kernel of T, denoted by kerT, is defined as kerT := {x ∈ X : Tx = θ ∈ Y}.
Accordingly, the kernel of f ∈ X∗ is denoted by ker f, i.e., ker f = {x ∈ X : f(x) = 0}. Given

x ∈ X and a subspace Y of X, we denote by RY(x) the set of all best coapproximations to x out

of Y. We also define dom RY as the collection of all such x ∈ X such that RY(x) ̸= ∅.

The study of best coapproximation has an immediate connection to the concept of Birkhoff-

James orthogonality. Following the pioneering articles [2, 20], given any two elements x, y in

a Banach space X, we say that x is Birkhoff-James orthogonal to y, written as x ⊥B y, if

∥x + λy∥ ≥ ∥x∥ for all λ ∈ R. The said connection can be stated (and verified in a rather

straightforward manner) in terms of Birkhoff-James orthogonality as follows: Given a subspace

Y of a Banach space X and an element x ∈ X, y0 ∈ Y is a best coapproximation to x out of Y

if and only if Y ⊥B (x− y0) i.e., y ⊥B (x− y0) for all y ∈ Y.

In this chapter, our main objective is to completely solve the problem of finding the best

coapproximation(s) to a given element in ℓn1 out of a given subspace Y of ℓn1 , provided the best

coapproximation(s) exist. As mentioned before, it is known that given a subspace Y of ℓn1 and

x /∈ Y, y0 is a best coapproximation to x out of Y if and only if there exists a norm-1 projection

from span {x,Y} to Y. However, to the best of our knowledge, there is no method available

to explicitly find these norm-1 projections. We present a computationally effective solution to

this problem, resulting in an algorithmic approach to the best coapproximation problem in ℓn1 .

It also allows us to discuss the existence of best coapproximations in the said setting. We also

completely identify the coproximinal and co-Chebyshev subspaces of ℓn1 .

3.2 Preliminaries

We introduce the following definition for computational advantages.

Definition 3.1. Let A = {ã1, ã2, . . . , ãm} be a set of linearly independent elements in ℓn1 , where

ãk = (ak1, a
k
2, . . . , a

k
n), for each 1 ≤ k ≤ m. Considering ã1, ã2, . . . , ãm as column vectors, we

form the n×m matrix A = (aij)1≤i≤n,1≤j≤m, where aij = aji .
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(i) For each i ∈ {1, 2, . . . , n}, the i-th component of A is defined as the i-th row of A, i.e.,
(
a1i , a

2
i , . . . , a

m
i

)
. Whenever the context is clear, we simply refer to the i-th component of

A as the i-th component.

(ii) The i-th component and the j-th component are said to be equivalent if

(
a1i , a

2
i , . . . , a

m
i

)
= c

(
a1j , a

2
j , . . . , a

m
j

)
, c(̸= 0) ∈ R.

(iii) The zero set ZA of A is defined as

ZA =
{
i ∈ {1, 2, . . . , n} :

(
a1i , a

2
i , . . . , a

m
i

)
= (0, 0, . . . , 0)

}
.

In the following proposition, we show the basis invariance of the equivalent components and

the zero set.

Proposition 3.1. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm},B = {b̃1, b̃2, . . . , b̃m}
be two bases of Y, where ãk = (ak1, a

k
2, . . . , a

k
n) and b̃k = (bk1, b

k
2, . . . , b

k
n), for any 1 ≤ k ≤ m.

Then

(i) the i-th and j-th component of A are equivalent if and only if the i-th and j-th component

of B are equivalent.

(ii) ZA = ZB.

Proof. (i) Consider the two matrices A and B as constructed in Definition 3.1. Since A and B
are two bases of Y, there exists an invertible matrix C = (cij)1≤i,j≤m such that B = AC, where

bij =
∑m

k=1 aikckj , for any 1 ≤ i ≤ n, 1 ≤ j ≤ m. The j-th components of B,

(b1j , b
2
j , . . . , b

m
j ) =

( m∑

k=1

ck1a
k
j ,

m∑

k=1

ck2a
k
j , . . . ,

m∑

k=1

ckma
k
j

)
. (3.1)

Suppose that the i-th and the j-th components of A are equivalent. Then (a1j , a
2
j , . . . , a

m
j ) =

c(a1i , a
2
i , . . . , a

m
i ), for some c ∈ R. Therefore,

(b1j , b
2
j , . . . , b

m
j ) = c

( m∑

k=1

ck1a
k
i ,

m∑

k=1

ck2a
k
i , . . . ,

m∑

k=1

ckma
k
i

)
= c(b1i , b

2
i , . . . , b

m
i ).

This implies that the i-th and the j-th components of B are equivalent. By a similar argument,

we can easily obtain the converse result.

(ii) Follows immediately from equation (1).
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We next obtain a characterization of best coapproximation(s) in finite-dimensional subspaces

of the dual of a reflexive Banach space. This simple observation will play an important role in

finding the best coapproximation in the subspaces of ℓn1 .

Theorem 3.1. Let X be a reflexive Banach space and let g1, g2, . . . , gm ∈ X∗ be linearly inde-

pendent. Given any α1, α2, . . . , αm ∈ R,
∑m

k=1 αkgk is a best coapproximation to f ∈ X∗ out of

span{g1, g2, . . . , gm} if and only if given any β1, β2, . . . , βm ∈ R,

M∑m
k=1 βkgk

∩ ker(f −
m∑

k=1

αkgk) ̸= ∅

Proof. It follows from the definitions of Birkhoff-James orthogonality and best coapproximation

that
∑m

k=1 αkgk is a best coapproximation to f out of span{g1, g2, . . . , gm} if and only if g ⊥B

(f −∑m
k=1 αkgk) , for all g ∈ span {g1, g2, . . . , gm} . Clearly, this is equivalent to the following:

m∑

k=1

βkgk ⊥B (f −
m∑

k=1

αkgk) ∀ β1, β2, . . . , βm ∈ R.

Now applying [45, Th. 3.2], we conclude that the above condition is equivalent to

M∑m
k=1 βkgk

∩ ker(f −
m∑

k=1

αkgk) ̸= ∅.

This completes the proof of the theorem.

In this chapter, we address the problem by classifying the subspaces of ℓn1 based on whether

the associated zero set, as defined above, is empty or non-empty. In the case where the zero

set is empty, we provide a complete characterization by introducing a norming property of

the subspace. When the zero set is non-empty, we approach the problem by truncating it

to a subspace in which the zero set becomes empty. To proceed with this approach, we now

introduce a definition that will be instrumental in solving the problem in cases where the zero

set is non-empty.

Definition 3.2. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

ZA ̸= ∅. Suppose that |ZA| = r > 0 and n − r = k. Without loss of generality we assume that

{1, 2, . . . , n} \ ZA = {1, 2, . . . , k}.

(i) We define a linear transformation ρ from ℓn1 to ℓn1 by

ρ(b1, b2, . . . , bn) = (c1, c2, . . . , cn),
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where ci = bi, for any i /∈ ZA and ci = 0, for any i ∈ ZA.

(ii) We define a linear transformation σ from ℓn1 to ℓk1 by

σ(b1, b2, . . . , bn) = (b1, b2, . . . , bk).

(iii) For a given b̃ = (b1, b2, . . . , bn) ∈ ℓn1 , we introduce a set P
b̃
⊂ ℓn1 , defined as

P
b̃

:=

{
ỹ = (y1, y2, . . . , yn) ∈ ℓn1 : yi = bi ∀j /∈ ZA

}
.

We note the following simple but useful properties in the form of a proposition.

Proposition 3.2. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

ZA ̸= ∅. Suppose that |ZA| = r > 0 and n− r = k. For any f ∈ (ℓn∞)∗,

(i) ρ(ãi) = ãi and ∥ρ(̃b)∥ ≤ ∥b̃∥.

(ii) ∥σ(̃b)∥ ≤ ∥b̃∥ and ∥σ(ãi)∥ = ∥ãi∥.

(iii) σ(ρ(̃b)) = σ(̃b) and ρ(ρ(̃b)) = ρ(̃b).

(iv) for any ỹ ∈ P
b̃
, ρ(̃b) = ρ(ỹ).

(v) Zσ(A) = ∅, where σ(A) = {σ(ã1), σ(ã2), . . . , σ(ãm)}.

In the following section, we focus on subspaces Y of ℓn1 spanned by the basis A with ZA = ∅.

3.3 Norming set

We begin this section by noting that there exists a canonical isometric isomorphism ψ between

ℓn1 and (ℓn∞)∗, defined as ψ(a1, a2, . . . , an) = g, where g : ℓn∞ → R is given as :

g(α1e1 + α2e2 + . . . αnen) = α1a1 + α2a2 + . . . αnan,

{e1, e2, . . . , en} being the standard ordered basis of Rn. Thus, given a subspace Y of ℓn1 and an

element x /∈ Y, the problem of finding best coapproximation to x out of Y is equivalent to the

problem of finding the same to ψ(x) out of the subspace ψ(Y) in (ℓn∞)∗. This observation will

be used as and when required.

Now it is time to introduce the following norming property of a subspace in ℓn1 , which helps

us to to solve the best coapproximation problem.
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Definition 3.3. A set S in a Banach space is said to be symmetric if x ∈ S implies −x ∈ S.

Definition 3.4. Let Y be a subspace of ℓn1 . A symmetric set N is said to be a norming set of

Y if
(
Mg ∩ Ext(Bℓn∞)

)
∩ N ≠ ∅, for each g ∈ ψ(Y). A norming set N is said to be a minimal

norming set of V if for some norming set M of Y, M ⊂ N implies that M = N .

Observe that Mg ∩Ext(Bℓn∞) ̸= ∅, for each g ∈ ψ(Y). Clearly, the minimal norming set may

not be unique. Let g ∈ (ℓn∞)∗. Then for any x = (x1, x2, . . . , xn) ∈ ℓn∞, g(x) =
∑n

i=1 g(ei)xi.

The following result ensures the existence of the minimal norming set of a subspace Y of ℓn1 .

Theorem 3.2. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

ZA = ∅. Then there exists a unique minimal norming set of Y.

Proof. Suppose that ψ(ãi) = gi, for any 1 ≤ i ≤ m. Since ZA = ∅, we observe that

{
e1, e2, . . . , en

}⋂( m⋂

j=1

ker gj

)
= ∅.

Any element g of ψ(Y) is of the form g =
∑m

k=1 βkgk, where (β1, β2, . . . , βm) ∈ Rm. Moreover,

we note that gk(ei) = aki , for any 1 ≤ k ≤ m, 1 ≤ i ≤ n. We will prove the theorem in the

following four steps.

Step 1 : We express Rm as the union of finitely many hyperplanes and open sets which are

relevant to our purpose. For each i = 1, 2, . . . , n, we consider the hyperplane Hi of Rm, given

by

Hi =

{
(β1, β2, . . . , βm) ∈ Rm :

m∑

k=1

βkgk(ei) = 0

}
.

Assume thatH1, H2, . . . Hr are distinct hyperplanes, where r ≤ n. For each i = 1, 2 . . . r, consider

the sets H+
i and H−

i given by

H+
i =

{
(β1, β2, . . . , βm) ∈ Rm :

m∑

k=1

βkgk(ei) > 0

}

H−
i =

{
(β1, β2, . . . , βm) ∈ Rm :

m∑

k=1

βkgk(ei) < 0

}
.

Observe that H+
i ∩ H−

i = ∅ and H+
i ∪ Hi ∪ H−

i = Rm, for each i = 1, 2, . . . r. Consider the

set Kj = H
δj1
1 ∩ Hδj2

2 ∩ . . . ∩ Hδjr
r , where δji ∈ {+,−} for each i = 1, 2, . . . r. It is immediate

that there are atmost 2r number of such sets. We assume that ±K1,±K2, . . . ,±Kq are the
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nonempty such sets. Then

Rm =

(
∪qi=1 (Ki ∪ −Ki)

)⋃(
∪rj=1 Hj

)
= K ∪H,

where K = ∪qi=1(Ki ∪ −Ki) and H = ∪rj=1Hj .

Step 2 : We find the norm attaining set of functionals of the form
∑m

k=1 βkgk, where

(β1, β2, . . . , βn) ∈ K. We first associate each of the nonempty sets Ks(1 ≤ s ≤ q) with an extreme

point of Bℓn∞ . For any β̃ = (β1, β2, . . . , βm) ∈ Ks, let us construct x̃s = (x1, x2, . . . , xn) ∈ Sℓn∞

where

xt = 1, β̃ ∈ H+
t

= −1, β̃ ∈ H−
t .

Clearly, x̃s ∈ Ext(Bℓn∞). Note that construction of x̃s is independent of β̃, for if β̃ ∈ (H+
i1

∩
H+
i2
. . . ∩H+

is
) ∩ (H−

j1
∩H−

j2
. . . ∩H−

jt
), where 1 ≤ s + t ≤ r, then for any ω̃ ∈ Ks, we have ω̃ ∈

(H+
i1
∩H+

i2
. . .∩H+

is
)∩(H−

j1
∩H−

j2
. . .∩H−

jt
). Thus with each Ki we associate an extreme point x̃i,

where 1 ≤ i ≤ q. Let N = {±x̃1,±x̃2, . . . ,±x̃q}. We show that N = ∪(β1,β2,...,βm)∈KM∑m
k=1 βkgk

.

Let (β1, β2, . . . , βm) ∈ K, then (β1, β2, . . . , βm) ∈ Ks, for some s. Consider g =
∑m

k=1 βkgk.

Then g(x̃s) =
∑m

k=1 βk

gk(ei)xi > 0. We show that Mg = {±x̃s}. Let ỹ = (y1, y2, . . . , yn) ∈Mg ∩ Ext(Bℓn∞).

Therefore,

|g(ỹ)| =

∣∣∣∣
m∑

k=1

βkgk(ỹ)

∣∣∣∣ =

∣∣∣∣
( m∑

k=1

βkgk(e1)

)∣∣∣∣+

∣∣∣∣
( m∑

k=1

βkgk(e2)

)∣∣∣∣+ . . .+

∣∣∣∣
( m∑

k=1

βkgk(en)

)∣∣∣∣

which implies

∣∣∣∣
( m∑

k=1

βkgk(e1)

)
y1 +

( m∑

k=1

βkgk(e2)

)
y2 + . . .+

( m∑

k=1

βkgk(en)

)
yn

∣∣∣∣

=

∣∣∣∣
( m∑

k=1

βkgk(e1)

)∣∣∣∣+

∣∣∣∣
( m∑

k=1

βkgk(e2)

)∣∣∣∣+ . . .+

∣∣∣∣
( m∑

k=1

βkgk(en)

)∣∣∣∣.

The last equality is satisfied if and only if each

(∑m
k=1 βkgk(ei)

)
yi have the same sign, which in

turn is satisfied if and only if ỹ = ±x̃s. ThusMg = {±x̃s}. Therefore, whenever (α1, α2, . . . , αm) ∈
Ki, for some 1 ≤ i ≤ q, we have M∑m

k=1 αkgk = {±x̃i}. Thus N = ∪(β1,β2,...,βm)∈KM∑m
k=1 βkgk

.
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Step 3 : We deal with functionals of the form
∑m

k=1 γkgk, where γ̃ = (γ1, γ2, . . . , γm) ∈ H.

Let us assume that

γ̃ ∈ Hb1 ∩Hb2 ∩ . . . ∩Hbu ∩H+
c1 ∩H+

c2 ∩ . . . ∩H+
cs ∩H−

d1
∩H−

d2
. . . ∩H−

dt
,

where u+ s+ t = r.

Let us now consider the set Dγ̃ = (∩si=1H
+
ci ) ∩ (∩ti=1H

−
di

). Now it is easy to observe that

γ̃ ∈ Dγ̃ and Dγ̃ is an open set of Rm. Take

η̃ = (η1, η2, . . . , ηn) ∈ Dγ̃ \ (∪ui=1Hbi).

Then
∑m

k=1 ηkgk(el) > 0, for any l ∈ {c1, c2, . . . , cs} and
∑m

k=1 ηkgk(el) < 0, for any l ∈
{d1, d2, . . . , dt}. It is easy to observe that η̃ ∈ Kp, for some 1 ≤ p ≤ q. Therefore, M∑m

k=1 ηkgk
=

{±x̃p = (x1, x2, . . . , xn)} as claimed before. Observe that xl = 1, for any l ∈ {c1, c2, . . . , cs} and

xl = −1, for all l ∈ {d1, d2, . . . , dt}. By a straightforward calculation it is easy to observe that

±x̃p ∈M∑m
k=1 γkgk

.

Step 4 : We show that N is the unique minimal norming set of Y. From the previous two

steps it follows that N is a norming set of Y. Let us consider a symmetric set M ⊊ N and also

assume that ±x̃j ∈ N \M. It can be clearly seen that whenever β̃ ∈ Kj , M∩M∑m
k=1 βkgk

= ∅.
This implies that N is a minimal norming set of Y. From Step 2 it follows that N is the unique

minimal norming set of Y.

We next explore the converse of the previous result.

Theorem 3.3. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y. If the

minimal norming set of Y is unique then ZA = ∅.

Proof. Let us assume that the minimal norming set N of Y is unique. Suppose on the contrary

that j ∈ ZA, for some 1 ≤ j ≤ n. This implies that g(ej) = 0, for any g ∈ ψ(Y). Suppose

that N = {±x̃1,±x̃2, . . . ,±x̃q} is a minimal norming set of Y, where x̃k = (xk1, x
k
2, . . . , x

k
n), for

1 ≤ k ≤ q. Let us now consider

ỹ1 = (x11, x
1
2, . . . , x

1
j−1,−x1j , x1j+1, . . . , x

1
n) ∈ Ext(Bℓn∞).

It can be easily observed that for any g ∈ ψ(Y), ỹ1 ∈ Mg if and only if x̃1 ∈ Mg. Therefore,

N1 = {±ỹ1,±x̃2, . . . ,±x̃q} is a norming set of Y. Since ỹ1 /∈ {±x̃2, . . . ,±x̃q}, N1(̸= N ) is a
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minimal norming set of Y. This contradicts the assumption that the minimal norming set of Y

is unique.

3.4 Best coapproximation in ℓn1
Now we are in a position to present the characterization of the best coapproximation in Y.

This is given in terms of a system of linear equations which clearly illustrates its computational

effectiveness.

Theorem 3.4. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

ZA = ∅. Suppose that N = {±x̃1,±x̃2, . . . ,±x̃q} is the minimal norming set of Y, where

x̃k = (xk1, x
k
2, . . . , x

k
n), for any 1 ≤ k ≤ q. Then given b̃ = (b1, b2, . . . , bn) ∈ ℓn1 ,

∑m
k=1 αkãk is

a best coapproximation to b̃ out of Y if and only if α1, α2, . . . , αm ∈ R satisfy the following

relations:

α1

n∑

i=1

a1ix
p
i + α2

n∑

i=1

a2ix
p
i + . . .+ αm

n∑

i=1

ami x
p
i =

n∑

i=1

bix
p
i ,

for any p ∈ {1, 2, . . . , q}.

Proof. Suppose that ψ(ãi) = gi, for any 1 ≤ i ≤ m and ψ(b) = f. We observe that
∑m

k=1 αkãk

being a best coapproximation to b̃ out of Y is equivalent to
∑m

k=1 αkgk being a best coapproxi-

mation to f out of ψ(Y).

Let us first prove the necessary part of the theorem. Since {±x̃1,±x̃2, . . . ,±x̃q} is the mini-

mal norming set of Y, it can be easily observed that for any x̃s, there exists β̃ = (β1, β2, . . . , βm) ∈
Rm such that M∑m

k=1 βkgk
= {±x̃s}. It follows from Theorem 3.1 that

M∑m
k=1 βkgk

∩ ker(f −
m∑

k=1

αkgk) ̸= ∅.

Therefore, x̃s ∈ ker(f −∑m
k=1 αkgk), i.e., (f −∑m

k=1 αkgk)x̃s = 0, which implies

f(x̃s) = α1g1(x̃s) + α2g2(x̃s) + . . .+ αmgm(x̃s).

This is equivalent to

α1

n∑

i=1

g1(ei)x
s
i + α2

n∑

i=1

g2(ei)x
s
i + . . .+ αm

n∑

i=1

gm(ei)x
s
i =

n∑

i=1

f(ei)x
s
i .
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Similarly, we can observe that for all p ∈ {1, 2, . . . , q},

α1

n∑

i=1

g1(ei)x
p
i + α2

n∑

i=1

g2(ei)x
p
i + . . .+ αm

n∑

i=1

gm(ei)x
p
i =

n∑

i=1

f(ei)x
p
i ,

which implies,

α1

n∑

i=1

a1ix
p
i + α2

n∑

i=1

a2ix
p
i + . . .+ αm

n∑

i=1

ami x
p
i =

n∑

i=1

bix
p
i ,

for any p ∈ {1, 2, . . . , q}. This completes the necessary part of the theorem.

We now prove the sufficient part of the theorem. From the hypothesis, we obtain that

α1, α2, . . . , αm ∈ R satisfy the following relations:

α1

n∑

i=1

g1(ei)x
t
i + α2

n∑

i=1

g2(ei)x
t
i + . . .+ α1

n∑

i=1

gm(ei)x
t
i =

n∑

i=1

f(ei)x
t
i, (3.2)

for any t ∈ {1, 2, . . . , q}. Now

(f −
m∑

k=1

αkgk)x̃t = f(x̃t) −
{
α1g1(x̃t) + α2g2(x̃t) + . . .+ αmgm(x̃t)

}
.

Therefore, using equation (3.2), it is immediate that x̃t ∈ ker(f −∑m
k=1 αkgk), for any t ∈

{1, 2, . . . , q}. For any β1, β2, . . . , βm ∈ R, not all zero, there exists s ∈ {1, 2, . . . , q} such that

x̃s ∈M∑m
k=1 βkgk

. Therefore,

x̃s ∈ ker(f −
m∑

k=1

αkgk) ∩M∑m
k=1 βkgk

.

Therefore, from Theorem 3.1, the sufficient part of the theorem follows directly.

Combining Theorem 3.4 with the theoretical characterization of best coapproximation in

terms of norm-1 projections, as given in [26, 33], we get the following result.

Corollary 3.1. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

ZA = ∅. Suppose that N = {±x̃1,±x̃2, . . . ,±x̃q} is the minimal norming set of Y, where

x̃k = (xk1, x
k
2, . . . , x

k
n), for any 1 ≤ k ≤ q. Then given b̃ = (b1, b2, . . . , bn) ∈ ℓn1 , there exists a

norm-1 projection from span{b̃,Y} to Y if and only if there exist α1, α2, . . . , αm ∈ R satisfy the
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following relations:

α1

n∑

i=1

a1ix
p
i + α2

n∑

i=1

a2ix
p
i + . . .+ αm

n∑

i=1

ami x
p
i =

n∑

i=1

bix
p
i ,

for any p ∈ {1, 2, . . . , q}. Moreover, if α1, α2, . . . , αm ∈ R satisfy the above system of linear

equations then P (ã+ γb̃) = ã+ γ(
∑m

i=1 αiãi) is the norm 1 projection, for any ã ∈ Y.

We now present an explicit numerical example to illustrate the applicability of Theorem 3.4

towards solving the best coapproximation problem in ℓn1 , from a computational point of view.

Example 3.5. Find the best coapproximation(s) to any given b̃ ∈ ℓ61 out of the subspace

Y = span {ã1, ã2, ã3} of ℓ61, where ã1 = ( 4, 2, 1, −1, −4, 4), ã2 = ( −1, 3, 5, 2, 1, 6), ã3 =

( 1, 4, 2, 1, −1, 8) ∈ ℓ61.

Step 1: Let ψ(ãi) = gi ∈ (ℓn∞)∗, where ψ is the canonical isometric isomorphism from ℓ61 to

(ℓ6∞)∗. Here, for any (x1, x2, . . . , x6) ∈ ℓ6∞,

g1(x1, x2, x3, x4, x6) = 4x1 + 2x2 + x3 − x4 − 4x5 + 4x6,

g2(x1, x2, x3, x4, x6) = −x1 + 3x2 + 5x3 + 2x4 + x5 + 6x6,

g3(x1, x2, x3, x4, x6) = x1 + 4x2 + 2x3 + x4 − x5 + 8x6.

We first observe that ZA = ∅. From Theorem 3.2, suppose that N is the unique minimal norm-

ing set of Y.

Step 2: We observe that the 1-st, 2-nd, 3-rd and 4-th positions can be taken as the nonequiv-

alent components. The hyperplanes corresponding to each components are:

H1 =

{
(β1, β2, β3) ∈ R3 : 4β1 − β2 + β3 = 0

}
,

H2 =

{
(β1, β2, β3) ∈ R3 : 2β1 + 3β2 + 4β3 = 0

}
,

H3 =

{
(β1, β2, β3) ∈ R3 : β1 + 5β2 + 2β3 = 0

}
,

H4 =

{
(β1, β2, β3) ∈ R3 : −β1 + 2β2 + β3 = 0

}
,

H5 =

{
(β1, β2, β3) ∈ R3 : −4β1 + β2 − β3 = 0

}
,

H6 =

{
(β1, β2, β3) ∈ R3 : 4β1 + 6β2 + 8β3 = 0

}
.
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Clearly, H5 = H1, H6 = H2 and H+
5 = H−

1 , H
−
5 = H+

1 ; H+
6 = H+

2 , H
−
6 = H−

2 .

Step 3: To solve the best coapproximation problem with the help of Theorem 3.4, we first

need to find a basis of span N . We observe that there are four nonequivalent positions, and

therefore, from Proposition 3.3 we note that dim(span N ) ≤ 4.

As mentioned in Theorem 3.2, we consider the sets Ki = H
δi1
1 ∩Hδi2

2 ∩Hδi3
3 ∩Hδi4

4 , where

δij ∈ {+,−}, for any j ∈ {1, 2, 3, 4}. Although there are 24 number of possible Ki’s, it is evident

that we only need to take account of the nonempty Ki’s. Moreover, we associate each of these

nonempty Ki’s with an extreme point x̃i of Bℓ6∞ , as mentioned in Theorem 3.2.

Suppose that K1 = H+
1 ∩H+

2 ∩H+
3 ∩H+

4 and it is straightforward to verify that (1, 2, 3) ∈ K1.

Therefore, we obtain x̃1 = (1, 1, 1, 1,−1, 1) ∈ Ext(Bℓ6∞).

In a similar manner, we take

K2 = H+
1 ∩H+

2 ∩H+
3 ∩H−

4 , (4,−1, 1) ∈ K2.

Therefore, x̃2 = (1, 1, 1,−1,−1, 1). Again

K3 = H+
1 ∩H+

2 ∩H−
3 ∩H−

4 , (0,−1,
3

2
) ∈ K3.

So, x̃3 = (1, 1,−1,−1,−1, 1). Also take

K4 = H+
1 ∩H−

2 ∩H−
3 ∩H−

4 , (1, 0,−1) ∈ K4.

Therefore, we have x̃4 = (1,−1,−1,−1,−1,−1).

From Theorem 3.2, it is now immediate that x̃1, x̃2, x̃3, x̃4 ∈ N . It is straightforward to check

that {x̃1, x̃2, x̃3, x̃4} is linearly independent. Therefore, {±(1, 1, 1, 1,−1, 1),±(1, 1, 1,−1,−1, 1),

±(1, 1,−1,−1,−1, 1),±(1,−1,− 1,−1,−1,−1)} is a basis of span N .

Step 4: In this final step, by considering a given b̃ ∈ ℓ61 and thereafter applying Theorem

3.4, we obtain the best coapproximation to b̃ out of Y. In order to illustrate the various possibil-

ities arising in the best coapproximation problem in ℓ61, it suffices to consider the following two

particular cases.

Case 1 : Let b̃1 = (1, 2, 3, 4, 5, 6) ∈ ℓ61. Then from Theorem 3.4,
∑3

i=1 αigi is a best coap-

proximation to b̃1 out of Y if and only if α1, α2, α3 ∈ R satisfies the following relations:

14α1 + 14α2 + 17α3 = 11

16α1 + 10α2 + 15α3 = 3
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14α1 + 11α3 = −3

2α1 − 18α2 − 13α3 = −19.

Since there exist no such α1, α2, α3 ∈ R satisfying the above relations, it follows that

RY(b̃1) = ∅.

Case 2 : Let b̃2 = (5, 4, 0, 0, 1, 5) ∈ ℓ61. Then from Theorem 3.4,
∑3

i=1 αiãi is a best coap-

proximation to b̃2 out of Y if and only if α1, α2, α3 ∈ R satisfies the following relations:

14α1 + 14α2 + 17α3 = 13

16α1 + 10α2 + 15α3 = 13

14α1 + 11α3 = 13

2α1 − 18α2 − 13α3 = −5.

Since there exist unique α1, α2, α3 ∈ R satisfying the above relations, the best coapproxima-

tion to b̃2 out of Y is unique. Moreover, α1 = 1
7 , α2 = −3

7 , α3 = 1 and therefore

RY(b̃2) =
1

7
ã1 −

3

7
ã2 + ã3 = (2, 3, 0, 0,−2, 6).

We next observe with the following remark.

Remark 3.6. It is already known from [26, 33] that whenever the best coapproximation exists

from a element b̃ to a subspace Y of ℓn1 , then there exist a norm-1 projection from span{b̃,Y}
to Y. However, it is also natural to look for the explicit description of the concerned projection.

In view of the method developed here, we can now find the projection map explicitly. If we

consider the subspace Y and element b̃2 as in Example 3.5, then the norm-1 projection P from

span{b̃2,Y} to Y is given by:

P (b̃2) = P (5, 4, 0, 0, 1, 5) = (2, 3, 0, 0,−2, 6); P (y) = y,∀y ∈ Y.

To complete this study we now investigate the subspaces where the zero set is non-empty.

Our idea is to truncate the subspace into a subspace where the zero set is empty. This process is

formalized through Definition 3.2. In the next theorem we provide a simple sufficient condition

of the best coapproximation problem for the subspaces where the zero set is non-empty.

Theorem 3.7. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with |ZA| =

r > 0. Then for any b̃ ∈ ℓn1 ,
∑m

i=1 αiãi is a best coapproximation to b̃ out of Y if
∑m

i=1 αiσ(ãi)
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is a best coapproximation to σ(̃b) out of σ(Y), where σ(Y) = span{σ(ã1), σ(ã2), . . . , σ(ãm)}.

Proof. Since
∑m

i=1 αiσ(ãi) is a best coapproximation to σ(̃b) out of σ(Y), so for any β1, β2, . . . , βm ∈
R, we have

∥
m∑

i=1

βiãi −
m∑

i=1

αiãi∥ = ∥
m∑

i=1

βiσ(ãi) −
m∑

i=1

αiσ(ãi)∥ ≤ ∥
m∑

i=1

βiσ(ãi) − σ(̃b)∥

= ∥σ(

m∑

i=1

βiãi − b)∥

≤ ∥
m∑

i=1

βiãi − b̃∥.

In other words,
∑m

i=1 αiãi is a best coapproximation to b̃ out of Y. This establishes our theorem.

Remark 3.8. Observe that the zero set corresponding to a basis of σ(Y) is empty and so

following the method discussed in Theorem 3.4, we can find the best coaproximation to σ(̃b) out

of σ(Y), which in turn allows us to exactly find the best coapproximation to b̃ out of Y.

In order to characterize the best coapproximation problem in ℓn1 , we require the following

lemma.

Lemma 3.1. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

|ZA| = r > 0. Suppose that for b̃ ∈ ℓn1 , there exists no best coapproximation to σ(̃b) out of σ(Y) =

span{σ(ã1), σ(ã2), . . . , σ(ãm)}. Then there exists δ > 0 such that for any y ∈ Bδ(ρ(̃b))
⋂ P

b̃
,

there exists no best coapproximation to y out of Y.

Proof. Since there exists no best coapproximation to σ(̃b) out of σ(Y), then for any (α1, α2, . . . ,

αm) ∈ Rm, there exists (β1, β2, . . . , βm) ∈ Rm such that

∥
m∑

i=1

βiσ(ãi) −
m∑

i=1

αiσ(ãi)∥ > ∥
m∑

i=1

βiσ(ãi) − σ(̃b)∥ = ∥σ(
m∑

i=1

βiãi − b̃)∥.

It is easy to observe that for any ũ ∈ ℓn1 , if ρ(ũ) = ũ then ∥σ(ũ)∥ = ∥ũ∥. Since ρ
(∑m

i=1 βiãi −
ρ(̃b)

)
=
∑m

i=1 βiãi − ρ(̃b), we have

∥σ
( m∑

i=1

βiãi − b̃

)
∥ = ∥σ

( m∑

i=1

βiãi − ρ(̃b)

)
∥ = ∥

m∑

i=1

βiãi − ρ(̃b)∥

and therefore,

∥
m∑

i=1

βiãi −
m∑

i=1

αiã1∥ = ∥
m∑

i=1

βiσ(ãi) −
m∑

i=1

αiσ(ãi)∥ > ∥
m∑

i=1

βiãi − ρ(̃b)∥.
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In other words, there exists no best coapproximation to ρ(̃b) out of Y. Since for any ũ ∈ ℓn1 ,

RY(ũ) is a compact set [31], it is immediate that D(RY) is closed. Therefore, there exists an

open ball of radius δ > 0 (say) centered at ρ(̃b), Bδ(ρ(̃b)) such that for any y ∈ Bδ(ρ(̃b))
⋂P

b̃
,

there exists no best coapproximation to y out of Y. This proves our lemma.

We next characterize the existence of the best coapproximation(s) in ℓn1 in the following

theorem.

Theorem 3.9. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

|ZA| = r > 0. Suppose that for b̃ ∈ ℓn1 , there exists no best coapproximation to σ(̃b) out of

σ(Y) = span{σ(ã1), σ(ã2), . . . , σ(ãm)}. Then there exists δ0(> 0) satisfying the following:

(i) for any y ∈ P
b̃
such that ∥y− ρ(̃b)∥ < δ0, there exists no best coapproximation to y out of

Y,

(ii) for any y ∈ P
b̃
such that ∥y − ρ(̃b)∥ ≥ δ0, there exists a best coapproximation to y out of

Y.

Proof. Let us define the set

S :=

{
δ ∈ R : RY(y) = ∅ ∀ y ∈ Bδ(ρ(̃b))

⋂
P
b̃

}
.

To prove the theorem, we only need to show that S has a upper bound. From Lemma 3.1,

it is assured that S ̸= ∅ and if there exists no best coapproximation to σ(̃b) out of σ(Y)

then there exists no best coapproximation to ρ(̃b) out of Y. It is easy to observe that for all

β1, β2, . . . , βm ∈ R,

∥
m∑

i=1

βiãi∥ ≤ ∥
m∑

i=1

βiãi − ρ(̃b)∥ + ∥ρ(̃b)∥.

Suppose that b̃ = (b1, b2, . . . , bn). For any y ∈ P
b̃
, we observe that ρ(y) = ρ(̃b) ∈ ℓn1 , i.e., yi = bi,

for any i /∈ ZA. We now choose y ∈ P
b̃

such that ∥y − ρ(̃b)∥ = ∥ρ(̃b)∥ then

∥
m∑

i=1

βiãi∥ ≤ ∥
m∑

i=1

βiãi − ρ(̃b)∥ + ∥ρ(̃b)∥ = ∥
m∑

i=1

βiãi − ρ(̃b)∥ + ∥y − ρ(̃b)∥ (3.3)

for all β1, β2, . . . , βm ∈ R. Now we observe that

∥
m∑

i=1

βiãi − y∥ =

n∑

j=1

∣∣∣∣
( m∑

i=1

βia
i
j − yj

)∣∣∣∣
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=
∑

j /∈ZA

∣∣∣∣
( m∑

i=1

βia
i
j − yj

)∣∣∣∣+
∑

j∈ZA

∣∣∣∣
( m∑

i=1

βia
i
j − yj

)∣∣∣∣

=
∑

j /∈ZA

∣∣∣∣
( m∑

i=1

βia
i
j − bj

)∣∣∣∣+
∑

j∈ZA

|yj |

Therefore, we can easily obtain that

∥
m∑

i=1

βiãi − y∥ = ∥
m∑

i=1

βiãi − ρ(̃b)∥ + ∥y − ρ(̃b)∥. (3.4)

From equations (3.3) and (3.4) we have

∥
m∑

i=1

βiãi∥ ≤ ∥
m∑

i=1

βiãi − y∥.

In other words, θ = (0, 0, . . . , 0) ∈ ℓn1 is a best coapproximation to y out of Y. Take γ > ∥ρ(̃b)∥.
Therefore, y ∈ Bγ(ρ(̃b))

⋂P
b̃

and consequently γ is an upper bound of S. Let supS = δ0. Hence

the theorem.

3.4.1 Coproximinal and co-Chebyshev subspaces in ℓn1

We next obtain an immediate corollary from Theorem 3.4, which guarantees the uniqueness of

best coapproximation to a element in ℓn1 out of a subspace of ℓn1 , provided it exists.

Theorem 3.10. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

ZA = ∅. For any given b̃ ∈ ℓn1 , if there exists a best coapproximation to b̃ out of Y then it is

unique.

Proof. Let {±x̃1,±x̃2, . . . ,±x̃q} be the minimal norming set of Y, where x̃k = (xk1, x
k
2, . . . , x

k
n),

for each 1 ≤ k ≤ q. Suppose on the contrary,
∑m

k=1 αkãk and
∑m

k=1 γkãk are two distinct

best coapproximations to b̃ = (b1, b2, . . . , bn) out of Y. Therefore, from Theorem 3.4, α̃ =

(α1, α2, . . . , αm) ∈ Rm and γ̃ = (γ1, γ2, . . . , γm) ∈ Rm such that αi ̸= γi, for some i ∈
{1, 2, . . . ,m} satisfies the following relations :

α1

n∑

i=1

a1ix
p
i + α2

n∑

i=1

a2ix
p
i + . . .+ αm

n∑

i=1

ami x
p
i =

n∑

i=1

bix
p
i
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and

γ1

n∑

i=1

a1ix
p
i + γ2

n∑

i=1

a2ix
p
i + . . .+ γm

n∑

i=1

ami x
p
i =

n∑

i=1

bix
p
i .

for every p ∈ {1, 2, . . . , q}. It is immediate from the above two equations that

(α1 − γ1)
n∑

i=1

a1ix
p
i + (α2 − γ2)

n∑

i=1

a2ix
p
i + . . .+ (αm − γm)

n∑

i=1

ami x
p
i = 0,

for all p ∈ {1, 2, . . . , q}. Again using Theorem 3.4, we conclude that
∑m

k=1(αk − γk)ãk is a best

coapproximation to θ ∈ (ℓn∞)∗ out of Y. Therefore, αk = γk, for all k ∈ {1, 2, . . . ,m}. This

contradiction completes the proof.

Following Theorem 3.10, it is immediate that any coproximinal subspace Y of ℓn1 is also

a co-Chebyshev subspace. We are now going to characterize the coproximinal(co-Chebyshev)

subspaces with the help of Theorem 3.4. We first prove the following proposition.

Proposition 3.3. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

ZA = ∅. Suppose that there are d number of nonequivalent components. Then there exist at

most d number of linearly independent elements in the minimal norming set of Y.

Proof. Let {±x̃1,±x̃2, . . . ,±x̃q} be the minimal norming set of Y, where x̃k = (xk1, x
k
2, . . . , x

k
n),

for each 1 ≤ k ≤ q. Let U = (uij)1≤i≤q,1≤j≤n such that uij = xij . If the r-th position and the

s-th position are equivalent then from the description of x̃k, defined in the Theorem 3.2 it is

easy to observe that (x1r , x
2
r , . . . , x

m
r ) = ±(x1s, x

2
s, . . . , x

m
s ). Therefore, it is easy to observe that

rank(U) ≤ d. In other words, there exist at most d number of linearly independent elements in

the norming set of Y.

Theorem 3.11. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

ZA = ∅. Suppose that N is a minimal norming set of Y and dim(span N ) = q. Then Y is a

coproximinal subspace if and only if q = m.

Proof. Suppose that {x̃1, x̃2, . . . , x̃q} is a linearly independent set in N , where x̃k = (xk1, x
k
2, . . . , x

k
n),

where 1 ≤ k ≤ q. Let T ∈ L(Rm,Rq) be a linear operator defined by

T (α̃) =

( m∑

j=1

αj(
n∑

i=1

ajix
1
i ),

m∑

j=1

αj(
n∑

i=1

ajix
2
i ), . . . ,

m∑

j=1

αj(
n∑

i=1

ajix
q
i )

)
,

where α̃ = (α1, α2, . . . , αm) ∈ Rm. Whenever T (α1, α2, . . . , αm) = 0 then it is easy to observe

that
∑m

k=1 αkãk is the best coapproximation to θ ∈ (ℓn∞)∗ out of Y. Clearly, (α1, α2, . . . , αm) =
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θ ∈ Rm and therefore, kerT = θ ∈ Rm. In other words, q ≥ m. To prove the necessary part of

the theorem we only need to show q ≤ m. Let us now take (u1, u2, . . . , uq) ∈ Rq. Then we choose

b̃ = (b1, b2, . . . , bn) ∈ ℓn1 such that
∑n

i=1 bix
p
i = up, for any 1 ≤ p ≤ q. Since {x̃1, x̃2, . . . , x̃q}

is linearly independent, the existence of such b̃ is always guaranteed. As Y is coproximinal,

following Theorem 3.4 we obtain that for any b̃ ∈ ℓn1 , there exists α̃ = (α1, α2, . . . , αm) ∈ Rm

satisfying

α1

n∑

i=1

a1ix
p
i + α2

n∑

i=1

a2ix
p
i + . . .+ αm

n∑

i=1

ami x
p
i =

n∑

i=1

bix
p
i ,

for any p ∈ {1, 2, . . . , q}. Therefore, T (α̃) = (u1, u2, . . . , uq), which implies that T is onto.

Consequently, q ≤ m, establishing the necessary part of the theorem.

Let us now prove the sufficient part of the theorem. Since q = m and kerT = θ ∈ Rm,

it is immediate that T is invertible. This implies that for any b̃ ∈ ℓn1 , there exists α̃ =

(α1, α2, . . . , αm) ∈ Rm satisfying

T (α̃) =

( n∑

i=1

bix
1
i ,

n∑

i=1

bix
2
i , . . . ,

n∑

i=1

bix
q
i

)
,

which implies

α1

n∑

i=1

a1ix
p
i + α2

n∑

i=1

a2ix
p
i + . . .+ αm

n∑

i=1

ami x
p
i =

n∑

i=1

bix
p
i ,

for every p ∈ {1, 2, . . . , q}. Since {x̃1, x̃2, . . . , x̃q} is a basis of span N , using Theorem 3.4 we

conclude that Y is a coproximinal subspace of ℓn1 .

To obtain the complete characterization for coproximinal subspaces in ℓn1 , we now only need

to consider the cases where ‘the zero set’ is non-empty.

Theorem 3.12. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

|ZA| = r > 0. Let n − r = k. Then Y is a coproximinal subspace of ℓn1 if and only if σ(Y) =

span{σ(ã1), σ(ã2), . . . , σ(ãm)} is a coproximinal subspace of ℓk1.

Proof. Let us first prove the necessary part of the theorem. For any w̃ ∈ ℓk1, we choose b̃ ∈ ℓn1

such that σ(̃b) = w̃. Since Y is a coproximinal subspace of ℓn1 , there exist α1, α2, . . . , αm ∈ R such

that
∑m

i=1 αiãi is a best coapproximation to ρ(̃b) out of Y. Therefore, for any β1, β2, . . . , βm ∈ R,

∥
m∑

i=1

βiσ(ãi) −
m∑

i=1

αiσ(ãi)∥ = ∥
m∑

i=1

βiãi −
m∑

i=1

αiãi∥ ≤ ∥
m∑

i=1

βiãi − ρ(̃b)∥
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Now ρ
(∑m

i=1 βiãi − ρ(̃b)
)

=
∑m

i=1 βiãi − ρ(̃b), so we have

∥
( m∑

i=1

βiãi − ρ(̃b)

)
∥ = ∥σ

( m∑

i=1

βiãi − ρ(̃b)

)
∥ = ∥

m∑

i=1

βiσ(ãi) − σ(ρ(̃b))∥

= ∥
m∑

i=1

βiσ(ãi) − σ(̃b)∥

= ∥
m∑

i=1

βiσ(ãi) − w̃∥.

Therefore,

∥
m∑

i=1

βiσ(ãi) −
m∑

i=1

αiσ(ãi)∥ ≤ ∥
m∑

i=1

βiσ(ãi) − w̃∥.

In other words,
∑m

i=1 αiσ(ãi) is a best coapproximation to w̃ out of σ(Y). This establishes the

necessary part of the theorem.

To prove the sufficient part, let η̃ ∈ ℓn1 . Since σ(Y) is a coproximinal subspace, there exist

α1, α2, . . . , αm ∈ R such that
∑m

i=1 αiσ(ãi) is a best coapproximation to σ(η̃) out of σ(Y).

Therefore, for any β1, β2, . . . , βm ∈ R,

∥
m∑

i=1

βiãi −
m∑

k=1

αiãi∥ = ∥
m∑

i=1

βiσ(ãi) −
m∑

i=1

αiσ(ãi)∥

≤ ∥
m∑

i=1

βiσ(ãi) − σ(η̃)∥

≤ ∥
m∑

i=1

βiãi − η̃∥.

Therefore,
∑m

i=1 αiãi is a best coapproximation to η̃ out of Y. This completes the theorem.

Our final result in this section reads as follows.

Theorem 3.13. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y with

|ZA| = r > 0. Then Y is not a co-Chebyshev subspace of ℓn1 .

Proof. Let b̃ = (b1, b2, . . . , bn) ̸∈ Y be such that ρ(̃b) = θ ∈ ℓn1 , which implies that bi = 0,

for any i /∈ ZA. Now for any α1, α2, . . . , αm ∈ R satisfying ∥∑m
i=1 αiãi∥ ≤ ∥b̃∥ and for any

β1, β2, . . . , βm ∈ R, it is easy to observe that

∥
m∑

i=1

βiãi −
m∑

i=1

αiãi∥ ≤ ∥
m∑

i=1

βiãi∥ + ∥
m∑

i=1

αiãi∥

≤ ∥
m∑

i=1

βiãi∥ + ∥b̃∥.
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We also note that

∥
m∑

i=1

βiãi − b̃∥ =
n∑

j=1

∣∣∣∣
( m∑

i=1

βia
i
j − bj

)∣∣∣∣

=
∑

j /∈ZA

∣∣∣∣
( m∑

i=1

βia
i
j − bj

)∣∣∣∣+
∑

j∈ZA

∣∣∣∣
( m∑

i=1

βia
i
j − bj

)∣∣∣∣

=
∑

j /∈ZA

∣∣∣∣
m∑

i=1

βia
i
j

∣∣∣∣+
∑

j∈ZA

|bj |

= ∥
m∑

i=1

βiãi∥ + ∥b̃∥.

Therefore,

∥
m∑

i=1

βiãi −
m∑

i=1

αiãi∥ ≤ ∥
m∑

i=1

βiãi − b̃∥.

In other words, for any α1, α2, . . . , αm ∈ R such that ∥∑m
i=1 αiãi∥ ≤ ∥b̃∥, ∑m

i=1 αiãi is a

best coapproximations to b̃ out of Y. Therefore, Y is not a co-Chebyshev subspace of ℓn1 . This

establishes the theorem.

We end this section with examples of both coproximinal and not coproximinal subspaces for

which the zero set is non-empty.

Example 3.14. It can be easily verified by using the methods developed in this chapter that Y1

is a coproximinal subspace of ℓ71, whereas Y2 is not, where

Y1 = span{(1, 1, 2, 0, 4,−2, 0), (1, 2, 2, 0, 4,−4, 0)},

Y2 = span{(1, 0, 2, 3,−1,−2, 0), (−1, 0, 1, 0, 1,−1, 0)}.

Moreover,

Y3 = span{(1, 1, 2, 4,−2), (1, 2, 2, 4,−4)}

is a co-Chebyshev subspace of ℓ51, but Y1 is not co-Chebyshev.

3.5 Concluding remark

The computational difficulty in solving the best coapproximation problem arises essentially from

the non-linear nature of the inequalities associated with it. We have illustrated in this chapter

that by applying Birkhoff-James orthogonality techniques, it is possible to reduce the much
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harder non-linear problem into a system of linear equations (see Theorem 3.4).

We have presented explicit examples to highlight the different possibilities for subspaces of

ℓn1 , from the perspective of best coapproximation. Indeed, it follows from our observations that

the newly introduced “zero set” of a subspace plays a fundamental role in the whole scheme

of things (see Example 4.2, Corollary 3.10). We have also explored the relationship between

coproximinal subspaces and co-Chebyshev subspaces of ℓn1 , depending on the zero sets of the

concerned subspaces. In particular, it is to be noted that there exists a coproximinal subspace

of ℓn1 , which is not co-Chebyshev (see Example 3.14).

In view of the methods developed here, applications of the concept of orthogonality in solv-

ing the best coapproximation problem in Banach spaces seem to be a promising direction of

research, resulting in efficient algorithms which are computationally advantageous. We have

presented several numerical examples in support of this, in the specific setting of ℓn1 spaces.

For an analogous approach to the best coapproximation problem in ℓn∞ spaces, the readers are

referred to the recent article [52]. As a matter of fact, it may be interesting to apply Birkhoff-

James orthogonality towards obtaining computationally efficient algorithmic solutions to the

said problem, in the setting of other classical Banach spaces, such as the ℓnp spaces, where

1 < p <∞.
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CHAPTER 4

SOME SPECIAL SUBSPACES FROM THE

PERSPECTIVE OF BEST

COAPPROXIMATION

4.1 Introduction

In the preceding chapters, we provided computational approaches to study the best coapprox-

imations problem the space of diagonal matrices and the space ℓn1 . In particular, we examined

coproximinal subspaces in those ambient spaces, which represent the ideal case or best case from

the perspective of existence of best coapproximation. In contrast, this chapter introduces and

explores two new notions- anti-coproximinal subspace and strongly anticoproximinal subspaces

which may regard as the least favorable candidates for the purpose of the best coapproxima-

tion problem. Through this study, we explore the extreme nature of these two subspaces,

which deepen the understanding of the theory of geometry of Banach space. Having described

the motivation behind this study, let us now introduce the relevant notations and terminologies.

Content of this chapter is based on the following paper:

� Sohel, S., Ghosh, S., Sain, D., Paul, K., Some special subspaces from the perspective of best
coapproximation, Monatsh. Math., 204 (2024), 969-987.
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Let X,Y denote real Banach spaces and let H denote a real Hilbert space. We use the

notations BX and SX, for the unit ball BX := {x ∈ X : ∥x∥ ≤ 1} and the unit sphere SX :=

{x ∈ X : ∥x∥ = 1} of X, respectively. The dual space of X is denoted by X∗. The annihilator

of a subspace Y of X is defined as Y⊥ := {f ∈ X∗ : f(y) = 0, for each y ∈ Y}. For a subspace

Z of X∗, the pre-annihilator of Z is defined as ⊥Z := {x ∈ X : f(x) = 0, for each f ∈ Z}.
For a non-empty convex subset A of X, an element z ∈ A is said to be an extreme point of A

if whenever z = (1 − t)x + ty, for some t ∈ (0, 1) and some x, y ∈ A, then x = y = z. The

collection of all the extreme points of A is denoted as Ext(A). A Banach space X is said to be

strictly convex if Ext(BX) = SX. It is easy to observe that strict convexity of X is equivalent

to the geometric condition that SX does not contain any non-trivial straight line segment. We

recall that a point x ∈ SX is said to be a rotund point [16] of BX if ∥y∥ = ∥x+y2 ∥ = 1 implies

that x = y. Clearly, if every point of SX is rotund then X is strictly convex. Given any non-zero

x ∈ X, f ∈ SX∗ is said to be a support functional of x if f(x) = ∥x∥. The set of all support

functional(s) of a nonzero x ∈ X is written as J(x) := {f ∈ SX∗ : f(x) = ∥x∥}. For any nonzero

x ∈ X, x is said to be smooth if J(x) is singleton. A Banach space X is said to be smooth if

each x ∈ SX is smooth. The collection of all smooth points in X is denoted by Sm(X). For a

subspace Y of X, let

JY = {f ∈ SX∗ : f(y) = 1, for some y ∈ Sm(X) ∩ SY}.

It is easy to check that JY ⊆ Ext(BX∗). Whenever Sm(X) ∩ SY = ∅, we define JY = ∅. Let

us recall the well known definition of the modulus of smoothness of a Banach space X(̸= {0}),

which is denoted ρX(t), and is defined as follows:

ρX(t) = sup

{∥x+ ty∥ + ∥x− ty∥
2

− 1 : x, y ∈ SX

}
,

where t ∈ (0,+∞). The space X(̸= {0}) is said to be uniformly smooth ([27, Def. 5.5.2]) if
ρX(t)
t → 0, as t→ 0+.

Given any f ∈ X∗, the kernel of f is denoted by ker f := {x ∈ X : f(x) = 0}. A finite-

dimensional Banach space X is said to be a polyhedral Banach space if Ext(BX) is finite. A

convex set F ⊂ SX is said to be a face of BX if for some x1, x2 ∈ SX, (1− t)x1 + tx2 ∈ F implies

that x1, x2 ∈ F, where 0 < t < 1. A maximal face of BX is said to be a facet. We use the notation

int(F ) to denote the interior of a face F endowed with the usual subspace topology of F. Given

a subset M of X∗, M
w∗

denotes the closure of M with respect to the weak*- topology defined

on X∗. We also recall that X satisfies the Kadets-Klee Property if whenever {xn} is a sequence
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in X and x ∈ X such that xn
w→ x and ∥xn∥ → ∥x∥, it follows that xn → x. Given any x ∈ X

and a subspace Y of X, RY(x) denotes the (possibly empty) set of all best coapproximations to

x out of Y. A subspace Y of the Banach space X is said to be coproximinal if for any x ∈ X,

RY(x) ̸= ∅.
We also need the notion of approximate Birkhoff-James orthogonality in our study. In [13],

Dragomir first introduced the approximate Birkhoff-James orthogonality in the following way:

Let ϵ ∈ [0, 1). Then for x, y ∈ X, x is said to be approximate ϵ-Birkhoff-James orthogonal to y

if for each λ ∈ R, the following holds:

∥x+ λy∥ ≥ (1 − ϵ)∥x∥.

Later on Chmieliński [9] introduced another version of the approximate Birkhoff-James orthog-

onality. Let ϵ ∈ [0, 1). Given any x, y ∈ X, we say that x is said to be approximate orthogonal

to y, written as x ⊥ϵ
B y, if

∥x+ λy∥2 ≥ ∥x∥2 − 2ϵ∥x∥∥λy∥.

Recently [10], an equivalent definition of the approximate orthogonality has been obtained:

x ⊥ϵ
B y ⇐⇒ ∥x+ λy∥ ≥ ∥x∥ − ϵ∥λy∥, for every λ ∈ R.

4.2 Anti-coproximinal subspace

4.2.1 Definition and basic properties

The primary purpose of this chapter is to investigate the least favorable scenario that can arise

in studying the best coapproximation problem. Accordingly, we introduce the following type of

subspaces of a Banach space from the perspective of best coapproximation.

Definition 4.1. Let Y be a subspace of Banach space X. Then Y is said to be an anti-

coproximinal subspace of X if for any given x ∈ X \ Y, there does not exist any best coap-

proximation to x out of Y.

Applying the connection between best coapproximation and Birkhoff-James orthogonality,

it is quite easy to verify that Y is an anti-coproximinal subspace of X if and only if there exists

no x ∈ X \ Y such that Y ⊥B x.

We note that if a subspace Y is not coproximinal in X then it is not necessarily true that

Y is an anti-coproximinal subspace of X. To justify this observe the example given in [52,
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Example 2.13]. It should be noted that every one-dimensional subspace is coproximinal in any

Banach space [15, Lemma 1]. Whenever the anti-coproximinal subspaces are concerned, we only

consider the proper closed subspaces of dimension strictly greater than one.

In the following proposition, we observe that every dense subspace of a Banach space is

strongly anti-coproximinal in that space and consequently, anti-coproximinal too.

Proposition 4.1. Let Y be a dense subspace of a Banach space X. Then Y is an anti-coproximinal

subspace of X.

Proof. Suppose on the contrary that Y is not an anti-coproximinal subspace of X. Then there

exists an x ∈ X \ Y such that Y ⊥B x. Since Y is dense in X, it follows that there exists a

sequence {yn}n∈N ⊂ Y such that yn → x. Also, we note that yn ⊥B x. Then for each λ ∈ R,

we have ∥yn + λx∥ ≥ ∥yn∥. Since the norm function is continuous, letting n → ∞, we get

that ∥x + λx∥ ≥ ∥x∥, for each λ ∈ R. This implies that x ⊥B x, and therefore x = 0, which

contradicts the fact that x ∈ X \ Y.

It is easy to observe that if Y is anti-coproximinal in X and Z is a subspace of X containing

Y then Y is anti-coproximinal in Z. However, it is quite obvious that if Y is anti-coproximinal

in Z, it does not imply that Y is anti-coproximinal in X (see Remark 4.9). Therefore, it is

important to specify the mother space whenever we consider the anti-coproximinal.

4.2.2 Anti-coproximinal subspaces in smooth Banach space

In the next theorem we characterize the anti-comproximinal subspaces in a smooth Banach

space.

Theorem 4.1. Let Y be a subspace of a smooth Banach space X. Then Y is an anti-coproximinal

subspace of X if and only if span JY
w∗

= X∗.

Proof. Let us first prove the sufficient part of the theorem. Suppose on the contrary that Y

is not an anti-coproximinal subspace of X. This implies that for some x ∈ X \ Y, there exists

a y0 ∈ Y such that y0 is a best coapproximation to x out of Y. Since X is smooth, it follows

from Theorem 1.12 that for any y ∈ Y, fy(x − y0) = 0, where J(y) = {fy}. It is easy to see

that JY = {fy : y ∈ Y}. This implies, g(x− y0) = 0, for any g ∈ span JY. Now let us consider

f ∈ X∗. Since span JY
w∗

= X∗, it follows that there exists a net {fα}α∈Λ ⊂ span JY such that

fα is weak*-convergent to f. Since fα(x− y0) = 0, for each α ∈ Λ, it follows that f(x− y0) = 0.

Note that f ∈ X∗ is taken arbitrarily. Thus we obtain that f(x − y0) = 0, for all f ∈ X∗, i.e.,

x− y0 = 0, which contradicts the fact that x ∈ X \ Y.
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Now we prove the necessary part of the theorem. Suppose on the contrary that span JY
w∗

⊊

X∗. Clearly, ⊥(span JY) = ∩f∈JY ker f. We note from [41, Th. 4.7] that (⊥(span JY))⊥ =

span JY
w∗
. This implies that (∩f∈JY ker f)⊥ = span JY

w∗
. Following [41, Th. 4.7], we obtain

that (∩f∈JY ker f)∗ is isometrically isomorphic to X∗/span JY
w∗
. Therefore, (∩f∈JY ker f)∗ ̸= 0,

which implies that ∩f∈JY ker f ̸= 0. Moreover, it is straightforward to see that (∩f∈JY ker f) ∩
Y = {0}. So, there exists a z ∈ X \ Y such that z ∈ ∩f∈JY ker f. Since X is smooth, applying

[20, Th. 2.1], we obtain that Y ⊥B z. Thus 0 is a best coapproximation to z out of Y. This

contradicts the fact that Y is an anti-coproximinal subspace of X. This proves the necessary

part and completes the proof of the theorem.

If X is finite-dimensional then we have the following corollary.

Corollary 4.1. Let Y be a subspace of an n-dimensional smooth Banach space X. Then Y is

an anti-coproximinal subspace of X if and only if dim(span JY) = n.

Next we give an example of an anti-coproximinal subspace in ℓnp , where 2 < p < ∞. We

require the following well-known result which explicitly describes the support functional of

an element of ℓnp . Suppose that ϕ is the isometric isomorphism between (ℓnp )∗ and ℓnq , where

1
p + 1

q = 1.

Lemma 4.1. Let x̃ = (x1, x2, . . . , xn) ∈ ℓnp , where 1 < p < ∞. Then J(x̃) = {f̃}, where
ϕ(f̃) =

(
x1|x1|p−2

∥x̃∥p/qp

, x2|x2|
p−2

∥x̃∥p/qp

, . . . , xn|xn|
p−2

∥x̃∥p/qp

)
∈ ℓnq ,

1
p + 1

q = 1 and ∥x̃∥p =
(∑n

i=1 |xi|p
) 1

p .

Example 4.2. Let us consider the space ℓnp , where p ∈ (1,∞)\{2} and n ≥ 3 with {e1, e2, . . . , en}
as the standard ordered basis. Suppose that Y is a hyperspace of ℓnp , where Y = span{x̃1, x̃2, . . . , x̃n−1},
x̃1 = (1, 1, 1, 0, . . . , 0), x̃2 = (1, 2, 3, 0, . . . , 0), x̃3 = e4, . . . , x̃n−1 = en. Let J(x̃i) = {f̃i}, for any

1 ≤ i ≤ n. Clearly, f̃i ∈ JY. Applying Lemma 4.1, we obtain the following:

ϕ(f̃1) =

(
1

3
1− 1

p
, 1

3
1− 1

p
, 1

3
1− 1

p
, 0, . . . , 0

)
∈ ℓnq ,

ϕ(f̃2) =

(
1

(1+2p+3p)
1− 1

p
, 2p−1

(1+2p+3p)
1− 1

p
, 3p−1

(1+2p+3p)
1− 1

p
, 0, . . . , 0

)
∈ ℓnq ,

and ϕ(f̃k) = ek+1 ∈ ℓnq , for all 3 ≤ k ≤ n− 1. Consider the element x̃n = 3x̃1 − x̃2 ∈ Y and let

J(x̃n) = {f̃n}. Again using Lemma 4.1, we get ϕ(f̃n) =
(

2p−1

(2p+1)
1− 1

p
, 1

(2p+1)
1− 1

p
, 0, . . . , 0

)
∈ ℓnq .

A straightforward computation shows that {f̃1, f̃2, . . . , f̃n} is a linearly independent set. There-

fore, dim(span JY) = n. Thus from Corollary 4.1, we conclude that Y is an anti-coproximinal

subspace of ℓnp , where p ∈ (1,∞) \ {2}. By a similar computation, it can be shown that W =

Y⊕ Y⊕ . . .⊕ Y︸ ︷︷ ︸
r−times

is an anti-coproximinal subspace of ℓrnp .
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It is easy to note from Example 4.2 that for every p ∈ (1,∞) \ {2} and for every n > 2,

there exists an anti-coproximinal subspace of ℓnp . Combining with the well known fact that every

closed subspace of a Hilbert space is coproximinal ([15, Lemma. 1]), we can characterize the

Hilbert space ℓn2 among the ℓnp spaces.

Theorem 4.3. Let X = ℓnp , where 1 < p < ∞ and n ≥ 3. Then p = 2 if and only if there does

not exist any anti-coproximinal subspace in X.

The previous result can be further extended to characterize the Hilbert space among smooth

Banach spaces having dimension at least 3.

Theorem 4.4. Let X be a smooth Banach space and let dim(X) ≥ 3. Then X is Hilbert space

if and only if there does not exist any anti-coproximinal closed hyperspace in X.

Proof. Since the necessary part follows from [15, Th. 1], we only prove the sufficient part.

Suppose that Y is a closed hyperspace of X. Since Y is not an anti-coproximinal subspace of X,

it follows from Theorem 4.1 that span JY
w∗

⊊ X∗. Now following similar arguments as given in

the proof of the necessary part of Theorem 4.1, we observe that there exists an element z ∈ X\Y
such that Y ⊥B z. Following [19, Th. 4], we conclude that X is a Hilbert space.

Remark 4.5. We recall that every one-dimensional subspace of a Banach space is coproximinal.

Therefore, it is clear that the previous result is not valid for n = 2.

4.2.3 Anti-coproximinal subspaces in polyhedral Banach space

We begin with the following characterization of the anti-coproximinal subspaces of a finite-

dimensional polyhedral Banach space, provided that Sm(X) ∩ Y is dense in Y.

Theorem 4.6. Let Y be a subspace of an n-dimensional polyhedral Banach space X such that

Sm(X)∩Y is dense in Y. Then Y is an anti-coproximinal subspace of X if and only if there are

n-linearly independent elements in JY.

Proof. We first prove the sufficient part. Suppose on the contrary that Y is not an anti-

coproximinal subspace of X. Then there exists an element x ∈ X \ Y and a y0 ∈ Y such that

y0 ∈ RY(x). Therefore, from Theorem 1.12, it follows that x−y0 ∈ ker f, for all f ∈ JY. Since JY

contains n linearly independent elements and dim(X∗) = n, it follows that ∩f∈JY ker f = {0}.
Therefore, x − y0 = 0, i.e., x = y0, which is a contradiction. This completes the proof of the

sufficient part.

To prove the necessary part, we first show that for any y ∈ SY, JY ∩ J(y) ̸= ∅. Since

Sm(X) ∩ Y is dense in Y, it is immediate that Sm(X) ∩ SY is dense in SY, and therefore, for
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any y ∈ SY, there exists a sequence {yn}n∈N ⊂ Sm(X) ∩ SY such that yn → y. Suppose that

J(yn) = {fn} ⊂ JY, for each n ∈ N. Therefore, it is easy to see that fn(y) → 1. Since X is

polyhedral and JY ⊂ Ext(BX∗), it follows that JY is finite. Moreover, since for each n ∈ N,

fn ∈ JY and JY is finite, we get that for some f ∈ JY, f(y) = 1. Thus f ∈ JY ∩ J(y). If

possible, suppose that JY contains exactly k linearly independent elements such that k < n.

Let us assume that ( ̸= 0)x ∈ ∩f∈JY ker f. Clearly, x /∈ Y. Otherwise, from the above arguments

f(x) = 1, for some f ∈ JY. Since for each y ∈ SY, JY ∩ J(y) ̸= ∅, it follows that there

exists an f ∈ J(y) such that f(x) = 0. It is immediate from Theorem 1.12 that 0 is a best

coapproximation to x out of Y, which is not possible since Y is an anti-coproximinal subspace

of X. This completes the proof of the necessary part. Hence the theorem.

We note that the sufficient part of the above theorem holds true for any finite-dimensional

Banach space X without any additional assumptions. In particular, this implies that if Y

is a subspace of an n-dimensional Banach space X such that there are n-linearly independent

elements in JY, then Y is an anti-coproximinal subspace of X.

Although we may not characterize the anti-coproximinal subspaces in finite-dimensional

polyhedral Banach spaces, we can characterize this notions in the space ℓn1 and ℓn∞. We fist

study the anti-coproximinal subspaces of ℓn∞. The best coapproximation problem in ℓn∞ was

studied in Chapter 2 using the concept of the ∗-Property which plays a crucial role in the

whole scheme of things. For the convenience of the readers, let us recall the definition of the

∗-Property.

Definition 4.2. [52] Let A = {ã1, ã2, . . . , ãm} be a set of linearly independent elements in ℓn∞,

where 1 ≤ m ≤ n and ãk = (ak1, a
k
2, . . . , a

k
n), for each 1 ≤ k ≤ m.

(i) For each i ∈ {1, 2, . . . , n}, the i-th component of A is defined as (a1i , a
2
i , . . . , a

m
i ).

(ii) The positively associative set P+
i (A) of the i-th component is defined as:

P+
i (A) := {j ∈ {1, 2, . . . , n} : (a1i , a

2
i , . . . , a

m
i ) = (a1j , a

2
j , . . . , a

m
j )}.

Similarly, the negatively associated set P−
i (A) is defined as:

P−
i (A) := {j ∈ {1, 2, . . . , n} : (a1i , a

2
i , . . . , a

m
i ) = −(a1j , a

2
j , . . . , a

m
j )}.

We write P+
i (A) = P+

i and P−
i (A) = P−

i .

(iii) The i-th component of A is said to satisfy the ∗-Property if there exist β1, β2, . . . , βm ∈ R
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such that the following holds true:

∣∣∣∣
m∑

k=1

βka
k
i

∣∣∣∣ > max

{∣∣∣∣
m∑

k=1

βka
k
j

∣∣∣∣ : j ∈ {1, 2, . . . , n} \ P+
i ∪ P−

i

}
.

We next recall the characterization of smooth points of the unit sphere of ℓn∞ and the extreme

points of the unit ball of (ℓn∞)∗.

Proposition 4.2. x̃ = (x1, x2, . . . , xn) ∈ Sℓn∞ is a smooth point if and only if there exists

i0 ∈ {1, 2, . . . , n} such that |xi0 | = 1 and |xj | < 1, for each j ∈ {1, 2, . . . , n} \ {i0}. Moreover,

f ∈ (ℓn∞)∗ is an extreme point of B(ℓn∞)∗ if and only if there exists i0 ∈ {1, 2, . . . , n} such that

f(x1, x2, . . . , xn) = xi0 , for any (x1, x2, . . . , xn) ∈ ℓn∞.

The following lemma is essential to characterize the anti-coproximinal and the strongly

anti-coproximinal subspaces in ℓn∞.

Lemma 4.2. Let A = {ã1, ã2, . . . , ãm} be a set of linearly independent elements in ℓn∞, where

1 < m < n and ãk = (ak1, a
k
2, . . . , a

k
n), for each 1 ≤ k ≤ m. Let Y = span A. If every component

of A satisfies the ∗-Property and |P+
i ∪P−

i | = 1, for all 1 ≤ i ≤ n then for every f ∈ Ext(B(ℓn∞)∗),

there exists a ỹ ∈ Sm(X) ∩ SY such that J(ỹ) = {f}.

Proof. Let fi ∈ (ℓn∞)∗ be such that fi(x1, x2, . . . , xn) = xi. Clearly, Ext(B(ℓn∞)∗) = {±f1,±f2, . . . ,
±fn}. Since the i-th component satisfies the ∗-Property and |P+

i ∪ P−
i | = 1 then there exist

β1, β2, . . . , βm ∈ R such that

∣∣
m∑

k=1

βka
k
i

∣∣ > max

{∣∣
m∑

k=1

βka
k
j

∣∣ : j ∈ {1, 2, . . . , n} \ {i}
}
.

Clearly, ∥∑m
k=1 βkãk∥ = |∑m

k=1 βka
k
i |. Take ỹ =

∑m
k=1 βkãk

∥∑m
k=1 βkãk∥

. Clearly, |fi(ỹ)| = 1. It is easy to

observe from Proposition 4.2 that ỹ ∈ Sm(X)∩SY. Thus either J(ỹ) = {fi} or J(−ỹ) = {fi}.

We are now ready to present the desired characterization.

Theorem 4.7. Let A = {ã1, ã2, . . . , ãm} be a set of linearly independent elements in ℓn∞, where

1 < m < n and ãk = (ak1, a
k
2, . . . , a

k
n), for each 1 ≤ k ≤ m. Let Y = span A. Then the following

statements are equivalent:

(i) Y is an anti-coproximinal subspace of ℓn∞.

(ii) Every component of A satisfies the ∗-Property and |P+
i ∪ P−

i | = 1, for all 1 ≤ i ≤ n.
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Proof. First we prove (i) =⇒ (ii). Let fi(x1, x2, . . . , xn) = xi, for any (x1, x2, . . . , xn) ∈
ℓn∞. Clearly, Ext(B(ℓn∞)∗) = {±f1,±f2, . . . ,±fn}, . Suppose on the contrary that for some j ∈
{1, 2, . . . , n}, the j-th component does not satisfy the ∗-Property. It is easy to observe that

there does not exist any y ∈ Y such that J(y) = {fj}. Otherwise, considering y =
∑m

k=1 βkãk,

for some β1, β2, . . . , βm ∈ R, we obtain that |∑m
k=1 βka

k
j | = |fj(y)| > |ft(y)| = |∑m

k=1 βka
k
t |,

for any t ∈ {1, 2, . . . , n} \ {j}, which contradicts that the j-th component does not satisfy the

∗-Property. Let us consider b̃ = (b1, b2, . . . , bn) ∈ ℓn∞, where bj = 1 and bk = 0, for all k ̸= j.

Clearly, b̃ /∈ Y. Since J(y) is a face of B(ℓn∞)∗ and there does not exist any y ∈ Y such that

J(y) = {fj}, we conclude that for any y ∈ Y, there exists an f ∈ Ext(B(ℓn∞)∗) \ {±fj} such

that f ∈ J(y). As f (̃b) = 0, for any f ∈ Ext(Bℓn∞∗) \ {±fj}, by using Theorem 1.12 we obtain

that 0 is a best coapproximation to b̃ out of Y. This contradicts that Y is an anti-coproximinal

subspace of ℓn∞ .

To obtain (iii), we now need to show that |P+
i ∪ P−

i | = 1, for all 1 ≤ i ≤ n. Clearly,

i ∈ P+
i ∪ P−

i . Suppose on the contrary that l ∈ P+
i ∪ P−

i , for some l ∈ {1, 2, . . . , n} \ {i}. Con-

sider the element b̃ = (b1, b2, . . . , bn) ∈ ℓn∞, where bl = 1 and bk = 0, for all k ̸= l. Clearly, b̃ /∈ Y

and fk (̃b) = 0, for any k ∈ {1, 2, . . . , n} \ {l}. As, l ∈ P+
i ∪ P−

i , for any y ∈ Y, |fl(y)| = |fi(y)|.
Therefore, if fl ∈ J(y), for some y ∈ Y, then either fi ∈ J(y) or −fi ∈ J(y). We conclude that

for any y ∈ Y, there exists f ∈ Ext(Bℓn∞∗) \ {±fl} such that f ∈ J(y). As, f (̃b) = 0, for any

f ∈ Ext(Bℓn∞∗) \ {±fl}, by using Theorem 1.12 we obtain that 0 is a best coapproximation to b̃

out of Y. This again contradicts our hypothesis that Y is an anti-coproximinal subspace of ℓn∞.

This completes the proof.

Next we prove that (ii) =⇒ (i). Suppose on the contrary that Y is not an anti-coproximinal

in ℓn∞. This implies there exists x ∈ ℓn∞\Y such that Y ⊥B x. Following 1.6, we note that for each

y ∈ Y there exists an f ∈ J(y) such that f(x) = 0. Since each component of A satisfying the

∗-Property and |P+
i ∪P−

i | = 1, it follows from Lemma 4.2 that for every f ∈ Ext(B(ℓn∞)∗) there

exists a ỹ ∈ Sm(X) ∩ SY such that J(ỹ) = {f}. Therefore, f(x) = 0, for any f ∈ Ext(B(ℓn∞)∗).

This implies that |f (̃b − y0)| < ∥b̃ − y0∥, for any f ∈ Ext(B(ℓn∞)∗). This is a contradiction and

hence the theorem.

The following example illustrates the computational effectiveness of Theorem 4.7 in verifying

the anti-coproximinality of a given subspace of ℓn∞.

Example 4.8. Let ã1 = (−4, 2, 3, 1, 3), ã2 = (1,−5, 4, 2,−3), ã3 = (1, 3,−7, 4, 6) ∈ ℓ5∞ and let

Y = span{ã1, ã2, ã3}. The 1st, 2nd, 3rd, 4th and the 5th components are (−4, 1, 1), (2,−5, 3),

(3, 4,−7), (1, 2, 4) and (3,−3, 6), respectively. It is immediate that |P+
i ∪ P−

i | = 1, for all 1 ≤
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i ≤ 5. It is straightforward to verify that every component satisfies the ∗-Property. Therefore,

following Theorem 4.7, Y is an anti-coproximinal subspace of ℓ5∞.

In light of the above example, we make the following remark that emphasizes the importance

of the mother space in deciding whether a given subspace is strongly anti-coproximinal or not.

Remark 4.9. Let X = ℓ6∞ and let {e1, e2, . . . , e6} be the standard ordered basis of X. Sup-

pose that Z = span{e1, e2, . . . , e5} is a subspace of X. Let us now define ψ : ℓ5∞ → Z, as

ψ(x1, x2, . . . , x5) = (x1, x2, . . . , x5, 0), for any (x1, x2, . . . , x5) ∈ ℓ5∞. Clearly, ψ is an isometric

isomorphism. Let Y be the same subspace given in Example 4.8. As Y is anti-coproximinal in

ℓ5∞, clearly we observe that ψ(Y) is also anti-coproximinal in Z. However, ψ(Y) is not an anti-

coproximinal subspace of X, as ψ(ã1) = (−4, 2, 3, 1, 3, 0), ψ(ã2) = (1,−5, 4, 2,−3, 0), ψ(ã3) =

(1, 3,−7, 4, 6, 0) and the 6th component does not satisfy the ∗-Property (see Theorem 4.18).

In Chapter 3, the notions ‘the zero set(ZA)’ and ‘the minimal norming set(N )’ have been

introduced to study the best coapproximation problem in ℓn1 . Using these notions, we study

the anti-coproximinal subspaces and the strongly anti-coproximinal subspaces in ℓn1 . Let us now

recall the definitions of the zero set and the minimal norming set.

Definition 4.3. [53] Let A = {ã1, ã2, . . . , ãm} be a set of linearly independent elements in ℓn1 ,

where 1 ≤ m ≤ n and ãk = (ak1, a
k
2, . . . , a

k
n), for each 1 ≤ k ≤ m. The zero set ZA of A is

defined as

ZA =
{
i ∈ {1, 2, . . . , n} :

(
a1i , a

2
i , . . . , a

m
i

)
= (0, 0, . . . , 0)

}
.

Definition 4.4. [53] A set S in a Banach space X is said to be symmetric if x ∈ S implies

−x ∈ S. Let Y be a subspace of ℓn1 . A symmetric set N is said to be a norming set of Y if
(
Mg ∩ Ext(Bℓn∞)

)
∩N ≠ ∅, for each g ∈ ψ(Y), where ψ is the canonical isometric isomorphism

between ℓn1 and (ℓn∞)∗. A norming set N is said to be a minimal norming set of Y if for any

norming set M of Y, M ⊂ N implies that M = N .

In the following theorem we completely characterize the anti-coproximinal subspaces in ℓn1

in terms of the minimal norming set. As we will observe, this characterization turns out to be

particularly helpful for explicitly describing the anti-coproximinal subspaces in ℓn1 .

Theorem 4.10. Let Y be a subspace of ℓn1 and let A = {ã1, ã2, . . . , ãm} be a basis of Y, where

1 < m < n and ãk = (ak1, a
k
2, . . . , a

k
n), for each 1 ≤ k ≤ m. Then the following statements hold

true:

(i) If ZA ̸= ∅, then Y is not an anti-coproximinal subspace of ℓn1 .
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(ii) If ZA = ∅, then Y is an anti-coproximinal subspace of ℓn1 if and only if dim(span N ) = n,

where N is the minimal norming set.

Proof. (i) Suppose that j ∈ ZA, i.e., akj = 0, for all k ∈ {1, 2, . . . , n}. Let b̃ = (b1, b2, . . . , bn) ∈ ℓn1 ,

where bj = 1 and bi = 0, for any i ∈ {1, 2, . . . , n}\{j}. Clearly, b̃ /∈ Y. For any β1, β2, . . . , βn ∈ R,

it is easy to see that

∥b̃−
m∑

i=1

βiãi∥ = ∥
m∑

i=1

βiãi∥ + 1 > ∥
m∑

i=1

βiãi − 0∥.

Therefore, 0 is a best coapproximation to b̃ out of Y and consequently Y is not an anti-

coproximinal subspace of ℓn1 .

(ii) Since ZA = ∅, it follows from [53, Th 2.2] that the minimal norming set N is unique.

Suppose that N = {±x̃1,±x̃2, . . . ,±x̃q}, where x̃k = (xk1, x
k
2, . . . , x

k
n). Without loss of generality

we assume that {x̃1, x̃2, . . . , x̃q} is linearly independent.

Let us first prove the necessary part. Suppose on the contrary that q < n. It is straightforward

to see that there exists a non zero element b̃ = (b1, b2, . . . , bn) ∈ ℓn1 such that
∑n

i=1 bix
p
i = 0, for

any 1 ≤ p ≤ q. Observe that b̃ /∈ Y. Otherwise, there exists an x̃k ∈ N such that x̃k ∈ M
ψ(̃b)

,

for some 1 ≤ k ≤ q, i.e.,

ψ(̃b)(x̃k) =
n∑

i=1

bix
k
i ̸= 0,

where ψ : ℓn1 → (ℓn∞)∗ is the canonical isometric isomorphism. Therefore, for α1 = α2 = . . . =

αm = 0, the following system of linear equations holds true:

α1

n∑

i=1

a1ix
p
i + α2

n∑

i=1

a2ix
p
i + . . .+ αm

n∑

i=1

ami x
p
i = 0 =

n∑

i=1

bix
p
i ,

where p ∈ {1, 2, . . . , q}. Now applying Theorem [53, Th. 2.4], it is easy to observe that 0 is a

best coapproximation to b̃ out of Y. This contradicts the fact that Y is an anti-coproximinal

subspace of ℓn1 . Thus we obtain q = n. This proves the necessary part.

We now prove the sufficient part. Let N be the minimal norming set and let |N | = q.

Suppose on the contrary that Y is not an anti-coproximinal subspace of ℓn1 . Then there exists

b̃ = (b1, b2, . . . , bn) ∈ ℓn1 \ Y such that y0 is a best coapproximation to b̃ out of Y. It follows

that 0 is a best coapproximation to b̃− y0 out of Y. Assume that b̃− y0 = d̃ = (d1, d2, . . . , dn).

Clearly, d̃ ∈ ℓn1 \ Y. Applying Theorem [53, Th. 2.4], we obtain that
∑n

i=1 dix
p
i = 0, for each

1 ≤ p ≤ q. Since dim(span N ) = dim(span{(xp1, x
p
2, . . . , x

p
n) : 1 ≤ p ≤ q}) = n, it follows that
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d̃ = (d1, d2, . . . , dn) = 0. This contradicts that d̃ ∈ ℓn1 \ Y. This completes the proof.

Next we give an example of an anti-coproximinal subspace of ℓ31 by applying Theorem 4.10.

Example 4.11. Let A = {(0, 1, 1), (−1, 0, 1)} ⊂ ℓ31 and let Y = span A. It is easy to observe

that ZA = ∅. Then following the same technique as given in the proof of [53, Th. 2.2], we

obtain that the minimal norming set N of Y as {±(1, 1, 1),±(−1, 1, 1),±(−1,−1, 1)}. Thus we

get dim(span N ) = 3. Applying Theorem 4.10(ii) we conclude that Y is an anti-coproximinal

subspace of ℓn1 .

4.3 Strongly anti-coproximinal subspace

4.3.1 Definition and basic properties

Observing the connection between the best coapproximation and Birkhoff-James orthogonality,

we can also define an approximate version of the notion of best coapproximation with the help

of approximate Birkhoff-James orthogonality. Let us now introduce the following definition:

Definition 4.5. Let Y be a subspace of Banach space X. Let ϵ ∈ [0, 1). Given any x ∈ X, we

say that y0 ∈ Y is an ϵ-best coapproximation to x out of Y if Y ⊥ϵ
B x− y0, i.e., y ⊥ϵ

B (x− y0),

for all y ∈ Y.

We next obtain a characterization of the ϵ-best coapproximation, by applying Theorem 1.9.

Proposition 4.3. Let Y be a subspace of a Banach space X. Then the following statements are

equivalent:

(i) y0 is an ϵ-best coapproximation to x out of Y

(ii) for any y ∈ Y, ∥x− y∥ ≥ ∥y0 − y∥ − ϵ∥x− y0∥

(iii) for any y ∈ Y, there exists fy ∈ J(y) such that |fy(x− y0)| ≤ ϵ∥x− y0∥.

Proof. (i) ⇒ (ii) : Let y0 be an ϵ-best coapproximation to x out of Y. Therefore, Y ⊥ϵ
B (x−y0),

i.e., y ⊥ϵ
B (x − y0), for any y ∈ Y. Thus for any y ∈ Y, ∥y + λ(x − y0)∥ ≥ ∥y∥ − ϵ∥λ(x − y0)∥,

for all λ ∈ R. Putting λ = 1, we get ∥y+ (x− y0)∥ ≥ ∥y∥ − ϵ∥(x− y0)∥, from which the desired

inequality follows easily.

(ii) ⇒ (iii) : For any y ∈ Y and for any nonzero λ ∈ R,

∥y + λ(x− y0)∥ = |λ|∥x− (y0 −
1

λ
y)∥
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≥ |λ|{∥y0 − (y0 −
1

λ
y)∥ − ϵ∥x− y0∥}

= |λ|(∥ 1

λ
y∥ − ϵ∥x− y0∥)

= ∥y∥ − ϵ∥λ(x− y0)∥.

For λ = 0, the above inequality holds trivially. This implies y ⊥ϵ
B (x − y0), for any y ∈ Y and

so the result follows from Theorem 1.9.

(iii) ⇒ (i) : Following Theorem 1.9, we get y ⊥ϵ
B x − y0, for all y ∈ Y. Thus we obtain

Y ⊥ϵ
B x− y0.

The primary purpose of our study is to investigate the least favorable scenario that can arise

in studying the best coapproximation problem. Accordingly, we introduce the following type of

subspaces of a Banach space from the perspective of ϵ-best coapproximation, a much stronger

version than anti-coproximinal subspaces.

Definition 4.6. Let Y be a subspace of Banach space X. Then Y is said to be an anti-

coproximinal subspace of X if for any given x ∈ X \ Y, there does not exist any best coap-

proximation to x out of Y.

Clearly, a strongly anti-coproximinal subspace is an anti-coproximinal subspace. Similar to

the anti-coproximinality notions, the dense subspaces are all strongly anti-coproximinal.

4.3.2 Strongly anti-coproximinal subspaces in general Banach

space

Our next goal is to separately present a necessary condition and a sufficient condition for strongly

anti-coproximinal subspaces of a Banach space. First we give the sufficient condition.

Theorem 4.12. Let Y be a subspace of a Banach space X. Then Y is a strongly anti-coproximinal

subspace of X if for each x ∈ X \ Y, there exists a y ∈ Y such that J(y) ⊆ J(x) ∪ J(−x).

Proof. Suppose on the contrary that Y is not a strongly anti-coproximinal subspace of X.

Therefore, there exists an x ∈ X \ Y such that y1 ∈ Y is an ϵ-best coapproximation to x out of

Y, for some ϵ ∈ [0, 1). Applying Proposition 4.3, we obtain that for each y ∈ Y, there exists an

fy ∈ J(y) such that |fy(x− y1)| ≤ ϵ∥x− y1∥ < ∥x− y1∥. Therefore, for each y ∈ Y, there exists

an fy ∈ J(y), such that fy /∈ J(x − y1) ∪ J(−(x − y1)). This contradicts the hypothesis of the

theorem, thereby finishing the proof.

Let us now present a necessary condition for strongly anti-coproximinal subspaces of a

Banach space under some additional nice conditions.
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Theorem 4.13. Let X be a reflexive Banach space and let X∗ satisfies the Kadets-Klee Property.

Let Y be a closed subspace of X. If Y is a strongly anti-coproximinal subspace of X then for each

x ∈ X, there exists an element y ∈ Y such that J(y) ∩ J(x) ̸= ∅.

Proof. Note that whenever x ∈ Y, we have nothing to prove. Take x ∈ X \ Y. Since Y is a

strongly anti-coproximinal subspace of X, it follows that for any ϵ ∈ [0, 1), Y ̸⊥ϵ
B x. Let us take

a sequence {ϵn}n∈N ⊂ [0, 1) → 1, as n→ ∞. Suppose that for each n ∈ N, there exists yn ∈ SY

such that yn ̸⊥ϵn
B x. From Theorem 1.9, we obtain that for any fn ∈ J(yn), |fn(x)| > ϵn∥x∥.

Since X is reflexive, it follows that X∗ is reflexive and therefore without loss of generality we

may and do assume that fn is weakly convergent to f, for some f ∈ BX∗ . So, fn(x) → f(x).

Taking limit on the both sides of the above inequality, we obtain |f(x)| ≥ ∥x∥. Since f ∈ BX∗ ,

|f(x)| = ∥x∥, and therefore, ∥f∥ = 1. Thus either f ∈ J(x) or −f ∈ J(x). Also ∥fn∥ → ∥f∥
as n → ∞. Since X∗ satisfies the Kadets-Klee Property, it follows that fn → f as n → ∞.

As X is reflexive and Y is a closed subspace of X, then Y is also reflexive, and therefore BY

is weakly compact. So, yn weakly converges to y, for some y ∈ BY. Now as fn → f and

yn
w→ y, it is straightforward to see that f(y) = 1. Therefore, f ∈ J(y) and consequently, either

J(y) ∩ J(x) ̸= ∅ or J(−y) ∩ J(x) ̸= ∅. This completes the theorem.

Remark 4.14. Observe that the above condition is only necessary but not sufficient, see Ex-

ample 4.19.

Applying Theorem 4.13, it is possible to give examples of Banach spaces which do not

contain any strongly anti-coproximinal closed subspaces.

Theorem 4.15. Let X be a reflexive Banach space and let X∗ satisfies the Kadets-Klee Property.

Suppose that Y is a closed subspace of X such that there exists a rotund point in SX \ SY. Then
Y is not a strongly anti-coproximinal subspace of X. In particular, every reflexive strictly convex

Banach space, whose dual satisfies the Kadets-Klee Property, does not contain any strongly

anti-coproximinal closed subspaces.

Proof. Suppose that x ∈ SX \ SY is a rotund point. It is straightforward to see that for any

y ∈ Y, J(x)∩J(y) = ∅. Indeed, if possible let y0 ∈ SY be such that f ∈ J(x)∩J(y0). This implies

that f(x+y02 ) = 1 =⇒ ∥x+y02 ∥ = 1. Since x is rotund, it follows that x = y0, a contradiction.

Now applying Theorem 4.13, it can be concluded that Y is not a strongly anti-coproximinal

subspace of X. This completes the proof of the first part. The second part follows trivially from

the first part.

Our next result shows that the condition of strict convexity in the previous theorem can be

replaced by the condition of smoothness.
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Theorem 4.16. Let X be a reflexive smooth Banach space and let X∗ satisfies the Kadets-Klee

Property. Suppose that Y is a closed subspace of X. Then Y is not a strongly anti-coproximinal

subspace of X.

Proof. Suppose that Y is a closed subspace of X. Let us consider g ∈ Y⊥ such that ∥g∥ = 1. Since

X is reflexive, there exists a z ∈ SX such that |g(z)| = 1. Therefore, J(z) = {g} or J(z) = {−g},
as X is smooth. We claim that for any y ∈ Y, J(y) ∩ J(z) = ∅. Otherwise, take a nonzero

element y1 ∈ Y such that J(y1)∩J(z) ̸= ∅. Since X is smooth, it follows that either J(y1) = {g}
or J(y1) = {−g}. Then |g(y1)| = ∥y1∥, which contradicts the fact that g ∈ Y⊥. Therefore,

applying Theorem 4.13, we conclude that Y is not a strongly anti-coproximinal subspace of X.

This completes the theorem.

We end this section with the following result, which is an immediate corollary of Theorem

4.13.

Corollary 4.2. Let Y be a closed subspace of a Banach space X. Suppose that X satisfies either

of the following properties:

(i) X is a finite-dimensional smooth Banach space

(ii) X is a finite-dimensional strictly convex Banach space

(iii) X is a uniformly smooth Banach space.

Then Y is not a strongly anti-coproximinal subspace of X.

4.3.3 Strongly anti-coproximinal subspaces in polyhedral Ba-

nach spaces

We next characterize the strongly anti-coproximinal subspaces in finite-dimensional polyhedral

Banach spaces.

Theorem 4.17. Let Y be a subspace of a finite-dimensional polyhedral Banach space X. Then

the following statements are equivalent:

(i) Y is a strongly anti-coproximinal subspace of X

(ii) Y intersects the interior of every facet of BX

(iii) JY = Ext(BX∗).
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Proof. Suppose that ±F1,±F2, . . . ,±Fr are the facets of BX. Following from [48, Lemma

2.1], assume that ±f1,±f2, . . . ,±fr are the corresponding extreme points of BX∗ , respectively.

Clearly, Ext(BX∗) = {±f1,±f2, . . . ,±fr}. We complete the proof in the following three steps:

(i) =⇒ (ii): Suppose on the contrary that Y does not intersect the interior of the facet

Fi, for some i ∈ {1, 2, . . . , r}. Take x ∈ int(Fi). Clearly, x /∈ Y. Moreover, x is smooth and

J(x) = {fi}. Since Y does not intersect the interior of Fi, it is easy to observe that for any

y ∈ Y, J(y) ∩ (Ext(BX∗) \ {±fi}) ̸= ∅, otherwise, J(y) = {fi}. Take ϵ0 = max{|f(x)| :

f ∈ Ext(BX∗) \ {±fi}}. As J(x) = {fi}, it is clear that ϵ0 < 1. Since for any y ∈ Y,

J(y) ∩ (Ext(BX∗) \ {±fi}) ̸= ∅, it is easy to see that for any y ∈ Y there exists an f ∈ J(y)

such that |f(x)| ≤ ϵ0. Following Theorem 1.9, y ⊥ϵ0
B x, for any y ∈ Y. In other words, 0 is an

ϵ0-best coapproximation to x out of Y. This contradicts that Y is a strongly anti-coproximinal

subspace of X.

(ii) =⇒ (iii): Suppose that yi ∈ int(Fi)∩Y, for each i ∈ {1, 2, . . . , r}. Clearly, yi is smooth and

J(yi) = {fi}. Therefore, fi ∈ JY, for each i ∈ {1, 2, . . . , r}, this implies that Ext(BX∗) ⊂ JY.

So, Ext(BX∗) = JY.

(iii) =⇒ (i): Let x ∈ X. Without loss of generality we assume that x ∈ Fi, for some

i ∈ {1, 2, . . . , r}. Clearly, fi ∈ J(x). Since JY = Ext(BX∗), there exists a y ∈ Sm(X) ∩ Y

such that J(y) = {fi}. Therefore, J(y) = {fi} ⊆ J(x). By applying Theorem 4.12, we obtain

that Y is a strongly anti-coproximinal subspace of X.

The above characterization for strongly anti-coproximinal subspaces is geometric in nature,

it also depicted the extreme nature of these type of subspaces. Although we obtain a complete

characterization, a computationally effective characterization is needed for the space ℓn∞ and ℓn1 .

Theorem 4.18. Let A = {ã1, ã2, . . . , ãm} be a set of linearly independent elements in ℓn∞,

where 1 < m < n and ãk = (ak1, a
k
2, . . . , a

k
n), for each 1 ≤ k ≤ m. Let Y = span A. Then the

following statements are equivalent:

(i) Y is a strongly anti-coproximinal subspace of ℓn∞.

(ii) Y is an anti-coproximinal subspace of ℓn∞.

(iii) Every component of A satisfies the ∗-Property and |P+
i ∪ P−

i | = 1, for all 1 ≤ i ≤ n.

Proof. We begin the proof by noting that (i) =⇒ (ii) follows trivially and (ii) =⇒ (iii) follows

from Theorem 4.7.

We only need to prove (iii) =⇒ (i). Suppose on the contrary that y0 is an ϵ-best coap-

proximation to b̃ ∈ ℓn∞ \Y out of Y. Following Proposition 4.3(iii), we note that for each y ∈ Y

there exists an f ∈ J(y) such that |f (̃b − y0)| ≤ ϵ∥b̃ − y0∥, for some ϵ ∈ [0, 1). Since each
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component of A satisfying the ∗-Property and |P+
i ∪ P−

i | = 1, it follows from Lemma 4.2 that

for every f ∈ Ext(B(ℓn∞)∗) there exists a ỹ ∈ Sm(X) ∩ SY such that J(ỹ) = {f}. Therefore,

|f (̃b − y0)| ≤ ϵ∥b̃ − y0∥, for any f ∈ Ext(B(ℓn∞)∗). This implies that |f (̃b − y0)| < ∥b̃ − y0∥, for

any f ∈ Ext(B(ℓn∞)∗). Therefore, it is easy to observe that

∥b̃− y0∥ = sup
∥f∥≤1

{
|f (̃b− y0)|

}
= max

f∈Ext(B(ℓn∞)∗ )

{
|f (̃b− y0)|

}
< ∥b̃− y0∥,

a contradiction. Hence (iii) =⇒ (i).

As promised earlier, here we present an example of a subspace which is not strongly anti-

coproximinal but satisfies the necessary condition of Theorem 4.13.

Example 4.19. Let ã1 = (1, 1, 2), ã2 = (2, 2, 1) ∈ ℓ3∞ and let Y = span{ã1, ã2}. The 1st,

2nd, 3rd components are (1, 2), (1, 2), (2, 1), respectively. It is immediate that |P+
1 ∪ P−

1 | =

2. Therefore, following Theorem 4.18, Y is not a strongly anti-coproximinal subspace of ℓ3∞.

However, by a straightforward observation we can verify that for any x ∈ ℓ3∞, there exists a

y ∈ Y such that J(y) ∩ J(x) ̸= ∅.

Using Theorem 4.17 we show that there does not exist any strongly anti-coproximinal sub-

space in ℓn1 . Before proving the result, we note the following lemma.

Lemma 4.3. Let Y be a strongly anti-coproximinal subspace of ℓn1 . Then ϕ(JY) = N , where

N is the minimal norming set and ϕ is the canonical isometric isomorphism between (ℓn1 )∗ and

ℓn∞.

Proof. Since Y is a strongly anti-coproximinal subspace of ℓn1 , it follows from Theorem 4.10 that

ZA = ∅. Suppose that ψ : ℓn1 → (ℓn∞)∗ is the canonical isometric isomorphism. Let us first assume

that f ∈ JY. This implies that there exists a y ∈ Sm(ℓn1 )∩SY such that f(y) = 1. Now observe

that ψ(y)(ϕ(f)) = f(y) = 1. As ψ(y) is a smooth point in (ℓn∞)∗, we have Mψ(y) = {±ϕ(f)}.
Therefore, ϕ(JY) ⊂ N . On the other hand, since Y is a strongly anti-coproximinal subspace of

ℓn1 , it follows from Theorem 4.17 that

N ⊂ Ext(Bℓn∞) = ϕ(Ext(B(ℓn1 )
∗)) = ϕ(JY).

This proves our lemma.

Let us now present the desired result.

Theorem 4.20. There is no strongly anti-coproximinal subspace in ℓn1 .
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Proof. Suppose on the contrary we assume that Y is a strongly anti-coproximinal subspace in

ℓn1 . Clearly, Y is a proper subspace of ℓn1 . Let A = {ã1, ã2, . . . , ãm} be a basis of Y, where

ãk = (ak1, a
k
2, . . . , a

k
n), for all k ∈ {1, 2, . . . ,m}, where 1 < m < n. It follows from Theorem 4.10

that ZA = ∅. Also from Theorem 4.17, we have |JY| = |Ext(B(ℓn1 )
∗)| = 2n. By virtue of Lemma

4.3, we note that the cardinality of the minimal norming set of Y is equal to the cardinality of

the set JY. Let us now consider the following hyperspaces in Rm

Hi =

{
(β1, β2, . . . , βm) ∈ Rm :

m∑

k=1

βka
k
i = 0

}
,

where i ∈ {1, 2, . . . , n}. Now it is easy to observe from [53, Th. 2.2] that there is an one-one

correspondence between the minimal norming set of Y and the set of regions Rm formed by

Hi’s for all i ∈ {1, 2, . . . , n}. Applying [18, Th. 1], we obtain that these hyperspaces divide Rm

into at most 2[
(
n−1
0

)
+
(
n−1
1

)
+ . . . +

(
n−1
m−1

)
] regions. Therefore the cardinality of the minimal

norming set of Y is at most 2[
(
n−1
0

)
+
(
n−1
1

)
+ . . .+

(
n−1
m−1

)
]. Since m < n, it is immediate that

2

[(
n− 1

0

)
+

(
n− 1

1

)
+ . . .+

(
n− 1

m− 1

)]
< 2n.

This contradicts that the cardinality of the minimal norming set of Y is 2n. This completes the

proof of the theorem.

4.4 Concluding remarks

We would like to end this chapter with the following remarks regarding the anti-coproximinal

subspaces and the strongly anti-coproximinal subspaces.

Remark 4.21. (i) We have already shown that there exists a strongly anti-coproximinal sub-

space in ℓn∞(n ≥ 3), whereas there does not exist any strongly anti-coproximinal subspace in

ℓn1 (n ≥ 3). Using Theorem 4.17, it is possible to give a geometric interpretation of this phe-

nomenon in a visually appealing manner. Indeed, we observe that there is a subspace in ℓn∞

which intersects the interior of each of the facet of Bℓn∞ , whereas ℓ
n
1 does not contain any such

subspaces (see Theorem 4.20).

(ii) We note that the anti-coproximinal subspaces are the least favorable subspaces from the

perspective of best coapproximation. In this study we have observed that in general there may

be many subspaces in a polyhedral Banach spaces which are anti-coproximinal. This further

illustrates the non-triviality and the computational difficulty associated with the best coapprox-

imation problem, even in finite-dimensional Banach spaces. We note from [19, Th. 4] that a
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Banach space X having three or more dimension is an inner product space if and only if for each

hyperspace H of X, there exists an x ∈ X such that H ⊥B x. In any Banach space, it is easy

to verify that the anti-coproximinal hyperspaces are precisely those which are not orthogonal to

any element of X. Moreover, a strongly anti-coproximinal hyperspace H is precisely those for

which there does not exist any element x ∈ X such that that H ⊥ϵ
B x, for some ϵ ∈ [0, 1). From

Theorem 4.20, for any hyperspace H of ℓn1 , we note that there exists an ϵ ∈ [0, 1) and an x ∈ ℓn1

such that H ⊥ϵ
B x.

(iii) It is known [26, 33] that given a subspace Y of a Banach space X and an element x /∈ Y,

y0 is a best coapproximation to x out of Y if and only if there exists a norm one projection from

span{x,Y} to Y. It is clear that Y is an anti-coproximinal subspace in X if and only if given any

x /∈ Y, there does not exist any norm one projection from span{x,Y} to Y. In other words, Y

is an anti-coproximinal subspace in X if and only if for any subspace Z which properly contains

Y, there does not exist any norm one projection from Z to Y.
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CHAPTER 5

ANTI-COPROXIMINALITY IN THE

SPACE OF ALL CONTINUOUS

FUNCTION

5.1 Introduction

In Chapter 4, we introduced two classes of subspaces—anti-coproximinal and strongly anti-

coproximinal—which serve as critical counterexamples in the context of the best coapproxima-

tion problem. These subspaces highlight situations where best coapproximations do not exist.

We explored their structural properties and established necessary and sufficient conditions for

their existence, particularly in smooth and strictly convex Banach spaces. Building on this

foundation, the present chapter turns to the study of these subspaces in the setting of con-

tinuous function spaces. We begin by analyzing the space C(K) of scalar-valued continuous

functions on a compact Hausdorff space K. We then extend our investigation to the space of

vector-valued continuous functions, where to examine the stability and structural behavior of

Content of this chapter is based on the following paper:

� Sohel, S., Ghosh, S., Sain, D., Paul, K., On best coapproximations and some special subspaces of
function spaces, https://doi.org/10.48550/arXiv.2504.13464.
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these subspaces in more general contexts. It is time to mention the basic terminologies and the

notations to be used throughout the chapter.

Let X,Y denote Banach spaces over the field K, either real or complex. For ϵ > 0, let

us set D(ϵ) = {z ∈ K : |z| ≤ ϵ} and let T denote the unit circle in the complex plane. We

use the notations BX and SX to denote the unit ball and unit sphere of X, respectively. The

dual space of X is denoted by X∗. For a non-zero x ∈ X, x∗ ∈ SX∗ is said to be a supporting

functional at x if x∗(x) = ∥x∥. The set of all supporting functionals at x is denoted by J(x),

i.e., J(x) = {x∗ ∈ SX∗ : x∗(x) = ∥x∥}. A non-zero element x ∈ X is said to be smooth if J(x)

is a singleton. The collection of all smooth points in X is denoted by Sm(X). A Banach space

X is said to be smooth if Sm(X) = X \ {0}. The convex hull of a set S is denoted as co(S).

For a convex set C, an element x ∈ C is said to be an extreme point if x = (1 − t)y + tz, for

some t ∈ (0, 1) and some y, z ∈ C implies that x = y = z. The set of all extreme points of C is

denoted by Ext(C). A finite-dimensional real Banach space is said to be polyhedral if BX is a

polyhedron, or, equivalently, if Ext(BX) is finite. A convex set F ⊂ SX is said to be a face of

BX if for any y, z ∈ BX,
1
2(y+ z) ∈ F implies that y, z ∈ F. F is called a maximal face if for any

face F ′ of BX, F ⊂ F ′ implies F = F ′. For any face F of BX and any x∗ ∈ SX∗ , we say that x∗

supports F if x∗(x) = 1 ∀x ∈ F. We use the notation int(F ) to denote the relative interior of a

face F endowed with the subspace topology of F.

For any element x ∈ X, and any subspace Y of X, y0 ∈ Y is said to be a best coapproximation

(see [15]) to x out of Y if ∥y0 − y∥ ≤ ∥x − y∥ for all y ∈ Y. As mentioned previously, we

require the concept of Birkhoff-James orthogonality to gain a better understanding of the best

coapproximation problem. Given x, y ∈ X, we say that x is Birkhoff-James orthogonal [2, 20]

to y, written as x ⊥B y, if ∥x + λy∥ ≥ ∥x∥, for all λ ∈ K. It is clear that y0 ∈ Y is a best

coapproximation to x out of Y if and only if

Y ⊥B (x− y0), i.e., y ⊥B (x− y0) ∀y ∈ Y.

Given ϵ ∈ [0, 1) and x, y ∈ X, x is said to be ϵ-Birkhoff-James orthogonal [10] to y, written

as x ⊥ϵ
B y, if

∥x+ λy∥ ≥ ∥x∥ − ϵ∥λy∥ for every λ ∈ K.

The above definition, in conjunction with the previously mentioned relation between Birkhoff-

James orthogonality and the best coapproximation, naturally leads us to the following definition

of ϵ-best coapproximation, introduced in [54]:

Let ϵ ∈ [0, 1). For a subspace Y and a given x ∈ X, we say that y0 ∈ Y is an ϵ-best
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coapproximation to x out of Y if

Y ⊥ϵ
B (x− y0), i.e., y ⊥ϵ

B (x− y0)∀y ∈ Y.

As noted in [54], the definitions of best coapproximation and ϵ-best coapproximation moti-

vate us to study the following two special types of subspaces of a Banach space:

Definition 5.1. (i) A subspace Y of X is said to be an anti-coproximinal subspace of X if for

any x ∈ X\Y, there does not exist a best coapproximation to x out of Y. Equivalently, a subspace

Y is anti-coproximinal in X if for any nonzero x ∈ X, Y ̸⊥B x.

(ii) A subspace Y of X is said to be a strongly anti-coproximinal subspace of X if for any given

x ∈ X \ Y and for any ϵ ∈ [0, 1), there does not exist an ϵ-best coapproximation to x out of Y.

Equivalently, a subspace Y is strongly anti-coproximinal if for any nonzero x ∈ X and for any

ϵ ∈ [0, 1), Y ̸⊥ϵ
B x.

For any nonempty set K, ℓ∞(K,X) stands for the space of all bounded functions from K to

X. Given a compact Hausdorff topological space K and a Banach space X, we write C(K,X) to

denote the space of continuous functions from K to X, endowed with the sup norm, i.e.,

C(K,X) = {f | f : K → X is continuous and sup
k∈K

∥f(k)∥ <∞}.

Given a locally compact Hausdorff space K and a Banach space X, the space C0(K,X) is the

space of continuous functions f having the property that for any ϵ > 0, there exists a compact set

Γ ⊂ K such that ∥f(k)∥ < ϵ, for any k ∈ K \ Γ. Whenever K is compact, C0(K,X) = C(K,X).

For a function f ∈ C0(K,X), the norm attainment set of f, denoted by Mf , is defined as

Mf = {k ∈ K : ∥f(k)∥ = ∥f∥}. Whenever X = R or C, we use the standard notations C(K)

and C0(K) in place of C(K,X) and C0(K,X), respectively. Note that for any f ∈ SC0(K,X), Mf

is non-empty and compact.

The present chapter is divided into three sections, including the introductory one. In the

preliminary section, we provide a characterization of approximate Birkhoff-James orthogonality

in the function space as well as in the sequence spaces. First we study the spaces ℓ∞(K) and

C0(K), and find computationally effective characterizations of these special types of subspaces.

We show that the notions of anti-coproximinality and strong anti-coproximinality coincide in

both ℓ∞(K) and C0(K). Moreover, we study these subspaces in sequence spaces, c0, c and ℓ∞.

In the last part, we study the stability of these two notions in the space of all vector valued

continuous functions.
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5.2 Preliminaries

Throughout this chapter, we require several results involving Birkhoff-James orthogonality and

its approximate version. Therefore, mainly for the convenience of the readers, it is worth

mentioning the relevant results in the context of the present study.

Lemma 5.1. [20, Th. 2.1] Let X be a Banach space and let x, y ∈ X. Then x ⊥B y if and only

if there exists x∗ ∈ J(x) such that x∗(y) = 0.

Lemma 5.2. [12, Th. 2.3] Let X be a Banach space. Suppose ϵ ∈ [0, 1) and let x, y ∈ X. Then

x ⊥ϵ
B y if and only if there exists x∗ ∈ J(x) such that |x∗(y)| ≤ ϵ∥y∥.

A more general version of Lemma 5.1 has been obtained in [29, Cor. 2.5] as follows:

Theorem 5.1. Let X be a Banach space and let x ∈ SX. Suppose C ⊆ X∗ is such that BX∗ =

co(C)
w∗
. Then for any y ∈ X, x ⊥B y if and only if

0 ∈ co({limx∗n(y) : x∗n ∈ C and limx∗n(x) = 1}).

Following the same technique, a generalized version of Lemma 5.2 can be derived as follows:

Theorem 5.2. Let X be a Banach space and let x, y ∈ SX. Suppose C ⊂ BX∗ is such that

BX∗ = co(C)
w∗
. Then the following are equivalent:

(i) x ⊥ϵ
B y

(ii) co({limx∗n(y) : x∗n ∈ C ∀n ∈ N, limx∗n(x) = 1}) ∩ D(ϵ) ̸= ∅.

Proof. From Lemma 5.2, x ⊥ϵ
B y if and only if there exists x∗ ∈ J(x) such that x∗(y) ∈ D(ϵ).

Clearly, this is equivalent to V (X, x, y) ∩ D(ϵ) ̸= ∅, where V (X, x, y) = {ϕ(y) : ϕ ∈ SX∗ , ϕ(x) =

1}. Now from [29, Th. 2.3] we note that

V (X, x, y) = co({limx∗n(y) : x∗n ∈ C ∀n ∈ N, limx∗n(x) = 1}),

thereby finishing the proof.

Applying the above result, it is rather easy to characterize the approximate Birkhoff-James

orthogonality in ℓ∞(K,X) and in C0(K,X). Let us first note the following characterization of

Birkhoff-James orthogonality.
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Theorem 5.3. [29, Th. 3.2] Let K be a non-empty set and let X be a Banach space. Let

C ⊂ SX∗ be such that BX∗ = co(C)
w∗
. Suppose that f, g ∈ ℓ∞(K,X). Then f ⊥B g if and only if

0 ∈ co

({
lim y∗n(g(kn)) : kn ∈ K, y∗n ∈ C, ∀n ∈ N, lim y∗n(f(kn)) = ∥f∥

})
.

Theorem 5.4. [29, Th. 3.5] Let K be a locally compact Hausdorff space and let X be a Banach

space. Suppose C ⊂ SX∗ is such that BX∗ = co(C)
w∗
. Then for f, g ∈ C0(K,X),

f ⊥B g ⇐⇒ 0 ∈ co

({
y∗(g(k)) : k ∈ K, y∗ ∈ C, y∗(f(k)) = ∥f∥

})
.

Although in [29, Th. 3.5], the characterization has been given in C(K,X) space considering

K to be compact Hausdorff, we can replicate the arguments for the space C0(K,X), where K

is a locally compact Hausdorff space. In this context, the crucial thing to observe is that for

any f ∈ C0(K,X), Mf is non-empty and compact.

Using similar technique as in Theorem 3.2 and Theorem 3.5 of [29], and using Theorem 5.2,

we obtain the following characterizations of approximate Birkhoff-James orthogonality:

Theorem 5.5. Let K be a non-empty set and let X be a Banach space. Suppose that C ⊂ SX∗

is such that BX∗ = co(C)
w∗
. Then for f, g ∈ ℓ∞(K,X), f ⊥ϵ

B g if and only if

co

({
lim y∗n(g(kn)) : kn ∈ K, y∗n ∈ C, ∀n ∈ N, lim y∗n(f(kn)) = ∥f∥

})
∩ D(ϵ∥g∥) ̸= ∅.

Theorem 5.6. Let K be a locally compact Hausdorff space and let X be a Banach space. Suppose

C ⊂ SX∗ is such that BX∗ = co(C)
w∗
. Then for f, g ∈ C0(K,X),

f ⊥ϵ
B g ⇐⇒ co

({
y∗(g(k)) : k ∈ K, y∗ ∈ C, y∗(f(k)) = ∥f∥

})
∩ D(ϵ∥g∥) ̸= ∅.

Applying Theorem 5.5, we characterize the approximate Birkhoff-James orthogonality in

the space ℓ∞(K).

Theorem 5.7. Let K be a non-empty set and let f, g ∈ Sℓ∞(K). Then f ⊥ϵ
B g if and only if

co

({
lim γng(kn) : kn ∈ K, γn ∈ K, |γn| = 1 ∀n ∈ N, lim γnf(kn) = 1

})
∩ D(ϵ) ̸= ∅.

In particular, f ⊥B g if and only if

0 ∈ co

({
lim γng(kn) : kn ∈ K, γn ∈ K, |γn| = 1 ∀n ∈ N, lim γnf(kn) = 1

})
.
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We end this section with the following classical result from point-set topology which will be

used repeatedly in the later parts.

Lemma 5.3. (Uryshon’s lemma) [30] Let K be a normal space. Let A and B be disjoint closed

subsets of K. Then there exists a continuous map f : K → [0, 1] such that f(x) = 0 for every

x ∈ A, and f(x) = 1 for every x ∈ B.

5.3 Anti-coproximinality in the space of all

continuous functions

5.3.1 Anti-coproximinality and strongly anti-coproximinality in

C(K)

In this section, we consider anti-coproximinal subspaces of the space of all scalar valued bounded

(continuous) functions. Unlike the geometric conditions obtained for anti-coproximinal and

strongly anti-coproximinal subspaces in the previous chapter, we conduct an analytic study of

such subspaces in the space ℓ∞(K) and C(K). We first characterize the anti-coproximinal and

strongly anti-coproximinal subspaces in ℓ∞(K).

Theorem 5.8. Let K be a nonempty set and let Y be a proper closed subspace of ℓ∞(K). Then

the following are equivalent:

(i) Y is strongly anti-coproximinal in ℓ∞(K).

(ii) Y is anti-coproximinal in ℓ∞(K).

(iii) for any k ∈ K, there exists f ∈ Y such that |f(k)| > limn→∞ |f(kn)|, ∀{kn} ⊂ K with

kn ̸= k for all but finitely many n ∈ N.

Proof. We begin the proof by noting that (i) =⇒ (ii) holds trivially. Next we prove (ii) =⇒
(iii). Suppose on the contrary that there exists k0 ∈ K such that for any f ∈ Y, lim |f(kn)| ≥
|f(k0)|, for some {kn} ⊂ K satisfying kn ̸= k0, for all but finitely many n ∈ N. Define g : K → K

such that

g(k0) = 1 and g(k) = 0, ∀k ∈ K \ {k0}.

Clearly ∥g∥ = 1. Let f ∈ Y and consider {kn} ⊂ K such that kn ̸= k0, for all but finitely many

n ∈ N and lim |f(kn)| = ∥f∥. Since g(kn) = 0, for all but finitely many n ∈ N, using Theorem
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5.7, we obtain f ⊥B g. Therefore, Y ⊥B g. In other words, 0 is the best coapproximation to g

out of Y, which is clearly a contradiction.

Let us now prove (iii) =⇒ (i), to finish the proof of the theorem. Suppose on the contrary

that Y is not strongly anti-coproximinal in ℓ∞(K). Then there exists a non-zero h ∈ Sℓ∞(K) and

ϵ ∈ [0, 1) such that Y ⊥ϵ
B h. For each k ∈ K, take f̃k ∈ SY such that 1 = |f̃k(k)| > lim |f̃k(kn)|,

∀{kn} ⊂ K satisfying kn ̸= k, for all but finitely many n ∈ N. As f̃k ⊥ϵ
B h, using Theorem 5.7,

co

({
lim γnh(kn) : kn ∈ K, γn ∈ K, |γn| = 1 ∀n ∈ N, lim γnf̃k(kn) = 1

})
∩ D(ϵ) ̸= ∅. (5.1)

As 1 = |f̃k(k)| > lim |f̃k(kn)|, ∀{kn} ⊂ K satisfying kn ̸= k, for all but finitely many n ∈ N, it

is immediate that (5.1) is equivalent to

co

({
lim γnh(k) : γn ∈ K, |γn| = 1 ∀n ∈ N, lim γnf̃k(k) = 1

})
∩ D(ϵ) ̸= ∅. (5.2)

It is straightforward to see that

{lim γnh(k) : γn ∈ K, |γn| = 1 ∀n ∈ N, lim γnf̃k(k) = 1} = {f̃k(k)h(k)}.

This implies that f̃k(k)h(k) ∈ D(ϵ) =⇒ |h(k)| ≤ ϵ. Observe that

1 = ∥h∥ = sup
k∈K

|h(k)| ≤ ϵ < 1,

a contradiction.

We next show that C0(K) is strongly anti-coproximinal in ℓ∞(K), whenever K is perfectly

normal. Recall that a topological space K is perfectly normal if K is normal and every closed

set of K is a Gδ set.

Corollary 5.1. Let K be locally compact perfectly normal space. Then C0(K) is strongly anti-

coproximinal in ℓ∞(K).

Proof. Let k ∈ K and let U be an open set containing k. Using the Uryshon’s Lemma, there

exists a continuous function f : K → [0, 1] such that f−1(1) = {k} and f−1(0) = K \U. Clearly,

f ∈ C0(K) and f satisfies the condition (iii) of Theorem 5.8. This finishes the proof.

In [33, Cor. 3.2], Papini et al. gave a sufficient condition for anti-coproximinal subspaces in

C(K). In the following theorem we provide a necessary condition for the same.
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Proposition 5.1. Let Y be an anti-coproximinal subspace of C0(K), where K is a locally

compact normal space. Then for each non-empty open subset U of K, there exists an f ∈ Y

such that Mf ⊂ U.

Proof. Suppose on the contrary that there exists a non-empty open set U ⊂ K such that for

any f ∈ Y, Mf ∩ (K \ U) ̸= ∅. In other words, for any f ∈ Y there exists kf ∈ K \ U such

that |f(kf )| ≥ |f(k)|, ∀k ∈ K \ {kf}. Let k0 ∈ U. Using Lemma 5.3 there exists a continuous

function g : K → [0, 1] such that g(k0) = 1 and g(k) = 0, ∀k ∈ K \ U. Clearly, g ∈ C0(K).

Let f ∈ Y. Since ∥f∥ = |f(kf )|, we infer that δkf ∈ J(f), where δkf : C0(K) → K is given by

δkf (h) = h(kf ), ∀h ∈ C0(K). As kf ∈ K \U, we note that δkf (g) = g(kf ) = 0. So, using Lemma

5.1, we get f ⊥B g. Hence Y ⊥B g. This contradicts the fact that Y is anti-coproximinal in

C0(K).

An immediate corollary of the above theorem is given below.

Corollary 5.2. Let K be a locally compact normal space and let Y be a proper closed subspace

of C0(K). Suppose that there exists an element k0 ∈ K such that for any f ∈ Y, f(k0) = 0.

Then Y is not anti-coproximinal in C0(K).

We next provide a sufficient condition for strongly anti-coproximinal subspaces.

Proposition 5.2. Let Y be a proper closed subspace of C0(K), where K is a locally compact

Hausdorff space. Suppose that D ⊂ K is dense in K. If for each k ∈ D, there exists an f ∈ Y

such that |f(k)| > |f(k′)|, for all k′ ∈ K \ {k}, then Y is strongly anti-coproximinal in C0(K).

Proof. Suppose on the contrary that Y is not strongly anti-coproximinal in C0(K). Then there

exists ϵ ∈ [0, 1), g ∈ C0(K) \ Y such that Y ⊥ϵ
B g. Let k ∈ D and let f̃k ∈ Y such that

|f̃k(k)| > |f̃k(k′)|, ∀k′ ∈ K \ {k}. So, ∥f̃k∥ = |f̃k(k)|. It is easy to observe that J(f̃k) = {δk},
where δk : C0(K) → K is given by δk(h) = h(k), ∀h ∈ C0(K). As f̃k ⊥ϵ

B g, using Lemma 5.2,

we get

|δk(g)| ≤ ϵ∥g∥ =⇒ |g(k)| ≤ ϵ∥g∥.

Observe that

∥g∥ = sup
k∈K

|g(k)| = sup
k∈D

|g(k)| ≤ ϵ∥g∥ < ∥g∥,

a contradiction. Thus, Y is not strongly anti-coproximinal.

In addition, if we assume that K is locally connected, then we can prove that the above

necessary condition given in Proposition 5.1 is also sufficient for anti-coproximinal as well as

for strongly anti-coproximinal subspaces. From now on we consider the notation C0(K) for the

space C0(K,R). We require the following classical result for our purpose.
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Lemma 5.4. [12, Th. 2.4] Let X be a real Banach space. Suppose x, y ∈ X and ϵ ∈ [0, 1). Then

x ⊥ϵ
B y if and only if there exists ϕ, ψ ∈ Ext(BX∗) ∩ J(x) such that |((1 − t)ϕ + tψ)y| ≤ ϵ∥y∥,

for some 0 ≤ t ≤ 1.

Theorem 5.9. Let K be a locally connected and locally compact normal space. Suppose that Y

is a proper closed subspace of C0(K). Then the following are equivalent:

(i) Y is strongly anti-coproximinal in C0(K).

(ii) Y is anti-coproximinal in C0(K).

(iii) For each nonempty open subset U of K, there exists an f ∈ Y such that Mf ⊂ U.

Proof. We begin this proof by noting that (i) =⇒ (ii) holds trivially. Also, (ii) =⇒ (iii)

follows from Proposition 5.1.

Therefore, we only prove that (iii) =⇒ (i). Suppose on the contrary that there exists ϵ ∈
[0, 1), g ∈ C0(K) \ Y such that Y ⊥ϵ

B g. As Mg is nonempty, suppose |g(k′)| = ∥g∥, for some

k′ ∈ K. As g is continuous, there exists an open set W containing k′ such that |g(w)| > ϵ∥g∥,
for all w ∈W. Since K is locally connected, it follows that there exists an open connected set V

such that k′ ∈ V ⊂W. Then clearly, |g(v)| > ϵ∥g∥, for all v ∈ V. Now, from (iii), there exists an

f ∈ Y such that Mf ⊂ V. Since f ⊥ϵ
B g, using Lemma 5.4, there exist ϕ, ψ ∈ Ext(BC0(K)∗)∩J(f)

such that

|((1 − t)ϕ+ tψ)(g)| ≤ ϵ∥g∥,

for some t ∈ [0, 1]. It is well known that (cf. [44, Chapter I, 1.10]) ϕ = δk1 and ψ = δk2 for

some k1, k2 ∈ Mf , where δki : C0(K) → R such that δki(h) = h(ki), ∀h ∈ C0(K). Therefore,

|((1−t)δk1 +tδk2)(g)| ≤ ϵ∥g∥. So, |(1−t)g(k1)+tg(k2)| ≤ ϵ∥g∥. As k1, k2 ∈ V, V is connected and

g is continuous, it is straightforward to see that there exists k0 ∈ V such that |g(k0)| ≤ ϵ∥g∥, a

contradiction. So Y is strongly anti-coproximinal in C0(K), as desired.

Remark 5.10. It is well known that X∗ is embedded into C(SX) via the map Ψ : z∗ −→ z∗|SX .

Whenever X is finite-dimensional, we consider the subspace Ψ(X∗) in C(SX). Note that for any

z∗ ∈ X∗, Mz∗ always contains the antipodal points of SX. Therefore, applying the condition (iii)

of Theorem 5.9, we can observe that Ψ(X∗) is not anti-coproximinal in C(SX).

Next we show that any finite-codimensional subspace of C0(K) is strongly anti-coproximinal,

whenever K has additional nice properties.

Theorem 5.11. Let K be a locally connected, locally compact and perfectly normal space such

that K does not contain any isolated point. Then any finite-codimensional subspace of C0(K)

is strongly anti-coproximinal.
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Proof. Let Y be an m-codimensional subspace of C0(K). Suppose on the contrary that Y is not

strongly anti-coproximinal in C0(K). Applying Theorem 5.9, there exists an nonempty open set

U ⊂ K such that for any f ∈ Y,Mf ∩ (K \U) ̸= ∅. So, for any f ∈ Y, take kf ∈ K \U such that

∥f∥ = |f(kf )|. Let k1, k2, . . . , km+1 ∈ U. As K is Hausdorff, let V1, V2, . . . , Vm, Vm+1 ⊂ U be the

open sets of K such that ki ∈ Vi, Vi ∩ Vj = ∅, ∀i, j ∈ {1, 2, . . . ,m+ 1}, i ̸= j. As K is perfectly

normal, using Lemma 5.3, we assert that there exist continuous functions gi : K → [0, 1] such

that

g−1
i ({1}) = {ki} and g−1

i ({0}) = K \ Vi, ∀ i = 1, 2, . . . ,m+ 1.

Clearly, for each 1 ≤ i ≤ m+ 1, Mgi = {ki} and so, gi ∈ C0(K) \Y. Moreover it is obvious that

gi(kj) = 0, whenever i ̸= j. Observe that {g1, g2, . . . , gm+1} is a linearly independent set. Since

Y is an m-codimensional subspace of C0(K), so

gm+1 = α1g1 + α2g2 + . . .+ αmgm + f,where αi ∈ K, f ∈ Y.

Since kf ∈ K \ U such that ∥f∥ = |f(kf )|, we have

gm+1(kf ) =
m∑

i=1

αigi(kf ) + f(kf ) =⇒ f(kf ) = 0.

As ∥f∥ = |f(kf )|, this implies f = 0, therefore, gm+1 =
∑m

i=1 αigi, a contradiction. This

establishes the theorem.

Remark 5.12. While studying the specialty of inner product spaces among Banach spaces,

James stated an interesting result in [19, p. 564]: “For no hyperspace H of the space C[a, b]

of continuous functions defined on [a, b] ⊂ R there is an element f ∈ C[a, b] with H ⊥B f. ”

Observe that this is the least favorable case for the space to be an inner product space from the

perspective of [19, Th. 4], which states that a Banach space X is an inner product space if and

only if for a given hyperspace H there exists an element z ∈ X such that H ⊥B z. To the best

of our knowledge, C[a, b] is the only known example of a Banach space with such a property.

Following Theorem 5.11, we can strengthen the statement above given by James in the following

way:

Whenever K is locally connected, compact and perfectly normal space, there is no subspace Y

of C(K) with finite-codimension such that given any ϵ ∈ [0, 1), there is an element f ∈ C(K)

satisfying Y ⊥ϵ
B f.
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5.3.2 Anti-coproximinal and strongly anti-coproximinality in the

sequence spaces

The following result is an easy consequence of Theorem 5.8.

Corollary 5.3. Let Y be a subspace of ℓ∞. Then the following are equivalent:

(i) Y is strongly anti-coproximinal in ℓ∞.

(ii) Y is anti-coproximinal in ℓ∞.

(iii) for each r ∈ N, there exists ỹ = (y1, y2, . . .) ∈ Y such that

(a) |yr| > |yn| ∀n ∈ N \ {r},

(b) |yr| > lim |ynk
|, for any sequence {nk}k∈N satisfying nk ̸= r for all but finitely

many k ∈ N.

It is clear from Corollary 5.3 that c0 is a strongly anti-coproximinal subspace of ℓ∞.

We next characterize anti-coproximinal and strongly anti-coproximinal subspaces in c0 and

c.

Proposition 5.3. Let X = c0 or c and let Y be a subspace of X. Then the following are

equivalent:

(i) Y is strongly anti-coproximinal in X.

(ii) Y is anti-coproximinal in X.

(iii) for any r ∈ N, there exists ỹ = (y1, y2, . . .) ∈ Y such that |yr| > |yn|, ∀n ∈ N \ {r}.

Proof. Clearly, (i) =⇒ (ii) holds trivially. We prove that (ii) =⇒ (iii). Suppose on

the contrary that there exists r0 ∈ N such that for any ỹ = (y1, y2, . . .) ∈ Y, |yr0 | ≤ |ys|,
for some s ̸= r0. Take x = (x1, x2, . . .) such that xr0 = 1 and xn = 0 ∀n ∈ N \ {r0}. Let

y = (y1, y2, . . .) ∈ Y. If lim |yn| ≠ ∥y∥, then there exists k ∈ N such that k ̸= r0 and |yk| = ∥y∥.
Since xk = 0 for all k ̸= r0, we get 0 ∈ co({ynxn : |yn| = ∥y∥}), therefore following [7,

Th. 2.12], y ⊥B x. Now consider the case that lim |yn| = ∥y∥. As lim |xn| = 0, we have

0 ∈ co({ynxn : |yn| = ∥y∥} ∪ {lim ynxn}). Again following [7, Th. 2.12], y ⊥B x. This implies

that Y ⊥B x. This contradicts that Y is anti-coproximinal in X.

We next prove that (iii) =⇒ (i). Suppose on the contrary that there exists an ϵ ∈ [0, 1) and

a nonzero x = (x1, x2, . . .) ∈ X such that Y ⊥ϵ
B x. Let n ∈ N. There exists ỹn = (y1, y2, . . .) ∈ Y
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such that |yn| > |yi|, ∀i ∈ N\{n}. Let e∗n ∈ X∗ be such that e∗n(u1, u2, . . .) = un, ∀(u1, u2, . . .) ∈
X. It is clear that J(ỹn) = {e∗n}. Since ỹn ⊥ϵ

B x, applying Lemma 5.2, we get |e∗n(x)| ≤ ϵ∥x∥.
This implies |xn| ≤ ϵ∥x∥. Observe that

∥x∥ = sup
n∈N

|xn| ≤ ϵ∥x∥ < ∥x∥.

This is a contradiction. Hence the theorem.

Our next result shows that ℓ∞(R) does not admit a finite-dimensional polyhedral subspace

which is anti-coproximinal.

Proposition 5.4. Let X = ℓ∞(R). Any finite-dimensional polyhedral subspace of X is not anti-

coprxominal.

Proof. Let Y be a finite-dimensional polyhedral subspace of ℓ∞(R). Suppose on the contrary

that Y is anti-coproximinal in X. From Corollary 5.3, we see that for any n ∈ N, there exists

ỹn = (y1, y2, . . .) ∈ Y such that |yn| > |yi| ∀i ∈ N \ {n}. For each n ∈ N, define

Fn = {x = (x1, x2, . . .) ∈ X : xn = 1, |xi| ≤ 1 ∀i ∈ N \ {n}}.

Clearly, Fn ⊂ SX. We claim that Fn is a face of BX. Let ũ = (u1, u2, . . .), w̃ = (w1, w2, . . .) ∈ SX

be such that (1 − t)ũ+ tw̃ ∈ Fn. Clearly, |ui|, |wi| ≤ 1. So,

(1 − t)un + twn = 1 =⇒ un = wn = 1.

Therefore, ũ, w̃ ∈ Fn. This implies Fn is a face of BX. Let F ′
n = Fn ∩BY. Clearly, ỹn ∈ F ′

n and

F ′
n is a face of BY. This implies that BY contains infinitely many faces, which contradicts the

fact that Y is a polyhedral Banach space. This completes the proof.

Remark 5.13. Similarly, using Proposition 5.3, we can show that the space c0 and c do not

contain a finite-dimensional polyhedral subspace which is anti-coproximinal.

It is well known that every finite-dimensional subspace of c0 is polyhedral. Thus the following

corollary is immediate.

Corollary 5.4. Any finite-dimensional subspace of c0 is not anti-coprxominal.

Unlike c0, we give an example of a finite-dimensional strongly anti-coproximinal subspace

of c and ℓ∞.
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Example 5.14. Let X = c or ℓ∞. Suppose

ũ = (cos
π

2
, cos

π

4
, . . . , cos

π

2n
, . . .),

ṽ = (sin
π

2
, sin

π

4
, . . . , sin

π

2n
, . . .).

Let Y = span{ũ, ṽ}. For any n ∈ N, take ỹ = cos π
2n ũ + sin π

2n ṽ. It is easy to observe that

|yn| > |yi| ∀i ∈ N \ {n}, where ỹ = (y1, y2, . . .). So, using Proposition 5.3 and Corollary 5.3,

we conclude that Y is strongly anti-coproximinal in X, whereas from Proposition 5.4, it follows

that Y is not polyhedral.

Though c0 does not have any finite-dimensional strongly anti-coproximinal subspace (see

Corollary 5.4), in the following example we consider an infinite-dimensional subspace which is

strongly anti-coproximinal in c0.

Example 5.15. Let Y = {(x1, x2, . . .) ∈ c0 : x1 + x2 + x3 = 0}. Let

ỹ1 = (1,−1

2
,−1

2
, 0, . . . , 0)

ỹ2 = (−1

2
, 1,−1

2
, 0, . . . , 0)

ỹ3 = (−1

2
,−1

2
, 1, 0, . . . , 0)

ỹi = (0, 0, . . . , 0 , 1,
i−th

0, . . .), ∀i > 3,

Clearly, ỹn ∈ Y, for each n ∈ N. It is immediate that for any n ∈ N, ỹn satisfies the sufficient

condition of Proposition 5.3. So, Y is strongly anti-coproximinal in c0.

5.4 Anti-coproximinality in the space C(K,X)
Our final goal in this section is to investigate whether C(K,Y) is anti-coproximinal (strongly

anti-coproximinal) in C(K,X) if Y is anti-coproximinal (strongly anti-coproximinal) in X and

vice versa. We require the following lemma for our purpose.

Lemma 5.5. Let K be a compact perfectly normal space and let Y be a subspace of X. Suppose

f ∈ SC(K,X) is such that C(K,Y) ⊥ϵ
B f, where ϵ ∈ [0, 1). Then f(Mf ) ∩ (X \ Y) ̸= ∅.

Proof. Suppose on the contrary that f(Mf ) ⊂ Y. Let k0 ∈ Mf and let U ⊂ K be an open

set containing k0. As K is perfectly normal, there exists a continuous function ϕ : K → [0, 1]

such that ϕ−1({1}) = {k0} and ϕ−1({0}) = K \ U. Consider the function g : K → X such
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that g(k) = ϕ(k)f(k0) ∀k ∈ K. Clearly, g is continuous. As f(k0) ∈ Y, it follows trivially that

g(k) ∈ Y ∀k ∈ K. So, g ∈ C(K,Y). It is easy to see that Mg = {k0}. Consider the set

S = co

(
{y∗(f(k)) : k ∈ K, y∗ ∈ C, y∗(g(k)) = ∥g∥}

)
,

where BX∗ = co(C)
w∗
. As Mg = {k0}, it is easy to observe that y∗(g(k)) = ∥g∥ implies that

k = k0. So,

S = co({y∗(f(k0)) : y∗ ∈ C, y∗(g(k0)) = 1}).

Observe that f(k0) = g(k0), so y∗(f(k0)) = 1, where y∗(g(k0)) = 1. Therefore S = {1}. Now

following Theorem 5.6, g ⊥ϵ
B f implies that S ∩ D(ϵ) ̸= ∅, a contradiction. This completes the

proof.

Theorem 5.16. Let K be a compact perfectly normal space and let Y be a subspace of X. Then

(i) C(K,Y) is strongly anti-coproximinal in C(K,X) if and only if Y is strongly anti-coproximinal

in X.

(ii) C(K,Y) is anti-coproximinal in C(K,X) if and only if Y is anti-coproximinal in X.

Proof. (i) We first prove the sufficient part. Suppose on the contrary that there exists a nonzero

h ∈ C(K,X) and ϵ ∈ [0, 1) such that C(K,Y) ⊥ϵ
B h. Let ∥h∥ = 1. As h ̸= 0, using Lemma

5.5 there exists k0 ∈ K such that h(k0) ∈ SX \ SY. Let U ⊂ K be an open set containing k0.

As K is perfectly normal, using Lemma 5.3, there exists a continuous function ϕ : K → [0, 1]

such that ϕ−1({1}) = {k0} and ϕ−1({0}) = K \ U. Let y ∈ Y. Define fy : K → Y such that

fy(k) = ϕ(k)y ∀k ∈ K. Clearly, fy ∈ C(K,Y) and fy(k) = 0, ∀k ∈ K \U. Moreover, fy(k0) = y

and for any k ∈ K \ {k0}, ∥fy(k)∥ = ∥α(k)y∥ < ∥y∥. So, Mfy = {k0}. As fy ⊥ϵ
B h, using

Theorem 5.6,

co({y∗(h(k0)) : y∗ ∈ C, y∗(fy(k0)) = ∥fy∥}) ∩ D(ϵ) ̸= ∅.

Applying Carathéodory’s Theorem (see [40, Th. 17.1]), there exists real scalars ti(i = 1, 2, 3), ti >

0,
∑3

i=1 ti = 1 such that ∣∣∣∣
3∑

i=1

tiy
∗
i (h(k0))

∣∣∣∣ ≤ ϵ,

where y∗i (fy(k0)) = ∥fy∥ = ∥fy(k0)∥. For each 1 ≤ i ≤ 3, y∗i ∈ J(fy(k0)), which implies that
∑3

i=1 tiy
∗
i ∈ J(fy(k0)). Since ∥h(k0)∥ = 1, it follows that |∑3

i=1 tiy
∗
i (h(k0))| ≤ ϵ∥h(k0)∥ and

therefore, following Lemma 5.2, we get that fy(k0) ⊥ϵ
B h(k0). Since fy(k0) = y, we have

y ⊥ϵ
B h(k0). This implies Y ⊥ϵ

B h(k0), which contradicts that Y is strongly anti-coproximinal in

X.

82



Chapter 5. Anti-coproximinality in the space of all continuous function

Let us now prove the necessary part. Suppose on the contrary that Y is not strongly anti-

coprximinal in X. Then there exists an x ∈ X \ Y and ϵ ∈ [0, 1) such that Y ⊥ϵ
B x. Define

g : K → X such that g(k) = x ∀k ∈ K. Let f ∈ C(K,Y), and let k ∈ Mf . As f(k) ∈ Y, it is

clear that f(k) ⊥ϵ
B g(k). Observe that

∥f + λg∥ ≥ ∥f(k) + λg(k)∥ ≥ ∥f(k)∥ − ϵ|λ|∥g(k)∥ ≥ ∥f∥ − ϵ|λ|∥g∥,

which shows that f ⊥ϵ
B g. However, this implies that C(K,Y) ⊥ϵ

B g, contradicting that C(K,Y)

is strongly anti-coproximinal in C(K,X). This completes the proof of (i).

(ii) Let us first prove the sufficient part. Suppose on the contrary that there exists a

nonzero h ∈ C(K,X) such that C(K,Y) ⊥B h. As h ̸= 0, then there exists k0 ∈ K such that

h(k0) ∈ X \Y. For any y ∈ Y, let fy : K → Y be the same function defined in (i). Using similar

arguments as given in the proof of (i), we obtain that Mfy = {k0}. As fy ⊥B h, applying [29,

Th. 4.3], fy(k0) ⊥B h(k0). Since fy(k0) = y, we have y ⊥B h(k0). This implies that Y ⊥B h(k0),

contradicting that Y is anti-coproximinal in X.

For the necessary part, suppose on the contrary that Y is not anti-coproximinal in X. Then

there exists an x ∈ X \ Y such that Y ⊥B x. Let g : K → X be the function defined as

g(k) = x ∀k ∈ K. Let f ∈ C(K,Y) and let k ∈Mf . As f(k) ∈ Y, f(k) ⊥B g(k). Observe that

∥f + λg∥ ≥ ∥f(k) + λg(k)∥ ≥ ∥f(k)∥ = ∥f∥,

proving that f ⊥B g. This implies C(K,Y) ⊥B g, a contradiction to the fact that C(K,Y) is

anti-coproximinal in C(K,X).

Remark 5.17. We note that the notions of anti-coproximinal and strongly anti-coproximinal

subspaces coincide in the C(K,R) spaces (see Th. 5.9). On the other hand, these two notions

do not coincide in C(K,X), for an arbitrary Banach space X. Indeed, let us take a subspace

Y of X which is anti-coproximinal but not strongly anti-coproximinal (see [54, Example 2.21]).

Then from the above theorem, it follows that C(K,Y) is anti-coproximinal but not strongly

anti-coproximinal in C(K,X).
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CHAPTER 6

ANTI-COPROXIMINALITY IN THE

SPACE OF ALL BOUNDED LINEAR

OPERATORS

6.1 Introduction

Continuing our exploration of anti-coproximinal and strongly anti-coproximinal subspaces, this

chapter focuses on their behavior within the space of all bounded linear operators between

Banach spaces. We examine the existence and structure of such subspaces in operator spaces,

drawing parallels and contrasts with previously studied settings. In particular, we derive neces-

sary and sufficient conditions for the existence of strongly anti-coproximinal subspaces in general

Banach space settings. We now mention the basic notations and terminologies that will be used

throughout this chapter.

Let X,Y denote Banach spaces over the field K, either real or complex. For ϵ > 0, let

us set D(ϵ) = {z ∈ K : |z| ≤ ϵ} and let T denote the unit circle in the complex plane. We

Content of this chapter is based on the following paper:

� Sohel, S., Ghosh, S., Sain, D., Paul, K., On best coapproximations and some special subspaces of
function spaces, https://doi.org/10.48550/arXiv.2504.13464.
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use the notations BX and SX to denote the unit ball and unit sphere of X, respectively. Let

L(X,Y) (K(X,Y)) be the space of all bounded (compact) linear operators between X and Y.

The space of all finite-rank operators from X to Y is denoted by the notion F(X,Y). The

dual space of X is denoted by X∗. For a non-zero x ∈ X, x∗ ∈ SX∗ is said to be a supporting

functional at x if x∗(x) = ∥x∥. The set of all supporting functionals at x is denoted by J(x),

i.e., J(x) = {x∗ ∈ SX∗ : x∗(x) = ∥x∥}. A non-zero element x ∈ X is said to be smooth if

J(x) is a singleton. The collection of all smooth points in X is denoted by Sm(X). A Banach

space X is said to be smooth if Sm(X) = X \ {0}. For a subspace Y of X, we use the notation

JY = {y∗ ∈ SX∗ : y∗(y) = 1, for some y ∈ Sm(X)∩SY}. It is easy to check that JY ⊆ Ext(BX∗).

Whenever Sm(X) ∩ SY = ∅, we define JY = ∅. The convex hull of a set S is denoted as co(S).

For a convex set C, an element x ∈ C is said to be an extreme point if x = (1 − t)y + tz, for

some t ∈ (0, 1) and some y, z ∈ C implies that x = y = z. The set of all extreme points of C

is denoted by Ext(C). A finite-dimensional real Banach space is said to be polyhedral if BX is

a polyhedron, or, equivalently, if Ext(BX) is finite. A convex set F ⊂ SX is said to be a face

of BX if for any y, z ∈ BX,
1
2(y + z) ∈ F implies that y, z ∈ F. F is called a maximal face if

for any face F ′ of BX, F ⊂ F ′ implies F = F ′. For any face F of BX and any x∗ ∈ SX∗ , we

say that x∗ supports F if x∗(x) = 1 ∀x ∈ F. We use the notation int(F ) to denote the relative

interior of a face F endowed with the subspace topology of F. The space X is said to be strictly

convex if Ext(BX) = SX. An element x ∈ SX is said to be rotund if for some y ∈ BX, ∥x+y2 ∥ = 2

implies x = y. In a strictly convex space every element of the unit sphere is rotund. An element

x ∈ SX is said to be weakly almost locally uniformly rotund or w-ALUR point if given any

{x∗m}m∈N ⊂ BX∗ and any {xn}n∈N ⊂ BX,

lim
m→∞

lim
n→∞

x∗m

(
xn + x

2

)
= 1

implies that xn
w−→ x. The space X is said to be w-ALUR if each element of SX is w-ALUR.

An element x ∈ SX is said to be an exposed point of BX if there exists x∗ ∈ J(x) such that

x∗(y) < 1 = x∗(x), for any y ∈ SX \ {x}. Clearly, every exposed point of BX is also an extreme

point of BX. We say x ∈ SX to be a strongly exposed point of BX if there exists x∗ ∈ J(x) such

that for any sequence {xn} ⊂ BX, x
∗(xn) −→ 1 = x∗(x) implies that xn −→ x. The set of all

exposed points and strongly exposed points of BX are denoted by Exp(BX) and st-Exp(BX),

respectively.

For any element x ∈ X, and any subspace Y of X, y0 ∈ Y is said to be a best coapproximation

(see [15]) to x out of Y if ∥y0 − y∥ ≤ ∥x − y∥ for all y ∈ Y. As mentioned previously, we

require the concept of Birkhoff-James orthogonality to gain a better understanding of the best
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coapproximation problem. Given x, y ∈ X, we say that x is Birkhoff-James orthogonal [2, 20]

to y, written as x ⊥B y, if ∥x + λy∥ ≥ ∥x∥, for all λ ∈ K. It is clear that y0 ∈ Y is a best

coapproximation to x out of Y if and only if

Y ⊥B (x− y0), i.e., y ⊥B (x− y0) ∀y ∈ Y.

Given ϵ ∈ [0, 1) and x, y ∈ X, x is said to be ϵ-Birkhoff-James orthogonal [11] to y, written

as x ⊥ϵ
B y, if

∥x+ λy∥ ≥ ∥x∥ − ϵ∥λy∥ for every λ ∈ K.

The above definition, in conjunction with the previously mentioned relation between Birkhoff-

James orthogonality and the best coapproximation, naturally leads us to the following definition

of ϵ-best coapproximation, introduced in [54]:

Let ϵ ∈ [0, 1). For a subspace Y and a given x ∈ X, we say that y0 ∈ Y is an ϵ-best

coapproximation to x out of Y if

Y ⊥ϵ
B (x− y0), i.e., y ⊥ϵ

B (x− y0)∀y ∈ Y.

As noted in [54], the definitions of best coapproximation and ϵ-best coapproximation moti-

vate us to study the following two special types of subspaces of a Banach space:

Definition 6.1. (i) A subspace Y of X is said to be an anti-coproximinal subspace of X if for

any x ∈ X\Y, there does not exist a best coapproximation to x out of Y. Equivalently, a subspace

Y is anti-coproximinal in X if for any nonzero x ∈ X, Y ̸⊥B x.

(ii) A subspace Y of X is said to be a strongly anti-coproximinal subspace of X if for any given

x ∈ X \ Y and for any ϵ ∈ [0, 1), there does not exist an ϵ-best coapproximation to x out of Y.

Equivalently, a subspace Y is strongly anti-coproximinal if for any nonzero x ∈ X and for any

ϵ ∈ [0, 1), Y ̸⊥ϵ
B x.

First we study the anti-coproximinal and the strongly anti-coproximinal subspaces of a

Banach space, and obtain some useful necessary and sufficient conditions for the same. In the

last part, we consider the space of all bounded operators L(X,Y) and investigate when K(X,Y)

is strongly anti-coproximinal in L(X,Y). We use the so-called BŠ-Property of operators to

investigate anti-coproximinality of K(X,Y) in L(X,Y). We also prove that the set of norm

attaining operators satisfying the BŠ-Property is dense in L(X,Y), if X satisfies the Radon-

Nikodym Property. Finally, we provide a sufficient condition for strong anti-coproximinality of

a subspace in L(H), for any Hilbert space H.
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6.2 Anti-coproximinality in general Banach

space

We begin this section with the following lemmas, which we require for the study of anti-

coproximinal and strongly anti-coproximinal subspaces.

Lemma 6.1. [20, Th. 2.1] Let X be a Banach space and let x, y ∈ X. Then x ⊥B y if and only

if there exists x∗ ∈ J(x) such that x∗(y) = 0.

Lemma 6.2. [12, Th. 2.3] Let X be a Banach space. Suppose ϵ ∈ [0, 1) and let x, y ∈ X. Then

x ⊥ϵ
B y if and only if there exists x∗ ∈ J(x) such that |x∗(y)| ≤ ϵ∥y∥.

Lemma 6.3. [41, Th. 4.7] Let Z be a subspace of X∗. Then (⊥Z)⊥ = Zw
∗
, where ⊥Z = {x ∈

X : z∗(x) = 0 ∀z∗ ∈ Z} and (⊥Z)⊥ = {x∗ ∈ X∗ : x∗(z) = 0 ∀z ∈ ⊥Z}.

Proposition 6.1. Let Y be a closed proper subspace of a Banach space X. Then Y is anti-

coproximinal in X if span JY
w∗

= X∗.

Moreover, when Sm(X) ∩ Y is dense in Y, then Y is anti-coproximinal in X if and only if

spanJY
w∗

= X∗.

Proof. Suppose on the contrary that Y is not anti-coproximinal in X. Then there exists an

element x ∈ X \Y such that Y ⊥B x. Let x∗ ∈ X∗. Since span JY
w∗

= X∗, it follows that there

exists a net {x∗α}α∈Λ ∈ span JY such that x∗α
w∗
−→ x∗. Since Y ⊥B x, for any y ∈ Sm(X) ∩ Y,

we have y ⊥B x. Using Lemma 6.1, we obtain that for any y∗ ∈ JY, y
∗(x) = 0 and therefore,

x∗α(x) = 0, for each α ∈ Λ. So, x∗(x) = 0. As x∗ is taken arbitrarily from X∗, we obtain that

x = 0, a contradiction.

Let us now assume that Sm(X) ∩ Y is dense in Y. We only need to prove the necessary part.

Suppose on the contrary that spanJY
w∗

⫋ X∗. Clearly, ⊥spanJY = ∩y∗∈JY ker y∗. Therefore,

following Lemma 6.3, we conclude that (∩y∗∈JY ker y∗)⊥ = spanJY
w∗
. Thus,

(∩y∗∈JY ker y∗)∗ = X∗/spanJY
w∗
,

which implies that ∩y∗∈JY ker y∗ ̸= 0. Let z ∈ ∩y∗∈JY ker y∗ and let y ∈ Y be arbitrary. Since

Sm(X) ∩ Y is dense in Y, there exists a sequence {yn} ⊂ Sm(X) ∩ Y such that yn −→ y. Note

that for each n ∈ N, y∗n ∈ JY, where J(yn) = {y∗n}. As z ∈ ∩y∗∈JY ker y∗, we have yn ⊥B z, for

each n ∈ N. Since yn −→ y, it follows that y ⊥B z. This implies that Y ⊥B z, contradicting the

hypothesis that Y is anti-coproximinal in X.
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We now give an example which illustrate the applicability of Proposition 6.1.

Example 6.1. Let us consider the space ℓp, where p ∈ (1,∞) \ {2} and n ≥ 3. Let ei =

(0, 0, . . . , 0, 1
i−th position

, 0, . . .) ∀i ∈ N. Let ϕ be the canonical isometric isomorphism from (ℓp)
∗ to

ℓq. We denote e′i ∈ (ℓp)
∗ as e′i(x1, x2, . . .) = xi ∀i ∈ N. Suppose that Y = span{x̃1, x̃2, e3, e4, . . .},

x̃1 = (1, 1, 1, 0, 0, . . .), x̃2 = (1, 2, 3, 0, 0, . . .). Let J(x̃i) = {f̃i}, for i = 1, 2. It is straightforward

computation to verify that

ϕ(f̃1) =

(
1

3
1− 1

p

,
1

3
1− 1

p

,
1

3
1− 1

p

, 0, 0, . . .

)
∈ ℓq,

ϕ(f̃2) =

(
1

(1 + 2p + 3p)
1− 1

p

,
2p−1

(1 + 2p + 3p)
1− 1

p

,
3p−1

(1 + 2p + 3p)
1− 1

p

, 0, 0, . . .

)
∈ ℓq.

Consider the element x̃ = 3x̃1 − x̃2 ∈ Y and let J(x̃) = {f̃}. Again we get

ϕ(f̃) =
( 2p−1

(2p + 1)
1− 1

p

,
1

(2p + 1)
1− 1

p

, 0, 0, . . .
)
∈ ℓq.

Observe that {ϕ(f̃1), ϕ(f̃2), ϕ(f̃)} is a linearly independent set in ℓq. Since ϕ(f̃1), ϕ(f̃2), ϕ(f̃) ∈
JY, it follows that e′1, e

′
2, e

′
3 ∈ span JY. Moreover, as for any k > 3, ek ∈ Y and J(ek) = {e′k},

we have e′k ∈ JY. Therefore, for any k ∈ N, e′k ∈ span JY. This implies span {e′k : k ∈ N} ⊂
span JY. Therefore,

(ℓp)
∗ = span {e′k : k ∈ N} ⊆ span {e′k : k ∈ N}w

∗
⊆ span JY

w∗
⊆ (ℓp)

∗.

So, span JY
w∗

= (ℓp)
∗ and applying Theorem 6.1, Y is an anti-coproximinal subspace in X.

One of the main aims of this chapter is to illustrate the geometric specialty of strongly

anti-coproximinal subspaces of a Banach space. We show this by deriving a necessary condition

for a subspace to be strongly anti-coproximinal.

Theorem 6.2. Let Y be a closed proper subspace of a Banach space X. Suppose that SX \ SY
contains an w-ALUR point. Then Y is not strongly anti-coproximinal in X.

Proof. Let x ∈ SX \ SY be an w-ALUR point. Suppose on the contrary that Y is strongly

anti-coproximinal in X. Thus for any ϵ ∈ [0, 1), Y ̸⊥ϵ
B x. Let us take {ϵn}n∈N ⊂ [0, 1) such

that ϵn −→ 1. For each n ∈ N, there exists yn ∈ SY such that yn ̸⊥ϵn
B x. Let y∗n ∈ SX∗ be such

that y∗n(yn) = 1. Since BX∗ is weak*-compact, it follows that there exists a weak*-cluster point

y∗ ∈ BX∗ of the sequence {y∗n}n∈N. This implies y∗(x) is a cluster point of {y∗n(x)}. Following [22,
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Th. 8 (p. 72)], there exists a subsequence {y∗nk
(x)} of {y∗n(x)} such that y∗nk

(x) → y∗(x). Now

from Lemma 6.2, ynk
̸⊥ϵnk
B x implies that |y∗nk

(x)| ≥ ϵnk
∥x∥, for each k ∈ N. So, |y∗(x)| ≥ ∥x∥,

which in turn implies that |y∗(x)| = ∥x∥. This implies y∗ ∈ J(x) or y∗ ∈ J(−x). Suppose that

y∗ ∈ J(x). Note that

y∗nk

(
ynk

+ x

2

)
=
y∗nk

(ynk
)

2
+
y∗nk

(x)

2
=

1

2
+

1

2
y∗nk

(x),

and so lim y∗nk
(
ynk

+x

2 ) = 1. Also, x being an w-ALUR point, we get that ynk

w−→ x. As Y is a

closed subspace of X, so x ∈ Y. This contradicts the fact that x ∈ SX \ SY. If y∗ ∈ J(−x) then

proceeding similarly we get lim y∗(
ynk

−x
2 ) = 1 and consequently, −x ∈ Y, again a contradiction.

Thus Y is strongly anti-coproximinal in X.

Remark 6.3. For a strictly convex Banach space X, each x ∈ SX is a w-ALUR point. Therefore,

applying Theorem 6.2, we see that there does not exist any closed strongly anti-coproximinal

subspace in X. In particular, the above result tells that if the set of all w-ALUR points of X

is nonempty, then a closed strongly-anticoproximinal subspace Y of X contains all w-ALUR

points of X. On the other hand, if X has no w-ALUR point then it might contain strongly

anti-coproximinal subspaces. For an example consider X = ℓ3∞. Following [54, Th. 2.25], it is

strightforward to see that the subspace Y = span{(3, 0, 2), (0, 3, 2)} is strongly anti-coproximinal

in X.

The following corollary is immediate from Theorem 6.2.

Corollary 6.1. Let Y be a closed proper subspace of a Banach space X. Suppose that the set of

all w-ALUR points of BX separates X∗. Then Y is not strongly anti-coproximinal in X.

Proof. Consider x∗ ∈ X∗ such that Y ⊆ kerx∗. Suppose that the set of all w-ALUR points of

BX separates X∗. Therefore, there exists a w-ALUR point x ∈ SX such that x∗(x) ̸= 0. Since

Y ⊆ kerx∗, it follows that x /∈ Y. Thus x ∈ SX \ SY is a w-ALUR point and therefore, applying

Theorem 6.2, we get the desired result.

In the next theorem, we give another necessary condition for strongly anti-coproximinal

finite-dimensional subspaces, further illustrating its geometric specialty.

Theorem 6.4. Let Y be a strongly anti-coproximinal finite-dimensional subspace of a Banach

space X. Suppose that F is a maximal face of BX and x ∈ int(F ). Then there exists y ∈ Y such

that J(x) ∩ J(y) ̸= ∅.

Proof. As Y is strongly anti-coproximinal in X, we have Y ̸⊥ϵ
B x, for all ϵ ∈ [0, 1). Let us take

{ϵn}n∈N ⊂ [0, 1) such that ϵn −→ 1. For each n ∈ N, there exists yn ∈ SY such that yn ̸⊥ϵn
B x.
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Let y∗n ∈ SX∗ be such that y∗n(yn) = 1. Since BX∗ is weak*-compact, it follows that there exists

a weak*-cluster point y∗ ∈ BX∗ of the sequence {y∗n}n∈N. This implies y∗(x) is a cluster point

of {y∗n(x)}. Following [22, Th. 8 (p. 72)], there exists a subsequence {y∗nk
(x)} of {y∗n(x)} such

that y∗nk
(x) → y∗(x). Now from Lemma 6.2, ynk

̸⊥ϵnk
B x implies that |y∗nk

(x)| ≥ ϵnk
∥x∥, for each

k ∈ N. So, |y∗(x)| ≥ ∥x∥, which in turn implies that |y∗(x)| = ∥x∥. This implies y∗ ∈ J(x) or

y∗ ∈ J(−x). Let y∗ ∈ J(x). Since Y is finite-dimensional, it follows that SY is compact and

therefore, ynk
−→ y, for some y ∈ SY. So for each k ∈ N,

|y∗nk
(ynk

) − y∗(y)| = |y∗nk
(ynk

) − y∗nk
(y) + y∗nk

(y) − y∗(y)|

≤ ∥y∗nk
∥∥ynk

− y∥ + |y∗nk
(y) − y∗(y)|.

Taking k −→ ∞ in the above relation we get y∗nk
(ynk

) −→ y∗(y). Since for each k, y∗nk
(ynk

) = 1,

we have y∗(y) = 1. In other words, y∗ ∈ J(y). Thus we get y∗ ∈ J(x) ∩ J(y). On the other

hand, if y∗ ∈ J(−x) then −y∗ ∈ J(x). Then proceeding similarly as above, we can conclude

that J(x) ∩ J(−y) ̸= ∅. This completes the proof.

The following observation, also geometric in nature, discusses the intersection property of

finite-dimensional strongly anti-coproximinal subspaces of a Banach space.

Theorem 6.5. Let X be a Banach space and let Y be a finite-dimensional subspace of X. If Y

is strongly anti-coproximinal in X, then Y intersects every maximal face of BX.

Proof. Let F be a maximal face of BX and let x ∈ int(F ). From Theorem 6.4, we get an element

y ∈ Y such that J(x)∩J(y) ̸= ∅. Suppose that z∗ ∈ J(x)∩J(y), for some y ∈ Y. As x ∈ int(F )

and z∗(x) = 1, it is easy to check that for any v ∈ F, z∗(v) = 1. Let w ∈ co(F ∪ {y}). Then

w = (1 − t)z + ty, for some t ∈ [0, 1] and z ∈ F. The relation z∗(y) = z∗(z) = 1 yields that

z∗(w) = 1. This implies that w ∈ SX. So, co(F ∪ {y}) ⊂ SX. Therefore, there exists some face

F ′ of BX such that F ⊂ co(F ∪ {y}) ⊂ F ′. As F is a maximal face, we have F = co(F ∪ {y}),

so y ∈ F. Therefore, Y ∩ F ̸= ∅, as desired.

Remark 6.6. It is easy to verify that whenever x ∈ SX is a w-ALUR, {x} is a maximal face.

Following Theorem 6.2, for a closed proper subspace Y to be strongly anti-coproximinal in X, Y

has to intersect every maximal face of the form {x}, where x ∈ SX is w-ALUR. On the other

hand, Theorem 6.5 implies that a finite-dimensional strongly anti-coproximinal subspace of X

intersects every maximal face of BX.

Applying Theorem 6.5, we give an example of a Banach space having no strongly anti-

coproximinal subspace.
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Example 6.7. Let X be the 3-dimensional Banach space whose unit ball is a prism-pyramid with

hexagon base such that Ext(BX) = {±(1, 0, 1),±(12 ,
√
3
2 , 1),±(−1

2 ,
√
3
2 , 1),±(−1, 0, 1),±(−1

2 ,−
√
3
2 , 1),

±(12 ,−
√
3
2 , 1),±(0, 0, 2)} (see [48, Th. 2.5 (fig. 3)]). From the structure of the unit ball of X,

it can be observed that there does not exist any 2-dimensional subspace of X which intersects

all the maximal faces of BX. Therefore, applying Theorem 6.5, there exists no strongly anti-

coproximinal subspace in X. Note that X has no w-ALUR points. Therefore, we are unable to

apply Theorem 6.2 in this case. However, Theorem 6.5 ensures that there exists no strongly

anti-coproximinal subspace of X.

As a consequence of Theorem 6.5, the following corollary is immediate.

Corollary 6.2. Let Y be a finite-dimensional proper subspace of X. Suppose that the set of

all rotund points of unit ball of BX separates X∗. Then Y is not a strongly anti-coproximinal

subspace of X.

For a finite-dimensional subspace Y of X, if SX \ SY contains a rotund point then Y is not

strongly anti-coproximinal subspace in X.

Our next goal is to show that the only real Banach spaces which contain a finite-dimensional

strongly anti-coproximinal subspace must be themselves finite-dimensional polyhedral. We re-

quire the following lemma for our purpose.

Lemma 6.4. [48, Lemma 2.1] Let X be an n-dimensional polyhedral Banach space. Then

f ∈ SX∗ is an extreme point of BX∗ if and only if f is a supporting functional corresponding to

a maximal face of BX.

Theorem 6.8. Let Y be a finite-dimensional polyhedral subspace of a real Banach space X.

Suppose Y is strongly anti-coproximinal in X. Then

(i) for any two distinct maximal faces F1, F2 of BX, F1 ∩ Y ̸= F2 ∩ Y

(ii) X is a finite-dimensional polyhedral Banach space.

Proof. (i) If F is a face of BX, then it clear that F ∩ BY is also a face. Suppose on the

contrary that F1, F2 are two distinct maximal faces of BX such that F1 ∩ Y = F2 ∩ Y. Let

±Q1,±Q2, . . . ,±Qr be the distinct maximal faces of BY. Suppose that for each 1 ≤ i ≤ r,

y∗i ∈ SY∗ supports the face Qi. Observe that this correspondence between y∗i and Qi is one-one

(see Lemma 6.4). For each 1 ≤ i ≤ r, suppose that x∗i ∈ SX∗ is a Hahn-Banach extension of y∗i .

Take x ∈ int(F1). We claim that x∗k supports the face F1, for some k, 1 ≤ k ≤ r. Otherwise, let us

assume that x∗i do not support the face F1, for any 1 ≤ i ≤ r. Let max{|x∗i (x)| : 1 ≤ i ≤ r} = ϵ0.

Clearly ϵ0 < 1. Let y ∈ SY. Then y ∈ Qk, for some 1 ≤ k ≤ r. So, x∗k ∈ J(y) and |x∗k(x)| ≤ ϵ0.
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Thus from Lemma 6.2, we get y ⊥ϵ0
B x. Therefore, Y ⊥ϵ0

B x, a contradiction to the fact that Y is

strongly anti-coproximinal in X.This establishes our claim and so x∗k supports the face F1, for

some k, 1 ≤ k ≤ r. As F1 is a maximal face, observe that Qk ⊂ F1. Let z∗ ∈ SX∗ support the

face F2. Clearly, z∗ ̸= ±x∗k. Let

ϵ = max{|z∗(x)|, |x∗i (x)| : i ∈ {1, 2, . . . , r} \ {k}}.

We claim that ϵ < 1. First we note that |z∗(x)| < 1, as otherwise, F1 = F2. If possible, let

j ∈ {1, 2, . . . , r} \ {k} be such that x∗j (x) = 1. Then x∗j supports F1. It is clear that x∗j and

x∗k support Qj and Qk, respectively. Since x∗j , x
∗
k support the maximal face F1, it is easy to

observe that Qj , Qk ⊂ F1 ∩ BY. This contradicts Qj , Qk are two distinct maximal faces of BY.

Therefore, ϵ < 1. Now take y ∈ SY. If y ∈ Qj , for some j ∈ {1, 2, . . . , r} \ {k} then x∗j ∈ J(y)

and |x∗j (x)| ≤ ϵ. Suppose that y ∈ Qk. Since Qk ⊂ F1 ∩ Y = F2 ∩ Y, it follows that z∗ ∈ J(y),

and so, we again obtain that |z∗(x)| ≤ ϵ. This proves that y ⊥ϵ
B x. Since y ∈ SY is arbitrary,

Y ⊥ϵ
B x, contradicting the fact that Y is strongly anti-coproximinal in X.

(ii) Suppose that ±Q1,±Q2, . . . ,±Qr are the maximal faces of BY. Clearly Qi = Fi ∩ BY,

for some maximal face Fi of BX. We claim that ±F1,±F2, . . . ,±Fr are the only maximal faces

of BX. If possible, let F be a maximal face of BX such that F ̸= ±Fi, for all i = 1, 2, . . . , r. From

Theorem 6.5, we note that F ∩ BY ̸= ∅. Clearly, F ∩ BY is a maximal face of BY. Therefore,

F ∩ BY = Qj = Fj ∩ BY, for some j ∈ {1, 2, . . . , r}. Since F ̸= ±Fj , following (i) we arrive at

a contradiction. This proves our claim and consequently, X is a finite-dimensional polyhedral

Banach space.

Remark 6.9. We observe that the condition given in Theorem 6.5 is necessary but not suffi-

cient. Consider the space X = ℓ31(R) and the subspace Y = span{(1, 0, 0), (0, 1, 0)}. Then it is

easy to see that the subspace Y intersects all the maximal faces of BX, whereas Y is a coprox-

iminal subspace. Indeed, given any (x, y, z) ∈ X \ Y, (x, y, 0) ∈ Y is a best coapproximation to

(x, y, z) out of Y. This shows that the subspace Y may intersect every maximal face of BX but is

not strongly anti-coproximinal in X. However, as we observe in the next result, if Y intersects

the relative interior of every maximal face of BX, then Y is indeed strongly anti-coproximinal

in X.

Theorem 6.10. Let X be a Banach space and let Y be a proper subspace of X. If Y intersects

the relative interior of every facet of BX then Y is strongly anti-coproximinal in X.

Proof. Suppose on the contrary that Y is not strongly anti-coproximinal in X. Then there exists

92



Chapter 6. Anti-coproximinality in the space of all bounded linear operators

x ∈ SX \ SY and ϵ ∈ [0, 1) such that Y ⊥ϵ
B x. Let us consider a maximal face F ⊂ SX such that

x ∈ F. Since Y ∩ int(F ) ̸= ∅, let us take y ∈ SY ∩ int(F ). Then there exists z ∈ F such that

y = (1 − t)x+ tz, for some t ∈ (0, 1). It is immediate that for any y∗ ∈ J(y), we get y∗(x) = 1.

This implies y ̸⊥ϵ
B x, a contradiction. This establishes the theorem.

We end this section with the following remark.

Remark 6.11. We would like to mention that we could not establish whether the above-

mentioned sufficient condition for strongly anti-coproximinal subspaces is also necessary. How-

ever, in case of a finite-dimensional polyhedral Banach space X, it is known that a subspace Y

of X is strongly anti-coproximinal if and only if Y intersects the relative interior of every facet

of BX (see [54, Th. 2.20]).

6.3 Anti-coproximinality in the space of bounded

linear operators

In this section, we study the anti-coproximinality (strongly anti-coproximinality) in the space

of all bounded linear operators defined on Banach spaces using the well known Bhatia-Šemrl

property. Before proceeding further first let us recall the characterization of Birkhoff-James

orthogonality in L(X,Y). As L(X,Y) can be embedded into ℓ∞(SX,Y), using Theorem 5.5 we

obtain the following characterization.

Theorem 6.12. Let X,Y be two Banach spaces and let T,A ∈ SL(X,Y). Suppose that ϵ ∈ [0, 1).

Then T ⊥ϵ
B A if and only if

co

({
lim y∗n(Axn) : (xn, y

∗
n) ∈ SX × SY∗ , lim y∗n(Txn) = 1

})
∩ D(ϵ) ̸= ∅.

6.3.1 Bhatia-Šemrl (BŠ) Property

Recall that an operator T ∈ L(X,Y) satisfies Bhatia-Šemrl (BŠ) Property [49] if for any A ∈
L(X,Y), T ⊥B A if and only if Tx ⊥B Ax, for some x ∈ MT . Observe that, in general,

Bhatia-Šemrl property does not hold for an arbitrary bounded linear operator defined on a

Banach space. However the same holds under additional restrictions on the space as well as the

operator. For more information on BŠ property, readers may go through [23, 49, 51] and the

references therein. We show that if T ∈ L(X,Y) is an absolutely strongly exposing operator

then T satisfies BŠ property. Note that an operator T ∈ L(X,Y) is said to be an absolutely
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strongly exposing operator (see [21]) if there exists x0 ∈ BX such that whenever a sequence

{xn} in BX satisfies ∥Txn∥ → ∥T∥, then there exists a sequence {θn} of elements of T such that

θnxn → x0. It is easy to observe that for such an operator T, MT = {µx0 : |µ| = 1}, for some

x0 ∈ SX. The set of absolutely strongly exposing operators of L(X,Y) is denoted by ASE(X,Y).

Theorem 6.13. Let X and Y be two Banach spaces and let ϵ ∈ [0, 1). Suppose that T ∈
ASE(X,Y) with MT = {µx0 : |µ| = 1}. Then for any A ∈ SL(X,Y) the following are equivalent:

(i) T ⊥ϵ
B A

(ii) Ω ∩ D(ϵ) ̸= ∅, where Ω = {y∗(Ax0) : y∗ ∈ J(Tx0)}

Moreover, if MT ⊆MA, then T ⊥ϵ
B A if and only if Tx0 ⊥ϵ

B Ax0.

Proof. Following Theorem 6.12, T ⊥ϵ
B A if and only if co(Ω′) ∩ D(ϵ) ̸= ∅, where

Ω′ =

{
lim y∗n(Axn) : (xn, y

∗
n) ∈ SX × SY∗ , lim y∗n(Txn) = ∥T∥

}
.

Clearly, Ω ⊆ Ω′. Since J(Tx0) is convex, it is easy to see that Ω is convex. Therefore, to

complete the theorem, we only need to show Ω′ ⊆ Ω. Suppose that λ ∈ Ω′. Then there exists

(xn, y
∗
n) ∈ SX × SY∗ such that y∗n(Txn) → ∥T∥ and y∗n(Axn) → λ. Without loss of generality we

may assume that ∥Txn∥ → c, a real number. As

∥T∥ = lim y∗n(Txn) ≤ lim ∥Txn∥ = c ≤ ∥T∥,

it is clear that ∥Txn∥ → ∥T∥. Now, since T ∈ ASE(X,Y), there exists x ∈ BX and {θn} ⊂ T

such that θnxn → x. Clearly, x = µx0, for some µ ∈ T. Again, passing onto a subsequence,

if necessary, we may assume that θn → θ ∈ T. Then xn → µθ̄x0 and so Txn → µθ̄Tx0.

Since BY∗ is weak*-compact, it follows that there exists y∗ ∈ BY∗ such that y∗n
w∗
→ y∗. Thus

y∗n(Txn) → y∗(µθ̄Tx0). Then µθ̄y∗(Tx0) = lim y∗n(Txn) = ∥T∥ and so µθ̄y∗ ∈ J(Tx0). Also,

y∗n(Axn) → µθ̄y∗(Ax0). This implies µθ̄y∗(Ax0) = lim y∗n(Axn) = λ. Therefore, λ ∈ Ω.

Let MT ⊆ MA. So, ∥Ax0∥ = ∥Tx0∥ = 1. Since T ⊥ϵ
B A, it follows that (ii) holds. Let

ρ ∈ Ω ∩ D(ϵ). Suppose that ρ = y∗(Ax0), for some y∗ ∈ J(Tx0). As |ρ| ≤ ϵ = ϵ∥Ax0∥, applying

Lemma 2.2 we obtain that Tx0 ⊥ϵ
B Ax0.

In this context, we note that in [34, Th. 3.2], considering X as reflexive and T,A ∈ K(X,Y),

it was shown that whenever MT ⊆ MA, T ⊥ϵ
B A if and only if there exists x ∈ MT such that

Tx ⊥ϵ
B Ax.

Theorem 6.14. Let X and Y be two Banach spaces. Suppose that T ∈ ASE(X,Y) with MT =

{µx0 : |µ| = 1}. Then for any A ∈ SL(X,Y), T ⊥B A if and only if Tx0 ⊥B Ax0.
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Proof. We only prove the necessary part as the sufficient part follows easily. Following Theorem

6.13, T ⊥B A if and only if 0 ∈ Ω, where Ω = {y∗(Ax0) : y∗ ∈ J(Tx0)}. Applying Lemma 6.1,

we get Tx0 ⊥B Ax0, as desired.

In [23, Th. 2.4], it was proved that “For a real Banach space X, if the closed unit ball BX

is an RNP set, then the set of norm attaining operators satisfying the BŠ Property is dense in

L(X,Y), for every Banach space Y”. In the following result, we prove this result for both real

and complex Banach spaces.

Corollary 6.3. Let X be a Banach space with Radon-Nikodym Property and let Y be any Banach

space. The set of norm attaining operators satisfying BŠ-Property is dense in L(X,Y).

Proof. Since X satisfies Radon-Nikodym Property, it follows from [3, Th. 5] that for any given

Banach space Y, ASE(X,Y) is dense in L(X,Y). Following Theorem 6.14, when T ∈ ASE(X,Y),

we have that T satisfies BŠ property, thus completing the proof.

6.3.2 Anti-coproximinal subspaces in L(X,Y)

We next study the subspace K(X,Y) of L(X,Y), from the perspective of best coapproximation.

Theorem 6.15. Let X be a Banach space such that the set of all strongly exposed points of BX

separates X∗. Let Y be any Banach space. Then exactly one of the following holds true:

(i) K(X,Y) = L(X,Y).

(ii) K(X,Y) is anti-coproximinal in L(X,Y).

Proof. Let us assume that K(X,Y) ⫋ L(X,Y). Suppose on the contrary that K(X,Y) is not

anti-coproximinal in L(X,Y). Then there exists S ∈ L(X,Y) \K(X,Y) such that

K(X,Y) ⊥B S.

Without loss of generality, assume that ∥S∥ = 1. Since st-Exp(BX) separates X∗ it is straight-

forward to see that there exists z ∈ st-Exp(BX) such that Sz ̸= 0. Suppose that Sz = w and

z∗ ∈ J(z) such that Mz∗ = {µz : |µ| = 1}. Define T : X −→ Y by

Tx = z∗(x)w, for any x ∈ X.

Note that for any x ∈ SX, ∥Tx∥ = |z∗(x)|∥w∥ ≤ ∥w∥. As ∥Tz∥ = |z∗(z)|∥w∥ = ∥w∥ >

|z∗(x)|∥w∥ = ∥Tx∥, for all x ∈ SX \ {µz : |µ| = 1}, so ∥T∥ = ∥w∥ and MT = {µz : |µ| = 1}.
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Clearly, T ∈ K(X,Y). On the other hand, let {xn} ⊂ SX be such that ∥Txn∥ −→ ∥T∥ = ∥w∥.
Therefore, lim ∥z∗(xn)w∥ = ∥T∥ = ∥w∥. This implies lim |z∗(xn)| = 1. Therefore, there exists

a sequence {θn} ⊂ T such that θnz
∗(xn) −→ 1, which implies that z∗(θnxn) −→ 1 = z∗(z).

Since z is strongly exposed point of BX, we have θnxn −→ z. Therefore T ∈ ASE(X,Y). Since

K(X,Y) ⊥B S we have T ⊥B S. As MT = {µz : |µ| = 1}, applying Theorem 6.14, we obtain

that Tz ⊥B Sz, a contradiction. This completes the proof of the theorem.

Remark 6.16. It is worth mentioning here that there does not exist any best coapproximation to

the identity operator I out of the subspace K(X), whenever X is an infinite-dimensional Banach

space and K(X) is semi-M-ideal in span{I,K(X)}, (see [39, Th. 14]).

Theorem 6.17. Let X be a Banach space such that st-Exp(BX) separates X∗ and Y be any

Banach space. If Z is anti-coproximinal in Y then any subspace W of L(X,Y) containing

F(X,Z) is anti-coproximinal in L(X,Y).

Proof. Let W ⊥B A. Take x̃ ∈ st-Exp(BX) and let fx̃ ∈ BX∗ strongly exposes the point x̃. Let

z ∈ SZ. Define Tz : X → Y be such that Tz(x) = fx̃(x)z ∀x ∈ X. Clearly, Tz ∈ F(X,Y) ⊂ W
and ∥Tz∥ = 1. Observe that MTz = {µx̃ : |µ| = 1}. Let {xn} ⊂ SX be such that ∥Tz(xn)∥ −→
∥Tz∥. Therefore, lim ∥fx̃(xn)z∥ = ∥Tz∥. This implies lim |fx̃(xn)| = 1. Therefore, there exists a

sequence {θn} ⊂ T such that θnfx̃(xn) −→ 1, which implies that fx̃(θnxn) −→ 1 = fx̃(z). Since

x̃ is a strongly exposed point of BX, we have θnxn −→ x̃. Therefore T ∈ ASE(X,Z). Hence for

any z ∈ SZ, Tz ⊥B A, following Theorem 6.13, we get

Tz(x̃) ⊥B A(x̃) =⇒ z ⊥B A(x̃) =⇒ Z ⊥B A(x̃).

As Z is anti-coproximinal in X, we get A(x̃) = 0. As st-Exp(BX) separates X∗ and for any

x ∈ st-Exp(BX), A(x) = 0, we get A = 0. Therefore, W is anti-coproximinal in L(X,Y).

In the above theorem if we consider an additional assumption on the subspace of L(X,Y)

then we obtain a characterization of anti-coproximinality of those subspaces.

Theorem 6.18. Let X,Y be a Banach space such that st-Exp(BX) separates X∗. Suppose that

W ⊂ L(X,Y) is a subspace containing F(X,Z) such that ASE(X,Z) ∩W is dense in W. Then

W is anti-coproximinal in L(X,Y) if and only if Z is anti-coproximinal in Y.

Proof. Since the sufficient part follows from Theorem 6.17, we only need to prove the necessary

part. Suppose on the contrary that Z is not anti-coproximinal in Y. This implies there exists

y0 ∈ Y such that Z ⊥B y0. Let f ∈ SX∗ . Define A : X → Y such that A(x) = f(x)y0. Let

T ∈ ASE(X,Z) ∩ SW and let MT = {µx0 : µ ∈ T}, for some x0 ∈ SX. As Z ⊥B y0, we
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get Tx0 ⊥B y0 =⇒ Tx0 ⊥B Ax0. Following Theorem 6.13, we get T ⊥B A. This implies

ASE(X,Z)∩SW ⊥B A. Since ASE(X,Z)∩W is dense in W, we get W ⊥B A. This contradicts

W is anti-coproximinal in L(X,Y).

6.3.3 Strongly anti-coproximinal subspaces in L(X,Y)

Theorem 6.19. Let X,Y be Banach spaces. Suppose that BX is the closed convex hull of its

strongly exposed points. Then exactly one of the following holds true:

(i) K(X,Y) = L(X,Y).

(ii) K(X,Y) is strongly anti-coproximinal in L(X,Y).

Proof. Let us assume that K(X,Y) ⫋ L(X,Y). Suppose on the contrary that K(X,Y) is not

strongly anti-coproximinal in L(X,Y). Then there exists S ∈ L(X,Y) \ K(X,Y) and ϵ ∈ [0, 1)

such that

K(X,Y) ⊥ϵ
B S.

Without loss of generality we assume ∥S∥ = 1. Since BX is the closed convex hull of its strongly

exposed points, it follows that there exists z ∈ SX such that ∥Sz∥ > ϵ, where z is a strongly

exposed point of BX. Otherwise, from convexity of norm we can write

∥S∥ = sup{∥Sx∥ : x ∈ BX} = sup{∥Sx∥ : x ∈ co(st-Exp(BX))}

= sup{∥Sx∥ : x ∈ co(st-Exp(BX))}

= sup{∥Sx∥ : x ∈ st-Exp(BX)} ≤ ϵ < 1.

Suppose that Sz = w and z∗ ∈ J(z) such that Mz∗ = {µz : |µ| = 1}. Now we define T ∈ L(X,Y)

such that Tx = z∗(x)w for all x ∈ X. Now proceeding similarly as in the proof of Theorem 6.15,

we obtain that T ∈ ASE(X,Y). Clearly, MT = {µz : |µ| = 1}. Since K(X,Y) ⊥ϵ
B S we have

T ⊥ϵ
B S. Following Theorem 6.13, Ω ∩ D(ϵ) ̸= ∅, where Ω = {y∗(Sz) : y∗ ∈ J(Tz)}. Since

Tz = Sz = w, it follows that Ω = {∥w∥}. However, ∥w∥ = ∥Sz∥ > ϵ, a contradiction. This

establishes the theorem.

From [14, p. 121], we note that a Banach space X satisfies the Radon-Nikodym Property

if and only if every bounded subset of X is dentable. Also, in [35, Th. 9] Phelps proved that

every bounded subset of X is dentable if and only if every bounded closed convex subset of X

is the closed convex hull of its strongly exposed points. Combining these results with Theorem

6.19, we obtain the following results.
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Corollary 6.4. Suppose that X is a Banach space with the Radon-Nikodym Property. Then

either of the following holds true:

(i) K(X,Y) = L(X,Y).

(ii) K(X,Y) is strongly anti-coproximinal in L(X,Y).

Corollary 6.5. Let X be a Banach space and let Y be a reflexive Banach space. Then either

of the following holds true:

(i) K(X,Y) = L(X,Y).

(ii) K(X,Y) is strongly anti-coproximinal in L(X,Y).

Proof. Let us assume that K(X,Y) ⫋ L(X,Y). Suppose on the contrary that K(X,Y) is not

strongly anti-coproximinal in L(X,Y). Then there exists S ∈ L(X,Y) \ K(X,Y) and ϵ ∈ [0, 1)

such that K(X,Y) ⊥ϵ
B S. So, for any T ∈ K(X,Y), T ⊥ϵ

B S. It is straightforward to see that

T ∗ ⊥ϵ
B S∗. Since Y is reflexive, for any A ∈ K(Y∗,X∗) there exists T ∈ K(X,Y) such that

T ∗ = A. So, for any A ∈ K(Y∗,X∗), A ⊥ϵ
B S∗. This implies K(Y∗,X∗) ⊥ϵ

B S∗. As Y is reflexive,

applying Theorem 6.19, either K(Y∗,X∗) = L(Y∗,X∗) or K(Y∗,X∗) is strongly anti-coproximinal

in L(Y∗,X∗), both of which lead to a contradiction, this completes the proof.

Proposition 6.2. Let H be a Hilbert space and let Y be a proper subspace of L(H). Suppose

that for any x, y ∈ SH, there exists an A ∈ Y such that Ax = y and MA = {±x}. Then Y is

strongly anti-coproximinal.

Proof. Suppose on the contrary that Y is not strongly anti-coproximinal. Then there exists

ϵ ∈ [0, 1), S ∈ L(H) \ Y such that Y ⊥ϵ
B S. Let x ∈ SH. If Sx ̸= 0, let y = Sx

∥Sx∥ . Take A ∈ Y

such that Ax = y and MA = {x}. Clearly, ∥A∥ = 1. Since A ⊥ϵ
B S, applying [34, Th. 3.1],

|⟨Ax, Sx⟩| ≤ ϵ∥S∥∥A∥ =⇒ ∥Sx∥ ≤ ϵ∥S∥.

This is true for every x ∈ SH such that Sx ̸= 0. Observe that

∥S∥ = sup{∥Sx∥ : x ∈ SH} ≤ ϵ∥S∥ < ∥S∥,

a contradiction.

Remark 6.20. Let us consider the proper subspace Y of L(H), consisting of the finite-rank

operators. For any x, y ∈ SH, consider an operator A ∈ L(H) such that Ax = y and Az = 0, for

all z ∈ x⊥, where x⊥ = {z ∈ H : x ⊥B z}. It is trivial to see that A ∈ Y. Thus, from Proposition

6.2, we conclude that Y is a strongly anti-coproximinal subspace of L(H).
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We next provide a characterization of strongly anti-coproximinal subspaces in L(X,Y), when-

ever X,Y are finite-dimensional real polyhedral Banach spaces.

Proposition 6.3. Let X,Y be two finite-dimensional real polyhedral Banach spaces. Then the

following are equivalent:

(i) Z is strongly anti-coproximinal in L(X,Y)

(ii) For any x ∈ Ext(BX) and y∗ ∈ Ext(BY∗), there exists A ∈ Z such that MA = {±x} and

J(Ax) = {y∗}.

Proof. As X,Y are finite-dimensional real polyhedral Banach spaces, L(X,Y) is also polyhedral.

Moreover, from [42, Th. 1.3]

Ext(BL(X,Y)∗) = {y∗ ⊗ x : x ∈ Ext(BX), y∗ ∈ Ext(BY∗)}.

Using [54, Th. 2.20], Z is strongly anti-coproximinal in L(X,Y) if and only if JZ = Ext(BL(X,Y)∗).

It is now straightforward to check that y∗ ⊗ x ∈ JZ if and only if there exists A ∈ Z such that

MA = {±x} and J(Ax) = {y∗}. Hence we obtain the desired result.

Next we deal with the comparative study on strong anti-coproximinality between the sub-

spaces of the operator space and subspaces of the target space. Then similarly as Theorem 6.18

we obtain results for strongly anti-coproximinal subspace of L(X,Y).

Theorem 6.21. Let X be a Banach space such that BX is the closed convex hull of its strongly

exposed points and Y be any Banach space. If Z be strongly anti-coproximinal in Y then any

subspace W of L(X,Y) containing F(X,Z) is strongly anti-coproximinal in L(X,Y).

Proof. Let W ⊥ϵ
B A, for some ϵ ∈ [0, 1). Take x̃ ∈ st-Exp(BX) and suppose fx̃ ∈ BX∗ strongly

exposes the point x̃. Let z ∈ SZ. Define Tz : X → Y be such that Tz(x) = fx̃(x)z ∀x ∈ X.

Clearly, Tz ∈ F(X,Y) ⊂ W and ∥Tz∥ = 1. Following similar argument as in Theorem 6.17,

T ∈ ASE(X,Z) and MTz = {µx̃ : |µ| = 1}. As for any z ∈ SZ, Tz ⊥ϵ
B A, so following Theorem

6.13, we get

Tz(x̃) ⊥ϵ
B A(x̃) =⇒ z ⊥ϵ

B A(x̃) =⇒ Z ⊥ϵ
B A(x̃).

As Z is strongly anti-coproximinal in X, we get A(x̃) = 0. So, for any x̃ ∈ co(st-Exp(BX))

we get A(x̃) = 0. Let x ∈ BX, then there exists {xn} ⊂ co(st-Exp(BX)) such that xn → x.

As A(xn) = 0 ∀n ∈ N, we get A(x) = 0. This implies A = 0. Therefore, W is strongly anti-

coproximinal in L(X,Y).
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Theorem 6.22. Let X,Y be a Banach spaces such that BX is the closed convex hull of its

strongly exposed points. Suppose that W ⊂ L(X,Y) is a closed subspace containing F(X,Z)

such that ASE(X,Z) ∩ W is dense in W. Then W is strongly anti-coproximinal in L(X,Y) if

and only if Z is strongly anti-coproximinal in Y.

Proof. We only need to prove the necessary part. Suppose on the contrary that Z is not strongly

anti-coproximinal in Y. This implies there exists y0 ∈ Y and ϵ ∈ [0, 1) such that Z ⊥ϵ
B y0. Let

f ∈ SX∗ . Define A : X → Y such that A(x) = f(x)y0. Let T ∈ ASE(X,Z) ∩ SW and let MT =

{µx0 : µ ∈ T}, for some x0 ∈ SX. As Z ⊥ϵ
B y0, we get Tx0 ⊥ϵ

B y0 =⇒ Tx0 ⊥ϵ
B Ax0. Following

Theorem 6.13, we get T ⊥ϵ
B A. This implies ASE(X,Z) ∩ SW ⊥ϵ

B A. Since ASE(X,Z) ∩W is

dense in W, we get W ⊥ϵ
B A. This contradicts W is strongly anti-coproximinal in L(X,Y).

In [21], several conditions are provided under which the set ASE(X,Y) is dense in a closed

subspace of L(X,Y). One important condition is that SE(BX) is dense in SX∗ and Y has quasi-β

property. The authors are referred to [1, 21] for the definition and detailed study about quasi-β

property.

Lemma 6.5. [21, Th. 3.1] Let X,Y be Banach spaces. Suppose that SE(BX) is dense in SX∗

and that Y has quasi-β property. Then, for every closed subspace W of L(X,Y) containing all

rank one operators, ASE(X,Y) ∩W is dense in W.

Applying Theorem 6.22 along with Lemma 6.5, the following result is immediate.

Corollary 6.6. Let X,Y be Banach spaces such that SE(BX) is dense in SX∗ and BX is the

closed convex hull of its strongly exposed points. Suppose that Z is a subspace of Y such that

Z has quasi-β property. Then any closed subspace W ⊂ L(X,Z) containing F(X,Z) is strongly

anti-coproximinal in L(X,Y) if and only if Z is strongly anti-coproximinal in Y.

As c0 is strongly anti-coproximinal in ℓ∞ [55, Cor. 3.18], applying Theorem 6.22 we obtain

the following result.

Corollary 6.7. Let X be a Banach space such that ASE(X, c0) is dense in L(X, c0) and BX is

the closed convex hull of its strongly exposed points. Then L(X, c0) is strongly anti-coproximinal

in L(X, ℓ∞). In particular, L(ℓp, c0) is strongly anti-coproximinal in L(ℓp, ℓ∞), where 1 < p <∞.

Whenever X satisfies Radon-Nikodým Property, it follows from [3, Th. 5] that for any given

Banach space Y, ASE(X,Y) is dense in L(X,Y) and hence we obtain the following corollary of

Theorem 6.22.

Corollary 6.8. Let X has Radon-Nikodým Property and Y be any Banach space. Then L(X,Z)

is (strongly) anti-coproximinal in L(X,Y) if and only if Z is (strongly) anti-coproximinal in Y.
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Birkhäuser, Cham.

101



References
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