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ABSTRACT

The thesis consists of seven chapters. First chapter contains the intro-
duction about dynamical system analysis while in next five chapters, my
research works have been described. Recent observations suggest that the
Universe is passing through a late stage accelerated expansion phase which
standard cosmology fails to explain. Contemporary physicists seek to find
an answer by fostering ingenious schemes. Their speculation ranges from
the assumed existence of the ‘dark energy’ to the modification of the stan-
dard geometry of the spacetime.

This thesis considers both kind of approaches and investigates them in
the light of dynamical systems theory. Precisely, the following attempts
have been undertaken.

• In second chapter, self-interacting three-form field cosmological model
has been studied using dynamical system approach. Possible bifur-
cation scenarios have been examined using Poincaré index theory to
recognize possible cosmological phase transition.

• Third chapter contains three-form field dark energy model with bary-
onic matter which has been studied using dynamical system approach.
Also global behavior and bifurcation analysis for this model has been
studied.

• In the fourth chapter, we have studied a dynamical system analysis of
cosmic evolution with coupled phantom dark energy with dark mat-
ter. In this chapter, cosmological phase transitions have been detected
through bifurcation analysis which has been done by Poincaré index
theory.

• In the fifth chapter, we have studied dynamical system analysis of the
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universe with spatial curvature. Bouncing cosmological scenarios has
been shown in this chapter also.

• In the sixth chapter, we have done discrete dynamical system analysis
of quintessence dark energy scalar field model with exponential poten-
tial. The critical points are analyzed with center manifold theory and
stability has been discussed using Schwarzian derivative.

Finally, the last chapter contains the brief discussion and future prospects
of my work.
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on the α− λ plane corresponding to each critical points. . . . . . . . . . . . . 80

3.1 Table shows the set of critical points, existence of critical points and the value
of cosmological parameters corresponding to the autonomous system (3.22−3.25). 87

3.2 Table shows the eigenvalues (λ1, λ2, λ3, λ4) of the Jacobian matrix corre-
sponding to the critical points and the nature of all critical points for this
non-interacting model: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.3 Stability of the vector field on each coordinate plane for the critical point C4: 92

3.4 Table shows the set of critical points, existence of critical points and the value
of cosmological parameters corresponding to the autonomous system (3.68 -
3.71). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

3.5 Table shows the eigenvalues (λ1, λ2, λ3, λ4) of the Jacobian matrix for the
autonomous system (3.68−3.71) corresponding to the critical points (P0−P4)
and the nature of the critical points (P0 − P4): . . . . . . . . . . . . . . . . . 97

3.6 Stability of the vector field on every coordinate plane for the critical point P3. 107

xvii



3.7 The set of critical points, existence of critical points and the value of cosmolog-
ical parameters corresponding to the critical points for the autonomous system
(3.90 - 3.93). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

3.8 Table shows the eigenvalues (λ1, λ2, λ3, λ4) of the Jacobian matrix for the
autonomous system (3.90 - 3.93) corresponding to the above critical points
and the nature of the critical points: . . . . . . . . . . . . . . . . . . . . . . . 108

3.9 Center manifold, flow on the CM and the stability near the origin correspond-
ing to the critical point B2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

3.10 Stability of the vector field on every coordinate plane for the critical point B3. 110

4.1 The set of critical points corresponding to the autonomous system (4.22−4.24)
with the values of cosmological parameters. . . . . . . . . . . . . . . . . . . . 115

4.2 The set of eigenvalues of the Jacobian matrix corresponding to each critical
points with their natures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.3 Table shows the set of critical points, existence of critical points and the value of
cosmological parameters corresponding to the autonomous system (4.53−4.54). 123

4.4 Table shows the eigenvalues (λ1,λ2) of the Jacobian matrix corresponding to
the critical points and the nature of all critical points (E1 − E5). . . . . . . . 124

4.5 Table shows the stability and the reason behind the stability of the critical
points (E1 − E5). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

4.6 Table shows the eigenvalues (λ1,λ2) of the Jacobian matrix, stability and value
of cosmological parameters corresponding to every critical points (B1 −B3). . 128

4.7 Table shows the set of critical points corresponding to the autonomous system
(4.62 − 4.64) their existence and value of cosmological parameters. . . . . . . 131

4.8 The eigenvalues (λ1,λ2,λ3) of the Jacobian matrix corresponding to the au-
tonomous system (4.62− 4.64) at each of the critical points (L1 −L5) and the
nature of the critical points. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

4.9 Table shows the set of critical points corresponding to the autonomous system
(4.86 − 4.88) their existence and value of cosmological parameters. . . . . . . 140

4.10 The eigenvalues (λ1,λ2,λ3) of the Jacobian matrix corresponding to the au-
tonomous system (4.86−4.88) at those critical points (R1−R3) and the nature
of the critical points. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

4.11 Table shows the stability and the reason behind the stability of the critical
points (R1 −R3). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

4.12 Table shows the set of all critical points corresponding to the autonomous
system (4.89 − 4.90), their existence and value of cosmological parameters. . . 143

4.13 The eigenvalues (λ1,λ2) of the Jacobian matrix corresponding to the au-
tonomous system (4.89 − 4.90) at the critical points (M1 − M4) and their
nature. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

4.14 Table shows the stability and the reason behind the stability of the critical
points (M1 −M4). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

5.1 Table shows the set of critical points, the existence of critical points, and
the value of cosmological parameters corresponding to the autonomous system
(5.28 − 5.30): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

5.2 Table shows the eigenvalues (λ1, λ2, λ3) of the Jacobian matrix corresponding
to the autonomous system (5.28 − 5.30) at each critical points and the nature
of all critical points : . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163



5.3 Table shows the set of critical points, the existence of critical points, and
the value of cosmological parameters corresponding to the autonomous system
(5.31 − 5.32) : . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

5.4 Table shows the eigenvalues (λ1, λ2) of the Jacobian matrix corresponding to
the autonomous system (5.31 − 5.32) at each critical points and the nature of
all critical points : . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
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1.7.2 Poincaré method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

xxi



1.8 Bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

1.8.1 Local theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

1.8.2 Global theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

1.9 Criteria for stability corresponding to discrete dynamical system . . . . . . . 48

1.9.1 Hyperbolic Fixed Points . . . . . . . . . . . . . . . . . . . . . . . . . . 48

1.9.2 Nonhyperbolic Fixed Points . . . . . . . . . . . . . . . . . . . . . . . . 48

1.9.3 Center Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

1.10 Cosmology from the DSA perspective . . . . . . . . . . . . . . . . . . . . . . 51

2 Dynamical System analysis of Self-interacting Three-form field Cosmolog-
ical model: Stability and Bifurcation 53

2.1 Prelude . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

2.2 Basic equations for Three-form field Cosmological model . . . . . . . . . . . . 55

2.3 Autonomous system, Critical points and stability analysis . . . . . . . . . . . 56

2.3.1 Non Interacting Model : α = 0 . . . . . . . . . . . . . . . . . . . . . . 57

2.3.1.1 Critical Point P1 . . . . . . . . . . . . . . . . . . . . . . . . 58

2.3.1.2 Critical Point P2 . . . . . . . . . . . . . . . . . . . . . . . . 60

2.3.1.3 Critical Point P3 . . . . . . . . . . . . . . . . . . . . . . . . 61

2.3.2 Interaction Model : α ̸= 0 . . . . . . . . . . . . . . . . . . . . . . . . . 62

2.3.2.1 Critical Point P4 . . . . . . . . . . . . . . . . . . . . . . . . 63

2.3.2.2 Critical Point P5 . . . . . . . . . . . . . . . . . . . . . . . . 68

2.3.2.3 Critical Point P6 . . . . . . . . . . . . . . . . . . . . . . . . 73

2.3.2.4 Critical Point P7 . . . . . . . . . . . . . . . . . . . . . . . . 73

2.3.3 Interaction Model : Q = 2uρDMH . . . . . . . . . . . . . . . . . . . . 74

2.3.3.1 Critical Point P8 . . . . . . . . . . . . . . . . . . . . . . . . 75

2.3.3.2 Critical Point P9 . . . . . . . . . . . . . . . . . . . . . . . . 76

2.3.3.3 Critical Point P10 . . . . . . . . . . . . . . . . . . . . . . . 76

2.4 Cosmological Implications and Conclusions . . . . . . . . . . . . . . . . . . . 77

3 Dynamical system analysis of Three-form field dark energy model with
baryonic matter 81

3.1 Prelude . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.2 Basic Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

3.3 Formation of Autonomous System: Critical point and stability analysis . . . 84

3.3.1 NON-INTERACTING THREE-FORM FIELD . . . . . . . . . . . . . 86

3.3.2 Coupling Three-form field with dark matter . . . . . . . . . . . . . . . 91

3.4 SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4 A Dynamical System Analysis of cosmic evolution with coupled phantom
dark energy with dark matter 111

4.1 Prelude . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.2 Varying mass interacting dark energy and dark matter cosmological model :
Basic Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

4.3 Formation of Autonomous System : Critical point and stability analysis . . . 113

4.3.1 Model 1: Power-law potential and power-law-dependent dark-matter
particle mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.3.2 Model 2: Power-law potential and exponentially-dependent dark-matter
particle mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129



4.3.3 Model 3: Exponential potential and power-law-dependent dark-matter
particle mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

4.3.4 Model 4: Exponential potential and exponentially-dependent dark-
matter particle mass . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

4.3.5 Model 5: Product of exponential and power-law potential and prod-
uct of exponentially-dependent and power-law-dependent dark-matter
particle mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
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CHAPTER 1

INTRODUCTION

Some basic questions regarding the origin, structure, evolution, and the ultimate fate of the
Universe have compelled people to investigate the evolution of the Universe from very begin-
ning. ‘Cosmology’ is that branch of science which can provide the possible route map to find
answers to the above questions. In other words, Cosmology is the study of the Universe as a
whole. A cosmological model can be described by a mathematical formalism of the Universe
in some particular averaging scale. Simply, it is structured mathematically as a differential
manifold M in which the space-time geometry is determined by a Lorentzian metric g, and
the matter source of the Universe is characterized by a family of fundamental observers whose
congruence of world lines are four-velocity vector u. So, in notation, a cosmological model is
described as triplet (M, g, u) [1].

Thus any cosmological model should be based on the following:
(1) Physical theories of gravity.
(2) Description of matter field of the Universe.
(3) Hypothesis on symmetries for solving the equation of gravity, and
(4) Topology or global structure of the Universe.

• Cosmological Principle
Cosmological principle is one of the fundamental pillars of modern cosmology. The principle
states that at every epoch, the space-like hypersurface is assumed to be homogeneous and
isotropic [2, 3] at a sufficiently large scale1 (> 100 Mpc). The space-like hypersurfaces of the
four dimensional manifold M constitute our universe, where slicing of space-like hypersur-
faces defines the cosmic time t.

The term ‘homogeneous’ means uniformly distributed matter content throughout the Uni-
verse observed by co-moving observers. Although, the Universe is not exactly homogeneous
at small scales, the presence of locally visible stars, galaxies, cluster of galaxies makes it
inhomogeneous. But, on averaging over the cosmological scale, a co-moving observer will see
the uniform spatial expansion of the Universe.

1where 1 Mpc ≃ 3.26 × 106 light years ≃ 3.08 × 1019 km
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On the other hand, isotropy confirms the phenomenon of the Universe to stay the same
in all directions, i.e., there is no preferred direction. In fact, spatial section of the manifold
will remain unaltered under the rotation. Observations of Cosmic Microwave Background
(CMB) suggest that the temperature (∼ 2.73k) of the Universe is same in all directions that
is there exists isotropy of one part in 100,000 [4]. Simply, any inhomogeneity and anisotropy
in the matter distribution of the universe can lead to anisotropy in radiation, and also in
order to verify the homogeneity, one requires to test isometry from at least two different
points separated by cosmic distances because isometry may be verified only from earth point
of view, but homogeneity can not be verified from observations obtained from single location.
In conclusion, for all observers (stars, galaxies etc.), isotropy implies the spatial homogeneity.

The main statement of Cosmological Principle (sometimes called as “Copernican Prin-
ciple”) is that we (earth) are not privileged observers. Although the principle has been
challenged by several authors [5, 6, 7, 8, 9], nonetheless we shall follow the Cosmological
Principle throughout our work as it is valid in the cosmic scales where it establishes the
FLRW line element for the four dimensional space-time. In the next section (1.1), we have
discussed the standard cosmological model and its failure. Then, various dark energy mod-
els as well as interacting dynamics and their physical consequences have been presented. A
short discussion on dynamical system analysis and its applications in cosmology have been
presented. Finally, cosmological models have been analyzed in the dynamical system per-
spective.

1.1 Standard Cosmological model and its
failure

The modern relativistic cosmology is the four dimensional manifold (M) of space-time ge-
ometry. Einstien’s General Relativity (GR) is the mathematical basis of cosmology in which
Einstein Field Equations (EFE) [10, 11] are the basic constituents relating the geometry of
space-time to the energy momentum tensor of matter source as

Gµν ≡ Rµν −
1

2
Rgµν = κ2Tµν . (1.1)

Here, Gµν is the Einstein tensor, and the quantity Tµν in the right hand side of (1.1) is known
as the stress energy tensor of the matter content of the universe, and κ2 = 8πG

c4
is the coupling

constant, where c represents the velocity of light 2. G is the Newton’s gravitational constant
having value G = 6.673 × 10−11Nm2kg−1. The geometry of the space-time metric is defined
by the line element

ds2 = gµνdx
µdxν , (1.2)

where gµν is the metric tensor. The Ricci tensor Rµν is the contracted Riemann tensor Rσ
λµν

defined as Rµν ≡ Rσ
µσν , and the Ricci scalar is found to be R ≡ Rµ

µ = gµνRµν .

2We assume the velocity of light c = 1 throughout the work
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For different kinds of matter source term in EFE, the decomposition of stress-energy
tensor with respect to time-like four- velocity vector u may be different. The symmetry of
space-time (i.e., Weyl postulate) forces the stress-energy tensor to be in perfect fluid form

Tµν = (p + ρ)uµuν + pgµν with uµu
µ = −1, (1.3)

where p is the thermodynamic pressure and ρ is the energy density of the perfect fluid, and
uµ is the four-velocity vector of the co-moving observer. The ratio between the pressure and
the energy density is termed as equation of state parameter of the fluid, which is expressed
as

ω =
p

ρ
. (1.4)

Now, for stiff fluid is described by ω = 1; for the non-relativistic matter (pressureless
matter), ω = 0, while for relativistic matter (i.e., radiation), the value of equation of state
parameter will be ω = 1/3.

We now focus our attention on Friedmann-Lemaitre universe which is based on the
Robertson-Walker metric. Assuming the validity of the cosmological principle at some cosmo-
logical scale, a four dimensional manifold with symmetry must possess the maximally spatial
symmetric Robertson-Walker (RW) metric [12, 13, 14, 15] in that scale. The Friedmann-
Lemaitre Robertson-Walker (FLRW) metric in co-moving coordinates (using spherical polar
coordinates) takes the form

ds2 = gµνdx
µdxν = −dt2 + a2(t)

�
dr2

1 −Kr2
+ r2dΩ2

�
, (1.5)

where dΩ2 = dθ2 +sin2 θdϕ2 is the metric on the unit 2-sphere. Here, K describes the spatial
curvature of hypersurface, and it takes the value −1, 0, or, 1. For K = −1, the Universe is
assumed to be open, while for K = 1, the Universe is closed, and the Universe is spatially flat
for K = 0. The coordinate ‘t’ measures the proper time along the world lines with the tangent
vector u. The function a(t) in the line element is called the scale factor that describes the
expansion of the Universe. The matter sector in the Universe having the energy-momentum
tensor (1.3) follows the conservation law

ρ̇ + 3
ȧ

a
(p + ρ) = 0 . (1.6)

By substituting the line element (1.5) in (1.1), we get the Friedmann equation as

H2 =

�
ȧ

a

�2

=
κ2

3
ρ− K

a2
, (1.7)

and the Raychaudhuri equation (acceleration equation) is (expressed in terms of scale factor)

ä

a
= −κ2

6
(ρ + 3p) , (1.8)

3
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where H, the Hubble scalar, measures the rate of expansion of the Universe (having the
dimension of (time)−1 ), κ2 = 8πG, and an ‘over-dot’ denotes differentiation with respect to
cosmic time t. However, we must note that only two of the above three equations (1.6),(1.7),
and (1.8), are independent.

It should be noted that the Raychaudhuri equation (1.8) provides the conditions for ac-
celerating or decelerating state of expansion of the Universe. One can easily check that for
ä > 0, the Universe will accelerate that means the Universe filled with the matter having
energy density ρ and pressure p must follow the condition ρ + 3p < 0.

From (1.8), we have the condition ρ+3p > 0 (which is called the strong energy condition)
for matter field in decelerating phase of the Universe. Now, a normal matter always enjoys
positive energy density and pressure (ρ > 0 and p > 0). Hence, a universe filled with normal
matter satisfying the condition ρ + 3p > 0 (which implies ä < 0 from equation (1.8)) must
always produce decelerated expansion of the Universe. This conditions can be put in terms
of the equation of state parameter as universe accelerates for ω < −1

3 and decelerates for
ω > −1

3 .

Here, equation (1.8) obtained from General Relativity predicts only decelerated expansion
of universe for ordinary matter (such as dust, radiation etc) having equation of state param-
eter (ω) ranging from 0 to 1, and this model is termed as the Standard Cosmological Model
(SCM). If the equation of state parameter is chosen as constant, then from the conservation
equation (1.6), ρ can be obtained as

ρ ∝ a−3(ω+1) . (1.9)

So, for dust (pm = 0) like ordinary non-relativistic matter fluid, we have

ρm ∝ a−3 , (1.10)

and for radiation like fluid (where pr = ρr
3 ),

ρr ∝ a−4 . (1.11)

The density parameter Ω, which describes the dynamical effect of the matter density, is
defined as

Ω =
ρ

3H2
. (1.12)

So, the Friedmann equation (1.7) can be rewritten in terms of Ω as

Ω(t) − 1 =
K

(aH)2
, (1.13)

which implies Ω(t) +ΩK = 1, where ΩK = − K
a2H2 is the curvature parameter. This equation

shows that the value of Ω determines the geometry of the 3-spaces t = constant and vice-versa:

4
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Ω(t)





> 1 =⇒ corresponds to closed 3 space (K = +1)

= 1 =⇒ corresponds to flat 3 space (K = 0)

< 1 =⇒ corresponds to open 3 space (K = −1)

In agreement with the present astronomical observations [16], the value of curvature
parameter can be estimated very close to zero, i.e., ΩK ⋍ 0 and hence, from the Friedmann
equation (1.7), we obtain the condition Ω ⋍ 1 [16]. The argument behind this observed
flatness of universe is the existence of an inflationary phase of universe at very early times.
More precisely, one can assume the spatially flat (K = 0, Ω = 1) universe from the Big bang
to the present phase. We will assume this flat nature throughout the thesis for this argument,
and also for mathematical simplicity. For K = 0, using (1.9), the Friedmann equation (1.7)
leads to

a(t) ∝ t
2

3(ω+1) . (1.14)

So the scale factor a(t) in terms of time t for different kinds of fluid can be written as

a(t) ∝ t
2
3 (1.15)

for ordinary dust matter fluid, and

a(t) ∝ t
1
2 (1.16)

for radiation respectively. The deceleration parameter q can be expressed as

q ≡ −aä

ȧ2
= − ä

aH2
= −

 
1 +

Ḣ

H2

!
. (1.17)

So, we have the restrictions for decelerating or accelerating universe in terms of q. The
Universe will decelerate for q > 0 (i.e., when ä < 0 from acceleration equation) and will
accelerate for q < 0 (i.e., when ä > 0).

1.1.1 Failure of standard cosmology: Introduction of DE model

In 1998, two Supernovae search teams, namely, Riess et al. [17] in the “High-redshift Su-
pernovae Search Team” (HSST) and Perlmutter et al. [18] in the “Supernovae Cosmology
Project Team” (SCPT), independently analyzed Supernovae type Ia (SNe Ia), and declared
that the Universe is going through an accelerating phase. This discovery has brought a total
surprise in Cosmology. Since then, many observations like Cosmic Microwave Background
radiation (CMB) [16, 19, 20, 21, 22, 23, 24], Large Scale Structure of the Universe (LSS)
[25, 26, 27], Baryon Acoustic Oscillation (BAO) [28, 29], weak lensing (WL) [30], and many
others [31, 32, 33, 34, 35, 36, 37] have also shown that the Universe is expanding with ever
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increasing speed. Standard cosmology asserts that the Universe is decelerating because it is
filled with ordinary matter field which follows the strong energy condition

ρ + 3p ≥ 0 . (1.18)

Hence, it does not support the observations. So, if we consider Einstein’s General Relativity
to be the correct theory of gravity, the above observations demand the existence of a new
kind of matter which violates the strong energy condition, that is,

ρ + 3p < 0 , (1.19)

and as a result there is an accelerated expansion of the Universe. This new kind of matter
is responsible for acceleration violating the strong energy condition, so it must have a large
negative pressure (since the energy density of matter is positive). This type of matter is
referred to as ‘Dark Energy’ (DE). Thus, one can conclude that the failure of SCM gives
a new type of matter in this context. However, the nature of DE is completely unknown
(except for its negative pressure) and is still an unresolved problem in modern cosmology
[38, 39, 40, 41].

After formulating his general theory of relativity, Einstein wanted to model the universe
using it. At that time, he was of the opinion that the Universe is static in nature. In order
to get a static solution, he introduced cosmological constant (the famous Λ term) to his field
equations to balance the attractive force of gravity. Later, when Hubble [42] observationally
discovered that the universe is expanding, Einstein discarded this constant term from his field
equations, and confessed it as the greatest blunder of his life. Recent observations have led
people to reintroduce it into the gravitational equations as a dark energy candidate [43, 44].
Although, there are two severe problems related to the cosmological constant, namely, the
cosmological constant problem [43, 45, 46] (where its value is so small to its predicted value
using quantum field theory (QFT)) and the coincidence problem [47, 48] (why the energy
densities of Λ and matter sector are of same order while they evolve so differently?), but
recent observations [49] suggest that the cosmological constant is the best candidate for DE
[43, 44] compared to other DE models. For a review of DE models, one can see Refs. [47, 50].

• Dark Matter:

Another mysterious component of matter speculated to be present in the universe is “Dark
Matter” (see for a review [51]). The origin of dark matter has not been identified yet, but its
existence can only be probed by gravitational effects on visible matter, although it interacts
very weakly with standard model particles. From the data analysis of two fundamental ob-
servations depending on the behavior of the galactic rotation curve [52] observed by Zwicky
[53, 54], and the mass discrepancy in the clusters of galaxies at a galactic and extra galactic
scale indicate the existence of dark matter. The rotation curves of spiral galaxies [55, 56, 57]
do not match with the expected ones as predicted by Newtonian and standard cosmology
at the galactic/intergalactic scales. As a result, the behavior of galactic rotation curves and
virial mass of clusters of galaxies are realized mainly by postulating the existence of invisible
(dark) matter. This matter is cold, pressureless, and distributed in the spherical halo in
the galaxies [58] known as Cold- dark- matter (CDM). There is another candidate for dark

6
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matter called Hot Dark Matter (HDM) which is relativistic at the photon decoupling epoch
and whose representative candidate is the neutrino. Many possible candidate for DM have
been proposed in the literature. They are usually classified into two types — baroynic type
DM such as in astrophysical candidates like black holes, neutron stars, and white dwarfs etc.
and non-baryonic type CDM, namely, axion [59] and WIMPs (Weakly Interacting Massive
Particles) (see Ref. [60] for an interpretation of DM from the point of view of particle physics)
usually motivated by superstring theory. The latter is a good candidate for non-relativistic
Cold Dark Matter [50]. Further, it is worthwhile to mention that detection of dark matter
from space or from high-energy collisions of particles (see for instance [61, 62, 63, 64]) is being
carried out at LHC.

1.1.1.1 Cosmological Constant: As Dark Energy

We stated earlier that standard cosmology provides only decelerating universe for normal
matter and Einstein, in 1917, introduced a cosmological constant term [10] in the field equa-
tions to counter the attractive gravitational pull by other normal fluids. In other words, his
main goal was to obtain a universe that satisfies Mach’s Principle of relativity of inertia. So,
he modified his field equations as

eGµν = Gµν + Λgµν = κ2Tµν . (1.20)

However, cosmological constant was not considered as a part of the stress-energy tensor Tµν

at first. But one may put the term Λgµν in the right hand side of the field equations as
a part of the source term for the stress-energy tensor and simply assume it ( Λ

κ2 = ρΛ) as
vacuum energy from the point of view of quantum field theory. Thus, ρΛ can take part in
the dynamics of the Universe and the field equations (1.20) can be rewritten as

Gµν = κ2(Tµν − ρΛgµν) . (1.21)

In the context of perfect fluid (1.3), from the above stress-energy composition, one obtains
the energy density and the pressure of vacuum energy as

ρΛ =
Λ

κ2
, pΛ = − Λ

κ2

with the equation of state parameter

ωΛ ≡ pΛ
ρΛ

= −1 .

The important feature of cosmological constant is that it will be constant throughout the
expansion of universe and this plays an important role in the dynamics of the Universe. This
is considered to be the simplest candidate of dark energy. Now, Friedmann equation (1.7)
changes in terms of the quantity ρΛ [65] as

H2 ≡ ȧ2

a2
=

κ2

3

�
− 3K

κ2a2
+ ρΛ + ρ

�
, (1.22)

and the acceleration equation becomes

7
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ä

a
= −κ2

6
(−2ρΛ + ρ + 3p) . (1.23)

Thus, by changing the above equations, we see that the cosmological constant can overcome
the gravitational pull by other matter. Note that the equations of gravity remain unaltered,
only a new component is added to the content of the Universe. The new component of stress-
energy tensor has the nature of an ideal fluid having negative pressure. Let us note that Λ
may take positive or negative values, though positive Λ is more acceptable for balancing the
gravitational pull. So, it acts as gravitational repulsion. However, in string theory, sometime
negative Λ is necessary to explain some theoretical issues. Introducing ΩΛ = Λ

3H2 , the first
Friedmann equation can be written as

Ω + ΩΛ − 1 =
K

a2H2
. (1.24)

So, for a flat universe, Ω + ΩΛ = 1, for an open universe, 0 < Ω + ΩΛ < 1, and for a closed
universe, Ω + ΩΛ > 1. Thus, it may be treated as a cosmic fluid with energy density ρΛ and
pressure pΛ.

1.2 Various Dark Energy models

The discovery of present accelerated expansion of the Universe have compelled to consider
various dark energy component in the context of General Relativity. Though it has a math-
ematical explanation, the idea of DE is completely hypothetical. The universe is assumed to
be largely dominated by DE. WMAP 5-year constraints [24] indicate that the sum of energy
densities of radiation, baryons, and DM must not exceed 30 % of the total energy of the
universe. Also, from the present observations bound the spatial curvature as |Ω0

K | ≲ 0.01.
This shows that there should still be needed to identify remaining 70 % of cosmic matter
[50]. And this remaining part is assumed to be responsible for the present acceleration of
the universe. The data collected from WMAP 5-yr constraint (WMAP+SN Ia+ BAO) have
explored the constraint for present density of DE as

Ωde = 0.726 ± 0.015. (1.25)

The character of DE is completely unknown, and has never been detected or created in
laboratory . Only it is characterized by its huge negative pressure which distinguishes DE from
other constituents of the Universe. The equation of state parameter for any DE component
should be

ωde < −1

3
.

So, in one side it is mysterious, very less known to us. Another side is its interesting
dynamics to provide the accelerating scenario of universe. However, motivated from the fact,
many DE models have been extensively studied, among them ΛCDM is the simplest one
where cosmological constant Λ is treated as DE component with equation of state ‘ωΛ = −1’
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driving the late time acceleration of the universe. Though this model shows a good fit to a
large number of observations, it suffers from several complexities in the cosmological point
of view such as fine tuning, coincidence problem, cosmic age problem etc. which we shall
discuss later.

The dynamically evolving DE can give the possible solutions of the two major problems
with cosmological constant and thus dynamical dark energy model is assumed to be a viable
alternative to cosmological constant. Various dynamical DE models based on scalar field
have been reported in the literature:

(i) Quintessence [66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78],

(ii) K-essence [79, 80, 81, 82, 83, 84],

(iii) Tachyon [85, 86, 87, 88, 89, 90, 91]

(iv) Phantom [92]

(v) Chaplygin gas: perfect fluid models [93, 94, 95]

1.2.1 ΛCDM model:

In the ΛCDM concordance model, gravity theory from the General Relativity theory is as-
sumed to be true where the constituents of the universe are the particles and fields of the
standard model of particle physics, together with the Cold-Dark Matter (non-relativistic)
and a Cosmological Constant (Λ). The action for the ΛCDM model is

S =
1

2κ2

Z
d4x

√−g(R− 2Λ) + Sm, (1.26)

where the Lagrangian density is a linear term in R plus Λ and Sm is the matter action.
Although this model provides a very good fit to observations, it suffers from two major prob-
lems, namely, Cosmological Constant or fine tuning problem, and the coincidence problem.

• Cosmological Constant Problem:

To realize the present observed accelerated expansion of the Universe, one requires that
the value of the Cosmological Constant is of the order of the present value of the Hubble
parameter H0 (observationally), i.e.,

Λ ≈ H2
0 = (2.1332h× 10−42GeV)2, (1.27)

where h defines the uncertainty in the value of the present day Hubble (H0) parameter3. This
defines the energy density as

3H0 (= H(t = t0)) is the present value of the Hubble parameter usually written as H0 =
100h km sec−1 Mpc−1 = 2.1332h× 10−2GeV. The observations of the Hubble Key Project constrain
this value to be h = 0.72 ± 0.08 [96].
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ρΛ =
Λ

8πG
≈ 10−47GeV4. (1.28)

Now, from the particle physics point of view, if we consider this as the energy density coming
from empty space (vacuum energy density), then by summing over all zero point energies for
some field of mass m with momentum p upto a cut-off scale, the vacuum energy density reads

ρvac =
1

4π2

Z ∞

0
p2
p
p2 + m2dp. (1.29)

The vacuum energy is estimated to have a value ρvac ≃ 1074GeV4, so this is larger the
10121 orders of magnitude when compared to the observed value ρΛ ≃ 10−47GeV4.
This discrepancy in energy density is termed as the Cosmological Constant problem [43, 45, 46]
in cosmology. It is a fact that the vacuum energy with the energy density of order ρvac ≃
1074GeV4 already existed in the past, so, the Universe would have continued in an accelerated
phase forever. This is in contradiction with the known evolutionary history of the Universe
since it has undergone a decelerated phase of radiation and matter dominated eras [50].

• Coincidence Problem:

The Cosmological constant DE model faces another big problem from the observational
point of view that the energy densities of both the dark energy and the matter are of the
same order today even though they evolve differently in the expansion history of the universe
since ρΛ = constant for Cosmological Constant while ρr ∝ a−4 for radiation and ρm ∝ a−3

for matter. This problem with the Cosmological Constant is referred to as the cosmological
Coincidence Problem [47].

When the energy density for matter scales as ρm ∝ a−3, the crossover must have occurred
at a cosmological time corresponding to the scale factor a∗ given by

ρm0.a
−3
∗ = ρΛ −→ a∗ =

�
ρΛ
ρm0

�− 1
3

≃ 3−
1
3 ≃ 0.7 , (1.30)

which corresponds to a redshift of z∗ ≃ 0.4. At the earlier epochs of the cosmological evolu-
tion, the energy density of cosmological constant was less compared to the energy density of
the other cosmic components. Thus, this is an unexpected coincidence between the appear-
ance of Cosmological Constant and the present epoch which is termed as coincidence problem
for the Cosmological Constant [65].

1.2.2 Dynamical Dark Energy model: Scalar field as DE

We have mentioned earlier that the lack of many orders of the observed energy density of the
Cosmological Constant in comparison to the estimated value of vacuum energy has forced
to introduce (theoretically) a new type of dynamically (time varying) evolving dark energy
model which introduces the classical scalar field. Scalar field naturally arises in particle
physics and string theory and this would be a good candidate for dark energy.

10
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1.2.2.1 Quintessence:

The Quintessence scalar field (ϕ) moving in a self-interacting potential V (ϕ) can be described
by a most general form of Lagrangian density in terms of a scalar and its four-derivative
p(ϕ, ∂µϕ). The action for the quintessence scalar field is given by

S =

Z
d4x

√−g

�
−V (ϕ) − 1

2
(∇ϕ)2

�
, (1.31)

where (∇ϕ)2 = gµν∂µϕ∂νϕ. Now, applying the least action principle to (1.31), we obtain the
stress-energy tensor as

Tµν = − 2√−g

δS

δgµν

= ∂µϕ∂νϕ− gµν

�
−1

2
gαβ∂αϕ∂βϕ + V (ϕ)

�
. (1.32)

For a flat (K = 0) FLRW metric, the expression of the energy density ρϕ and the pressure
pϕ of a perfect fluid scalar field ϕ are given by

ρϕ = −T 0
0 =

1

2
ϕ̇2 + V (ϕ) , (1.33)

pϕ = T i
i =

1

2
ϕ̇2 − V (ϕ) , (1.34)

and then the equation of state parameter (ωϕ) for the quintessence scalar field takes the form

ωϕ =
pϕ
ρϕ

=
1
2 ϕ̇

2 − V (ϕ)
1
2 ϕ̇

2 + V (ϕ)
. (1.35)

In the flat FLRW Universe, the Friedmann equation (1.7) and the Raychaudhuri equation
(1.8) respectively read as

H2 =
κ2

3

�
1

2
ϕ̇2 + V (ϕ)

�
, (1.36)

ä

a
= −κ2

3

�
ϕ̇2 − V (ϕ)

�
. (1.37)

Now, for the flat FLRW space-time, varying the action (1.31) with respect to ϕ gives the
evolution of scalar field ϕ as

ϕ̈ + 3Hϕ̇ +
dV

dϕ
= 0 . (1.38)

The evolution of the scalar field ϕ is known as the Klein-Gordon equation. In fact the
evolution equation (1.38) can also be obtained either from the energy conservation equation
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ρ̇ϕ + 3H(pϕ + ρϕ) = 0 , (1.39)

or from the equations (1.36) and (1.37). The continuity equation (1.39) gives the solution of
energy density in terms of the equation of state parameter (ωϕ) for the scalar field

ρϕ = ρϕ0 exp

�
−
Z

3(1 + ωϕ)
da

a

�
. (1.40)

Equations (1.35) and (1.40) provide some important features of the scalar field model of DE.
For the slow roll, i.e., when the potential (V (ϕ)) dominates over kinetic energy (12 ϕ̇

2) of scalar
field, it recovers the cosmological constant. So from equations (1.35) and (1.40),

ϕ̇2 ≪ V (ϕ) =⇒ ωϕ ≃ −1, ρϕ = constant.

For the opposite case, i.e., when the scalar field evolves very rapidly (in this case, the
kinetic energy dominates over the potential energy ) with time, DE behaves as a stiff fluid.
From the equations (1.35) and (1.40), we have

ϕ̇2 ≫ V (ϕ) =⇒ ωϕ ≃ 1, ρϕ ∝ a−6.

Thus, ωϕ of scalar field is no longer a constant rather it is evolving dynamically ranging
from −1 to +1 throughout the expansion history of the universe and such a type of dynamic
nature (−1 ≤ ωϕ ≤ +1) of the scalar field can solve the fine tuning problem. Also, from (1.37)
we see that this kind of fluid gives acceleration (ä > 0) when ωϕ < −1

3 which corresponds to

ϕ̇2 < V (ϕ). The model based on a canonical scalar field explaining the late time acceleration
of universe is denoted by the name ‘Quintessence’.

In an inflationary scenario, inflation will occur if the slow roll parameters ϵ, η satisfy the

relations ϵ ≪ 1 and |η| ≪ 1, where the slow roll parameters are described as ϵ =
m2

pl

16π

�
1
V

dV
dϕ

�2
,

η =
m2

pl

8π
1
V

d2V
dϕ2 [97]. However, since the Universe can have DM also during the evolution, it is

not a completely trustworthy proof of inflation in the context of DE only. Nevertheless, they

still can provide an accelerated expansion by defining the slow roll parameter ϵ as ϵ = − Ḣ
H2

in terms of H and Ḣ, and this includes the contribution of both DE and DM [47].

It should be mentioned that various quintessence potentials of the scalar field have been
proposed in order to describe the present acceleration of the universe. Among them, the
exponential, the inverse power law, and the hyperbolic types are most popular. The various
type of quintessence potentials are shown in a tabular form in the table (1.1) [98, 99].

1.2.2.2 K-essence:

In the scalar field DE model, the quintessence potential can give rise to acceleration; modified
kinetic energy of the scalar field is also modelled as a candidate of DE in order to produce the
acceleration. The model K-inflation [79] was first used to describe the early inflation of the
Universe where the acceleration is driven by the kinetic energy of the scalar field. Gradually
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Table 1.1: The table shows different quintessence potentials of scalar field studied in
the literature.

Quintessence Potential (V (ϕ)) References
I V0 exp(−λϕ) Ratra & Peebles [70]; Wetterich [69];
II m2ϕ2, λϕ4 Ferreira & Joyce [74].
III V0/ϕ

α, α > 0 Ratra & Peebles [70].
IV V0 exp(λϕ2)/ϕα Brax & Martin. [100, 101]
V V0 (coshλϕ− 1)p Sahni & Wang [102].
VI V0 sinh−α(λϕ) Sahni & Starobinsky [103]; Lopez & Matos [104].
VII V0


eακϕ + eβκϕ

�
T. Barreiro et al. [105].

this idea was conceived in Ref. [81] to describe the late time acceleration of the universe.
Subsequently, this idea was extended to a more generalized version in Refs. [80, 82] and this
is called the K-essence dark energy model. The most general action of this model is

S =

Z
d4x

√−g F (ϕ, X), (1.41)

where the Lagrangian density function F (ϕ, X) is a function of ϕ and the kinetic term X :≡
−1

2(∇ϕ)2 = −1
2∂µϕ∂νϕ. Here, the Lagrangian density is described by the pressure F (ϕ, X).

Since this model modifies kinetic energy term, so, X −→ 0 =⇒ F (ϕ, X) −→ 0 (since
Lagrangian density is vanish for this case). Now, one can expand the Lagrangian density in
the neighbourhood of X = 0 as

F (ϕ, X) = K(ϕ)X + L(ϕ)X2 + ......., (1.42)

neglecting the higher power terms of X. Then, we can redefine the the scalar field ϕ as
follows:

ϕnew =

Z ϕold

dϕ

s
L

|K| , (1.43)

and the Lagrangian takes the form

F (ϕ, X) = f(ϕ)(−X + X2), (1.44)

where ϕ ≡ ϕnew, X ≡ Xnew =
�

L
|K|

�
Xold and f(ϕ) = K2(ϕold)

L(ϕold)
.

In a flat (K = 0) FLRW universe, the pressure and the energy density for this K-essence
model can be written as

pϕ = F (ϕ, X) = f(ϕ)(−X + X2) , (1.45)
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ρϕ = f(ϕ)(−X + 3X2). (1.46)

The conservation equation remains the same as in (1.6), the Friedmann equation and the
Raichudhuri equations modify as

H2 =
κ2

3
f(ϕ)


−X + X2

�
, (1.47)

ä

a
=

κ2

3


−2X + 3X2

�
. (1.48)

From the equations (1.45) and (1.46), we have the equation of state parameter for the
K-essence model as

ωϕ ≡ pϕ
ρϕ

=
1 −X

1 − 3X
. (1.49)

Equation (1.49) gives the conditions of DE in terms of X i.e., for ωϕ < −1
3 =⇒ X > 2

3
which gives the accelerated expansion of the universe since ä > 0 (from the acceleration
equation 1.48). On the other hand, when ωϕ behaves as a cosmological constant (ωϕ = −1),
we get a condition for X as X = 1

2 [47, 106].

1.2.2.3 Tachyon:

Rolling tachyon is also assumed to be a source of dark energy. It has an interesting feature
that it has an equation of state parameter varying between −1 to 0 [107], thus showing a
dynamic nature, which confirms rolling tachyon as a good candidate for DE. For suitable
choice of the potential, the tachyon can give the accelerated scenario of the Universe and also
may produce dark matter. Thus a tachyon based model could be viable to produce inflation
[108, 109, 110] and dark energy [85, 111, 112, 113, 114, 115] depending upon the potential
associated with the tachyonic field. The decay of D-branes producing pressureless gas having
a finite energy density treated as classical dust has been reported in [87, 88, 89]. The action
of the tachyon field [88, 90] is

Sϕ = −
Z

d4xV (ϕ)
q
−det(gαβ + ∂αϕ∂βϕ) . (1.50)

where V (ϕ) is the tachyon potential. The action (1.50) gives the energy momentum tensor
as

Tµν =
V (ϕ)∂µϕ∂νϕp
1 + gab∂aϕ∂bϕ

− gµνV (ϕ)
p

1 + gab∂aϕ∂bϕ . (1.51)

In a spatially flat FLRW universe, the pressure and the energy density of perfect fluid
model take the forms
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ρϕ = −T 0
0 =

V (ϕ)q
1 − ϕ̇2

, (1.52)

pϕ = T i
i = −V (ϕ)

q
1 − ϕ̇2 . (1.53)

Further, for a flat FLRW Universe, the Friedmann equation (1.7) and the acceleration equa-
tion (Raichaudhury) equation (1.8) become

H2 =
κ2

3

V (ϕ)q
1 − ϕ̇2

, (1.54)

ä

a
=

κ2

3

V (ϕ)q
1 − ϕ̇2

�
1 − 3

2
ϕ̇2

�
, (1.55)

respectively, and the continuity equation for this case has the form

ϕ̈

1 − ϕ̇2
+ 3Hϕ̇ +

1

V

dV

dϕ
= 0 . (1.56)

Now, the equation of state parameter for this model will be

ωϕ ≡ pϕ
ρϕ

= ϕ̇2 − 1 . (1.57)

From the acceleration equation (1.55), the condition ϕ̇2 < 2/3 refers to the acceleration
of the Universe (ä > 0). Also from Friedmann equation (1.54) and Raychaudhuri equation
(1.55), we have the boundary −1 < ϕ̇2 < 1 implying that the equation of state parameter ωϕ

varies within the values −1 and 0.

1.2.2.4 Phantom:

Hoyle first introduced phantom field in his Steady State Theory. Then Caldwell used this to
derive the accelerated expansion of the Universe. Phantom field with negative kinetic energy
is produced from S-brane construction. The action for the phantom field minimally coupled
to gravity [92, 116] is

S =

Z
d4x

√−g

�
1

2
(∇ϕ)2 − V (ϕ)

�
, (1.58)

which when compared to the action (1.31), has an opposite sign in the kinetic term for the
quintessence scalar field. The energy density (ρϕ) and pressure (pϕ) for this phantom field
are as follows:

15



Chapter 1. Introduction

ρϕ = −1

2
ϕ̇2 + V (ϕ) , (1.59)

pϕ = −1

2
ϕ̇2 − V (ϕ) . (1.60)

We have the equation of state parameter for this kind of field as

ωϕ ≡ pϕ
ρϕ

=
−1

2 ϕ̇
2 − V (ϕ)

−1
2 ϕ̇

2 + V (ϕ)
. (1.61)

From equation (1.61), we have the condition

2V (ϕ) ≫ ϕ̇2 =⇒ ωϕ < −1.

This shows that the equation of state parameter crosses the line ωϕ = −1 [16, 117] which
confirms the present observations. This new type of scalar field bearing a negative kinetic
energy term with the equation of state ωϕ < −1 responsible for the present accelerated ex-
pansion of the Universe.

1.2.3 Chaplygin gas

The perfect fluid model of dark energy namely “Chaplygin gas” has played an important role
as a dark sector candidate since it has a possibility for the unification of dark energy and dark
matter [93, 94, 95, 118, 119]. This was first introduced by Sergey Chaplygin in aerodynamics
to find out the lifting force on a wing of an air plane. It has the following equation of state
(EoS) [93]:

p = −A

ρ
, (1.62)

where A is a positive constant. This is the simplest form of the equation of state for the
Chaplygin gas DE model. It has the ability to describe the late time acceleration of universe.
In a flat, homogeneous and isotropic FLRW metric, the conservation equation (1.6) together
with the EoS (1.62) gives the energy density of the Chaplygin gas as

ρ =

r
A +

B

a6
, (1.63)

where B is an arbitrary constant. Now, one can easily check the behavior of Chaplygin gas
at early and late times respectively by the help of the solution (1.63). When ‘a′ takes small
values, i.e., at early times of the Universe, the Chaplygin gas mimics as a pressure less dust
since from (1.63), we have

ρ ∼
√
B

a3
, a ≪

�
B

A

� 1
6

, p ∼ − A√
B
a3 . (1.64)
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On the other hand, at late times, i.e., for large values of a, we have the scenario:

ρ ∼
√
A, p ∼ −

√
A , a ≫

�
B

A

� 1
6

, (1.65)

which implies the relation p = −ρ, and thus Chaplygin gas behaves as cosmological constant
at late times.

Further, if Chaplygin gas is treated as an ordinary scalar field ϕ with energy density ρϕ
and pressure pϕ, we can easily get the corresponding potential V (ϕ) for the Chaplygin gas
by using equations (1.62) and (1.63) as follows:

ρϕ =
1

2
ϕ̇2 + V (ϕ) = ρ =

r
A +

B

a6
, (1.66)

pϕ =
1

2
ϕ̇2 − V (ϕ) = p = −A

ρ
= − Aq

A + B
a6

. (1.67)

Now, solving the equations (1.66) and (1.67), we obtain

ϕ̇2 =
B

a6
q
A + B

a6

, (1.68)

V (ϕ) =
1

2



r

A +
B

a6
+

Aq
A + B

a6


 . (1.69)

Hence, for flat FLRW line element, the Friedmann equation, i.e., H2 = κ2

3 ρ gives the following
by using equation (1.68):

dϕ

da
=

 √
3

κ

!
B

a
√
Aa6 + B

, (1.70)

which implies

a6 =
4Be2

√
3κϕ

A
�

1 − e2
√
3κϕ

�2 . (1.71)

Now, using the equation (1.71) in (1.69), we obtain the explicit form of the potential

V (ϕ) =

√
A

2

�
cosh

√
3κϕ +

1

cosh
√

3κϕ

�
, (1.72)

which leads to equivalency between a minimally coupled scalar field and the Chaplygin gas
[47].
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• Generalized Chaplygin gas (GCG)

Generalized Chaplygin gas is described by the the equation of state[95]

p = − A

ρα
(1.73)

with A > 0. The parameter α is assumed to be in the range 0 < α < 1. According to
observational data at 95% confidence level, α can be restricted in the interval 0 < α < 0.2
[120]. In a similar way as we have derived the energy density for the CG case, we have the
energy density for the GCG from (1.73) as

ρ =

�
A +

B

a3(1+α)

�1/(1+α)

, (1.74)

where B is an arbitrary constant. It also shows a similar behavior as the Chaplygin gas at
early times and late times of the Universe depending on parameters involved. Note that it
corresponds to pure chaplygin gas for α = 1.

• Modified Chaplygin gas (MCG)

Benaoum further modified the CG [118, 119]

p = Aρ− B

ρα
, (1.75)

known as the modified Chaplygin gas model, where A > 0, B > 0, and 0 ≤ α ≤ 1. The
energy density in this MCG model can be obtained as

ρ =

�
B

A + 1
+

C

a3(A+1)(1+α)

�1/(1+α)

, (1.76)

where C is the arbitrary constant of integration. MCG has a huge impact in describing the
evolution of the Universe in different phases from radiation dominated era to late ΛCDM
[99]. Finally, it can be concluded that CG, GCG, and MCG unify the DE and DM.

1.3 Coupling between dark matter and dark
energy

Modern cosmology has grown with two theoretical difficulties that can be summarized as
“Dark Energy” and “Dark Matter” problems. The central issue of modern cosmology is
the present acceleration of the Universe driven by dark energy. Observations from several
independent astronomical sources reveal that almost 96% energy density of the total energy
budget of the Universe is coming from the dark sectors in which DE contributes nearly 73%
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and the rest 23% is DM. DE is modelled in the framework of Einstien’s General Relativ-
ity theory when the Universe is assumed to be homogeneous and isotropic. The nature of
DE is completely unknown to us except its huge negative pressure, which results in the late
time acceleration. On the other hand, DM can be detected only through its gravitational
effect. The observations from the behavior of galactic rotation curves and mass discrepancy
in galactic clusters prove the existence of dark matter.

In the framework of GR, ΛCDM provides the best fit to several observations. But, it faces
severe problems, namely, the fine tuning and the coincidence problem. Fine tuning problem
can be resolved by introducing dynamically evolving DE model where scalar field DE mod-
els, namely, quintessence, phantom, tachyon etc is considered to be a good candidate which
have been discussed earlier in details. Now, the main puzzling issue in modern cosmology
is the coincidence problem. According to the coincidence problem, why we are living in a
particular epoch having similar order of energy densities of DE and DM even though they
evolve differently with cosmic evolution?

However DE has gravitationally repulsive force for which the Universe is accelerating,
while DM shows its gravitational attractive nature and thus at the first sight, there does not
seem to be any interaction between them in a standard approach. On the other hand, DE
is assumed to be very homogeneously distributed in universe and the dark matter clumps
around ordinary matter. The possibility of a weak or even a negligible dynamic interaction
between two dark components in the dark sectors can not be excluded.

Further, cosmological models where dark matter (DM) and dark energy (DE) interacts
with each other have gained significant attention with successive number of observational
data. In fact, very latest observations indicate in favour of a non-zero interaction in the dark
sector [121, 122, 123]. Thus, the interaction between DE and DM could be a major issue to
be confronted in studying the physics of DE. However, the nature of these two components
(DE and DM) are still unknown, and since there are no guiding principles to account for the
interaction, so, this will necessarily be phenomenological ( see Refs. [124, 125, 126, 58, 127,
128, 129, 130, 131, 132, 133, 134, 135].)

In the framework of field theory, it is natural to consider the inevitable interaction between
the dark components. In fact, an appropriate interaction between DE and DM can provide
a mechanism to alleviate the coincidence problem, phantom crossing, cosmic age problem
[136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146], and also the transient nature of
the deceleration parameter. Various DE models interacting with DM have been extensively
studied in several works [125, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159,
160, 161, 162, 163]. Some interactions due to their mathematical simplicity are more realistics
compared to others which have better physical justification. So, for a detailed study one may
follow the Refs. [98, 164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177].

The coupling models are well known for providing a possible solution to the cosmic coin-
cidence problem [147], as well as yielding a physical explanation for measuring a DE phantom
equation of state [178, 164]. It should be noted that there are other options apart from the
above mentioned choices for explaining the cosmic coincidence and other cosmological conun-
drums. In particular, there is the LXCDM type of models (for detailed study see [179, 180])
where there exists an interaction between the vacuum energy and another DE component.
In this case matter can be conserved and nevertheless the ratio between the DE and DM
remains bounded in the entire cosmic history. Further, in this context one finds effective
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quintessence and phantom like behaviors in Refs. [181, 182, 183].

A decisive test for achieving similar energy density of the dark components is to perform
phase space analysis of the given cosmological model in the perspectives of dynamical system
analysis. In this connection, note that the uncoupled models of scalar field, phantom field,
etc. provide late time acceleration with O(Ωde) = 1. In these cases, however, coincidence
problem can not be alleviated. To alleviate the coincidence problem, one has to construct an
interaction model in which the coupling leads to an accelerated scaling attractor satisfying
[98]

ΩDE

ΩDM
≈ O(1) and q < 0. (1.77)

Now, it is easy to understand that any cosmological model suffering from coincidence
problem can be realized as above in terms of the parameters involved giving rise to a possible
solution of coincidence problem by reducing the choice of parameters to match ΩDE/ΩDM

with observations.

We shall now concentrate on the dynamics of the Universe affected by introducing the
interaction term in the dark sectors. Introducing DE and DM in the stress-energy tensor,
the Einstein’s field equations (1.1) take the form

Rµν −
1

2
Rgµν = κ2

�
T (de)
µν + T (dm)

µν

�
. (1.78)

Applying contracted Bianchi’s identity on it, we have

∇µ

�
Tµν
(de) + Tµν

(dm)

�
= ∇µT

µν
(de) + ∇µT

µν
(dm) = 0, (1.79)

where ∇µ indicates the covariant derivative. In an interaction model, the total energy density
of the dark sectors is conserved, however, they are not conserved separately. Hence the
conservation equation is defined as

∇µT
µν
(i) = Qν

(i) , (1.80)

where Qν
(i) is the four-vector of interaction indicating the transformation of energy-momentum

tensor between the dark sectors, the subscript i is referred as i = dm for dark matter compo-
nent and i = de for dark energy. As DE and DM are not separately conserved, from equation
(1.79), the energy-momentum tensor Tµν

(de) of DE transfers energy-momentum to or from the

DM field Tµν
(dm) such that

∇µT
µν
(de) = −∇µT

µν
(dm) = Qν

(i) . (1.81)

So, for DE and DM, we have

Qν
(dm) = −Qν

(de).
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In the spatially flat FLRW universe, the conservation equation for DM and DE read

ρ̇dm + 3H(1 + ωdm)ρdm = Q , (1.82)

ρ̇de + 3H(1 + ωde)ρde = −Q . (1.83)

Here, Q indicates the rate of energy density exchange between DM and DE, where

Q

(
> 0

< 0
=⇒ Energy exchange occurred

(
DE −→ DM

DM −→ DE

We have mentioned that there are no guiding principles to choose the form of interaction
in the dark sectors so any interaction model will necessarily be phenomenological, although
some models give more realistic results than others, or are more convenient due to their
mathematical simplicity. Various interaction models in terms of Q have been proposed in
order to alleviate the coincidence problem. Linear and non-linear terms of Q are important
amongst them.

The possible linear form of Q is Q ≡ Q(H, ρdm, ρde, t). However, in view of coupling
conservation equations (1.82), (1.83), the interaction Q can be thought to be the function
of energy densities and other covariant quantities with unit of inverse of time, therefore, the
time independent interaction will be required in place of the above term Q = Hq(ρdm, ρde).
For this kind of factorization, the effect of coupling on the dynamics of energy densities ρdm
and ρde become independent from the evolution of the Hubble scale H. These kinds of linear
interactions are as follows:

Q = αHρdm [147, 151, 184, 185], (1.84)

Q = αHρde [163, 186, 187], (1.85)

Q = αH(ρdm + ρde) [149, 152, 161], (1.86)

Q = H(αdmρdm + αdeρde) [163, 142, 188, 189, 190]. (1.87)

Thus, linear interactions involve the linear form of ρdm and ρde or linear combination of both
the energy densities.

Cosmological models with non-linear interactions (for a review, see [127], and references
therein) have also gained much interest nowadays in the study of dark energy physics due to
the fact that from the physical point of view the interaction should depend on both of their
chemical or nuclear reactions also. The non-linear interaction is motivated by the structure
formation of energy densities as [127]:

ρdm =
r

1 + r
ρ, ρde =

1

1 + r
ρ, r ≡ ρdm

ρde
, ρ = ρdm + ρde .

The general non-linear interaction term based upon the above can be formed as:

Q ∝ Hρm−n
de ρndm =⇒ Q ∝ Hρmder

n .
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For different values of m and n, the interaction terms take the forms

Q ∝ ρdmρde
ρ

, (1.88)

Q ∝ ρ2dm
ρ

, (1.89)

Q ∝ ρ2de
ρ

. (1.90)

There are some interactions motivated from scalar tensor theories ([148, 191]) and also from
local properties which have been shown in Ref. [125].

We have assumed here that in the equations (1.82) and (1.83), the dark components, i.e.,
DM and DE are perfect fluids satisfying the barotropic equations of state, i.e.,

pdm = ωdmρdm , (1.91)

pde = ωdeρde . (1.92)

Further, one can get the uncoupled form of equations (1.82) and (1.83) by introducing
the effective equation of state parameters for both DM (≡ ωdm, eff ) and DE (≡ ωde, eff ) in
the sense that the new system of equations represents the non-interacting scenario:

ρ̇dm + 3H

�
1 + ωdm − Q

3Hρdm

�
ρdm = 0 , (1.93)

ρ̇de + 3H

�
1 + ωde +

Q

3Hρde

�
ρde = 0 , (1.94)

where the effective equation of state for both the dark components read as:

ωdm, eff = ωdm − Q

3Hρdm
, (1.95)

ωde, eff = ωde +
Q

3Hρde
. (1.96)

It follows that

Q

(
> 0 =⇒ ωde, eff > ωde, DE has less acceleration power

< 0 =⇒ ωde, eff < ωde, DE has more acceleration power

However, concerning the late-time dynamics of the Universe, in general, one can neglect
baryons due to its tiny presence as well as radiation too due to its very small percentage. For
this, the Friedmann equation gives the constraint, Ωdm + Ωde = 1, and the total equation of
state parameter is of the form

ωtot =
ptot
ρtot

= ωdmΩdm + ωdeΩde , (1.97)
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while the energy conservation equation for the total matter is

˙ρtot + 3H(1 + ωtot)ρtot = 0. (1.98)

1.4 Cosmological models from gravity mod-
ification

The most puzzling issue in modern cosmology is related to the present accelerating phase of
the Universe leading to a new imbalance in the governing field equations. If General Rela-
tivity theory is the correct gravity theory in an averaging cosmological scale, the standard
cosmological models intend to address such imbalance by introducing a new matter compo-
nent (entitled as DE) in the energy-stress tensor (right hand side) of Einstein’s field equation
in that scale. The new matter source (DE) with a huge negative pressure is parameterized
by the equation of state ω = p

ρ and hence, the GR equations change to the form

Gµν = κ2(Tµν + Tnew
µν ).

Now, from the Friedmann equation and the acceleration equation, the condition for ac-
celeration of the Universe is ω < −1

3 . Various DE models have been studied which satisfy
this relation. Many of them have serious problems which forces us to think of other models.

On the other hand, a group of physicists have explored the second possibility and modify
the geometric part (left hand side) of the Einstein’s equations on very large scales (r > H−1

0 )
have been introduced to justify the presently observed accelerating universe [192, 193, 194].
In this case, the field equations are modified as [98]

Gµν + Gnew
µν = κ2Tµν .

It should be noted that at large scales, Einstein’s theory of GR breaks down and a more
general action is needed to describe the gravitational field. It is well known that the Einstein’s
field equations were first derived from the Hilbert action with a linear function of the Ricci
scalar R (curvature scalar) in gravitational Lagrangian density. The action in GR can be
presented as

S =
1

2κ2

Z √−g d4x R +

Z √−g d4x Lm . (1.99)

However, there are no guiding principles to restrict the gravitational Lagrangian to
the form in (1.99), rather several attempts have been taken to generalize the Einstein-
Hilbert Lagrangian. As for example, the generalization may include the quadratic La-
grangians involving second order curvature invariants such as R2, RµνR

µν , RαβµνR
αβµν ,

ϵαβµνRαβνδR
νδµν , CαβµνC

αβµν etc. (see [195] and references therein). Thus, for modified
gravity theories, the Ricci scalar R inside the action (1.99) should be transformed to an ar-
bitrary function f(R). These modified gravity theories include f(R)- gravity, Scalar tensor
gravity, Einstein-Gauss-Bonnet gravity, Brane world gravity and many others [38, 39, 40, 41,
196, 197, 198, 199, 200, 201, 202, 203, 204, 205, 206, 207, 208, 209, 210, 211]. As of now a
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number of works has been suggested in the context of f(R) gravity [38, 41, 198, 208, 212,
213, 214, 215, 216, 217, 218].

1.4.1 f(R) gravity and Cosmology

A more general modification of Einstein-Hilbert action in the gravitational Lagrangian (1.99)
should be an involvement of an arbitrary function of R which is f(R) first considered in [217]
and it is then developed in [200, 201, 219]. Recently, several authors have explored their
investigations of f(R) modified theories of gravity explaining the accelerated expansion of
the Universe [38, 214]. The most general action for the f(R) gravity theory is

S =
1

2κ2

Z
d4x

√−g f(R) + Sm, (1.100)

where Sm =
R √−g d4x Lm, Lm is the matter Lagrangian, Sm indicates the action of the

matter sector, and standard Einstein-Hilbert action is replaced by an arbitrary function of
Ricci scalar R given by

R = gµν
�
∂λΓ

λ
µν − ∂νΓ

ρ
µρ − Γσ

σνΓ
σ
µλ + Γρ

µρg
µνΓσ

µν

�
(1.101)

with the Christoffel symbol

Γk
µν =

1

2
gkλ (∂µgλν + ∂νgλµ − ∂λgµν) . (1.102)

There are two possibilities in order to obtain the field equations from the given action
(1.100) of f(R) gravity− one is by varying the action (1.100) with respect to the metric
tensor gµν defined as metric formalism where the Christoffel symbol (affine connection) Γα

βν

depends on the metric gµν . The second is the Palatini formalism [220] − different from the
first approach. Here, gµν and Γα

βν are assumed to be independent variables when the action
is varied. These two approaches give different field equations.

Now, in metric formalism, one obtains the field equation

f ′(R)Rµν −
1

2
f(R)gµν −∇µ∇νf

′(R) + gµν∇α∇αf
′(R) = κ2Tm

µν , (1.103)

where f ′(R) = ∂f(R)
∂R and Tm

µν is the energy-momentum tensor arising from the matter action
Sm. For the flat FLRW metric, the field equations (1.103) lead to the Friedmann equation

−18
h
4H2Ḣ + HḦ

i
f ′′(R) + 3

h
H2 + Ḣ

i
f ′(R) − f(R)

2
+ κ2ρ = 0, (1.104)

where ρ is the total energy density of the matter field while the calculated Ricci scalar is
given by
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R = 6(2H2 + Ḣ). (1.105)

It is worth mentioning that, motivated from the inflationary scenario, Starobinsky in
1980 [199] proposed an f(R) model with f(R) = R + αR2 (α > 0) which provides an
early accelerated expansion of the Universe due to the presence of the term αR2. After the
discovery of DE and DM, models based on f(R) theories have been extensively studied in
order to realize the late time acceleration of the Universe as an alternative theory of DE.
Further, the model with Lagrangian density f(R) = R− α

Rn , (α > 0, n > 0) was proposed
for DE in the metric formalism [41, 208, 212, 221, 222] (see the review [214] on f(R) theories).

1.4.2 f(T) gravity and cosmology

Modified gravity theory is popular for explaining the acceleration of the Universe without
need of dark energy. Several modified gravity theories have been proposed to address this
fact. Among them, f(T ) gravity theory is the attractive one. Let us now start with the
discussion of f(T ) gravity theory.

• f(T) gravity:

The torsion based gravity modified from the Teleparallel Equivalent of General Relativity
(TEGR) allows us to construct the extension of gravity theory named as f(T ) gravity theory,
where the Lagrangian is the torsion scalar T rather than the curvature scalar R. Here, in
the underlying manifold (M, gµν), the basic dynamical object is the vierbein eµA forming an
orthonoraml basis4 at each point xµ of the manifold of tangent space which defines the metric
tensor gµν as

gµν = ηABe
A
µ e

B
ν (1.106)

on this manifold5, where ηAB = diag(+1, −1, −1, −1); eA.eB = ηAB. Also, torsion-less
Levi-Civita connection with Einstein-Hilbert action replaces the curvature-less Weitzenböck
connection defined as [249, 250]

w

Γλ
νµ ≡ eλA∂µe

A
ν , (1.107)

where the gravitational field is described by the following torsion tensor

T ρ
µν ≡ eρA


∂µe

A
ν − ∂νe

A
µ

�
, (1.108)

where T ρ
µν =

w

Γρ
νµ −

w

Γρ
µν . Moreover, the torsion scalar T is generalized from the contraction

of torsion tensor as [250, 251, 252]

4eµA, (µ = 0, 1, 2, 3) are components of the vierbein field eA(xµ), (A = 0, 1, 2, 3) in a coordinate
basis, i.e., eA = eµA∂µ

5where Greek indices label the coordinate of manifold and Latin indices refers to tangent space.

25



Chapter 1. Introduction

T ≡ 1

4
T ρµνTρµν +

1

2
T ρµνTνµρ − T ρ

ρµT
νµ
ν . (1.109)

Now, one can extend T to a generalized function T +f(T ) as in f(R) modified gravity theory.
The action for this model is [211, 253]

S =
1

2κ2

Z
d4x e [T + f(T )] , (1.110)

where e = det(eAµ ) =
√−g. It should be mentioned that for f(T ) = 0 in equation (1.110), the

general relativity is recovered, while for f(T ) = constant, GR is recovered with a cosmological
constant (see for instance [254] and references therein).

• f(T) cosmology:

Let us consider the cosmological model of the Universe to be governed by f(T ) gravity
theory. In this theory, the idea is the generalization of torsion scalar T to T plus f(T ) which
is similar to the f(R) theory as it is an extension of Ricci scalar R in Einstein-Hilbert action.
In f(T ) gravity, the generalized action reads

S =
1

2κ2

Z
d4x e [T + f(T )] + Sm , (1.111)

where Sm is the matter action. We have the equation of motion from the variation of the
action (1.111) with respect to the vierbein

e−1∂µ

eeρAS

µν
A

� �
1 + f ′(T )

�
− eλAT

ρ
µλS

νµ
�
1 + f ′(T )

�
+

eρAS
µν
ρ ∂µ(T )f ′′(T ) +

1

4
eνA [T + f(T )] =

κ2

2
eρA

�
em

T ν
ρ

�
, (1.112)

where
em
T ν
ρ on the r.h.s of the equation (1.112) indicates the usual energy-momentum tensor

satisfying the perfect fluid model in equation (1.3). Let us now consider the opposite signature
metric to describe the scenario of f(T ) cosmology. The common choice of vierbein considering
the homogeneous and isotropic geometry is

eµA = diag(1, a(t), a(t), a(t)) , (1.113)

and this leads to flat FLRW background metric of the form

ds2 = dt2 − a2(t)δijdx
idxj , (1.114)

a(t) is the scale factor. Now, for a perfect fluid model of the constituents of the Universe, using
the vierbein (1.113) in the field equation (1.112), one obtains the background (Friedmann)
equation as
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H2 =
κ2

3
ρm − f(T )

6
− 2f ′(T )H2 (1.115)

and the acceleration equation as

Ḣ = −κ2

2

(ρm + pm)

[1 + f ′(T ) − 12H2f ′′(T )]
, (1.116)

where we have used the relation T = −6H2 [255]. There are some recent works in f(T )
gravity and cosmology in references [256, 257, 258, 259].

1.4.3 f(R,T) gravity

Let us introduce another gravity theory which is a mixture of both R and T , namely, f(R, T )
gravity theory. This gravity theory is a modified gravity theory extended from the general rel-
ativity theory. This simple theoretical model is based on the replacement of Einstein-Hilbert
action by an arbitrary function of Ricci scalar known as f(R) gravity theory. Consequently,
f(T ) gravity theory is also proposed as a modified theory of GR. These two models can
successfully explain the present acceleration which we have discussed earlier in this section.

In f(R, T ) gravity, the gravitational Lagrangian is a function of the Ricci scalar R and
the trace of the stress-energy tensor T . The most general action for this modified gravity
theory is the following [260]:

S =
1

2κ2

Z
f(R, T )

√−gd4x +

Z
Lm

√−gd4x , (1.117)

where f(R, T ) is an arbitrary function of R and T . Here, R is the Ricci curvature scalar and
T is the trace of the stress-energy tensor [260] of matter Tµν ( or, sometimes T indicates the
torsion of space-time [261, 262, 263]). Lm is the matter lagrangian density. The stress-energy
tensor for the matter is given by [264]

Tµν = − 2√−g

δ (
√−gLm)

δgµν
(1.118)

and the trace is T = gµνTµν . The model with f(R, T ) gravity can successfully provide an
acceleration of the universe [265, 266].

1.5 Gravitational particle creation and Ther-
modynamics

In Cosmology, particle creation mechanism plays a crucial role in explaining many cosmic
scenarios, mainly the present acceleration of the Universe without the need of DE. Let us
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now present a brief review of particle creation mechanism from the thermodynamics point of
view and how a cosmological model changes due to the effect of this mechanism.

We shall first discuss the terms related to thermodynamics, and its basic laws. In ther-
modynamics, a system6 is described as any part of matter large enough to be described by
macroscopic parameters. A open system can exchange matter as well as energy with the sur-
roundings whereas a closed system can only exchange its energy with the surroundings, but
not matter. For the case of an isolated system, neither matter nor energy can be exchanged
with the surroundings. A system can be identified by its many properties such as mass, in-
ternal energy etc. Internal energy of a system is an extensive property which depends on the
mass of the system whereas intensive property is mass independent. So, internal energy of a
system depends upon the state of the system. Any thermodynamic state can be described as
(P,V,T), where P is the pressure, V is the volume, and T is the temperature of the system.
So, for a particular state, internal energy is definite. A thermodynamical system is said to be
in thermodynamical equilibrium state when it satisfies the conditions of mechanical, chemical,
and thermal equilibrium 7. If any one of them fails, then it is in non-equilibrium state. In a
thermodynamical equilibrium state, the equation of state is described as f(P, V, T ) = 0 with
the state parameters P,V, and T, and it reduces the number of independent parameters by one.

1.5.1 Thermodynamics at a glance

Let us start with the laws of thermodynamics that play very important role in constructing
several cosmological models.

1.5.1.1 Zeroth law of thermodynamics:

This law is related to the thermal equilibrium of a system. The law states that if any system
A is in thermal equilibrium with another system B and B is in thermal equilibrium with a
third system C, then the systems A and C are in thermal equilibrium. That is according to
Zeroth law, thermal equilibrium satisfy the transitive property.

1.5.1.2 First law of thermodynamics:

This law is related to the conservation of energy. That is, if heat flows in between two systems
A and B, then according to the first law, the heat absorbed by A is equal to the transmission
of heat by B, and this fact assigns the definition of ‘temperature’. We have stated before that
the internal energy of a system is a definite function of its state. The sate can be changed by
a flow of heat in a system, and eventually, it increases the internal energy to perform work.
Thus, when a particular process takes place, the energy conservation has the following form
(for infinitesimal changes):

dE = dQ + dW , (1.119)

6Usually, a system is a region within an arbitrary boundary.
7Note that thermodynamical and thermal equilibrium are different. Thermal equilibrium is related

to heat only. This equilibrium describe the state in which two or more systems are communicate
through a diathermic wall (which allows the transmission of heat only.)
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where dE is the infinitesimal increment of internal energy, dQ is the heat flow into the system,
and dW is the work done by the system on the environment (surroundings). Let us consider a
system in a gaseous medium which has the state parameters p and V as the pressure and the
volume respectively. For a ‘quasi-static’8 or ‘adiabatic’ condition with a particular pressure
‘p’, the increment of volume ‘dV’ is related to quantity ‘dW’ ( work done by the system) as
dW = −pdV , which implies that

dE = dQ− pdV , (1.120)

and this is the mathematical formulation of the first law of thermodynamics.

1.5.1.3 Second law of Thermodynamics:

The second law of thermodynamics is based on the idea of ‘entropy’ (‘S’) changes in the
system. As internal energy ‘E’ and heat ‘H’ are the functions of the system, entropy ‘S’ is
also a function of system. Entropy depends on the mass of the system. The term ‘entropy’
was first introduced by Clausius and according to him, it measures the disorder of the system
such that when gas expands in an empty space cannot be brought back to its original form
with decreasing entropy. He also thought that “ the energy of the universe is constant and
the entropy of the universe tends to a maximum”. When a system absorbs heat, the entropy
increases, while it decreases for releasing heat. Now, for an irreversible process, the level of
disorder always increases, and it tends to a maximum. So, entropy increases always for an
irreversible process. Also, the change in entropy depends only on the initial state and the
final state of the system. The change in entropy is described by the following relation:

dS =
dQ

T
, (1.121)

where dQ is the heat flow into the system from environment and T is a particular temperature
of the thermodynamic system. We put the statements of second law of thermodynamics of
Clausius and Kelvin as:

Clausius statement: “There exists no thermodynamic transformation whose sole effect is
to transfer heat from a colder reservoir to a warmer reservoir.”

Kelvin statement: “There exists no thermodynamic transformation whose sole effect is
to extract heat from a reservoir and to convert that heat entirely into work.”

So, for an irreversible process, the second law of thermodynamics states that the entropy
of a system is ever increasing (even it may be constant, but not decreasing) i.e.,

dS ≥ 0 . (1.122)

Now using (1.121) and (1.120), one arrives at

8Quasi-static process takes place so slowly that the system will always stay nearly in equilibrium.
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TdS = dE + pdV , (1.123)

which gives a mathematical derivation of the second law of thermodynamics.

1.5.2 Thermodynamics in FLRW Cosmology

When thermodynamics is considered, we naturally employ some thermodynamic variables,
such as the entropy, temperature and some others, that often characterize the state of a
cosmological model. Since the geometry of our universe is perfectly described by a FLRW
universe, so we shall focus our discussions in such a universe. In particular, we shall consider
the spatial flat case where the fluid distributions take perfect fluid orientation Tαβ = (p +
ρ)uαuβ + pgαβ .

in which p is the thermodynamic pressure and ρ is the energy density of the perfect fluid
having four velocity vector uα. The particle flow vector Nα is given by

Nα = nuα , (1.124)

where n is the particle number density. Considering the thermodynamically reversible process
without dissipative phenomena in which the particle number is conserved because there are
no unbalanced creation or annihilation processes, by (1.124), the covariant form of particle
conservation is [267]

Nα
;α = 0 ⇐⇒ ṅ + 3Hn = 0 , (1.125)

that means na3 = co-moving const. Similarly, the perfect fluid follows the conservation law
reads Tαβ

;β = 0 =⇒ ρ̇ + 3H(ρ + p) = 0. So clearly, when the particle creation is not
allowed, then the basic equations remain unaltered. Now, let us see the effects of the main
dynamical equations when the backgrund universe allows particle creation by the time varying
gravitational field.

In an adiabatic (or isentropic) system the specific entropy (entropy per particle) is also
conserved, so that ṡ = 0, so ‘s’ is constant for each fluid particle. It should be mentioned that
s is constant along fluid particle worldlines, and not throughout the fluid in general. The
temperature is defined via Gibbs’ equation

Tds = d
�ρ
n

�
+ pd

�
1

n

�
. (1.126)

So, in thermodynamic equilibrium state, perfect fluids do not generate entropy and no fric-
tional type heating, because their dynamics is reversible and without dissipation. On the
other hand, a perfect fluid model is sufficient for many processes in cosmology and astro-
physics, but real fluids behave irreversibly, and some processes in cosmology and astrophysics
cannot be understood except as dissipative processes, requiring a relativistic theory of dis-
sipative fluids. However, to model such processes, we require nonequilibrium or irreversible
thermodynamics, and perhaps the most satisfactory approach to irreversible thermodynamics
is via nonequilibrium kinetic theory [267].
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Eckart, in 1940 [268], first extended the standard, or classical, irreversible thermody-
namics from Newtonian to relativistic fluids. Now, for non-equilibrium, irreversible process
of perfect fluid model can be applied to cosmology. Here, we consider the cosmic matter
component to be characterized by the energy momentum tensor of a bulk viscous fluid [269]

Tαβ = ρuαuβ + (p + Π)hαβ , (1.127)

and the particle flow vector Nα has the form (1.124). Here, hαβ = gαβ + uαuβ is the spatial
projection tensor, and the quantity Π is the dissipative term which denotes that part of the
scalar pressure which is connected with entropy production. The dynamical effective pressure
in presence of viscous fluid becomes peff = p+Π. Usually, Π is termed as the so-called bulk
viscous pressure. In cosmological context, it has a significant role when particle number is
not conserved and for this case, Π is called as creation pressure (here pc ≡ Π) [270]

It is to be noted that there is a restriction |Π| < p (correction to the thermostatic pressure)
near to equilibrium. But this restriction can be neglected by using it as creation pressure (pc).
In irreversible thermodynamics, the entropy is no longer conserved, but grows, according to
the second law of thermodynamics. So, for particle production/annihilation, the conservation
of the particle flux vector satisfies Nα

;α ̸= 0, that means

ṅ + 3Hn = nΓ , (1.128)

where Γ describes the rate of particle creation or annihilation. That is, the creation of
particles take place when Γ > 0, while particle annihilation occur for Γ < 0. For Γ = 0, the
particle number is conserved.

Now, the Friedmann equations in a flat FLRW cosmology are essentially modified (in-
cluding the creation pressure) as

H2 =
κ2

3
ρ, (1.129)

2Ḣ =
κ2

3
(ρ + p + Π), (1.130)

However, using (1.129) and (1.130), one can derive the conservation equation ρ̇+ 3H(ρ+ p+
Π) = 0.

Now using (1.128) in (1.126), the variation of the entropy is given as

nT ṡ = −3HΠ− Γ(ρ + p), (1.131)

which, for an adiabatic condition, turns out to be

Π = − Γ

3H
(ρ + p). (1.132)

Thus, for an adiabatic thermodynamical system, the dissipative pressure is determined by
the particle creation rate. In this connection, one important thing to be pointed out is that,
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sometimes, the expression (1.132) is written as pc = − Γ
3H (ρ+p) in terms of the creation pres-

sure (pc) which can be obtained in the framework of the so-called first-order non-equilibrium
relativistic thermodynamics. But several authors have formulated relativistic second-order
theories which circumvent some theoretical difficulties of the first order approach. (see [271]
and references therein).

1.6 Dynamical system analysis

Dynamical system is a mathematical way out to realize the evolution of a point in physical
state space. Using the dynamical systems tools, the evolution of any particle can be visualized
in any space or state space (phase space) clearly. By the term ‘state’ of the system, one can
realize position of a point, more precisely, the coordinate of a point in the system. For
example, in a physical system in thermodynamics, the triplet (P, V, T ) describes the state of
a certain quantity of a gas, denoted here by X, at any time t. Let us consider from now, x
is the state (element) of the physical system and state space or phase space X is considered
as the set of all states at an instant of time t in that system. Note that in Mathematics,
Euclidean space Rn or its open subset can be treated as phase space. In this thesis, we
closely follow Refs. [1, 272] to present dynamical system analysis. Interested readers may
follow the famous books on dynamical systems [273, 274, 275, 276, 277, 278, 279] and also
related articles [280, 281, 282]. The dynamical system is the evolution of any point x in space
X which may be described by a system of Ordinary Differential Equations (ODEs)

ẋ ≡ dx

dt
= f(x, t) , (1.133)

where t ∈ R and x = (x1, x2, ......, xn) ∈ Rn at any point/ state in the phase space of the
dynamical system (1.133). Here, ‘over dot’ denotes differentiation with respect to time ‘t’.
Also, the function f : Rn+1 −→ Rn can be interpreted as the vector field on Rn where
f = (f1, f2, ....., fn) is at least of class C1 (continuously differentiable). Therefore, when a
physical system evolves with time is referred to as a dynamical system. Dynamical system is
of two types: continuous dynamical system and discrete dynamical system. Here, our study
is only with the continuous dynamical system.

1.6.1 Autonomous System

Any system of differential equation is called an autonomous system of ordinary differential
equations when f is explicitly time independent, i.e., the dynamical system (1.133) is said to
be autonomous if f on r.h.s is a function of x only and does depend on time t. Thus, the
autonomous system of ODEs for the given dynamical system (1.133) can be rewritten as

ẋ ≡ dx

dt
= f(x) , x ∈ Rn. (1.134)

The system can ne expressed as
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ẋ1 = f1(x1, x2, ....xn),

ẋ2 = f1(x1, x2, ....xn),

.

.

ẋn = f1(x1, x2, ....xn). (1.135)

1.6.1.1 Solution and orbit of an Autonomous System

The solutions of the system (1.134) can be expressed as a differentiable function ψ : R −→ Rn

satisfying ψ̇(t) = f(ψ(t)) for all t ∈ R. This solution ψ represents a curve in Rn with tangent
vector ψ̇(t) which is equal to f(ψ(t)) (from (1.134)). The image of a solution in Rn is referred
to as an orbit of the DE. The motion of state vector x ∈ Rn along the orbit represents the
evolution of the associated physical system in time. Thus, the DE reveals that the vector
field f(x) is a tangent to the orbit and so, this can be realized as the velocity of the moving
point in state space.

Now, we state (without proof) the existence and uniqueness of the solution of ODE with
the given initial conditions x = x0 at t = t0. The theorem states that:

considering the system (1.134) with the initial conditions

ẋ = f(x) , x(0) = x0 ∈ Rn (1.136)

with f : Rn −→ Rn is of class C1 and for all x0 ∈ Rn there exists an interval (−δ, δ) and a
unique function ψ(x0) : (−δ, δ) −→ Rn satisfies the relation

ψ̇(t;x0) = f(ψ(t,x0)) ; ψ(0,x0) = x0. (1.137)

Flow:

Let us assume the autonomous system of ODEs (1.134) is valid having solutions for all
t ∈ R. The flow of (1.134) can be defined as one parameter family of maps {ϕt}t∈R from Rn

into itself such that

ϕt(x0) = ψ(t;x0) , ∀ x0 ∈ Rn , (1.138)

where ψ(t;x0) is the solution of the initial value problem (1.136). So, the flow ϕt is defined
in terms of the solution functions ψ(t;x0). Now, for a specific time t, the flow ϕt : Rn −→ Rn

provides the state of the system ψ = ϕt(x0) for all initial states x0. On the other hand, an
orbit ψ(t;x0) passing through x0 can also be defined from the flow as

ψ(t;x0) = {x ∈ Rn | x = ϕt(x0), t ∈ R} . (1.139)

Thus, we see that the ODEs (1.134) produce a flow and vice versa, i.e., ẋ = f(x) ←→
{ϕt}t∈R. It can also be seen that the flow of ODEs (1.134) can hold the group property.
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Now, to achieve the qualitative behavior of the solutions of the system of differential
equations which is our main goal in this thesis, we have to find out the flow of the given
system since it is equivalent to the solutions. Thus, the flow of the system may be a powerful
tool to analyze the qualitative behavior as the properties of flow can be derived by studying
the vector field f . For this, we have to find out the critical points of this system at first.

1.6.1.2 Critical Points of an Autonomous System

To get a qualitative idea about the solutions of ODEs (1.134), one has to find out the critical
points (sometimes called equilibrium points or fixed points) of the system. A critical point
of the system (1.134) is defined as a point (in phase space) x = xc ∈ Rn for which

f(xc) = 0 , (1.140)

or the zeros of the vector field f in the ODE ẋ = f(x), or equivalently, one may define the
critical point xc as that which satisfies ϕt(xc) = xc ∀ t ∈ R, where ϕt is the flow of the
ODEs (1.134). The fixed point xc in a physical system shows its equilibrium state because it
does not change with time, i.e., f(xc) = 0 or equivalently, x0 is unchanged by the action of
flow. Mathematically, in follows from equation (1.139) that the orbit through the equilibrium
point is the point itself

ψ(t,x0) = {x0} . (1.141)

• An orbit connecting different equilibrium points is referred to as a heteroclinic orbit.
On the other hand, an orbit connecting equilibrium points to itself is called a homoclinic orbit.

In this thesis, we wish to apply the dynamical system approach to cosmological models
using the known technique. In a cosmological model, there are governing equations which
are highly nonlinear in nature and it is not quite possible to derive the solutions in analytic
form. Therefore, one has to convert them to a system of ODEs or an autonomous system,
and by finding the critical points of the system, the local properties of flow near the critical
points can be realized by linearizing the system (ODEs) in the neighbourhood of the points.
That is, the idea about the stability of the critical points and for that one must have the idea
to linearize the system about the point. For that, we use the Hartman-Grobman theorem to
relate the linear and non-linear differential equations.

A linear system of ODEs can be obtained from the system (1.134) by replacing the
nonlinear function f(x) (on the r.h.s of (1.134)) as a linear function, i.e., f(x) = Ax, where
A is a matrix of order n×n. Therefore, the linear system of ODEs (for the non-linear system
(1.134)) can be expressed as

ẋ = Ax (1.142)

on Rn and the flow for the linear ODEs (1.142) is defined as

ϕt(x) = eAtx ∀ t ∈ R, x ∈ Rn. (1.143)
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1.6.2 Linear Stability Theory

Let x = xc be the critical point of the system (1.134). We shall now linearize the system
around the critical point x = xc by using Taylor series expansion such that

f(x) ≈ f(xc) +
f ′(x)

1!
(x− xc) +

f ′′(x)

2!
(x− xc)

2 + .......... (1.144)

i.e.,

f(x) ≈ Df(xc)(x− xc), (1.145)

where

Df(xc) =

�
∂fi
∂fj

�

x=xc

, i = 1, 2, ..n; j = 1, 2, ..n (1.146)

is called as Jacobian of f(x) at xc. Now, we consider a perturbation near the critical point
as u = x−xc. Let us assume that the perturbation u is very small, so we neglect the square
and higher powers of it. Therefore, the system (1.134) can be expressed as

u̇ = Df(xc)u. (1.147)

Further, if we assume (1.134) is linear in form (when f is linear ), it can be written as
f(u) = Au (as in (1.142)) for u ∈ Rn. The derived linear dynamical system will be of the
form

u̇ = Au. (1.148)

Since Df(xc) is actually a n×n matrix with constant coefficients, ODE (1.147) represents
a linear dynamical system. Now, for a linear dynamical system (1.148), the general solution
with the initial conditions u(t0) = u0 will be

u(t) = u0e
A(t−t0), (1.149)

where the exponential matrix of A is given by

eA(t−t0) =

∞X

N=0

AN (t− t0)
N

N !
. (1.150)

(1.151)

• Local behavior near the critical points

To get information about solutions near the critical points of the autonomous system, we
have linearized the system near the points and then considering the eigenvalues (complex in
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general) λi and the associated eigen vectors, we have the following three subspaces of Rn :

The stable subspaces Es = span (e1, e2, ....es)
The unstable subspaces Eu = span (es+1, es+2, ....es+u)
The centre subspaces Es = span (es+u+1, es+u+2, ....es+u+c),

where the eigenvectors {e1, e2, ....es} in Es is derived from the linearized Jacobian matrix
corresponding to the eigenvalues λi having negative real parts form the stable subspaces in
Rn whereas {es+1, es+2, ....es+u} are the eigenvectors of A corresponding to the eigenvalues
λi with positive real parts which form the unstable subspaces. Finally, the eigenvectors
{es+u+1, es+u+2, ....es+u+c} belonging to the eigenvalues having vanishing real parts. It is
clear that

Es ⊕ Eu ⊕ Ec = Rn, i .e., s + u + c = n (1.152)

Therefore, the union of three subspaces form the state space or phase space Rn.

The linear ODE (1.148) on Rn provides the above three stable, unstable, and centre sub-
spaces which describe the invariant set 9 (specifically subspaces). From the general solution
(1.149), we see that the orbits passing through u0 remain in the same subspace for all t ∈ R,
and also we have

u0 ∈ Es =⇒ lim
t→+∞

u(t) = lim
t→+∞

u0e
A(t−t0) = 0, (1.153)

u0 ∈ Eu =⇒ lim
t→−∞

u(t) = lim
t→−∞

u0e
A(t−t0) = 0, (1.154)

where 0 is a null vector assumed to be the origin in the state space Rn. Equations (1.153) and
(1.154) represent the asymptotic behavior of the orbits in the phase space of linear dynamical
system. The orbits in the stable subspaces Es are attracted to the origin while the orbits are
repelled by the origin in the unstable subspaces Eu. In particular, if s = n (i.e., Es = Rn),
all the orbits are attracted to the origin as t −→ +∞ which is known as sink, while for u = n
(i.e., Eu = Rn), all are repelled by the origin as t −→ −∞ which is referred to as source.

• Hyperbolic and non-hyperbolic critical points:

In the ODEs (1.134), i.e., ẋ = f(x) on Rn, an equilibrium point x = xc is called hyperbolic
type if all the eigenvalues of the linearized Jacobian matrix Df(xc) have non-zero real parts.
On the other hand, if at least one of the eigenvalues has zero real part, the point is called
non-hyperbolic critical point. Linear stability theory can be employed only on hyperbolic
critical points to check their stability, but it fails to check the stability for non-hyperbolic
critical points. However, center manifold theorem can be employed to check the stability for
the non-hyperbolic one which will be discussed later.

• Non-isolated critical points:

9A set S is called an invariant set of the flow ϕt of the system (1.134) means that for all t ∈ R,
ϕt(x) ∈ S, where S ⊂ Rn.
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We are interested another type of critical point, namely, non-isolated critical points which,
sometimes, arising from the system of ODEs (1.134), are a curve of points (i.e., set of points)
or a line of critical points. This non-isolated critical points is called a critical set or equi-
librium set. Mathematically, critical sets (set of points) S (∈ Rn) of points xc satisfy the
relation f(xc) = 0 for every xc ∈ S. In the set of points, the linearized Jacobian matrix nec-
essarily has one zero eigenvalue at each point xc of the critical/equilibrium set, which follows
that every critical point of a critical/equilibrium set is a non-hyperbolic critical point. The
equilibrium set with exactly one vanishing eigenvalue (all other eigenvalues have Re(λi) ̸= 0)
at each point is called a normally hyperbolic set. The stability of the normally hyperbolic
set can, however, be determined by the signature of the eigenvalues in the remaining direc-
tions. Hence, for the negative eigenvalues, the set is an attractor, otherwise a repeller [1, 106].

• Stable, unstable, and saddle-like critical points:

Now, we are able to linearize the system around the critical points to realize the stability
of the points. It is worthwhile to know the behavior of orbits near the critical points xc, i.e.,
whether they are attracted or repelled by that point. First of all, we have to compute the
eigenvalues of the linearized Jacobian matrix, then identify the following:

(1) If all the eigenvalues have negative real parts (in this case Es = Rn), then all the
trajectories are attracted to the point xc and the point is called a stable critical point or sink.

(2) If all the eigenvalues have positive real parts (Eu = Rn), then all the trajectories
emerge from the point xc i.e., they will be repelled by the point and the point is said to be
an unstable critical point or source.

(3) When the eigenvalues have negative as well as positive real parts, then the point is
called a saddle point.

It is very clear that critical points will show its nature if any one of the eigenvalues be-
comes positive, however, nothing can be concluded about its stability.

• Stable, unstable, and center manifold:

We have discussed earlier that the subspaces Es, Eu, Ec arising from linearized ODE
(1.147) are invariant subspaces. The behavior of orbits near the critical points of non-linear
ODE (1.134) are equivalent to those in (1.147). This can be concluded from Hartman-
Grobman theorem. Now, one can generalize the idea of stable, unstable, and centre subspaces
for non-linear ODE derived from linear ODEs.

A stable manifold W s of a critical point xc is a differentiable manifold which is tangent
to the stable subspaces Es at xc and all orbits in W s are asymptotic to xc as t −→ +∞.

In a similar way, an unstable manifold W u of critical point xc is a differentiable manifold
which is tangent to the unstable subspaces Eu at xc such that all orbits in W u are asymptotic
to xc as t −→ −∞.

Lastly, a center manifold W c (when neither all of eigenvalues are positive nor negative)
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of equilibrium point xc is a differentiable manifold which is tangent to the centre subspaces
Ec at xc. Asymptotic behavior of the orbits in this center manifold cannot be determined by
linearization.

• Hartman-Grobman Theorem:

The flow and ODE are equivalent. So, we obtain a nature of trajectory/orbit in the
neighbourhood of critical points by finding the solution curve of ODE. The information of
a non-linear system is completely determined from a linearized system (provided that the
critical point is hyperbolic) by the Hartman-Grobman theorem which states that

“Let ϕt be a flow and xc be a hyperbolic critical point of the non-linear ODE (1.134),
there exists a neighbourhood Nδ(xc) of the point xc, where ϕt is topologically equivalent 10

to the flow of the linearized system (1.147) at xc.”

Generally, a non-linear system cannot be rearranged as in matrix notation, the matrix
form of a linear system is possible only for hyperbolic critical points. Keeping it in mind, us-
ing Hartman-Grobman theorem (as the flows arising from two system have same qualitative
behavior), one can fully analyze the non-linear ODE by linearizing the system around at the
hyperbolic critical points. So, by this theorem, wee see that non-linear flow of original non-
linear ODE is equivalent to linear flow of linearized ODE. That is, the qualitative behavior
of non-linear ODE is same as the linearized system. Therefore, it can be concluded that the
stability of a point (hyperbolic) obtained from linearized ODE corresponds to the stability
of the non-linear ODE. This is the importance of the Hartman-Grobman theorem.

1.6.2.1 2D autonomous system

Let us assume a 2-dimensional autonomous system

ẋ = P (x, y), ẏ = Q(x, y) (1.155)

has a critical point (xc, yc) such that P (xc, yc) = 0, Q(xc, yc) = 0. From the earlier discussion,
we have shown that the behavior of the phase path near the point (xc, yc) may be realized
by linearizing the system. To do so, we have to perturb the system around the point and
observe whether the perturbation grows or decays. Let the small perturbation be

η(t) = x(t) − xc, ξ(t) = y(t) − yc, then η̇(t) = x(t), ξ̇(t) = y(t) since xc and yc are
constants. Thus, we have η̇(t) = ẋ = P (x, y) = P (xc + η(t), yc + ξ(t)) and using Taylor’s
theorem, η̇(t) = P (xc, yc) + η ∂P

∂x + ξ ∂P
∂y + O(η2, ξ2, ηξ). Since P (xc, yc) = 0, we have from

the above:

η̇(t) = η
∂P

∂x
+ ξ

∂P

∂y
+ O(η2, ξ2, ηξ). (1.156)

Similarly,

10Let us assume flows ϕt and ϕ̄t are on Rn. They are said to be topologically equivalent when there
exists a homeomorphism h : Rn −→ Rn which maps orbits of the flow ϕt onto orbits of ϕ̄t, preserving
their orientation.
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ξ̇(t) = η
∂Q

∂x
+ ξ

∂Q

∂y
+ O(η2, ξ2, ηξ). (1.157)

Assuming the quadratic term in r.h.s to be small, we write (1.156) and (1.157) in matrix
form as

�
η̇

ξ̇

�
=

 
∂P
∂x

∂P
∂y

∂Q
∂x

∂Q
∂y

!�
η
ξ

�
. (1.158)

The system (1.158) is the linearized form and the matrix

J =

 
∂P
∂x

∂P
∂y

∂Q
∂x

∂Q
∂y

!

(xc,yc)

. (1.159)

is called the Jacobian matrix at (xc, yc).

For a 2D autonomous system, the stability of the critical point (xc, yc) depends on the
eigenvalues λ1, λ2 arising from the linearized Jacobian matrix (1.159) as follows:

• (i) The equilibrium point shows stable nature for λ1 < 0, λ2 < 0.

• (ii) The point has unstable nature for λ1 > 0, λ2 > 0.

• (iii) The point is saddle-like in nature if any one of the eigenvalues is positive (or,
λ1λ2 < 0).

• (iv) If two eigenvalues are complex conjugates λ1 = α + iβ, λ2 = α − iβ with α >
0, β ̸= 0, the point will be an unstable spiral.

• (v) If two eigenvalues are complex conjugates λ1 = α + iβ, λ2 = α − iβ with α <
0, β ̸= 0, the point will be a stable spiral.

• (vi) If the eigenvalues are purely imaginary i.e., λ1 = iβ, λ2 = −iβ, then the point is
a center.

• Lyapunov stability theory:

We have seen that negativity of eigenvalues of the linearized Jacobian matrix corresponds
to local stability of the critical points. This linear stability theory is only applied for the case
of hyperbolic critical points. For the case of non-hyperbolic critical points, linear stability
fails to describe their local stability and in this case, center manifold theorem may be applied
to check their stability, or one can predict the stability by finding out the Lyapunov functions.
In this paragraph, we shall discuss the Lyapunov stability theory.

Let xc be the critical point for ODEs x = f(x). Let N be the neighbourhood of the point
xc and V : Rn −→ R be a function of class C1 such that V (xc) = 0, V (x) > 0 ∀ x ∈ N−{xc}.
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Then

(1) if d
dtV (x) < 0 ∀ x ∈ N − {xc}, xc is asymptotically stable.

(2) if d
dtV (x) ≤ 0 ∀ x ∈ N − {xc}, xc is stable.

(3) if d
dtV (x) > 0 ∀ x ∈ N − {xc}, xc is unstable.

Now, a function V that satisfies the conditions of the theorem with d
dtV (x) ≤ 0 is called a

Lyapunov function. Moreover, if V satisfies the conditions of the theorem with d
dtV (x) < 0,

then this is called a strict Lyapunov function. Therefore, in order to determine the stability
of critical points, it is only required to identify the Lyapunov function in the neighbourhood
of critical points. Thus, the existence of such Lyapunov function would guarantee the asymp-
totic stability and we don’t need to solve ODEs explicitly.

• Center manifold theorem:

We have discussed the local stability (linear stability theory) properties of critical points
by evaluating the eigenvalues of the linearized Jacobi matrix Df(xc). This process can be
applied only when the eigenvalues have non-zero real parts (i.e., for hyperbolic type critical
points). This theory is no longer valid when at least one of the eigenvalues have vanishing real
parts. This type of critical points are called non-hyperbolic critical points. In this section,
we shall discuss the stability of non-hyperbolic critical points. We have pointed out how
to determine the stability of points having eigenvalues with zero real parts by finding the
suitable Lyapunov functions using Lyapunov stability theory. However, it has a limitation
that sometimes, it is not possible to find out proper Lyapunov functions for the system. So,
Center Manifold theorem is an effective one to characterize the stability for these kind of
points. This theorem allows us to simplify the system by reducing their dimensionality [280]
(for a review see [279]).

We follow Perko [474] and Boehmer [609], for discussing the mathematical background of
the center manifold theory. When Jacobian matrix corresponding to the given autonomous
system at the equilibrium point has zero eigenvalue(s), linear theory fails to provide infor-
mation on the stability of that equilibrium point. In this case, use of center manifold is
interested because it reduce the dimension of the system near that equilibrium point so that
stability of the reduced system can be investigated. There always exists an invariant local
center manifold W c passing through the fixed point to which the system could be restricted
to study its behavior in the neighborhood of the fixed point. The stability of the reduced
system determines the stability of the system at that point.

Let x ∈ Rp and y ∈ Rq. An arbitrary dynamical system with zero eigenvalues in the
Jacobian matrix can always be written in the following form

ẋ = Ax + f(x, y),

ẏ = Bx + g(x, y),
(1.160)

where

f(0, 0) = 0, Df(0, 0) = 0,

g(0, 0) = 0, Dg(0, 0) = 0.
(1.161)
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Here we assume that the critical point is located at the origin and Df denotes the matrix of
first derivatives of the vector valued function f . A is a p× p matrix having eigenvalues with
zero real parts and B is an q × q matrix having eigenvalues with non-zero real parts.
It is noted that a dynamical system with zero eigenvalues can always be rewritten into the
above form by linear shifting and matrix coordinate transformations. We will show this con-
struction explicitly when we discuss the scalar field model below.

Definition. We call the space

W c(0) = {(x, y) ∈ Rp × Rq|y = h(x), |x| < δ, h(0) = 0, Dh(0) = 0} (1.162)

for δ sufficiently small, the center manifold for the system (1.160).

Next, we need to construct this center manifold explicitly. By differentiating the con-
sidering equation y = h(x) with respect to the independent variable, we get ẏ = Dh(x)ẋ
where we used the chain rule. Eliminating ẋ and ẏ via (1.160), one arrives and the following
quasilinear partial differential equation which h has to satisfy

N (h(x)) = Dh(x)[Ax + f(x, h(x))] −Bh(x) − g(x, h(x)) = 0, (1.163)

and the flow on the center manifold W p(0) is defined by the system of differential equations

ẋ = Cx + f(x, h(x)) (1.164)

for all x ∈ Rp with |x| < δ.

It is interesting to note that for a non-hyperbolic critical point having the eigenvalues of
Jacobi matrix Df(0) with some positive or negative real parts, ideas of stability are realized
by reducing the dimensions of dynamical systems. If we get p numbers of eigenvalues with
positive real parts and q with negative real parts, then obviously, the number of eigenvalues
with zero real parts will be r(= n − p − q). It is clear that there exists a stable manifold of
dimension q tangent to the stable subspace Eq whereas there exists a p-dimensional unstable
manifold tangent to the unstable subspace Ep, and a r- dimensional center manifold also
exists. All are invariant under the flow ϕt of the non-linear system [106].

1.7 Analysis at Infinity

Consider the simple autonomous system in R

ẋ =
1

x
, x(1) = 1.

ZThe function f(x) = 1
x , defined over (0,∞) has no zero. However if the extended real

number system is considered, then x = ∞ is a critical point and the solution x(t) =
√

2t− 1
suggests that ∞ is a stable critical point of the system, as t → ∞ implies x(t) → ∞.

There is a method due to Poincaré which addresses this kind of situation in more general
set up. For the sake of simplicity, the entire discussion on Poincaré method [474] will be
carried out for an autonomous system of dimension two. For higher dimensions, similar
techniques are employed.
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1.7.1 Poincaré projection

The Poincaré sphere [474] is the usual sphere S2 = {(X,Y, Z) ∈ R3 | X2 + Y 2 + Z2 = 1}.
The points in the sphere is projected in an one-one fashion onto R2 = {(x, y) | x, y ∈ R} as

x =
Y

Z
, y =

Y

Z
, (1.165)

The inverse of this projection map is

X =
xp

1 + x2 + y2
, Y =

yp
1 + y2 + z2

, Z =
z√

1 + x2 + z2
. (1.166)

From (1.166), it can be easily seen that the critical points at infinity are spread out along
the equator of the sphere, whereas the origin is mapped to the north pole.

1.7.2 Poincaré method

Given the dynamical system on R2,

ẋ = M(x, y),

ẏ = N(x, y)
(1.167)

where M , N are polynomials, define

m = max{degree(M), degree(N)}.

The system (1.167) can be written as

dy

dx
=

N(x, y)

M(x, y)
.

or as

N(x, y) dx−M(x, y) dy = 0. (1.168)

It follows from (1.165) that

dx =
Z dX −X dZ

Z2
, dy =

Z dY − Y dZ

Z2
.

Therefore (1.168) can be written as

N(Z dX −X dZ) −M(Z dY − Y dZ) = 0 (1.169)

where

M = M(x, y) = M

�
X

Z
,
Y

Z

�
.

and

N = N(x, y) = N

�
X

Z
,
Y

Z

�
.
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are rational functions.

To eliminate Z from the denominators, one can multiply (1.169) by Zm to obtain

ZN∗ dX − ZM∗ dY + (YM∗ −XN∗) dZ = 0 (1.170)

where

M∗(X,Y, Z) = ZmM

�
X

Z
,
Y

Z

�
, N∗(X,Y, Z) = ZmN

�
X

Z
,
Y

Z

�

are polynomials in (X,Y, Z).

The equation (1.170) can be rewritten in the form of determinant equation as

������

dX dY dZ
X Y Z
M∗ N∗ 0

������
= 0. (1.171)

The flows of the system (1.170) in the sphere S2 correspond to the flows of the system
(1.165) in a one-one manner. The equator (Z = 0) of S2 contains the critical points at ∞ of
the system (1.170).

When Z = 0, the system (1.170) becomes

(YM∗ −XN∗) dZ = 0.

For a critical point at ∞, if it is approached by the trajectories from the finite plane, then
dZ = 0, consequently YM∗ −XN∗ = 0.

If

M(x, y) = M0(x, y) + · · · + Mm(x, y)

and

N(x, y) = N0(x, y) + · · · + Nm(x, y)

where Mj and Nj are homogeneous j-th degree polynomials in x and y, then

YM∗ −XN∗ = ZmYM1

�
X

Z
,
Y

Z

�
+ · · · + ZmYMm

�
X

Z
,
Y

Z

�

− ZmXN1

�
X

Z
,
Y

Z

�
− · · ·− ZmXNm

�
X

Z
,
Y

Z

�

= Zm−1YM1(X,Y ) + · · · + YMm(X,Y )

− Zm−1XN1(X,Y ) − · · ·−XNm(X,Y )

= YMm(X,Y ) −XNm(X,Y ) (1.172)

for Z = 0.
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For Z = 0 also X2 + Y 2 = 1. Therefore transforming (1.172) to the polar coordinates,
one gets

sin θMm(cos θ, sin θ) − cos θNm(cos θ, sin θ) = 0.

These results [474] are summarized in the following

Theorem 1 The critical points at infinity for the m-th degree polynomial system (1.165)
occur at the points (X,Y, 0) on the equator of the Poincaré sphere where X2 + Y 2 = 1 and

YMm(X,Y ) −XNm(X,Y ) = 0 (1.173)

or equivalently at the polar angles θj and θj + π satisfying

Gm+1(θ) ≡ sin θMm(cos θ, sin θ) − cos θNm(cos θ, sin θ) = 0. (1.174)

This equation has at most m + 1 pair of roots θj and θj + π unless Gm+1(θ) is identically
zero. If Gm+1(θ) is not identically zero, then the flow on the equator of the Poincaré sphere
is counter-clockwise at the points corresponding to the polar angles? where Gm+1(θ) > 0 and
it is clockwise at the points corresponding to the polar angles θ where Gm+1(θ) < 0.

The behavior of the flows of (1.172) in a neighborhood of any critical point at infinity
can be obtained by projecting that neighborhood onto a plane tangent to S2 at that point.
Actually it is only necessary to project the hemisphere with X > 0 onto the plane X = 1 and
to project the hemisphere with Y > 0 onto the plane Y = 1 in order to determine the behav-
ior of the flow in the neighborhood of any critical point on the equator of S2. This follows
because the flow on S2 defined by (1.172) is topologically equivalent at the antipodal points
of S2 if m is odd and it is topologically equivalent with the direction of the flow reversed, if
m is even. For an example, if the critical point at infinity for the system (1.165) is (∞, 0);
then one can project the flow on S2 near that critical point defined by (1.172) onto the plane
X = 1 by setting X = 1 and dX = 0 in (1.172). Similarly, for the critical point (0,∞) of the
system (1.165), one can project the flow near (0,∞) defined by (1.172) onto the plane Y = 1
by setting Y = 1 and dY = 0 in (1.172).

These results [474] are summarized as follows

Theorem 2 The flow defined by (1.172) in a neighborhood of any critical point of (1.172) on
the equator of the Poincaré sphere S2, except the points (0,±1, 0), is topologically equivalent
to the flow defined by the system

±ẏ = yzmM

�
1

z
,
y

z

�
− zmN

�
1

z
,
y

z

�
,

±ż = zm+1M

�
1

z
,
y

z

�
,

(1.175)

the signs being determined by the flow on the equator of S2 as determined in the Theorem (1).
Similarly, the flow defined by (1.172) in a neighborhood of any critical point of (1.172) on
the equator of the Poincaré sphere S2, except the points (±1, 0, 0), is topologically equivalent
to the flow defined by the system

±ẋ = xzmN

�
x

z
,

1

z

�
− zmM

�
x

z
,

1

z

�
,

±ż = zm+1M

�
x

z
,

1

z

�
,

(1.176)

44



Chapter 1. Introduction

the signs being determined by the flow on the equator of S2 as determined in the Theorem
(1).

An example [474] demonstrating the application of the Poincaré method is as follows

Consider the autonomous system
ẋ = x,

ẏ = −y.

This system has (0, 0) as the only finite critical point which is also a saddle point. According
to the Theorem (1), the critical point at infinity for this system is determined by the solutions
of

XN1(X,Y ) − YM1(X,Y ) = −2XY = 0.

Therefore, there are critical points on the equator of S2 at (±1, 0, 0) and at (0,±1, 0). It
is seen from the left hand side of the above expression that the flow on the equator of S2 is
clockwise for XY > 0 and counter-clockwise for XY < 0. According to the Theorem (2), the
behavior in a neighborhood of the critical point (1, 0, 0) is determined by the behavior of the
system

−ẏ = yz

�
1

z

�
+ z

�y
z

�
,

−ż = z2
�

1

z

�

or equivalently
ẏ = −2y,

ż = −z

near the origin. This system has a stable (improper) node at the origin. The y-axis consists of
trajectories of this system and all the other trajectories come into the origin in tangent to the
z-axis. This completely determines the behavior at the critical point (1, 0, 0). The behavior
at the antipodal point (−1, 0, 0) is exactly the same as the behavior at (1, 0, 0). There is
also a stable (improper) node at (−1, 0, 0), as m = 1 is odd in this example. Similarly, the
behavior in a neighborhood of the critical point (0, 1, 0) is determined by the behavior of the
system

ẋ = 2x,

ż = z

near the origin. It can be inferred that this system has unstable (improper) nodes at (0,±1, 0).

Another example [474] of this method is in the following

Consider the following autonomous system

ẋ = x2 + y2 − 1,

ẏ = 5(xy − 1).

Since the circle x2 + y2 = 1 and the hyperbola xy = 1 do not intersect, there are no finite
critical points of this system. The critical points at infinity are determined by

XN2(X,Y ) − YM2(X,Y ) = Y (4X2 − Y 2) = 0
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together with X2+Y 2 = 1. Hence, the critical points at infinity are at (±1, 0, 0), ±
�

1√
5
, 2√

5
, 0
�

and
�

1√
5
,− 2√

5
, 0
�

. For X = 0, the left hand side of the equation is negative while Y > 0

and positive while Y < 0. It indicates the direction of the flow on the equator of S2. Then

by using the Theorem (2), the behavior near each of the critical points (1, 0, 0),
�

1√
5
, 2√

5
, 0
�

and
�
− 1√

5
,− 2√

5
, 0
�

and
�

1√
5
,− 2√

5
, 0
�

on S2 is determined by the behavior of the system

ẏ = 4y − 5z2 + yz2 − y3,

ż = −z − zy2 + z3

near the critical points (0, 0), (2, 0) and (−2, 0) respectively. For this system one has

Df(0, 0) =

�
4 0
0 −1

�

and

Df(±2, 0) =

�
−8 0
0 −5

�
.

By obtaining eigenvalues of the above two matrices, we can conclude that (0, 0) is a saddle
point and (±2, 0) are stable improper nodes for this system. Since m = 2 is even in this ex-

ample, the behavior near the antipodal points −(1, 0, 0), −
�

1√
5
, 2√

2
, 0
�

, and −
�

1√
5
,− 2√

5
, 0
�

is topologically equivalent to the behavior near (1, 0, 0),
�

1√
5
, 2√

2
, 0
�

, and
�

1√
5
,− 2√

5
, 0
�

re-

spectively with the directions of the flow reversed. So −(1, 0, 0) is a saddle point whereas

−
�

1√
5
,± 2√

5
, 0
�

are unstable (improper) nodes.

1.8 Bifurcation

Bifurcation theory is the mathematical study of changes in the topological structure of a
given family such as the flows of an autonomous system. A bifurcation occurs when a very
small and smooth changes made to the parameter values (also called the bifurcation value of
the bifurcation parameters) of a system causes a sudden qualitative change in its topological
behavior [699]. This concept was first introduced by Poincaré.

It is often useful to divide a bifurcation in one of the two following classes

• Local bifurcations A local bifurcation occurs when a parameter change cause the
stability of a critical point to change.

• Global bifurcations Global bifurcations occur when ‘larger’ invariant sets, such as
periodic orbits, collide with the equilibrium points. The effect is a change in the topology
of the orbits in the phase space which cannot be confined to a small neighborhood, as is the
case with local bifurcations. In fact, the changes in topology extend out to an arbitrarily
large distance.
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1.8.1 Local theory

Examples of local bifurcations include

• Saddle-node bifurcation The Saddle-node bifurcation is a local bifurcation in which
two critical points of a dynamical system collide and annihilate each other.

• Transcritical bifurcation A transcritical bifurcation is a type of local bifurcation
in which a fixed point exists for all values of a parameter and is never destroyed. However,
such a fixed point interchanges its stability with another fixed point as the parameter is varied.

• Pitchfork bifurcation A pitchfork bifurcation is a particular type of local bifurcation
where the system transits from one critical point to three critical points, hence the name
‘Pitchfork’. Pitchfork bifurcations have two types, supercritical and subcritical.

• Period-doubling bifurcation A period doubling bifurcation in a discrete dynamical
system is a local bifurcation in which a slight change in a parameter value leads to the system
switching to a new behavior with twice the period of the original system.

• Hopf bifurcation A Hopf bifurcation is a local bifurcation where a system’s stability
switches and a periodic solution arises. To be more precise, it is a local bifurcation in which a
critical point of a dynamical system loses its stability, as a pair of complex conjugate eigenval-
ues of the linearization matrix at that critical point crosses the complex plane imaginary axis.

• Neimark-Sacker bifurcation A Neimark-Sacker bifurcation (also called a secondary
Hopf bifurcation) is a type of local bifurcation where the formation of a closed invariant curve
happens from a critical point in a discrete dynamical systems, when the critical point changes
its stability via a pair of complex eigenvalues with unit modulus. This type of bifurcation
can be supercritical or subcritical, resulting in a stable or unstable closed invariant curve,
respectively.

1.8.2 Global theory

Examples of global bifurcations include

• Homoclinic bifurcation Homoclinic bifurcation is a global bifurcation where a limit
cycle collides with a saddle point. Homoclinic bifurcations can occur supercritically or sub-
critically.

• Heteroclinic bifurcation Heteroclinic bifurcation is a bifurcation of global type where
a limit cycle collides with two or more saddle points. They involve a heteroclinic cycle. Het-
eroclinic bifurcations are of two types, resonance bifurcations and transverse bifurcations.
Both types of bifurcations result in the change of stability of the heteroclinic cycle.

• Infinite-period bifurcation Infinite-period bifurcation is a type of global bifurcation
where a stable node and saddle point simultaneously occur on a limit cycle. As the limit of
a parameter approaches a certain critical value, the speed of the oscillation slows down and
the period approaches infinity. The infinite-period bifurcation occurs at this critical value.
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Beyond this critical value, two fixed points emerge continuously from each other on the limit
cycle to disrupt the oscillation and form two saddle points.

• Blue sky catastrophe Blue sky catastrophe is a global bifurcation where a limit cycle
collides with a non-hyperbolic cycle.

1.9 Criteria for stability corresponding to
discrete dynamical system

In this section, we will establish some simple but powerful criteria for the local stability of
fixed points [422]. Fixed (equilibrium) points may be divided into two types: hyperbolic and
nonhyperbolic. A fixed point x∗ of a map f is said to be hyperbolic if |f ′(x∗)| ̸= 1. Otherwise,
it is nonhyperbolic. We will treat the stability of each type separately.

Definition 1.9.1 (Fixed points.) A point z ∈ R2 is called a fixed point [421] of W if
W (z) = z.

1.9.1 Hyperbolic Fixed Points

The following result is the main tool for detecting local stability.

Theorem 3 Let x∗ be a hyperbolic fixed point of a map f , where f is continuously differen-
tiable at x∗. The following statements then hold true [422]:

1. If |f ′(x∗)| < 1, then x∗ is asymptotically stable.

2. If |f ′(x∗)| > 1, then x∗ is unstable.

1.9.2 Nonhyperbolic Fixed Points

The stability criteria for nonhyperbolic fixed points are more involved. They will be sum-
marized in the next two results, the first of which treats the case when f ′(x∗) = 1 and the
second for f ′(x∗) = −1.

Theorem 4 Let x∗ be a fixed point of a map f such that f ′(x∗) = 1. If f ′(x), f ′′(x), and
f ′′′(x) are continuous at x∗, then the following statements hold [422]:

1. If f ′′(x∗) ̸= 0, then x∗ is unstable (semistable).

2. If f ′′(x∗) = 0 and f ′′′(x∗) < 0, then x∗ is aymptotically stable.

3. If f ′′(x∗) = 0 and f ′′′(x∗) > 0, then x∗ is unstable.

The preceding theorem may be used to establish stability criteria for the case when
f ′(x∗) = −1. But before doing so, we need to introduce the notion of the Schwarzian
derivative.
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Definition 1.9.2 The Schwarzian derivative, Sf , of a function f is defined by [422]

Sf(x) =
f ′′′(x)

f ′(x)
− 3

2

�
f ′′(x)

f ′(x)

�2
.

And if f ′(x∗) = −1, then

Sf(x∗) = −f ′′′(x∗) − 3

2

�
f ′′(x∗)

�2
.

Theorem 5 Let x∗ be a fixed point of a map f such that f ′(x∗) = −1. If f ′(x), f ′′(x), and
f ′′′(x) are continuous at x∗, then the following statements hold [422]:

1. If Sf(x∗) < 0, then x∗ is asymptotically stable.

2. If Sf(x∗) > 0, then x∗ is unstable.

Theorem 6 Let f : G ⊂ R2 → R2 be a C1 map, where G is an open subset of R2, X∗

is a fixed point of f , and A = Df(X∗). Let ρ(A) be the spectral radius of A defined as
ρ(A) = max{|λ1|, |λ2| : λ1,λ2 are the eigen values of A}. Then the following statements hold
true:

1. If ρ(A) < 1, then X∗ is asymptotically stable.

2. If ρ(A) > 1, then X∗ is unstable.

3. If ρ(A) = 1, then X∗ may or may not be stable.

1.9.3 Center Manifolds

Consider the s-parameter map F (µ, u), F : Rs × Rk → Rk, with u ∈ Rk, µ ∈ Rs, where F is
Cr (r ≥ 3) on some sufficiently large open set in Rk ×Rs. Let (u∗, µ∗) be a fixed point of F ,
i.e.,

F (µ∗, u∗) = u∗.

The stability of hyperbolic fixed points of F is determined from the stability of the fixed
points under the linear map

J = DµF (µ∗, u∗). (1.177)

However, the situation is drastically different if one of the eigenvalues λ of J lies on the unit
circle, that is, |λ| = 1. There are three separate cases in which the fixed point (u0, µ0) is
non-hyperbolic.

1. J has one real eigenvalue equal to 1 and the other eigenvalues are off the unit circle.

2. J has one real eigenvalue equal to −1 and the other eigenvalues are off the unit circle.

3. J has two complex conjugate eigenvalues with modulus 1 and the other eigenvalues

are off the unit circle.

Let us temporarily suppress the parameter µ. Then the map F can be written in the form

x 7−→ Ax + f(x, y),

y 7−→ By + g(x, y)
(1.178)
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where J in equation (1.177) has the form J =

�
A 0
0 B

�
. Moreover, all of the eigenvalues of

A lie on the unit circle, and all of the eigenvalues of B are off the unit circle. Furthermore,

f(0, 0) = 0, g(0, 0) = 0,

Df(0, 0) = 0, Dg(0, 0) = 0.

Theorem 7 There is a Cr-center manifold for system (1.178) that can be represented locally
as [422]

Mc =
�

(x, y) ∈ Rt × Rs : y = h(x), |x| < δ, h(0) = 0, Dh(0) = 0, for a sufficiently small δ
	
.

Furthermore, the dynamics restricted to Mc are given locally by the map

x 7−→ Ax + f(x, h(x)), x ∈ Rt. (1.179)

This theorem asserts the existence of a center manifold, i.e., a curve y = h(x) on which
the dynamics of System (1.178) is given by Equation (1.179). The next result states that
the dynamics on the center manifold Mc determines completely the dynamics of the System
(1.178).

Theorem 8 The following statements hold.[422]

1. If the fixed point (0, 0) of Equation (1.179) is stable, asymptotically stable, or unsta-
ble, then the fixed point (0, 0) of System (1.178) is stable, asymptotically stable, or unstable,
respectively.

2. For any solution (x(n), y(n)) of the system (1.178) with an initial point (x0, y0) in a
small neighborhood around the origin, there exists a solution z(n) of Equation (1.179) and
positive constants L, β > 1 such that

|x(n) − z(n)| ≤ Lβn, and |y(n) − h(z(n))| ≤ Lβn for all n ∈ Z+.

The question that still lingers is how to find the center manifold Mc or, equivalently, how
to compute the curve y = h(x). The first thing that comes to mind is to substitute for y in
System (1.178) to obtain the system

x(n + 1) = Ax(n) + f(x(n), h(x(n))),

y(n + 1) = h(x(n + 1))

= h [Ax(n) + f(x(n), h(x(n)))]

= Bh(x(n)) + g(x(n), h(x(n))).

Equating the two equations for y(n + 1) yields the functional equation

F(h(x)) = h [Ax + f(x, h(x))] −Bh(x) − g(x, h(x)) = 0. (1.180)

Solving Equation (1.180) is a formidable task, so at best one can hope to approximate its
solution via power series. The next result provides the theoretical justification for our ap-
proximation.

Theorem 9 Let ψ : Rt → Rs be a C1-map with ψ(0) = ψ′(0) = 0. Suppose that F(ψ(x)) =
O(|x|r) as x → 0 for some r > 1 [422]. Then,

h(x) = ψ(x) + O(|x|r) as x → 0.
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1.10 Cosmology from the DSA perspective

We have achieved a set of non-linear governing equations, namely, Friedmann equation and
the acceleration equation from the study of Einstein’s General Relativity. The solutions of
those equations make a huge impact on cosmology in understanding the origin, evolution, and
the ultimate fate of our Universe. There are many ways to solve these analytically which have
been reported in the literature. Dynamical system analysis (DSA), a mathematical branch, is
one of the attractive approach to solve the system of ODEs. People are trying to solve cosmo-
logical problems with the help of dynamical system tools. Recently, many models incorporat-
ing DSA have been proposed (see some of them [1, 47, 149, 281, 282, 283, 284, 285, 286, 287]
and references therein). In this thesis, we use dynamical system tools in some cosmological
models to get some relevant idea of evolution of the Universe.

We have discussed the governing equations (Friedmann equation and Raychaudhuri equa-
tion) derived from the field equations in describing the evolution of the Universe. In this study,
we assume that our Universe is filled with dark energy and dark matter (dark sector) and an
interaction is possible between them atleast at a phenomenological level. As the evolution
equations — Friedmann equation and Raychaudhuri equation are highly non-linear and the
conservation equation of matter source are also complicated in presence of interaction, so,
analytic solutions are not possible to obtain in that case. This has compelled us to find a
new way to determine the solutions of the cosmological models.

We have already discussed DSA mathematically in detail. We know that many scientific
disciplines use the dynamical system tools. Here, we focus only on the applications to physics,
mainly in Cosmology. As the evolution equations are a system of second order differential
equations, so it is hard to solve them analytically. So, we have to rewrite the Einstein’s field
equations for cosmological models in terms of dynamical system of autonomous system of
ODEs. DSA is a powerful tool to sketch the picture of the Universe as a whole. First, we
choose the phase variables (variables for autonomous system) in terms of the cosmological
variables. There is no definite rule to choose such phase variables for converting the cos-
mological equations to an autonomous system of ODEs, however, one may follow the simple
rules below to choose the phase variables:

• (1) The variables should be dimensionless.

• (2) The variables should be bounded in nature if possible, because only then a ‘finite’
analysis is possible. Otherwise one may have to resort to the techniques like the
Poincaré map method.

However, dynamics of phase space reflects the same image as that of the cosmological model
since the phase variables are framed from the cosmological variables. Also, it should be men-
tioned that there is an one to one correspondence between the exact solution of cosmological
field equation and the point(state) in the phase space.

By analyzing the critical points extracted from the autonomous system, we get informa-
tion regarding the dynamics of the Universe. To get an idea about the stability criteria of the
critical points, one has to perturb the system around the points and for hyperbolic critical
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points, first order perturbation is sufficient to get information about the qualitative behavior.
To determine stability of the nonhyperbolic critical points, we use Center Manifold Theory.
Therefore, the knowledge of critical points of the phase space derived from the ODEs for the
given cosmological model is very important to achieve information about the dynamics of
the Universe. In the study of Cosmology with the help of dynamical system tools, one must
encounter the following scenarios.

• (1). Early phases of the Universe:

In cosmological studies, we know that the early phases of the Universe is likely to have
an inflationary scenario and a radiation dominated era. In early inflationary scenario, the
decelerating parameter is negative valued which indicates the initial accelerated phase of the
Universe. On the other hand, to describe the radiation dominated era in the point of view
of dynamical system analysis, one has to show that there exists a critical point in the phase
space which is unstable in nature because all trajectories are emerging from that critical
point. There exists a decelerating phase because deceleration parameter is positive valued.
This phase will continue for a very small time interval.

• (2). Intermediate phase of the Universe:

After the inflation, radiation dominated era came and from that, the Universe transits
into a matter dominated era. In this phase, the critical points should have a saddle-like
nature. Some trajectories entering into the point and some are emerging from those points.
The critical point in this phase shows a transient cosmological solution.

• (3). Late-time accelerated expansion phase of universe:

In the perspective of dynamical system, in order to describe the late time accelerated
expansion of the Universe, there must be a critical point in the phase space derived from the
cosmological model that has the nature of a stable sink. That is, all the trajectories entering
into the point which is called an attractor. Many cosmological and astrophysical observa-
tions suggest that our universe is undergoing an accelerated phase at present which is mostly
dominated by dark energy. Therefore, to describe a phenomenologically viable evolution of
the Universe, one must find a heteroclinic orbit connecting to a matter dominated critical
point to the DE dominated solution and such a trajectory describes a transition from DM to
DE domination.

Therefore to describe a phenomenologically viable evolution of the Universe, one must
find a heteroclinic orbit connecting a radiation dominated critical point to a matter domi-
nated critical point further to a dark energy dominated critical point in the corresponding
autonomous system and such a trajectory describes a transition from the radiation to the
dark matter to the dark energy domination.
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CHAPTER 2

DYNAMICAL SYSTEM ANALYSIS OF
SELF-INTERACTING THREE-FORM
FIELD COSMOLOGICAL MODEL:
STABILITY AND BIFURCATION

2.1 Prelude

The series of observations for more than last two decades strongly confirm that our universe is
currently going through a phase of accelerated expansion [587] preceding a smooth transition
from decelerated era in recent past. There is a difference in opinion about the cause of
this transition among the cosmologists. One group has preferred modification of the gravity
theory while others are in favour of Einstein gravity with introduction of some exotic matter
having large −ve pressure (known as dark energy (DE)). Observational evidences show that
the cosmic fluid consists of 69% DE, 26% dark matter (DM) and rest is in the form of baryonic
matter and radiation [613]. Although, the cosmological constant is the simplest choice for
the DE candidate and is observationally most favourable one, still cosmologists search for
dynamical DE models due to two severe drawbacks namely cosmological constant problem
and cosmic coincidence problem of cosmological constant [614].

Initially, Cosmologists have chosen the dynamic DE in the form of perfect fluid with
variable equation of state parameter of various forms (viz; quintessence, tachyon, phantom
[580] and chameleon [616, 581] etc). Subsequently, some complicated fields namely spinors
[601], vectors [573], and even higher order spin fields are chosen as DE candidate. A three-
form field has been shown in Ref.[602, 603] as a possible DE candidate and the dynamical
system analysis of the corresponding cosmological model has been studied in Ref. [609]. It
has been shown that the dual of the three form fields is a scalar field and for non-quadratic
potential, the kinetic term of the scalar field is non-canonical to have an equivalence with
K-inflation model [610]. Further, a non-quadratic dependence on the three-form Faraday
term is responsible for self-coupling nature of the scalar field [602]. For non-minimal coupling
of the three form, the dual scalar field character of the three-form will no longer hold.
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There are no observational/experimental evidences for the fundamental scalar particles.
In fact, some higher form field are very much likely to be a candidate for DE and from cos-
mological point of view these field do not violet the cosmological principle. The higher form
fields are very common in String theory. Hence, attempts have been made to use a vector
field, a one-form field the DE candidate [489, 490, 491, 492]. However, most of the vector
field models (also two-form fields) are not stable in nature [493]. However, it is found that
three-form field models are very much stable [495, 494]. Hence, it is interesting to consider a
three-form field as a candidate for DE. In recent past, it has been shown [494] that a three-
form field as a DE candidate provides accelerating universe.

The present work deals with dynamical system analysis of the evolution equations of the
Cosmological model with three form scalar field as the choice of DE while interacting DM in
the form of dust. Although the choice of interaction is purely phenomenological but still the
interaction term may resolve the coincidence problem as energy densities of DE and DM are
comparable at stable fixed points.

Our present work has lots of differences with earlier works in [609, 486, 604]. In Ref.[609]
the autonomous system [(19)-(21)] is identical to our autonomous system [2.22 − 2.24], but
they have determined few critical points and have analyzed only one critical point by center
manifold theory. On the other hand, we have determined all possible critical points both
for interacting and non-interacting cases. For non-hyperbolic critical points center manifold
theory has been used and global stability has been discussed with reference to bifurcation
analysis using Poincaré index. In another work [486] the authors have similar autonomous
system confined to a finite region. They have also analyzed few critical points from cosmo-
logical point of view. Some of our cosmic epochs are identical to them but we have procured
other significant cosmic eras. They have not analyzed the critical points using center mani-
fold theory and have not discussed global stability (as we have extensively done in our work),
rather they have performed cosmological perturbations. In Ref.[604] the authors have 5D
phase space as they have considered baryon and radiation as matter field in addition to in-
teracting DE (three-form field) and DM. They have chosen various form of the interaction
term and have analyzed some of the critical points in cosmological context. They have not
employed center manifold theory nor have discussed global stability for any critical point.
Therefore, present work is rich in dynamical system analysis and have studied various cosmic
scenarios with reference to cosmic phase transition using bifurcation analysis [611, 488, 475].

This chapter is organized as follows: Basic equations for interacting 3-form field with DM
in the form of dust has been formulated in Section 2.2. In Section 2.3 the above evolution
equations are converted into an autonomous system by suitable choice of the dimensionless
variables and critical points are determined. Also stability of the non-hyperbolic equilibrium
points are discussed by formulating center manifold at the equilibrium points. Finally cos-
mological implications and conclusions are presented in Section 2.4.
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2.2 Basic equations for Three-form field
Cosmological model

The action of a three-form field Aµνρ, minimally coupled to gravity is given by [609]

SA = −
Z

d4x
√−g

�
1

2κ2
R− F 2

48
− V


A2

��
, (2.1)

where R is the Ricci scalar and V (A2) is the potential of the three-form field Aµνρ having
field strength tensor

Fµνρσ = 4 ▽
[µ Aνρσ] (2.2)

By notation, the square bracket indicates anti-symmetrization of the indices involved and
A2 = AµνρAµνρ. Now, variation of the above action with respect to the metric tensor gives
the usual Einstein field equations: Gµν = κ2Tµν with

Tµν =
1

6
FµαβγF

αβγ
ν + 6V ′(A2)AµαβA

αβ
ν − gµν

�
1

48
FαβγρF

αβγρ + V

A2

��
(2.3)

while the equation of motion of the three form field is obtained by varying the action (2.1)
with respect to Aµγρ as

▽αFαµγρ = 12V ′(A2)Aµγρ (2.4)

with V ′(A2) = dV
dA2 . As in the present work, we are considering homogeneous and isotropic

FLRW space-time geometry, so the three-form field depends only on time. Hence, the evo-
lution equation (2.4) gives A0µν = 0, i.e., a zero component of the three-form field is non-
dynamical and spatial components are given by

Aijk = a3(t)ϵijkX(t). (2.5)

The co-moving field X is related to the three field as A2 = 6X2 and the evolution equation
(2.4) simplifies to

Ẍ = −3HẊ − 3ḢX − V,X (2.6)

where an over dot indicates differentiation with respect to the cosmic time ‘t’ and a comma
in the suffix denotes differentiation with respect to the corresponding variable. Further, the
energy-density and thermodynamic pressure of the effective perfect fluid corresponding to
the energy-momentum tensor (2.3) of the three-form field are given by

ρA = −T 0
0 =

1

2

�
Ẋ + 3HX

�2
+ V (X), (2.7)

pA = T i
i = −1

2

�
Ẋ + 3HX

�2
− V (X) + XV,X (2.8)

with equation of state

ωA =
pA
ρA

= −1 +
XV,X
ρA

. (2.9)
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Now, in the context of series of recent observations the above three-form field (chosen as dark
energy), interacting with dark matter (in the form of dust) is chosen as the matter context
in the universe. So, the explicit form of the Einstein field equations in the background of
homogeneous and isotropic space-time model are

3H2 = κ2(ρA + ρDM ), (2.10)

2Ḣ = −κ2 [(ρA + pA) + ρDM ] (2.11)

with energy conservation equations

ρ̇DM + 3HρDM = Q, (2.12)

ρ̇A + 3H(ρA + pA) = −Q. (2.13)

Here the two matter components are assumed to be interacting and Q represents arbitrary
coupling. As a result of this coupling between the matter fields, the evolution equation (2.6)
modifies to

Ẍ + 3HẊ + 3ḢX +
dV

dX
= − Q

Ẋ + 3HX
. (2.14)

2.3 Autonomous system, Critical points and
stability analysis

In the present work we shall consider interacting three-form field with exponential potential
as

V (X) = V0e
−µX , (2.15)

where µ is a dimensionless parameter and V0 > 0. This type of potential is termed as runaway
potential, i.e., lim

X→∞
V (X) = 0 and dV

dX < 0 ∀ X. The runaway potential will correspond to

well-behaved evolution of the background [604].
Using the dimensionless variables (u, v, w, s) as defined in [609], viz;

u : =
1√
6H

(Ẋ + 3HX), (2.16)

v : =

√
V√

3H
, (2.17)

w : =
2

π
tan−1 3X√

6
, (2.18)

s : =

√
ρDM√
3H

. (2.19)

The expression of equation of state parameter ωX = pX/ρX and the total equations of
state parameters ωtot can be written as [609],

ωX = −1 +
XV,X
ρX

= −1 − 1

u2 + v2

r
2

3
v2µ tan

hπw
2

i
, (2.20)

ωtot =
ptot
ρtot

=
pX

ρX + ρDM
= −u2 − 1

3
v2

�
3 +

√
6µ tan

hπw
2

i�
. (2.21)
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Thus the evolution equations in Section 2.2 can be converted to an autonomous system
as follows [609]

u′ =
3

2
u(1 − u2 − v2) +

r
3

2
v2µ

�
1 − u tan

hπw
2

i�
− α


1 − u2 − v2

�

2u
, (2.22)

v′ =
3

2
v(1 − u2 − v2) −

r
3

2
vµ

�
u + (−1 + v2) tan

hπw
2

i�
, (2.23)

w′ =
6

π
cos2

hπw
2

i�
u− tan

hπw
2

i�
(2.24)

where the interaction Q is chosen as Q = αρDMH [604] and prime over a variable denotes
differentiation with respect to N = ln a. Hence, the first Friedmann equation gives constraint
on the variables as

u2 + v2 + s2 = 1 (2.25)

(as s is not independent so the dynamical system is of 3D nature). The phase space is con-
fined in a half cylinder of height 2 where −1 ⩽ u ⩽ 1, 0 ⩽ v ⩽ 1, −1 ⩽ s ⩽ 1 and −1 ⩽ w ⩽ 1.
Some non-hyperbolic critical points are already analyzed in [609]. In the present work, non-
hyperbolic critical points are studied with a view to analyze bifurcation and Poincaré index.
Cosmological evolutions are also examined near these critical points.

2.3.1 Non Interacting Model : α = 0

Due to α = 0, the above autonomous system [2.22 − 2.24] simplifies to

u′ =
3

2
u(1 − u2 − v2) +

r
3

2
v2µ

�
1 − u tan

hπw
2

i�
, (2.26)

v′ =
3

2
v(1 − u2 − v2) −

r
3

2
vµ

�
u + (−1 + v2) tan

hπw
2

i�
, (2.27)

w′ =
6

π
cos2

hπw
2

i�
u− tan

hπw
2

i�
. (2.28)

As the critical points of the above system are enclosed by a half cylinder, so the only physically
meaningful critical points are

P1

�
1, 0,

1

2

�
, P2

�
−1, 0,−1

2

�
and P3(0, 0, 0)

and these critical points are same as in Ref.[609]. But the authors have analyzed only one
critical point by using center manifold theory. But in this context we analyze the stability of
all critical points by center manifold theory (for non-hyperbolic case) and Hartman-Grobman
theorem (for hyperbolic case) and also discuss global stability with reference to bifurcation
analysis using Poincaré index. The cosmological parameters, eigenvalues and the nature of
critical points are presented in Table 2.1.

All the three critical points of the above autonomous system for non-interacting case has v = 0
which corresponds to vanishing of the potential (as well as vanishing of the potential slope for
the present choice of V (X)). Thus the three-form field behaves as a cosmological constant.
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Table 2.1: The cosmological parameters, eigenvalues (λ1, λ2, λ3) and the nature of
critical points for the non-interacting model.

Critical Points λ1 λ2 λ3 ωX ωtot q Nature of Critical points

P1 : (1, 0,
1
2
) −3 0 −3 −1 −1 −1 nonhyperbolic

P2 : (−1, 0,−1
2
) −3 0 −3 −1 −1 −1 nonhyperbolic

P3 : (0, 0, 0)
3
2

3
2

−3 −1 0 1
2

hyperbolic

Also for the first two critical points, i.e., P1 and P2 there is no DM so the cosmological
scenario purely corresponds to de Sitter phase [604, 486]. For the third critical point P3, the
evolution corresponds to non-interacting three form field (behaves as cosmological constant)
with dark matter (DM) in the form of dust. Here DM dominates (three-form field DE is sub-
dominant) the evolution and the resulting cosmic scenario represents the matter dominated
era of evolution. This type of critical point is also obtained in [604] (see critical point (a) in
Table 1 of Ref.[604]).

STABILITY ANALYSIS

We now investigate the stability of above nonhyperbolic critical points corresponding to
this non interacting model. Most of the cases, the stability of non-hyperbolic critical points
can be determined by center manifold (CM) theory. For this we first perform coordinate
transformations so that the critical points moves to the origin.

2.3.1.1 Critical Point P1

First we shift the critical point P1 to the origin by using the coordinate transformation
u → U + 1, v → V , w → W + 1

2 , then the system of equations [2.26 − 2.28] changes to

U ′ = −3U − 9

2
U2 − 3

2
U3 − 3

2
V 2 − 3

2
UV 2 −

r
3

2
µUV 2

−
r

3

2
πµV 2W + higher order terms, (2.29)

V ′ = −
 

3 +

r
3

2
µ

!
UV − 3

2
U2V −

 
3

2
+

r
3

2
µ

!
V 3 +

r
3

2
πµVW

+

√
3

2
√

2
π2µVW 2 + higher order terms, (2.30)

W ′ = −3W +
3

π
U − 3UW +

�
3 − 3π

2

�
W 2 +

π2

2
W 3 + higher order terms. (2.31)
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The Jacobian matrix at the origin corresponding to this autonomous system can be written
as

J(P1) =




−3 0 0

0 0 0

3
π 0 −3


 . (2.32)

So the eigenvalues of the above matrix are 0,−3,−3 and [0, 1, 0]T and [0, 0, 1]T are the eigen-
vectors corresponding to the eigenvalue 0 and −3 respectively. As Hartman-Grobman Theo-
rem can not be used to analyze the nonhyperbolic critical point, we shall use center manifold
theory (CMT). By center manifold theory there exist a continuously differentiable function
h:R→R2 such that

h(V ) =


U

W


 =


a1V

2 + a2V
3 + O


V 4

�

b1V
2 + b2V

3 + O

V 4

�


 . (2.33)

Differentiating both side with respect to N yields

U ′ = (2a1V + 3a2V
2)V ′ + higher order terms, (2.34)

W ′ = (2b1V + 3b2V
2)V ′ + higher order terms. (2.35)

Comparing coefficients corresponding to power of V , we get a1 = −1
2 and a2 = 0; b1 = − 1

2π
and b2 = 0, i.e., the expression of center manifold can be written as

U = −1

2
V 2 + O


V 4

�
, (2.36)

W = − 1

2π
V 2 + O


V 4

�
. (2.37)

The flow on the center manifold near the origin is determined by

dV

dN
= −

r
3

2
µV 3 + O


V 4

�
. (2.38)

Here the stability of the vector field depends on the sign of µ. If µ > 0 then V ′ < 0 for V > 0
and V ′ > 0 for V < 0. So for µ > 0 the origin is a stable node. The vector field in UV -plane
is shown in FIG.2.1(a) and the vector field near the origin in WV -plane is also same as of
FIG.2.1(a). If µ < 0 then V ′ > 0 for V > 0 and V ′ < 0 for V < 0. So for µ < 0 the origin
is a saddle node, i.e., unstable in nature. The vector field in UV -plane near the origin is
shown as in FIG.2.1(b) and the vector field near the origin in WV -plane is also the same as
of FIG.2.1(b).
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Figure 2.1: These figures show the vector field near the origin corresponding to the
critical point P1 in UV -plane. The phase plot (a) is for µ > 0 and (b) is for µ < 0.

If µ = 0, the expression of center manifold is same with the equations (2.36) and (2.37)
and the flow on the center manifold is determined by

dV

dN
= −3

8
V 5 + O


V 6

�
. (2.39)

So the origin is a stable node and the flow near the origin is same as for µ > 0 case (FIG.2.1).

2.3.1.2 Critical Point P2

First, we shift the critical point P2 to the origin by using the coordinate transformation
u → U − 1, v → V , w → W − 1

2 . The Jacobian matrix for the shifted autonomous system
is same as of J(P1). So the set of eigenvalues and the corresponding eigenvectors of the
Jacobian matrix are also same. Thus by center manifold theory, there exist a continuously
differentiable function h : R→R2 such that

h(V ) =


U

W


 =


a1V

2 + a2V
3 + O


V 4

�

b1V
2 + b2V

3 + O

V 4

�


 . (2.40)

Differentiating both side with respect to N yields

U ′ = (2a1V + 3a2V
2)V ′ + higher order terms, (2.41)

W ′ = (2b1V + 3b2V
2)V ′ + higher order terms. (2.42)

Comparing coefficients corresponding to different power of V , we have a1 = 1
2 and a2 = 0,

b1 = 1
2π and b2 = 0. Then the center manifold is given by

U =
1

2
V 2 + O


V 3

�
, (2.43)

W =
1

2π
V 2 + O


V 3

�
. (2.44)

The flow on the center manifold near the origin is determined by

V ′ =

r
3

2
µV 3 + O


V 4

�
. (2.45)
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Figure 2.2: These figures show the vector field near the origin in UV -plane correspond-
ing to the critical point P2. The phase plot (a) is for µ > 0 and the phase plot (b) is
for µ < 0.

Here the stability of the vector field depends on the sign of µ. If µ > 0 then the ori-
gin is a saddle node, i.e., unstable in nature and the vector field near the origin is shown
as in FIG.2.2(a) and the flow on the center manifold in the WV -plane is also same as in
(FIG.2.2(a)). If µ < 0 then the origin is a stable node and the vector field near the origin is
shown as in (FIG.2.2(b)) and the flow on the center manifold in WV -plane is also same as
(FIG.2.2(b)). If µ = 0 then the center manifold is same as of equations (2.43) and (2.44) and
the flow on the center manifold is same as of equation (2.39), that is., the plot of the vector
field near the origin is same as for µ < 0 case (FIG.2.2(b)).

2.3.1.3 Critical Point P3

The Jacobian matrix at P3 for the autonomous system [2.26 − 2.28] can be put as

J(P3) =




3
2 0 0

0 3
2 0

6
π 0 −3


 (2.46)

The eigenvalues of the above Jacobian matrix are 3
2 , 3

2 and −3. [3π4 , 0, 1]T and [0, 1, 0]T are the
eigenvectors corresponding to the eigenvalue 3

2 and [0, 0, 1]T is the eigenvector corresponding
to the eigenvalue −3. Since the critical point P3 is hyperbolic in nature, so we can analyze
the stability of this critical point by Hartman-Grobman theorem. Since two eigenvalues are
positive and one is negative, so the origin is a saddle node and the phase portrait near the
origin is unstable in nature (FIG.2.3).

Poincaré index and Bifurcation Analysis

The index of an isolated critical point of a vector field is defined by the winding number of
a small counter-clockwise oriented circle with center at that point. If we restrict ourselves
on VW -plane, P1 is stable node in nature for µ ⩾ 0 and the index of P1|VW is 1. On the
other hand, P1 is saddle for µ < 0 and index of P1|VW is −1. We get identical nature of P1
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Figure 2.3: This figure shows the phase portrait near the origin corresponding to the
equilibrium point P3.

restricted on the UV -plane. On UW -plane, P1 is stable node for all µ and the index is 1.
Thus at µ = 0 the system is structurally unstable in nature and bifurcation occurs.
If we restrict ourselves on VW -plane, P2 is saddle in nature for µ > 0 and the index of
P2|VW is −1. On the other hand, P2 is stable node for µ ⩽ 0 and index of P2|VW is −1. We
get identical nature of P2 restricted on the UV -plane. On UW-plane, P2 is stable node for
all µ and the index is 1. Thus at µ = 0 the system is structurally unstable in nature and
bifurcation occurs.
The index of P3 restricted on any plane is independent of µ. So in this case there is no
bifurcation value.
Thus P1 is stable for µ ⩾ 0 and the universe undergoes an exponential de-sitter expansion
near P1. For µ < 0, the universe goes away from P1 as time evolves. On the other hand, P2

is unstable in nature for µ > 0 and stable for µ ⩽ 0. So there may be a de-Sitter generic
evolution of the universe from the neighborhood of P2 towards P1 for µ > 0 and reverses
the trajectory for µ < 0. At µ = 0, there may be a non-generic evolution from early time
decelerating phase to late time accelerating phase. So a non-generic evolution of the universe
may occur when µ passes through the bifurcation value.

2.3.2 Interaction Model : α ̸= 0

Now we shall study the stability analysis for interacting model with α as arbitrary parameter.
For this case we consider the primary autonomous system [2.22 − 2.24]. The critical points
for this autonomous system are:

P4

�
1, 0,

1

2

�
, P5

�
−1, 0,−1

2

�
, P6

 r
α

3
, 0,

2

π
cos−1

"r
3

α + 3

#!

and P7

 
−
r

α

3
, 0,− 2

π
cos−1

"r
3

α + 3

#!
.

There is also a line of critical point: Plc =
�
uc,
q

3(1−u2
c)

3+
√
6ucµ

, 2
π tan−1 uc

�
, where uc ∈

[−1, 0)∪(0, 1] and which exists only for α = 3. The cosmological parameters corresponding to
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Plc are given by ωX = −
�√

3+
√
2µuc√

3+
√
2µu3

c

�
, ωtot = −1 and q = −1. Note that except line of critical

points Plc all critical points are same as in Ref.[609]. But the authors have analyzed only
one critical point by using center manifold theory. In this context we analyze the stability of
all critical points by center manifold theory (for nonhyperbolic case) and Hartman-Grobman
theorem (for hyperbolic case) for all possible values of the parameters α and µ and also
discuss global stability with reference to bifurcation analysis using Poincaré index. The
cosmological parameters, eigenvalues and the nature of critical points for this interacting
model are presented in Table 2.2.

In the present interacting DE (in the form of three-form field) and DM (in the form of
dust) cosmological model, the above autonomous system has four critical points of which
top two (i.e., P4 and P5) are identical in nature to the critical points P1 and P2 for the
non-interacting case. The other two critical points namely P6 and P7 are quite interesting
as they may stand for various cosmological scenarios [604, 486] with different choices of the
interaction coupling parameter ‘α’. Note that α should positive to have these critical points
to be real and as a consequence there is a flow of matter from DM to DE (as speculated by
recent observations for DE dominance). If α is very small (i.e., close to zero) then the present
model has DM dominance and the cosmic scenario corresponds to matter dominated era while
DE (i.e., 3-form field as cosmological constant) will dominate the evolution for α > 1 and
may be termed as LCDM model. In fact by adjusting α (α ≈ 3), it is possible to match recent
Plank observation ω = −1.028 ± 0.031 [617]. Further there is a line of critical points given

by Plc=
�
uc,
q

3(1−u2
c)

3+
√
6ucµ

, 2
π tan−1 uc

�
, with uc ∈ [−1, 0) ∪ (0, 1] and it exists only for α = 3.

For this line of critical points the three form field behaves as a perfect fluid with equation of

state parameter ωX = −
�√

3+
√
2µuc√

3+
√
2µu3

c

�
< −1, i.e., a phantom fluid. However, interacting with

DM, the resulting single fluid behaves as a cosmological constant. So effectively this line of
critical points correspond to de Sitter era of evolution.

STABILITY ANALYSIS

We shall discuss the stability analysis of the critical point (P4−P7) both for α = 3 and α ̸= 3.
The stability analysis for the line of critical point Plc is very complicated and laborious, so
here we will not present the stability of this critical point.

2.3.2.1 Critical Point P4

Case 1: α = 3

At first we put α = 3 in (2.22) and then shift the critical point P4 to the origin by using
the coordinate transformation u → U +1, v → V , w → W + 1

2 . Then the system of equations
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(2.22 − 2.24) modifies to

U ′ = −6U2 −
 

3 +

r
3

2
µ

!
UV 2 −

r
3

2
πµV 2W + higher order terms, (2.47)

V ′ = −
 

3 +

r
3

2
µ

!
UV − 3

2
U2V −

 
3

2
+

r
3

2
µ

!
V 3 +

r
3

2
πVWµ

+

√
3

2
√

2
π2µVW 2 + higher order terms, (2.48)

W ′ = −3W +
3

π
U − 3UW +

�
−3π

2
+ 3

�
W 2 +

π2

2
W 3 + higher order terms. (2.49)

The Jacobian matrix at the origin corresponding to the above autonomous system can be
written as

J(P4)|α=3 =




0 0 0

0 0 0

3
π 0 −3


 . (2.50)

So the eigenvalues of the above matrix are 0, 0, −3; and [1, 0, 1
π ]T and [0, 1, 0]T are the

eigenvectors corresponding to the eigenvalue 0 and [0, 0, 1]T is the eigenvector corresponding
to the eigenvalue −3. Using the matrix of eigenvectors of the stability matrix of the system
in U , V , W we introduce another set of new coordinates




UT

VT

WT


 =




1 0 0

0 1 0

− 1
π 0 1







U

V

W


 . (2.51)

In these coordinates, the system of equations is now in the correct form



U ′
T

V ′
T

W ′
T


 =




0 0 0

0 0 0

0 0 −3







UT

VT

WT


 +




non

linear

terms


 . (2.52)

Thus by center manifold theory, there exist a continuously differentiable function h : R2→R
such that WT = h(UT , VT ) = aU2

T + bUTVT + cV 2
T + highe order terms, where a, b, c ∈ R. We

only concern about the nonzero coefficients of the lowest power terms in CMT as we analyze
arbitrary small neighborhood of the origin. Now differentiating both sides of the expression
of WT with respect to N yields

dWT

dN
=

�
2aUT + bVT bUT + 2cVT

�



dUT
dN

dVT
dN


 . (2.53)

Comparing L.H.S. and R.H.S. of (2.53) we get, a = 3
2π , b = 0 and c = 0, i.e., the expression

of the center manifold can be written as

WT =
3

2π
U2
T . (2.54)
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The flow on the center manifold near the origin is determined by

dUT

dN
= −6U2

T − (3 +
√

6µ)UTV
2
T + higher order terms, (2.55)

dVT

dN
= −3UTVT +

�√
6µ− 3

2

�
U2
TVT +

 
3

2
+

r
3

2
µ

!
V 3
T + higher order terms. (2.56)

Now to analyze the stability of this critical point, we divide both sides of (2.55) by 6 and both
sides of (2.56) by 3. Since we divided both sides of these equation by positive integers, so the
direction of the vector field will be unchanged. We take r2 = U2

T + V 2
T , then differentiating

both sides with respect to N and using (2.55) and (2.56) yields r′ = −UT r. So r′ depends on
the sign of UT . If UT > 0 then r′ < 0 and if UT < 0 then r′ > 0. So, the origin is a saddle
node and hence the vector field near the origin is unstable in nature (FIG.2.4). Now we try

to see the vector field near the origin for µ = −
q

3
2 because for µ = −

q
3
2 the coefficient of

V 3 in equation (2.48) vanishes. The vector field in VW -plane near the origin for µ = −
q

3
2

is shown as in FIG.2.5.

Figure 2.4: Projection of the vector field on UTWT -plane near the origin corresponding
the critical point P4 for α = 3.

Case 2: α ̸= 3

After shifting the critical point P4 to the origin and by using same transformation as
above the autonomous system [2.22 − 2.24] changes to
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Figure 2.5: This figure shows the vector field near the origin in VW -plane corresponding

to the critical point P4 for
�
α = 3, µ = −

q
3
2

�
.

U ′ = (−3 + α)U −
�

9 + α

2

�
U2 +

�−3 + α

2

�
U3 +

�−3 + α

2

�
V 2 +

�−3 + α

2

�
UV 2

−
r

3

2
µUV 2 −

√
3√
2
πµV 2W + higher order terms, (2.57)

V ′ = −
 

3 +

r
3

2
µ

!
UV − 3

2
U2V −

 
3

2
+

r
3

2
µ

!
V 3 +

r
3

2
πVWµ

+

√
3

2
√

2
π2µVW 2 + higher order terms, (2.58)

W ′ = −3W +
3

π
U − 3UW +

�
−3π

2
+ 3

�
W 2 +

π2

2
W 3 + higher order terms. (2.59)

The Jacobian matrix at the origin corresponding to the above autonomous system can be
written as

J(P4)|α̸=3 =




−3 + α 0 0

0 0 0

3
π 0 −3


 . (2.60)

So the eigenvalues of the above matrix are −3 + α, 0,−3 and [πα3 , 0, 1]T , [0, 1, 0]T , [0, 0, 1]T

are the corresponding eigenvectors, respectively. Then by using similar arguments which we
have done for the critical point P1, the center manifold can be expressed as

U = −1

2
V 2 + O


V 4

�
, (2.61)

W = − 1

2π
V 2 + O


V 4

�
. (2.62)
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Figure 2.6: These figures show the vector field near the origin in UV -plane correspond-
ing to P4. The phase plot (a) is for (α < 3, µ > 0) and (b) is for (α > 3, µ > 0).

The flow on the center manifold near the origin is determined by

dV

dN
= −

r
3

2
µV 3 + O


V 4

�
. (2.63)

For α ̸= 3, we get four different phase diagram near the origin depending on the values of α
and µ. For µ > 0 there arises two cases α > 3 and α < 3 and for µ < 0 there also arises two
cases α > 3 and α < 3.
Case (i): µ > 0
For α < 3 the origin is a stable node, i.e., the vector field near the origin is stable in nature
(FIG.2.6(a)). For α > 3 the origin is a saddle node, i.e., the vector field near the origin is
unstable in nature (FIG 2.6(b)).
Case (ii): µ < 0
In this case, the origin is a saddle node for α < 3 (FIG 2.7(a)) and an unstable node for α >
3 (FIG 2.7(b)), i.e., for both of the cases the vector field near the origin is unstable in nature.
Case (iii): µ = 0
If we calculate the center manifold for µ = 0 then we can see that the center manifold is same
as of equation (2.61) and (2.62) and the flow on the center manifold is determined by

dV

dN
= −3

8
V 5 + O


V 6

�
. (2.64)

For α > 3 the origin is a saddle node, i.e., unstable in nature and for α < 3 the origin is a
stable node, i.e., stable in nature and the vector field near the origin is same as for µ > 0
case (FIG 2.6).

2.3.2.2 Critical Point P5

Case 1: α = 3

Similarly as above after putting α = 3 in (2.22), we shift the critical point P5 to the
origin by using the coordinate transformation u → U − 1, v → V , w → W − 1

2 . After using
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Figure 2.7: These figures show the vector field near the origin in UV -plane correspond-
ing to P4. The phase plot (a) is for (α < 3, µ < 0) and (b) is for (α > 3, µ < 0).

this shifting transformation, the Jacobian matrix at the origin corresponding to the modified
autonomous system can be written as

J(P5)|α=3 =




0 0 0

0 0 0

3
π 0 −3


 . (2.65)

So the eigenvalues of the above matrix are 0, 0, −3 and [1, 0, 1
π ]T and [0, 1, 0]T are the

eigenvectors corresponding to the eigenvalue 0 and [0, 0, 1]T is the eigenvector corresponding
to the eigenvalue −3. By computing the matrix of eigenvectors of the Jacobian matrix of
the system in U, V,W ; we introduce another set of new coordinates (UT , VT ,WT ) in terms of
(U, V,W ) as follows




UT

VT

WT


 =




1 0 0

0 1 0

− 1
π 0 1







U

V

W


 . (2.66)

In these coordinates the system of equations is now in the correct form




U ′
T

V ′
T

W ′
T


 =




0 0 0

0 0 0

0 0 −3







UT

VT

WT


 +




non

linear

terms


 . (2.67)

Thus by center manifold theory there exist a continuously differentiable function h : R2 →R
such that WT = h(UT , VT ) = aU2

T +bUTVT +cV 2
T +higher order terms, where a, b, c ∈ R. We

only concern about the nonzero coefficients of the lowest power terms in CMT as we analyze
arbitrary small neighborhood of the origin. Now differentiating both side with respect to N ,
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Figure 2.8: This phase plot shows the projection of the vector field on the (UTWT )-
plane near the origin corresponding to P5 for α = 3.

we get

dWT

dN
=

�
2aUT + bVT bUT + 2cVT

�



dUT
dN

dVT
dN


 . (2.68)

Comparing L.H.S. and R.H.S. of (2.68) we get, a = − 3
2π , b = 0 and c = 0, i.e., the center

manifold can be written as

WT = − 3

2π
U2
T . (2.69)

The flow on the center manifold near the origin is determined by

dUT

dN
= 6U2

T + (−3 +
√

6µ)UTV
2
T + higher order terms, (2.70)

dVT

dN
= 3UTVT −

�√
6µ +

3

2

�
U2
TVT −

 
3

2
−
r

3

2
µ

!
V 3
T + higher order terms. (2.71)

Similarly to analyze the stability of this critical point, first we divide both sides of (2.70)
by 6 and divide both sides of (2.71) by 3. Since we divided both sides of these equations by
positive terms, so the direction of vector field will be unchanged. We take r2 = U2

T +V 2
T , then

differentiating both sides with respect to N and using (2.70) and (2.71) yields r′ = UT r. So
r′ depends on the sign of UT . If UT > 0 then r′ > 0 and r′ < 0 while UT < 0. So the origin
is a saddle node and hence the vector field near the origin is unstable in nature (FIG.2.8).

Now we try to see the vector field near the origin for µ =
q

3
2 because for µ =

q
3
2 the

coefficient of V 3 in R.H.S. of the second equation of transformed autonomous vanishes. The
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Figure 2.9: These figures shows the vector field near the origin in VW -plane corre-

sponding to P5 for
�
α = 3, µ =

q
3
2

�
.

vector field in VW plane near the origin for µ =
q

3
2 is shown as in FIG.2.9.

Case 2: α ̸=3
After shifting the critical point P5 to the origin, by similar calculation we can easily see that
the Jacobian matrix for the transformed autonomous system is same as of (2.60). Hence, we
have the same eigenvalues and corresponding eigenvectors which already obtained for (2.60)
and the center manifold near the origin can be written as

U =
1

2
V 2 + O


V 4

�
, (2.72)

W =
1

2π
V 2 + O


V 4

�
. (2.73)

The flow on the center manifold near the origin is determined by

dV

dN
=

r
3

2
µV 3 + O


V 4

�
. (2.74)

For α ̸= 3 we get four different phase diagram near the origin depending on the values of α
and µ. For µ > 0 there arises two cases α > 3 and α < 3 and for µ < 0 there also arises two
cases α > 3 and α < 3.
Case (i): µ > 0
The origin is a saddle node if α <3 (FIG.2.10(a)) and an unstable node if α >3 (FIG.2.10(b)),
i.e., the vector field near the origin is unstable in nature for both of the cases.
Case (ii): µ < 0
For α < 3 the origin is a stable node, i.e., the vector field near the origin is stable in nature
(FIG.2.11(a)). The origin is a saddle node if α >3; i.e., the vector field near the origin is
unstable in nature (FIG.2.11(b)).
Case (iii): µ = 0
If we calculate the center manifold for µ = 0 then the expression of center manifold is same
as of equation (2.72) and (2.73) and the flow on the center manifold is determined by

dV

dN
= −3

8
V 5 + O


V 6

�
. (2.75)
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Figure 2.10: These figures show the vector field near the origin in UV plane for the
critical point P5. The phase plot (a) is for (α < 3, µ > 0) and (b) is for (α > 3, µ > 0).

Figure 2.11: These figures show the vector field near the origin in UV plane for P5.
The phase plot (a) is for (α < 3, µ < 0) and (b) is for (α > 3, µ < 0).
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Figure 2.12: These figures show the phase potrait near the origin corresponding to the
critical point P6. (a) is for α > 3 (considering α = 4) and (b) is for α < 3 (considering
α = 2).

For α >3 the origin is a saddle node, i.e., unstable in nature and for α < 3 the origin is a
stable node, i.e., stable in nature and the flow near the origin is same as of the flow near the
origin for µ < 0 case (FIG.2.11).

2.3.2.3 Critical Point P6

First we shift the critical point P6 to the origin by using the coordinate transformation

u → U + α
3 , v →V and w → W + 2

π cos−1
hq

3
α+3

i
. Now the Jacobian matrix at the origin

for the transformed autonomous system can be written as

J(P6) =




3 − α 0 0

0 3−α
2 0

18
π(α+3) 0 −3


 . (2.76)

The eigenvalues of the above Jacobian matrix are (3−α), (3−α)
2 and −3. [1, 0, 18

π(3+α)(6−α) ]
T ,

[0, 1, 0]T and [0, 0, 1]T are the eigenvectors corresponding to the eigenvalues (3 − α), (3−α)
2

and −3 respectively. Since, the Jacobian matrix has nonzero real eigenvalues for α ̸= 3,
so the critical point is hyperbolic and so we can analyze the stability of the critical point
by Hartman-Grobman theorem [496]. For α > 3 all eigenvalues are negative and hence the
origin is a stable node and the phase portrait near the origin is asymptotically stable in nature
(FIG.2.12(a)). For α < 3 two eigenvalues are positive and one is negative and hence the origin
is a saddle node and the phase portrait near the origin is unstable in nature (FIG.2.12(b)).

2.3.2.4 Critical Point P7

If we determine the Jacobian matrix corresponding to the autonomous system [2.22−2.24] at
the critical point P7, then we will get the same Jacobian matrix as (2.76) and hence we have
the same eigenvalues and corresponding eigenvectors. Since, the eigenvalues are nonzero,
so we analyze the stability of this critical point by Hartman-Grobman theorem. The phase
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portrait near the origin is shown as in FIG.2.12.

For α = 3 the critical points P6 and P7 are non-hyperbolic. For this case, the stabil-
ity analysis of those critical points is the same as Case 1 of the critical points P4 and P5

respectively.

Poincaré index and Bifurcation Analysis

For α < 3 four critical points (P4-P7) appear to exist but at α = 3 two critical points (P6 and
P7) disappear. Again they appear for α > 3. If we restrict ourselves on UW -plane, P4 and
P5 are stable node in nature for α < 3 and index of each P4, P5|UW is 1. On the UV -plane,
for µ > 0, P4 is stable node for α < 3 with index 1 and saddle for α > 3 with index −1.
For µ = 0, the index of P4|UV is 0 as the neighborhood has two hyperbolic sectors. On the
VW -plane, for α ̸= 3, the index of P4|VW is 1 for µ > 0 and −1 for µ ⩽ 0. For α = 3, index

of P4|VW is −1 for µ ⩾ −
q

3
2 and 1 for µ < −

q
3
2 .

Similarly on the UV -plane, for µ > 0, P5 is saddle for α < 3 with index −1 and stable node
for α > 3 with index 1. For µ = 0, the index of P5|UV is 0 as the neighborhood has two
hyperbolic sectors. For µ < 0, P5 is stable node for α < 3 with index 1 and saddle for α > 3
with index −1. For µ = 0, the index of P5|UV is 0 as the neighborhood has two hyperbolic
sectors.On the VW -plane, for α ̸= 3, the index of P5|VW is −1 for µ ⩾ 0 and 1 for µ < 0.

For α = 3, index of P4|VW is 1 for µ >
q

3
2 and −1 for µ ⩽

q
3
2 . Again P6 and P7 are saddle

for α < 3 and stable node for α > 3. So at α = 3 and µ = 0,±
q

3
2 the system is structurally

unstable.
For α < 3 and µ > 0, P4 is a stable node and P5 is a saddle in nature. So generic de-Sitter
evolution can be found from P5 of index −1 plane to P4 of index 1 plane. For µ < 0, the
generic evolution reverses its direction. At α < 3 and µ = 0 there may occur a non-generic
evolution from P6 or P7 to P4 or P5 and the universe changes its phase from decelerating
matter dominated era to phantom barrier. A similar non-generic evolution also can be found
for α > 3. At α = 3 a de-Sitter generic evolution can be found from the plane of index −1 of

P5 to the plane of index 1 of P4 for µ < −
q

3
2 and the direction reverses for µ >

q
3
2 .

2.3.3 Interaction Model : Q = 2uρDMH

For this interaction the autonomous system [2.26 − 2.28] modifies to

u̇ =

�
3

2
u− 1

�
(1 − u2 − v2) +

r
3

2
v2µ

�
1 − u tan

hπw
2

i�
, (2.77)

v̇ =
3

2
v(1 − u2 − v2) −

r
3

2
vµ

�
u + (−1 + v2) tan

hπw
2

i�
, (2.78)

ẇ =
6

π
cos2

hπw
2

i�
u− tan

hπw
2

i�
. (2.79)

The above autonomous system has the following three critical points:

P8

�
1, 0,

1

2

�
, P9

�
−1, 0,−1

2

�
and P10

�
2

3
, 0,

2

π
tan−1

�
2

3

��
.
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Note that in Ref.[609] the authors have not analyzed this model. So all critical points are
new and here we analyze each critical points by center manifold theory (for non-hyperbolic
case) and Hartman-Grobman theorem (for hyperbolic case) and also discuss global stability
with reference to bifurcation analysis using Poincaré index. The cosmological parameters,
eigenvalues and the nature of critical points are presented in Table 2.3.

Table 2.3: Table shows the value of cosmological parameters, eigenvalues (λ1, λ2,
λ3) and the nature of the critical points for the interaction model with interaction
Q = αρDMH where α = 2u.

Critical Points ωX ωtot q λ1 λ2 λ3 Nature of Critical point

P8 : (1, 0,
1
2
) −1 −1 −1 −1 0 −3 always non-hyperbolic

P9 : (−1, 0,−1
2
) −1 −1 −1 −5 0 −3 always non-hyperbolic

P10 :

2
3
, 0, 2

π
tan−1

�
2
3

��
−1 −4

9
−1

6
5
6

5
6

−33
13

always hyperbolic

The three critical points P8−P10 for the second choice of the interaction are very similar
to the previous ones. The critical points P8 and P9 are exactly identical to P1 and P2 (or P4

and P5). The critical point P10 represent a DE dominated era of evolution. Due to interaction
of the three form field (i.e., cosmological constant in the present context) with DM (in the
form of dust) the resulting single fluid is in the quintessence era not closed to phantom divide
line. This critical point may be termed as LCDM model.

STABILITY ANALYSIS

2.3.3.1 Critical Point P8

First we shift the critical point P8 to the origin by using the coordinate transformation
u → U + 1, v → V , w → W + 1

2 . If we determine the Jacobian matrix at the origin for the
shifted autonomous system, we have the eigenvalues −1, 0 and −3 and [1, 0, 3

2π ]T , [0, 1, 0]T

and [0, 0, 1]T are the corresponding eigenvectors, respectively. Since, the critical point is non
hyperbolic so we use center Manifold theory for analyzing the stability of the critical point.
Proceeding in similar way for determining the center manifold, the center manifold can be
expressed as

U = −1

2
V 2 + O


V 3

�
, (2.80)

W = − 1

2π
V 2 + O


V 3

�
. (2.81)

The flow on the CM near the origin is determined by

V ′ = −
r

3

2
µV 3 + O


V 4

�
. (2.82)
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Here the stability of the center manifold depends on the sign of µ. If µ > 0 then the origin
is a stable node and if µ < 0 then the origin is a saddle node, i.e., unstable in nature.

2.3.3.2 Critical Point P9

We shift the critical point P9 to the origin by the coordinate transformation u → U − 1,v →
V ,w → W − 1

2 . If we determine the Jacobian matrix at the origin for the shifted autonomous
system, we get the eigenvalues −5, 0 and −3 and [1, 0,− 3

2π ]T , [0, 1, 0]T and [0, 0, 1]T are the
corresponding eigenvectors respectively. Since the critical point is non-hyperbolic so we shall
use center Manifold theory for analyzing the stability of the critical point. Proceeding in
similar way for determining center manifold, the expression of center manifold can be written
as

U =
1

2
V 2 + O


V 3

�
, (2.83)

W =
1

2π
V 2 + O


V 3

�
. (2.84)

The flow on the center manifold near the origin is determined by:

V ′ =

r
3

2
µV 3 + O


V 4

�
. (2.85)

The stability of the manifold depends on the sign of µ. If µ > 0 then the origin is a saddle
node; i.e., unstable in nature and if µ < 0 then the origin is a stable node; i.e., asymptotically
stable in nature.

2.3.3.3 Critical Point P10

We shift the critical point P9 to the origin by using the coordinate transformation u → U + 2
3 ,

v → V , w → W + 2
π tan−1

�
2
3

�
. Now the Jacobian matrix at the origin for the transformed

autonomous system can be written as

J(P10) =




5
6 0 0

0 5
6 0

54
13π 0 −33

13


 . (2.86)

The eigenvalues of the above Jacobian matrix are 5
6 , 5

6 , and −33
13 . The eigenvectors corre-

sponding to the eigenvalue 5
6 are

�
1, 0, 324263

�T
and [0, 1, 0]T ; and [0, 0, 1]T is the eigenvector

corresponding to the eigenvalue −33
13 . Since the critical point is hyperbolic in nature, so by

Hartman-Grobman theorem we can analyze the stability of this critical point. We can notice
that two eigenvalues are positive and one is negative, so the origin is a saddle node and the
phase portrait near the origin is unstable in nature.

Poincaré index and Bifurcation Analysis

Critical points P8 and P9 are sink (sum of index is 2) in nature when restricted on UW -plane.
On the other hand, P8 and P9 swap their stability and indices (1 to −1 or −1 to 1) when
the parameter µ passes through zero. Similar phenomenon can be found on the VW -plane.
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Despite each of P8 and P9 changes its stability at µ = 0, they together produce topological
equivalent phase space for all µ. Since the phase space is confined in a finite region of space,
there is a trajectory of non-generic evolution between P8 and P9 on UV or VW -plane. As
there is no µ in the eigenvalues of (2.86), so qualitative behavior near P10 does not depend
on µ. The Poincaré index of P10 restricted on uv-eigenplane is 1 and each on the two other
planes is −1 and is independent of the sign of µ . But in cosmological point of view, near the
critical point P10, for µ > 0, the comoving field behaves as a phantom field with runaway po-
tential, whereas the field behaves as non-phantom with non-runaway potential when crosses
the phantom barrier at µ = 0 from positive to negative.

Now we consider a power-law potential as

V (X) = V1X
−λ

where λ is a dimensionless parameter and V1 > 0. Then by using similar dimensionless
variables [2.16-2.19] we have the following autonomus system

u′ =
3

2
u(1 − u2 − v2) +

3

2
λv2

�
cot
hπw

2

i
− u

�
− α

2u
(1 − u2 − v2), (2.87)

v′ =
3

2
v(1 − u2 − v2) − 3

2
λv

�
u cot

hπw
2

i
+ v2 − 1

�
, (2.88)

w′ =
6

π
cos2

hπw
2

i�
u− tan

hπw
2

i�
. (2.89)

We have two nonhyperbolic critical points R1 and R2 similar as P1 and P2 respectively
corresponding to the non-interacting case, four nonhyperbolic critical points R3, R4, R5 and
R6 similar as P4, P5, P6 and P7 repectively corresponding to the interacting case when α ̸= 0.
Note that R5 and R6 are hyperbolic for α ̸= 3. Lastly, for α = 2u we have two nonhyperbolic
critical points R7 and R8 similar as P8 and P9 respectively and one hyperbolic critical points
R9 is similar as of P10. ωX = pX/ρX and the total equations of state parameters ωtot

corresponding to this model can be expressed as

ωX = −1 − λv2

u2 + v2
, (2.90)

ωtot = −u2 − (λ + 1)v2. (2.91)

To avoid similar calculations we only state the stability of every critical points, value of
Poincaré index and bifurcation value on the α−λ plane corresponding to each critical points
in tabular form (Table 2.5) and the value of cosmological parameters corresponding to each
critical points are shown as in Table 2.4.

2.4 Cosmological Implications and Conclu-
sions

The present work deals with a cosmological model where the matter field in the context
of recent observations is chosen as DE and DM interacting/non-interacting in nature. The
three-form field acts as DE, interacting with CDM. Due to very complicated form of the
evolution equations the present cosmological model has been studied by dynamical sytem
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analysis, forming the autonomous system from the evolution equations by transformation
with suitable dimensionless variables. There are two hyperbolic critical points (namely P3

and P10) and remaining eight critical points in P1 − P10 are non-hyperbolic in nature. Also
there is a line of critical points Plc for the first choice of the interacting term and only for these
critical points the three-form field behaves as perfect fluid with variable equation of state in
phantom era. In the present work, non-hyperbolic critical points are mainly studied using
center manifold theory and global stability has been examined through bifurcation scenarios
using Poincaré index.

For the critical points (P1, P2), (P4, P5) amd (P8, P9), DM is absent and the cosmic matter
is only the three-form field behaving as cosmological constant. So they represent the early
inflationary era or the de Sitter phase. For critical point P3 the three form field (i.e., DE)
is insignificant and cosmic evolution represents dust era due to dominance of DM. Similarly,
for the critical point P10, the three form field (i.e., DE) has an edge over DM and there is
accelerated expansion in the quintessence era and this can be termed as LCDM model. The
remaining two critical points P6 and P7 have the same features-both of them represents the
scaling cosmological solution with ‘α’ as the scaling parameter-for very small α (i.e., α is
positive but very close to zero) the present model corresponds to matter dominated era while
late time accelerated era is represented for α > 1.

For the power-law potential V (X) = V1X
−λ, the autonomous system [2.87-2.89] has nine

equilibrium points Ri (i = 1, 2, . . . , 9), of which three are hyperbolic (R5, R6 and R9) in nature
while the remaining six are non-hypernbolic type. These equilibrium points are similar to
the critical points Pi for the exponential potential form discussed earlier. The equilibrium
points R1, R2, R3, R4, R7 and R8 correspond to de Sitter era of cosmic evolution. Here the
universe is fully dominated by DE which behaves as cosmological constant. The remaining
three equilibrium points (R5, R6 and R9) represent cosmological scaling solution. R9 still
has DE dominance and the universe is in accelerating phase. The critical ppoints R5 and R6

correspond to matter dominated era of evolution for α < 1, while they will also correspond
to accelerated model of the universe for α > 1.

As the phase space for the present model is confined to a finite region (given in Eq.2.25),
so there should not be an critical point at infinity. Thus the critical points correspond to
different cosmic scenarios (namely, inflationary era, matter dominated epoch and present ac-
celerated phase) and stability analysis (using center manifold theory for non-hyperbolic equi-
librium points) has been presented with existence of possible bifurcation at cosmic transition.
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Table 2.4: Table shows the set of critical points corresponding to the autonomous
system (2.87 − 2.89) and the value of cosmological parameters corresponding to each
critical points:

Interaction Critical points ωX ωtot q

Q = 0
R1


1, 0, 1

2

�

R2


−1, 0,−1

2

�
−1

−1

−1

−1

−1

−1

Q = αρDMH
where α is
nonzero
arbitrary
constant

R3


1, 0, 1

2

�

R4


−1, 0,−1

2

�

R5

�p
α
3
, 0, 2

π
cos−1

hq
3

α+3

i�

R6

�
−pα

3
, 0,− 2

π
cos−1

hq
3

α+3

i�

−1

−1

−1

−1

−1

−1

−α
3

−α
3

−1

−1

1
2
(1− α)

1
2
(1− α)

Q = 2uρDMH

R7


1, 0, 1

2

�

R8


−1, 0,−1

2

�

R9


2
3
, 0, 2

π
tan−1

�
2
3

��

−1

−1

−1

−1

−1

−4
9

−1

−1

−1
6
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Table 2.5: Table shows the stability of every critical points corresponding to the au-
tonomous system (2.87 − 2.89), value of Poincaré index and bifurcation value on the
α− λ plane corresponding to each critical points.
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CHAPTER 3

DYNAMICAL SYSTEM ANALYSIS OF
THREE-FORM FIELD DARK ENERGY
MODEL WITH BARYONIC MATTER

3.1 Prelude

The cosmologists for the last two decades are tirelessly searching for a theory which shows the
present accelerated expansion of the universe as predicted by a series of observational results
[587]. Cosmologists are not unanimous over this issue rather they have two distinct opinions
- one group is in favour of standard cosmology and they introduce some exotic matter (known
as DE having large negative pressure) to explain this accelerated expansion while the other
group prefers some modified gravity theory instead of Einstein gravity and they speculate
that the extra geometric terms may responsible for this accelerated expansion [554].

In the context of the opinion of the first group the best candidate so far for DE is the
cosmological constant which is simple in nature and observationally most favourable. But
unfortunately, it has two severe drawbacks namely cosmological constant problem and cosmic
coincidence problem [614]. As a result, several dynamic DE models in the form of perfect
fluid with variable equation of state parameter (of various forms) come into picture (namely
quintessence, tachyon, phantom [580] and chameleon [616, 581] etc). Also some complicated
fields namely spinors [601], vectors [573], higher order spin field and three-form field [602, 603]
are considered as DE (also one may refer [623, 619, 621, 620] on the p-form and their stability
properties, the three-form inflation and the center manifold). Also other positive aspects
of the three-form fields in the context of cosmology are to obtain dynamically the late-time
acceleration, to describe the phantom like behaviour [618] and to produce non-Gaussianities
[556].

In the present work the three-form field is chosen as DE candidate. It has been shown
that the dual of the three-form field is a scalar field which has an equivalence with K-
inflation model [610] if the potential is non-quadratic in form. The present cosmological model
contains this three-form field with (interacting, non-interacting) baryonic matter in the form
of dust and radiation. Due to complicated form of the Einstein field Equations, the evolution

81



Chapter 3. Dynamical system analysis of Three-form field dark energy model with baryonic matter

equations are converted into an autonomous system by suitable choice of the dimensionless
variables and non-hyperbolic equilibrium points are analyzed by Center manifold theory
on the Hilbert space [551, 552, 553]. Bifurcation analysis [555] has been done to find the
qualitative changes of global behavior due to different parameter values. The plan of this
chapter is as follows: Section 3.2 deals with basic equations for the three form field, Einstein
field equations and energy conservation equations of both types of fluids. Autonomous system
is formed and critical points are determined in Section 3.3. Also stability analysis and possible
bifurcation scenarios have been examined in this section. Finally, the summary of the present
work is proposed in Section 3.4.

3.2 Basic Equations

For a three-form field Aµνρ, the field strength tensor is given by

Fµνρσ = 4 ▽
[µ Aνρσ] (3.1)

where square bracket indicates anti-symmetrization of the indices. The action of this three-
form field is given by

SA =

Z
d4x

√−g

�
F 2

48
+ V (A2)

�
(3.2)

where V (A2) is the potential of the field with A2 = AµνρAµνρ. The energy-momentum tensor
corresponding to this action is given by

Tµν =
1

6
FµαβγF

αβγ
ν + 6V ′(A2)AµαβA

αβ
ν − gµν

�
1

48
FαβγρF

αβγρ + V (A2)

�
(3.3)

and the evolution equation of the three form field is obtained by varying the above action
(3.2) with respect to Aµνρ as

▽αFαµνρ = 12V ′(A2)Aµνρ (3.4)

where an over dash denotes differentiation with respect to the argument. The present cosmo-
logical model is considered in the background of homogeneous and isotropic flat Friedmann-
Lemâıtre-Robertson-Walker (FLRW) space-time manifold having line element (choosing c =
1)

ds2 = −dt2 + a2(t)
�
dr2 + r2


dθ2 + sin2θdϕ2

��
. (3.5)

So the three form field has only time dependence and the above evolution eqn.(3.4) results
A0µν = 0. Thus the spatial components of the three-form field can be written as

Aijk = a3(t)ϵijkX(t), (3.6)

where ϵijk is the three dimensional Levi-Civita symbol (with ϵ123=1). So the scalars A2 and
X are related as A2 = 6X2 and the equation of motion (3.4) of the three-form field gives the
evolution of the scalar field X(t) as

Ẍ − 3HẊ − 3ḢX = −V,X (3.7)
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where differentiation with respect to the cosmic time ‘t’ is denoted by over dot in the above
equation. Now from the expression (6.14) of the energy-momentum tensor for the three-form
field, the explicit form of the energy-density and the pressure of the scalar field X are given
by

ρX =
1

2

�
Ẋ + 3HX

�2
+ V (X), (3.8)

pX = −1

2

�
Ẋ + 3HX

�2
− V (X) + XV,X (3.9)

having equation of state parameter

ωX =
pX

ρX

= −1 +
XV,X
ρX

. (3.10)

Thus if V,X (= dV
dX ) is positive then the three-form field behaves as DE (i.e., non-phantom)

while the field behaves as phantom field if V,X < 0.

Now for the present cosmological model the action integral for the whole system (assuming
the three-form field to be minimally coupled to gravity) is given by

ST = −
Z

d4x
√−g

�
1

2κ2
R− F 2

48
− V (A2)

�
+ SB, (3.11)

where κ2 = 8πG, R is the usual Ricci scalar and SB, the standard action integral for the
baryonic matter (in the form of dust and radiation) is given by

SB = −
Z

d4x
√−g ρB =

Z
d4x

√−g pB . (3.12)

The last equality in the above expression for SB holds upto a total derivative [622]. Here ρB

and pB are the energy density and thermodynamic pressure of the baryonic matter respec-
tively. Now varying the action with respect to the metric tensor gives the usual Friedmann
equations as

3H2 = κ2 (ρA + ρr + ρ
d
) , (3.13)

2Ḣ = −κ2[(ρA + pA) + ρr (1 + ωr) + ρ
d
], (3.14)

where ρr, ρd are respectively the energy density of radiation and dust part of the matter
and ωr = 1

3 is the equation of state parameter for radiation. Also the energy conservation
equations are (assuming three form field interacts with dust, the cold dark matter(CDM))

ρ̇A + 3H(ρA + pA) = −Q, (3.15)

ρ̇r + 4Hρr = 0, (3.16)

ρ̇
d

+ 3Hρ
d

= Q. (3.17)

Now due to this interaction, the evolution of the scalar field X (i.e., eqn. (3.7)) modifies to

Ẍ + 3HẊ + 3ḢX +
dV

dX
= − Q

Ẋ + 3HX
. (3.18)
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In the present work, two possible choices for Q are taken as (i) Q = αρ
d
(Ẋ + 3HX) and

(ii) Q = αρ
d
H, where α is the coupling parameter. Note that the above choices of Q are

purely phenomenological and the only motivation of choosing such Q is the formation of the
autonomous system (in Section 3.3 below) with the choices of the dimensionless variables
(in eqn.(3.20)). Further, in order to derive the evolution equations (3.15) and (3.17) for the
three-form field and dust, the interaction Lagrangian is of the form [622]

Lint = −√−g f
�
X, Ẋ, ρm , H

�
, (3.19)

where ‘f ’ is an arbitrary function which will specify the particular model. Also ‘f ’ depends
only on the dynamical degrees of freedom of the fluids.

3.3 Formation of Autonomous System: Crit-
ical point and stability analysis

We now define a set of dimensionless variables as [604]

x ≡ κX, y ≡ κ√
6

(X ′ + 3X), z2 ≡ κ2V

3H2
, u2 ≡ κ2ρr

3H2
, v2 ≡ κ2ρ

d

3H2
, λ(x) ≡ −1

κ

V,X
V

, (3.20)

the equation of state parameter can be written in the form

ωtot = −y2 − z2(1 + λ(x)x) + u2 (3.21)

and the cosmic evolution equations (in the last section) can be written in an autonomous
system as

x′ = 3

 r
2

3
y − x

!
, (3.22)

y′ = −3

2
λ(x)z2

 
xy −

r
2

3

!
+

3

2

�
4

3
u2 + v2

�
y, (3.23)

v′ = −3

2
v

�
1 + λ(x)xz2 − 4

3
u2 − v2

�
, (3.24)

u′ = −3

2
u

�
4

3
+ λ(x)xz2 − 4

3
u2 − v2

�
, (3.25)

where ‘dash’ over a variable denotes differentiation with respect to N = ln a. Note that all the
above dimensionless variables are not independent, rather due to first Friedmann equation
(i.e., eqn.(3.13)) they are constrained by the relation

y2 + z2 + u2 + v2 = 1 (3.26)

and we have 4D phase space for the dynamical system.

In the present work for simplicity of calculation the potential of the scalar field X (i.e.,
V (X)) is chosen as

V (X) = V0e
−µx (3.27)

84



Chapter 3. Dynamical system analysis of Three-form field dark energy model with baryonic matter

where V0(> 0) and µ are constant parameters, so that λ(X) is a non-zero constant. Also µ
can be interpreted as the rate of decrease of the logarithm of the potential function. The
properties of the critical points of the above autonomous system (3.22 - 3.25) are represented
in the following lemmas.

Lemma 1 Critical points can be located either on u-nullcline or on v-nullcline.

Proof : Let us prove this by contradiction. We assume that both v and u ̸= 0. Then
from eqn.(3.24) and eqn. (3.25) we have

1 + R = 0 and
4

3
+ R = 0

where R = λ(x)xz2 − 4
3u

2 − v2. But it is not possible to exist any such R.

Lemma 2 If v = 0 and u ̸= 0, then either y = 0 or
q

2
3λ(x)y ̸= −2

√
2 and λ(x)y < 0.

Proof : If v = 0, then either u = 0 or 4
3(1 − u2) + λ(x)xz2 = 0. From eqn.(3.22) we have

x =
q

2
3y. This implies

4

3
(1 − u2) +

r
2

3
λ(x)yz2 = 0. (3.28)

So either y = 0 or z2 = −2
√
2(1−u2)√
3λ(x)y

. For v = 0, we also have the condition u2 + y2 + z2 = 1.

If
q

2
3λ(x)y = −2

√
2, then z2 = 1 − u2 which implies y = 0. This proves

q
2
3λ(x)y ̸= −2

√
2

and λ(x)y < 0.

Lemma 3 If v = 0, u ̸= 0 and y ̸= 0, then (u2 − 1)(y2 − 1) = u2y2.

Proof : From eqn.(3.22) and eqn.(3.23) we have

−3

2
λ(x)z2(y2 − 1) + 2u2y = 0

Multiplying both side by y and using eqn.(3.28) we get (u2 − 1)(y2 − 1) = u2y2.

Lemma 4 If u = 0 and v ̸= 0, then either y = 0 or y = −
q

2
3λ(x)z2.

Proof : From eqn.(3.23) we have

r
3

2
v2y = λ(x)z2(y2 − 1). (3.29)

On the other hand, for y ̸= 0, from eqn.(3.24) we have

v2y = y +

r
2

3
λ(x)y2z2 (3.30)

Equating v2y in eqn.(3.29) and eqn.(3.30) we can derive y = −
q

2
3λ(x)z2.
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Theorem 10 1. x = ±
q

2
3 are the critical points of the autonomous system (3.22-3.25).

2. There is no critical point for which u ̸= 0 and v ̸= 0.

3. If v = 0 and u ̸= 0, then u = ±1.

4. If u = 0 and v ̸= 0, then v = ±1.

Proof : (1) Follows form eqn.(3.22) and eqn.(3.23) when u and v are both 0.
(2) Follows from lemma 1.

(3) If we consider the hypothesis of lemma 3, then from lemma 2 we can derive
q

2
3λ(x)y =

−2
√

2 which is a contradiction to our hypothesis. So y must be 0. Then from the relation
u2 + y2 + z2 = 1, we have z = ±

√
1 − u2. But due to eqn.(3.23), z = 0 which yields u = ±1.

(4) If y = 0, then x = 0. And eqn.(3.23) implies z = 0. Then the relation y2 + z2 + v2 = 1
yields v = ±1.

If y ̸= 0, then by lemma 4 we have v = ±
q

1 − 2
3λ

2(x)z4 − z2. But y2 + z2 + v2 = 1 and

eqn.(3.23) yield z = 0. So v = ±1.

3.3.1 NON-INTERACTING THREE-FORM FIELD

The vector fields of the autonomous system (3.22− 3.25) for non-interacting three-form field
for exponential potential can be analyzed as follows. By taking exponential potential we
will get λ(x) = µ. The set of critical points, existence of critical points and the value of
cosmological parameters are shown in Table 3.1 and the eigenvalues and the nature of critical
points are shown in Table 3.2.

The first two critical points (i.e., C0, C1) represent the evolution of the universe with
barotropic matter and vanishing DE. In fact, the critical point C0 describes the relativistic
radiation era of evolution while C1 represents the dust phase of evolution. The remaining
three critical points namely C2 − C4 are fully dominated by DE and they correspond to
de-Sitter phase.

STABILITY ANALYSIS

1. Critical Point C0

The Jacobian matrix at the critical point C0 can be put as

J(C0) =




−3
√

6 0 0

0 2 0 ∓
√

6µ
0 0 1

2 0
0 0 0 4


 . (3.31)

The eigenvalues of J(C0) are −3, 2, 1
2 and 4 (hyperbolic in character) with eigenvectors

[1, 0, 0, 0]T ,
h√

6
5 , 1, 0, 0

iT
, [0, 0, 1, 0]T and

h
∓3µ

7 ,∓
q

3
2µ, 0, 1

iT
respectively. So we can use

Hartman-Grobman theorem for analyzing the stability of this critical point. As three eigen-
values are positive and one is negative, so the critical point C0 is a saddle node and unstable
in nature. For µ > 0 the phase portrait in all possible 3D coordinate system near the origin
are shown as in FIG. 3.1.
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Table 3.1: Table shows the set of critical points, existence of critical points and the
value of cosmological parameters corresponding to the autonomous system (3.22−3.25).

CPs Existence x y z v u ωtot q

C0 all µ 0 0 0 0 ±1 1 2

C1 all µ 0 0 0 ±1 0 0 1
2

C2 all µ
q

2
3

1 0 0 0 −1 −1

C3 all µ −
q

2
3

−1 0 0 0 −1 −1

C4 µ=0
q

2
3
yc 0 ≤ yc ≤ 1

p
1− y2c 0 0 −1 −1

2. Critical Point C1

The Jacobian matrix at the critical point C1 can be put as

J(C1) =




−3
√

6 0 0

0 3
2 ∓

√
6µ 0

0 0 3 0
0 0 0 −1

2


 . (3.32)

The eigenvalues of J(C1) are −3, 3
2 , 3 and −1

2 (hyperbolic in character) with eigenvectors

[1, 0, 0, 0]T ,
h
2
3

q
2
3 , 1, 0, 0

iT
,
h
∓2µ

3 ,∓2
q

2
3µ, 1, 0

iT
and [0, 0, 0, 1]T respectively. So we can

use Hartman-Grobman theorem for analyzing the stability of this critical point. Since, two
eigenvalues are positive and another two eigenvalues are negative, hence the critical point C1

is unstable due to its saddle nature.

3. Critical Point C2

The Jacobian matrix at the critical point C2 can be put as

J(C2) =




−3
√

6 0 0
0 0 0 0
0 0 −3

2 0
0 0 0 −2


 . (3.33)

The eigenvalues of J(C2) are −3, 0, −3
2 and −2 (non-hyperbolic in character) with eigen-

vectors [1, 0, 0, 0]T ,
hq

2
3 , 1, 0, 0

iT
, [0, 0, 1, 0]T , and [0, 0, 0, 1]T respectively. To apply Center
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Table 3.2: Table shows the eigenvalues (λ1, λ2, λ3, λ4) of the Jacobian matrix cor-
responding to the critical points and the nature of all critical points for this non-
interacting model:

Critical Points λ1 λ2 λ3 λ4 Nature of Critical points

C0 −3 2 1
2

4 hyperbolic

C1 −3 3
2

3 −1
2

hyperbolic

C2 −3 0 −3
2

−2 non-hyperbolic

C3 −3 0 −3
2

−2 non-hyperbolic

C4 −3 0 −3
2

−2 non-hyperbolic

Manifold Theory, we first transform the coordinate system (x = X +
p

2/3, y = Y + 1, v =
V, u = U) so that C2 moves to the origin. As a result, the autonomous system (3.22 − 3.25)
changes to

X ′ = −3X +
√

6Y, (3.34)

Y ′ =
√

6µY 2 + 3µXY +
3

2
V 2 + 2U2 +

r
3

2
µY 3 +

9

2
µXY 2 +

3

2
µXU2 +

3

2
µXV 2 +

3

2
µXY 3

+
3

2
µXY U2 +

3

2
µXY V 2 +

r
3

2
µU2Y +

r
3

2
µV 2Y + 2U2Y +

3

2
V 2Y, (3.35)

V ′ = −3

2
V +

√
6µV Y + 3µV XY +

3

2
µV XU2 +

r
3

2
µV U2 +

3

2
µXV 3 +

r
3

2
µV 3

+
3

2
µV XY 2 +

r
3

2
µV Y 2 + 2U2V +

3

2
V 3, (3.36)

U ′ = −2U +
√

6µUY + 2U3 +
3

2
UV 2 + 3µUXY +

r
3

2
µU3 +

3

2
µUXY 2 +

r
3

2
µUY 2

+
3

2
µXU3 +

3

2
µUXV 2 +

r
3

2
µUV 2. (3.37)

Now, we can see that there is a linear term of Y in the R.H.S. of (3.34), so we have to
introduce another set of new coordinates so that the Jacobian matrix (3.33) transforms into
the diagonal form. By using the eigenvectors of the Jacobian matrix (3.33), we introduce the
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Figure 3.1: Panel of the figures show 3-dimensional phase plots corresponding
to the critical point C0(0, 0, 0, 1) for µ > 0. In this panel (a) represents the
phase portrait in xyv−coordinate system (saddle node), (b) represents the phase
portrait in yvu−coordinate system (unstable node), (c) represents the phase por-
trait in xyu−coordinate system (saddle node), (d) represents the phase portrait in
xvu−coordinate system (saddle node).

following coordinate system




XT

YT
VT

UT


 =




1 −
q

2
3 0 0

0 1 0 0
0 0 1 0
0 0 0 1







X
Y
V
U


 (3.38)

and in these new coordinates the equations are transformed into




X ′
T

Y ′
T

V ′
T

U ′
T


 =




−3 0 0 0
0 0 0 0
0 0 −3

2 0
0 0 0 −2







XT

YT
VT

UT


 +




non
lin
ear

terms


 . (3.39)

So by Center Manifold Theory there exists a continuously differentiable function h : R→R3

such that

h(YT ) =



XT

VT

UT


 =



a1Y

2
T + a2Y

3
T + O


Y 4
T

�

b1Y
2
T + b2Y

3
T + O


Y 4
T

�

c1Y
2
T + c2Y

3
T + O


Y 4
T

�


 . (3.40)

Differentiating both sides with respect to N , we get

X ′
T = (2a1YT + 3a2Y

2
T )Y ′

T + O

Y 3
T

�
, (3.41)

V ′
T = (2b1YT + 3b2Y

2
T )Y ′

T + O

Y 3
T

�
, (3.42)

U ′
T = (2c1YT + 3c2Y

2
T )Y ′

T + O

Y 3
T

�
, (3.43)

where ai, bi, ci ∈ R. We only concern about the nonzero coefficients of the lowest power
terms in Center Manifold Theory as we analyze arbitrary small neighborhood of the origin.
Comparing both sides the coefficients of the corresponding power of YT , we get the following
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center manifold

XT = −4µ

3
Y 2
T +

 
−4µ

3
+

20

3

r
2

3
µ2

!
Y 3
T + O


Y 4
T

�
, (3.44)

VT = 0, (3.45)

UT = 0. (3.46)

This implies that one dimensional center manifold lies on the (XTYT )− plane and tangent to
the center subspace (YT axis) at the origin. The flow on the center manifold near the origin
is determined by

dYT
dN

= 2
√

6µY 2
T + (2

√
6µ− 4µ2)Y 3

T + O

Y 4
T

�
. (3.47)

The flow on the center manifold depends on the sign of µ. For both the cases µ > 0 and
µ < 0, the origin is a saddle node and unstable in nature (FIG. 3.2). As the new coordinate
system (XT , YT , VT , UT ) is topologically equivalent to the old one, hence the origin in the
new coordinate system, i.e., the critical point C2 in the old coordinate system (x, y, u, v)
is a saddle node and unstable in nature.

Figure 3.2: These figures show the vector field near the origin corresponding to the
critical point C2 in (XTYT )−plane. The phase plot (a) is for µ < 0 and (b) is for µ > 0.

4. Critical Point C3

The Jacobian matrix at the critical point C3, the corresponding eigenvalues and eigenvectors
are same as for the critical point C2. If we put forward similar argument as we have mentioned
for the analysis of C2 then we get the following center manifold

XT = −4µ

3
Y 2
T +

 
4µ

3
+

20

3

r
2

3
µ2

!
Y 3
T + O


Y 4
T

�
, (3.48)

VT = 0, (3.49)

UT = 0 (3.50)
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and the flow on the center manifold is determined by

dYT
dN

= 2
√

6µY 2
T − (2

√
6µ + 4µ2)Y 3

T + O

Y 4
T

�
. (3.51)

Since our interest only on the coefficient of the lowest power term of YT in the expression
of the center manifold and also the flow on the center manifold, so the vector field near the
origin is same as for the critical point C2 (FIG.3.2). Hence, the critical point C3 is unstable
due to its saddle nature in the old coordinate system.

5. Critical Point C4

The critical point C4 exists only for µ = 0. The Jacobian matrix at the critical point C4 is
same as of (3.33), so the eigenvalues and corresponding eigenvectors are also same. Since,
the critical point C4 is non-hyperbolic in nature so we can use center manifold theory. But
here the equations of the center manifold are expressed by

XT = 0, (3.52)

VT = 0, (3.53)

UT = 0 (3.54)

and the flow on the center manifold is determined by

dYT
dN

= 0. (3.55)

Since, from this information we can not determine the nature of the vector field near the
origin, due to this reason we should try to define the stability of the vector field near the
origin on each plane. The stability of the vector field on each plane is shown in Table 3.3.

3.3.2 Coupling Three-form field with dark matter

The existence of the coupling can be represented by the modified continuity equations (3.15)
and (3.17), where ρ

d
stands for energy density of dust, ρA is the energy density of three-form

field and Q is the energy transfer between dark energy and dark matter.
Then the autonomous system changes due to eqn. (3.15) and eqn. (3.17) as follows

x′ = 3

 r
2

3
y − x

!
, (3.56)

y′ = I − 3

2
λ(x)z2

 
xy −

r
2

3

!
+

3

2

�
4

3
u2 + v2

�
y, (3.57)

v′ = −Iy

v
− 3

2
v

�
1 + λ(x)xz2 − 4

3
u2 − v2

�
, (3.58)

u′ = −3

2
u

�
4

3
+ λ(x)xz2 − 4

3
u2 − v2

�
, (3.59)

where I = κQ√
6(Ẋ+3HX)H2

and ‘prime’ denotes derivative with respect to N = ln a.

The properties of the critical points corresponding to the above autonomous system (de-
pending on the choices of I) are presented in the form of lemmas as follows (we shall consider

the relation x =
q

2
3y due to eqn.(3.56)).
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Table 3.3: Stability of the vector field on each coordinate plane for the critical point
C4:

Coordinate Plane Stability

XTYT − plane vector field is stable about YT axis

XTVT − plane vector field near the origin is stable star

XTUT − plane vector field near the origin is stable star

YTUT − plane vector field is stable about YT axis

YTVT − plane vector field is stable about YT axis

UTVT − plane vector field near the origin is stable star

Lemma 5 If u, v and y are non-zero, then z = 0 and the following relations must hold
together

1. I = v2

2y ,

2. y2 + u2 + v2 = 1,

3. 4u2 + 3v2 = 4.

Proof : (1) From eqn.(3.59), it is to be noted that R = −4
3 . Then from eqn.(3.58), we

have I = v2

2y .
(2) The eqn.(3.57) and I yield

√
6λ(x)z2(y2 − 1)y = 4u2y2 + 3v2y2 + v2. (3.60)

On the other hand, R = −4
3 yields

√
6λ(x)yz2 = 4u2 + 3v2 − 4 (3.61)

So form eqn.(3.60) and eqn.(3.61) we have y2 + u2 + v2 = 1.
(3) The result of (2) implies z = 0 due to relation (3.26). So from eqn.(3.61) we have
4u2 + 3v2 = 4.
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Lemma 6 If only u = 0, then the following conditions must hold together

1. λ(x) =
q

3
2

v2

z2y
,

2. I = −3
2
v2

y ,

3. y2 + v2 + z2 = 1.

Proof : (1) From eqn.(3.58) , we have

Iy = −3v2

2

"
1 +

r
2

3
λ(x)yz2 − v2

#
(3.62)

From eqn.(3.57), we have

Iy =

r
3

2
λ(x)yz2(y2 − 1) − 3

2
y2. (3.63)

Eliminating Iy from (3.62) and (3.63) and using (3.26), we have λ(x) =
q

3
2

v2

z2y
.

(2) Put the expression of λ(x) in (3.58), we have I = −3
2
v2

y .

(3) Due to relation (3.26), we get y2 + v2 + z2 = 1.

Corollary 1 If only u = 0 and I = v
yα, then α = −3v

2 and critical points contain any real

y,v and z with y2 + v2 + z2 = 1.

Lemma 7 If only u and z = 0, then I = −3
2v

2y and critical points contain any real v and y
with v2 + y2 = 1.

Proof : From (3.57), we have

I = −3

2
v2y. (3.64)

From (3.58), we have

I = −3

2

v2(1 − v2)

y
. (3.65)

From (3.64) and (3.65) we get v2 + y2 = 1 which also satisfies (3.26).

Corollary 2 If only u, z = 0 and I = v
yα, then α = −3

2vy
2 and critical points contain any

real v and y with v2 + y2 = 1.

Lemma 8 If v = 0 and I = vα, then y must be 0 and u = ±1.

Proof : From (3.58). we have y = 0. Then from (3.59), we have u = ±1 which satisfies
(3.57) due to (3.26).

Lemma 9 Consider I = v2α. Then if v = 0, then z = 0 and critical points contain any real
u and y with u2 + y2 = 1.
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Proof : We consider y ̸= 0. So from (3.57), we have
√

6λ(x)yz2(y2 − 1) = 4u2y2. (3.66)

From (3.59), we have √
6λ(x)yz2 = 4u2 − 4. (3.67)

So eliminating
√

6λ(x)yz2 from (3.66) and (3.67) we get u2 + y2 = 1 and (3.26) yield z = 0.

Corollary 3 Consider I = v2α. If v, u = 0 and y ̸= 0, then z = 0 which implies y = ±1. If
v, y = 0 and u ̸= 0, then z = 0 which implies u = ±1 and if v, u, y = 0, then z = ±1.

Lemma 10 If y = 0, then either u = ±1 or v = ±1 and I = 0 at the critical points.

Proof : From (3.58) and (3.59) we get at least one of u and v is 0. If u = 0 then v = ±1
and if v = 0 then u = ±1. For the both cases, (3.26) yields z = 0. The eqn.(3.57) implies
I = 0 at the critical points.

*If y, u and v are 0, then z = ±1. In this case, I = −
q

3
2λ(x).

Lemma 11 If z ̸= 0 and y ̸= 0, then u = 0 and v ̸= 0, so lemma 6 can be applied.

Proof : Let us assume v and u ̸= 0. From (3.58), we have I = v2

2y . From (3.59), we have√
6λ(x)yz2 = 4u2 + 3v2 − 4. Then from (3.57) we get u2 + v2 + y2 = 1. So by (3.26), z = 0

which contradicts to our hypothesis.
Now we consider only v = 0. Then by lemmas 8 and 9, z = 0 which contradicts to our
hypothesis. So u = 0 and lemma 6 can be applied.

Theorem 11 1. There is no critical point with all non-zero coordinates for any I and
λ(x).

2. Any critical point can not contain both u and v non-zero coordinates.

3. critical points on the u-nullcline satisfy z2λ(x) = −
q

2
3I.

4. On the v-nullcline the critical points form a right cylinder of height 2
q

2
3 with circular

base for I = vnα, (n > 1).

5. Origin is the only critical point on zy-plane.
(1) If any critical point contains all non-zero coordinates then lemma 5 contradicts.

(2) If both u and v are non-zero, then y has to be non zero. Otherwise, theorem 10 contradicts.

Now by lemma 5 z turns out to be 0 and I = v2

2y . On the other hand, if we put the expression

of I and 4u2 + 3v2 = 4 in (3.57) we derive that v2 + 4y2 = 0 which implies both v and y are
0. But this contradicts our hypothesis.

(3) For u-nullcline, by lemma 6, we have λ(x) =
q

3
2

v2

z2y
. So z2λ(x) = −

q
2
3I.

(4) For n = 1, by lemma 8, we have u = ±1. Now the result true for n = 2 by lemma 9. It is
also should be note that the result is true for n > 2 with exactly same argument as of n = 2
in lemma 9
(5) Origin is a critical point. Now by lemma 11 we can derive that both u and v cant not be
0 in this case.

For two choices of Q, i.e., (a) Q = αρ
d
(Ẋ + 3HX), (b) Q = αρ

d
H; I becomes α

2 v
2, αv2

2y
respectively. Now for these two choices of Q we analyze the stability of the vector field near
the origin for the autonomous system (3.56 − 3.59).
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(a) Q = αρ
d
(Ẋ + 3HX)

For this choice of interaction the autonomous system (3.56 − 3.59) changes to

x′ = 3

 r
2

3
y − x

!
, (3.68)

y′ =
α

2
v2 − 3

2
µz2

 
xy −

r
2

3

!
+

3

2

�
4

3
u2 + v2

�
y, (3.69)

v′ = −αvy

2
− 3

2
v

�
1 + µxz2 − 4

3
u2 − v2

�
, (3.70)

u′ = −3

2
u

�
4

3
+ µxz2 − 4

3
u2 − v2

�
. (3.71)

The critical points, existence of critical points and the value of cosmological parameters are
shown in Table 3.4 and the eigenvalues and the nature of critical points are shown in Table
3.5.

In Table 3.4 there are six critical points of which the first four namely P0−P3 are equivalent
to the critical points C0, C2−C4 respectively in Table 3.1 from cosmological view point. The
critical point P4 describes the cosmic evolution due to interacting DE and CDM for α ̸= ±3.
For α = ±3, the matter is purely in the form of cosmological constant. So this critical
point corresponds to scaling solution in cosmology. As long as the coupling parameter ‘α’ is
restricted as α2 < 3 then CDM dominates over DE otherwise there is accelerated expansion.
For critical point P5 the DE in the form of a scalar field interacting with CDM. But here
cosmic evolution is dominated by DE and is in the de-Sitter era of evolution.

STABILITY ANALYSIS

1. Critical Point P0

The Jacobian matrix at P0 is same as of (3.31). So the eigenvalues and the corresponding
eigenvectors are also same. Since the critical point is hyperbolic, we can analyze the stability
of this critical point by Hartman-Grobman theorem. The stability of this critical point is the
same as the stability of C0 (FIG.3.1).

2. Critical Point P1

The Jacobian matrix at the critical point P1 can be put as

J(P1) =




−3
√

6 0 0
0 0 0 0

0 0 − (3+α)
2 0

0 0 0 −2


 . (3.72)

To analyze the stability of the critical point P1, we consider four choices of α:

(i) α ̸= −3, 1, 3;

(ii) α = −3;

(iii) α = 1;

(iv) α = 3.
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Table 3.5: Table shows the eigenvalues (λ1, λ2, λ3, λ4) of the Jacobian matrix for the
autonomous system (3.68−3.71) corresponding to the critical points (P0−P4) and the
nature of the critical points (P0 − P4):

CPs λ1 λ2 λ3 λ4 Nature of CPs

P0 −3 2 1
2

4 hyperbolic

P1 −3 0 − (3+α)
2

−2
always nonhyperbolic

for any α

P2 −3 0 (α−3)
2

−2
always nonhyperbolic

for any α

P3 −3 0 − (3+αyc)
2

−2
always nonhyperbolic

for any α

P4 −3 3
�
1− α2

9

�
3
2

�
1− α2

9

�
−1

2

�
1 + α2

3

� nonhyperbolic for α = ±3
and hyperbolic for all
α ∈ (−3, 0) ∪ (0, 3)

Case (i): α ̸= −3, 1, 3

For this case, the eigenvalues of the Jacobian matrix (3.72) are −3, 0, − (3+α)
2 , −2 (non-

hyperbolic in nature) and [1, 0, 0, 0]T ,
h
1,
q

3
2 , 0, 0

iT
, [0, 0, 1, 0]T , [0, 0, 0, 1]T are the corre-

sponding eigenvectors, respectively. We put forward similar argument as we have mentioned
for the analysis of C2 then the center manifold is given by (3.44 − 3.46) and the flow on the
center manifold is determined by (3.47). So the origin is a saddle node and unstable in nature
(FIG.3.2). Hence, in this case the origin in the new coordinate system, i.e., the critical point
P1 in the old coordinate system is a saddle node and unstable in nature.

Case (ii): α = −3

In this case, the Jacobian matrix at the critical point P1 can be put as

J(P1) =




−3
√

6 0 0
0 0 0 0
0 0 0 0
0 0 0 −2


 . (3.73)

The eigenvalues of the above Jacobian matrix are −3, 0, 0, −2 (non-hyperbolic in nature).
[1, 0, 0, 0]T and [0, 0, 0, 1]T are the eigenvectors corresponding to the eigenvalues −3 and −2

respectively,
h
1,
q

3
2 , 0, 0

iT
and [0, 0, 1, 0]T are the eigenvectors corresponding to the eigen-

value 0. Since the algebraic multiplicity and the geometric multiplicity corresponding to each
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eigenvalues are equal so we can transform the matrix (3.73) to its diagonal form. Similarly
as above we shall take the same transformations so that P1 moves to the origin and then
introduce another transformation (3.38) (by using the eigenvectors of (3.73)) to make the
Jacobian matrix (3.73) into the diagonal form. In these coordinates, our system of equations
are transformed into




X ′
T

Y ′
T

V ′
T

U ′
T


 =




−3 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −2







XT

YT
VT

UT


 +




non
lin
ear

terms


 . (3.74)

So by Center Manifold Theory, there exists two continuously differentiable functions χ:R2→R
and ϕ:R2→R such that

XT = χ(YT , VT ) = a1Y
2
T + a2YTVT + a3V

2
T + higher order terms, (3.75)

UT = ϕ(YT , VT ) = b1Y
2
T + b2YTVT + b3V

2
T + higher order terms. (3.76)

Now differentiating both sides with respect to N , we get

dXT

dN
= [2a1YT + a2VT a2UT + 2a3VT ]




dYT
dN

dVT
dN


 , (3.77)

dUT

dN
= [2b1YT + b2VT b2UT + 2b3VT ]




dYT
dN

dVT
dN


 . (3.78)

Comparing L.H.S. and R.H.S. of (3.77) and (3.78), we get a1 = −4λ
3 , a2 = 0, a3 = 0 and

bi = 0 for all i. Then the center manifold is given by

XT = −4µ

3
Y 2
T + higher order terms, (3.79)

UT = 0. (3.80)

The flow on the center manifold is determined by

dYT
dN

= 2
√

6µY 2
T +

�
2
√

6µ− 4µ2
�
Y 3
T +

�
3

2
+
√

6µ

�
V 2
T YT + higher order terms, (3.81)

dVT

dN
=

�
3

2
+
√

6µ

�
VTYT + 3

r
3

2
µVTY

2
T +

 
3

2
+

r
3

2
µ

!
V 3
T + higher order terms. (3.82)

Case (ii)(a): µ > 0
In this case, the coefficient of lowest power terms of (3.81) and (3.82) are positive. Now divide
both sides of (3.81) and (3.82) by 2

√
6µ and (32 +

√
6µ) respectively and since by dividing

both sides any positive number there will no effect on the flow of the vector field Now let’s
take r2 = Y 2

T + V 2
T , in arbitrary small neighborhood of the origin. Differentiating both sides

with respect to N , we get r′ = YT r. For YT < 0 one has r′ < 0 while r′ > 0 for YT > 0. So
for µ > 0, the origin is a saddle node and unstable in nature (vector field near the origin is
same as of FIG.3.2(b)).
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Case (ii)(b): µ < −1
2

q
3
2

Then the coefficient of lowest power terms of (3.81) and (3.82) are negative. We assume
2
√

6µ = −σ2 and (32 +
√

6µ) = −γ2 and divide (3.81) by σ2 and (3.82) by γ2 and we take
r2 = Y 2

T + V 2
T , in arbitrary small neighborhood of the origin. Differentiating both sides with

respect to N , we get r′ = −YT r. For YT < 0 one has r′ > 0 while r′ < 0 for YT > 0. So for

µ < −1
2

q
3
2 , the origin is a saddle node and unstable in nature (vector field near the origin

is same as FIG.3.2(a)).

As for both of the subcases of this case, the origin is unstable due to its saddle nature,
thus in the old coordinate system (x, y, v, u) the critical point P1 is a saddle node, i.e.,
unstable in nature.

Case (iii): α = 1

In this case, the eigenvalues of the Jacobian matrix are −3, 0, −2, −2 and [1, 0, 0, 0]T ,h
1,
q

3
2 , 0, 0

iT
are the eigenvectors corresponding to the eigenvalues −3 and 0 respectively,

[0, 0, 1, 0]T and [0, 0, 0, 1]T are the eigenvectors corresponding to the eigenvalue −2. But for
this case we will get the same vector field as Case-(i).

Case (iv): α = 3

Then the eigenvalues of the Jacobian matrix are −3, 0, −3 and −2. [1, 0, 0, 0]T and

[0, 0, 1, 0]T are the eigenvectors corresponding to the eigenvalue −3 and
h
1,
q

3
2 , 0, 0

iT
and[0, 0, 0, 1]T

are the eigenvectors corresponding to the eigenvalues 0 and −2 respectively. But for this case
also we will get the same vector field as Case-(i).

3. Critical Point P2

The Jacobian matrix at the critical point P2 can be put as

J(P2) =




−3
√

6 0 0
0 0 0 0

0 0 (α−3)
2 0

0 0 0 −2


 . (3.83)

For avoiding similar calculation, we only state the expression of the center manifold and the
flow on the center manifold. Here we also take four choices of α for analyzing the stability of
this critical point:

(i) α ̸= −3,−1, 3;

(ii) α = 3;

(iii) α = −1;

(iv) α = −3.

Case (i) : α ̸= −3,−1, 3

The eigenvalues of the Jacobian matrix are −3, 0, (α−3)
2 , −2 and [1, 0, 0, 0]T ,

h
1,
q

3
2 , 0, 0

iT
,

[0, 0, 1, 0]T and [0, 0, 0, 1]T are the corresponding eigenvectors, respectively. In this case, the
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center manifold is same as (3.48 - 3.50) and the flow on the center manifold is determined by
(3.51). So the origin is a saddle node and unstable in nature (FIG.3.2). Hence in the new
coordinate system due to saddle nature of the origin, the critical point P2 is a saddle node
and unstable in nature.

Case (ii) : α = 3

In this case, the center manifold is given by

XT = −4µ

3
Y 2
T + higher order terms, (3.84)

UT = 0. (3.85)

The flow on the center manifold is determined by

dYT
dN

= 2
√

6µY 2
T −

�
2
√

6µ + 4µ2
�
Y 3
T +

�
3

2
−
√

6µ

�
V 2
T YT + higher order terms, (3.86)

dVT

dN
=

�
−3

2
+
√

6µ

�
VTYT − 3

r
3

2
µVTY

2
T +

 
3

2
−
r

3

2
µ

!
V 3
T + higher order terms.

(3.87)

Case (ii)(a) : µ > 1
2

q
3
2

In this case as above, divide both sides of (3.86) and (3.87) by 2
√

6µ and (−3
2 +

√
6µ) respec-

tively and by taking r2 = Y 2
T + V 2

T , we can get r′ = YT r. If YT > 0 then r′ > 0 and r′ < 0
while YT < 0. So the origin is a saddle node and unstable in nature (same as FIG.3.2(b)).
Case (ii)(b) : µ < 0

In this case also by taking r2 = Y 2
T + V 2

T , we can get r′ = −YT r and as above we can
determine that the origin is a saddle node and unstable in nature (same as FIG.3.2(a)).

As for both of the subcases, the origin is a saddle node, hence in the old coordinate system
(x, y, v, u) the critical point P2 is a saddle node and unstable in nature.

Case (iii) α = −1

In this case we will get the same eigenvalues and eigenvectors as in Case (iii) of the critical
point P1 and the center manifold is given by (3.48 − 3.50) and the flow on the vector field
near the origin is determined by (3.51).

Case (iv) α = −3

In this case, we will get the same eigenvalues and eigenvectors as in Case (iv) of the critical
point P1 and the center manifold is given by (3.48 − 3.50) and the flow on the vector field
near the origin is determined by (3.51).

4. Critical Point P3

The Jacobian matrix at the critical point P3 can be put as

J(P3) =




−3
√

6 0 0
0 0 0 0

0 0 − (3+αyc)
2 0

0 0 0 −2


 , (3.88)
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the center manifold is same as (3.52 - 3.54) and the flow on the center manifold is determined
by (3.55). So here we only define the stability near the origin on each coordinate plane which
is shown in Table 3.6.

5. Critical Point P4

The Jacobian matrix at the critical point P4 can be put as

J(P4) =




−3
√

6 0 0

0
�

1 − α2

9

��
3
2 + αµ

q
2
3

�
∓
√

6µ
�

1 − α2

9

� 3
2

0

0 ∓
r�

1 − α2

9

��
α2µ
3

q
2
3 − α

2

�
3
�

1 − α2

9

��
1 − αµ

3

q
2
3

�
0

0 0 0 −1
2

�
1 + α2

3

�



.

(3.89)

The eigenvalues of J(P4) are −3, 3
�

1 − α2

9

�
, 3

2

�
1 − α2

9

�
and −1

2

�
1 + α2

3

�
and the cor-

responding eigenvectors are [1, 0, 0, 0]T ,
h
±

√
6(k−n+p)

m(6+k+n+p) ,±
k−n+p
2m , 1, 0

iT
,

h
±

√
6(k−n−p)

m(6+k+n−p) ,±
k−n+p
2m , 1, 0

iT
, and [0, 0, 0, 1]T respectively; where k =

�
1 − α2

9

��
3
2 + αµ

q
2
3

�
,

l = −
√

6µ
�

1 − α2

9

� 3
2
, m = −

r�
1 − α2

9

��
α2µ
3

q
2
3 − α

2

�
, n = 3

�
1 − α2

9

��
1 − αµ

3

q
2
3

�
, p =

3
2

�
1 − α2

9

�
. The critical point P4 is nonhyperbolic for α = ±3 and for α = −3 the critical

point is same as P1 and we have already analyzed the stability of this critical point and for
α = 3 the critical point is same as P2 and we have already analyzed the stability of this
critical point. So we have to analyze the stability of the critical point P4 only when this is
hyperbolic in nature and by Hartman-Grobman theorem we shall analyze the stability of this
critical point. All eigenvalues of the above Jacobian matrix are negative only when α > 3
or α < −3 but this contradicts the existence of this critical point. So we have two positive
and two negative eigenvalues and by Hartman-Grobman theorem we can say that the critical
point P4 is unstable due to its saddle nature.

If we try to analyze the stability of the critical point P5 then we see that the values of ∂f1
∂x ,

∂f1
∂y , ∂f2

∂x , ∂f2
∂y , ∂f2

∂v , ∂f3
∂x , ∂f3

∂y , ∂f3
∂v , ∂f4

∂u are non-zero and without ∂f1
∂x , ∂f1

∂y all other elements at
this critical point contain complicated terms and this is very difficult to find the eigenvalues
and corresponding eigenvectors of the Jacobian matrix. Due to this complicated calculation,
we skip the stability analysis of this critical point.

(b) Q = αρ
d
H

For this choice of interaction with exponential potential the autonomous system (3.56 -
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3.59) changes to

x′ = 3

 r
2

3
y − x

!
, (3.90)

y′ =
α

2y
v2 − 3

2
µz2

 
xy −

r
2

3

!
+

3

2

�
4

3
u2 + v2

�
y, (3.91)

v′ = −αv

2
− 3

2
v

�
1 + µxz2 − 4

3
u2 − v2

�
, (3.92)

u′ = −3

2
u

�
4

3
+ µxz2 − 4

3
u2 − v2

�
. (3.93)

The critical points, existence of critical points and the value of cosmological parameters
are shown in Table 5.3 and the eigenvalues and the nature of critical points are shown in Table
3.8. The first three critical points B1−B3 in Table 3.7 are cosmologically equivalent to the
critical points C2 − C4 in Table 3.1. The critical point B4 represents a scaling cosmological
solution where DE is interacting with CDM. The CDM dominates the evolution for −1 <
α < 0, otherwise there is accelerated expansion due to dominance of DE. For α = −3 the
matter is purely in the form of cosmological constant.

STABILITY ANALYSIS

1. Critical Point B1

The Jacobian matrix at the critical point B1 is same as (3.72). So here we also take four
choices of α (same as P1) for analyzing the stability of this critical point.

Case (i): α ̸= −3, 1, 3

In this case, we have the same eigenvalues and corresponding eigenvectors of the Jacobian
matrix. We put forward similar argument as we have mentioned for the stability analysis in
case (i) of P1, then the center manifold is given by (3.44 - 3.46) and the flow on the vector
field near the origin is determined by the equation (3.47) (FIG.(3.2)).

Case (ii): α = −3

In this case, we also get the same Jacobian matrix (3.73), so have the same eigenvalues and
corresponding eigenvectors. We put forward similar argument as we have mentioned for the
analysis in case (ii) of P1, then we get the center manifold same as (3.79− 3.80) and the flow
on the center manifold is determined by

dYT
dN

= 2
√

6µY 2
T +

�
2
√

6µ− 4µ2
�
Y 3
T +

�
3

2
+
√

6µ

�
V 2
T YT + higher order terms, (3.94)

dVT

dN
=

√
6µVTYT + 3

r
3

2
µVTY

2
T +

 
3

2
+

r
3

2
µ

!
V 3
T + higher order terms. (3.95)

Case (ii)(a): µ > 0

Divide (3.94) and (3.95) by 2
√

6µ and
√

6µ respectively and as the flow on the vector field is
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not changed due to divide by positive number on the flow equation, we take r2 = Y 2
T + V 2

T ,
then we get r′ = YT r. If YT > 0 then r′ > 0 and r′ < 0 while YT < 0. So the origin is a
saddle node and unstable in nature (FIG.3.2(b)).
Case (ii)(b): µ < 0

We put forward similar argument as we have mentioned above then we also obtain that the
origin is a saddle node and unstable in nature (same as FIG.3.2(a)).

As for both of the subcases, the origin is unstable due to its saddle nature, thus in the
old coordinate system (x, y, v, u) the critical point B1 is a saddle node, i.e., unstable in
nature.

Case (iii): α = 1

In this case the eigenvalues of the Jacobian matrix are −3, 0, −2, −2 and [1, 0, 0, 0]T ,h
1,
q

3
2 , 0, 0

iT
are the eigenvectors corresponding to the eigenvalues −3 and 0 respectively,

[0, 0, 1, 0]T and [0, 0, 0, 1]T are the eigenvectors corresponding to the eigenvalue −2. But for
this case we will get the same vector field as Case (i).

Case (iv): α = 3

Then the eigenvalues of the Jacobian matrix are −3, 0, −3 and −2. [1, 0, 0, 0]T and [0, 0, 1, 0]T

are the eigenvectors corresponding to the eigenvalue −3,
h
1,
q

3
2 , 0, 0

iT
and [0, 0, 0, 1]T are

the eigenvectors corresponding to the eigenvalues 0 and −2, respectively. But for this case
also we will get the same vector field as Case (i).

2. Critical Point B2

The Jacobian matrix at this critical point is also same as (3.72). Here four cases also arises.
The Center manifold and the flow on the center manifold are shown in the Table 3.9. As
for all possible cases in the new coordinate system (XT , YT , VT , UT ) the origin is a saddle
node, i.e., unstable in nature. Hence, in the old coordinate system (x, y, v, u) the critical
point B2 is a saddle node and unstable in nature.

3. Critical Point B3

The Jacobian matrix at the critical point B3 is same as (3.72). In this case also, we get the
center manifold same as (3.52 − 3.54) and the flow on the center manifold is same as (3.55).
So here we only define the stability of the vector field near the origin on each coordinate
plane, shown in Table 3.10.

4. Critical Point B4

The Jacobian matrix at B4 can be put as

J(B4) =




−3
√

6 0 0

0

1 + α

3

�
(3 ∓

√
−2αµ) ∓

√
6µ


1 + α

3

� 3
2 0

0 ∓
q

2
3µα

q
1 + α

3

�
1 + α

3

�
(3 ±

√
−2αµ) 0

0 0 0 −1
2(1 − α)



. (3.96)
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The eigenvalues of the above Jacobian matrix are −3, α+3, α+3 and −1
2(1−α). [1, 0, 0, 0]T ,

[0, 0, 0, 1]T are the eigenvectors corresponding to the eigenvalues −3 and −1
2(1−α) respectively

and [
√
6(k−n)

m(6+k+n) ,
k−n
2m , 1, 0]T be the eigenvector corresponding to the eigenvalue α + 3; where

k =

1 + α

3

�
(3∓

√
−2αµ), m = ∓

q
2
3µα

q
1 + α

3

�
and n =


1 + α

3

�
(3±

√
−2αµ). We clearly

see that this critical point is nonhyperbolic only when α = −3 and the stability analysis for
this case already studied for B1. So here we analyze the stability of this critical point only
when α ∈ (−3, 0). For this case the two eigenvalues are positive and another two are negative.
So by Hartman-Grobman theorem we can say that the critical point B4 is unstable due to
its saddle nature.

Figure 3.3: This figure shows the vector field near the origin in YTVT−plane for α = −3
corresponding to B3. After applying shift-transformation and then matrix transforma-
tion, the line of critical points B3 (in the old coordinate system (x, y, v, u)) is completely
lying on the YT axis in the new coordinate system. We have considered yc =

1
2
to de-

termine this vector field, that is, in this phase plot the origin corresponds to

0, 1

2
, 0, 0

�

in the old coordinate system.

GLOBAL BEHAVIOR AND BIFURCATION ANALYSIS

For non-interacting model with exponential potential, we have five critical points (C0−C4)
for various choices of µ. It is to be noted from matrix (3.32), that C0 is saddle with one stable
and three unstable eigen-directions. On the other hand, C1 is saddle with two stable and
two unstable eigen-directions. The stability of C0 and C1 do not depend on the parameter
µ. At C2 and C3 the effective potential [603] reaches its extreme point in the dark energy
dominated period. We can have global behavior of phase space and the main property of
bifurcations on different nullclines. On the Y -nullcline, the vector field does not depend on
µ. But on the center manifold of C2 and C3 the flow reverses its direction when µ passes
through the value µ = 0. But the vector fields remain topologically equivalent even after µ
changes its sign. At µ = 0, the stability is classified by considering the flow of the remaining
eigen-directions. At µ = 0, new non-isolated critical point C4 appears to exist. C4 is normally
hyperbolic and stable in nature. It is to be noted that, for µ ̸= 0, C2 and C3 are saddle-node
in nature. So there exists a non-generic de-Sitter evolution of the universe through only one
trajectory (i.e., invariant manifold) from past (C2 or C3) to future (C3 or C2). For µ > 0, if
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the trajectory starts near C2 and ends asymptotically to C3, then the three form field transit
from phantom field to non-phantom field and reverse transition happens for µ < 0. As C4

is stable with de-Sitter phase, so there is a generic evolution near C2 or C3 towards C4 at
µ = 0.

Next, we have considered the interaction Q = α(ρ
d
)(Ẋ+3HX). For exponential potential

there exists three critical points (P0 − P5) for various choices to µ. At α = ±3, P1 and P2

change its stability. On the other hand, at µ = 0, new non-isolated critical point P3 appears
to exist. P3 is normally hyperbolic and on the Y -nullcline P3 becomes stable node to saddle
node when α becomes smaller than − 3

yc
, (yc ̸= 0) for any fixed yc (0 < yc ⩽ 1). When α

touches ±3 and lies in [−3, 0)∪ (0, 3], a new critical point P4 appears to exist. P1 and P2 are
the special case of P4 at α = ±3.
For interaction Q = α(ρ

d
)yH, at α ̸= 3,−3, both P1 and P2 are saddle node in nature. So

there exists a non-generic de-Sitter evolution of the universe through the invariant manifold
(3.86) from past P2 to future P3.

For the interaction αρ
d
H, a new critical point B4 appears to exist for α ∈ [−3, 0). This

critical point changes its stability at −3 and µ = 0. For µ ̸= 0, B4 is saddle node in nature. So
the evolution of the universe through the invariant manifold is performed as in the previous
case.

Now, it is to be noted that at µ = 0, the system associated with non-interacting model
becomes structurally unstable. On the other hand, two new bifurcation values appear for the
interacting model, namely α = −3, 3. Moreover, at µ = 0, the system associated with inter-
acting model becomes structurally unstable. Also one may note that the potential becomes
runaway to non-runaway through bifurcation value µ = 0 [604]. On the other hand, if we
neglect the contribution of matter and radiation, the fixed points at the extremum point of
the effective potential [603] are same as in our non-interacting dynamical equation, i.e., C2

and C3 which trigger non-generic evolution of the universe.

3.4 SUMMARY

The present work is an example where without making any attempt of solving the complicated
coupled cosmic evolution equations (Einstein field equations), the cosmological interferences
have been done using the technique of dynamical system analysis. The cosmic matter is
chosen as three-form field (DE) interacting/non-interacting with baryonic matter (radiation
with CDM). By suitable choice of the dimensionless variables the evolution equations are
converted into an autonomous system for non-interacting case and for two suitable choices
of the interaction. Out of total fifteen equilibrium points (presented in Tables 3.1, 3.4 and
3.7) the following sets of critical points (C0, P0), (C2, P1, B1), (C3, P2, B2), (C4, P3, B3) are
equivalent both cosmologically as well as from dynamical system analysis. It is to be noted
that the set of critical points (C4, P3.B3) are essentially a line of critical points. The first set
describes the radiation era of evolution while the remaining three sets correspond to acceler-
ated expansion at the de-Sitter phase. The critical point C1 describes the CDM dominated
decelerated expansion. Although the critical point P5 represents interacting DE and CDM
but it also corresponds to de-Sitter phase. The most interesting critical points are P4 and B4

which are representing scaling cosmological solutions. Also the cosmic evolution representing
these two critical points are observationally important as by choosing the coupling parameter
α to be closed to ±3 (for critical point P4) / −3 (for B4) the equation of state parameter
agrees (within confidence limit) with the latest plank data [617].
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The stability of the critical points are analysed by studying the eigenvalues of the Jacobian
matrix for hyperbolic critical points while center manifold theory has been employed for non-
hyperbolic critical points. The two parameters µ (in the potential) and α (coupling) on the
system are found to be important for bifurcation analysis. Usually, it is speculated that at
the bifurcation point there may be a cosmic phase transition.

Finally, the general nature of the critical points both for non-interacting and interacting
cases have been presented in the form of lemmas and theorems. Lastly, one may note that
the present work does not depend effectively on the choice of V (X).
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Table 3.6: Stability of the vector field on every coordinate plane for the critical point
P3.

Coordinate Plane Stability

XTYT − plane Vector field is stable about YT axis

XTVT − plane

Vector field near the origin is stable star (if yc = 0 or α > − 3
yc
),

vector field near the origin is a saddle node (if α < − 3
yc

),

vector field is stable about VT axis (α = − 3
yc
)

XTUT − plane Vector field near the origin is stable star

YTVT − plane

Vector field is stable about YT axis (if yc = 0 or α > − 3
yc
),

vector field is unstable about YT axis (if α < − 3
yc

),

vector field near the origin for α = − 3
yc

is parallel

to VT axis and the direction of the vector field
is from negative VT axis to positive VT axis

YTUT − plane Vector field is stable about YT axis

UTVT − plane

Vector field near the origin is stable star (if yc = 0 or α > − 3
yc
),

vector field near the origin is a saddle node (if α < − 3
yc

),

vector field is stable about VT axis (for α = − 3
yc
)
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Table 3.7: The set of critical points, existence of critical points and the value of cos-
mological parameters corresponding to the critical points for the autonomous system
(3.90 - 3.93).

CPs Existence x y z v u ωtot q

B1 ∀ µ and α
q

2
3

1 0 0 0 −1 −1

B2 ∀ µ and α −
q

2
3

−1 0 0 0 −1 −1

B3 µ = 0 and ∀ α
q

2
3
yc 0 < yc ≤ 1

p
1− y2c 0 0 −1 −1

B4
∀ µ and

∀α ∈ [−3, 0)
±p−α

3

q
2
3

±p−α
3

0 ±p1 + α
3

0 α
3

(1+α)
2

Table 3.8: Table shows the eigenvalues (λ1, λ2, λ3, λ4) of the Jacobian matrix for the
autonomous system (3.90 - 3.93) corresponding to the above critical points and the
nature of the critical points:

CPs λ1 λ2 λ3 λ4 Nature of Critical points

B1 −3 0 − (3+α)
2

−2 nonhyperbolic

B2 −3 0 (α−3)
2

−2 nonhyperbolic

B3 −3 0 − (3+αyc)
2

−2 nonhyperbolic

B4 −3 α + 3 α + 3 −1
2
(1− α)

nonhyperbolic for α = −3 and
hyperbolic when α ∈ (−3, 0)
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Table 3.10: Stability of the vector field on every coordinate plane for the critical point
B3.

Coordinate Plane Stability

XTYT − plane Vector field is stable about YT axis

XTVT − plane
Vector field near the origin is stable star (if α > −3),
vector field near the origin a saddle node (if α < −3 ),

vector field is unstable about VT axis(if α = −3)

XTUT − plane Vector field near the origin stable star

YTVT − plane
Vector field is stable about YT axis (if α > −3),

vector field is unstable about YT axis (if α < −3 ),
vector field for α = −3 is shown in FIG.3.3

YTUT − plane Vector field is stable about YT axis

UTVT − plane
Vector field near the origin is stable star (if α > −3),

vector field near the origin is a saddle node (if α < −3 )
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CHAPTER 4

A DYNAMICAL SYSTEM ANALYSIS OF
COSMIC EVOLUTION WITH COUPLED

PHANTOM DARK ENERGY WITH
DARK MATTER

4.1 Prelude

The unexpected accelerated expansion of the universe as predicted by recent series of obser-
vations is speculated by cosmologist as a smooth transition from decelerated era in recent
past [640, 653, 654, 655, 656]. The cosmologists are divided in opinion about the cause of
this transition. One group has the opinion of modification of the gravity theory while others
are in favour introducing exotic matter component. Due to two severe drawbacks [666] of
the cosmological constant as a DE candidate dynamical DE models namely quintessence field
(canonical scalar field), phantom field [660, 661, 662, 663, 664, 665] (ghost scalar field) or a
unifield model named quintom [657, 658, 659] are popular in the literature.

However, a new cosmological problem arises due to the dynamical nature of the DE
although vacuum energy and DM scale independently during cosmic evolution but why their
energy densities are nearly equal today. To resolve this coincidence problem cosmologists
introduce interaction between the DE and DM. As the choice of this interaction is purely
phenomenological so various models appear to match the observational prediction. Although
these models may resolve the above coincidence problem but a non-trivial, almost tuned
sequence of cosmological eras [667] appear as a result. Further, the interacting phantom DE
models [668, 669, 670, 672, 673, 674, 688] deal with some special coupling forms, alleviating
the coincidence problem.

Alternatively cosmologists put forward with a special type of interaction between DE and
DM where the DM particles has variable mass, depending on the scalar field representing the
DE [676]. Such type of interacting model is physically more sound as scalar field dependent
varying mass model appears in string theory or scalar-tensor theory [677]. This type of
interacting model in cosmology considers mass variation as linear [678, 676, 679], power law
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[680] or exponential [681, 682, 683, 684, 685, 686, 687] on the scalar field. Among these the
exponential dependence is most suitable as it not only solves the coincidence problem but
also gives stable scaling behaviour.

In the present work, varying mass interacting DE/DM model is considered in the back-
ground of homogeneous and isotropic space-time model. Due to highly coupled nonlinear
nature of the Einstein field equations it is not possible to have any analytic solution. So by
using suitable dimensionless variables the field equations are converted to an autonomous
system. The phase space analysis with non-hyperbolic equilibrium points by center mani-
fold theory has been done for various choices for the mass function and for the scalar field
potential. This chapter is organized as follows: Section 4.2 deals with basic equations for
the varying mass interacting dark energy and dark matter cosmological model. Autonomous
system is formed and critical points are determined in Section 4.3. Also stability analysis of
all critical points for various choices of the involving parameters are shown in this section.
Possible bifurcation scenarios [544, 611, 475] by Poincaré index theory and global cosmolog-
ical evolution have been examined in Section 4.4. Finally, brief discussion and important
concluding remarks of the present work is proposed in Section 4.5.

4.2 Varying mass interacting dark energy
and dark matter cosmological model :
Basic Equations

In the background of flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) space-time with
line element

ds2 = −dt2 + a2(t) dΣ2, (4.1)

the Friedmann equations are

3H2 = k2(ρϕ + ρDM ), (4.2)

2Ḣ = −k2(ρϕ + pϕ + ρDM ), (4.3)

with t, the comoving time; a(t), the scale factor; dΣ2, the 3D flat space line element. Here
κ = 8πG is the coupling parameter, (ρϕ, pϕ) are the energy density and thermodynamic
pressure of the phantom scalar field ϕ (considered as DE) having expressions

ρϕ = −1

2
ϕ̇2 + V (ϕ),

pϕ = −1

2
ϕ̇2 − V (ϕ),

(4.4)

and ρDM is the energy density for the dark matter in the form of dust having expression

ρDM = MDM (ϕ)nDM , (4.5)

where nDM , the number density [642] for DM satisfies the number conservation equation

ṅDM + 3HnDM = 0. (4.6)

In the present work we have considered interaction between dark matter and dark energy.
Normally the interaction term is introduced by phenomenological choice. In particular, the
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form of the interaction term is chosen so that either the problem is solvable or it is simplified
to a great extend. Further mathematically one can see that the phenomenological choice of
the interaction term ‘Q’ arises when we break up the conservation equation of the total matter
(dark matter and dark energy) into their individual conservation form. Now differentiating
(4.5) and using (4.6) one has the DM conservation equation as

ρ̇DM + 3HρDM =
d

dϕ
{lnMDM (ϕ)} ϕ̇ρDM , (4.7)

which shows that mass varying DM (in the form of dust) can be interpreted as a barotropic
fluid with variable equation of state : ωDM = d

dϕ {lnMDM (ϕ)} ϕ̇. Now due to Bianchi identity,
using the Einstein field equations (4.2) and (4.3) the conservation equation for DE takes the
form

ρ̇ϕ + 3H(ρϕ + pϕ) = − d

dϕ
{lnMDM (ϕ) } ϕ̇ρDM . (4.8)

or using (4.4) one has

ϕ̈ + 3Hϕ̇− ∂V

∂ϕ
=

d

dϕ
{lnMDM (ϕ)} ρDM . (4.9)

The combination of the conservation equations (4.7) and (4.8) for DM (dust) and phantom
DE (scalar) shows that the interaction between these two matter components depends purely
on the mass variation, i.e., Q = d

dϕ {lnMDM (ϕ) } ϕ̇ρDM . So, if MDM is an increasing function
of ϕ, i.e., Q > 0 then energy is exchanged from DE to DM while in the opposite way if MDM

is a decreasing function of ϕ. This type of interaction term is chosen in [?] also and according
to that work, the presence of ϕ̇ in the interaction term is related to alleviate the H0 tension.
However, in our work of dynamical system analysis we have chosen this interaction for the
simplicity of calculations. Further, combining equations (4.7) and (4.8), the total matter
ρtot = ρDM + ρDE satisfies

ρ̇tot + 3H(ρtot + ptot) = 0 (4.10)

with

ωtot =
pϕ

ρϕ + ρDM

= ωϕΩϕ. (4.11)

Here ωϕ =
pϕ
ρϕ

is the equation of state parameter for phantom field and Ωϕ =
ρϕ
3H2

κ2

is the

density parameter for DE.

4.3 Formation of Autonomous System : Crit-
ical point and stability analysis

In the present work the dimensionless variables can be taken as [642]

x : =
κϕ̇√
6H

, (4.12)

y : =
κ
p
V (ϕ)√
3H

, (4.13)

z : =

√
6

κϕ
(4.14)
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together with N = ln a and the expression of the cosmological parameters can be written as

Ωϕ ≡ κ2ρϕ
3H2

= −x2 + y2, (4.15)

ωϕ =
−x2 − y2

−x2 + y2
(4.16)

and

ωtot = −x2 − y2. (4.17)

For the scalar field potential we consider two well studied cases in the literature, namely the
power-law

V (ϕ) = V0ϕ
−λ (4.18)

and the exponential dependence as

V (ϕ) = V1e
−κλϕ. (4.19)

For the dark matter particle mass we also consider power-law

MDM (ϕ) = M0ϕ
−µ (4.20)

and the exponential dependence as

MDM (ϕ) = M1e
−κµϕ, (4.21)

where V0, V1,M0,M1(> 0) and λ, µ are constant parameters. Here we shall study the dynami-
cal analysis of this cosmological system for five possible models. In Model 1 (4.3.1) we consider
V (ϕ) = V0ϕ

−λ,MDM (ϕ) = M0ϕ
−µ, in Model 2 (4.3.2) we consider V (ϕ) = V0ϕ

−λ,MDM (ϕ) =
M1e

−κµϕ, in Model 3 (4.3.3) we consider V (ϕ) = V1e
−κλϕ,MDM (ϕ) = M0ϕ

−µ, in Model 4
(4.3.4) we consider V (ϕ) = V1e

−κλϕ,MDM (ϕ) = M1e
−κµϕ and lastly in Model 5 (4.3.5) we

consider V (ϕ) = V2ϕ
−λe−κλϕ,MDM (ϕ) = M2ϕ

−µe−κµϕ, where V2 = V0V1 and M2 = M0M1.

4.3.1 Model 1: Power-law potential and power-law-dependent
dark-matter particle mass

In this consideration, the evolution equations in Section 4.2 can be converted to an au-
tonomous system as follows

x′ = −3x +
3

2
x(1 − x2 − y2) − λy2z

2
− µ

2
z(1 + x2 − y2), (4.22)

y′ =
3

2
y(1 − x2 − y2) − λxyz

2
, (4.23)

z′ = −xz2, (4.24)

where ‘prime’ over a variable denotes differentiation with respect to N = ln a.

To obtain the stability analysis of the critical points corresponding to the autonomous
system (4.22 − 4.24), we consider four possible choices of µ and λ as (i) µ ̸= 0 and λ ̸= 0,
(ii) µ ̸= 0 and λ = 0, (iii) µ = 0 and λ ̸= 0, (iv) µ = 0 and λ = 0.
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Case-(i) µ ̸= 0 and λ ̸= 0

In this case, we have three critical points A1, A2 and A3. First we determine the Jacobian
matrix at these critical points corresponding to the autonomous system (4.22−4.24). Then we
shall find the eigenvalues and corresponding eigenvectors of the Jacobian matrix. After that
we shall obtain the nature of the vector field near the origin for every critical points. If the
critical point is hyperbolic, we use Hartman-Grobman theorem and while the critical point
is non-hyperbolic, we use Center Manifold Theory [636]. The set of all critical points with
the value of cosmological parameters are shown in Table 4.1. The eigenvalues corresponding
to the Jacobian matrix at each critical points A1, A2 and A3 and their nature are shown in
Table 4.2.

Table 4.1: The set of critical points corresponding to the autonomous system (4.22 −
4.24) with the values of cosmological parameters.

Critical Points Existence x y z Ωϕ ωϕ ωtot q

A1 For all λ and µ 0 0 0 0 Undetermined 0 1
2

A2 For all λ and µ 0 1 0 1 −1 −1 −1

A3 For all λ and µ 0 −1 0 1 −1 −1 −1

1. Critical Point A1

The Jacobian matrix at the critical point A1 can be put as

J(A1) =




−3
2 0 −µ

2

0 3
2 0

0 0 0


 . (4.25)

The eigenvalues of J(A1) are −3
2 , 3

2 and 0 and [1, 0, 0]T , [0, 1, 0]T and [−µ
3 , 0, 1]T are the

corresponding eigenvectors, respectively. Since, the critical point A1 is nonhyperbolic in
nature, so we use Center Manifold Theory to analyze the stability of this critical point. From
the entries of the Jacobian matrix we can see that there is a linear term of z corresponding to
the eqn.(4.22) of the autonomous system (4.22− 4.24). But the eigen value 0 of the Jacobian
matrix (4.25) is corresponding to (4.24). So we have to introduce another coordinate system
(X, Y, Z) in terms of (x, y, z). By using the eigenvectors of the Jacobian matrix (4.25), we
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Table 4.2: The set of eigenvalues of the Jacobian matrix corresponding to each critical
points with their natures.

CPs λ1 λ2 λ3 Nature of critical points

A1 −3
2

3
2

0
Nonhyperbolic, behaves as stable node for µ < 0

and saddle node for µ > 0

A2 −3 −3 0
Nonhyperbolic, behaves as stable node for λ < 0

and saddle node for λ > 0

A3 −3 −3 0
Nonhyperbolic, behaves as stable node for λ < 0

and saddle node for λ > 0

introduce the following coordinate system




X

Y

Z


 =




1 0 µ
3

0 1 0

0 0 1







x

y

z


 (4.26)

and in this new coordinate system the equations (4.22 − 4.24) are transformed into




X ′

Y ′

Z ′


 =




−3
2 0 0

0 3
2 0

0 0 0







X

Y

Z


 +




non

linear

terms


 . (4.27)

By Center Manifold Theory there exists a continuously differentiable function h : R → R2

such that

h(Z) =


X
Y


 =


a1Z

2 + a2Z
3 + a3Z

4 + O

Z5

�

b1Z
2 + b2Z

3 + a3Z
4 + O


Z5

�


 . (4.28)

Differentiating both side with respect to N , we get

X ′ = (2a1Z + 3a2Z
2 + 4a3Z

3)Z ′ + O(Z4), (4.29)

Y ′ = (2b1Z + 3b2Z
2 + 4b3Z

3)Z ′ + O(Z4), (4.30)

where ai, bi ∈ R. We only concern about the non-zero coefficients of the lowest power terms in
CMT as we analyze the stability in arbitrary small neighbourhood of the origin. Comparing
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coefficients corresponding to power of Z we get, a1 = 0, a2 = 2µ2

27 , a3 = 0 and bi = 0 for all
i ∈ N. So the expression of the center manifold is given by

X =
2µ2

27
Z3, (4.31)

Y = 0, (4.32)

and the flow on the Center manifold is determined by

Z ′ =
µ

3
Z3 + O(Z5). (4.33)

The flow on the center manifold depends on the sign of µ. If µ > 0 then Z ′ > 0 for Z > 0

Figure 4.1: These figures show the vector field near the origin corresponding to the
critical point A1 in XZ-plane. The phase plot (a) is for µ > 0 and (b) is for µ < 0.

and Z ′ < 0 for Z < 0. Hence, we conclude that for µ > 0 the origin is a saddle node and
unstable in nature (FIG.4.1(a)). Again if µ < 0 then Z ′ < 0 for Z > 0 and Z ′ > 0 for Z < 0.
So we conclude that for µ < 0 the origin is a stable node, i.e., asymptotically stable in nature
(FIG.4.1(b)).

2. Critical Point A2

The Jacobian matrix at A2 can be put as

J(A2) =




−3 0 −λ
2

0 −3 0

0 0 0


 . (4.34)

The eigenvalues of the above matrix are −3, −3 and 0. [1, 0, 0]T and [0, 1, 0]T are the eigen-

vectors corresponding to the eigenvalue −3 and
�
−λ

6 , 0, 1
�T

is the eigenvector corresponding
to the eigenvalue 0. Since the critical point A2 is non-hyperbolic in nature, so we use Center
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Manifold Theory for analyzing the stability of this critical point. We first transform the
coordinates into a new system x = X, y = Y + 1, z = Z, such that the critical point A2

moves to the origin. By using the eigenvectors of the Jacobian matrix J(A2), we introduce
another set of new coordinates (u, v, w) in terms of (X, Y, Z) as




u

v

w


 =




1 0 λ
6

0 1 0

0 0 1







X

Y

Z


 (4.35)

and in these new coordinates the equations (4.22 − 4.24) are transformed into



u′

v′

w′


 =




−3 0 0

0 −3 0

0 0 0







u

v

w


 +




non

linear

terms


 . (4.36)

By center manifold theory there exists a continuously differentiable function h : R→R2 such
that

h(w) =


u
v


 =


a1w

2 + a2w
3 + O(w4)

b1w
2 + b2w

3 + O(w4)


 . (4.37)

Differentiating both sides with respect to N , we get

u′ = (2a1w + 3a2w
2)w′ + O(w3), (4.38)

v′ = (2b1w + 3b2w
2)w′ + O(w3) (4.39)

where ai, bi ∈ R. We only concern about the nonzero coefficients of the lowest power terms in
CMT as we analyze the stability in arbitrary small neighbourhood of the origin. Comparing
coefficients corresponding to power of w both sides of (4.38) and (4.39), we get a1 = 0,

a2 = λ2

108 and b1 = λ2

72 , b2 = 0. So the center manifold can be written as

u =
λ2

108
w3 + O(w5), (4.40)

v =
λ2

72
w2 + O(w4) (4.41)

and the flow on the center manifold is determined by

w′ =
λ

6
w3 + O(w4). (4.42)

Here we see that the center manifold and the flow on the center manifold is completely same
as the center manifold and the flow which was determined in [609] and the stability of the
vector field near the origin depends on the sign of λ. If λ < 0 then w′ < 0 for w > 0 and
w′ > 0 for w < 0. So for λ < 0 the origin is a stable node, i.e., asymptotically stable in
nature. Further if λ > 0 then w′ > 0 for w > 0 and w′ < 0 for w < 0. So for λ > 0 the
origin is a saddle node, i.e., unstable in nature. The vector field near the origin for both of
the cases is shown separately in (wu)-plane (FIG.4.2) and (wv)-plane (FIG.4.3). As the new
coordinate system (u, v, w) is topologically equivalent to the old one, hence the origin in
the new coordinate system, i.e., the critical point A2 in the old coordinate system (x, y, z)
is a stable node for λ < 0 and a saddle node for λ > 0.
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Figure 4.2: These figures show the vector field near the origin corresponding to A2 in
(uw)-plane. The phase plot (a) is for λ > 0 and (b) is for λ < 0.

Figure 4.3: These figures show the vector field near the origin corresponding to A2 in
(vw)-plane. The phase plot (a) is for λ > 0 and (b) is for λ < 0.
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3. Critical Point A3

The Jacobian matrix at the critical point A3 is same as (4.34). So the eigenvalues and
corresponding eigenvectors are also same as above. Now we transform the coordinates into
a new system x = X, y = Y − 1, z = Z, such that the critical point A2 transforms to the
origin. Then by using the matrix transformation (4.35) and after putting similar arguments
as above, the expressions of the center manifold can be written as

u = − λ2

108
w3 + O(w5), (4.43)

v = −λ2

72
w2 + O(w4) (4.44)

and the flow on the center manifold is determined by

w′ =
λ

6
w3 + O(w4). (4.45)

Here also the stability of the vector field near the origin depends on the sign of λ. Further
as the expression of the flow on the center manifold is same as (4.42), so we can conclude
as above that for λ < 0 the origin is a stable node, i.e., asymptotically stable in nature and
for λ > 0 the origin is unstable due to its saddle nature. The vector fields near the origin in
uw-plane and vw-plane are shown as in FIG.4.4 and FIG.4.5 respectively. Hence, the critical
point A3 is a stable node for λ < 0 and a saddle node for λ > 0.

Figure 4.4: These figures show the vector field near the origin for the critical point A3

in (uw)-plane. L.H.S. phase plot is for λ > 0 and R.H.S. phase plot is for λ < 0.
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Figure 4.5: These figures show the vector field near the origin corresponding to the
critical point A3 in (vw)-plane. L.H.S. phase plot is for λ > 0 and R.H.S. phase diagram
is for λ < 0.

Case-(ii) µ ̸= 0 and λ = 0

In this case the autonomous system (4.22 − 4.24) changes into

x′ = −3x +
3

2
x(1 − x2 − y2) − µ

2
z(1 + x2 − y2), (4.46)

y′ =
3

2
y(1 − x2 − y2), (4.47)

z′ = −xz2. (4.48)

We have also three critical points corresponding to the above autonomous system, in which
two are space of critical points. The critical points corresponding to this autonomous system
are C1(0, 0, 0), C2(0, 1, zc) and C3(0,−1, zc) where zc is any real number. Note that the
critical point C3 is not physically meaningful. Corresponding to the critical points C1, C2

and C3 the eigenvalues of the Jacobian matrix are same as the critical points A1, A2 and A3

respectively and also the value of cosmological parameters at C1 and C2 are same as of A1

and A2 respectively.

1. Critical Point C1

The Jacobian matrix J(C1) for the autonomous system (4.46 − 4.48) at this critical point is
same as (4.25). So, all the eigenvalues and the corresponding eigenvectors are the same as
for J(C1). If we put forward argument like the stability analysis of the critical point A1 then
the center manifold can be expressed as (4.31 − 4.32) and the flow on the center manifold is
determined by (4.33). So the stability of the vector field near the origin is same as for the
critical point A1.

2. Critical Point C2

The Jacobian matrix at the critical point C2 can be put as

J(C2) =




−3 µzc 0

0 −3 0

−z2c 0 0


 . (4.49)
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The eigenvalues of the above matrix are −3, −3, 0.
h
1, 0, z

2
c
3

iT
and [0, 1, 0]T are the eigen-

vectors corresponding to the eigenvalue -3 and [0, 0, 1]T is the eigenvector corresponding to
the eigenvalue 0. To apply CMT for a fixed zc, first we transform the coordinates into a
new system x = X, y = Y + 1, z = Z + zc, such that the critical point is at the origin and
after that if we put forward argument as above to determine center manifold, then the center
manifold can be written as

X = 0, (4.50)

Y = 0 (4.51)

and the flow on the center manifold is determined by

Z ′ = 0. (4.52)

So, the center manifold is lying on the Z-axis and the flow on the center manifold can not
be determined by (4.52). Now, if we project the vector field on the plane which is parallel
to XY -plane, i.e., the plane Z = constant (say), the vector field is shown as in FIG.4.6. So
every point on Z-axis is a stable star.

2. Critical Point C3

If we put forward argument as above to obtain the center manifold and the flow on the center
manifold, we will get the center manifold same as (4.50 − 4.51) and the flow on the center
manifold is determined by (4.52). In this case also we will get the same vector field as FIG.4.6.

From the above discussion, firstly we have seen that the space of critical points C2 and C3

are non-hyperbolic in nature but by using CMT we could not determine the vector field near
those critical points and also the flow on the vector field. So, in this case the last eqn.(4.48) of
the autonomous system (4.46 − 4.48) did not provide any special behaviour. For this reason
and as the expressions of Ωϕ, ωϕ and ωtotal depends only on x and y coordinates, we want to
take only the first two equations of the autonomous system (4.46 − 4.48) and try to analyze
the stability of the critical points which are lying on the plane, parallel to xy−plane, i.e., the
plane z = constant = c (say). In z = c plane the first two equations in (4.46 − 4.48) can be
written as

x′ = −3x +
3

2
x(1 − x2 − y2) − µ

2
c(1 + x2 − y2), (4.53)

y′ =
3

2
y(1 − x2 − y2). (4.54)

In this case we have five critical points E1, E2, E3, E4 and E5 corresponding to the
autonomous system (4.53 − 4.54). The set of critical points, their existence and the value
of cosmological parameters are shown in Table 4.3. The eigenvalues of the Jacobian matrix
at each critical points and their nature are shown in Table 4.4. Note that for critical point

E3, Ωϕ = −µ2c2

3 and for critical point E4, Ωϕ = 1 − 18
µ2c2

. As 0 ≤ Ωϕ ≤ 1 [642] and so
we can say that E3 is physically relevant only for c = 0 and E4 is physically relevant while
0 ≤ 1 − 18

µ2c2
≤ 1 =⇒ µc ≥ 3

√
2 or µc ≤ −3

√
2.

To avoid similar arguments which we have mentioned for analyzing the stability of the
above critical points, we only state the stability and the reason behind the stability of these
critical points in a tabular form, which is shown as in Table 4.5. Note that |µc| ≥ 3 is
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Table 4.4: Table shows the eigenvalues (λ1,λ2) of the Jacobian matrix corresponding
to the critical points and the nature of all critical points (E1 − E5).

Critical Points λ1 λ2 Nature of Critical points

E1 −3 −3 Hyperbolic

E2 −3 −3 Hyperbolic

E3 −3
2

�
1 + µ2c2

9

�
3
2

�
1− µ2c2

9

� Non-hyperbolic for µc = ±3
and

hyperbolic for µc ̸= ±3

E4
−3+

q
45− 324

µ2c2

2

−3−
q

45− 324
µ2c2

2

Non-hyperbolic for µc = ±3
and

hyperbolic for µc ̸= ±3

E5
−3+

q
45− 324

µ2c2

2

−3−
q

45− 324
µ2c2

2

Non-hyperbolic for µc = ±3
and

hyperbolic for µc ̸= ±3

124



Chapter 4. A Dynamical System Analysis of cosmic evolution with coupled phantom dark energy

with dark matter

Figure 4.6: This figure shows the vector field near about every point on Z−axis corre-
sponding to the critical points C2 and C3.

the domain of existence of the critical point E4 and E5 and due to this reason we did not
determine the stability analysis of the critical points E4 and E5 while µc ∈ (−3, 3). In
FIG.4.8 by using Mathematica software, we have shown the vector field corresponding to the
autonomous system [4.53 − 4.54] for µc = −3. From this phase plot, we can conclude that
the stability of the critical points E1, E2 and E3 is same as the statements about the stability
which we have written in Table 4.5.

Case-(iii) µ = 0 and λ ̸= 0

In this case the autonomous system (4.22 − 4.24) changes into

x′ = −3x +
3

2
x(1 − x2 − y2) − λy2z

2
, (4.55)

y′ =
3

2
y(1 − x2 − y2) − λxyz

2
, (4.56)

z′ = −xz2. (4.57)

Corresponding to the above autonomous system we have three space of critical points P1(0, 0, zc),
P2(0, 1, 0) and P3(0,−1, 0) where zc is any real number. The value of cosmological parameters,
eigenvalues of the Jacobian matrix at those critical points corresponding to the autonomous
system (4.55−4.57) and the nature of critical points P1, P2 and P3 are same as for the critical
points A1, A2 and A3 respectively, shown as in Table 4.1.
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Figure 4.7: These figures show the vector field near the origin corresponding to the
critical point E3. The phase diagram (a) is for µc = 3 and (b) is for µc = −3.

1. Critical Point P1

The Jacobian matrix at the critical point P1 can be put as

J(P1) =




−3
2 0 0

0 3
2 0

−z2c 0 0


 . (4.58)

The eigenvalues of the above matrix are −3
2 , 3

2 and 0, and
�
1, 0, 23z

2
c

�T
, [0, 1, 0]T and [0, 0, 1]T

are the corresponding eigenvectors, respectively. For a fixed zc, first we shift the critical
point P0 to the origin by the coordinate transformation x = X, y = Y and z = Z + zc,
and then if we put forward argument as above for nonhyperbolic critical points, the center
manifold can be written as (4.50 − 4.51) and the flow on the center manifold is determined
by (4.52). Similarly as above (the discussion of stability for the critical point C2) we can
conclude that the center manifold for the critical point P1 is also lying on the Z−axis but
the flow on the center manifold can not be determined. Now, if we project the vector field
on the plane which is parallel to XY -plane, i.e., the plane Z = constant (say), then we
get the vector field FIG.4.9. So every point on Z-axis is a saddle node. Further if we want
to obtain the stability of the critical points in the plane which is parallel to xy-plane, i.e.,
z = constant = c (say), then we only take the first two equations (4.55) and (4.56) of the
autonomous system (4.55− 4.57) and replace z by c. Then we can see that there exists three

hyperbolic critical points B1(0, 0), B2

�
−λc

6 ,
q

1 + λ2c2

36

�
and B3

�
−λc

6 ,−
q

1 + λ2c2

36

�
. In

which B3 is not physically relevant. So by obtaining the eigenvalues of the Jacobian matrix
corresponding to the autonomous system at those critical points and using the Hartman-
Grobman theorem we only state the stability of all critical points and also write the value
of cosmological parameters corresponding to these critical points in tabular form, which is
shown as in Table 4.6.
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Table 4.5: Table shows the stability and the reason behind the stability of the critical
points (E1 − E5).

For the critical points P2 and P3, we have the same Jacobian matrix (4.34) and if we will
take the similar transformations (shifting and matrix) and using the similar arguments as
A2 and A3 respectively, we conclude that the stability of P2 and P3 is same as A2 and A3,
respectively.

Case-(iv) µ = 0 and λ = 0

In this case the autonomous system (4.22 − 4.24) changes into

x′ = −3x +
3

2
x(1 − x2 − y2), (4.59)

y′ =
3

2
y(1 − x2 − y2), (4.60)

z′ = −xz2. (4.61)
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Figure 4.8: This figure shows the vector field corresponding to the autonomous system
(4.53− 4.54) for µc = −3.

Corresponding to the above autonomous system we have three space of critical points S1(0, 0, zc),
S2(0, 1, zc) and S3(0,−1, zc) where zc is any real number. The critical points S1, S2 and S3 are
similar as C1, C2 and C3 respectively. In this case also all critical points are non-hyperbolic
in nature. By taking the possible shifting transformations (for S1 (x = X, y = Y, z = Z + zc),
for S2 (x = X, y = Y + 1, z = Z + zc) and for S3 (x = X, y = Y − 1, z = Z + zc)) as above
we can conclude that for all critical points the center manifold is given by (4.50 − 4.51) and
the flow on the center manifold is determined by (4.52), i.e., for all critical points, the center
manifold is lying on the Z-axis. Further, if we take the projection of the vector field on
Z = constant plane, we can see that for the critical point S1 every points on Z-axis behave
as a saddle node (same as FIG.4.9) and for S2 and S3 every points on Z-axis are stable star
(same as FIG.4.6) and asymptotically stable in nature.

4.3.2 Model 2: Power-law potential and exponentially-dependent
dark-matter particle mass

In this consideration, evolution equations in Section 4.2 can be converted to the autonomous
system as follows

x′ = −3x +
3

2
x(1 − x2 − y2) − λy2z

2
−
r

3

2
µ(1 + x2 − y2), (4.62)

y′ =
3

2
y(1 − x2 − y2) − λxyz

2
, (4.63)

z′ = −xz2. (4.64)

We have five critical points L1, L2, L3, L4 and L5 corresponding to the above autonomous
system. The set of critical points, their existence, and the value of cosmological parameters
at those critical points are shown as in Table 4.7 and the eigenvalues of the Jacobian matrix
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Figure 4.9: This phase diagram shows the vector field near about every point on Z−axis
corresponding to the critical point P1.

corresponding to the autonomous system (4.62−4.64) at those critical points and the nature
of the critical points are shown in Table 4.8.

Here we are only concerned about the stability of the critical points for µ ̸= 0 and λ ̸= 0
because for another possible cases we will get the similar types of results that we have obtained
for Model 1.

1. Critical Point L1

The Jacobian matrix corresponding to the autonomous system (4.62 − 4.64) at the critical
point L1 can be put as

J(L1) =




−3
√

6µ −λ
2

0 −3 0

0 0 0


 . (4.65)

The eigenvalues of J(L1) are −3, −3, 0 and [1, 0, 0]T ,
�
−λ

6 , 0, 1
�T

are the eigenvectors cor-
responding to the eigenvalues −3 and 0, respectively. Since the algebraic multiplicity cor-
responding to the eigenvalue −3 is 2 but the dimension of the eigenspace corresponding to
that eigenvalue is 1, i.e., algebraic multiplicity and geometric multiplicity corresponding to
the eigenvalue −3 are not equal. So, the Jacobian matrix J(L1) is not diagonalizable. To
determine the center manifold for this critical point, a problem arises due to the presence of
the nonzero element in the top position of the third column of the Jacobian matrix. First,
we take the coordinate transformation x = X, y = Y + 1, z = Z which shift the critical
point L1 to the origin. Now let’s introduce another coordinate system that will remove the
term in the top position of the third column. Since, there are only two linearly independent
eigenvectors, so we have to obtain another linearly independent column vector that will help
to construct the new coordinate system. Since, [0, 1, 0]T is the column vector, linearly inde-
pendent to the eigenvectors of J(L1), thus a new coordinate system (u, v, w) can be written
in terms of (X,Y, Z) as (4.35) and in this new coordinate system the equations (4.62− 4.64)
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are transformed into




u′

v′

w′


 =




−3
√

6µ 0

0 −3 0

0 0 0







u

v

w


 +




non

linear

terms


 . (4.66)

By similar arguments which we have derived in the stability analysis of the critical point
A2, the center manifold can be written as (4.40-4.41) and the flow on the center manifold is
determined by (4.42). As the expression of center manifold and the flow are same as for the
critical point A2, so the stability of the critical point L1 is same as the stability of A2.

2. Critical Point L2

After shifting this critical point to the origin (by taking the shifting transformations (x =
X, y = Y − 1, z = Z) and the matrix transformation (4.35) and by putting similar arguments
which we have mentioned for the analysis of L1, the center manifold can be expressed as
(4.43− 4.44) and the flow on the center manifold is determined by (4.45). So the stability of
the critical point L2 is same as the stability of A3.

3. Critical Point L3

The Jacobian matrix corresponding to the autonomous system (4.62 − 4.64) at the critical
point L3 can be put as

J(L3) =




− 9
2µ2

q
1 − 3

2µ2

�
3
µ

q
3
2 +

√
6µ

�
−λ

2

�
1 − 3

2µ2

�

3
µ

q
3
2

q
1 − 3

2µ2 −3
�

1 − 3
2µ2

�
λ
2µ

q
3
2

q
1 − 3

2µ2

0 0 0




. (4.67)

The eigenvalues corresponding to the Jacobian matrix J(L3) are shown in Table.4.8. From
the existence of the critical point L3 we can conclude that the eigenvalues of J(L3) always

real. Since the critical point L3 exists for µ ≤ −
q

3
2 or µ ≥

q
3
2 , our aim is to define the

stability in all possible regions of µ. Due to this reason we will define the stability at four
possible choices of µ for simplicity. We first determine the stability of this critical point at

µ = ±
q

3
2 . Then for µ < −

q
3
2 , we shall determine the stability of L3 at µ = −

√
3 and for

µ >
q

3
2 , we shall determine the stability of L3 at µ =

√
3.

For µ = ±
q

3
2 , the Jacobian matrix J(L3) converts into



−3 0 0

0 0 0
0 0 0



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and as the critical point L3 converts into (∓1, 0, 0), first we take the transformation x =
X ∓ 1, y = Y, z = Z so that L3 moves into the origin. As the critical point is nonhyperbolic
in nature, we use CMT to determine the stability of this critical point. From center manifold
theory, there exist a continuously differentiable function h : R2 → R such that X = h(Y, Z) =
aY 2 + bY Z + cZ2 + higher order terms, where a, b, c ∈ R. By taking differentiation both
sides with respect to N yields

dX

dN
= [2aY + bZ bY + 2cZ]




dY
dN

dZ
dN


 . (4.68)

Comparing L.H.S. and R.H.S. of (4.68) we get, a = 1, b = 0 and c = 0, i.e., the center
manifold can be written as

X = ±Y 2 + higher order terms (4.69)

and the flow on the center manifold is determined by

dY

dN
= ±λ

2
Y Z + higher order terms, (4.70)

dZ

dN
= ±Z2 + higher order terms. (4.71)

We only concerned about the non-zero coefficients of the lowest power terms in CMT as we
analyze an arbitrarily small neighborhood of the origin and here the lowest power term of the
expression of center manifold depends only on Y . So, we draw the vector field near the origin
only on XY -plane, i.e., the nature of the vector field implicitly depends on Z not explicitly.
Now we try to write the flow equations (4.70 − 4.71) in terms of Y only. For this reason, we
divide the corresponding sides of (4.70) by the corresponding sides of (4.71) and then we will
get

dY

dZ
=

λ

2

Y

Z
,

Z =

�
Y

C

�2/λ

, where C is a positive arbitrary constant.

After substituting this any of (4.70) or (4.71), we get

dY

dN
=

λ

2C2/λ
Y 1+2/λ. (4.72)

As the power of Y can not be negative or fraction, so we have only two choices of λ, λ = 1
or λ = 2. For λ = 1 or, λ = 2 both of the cases the origin is a saddle node, i.e., unstable in

nature (FIG.4.10 is for µ =
p

3/2 and FIG.4.11 is for µ = −
p

3/2). Hence, for µ = ±
q

3
2 , in

the old coordinate system the critical point L3 is unstable due to its saddle nature.

For µ =
√

3, the Jacobian matrix J(L3) converts into




−3
2

9
2 −λ

4

3
2 −3

2
λ
4

0 0 0


 .
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Figure 4.10: These figures show the vector field near the origin for µ =
q

3
2
correspond-

ing to the critical point L3. L.H.S. phase plot is for λ = 1 and R.H.S. phase plot is for
λ = 2.

Figure 4.11: These figures show the vector field near the origin for µ = −
q

3
2
corre-

sponding to L3. L.H.S. phase plot is for λ = 1 and R.H.S. phase plot is for λ = 2.

The eigenvalues of the above Jacobian matrix are −3
2(1 +

√
3), −3

2(1 −
√

3) and 0 and the

corresponding eigenvectors are [−
√

3, 1, 0]T , [
√

3, 1, 0]T and
�
−λ

6 , 0, 1
�T

, respectively. As for

µ =
√

3, the critical point L3 converts into
�
− 1√

2
, 1√

2
, 0
�

; so first we take the transformations

x = X − 1√
2
, y = Y + 1√

2
and z = Z which shift the critical point to the origin. By using the

eigenvectors of the above Jacobian matrix, we introduce a new coordinate system (u, v, w) in
terms of (X,Y, Z) as




u

v

w


 =




− 1
2
√
3

1
2 − λ

12
√
3

1
2
√
3

1
2

λ
12

√
3

0 0 1







X

Y

Z


 (4.73)
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and in this new coordinate system the equations (4.62 − 4.64) are transformed into




−u′ + v′

u′ + v′

w′


 =




3
2(1 +

√
3) −3

2(1 −
√

3) 0

−3
2(1 +

√
3) −3

2(1 −
√

3) 0

0 0 0







u

v

w


 +




non

linear

terms


 . (4.74)

Now if we add 1st and 2nd equation of the above matrix equation and then divide both sides
by 2, then we get v′. Further, if we subtract 1st equation from 2nd equation and divide
both sides by 2, we get u′. Finally, in the new coordinate system, the autonomous system in
matrix form can be written as




u′

v′

w′


 =




−3
2(1 +

√
3) 0 0

0 −3
2(1 −

√
3) 0

0 0 0







u

v

w


 +




non

linear

terms


 . (4.75)

If we put similar arguments which we have mentioned for the analysis of A2, then the center
manifold can be expressed as

u =
2

3(1 +
√

3)

(
(
√

3 − 1)λ2 − 4λ

48
√

6

)
w2 + O(w3), (4.76)

v = − 2

3(
√

3 − 1)

(
(
√

3 + 1)λ2 + 4λ

48
√

6

)
w2 + O(w3) (4.77)

and the flow on the center manifold is determined by

w′ =
1√
2
w2 + O(w3). (4.78)

From the flow equation, we can easily conclude that the origin is a saddle node and unstable
in nature. The vector field near the origin in uw-plane is shown as in FIG.4.12 and the vector
field near the origin in vw-plane is shown as in FIG.4.13. Hence, in the old coordinate system
(x, y, z), for µ =

√
3 the critical point L3 is unstable due to its saddle nature.

Lastly, for µ = −
√

3, we have the same eigenvalues −3
2(1+

√
3), −3

2(1−
√

3) and 0 and the

corresponding eigenvectors are [
√

3, 1, 0]T , [−
√

3, 1, 0]T and
�
−λ

6 , 0, 1
�T

respectively of J(L3).

After putting corresponding arguments which we have mentioned for µ =
√

3 case, then we
will get the same expressions (4.76 − 4.77) for center manifold and (4.78) for the flow on the
center manifold. So, for this case also we conclude that the critical point L3 is a saddle-node
and unstable in nature.

4. Critical Point L4

The Jacobian matrix corresponding to the autonomous system (4.62 − 4.64) at the critical
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Figure 4.12: These figures show the vector field near the origin in uw-plane for µ =
√
3

corresponding to the critical points L3 and L4. For the critical point L3, the phase
plot (a) is for λ < 0 or λ > 4√

3−1
and the phase plot (b) is for 0 < λ < 4√

3−1
. For the

critical point L4, the phase plot (a) is for 0 < λ < 4√
3−1

and the phase plot (b) is for

λ < 0 or λ > 4√
3−1

.

point L4 can be put as

J(L4) =




− 9
2µ2 −

q
1 − 3

2µ2

�
3
µ

q
3
2 +

√
6µ

�
−λ

2

�
1 − 3

2µ2

�

− 3
µ

q
3
2

q
1 − 3

2µ2 −3
�

1 − 3
2µ2

�
− λ

2µ

q
3
2

q
1 − 3

2µ2

0 0 0




. (4.79)

For this critical point also we analyze the stability for the above four choices of µ, i.e.,

µ = ±
q

3
2 , µ =

√
3 and µ = −

√
3.

For µ = ±
q

3
2 , we will get the same expressions of center manifold (4.69) and the flow on

the center manifold (4.70− 4.71). So, for this case the critical point L4 is unstable due to its
saddle nature.

For µ =
√

3, after putting corresponding arguments as L3, the center manifold can be
written as

u =
2

3(1 +
√

3)

(
(1 −

√
3)λ2 + 4λ

48
√

6

)
w2 + O(w3), (4.80)

v =
2

3(
√

3 − 1)

(
(
√

3 + 1)λ2 + 4λ

48
√

6

)
w2 + O(w3) (4.81)

and the flow on the center manifold is determined by

w′ =
1√
2
w2 + O(w3). (4.82)
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Figure 4.13: These figures show the vector field near the origin in vw-plane for µ =
√
3

corresponding to the critical points L3 and L4. For the critical point L3, the phase plot
(a) is for λ < − 4√

3+1
or λ > 0 and the phase plot (b) is for − 4√

3+1
< λ < 0. For the

critical point L4, the phase plot (a) is for − 4√
3+1

< λ < 0 and the phase plot (b) is for

λ < − 4√
3+1

or λ > 0.

From the flow equation we can conclude that the origin is a saddle node and hence in the
old coordinate system L4 is a saddle node, i.e., unstable in nature. The vector field near the
origin in uw-plane is shown as in FIG.4.12 and the vector field near the origin in vw-plane is
shown as in FIG.4.13.

For µ = −
√

3 we also get the same expression of center manifold and flow equation as for
µ =

√
3 case.

5. Critical Point L5

First, we shift the critical point L5 to the origin by the transformation x = X −
q

2
3µ, y = Y

and z = Z. For avoiding similar arguments which we have mentioned for the above critical
points, we only state the main results center manifold and the flow equation for this critical
point. The center manifold for this critical point can be written as

X = 0, (4.83)

Y = 0 (4.84)

and the flow on the center manifold can be obtained as

dZ

dN
=

r
2

3
µZ2 + O(Z3). (4.85)

From the expressions of the center manifold we can conclude that the center manifold is lying
on the Z-axis. From the flow on the center manifold FIG.4.14, we conclude that the origin
is unstable for both of the cases µ > 0 or µ < 0.
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Figure 4.14: These figures show the flow on the center manifold near the origin corre-
sponding to the critical point L5. The phase plot (a) is for µ > 0 and (b) is for µ < 0.

4.3.3 Model 3: Exponential potential and power-law-dependent
dark-matter particle mass

In this case evolution equations in Section 4.2 can be written to the autonomous system as
follows

x′ = −3x +
3

2
x(1 − x2 − y2) −

r
3

2
λy2 − µ

2
z(1 + x2 − y2), (4.86)

y′ =
3

2
y(1 − x2 − y2) −

r
3

2
λxy, (4.87)

z′ = −xz2. (4.88)

We have three critical points R1, R2 and R3 corresponding to the above autonomous system.
The set of critical points, their existence and the value of cosmological parameters at those
critical points corresponding to the autonomous system (4.86− 4.88) shown in Table 4.9 and
the eigenvalues of the Jacobian matrix corresponding to the autonomous system (4.86−4.88)
at those critical points and the nature of the critical points are shown in Table 4.10.

Here we are also concerned about the stability of the critical points for µ ̸= 0 and λ ̸= 0
because for other possible cases, we will get the similar results that we obtained for Model 1.

To avoid similar types of argument, we only state the stability of every critical point and
the reason behind the stability in the tabular form, shown as in Table 4.11.

4.3.4 Model 4: Exponential potential and exponentially-dependent
dark-matter particle mass

In this consideration evolution equations in Section 4.2 can be written to the autonomous
system as follows

x′ = −3x +
3

2
x(1 − x2 − y2) −

r
3

2
λy2 −

r
3

2
µ(1 + x2 − y2), (4.89)

y′ =
3

2
y(1 − x2 − y2) −

r
3

2
λxy. (4.90)

We ignore the equation corresponding to the auxiliary variable z in the above autonomous
system because the R.H.S. expression of x′ and y′ does not depend on z.
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Table 4.9: Table shows the set of critical points corresponding to the autonomous
system (4.86− 4.88) their existence and value of cosmological parameters.

CPs Existence x y z Ωϕ ωϕ ωtot q

R1 ∀µ and λ 0 0 0 0 Undetermined 0 1
2

R2 ∀µ and λ − λ√
6

q
1 + λ2

6
0 1 −1− λ2

3
−1− λ2

3
−1− λ2

2

R3
a ∀µ and λ − λ√

6
−
q

1 + λ2

6
0 1 −1− λ2

3
−1− λ2

3
−1− λ2

2

Figure 4.15: These figures show the vector field near the origin corresponding to the
critical point M1. L.H.S. phase plot is for µ > 3 and R.H.S. phase plot is for µ < 0.

Corresponding to the above autonomous system we have four critical points M1, M2, M3

and M4. The set of critical points, their existence and the value of cosmological parameters
at those critical points corresponding to the autonomous system (4.89−4.90) shown in Table
4.12 and the eigenvalues of the Jacobian matrix corresponding to the autonomous system
(4.89 − 4.90) at those critical points and the nature of the critical points are shown in Table
4.13.

Note that for the critical point M4 we have written the eigenvalues in terms of a, b,

c and d, where a = − 3
2(λ−µ)2

(λ2 + 3 − λµ), b = ∓
q

3
2

�
3

(λ−µ)2
+ 2

�q
−3

2 − µ(λ− µ), c =

∓
q

3
2

n
λ2+3−λµ
(λ−µ)2

oq
−3

2 − µ(λ− µ), d = − 3
(λ−µ)2

�
µ2 − 3

2

�
− λµ

	
.

Here we only stated the stability of every critical point (M1−M4) and the reason behind
the stability in the tabular form, which is shown in Table 4.14.

From the Table 4.14, we see that M1, M2 and M3 are stable node (in some region of λ or
µ) although the point M1 and M3 are not physically meaningful. Note that M1, M2 and M3
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Table 4.10: The eigenvalues (λ1,λ2,λ3) of the Jacobian matrix corresponding to the
autonomous system (4.86 − 4.88) at those critical points (R1 − R3) and the nature of
the critical points.

CriticalPoints λ1 λ2 λ3 Nature of critical Points

R1 −3
2

3
2

0 Non-hyperbolic

R2 −(3 + λ2) −
�
3 + λ2

2

�
0 Non-hyperbolic

R3 −(3 + λ2) −
�
3 + λ2

2

�
0 Non-hyperbolic

Figure 4.16: This figure shows the vector field corresponding to the autonomous system
(4.89− 4.90) for λ = 1 and µ = −1.

are stable for λ = 1, µ = −1. Now let’s check that for λ = 1 and µ = −1 which of the critical
points are attracting the system. To see that we plot the vector field corresponding to the
autonomous system (4.89−4.90) by using Mathematica software for λ = 1 and µ = −1. From
the phase plot (Fig.4.16) we can conclude that the ultimate fate of the system depends on
the initial position of it. More precisely, we can say that if the initial position of the system
is in the basin of attraction or on the stable manifold that asymptotically disembogues into
the basin of attraction of the critical point Mi then the system is attracted by the critical
point Mi for i = 1, 2, 3. Also note that for hyperbolic case of M4, the components of the
Jacobian matrix a, b, c and d are very complicated and after determining the eigenvalues, it
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Table 4.13: The eigenvalues (λ1,λ2) of the Jacobian matrix corresponding to the au-
tonomous system (4.89− 4.90) at the critical points (M1 −M4) and their nature.

CPs λ1 λ2 Nature of critical points

M1 −

3
2
+ µ2

�
−

µ2 − 3

2

�
+ λµ

Hyperbolic if

µ2 − 3

2

�
̸= λµ,

non-hyperbolic if

µ2 − 3

2

�
= λµ

M2 −(3 + λ2) + λµ −
�
3 + λ2

2

� Hyperbolic if (λ2 + 3) ̸= λµ,

non-hyperbolic if (λ2 + 3) = λµ

M3 −(3 + λ2) + λµ −
�
3 + λ2

2

� Hyperbolic if (λ2 + 3) ̸= λµ,

non-hyperbolic if (λ2 + 3) = λµ

M4
a+d+

√
(a−d)2+4bc

2

a+d−
√

(a−d)2+4bc

2

Hyperbolic when µ2 − 3
2
> λµ

and λ2 + 3 > λµ,

non-hyperbolic when µ2 − 3
2
= λµ

or λ2 + 3 = λµ

is very difficult to provide any conclusion about the stability and for this reason we skip the
stability analysis for this case.
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Table 4.14: Table shows the stability and the reason behind the stability of the critical
points (M1 −M4).

145



Chapter 4. A Dynamical System Analysis of cosmic evolution with coupled phantom dark energy

with dark matter

4.3.5 Model 5: Product of exponential and power-law poten-
tial and product of exponentially-dependent and power-
law-dependent dark-matter particle mass

In this consideration evolution equations in Section 4.2 can be written to the autonomous
system as follows

x′ = −3x +
3

2
x(1 − x2 − y2) −

r
3

2
λy2 − λ

2
y2z −

r
3

2
µ(1 + x2 − y2) − µ

2
z(1 + x2 − y2),

(4.91)

y′ =
3

2
y(1 − x2 − y2) −

r
3

2
λxy − λ

2
xyz, (4.92)

z′ = −xz2. (4.93)

To determine the critical points corresponding to the above autonomous system, we first
equate the R.H.S. of (4.93) with 0. Then we have either x = 0 or z = 0. For z = 0 then the
above autonomous system converts in to the autonomous system of Model 4. So, then we will
get the similar types of result as Model 4. When x = 0, we have three physically meaningful
critical points corresponding to the above autonomous system for µ ̸= 0 and λ ̸= 0. For
another choices of µ and λ like Model 1, we will get similar types of results. The critical
points are N1(0, 0,−

√
6), N2(0, 1,−

√
6) and N3(0,−1,−

√
6) and all are hyperbolic in nature.

Although the critical point N3 is not physically relevant because near this critical point the
universe contracts. Note that x and y coordinates of these critical points are same as A1, A2

and A3 and the value of cosmological parameters are not depending on z coordinate, so we
get the same result for the value of cosmological parameters as A1, A2 and A3 respectively,
which are presented in Table 4.1.

1. Critical Point N1

The Jacobian matrix corresponding to the autonomous system (4.91-4.93) at the critical point
N1 has three eigenvalues 3

2 , −1
4


3 +

√
9 + 48µ

�
and −1

4


3 −√

9 + 48µ
�

and the correspond-

ing eigenvectors are [0, 1, 0]T ,
�
1
24


3 +

√
9 + 48µ

�
, 0, 1

�T
and

�
1
24


3 −√

9 + 48µ
�
, 0, 1

�T
, re-

spectively. As the critical point is hyperbolic in nature, so we use Hartman-Grobman theorem
for analyzing the stability of this critical point. From the determination of eigenvalues, we
conclude that the stability of the critical point N1 depends on µ. For µ < − 9

48 , the last two
eigenvalues are complex conjugate with negative real parts. For µ ≥ − 9

48 , all eigenvalues are
real.

For µ < − 9
48 , due to presence of negative real parts of last two eigenvalues, xz-plane

is the stable subspace and as one eigenvalue is positive and this is corresponding to the y
coordinate, y-axis is the unstable subspace. Hence, the critical point N1 is saddle-focus, i.e.,
unstable in nature. The phase portrait in xyz coordinate system is shown as in FIG.4.17.

For µ ≥ − 9
48 , always we have at least one positive eigenvalue and at least one negative

eigenvalue and consequently the critical point N1 is unstable due to its saddle node nature.

2. Critical Point N2 & N3

The Jacobian matrix corresponding to the autonomous system (4.91 − 4.93) at the critical
point N2 and N3 has three eigenvalues −3, −1

2


3 +

√
9 + 12λ

�
and −1

2


3 −

√
9 + 12λ

�
and

the corresponding eigenvectors are [0, 1, 0]T ,
�
1
12


3 +

√
9 + 12λ

�
, 0, 1

�T
and
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Figure 4.17: This figure shows the phase portrait near the origin for the critical point
N1 in xyz coordinate system when µ < − 9

48
. To draw the projection of the vector field

on xz-coordinate plane, we consider µ = −1.

�
1
12


3 −

√
9 + 12λ

�
, 0, 1

�T
, respectively. From the determination of the eigenvalue, we con-

clude that the last two eigenvalues are complex conjugate while λ < −3
4 and the eigenvalues

are real while λ ≥ −3
4 .

For λ < −3
4 , we can see that the last two eigenvalues are complex conjugate to each other

with negative real parts and the first eigenvalue is always negative. Hence, by Hartman-
Grobman theorem we conclude that the critical points N2 and N3 both are stable focus-node
in this case. The phase portrait in xyz−coordinate system corresponding to the critical point
N2 is shown as in FIG.4.18.

For −3
4 ≤ λ < 0, we can see that all eigenvalues are negative. So, by Hartman-Grobman

theorem we conclude that the critical points N2 and N3 both are stable node in this case.

For λ > 0, we have two negative and one positive eigenvalues. Hence, by Hartman-
Grobman theorem we conclude that the critical points N2 and N3 both are saddle node and
unstable in nature.

4.4 Bifurcation Analysis by Poincaré in-
dex and Global Cosmological evolution

The flat potential plays a crucial role to obtain the bouncing solution. After the bounce, the
flat potential naturally allows the universe to penetrate the slow-roll inflation regime, as a
result of that making the bouncing universe compatible with observations. We can divide
the evolution of the universe with respect to the critical points into two groups: representing
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Figure 4.18: This figure shows the phase portrait near the origin corresponding to the
critical point N2 in xyz coordinate system when λ < −3

4
. To draw the projection of

the vector field on xz-coordinate plane we consider λ = −1.

generic and non-generic evolution. The generic evolution occurs,when there exists a family
of solutions satisfying given initial conditions, while the non-generic evolution takes place if
one particular solution exists for given initial conditions [544].
In Model 1 (4.3.1), for the inflationary scenario, we consider λ and µ very small positive
number so that V (ϕ) ≈ V0 and MDM ≈ M0. The Eqn. (4.24) mainly regulate the flow
along Z-axis. Due to Eqn. (4.24) the overall 3-dimensional phase space splits up into two
compartments and the ZY -plane becomes the separatrix. In the right compartment, for
x > 0, we have z′ < 0 and z′ > 0 in the left compartment. On the ZY plane we have
z′ ≈ 0. For λ ̸= 0 and µ ̸= 0, all critical points are located on the Y-axis. As all cosmological
parameters can be expressed in terms of x and y, so we rigorously inspect the vector field on
XY -plane. Due to Eqn. (4.15), the viable phase-space region (say S) satisfies y2 − x2 ⩽ 1
which is inside of a hyperbola centered at the origin (FIG.4.19). On the XY -plane z′ ≈ 0. So
on the XY -plane, by Hartman-Grobman theorem we can conclude there are four hyperbolic
sectors around A1 (α-limit set) and one parabolic sector around each of A2 and A3 (ω-limit
sets). So, by Bendixson theorem, it is to be noted that, the index of A1|XY is 1 and the index
of A2|XY and A3|XY is −1. If the initial position of the universe is in left compartment and
near to the α-limit, then the universe remains in the left compartment and moves towards
ω-limit set asymptotically at late time. Similar phenomenon happens in right compartment
also.

• The universe experiences a fluid dominated non-generic decelerating evolution near A1

for µ > 0 and a generic evolution for µ < 0. For the perturbation of sufficiently flat potential,
near A2 and A3, a scalar field dominated de-Sitter non-generic and generic evolution occur
for λ > 0 and λ < 0 respectively.

The Poincaé index theorem [474] helps us to determine Euler Poincaré characteristic
which is χ(S) = n − f − s, where n, f , s are the number of nodes, foci and saddle on S.
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A1A3 A2

Figure 4.19: This figure shows the vector field on the projective plane by antipodal
points identified of the disk.

Henceforward we consider ‘index’ as ‘Poincaé index’. If we confine the vector field of case-(i)
on XY -plane (S), then one may note that χ(S) = 1. This flow is topologically equivalent to
a vector field on the projective plane, i.e., if we consider a closed disk on the XY -plane of
radius one and centered at the origin embedded in 3-dimensional phase-space, then we have
the same vector field on the projective plane by antipodal point identified (see FIG. 4.19).
On the other hand, the vertical flow along Z-axis regulates the character of the vector field on
z = constant(̸= 0)-plane, ergo the characterization of vector field changes from the previous
instance.

Using Bendixson theorem [474] we can find the index of non-hyperbolic critical points by
restricting the vector field on a suitable two-dimensional subspace.

• If we restrict ourselves on XZ-plane, A1 is saddle in nature for µ > 0. On the XZ plane
the index of A1 is -1 for µ > 0 as four hyperbolic sectors are separated by two separatices
around A1. For µ < 0, there is only one parabolic sector and the index is zero (FIG.4.1). On
the Y Z plane A1 swap its index with the index on XZ plane depending on the sign of µ.

So on the XZ plane near A1 the universe transits its phase from matter dominated
decelerating phase to scalar field dominated de-Sitter phase when µ crosses zero from negative
to positive, while on the Y Z plane generic scalar field dominated de-Sitter late time solution
is observed for µ > 0 and λ < 0 owing to the effect of the flow on center manifold (4.33).

On uv-plane the index A2 or A3 is 1 and does not depend on λ. On the uw and vw-plane
around A2 or A3 the number of hyperbolic sectors is four and there is no elliptic sector. So
each of the index of A2 and A3 (origin)|uw plane/vw plane is −1 for λ > 0 and for λ < 0 each
of the index is 1 as there is no hyperbolic or elliptic orbit.

A set of non-isolated equilibrium points is said to be normally hyperbolic if the only
eigenvalues with zero real parts are those whose corresponding eigenvectors are tangent to
the set. For the case (ii) to case (iv), we come by normally hyperbolic critical points as
the eigenvector [0 0 1]T (in new (u, v, w) coordinate system), corresponding to only zero
eigenvalue, is tangent to the line of critical points. The stability of a set which is normally
hyperbolic can be completely classified by considering the signs of the eigenvalues in the
remaining directions. So the character of the flow of the phase space for each z = constant
plane is identical to the XY -plane in the previous case. Thus the system (4.22-4.24) is
structurally unstable [474] at λ = 0 or µ = 0 or both. On the other hand, the potential
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changes its character from runaway to non-runaway as λ crosses zero from positive to negative.
Thus λ = 0 and µ = 0 are the bifurcation values[611]. However we do not detect any phase
transition of the universe near the bifurcation points A2 and A3. The universe is scalar field
dominated and has late time de-Sitter phase solution near these critical points.

Model 2 (4.3.2) contains five critical points L1 − L5. Near L1 the flow is unstable for
λ > 0 and for λ < 0, the flow on the center manifold is stable. Around L2, the character of

the vector field similar to L1. For µ = ±
q

3
2 , the flow on the center manifold at L3 or L4

depends on the sign of λ (FIG.4.10 & FIG.4.11). For µ > 0, the flow on the center manifold
at L5 moves increasing direction of Z. On the other hand, for µ < 0, the flow on the center
manifold aims at decreasing direction of Z. The index of L1 is indistinguishable from A2.

For µ = ±
q

3
2 and λ = 1, the index of L2|XY plane is −1 as there are only four hyperbolic

sectors. But for λ = 2, there are two hyperbolic and one parabolic sectors, ergo the index is
zero. The index of L3 is indistinguishable from L2. The index of L4 on ZX or XY plane is
zero as there are two hyperbolic and one parabolic sector for each µ > 0 and µ < 0. So it is

to be noted that, for λ = 0,±
q

3
2 and µ = 0 the system is structurally unstable.

• Cosmological phase transition occurs at µ = ±
√

3 near L3 or L4. Near these points the
universe is in matter dominated era at µ = ±

√
3 but changes its phase to scaling solution as

µ ∈ (−∞,−
√

3) or µ ∈ (
√

3,∞).

The universe experiences a scalar field dominated non-generic evolution near L1 and L2

for λ > 0 and a scalar field dominated generic evolution for λ < 0. Near L3 and L4, a scalar

field dominated non-generic evolution of the universe transpires at µ ≈ ±
q

3
2 . At µ ≈ 0 a

scaling non-generic evolution takes place near L5.

Model 3 (4.3.3) contains three critical points R1−R3. R1 is saddle in nature for all values
of µ. On the xy -plane the index of R1 is same as A1. On the projection of the xy-plane R2

and R3 are stable nodes for all values of λ. On the center manifold at R2 or R3, the vector
field goes towards positive direction of Z-axis for λ > 0 and goes towards negative direction
of Z-axis for λ < 0. On the XZ or Y Z-plane, the index of R2 or R3 is zero due to there are
two hyperbolic and one parabolic sectors around each of them. Thus we note that, for µ = 0
and λ = 0, the stability of the system bifurcate.

• We observe that no scaling solutions or a tracking solutions exist in this specific model
like in the quintessence theory. However, the critical points which describe the de-Sitter
solution, do not exist in the case of quintessence for the exponential potential. The universe
experiences a fluid dominated non-generic evolution near critical point R1 and a scalar field
dominated generic evolution (µ > 0) near critical point R2 and R3 due to the flow on the
center manifold (see Table 4.11). For sufficiently flat potential, early or present phantom/non-
phantom universe is attracted towards ΛCDM cosmological model. However, for the generic
cases near R1 the universe transits its phase from matter dominated decelerating late time
solution to non-generic scalar field dominated de-Sitter solution when µ crosses zero from
negative to positive. Near R2 or R3 the universe asymptotic to phantom boundary due to
unstable nature of the flow on center manifold.

Model 4 (4.3.4) contains four critical points M1−M4. M1 is stable-node for (µ2− 3
2) > λµ.

On the other hand, M2−M4 are stable node (index 1) for

λ2 + 3

�
> λµ and (µ2− 3

2) > λµ.
For other parameter values the stability of these points turn out to be saddle in nature.
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• It is to be noted that the evolution of the universe is generic in nature for

λ2 + 3

�
> λµ

and (µ2− 3
2) > λµ and non-generic otherwise. For generic case, we find the kinetic dominated

late time solution near M1 and scalar field dominated late time solutions near M2 and M3.
Near M1 we observe a scaling solution but as the parameters cross the bifurcation region
and enter into the saddle condition the non-generic evolution of the universe turns out to be
either scaling or scalar field dominated solution. On the other hand, the universe immerses
in the phantom phase from phantom boundary for perturbation of λ at zero. So the phase
changes at the bifurcation line λ = 0 (constant potential) and µ2 > 3

2 . At the bifurcation line
we acquire late time accelerating solution of the evolution of the universe near M2 and M3.

Model 5 (4.3.5) contains three critical points N1, N2, N3. For µ < − 3
16 , the Shilnikov’s

saddle index [651] of N1 is νN1 =
ρN1
γN1

= 0.5 and saddle value is σN1 = −ρN1 +γN1 = 0.75. So

Shilnikov condition [651] is satisfied as νN1 < 1 and σN1 > 0. The second Shilnikov’s saddle

value is σ
(2)
N1

= −2ρN1 + γN1 = 0. Accordingly, by L. Shilnikov’s theorem (Shilnikov, 1965)
[651], there are countably many saddle periodic orbits in a neighborhood of the homoclinic
loop of the saddle-focus N1. As νN1 is invariant for any choice of µ, ergo Shilnikov’s bifurcation
does not appear.

However, for − 3
16 < µ < 0, the vector field near N1 is saddle-node in nature. On the other

hand, N1 is saddle for µ > 0. Thus, µ = 0 and − 3
16 are bifurcation values for the bifurcation

point N1. Similarly, N2 and N3 change its stability from stable-focus to stable-node as λ
crosses −3

4 to −3
4 < λ < 0 and stable-node to saddle-node as λ crosses zero from negative to

positive. So, λ = 0,−3
4 turn out to be bifurcation values for the bifurcation points N2 and

N3.

• It is to be noted that, for λ < 0 we have scalar field dominated de-Sitter late time
generic solution of the universe near N2 or N3. But as λ crosses zero to positive, the attractor
depends on the initial conditions of the universe and immerses in non-generic evolution. So
the evolution of the universe bifurcates from constant scalar field potential.

4.5 Brief discussion and concluding remarks

The present work deals with a detailed dynamical system analysis of the interacting DM and
DE cosmological model in the background of FLRW geometry. The DE is chose as a phantom
scalar field with self-interacting potential while varying mass (a function of the scalar field)
DM is chosen as dust. The potential of the scalar field and the varying mass of DM are chosen
as exponential or power-law form (or a product of them) and five possible combination of
them are studied.

Model 1: V (ϕ) = V0ϕ
−λ,MDM (ϕ) = M0ϕ

−µ

For case (i), i.e., µ ̸= 0,λ ̸= 0; there are three non-hyperbolic critical points A1, A2,
A3 of which A1 corresponds to DM dominated decelerating phase (dust era) while A2 and
A3 purely DE dominated and they represent the ΛCDM model (i.e., de-Sitter phase) of the
universe.

For case (ii), i.e., µ ̸= 0,λ = 0; there is one critical point and two space of critical points.
The cosmological consequence of these critical points are similar to case (i).
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For case (iii), i.e., µ = 0,λ ̸= 0; there is one space of critical points and two distinct
critical points. But as before the cosmological analysis is identical to case (i).

For the fourth case, i.e., µ = 0,λ = 0; there are three space of critical points (S1, S2, S3)
which are all non-hyperbolic in nature and are identical to the critical points in case (ii).
Further, considering the vector fields in Z = constant plane, it is found that for the critical
point S1, every point on Z− axis is a saddle node while for critical points S2 and S3 every
point on Z−axis is a stable star.

Model 2: V (ϕ) = V0ϕ
−λ,MDM (ϕ) = M1e

−κµϕ

The autonomous system for this model has five non-hyperbolic critical points Li, i =
1, . . . , 5. For L1 and L2, the cosmological model is completely DE dominated and the model
describes cosmic evolution at the phantom barrier. The critical points L3 and L4 are DE
dominated cosmological solution (µ2 > 3) representing the ΛCDM model. The critical point
L5 corresponds to ghost (phantom) scalar field and it describes the cosmic evolution in
phantom domain (2µ2 > 3).

Model 3: V (ϕ) = V1e
−κλϕ,MDM (ϕ) = M0ϕ

−µ

There are three non-hyperbolic critical points in this case. The first one (i.e., R1) is
purely DM dominated cosmic evolution describing the dust era while the other two critical
points (i.e., R2, R3) are fully dominated by DE and both describe the cosmic evolution in
the phantom era.

Model 4: V (ϕ) = V1e
−κλϕ,MDM (ϕ) = M1e

−κµϕ

The autonomous system so formed in this case has four critical points Mi, i = 1, . . . , 4
which may be hyperbolic/non-hyperbolic depending on the parameters involved. The critical
point M1 represents DE as ghost scalar field and it describes the cosmic evolution in the
phantom domain. For the critical points M2 and M3, the cosmic evolution is fully DE
dominated and is also in the phantom era. The cosmic era corresponding to the critical point
M4 describes scaling solution where both DM and DE contribute to the cosmic evolution.

Model 5: V (ϕ) = V2ϕ
−λe−κλϕ,MDM (ϕ) = M2ϕ

−µe−κµϕ

This model is very similar to either model 4 or model 1, depending on the choices of the
dimensionless variables x and z. For z = 0, the model reduces to model 4 while for x = 0 the
model is very similar to model 1 and hence the cosmological analysis is very similar to that.

Finally, using Poincaré index theorem, Euler Poincaré characteristic is determined for
bifurcation analysis of the above cases from the point of view of the cosmic evolution described
by the equilibrium points. Lastly, inflationary era of cosmic evolution is studied by using
bifurcation analysis.
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CHAPTER 5

A DYNAMICAL SYSTEM ANALYSIS OF
BOUNCING COSMOLOGY WITH

SPATIAL CURVATURE

5.1 Prelude

The ΛCDM model is the simplest and very well-known cosmological model that describes the
evolution of the universe from the early inflationary paradigm to the present era of expansion.
Despite being successful, according to the largest part of the cosmology community, in describ-
ing the formation and evolution of the large scale structure in the universe, ΛCDM model has
a large family of challenges that have not been resolved. Also, it is not consistent with many
observations e.g. H0-tension [745], missing satellites [746], cosmological constant problems
[747], the initial condition of the universe before the inflationary era [723, 721, 724, 724, 718]
etc.

As the present observations are consistent with the expanding universe so it is reasonable
to choose a model of the universe which keeps expanding from the very beginning till the
present era [731]. However, from theoretical point of view, the universe may have an era
of contraction in the very early epoch before inflation or the universe may experience a
contracting phase at far future [740, 732, 741]. Friedmann equations tell us that for negative
spatial curvature, the universe is an ever-expanding model, for flat model the expansion
continues until the total energy of the universe is positive, for positive spatial curvature the
expansion will halt at a finite time and there will be a phase of contraction [700]. Further,
for a scalar field cosmology, there will have a contraction followed by an expanding era for
a range of values of the scalar field. Usually, in the contracting phase, the kinetic energy
of the scalar field increases, and it stands to dominate the evolution. Then there will be no
mechanism to halt this collapse leading to a singularity [730].

However, it will be interesting if by some mechanism the contraction can be halted and
again there is expansion - the bouncing model universe. If the bouncing phase occurs be-
fore the plank energy scale, then Einstein’s gravity may be chosen as an effective field theory.
Further, the existence of the bouncing solution depends on the spatial curvature of the space-
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time. For flat or open universe, bouncing phase is characterized by the null energy condition
while for closed model of the universe, the bouncing era occurs when the curvature term
balances the total energy of the universe. Thus there are two essential ingredients for the
bouncing scenario namely the positive spatial curvature and the scalar potential that gradu-
ally becomes flatter as the scalar field goes away from the minimum. It is to be noted that
the transition from expansion to contraction is possible due to positive spatial curvature.
Due to the suppression of the kinetic energy as the potential becomes sufficiently flat, the
scalar field slow-rolls over a flat part of the potential and as a result, there is an accelerated
contraction of the universe. Thus for the occurrence of the bouncing scenario, the positive
curvature term should balance the scalar field energy [738, 737, 736, 735, 734].

The present work deals with scalar field cosmology in the background of FLRW space-
time with positive spatial curvature. The potential of the scalar field is chosen to be flatter
as the scalar field goes away from the minimum. One can induce a transition from expansion
to contraction either by the spatial curvature. The scalar field continues to climb up the
potential after passing through the minimum potential and by converting most of the kinetic
energy to the potential energy. More specifically, for sufficiently flat potential (by suppressing
kinetic energy) the scalar field experiences a slow roll on a flat plateau of the potential, and
as a result, there will be an accelerated contracting phase of the universe. Further, if the
positive spatial curvature term is equivalent to the scalar field energy during this epoch then a
bouncing scenario will occur. Thus the accelerated contracting phase due to the flat potential
is very much relevant for the bouncing universe [700, 702].

From an observational point of view the bouncing model is not a universally accepted
model because positive curvature can at most be weakly supported by the latest CMB ob-
servation [721, 718] but in addition, when lensing and baryon acoustic oscillation constraints
are incorporated then the flat model is the best choice. However, if future observations favor
positive curvature then one may interpret it as the remnant of a contracting phase at the
very early universe, firstly, it is to be mentioned that there are few works in the literature
[716, 717] related to the cyclic universe where a negative cosmological constant and positive
spatial curvature were considered. Instead of the scalar field, they have used domain walls
for the requirement of the bouncing era.

The entirety of our work is swotted as follows: section 5.2 deals with the basic equations
of the present cosmological model. Also, the corresponding Einstein field equations, matter
conservation equations, and the condition for the bouncing scenarios are also presented in
this section. With a suitable choice of the variables the evolution, equations are converted
to an autonomous system in section 5.3. The non-hyperbolic critical points are analyzed
using center manifold theory and stability analysis has been discussed in the same section
5.3. We expound compactification and dynamics around the points at infinity in section
5.4. We present cosmological implications in a section 5.5. Finally, the brief discussion and
concluding remarks of the present work are proposed in section 5.6.

5.2 Basic Equations

In the background of Friedmann-Lemâıtre-Robertson-Walker (FLRW) space-time with line
element

ds2 = −dt2 + a2(t)

�
dr2

1 −Kr2
+ r2(dθ2 + sin2 dΦ2)

�
, (5.1)
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in co-moving coordinates (t, r, θ,ϕ), where a(t) is the scale factor and K is the spatial curvature
with K = 0, 1,−1 corresponding to a flat, closed, or open universe, respectively. We consider
the Einstein-Hilbert action with a real scalar field ϕ [700],

S =

Z
d4x

√−g

�
1

2
R− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

�
, (5.2)

where R is the Ricci scalar and V (ϕ) is the scalar potential. Now the Friedmann equations
are given by

3

�
H2 +

K
a2

�
= ρϕ, (5.3)

2

�
Ḣ − K

a2

�
= −(ρϕ + pϕ), (5.4)

where the ‘dot’ denotes the derivative with respect to time, and H = ȧ
a is the Hubble param-

eter. Here ρϕ and pϕ are energy density and pressure of the scalar field having expression

ρϕ =
1

2
ϕ̇2 + V (ϕ), (5.5)

pϕ =
1

2
ϕ̇2 − V (ϕ). (5.6)

Differentiate both sides of (5.3) with respect to ‘t’ we get

6HḢ − 6KH

a2
= ρ̇ϕ.

and substituting the expression of Ḣ from second Friedmann equation (i.e., eqn. (5.4) in our
manuscript), we get the continuity equation of scalar field as follows

ρ̇ϕ = −3H(ρϕ + pϕ). (i)

Now differentiate both sides of (5.5) with respect to ‘t’ we get

ρ̇ϕ = ϕ̇ϕ̈ + V ′(ϕ)ϕ̇. (ii)

Now adding the corresponding sides of (5.5) and (5.6) and substituting the value ρϕ + pϕ in
the right hand side of (i), we get

ρ̇ϕ = −3ϕ̇2H.

Putting this expression of ρ̇ϕ in (ii), we get the evolution equation of the scalar field ϕ as

ϕ̈ + 3Hϕ̇ + V ′(ϕ) = 0, (5.7)

where V ′(ϕ) denotes differentiation of the scalar potential V (ϕ) with respect to ϕ. Now the
above field equations (5.3 − 5.4) can be rewritten as

3H2 = ρϕ + ρK, (5.8)

2Ḣ = −(ρϕ + pϕ) − (ρK + pK) (5.9)
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where

ρK = −3K
a2

, and pK =
K
a2

(5.10)

are energy density and pressure of the hypothetical curvature fluid having equation of state
parameter ωK = −1

3 . Thus the density parameter associated with the curvature fluid in the
above first Friedmann equations is given by [700]

ΩK =
ρcurv
ρcritical

= − K
a2H2

.

One may note from the first Friedmann equation (i.e., Eq.(5.3)) that for a given scalar field
energy density if the positive curvature term is significant then it gradually tries to reduce the
expansion of the universe. The expansion can even be stopped if the curvature term balances
the scalar field energy density. However, from the second Friedmann equation (i.e., Eq.(5.4)),
it is easy to see that at the very early era when ‘a’ is very small then positive curvature term
dominates over the kinetic energy of the scalar field and consequently Ḣ is positive (i.e., H
is increasing) and the universe is going through an expanding era. But with the expansion,
the scale factor gradually increases and at one stage the curvature term balances the kinetic
energy term of the scalar field and Ḣ vanishes at that instant. Subsequently, due to dominance
of the kinetic energy of the scalar field Ḣ becomes negative. So H gradually decreases and
then there are two possibilities (i) H reaches a minimum (where H > 0) and then again H
starts increasing indicating a bouncing era at minimum H, or (ii) H gradually decreases,
passing through zero and then becomes negative, indicating a contracting phase [700]. This
may be considered as an example how Einstein gravity may also describe a contracting phase
for which so far there are no observational predictions.

On the other hand, during the contracting phase the scalar field experiences a negative
friction contribution (anti-friction) and if |H| is assumed to be small compared to the mass
or characteristic curvature of the scalar potential. Then the friction (i.e., second term in
equation (6.18)) will be negligible compare to the acceleration term and the force term. So,
the evolution equation of the scalar field approximately becomes

ϕ̈ +
∂V

∂ϕ
≈ 0.

In particular, if V = 1
2m

2ϕ2 then the scalar field oscillates like a simple harmonic oscilla-
tor. Subsequently, when |H| becomes comparable to (or larger than) the characteristic mass
scale, then the kinetic term gradually grows rapidly and the universe enters the big crunch.
However, to avoid this ever-contracting evolution, one may note that during the simple har-
monic motion of the scalar field, the kinetic term temporarily vanishes at the two endpoints.
If the potential has a flat nature at the endpoints with V (ϕ) > 0, then the evolution will be
dominated by the potential energy for a longer time. But as the kinetic term grows much
faster so at some epoch it balances the potential term and also the positive curvature term
and the Hubble parameter vanishes again. This phase is known as the bouncing era. Af-
ter this bounce, the universe again starts expanding. The well-known bouncing solution in
cosmology is the de-Sitter bounce solution given by

a(t) =

r
3K
Λ

cosh

 r
Λ

3
t

!
,

where K > 0 is the spatial curvature and Λ is the positive cosmological constant [700].
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5.3 Formation of the autonomous system:
critical point and stability analysis

We try to obtain a qualitative picture of this cosmological model, that’s why we adopt a
dynamical system approach and for that choose the following dynamical variables

x : =
ϕ̇√
6H

, (5.11)

y : =

√
V√

3H
, (5.12)

z : =

√
6

ϕ
, (5.13)

u : =
1√
3ȧ

. (5.14)

By using these dynamical variables the cosmic evolution equation (in the last section) can be
written in an autonomous system as

dx

dN
= −3x−

r
3

2

�
V ′

V

�
y2 + 3x(x2 −Ku2), (5.15)

dy

dN
= 3y(x2 −Ku2) +

r
3

2

�
V ′

V

�
xy, (5.16)

dz

dN
= −xz2, (5.17)

du

dN
= u(2x2 − y2) (5.18)

together with N = ln a. Using dynamical variables, the first Friedmann equation (5.8) can
be rewritten as

ΩK + x2 + y2 = 1, (5.19)

where the density parameter due to the curvature term can be expressed as

ΩK =
ρK

3H2
= −3Ku2. (5.20)

It is to be noted that the dynamical variable u is proportional to the comoving Hubble
horizon. The amplitude of the scalar field ϕ is inversely related to the variable z. From
Eq.(5.19) we can clearly conclude about the meaning of the dynamical variables (5.11) and
(5.12): x2 stands for the relative kinetic energy density of the scalar field while y2 stands for
its relative potential energy density of ϕ and the total relative energy density parameter due
to the scalar field can be written as [739]

Ωϕ =
ρϕ

3H2
= x2 + y2. (5.21)

The equation of state parameter (ωϕ) can be expressed as

ωϕ =
x2 − y2

x2 + y2
(5.22)
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and the equation of state parameter corresponding to the combined matter field is given by

ωtotal = x2 − y2. (5.23)

From (5.19), (5.20) and (5.21), we can conclude that the variables x, y, and u are not
independent, they are dependent by the constraint equation

x2 + y2 − 3Ku2 = 1. (5.24)

This equation is nothing but the conservation of energy with proper scaling. In Proposition
(3), we have shown that (5.15), (5.16) and (5.18) are not independent, in other words Eq.(5.18)
can be obtained by using Eqs.(5.15), (5.16) and the constraint equation (5.24). Thus we omit
equation (5.18) from the autonomous system and by substituting (from 5.24)

Ku2 =
1

3
(x2 + y2 − 1)

into the right hand side of (5.15) and (5.16), we get the following modified autonomous system

dx

dN
= −2x−

r
3

2

�
V ′

V

�
y2 − xy2 + 2x3, (5.25)

dy

dN
= y +

r
3

2

�
V ′

V

�
xy + 2x2y − y3, (5.26)

dz

dN
= −xz2. (5.27)

Note that the scalar field model corresponds to stiff matter if potential energy (P.E.) is
negligible compared to kinetic energy (K.E.), while it corresponds to ΛCDM if kinetic energy
is negligible compared to potential energy. In between these two extreme cases radiation
will occur if K.E.=2 times the P.E. In that case the dimensionless variables x and y are not
independent and the system becomes a 2D system. Also as we are interested in late time
cosmology so radiation is not taken into account.

To determine a suitable form of the autonomous system, we consider several choices
of the scalar field potential [742, 711, 712, 713, 714, 715, 743, 705, 706, 707, 709]. But
only for power-law [706, 707] V (ϕ) = V0ϕ

−µ and the exponential dependence [704, 705,
706, 707] as V (ϕ) = V1e

−νϕ where V0, V1 > 0 and µ, ν are constant parameters, we get
the suitable form of the autonomous system. These two potentials are interesting because
we find that scalar-field potential is “nonlinear” (i.e., the scalar-field equation of motion is
nonlinear); usually it tends to be made from exponential of the scalar field. We have not
succeeded in determining the general solution of the scalar-field equation of motion (6.18),
but a special solution (cosmologically relevant) can be found (in which the scalar-field energy
density redshifts in a requisite manner). Somehow particularly, we find that this solution
dominates at large time and a study of phase space shows that it is an attractive, time-
dependent, equilibrium point [708].

5.3.1 Model 1: Power-law potential

At first we shall analyze the above dynamical system for power-law potential. The above
system of first order differential equations (5.25 − 5.27) reduces to an autonomous system.
The justification for such a power law form is that it satisfies the sufficiently steep condition
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namely Γ = V ′′V
(V ′)2 ≥ 1. As a result the scalar field rolls down such a potential and favours

a common evolutionary path for a wide range of initial conditions [748, 742]. The form of
power law can be expressed as

V (ϕ) = V0ϕ
−µ.

Substituting this into the right hand side of Equation (5.25) and Equation (5.26) and then
the system (5.25 − 5.27) modifies to

dx

dN
= −2x +

µ

2
y2z − xy2 + 2x3, (5.28)

dy

dN
= y − µ

2
xyz + 2x2y − y3, (5.29)

dz

dN
= −xz2. (5.30)

We have a total of five critical points corresponding to the autonomous system (5.28−5.30)
out of which four are isolated critical points and another point is a line of the critical point.
The set of critical points and the value of cosmological parameters corresponding to the above
autonomous system are shown in Table 5.1.

Table 5.1: Table shows the set of critical points, the existence of critical points, and the
value of cosmological parameters corresponding to the autonomous system (5.28−5.30):

CPs Existence x y z ΩK Ωϕ ωϕ ωtotal q

C1 For all µ ̸= 0 0 1 0 0 1 −1 −1 −1

C2 For all µ ̸= 0 0 −1 0 0 1 −1 −1 −1

C3 For all µ 1 0 0 0 1 1 1 2

C4 For all µ −1 0 0 0 1 1 1 2

C5 For all µ 0 0 zc 1 0 Not applicable 0 1
2

Stability analysis

• The critical points C1 and C2 exist for all µ ̸= 0. Near these points the curvature is
negligible. These solutions are completely dominated by scalar field (Ωϕ = 1) which behaves
as cosmological constant (ωtotal = −1). The cosmic evolution near the points characterizes
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Figure 5.1: This figure shows the vector field near the origin corresponding to the
critical point C1 for positive and negative values of the parameter µ. (a) is for µ < 0
and (b) is for µ > 0. This figure indicates that for µ < 0 the critical point C1 behaves
as a saddle node and for µ > 0 the critical point C1 behaves as a stable node.

the de-Sitter expansion (q = −1) of the universe. On the other hand, we note that |ΩK| ≈ 0.
Then from equation (5.9) we have Ḣ ≈ 0, i.e., the expansion rate H becomes constant.

The eigenvalues of the Jacobian matrix J(C1) (J(C2)) are λ1 = −3, λ2 = −2, and λ3 = 0

corresponding to the eigenvectors v(1) = [1, 0, 0]T , v(2) = [0, 1, 0]T , and v(3) =
�µ
6 , 0, 1

�T
respectively. Since the Jacobian matrix has one zero eigenvalue so we use center manifold
theory to discuss the stability of the critical point. To apply center manifold theory, first,
we use the shifting transformation x = X, y = Y ± 1, z = Z to transform the critical
point C1(C2) into the origin. Next, we use a coordinate transformation u = Pv where u =
[X Y Z]T , v = [u v w]T , P =

�
v(1) v(2) v(3)

�
. From the calculation (see Proposition (4) in

the Appendix), the expressions of center manifold are given by u = 0 and v = ∓µ2

72w
2+O(w4)

and the flow on the center manifold is determined by dw
dN = −µ

6w
3 + O(w4). Notice that the

flow on the center manifold depends on the sign of µ. If µ < 0 then dw
dN > 0 for w > 0 and

dw
dN < 0 for w < 0. So, for µ < 0 the origin is a saddle point, i.e., unstable in nature. Further

if µ > 0 then dw
dN < 0 for w > 0 and dw

dN > 0 for w < 0. Thus for µ > 0 the origin is a stable
node. The vector field near the origin for both of the cases are shown in figures (5.1) and
(5.2). It is to be noted that the new coordinate system (u, v, w) is topologically equivalent
to the old one, hence the origin in the new coordinate system, i.e., the critical point C1(C2)
in the old coordinate system (x, y, z) is a saddle point for µ < 0 and a stable node for µ > 0.

if we take the projection of the vector field in z = 0 plane, that is, on the xy-plane, we
can see that the system converges to the critical point C1(C2). Note that the eigenvalues of
the Jacobian matrix at the point C1(C2) are real and negative, it follows that the critical
points C1 and C2 are stable node and asymptotically stable in nature (see figure (5.3)).

Near C1 and C2 the evolution equation (6.18) takes the form ϕ̈+V ′(ϕ) ≈ 0. So the scalar
field potential behaves as a simple harmonic oscillator and for µ > 0 the oscillation amplitude
decreases gradually due to the stability of the critical points.

• The critical points C3 and C4 exist for µ ∈ R. The critical points correspond to solutions
where the constraint equation (5.9) is dominated by the kinetic energy of the scalar field with
a stiff equation of state ωd = 1. There exists a decelerating phase of the universe and we also
have |ΩK| ≈ 0 near these critical points. Then from equation (5.9) we have Ḣ is negative,
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Figure 5.2: This figure shows the vector field near the origin corresponding to the
critical point C2 for positive and negative values of the parameter µ. (a) is for µ < 0
and (b) is for µ > 0. This figure indicates that for µ < 0 the critical point C2 behaves
as a saddle node and for µ > 0 the critical point C2 behaves as a stable node.

i.e., the expansion rate H decreases.

The eigenvalues of the Jacobian matrix J(C3) (J(C4)) are 4, 3, and 0 corresponding to
the eigenvectors [1, 0, 0]T , [0, 1, 0]T and [0, 0, 1]T respectively. After applying shifting trans-
formation x = X + 1, y = Y and z = Z to the autonomous system (5.28 − 5.30) and then
by using the center manifold theory, the equation of center manifold can be expressed as
X = 0, Y = 0. This implies that the center manifold completely lying on the Z axis and
the flow on the center manifold is determined by dZ

dN = ∓Z2. Notice that dZ
dN < 0 for both

of the cases Z > 0 or Z < 0 for the critical point C3, and dZ
dN > 0 for both of the cases

Z > 0 or Z < 0 for the critical point C4. From which one concludes that the critical point
C3(C4) is a saddle node, that is, along the Z direction the orbits approach critical point C3

for positive(negative) Z and move away from it for negative(positive) Z. The flow on the
center manifold is shown as in figure (5.4) which implies that the critical points C3 and C4

are unstable due to its saddle-node nature.

Now if we take the projection of the vector field in z = 0 plane, that is, on the xy-plane,
the system diverges from the critical point C3(C4). Note that the eigenvalues are real and
positive which implies that the critical point C3(C4) is unstable in nature due to the unstable
node type instability (see figure (5.3)).

If the kinetic energy grows much faster than the radiation, matter, or curvature to prevent
the kinetic energy from dominating the universe, the universe continues to contract until its
size becomes zero. So the Big Crunch may happen if the flow of the vector field goes towards
C3 or C4 asymptotically. As the critical points are saddle in nature, so to avoid the Big
Crunch we need to fine-tune the initial condition.

• The set of critical points C5 exist for all µ ∈ R. This set of critical points is normally
hyperbolic where the stability is confirmed by the signature of the remaining non-vanishing
eigenvalues. The constraint equation (5.9) is dominated by spatial curvature near this set of
points. In this case, the kinetic term is subdominant compared to the curvature contribution
in eq. (5.9). Then, for K > 0, Ḣ is positive, and the expansion rate H increases. On
the other hand, for K < 0, Ḣ is negative, and the expansion rate H decreases. Note that
the line of critical point C5 arises on the z axis so to determine the vector field near C5
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Figure 5.3: Profile of the global analysis in finite phase space for several values of µ.
This figure shows the projection of the vector field on the xy plane corresponding to
the autonomous system (5.28 − 5.30). The horizontal axis represents variable x and
the vertical axis represents variable y. This phase plot indicates that in xy plane the
critical points C1 and C2 behave as a stable node, C3 and C4 behave as an unstable
node, and the critical point C5 behaves as a saddle node for all µ.

Figure 5.4: This figure shows flow direction on the center manifold corresponding to
the critical point C3 and C4. (a) is for the critical point C3 and (b) is for the critical
point C4. The direction of the flow on the center manifold indicates that both of the
critical points are saddle-node in nature.
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we consider only the first two equations of the autonomous system (5.28 − 5.30) and taking
z = const. Due to presence of one positive and one negative eigenvalue corresponding to first
two equations of the autonomous system, by Hartman-Grobman theorem, we conclude that
the line of critical point C5 is a saddle point and unstable in nature (figure (5.5)) for all
µ. So depending on the initial condition there exists late time (along stable eigen direction)
decelerating dust-dominated universe.

The eigenvalues of the Jacobian matrix at all critical points corresponding to the au-
tonomous system (5.28 − 5.30) and the nature of critical points are shown in Table 5.2.

Table 5.2: Table shows the eigenvalues (λ1, λ2, λ3) of the Jacobian matrix correspond-
ing to the autonomous system (5.28 − 5.30) at each critical points and the nature of
all critical points :

CPs λ1 λ2 λ3 Nature of Critical points

C1 −3 −2 0 Saddle node for µ < 0 and stable node for µ > 0.

C2 −3 −2 0 Saddle node for µ < 0 and stable node for µ > 0.

C3 4 3 0 Saddle node for all µ (unstable node in xy-plane).

C4 4 3 0 Saddle node for all µ (unstable node in xy-plane).

C5 −2 1 0 Saddle node for all µ.

5.3.2 Model 2: Exponential potential

As before this choice of the potential simplifies the system of equations (5.25 − 5.27) into an
autonomous system. The choice of exponential potential corresponds to an extreme example
of quintessence [748, 742]. Exponential potential will remain subdominant if it was so initially.
Further, nucleosynthesis constraints the energy density of the quintessence field to be smaller
than the associated background energy density at the early era. The form of exponential
dependence can be expressed as

V (ϕ) = V0e
−νϕ.
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Figure 5.5: This figure shows the projection of the vector field near C5 on z = const.
plane. This phase plot indicates that the line of critical points C5 behaves as a saddle
node for all µ.

Substituting this into the right hand side of Eq.(5.25) and Eq.(5.26) and then the system
(5.25 − 5.27) modifies to

dx

dN
= −2x +

r
3

2
νy2 − xy2 + 2x3, (5.31)

dy

dN
= y −

r
3

2
νxy + 2x2y − y3, (5.32)

dz

dN
= −xz2. (5.33)

We can see that the first two equations of the autonomous system (5.31 − 5.33) are
independent of the variable z. So when we are going to determine the critical points, we
can see that most of the physical meaningful critical points are lying on the xy-plane. Thus
the last equation of the autonomous system, that is, equation (5.33) is not interesting to
provide the stability criteria of the critical points corresponding to the autonomous system
(5.31−5.33). Further, note that the variable z can not impact physically on this model as all
the expressions of the cosmological parameters are independent of z. That’s why it is more
interesting if we consider z = 0 and analyze the stability of the critical points in xy-plane.
We have a total of seven physically meaningful isolated critical points corresponding to the
autonomous system (5.31−5.32). The set of critical points corresponding to this autonomous
system and the value of cosmological parameters are shown in Table 5.3.

Stability analysis

• The critical point P0 exists for all ν. For this solution, the kinetic term is subdominant
compared to the curvature contribution in eq. (5.9). Then, for K > 0, Ḣ is positive, and the
expansion rate H increases. On the other hand, for K < 0, Ḣ is negative, and the expansion
rate H decreases.

The eigenvalues of the Jacobian matrix J(P0) are λ1 = −2, and λ2 = 1. Since J(P0)
has no eigenvalue whose absolute value is equal to 0, the fixed point P0 is hyperbolic. Since
λ1 < 0 and λ2 > 0, thus by using the Hartman-Grobman theorem, we conclude that the
critical point P0 is a saddle-node and unstable in nature (see figure (5.6)). depending on
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Table 5.3: Table shows the set of critical points, the existence of critical points, and the
value of cosmological parameters corresponding to the autonomous system (5.31−5.32)
:

CPs Existence x y ΩK Ωϕ ωϕ ωtotal q

P0 For all ν 0 0 1 0 NA 0 1
2

P1 For all ν 1 0 0 1 1 1 2

P2 For all ν −1 0 0 1 1 1 2

P3 For 0 ≤ ν2 ≤ 6 ν√
6

q
1− ν2

6
0 1 ν2

3
− 1 ν2

3
− 1 1

2
(ν2 − 2)

P4 For 0 ≤ ν2 ≤ 6 ν√
6

−
q
1− ν2

6
0 1 ν2

3
− 1 ν2

3
− 1 1

2
(ν2 − 2)

P5 For all ν ̸= 0 1
ν

q
2
3

2√
3ν

1− 2
ν2

2
ν2

−1
3

− 2
3ν2

1
2


1− 2

ν2

�

P6 For all ν ̸= 0 1
ν

q
2
3

− 2√
3ν

1− 2
ν2

2
ν2

−1
3

− 2
3ν2

1
2


1− 2

ν2

�

the initial condition there exists a late time (along stable eigen direction) decelerating dust-
dominated universe.

• Similar to the case of C3 and C4, the critical point P1 and P2 exist for all ν and
correspond to the solutions where the constraint equation (5.9) is dominated by the kinetic
energy of the scalar field with a stiff equation of state ωd = 1. There exists a decelerating
phase of the universe and we also have |ΩK| ≈ 0 near these critical points. Then from equation
(5.9) we have Ḣ is negative, i.e., the expansion rate H decreases.

The eigenvalues of the Jacobian matrix J(P1) are λ1 = 4, and λ2 = 3 −
q

3
2ν. Notice

that the eigenvalue λ1 is always positive which implies that the critical point P1 is always
unstable in nature but the type of instability is determined by the nature of the eigenvalue
λ2. The critical point P1 is hyperbolic for ν ̸=

√
6 and nonhyperbolic for ν =

√
6. For

ν <
√

6, the eigenvalue λ2 is positive which implies that the critical point P1 is an unstable
node. For ν >

√
6, we have λ2 < 0 and consequently the critical point P1 is a saddle node.

To determine the stability of P1 for ν =
√

6, we use center manifold theory which we have
already applied to discuss the stability of the critical point C1. To apply this theory, first,
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we use a shifting transformation (x = X + 1, y = Y ) to transform the fixed point P1 into
the origin. Then using the similar arguments that we have used to determine the stability
analysis of C1, we obtained that the expression of the center manifold is X = −1

2Y
2 +O(Y 3)

and the flow on the center manifold is determined by the equation dY
dN = −3

2Y
3 + O(Y 4).

Note that dY
dN < 0 while Y > 0 and dY

dN > 0 for Y < 0. This implies that the flow on the
center manifold is stable but the origin is a saddle node. As the transformed system (X,Y )
is topologically equivalent to the old one, the critical point P1 also exhibits saddle-node type
instability for ν =

√
6. Hence, the critical point P1 is a saddle-node for ν ≥

√
6 and unstable

node for ν <
√

6 (see figure (5.6)).

The eigenvalues of the Jacobian matrix J(P2) are λ1 = 4, and λ2 = 3 +
q

3
2ν. Notice

that the eigenvalue λ1 is always positive which implies that the critical point P2 is always
unstable in nature but the type of instability is determined by the nature of the eigenvalue
λ2. The critical point P2 is hyperbolic for ν ̸= −

√
6 and nonhyperbolic for ν = −

√
6. For

ν > −
√

6, the eigenvalue λ2 is positive which implies that the critical point P2 is an unstable
node. For ν < −

√
6, we have λ2 < 0 and consequently the critical point P2 is a saddle node.

To determine the stability of P2 for ν =
√

6, we use center manifold theory and to apply this
theory, first, we use a shifting transformation (x = X−1, y = Y ) to transform the fixed point
P2 into the origin. Then the expression of the center manifold is given by X = 1

2Y
2 +O(Y 3)

and the flow on the center manifold is determined by the equation dY
dN = −3

2Y
3 + O(Y 4).

Note that dY
dN < 0 while Y > 0 and dY

dN > 0 for Y < 0. This implies that the flow on the
center manifold is stable but the origin is a saddle node. Hence, the critical point P2 is a
saddle-node for ν ≤ −

√
6 and unstable node for ν > −

√
6 (see figure (5.6)).

So the Big Crunch can be avoided for −
√

6 < ν <
√

6 due to the instability of the critical
points. One may note that depending on the initial condition there exists a late time (along
stable eigen direction) kinetic dominated decelerating universe.

• The fixed point P3 and P4 exist for ν2 ≤ 6. Varying ν we get a non-isolated set of critical
points which are completely dominated by kinetic energy (Ωϕ = 1 and ϕ̇ ̸= 0). The DE can
represent either quintessence or any other exotic type fluid depending on the parameter ν.
Specially, the depletion ν2 < 2 (ν ̸= 0) implies that the scalar field behaves as quintessence
like fluid and there exists an accelerated universe (since for this case, −1 < ωtotal < −1

3 , q < 0)
near these critical points whereas the scalar field DE behaves as dust for ν2 = 3 (ωϕ = 0)
and in this case the solutions insinuate dust-dominated decelerating phase (ωtotal = 0, q =
1
2 , ΩK = 0, Ωϕ = 1) of the cosmic evolution.

The eigenvalues of the Jacobian matrix J(P3) are λ1 = −2 + ν2, and λ2 = 1
2(ν2− 6). The

critical point P3 is hyperbolic for ν ̸= ±
√

2,±
√

6 because λ1 = 0 for ν = ±
√

2 and λ2 = 0
for ν = ±

√
6. Consequently, the critical point P3 is nonhyperbolic if ν = ±

√
2 or ν = ±

√
6.

Hyperbolic case

ν ̸= ±

√
2,±

√
6
�
: As the region of existence of the critical point is

−
√

6 ≤ ν ≤
√

6, to determine the stability of this critical point in this case, we consider
three intervals (i) −

√
6 < ν < −

√
2, (ii) −

√
2 < ν <

√
2, and (iii)

√
2 < ν <

√
6. For

ν ∈ (−
√

6,−
√

2), we have λ1 > 0 and λ2 < 0, it follows that the critical point P3 is a saddle
node and unstable in nature. For ν ∈ (−

√
2,
√

2), we can see that λ1,λ2 < 0 and this implies
that P3 is a stable node and asymptotically stable in nature. Lastly, for ν ∈ (

√
2,
√

6), we
have λ1 > 0 and λ2 < 0, thus in this interval of ν the critical point P3 is a saddle-node and
unstable in nature (see figure (5.6)).

Nonhyperbolic case

ν =

√
2 or ν = −

√
2 or ν =

√
6 or ν = −

√
6
�
:

We use the center manifold theory to determine the stability of P3 for this case. To
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apply this theory, first, we use a shifting transformation

�
x = X + ν√

6
, y = Y +

q
1 − ν2

6

�

to transform the critical point P3 into the origin. Next, we use a coordinate transformation
u = Pv where u = [X Y ]T , v = [U V ]T , P = [v1 v2] and v1, and v2 are the eigenvectors
corresponding to the eigenvalues λ1, and λ2 respectively. For ν =

√
2, the equations of center

manifold is given by U =
q

3
2V

2 +O(V 3), and the flow on the center manifold is determined

by dV
dN = 4

√
6V 2 + O(V 3). Note that dV

dN > 0 for V > 0 or V < 0 which implies that the

origin is a saddle-node and unstable in nature (see figure (5.6)). For ν = −
√

2, the expression
of the center manifold and the flow on the center manifold are the same as of ν =

√
2 case

and consequently, the origin exhibits a similar type of stability in this case also. For ν =
√

6
the critical point P3 converts into P1 and for ν = −

√
6, P3 converts into P2 and the stability

analysis of these critical points already discussed.

The eigenvalues of the Jacobian matrix J(P4) are λ1 = −2 + ν2, and λ2 = 1
2(ν2− 6). The

critical point P4 is hyperbolic for ν ̸= ±
√

2,±
√

6 because λ1 = 0 for ν = ±
√

2 and λ2 = 0
for ν = ±

√
6. Consequently, the critical point P4 is nonhyperbolic if ν = ±

√
2 or ν = ±

√
6.

Hyperbolic case

ν ̸= ±

√
2,±

√
6
�
: As the region of existence of the critical point is

−
√

6 ≤ ν ≤
√

6, to determine the stability of this critical point in this case, we consider
three intervals (i) −

√
6 < ν < −

√
2, (ii) −

√
2 < ν <

√
2, and (iii)

√
2 < ν <

√
6. For

ν ∈ (−
√

6,−
√

2), we have λ1 > 0 and λ2 < 0 which implies that the critical point P4 is a
saddle node and unstable in nature. Now while ν ∈ (−

√
2,
√

2), we can see that λ1,λ2 < 0
and this implies that P4 is a stable node and asymptotically stablein nature. Lastly, for
ν ∈ (

√
2,
√

6), we have λ1 > 0 and λ2 < 0 which implies that the critical point P4 is a
saddle-node and unstable in nature (see figure (5.6)).

Nonhyperbolic case

ν =

√
2 or ν = −

√
2 or ν =

√
6 or ν = −

√
6
�
:

We use the center manifold theory to determine the stability of P4 for this case. To

apply this theory, first, we use a shifting transformation

�
x = X + ν√

6
, y = Y −

q
1 − ν2

6

�

to transform the critical point P4 into the origin. Next, we use a coordinate transformation
u = Pv where u = [X Y ]T , v = [U V ]T , P = [v1 v2] and v1, and v2 are the eigenvectors
corresponding to the eigenvalues λ1, and λ2 respectively. For ν =

√
2, the equations of center

manifold is given by U = −
q

3
2V

2+O(V 3), and the flow on the center manifold is determined

by V ′ = −4
√

6V 2 + O(V 3). Note that V ′ < 0 for V > 0 or V < 0 which implies that the
origin is a saddle-node and unstable in nature (see figure (5.6)). For ν = −

√
2, the expression

of the center manifold and the flow on the center manifold are the same as of ν =
√

2 case
and consequently the origin exhibits the similar type of stability in this case also. For ν =

√
6

the critical point P4 converts into P1 and for ν = −
√

6, P4 converts into P2 and the stability
analysis of these critical points already discussed.

Therefore, one can conclude that the points P3 and P4 correspond to kinetic dominated
solutions which behaves as quintessence like fluid (ν2 < 2) and there exists an accelerated
universe at late times, although cosmological coincidence problem can not be alleviated by
these points. On the other hand, late time decelerated solution (2 ≤ ν2 ≤ 6) depending on
the initial condition of the autonomous system of model 2.

• Scaling solutions represented by the critical points P5 and P6 exist for all ν ̸= 0. Varying
ν we get a non-isolated set of critical points where the nature (hyperbolic or normally-
hyperbolic) of points depending on the values of ν. Near these critical points scalar field
DE behaves as quintessence boundary (ωϕ = −1

3). As 0 ≤ Ωϕ ≤ 1 when K < 0 (from
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Figure 5.6: Profile of the global analysis in finite phase space for several values of ν.
The horizontal axis represents variable ‘x’ and vertical axis represents variable ‘y’. (a)
corresponds to ν = −

√
6 : P0 and P2 are saddle node, P1 is an unstable node, and

P5 and P6 are spiral sink, (b) corresponds to ν = −
√
2 : P0, P3 and P4 are saddle

node, P1 and P2 are unstable node, (c) corresponds to ν = 0 : P0 is a saddle node, P1

and P2 are unstable node, and P3 and P4 are stable node, (d) corresponds to ν = 1
2
:

where P0 is a saddle node, P1 and P2 are unstable node, P3 and P4 are stable node,
and P5 and P6 are saddle node, (e) corresponds to ν = 1 : P0 is a saddle node, P1 and
P2 are unstable node, P3 and P4 are stable node, and P5 and P6 are saddle node, (f)
corresponds to ν =

√
2 : P0, P3 and P4 are saddle node, P1 and P2 are unstable node,

(g) corresponds to ν = 2 : P0, P3 and P4 are saddle node, P1 and P2 are unstable node,
and P5 and P6 are spiral sink, (h) corresponds to ν =

√
6 : P0 and P1 are saddle node,

P2 is an unstable node, and P5 and P6 are spiral sink, and (i) corresponds to ν = 3 :
P0 and P1 are saddle node, P2 is an unstable node, and P5 and P6 are spiral sink.
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eq.(5.24)), so for cosmological viability the parameter ν must satisfy ν2 ≥ 2. In this case,
there exists always a decelerating universe. On the other hand, for K > 0 there exists an
accelerating universe when ν2 < 2. Cosmic coincidence problem can be alleviated by these
points depending on the values of ν.

The eigenvalues of the Jacobian matrices J(P5) and J(P6) are same and those are λ1 =
−ν2+

√
(8−3ν2)ν2

ν2
, and λ2 =

−ν2−
√

(8−3ν2)ν2

ν2
. Thus the critical points P5 and P6 are hyperbolic

for ν ̸= ±
√

2 and nonhyperbolic for ν = ±
√

2. For ν2 < 2, we can observe that λ1 > 0 and
λ2 < 0 which concludes that P5 and P6 saddle point and unstable in nature. For 2 < ν2 < 8

3 ,
we can see that λ1,λ2 < 0 which implies that the critical points P5 and P6 are asymptotically
stable in nature due to the stable node type stability. For ν2 > 8

3 , the eigenvalues are complex
conjugate to each other with negative real part which implies that the critical points P5 and
P6 are spiral sink and asymptotically stable in nature (see figure (5.6)). For ν = ±

√
2,

the coordinate of P5(P6) is the same as of P3(P4) for ν = ±
√

2 and the stability analysis
corresponding to these two cases already discussed. From the discussion, we conclude that
P5 and P6 both are saddle-node and unstable in nature for ν = ±

√
2. The eigenvalues of the

Jacobian matrix at all critical points corresponding to the autonomous system (5.31 − 5.32)
and the nature of critical points are shown in Table 5.4.

Therefore, the kinetic dominated solution at ν2 = 2 is saddle-node in nature. For suffi-
ciently flat potential ν2 ≤ 2 one may get accelerating universe at late time depending on the
initial condition of the model 2. Depending on some parameter restrictions, the decelerating
universe is the late-time attractor describing by these points.

If we consider our analysis in the three-dimensional coordinate system, that is, in (x, y, z)
coordinate system, then we can observe that for all possible cases, the critical points are
nonhyperbolic in nature. To determine the stability of the critical points by applying the
center manifold theory, we conclude that for all critical points, the center manifolds are lying
on the z-axis and the flows on the center manifold are unstable in nature.

5.4 Compactification and the dynamics
around the critical points at infinity

The idea to compactify the space Rn by the addition of points at infinity and to map them
into finite points is frequently used in the setting of two-dimensional differential equations
[725, 726, 727]. An early study of analyzing the global behavior of a planar dynamical
system via compactification was carried out by Bendixson using the stereographic projection
of the sphere (often called Bendixson sphere) onto the plane. However, this stereographic
projection has the drawback of obliterating the “different directions at infinity” [728]. French
mathematician Henri Poincaré overcame this difficulty by projecting R2 onto the Poincaré
hemisphere through its center.

In this compactification scheme, we draw straight lines starting from the center of the
unit sphere S2 = {(X,Y, Z) ∈ R3 | X2 + Y 2 +Z2 = 1} to xy-plane which is tangent to S2 at
either the north or south pole. It is to be noted that each straight line meets the unit sphere
once and the xy plane once. Let a straight line intersects the sphere at (X1, Y1, Z1) and the
xy-plane at (x1, y1), then our projective transformation is realized by the transformation

x1 =
X1

Z1
, y1 =

Y1
Z1

. (5.34)
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Table 5.4: Table shows the eigenvalues (λ1, λ2) of the Jacobian matrix corresponding
to the autonomous system (5.31 − 5.32) at each critical points and the nature of all
critical points :

CPs λ1 λ2 Nature of Critical points

P0 −2 1 Saddle node for all ν.

P1 4 3−
q

3
2
ν

Saddle node for ν ≥
√
6 and

unstable node for ν <
√
6.

P2 4 3 +
q

3
2
ν

Saddle node for ν ≤ −
√
6 and

unstable node for ν > −
√
6.

P3 −2 + ν2 1
2
(ν2 − 6)

Stable node for ν2 < 2 and
saddle-node for 2 ≤ ν2 ≤ 6.

P4 −2 + ν2 1
2
(ν2 − 6)

Stable node for ν2 < 2 and
saddle-node for 2 ≤ ν2 ≤ 6.

P5
−ν2+

√
(8−3ν2)ν2

ν2
−ν2−

√
(8−3ν2)ν2

ν2

Saddle node for ν2 ≤ 2, stable node
for 2 < ν2 ≤ 8

3
, and

stable focus if ν2 > 8
3
.

P6
−ν2+

√
(8−3ν2)ν2

ν2
−ν2−

√
(8−3ν2)ν2

ν2

Saddle node for ν2 ≤ 2,
stable node for 2 < ν2 ≤ 8

3
,

and stable focus if ν2 > 8
3
.
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So an arbitrary point (x, y) on the xy-plane can be expressed uniquely by a point (X,Y, Z)
on the upper/lower half of the sphere as (5.34) [728]. This scheme has the advantage that
the critical points of different directions at infinity are spread out along the equator of the
sphere.

Given an autonomous system of differential equations on R2

x′ = P (x, y), (5.35)

y′ = Q(x, y) (5.36)

where P and Q are polynomial functions of x and y. We can write (5.35) and (5.36) in the
form of a single differential equation

dy

dx
=

Q(x, y)

P (x, y)

which yields

Q(x, y)dx− P (x, y)dy = 0. (5.37)

Now for any point (x, y), using (5.34), we obtain

dx =
ZdX −XdZ

Z2
, dy =

ZdY − Y dZ

Z2
. (5.38)

Hence, the differential equation (5.37) can be represented as

Q(ZdX −XdZ) − P (ZdY − Y dZ) = 0 (5.39)

where
P = P (x, y) = P (X/Z, Y/Z)

and
Q = Q(x, y) = Q (X/Z, Y/Z) .

Let m be the maximum degree of the terms in P and Q. We multiply both side of the
equation (5.39) by Zm to eliminate Z from the denominator and obtain

ZQ∗dX − ZP ∗dY + (Y P ∗ −XQ∗)dZ = 0 (5.40)

where
P ∗(X,Y, Z) = ZmP (X/Z, Y/Z)

and
Q∗(X,Y, Z) = ZmQ(X/Z, Y/Z)

are polynomials in (X,Y, Z).

The equator of S2 can be expressed by {(X,Y, 0)|X2 + Y 2 = 1}. So, the critical points
of (5.40) on the equator of S2 where Z = 0 are given by the equation

XQ∗ − Y P ∗ = 0. (5.41)

On the equator of the Poincaré sphere we can derive

XQ∗ − Y P ∗ = XQm(X,Y ) − Y Pm(X,Y ) (5.42)

= S (say),
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where Pm and Qm are homogeneous mth degree polynomials in x and y of the system (5.35)−
(5.36). So the critical points at infinity are the set {(X,Y, 0) | X2 +Y 2 = 1 and S = 0}. Here
we do not consider the Eq.(5.30) of the autonomous system (5.28 − 5.30) and Eq.(5.33) of
the autonomous system (5.31− 5.33). It is to be noted that we get vanishing center manifold
equation and vanishing flow near the point at infinity for both of the models for the two
equations (5.30) and (5.33). So it is convenient to study the characteristics of the vector field
on xy plane for the autonomous systems (5.28 − 5.30) and (5.31 − 5.33). Then both of the
above autonomous systems can be converted to the following two-dimensional system

dx

dN
= −2x− xy2 + 2x3, (5.43)

dy

dN
= y + 2x2y − y3. (5.44)

For the autonomous system (5.43 − 5.44), we obtain the equation (5.41) as

XQ3(X,Y ) − Y P3(X,Y ) = X(2X2Y − Y 3) − Y (−XY 2 + 2X3) = 0. (5.45)

Hence, the critical points on the Poincaré sphere are (Xc, Yc, 0) with X2
c + Y 2

c = 1.

It is to be noted that the critical points are non-isolated in nature and the flow in a
neighborhood of any critical point (Xc, Yc, 0) on the equator of the Poincaré sphere S2,
except the points (0,±1, 0), is topologically equivalent to the flow defined by the following
system

± dv

dN
= vwmP

�
1

w
,
v

w

�
− wmQ

�
1

w
,
v

w

�

± dw

dN
= wm+1P

�
1

w
,
v

w

� (5.46)

where

P

�
1

w
,
v

w

�
= − 2

w
− v2

w3
+

2

w3
,

Q

�
1

w
,
v

w

�
=

v

w
+ 2

v

w3
− v3

w3
.

or equivalently,

dv

dN
= 3vw2, (5.47)

dw

dN
= −2w + 2w3 + v2w. (5.48)

by considering negative signs. Note that (vc, 0) is non-isolated critical points for the
above system (5.47). The eigenvalues of the Jacobian matrix at (vc, 0) are 0 and −2+v2c . For
|vc| ≤ 1, we get so −2+v2c < 0 which follows that the vector field near the critical point (vc, 0)
is stable along w axis. On the other hand, for w ̸= 0 and v > 0, we have form equation (5.47)
that dv

dN > 0 and for v < 0, we have dv
dN < 0. One may note that the flow comes towards
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the line of critical points rapidly compare to it goes away from the critical line. So we can
conclude that except the points (0,±1, 0), the other non-isolated points on the equator of the
Poincaré sphere are saddle node (see figure (5.7(a))) in nature and cosmological bounce may
happen near the points at infinity (see section 5.5.3).

Similarly, the flow in a neighborhood of any critical point (Xc, Yc, 0) on the equator of
the Poincaré sphere S2, except the points (±1, 0, 0), is topologically equivalent to the flow
defined by the following system

± du

dN
= uwmQ

�
u

w
,

1

w

�
− wmP

�
u

w
,

1

w

�

± dw

dN
= wm+1Q

�
u

w
,

1

w

� (5.49)

where

P

�
u

w
,

1

w

�
= −2

u

w
− u

w3
+ 2

u3

w3
,

Q

�
u

w
,

1

w

�
=

1

w
+ 2

u2

w3
− 1

w3
.

or equivalently,

du

dN
= 3uw2, (5.50)

dw

dN
= −w + 2u2w + w3. (5.51)

by considering positive signs. Notice that (uc, 0) is non-isolated critical points for the
above system (5.50). The eigenvalues of the Jacobian matrix at (uc, 0) are 0 and −1 + 2u2c .
Since |uc| ≤ 1 so −1 ≤ −1 + 2u2c ≤ 1 which follows that the vector field near the critical
point (uc, 0) is repelling along w axis if 1√

2
< uc ≤ 1 or −1 ≤ uc < − 1√

2
and attracting

along w axis if − 1√
2
< uc < 1√

2
. On the other hand, for w ̸= 0 and u > 0, we have form

equation (5.50) that du
dN > 0 and for u < 0, we have du

dN < 0. One may note that the flow
comes towards the line of critical points rapidly compare to it goes away from the critical

line (see figure (5.7(b))). So the vector field near the
�
± 1√

2
, 0
�

are also saddle in nature.

Cosmological bounce may take place near the points at infinity when the non-isolated critical
points on the equator of the Poincaré sphere are saddle in nature (see section 5.5.3).

5.5 Cosmological Implication

5.5.1 Cosmological Implication for Model 1

For the critical points C1 and C2, as along the eigen-direction of x, x decreases to 0 so ϕ̇ → 0.
This implies ϕ = const. and it indicates that the scalar field behaves as a cosmological
constant. Further due to the presence of negative eigenvalue corresponding to y coordinate,
along the eigen-direction of y, y → ±1 which follows that V (ϕ) → 3H2 = Constant. So we
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Figure 5.7: Vector fields near non-isolated critical points except (0,±1, 0) are shown
in figure (a), and vector fields near non-isolated critical points except (±1, 0, 0) are
shown in figure (b) on the equator of the Poincaré sphere.

have the Hubble parameter to be constant. Thus the scale factor grows exponentially. Hence,
the critical points described the quasi-deSitter expansion in the early inflationary era.

Now from the stability analysis of C1 and C2, we have that z → 0 for µ > 0, z → ∞
for µ < 0 along the eigen-direction of z which implies that ϕ → ∞ for µ > 0 and ϕ → 0 for
µ < 0. Thus for µ < 0 the scalar field behaves as a cosmological constant and for µ > 0 the
observation is not cosmologically significant.

For the critical points C3 and C4, as along the eigen-direction x → ∞ so ϕ̇ → ∞ and this
is not interesting from a cosmological point of view. Further due to the presence of positive
eigenvalue corresponding to y coordinate along the eigen-direction of y, y → ∞ which follows
that V (ϕ) → ∞ and this is not interesting from a cosmological point of view. Now from the
stability analysis of C3 and C4, we have z → ∞ along the eigen-direction of z which implies
that ϕ → 0 and so the scalar field behaves as the cosmological constant.

5.5.2 Cosmological Implication for Model 2

For the critical point P0 : along the eigen-direction of x as t → ∞, x → 0 which follows
that ϕ̇ → 0. This implies ϕ = const. and it indicates that the scalar field behaves as a
cosmological constant. Further along the eigen-direction of y as t → ∞, y → ∞ which
follows that V (ϕ → ∞. For the critical point P1 : along the eigen-direction of x as t → ∞,
x → ∞ which follows that ϕ̇ → ∞. Further along the eigen-direction of y as t → ∞, y → 0
for ν >

√
6 and y → ∞ for ν <

√
6. It follows that V → 0 for ν >

√
6 and V → ∞ for

ν <
√

6. For the critical point P2 : along the eigen-direction of x as t → ∞, x → ∞ which
follows that ϕ̇ → ∞. Further along the eigen-direction of y as t → ∞, y → 0 for ν > −

√
6

and y → ∞ for ν < −
√

6. It follows that V → 0 for ν > −
√

6 and V → ∞ for ν < −
√

6.
These results are not interesting in cosmological point of view.

For the critical points P3 and P4 : along the eigen-direction of x as t → ∞, x → ν√
6

if

|ν| <
√

2 and x → ∞ if ν >
√

2 or ν < −
√

2. It follows that as t → ∞, ϕ̇ → νH =⇒
ϕ → ν lim

t→∞
ln a(t) =⇒ ϕ → ∞ for |ν| <

√
2 and also ϕ̇ → ∞ if ν >

√
2 or ν < −

√
2.

As the critical points P3 and P4 both exist for 0 < ν2 < 6, so as t → ∞, y → ±
q

1 − ν2

6
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Figure 5.8: The figures shows the time evolution of cosmological parameters of our
cosmological model. In panel (a), Power potential: Late time solutions of cosmological
parameters. For µ = 1, the kinetic energy dominated late time accelerated solutions
are attracted towards phantom boundary. In panel (b), Exponential potential: Late
time solutions of cosmological parameters. For ν2 < 2, the kinetic energy dominated
late time accelerated solutions are attracted towards quintessence era which agrees the
present observed accelerated universe (−0.56 < q < −0.49).

which follows that V → 3H2
�

1 − ν2

6

�
so for ν = 0 it leads to an accelerated era of evolution.

Further for the critical points P5 and P6 : along the eigen-directions of x and y as t → ∞,

x → 1
ν

q
2
3 and y → 2√

3ν
respectively while |ν| > 2

√
2√
3

which follows that as t → ∞, ϕ̇ → 2
ν

and V → 4H2

ν2
while |ν| > 2

√
2√
3

. Further for ν ∈

−
√

2, 0
�
∪

0,
√

2
�

as t → ∞, x → ∞ and

y → 2√
3ν

which follows that as t → ∞, ϕ̇ → ∞ and V → 4H2

ν2
while ν ∈


−
√

2, 0
�
∪

0,
√

2
�
.

It leads to an accelerated phase of the universe for ν = ± 2√
3
.

5.5.3 Cosmological Bouncing Scenarios

Generally speaking, the cosmological bounce takes place for ȧ ≈ 0 and ä > 0 or ä < 0. On the
other hand, one can derive that ä > 0 or ä < 0 iff ρϕ + 3pϕ < 0 or ρϕ + 3pϕ > 0 respectively
(see Proposition (1) in Appendix). For ä > 0 the universe experiences accelerating phase and
for ä < 0 the universe experiences decelerating phase of evolution. Now for ȧ ≈ 0 we have
Ḣ ≈ ä

a . So, in terms of Hubble parameter H we can say that the bounce takes place when

H ≈ 0 and Ḣ > or < 0. We also note that ä > or < 0 iff y2 > 2x2 or y2 < 2x2 respectively
(see Proposition (2) in the Appendix and Table (5.5)).

• For model 1, as mentioned previously, near the critical points C1−C4 the solutions are
completely dominated by scalar field and Ḣ ≈ 0 due to the condition |ΩK| ≈ 0. So bounce
does not take place if the initial conditions are given near these points. Nevertheless, near
C3 and C4 (unstable in nature) the spatial curvature is negligible and Ḣ is negative. As
expected, we also note that y2 < 2x2 near these critical points and ä < 0 (see Table (5.5))
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for all values of µ. So, if the Hubble parameter takes positive sign (expanding universe) near
these critical points, the expansion rate begins to decrease (as ä < 0) and the trajectory
goes towards the critical points at infinity (Minkowski limit with H → 0) in the compactified
phase space (see section (5.4)). The trajectory soon commences to go away from those critical
points (at infinity) which are saddle/saddle node in nature and H becomes soon negative,
i.e., the universe begins to contract.

On the other hand, near the critical point C5, Ḣ is positive for positive spatial curvature.
So, if the Hubble parameter takes negative sign (contracting universe) near these critical
points, the expansion rate begins to increase and the trajectory goes towards the critical
points at infinity (Minkowski limit with H → 0) in the compactified phase space (see section
(5.4)). The trajectory soon commences to go away from those critical points (at infinity)
which are saddle/saddle node in nature and contrary to the previous instance, H becomes
soon positive, i.e., the universe begins to expand. The cosmological bounce takes place for
µ > 0 when the Hubble parameter H changes its sign and the trajectory asymptotically goes
towards C1 or C2 (see table 5.5).

So on the proviso that the bounce takes place, there may appear homoclinic and hetro-
clinic orbits due to the existence of saddle points. So, there are several prospects to acquire
various late time solutions which depends on the initial condition; for instances, we acquire
scalar field dominated late time de-Sitter solution to the evolution of the universe if the tra-
jectory asymptotically goes towards C1 or C2 (see figure (5.3)) on the XY plane, late time
decelerating dust-dominated universe if the trajectory asymptotically goes towards C5 along
stable eigen direction.

• For model 2, we have discussed earlier that near P0 (saddle for all ν) the kinetic term
is subdominant compared to the curvature contribution. If initially the universe is in the
contracting phase then near P0 the expansion rate H increases for positive spatial curvature.
Depending on initial condition if the flow goes away from P0 towards infinity (as H → 0)
where the Hubble parameter changes its sign (when critical points at infinity are saddle/saddle
node in nature) then the universe begins to expand. The expansion rate decreases soon when
the spatial curvature contribution becomes negligible.

On the other hand, near P1 and P2 (saddle node / unstable node) the solutions are
dominated by the kinetic energy of the scalar field and Ḣ is negative. As expected, it is also
to be noted that y2 < 2x2 near these critical points and ä < 0 (see Table (5.5)) for all values
of ν. Similar to the case of C3 and C4 in Model 1, the cosmological bounce takes place when
the Hubble parameter changes its sign at Minkowski limit with H → 0, i.e., at critical points
(at infinity) which are saddle/saddle node in nature.

The non-isolated critical points P3 and P4 are completely dominated by kinetic energy
and saddle-node in nature for 2 ≤ ν2 ≤ 6 and Ḣ is negative near these points. Unsurprisingly,
y2 < 2x2 near these critical points and ä < 0 (see Table (5.5)) for 2 < ν2 ≤ 6. So depending
on initial condition, the cosmological bounce may take place if the flow starts near these
critical points. The non-isolated critical points P5 and P6 are saddle in nature for ν2 ≤ 2. If
ν → 0, then the critical points are dominated by spatial curvature and the sign of Ḣ depends
on the sign of K. If ν2 ≈ 2, then the critical points are completely dominated by kinetic
energy and Ḣ < 0. Similar to the previous case, the initial condition plays an important role
to initiate the cosmological bounce.

Similar to the model 1 when it comes to the case of cosmological bounce, there may
appear homoclinic and hetroclinic orbits due to the existence of saddle points. So, there are
several prospects to acquire various late time solutions which depends on the initial condi-
tion; for instances, we come by late time decelerating dust-dominated universe if trajectory

176



Chapter 5. A dynamical system analysis of bouncing cosmology with spatial curvature

Table 5.5: Table shows the sign of ‘ä’ near the critical points of Model 1 and 2 in terms
of dynamical variables (for details, see Proposition 2 in Appendix)

.

Model Critical points y2 > 2x2 i.e., ä > 0 y2 < 2x2 i.e., ä < 0

C1 Satisfied for all µ ̸= 0 Not applicable

C2 Satisfied for all µ ̸= 0 Not applicable

Model 1 C3 Not applicable Satisfied for all µ

C4 Not applicable Satisfied for all µ

C5 Not applicable Not applicable

P0 Not applicable Not applicable

P1 Not applicable Satisfied for all ν

P2 Not applicable Satisfied for all ν
Model 2

P3 Satisfied for 0 ≤ ν2 < 2 Satisfied for 2 < ν2 ≤ 6

P4 Satisfied for 0 ≤ ν2 < 2 Satisfied for 2 < ν2 ≤ 6

P5, P6 Not applicable Not applicable

asymptotically approaches towards P0, late time kinetic energy dominated solutions with a
stiff equation of state if trajectory asymptotically approaches towards P1 or P2, late time ki-
netic energy dominated accelerated solution as trajectory asymptotically approaches towards
P3 or P4, late time scaling solutions where DE behaves as quintessence boundary if trajectory
asymptotically approaches towards P5 or P6.

5.6 Brief discussion and concluding remarks

We have studied the cosmological model with spatial curvature in the background of FLRW
metric where the scalar field is minimally coupled and plays a role of dark matter content.
Two models have been discussed here. In the first model, potential V (ϕ) of scalar field is
taken as power-law function of scalar field ϕ. Whereas in the second interaction model, the
potential term is taken as the exponential function of scalar field ϕ. Since the cosmological
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evolution equations are non-linear and complicated in nature, we have performed dynamical
system analysis to accomplish the qualitative behavior of the cosmological model. We have
explained all possible scenarios of the bouncing universe and the corresponding late-time
solutions.

We have obtained five non-hyperbolic type critical points from model 1 and from model 2
we have obtained seven critical points which are characterized (hyperbolic and non-hyperbolic)
by the parameter ν. To study the nature of hyperbolic critical points we apply linear stability
theory (Hartman-Grobman theorem). On the other hand, to analyze non-hyperbolic points
center manifold theory is employed to obtain the exact dynamical nature of the points on the
sets. Since at the bouncing scenarios, some variables become singular, we have performed the
dynamical analysis around the critical points at infinity in section IV. At infinity, the critical
points are normally hyperbolic and saddle/saddle-node in nature (see figure (5.7)). Model 1
can not alleviate the cosmic coincidence problem whereas model 2 can take the edge off the
cosmic coincidence problem depending on the parameter ν.

In Model 1, there are five non-hyperbolic equilibrium points. The first two equilibrium
points C1 and C2 describe the flat model of the universe with a cosmological constant and
they describe the phantom barrier of accelerated expansion. The point C1 represents an
expanding model while C2 corresponds to a contracting model of the universe. The other
three equilibrium points C3, C4, C5 represent a decelerating phase of expansion. From a
cosmological point of view only equilibrium point C5 is interesting, it describes a dust era
of evolution. Further, the critical points C1 and C2 are purely DE dominant (Ωϕ = 1) and
they are analogous to the observationally favored ΛCDM model. The critical points C3 and
C4 are not of much interest. Here the result matter behaves as stiff fluid which is effective
at the very early era when quantum effects are important. The last critical point C5 has no
effect of DE (Ωϕ = 0, ΩK = 1) and the resulting fluid behaves as dust.

In Model 2, there are seven equilibrium points all of which are non-hyperbolic in nature.
The dust era of decelerated expansion is characterized by the equilibrium point P0. The
equilibrium points P1 and P2 are not interesting from a cosmological point of view. The
other four equilibrium points P3, P4, P5, and P6 represent scaling cosmological solutions.
The equilibrium points P3 and P4 describe a flat FLRW model with an accelerating phase
of expansion for ν2 < 2 and the scalar field describes a dark energy model. The equilibrium
points P5 and P6 also describe the decelerating era of expansion for ν2 > 2 and here curvature
contribution of the matter is non-zero and the scalar field behaves as perfect fluid at the
quintessence barrier. Further, if ν > 2 then curvature matter contribution will dominate over
the scalar field while if

√
2 < ν < 2 then the scalar field is the dominant matter component.

Moreover, from cosmological view point the critical point P0 describes a dust era of evolution
having no effect of DE (Ωϕ = 0). Due to unacceptable cosmological parameters the critical
points P1 and P2 may be discarded. The critical points P3 and P4 are completely dominated
by DE (Ωϕ = 1). For 0 ≤ ν2 ≤ 2 the present model describes the late time accelerated
phase (as predicted by observational data) and ν = 0 describes the observationally supported
ΛCDM model (as expected V (ϕ) becomes V0, a constant), while for 2 < ν2 ≤ 3 the model
goes back to the decelerated era of evolution with ν2 = 3 represents the dust epoch. Lastly
the critical points P5 and P6 have similar behaviour as P3 and P4 and they describe the
ΛCDM model with the choice ν2 = 2/3. Thus it is possible to have an analogy of the present
models with the well-known ΛCDM cosmology. Moreover, if ν2 < 2/3 then the critical points
P5 and P6 may go beyond ΛCDM and they may be related to other tensions in cosmology.
Though both the potential models are cosmologically viable yet model 2 has an edge over
model 1. In model 2, there are scaling solutions (corresponding to critical points P3 − P6)
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indicating the possibility of decelerating era of expansion to the present accelerated expansion
phase. However, such type of expansion is not possible for power law of potential.

Thus, in summary, the present cosmological model based on the spatial curvature with
power law and exponential potential may describe different evolutionary phases of the universe
for which bounce takes place. To study the bouncing universe we need to analyze the behavior
of the vector field at the Minkowski limit with H → 0, i.e., at critical points (at infinity) which
are saddle/saddle-node in nature. Depending on the initial condition, either the transition
comes to pass from expansion to contraction and vice versa, from contraction to expansion of
the universe. It is a well-known fact that so far no observational evidences show the bouncing
nature of the Universe nor there is any evidence of contracting phase of evolution. But due to
rapid improvement in the observational data specially after detection of gravitational wave,
no one can firmly say that such phases of evolution will not reveal through the observations
in future as theoretically it is consistent with Einstein gravity.

The present model describes a change in the universe’s expansion rate (i.e., from expan-
sion to contraction) so it may be possible to have an explanation or it may alleviate the
standard H0-tension. The uncoupled scalar field models do not really increase the H0 value
[718, 430]. Though a coupled scalar field model can reduce the H0 tension, a proper choice
of the coupling function between the scalar field and dark matter [431], it is possible to in-
crease the H0 value compared to the ΛCDM based Plank’s estimation [718]. As a result,
the obtained value of H0 could be closer to the SH0ES value [432]. One may note that the
inclusion of curvature in the cosmological models does not offer any solution to the Hubble
constant tension, rather the tension on H0 increases. Therefore, even if the consideration of
the curvature of the Universe gives a complete picture of the underlying cosmological model,
however, the increasing tension in H0 needs special attention with the growing sensitivity
in the upcoming astronomical probes. In addition, two other additional tensions related to
H0-tension in cosmology, namely the σ8 tension and the galaxy rotation curves problem may
have some issues which we shall study in a future work.

5.7 Some important propositions of this
chapter

Proposition 1 If ρϕ is the energy density and pϕ is the pressure of the scalar field (given by
equations (5.5) and (5.6)) then the second order derivative of the scale factor a(t) with respect
to the cosmic time t, that is, ä > 0 or ä < 0 iff ρϕ + 3pϕ < 0 or ρϕ + 3pϕ > 0 respectively.

Proof: The expression of Hubble parameter H(t) in terms of scale factor a(t) is defined by

H =
ȧ

a
.

Taking differentiation on both sides of the above with respect to t yields

Ḣ =
ä

a
− ȧ2

a2
.
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Substituting H = ȧ
a in left hand side of Eq.(5.8) yields

3
ȧ2

a2
=

1

2
ϕ̇2 + V (ϕ) − 3

K
a2

,

ȧ2

a2
=

1

3

�
1

2
ϕ̇2 + V (ϕ) − 3

K
a2

�
. (5.52)

Plugging the values of Ḣ in left hand side of Eq.(5.9) and using (5.52) yields

2

�
ä

a
− ȧ2

a2

�
= −ϕ̇2 + 2

K
a2

,

2
ä

a
= 2

ȧ2

a2
− ϕ̇2 + 2

K
a2

,

2
ä

a
=

2

3

�
1

2
ϕ̇2 + V (ϕ) − 3

K
a2

�
− ϕ̇2 + 2

K
a2

,

2
ä

a
=

1

3
ϕ̇2 +

2

3
V (ϕ) − ϕ̇2,

ä

a
= −1

3
(ϕ̇2 − V (ϕ)). (5.53)

From equations (5.5) and (5.6), we have

ρϕ =
1

2
ϕ̇2 + V (ϕ),

pϕ =
1

2
ϕ̇2 − V (ϕ).

Note that

ρϕ + 3pϕ =
1

2
ϕ̇2 + V (ϕ) +

3

2
ϕ̇2 − 3V (ϕ) = 2(ϕ̇2 − V (ϕ))

which implies

ϕ̇2 − V (ϕ) =
1

2
(ρϕ + 3pϕ).

Using the above result on the right-hand side of (5.53) yields

ä

a
= −1

6
(ρϕ + 3pϕ). (5.54)

Now one may note from the equation (5.54) that ä > 0 iff

−1

6
(ρϕ + 3pϕ) > 0,

ρϕ + 3pϕ < 0.

and ä < 0, iff
ρϕ + 3pϕ > 0.

This completes the proof.

Proposition 2 The second order derivative of the scale factor a(t) with respect to the cosmic
time t, that is, ä > 0 or ä < 0 iff y2 > 2x2 or y2 < 2x2 respectively where x and y are the
dynamical variables given by the equations (5.11) and (5.12).
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Proof: In the previous proposition, we have shown that at the point of bouncing condition

ρϕ + 3pϕ < 0 or ρϕ + 3pϕ > 0.

From the equations (5.5) and (5.6), we have

ρϕ =
1

2
ϕ̇2 + V (ϕ),

pϕ =
1

2
ϕ̇2 − V (ϕ).

Plugging the expressions of ρϕ and pϕ into the first bouncing condition (i.e., ρϕ + 3pϕ < 0)
yields

1

2
ϕ̇2 + V (ϕ) + 3

�
1

2
ϕ̇2 − V (ϕ)

�
< 0,

2ϕ̇2 − 2V (ϕ) < 0,

ϕ̇2 < V (ϕ). (5.55)

In terms of dynamical variables, from equations (5.11) and (5.12), we have

ϕ̇ =
√

6Hx,

V (ϕ) = 3H2y2.

Substituting these into (5.55) yields

(
√

6Hx)2 < 3H2y2,

6H2x2 < 3H2y2,

y2 > 2x2.

Similarly, by substituting the values of pϕ and ρϕ from the equations (5.5) and (5.6) into the
second bouncing condition (i.e., ρϕ + 3pϕ > 0), we can show that y2 < 2x2. This completes
the proof.

Proposition 3 Equation (5.18) can be obtained by using equations (5.15), (5.16) and the
constraint equation (5.24).

Proof: By taking differentiation both sides of (5.24) with respect to N yields

2x
dx

dN
+ 2y

dy

dN
− 6Ku

du

dN
= 0,

du

dN
=

1

3Ku

�
x
dx

dN
+ y

dy

dN

�
.

Now by substituting the equations (5.15) and (5.16) in the right hand side of above yields

du

dN
=

1

3Ku

(
−3x2 −

r
3

2

�
V ′

V

�
xy2 + 3x4 − 3Ku2x2 + 3y2x2 − 3Ku2y2 +

r
3

2

�
V ′

V

�
xy2

)

=
1

3Ku
{−3Ku2(x2 + y2) + 3x2(y2 + x2 − 1)}.
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From the equation (5.24), we have

x2 + y2 − 1 = 3Ku2.

Plugging this into the second term of the right-hand side of the last expression yields

du

dN
=

1

3Ku
{9Ku2x2 − 3Ku2(x2 + y2)}

=
1

3Ku
{3Ku2(3x2 − x2 − y2)}

= u(2x2 − y2).

This completes the proof.

Proposition 4 The expressions of the center manifold corresponding to the critical point

C1 are given by u = 0 and v = −µ2

72w
2 + O(w4), and the flow on the center manifold is

determined by w′ = −µ
6w

3 + O(w4).

Proof: The Jacobian matrix at the critical point C1 can be put as

J(C1) =




−3 0 µ
2

0 −2 0

0 0 0


 . (5.56)

The eigenvalues of the above matrix are −3, −2 and 0 with [1, 0, 0]T , [0, 1, 0]T and
�µ
6 , 0, 1

�T
are the corresponding eigenvectors respectively. To apply center manifold theory, first, we
transform the coordinates into a new system x = X, y = Y + 1, z = Z, such that the critical
point C1 moves to the origin. By using the eigenvectors of the Jacobian matrix J(C1), we
introduce another set of new coordinates (u, v, w) in terms of (X, Y, Z) as




u

v

w


 =




1 0 −µ
6

0 1 0

0 0 1







X

Y

Z


 (5.57)

and in these new coordinate system, the equations (5.28 − 5.30) are transformed into




u′

v′

w′


 =




−3 0 0

0 −2 0

0 0 0







u

v

w


 +




non

linear

terms


 . (5.58)

By center manifold theory there exists a continuously differentiable function h : R→R2 such
that

h(w) =


u
v


 =


a1w

2 + a2w
3 + O(w4)

b1w
2 + b2w

3 + O(w4)


 . (5.59)
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Differentiating both sides with respect to N , we get

u′ = (2a1w + 3a2w
2)w′ + O(w3) (5.60)

v′ = (2b1w + 3b2w
2)w′ + O(w3) (5.61)

where ai, bi ∈ R. We only concern about the non-zero coefficients of the lowest power
terms in CMT as we analyze the stability in an arbitrarily small neighborhood of the origin.
Comparing coefficients corresponding to power of w both sides of (5.60) and (5.61), we get

ai = 0 and b1 = µ2

72 , b2 = 0. So, the center manifold can be written as

u = 0, (5.62)

v = −µ2

72
w2 + O(w4) (5.63)

and the flow on the center manifold is determined by

w′ = −µ

6
w3 + O(w4). (5.64)
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CHAPTER 6

DYNAMICAL SYSTEM ANALYSIS OF
QUINTESSENCE DARK ENERGY

MODEL

6.1 Prelude

In cosmology, till the early 90’s the challenging issue was to find the analytic solution of the
evolution equations which are highly non-linear and coupled in nature. As a result, it was
very hard to find any cosmological inferences from the cosmological models. But the situation
changes since late 90’s [749] when the dynamical system approach has been applied in the
field of cosmology. Dynamical system analysis is a very powerful mathematical tool that
provides information from the evolution equations without any reference to initial conditions
or any specific behavior at any intermediate instant [750]. There may be infinite possible
evolution for a general cosmological scenario but its asymptotic behavior particularly at late
times are limited to a few different classes. These few classes can be identified as stable
critical points if the cosmic evolution equations can be converted into an autonomous form.
Thus by analyzing such critical points, one may infer about the late time evolution of the
universe without going for any analytic solution or ambiguity to the initial conditions not
arise. So far most of the dynamical analysis at cosmological scenarios is restricted to the
background level, i.e., formation of autonomous system, determination of critical points, and
estimation of the relevant cosmological parameters namely density parameter, the equation
of state parameter and so on.

This chapter deals with a standard cosmological model in the context of the present ac-
celerating phase namely the quintessence dark energy scalar field model having exponential
potential. Using suitable choice of the variables the evolution equations are converted into a
discrete type autonomous system and the critical points are analyzed using center manifold
theory and stability analysis has been presented with Schwarzian derivative. The manuscript
is organized as follows: In Section 6.2 we discuss the background of Quintessence scenarios
under flat FLRW space-time. In Section 6.3 we construct the autonomous system corre-
sponding to the basic equations of the cosmological model and critical points are determined
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in this section. Stability analysis of all critical points for various choices of the involving pa-
rameters is shown in Section 6.4 from the perspective of discrete dynamical system analysis.
We present global dynamical analysis and cosmological implications in Section 6.5. Finally,
a brief discussion and important concluding remarks of this work are proposed in Sec. 6.6.

6.2 Background of Quintessence Scenarios

In the perspective of phase space analysis of the basic dynamical dark energy scenario, namely
the quintessence one with an exponential potential, which is the archetype quintessence sce-
nario due to the well-posed theoretical justification of exponential potentials [751, 752, 753,
754, 755]. In the background of flat FLRW space-time, the Friedman equations for the general
cosmological model are (choosing 8πG = 1 = c)

3H2 = ρm + ρd (6.1)

and

2Ḣ = − {(ρm + pm) + (ρd + pd)} (6.2)

with (ρm, pm) and (ρd, pd) the energy density and thermodynamic pressure for the matter
component and the dark energy component respectively. The ‘dot’ denotes the derivative
with respect to time, H = ȧ

a is the Hubble parameter. The energy-momentum conservation
relations for these matter components are (assuming non-interacting)

˙ρm + 3H(ρm + pm) = 0, (6.3)

ρ̇d + 3H(ρd + pd) = 0 (6.4)

with ωm = pm/ρm and ωd = pd/ρd, the equation of state parameters for the two compo-
nents.

As a particular choice, if we assume pd = −ρd = −Λ, the cosmological constant, ωm (i.e., pm) =
0, then the above cosmological model is termed as ΛCDM model. On the other hand, if the
dark energy is introduced as a scalar field ϕ with self-interacting potential V (ϕ), we have the
basic quintessence model, i.e.,

ρd = ρϕ =
1

2
ϕ̇2 + V (ϕ), (6.5)

and

pd = pϕ =
1

2
ϕ̇2 − V (ϕ) (6.6)

then the conservation equation (6.4) becomes the Klein-Gordon equation

ϕ̈ + 3Hϕ̇ +
∂V

∂ϕ
= 0 (6.7)

where V ′(ϕ) ≡ ∂V/∂ϕ. This is usually known as the quintessence dark energy model.
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On the other hand, the equation (6.2) can be written as the following

2Ḣ = −ϕ̇2 − (1 + ωm)ρm (6.8)

As the above evolution equations are coupled and nonlinear in nature so it is hard to solve
them analytically. However, even without any solution, it is possible to get information about
cosmological evaluation by using a dynamical system approach [756, 757, 639, 636, 758]. This
powerful method does not depend on the initial conditions or the evolution pattern at any
intermediate instant [750]. Using suitable dimensionless variables the evolution equation can
be converted into an autonomous set whose stable critical points correspond to different cos-
mological epochs. Since late 90’s, this approach has been widely used in various cosmological
models to get inferences from critical points. These studies are mainly confined to the back-
ground level and the critical points mostly correspond to behavior at early cosmological eras
[749, 759, 760, 761]. The dynamical analysis can be enriched further with using bifurcation
theory methods [421]. In this method, we inspect the phase transition of the evolution of the
Universe. We also characterize the generic and non-generic evolution of the Universe based
on the initial and late time states of the evolution of the Universe [762, 763, 764, 708].

6.3 Formation of the autonomous system
and critical points determination

The essence of the dynamical system approach is to transform the equations into an au-
tonomous system using τ ≡ ln a as the dynamical variable. In the case of the quintessence
scenario, the potential as of the form V = V0e

−λϕ (exponential potential) [627, 754, 765, 707]
is imposed on the scalar field. We introduce the auxiliary variables

x ≡ ϕ̇√
6H

, y ≡
√
V√

3H
, (6.9)

where x2 stands for the relative kinetic energy density of the scalar field and y2 stands for its
relative potential energy density of ϕ.

The equations (6.7) and (6.8) can be expressed as the following autonomous system using
the above auxiliary variables

x′ =
3

2
x
�
2x2 + γm(1 − x2 − y2)

�
− 3x +

r
3

2
λy2, (6.10)

y′ =
3

2
y
�
2x2 + γm(1 − x2 − y2)

�
−
r

3

2
λxy, (6.11)

with γm ≡ ωm + 1, in terms of which the various density parameters are expressed as Ωd =

x2 + y2, Ωm = 1 − Ωd, while ωd = x2−y2

x2+y2
and the expressions of total equation of state

parameter ωtotal and deceleration parameter q are given by

ωtotal = 2x2 − 1 + γm(1 − x2 − y2),

q =
3

2
γm(1 − x2 − y2) + 3x2 − 1.
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In this paper, we study the discrete time dynamical systems associated with the system
(6.10− 6.11). To study discrete time dynamical system analysis, first, we write the following
proposition:

Proposition 5 Let us consider the two dimensional nonlinear system of equations

dx

dt
= f(x, y), (6.12)

dy

dt
= g(x, y). (6.13)

The discrete dynamical system corresponding to the above system is given by

xn+1 = xn + hf(xn, yn),

yn+1 = yn + hg(xn, yn).

Proof: We start with a discrete set of points t0, t1, . . . , tn, . . . , with h = tn+1 − tn as
step size. Then, for tn ≤ t < tn+1, we approximate x(t) by x(tn) and dx

dt = f(x(t), y(t)) by

x(tn+1)−x(tn)
h where x(t) and y(t) respectively denotes ϕ̇(t)√

6H(t)
and

√
V (t)√
3H(t)

. Equation (6.12) can

be approximated as
x(tn+1) = x(tn) + hf(x(tn), y(tn))

Proceeding in similar way, from (6.13), we get

y(tn+1) = y(tn) + hg(x(tn), y(tn))

Consideing x(tn) = xn, x(tn+1) = xn+1, we can write the above two equations in the simpler
form

xn+1 = xn + hf(xn, yn),

yn+1 = yn + hg(xn, yn).

The discrete time dynamical systems associated with the system (6.10 − 6.11) can be
expressed as

xn+1 = h

 
3

2
xn

�
2x2n + γm(1 − x2n − y2n)

�
− 3xn +

r
3

2
λy2n

!
+ xn, (6.14)

yn+1 = h

 
3

2
yn

�
2x2n + γm(1 − x2n − y2n)

�
−
r

3

2
λxnyn

!
+ yn. (6.15)

Let us define the operator W : R2 → R2 by W (x, y) = (x, y), where (considering the step
size h = 1 [421])

x =
3

2
x
�
2x2 + γm(1 − x2 − y2)

�
− 3x +

r
3

2
λy2 + x, (6.16)

y =
3

2
y
�
2x2 + γm(1 − x2 − y2)

�
−
r

3

2
λxy + y. (6.17)

Here, we considered xn+1 = x, yn+1 = y and xn = x, yn = y for simplicity of calculation.
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Definition 6.3.1 (Fixed points.) A point z ∈ R2 is called a fixed point [421] of W if
W (z) = z.

By using the definition of fixed points, we can obtain the fixed points corresponding to
the system (6.16 − 6.17) which are shown in Table 6.1. The existence of the fixed points is
also shown in this table.

Table 6.1: Table shows the set of critical points and their existence corresponding to
the autonomous system (6.16− 6.17) :

CPs Existence x y Ωd ωd ωtotal q

A For all λ 0 0 0 NA γm − 1 3
2
γm − 1

B For all λ 1 0 1 1 1 2

C For all λ −1 0 1 1 1 2

D −
√
6 ≤ λ ≤

√
6

λ√
6

r
1− λ2

6
1 λ2

3
− 1 λ2

3
− 1 λ2

2
− 1

E λ2 > 3γm

r
3

2

γm
λ

r
3(2− γm)γm

2λ2

3γm
λ2 γm − 1 γm − 1 3

2
γm − 1

6.4 STABILITY ANALYSIS

In this section, we will establish some simple but powerful criteria for the local stability of fixed
points [422, 766, 767]. Fixed (equilibrium) points may be divided into two types: hyperbolic
and nonhyperbolic. A fixed point x∗ of a map f is said to be hyperbolic if |f ′(x∗)| ̸= 1.
Otherwise, it is nonhyperbolic. To find the type of a fixed point of the system (6.16 − 6.17)
we write the Jacobian matrix at (x, y):

J(x, y) =





−2 + 3

2γm
�

+ x2
�

9 − 9γm
2

�
− 3

2γmy2 −3γmxy +
√

6λy

6xy − 3γmxy −
q

3
2λy


3
2γm + 1

�
−
q

3
2λx +


3 − 3

2γm
�
x2 − 9

2γmy2




Now we discuss the stability of all fixed points corresponding to the system (6.16 − 6.17).
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• The fixed point A exists for all λ. For this solution, the kinetic term is subdominant com-
pared to the matter contribution in equation (6.8). The DE can represent either quitessence
or any other exotic type fluid depending on the parameter γm. Specially, for 0 < γm < 2

3 , the
scalar field behaves as quintessence like fluid and there exists an accelerated universe (since
for this case, −1 < ωtotal < −1

3 , q < 0) near the critical point whereas the scalar field DE
behaves as cosmological constant for γm = 0 and in this case the cosmic evolution near the
point characterizes the ΛCDM model (ωtotal = 0, q = −1, Ωd = 0) of evolution.

The eigenvalues of the Jacobian matrix J(A) are λ1 = −2 + 3
2γm and λ2 = 3

2γm + 1. The
fixed point A is hyperbolic if γm ̸= 0, 23 because for these values of γm (that is, for γm = 0, 23),
the absolute value of one of the eigenvalues of J(A) is 1 and the fixed point is nonhyperbolic
if γm = 0 or 2

3 . Now we analyze the stability of the critical point A for both of the cases
(hyperbolic and nonhyperbolic).

Hyperbolic case

γm ̸= 0, 23

�
:

For the physically meaningful case: 0 ≤ γm < 2. So for the hyperbolic case we consider
the value of γm only when γm ∈


0, 23

�
∪

2
3 , 2

�
. We can easily see that 0 < λ1 < 1 for

γm ∈

4
3 , 2

�
, −1 < λ1 < 0 for γm ∈


2
3 ,

4
3

�
, λ1 < −1 if γm ∈


0, 23

�
and λ2 > 1 for γm ∈ (0, 2).

That means, for γm ∈

4
3 , 2

�
we have 0 < λ1 < 1 < λ2 which implies that the critical point

A is a saddle point, for γm ∈

2
3 ,

4
3

�
we have −1 < λ1 < 0,λ2 > 1 which suggests that the

critical point A is also a saddle point, and for γm ∈

0, 23

�
we have λ1 < −1,λ2 > 1 which

concludes that the critical point A is a source.

Nonhyperbolic case

γm = 0 or 2

3

�
:

To analyze the fixed point A for this case, we use the center manifold theory. For γm = 0,
the system (6.16 − 6.17) modifies to

x = −2x + 3x3 +

r
3

2
λy2,

y = y + 3x2y −
r

3

2
λxy.

Consider the map F =

�
f
g

�
defined by



x

y


 7−→



−2 0

0 1






x

y


 +


 3x3 +

q
3
2λy

2

3x2y −
q

3
2λxy


 .

Then,
Mc =

�
(x, y) ∈ R2 : x = h(y), h(0) = h′(0) = 0

	
.

The function h must satisfy Equation (1.180)

h (By + g(h(y), y)) −Ah(y) − f(h(y), y) = 0

or

h

 
y + 3yh2(y) −

r
3

2
λyh(y)

!
+ 2h(y) −

 
3h3(y) +

r
3

2
λy2

!
= 0. (6.18)
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Let us assume that h(y) takes the form

h(y) = c1y
2 + c2y

3 + O(y4). (6.19)

Then, substituting Equation (6.19) in Equation (6.18) and writing the terms upto degree 3
yields

c1y
2 + c2y

3 + 2(c1y
2 + c2y

3) −
r

3

2
λy2 + · · · = 0.

As we analyze the arbitrary neighborhood of the origin so by comparing both sides the
coefficient of y2 and y3 yields

c1 + 2c1 −
r

3

2
λ = 0 =⇒ c1 =

λ√
6

;

c2 + 2c2 = 0 =⇒ c2 = 0.

Consequently, h(y) = λ√
6
y2 + O(y4) and the map g on the center manifold is given by

y 7−→ y − λ2

2
y3 + O(y4).

Notice that y∗ = 0 is a fixed point of g at which g′(0) = 1, g′′(0) = 0, and g′′′(0) = −3λ2 < 0.
This implies by Theorem 4 that the critical point A is asymptotically stable (see figure 6.1)

under the map F =

�
f
g

�
. To verify our conclusion, we also draw the phase portrait of

the original system numerically (see figure 6.2). From that plot, we can conclude that our
theoretical result is exactly the same as the result which is obtained by plotting the system
numerically.

For γm = 2
3 , the calculation of the center manifold is shown in Appendix 2. From the cal-

culation and the second equation corresponding to the autonomous system, we can conclude
that the critical point A is unstable in nature for this case.

• The critical point B corresponds to solution where the constraint equation (6.8) is
dominated by the kinetic energy of the scalar field with a stiff equation of state ωd = 1 and
there exist a decelerating phase of the universe.

The eigenvalues of the Jacobian matrix J(B) are λ1 = 7 − 3γm and λ2 = 4 −
q

3
2λ.

The fixed point B is hyperbolic if λ ̸=
√

6, 5
√
2√
3

because for these values of λ (that is, for

λ =
√

6, 5
√
2√
3

), the absolute value of one of the eigenvalues of J(B) is 1 and the fixed point is

nonhyperbolic if λ =
√

6 or λ = 5
√
2√
3

. Now we analyze the stability of the critical point B for

both of the cases (hyperbolic and nonhyperbolic).

Hyperbolic case
�
λ ̸=

√
6, 5

√
2√
3

�
:

For the physically meaningful case: 0 ≤ γm < 2. We can easily see that λ1 > 1 for all

γm ∈ [0, 2). Further, we can see that λ2 > 1 when λ <
√

6, 0 < λ2 < 1 when
√

6 < λ < 4
√
2√
3

,

−1 < λ2 < 0 when 4
√
2√
3

< λ < 5
√
2√
3

, and λ2 < −1 when λ > 5
√
2√
3

. It follows that the fixed

point B is a source for λ <
√

6 or λ > 5
√
2√
3

, and saddle point for λ ∈
�√

6, 4
√
2√
3

�
∪
�
4
√
2√
3
, 5

√
2√
3

�
.
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Figure 6.1: The curve h(y) = λ√
6
y2 + O(y4) is the graph of the center manifold Mc.

The orbits on the x-axis oscillate but converge to the origin. (a) is for λ > 0 and (b)
is for λ < 0.

Figure 6.2: The panel of the figures show the phase portrait of autonomous system
(6.10− 6.11) corresponding to the fixed point A. (a) is for λ > 0 and (b) is for λ < 0.
From these plots, we can easily observe that there exists a curve along which the system
converges to the origin and that curve is nothing but the center manifold which we
have obtained theoretically.
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Nonhyperbolic case
�
λ =

√
6 or λ = 5

√
2√
3

�
:

To apply center manifold theory, first, we have to transform the critical point B to
the origin. To do that, we consider the shifting transformation x = X + 1, y = Y and
after applying the shifting transformation and putting λ =

√
6, we can determine that the

equations of center manifold [422] is given by h(Y ) = −1
2Y

2 + O(Y 4) and the map g on the
center manifold is

Y 7−→ Y − 3

2
Y 3 + O(Y 5).

Notice that Y ∗ = 0 is a fixed point of g at which g′(0) = 1, g′′(0) = 0, and g′′′(0) = −9 < 0.
This implies by Theorem 4 that the flow is stable along the center manifold but the critical
point is unstable (semistable) as λ1 > 1 for all γm.

After applying the shifting transformation and putting λ = 5
√
2√
3

, the equation of the center

manifold is given by h(Y ) = 10−3γm
2(3γm−6)Y

2 + O(Y 4) and the map g on the center manifold is
given by

Y 7−→ −Y +
5

6

�
2 − 3γm
γm − 2

�
Y 3 + O(Y 5).

Notice that Y ∗ = 0 is a fixed point of g at which g′(0) = −1. Now we determine the
Schwarzian derivative, Sg, of the function g.

Sg(0) = −g′′′(0) − 3

2

�
g′′(0)

�2
=

5(3γm − 2)

γm − 2
.

We can easily check that Sg(0) > 0 while γm < 2
3 and Sg(0) < 0 while 2

3 < γm < 2. Thus
by using Theorem 5, we can conclude that Y ∗ = 0 is stable along the center manifold when
2
3 < γm < 2 but as λ1 > 1 for all γm, this implies that Y ∗ = 0 is semi stable for 2

3 < γm < 2

and unstable under the map g when γm < 2
3 . This implies by Theorem 8 that for λ = 5

√
2√
3

the fixed point B is semi stable under the map F for 2
3 < γm < 2 and unstable under the

map F for γm < 2
3 .

• Similar to the critical point B, the critical point C also corresponds to solution where
the constraint equation (6.8) is dominated by the kinetic energy of the scalar field with a stiff
equation of state ωd = 1 and there exist a decelerating phase of the universe.

The eigenvalues of the Jacobian matrix J(C) are λ1 = 7 − 3γm and λ2 = 4 +
q

3
2λ. The

fixed point C is hyperbolic if λ ̸= −
√

6, −5
√
2√
3

because for these two values of λ, the absolute

value of one of the eigenvalues of J(C) is 1 and the fixed point is nonhyperbolic if λ = −
√

6

or λ = −5
√
2√
3

. Now we analyze the stability of the critical point C for both of the cases

(hyperbolic and nonhyperbolic).

Hyperbolic case
�
λ ̸= −

√
6,−5

√
2√
3

�
:

For the physically meaningful case: 0 ≤ γm < 2. We can easily see that λ1 > 1 for
all γm ∈ [0, 2). Further, we can see that λ2 > 1 when λ > −

√
6, 0 < λ2 < 1 when

−4
√
2√
3
< λ < −

√
6, −1 < λ2 < 0 when −5

√
2√
3
< λ < −4

√
2√
3

, and λ2 < −1 when λ < −5
√
2√
3

. It

follows that the fixed point C is a source for λ ∈ (−∞,−5
√
2√
3

) ∪ (−
√

6,∞), and saddle point
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for λ ∈
�
−4

√
2√
3
,−

√
6
�
∪
�
−5

√
2√
3
,−4

√
2√
3

�
.

Nonhyperbolic case
�
λ = −

√
6 or λ = −5

√
2√
3

�
:

To apply center manifold theory, first, we have to transform the critical point B to
the origin. To do that, we consider the shifting transformation x = X − 1, y = Y and
after applying the shifting transformation and putting λ = −

√
6, the equation of the center

manifold can be written as h(Y ) = 1
2Y

2 + O(Y 4) and the map g on the center manifold is
given by

Y 7−→ Y − 3

2
Y 3 + O(Y 5).

Notice that Y ∗ = 0 is a fixed point of g at which g′(0) = 1, g′′(0) = 0, and g′′′(0) = −9 < 0.
This implies by Theorem 4 that the critical point C is stable along the center manifold but
as λ1 > 1 for all γm so the critical point is semi stable in nature.

After applying the shifting transformation and putting λ = −5
√
2√
3

, the equation of the

center manifold can be written as h(Y ) = 3γm−10
2(3γm−6)Y

2 + O(Y 4) and the map g on the center
manifold is given by

Y 7−→ −Y +
5

6

�
2 − 3γm
γm − 2

�
Y 3 + O(Y 5).

Notice that Y ∗ = 0 is a fixed point of g at which g′(0) = −1. Now we determine the
Schwarzian derivative, Sg, of the function g.

Sg(0) = −g′′′(0) − 3

2

�
g′′(0)

�2
=

5(3γm − 2)

γm − 2
.

We can easily check that Sg(0) > 0 while γm < 2
3 and Sg(0) < 0 while 2

3 < γm < 2. Thus
by using Theorem 5, we conclude that Y ∗ = 0 is asymptotically stable for 2

3 < γm < 2 and

unstable under the map g when γm < 2
3 . This implies by Theorem 8 that for λ = −5

√
2√
3

, the

fixed point C is asymptotically stable under the map F for 2
3 < γm < 2 and unstable under

the map F for γm < 2
3 .

• The critical point D exists for −
√

6 ≤ λ ≤
√

6. Varying λ we get a non-isolated set
of critical points which are completely dominated by kinetic energy (Ωd = 1 and ϕ̇ ̸= 0). It
is to be noted that the DE can represent either quintessence or any other exotic type fluid
depending on the parameter λ. The restriction 0 < λ2 < 2 implies that the scalar field
behaves as quintessence like fluid and there exists an accelerated universe (since for this case,
−1 < ωtotal < −1/3, q < 0) near these critical points whereas the scalar field DE behaves as
dust for λ2 = 3 (ωϕ = 0) and in this case, the solutions insinuate decelerating phase of the
cosmic evolution.

The eigenvalues of the Jacobian matrix J(D) are λ1 = 1
2(λ2 − 4) and λ2 = 1 + λ2 − 3γm.

The fixed point D is hyperbolic if γm ̸= λ2

3 , λ
2+2
3 ; λ ̸= ±

√
6, ±

√
2 because for these values

of γm and λ, the absolute value of one of the eigenvalues of J(D) is 1 and the fixed point

is nonhyperbolic if γm = λ2

3 or γm = λ2+2
3 or λ = ±

√
6 or λ = ±

√
2. Now we analyze the

stability of the critical point D for both of the cases (hyperbolic and nonhyperbolic).

Hyperbolic case
�
γm ̸= λ2

3 , λ
2+2
3 ;λ ̸= ±

√
6, ±

√
2
�

:
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For γm ∈ [0, 2), we can see that λ1,λ2 < 1 while λ2 < 3γm; λ1 < 1,λ2 > 1 while
3γm < λ2 < 6; λ1,λ2 > 1 while λ2 > 6. It follows that for γm ∈ [0, 2), the fixed point D
is a stable node (sink) while λ2 < 3γm, saddle point while 3γm < λ2 < 6 and unstable node
(source) while λ2 > 6.

Nonhyperbolic case
�
γm = λ2

3 or γm = λ2+2
3 or λ = ±

√
6, or λ = ±

√
2
�

:

First of all, note that for λ =
√

6 the coordinate of critical point D is equivalent to the
coordinate of critical point B and the stability of the critical point B for λ =

√
6 already

discussed. Further note that for λ = −
√

6 the coordinate of critical point D is equivalent
to the coordinate of critical point C and the stability of the critical point C for λ = −

√
6

already discussed. So here we will not discuss the stability of the fixed point D for λ = ±
√

6.
Now we discuss the stability of the fixed point D for λ =

√
2.

To analyze the fixed point D for λ =
√

2, we use center manifold theory. To apply center
manifold theory, first, we have to transform the critical point D to the origin. To do that, we

consider the shifting transformation x = X + λ√
6
, y = Y +

q
1 − λ2

6 and after applying the

shifting transformation and putting λ =
√

2, the discrete dynamical system associated with
the system (6.10 − 6.11)can be written as

X = X − 3

2
X3γm − 3

√
3

2
X2γm −Xγm − 3

2
XY 2γm −

√
6XY γm −

√
3

2
Y 2γm −

√
2Y γm

+ 3X3 + 3
√

3X2 +
√

3Y 2 + 2
√

2Y,

Y = Y −
r

3

2
X2γm − 3

2
X2Y γm −

√
2Xγm −

√
3XY γm − 3

2
Y 3γm − 3

r
3

2
Y 2γm − 2Y γm

+ 3X2Y +
√

6X2 +
√

3XY +
√

2X.

Next, we use a coordinate transformation u = Pv where u = (X Y )T , v = (u v)T , P =
(v1 v2), and v1, v2 are the eigenvectors corresponding to the eigenvalues λ1, λ2 respectively.

The equation of center manifold can be written as h(u) = 9
√
3(γm−2)

2(2−3γm)(4−3γm)u
2 +O(u3) and the

map f on the center manifold is given by

u 7−→ −u +
1

4 − 3γm

 
−5

√
6 + 9

r
3

2
γm

!
u2 +

3

27γ3m − 54γ2m − 12γm + 56

�

2 (4 − 3γm) 2 (3γm − 2)
u3 + O(u4).

Notice that u∗ = 0 is a fixed point of f at which f ′(0) = −1. Now we determine the
Schwarzian derivative, Sf , of the function f .

Sf(0) = −f ′′′(0) − 3

2

�
f ′′(0)

�2
= −162


15γ3m − 42γ2m + 36γm − 8

�

(4 − 3γm)2(3γm − 2)
.

We can check that Sf(0) < 0 when γm < 0.342 or γm > 2
3 and while 0.342 < γm < 2

3
then Sf(0) > 0. Thus by using Theorem 5, we can conclude that u∗ = 0 is asymptotically
stable under the map f when γm < 0.342 or γm > 2

3 and unstable under the map f while

0.342 < γm < 2
3 . This implies by Theorem 8 that for λ =

√
2 the fixed point D is asymptot-

ically stable under the map F when γm < 0.342 or γm > 2
3 and unstable under the map F
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when 0.342 < γm < 2
3 .

For λ = −
√

2, after considering the shifting transformation x = X+ λ√
6
, y = Y +

q
1 − λ2

6

and putting λ = −
√

2, the system (6.16 − 6.17) modifies to

X = X − 1

2
3X3γm +

3

2

√
3X2γm −Xγm − 3

2
XY 2γm −

√
6XY γm +

1

2

√
3Y 2γm +

√
2Y γm

+ 3X3 − 3
√

3X2 −
√

3Y 2 − 2
√

2Y,

Y = Y −
r

3

2
X2γm − 3

2
X2Y γm +

√
2Xγm +

√
3XY γm − 1

2
3Y 3γm − 3

r
3

2
Y 2γm − 2Y γm

+ 3X2Y +
√

6X2 −
√

3XY −
√

2X.

Next, we use a coordinate transformation u = Pv where u = (X Y )T , v = (u v)T , P =
(v1 v2), and v1, v2 are the eigenvectors corresponding to the eigenvalues λ1, λ2 respectively.

The equation of center manifold can be written as h(u) = 9
√
3(2−γm)

2(2−3γm)(4−3γm)u
2 +O(u3) and the

map f on the center manifold is given by

u 7−→ −u +
1

4 − 3γm

 
−5

√
6 + 9

r
3

2
γm

!
u2 +

3

27γ3m − 54γ2m − 12γm + 56

�

2 (9γ2m − 18γm + 8)
u3 + O(u4).

Notice that u∗ = 0 is a fixed point of f at which f ′(0) = −1. Now we determine the
Schwarzian derivative, Sf , of the function f .

Sf(0) = −f ′′′(0) − 3

2

�
f ′′(0)

�2
= −9


81γ4m − 27γ3m − 522γ2m + 876γm − 424

�

(4 − 3γm)2(3γm − 2)
.

We can check that Sf(0) < 0 while γm > 1.245 or γm < 2
3 and Sf(0) > 0 while 2

3 < γm <
1.245. Thus by using Theorem 5, we can conclude that u∗ = 0 is asymptotically stable under
the map f when γm > 1.245 or γm < 2

3 and unstable under the map g when 2
3 < γm < 1.245.

This implies by Theorem 8 that for λ = −
√

2 the fixed point D is asymptotically stable under
the map F when γm > 1.245 or γm < 2

3 and unstable under the map F when 2
3 < γm < 1.245.

To analyze the fixed point D for γm = λ2

3 , we use center manifold theory. To apply center
manifold theory, first, we have to transform the critical point D to the origin. To do that,

we consider the shifting transformation x = X + λ√
6
, y = Y +

q
1 − λ2

6 and after applying

the shifting transformation and putting γm = λ2

3 , the system (6.16 − 6.17) modifies to



X

Y


 7−→




−2 + 3
2λ

2 − λ4

6

√
6
�

1 − λ2

6

�3/2

q
3
2λ
q

1 − λ2

6

�
1 − λ2

3

�
1 − λ2 + λ4

6






X

Y


 +




non
linear
terms.


 .

Next, we use a coordinate transformation u = Pv where u = (X Y )T , v = (u v)T , P =
(v1 v2), and v1, v2 are the eigenvectors corresponding to the eigenvalues λ1, λ2 respectively.

The equation of center manifold can be represented as h(u) = −
q

3
2

λ2(2λ2−3)√
6−λ2(λ2−3)2

u2 + O(u3)

and the map f on the center manifold is given by

u 7−→ u +

√
6λ2(6 − λ2)

(λ2 − 3)2
u2 +

λ2
√

6 − λ2(9 − 12λ2)

(λ2 − 3)3
u3 + O(u4).
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Notice that u∗ = 0 is a fixed point of f at which

f ′(0) = 1,

f ′′(0) =
2
√

6λ2(6 − λ2)

(λ2 − 3)2
,

f ′′′(0) =
18λ2(3 − 4λ2)

√
6 − λ2

(λ2 − 3)3
.

This implies by Theorem 4 that the critical point D is unstable (semistable) when λ ̸= 0,±
√

6.
For λ = 0 or λ = ±

√
6 no conclusion can be determined. Also note that for λ = ±

√
6, the

corresponding value of γm is γm = 2 which is not also physically meaningful case.

To analyze the fixed point D for γm = λ2+2
3 , we use center manifold theory. To apply

center manifold theory, first, we have to transform the critical point D to the origin. To

do that, we consider the shifting transformation x = X + λ√
6
, y = Y +

q
1 − λ2

6 and after

applying the shifting transformation and putting γm = λ2+2
3 , the system (6.16−6.17) modifies

to



X

Y


 7−→




−λ4

6 + 7λ2

6 − 2 2
3λ

√
6 − λ2 − 1

6λ
3
√

6 − λ2

1
6λ

√
6 − λ2 − 1

6λ
3
√

6 − λ2 λ4

6 − 2λ2

3 − 1






X

Y


 +




non
linear
terms.


 .

Next, we use a coordinate transformation u = Pv where u = (X Y )T , v = (u v)T , P =
(v1 v2), and v1, v2 are the eigenvectors corresponding to the eigenvalues λ1, λ2 respectively.

The equation of centermanifold can be represented as h(u) =
q

3
2

λ√
6−λ2

�
2λ6−15λ4+30λ2−8

2−λ2

�
u2+

O(u3) and the map f on the center manifold is given by

u 7−→ −u +
−6

√
6

λ2 − 6

�
λ8 − 12λ6 + 41λ4 − 48λ2 + 12

�

2(λ2 − 2)
u2

+
9
√

6 − λ2

2λ12 − 47λ10 + 357λ8 − 1168λ6 + 1692λ4 − 896λ2 + 96

�

2(λ2 − 2)
u3 + O(u4).

Notice that u∗ = 0 is a fixed point of f at which f ′(0) = −1. Now we determine the
Schwarzian derivative, Sf , of the function f .

Sf(0) = −f ′′′(0) − 3

2

�
f ′′(0)

�2

= −6

 
6
√

6

λ2 − 6

�
λ8 − 12λ6 + 41λ4 − 48λ2 + 12

�

2 (λ2 − 2)

!2

−
6
�

9
√

6 − λ2

2λ12 − 47λ10 + 357λ8 − 1168λ6 + 1692λ4 − 896λ2 + 96

��

2 (λ2 − 2)
.

By considering various values of λ, we can check that Sf(0) < 0. As −
√

6 < λ <
√

6,
to determine the value of Sf(0), we have taken λ = 0,±1,±2 and see that for these values
of λ, Sf(0) < 0. Thus by using Theorem 5, we can conclude that u∗ = 0 is asymptotically

stable under the map f . This implies by Theorem 8 that for γm = λ2+2
3 the fixed point D is
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asymptotically stable under the map F for all values of λ ∈ (−
√

6,
√

6).

• The critical point E exists for λ2 > 3γm. Scaling solutions are represented by these
critical points. These non-isolated set of critical points are hyperbolic or normally-hyperbolic
in nature depending on the values of λ and γm. At γm = 2

3 , the scalar field DE behaves as
a quintessence boundary. The cosmic coincidence problem can be alleviated by these points
depending on the values of λ and γm.

The critical point E has more complicated stability conditions. The stability status of E
is depicted in Figure 6.3. In those figures, we have shown the phase portrait near the critical
point E numerically for several physically meaningful values of λ and γm. From these plots,
we can conclude that the critical point E is a spiral sink and asymptotically stable in nature
for (λ = ±2, γm = 1),


λ = ±

√
6, γm = 4

3

�
.

6.5 Cosmological Implications

It is to be noted that the constraint equation Ωϕ = x2 + y2 yields 0 ≤ x2 + y2 ≤ 1, for a
non-negative fluid density ρd ≥ 0. So the evolution of this system is completely confined to a
unit disc. The lower half-disc, i.e., y < 0 transpires H < 0 which corresponds to contracting
universes. Without loss of generality, we restrict our discussion to the upper-half disc (y ≥ 0)
due to the symmetry of the system under reflection and time reversal.

The fixed point (x = 0, y = 0) corresponds to the dark matter dominated solution where
Ωd = 0 is saddle for γm ∈


2
3 ,

4
3

�
∪

4
3 , 2

�
, source for γm ∈ (0, 23) and unstable in nature at

γm = 2
3 . The matter-dominated solution is stable for ωm = −1. Two of the fixed points

(x = ±1, y = 0) correspond to scalar field-dominated solutions where ωd = 1 is unstable in

nature. For λ = −5
√
2√
3

, the fixed point C is asymptotically stable for 2
3 < γm < 2. On the

other hand, the fixed point D is corresponds to scalar field dominated solution (Ωd = 1) which

exists for −
√

6 ≤ λ ≤
√

6. ωd = λ2

3 −1 gives rise to a power law inflationary expansion (q < 0)
for λ2 < 2. We have shown that D is a stable node while λ2 < 3γm and hyperbolic fixed
point. For non-hyperbolic case: for λ =

√
2, D is asymptotically stable when γm < 0.342

or γm > 2
3 . For λ = −

√
2, D is asymptotically stable when γm > 1.245 or γm < 2

3 . For

λ ∈ (−
√

6,
√

6) the point D is asymptotically stable when γm = λ2+2
3 .

Barotropic fluid dominated solution (x = 0, y = 0) is hyperbolic where Ωd = 0 is saddle
in nature 2

3 < γm < 2 source for 0 < γm < 2
3 . For γm = 2

3 and 0, this solution is unstable
and asymptotically stable accordingly and non-hyperbolic in nature.

Two of the fixed points (x = ±1, y = 0) correspond to solutions where the constraint
equation (6.8) is dominated by the kinetic energy of the scalar field with a stiff equation
of state, Ωd = 1. The fixed point B is hyperbolic in nature and source for λ <

√
6 or

λ > 5
√
2√
3

, and saddle for λ ∈
�√

6, 4
√
2√
3

�
∪
�
4
√
2√
3
, 5

√
2√
3

�
. B is non-hyperbolic and semistable

for λ =
√

6, 5
√
2√
3

and 2
3 < γm < 2 and unstable for λ = 5

√
2√
3

and γm < 2
3 .

The fixed point C is hyperbolic in nature and source for λ ∈ (−∞,−5
√
2√
3

) ∪ (−
√

6,∞),

and saddle point for λ ∈
�
−4

√
2√
3
,−

√
6
�
∪
�
−5

√
2√
3
,−4

√
2√
3

�
. C is non-hyperbolic and semistable
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Figure 6.3: These figures show the behavior of the trajectories near each of the critical
points. Especially in this case, we want to focus on the phase portrait near the critical point
E. (a) is for λ = 2, γm = 1, (b) is for λ = −2, γm = 1, (c) is for λ =

√
6, γm = 4

3 , and (d) is for

λ = −
√

6, γm = 4
3 . Figures (e) and (f) show the phase portraits in a very small neighborhood

of the critical points D and E to distinguish the behavior of stability of the critical points
for λ = ±2, γm = 1.
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Figure 6.4: The figure shows the time evolution of cosmological parameters of our
cosmological model. In panel (a), initial position near the critical point A, for λ = 1
and γm = 1.5 the kinetic energy dominated late time accelerated solutions attracted
towards quintessence era. In panel (b) and (c), initial position near the critical points B
and C respectively, for λ = 2 and γm = 1 we get the kinetic energy and dust dominated
late-time decelerated solutions. In panel (d), the behavior of the late solution near the
critical point D is similar to panel (a).

for λ = −
√

6, asymptotically stable for λ = −5
√
2√

3
. C is non-hyperbolic and semistable for

λ = −5
√
2√

3
and 2

3 < γm < 2, unstable for λ = −5
√
2√

3
and γm = 2

3 .

The critical point D corresponds to a scalar field-dominated solution is hyperbolic in
nature and late-time attractor for λ2 < 3γm, saddle for 3γm < λ2 < 6, and unstable node
for λ2 > 6. On the other hand, D is non-hyperbolic in nature and corresponds to late time
attractor for λ =

√
2 and 0.342 < γm < 2

3 , late time attracting solution for λ = −
√

2 and

γm > 1.245 or γm = 2
3 , unstable for λ = −

√
2 and 2

3 < γm < 1.245, late time attracting

solution for γm = λ2+2
3 , where λ ∈ (−

√
6,
√

6). E corresponds to scaling solution. E is

hyperbolic in nature and spiral sink for λ = ±2, γ = 1 and λ = ±
√

6, γm = 4
3 . We can

divide the evolutionary character of the Universe into two groups: (a) generic evolution (b)
non-generic evolution. For γm = 0, generic evolution occurs near the point A as the family
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of orbits emerges from a stable equilibrium in the past and then finishes towards A which
represents the ΛCDM era. And for 0 < γm < 2

3 , a generic evolution occurs near A which
represents the quintessence state as the orbit emerges from an unstable equilibrium point A
in the past and finishes at D.

6.6 Brief Discussion and Concluding Re-
marks

The present work is an example of a discrete dynamical system analysis in cosmology. In
a particular cosmological study of the scalar field, cosmology has been analyzed using a
dynamical system at the background level. For simplicity of the formation of the dynamical
system, the scalar field potential is chosen in the exponential form. At the background level,
there are five critical points for which the resulting equation of state parameter of the resulting
total fluid has been given in the last but one column of Table 6.1. The value of ωtotal for the
fixed points B and C indicates that the resulting fluid is a stiff fluid which is very important
at the very early era of evolution, particularly when the quantum effects are important. The
fixed points A and E will corresponds to dark energy model if γm < 2

3 , while the resulting
fluid will be a normal fluid if γm > 2

3 . Similarly, the fixed point D corresponds to a dark
energy fluid if λ2 < 2. Thus the critical points A, D, and E may have dark energy fluid as the
resulting fluid with proper choice of the parameter involved. Finally, we have the following
observations from the perspective of stability. For the critical points A and E, there will
be matter dominated era when γm ∈


2
3 , 2

�
and it is a stable configuration for γm = 0 and

unstable when γm ̸= 0. The critical point B is unstable for all possible choices of λ whereas

the fixed point C will be stable if 2
3 < γm < 2, λ = −5

√
2√
3

and it will be unstable for other

possible values of λ and γm. Lastly, the critical point D is stable for λ2 < 3γm and unstable
for other possible cases where γm ∈ [0, 2). Further, when λ =

√
2, the critical point is stable

when γm < 0.342 or γm > 2
3 and similarly when λ = −

√
2, the fixed point will be stable for

γm > 1.245 or γm < 2
3 . However, the model will be stable if γm = λ2+2

3 and λ ∈ (−
√

6,
√

6).
Finally, the satbility analysis shows the matter dominated phase or the present accelerated
expansion of the universe depending on the choices of the appropriate parameters and they
may corresponds to stable or unstable configuration depending on the restrictions on the
parameter.
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CHAPTER 7

BRIEF SUMMARY AND FUTURE
PROSPECT

In this thesis, there has been an attempt to validate some of the expansionary cosmological
models depicting the late time acceleration. Dynamical variables have been constructed from
the cosmological parameters. The fundamental equations have been turned into dynamical
systems. Non-hyperbolic stability analysis by employing center manifold methods has been
carried out. To be precise,

Chapter 2 dealt with Cosmological model of a three-form field, minimally coupled to
gravity and interacting with cold dark matter in the background of flat FLRW space-time.
By suitable choice of the dimensionless variables, the evolution equations are converted to
an autonomous system and cosmological study is done by dynamical system analysis. The
critical points are determined and the stability of the (non-hyperbolic) equilibrium points are
examined by center manifold Theory. Possible bifurcation scenarios have been examined by
the Poincaré index theory to identify possible cosmological phase transition. Also stabilities
of the critical points have been analyzed globally using geometric features.

A cosmological model having matter field as (non) interacting dark energy (DE) and
baryonic matter and minimally coupled to gravity has been considered in Chapter 3 with flat
FLRW space time. The DE is chosen in the form of a three-form field while radiation and
dust (i.e., cold dark matter) are the baryonic part. The cosmic evolution is studied through
dynamical system analysis of the autonomous system so formed from the evolution equations
by suitable choice of the dimensionless variables. The stability of the non-hyperbolic critical
points are examined by Center manifold theory and possible bifurcation scenarios have been
examined.

Chapter 4 is an example of the application of the dynamical system analysis in the context
of cosmology. Here cosmic evolution is considered in the background of homogeneous and
isotropic flat FLRW space-time with interacting dark energy and varying mass dark matter as
the matter content. The DE is chosen as phantom scalar field with self-interacting potential
while the DM is in the form of dust. The potential of the scalar field and the mass function
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of dark matter are chosen as exponential or power-law form or in their product form. Using
suitable dimensionless variables the Einstein field equations and the conservation equations
constitute an autonomous system. The stability of the non-hyperbolic critical points are
analyzed by using center manifold theory. Finally, cosmological phase transitions have been
detected through bifurcation analysis which has been done by Poincaré index theory.

Chapter 5 analyzed a FLRW cosmological model with spatial curvature and minimally
coupled scalar field as the matter content. The curvature term behaves as a perfect fluid with
the equation of state parameter ωK = −1

3 . Using suitable transformation of variables, the
evolution equations are reduced to an autonomous system for both power law and exponen-
tial form of the scalar potential. The critical points are analyzed with center manifold theory
and stability has been discussed. Also, critical points at infinity have been studied using the
notion of Poincaré sphere. Finally, the cosmological implications of the critical points and
cosmological bouncing scenarios are discussed. It is found that the cosmological bounce takes
place near the points at infinity when the non-isolated critical points on the equator of the
Poincaré sphere are saddle or saddle-node in nature.

Chapter 6 dealt with the dynamical system analysis of quintessence dark energy scalar
field model with exponential potential. A dynamical system analysis has been applied at
the background level. Using suitable transformation of variables, the evolution equations are
reduced to an autonomous system for exponential form of the scalar potential. The critical
points are analyzed with center manifold theory and stability has been discussed by using
Schwarzian derivative. Finally, cosmological implications of the critical points are discussed
and it is found that the stability of the late-time attractor changes for quintessence dark
energy model.

Scope of future work:

This thesis has investigated some of the well known theories on accelerated expansion in
the light of non-hyperbolic stability analysis. In particular, center manifold methods have
been applied in all the models that have been considered here. Another ingredient from the
higher order stability theory is the Liyapunov method. In this method, one attempts to con-
struct the Liyapunov function which guarantees the stability or the instability of a system.
So one of the future projects may be to attempt to construct Liyapunov functions for the
cosmological models. An even better project may be to find some necessary or sufficient
conditions for the existence of the Lyapunov function.

Another approach is to employ some advanced semi-analytical techniques such as the ho-
motopy perturbation method or homotopy analysis method to investigate the cosmological
systems. The homotopy analysis method is a topological method to generate a convergent
series solution of the non-linear systems. Such techniques from the theory of differential
equations may be valuable to study cosmological models in future.

The qualitative structure of the solutions of an autonomous system may change when the
system parameters passes through certain values called the bifurcation values. Bifurcation
theory is a rich area of mathematics which may shed light to the structure of solutions of the
cosmological systems. In fact, there is a branch of bifurcation theory called chaos. Chaotic
systems are ubiquitous in Nature. An application of the chaos theory to the cosmological
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models could be both novel and exciting.

Therefore the possibilities are endless and it will be very satisfying to work in the juncture
of cosmology and mathematical analysis as long as the beauty of geometry and physics
continues to intrigue...
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