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ABSTRACT

The present thesis focuses on investigating water wave propagation problems in wa-
ter under the assumption of linearised theory and associated mathematical methods.
Among the important classes of water wave propagation problems, one of the most sig-
nificant is the scattering of waves by obstacles with diverse geometric shapes. When a
series of surface waves, originating from a considerable distance, encounters an obstacle
within a fluid, it undergoes partial reflection off the obstacle and partial transmission
either beneath or over it. In the context of the linearized theory of water waves, the
determination of reflection and transmission coefficients constitutes a wave scattering
problem. Here in the present thesis we have worked on the following scattering prob-
lems.

1. Propagation of surface gravity waves by a submerged thin elastic plate beneath an
ice cover.

2. Effect of porosity on wave scattering by a vertical porous barrier over a rectangular
trench.

3. Scattering of water waves by rectangular thick barriers in presence of surface ten-
sion.

4. Water wave scattering by thick rectangular slotted barriers in presence of ice cover.
5. Wave propagation in presence of a curved barrier with variable permeability.

6. Water wave interaction with a vertical wall with a gap submerged in deep water.

In the problem 1, a theoretical analysis involving surface gravity waves propagation by
oblique incidence wave due to a thin elastic plate submerged in finite depth water with
ice cover is studied. Applying Greens function technique, the boundary value problem
is reduced to integral equations whose solutions are then utilised to find the reflection
and transmission coefficients.

The interaction of surface wave with a vertical porous barrier over a rectangular trench
is studied in problem 2 under the assumption of linearized theory of water waves. For
the solution, the fluid region is divided into four subregions depending on the position of



the barrier and the trench. Using the eigen function expansion of water wave potential
in different regions along with suitable matching conditions at the interface of different
regions, the problem is formulated in terms of three integral equations. Considering
the edge conditions at the submerged end of the barrier and at the edges of the trench,
these integral equations are solved using multi-term Galerkin approximation technique
taking orthogonal Chebyshevs polynomials and ultraspherical Gegenbauer polynomial
as its basis function. Using the solutions of the integral equations, the reflection coeffi-
cient, transmission coefficient, energy dissipation coefficient and horizontal wave force
are determined.

The influence of surface tension on an obliquely incident waves in presence of thick
rectangular barriers present in water of uniform finite depth is discussed in problem 3.
The three different configurations of the thick barrier, viz., bottom-standing submerged
barrier, fully submerged rectangular block and fully submerged block extending down
to the bottom with a finite gap are considered. An appropriate multi-term Galerkin
approximation technique involving ultraspherical Gegenbauer polynomial is employed
for solving the integral equations arising in the mathematical analysis. The reflec-
tion and transmission coefficients are evaluated by utilizing the solution of the integral
equations.

The problem 4 is concerned with scattering of surface water waves by a thick vertical
slotted barrier of rectangular cross section with an arbitrary number of slots of un-
equal lengths present in water of finite depth with ice cover surface. The problem is
formulated in terms of an integral equation in disjoint intervals, by suitable matching
of eigen function expansion of water wave potential. Galerkin approximations involv-
ing ultraspherical Gegenbauer polynomials are utilised in the mathematical analysis
for solving the integral equations to obtain a very accurate numerical estimates for the
reflection coefficient.

The phenomena of scattering of waves by a circular arc shaped barrier with nonuniform
porosity is studied in problem 5. The water region is considered to be infinitely deep
or of finite depth. Based on judicious application of Greens integral theorem, the cor-
responding boundary value problem is reduced to a hypersingular integral equation of
second kind. The boundary element method and the collocation method are adopted
to solve the hypersingular integral equation and a good matching of the solutions ob-
tained by two methods are ensured. The reflection coefficient and energy dissipation
are evaluated by using the solution of the integral equation which are then studied
graphically.

The problem of water wave scattering by a thin vertical wall with a gap submerged
in deep water is studied using singular integral equation formulation. The correspond-
ing boundary value problem is reduced to a Cauchy type singular integral equation of
first kind in two disjoint intervals where the unknown function satisfying the integral
equation has square root zero at the end points of the two intervals. In this case the
solution exists if the forcing function satisfies two solvability conditions. The reflec-
tion coefficient is determined here using the solvability conditions without solving the
integral equation and also the boundary value problem.
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CHAPTER 1

INTRODUCTION

1.1 PREAMBLE

A wave is a disturbance that propagates through a medium with a definite velocity,
transferring energy from one part of the medium to another without causing any per-
manent displacement of the particles within the medium. The type of wave motion,
which most people are familiar with, is the waves that occur on the free surface of water.
When we stand on the beach, we observe that water is moving towards shore rolling
in and out. These are the water waves. Waves are encountered in nearly all branches
of mathematical physics which includes continuum mechanics, quantum mechanics,
acoustics, the theory of electromagnetism, etc. Throughout the study of waves, water
waves have consistently served as models for wave theory in general to the scientists
primarily because they can be observed with the naked eye. In the theory of water
waves, the restoring force is gravity and therefore these waves are known as surface
gravity waves. The subject of surface gravity waves is diverse and captivating, which
involves a study of general aspects of wave motion or the study of behavior of waves in
the presence of obstacles with various geometric configurations. This area of study is
particularly relevant to ship designers and oceanographers. However, even the simplest

problem appears to be difficult to tackle mathematically unless some assumptions are
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made about the medium as well as the wave motion. Consequently water is assumed
to be incompressible, inviscid and homogeneous fluid. Thus if one assumes that the
motion in water to be irrotational, then the problems concerning propagation of water
waves reduce to a boundary value problem consisting of Laplace equation together
with appropriate boundary conditions. Again the boundary conditions including the
free surface condition are nonlinear in nature. Thus further assumptions are required
regarding the wave motion to simplify the boundary conditions so as to handle the
boundary value problem mathematically. The nature of assumptions provides a natu-
ral way to classify the theory of water waves. Consequently two approximate theories,
viz, the linearised theory and the shallow water theory are developed from the basic
hydrodynamic theory. The linear water wave theory is based on the assumption that
the amplitude of waves is much less than the wave length. In the shallow water theory,
one assumes that the depth of the fluid region is significantly smaller than the wave-
length of the waves.

The present thesis is concerned with a study of wave propagation under the assump-
tion of linear theory. The basic assumptions of the linearised theory implies that the
velocity components of a fluid element and the free surface elevation (or depression)
very small so that the powers and products of these quantities are neglected. The
fundamental equations in the linearized theory of water waves are derived from the
equation of continuity and Euler’s equation of motion. If the motion is time-harmonic,
irrotational then the equation of continuity leads to Laplaces equation and the Eulers
equation of motion together with the kinematical condition on the free surface after

linearisation produce the linearised free surface boundary condition.

The linearized theory of water waves play a very crucial role in offshore, polar and
other ocean related industrial problems. This theory finds extensive applications in
physical problems, such as the study of waves on sloping beaches, the diffraction of
waves around a breakwater, wave impact on a very large floating structures, waves in
a running stream, the motion of ships as floating rigid bodies in a seaway, the genera-
tion of waves due to instantaneous disturbances at the ocean surface caused by storms
in the atmosphere or at the sea floor created by earthquakes, among other scenarios.
Furthermore, the validity of employing the linearized theory in water wave problems

has been substantiated multiple times in the existing literature. For instance, Ursell,
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Dean and Yu (1960) conducted experiments on the height of water waves generated
by a flat vertical piston wavemaker. The obtained results demonstrated a high level
of agreement with theoretical results derived under the assumptions of the linearized
theory for small amplitude gravity waves. Dean and Ursell (1959), Yu and Ursell
(1961) also experimented with a circular cylinder in deep water as well as in finite
depth water. In both experiments, they observed that wave amplitudes from the ex-
periments closely align with the theoretical results obtained using linear theory. These
experimental evidences confirm and establish the validity of the linearized theory of
water waves. To investigate water wave problems, a diverse range of mathematical
techniques, both analytical and computational, are employed. These include integral
transforms, integral equations, asymptotic evaluation of integrals and the solution of

partial differential equations, theory of complex variable, function theoretic method etc.

In the present thesis, our focus is on the study of wave propagation in presence
of obstacles with various configurations under the assumption of linearized theory.
This class of problems are called scattering problems. When a train of surface water
waves travelling from a large distance is incident on an obstacle, it experiences partial
reflection and partial transmission. The ratio of the amplitude of the reflected wave
to the amplitude of the incident wave is termed the reflection coefficient, while the
ratio of the amplitude of the transmitted wave to the amplitude of the incident wave is
referred to as the transmission coefficient. The reflection and transmission coefficients
are immensely significant quantities in the mathematical study of scattering problems.
Understanding the reflection and transmission coefficients provides crucial insights into
the amount of wave energy that is either reflected or transmitted by an obstacle. This
knowledge is essential for the design and construction of offshore and marine structures,
including breakwaters.

Recently, with the growing scientific activities in polar oceans, which are often
modeled as water with an ice cover, researchers have found water wave problems in the
presence of an ice cover to be increasingly attractive. Ice is one of the most common
material on Earth, yet it is very different from all other known materials. Depending
on its morphology and microstructure, it may behave as an elastic plate or as a brittle
structure or as an viscoelastic material or even as a quasi-liquid material. Moreover,

ice is present on earth in different forms, notably the fresh water ice that occurs in
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ice caps, glaciers, icebergs, frozen rivers and lakes and many varieties of sea ice that
form in the polar and subpolar oceans. A mathematical model for treating the ice
sheet as floating thin elastic plate is well known and a significant research has been
carried out using this model to study the problems related to ocean wave interaction
with sea ice (cf. Fox and Squire (1994); Squire (2007); Chung and Fox (2002); Linton
and Chung (2003); Chakrabarti (2000); Gayen et al.(2005)). The study of ocean wave
interactions with a very large thin, floating elastic plate has gained immense impor-
tance since last decade as it can be used to model a wide range of physical systems.
One of its important applications consists in modelling a very large floating structure
(VLFS) that is used in ocean space utilization for the construction of megafloats such
as floating airports, offshore runways, floating restaurant etc. It is a technology that
allows these megafloats, which are considered to be artificial lands to float on rising
sea level and has a minimal effect on marine habitat, natural and tidal current flow
(cf. Wang et al. 2010; Wadhams 1978). Owing to the large surface area and relatively
small depth, VLFS behaves elastically under wave action (cf. Wang et al. 2010). In
the polar region, surface gravity waves propagate from the open ocean into ice-covered
seas. Understanding the modus operandi of formation of sea ice and its distribution is
imperative to explain the geophysical phenomena occurring in the polar regions and in
the marginal ice zone. A precinct between ocean and atmosphere, the sea ice arrests
the escape of heat from the ocean to the air above. Consequently it plays a crucial role
in conservation of marine life. An uninterrupted expanse of unbroken ice over a vast
stretch in the polar region often encounters waves propagating at free surface. It is
well known that waves may weaken and rupture the continuous sea ice causing fissures
which may lead to melting of sea ice. This phenomena is an indicator of global climatic
change. The amplitude of the waves travelling beneath the ice needs to be studied as
it causes the ice-cover to bend. The bending of ice-cover is attributed to its elastic
property. In order to minimize the impact of wave action on a VLFS or ice sheet,
various anti motion structures and devices such as breakwaters, submerged plates, os-
cillating water column breakwater, air cushion, curtain pile breakwater are designed
(cf. Wang et al. (2010); Tari et al. (2000)). Also, a number of experiments measuring
wave propagation through marginal ice zone have been reported of which first measure-
ment was carried out by a ship borne wave recorder (cf. Kohout and Meylan (2008)).

Later, measurements were carried out by a echo sounder from a submerged hovering
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submarine, acoustic Doppler Current Profiler mounted on an autonomous under water
vehicle (cf. Kohout and Meylan (2008), Wadhams (1978)). Thus the study of the
waves in presence of thin plate under ice cover or VLFS is important. Mathematically,
the boundary value problem (BVP) related to study of water waves in ocean with ice-
cover is interesting as it involves fifth order derivative of the potential function in the
boundary condition on ice cover whereas the governing partial differential equation is
of second order. In this thesis, we have focused on studying wave scattering problems
involving barriers of various geometric shapes, considering both free surface water and

ice-covered surface water.

With this Preamble we now give a brief literature review related to the problems

given in the thesis.

1.2 BRIEF DESCRIPTION OF PREVI-
OUS RELATED WORK

The subject of surface gravity waves is varied and fascinating. From mathematical
point of view the theory of water waves has been a source of intriguing and often diffi-
cult mathematical problem. Virtually every classical mathematical technique appears
somewhere within its confine. The founding fathers of this subject are Euler, Lagrange,
Cauchy, Poisson. Further contributions in the theory of water waves have been made
by Stokes, Lord Kelvin, Kirchhoff and Lamb who constructed a number of explicit so-
lutions. In the twentieth century Havelock, Kochin, Sretensky, Stoker, John and others
applied Fredholm theory of boundary integral equations to the field of water waves. A
general exposition of the classical theory is given in the books of Lamb (1932), Stoker
(1957), Wehausen and Laitone (1960), Sretensky (1977), Lighthill (1978), Whitham
(1979), Crapper (1984), Mandal and Chakrabarti (2000) & Kuznetsov et al. (2001).
Various aspects of linear theory of water waves have been discussed in the works of
Havelock (1963) and Ursell (1994). Applications and mathematical methods associ-

ated with the theory of water waves have been discussed in Wehausen (1971), Newman
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(1977), Mei (1983), Linton and McIver (2001).

Problems of water wave scattering involving obstacles of various geometrical shapes
have been studied extensively in the literature from mid-twentieth century. Dean(1945)
obtained the explicit solution for the water wave scattering problem involving a sub-
merged thin vertical rigid barrier extending infinitely downwards in deep water. Ursell
(1947) utilized Havelock’s expansion (cf. Havelock (1929)) of water wave potential
to derive explicit solutions for the scattering problem involving a surface-piercing
thin vertical rigid barrier and also the submerged vertical barrier considered by Dean
(1945). Subsequently, several mathematical techniques were developed to investigate
the boundary value problem associated with the scattering of waves by rigid vertical
thin barriers, as mentioned in the works of Levine and Rodemich (1958), Williams
(1966), Evans (1970), Porter (1953), Porter (1972) and Evans and Morris (1972). It
may be noted here that an exact solution to the aforesaid boundary value problem ex-
ists when the barrier is in the form of a vertical plate in deep ocean conditions and for
normal incidence of the incoming wave train. However, in all other cases, only approxi-
mate analytical or numerical methods are employed to obtain an approximate solution.
Levine and Rodemich (1958) solved the problem involving a partially immersed barrier
by utilizing Greens integral theorem to formulate the velocity potential function that
describes the motion in the fluid. Applying the reduction method, Williams (1966) re-
examined the problem of a submerged barrier, while Evans (1970), employing complex
variable theory, solved the scattering problem involving a thin plate of finite height
submerged in deep water. Porter employed two methods to solve the problem of wave
scattering by a semi-infinite thin vertical rigid barrier extending downwards from the
free surface and contained a gap of arbitrary width at the same depth. One method
was based on a reduction procedure and the other was based on an integral equa-
tion formulation. A comprehensive explanation of this technique can be found in the
monograph by Mandal and Chakrabarti (2000). Goswami (1983) utilized the Greens
function technique to solve the scattering problem involving a vertical rigid plate sub-
merged in water of uniform finite depth. Mandal and Dolai (1994) later reinvestigated
the problem involving thin vertical rigid barrier present in uniform finite depth water
by utilizing Galerkin approximation method. Additionally, scattering problems involv-

ing nearly vertical barriers have been studied by Shaw (1985), Mandal and Chakrabarti
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(1989), Mandal and Banerjea (1992) and Mandal and Banerjea (1993).

The water wave propagation in the presence of a circular arc-shaped rigid break-
water submerged in water has been studied by numerous researchers (cf. Parsons
and Martin (1994), Mclver and Urka (1995), Kanoria and Mandal (2002), Mondal et
al. (2017), Liu and Li (2012, 2013)) employing various mathematical tools. In 1994,
Parsons and Martin investigated the scattering problem involving a circular arc-shaped
barrier symmetric about the vertical axis. They utilized a first-kind hypersingular inte-
gral equation formulation based on a judicious application of Green’s Integral theorem.
Meclver and Urka (1995) studied the problem of wave interaction with a symmetric cir-
cular arc-shaped plate submerged in deep water by using matched series expansion and
Schwinger variational principal method. Subsequently, Kanoria and Mandal (2002)
employed a hypersingular integral equation formulation to investigate the wave prop-
agation problem involving a circular arc-shaped barrier that is not symmetric about

the vertical axis and is present in deep water.

The water wave scattering problems involving a thick vertical barrier with a rectan-
gular cross-section, situated in water of uniform finite depth and subjected to normal
incidence wave trains, have been previously studied by Mei and Black (1969) and Kano-
ria et al. (1999). Mei and Black (1969) considered surface piercing and bottom standing
thick vertical barriers, employing variational formulations as the basis for numerical
computations of the reflection and the transmission coefficients. Kanoria et al. (1999)
and Mandal and Kanoria (2000) investigated the problems of normal and oblique wave
scattering by thick barriers, wherein the barriers have four types of configurations such
as surface-piercing or bottom standing thick barrier or a submerged block or a thick
wall with a gap. They used the multi-term Galerkin approximation method involving
ultraspherical Gegenbauer polynomials for solving first kind integral equations arising
in the mathematical analysis to obtain very accurate numerical estimates for the re-

flection coefficient.

In the aforesaid problems, the plates or barriers are assumed to be rigid. However
one can take into account that the effect of elasticity of the plate. Meylan (1995),
Meylan and Peter (2009) and Peter and Meylan (2010) extended the problem of the

10
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surface-piercing thin vertical rigid plate, initially studied by Ursell (1947), to include a
thin vertical elastic plate. Chakrabarti (2000) examined the scattering problem involv-
ing a semi-infinite elastic plate floating on infinitely deep water by reducing it to the
solution of a singular integral equation of Carleman type. Sahoo et al. (2001) explored
a similar problem for finite-depth water using the eigenfunction expansion method.
Gayen and Mandal (2009) also investigated the problem of water wave scattering by a
thin elastic plate of arbitrary width floating in deep water, reducing the problem to a

singular integral equation of Carleman type.

During the later half of twentieth century, study of wave interaction with porous
coastal structures like rubble mound breakwaters became important in coastal engi-
neering as the structural voids in the porous breakwaters can dissipate wave energy
efficiently. Also in coastal engineering, porous breakwaters drawn special attention to
the scientist and researchers because of the rigid breakwaters were collapsed due to huge
load, which were mainly constructed to protect harbours and coastal villages. Porous
structures in the form of thin permeable barriers have been used to dissipate and reflect
incoming wave energy from sea. The mathematical modeling of porous structures as
thin porous vertical wavemakers was pioneered by Chwang in 1983, while Solitt and
Cross (1972) had previously studied the problem of wave propagation through porous
media. Based on the model of Solitt and Cross (1972), many researchers studied the
problem of scattering of water waves by porous breakwater. Yu (1995) specifically in-
vestigated the scattering problem involving a semi-infinite porous breakwater using an
approximate method. Later Mclver (1999) used the Wiener-Hopf technique to show
that the problem of Yu (1995) has an exact solution for all angles of incidence. Lee
and Chwang (2000) employed eigenfunction expansion in conjunction with dual series
relations to investigate the scattering problem by thin porous vertical plates. Liu and
Li (2012, 2013) utilized the multipole expansion method to study the problem of wave
interaction with a perforated semicircular barrier. In a recent study, Gayen and Mondal
(2014) employed a second-kind hypersingular integral equation formulation to investi-
gate the problem of wave scattering by a submerged porous plate in the ocean with a
free surface. Mondal et al. (2017) studied the scattering problem involving permeable
circular arc shaped barrier not symmetric about the vertical axis present in water of

finite depth with ice cover. Also many researchers used sophisticated mathematical

11
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techniques to study scattering problems involving porous barrier mainly in any form

of straight orientation.

Due to considerable interest increase in different types of scientific and industrial
activities in polar regions and arctic oceans towards the later half of the last century,
study of wave propagation problems in polar oceans covered by floating ice has become
very attractive to many researchers. The floating ice cover is modelled as a thin elas-
tic plate. A floating thin elastic plate can also be regarded as a practical model for
the frozen ocean or for a large floating structure such as a floating airport or Quite a
number of models for the ice-cover have been proposed for the purpose of mathemat-
ical investigation of wave propagation problems [cf. Maiti et al. (2015), Mondal and
Banerjea (2016a)]. Interaction of ocean waves with shore fast sea ice modelled as a
thin elastic plate was first considered by Fox and Squire (1990, 1994). Scattering of an
oblique wave caused by a narrow crack in ice sheets floating on water of finite depth
were studied by Evans and Porter (2003). Vaughan and Squire (2006) studied the
propagation of waves under an ice sheet of variable thickness, which was interpolated
by using low-order piecewise polynomials. The topics in the general area of ocean wave
or sea ice interactions, especially in relation to mathematical modeling, were described
in the review paper of Squire (2007). Later, Sturova (2011) considered steady oscilla-
tions of a horizontal cylinder submerged in a linearly stratified fluid layer with an ice
cover using the Boussinesq approximation. Bhattacharjee and Soares (2012) investi-
gated the behavior of flexural gravity waves propagating over a semi-infinite floating ice
sheet under the assumptions of the small-amplitude linear wave theory. The problems
involving wave interaction with floating ice present in upper surface of water become
more accepted among engineers and researchers due to their effective scientific activi-

ties in Arctic and cold ocean regions.

The scattering of normally incident monochromatic plane progressive wave by rect-
angular submarine trench of constant depth containing two fluids of constant but differ-
ent densities was studied by Lassiter (1972). Lee and Ayer (1981) investigated the effect
of a symmetric rectangular trench by dividing the fluid domain into subregions. Miles
(1982) used a conformal mapping to solve the trench problem for normal incidence

of wave train. The diffraction of obliquely incident surface waves by an asymmet-
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ric trench was investigated using linearized potential theory by Kirby and Dalrymple
(1983). They solved a set of integral equations derived by matching eigen function ex-
pansions of the velocity potentials. Later, Kirby et al. (1987) developed the theory of
wave diffraction over a rectangular trench where currents flowing parallel to the trench
boundary. The normal and oblique incidence by the two-dimensional wave scattering
by a rectangular submarine trench was considered by Chakraborty and Mandal (2014,
2015) reducing the problem to solving appropriate integral equation which is solved
by multi-term Galerkin approximation involving ultraspherical Gegenbauer polynomi-
als. Later, Roy et al. (2017) considered the problem of water wave scattering by an
asymmetric rectangular trench using an approach similar to Chakraborty and Mandal
(2014, 2015).

1.3 OUTLINE OF THE THESIS

The contents of the proposed thesis is divided into two parts, namely I and II. Part I
is the general introductory part consisting two chapters. Chapter 1 is concerned with
an introduction which contains a brief description of the different problems of this
thesis and previous related work with them. Chapter 2 deals with some mathematical
preliminaries relevant to the various problems presented in the thesis. This chapter
comprises several sections that address fundamental equations related to a free surface,
the inclusion of surface tension, scenarios involving an ice-covered surface and method-

ologies such as the Galerkin method and the boundary element method.

Part II consists of six chapters, namely chapter 3, chapter 4, chapter 5, chapter 6,
chapter 7 and chapter 8. In chapter 3, a theoretical analysis involving surface gravity
waves propagation by oblique incidence wave due to a thin elastic plate submerged
in finite depth water in presence of ice cover has been studied extensively employ-
ing Greens function technique. Employing Green’s function technique, the boundary
condition satisfied on the elastic plate is transformed into an integral involving the dif-
ference in velocity potentials (unknown) across the plate multiplied by an appropriate
Green’s function. Utilizing Green’s integral theorem, the reflection and transmission

energy coefficients are explained in terms of integrals involving combinations of the

13
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unknown velocity potential on the two sides of the plate. These combinations satisfy

three simultaneous integral equations, which are solved numerically.

In chapter 4, the effect of porosity on surface wave scattering by a vertical porous
barrier over a rectangular trench is studied. The fluid region is subdivided into four
subregions based on the positions of the barrier and the trench. Utilizing Havelock’s
expansion of water wave potential in different regions and implementing suitable match-
ing conditions at the interfaces of these regions, the problem is expressed through three
integral equations. Taking into account the edge conditions at the submerged end of
the barrier and at the edges of the trench, these integral equations are solved using
a multi-term Galerkin approximation technique. The approximation technique em-
ploys orthogonal Chebyshev polynomials, ultra-spherical Gegenbauer polynomials and
simple polynomials as its basis functions. By utilizing the solutions obtained from the
integral equations, the reflection coefficient, transmission coefficient, energy dissipation

coefficient and horizontal wave force are determined and presented graphically.

In chapter 5, the impact of surface tension on obliquely incident waves in the pres-
ence of thick rectangular barriers in water of uniform finite depth is discussed. Three
distinct structures are considered: a bottom-standing submerged barrier, a submerged
rectangular block that does not extend to the bottom and a fully submerged block
that extends down to the bottom with a finite gap. A suitable multi-term Galerkin
approximation technique involving ultraspherical Gegenbauer polynomials is employed
to solve the integral equations that arise. The reflection and transmission coefficients
for two-dimensional time-harmonic motion are determined using linearized potential

theory.

In chapter 6, the scattering of surface water waves by a thick vertical slotted barrier
of rectangular cross section with an arbitrary number of slots of unequal lengths along
the vertical direction and present in finite depth with ice cover surface is discussed.
Two distinct geometrical configurations of the slotted barrier are considered here. The
barriers can either be bottom-standing and submerged or take the form of a submerged
slotted thick block that does not extend down to the bottom. In the mathematical

analysis, Galerkin approximations involving ultraspherical Gegenbauer polynomials as

14
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basis functions are employed to solve first-kind integral equations valid in the union of

several disjoint intervals.

In chapter 7, the study of water wave propagation in presence of a thin porous
curved barrier with variable porosity of present in water of finite and infinite depth
is studied. The problem is expressed as a second-kind hypersingular integral equation
concerning the discontinuity in the potential across the plate. This integral equation
is subsequently solved using two methods: the boundary element method and the col-

location method using Chebychev’s polynomial as basis functions.

In chapter 8, the problem of water wave scattering by a thin vertical wall with a gap
submerged in deep water is studied using singular integral equation formulation. The
corresponding boundary value problem is reduced to a Cauchy type singular integral
equation of first kind in two disjoint intervals where the unknown function satistying
the integral equation has square root zero at the end points of the two intervals. In
this case the solution exists if the forcing function satisfies two solvability conditions.
The reflection coefficient is determined here using the solvability conditions without

solving the integral equation and also the boundary value problem.

This completes the description of the contents of the present thesis.

The work reported in the present thesis is mainly based on the following papers:

1. Rumpa Chakraborty and Gour Das, Propagation of surface gravity waves by a
submerged thin elastic plate beneath an ice cover, Archive of Applied Mechanics,
93 (2023), pp. 1507-1524.

2. Gour Das and Rumpa Chakraborty, Effect of porosity on wave scattering by a
vertical porous barrier over a rectangular trench, Journal of Marine Science and

Application, 74 (2023), pp. 491-505.

3. Gour Das and Rumpa Chakraborty, Scattering of water waves by rectangular
thick barriers in presence of surface tension, Journal of University of Shanghai
for Science and Technology, 23(11) (2021), pp. 30-55.
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4. Gour Das and Rumpa Chakraborty, Water wave scattering by thick rectangular

slotted barriers in presence of ice cover,(Communicated).

5. Dibakar Mondal, Anushree Samanta, Gour Das and Sudeshna Banerjea, Effect of
nonuniform porosity in curved breakwater on water waves, (communicated after

revision).

6. Gour Das, Sudeshna Banerjea and B.N.Mandal, A water wave scattering problem:

Revisited,(Communicated).
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CHAPTER 2

MATHEMATICAL PRELIMINARIES

Some mathematical preliminaries used in the problems of the present thesis are briefly

studied in the chapter.

2.1 BASIC EQUATIONS

2.1.1 WATER WITH A FREE SURFACE

We consider an irrotational motion in water which is assumed to be incompressible,
inviscid and homogeneous fluid having a constant volume density p. A rectangular
cartesian coordinate system is chosen with y-axis vertically downwards into the water
and the horizontal zz-plane is the undisturbed free surface. The only external force
acting is the force of gravity. Basic equations in the theory of water waves are derived

from two natural laws, viz, the conservation of mass and the conservation of momentum.

The law of conservation of mass gives the equation of continuity as

V.q=0. (2.1)
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The law of conservation of momentum gives Euler’s equation of motion as

A= w—% +gy), (2.2)

where ¢ = (u,v,w) is the fluid velocity, p is the fluid pressure and p is volume

density.

Since the motion starts from rest it is irrotational and can be described by velocity

potential ®(z,y, z,t) such that

i{=Va. (2.3)
Using this in (2.1), we get
V2® = 0 in the fluid region. (2.4)

Substituting (2.3) in (2.2) and then integrating, we have Bernoulli’s equation as

o 1 ., »p

2= 4= £ _ = c(t). 2.5

S+l 2 — gy =t (25)
Here ¢(t) is a constant depending on time only which can be absorbed in ® by

redefining ®.

For small motion, the term 3|g]* can be neglected so that Bernoulli’s equation (2.5)

reduces to

%—f =9y — %, (2.6)
in the fluid region.
Let y=n(x, z,t) denotes the free surface depression below the mean free surface y = 0.
Now the pressure on the free surface is the atmospheric pressure which is a constant.
This constant can be taken to be equal to zero by a suitable choice of scale. Hence
(2.6) gives

0P
5 =90 ony = n(z, z,t). (2.7)

Expanding %—‘f(x,y,z,t) by Taylor’s series about ¥y = 0 and neglecting terms of
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higher order of smallness we get the linearised dynamical boundary condition as

)
aﬁ—t =gn ony=0. (2.8)

Let us consider the equation of free surface as
F(z,y,2z,t) =n(x,z,t) —y =0. (2.9)

Since F' = 0 is a boundary of the fluid, so we must have

OF OF OF OF

F
— t+u—+v+w—=0 ony=n. (2.10)
T 2

Since the velocity components and the free surface depression together with their
partial derivatives are small quantities, so their squares, products and higher powers
can be neglected.

Thus the equation (2.10) gives

Expanding g—‘i(x, Yy, z,t) by Taylor’s series and neglecting the terms of higher order

of smallness, we obtain the kinematic boundary condition as

an 0P

This condition states that the fluid particles on the free surface and the free surface

itself has the same velocity along the normal to the free surface.

Eliminating 7 between (2.8) and (2.11) we get the linearised free surface condition
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as
0*d 0P

The condition of no motion at the bottom gives
Ve -0 as y— oo, (2.13)

when the fluid is of infinite depth, and

00

a—y—() on y = h, (2.14)

when the fluid is of constant finite depth h.

For a time harmonic motion, the velocity potential ® may be expressed as
O(x,y,2,t) = Re{o(x,y,2)e "'}, (2.15)
where o is the angular frequency.
Substituting ® from (2.15) into (2.12), (2.13) and (2.14) we find ¢(z,y, ) satisfies
V26 =0 in the fluid region. (2.16)
The free surface condition is
0¢ o?

K¢+ — =0, where K =—. 2.17
o ; (2.17)

The condition of no motion at bottom gives

Vo —0 as y — oo for deep water, (2.18)
and

0¢ .

3 =0 on y = h for finite depth h. (2.19)
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Eqns (2.16)-(2.19) give the basic equations in the theory of water waves.

2.1.2 BASIC EQUATIONS TAKING INTO ACCOUNT THE
EFFECT OF SURFACE TENSION

In this section we take into consideration the effect of surface tension of water at the

free surface so that the free surface condition gets modified.

Due to the effect of the surface tension, the surface of the fluid is curved so that the
pressure on both sides of the fluid are different and they differ by an amount depending

upon the curvature of the surface.

Consider the pressure at the inner side and outer side of the water surface as p;

and py respectively, so that,

T
D1 — P2 = Ea ony=rm, (2-20)

where R = radius of curvature, T' = coefficient of surface tension.

Now,
1 Nea

B nZZ
R+ JIrmp

Since, under the assumption of linearised theory, 7., n, are small so their squares

can be neglected. Hence we have,

1

E — 77:(::(: + 77zz'

Thus equation (2.20) takes the form
b1 —p2 = T(nx:c + nzz)a ony=mn. (221)
From Bernoulli’s equation (2.6), the pressure p; can be expressed as
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P 0o

so that from equation (2.21) we obtain
P2 T
; =gn— P — Z(nzz +1.2), ony =1, (2.22)

where ps is the atmospheric pressure on the free surface (outer surface) of the water

which is a constant. Differentiating equation (2.22) partially with respect to ¢, we get

T
0=gn — ¢ — ;(Umt + Mazt)-

Noting the kinematic condition on the free surace given by n, = ®,, on y =n we

have

T 0

Since ® satisfies Laplace’s equation, so,

T
gq)y — (I)tt + ;(I)yyy = 0

1
- O, — ?I)tt + Mo, =0, ony=mn,
where M = L.
Py

Using Taylor’s expansion about y = 0 and linearising the above equation, we get

1

o, — -0y +MP,,, =0 on y=0. (2.23)

g

This is the free surface condition in presence of surface tension.

For time harmonic motion, ®(x,y, z,t) = Re[¢(z,y, z)e '] and the linearised free
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surface condition (2.23)
0y + K6+ My, =0 (2:24)

2
WhereK:"? and M:plg.

Thus basic equations of water waves in presence of surface tension effect are

Vi =0,
K¢+ ¢y + Moy, =0,
V¢ — 0 as y — oo for deep water,

%:0 on y=h,

dy

when the water region is of finite depth h.

2.1.3 WATER WITH AN ICE-COVER

Here we derive the basic equations when the water surface is covered by a thin sheet
of ice which is modelled as a thin elastic plate of uniform surface density dp, Young’s
modulus E and Poisson ratio v. The density of water is p and ¢ is a constant having
dimension of length.

We choose a rectangular cartesian coordinate system in which y-axis is directed
vertically downwards into the water region so that water occupies the region y > 0.
The z-axis is along the thin ice cover at rest.

We assume the motion to start from rest so that it is irrotational and can be
described by a velocity potential ®(z,y, z,t).

The equation of continuity gives
V20 =0 (2.25)

in the fluid region.
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The linearised Bernoulli’s equation gives

0P P

Let us consider the depression of the ice covered surface below the horizontal level

as y = ((z, 2,1t).

Then Newton’s equation of motion gives

2
m% =mg+1l—p— LVi,ZC ony =(. (2.27)

Eh3 .
m, with hz as

the thickness of ice, which is small and p; as density of ice, V2 _ represents the two-

T,z

Here m = pd = h;p;, Il is the atmospheric pressure and L =

dimensional biharmonic operator.

Using (2.26) in (2.27), we get after simplification and linearisation

0% 0P 4
Mam =Mg +1I—p <g§ - E) —LV,.( ony=0. (2.28)
Also the kinematic condition gives
a¢ 0P
2 =0. 2.2
o oy on y=20 (2.29)

Eliminating ¢ between (2.28) and (2.29), we obtain

62
5 [®— 60, =g [1+DV;,]P, ony=0, (2.30)

where D = L.
pg

The bottom condition for ® is

V-0 asy— oo, (2.31)
for deep water and
o _, h (2.32)
— n = .
oy ony ’
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when the water region is of uniform finite depth h.

Now let us consider two-dimensional time harmonic motion with angular frequency
o so that & = Re{¢(z,y)e "'}
Then ¢ satisfies
Vip=0 in y>0. (2.33)

The ice cover condition (2.28) becomes
K¢+ (1-0K + D8;,,,) 6y =0 ony=0. (2.34)

The bottom condition becomes

Vo —0 as y— o0, (2.35)
for deep water and
9 _ 0 on y=h (2.36)
ay - y - ) .

when the water is of uniform finite depth h.
Thus eqs (2.33)-(2.36) give the basic equations when the water surface is covered with

1ce.

2.2 HAVELOCK’S EXPANSION

2.2.1 HAVELOCK’S EXPANSION THEOREM

Let f(x) be a function which satisfies the conditions of Fourier integral theorem. Then

Havelock’s expansion for f(x) in (0, 00) is given by

f(z) = Ae 5" + /OO 9(y) (y cos xy — K sinzy) dy, (2.37)
0
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where K is a non negative parameter,

A=2K / f(x)e X*da, (2.38)
0
and .
9(y) = %ﬁ/{) f(z)(ycoszy — K sinzy)dz. (2.39)

Expansion (2.37) combined with the relations (2.38) and (2.39) is regarded as Have-
lock’s expansion theorem in the water wave theorem. This is in fact a generalisation

of Fourier cosine transform. This is clear if we put K=0 in these relations.

This gives
flz) = / ygly) cos xydy, (2.40)
0

and
yoly) = > / F(z) cos zyda. (2.41)
™ Jo

This transform was first used by Havelock in 1929 in connection with a plane ver-
tical wave maker problem. A generalisation of this theorem can be done when the
surface tension effect at the free surface is taken into account and when the water
region has ice cover surface. In these cases the special care has to be taken regarding

the orthogonality of the eigen functions. A detailed discussion is given in Manam et
al. (2006).

2.2.2 HAVELOCK’S EXPANSION OF WATER WITH A FREE
SURFACE(TWO DIMENSIONAL CASE)

In the problems concerning two dimensional motion, the velocity potential is described
by Re{(x,y)e '} where ¢ satisfies Laplace’s equation together with free surface con-
dition and bottom condition.

For two dimensional motion, using the method of separation of variables, the pro-
gressive wave solution and local solutions of Laplace’s equation satisfying the free

Ky+iKzx

surface condition and bottom condition in water of infinite depth are e~ and
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(k cos ky — K sin ky)e®r®,
k > 0. These form a basis for expansion of ¢(x,y) which is given by

Qb(l’,y) — Ae—Ky—i—iKm + Be—Ky—iKm
I 7 C(k)(k cos ky — K sin ky)e **dk x> 0,

+ (2.42)
J5° D(k)(k cos ky — K sin ky)e**dk x < 0,

where A, B are unknown constants and C'(k) and D(k) are unknown functions of

k. This is known as Havelock’s expansion of water wave potential ¢(z,y).

For water of finite depth h, the basis functions are cosh ky(h—y)e=*0% and cos k, (h—

y)etin® where +ko, +ik,(ko, k, are real) are roots of the transcendental equation

ktanh kh = K.

Thus Havelock’s expansion of water wave potential for water of finite depth h is

given by

cosh ko(h — y) cosh ko(h — v)

— A ikox —ikox
o, y) 0" cosh koh 0" cosh koh
> Cne_k"xw x>0,
+ "= €08 fin (2.43)
T Duhesllion 1 <,

where Ag, By, C,, and D,, are unknowns.

2.2.3 HAVELOCK’S EXPANSION OF WATER WITH ICE
COVER SURFACE

We consider irrotational two dimensional motion in water with ice cover described by

the velocity potential Re{¢(z,y)e '} for deep water where ¢ satisfies the Laplace’s
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equation, ice cover condition and the bottom condition given by (2.33)-(2.35).

The method of separation of variables, the progressive wave solutions and the local so-
lutions of Laplace’s equation with the ice cover condition for two dimensional harmonic
motion in  deep water are e tovElor  g-hyEihe o o-hydihie  gnd
{(Dk* +1 — 6k)k cos ky — K sin ky} e 1l where )y is the unique real positive root
of the equation

Dk*+(1—-5K)k— K =0. (2.44)

The other two pairs of complex conjugate zeros of (2.44) are (A, ;) and (Mg, A2)
with Re Ay > 0, Im A\; > 0, Re Ay < 0 and Im Ay > 0 ( Chakrabarti (2000)).

Hence for the irrotational motion in water with ice cover, the expansion for wave

potential ¢(z,y) is given as

¢(.T,y) _ Ple—)\oy-‘ri)\o:c + P26—)\oy—i)\o:c

(

P3€—)\1y+i)\1:c + P46—5\1y—i5\1:c
+ (DE*+1 — 6K) cos Ksiné&y}e 4%d x>0,
L) T e ) cos €y — K sin £y} e~€vdg o5
P56—)\1y—z)\1r +P66—)\1y+z)\1m
| JoT ROLE(DE +1 — 0K) cos &y — K sin £y et dE xr < 0.

Here Py, Py, ..., Ps and Q(§), R(§) are unknowns.

Again for water of uniform finite depth h, the method of separation of variables of
Laplace’s equation for two dimensional motion produces the progressive and local solu-

tions, satisfying the ice cover condition and bottom condition given by (2.34) and (2.36)

respectively  as 7C°i1;$g;;y) eFinoT, 7(:053;5}115;9) etime 7(:0?;5111;?;3’) et and
%Mei“"x, where g is the unique positive real root of the equation
k(Dk* 41— §K)sinh kh — K cosh kh = 0, (2.46)

and £p; and £y with Re(py) <Im(pq), Re(pn) > 0 and Im(py) > 0 are its

four complex conjugate roots and =+ix; are infinite number of purely imaginary zeros
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(i > 0 and real, n=1,2,....) of (2.46) with hu; — nm as n — oo (Chung and Fox
(2002)).

Hence the Havelock’s expansion of ¢(x,y) for finite depth h of water is given by

COSh,U{)(h y) wa +G cosh MO(h y) —z,uox

ow,y) =G cosh pph > cosh yoh
[ Gl cins - Gl mime 45700 | 5, il e
x>0,
B cosh i (h—y) — cosh fi1 (h—y) 00 cos u¥ (h—y) p* (247)
G i te e 4 G niimnteine 4 370 | T, Skt e
x <0,

where G1, G, ..., Gg, S, and T}, are unknowns.

2.2.4 HAVELOCK’S EXPANSION OF WATER WITH SUR-
FACE TENSION

For deep water, the eigen function expansion is given by

Qb(l',y) — Aoe—kly-i-i/ﬂz + Boe_kly_l-klz
fOOO Co(k)(k(l - MkQ) COS k?y — K sin ky)e—k:cdk > 0’

(2.48)
J5° Do(k)(k(1 — Mk?) cos ky — K sin ky)e**dk x < 0,

where k; is the real positive root of K —k(1+ Mk?) =0 and Ay, By, Co(k), Do(k)
are unknowns (cf. Rhodes Robinson (1971)).
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For water of finite depth A/, the eigen function expansion is given by

cosh yo(h — y)

— O —1Y0T D 10T
¢(x7y) COSh’y h { 16 + ]-e }
cos Y (h — y) .
B,— " P eml@=b) 4 ),
- nz_: cos yph ‘ -
05 uh =) oo
+Z 2 Hemsl@h) g5, (2.49)

cos YV h

where g, 17, satisfy the equation K = (14 M~?)tanh~yh and C, Dy, A,, B,
are unknowns (cf. Rhodes Robinson (1971)).

2.3 TWO-DIMENSIONAL SOURCE PO-
TENTIAL

Velocity potentials due to the presence of different types of singularities in an in-
compressible, inviscid fluid, assuming irrotational motion of small amplitude play a
significant role in the study of the problem of scattering or radiation of waves due to
the presence of obstacles in fluid medium. When a body or a number of bodies present
in fluid undergoes some oscillations, the resulting motion in fluid can be described by
a series of singularities placed on the bodies. These singularities are characterised by
their giving rise to velocity potentials which are typical singular solutions of Laplace’s
equation in the neighbourhood of singularities.

For two-dimensional problems these singularities are logarithmic type or multipole type
and for three dimensional problems these are point source or point multipoles.

In the present section we shall consider only the logarithmic singularity.

2.3.1 WATER WITH A FREE SURFACE

Under two dimensional motion of an ideal fluid under gravity g, the potential function

G(z,y;&,n) describing a time harmonic motion due to a submerged line source at (£, 1)
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satisfies
V3G =0 except at (&, 1), (2.50)
KG+G,=0 on y=0, (2.51)
G ~1np as p— 0, (2.52)
p={z—&+y—n?, (2.53)
VG =0 as y— oo for deep water, (2.54)

and
G,=0 ony=h for finite depth h. (2.55)

Here G behaves as outgoing waves as |z — £| — oo.

The solution for G satisfying the conditions (2.50)-(2.54) is given by

0 e_k(y+n)

. P _
Glayin) =n L 2%0 - cosk(r — E)dk, (2.56)

where p/ = {(z—€)2+ (y+n)?}2 and the path of integration is along the real k-axis

from (0, 00) with a small indentation below the pole at k = K.
An alternative representation of G(x,y;&,n) is given by

| o p—hlo—¢]
G(z,y; &,m) = —2mie” FrnTikle=t _ 2/ - ‘ L(k,y)L(k,n)dk.  (2.57)
0

RS
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Also a suitable representation of G satisfying (2.50)-(2.53) and (2.55) is given by

G Y i
(517,.%5’77)— H;— ]él E— K COS (I_S)

L(k,y)L(k,n)e " cos k(x — &)
_QJL R0k — ) (ksinh kh — K cosh k) (2.58)

where the paths of integration c¢;, ¢y are along the positive real axis in the complex
k-plane indented below the pole at £k = K for ¢; and k = K, kg for ¢y, where kg is real

positive zero of
ksinh kh — K cosh kh = 0.

An alternative representation of G(x,y;&,n) is given by

cosh ko(h — n) cosh ko(h — y) pikolz—¢|
2]{50]1 + SlIlh 2]{50]1

cos k,(h —n) cosk,(h —y) o hnlo—]
—dm Z 2k, h + sin 2k, h ' (2:59)

G(z,y;&,m) = —4mi

Here +ky and +ik, (n=1,2,....) are the roots of

ktanh kh = K.

The detailed calculation for the derivation of (2.56) and (2.59) are given by Thorne
(1953) and Mandal (1987).

2.3.2 WATER WITH ICE-COVER

Assuming linear theory and irrotational motion, the velocity potential due to a time
harmonic line source submerged in water at (£,7) is denoted by Re{¢(z, y)e~ """}, where
¢ satisfies

V2¢ = 0 in the fluid region except at (£,7),

32



CH 2. MATHEMATICAL PRELIMINARIES

the ice cover condition

K¢+ (Do}

XTI

—6K+1)p,=0 on y=0. (2.60)

Here D = 12(1E_7};g2)pg> K = "—;, g being the gravity, 0 = %hi, E being the Young’s

modulus, v being Poisson ratio of the material of ice cover, p being the density of water,

p; is the density of ice and h; is the thickness of ice cover.

Also,
¢ behaves as Inp as p = {(z — €)> + (y — n)2}2 — 0, (2.61)
V¢ — 0 as y — oo for deep water, (2.62)
0 o
v 0 on y = h when the water region is of depth h (2.63)
Y
and
¢ behaves as outgoing wave as |z — &| — oc. (2.64)

2.3.2.1 SOURCE POTENTIAL FOR DEEP WATER

Source potential due to a logarithmic singularity in water with ice cover surface for

deep water is given as

> cos k(x — €)dk,
(2.65)

Szy) = —2 ][oo {k(1 — 6K + DEk*) cosh ky. — K sinh k:y<}e
S k{k(1— 0K + Dk") — K}

where the path of integration is over a line on the real axis in the k-plane with
an indentation below the real positive zero of k(1 — 6K + Dk*) — K and y. and y-

respectively denote the lesser and greater of y and 7.
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Alternately, ¢ can be simplified as

00 Lk, y)L(k
élzy) = _2/0 (1 —(5}31 (Dkzi e
YT i SDKM) R
W 5K1+ SDEN) e e

1
“ M(1— 0K + 5DKY)

e klz—¢l g

e—Kil(ern)—iKXllx—é\] (2.66)

where

L(k,y) = k(1 — §K + Dk*) cos ky — K sin ky

and real positive root K\ and two pairs of complex conjugate zeros K \;, K\ and
KXa, Ky with Re (A\;) >0, Re (X\2) <0, Im (A, A\g) > 0 are the roots of the equation

A(k)=(1—- 6K + Dk"Yk — K = 0. (2.67)

2.3.2.2 SOURCE POTENTIAL FOR FINITE DEPTH WATER

Source potential for finite depth water with ice cover surface is given as

z,y) = —2 7[00 {k(1 — 6K + Dk*) cosh ky. — K sinh ky_}
0

R (h) cosh k(h—y-) cos k(z—¢&)dk,

(2.68)

o

where the path of integration is over a line on the real axis in the k-plane with an

indentation below the real positive zero of Ag(k). Alternately

¢($, y) = —dr Z f(Oén7 Y, n)e_Ka"‘z_él — 47”'9(#, v, n)eiKMx_f‘

n=1

—dmig(p; y, n)e ™ + drig (i y, )e e (2.69)
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where
1 —-0K + DK*a*) cos Ka(h —n)cos Ka(h —y
flasy,m) = ( 7 )4 (1) 7 (4 - (2.70)
2Kah(l — 0K + DK*a*) 4+ (1 — 0K + 5D K4a*) sin2Kah
and
g(a;y,m) = if(iosy,n). (2.71)

Here, the two real roots =K u(p > 0), two pairs of complex conjugate zeros K1,
Ky and —Kpy, —Kpy with Re (1110 <Im (p7 ), and an infinite number of purely
imaginary zeros +iK«, (o, > 0 and real, n=1,2,...) are the roots of the transcendental
equation

Ao(k) = k(1 — 0K + Dk*)sinh kh — K cosh kh = 0. (2.72)

A detailed derivation of (2.65), (2.66), (2.68) and (2.69) is given by Gayen (2004).

2.4 GREEN’S THEOREMS

Green’s theorem is stated as follows:

/R(uV% —oVu)dV = /S (US_Z - vg—:;)ds (2.73)

where S is boundary of the region R, n is unit normal outward to S. The functions
u and v have partial derivatives of the second order and are continuous in the bounded

region R.

2.5 GALERKIN METHOD

One of the most important weighted residual method is Galerkin approximation method.

To describe the method, we need some idea regarding the inner product.
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Definition : In a vector space V of real functions whose domain is an closed

interval A = [a, b], an inner product of two real functions f(z) and g(z) is defined as

(f(2).g(x)) = / f(@)g(x)da. (2.74)

GALERKIN APPROXIMATION :

Let us consider an operator equation as
(Ly)(z) = f(z), € A (2.75)

where L is a linear operator in a certain inner product space S to itself, A is a

domain in S and f(x) € S represents the forcing function.

In some problems of physical interest, it is desired to evaluate an inner product
<y, f >, where

fy= [ vta) s (.76

A real valued function y(z) is said to solve the operator equation (2.75) if and only
if
(Ly,A\) = (X, Ly) = (\, f) forall A e S. (2.77)

Now using (2.74) and (2.77) the function y(x) can be evaluated at least approxi-
mately. Here we replace y(z) by F(x), where F' is the approximate solution of equation
(2.75), so that

(M LF)=(\ f) forall A\ € S (2.78)

whenever the approximation relation as in equation (2.78) holds good, then we can
consider F as the approximate solution of the operator equation (2.75). The determi-

nation of such approximate solutions of the equation (2.75) involving the function F
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in the form of a truncated series as given by

n

F(z) =) a;¢;(x) (2.79)

j=1

is known as Galerkin approximation method, {¢;}%_; (n is finite) being the set of

basic functions.

Applying the linear operator L on both side of the equation (2.79) and taking inner
product with A € S on both sides and then using the approximate identity equation
(2.78) , we get

n

Zaj<Lgbj(x), ANz)) = (f(z),\z)) for A€ S. (2.80)

j=1

Single-term Galerkin approximation :

(£01)

" {Loren)

If we take n = 1 in equation (2.80), and choose A\(x) = ¢;(z), then we get a;

producing the approximate solution for y(x) as
F(z) = ay1¢1(x). (2.81)
The approximate evaluation of the quantity <y, f > in (2.76), can be completed by
using the approximate relation <y, f> ~ <F, f>, which takes up the value a1<¢1, f>, if

only the single-term Galerkin approximation is used.

Multi-term Galerkin approximation :

Let us choose A(x) = ¢ (x) for some fixed positive integer k, such that 1 < k < n,
then we obtain from (2.80), that

Zaj<L¢j(x),¢k(x)>:<f(x),gbk(x)>, k=1,2,....,n. (2.82)

Thus here we obtain exactly n linear equations for the determination of the n
unknown constants and these constants can be easily determined by appropriate choice

of the set of functions {¢;(z)}}_;. The approximation of y by F, where F' is given
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by the n-term truncated series (given in (2.81)), is termed as multi-term Galerkin
approximations. Once the n constants aj,as, ....,a, are determined by solving the
linear system (2.80), <y, f>, the quantity of our physical interest, is approximately

evaluated as

(. )~ D ai@s f). (2.83)

The inner product <q§j, f > is defined by an integral defined as in equation (2.76),

and is evaluated by using appropriate numerical quadrature formula.

The choice of the basis functions {¢;}7_, are chosen suitably by keeping in mind
the regarding boundary conditions of the physical problems. A detailed discussion is
given in Mandal and Chakrabarty (2000).

2.6 INTEGRAL EQUATION WITH
STRONGLY SINGULAR KERNEL

2.6.1 SOLUTION OF SINGULAR INTEGRAL EQUATION
OF FIRST KIND WITH CAUCHY KERNEL

Singular integral equation of first kind with Cauchy kernel is considered as an important
tool in applied mathematics. Solutions of many problems in continuum mechanics
depend on the solution of a singular integral equation of first kind with Cauchy type
kernel of the form

1 t

1L oy, sec (2.84)

TJalt—T
where the integral is defined in the sense of Cauchy principal value. The functions

¢(x) and ¥ (x) are Holder continuous functions and G consists of either a single interval

or disjoint multiple intervals.

In this section the solution of the above singular integral equation is obtained by
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using the function-theoretic method where
(i) G consists of a single finite interval,

(ii) G consists of two finite disjoint intervals.

Solution of the integral equation (2.84) for G = (a,b) :

The solution of

¢( ) dt = (z), =z € (a,b), (2.85)

7Tat—

is given in Gakhov (1966), Mandal and Chakrabarti (2016). Here the solution can
be obtained when ¢(t) has any one of the three following behaviours at the end points

t = a, b are given
(1) ¢t)=0(t—al2), as t—a,
o) = Ot —b|72), as t—b;

In this case the solution is given by

__1 {z —a)(b )}% r)dx a
o(t) = W{(t—a ~0 [][ P Y(x)de +C|, a<t<b (2.86)

where C' is an arbitrary constant.

6(1) = —+ (b—1)" ][b (@ _;)1/2 W”;dx, a<t<b (2.87)
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Similar result can be obtained when

o(t) =O(t —al2), as t—a,
o(t) =O0(t —b|"2), as t—b;

(III) ¢(t)=O(t —al2), as t—a,
o(t) =O(|t —b|2), as t— b

In this case the solution is given by

o(t) = —— {(t—a 1/2][ T )}1/2 ;ﬁﬁ ;da: a<t<b (2.88)

It may be noted that the forcing function ¥ (x) has to satisfy the following solvability

condition in order that the solution in this case exists:

b
/ o) e, (2.89)
o« {(z—a)b—2)}"
A detailed discussion is given by Mandal and Chakrabarty (2016).

Solution of the integral equation (2.84) for G = (a,b) + (¢, d) :

Here we solve the Cauchy type integral equation (2.84) where G consists of two
disjoint finite intervals. This type of integral equation arises in the aerofoil theory, wave

guide theory (cf. Tricomi (1951), Lewin (1975)). In this case the integral equation is

¢(t)

m Gt—.fl?

dt = Y(z), z€G, (2.90)
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where G consists of two disjoint intervals (a, b) U (¢, d), and

(

O(lt —a|™2), t—a,

O(|t — b|™2), t—b,
o(t) ~ (2.91)
Ot — c|72), t—c,

Ot —d|72), t—d.
\

The solution in this case is given by (cf. Tricomi (1951), Gakhov (1966), Lewin
(1975))

8(1) = ——|(t — a)(b— 1)(¢ — )(d — )| “Fm(1) (2.92)
( —/ )|(x—a)(b—x)(x—c)(d—x)\éffxldx (2.93)
Di+ Dy m(t),t € G (2.94)

+ T
|t = a)(b—1)(t —c)(d —1)|2

where

m(t) = —1, when t € (a,b), (2.05)

1, when t € (¢, d),

and D and D; are constants.
If ¢(t) has the following behaviour at the end points t = a, b, ¢, d

¢

Ot —al2), t—a,

O(|t —blz), t—b,
o(t) ~ < (2.96)
Ot —c|2), t— e,

Ot — d|2), t—d,
\

then the solution of (2.90) is given by (cf. Gakhov (1966), Lewin (1975))
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8(t) =~ VIt = @)~ e — O~ 0] m(?)

(/“b_ /d) ;”Exi V@ —a) —Cz(c o ¢ @9

where m(t) is given by (2.95) and the solution exists if the forcing function ¢ (x)

satisfies the following solvability conditions

(/ab_/cd)\/l(fr—a)(b —wg()c—x)(d—x)\dx:o (2.98)
and
(/ab_/cd)\/|(x—a)(bii)(fc)—g;)(d_x)‘dx:O‘ (2.99)

When the unknown function is bounded at some end points and unbounded at
other end points, the solution of the integral equation is given in the book of Gakhov
(1966).

2.6.2 HYPERSINGULAR INTEGRAL EQUATION

An equation of the form

][_11 {ﬁ bR ()| ) dt = o(z), —1<z<1 (2.100)

is a general first kind hypersingular integral equation with f(£1) = 0 and K(z,t)
a regular function of x and t. ¢(x), the forcing term belongs to a class of functions
having Holder continuous first derivatives with exponent a, (0 < av < 1) in the interval
(—=1,1). In the special case of K(z,t) = 0 we have the simple hypersingular integral

equation. The part of the integral equation containing the singularity is understood as
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the Hadamard finite part defined by,
fl@a+e)+ flz—¢

IO Y A (Ol I
/. <x—t>2dt‘¥o[/_1 <x—t>2d’f+/x+ﬁ CEDE ‘ |
(2.101)
Let )
(TfXx)::% _1:j§ldu (2.102)
(2.103)

nw =1 f s

then, T is called Cauchy operator and H is called Hypersingular operator and

(H f)(x) can be interpreted as
d
(2.104)

(Hf)(2) = = [(Tf)@)]

The integral equation

1][1 SO s, <<t (2.105)

r ], @1ty

1

with f(£1) = 0, is generally referred to as simple hypersingular integral equation.

It’s solution can be obtained by a variety of methods [cf. Martin (1992), Chakrabarti

and Mandal (1998)] and is given by

[z =1l dt (2.106)

1 1
ﬂ@:;[ﬁ®hH—ﬂ+ﬂhwmk%mé'
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2.7 BOUNDARY ELEMENT METHOD TO
SOLVE HYPERSINGULAR INTEGRAL
EQUATION

In this section we solve the equation

IO
/_1 s = o(a). (2.107)

by boundary element method. It is given that f(£1) = 0. To solve (2.107), let

£(8) = VI—29(t) (2.108)

where () is an unknown function which is regular function in [—1, 1].

Now substituting (2.108) in (2.107), we rewrite the hypersingular integral equation as
1—1¢2
/ v f W(t)dt = 6(x). (2.100)
x —

Now we divide the range of integration [—1, 1] into » number of line elements, i.e.
[=1,1] = U;_,[bj-1,b;], where b;_; and b; are the end points of jth line element and
bp=—-1,b,=1and b; =by + jr', r' = bn=bo

n

Now we take t = t; where t; € [b;_1,b;],7 =1,2....;n. So

tj=1—7)bj_1+7b, 0<7<L (2.110)

Also x belonging to line element joining b;_; and b;, we write x = x; = (1 —~)b;_1 +
b, 0<y<1,i=1,2,.....,n.

So, equation (2.109) can be rewritten as

Z/O \/1— 1 {%} v dr=¢(z;), i=1,2,...n (2.111)

Now in this Boundary Element Method, we assume that the unknown function

44



CH 2. MATHEMATICAL PRELIMINARIES

in the integral equation takes constant values in each small intervals, i.e. we take
Y(t;) =1 as a constant for jth line element, j = 1,2, ....,n. So, under this assumption
Integral equation (2.111) is reduced to a system of linear equations which can be written

as

Z agh; = ¢, i=1,2,...,m (2.112)

where

1 4/1—¢2
aij:/o ('7]7’,d7',i:1,2,....,n; j=1,2,....,n, (2.113)

Gi=¢(z;), 1=12...,n. (2.114)

Now when i = j, the integral fo IY_ dr , x;,t; € [bi_1,b;] becomes hypersingular
integral. It is difficult to find any quadrature formula to evaluate this hypersingular

integral. However this can be evaluated exactly by simple algebraic manipulation and

is given by
/ A(t) g - - xt — (14 A(t))(1 + A(x))
t—a2 " 7 A@) Blat—(1-A0)(1+ A))
__t =
- 2A(x)( Qrd@)An Al ) — sin~(¢) (2.115)
(g — 17— Al)?
where A(t) = v1 — 2.
Now choosing x; = %, i =1,2,....,n, the system of equation (2.112) is solved to
obtain the unknown functions ¢;, j = 1,2,..n and hence f(¢;) is approximated in each

[bj_1,b;]. A detailed discussion is given in Samanta et al. (2021).
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CHAPTER 3

PROPAGATION OF SURFACE
GRAVITY WAVES BY A SUBMERGED
THIN ELASTIC PLATE BENEATH AN

ICE COVER

3.1 INTRODUCTION

The wave structure interaction problems involving fixed or floating obstacles of vari-
ous geometrical shapes created considerable interest among the researchers since last
century as this class of problems have immense application in construction of coastal
structures like break waters. Various researchers have studied the wave propagation
problems by thin vertical rigid barriers for its various configurations [cf. Evans (1970),
Porter and Evans (1995), Goswami (1983), Mandal and Dolai (1994)]. Assuming linear

theory and irrotational motion, the two-dimensional problem of water wave scattering

O+ The content of this chapter is based on the paper “ Propagation of surface gravity waves by
a submerged thin elastic plate beneath an ice cover ”, Archive of Applied Mechanics, 93 (2023),
1507-1524.
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by a thin vertical rigid plate of finite length submerged in deep water was studied long
back by Evans (1970) using a method based on the theory of complex variable. Porter
and Evans (1995) considered oblique wave scattering by a thin vertical rigid barrier in
water of uniform finite depth having four basic configurations namely, a surface pierc-
ing barrier, a bottom standing barrier, a barrier with a gap and a totally submerged
barrier. For each configuration of the barrier, they used an approximate method based
on the Galerkin approximation and numerical estimates for the reflection and trans-
mission coefficients were obtained for different values of wave numbers. Also, earlier
Goswami (1983) employed Greens function technique to reduce the scattering problem
involving a fixed vertical rigid plate submerged in water of uniform finite depth and
solved it approximately by using a perturbation method. Mandal and Dolai (1994)
later obtained very accurate upper and lower bounds for the reflection and transmis-
sion coefficients for the problem of water wave scattering by a thin vertical rigid barrier
present in uniform finite depth water by using the Galerkin approximation method. In
all the aforementioned problems, the obstacle bodies are considered to be rigid. In re-
cent past, breakwater with appreciable flexure, in form of elastic plate is an important
area of research as the flexibility of the elastic structure provides the additional feature
of wave attenuation through structural deflections.However, a limited literature exists

in studying wave structure interaction phenomena involving elastic barriers.

The wave scattering problems involving elastic or viscoelastic structures as a float-
ing breakwater is mentioned in Stoker (1957). Though the problem is considered for
long waves in shallow water but explicit results to this problems were not given. Later,
utilizing the linearized theory in deep water, Fox and Squire (1994) investigated the
problem of water wave scattering by a floating ice-sheet modeled as an elastic plate.
Later, Meylan and Squire (1994) used Green’s function technique to study the scat-
tering problem involving horizontal floating elastic plate. In recent past, the water
wave propagation problems involving elastic plates of different geometrical shapes are
studied by a number of authors. Sturova (2003) investigated the unsteady motion due
to a circular elastic plate floating on shallow water under the action of an external
load. A study of wave interaction with a floating rectangular elastic plate modeled a
floating-airport is an important area of study, where one can determine the effects of

periodic surface pressure on a rectangular floating elastic plate. Gayen and Mandal
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(2009) used Carleman integral equation formulation to study water wave scattering
problem by a thin elastic plate of arbitrary width, floating in deep water. All these
problems involve horizontal elastic plates, floating or submerged in water of infinite or
finite depth. A water wave problem involving a vertical thin elastic plate was studied
by Meylan (1995) who considered the scattering problem by a surface piercing thin
vertical elastic plate in finite depth water. The time-dependent version of this problem
was solved by Peter and Meylan (2010) using a generalized eigenfunction expansion.
Utilizing Green’s function technique, Chakraborty and Mandal (2013, 2014) investi-
gated the wave scattering problem by elastic plate fully submerged in infinitely deep
water and finite depth water. They established the relevant energy balance relation
and coefficient of energy dissipation occurred by elastic plate. Wave interaction with
an elastic plate floating in finite depth water with clamped or free ends was studied by
Chakraborty et al. (2016) by using hypersingular integral equation method.
During later half of the last century, there is a surge of different types of scientific and
industrial activities in polar regions and arctic region. A study of wave propagation
problems in polar oceans covered by floating ice has become very attractive to many
researchers. The floating ice cover is modeled as a thin elastic plate. A floating thin
elastic plate can also be regarded as a practical model for the frozen ocean or for a
very large floating structure such as a floating airport, floating city etc (cf. Kashiwagi
(2004)). Mathematical study of wave propagation problems in water with ice cover
is interesting in the sense that under the assumption of linear theory and irrotational
motion, the linearised ice-cover condition involves fifth-order partial derivative of the
potential function while the governing differential equation is of second order.
Interaction of ocean waves with shore fast sea ice modeled as a thin elastic plate
was first considered by Fox and Squire (1990, 1994). Scattering of an oblique wave
caused by a narrow crack in ice sheets floating on water of finite depth were studied by
Evans and Porter (2003). Vaughan and Squire (2006) studied the propagation of waves
under an ice sheet of variable thickness. The topics in the general area of ocean wave
or sea ice interactions, especially in relation to mathematical modeling, were described
in the review paper of Squire (2007). Sturova (2011) considered steady oscillations
of a horizontal cylinder submerged in a linearly stratified fluid layer with an ice cover
using the Boussinesq approximation. Bhattacharjee and Soares (2012) investigated the

behavior of flexural gravity waves propagating over a semi-infinite floating ice sheet
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under the assumptions of the small-amplitude linear wave theory.

A study of the problems concerning wave interaction with vertical elastic plate is
an important class of problems wherein a vertical elastic plate may serve as a model
for a seawall, wave damper or a breakwater. Submerged plates are mainly used as the
protectors of shoreward area of the breakwater from actions of rough sea by means
of diminishing the effect of incoming waves. Such structures are useful as they allow
the free exchange of water mass through them so that the pollution of water in the
sheltered area is minimized. The submerged structures are also capable of absorbing
some wave energy caused due to premature break up of waves and thus, they control
the beach erosion.

Our main motivation in this chapter is to the study the composite effect of vertical
elastic plate present in water of finite depth and ice cover of water surface, which is
also considered to be elastic, on the ocean waves. The problem is formulated in terms
of a boundary value problem for the velocity potential function where the boundary
condition on the elastic plate is derived from the Bernoulli-Euler equation of motion.
An appropriate application of Green’s integral theorem in the fluid region determines
the reflection and transmission coefficients in terms of integrals involving the unknown
velocity potentials on either sides of the plate and a normal velocity of the elastic
plate. By using the Greens function technique to solve Bernoulli-Euler equation of
motion, a relation expressing the normal velocity of the elastic plate in terms of an
integral involving the difference of velocity potentials (unknown) across the plate is
derived. Two more relations in form of integral equations connecting the velocity
potentials on either sides of the plate and the normal velocity of the elastic plate are
obtained by a judicious application of Greens integral theorem in the fluid region.
These three relations produce the velocity potentials on either sides of the plate and
the normal velocity of the elastic plate which are then used to evaluate the reflection
and transmission coefficient. These coefficients were computed numerically for various
values of different non-dimensional parameters and presented graphically in a number
of figures. Other physical quantities, viz, hydrodynamic force, plate deflection, shear
force and shear strain are computed for the elastic plate and presented graphically for

different values of rigidity coefficients of ice cover.
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3.2 FORMULATION OF THE BOUND-
ARY VALUE PROBLEM

lce covered surface

-0 NG 0, 0) 0
<-- [ T ———————— = = >
(0,0)
Hastic plate
h
(0,d)
y
T 7 77 7

Figure 3.1: Schematic diagram of the problem

We consider two-dimensional, irrotational motion under the action of gravity in
water which is an inviscid, incompressible and homogeneous fluid of density p;. A
rectangular Cartesian coordinate system (x,y) is chosen wherein the y-axis is taken
vertically downwards into the fluid region and the plane y = 0 represents the undis-
turbed ice cover surface, so that water ocupies the region 0 < y < h. The position
of the submerged thin elastic vertical plate is given by x = 0, ¢ < y < d and is
shown in the schematic diagram Figure (3.1). It is assumed that a monochromatic
flexural gravity wave is obliquely incident from the negative x-direction on the elastic
barrier with the angle of incidence 6 with the horizontal axis and it is partially re-
flected by the plate and partially transmitted over or below the plate. The resulting
time-harmonic motion with angular frequency o is described by the velocity potential
function ®(z,y,t) = Re{¢(x,y)e ™ T} where k = & sinf and &, is the unique real

positive root of

£(1 — eK + DE*) tanh €h = K. (3.1)
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The function ¢(x,y) satisfies Laplace’s equation

(V2 —k*)¢ =0, in the fluid region, (3.2)

the boundary condition on ice covered upper surface [cf. Fox and Squire (1990) and
Chapter (2.1.3)]

2
{D(%—m2)2+1—eK}¢y+K¢=0 ony =0, (3.3)

where K = ‘;—2, o being the circular frequency of incoming wave train, g being gravita-

Yhy __ poho
2 ) €=
12(1-v?)p1g p1

the small thickness of the ice-cover and ), v are respectively the Youngs modulus and

tional acceleration and D = , where pg is the density of ice, hg is
Poisson’s ratio of the ice which is considered as an elastic material. There is no flow

at the rigid bottom boundary and the condition is

06

@—0 ony = h. (3.4)

Suppose Wg(y, t) represents the deflection of the elastic plate from its mean vertical
position z = 0, then Bernoulli-Euler equation of motion for the submerged thin vertical

elastic plate can be written as [cf. Chakraborty and Mandal (2013)]

PWg  ,0'Wgy P, — P

+v = — on z=0, c<y<d, 3.5
ot? oy* p'h Y (3:5)
where v? = %, E' is the Youngs modulus and v is Poissons ratio of the

material of the elastic plate, p denotes the density of the elastic plate and &' is its

small thickness,

P:F:P(:F07y7t>7 C<y<d7 (36)

P(z,y,t) is the pressure at a point (z,y) of the fluid region at time ¢ .
The pressure P(x,y,t) is given by the Bernoullis equation:

oo P
ot — 9 P1
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so that
. @(I)l 6(132
where
(1)1,2 = (I)(:FO, Y, t)? c<y< d. (38)
Since 5 5
Wg, . 0d

so we find from equation (3.5), after using relations (3.7), (3.8) and (3.9), as

82(135,; i 264(1)95 _ P1 62

52 T o p/h,ﬁ(©1_©2>, c<y<d. (3.10)

The equation (3.10) can be rewritten in terms of ¢ after noting ¢, (y) = g—f(o, y) as

! d4¢m
dy*

D — K¢, = K[p](y) on z=0,c<y<d, (3.11)

where

[01(y) = {o1(y) — da(y)},  and  P12(y) = ¢(F0,9),

’ E/hlg ’ p/h,/
D = =2
o0 g ©

We may note here that as ¢(z,y) is continuous across the gap over and below the

plate, so

O1(7) = ¢o(7), for 0 <y<candd<y<h. (3.12)

If the two ends of the submerged elastic plate are assumed to be free, then the
conditions at the two ends of the submerged plate can be obtained as [cf. Meylan and
Squire (1994)]

Po. o,
dy? - dy3

at y = ¢, d. (3.13)
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In the vicinity of sharp submerged edges, velocity potential function satisfy [cf.
Hassan et al. (2009)]
Vo~ O(r 2)asr — 0, (3.14)

where r denotes the distance of any point in the fluid from either sharp edge of the
elastic plate.
Now, if ¢o(x,y) represents incident velocity potential for a train of surface waves

incident on the plate, then

wr cosh 50(]Z _ y)

¢0(x7 y) =€ cosh é-oh )

(3.15)

where w = &y cos 0.

Also ¢(x,y) satisfies the infinity requirements that

oo,y ~ do(z,y) + Rpo(—x,y) as x — —o0, (3.16)

Too(x,y) as x — oo.

Here R and T are the reflection and transmission coefficients respectively.

3.3 METHOD OF SOLUTION

In this section we shall evaluate |R| and |T'| from the boundary value problem (3.2) to
(3.16) satisfied by ¢(x,y). Before proceeding to obtain |R| and |T|, we need to solve
(3.11) along with (3.13) to find ¢,(y).

The condition (3.11) on the plate z = 0,¢ < y < d can be rewritten as

d*o, " K
_ . 1
o §de = o), ome<y<d, (3.17)
where )
. € K
F = D'

To solve for ¢, (y) from (3.17) and (3.13) we shall adopt Green’s function technique
[cf. Meylan (1995)]. Let g1(7,y) be the Greens function which satisfies

dgl

= — Bl =6(t—vy), c< T,y <d, (3.18)
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0?g1 0 Pgl

5.2 =5 at T=c,d, (3.19)

gl, gl., gl.. to be continuous at 7 =y,

ngTT(y + 07 y) - glfTT(y - Oa y) =-1 (320)

so that

6.09) = 35 [ or)iglrar, e<y<d (3.21)

The general solution of (3.18) is given by

PP+ Qe P + RiePT 4+ S1e7 P as c< T <y <d,
gl(1.y) = | | (3.22)
PeT 4 Qoe™ T 4 RoePT + Spe7FT as c<y <7 < d,

where Pi,Q1, Ry, S1; Py, QQ2, Ry, S5 are functions of y only. Using the conditions
(3.19) and (3.20), the unknowns P;, @1, Ry and S; are determined from the following

linear system

_eiﬁc _e—iﬁc 660 e—ﬁc Pl 0
—geife jemiBe  efe _eBel | 1 0
_eifd  _omifd oBd B | | p | 4B% | _jeid-y) | jemiBld-y) 4 oBld—y) _ o—B(d-)

(3.23)

while P, (2, Ry and S, are given by

. —if3 ? i3
Py = P1—4—536 Y Qa = Q1+4—636y
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R2 = R1 — —€_ﬁy; 52 == Sl + —65y. (324)

Thus knowing g1, the function ¢,(y) can be obtained from (3.21).

Next we shall proceed to evaluate |R| and |T'|. For this let, G(v, 7; x, y) be the source
potential which describes the motion in water with ice cover, due to the presence of

a line source at (z,y). The representation of G(v,7;x,y) is given below [cf. Gayen
(2004), Chapter 2.3.2.2].

E(DEL+1 —€eK)cos&,(h —y)cos&,(h — ) o (€2r2) %[z
=—4
G(v,752,y) WZ < 26,0(DEL + 1 — eK) + (5DE) + 1 — eK)sin2§,h (€2 4+ 52)2
i Eo(DEY + 1 — €K) cosh &g(h — y) cosh &y(h — 7) ei(53—“2)%|f—7\
—aT

250h(DEE + 1 — €K) + (5DEL + 1 — eK) sinh 260h (€2 — 2)3

u(Dp* +1 — eK) cosh u(h — y) cosh u(h — 7) ¢ili?=r?)F o]
2uh(Dp* + 1 — eK) + (5Dp* + 1 — eK) sinh 2uh - (12 — x2)3

1
(Dp* 4+ 1 — eK) cosh fi(h — y) cosh fi(h — 7) e~ (=m?=r} 2 o]
2ph(Dp* +1 —eK) + (5D* + 1 — eK) sinh 2fih {(—p)? — K2}%

(3.25)

Here +£, are the real, i§,(n = 1,2,...) are the imaginary and +u, 4/ are the

complex roots of the equation (3.1).
Now, the Greens integral theorem is applied to the functions (v, 7) = ¢(v, 7) —po(7y, T7)
and G(v,7;z,y) (z <0), in the regions bounded externally by the lines

7T=0, —X<9<0;,7v=0,0<7<h;7=h, —X<v<0vy=—-X,0<7<h

and internally by a circle with very small radius § with center at (x,y). By making
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X — oo and 0 — 0, we obtain

. h&(h — hToG
o(z,y) = e“"x%(&)hy) —i—/o {E(O,T;x,y)qﬁl(ﬂ — G(O,T;x,y)qu(T)] dr, x < 0.
(3.26)

It may be noted that G is symmetric in (7, z) and (7, y) and behaves as an outgoing
wave as |y — x| — oo. The equation (3.26) gives a representation of ¢(z,y) for x < 0,
and hence the reflection coefficient R is obtained by making x — —oo in (3.26) and

comparing with (3.16). This produces

(D&Y 4+ 1 — eK) cosh &(h — 7) cosh &oh

26 h(DEL + 1 — eK) + (5DEL + 1 — eK) sinh 260k
(3.27)

Again, to obtain ¢1(y) = ¢(—0,y), we apply Green’s integral theorem to the func-

R=24<@mv%wmv»

tions ¥ (v, 7) and G(v,7;0—,y), ¢ < y < d, in the region bounded by the lines
7=0, " X<~4<0,7y=0,0<7<h;7=h, —X<~4<Z<0,v=-X,0<7<h

and by a semicircle with very small radius 6; with center at (0—,y), ¢ < y < d.

Thus making d; — 0, we obtain an integral equation for ¢;(y) in (0, h) as

1 B coshgo(h—y)+ 1 /h oG
~ cosh&h 2 J,

() G 0.730,0)01(1) = GO.7:0.0)6(7) | dr,0 <y <
(3.28)
Similarly, applying Greens integral theorem to the functions ¢(v, 7) and G(v, 7; x, y)
(x > 0) in the regions bounded externally by the lines

7=0,0<7<X;7v=0,0<7<h;7=h, 0<~y<X;7v=X,0<7<h

and internally by a circle of very small radius do with center at (x,y) and ultimately

making X — oo and d2 — 0 , we obtain

h
o(z,y) = —/0 [g—f(O,T;x,y)@(T} —G(0,7;2,y)p.(T)| d, for x > 0. (3.29)
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The equation (3.29) gives a representation of ¢(z,y) for x > 0 and hence the trans-
mission coefficient T" is obtained by making x — oo in equation (3.29) and comparing

with equation (3.16), we find

(DEG + 1 — eK) cosh &y(h — 7) cosh &gh
26oh(DEL + 1 — eK) + (5DEF + 1 — ek ) sinh 26k
(3.30)

Again, to obtain ¢s(y) = ¢(0+,y), we apply Green’s integral theorem to the func-
tions ¢(vy, 7) and G(~,T;0+,y), ¢ < y < d, in the region bounded by the lines

7=0,0<y<X;7=0,0<7<h;7=h, 0<y<X;7v=X,0<7<h

and by a semicircle with very small radius d3 with center at (0+,y), ¢ < y < d.

Thus making d3 — 0, we obtain an integral equation for ¢,(y) in (0, h) as

boly) = — / [%mmmwﬂ—G(O,T;o,ymm dr0<y<h  (331)

s oy
Noting the relation (3.12), the equations (3.28), (3.31), (3.21) together, produce
three simultaneous integral equations in terms of three unknowns ¢;(y), ¢2(y) and
¢-(y) in (0, h). By solving these integral equations numerically and utilizing the solu-
tions in (3.27) and (3.30), produce reflection and transmission coefficients |R| and |T|

numerically for various values of different parameters.

Dynamic force:

We determine the mathematical expression for dynamic wave force. From the lin-
earised Bernoulli’s equation, the dynamic pressure jump across the elastic barrier can

be written in the following form
P_— P, =—ipio(¢1 — ¢2), fory € [c,d]. (3.32)

The magnitude of horizontal wave force per unit width acting on barrier is then

obtained after integrating the dynamic pressure jump along the elastic barriers is given

o8
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by
d
f:—mﬂ/(@—¢g@. (3.33)
The non dimensional form of the horizontal force coefficient on the elastic plate becomes
K
F = K71 (3.34)
P19
The deflection of the plate:
It is aleady known from relation (3.9) that
oW t 0P(0,y,t
E(y’): (’y’)atx:(),c<y<d. (3.35)

ot ox

If Wg(y,t) = Re{Wg(y)e”'} [cf. Hassan et al. (2009)], then the non-dimensional
form of the plate deflection is given by
99

(Wig(y)l = leWey)l = [5_(0,9)l, e <y <d. (3.36)

Shear force and shear strain:
The shear force along the elastic barrier in terms of horizontal displacement is given
by the relation [cf. Kaligatla and Manam (2014)]

B DlPlg >

Cly) = e a—ngE(y), c<y<d. (3.37)

Then the non dimensional form of shear force can be written as

4K

ICl(y)|=|7€lpl(d_c)g

()], c<y<d (3.38)
The shear strain of the elastic plate is given by

indo,
20 dy’

Nsu(y) = c<y<d. (3.39)

Then the magnitude of the shear strain becomes

I
)] = | = 16 =)l e <y < d (3.40)
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3.4 NUMERICAL RESULTS AND DIS-
CUSSIONS

The three integral equations (3.28), (3.31) and (3.21) together with (3.12), involving
61(y), p2(y) and ¢,(y) have the finite range (0,h) . For numerical evaluation of the

integrals in a finite interval, we employ the Gauss quadrature rule in the form

B B-AXL B-A B+A
/A fn)dn = —5— > Lif (s + ;r ) (3.41)
j=1

in each of the integrals mentioned above, where [;,y;(j = 1,2, ..., N) are defined below.

For numerical calculations, we non-dimensionalize the variables y, 7 and the other
parameters with the help of h and y;(j = 1,2, ..., N) in (3.41) are the zeros of Legendre-
polynomial Py(y) of degree N and [;(j = 1,2,...,N) are the corresponding weight

functions given by

2
(1 =) (Py(y;))?

Py (y) being the derivative of Py(y). There will be 3N unknowns 1 (y;), ¢2(y;) and

I = (3.42)

¢.(y;)(j = 1,2,..., N) in the approximation of the three integral equations.
Substituting y = yx(k = 1,2, ..., N) in each of the integral equations, we obtain 3N
linear equations for determining 3N unknowns ¢, (y;), ¢2(y;) and ¢,(y,;)(j = 1,2, ..., N).
Using these values, we calculate the approximate form of R and T from the relations
(3.27) and (3.30) respectively and the energy balance relation is verified.
In this section, we present numerical results for the reflection and the transmission
coefficients |R| and |T'|, horizontal hydrodynamic force F'1, shear force (1, shear strain
11 of the thin elastic plate, taking some typical parameter sets. Here, we make different

physical quantities dimensionless with respect to h.

Accuracy and validation of the result

To check the accuracy of the present result, it is compared with Chakraborty and

Mandal’s (2013) result by considering the ice cover parameters to be very small( d—% =
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0.0005, § = 0.0001) and 6 = 0. Chakraborty and Mandal (2013) considered the wave
scattering problem involving thin elastic plate with free surface of water. In the paper,
they have non dimensionalized the parameters by lower end depth of elastic plate from
free surface. Now for accurate comparison, here also we consider the same parameter
values § = 0.05, % =1, % = 0.01, % = 2 as chosen by Chakraborty and Mandal (2013).
These values of |R| are tabulated in Table (3.1) and the data set almost matched with
each other upto four figure accuracy. This provides a check on the validation of the

present method.

Kd | Present Result (|R|) | Chakraborty and Mandal’s result(2013)(|R|)
0.1 0.00325571 0.00327487
1.2 0.82359812 0.82861321
2.2 0.09871319 0.09824339
3.5 0.0056131 0.00569314

Table 3.1: Comparison between present result, considering ice cover coefficient d% =

0.0005,60 = 0(very small value and Chakraborty and Mandal’s (2013) result without

. . C D/ E/ h
ice cover with § =0.05, 77 = 1,5 = 0.01, § = 2)

Convergence analysis

The convergence of the numerical results depends on the values of N in Gauss quadra-
ture formula given in (3.41). In the Table (3.2), |R| is tabulated for different wave
numbers Kh(= 0.5,1.0,1.5,2.0,2.5 and 3) with fixed values of (d—c)/h = 0.2, D/h* =
0.5,D"/h* =0.1,¢/¢ = 0.01 and § = 0. Here different values of N(= 5,7,10, 12 and 14)
are considered and it is observed that for N = 10,12 and 14, the numerical values of
|R| coincide upto 4 decimal places. Also the present method is checked for all other
values of the parameters and wave numbers and it almost converges upto 4 decimal

places when N = 10.

Effect of variation of length of the elastic barrier on reflection and transmission
coefficients

In the present study, we non-dimensionalize different parameters by constant water

depth h. We consider (d — ¢)/h as the length of the plate and the distance of the
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Truncation number (N) | Kh=0.5 | Kh=1 | Kh=1.5| Kh=2 | Kh=25 | Kh=3
5 0.539225 | 0.375438 | 0.300753 | 0.261398 | 0.237335 | 0.221137
7 0.539361 | 0.375623 | 0.300948 | 0.261568 | 0.237514 | 0.221253
10 0.539574 | 0.375816 | 0.301087 | 0.261754 | 0.237668 | 0.221417
12 0.539574 | 0.375816 | 0.301087 | 0.261754 | 0.237668 | 0.221417
14 0.539574 | 0.375816 | 0.301087 | 0.261754 | 0.237668 | 0.221417

Table 3.2: Convergence of |R| with N at (d — ¢)/h = 0.2,D/h* = 0.5,D/h* =
0.1,¢/€ =0.01,0 = 0.

plate from upper surface of water is fixed (¢/h = 0.1). The effect of the length of
elastic plate on reflection and transmission coefficients for fixed values of the parameters
0 = Z,D/h* = 05,D'/h* = 0.1 and €¢/¢ = 0.01 is shown in Figures 3.2 and 3.3
respectively. Here we consider different values of (d — ¢)/h = 0.1,0.5 and 0.8. These
figures reveal the fact that as the length of the thin elastic plate increases the reflection
coefficient |R| increases while the transmission coefficient decreases. This happens
because longer plate enhances reflection. Also increasing length of the barrier decreases

the amplitude of transmission coefficient which is also quite obvious physically.

0.7 i i 1
—@om=0r| |\
06| ~-(@-cyh=05] e
) (d-c)/h=0.8 0.9 —(d-c)/h=0.1 |
05 : -~ (d-)h=05
(d-c)/h=0.8
x Fos8
07}
o ‘ ‘ ‘ ‘ ‘ 06 : : : : :
o o5 1 15 2 25 3 o 05 1 15 2 25 3
Kh Kh
Figure 3.2: Reflection coefficient Figure 3.3: Transmission coefficient
against Kh for different values of against Kh for different values of
(d — ¢)/h with § = w/4,e/e = (d — ¢)/h with 0 = 7/4,¢/ =
0.01,D"/h* = 0.1,D/h* = 0.5. 0.01,D'/h* =0.1,D/h* = 0.5.

62



CH 3. Wave propagation by a submerged thin elastic plate beneath an ice cover

Effect of variation of angle of incidence on reflection and transmission coeffi-
cients

In Figures 3.4 and 3.5, magnitudes of the reflection coefficient | R| and the transmission
coefficient |T'| are plotted against the dimensionless wave number Kh for three different
values of the parameter 0(= /4, 7/6,7/10). Here we choose (d — ¢)/h = 0.4, D/h* =
0.5,D'/h* = 0.1 and ¢/¢ = 0.01, where ¢/h = 0.001,¢ /h = 0.1. These figures reveal
the fact that as the angle of incidence increases the amount of the reflection increases
whereas the transmission decreases. For small wave number, more reflection occurs and
it gradually decreases for large values of the wave number. The vice versa phenomena

is occurred in transmission curve.

0.8 i
—0=nl4

- -0=nl6
0=r/10

’, \\
,
0.6
:

0.2
% o5 1 15 2 25 3 04 s 1 15 2 25 3
Kh Kh
Figure 3.4: Reflection coefficient Figure 3.5: Transmission coefficient
against Kh for different values of against Kh for different values of
0 with (d — ¢)/h = 04,¢/c = 0 with (d — ¢)/h = 04,¢/c =
0.01,D"/h* =0.1,D/h* = 0.5. 0.01,D'/h* =0.1,D/h* = 0.5.

Effect of variation of elasticity of ice cover and elastic coefficient of the barrier
on reflection coefficients

In Figure 3.6, the reflection coefficient |R| is plotted against the dimensionless wave
number Kh for different values of the parameter D/h*(= 0.01,0.50,2.00,5.00). Here
we take the fixed values of (d —¢)/h = 0.4,D"/h* = 0.1,¢/€ = 0.01 and § = 7/4. In

this figure we see that as D/h?* increases, the reflection coefficient |R| decreases. Thus
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the elasticity of the ice cover decreases the amount of reflection.

In Figure 3.7, the reflection coefficient | R| is plotted against the dimensionless wave
number Kh for different values of the parameter D'/h*(= 0.01,0.50,1.00). Here we
take the fixed values of (d —c)/h = 0.4, D/h* = 0.5,¢/¢ = 0.01 and § = 7/4. Here also
we see that for increasing values of the elastic coefficient of the barrier the amount of

reflection decreases.

09 : : 0.8 :
—D/h*=0.01 —D/h*=0.01
0.8} ] O
. ~"DIh*=0.50 D/h'=0.50
07rf Dih4=2.00 | 06 D/h*=1.00 |
06, ~~D/h*=5.00 |
05/} _
x X 0.4
T 04,
03f  Thwlin el S
0.2 .
0.2 1
0.1
0 0 ‘
0 05 1 15 2 25 3 0 0.5 1 15 2 25 3
Kh Kh
Figure 3.6: Reflection coefficient Figure 3.7: Reflection coefficient
against Kh for different values of against Kh for different values of
D/h* with (d — ¢)/h = 0.4,¢/¢ = D'/h* with (d —¢)/h = 0.4,D/h* =
0.01,D"/h* =0.1,0 = /4. 0.5,¢/¢ =0.01, 0 = /4.

Effect of various parameters on a normally incident wave train

The following figures are drawn for normally incident wave train (6 = 0).

Effect of variation of elasticity of ice cover on reflection and transmission coef-
ficients

In Figures 3.8 and 3.9, the reflection coefficient |R| and transmission coefficient |T'|
are plotted against the dimensionless wave number Kh for four different values of the
parameter D/h*(= 0.01,0.5,2.0,5.0) respectively. Here we choose (d —c)/h =0.2,0 =
0,D'/h* = 0.1 and ¢/€ = 0.01, where ¢/h = 0.001,¢ /b = 0.1,¢/h = 0.2. In all the

following figures we consider the same values of ¢/h. The Figure 3.8 reveals the fact
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0.8 T T 1
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0 : : : : : 0.4 : : : ‘ :
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Figure 3.8: Reflection coefficient Figure 3.9: Transmission coefficient
against Kh for different values of against Kh for different values of
D/h* with (d — ¢)/h = 0.2,¢/€ = D/h* with (d — ¢)/h = 0.2,¢/¢ =
0.01,D'/h* =0.1,0 = 0. 0.01,D'/h* =0.1,6 = 0.

that |R| decreases as D/h?* increases and Figure 3.9 shows |T| increases with increasing
values of D/h*. Thus, the elasticity of the ice cover reduces the reflection and enhances

the transmission of the incident wave energy.

Effect of variation of elastic coefficient of the barrier on reflection coefficients

The Figure (3.10) shows the behavior of | R| for different values of D’/h* = 0.01,0.50 and 1
and fixed values of (d — ¢)/h = 0.3, = 0,D/h* = 0.1 and ¢/¢ = 0.01, where
¢/h = 0.001,¢ /h = 0.1. It is clearly visible from the figure that, as the elasticity
of the barrier increases, the reflection of short surface waves increases while the reflec-
tion of waves with larger wavelength decreses. This phenomena is attributed to the

interaction of waves with the elastic barrier.

Effect of change of density ratio between elastic plate and ice cover on reflection
coefficient

In Figure (3.11), the reflection coefficient |R| is plotted against the dimensionless wave
number Kh for three different values of the parameter €/¢ (= 0.01,0.50,1.00), where
¢ /h is taken as 0.1. Here we choose (d—c)/h =0.2,0 =0, D/h* = 0.5and D' /h* = 0.1.

This figure reveal the fact that |R| decreases as /¢ increases.
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Figure 3.10: Reflection coefficient Figure 3.11: Reflection coefficient
against Kh for different values of against Kh for different values of
D'/h* with (d —¢)/h = 0.3,D/h* = ¢/ with (d —c)/h = 0.2,D/h* =
0.1,¢/€ =0.01,0 = 0. 0.5,D"/h* =0.1,0 = 0.

Effect of change of flexural rigidity of ice cover on horizontal force

The magnitude of the horizontal component of the hydrodynamic force acting on the
elastic plate is evaluated from the relation (3.34) and is represented graphically in
the Figure (3.12). In this figure, the graphs are plotted for four different values of
D/h*(= 0.1,0.5,1.0,3.0). The horizontal component of the hydrodynamic force F'1
acting on the elastic plate exhibits oscillatory behaviour when the flexural rigidity of

the ice cover D/h* is small. However, as D/h* increases, F'1 slowly increases with Kh.

Deflection of the elastic plate

The effect of flexural rigidity parameter of the elastic plate on the plate deflection
is presented against y/d in Figure (3.13). Here we non-dimensionalize all the pa-
rameters with respect to d. In this figure, the graphs are plotted for three different
values of D'/d*(= 0.1,0.5,1.0) and for fixed values of the parameters c¢/d = 0.5, h/d =
15,D/d* = 25, Kh = 05,5 = 0.15,% = 0.015,6 = 0. If D'/d* increases, the deflec-
tion of the plate from its mean position decreases. With increasing D’ /d*, the lower

end of the plate is more deflected than the upper end.
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Variation of shear force

The magnitude of the shear force of the plate as a function of y/h is presented in
the Figure (3.14). The graphs are for the different values of the wave number Kh(=
0.50, 1.00,2.00), + = 0.1,% =0.01,D/h* =0.5,D'/h* = 0.1,¢/h = 0.2,d/h = 0.6,0 =
0. When K'h is small, shear force (1 more or less remain constant throughout the length
of the plate. This is beacause the longer waves which are near the bottom of the water
region do not feel the presence of the barrier. However as Kh increases, the shear
force first decreases and then increases towards the lower end of the barrier. In Figure
(3.15), the shear force graphs taken against y/h for different values of elastic parameter,
%(: 0.50,1.00,2.00) of the barrier and fixed values of ; = 0.1,% = 0.01,D/h* =
0.5, Kh = 0.01,¢/h = 0.2,d/h = 0.6,0 = 0. For smaller values of flexural rigidity of
elastic barrier, i.e., D/h* = 0.5, 1.0, the shear force slowly decreases towards the lower
end of the barrier. However for larger value of D/h* = 2.0, the shear force is significant

towards the two ends of the barrier and is very small at the centre of the barrier.
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Figure 3.14: Magnitude of s}}ear Figure 3.15: Magnitude of shear
force for elastic plate ; = 0.1,5 = force for elastic plate + = 0,1,% =
0.01,D/h* = 05D /n* = 0.01,D/h* = 0.5, Kh = 0.01,c/h =
0.1,¢/h=0.2,d/h=0.6,0 = 0. 0.2,d/h=0.6,0 =0

Shear strain of the elastic plate

Figure (3.16) shows the variation of magnitude of the shear strain against y/h for an
elastic plate submerged in finite depth water with K'h = 0.05,0.1,1 and 2, + = 0.1, % =
0.01,D/h* = 0.5,D'/h* = 0.1,¢/h = 0.2,d/h = 0.6,0 = 0. From the figure it is seen
that waves with longer wavelength which are towards the bottom of the water region
are not affected by the barrier and consequently the shear strain nl remains almost
constant throughout the length of the plate. However as the wave number increases,
the shear strain decreases as we move down from the upper end of the barrier and
then again increases slowly towards the lower end of the barrier. Figure (3.17) depicts
the variation of shear strain against y/h for an elastic plate submerged in finite depth
water with % = 0.01,0.5,2 and 3, 7 = 0.1,% = 0.01,D/h* = 0.5,Kh = 0.1,¢/h =
0.2,d/h = 0.6,0 = 0. The figure shows that increasing flexural rigidity of the elastic
plate increases the shear strain on the plate.

In most of the graphical results it is clear that the variation of different parameters
affect the nature of reflection and transmission curves more for small wave numbers.
Increasing values of wave number reduces the differences between the reflection curves

drawn for different parametric values in same figure.
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Figure 3.16: Magnitude of shear Figure 3.17: Magnitude of shear
strair/l for —elastic plate 7 = strain for elastic plate. + = 0.1, % =
0.1, = 0.01,D/h* = 0.5,D'/h* = 0.01,D/h* = 0.5,Kh = 0.1,¢/h =
0.1,¢/h=0.2,d/h =0.6,6 = 0. 0.2,d/h=10.6,0 =0.

3.5 CONCLUSIONS

In this chapter, the interaction between obliquely incident waves with an elastic thin
barrier submerged in ice covered ocean is investigated. The boundary conditions on
the elastic plate and upper surface of water are derived from Bernoulli Euler Beam
equation. The Green’s function technique is used to solve the problem.

Some outcomes are summarized below:

Physical quantities such as reflection, transmission coefficients, horizontal hydrody-
namic force, deflection of elastic plate, shear force and shear strain on the elastic plate
are evaluated and plotted graphically against suitable parameters. The effect of elas-
ticity of the barrier reduces the amplitude of reflection coefficient and hydrodynamic
force . Longer barrier reflects more energy than the shorter one.

Due to increasing flexural rigidity of the plate, the lower end of the plate is more de-
flected than the upper end.

Increasing flexural rigidity of the elastic plate increases the shear strain on the plate.
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CHAPTER 4

SCATTERING OF WATER WAVES BY A
VERTICAL POROUS BARRIER OVER A
RECTANGULAR TRENCH

4.1 INTRODUCTION

During the last few decades, the study of propagation of surface water waves over a
rectangular trench was being considered by many researchers because of their possible
applications in coastal and ocean engineering. It has a significant role in understanding
the characteristics of wave in harbour and offshore regions. The scattering of normally
incident monochromatic plane progressive wave by rectangular submarine trench of
constant depth containing two fluids of constant but different densities was studied by
Lassiter (1972). Lee and Ayer (1981) investigated the effect of a symmetric rectangular
trench on the waves, by dividing the fluid domain into subregions and thereby match-

ing the eigen function expansion of velocity potentials in the common boundary of two

O+ The content of this chapter is based on the paper “ Effect of porosity on wave scattering by
a vertical porous barrier over a rectangular trench”, Journal of Marine Science and Application, 74
(2023), 491-505.
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subregions. Miles (1982) used a conformal mapping to solve the problrm of scattering
of a normally incident wave train by a trench. The diffraction of obliquely incident sur-
face waves by an asymmetric trench was investigated using linearized potential theory
by Kirby and Dalrymple (1983). They divided the fluid domain into different regions
and solved a set of integral equations derived by matching eigen function expansions
of the velocity potentials in the common boundary of the regions. Later, Kirby et al.
(1987) studied the problem of wave diffraction over a rectangular trench considering
the effect of current flowing parallel to the trench boundary. A study of wave scatter-
ing of normally and obliquely incident wave train over a rectangular submarine trench
was carried out by Chakraborty and Mandal (2014, 2015) by reducing the problem
to solving appropriate integral equation. This integral equation was solved by multi-
term Galerkin approximation involving ultraspherical Gegenbauer polynomials. Later,
Roy et al. (2017) considered the problem of water wave scattering by an asymmetric

rectangular trench using an approach similar to Chakraborty and Mandal (2014, 2015).

Interaction of water waves with a thin plate assuming the linear theory has been a
subject of considerable interest as this phenomenon serves as a model for a wide range of
physical situations which include wave interaction with breakwaters, very large floating
structures. Breakwaters are coastal structures which are widely constructed to reduce
the wave action in inshore water and thereby reduce the coastal erosion and protect
a port or harbour from the effect of rough sea. Usually the breakwaters are mathe-
matically modeled as rigid impermeable thin vertical plate either partially immersed
or submerged in ocean. A number of researchers were engaged in solving the boundary
value problem associated with the study of water wave scattering by a thin rigid vertical
plate present in ocean with free surface and consequently many sophisticated math-
ematical concepts evolved. Dean (1945), Ursell (1947), Evans (1970) were pioneers
with such types of studies. It may be noted here that exact solution of the aforesaid
boundary value problem exists when the barrier is in the form of a rigid vertical plate
present in the deep water and for normal incidence of the incoming wave train. In
all other cases only approximate analytical or numerical methods are used to obtain
approximate solution. The scattering problem involving a partially immersed and sub-
merged rigid plate using first kind of hypersingular integral equation was studied by

Parsons and Martin (1992, 1994). Based on application of Green’s integral theorem,
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they reduced the boundary value problem to a solution of first kind hypersingular inte-
gral equation where the unknown function is the difference of velocity potential across
the plate. The hypersingular integral equation was then solved by using collocation
method based on approximating the unknown function satisfying the integral equation
by Chebyshev’s polynomial. The problem of wave diffraction by rigid vertical barrier
in finite depth water was considered by Goswami (1983). Goswami (1983) employed
Green’s function technique to reduce the scattering problem involving a fixed vertical
rigid plate submerged in water of uniform finite depth, to an integral equation. The
integral equation was then solved approximately by using a perturbation method and
reflection and transmission coefficients were thereby obtained. Losada et al. (1992)
obtained the reflection and transmission coefficients of the above mentioned problem
by using an eigenfunction expansion method. Later on, Porter and Evans (1995) con-
sidered oblique wave scattering by a thin vertical rigid barrier in uniform finite depth
water having four basic configurations namely, a surface piercing barrier, a bottom
standing barrier, a barrier with a gap and a totally submerged barrier. For each case,
they have used an approximate method based on the Galerkin approximation. Also,
Mandal and Dolai (1994) considered oblique water wave scattering by thin vertical bar-
rier in uniform finite depth water. They employed one-term Galerkin approximation

to evaluate the upper and lower bounds for the transmission and reflection coefficients.

During the later half of twentieth century, study of wave interaction with porous
coastal structures like rubble mound breakwaters became important in coastal engi-
neering as the structural voids in the porous breakwaters can dissipate wave energy
efficiently. Also in coastal engineering, porous breakwaters drew special attention of
the scientist and researchers because the rigid breakwaters collapsed due to huge wave
load. Also, a porous breakwaters are eco-friendly as water can pass through the holes
which helps to protect marine environment. Mathematical modeling of porous struc-
ture as thin porous vertical wave maker was pioneered by Chwang (1983). Based on
the model of Solitt and Cross (1972), Yu (1995) studied the problem of wave diffraction
by a semi-infinite porous barriers. Li et al. (2015) studied the problem of water wave
scattering by thin vertical porous barriers utilizing multi-term Galerkin approxima-
tion. Roy et al. (2016a, 2016b) analyzed water wave scattering by two unequal vertical

barriers and two submerged plates by using Galerkin’s approximation technique. More
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recently, Ray et al. (2021) considered the wave scattering problem by thin rigid plate
above the rectangular trench and Sarkar et al. (2022) analyzed oblique wave scattering
by two thin rigid plate over an asymmetrical trench. The above mentioned problems
were solved by applying multi-term Galerkin approximation technique using simple
polynomial as basis functions.

In the present paper, water wave scattering by a rectangular submarine trench in
presence of a thin vertical porous barrier are investigated. As mentioned earlier, the
porosity of the barrier is effective in dissipating wave energy and it helps to reduce wave
force on the barrier [cf. Manam and Sivanesan (2016)]. Here the porous barrier is posi-
tioned at a distance I’ from the middle of the trench. The whole fluid region is divided
into four subregions and in each subregion, a suitable eigen function expansion of water
wave potential is written. Using Havelock’s inversion formula in four subregions and
matching conditions at the interfaces of these subregions we construct three Fredholm
type integral equations. To solve these integral equations we use multi-term Galerkin
approximation technique taking orthogonal Chebyshevs polynomials and ultraspherical
Gegenbauer polynomial as its basis function. This choice is due to the edge conditions
at the submerged end of the barrier and at the edges of the trench respectively. We
have also consider simple polynomial as basis function to solve the integral equation
as done in Ray et al. (2021). The reflection coefficient and the transmission coefficient

are determined in terms of the solutions of the integral equations.

4.2 FORMULATION OF THE PROBLEM

We consider two dimensional, time harmonic, irrotational motion in water due to
interaction of a wave train incident normally on a thin vertical porous barrier par-
tially immersed in water region with a submarine trench at the bottom. We choose
rectangular cartesian coordinate system where x-axis is along the mean free surface
and y-axis is taken vertically downwards into the fluid region. A rectangular subma-
rine trench symmetrical about y-axis, of width 2b and depth ‘¢’ below the mean free
surface is situated at the bottom of water region so that water occupies the region

(—o<zx<—=b, 0<y<h)+(-b<z<b 0<y<o)+(b<zx<oo, 0<y<h).

73



CH 4. Wave scattering by a vertical porous barrier over a rectangular trench

A porous thin vertical barrier is situated along a vertical line x = [, which is partially
immersed upto a depth ‘a’ below the mean free surface so that configuration of the
barrier is given by z = [, 0 < y < a; [ < b. A train of time harmonic waves from
negative infinity with angular frequency o, represented by the velocity potential func-
tion Re[¢™¢(z,y)e "], is incident normally on the barrier and is partially reflected
and partially transmitted below the barrier so that R and T are the amplitudes of the
reflected and transmitted waves respectively. A schematic diagram of the problem is

shown in Figure (4.1).
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Figure 4.1: Schematic diagram
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Figure 4.2: Subregions of the fluid domain
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Here

_ coshag(h —y) eolett)

¢ (x,y) = : (4.1)

cosh aph

where «q is the unique real positive root of dispersion relation
atanhah = K, (4.2)

K = ‘;—2, g is the acceleration due to gravity.

To study the problem under consideration, we divide the fluid region into four sub-
regions, viz, Ry, Ry, Rs3, Ry [see Figure (4.2)] where
Ri=(—c0o<z<—b,0<y<h);

Ry
R
Ri=(b<x<o0,0<y<h).

(—b<z<l,0<y<c)

(l<z<b0<y<eo);

Let the resulting motion in the fluid be described by the velocity potential Re[¢;(z, y)e "],
then ¢;(x,y) satisfies

V2¢; =0 in the fluid region, j = 1,2, 3,4, (4.3)

the linearized free surface condition

<%+K>¢j200ny:o,_m<x<oo, (44)

the bottom boundary condition

ony=c j=2,3,
Gjy =0 (4.5)
ony=nh j=14,

the conditions on the two sides of the trench

pj=0onz==xb ,j=23 h<y<c, (4.6)
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the edge conditions

r%ngSl, T2%V¢2, 7’3%qu3 are bounded as ry,ry,r3 — 0 (4.7)

where 71,79, 73 are the distances from the submerged left edge of the trench, the sub-
merged edge of the barrier and the submerged right edge of the trench respectively so
that

= ()2 (y— b2 = (= D2 (y— ), 1= (@ — b+ (y — )2,

The condition on the porous barrier surface is given by

0 0
0 0 iayCG(ds—s) onx =1, y € (0,0) (4.8)
Here G = G" +iG" is the dimensionless porous parameter given by G = % where

0 is the porosity, f is the resistance force coefficient, S is the inertial force coefficient
and 7 is the thickness of the porous medium. Thus the real part G" of G is related to
the resistance force coefficient and the imaginary part G is related to the inertial force
coefficient of the porous material. The quantity G resists passage of fluid through
the pores while G allows the fluid through the pores of the porous material. When
G' << G", i.e., when the inertial force coefficient is much less than the resistance force

coefficient then G is considered as real.

The continuity of normal velocity and pressure across the free-flowing interfaces

yields
0p1 O _ _
%~ om and ¢y = ¢o, for x = —b, y € (0,h),
gy O3 _
57 = Ba for z =1, y € (0,c¢),
G2 = 3, for x =1, y € (a,¢),
dp3 Oy _ _
= B2 and ¢3 = ¢4, for z =0, y € (0,h). (4.9)

The far field behavior of the potential functions are described by
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¢1($,y) ~ ¢m0(x7y) + R¢ch(_x7y) as T — —O0Q,
Ga(z,y) ~ T¢™(2,y) as & — o0 (4.10)

where R and T are the unknown complex reflection and transmission coefficients

respectively to be determined.

4.3 METHOD OF SOLUTION

By Havelock’s expansion of water wave potential, the eigen function expansions of
¢j(x,y) satisfying (4.3) to (4.9) in the different regions R;, j = 1,2,3,4 are given

below.

$1(x,y) = {00 4 Remi 0L o (y) )~ A ey (y),
n=1

pa(x,y) = {Bo cos Aoz + Cosin Aoz } xo(y) + Z {B,, cosh A,z + C,, sinh A,z } xn(y),

n=1

o3(x,y) = { Do cos Aoz + Eysin Aoz } x0(y) + Z {D,, cosh \,x + E,, sinh Az} x,,(v),

n=1

a(,y) = Te ™Dy (y) + > Fre 4, (y) (4.11)
n=1

where {An}?f:p {Bn}?f:o, {Cn}?f:m {Dn}f;o:m {EH};L.O:Ov {Fn}zozlv R? T are un-

knowns to be determined. Here

~ coshag(h —y) ~cosay(h—y)

() = YY) o
to(y) cosh aph Un(y) cos ah "
cosh A\g(c — ¥) cos A\, (c — 1)
= =— " n=1,2 ... 4.12
XO(y) cosh )\OC >Xn(y) cos )\nc , ) Sy ( )

and «p, tia,, are the roots of the equation (4.2) and A, £i\, are the roots of the
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equation

Atanh A\e = K. (4.13)

For determination of the unknowns Al s, Bls, C!s, D!s, Els F's,R and T, we

proceed as follows. Let us define

09; 0¢j41 .
O e A
’ O |, 41 Ox =—blb
g](y) = [¢j+l - ¢j]x:—b,l,b7 .7 = 17 27 3 (414)

where y € (0,h) for j=1,3 and y € (0, ¢) for j=2.
Using the representation (4.11) in the equation (4.14), we obtain

fily) = iao {1 — R} ho(y +Zozn n¥n (Y

= Ao {Bosin \gb + Cy cos \ob} x0(y) + Z An {— By sinh A\, + C,, cosh A b} xn(y)

n=1

g1(y) = {Bp cos \gb — Cysin \gb} x0(y —i—Z{B cosh A\p,b — C), sinh A0} xn (v)

n=1

f2(y) = Ao {=Bysin Aol + Cy cos Aol } xo(y +Z>\ {B, sinh Al 4+ C,, cosh A1} X (y)

n=1

= Ao {—Dysin \gl + Ej cos Aol } xo(y —i—Z)\ {D,, sinh \,,l + E,, cosh AL} xn(y)

n=1
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92(y) = { Dy cos Aol + Egsin Mol} xo(y) + Y _ {Dy cosh Al + B, sinh A1}y (y)

n=1

—{ By cos Aol + Cysin Aol } xo0(y Z{B cosh Al + C,, sinh A\l } xn (y)

n=1

f3(y) = Ao {—Do sin \gb + Ej cos \ob} x0(y) + Z An { Dy sinh A\,b + E;, cosh \b} xn ()

n=1
ZOZOT¢0 Z (679 n¢n
93(y) = Tho(y) + Z Fotbn(y
—{Dq cos Ao + Egsin Agb} xo(y) — Y _ { Dy cosh b+ Ey sinh A} xa(y).  (4.15)
n=1

Now applying the Havelock’s inversion formula to equation (4.15), we obtain the

unknown constants as,

JR— ) h
1-R= w / fi(u) cosh ag(h — u)du, (4.16)
0 0
4cosayh [
A, = — f1(u) cos ay, (b — u)du, (4.17)
0
4 cosh A\gc h
By = F W {cos )\OZ/O f1(u) cosh Ag(c — u)du
— cos )\Ob/ fa(u) cosh Ag(c — w)du| , (4.18)
0
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4 cos A\ c ¢
B, = - h -
N W FY) [cos )\nb/o fa(u) cos A\ (¢ — u)du

h
— cosh A\, / fi(u) cos A, (¢ — u)du] : (4.19)
0

4 cosh M\gc ' h
Co = Yo sin Ag(b + 1) [Sln )\ol/o f1(u) cosh Ag(c — u)du

+ sin Aob /C fo(u) cosh A\g(c — u)du] : (4.20)
0

4 cos A\, h
o inh \,/ (e — u)d
¢ Y sinh A, (b + 1) {Sm /0 f1(u) cos Ay (¢ — u)du

+sinh Ab / fa(t) cos An(c — u)du] | (4.21)
0
4 cosh \gc ¢
Dy = h _
oS (b — 1) {cos )\Ob/o fa(u) cosh Ag(c — u)du
h
— cos Aol / f3(u) cosh Ag(c — u)du} : (4.22)
0
—4 cos \,¢ ¢
D, = S b —1) {cosh )\nb/o fa(u) cos A, (¢ — u)du
h
— cosh A\l / f3(u) cos A (¢ — u)du] (4.23)
0
4 cosh \gc : ¢
Ey = p— )\O(bo— ) {sm )\ob/o fo(u) cosh Ag(c — u)du
h
~sin Aol / F(u) cosh Ao(c — u)du] | (4.24)
0
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4 cos \,¢ ¢
E, = - inh -
" b (b= T) {sm )\nb/o fa(u) cos A (¢ — u)du
h
—sinh Al / Fa(u) cos An(c — w)du| | (4.25)
0
— y h
- ‘“%W / F5(u) cosh ag(h — u)du, (4.26)
0 0
—4cosa,h [
F, = ot / F(u) cos an (h — u)du (4.27)
n 0

where 0y = 2aph + sinh 2agh; 9, = 2a,h + sin 2a,h, 79 = 2Xgc + sinh 2\gc; v, =
2 \pc+sin2\,c (n=1,2,...).
Thus all the unknown constants are expressed in terms of the function f;(y) and ¢;(y), j =
1, 2, 3 so that once f;(y)and g;(y), j =1, 2, 3 are known then the problem is solved.
In the next section we proceed to determine f;(y), j =1, 2, 3 through integral equa-

tion formulation.
3.2 Formation of integral equation:

In this section we will derive integral equations for f;(y), j =1, 2, 3. For this we
first consider the continuity of ¢;(z,y) across the gaps in the boundaries of different

regions as given in relation (4.9). This gives

¢1(_b - 07y> = ¢2(_b+ an)7 O < ) < h7
G2l = 0,y) — ¢l +0,y) = ———=faly), 0<y<a, (4.28)
OéoG
¢2(l_07y)_¢3(l+07y)207 a<y<c,
¢3(b—0,y) = d4(b+0,y), 0<y<h.

These provides the three integral equations given by
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/thl(u)Lj(y,u)du + /OCpQ(u)Mj(y’u)du

h
+/ ps(u)N;(y,u)du = X;,j =1,2,3
0

where

pi(u) = 193(_”;{, 1=1,2,3,
fo(u)
e) =g

. 4cosay, h —y)cosa,(h—u
L) = =y 1m0 cosanlh — )

n=1 On
4 cosh A\g(c — y) cosh A\g(c — u)
Yo tan Ao (b + 1)
4 cos A\, (c —y) cos A\, (c — u)
_; Y tanh A, (b + 1) ’

4 cosh A\g(c — y) cosh \g(c — u)

Ml(y7u> ==

Yo sin Ao(b—}‘ l)
4cos A\, (c —y) cos A\p(c — u)
- nz:; Y sinh A, (b + 1) ’
Nl(ya U) = 07
4 cosh A\g(c — y) cosh \g(c — u)
L - _
2(y7U) Yo sin Ao(b—}‘ l)
4cos \p(c—y)cos A\, (c —u)
- Z Yo sinh A, (b + 1) ’

n=1
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4 cosh A\g(c — y) cosh A\g(c — u)
~o tan )\O(b —1)
4 cosh \g(c — y) cosh A\g(c — u) 4dcos \p(c—y)cos \,(c—u)
: >
Yo tan Ao (b + 1) Y tanh A, (b — 1)

MQ(?/? U) =

n=1

4cos A\, (c—y)cos A\p(c —u)
B Z tanh An(b+1) ’ (4.35)

4 cosh A\g(c — y) cosh A\g(c — u) 4 cos A\, (c —y) cos A\p(c — u)
N. = — 4.36
2(y.u) ~osin Ao(b —1) * ; o= )

4 cosh \g(c — y) cosh A\g(c — u) 4cos \p(c—y)cos A\, (c —u)
M. = — 4.38
3(y, ) Yosin Ag(b — 1) 231 Yn smh)\ a(0—1) (4.38)

4 cosh \g(c — y) cosh \g(c — u)
N pu—
a(y, ) ~o tan Ao(b — 1)
_24008)\ y) cos Ap(c —u)  4dicoshag(h —y)coshag(h —u)
wtanh A, (b — 1) do

_iélcosozn(h—y)cosozn(h—u) (4.39)

On

n=1

3.3 Solution of integral equation

We solve the integral equations (4.29) using the multi-term Galerkin approximation
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method. For this we write the unknown functions p;(y), i =1,2,3 as

N
= anua(y),0 <y <h, (4.40)
n=0
szn 0<y<e (4.41)

where z,(y) = v,(y) for 0 <y < a and z,(y) = z,(y) for a <y < ¢,

Z Cnwn(y),0 <y < h, (4.42)

van 0 <y <a,

where the basis functions u,(y) for 0 < y < h and w,(y) for 0 < y < h are chosen
in terms of ultraspherical Gegenbauer polynomials of order & and z,(y) for 0 <y < a
are chosen in terms of orthogonal Chebyshev’s polynomial of order 2n with suitable
weights respectively. The choice of basis functions depends on the types of singularities
at the corners of the trench and at the submerged sharp edge of the barrier as given
by the edge condition (4.7). Here we also consider simple polynomial as basis function

to solve the integral equation. The basis function in various intervals are given below.
3.4 Basis functions

Approximation of basis functions in terms of orthogonal polynomials

In each integral equation of (4.29) there are three integrals where the unknown
functions are pi(y), p2(y), ps(y) in first, second and third integral respectively. As
given in equations (4.40) to (4.42), these unknown function are expanded in terms of
suitable basis functions. The choice of basis functions are explained in section 3.3 and

are given below. For the first integral in (4.29) we write,

d

un(y) = —d—y[e_Ky/ X, (t)dt], 0 < y < h. (4.43)
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We choose the basis functions in terms of @, (y) as follows

| 1
U (y) = ngn(h) 0<y<h (4.44)
where Cg, (%) are Gegenbauer polynomials of order 1/6.

For the second integral in (4.29) we write,

un(y) = —dily[e_Ky/O R, (H)dt],0 < y < a,
d C
ra(y) =~ [ / K13, (H)dt],0 < y < a. (4.45)

We choose the basis functions in terms of 7, (y) as follows

- 2(-1)" 2
P () = 2(-1)" T (=Y ¢ 4.46
n(y) e (e n(c_a), <y< (4.46)

where Ty, (y) and Us,(y) are Chebychev’s polynomial of first and second kind of

order 2n.

For the third integral in (4.29) we write,

h
wy(y) = —d%ly[e_Ky/ X, (t)dt],0 < y < h. (4.47)
y

Here also we choose the w0, (y) in terms of Gegenbauer polynomials of order 1/6 as

given below.

N 25T(3)(2n)!
Wy (y) = Tt D)y Y C’2n( ),0 <y < h. (4.48)

Thus the unknown functions satisfying the integral equation (4.29) are expanded

=

ol

in terms of suitable orthogonal polynomials as shown in equations (4.43) to (4.48).
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However the unknown functions satisfying the integral equation (4.29) can also be

expanded in terms of simple polynomials as shown below.

Approximation of basis functions in terms of simple polynomials

For the first integral in (4.29) we write,

wn(y) = (h—fy)é (%)”0 <y<h (4.49)

For the second integral in (4.29) we write,

vn(y):< ¢ )%(9)",0<y<a, (4.50)

m(0) = <y - a) |

For the third integral in (4.29) we write,

and

[N]
/N
Q=
N——

3

Q
A\
NS
A\
o

(4.51)

wy(y) = <hL—y)% <%>n,0 <y <h. (4.52)

3.5 Formation of linear system of equations
As the three integral equations given by (4.29) are in different ranges, they can

be extended to the range (0,c¢) as in Morris (1975), by multiplying with appropriate

Heaviside unit functions. This gives the linear system of equations as follows

N N
> K+ baLon = dm, m=0,1,.,N (4.53)
n=0 n=0
N N N
> @M+ buNom + D P =0, m=0,1,..,N (4.54)
n=0 n=0 n=0
N N
> b0 Qun+ > R =0, m=0,1,..,N (4.55)
n=0 n=0

where
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— —zaoG/ M (y, w)on (u)du )um(y)dy+/0h < [ My (y, u)a,(u)du )um(y)dy

M = /OC < foh Lo(y, u)u,(u)du ) 2 (y)dy

= —zaoG/ o Ma(y, w)v,(u)du ) V() dy + /ac ( [ Mo (y, w)a,(u)du )xm(y)dy
- /0 a Un (Y)Um (y)dy

and

" cosh ag(h — y)
dm - m d
/0 cosh aph un(y)dy

with m,n=20,1,2,...]V.
Substituting the expression of fi(y) in terms of pi(y) in (4.16), we obtain the
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reflection coefficient as follows

1+Cs
R = 4.56
1-Cs (4.56)

where
. N h
4 h agh
O = L1000 Z an/ cosh ag(h — y)u,(y)dy (4.57)
60 n=0 0

and substituting the expression of f3(y) in terms of ps3(y) in (4.26), we obtain

transmission coeflicient as follows

. N h
T — _47,(1 + R) cosh OéOh Z Cn/ COSh ao(h _ y)wn(y)dy (458)
50 n=0 0

3.6 Evaluation of coefficients of linear system of equations

The various coefficients K, Mpn, Nons Prns Qmn and R, occurring in the
linear system of algebraic equations (4.53) to (4.55), can be evaluated by choosing the
basis functions in terms of simple polynomial as given by equations (4.49) to (4.52)
and orthogonal polynomials as given by equations (4.43) to (4.48). The choice of ba-
sis functions in terms of orthogonal polynomial simplifies the coefficients of the linear
system of equations (4.53) to (4.55) considerably using the properties of the orthog-
onal polynomials. The simplified form of various coefficients using the properties of

orthogonal polynomials are given below.

- 2 ~ tanh i(b ) (/Oh cos Ap(¢ — y)um(y)dy) (/Oh cos A, (¢ — u)un(u)du)
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Now,

h B Q%F(l)(2m) h IR
/OcosozT(h—y)um(y)dy WF(Qm—i— )(h)i/o cos a,.(h y)(h2_y2)%02"(h)dy
:2(_1)mcosahJ 1 (i h

(osh)s () T i (eh)

where J,’s are Bessel functions of first kind.

Similarly other integrals in the expression for K,,, can be evaluated. Using this

result in the expression for /C,,,, we get

16(—1)™*" cos? a,.h
Kn = — Z arh) J2m+% (Oérh) J2"+% (O{Th)

N 16 cosh? \gc
Yo(Aoh) 7 tan Ao(b + 1)

I2m+% ()‘Oh)IQn—i-% ()‘Oh)

o0

16(—1 m4n C082 >\rC
- Z ( l) J2m+%()‘rh)‘]2n+%()\rh)
= 7, (A\ch)5 tanh A, (b + )

where I,,’s are modified Bessel function of first kind.

16 cosh? Ao
Yo(Aoc) sin Ag(b + 1)
16(—1)™" cos? \,.c

_ ; ’YT(ATC) Sinh )\T(b + l) J2m+1()\ra) J2n+l()\ra)

16
Yo(Aoc) sin )\o(b ) Iym(Xo(c — a)) Ion(Ao(c — a))

oo

Ly = i0gG { Lot 1(Ao@) Ion+1(Aoa)

o

1)m+n

Z )\c smh)\ ~(b+1)

Jom(Ar(c — @) Jon(Ar(c — a))
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16 cosh? \gc
an = - 1. 0 I2m+ ()‘Oh) 2n+ ()‘Oh)
Yo(Aoh)3 sin Ao (b + 1) 6

o0

—1)™ " cos? \,.c

Z 16(
r=1 %()\rh)% sinh A.(b + 1)

J2m+% (Arh) Jgn_,_% (A\:h)

16 cosh? \gc

N = 100 {_ Yo(Aoc) tan Ag(b — 1) Iomi1(Aoa) Iz 1 (Aoa)
_VO(Aig)C:;:Q)\jE)l)C+ ) Lom11(Ao@) I2n11(Aoa)
O v O

e A T
+Vo()\00) taon(b +1) L (Mo(c = a))Ion(Ao(c — a))
- Z +(Ar€) tan})ln;\+Zb ) Jom (A (€ = @) Jon(Ar(c — a))
+70()\oc) t;r?)\o(b — g)]2m(>\o(0 —a))Ion(Xo(c — a))

B Z V(Ai)Gia_nllzn;:b —1) Jom(Ar(€ = @) Jan(Ar(c — a))

A(=pm i 2 Y Y
_7r2a2h2(2m+1)(2n+1)/0 (@ = 97) U )V )y

2
P = — 16 ciosh AoC Lynit (Aoh) Iy, 1 (Xoh)
Yo(Aoh)3 sin A\g(b — 1) 5 1
o] 16(_1)m+n COS2 )\rC
+ 1 JmlATh‘]nl)\rh
;%()\rh)3 sinh \,.(b — 1) 2 +6( ), +6( )
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, 16 cosh? A\gc
Qmn = 109G {’Yo()\oc) i )\O(Ob — l)12m+1()\oa)[2n+1()\oa)
= 16(—1)"*"cos® \,c
- g (E\ C))Sinh Ar(b—1) Som+1(Ar@) Joni1 (Ara)
r=1 'T\7T r
16
_70()\00) sin A\g(b — 1) Lo (Ao(e — @) Ion(Ao(c — a))
ad 16(_1)m+n

Yr(Apc) sinh A (b — 1) Jom(Ar(c — a)) Jon(Ar(c — @)

r=1

16i cosh? agh
Ry = ———— 1L, 1(aoh) 1, 1 (aph
50(a0h)% 2 +6( oh) Iy +6( oh)

L 16(—1)"*" cos? a,h
- : Jomit(arh)dy, 1 (ah
Y ot et @) Ty o)
n 16 cosh? A\gc
Yo(Aoh)3 tan Ag(b — 1)

_ Z 16(—1)™*" cos® \,c
r=1 ’Yr()\rh)% tanh \,.(b — 1)

r=1

]2m+% ()‘Oh)IQn—i-% ()‘Oh)

‘]2m+% ()‘rh)Jszr% ()‘rh)

3.7 Dynamic wave force:

The dynamic pressure P(x,y) can be obtained according to the Bernoulli equation

Li et al. (2015)

P(x,y) = —ipoga(y)

where p is the fluid density. The magnitude of horizontal wave force acting on

barriers can be obtained by integrating the dynamic pressure along the porous barriers
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as follows

Cy = =ipa [ alu)dy (4.60)
0

The non-dimensional form of the horizontal force coefficient on the vertical porous

barriers is given by

_ K|G|

Ky
Py

(4.61)

3.8 Energy identity relation:

The energy identity plays an important role in the theoretical study of water waves
scattering by barriers. A part of incident wave energy can be dissipated by the porous
barriers. The absolute values of the reflection and transmission coefficients are con-

nected by the relation

|IR*+|T*=1-. (4.62)

Here J signifies the amount of dissipated energy due to the permeability of barriers

and its expression in terms of the potential differences across the barriers is found to
be

J=2KG" / lgay) Pdy. (1.63)
0

It is clearly noticed from the expression of J that the integrand in the right-hand
side of (4.57) is always positive for a non-zero G" so that |R|?> + |T|*> < 1 for the case
of permeable barriers, whereas for impermeable barriers the energy identity relation

satisfies |R|? +|T'|? = 1, which provides the convergence of result in the present study.

4.4 NUMERICAL RESULTS

In this section the numerical results of hydrodynamic quantities viz. reflection coef-

ficient, transmission coefficient, energy dissipation coefficient and hydrodynamic force
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are depicted graphically. Here this quantities are non dimensionalized by the water
depth h.

Table 4.1: Convergence of |R| with N for a/h = 0.5,b/h = 1.5,¢/h = 1.5,1/h =
0.5,G=0.5

Kh N=2 N=3 N=4 N=5
0.00001 0.001271 0.001351 0.001372 0.001377
0.50001 0.090594 0.090595 0.090596 0.090596
1.00001 0.249584 0.251970 0.252254 0.252259
1.50001 0.570622 0.575437 0.577160 0.577165
2.00001 0.179136 0.187224 0.187403 0.187405
2.50001 0.263810 0.251276 0.254864 0.254867

Table 4.2: Comparision of our results with the results of Ray et al. (2021) taking
a/h=0.5,b/h=15,¢/h=15G=0,l/h=0

Kh  [R[(N = 5) |R|(N = 3) IT|(N =5) T|(N =3)
(Ray et al. (Present Study) (Ray et al. (Present Study)
(2021)) (2021))

0.001 0.013015 0.013019 0.999915 0.999915
0.491 0.132204 0.132209 0.991213 0.991221
0.981 0.047433 0.047441 0.998867 0.998874
1.471 0.315932 0.315937 0.947309 0.948780
1.961 0.636024 0.636030 0.783752 0.771664
2.451 0.873816 0.873824 0.474271 0.486242
2.941 0.966781 0.966789 0.262009 0.255576

In Table (4.1), we display the numerical results for |R| showing its convergence
with the truncation number N in equations (4.53) to (4.55), taking N = 2,3,4,5 for
different values of K'h. In this case we see that, for N = 3,4, 5, the numerical values
computed here coincide upto 5 decimal places. We have also checked that the present
method converges for all other values of the parameters and the wave number when N
is 3. So, for all the calculations we have chosen N = 3.

Then the accuracy of the numerical results are established in Table (4.2), by com-
paring our present result with Ray et al. (2021). In Table (4.2), the numerical
values of |R| computed by present method are compared with those given in Table
1 of Ray et al. (2021) for a rigid barrier placed along the y-axis, by considering
4 =05, =15 £=15 L =0, G=0.Ray et al. (2021), used Galerkin technique

with simple polynomial as a basis function, whereas in the present work, suitable or-

thogonal polynomials (Gegenbauer polynomial for 1/3 rd singularity and Chebyshev
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polynomial for half singularity) are chosen as a basis function. From Table (4.2), it
is clearly noticed that the linear system of equations (4.53) to (4.55), converges for
N = 5 in Ray et al. (2021), where as in the present study the same converges for
N = 3. Thus the rate of convergence of the linear system taking algebraic polynomials
as basis function is slower than the orthogonal polynomials as basis function.

In Table (4.3), the values of reflection coefficient are presented for different wave
numbers Kh and fixed values of a/h = 0.6,b/h = 1.5,¢/h =1.3,1/h = 0,G = 0.5, and
compared by choosing simple polynomials and orthogonal polynomial as basis functions
in Galerkin method. It is observed that rate of convergence of the method choosing
basis function as orthogonal polynomial (N=3) is faster than taking basis function as
simple polynomial (N=5). Also the Table (4.3) shows that the values of |R| choosing
orthogonal polynomial as basis function matches with values of |R| choosing simple
polynomial as basis function upto five places of decimal. Hence we may infer that the

orthogonal polynomials as basis function is a better choice.

Table 4.3: |R| for a/h = 0.6,0/h = 1.5,¢/h =13,l/h=0,G = 0.5

Kh Orthogonal Polynomials(N=3) Simple Polynomials(N=5)
0.00001 0.000948 0.000945
0.50001 0.024745 0.024751
1.00001 0.344937 0.344935
1.50001 0.379658 0.379654
2.00001 0.956727 0.956721
2.50001 0.265245 0.265241

The numerical values of the reflection coefficient, transmission coefficient, energy
dissipation coefficients and the energy identity are presented in Table (4.4) for different
values of K'h and fixed values of a/h = 0.5,b/h = 1.5,¢/h = 1.5,1/h = 0.5,G = 1.0.
In this table for all the values of K'h we observe that the energy identity relation
|R|> + |T|* + J = 1 is satisfied. This tables provide a partial check on the correctness
of the results obtained by the present method.

Validation of the results:-

To check the validity of the analytical solutions obtained in the present work, |R| is
compared with the results of Lee and Chwang (2015) considering limiting values of

certain parameters in our results. In the present analysis, considering a/h = 0.5, G(=
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Table 4.4: Energy identity for a/h = 0.5,0/h = 1.5,¢/h =1.5,G =1.0,1/h = 0.5

Kh |R| T J |RI?+|T|>+ J
0.10001 0.1135310 0.994401  0.00172329 1.00345
1.20001 0.3618910 0.904478 0.05095360 1.00000
2.00001 0.0771846 0.715724 0.48178200 1.00000
2.50001 0.2708460 0.745861  0.37033300 1.00000
2.83001 0.9765090 0.136927  0.02768090 1.00000

1

T T
==Present result for G=0.25
* Lee and Chwang(2015) results for G=0.25
Present result for G=0.50
0.81 + Lee and Chwang(2015) results for G=0.50
=+ Present result for G=1
® |ee and Chwang(2015) results for G=1

0.6
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Figure 4.3: Comparison of our results to the Fig.6 of Lee and Chwang(2015) taking
a/h =0.5,b/h = 0.001,¢/h = 1 and different values of G.

0.25,0.5,1) and ¢/h = 1, b/h = 0.001 , i.e., in absence of trench, the reflection coefficient
|R| is compared with the results of Lee and Chwang (2015) in Figure (4.3). A good

matching of |R| is observed in the figure.

0.3

=Present method
¥ Lee and Ayer(1981)

0.25f
0.2t
X o0.15"
0.1t

K K
005+ %

0 0.05 0.1 0.15 0.2
o, h/2 =

Figure 4.4: Comparison of our results to the Fig.2 of Lee and Ayer (1981) taking
a/h =0.0001,b/h =2.5,¢/h =2 and G = 0.

95



CH 4. Wave scattering by a vertical porous barrier over a rectangular trench

In absence of barrier (i.e., making a/h — 0, G = 0 in the present study), the
problem reduces to study of wave propagation over a ractangular trench which was
studied earlier by Lee and Ayer (1981). Choosing a/h = 0.0001,b/h = 2.5,¢/h = 2
and G = 0, the reflection coefficient |R] is plotted against %" in Figure (4.4) and it is
observed that our result almost match with the Figure 2 of Lee and Ayer (1981).

1 T - SNV \1/ N2 N2 P PZ—
*
*
0.81
* —Present Paper
* Ray et al 2021
0.61
3
04 B *
0.2r
*
*
O ;{4 L L L L L
0 0.5 1 1.5 2 25 3
Kh

Figure 4.5: Comparison of our results to the Fig.4a of Ray et al. (2021) taking a/h =
0.9,0/h =1.5,¢/h=15and G = 0.

In Figure (4.5), |R| for rigid barrier, obtained in the present analysis by making
G=0, a/h=0.9, b/h =15, ¢/h = 1.5, is compared with the results given by Ray et
al. (2021) (Figure 4a there). A good matching of the results are observed from Figure
(4.5).

Effect of various parameters on scattering coefficients(|R| and
T1)

Figure (4.6) illustrates the effect of width of the trench on the reflection coefficients
in presence of porous barrier. Here |R| is plotted against the non-dimensional wave
number Kh for three different width of the trench (b/h = 1.3,1.4,1.5) and fixed values
of a/h = 0.7,¢/h = 1.3,1/h = 0.5 and G = 0.5. We observe oscillatory behaviour of
|R|. Also we observe that for K'h > 2, larger width of the trench increases the amount

of reflection and the same behavior have shown in Chakraborty and Mandal (2014).
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The effect of the length of the partially immersed porous barrier on the reflection co-
efficient |R| is studied in Figure (4.7) where |R] is plotted against the non-dimensional
wave number Kh for various values of the length of the barrier (a/h = 0.3,0.6,0.9) and
fixed values of b/h = 1.5,¢/h = 1.3,1/h = 0.5 and G = 0.5. Figure (4.7) shows that |R]
exhibits oscillatory behaviour and the amplitude of oscillation increases with increasing
length of the porous barrier. For Kh near about 1.5, there occurs a sharp increase in

amplitude of oscillation in | R| showing resonating behaviour of the reflection coefficient.
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Figure 4.6: Reflection coefficient Figure 4.7: Reflection coefficient

against Kh for different values of

against Kh for different values of

§5Wilth %5:0.7,§ = 13,G = §5Wilth %5: 15,¢ = 13,G =
.,E — U.Jd. ‘75 = U.9.

Figure (4.8) illustrate the effect of depth of the trench on the reflection coefficient.
Here |R| is plotted against the non-dimensional wave number Kh, for a/h = 0.7, b/h =
1.4, I/h=0.5 and G = 0.5 and for various depth of the trench viz, ¢/h =1.1,1.2,1.3.
It is observed that |R| shows oscillatory behaviour and amplitude of oscillation in-
creases with the increasing values of the trench depth ¢/h. Also for Kh ~ 1.5, there

occur resonance in |R|.

In Figure (4.9), reflection coefficient |R| is plotted against the non-dimensional
wave number Kh for different values of the porosity parameter G(= 0.5, 1,2) and for
a/h = 0.7, b/h = 1.4, I/h = 0.5, ¢/h = 1.3. It is seen that |R| shows oscillatory
behaviour with multiple peaks and for Kh ~ 1.75 a resonance occurs in the reflection

coefficient |R| for all values of porosity parameter GG. This occurs as a consequence
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of the interaction between porous barrier, trench and the waves. It is seen that with
increasing porosity parameter reflection decreases. This is due to the fact that the

pores in the barrier allows water to pass through them and thereby decreasing the

reflection.
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Figure 4.8: Reflection coefficient Figure 4.9: Reflection coefficient
against Kh for different values of against Kh for different values of G
C wi a b - i [ — [ — <
n Wllth n = 07, n = 14,G = Wlthl n = 07, n = 14, n
0.5, L =0.5. 1.3,L =0.5.

In Figure (4.10), reflection coefficient |R| is plotted against the non-dimensional
wave number K'h for different values of {/h(= 0.4,0.5,0.6) and keeping a/h = 0.7,b/h =
1.4,1/h = 0.5 and ¢/h = 1.3 fixed. Here |R| shows oscilltory behaviour. For Kh <
1.5, |R| almost coincide for all values of I/h. For 1.5 < Kh < 1.7, a sharp peak is
observed in |R| for each value of [/h and the peaks shift towards left as [/h increases.
Thus as the barrier is placed away from the central line of the trench, there is a phase
shift in the peak of |R|. Also |R| increases with decreasing values of [/h. It means that
the reflection coefficient increases when the porous barrier is shifted towards the centre
of the trench from the right side of the trench. In all curves, |R| starts from zero near
Kh = 0 and for large values of Kh, |R| becomes unity.

In Figure (4.11), amplitude of the energy dissipation coefficient J is plotted against
the non-dimensional wave number Kh for different values of the porosity parameter
G(=1,2,3) and keeping a/h = 0.7,b/h = 2.0,1/h = 0.5 and ¢/h = 1.3 fixed. From this
figure it is seen that J exhibits oscillatory behaviour and J increases as Kh increases.
Initially for small wave number Kh < 1.2, the energy dissipation increases with in-

creasing porosity, then for 1.2 < Kh < 2 energy dissipation decreases with increasing
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Figure 4.10: Reflection coefficient for different % with 7 =0.7, % =14,7 =13,G=

0.5.

porosity. But for large wave number Kh > 2, energy dissipation again increases with
increasing porosity parameter of the barrier. This may be due to the interaction of

waves with the barrier and the trench.
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Figure 4.11: Energy dissipation for Figure 4.12: Hydrodynamic wave

different G with 3 = 0.7,%

2.0,£ =13,1 =0.5.

force for different G with
07,2 =15,¢£ =13, =0.

3
5

In Figure (4.12), non-dimensional horizontal wave force K is plotted against the

non-dimensional wave number Kh for different values of the porosity parameter G(=
1,2,3) and keeping a/h = 0.7,b/h = 1.5,1{/h = 0.5 and ¢/h = 1.3 fixed. It is observed

that the horizontal wave force increases with decreasing porosity G showing that with
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CH 4. Wave scattering by a vertical porous barrier over a rectangular trench

the decrease in GG, less amount of water can pass through the pores of the barrier and

so the horizontal wave force increases.

Partially immersed porous barrier at middle of the trench

The porous barrier is along the y-axis, i.e., along the centre of the trench, when {/h = 0.

The Figures (4.13-4.18) depicts the behaviour of |R|, J, K for various values of the
parameters a/h, b/h, c¢/h, G.

Figure (4.13) exhibits the effect of width of the trench on the reflection coefficients
for three different widths of the trench (b/h = 0.5,1.5,2.5) and fixed values of a/h =
0.6,¢/h = 1.5 and G = 0.5 + 4. In this figure we see that |R| exhibits oscillatory
behaviour and the frequency of oscillation increases as the width of the trench b/h
increases. Also there occurs resonance in |R| for a particular value of K'h and multiple

resonance occurs as the width of the trench increases when the barrier is along the

central vertical line of the trench.
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Figure 4.13: Reflection coefficient Figure 4.14: Reflection coefficient
for different % with ¢ =06,7 = for different 3 with % =15,7 =
1.5,G=0.5+1. 1.5,G=0.5+1.

The effect of the length of the partially immersed porous barrier a/h on the re-
flection coefficient |R| is studied in Figure (4.14). Here |R| is plotted against the

non-dimensional wave number Kh for various values of the length of the barrier
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(a/h = 0.5,0.8,1.2) and fixed values of b/h = 1.5,¢/h = 1.5 and G = 0.5 + i. Figure
(4.14) shows oscillatory behaviour in |R| exhibits and the amplitude of oscillation in-

creases with increasing length of the porous barrier.

In Figure (4.15), |R| is depicted against the non-dimensional wave number Kh,
keeping a/h = 0.6,b/h = 1.5 and G = 0.5 + i fixed and taking ¢/h = 1.1,1.3,1.5 to
visualize the effect of the trench depth on the reflection coefficient. Here also |R| ex-

hibits oscillatory behaviour and for K'h ~ 2.3, a resonating behaviour in | R| is observed.
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Figure 4.15: Reflection coefficient Figure 4.16: Reflection coefficient
for different £ with ¢ =0.6,2 = for different G with ¢ =0.6,2 =
1.5,G = 0.5+ i. 1.5,¢ =13,

In Figure (4.16), reflection coefficient |R| is plotted against the non-dimensional
wave number Kh for different values of the porosity parameter G(= 0.5,1,2 + i) and
keeping a/h = 0.6,b/h = 1.5 and ¢/h = 1.3 fixed. It is seen that multiple peaks occur
in the reflection coefficient. This phenomena occurs due to the interaction of wave
with the porous barrier. It is seen that with as G increases from 0.5 to 1, the reflection
coefficient decreases. Also it is seen that |R| is least when G = 2 + ¢. This is due to
the fact that presence of inertial force coefficient GG; in G allows the passage of water

through the pores which diminishes reflection.

In Figure (4.17), coefficient of energy dissipation J is plotted against the non-

dimensional wave number K h for different values of the porosity parameter G(= 1, 2, 3)
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CH 4. Wave scattering by a vertical porous barrier over a rectangular trench

and keeping a/h = 0.5,b/h = 1.5 and ¢/h = 1.5 fixed. From the figure it is visible that,
for small wave numbers (Kh < 1), energy dissipation increases as porosity parameter
increases while for K'h > 1 energy dissipation decreases with increasing porosity pa-
rameter G. The occurrence of this phenomena is due to the fact that as Kh increases,
the wavelength of the waves decreases. These correspond to the short waves which
are near the free surface interact with the porous barrier. Here G is real (G = G,)
which means that the inertial force coeflicient G; is much less than the resistance force
coefficient GG, of the porous barrier and so as G = G, increases, the resistance force
coefficient of the porous barrier resists the passage of water through the pores and

reflects back the short waves thereby reducing the energy dissipation.
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Figure 4.17: Energy dissipation for Figure 4.18: Hydrodynamic wave

force for different G with
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In Figure (4.18), non-dimensional horizontal wave force K is plotted against the
non-dimensional wave number Kh for different values of the porosity parameter G(=
1,2,3) and keeping a/h = 0.7,b/h = 1.5 and ¢/h = 1.3 fixed. The coefficient of wave
force increases with decreasing porosity parameters.

From all these oscillatory behavior of the curves, one can find the values of wave
number in which maximum reflection and transmission occurs. Also full reflection of
waves occurs for some wave numbers. This behavior may be due to the interaction of
waves with the depression of the bottom and the porous barrier. These outcomes are

very useful for marine engineers to construct breakwaters to protect sea shore areas.
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4.5 CONCLUSIONS

The problem of water waves scattering by thin porous plate over a rectangular trench
is discussed here considering linearized theory of water waves. The physical problem is
mathematically modeled in terms of a boundary value problem for two different posi-
tions of the porous plate. Havelock’s expansion of potential function together with its
inversion formulae have been employed to the problem which then modified into a sys-
tem of linear integral equations in terms of horizontal component of velocity function
above the trench and below the edge of the vertical barrier. There are two types of
integrable singularities that occurred in the unknown function satisfying the integral
equations. One is square root singularity at the sharp edge of the thin barrier and
the other type is 1/3 rd singularity at the edges of the rectangular trench. To solve
the integral equations where the unknown functions satisfy two types of singularities a
multi term Galerkin approximation technique with appropriate basis functions is con-
sidered. For 1/3 rd singularity, the unknown function is approximated by Gegenbauer
polynomial of order 1/6 and for square root singularity, Chebyshev polynomials are
utilized to approximate the unknown function. Also we consider simple polynomials as
basis function in mathematical computations and compare the rate of convergence of
the method taking two types of basis functions in Table (4.3). It is observed that use
of special function as basis function produces better rate of convergence of the method
than simple polynomial as basis function. The numerical appraise of reflection and
transmission coefficients, energy dissipation and horizontal wave force are determined
for different parameter values. These results are illustrated in a number of figures.
The known results are recovered as depicted in some figures. For both positions of the
barrier, effect of porosity decreases the reflection coefficient but increasing length of the
barrier reflect more energy and less transmition. Larger width of the trench transmits
more energy. Hence form present study, it is clear that scattering nature of surface
waves in presence of bottom obstacle in form a rectangular trench is really influenced
by thin porous barrier. These changes of surface waves play a crucial role in marine

structures in coastal regions.
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CHAPTER 5

SCATTERING OF WATER WAVES BY
RECTANGULAR THICK BARRIERS IN
PRESENCE OF SURFACE TENSION

5.1 INTRODUCTION

The phenomena of water wave scattering by thin vertical barriers submerged in water
of finite depth under the assumption of linearized theory are well studied in the litera-
ture. Many researchers (cf. Packman and Williams (1972), Losada et al. (1992), Porter
and Evans (1995), Mandal and Dolai (1994), Kanoria and Mandal (2000), Banerjea et
al. (1996), Das et al. (1997), Das, De and Mandal (2020)) used various mathematical
techniques to study the problem of scattering of a normally incident wave train on
a thin vertical barrier. However, when the obstacle is in the form of a thick vertical
barrier with a rectangular cross-section present in the water of uniform finite depth,

the corresponding water wave scattering problems for normally incident wave train

9+ The content of this chapter is based on the paper “ Scattering of water waves by rectangular thick
barriers in presence of surface tension”, Journal of University of Shanghai for Science and Technology,
23(11) (2021), 30-55.
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have been investigated by Mei and Black (1969), Kanoria et al. (1999). Mei and Black
(1969) considered surface piercing and bottom standing thick vertical barriers and used
variational method to evaluate the reflection and the transmission coefficients. Later
Kanoria et al. (1999) and Mandal and Kanoria (1998) considered the problems of
scattering of a normally and also a obliquely incident wave train by a thick barrier
where they considered four types of barriers configurations such as surface-piercing or
bottom standing thick barrier or a submerged block, or a thick wall with a gap. They
used the multi-term Galerkin approximation method involving ultraspherical Gegen-
bauer polynomials for solving first kind integral equations arising in the mathematical

analysis to obtain very accurate numerical estimates for the reflection coefficient.

In the above mentioned studies, the effect of surface tension was not considered.
The effect of cohesive forces in between water molecule in the free surface of water,
i.e., the effect of surface tension on the water wave scattering problems needs special
attention. Many researchers such as Evans (1968a, 1968b), Rhodes-Robinson (1970,
1971, 1982), Chakrabarti and Sahoo (1998) included the effect of surface tension in
water to study wave scattering problems. However, the scattering problem by a thick
rectangular barrier in presence of surface tension has not been investigated yet. The
amplitude and the frequency of the wave depend on both the surface tension and grav-
ity. For this reason, it may not be possible to neglect the effect of surface tension while
doing experimental study. As mentioned by Hocking and Mahdmina (1991), another
important reason for including surface tension is that in the absence of surface tension
the transient motion initiated by an impulsive pressure is singular, but when the effect

of surface tension is taken into account this singularity is removed.

In the present study, we analyzed the effect of surface tension on oblique wave scat-
tering problem involving thick rectangular barrier. Three types of configurations of the
barrier, viz, submerged bottom standing, submerged block and fully submerged block
with a gap are considered here. Due to geometrical symmetry about its central line,
the scattering problems for all the cases are split into two separate boundary value
problems in terms of symmetric and antisymmetric potential functions. Analytically
the boundary value problems involving potential functions are reduced in to first kind

integral equations using inverse Havelock inversion formula. The integral equations are
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solved analytically by using multi term Galerkin approximation technique using the ul-
tra spherical Gegenbauer polynomial as a basis function, as was done by Chakraborty
and Mandal (2014, 2015), Newman (1965), Sasmal and De (2021), Paul and De (2021).
The analytical results for reflection coefficients is depicted graphically against the non
dimensional wave number. In absence of surface tension and for normally incident
wave train, the known results in the work of Kanoria et al.’s (1999) are recovered. For
large width of the barriers, the reflection coefficient exhibits oscillatory behaviour be-
coming zero for certain values of the wave number which matches with the observation
of Kanoria et al. (1999) for thick vertical barriers and Newman (1965) for long bottom
obstacles. The present study shows that the surface tension has some effect on the

reflection coeflicient.

5.2 FORMULATION OF THE PROBLEM

We consider two dimensional time harmonic, irrotational motion in an incompressible
inviscid fluid (water) with surface tension 7, density p, due to interaction of an obliquely
incident wave train of angular frequency o with a thick rectangular barrier of uniform
width 2b submerged in water of finite depth h.

A rectangular cartesian coordinate system is chosen, where y-axis is taken vertically
downwards and the (z, z) plane corresponds to the undisturbed free surface. Here we
study three different types of configurations of the barrier as shown in Figure (5.1) and
are described below.

I) Type-l: =b <z <b, y € L=L(=(ch)),
IT) Type-Il: —b <z <b, y € L = Ly(= (a,c)), with 0 < a < c < h,
III) Typelll: —b<xz<b, ye L =Ls(=(a,c)+ (d,h)),with0<a<c<d<h.

A time harmonic progressive wave from negative infinity, denoted by R{¢"¢(x, y) e*>=79}
is incident obliquely on the rectangular barrier at an angle # with the undisturbed free
surface and it is partially reflected by the barrier and partially transmitted. If the
resulting motion is described by the velocity potential R{é(z, y)e'**=D}, then ¢(z,y)
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Figure 5.1: Diagram of thick barriers
satisfies the following boundary value problem.
(V2 —1%)$ =0 in the fluid region,

0 ok
K¢+—¢+M—(§:0 on y=0, |of<oo, M=—,
dy dy Py

7 is the coefficient of surface tension at the free surface of water,
¢ =0 on w=%b, yel; j=123,

T%V¢ is bounded as r — 0,
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r is the distance of any point in the fluid region from a submerged edge of the thick

barrier,
¢,=0 on y=0L; |z|<b forjth type of barrier, j =1,2,3, (5.5)
|z| > b for type I and III barrier,
¢y =0 on y=nh, (5.6)
|z] < oo for type II barrier,
and finally

o) d O T RO () s o 5

T¢™m(z,y) as & — —00

where R and T is the unknown reflection and transmission coefficients respectively and

is to be determined for each barrier configuration of the barrier. Here

_ 2coshyg(h — y)e @b

ine 5.8
p="pcosl, v=rpsinf, 0<0<m/2,
and v = 7, satisty the transcendental equation
o2
v(14+ M~?)tanhyh = K, K = —, (5.9)
g

g being the acceleration due to gravity. It may be noted here that the transcenden-
tal equation (5.9) has two real roots £+, and infinitely many purely imaginary roots
+iv,,n=1,2,...(7, > 0) (cf. Rhodes Robinson (1971)).

5.3 METHOD OF SOLUTION

The configuration of rectangular barrier is such that it is symmetric about x = 0, and
so we express ¢(x,y) as a combination of symmetric and antisymmetric components.

Let ¢SMM (g y) and ¢ANSMM (g 4) denote symmetric and antisymmetric components
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respectively, so that

o(x,y) = ¢°MM (z,y) + oMM (2, ) (5.10)

where

¢HM (—,y) = oMM (2,y), oMM (—a,y) =~ (2, ). (5.11)

Therefore, we consider only the region z > 0. Now ¢FMMANSMM (4. ) gatisfy (5.1) to

(5.6) together with
GSMM(0,) =0 and ¢NMM(0 ) =0, 0<y<h. (5.12)

Let the behavior of ¢pSMMANSMM (. /) for large o be represented by

GSMMANSMM (4 1y w{e—wu—b)  RSMMANSMM inla=b)} a5 4 3 oo

cosh yoh
(5.13)
where ROMM and RANSMM are unknown constants which are related to R by
1 .
R = i(RSMM—}-RANSMM)e_%“b. (514)

Similarly 7" is given by

T — E(RSMM  RANSMM) = 2ipb

5 :
We divide the region z > 0 into two regions viz, Region I: (x > b, 0 <y < h) and
Region II: (0 <z < b, y € (0,h)—L;, j=1,2,3). Now the eigen function expansions
of pFMMANSMM (2 4/} satisfying (5.1) to (5.6) and (5.12) for # > 0 in the two regions

for each barrier configuration are below.
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Region I (z>b, 0 <y < h):

¢SMM,ANSMM(x ) = coshyo(h — y){e—m(z—b) + RSMM,ANSMMew(:c—b)}
’ cosh Yoh

COS’}/n(h y) —sn xr—
+ZASMMANSMM cosn h (z—b) (515)

n=1

where 7y, =+ iy, satisfy the equation (5.9) and s, = (72 + v2)2. The unknowns

AFMMANSMM o q RSMMANSMM are t0 be determined.

Region II (0 <z <b, ye (0,h)—L;, j=1,2,3):
Barrier of Type I: -0 <2 <b, y€ L= Li(= (¢,h))

For barrier of this type, the Region II is given by 0 < < b, y € (0,¢). In this

region a suitable representation of ¢*MM(z,y) and ¢pANIMM (x ) are given by

MM (2, y) _ coshag(c—y) BSMM cog(a — 12)2z
GANSMM (7 1)) cosh agc BANSMM gin (a2 — )%
) f: BHSMM cosht,x CcoS an(c — y) (5 16)
=\ BANSMM ginht,a COS iy C ‘
where +ag, ic, (n = 1,2, ...) satisfy the equation
ol + Ma?) tanh ac = K, (5.17)
th = (02 +1%)2, (n=1,2,.) (5.18)
and BSMMANSMM = — () 1 2, .... are unknowns to be determined.

Barrier of Type II:—b <z <b, y € L = Ly(= (a,c))
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For barrier of this type of configuration, the Region II is given by 0 <z < b, y €

(0,a) + (¢, h). In this region a suitable representation of @ MMANSMM (2. ) are given
by
¢SMM(z,y) ~ cosh fy(a—y) [ DFMM cos(B3 —v?)ix
GANSMM (7)) cosh fya DANSMM gin (52 — 12 I
s DEMM ¢osh u,x —
w0 cosbula—y) o 4 (5.19)
=\ DANSMM ginh gy, 0 cos fBna
and
¢SMM (g 4) _ E§MM cosh v N i ESMM coshn,x s nm(h —y)
GANSMM (4 ) EANSMM gin}y g =\ BANSMM ginh g o h—c
(5.20)
where
nr \? L2
= V2.
T h—c
Here £, +if,(n =1,2,...) satisfy the equation
B(1 + MpB*) tanh fa = K, (5.21)
up = (B2 +17)7,(n=1,2,.), (5.22)

and DSMMANSMM = @ SMMANSMM = — (1 2 are unknowns to be determined.
Barrier of Type III: —b <z <b, y€ L= L3(= (a,c) + (d,h))

For barrier of this type of configuration, the Region II is given by 0 < x < b, y €
(0,a) + (c,d). In this region a suitable representation of @ MMANSMM (7. )y are given

below.
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¢SMM,ANSMM(

For 0 < y < a the expressions of x,y) are given by

1
¢>MM (2, y) _coshByla—y) [ xgMMcos(Bf —v?)2a
. 1
¢ANSMM(x7 y) cosh Gpa X64NSMM sm(ﬁg — )i
o0 SMM
XM cosh uy,x cos B, (a —
+ cos Bula ~y) y), 0<y<a, (5.23)
ne1 \ YANSMM ginh y,,z cos fna

where £, +i6,(n = 1,2,...) are the roots of the equation (5.21), u, are given by

(5.22) and ., SMMANSMM (2 9y ' =0, 1,2, ... are unknowns to be determined.

¢SMM,ANSMM(

For ¢ < y < d the expressions of x,y) are given by

GSMM (1) USMM cosh vz > USMM cosh ¢,z nr(d —y)
— + cos ——
GANSMM (5 ) UANSMM ginh =\ UANSMM ging ¢ d—c
(5.24)
where
nm \’
- 2 5.25
6= [(75) +v (5.29
and y,SMMANSMM =7 SMMANSMM ©p ()1 2. are unknowns to be determined.

Evaluation of various unknowns in the expressions for

PSMMANSMM 31 Regions I and II

In this section we shall evaluate various unknowns in the expression for ¢3MMANSMM

defined by equations (5.15), (5.16), (5.19), (5.20), (5.23) and (5.24) in Regions I and II.

A. Region I
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Now let us define

GSMMANSMM (5 1 () ) — GSMMANSMM (g oy — pSMMANSMM () g o < b,
(5.26)
then in view of condition (5.3)
FSMMANSMM(\y — 0 for y € L, (5.27)

and fIMMANSMM () is unknown for y € (0,h) — L;, j = 1,2,3 which is to be
determined.
Due to the edge condition described in equation (5.4), we must have the requirement
that
JIMMANSMM (1) — O(|y — I,|75) as y—1;,j = 1,2,3. (5.28)

¢SMM,ANSMM(y>

Using from equation (5.15) in (5.26) and applying modified inversion

formula Manam et al. (2006) we obtain

1 — RSMMANSMM _ iV (70, h) /h fSMM,ANSMM( )COSh Yo(h — y)dy
a cosh yoh

M
— 30 tanh(yoh) fySMM’ANSMM(O)] (5.29)

and
SMM,ANSMM __ :17/(: " SMM,ANSMM cos Yn(h —y)
AMMANSIN gy (3, ) | [ pasansinn ) 2T g,
a cos Yph
M
O NI (5.0
where
2 2
Vi h) = 4u(1 + Mu?*) cosh®(uh) (5.31)

Vu? — 12 2ub(1 + Mu?) + (1 4+ 3Mu?) sinh(2uh)]

Thus the unknowns ASMMANSMM = pSMMANSMM a6 obtained from relations (5.29)

and (5.30) for each type of configurations of the barrier in Region I.
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B. Region II

Here we shall evaluate various unknowns in the the expressions for ¢SMMANSMM

in Region II for each type of configurations of the barrier.

Barrier of Type 1

Substituting the equation (5.16) in condition (5.3) and using modified inversion

formula Manam et al. (2006), we obtain the constants BSMMANSMM =y — (/1 2., as

1 1

Y

BOSMM,ANSMM _ V(OKQ, C)(

)

—sin(a2 — v2)2b’ cos(a? — 12)zb

 SMM.ANSMM coshag(c — y) M SMM,ANSMM
, — Y dy — — h , .32
[ () Wy - L tanh(agc) 0. (532

1 1 )
sinht,b’ cosht,,b

c _ M
[/ fSMM,ANSMM(y)wdy+ — 0 tan(anc)fySMM’ANSMM(O)] . (5.33)
0

BSMM,ANSMM — —iV(z’an,c)(

COS (y, C

Barrier of Type 11

Here we evaluate the unknowns DIMMANSMM anq pSMMANSMM ©p — () 1,2, .. by
substituting ¢SMMANSMM from equations (5.19) and (5.20) in to the condition (5.3)
and using the modified inversion formula suitably Manam et al. (2006). These are

given as
1 1
—sin(52 — 1/2)567 cos(2 — 1/2)56

|i/oa fSMM,ANSMM(y)%(gm:y)dy_ %60 tanh(BOCL)f;'MM,ANSMM(O) : (534)

Dg‘MM,ANSMM _ V(BO; CL)(

)

114



CH 5. Scattering of water waves by rectangular thick barriers in presence of surface
tension

1 1
DSMMANSMM _ v/ (3.
n WV (i, a)(sinh u,b’ cosh u,b

|:/0a fSMM,ANSMM(y)COSCBOr;(; ; y)dy—i— %Bﬂ tan(ﬁna)fySMM’ANSMM(O) ’ (535)

1 1 1 h
pSMMANSMM _ / SMMANSMM () |
’ v(h —c¢) (Sinh vb’ cosh yb) B / (y)dy, (5.36)

2 1 1 " nr(h —y)
ESMMANSMM _ / SMM,ANSMM nmih=Y) 5.
" nn(h — ¢) “sinhn,b’ cosh nnb) . / (y) cos —c Y
(5.37)

Barrier of Type III

SMMANSMM g q [TSMMANSMM =y — () 1 9,

substituting ¢SMMANSMM from equations (5.24) and (5.25) in to the condition (5.3)

Here the unknowns x . are obtained by

and using the modified inversion formula suitably Manam et al. (2006). These are

given as

SMM,ANSMM 1 1
’ =V , @ ) 1
Xo (B )(— sin(82 — v?)2b cos(B2 — 1/2)56)

@ h - M
{/O fSMM,ANSMM(y)%(Z(ﬂy) _ ?60 tanh(60a>f;'MM,ANSMM(O>:| . (5.38)

1 1
SMM,ANSMM .
’ = — v ns - s
" WV (i, a)( sinh u,,b” cosh tnb)

{/Oa fSMM,ANSMM(y)COSCinS(;;y>dy+ %@1tan(ﬂna)ijM’ANSMM(O)] 7 (539)
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and
[SMMANSMM _ 1 ( 1 1 )/d FEMMANSMM () g (5.40)
0 v(d —¢) sinhvb’ coshvb’ [, ’ ‘
2 1 1 d nm(d —y)
SMM,ANSMM _ SMM,ANSMM
Us Cu(d —¢) (sinh (b’ cosh (nb) /C / (y) cos d—c dy.
(5.41)

us various unknowns in the expressions o : are obtained in terms
Th k the exp f pSMMANSMM btained in t

of the unknown functions fSMMANSMM fq1 each type of configuration of the barrier in
different regions. These unknown functions fSMMANSMM for each type of configura-

tion of the barrier can be determined by solving an integral equation for fSMM-ANSMM,

Formation of integral equation:

The integral equations for fSMMANSMM

matching conditions for ¢gSMMANSMM (3 ) at 2 =b+0, y€ (0,h) —L;, j=1,2,3.

s can be derived by using the following

GSMMANSMM (4 ) — GSMMANSMM () oy (5.42)

Using the expressions for ¢SMMANSMM (4. 4)) the following integral equations are ob-

tained for y € (0,h) — L;,j =1,2,3.

/ FSMM,ANSMM(U)NSMM,ANSMM(% w)du = coshyo(h —y)
(Ovh)_Lj

cosh voh
forye (0,h)—L;, j=1,2,3,  (5.43)
FOMMANSMM ()
where FSMMANSMM () — (5.44)

(1 + RSMM,ANSMM)’

and the kernel NSMMANSMM (4 4,)(y u € (0,h) — L;) (j = 1,2,3) are given below for

each type of barrier configuration.

116



CH 5. Scattering of water waves by rectangular thick barriers in presence of surface
tension

Barrier of Type 1

For configuration of barrier of Type I,

cosh ag(c — y) cosh ag(c — u)

N 0) = Vi, ) ot~ :
cosh” agc

M saa e COsh ag(c — )
T tanh(aoc) F, (0) cosh anc

— Z iV (icu,, ¢) coth(t,b)

n=1

cos v, (¢ — y) cos ay, (¢ — u)
cos? a,c

M cos ap (¢ — y)
tro an(ayc) F,)7 7 (0) pr—— }

N cos Yn(h — y) cos (b — u)
_ Z iV (i, h) { o
n=1 n

M SMM e €08 Yn(h = y)
+2 tan(y,h) F, " (0) pr—" . (5.45)

NANSMM(y, u) = V(a, c)(tan(ag — v

9 o1 [coshag(c—y)coshag(c—u)
)?b) cosh? age

M cosh ag(c — y)
i h FANSMM 0
7o 0 tanh(agc) (0)—cosh e

—> iV (iay, c) tanh(t,b)

n=1

cos ay, (¢ — y) cos a, (¢ — u)
cos? a,C

M cos ay, (¢ — y)
o nt . FANSMM 0 n
—l—Koz an(a,c) y ( )—cosanc

= cos Yn(h — y) cosv,(h —u
— cos? v,

M c0s Yn(h — y)
o FANSMM ) 4
e tan(h) F NS0 (0) (5.
Barrier of Type 11

For configuration of the barrier of Type II, we get three different expressions for
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NSMMANSMM (4, /) depending on the interval where y, u belong.

Case I:

For y,u € (0,a)

cosh fBy(a — y) cosh fy(a — u)
cosh? Bya

cosh f(a — y)]

cosh Bya

NSMM (g 1) — V(o a)(— cot(52 — 12)30) [

- %50 tanh(foa) Fy; M (0)

o Bnla —y) cos Bn(a —u)
— Y iV(if,,a) coth(u,b) [COS

cos? B,a
M
—l—?ﬁn tan(ﬂna)FySMM(O)

> W(h — W(h —
=3 V(i ) [COSV (h = y) cosyn(h — u)
n=1

C0S fin (@ — y)}

cos Bha

cos? v, h

M SMM o €08 Yul(h — y)
+5 tan(y,h) F, " (0) p—" . (5.47)

cosh fy(a — y) cosh By(a — u)
cosh? Bya

cosh By(a — y)]

cosh Bya

NANSMM (4 ) V (B, a)(tan(52 — 1) 10) [

_% B tanh(foa) NSV (0)

= . . Bn(a - y) COS Bn(a B u)
— Y iV (ifn, a) tanh(u,b) {COS

cos? B,a

420 tan(5a) N ) 02 0) y)}

cos Bna
> cosYn(h — y) cosv,(h — u
— cos? vy,

M cos Yn(h — y)
M FANSMM ' 4
g tan( W FS (0)
Case 1I:

For y,u € (¢, h),
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o

NSMM (g 1) = % > ?h_th;?b cos " 0) oo (R — )
S Wi [ sl
+%%tan(%h)FySMM(0)%%y), (5.49)
NANSMM () ) — % N ni::l 2(;:8?};;7;5 cos mrf(Lh_—cy) cos nw}(Lh_—CU)
S ] LA RS
+%% tan(y,h) FANSMM (0) %m (5.50)
Case III:
For y € (0,a),u € (¢,h) or y € (c,h),u € (0,a)
NSMMANSMM (4, 0y — i; iV (i, h) {COS Yu(h —CO?JS)Q(;ZZ%UZ — u)
+%% tan(vnh)FZfMM’ANSMM(O)—COSC?S(Z; v) : (5.51)

Barrier of Type III

For configuration of the barrier of Type III, we get three different expressions for
NSMMANSMM (4, 4/} depending on the interval where 3, u belong.

Case I:
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For y,u € (0,a)

cosh fBy(a — y) cosh fy(a — u)
cosh? Bya
cosh By(a — y)]

cosh Gya

NSy 4 = V(G a)(— cot (82 — 17)30) [

- %50 tanh(Goa) Fy " (0)

- . . Bn(a - y) COS Bn(a B u)
- g iV (ifn, a) coth(u,b) [COS
n=1

cos? B,a

M SMM
_i_?ﬁn tan(f,a)F, ™™ (0) cos fra

cos B (a — y)]

N cos Yn(h — y) cosy,(h — )
_ZzV(Z’yn,h) { " (
n=1 n

M SMM 7o COS V(B — 1)
T In n — | > .52
+K7 tan(y,h)F, (0) cos T (5.52)

cosh fy(a — y) cosh fy(a — u)
cosh? Bya

cosh f(a — y)]

cosh Gya

NANSMM (4 0y = V (B, a)(tan(B82 — v2)2b) [

L o tanh (Bya) Fy 54 0)

N Bn(a —y) cos By(a — u)
— iV (ifn, a) tanh(u,b) {COS

cos? B,a

M o
7 Bn tan(Bna) ! NSMM(O)%]

> cosYn(h — y) cosv,(h — u
! cos? v,

M ANSMM /p €08 Yulh =)
2T tan(vy,h)F, (0) pr—" . (5.53)
Case 11

For y,u € (¢, d)

120



CH 5. Scattering of water waves by rectangular thick barriers in presence of surface

tension
thvb  =2coth(,b  nm(d—y)  nr(d—u)
NSMM _ ¢
(y,w) d—cy+z d—chCOS d—c o8 d—c
n=1
N cos Yn(h — y) cosyn(h — )
— V (iYn, b
;Z (7, h) { cos? v, h
M cos Yu(h — y)
- FSMM e\t J) 54
g mtan(mE O (5
tanhvb ~=2tanh(,b  nr(d —y)  na(d —u)
NANSMM _
(y, ) (d—c)y+nz:; (d— )¢, T P Ta e
B = cos Yn(h — y) cos v, (h — u)
ZZV(Wn,h) { ol
n=1
M ANSMM ;€08 n(h — y)
+2n tan(y,h) F (0) pr—" (5.55)
Case 111
For y € (0,a),u € (¢,d) or y€ (¢,d),u € (0,a)
S w(h —y) cosyn(h — u)
NSMMANSMM _ V(ivg. h €08 Yn
M €08 Yn(h — y)
— v, tan (v, h) FyMAMANSMM () —— 22 5.56
L tan(y, ) 0 (5.56)
Now if we define
1 — RSMM,ANSMM
CSMMANSMM _ _; (5.57)

N + RSMM,ANSMM’
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then by using the relation (5.44), we obtain from equation (5.29)

) cosh vy (h —
CSMMANSMM _ iV (Y0, h) / FSMM,ANSMM( ) Yol y) dy
(0,h)—L; cosh yoh

M
—?%tanh(%h)FySMM’ANSMM(O) . (5.58)

Thus if the integral equations (5.43) can be solved for each type of configurations
of the barrier, then these solutions can be used to evaluate CSMMANSMM from the
relations (5.58), and hence the reflection and transmission coefficients |R| and |T'| can

be obtained from relations (5.14) and (5.57) by using

‘1 + CSMMchNSMM|

A

|OSMM _ CANSMM

A

|R| = and |T| = (5.59)
with

N = {1 + (CSMM>2 + (CANSMM)2 + (CSMMCANSMM)2}%' (560)

Solution of integral equation

In this section we will proceed to solve integral equation (5.43) by utilizing Galerkin

technique. For this, we approximate FSMMANSMM () aq

FOMMANSHM () mg FOMIMANSMM () y € (0,h) — Ly, j = 1,2,3. (5.61)

]_—SMM,ANSMM(

Now y) is expanded in terms of multi-term Galerkin expansions with

a suitable choice of basis function for three types of configurations of the barrier which

are given below.

For barrier of Type-I,

N
FSMM,ANSMM(y) — ZaSMM,ANSMMf;?MM,ANSMM(y),y c (0’ C). (562)

n
n=0

SMM,ANSMM

n

Here foMMANSMM are the unknown coeffi-

(y) are basis functions and a
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cients.

For barrier of Type-II,

N SMM,ANSMM , SMM,ANSM M
fSMM,ANSMM(y) o Zn:O an Dby, (y>70 < Yy < a, (5 63)
N 3 SMM,ANSMM ,SMM,ANSMM ’
Zn:O bn qn (y)7 c< y < h
Here pSMMANSMM (1)) and gdMMANSMM (4)) are basis functions and @5 MM ANSMM = pSMM,ANSMM

are the unknown coefficients.

For barrier of Type-III,

N SMM,ANSMM,,1SMM,ANSMM
_oay 17485 ,0 <y <a,
FEMMANSMM () _ 2n—0 b ) Y (5.64)

N MM,ANSMM MM,ANSMM
Zn:O bg ’ 5 q1;§: ’ o (y)a c< ) < d

The basis functions in the expansions (5.62) to (5.64) can be chosen as ultraspher-
ical Gegenbauer polynomials of order 1/6 with suitable weights [cf. Porter (1995)].
The advantage of this choice is that all odd order derivatives of ultraspherical Gegen-

bauer polynomials of order 1/6 vanishes at zero (cf. Gradshteyn Rhyzhik). This gives

FIMMANSMM () = ( j.e., fyMMANSMM((Q) — (. This simplifies the evaluation of vari-

ous unknown constants occurring in the expressions for ¢®MMANSMM (g4

ijM’ANSMM(O)

. It may be
mentioned here that due to occurrence of the term in the various un-
knowns occurring in the expressions for ¢pSMMANSMM (3 1)) Rhodes Robinson (1971)
stated that Havelock’s expansion of water wave potential ¢pSMMANSMM (4. ) for wave-
barrier interaction problems in water of finite depth is not unique.

Now the expressions for FSMMANSMM (1)) for different types of configurations of the
barrier are substituted in the integral equation (5.43) to reduce it to a system of linear
algebraic equations in the coefficients qSMMANSMM = pSMMANSMM = Thig system of
linear algebraic equations is solved to determine the coefficients and hence the integral
equation (5.43). We now evaluate the basis functions for each type of barrier configu-

ration which given below.

Basis functions
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Barrier of Type-I :

For this type of bottom standing barrier, noting the edge condition (5.4) and the

free surface condition (5.2), we write the function fSMMANSMM (4)) ag
d . _—Ky
M) = 2" ) = Fuly) = — e / TN fu(1)dH],0 < y < ¢ (5.65)

where the functions fm(y) are chosen in terms of ultraspherical Gegenbauer poly-

1
nomials C3, (%) of order 1/6 as

; 26T (3) (2m)! Loy
n(y) = : -C3.(2),0 c. 5.66
fm(y) T @m £ (0 e = g2 (%),0<y< (5.66)

Barrier of Type II:

In this case also, we note the free surface and edge conditions (5.2) and (5.4) and

write

—Ky

y s
PEI() = TN ) = p(y) = e / T B ()], 0 <y < a (567)
Y

where
Pm(y) = WF(szig%l;iZ); E Cgém(%), 0<y<a, (5.68)
g™ (y) = g1k (y),m =0,1,2, .,
gANSMM () — 1D () m =0,1,2, ..., (5.69)
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and

Wy 26T (3)(2m)! 8 hzyy
gl (y)_wr(2m+§)(h—c)é((h_c)2_(h_y)z)é@m(h—c)’ <y<h. (5.70)

Barrier of Type III:

Here we choose two different basis functions for two disjoint intervals as

d —Ky a Kt
P (y) = p1pVM (y) = plu(y) = — e / et T (t)dt], 0 <y <a
y
(5.71)
where
] 2ir() (2m)! ;
Fn(y) = e f,(d).0<y<a (5.72)
7l'(2m + 3)(a)s (a? — y?)3 a
and
26T(1)(m)! 1 2y —c—d
qISMMANSMM () - 5 O yd ), c<y<d.
ml(m+ 3)(F9)3 ((y — o) (d —y))? -
(5.73)

Formation of linear system of equations for solution of integral
equation

Barrier of type I

Here we use (5.62) in the integral equation (5.43), and then multiplying both side

function fIMMANSMM

by appropriate basis (y) and integrating over (0, c¢), to obtain

the following linear system of equations.

N
Z QSMM,ANSMMV%\L/IM,ANSMM — JSMMANSMM . _ 0,1,...N (5.74)

m )
n=0
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where

VSLZY\?MANSMM :/ / NSMM,ANSMM(y,u)fsMM,ANSMM(u>f5LMM,ANSMM(y)du dy,
0 Jo

m,n=0,1,2,..., N, (5.75)

and

SMM,ANSMM ¢ cosho(h — ¥) Lonmransim
: =)/ ————= ’ d =0,1,...,N. 5.76
5 | e (dym =01, N, (576)
The integrals (5.75) and (5.76) can be evaluated explicitly, as in Kanoria et al. (1999)
by using the different properties and standard results on Gegenbaur polynomials. These
are given in APPENDIX A. Thus the constants a2MMANSMM(y — (1 . N) are ob-
tained by solving the linear equations (5.74). The relation (5.58) produce

N

CSMM,ANSMM — ZV(’YO; h) ZagMM,ANSMMwSMM,ANSMM (577)

n=0

so that using CSMMANSMM "Bl and |T| can be evaluated from the relations (5.59).
Barrier of type II

Here we use the equation (5.63) in the integral equation (5.43) and multiplying
both sides first by pIMMANSMM () for (0 < y < a) and then by ¢3MMANSMM (1)) for
(¢ <y < h) and then integrate over (0,a) and (c, h) respectively, to get the following

linear system of equations.

N GSMM,ANSMM N 2{SMM,ANSMM
Z GSMMANSMM mn 1 Z pSMM ANSMM mn
n n
~ piJY\L/IM,ANSMM ~ Q%\i[M,ANSMM
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W (DSMMANSMM
=" m=0,1,..,N (5.78)
wg)SMM,ANSMM

where

givaANSMM :/0 ( foa NSMM,ANSMM(%u)pi‘MM,ANSMM(u)du >panM,ANSMM(y)dy’
HﬁffovANSMM :/ ( fch NSMM,ANSMM(y’u)qSMM,ANSMM(u)du )pflMM’ANSMM(y)dy,
0
h
Pi%MvANSMM :/ ( an NSMM,ANSMM(%u)ngM,ANSMM(u)du )qiMMvANSMM(y)dy’

h
QSMMANSMM _ / ( fch NSMMANSMM (4, ) SMMANSMM (1) gy ) gSMMANSMM () gy

m,n=0,1,2,..,N, (5.79)
and
@ coshyg(h —y
WSMMANSMM _ / #panMANSMM(y)dy,
0 cosh yoh

Wy

h
2)SMM,ANSMM _ / coshyo(h —y) SMM,ANSMM(y)dy
. coshyh ™™ ’

m=0,1,..,N. (5.80)

The integrals in the relations (5.79) and (5.80) can be evaluated explicitly and are

given in APPENDIX A. Thus the constants, a3MMANSMM - qpq  pSMMANSMM (1 —
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0,1,2,..N) can be obtained by solving the linear equations (5.63). We evaluate CSMM ANSMM

as

N
CSMM,ANSMM — ZV(%,h) E :CLSMM’ANSMMMS)SMM’ANSMM
=0

N
+ZbSMM,ANSMMw@)SMM,ANSMM (581)

n n
n=0

so as to obtain |R| and |T'|.
Barrier of type III

In this case, we substitute the equation (5.64) in the integral equation (5.43)
and multiplying both sides first by pl1SMMANSMM (1)) for (0 < y < a) and then by
qISMMANSMM (1)) for (¢ < y < d) and then integrate over (0,a) and (¢, d) respectively,

we get the linear system of equations as follows:

N RSMM,ANSMM N GSMM,ANSMM
Z GSMMANSMM mn + Z pSMM,ANSMM mn
n n
—~ Xif\{[M,ANSMM rt YT%WM,ANSMM
1(DSMMANSMM
m
= , m=0,1,.... N (5.82)
(2)SMM,ANSMM
wlym
where

RSMMANSMM _ / ( foa NSMMANSMM (¢ )] SMMANSMM () gy >pliMM,ANSMM(y>dy’
0

GSMMANSMM _ / < fcd NSMMANSMM (4 3 ) SMMANSMM () gy >pliMM,ANSMM(y)dy7
0
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d
XSLZQL/[M,ANSMM :/ < foa NSMM’ANSMM(y,u)plgMM’ANSMM(u)du )qlanM’ANSMM(y)dy,

d
Yﬁi‘yM,ANSMM _ / ( fcd NSMM,ANSMM(y’u)qlsMM,ANSMM(u)du ) qlanM,ANSMM(y)dy’

m,n=0,1,2,..., N, (5.83)

1(DSMMANSMM _ “ coshyp(h —y) SMM,ANSMM (,\ 1
w m - m (y) Y,
0 cosh yoh

1(SMMANSMM _ ¢ cosh Yo(h —y) SMM,ANSMM (, 1
w m - m (y) Y,
cosh yoh

[

m=0,1,...,N. (5.84)

The integrals in the relations (5.82) to (5.84) can be evaluated explicitly and are given in

APPENDIX A. Thus the constants, a>MMANSMM g q pSMMANSMM - (p — () 1,2, . N)

OSMMANSMM

can be obtained from linear equations (5.64) and hence are given by

N
CSMMANSMM _ iV (70, h) Z aiMM,ANSMMwlgl)SMM,ANSMM

n=0
N
+ZbSMM,ANSMMwL(E)SMM,ANSMM ) (585)
n=0

OSMM,ANSMM

Thus knowing , one can evaluate |R| and |T|.
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5.4 NUMERICAL RESULTS AND DIS-
CUSSIONS

The numerical results in this section depicts the behaviour of reflection coefficient
|R| for the non dimensional wave numbers Kh for different values of the parameters
b/h,c/h,a/h, M/h?and different values of incident angle §. For numerical computation
of three type of barriers, we consider N = 8 in equation (5.74), (5.78) and (5.82)
respectively. In the Table (5.1), we study the convergence of values of |R| for different
values of Kh for N =2 5,7,8 of the series (5.74) for Type I barrier. From this table it
is seen that the results for |R| converge very rapidly with N. For N = 7, an accuracy

of almost five decimal places is achieved.

Table 5.1: Convergence of |R| with N for Type I Barrier with b/h = 0.5,¢/h = 0.5,6 =
259, M/h? = 0.5

Kh N=2 N=5 N=7 N=8
0.2 0.603525 0.623054 0.623670 0.623672
1.0 0.423256 0.441943 0.442309 0.442312
1.8 0.305412 0.326481 0.326831 0.326834

Table (5.2) shows the convergence of the numerical values of | R| for different values
of Kh with the truncation size N = 2,5,7,8 of the finite series (5.78) for Type II
barrier. Here also a five figure accuracy is achieved for N = 7. In a similar manner
the convergence analysis of |R| for Type III barrier has been done, although it is not
presented in tabular form here. Thus, from these two tables, we can say the present

method is quite efficient for the numerical calculation of |R| (and |T).

Table 5.2: Convergence of |R| with N for Type II Barrier with (C;}f) =0.5,b/h=1,0 =
250, M /h2 = 0.5

Kh N=2 N=5 N=7 N=8
0.2 0.179421 0.197454 0.197475 0.197478
1.0 0.601245 0.628014 0.628047 0.628049
1.8 0.572983 0.597452 0.597674 0.597676

In Table (5.3), the energy identity |R|?> + |T|* = 1 are verified for different val-

ues of the dimensionless wavenumber Kh for Type I barrier with fixed values of
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c/h = 0.8,0 = 25°, M/h? = 0.5 which authenticated the correctness of the results.
Simarly the energy balance relation is verified for barrier configurations of Type II and

ITI, although not presented here.

Table 5.3: Energy identity, Type I barrier for b/h = 0.5,¢/h = 0.5,0 = 25°, M/h? = 0.5

Kh R 7] [RI+]T[
0.1 0.660504 0.750823 1.0000
0.5 0.539024 0.842291 1.0000
1.0 0.439943 0.898026 1.0000
1.5 0.363089 0.931754 1.0000
2.0 0.299241 0.954178 1.0000
2.5 0.245141 0.969487 1.0000
2.9 0.207693 0.978194 1.0000

In Figure (5.2), the reflection coefficient | R| is depicted against the non dimensional
wave number Kh for Type I and Type II barriers when the non dimensional surface
tension M /h? is very small, i.e., M/h? = 0.0001. These results are compared with the
results for |R| in Kanoria et al (1999) (Figure 4 and 5 there) and a very good matching
of the results are observed from Figure (5.2). This shows the correctness of the results

obtained by present method.

—Results by present method(type 1)
£ Results by Kanoria (1999)(type 1)
0.6 Results by present method(type Il)||

® e Results by Kanoria (1999)(type I1)

Figure 5.2: Reflection coefficients for two types of barriers without surface tension

We now discuss about the behaviour of |R| associated with Type I, Type II and
Type III barriers.
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Barrier of Type 1

The Figures (5.3), (5.4), (5.5) and (5.6) exhibit the behaviour of reflection coef-
ficient |R| of bottom standing thick barrier of Type I, against non-dimensional wave
number (Kh), for various values of non dimensional parameters 2 7 fl, 7z and 6.

In Figure (5.3), |R| is plotted against Kh for different values of width of the barrier
L =0.5,10,15, 2 and for £ = 0.5, 2 = 0.5, § = 25° . It is seen that |R| exhibits
oscﬂlatory behaviour and the frequency of oscillation in |R| increases as the width of
the barrier increases. Also for certain values of Kh, there occurs no reflection of wave

energy.

IR]
IR]

Figure 5.3: Reflection coefficient Figure 5.4: Reflection coefficient
for type I barrier for different % for type I barrier for different 7
with £ =0.5,2 =0.5,60 = 25°. with 2 =152 =0.5,0 = 25°.

In Figure (5.4), |R| is depicted against Kh for different length of the barrier, viz,
£(=0.2,0.4,0.6,0.8) and for fixed values of £ = 1.5, = 0.5,6 = 25°. Here also it
is observed that |R| exhibits oscillatory behav10ur and the frequency and amplitude
of oscillation increases as the length of the barrier increases. This shows that longer
barrier induces more reflection of wave energy. Also, for certain values of Kh there

occurs no reflection of wave energy.

The effect of surface tension on reflection coefficient is depicted in Figure (5.5).
In this figure, |R| is plotted against Kh for different values of surface tension factor

h2 =0.5,1.0,1.5 and 2.0 and for fixed values of 7 b —1. 5,£=0.5,0 = 25° In this figure
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IR]
IR|

Figure 5.5: Reflection coefficient Figure 5.6: Reflection coefficient

. . M for type I barrier for different 8
M
for type I barrier for different 72 it] b 15’ Z 0.5 M 0.5

: b c ) B2
Wlth n = 15, % = 05,6 = 250 h h?

the oscillatiory behaviour of |R| is observed and the amplitude of oscillation decreases
with Kh as the surface tension increases showing a damping effect of surface tension
on the reflected wave. Also there occurs phase shift in the oscillation of |R| as the
surface tension increases and for some values of the wave number Kh, there occurs no

reflection.

The Figure (5.6) depicts reflection coefficients against wave numbers with fixed

M
s B2
6 = 25° 60°,89°. This figure shows oscillatory behaviour of |R|. It is also noticed that

values of % =157 =205 = 0.5 and for different values of angle of incidence
when 6 is almost 90°, the frequency of oscillation of |R| decreases compared to other

angles of incidence.
Barrier of Type I1

In Figures (5.7), (5.8), (5.9) and (5.10), the behaviour of reflection coefficient |R| is
depicted against non dimensional wave number Kh for barrier of Type II (submerged

rectangular block) for various values of non dimensional parameters (C;]f), %, h—]\g and 6.

In Figure (5.7), |R| is plotted against Kh for different values of @ =0.5,0.6,0.7

and for fixed values of 2 = 1, #1 = 0.5 and 6 = 25°. It is seen that |R| exhibits

oscillatory behaviour and as -9

-~ increases, |R| increases. This is due to the reason
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that as @ increases, the length of the barrier increases, so the longer barrier induces

more reflection of waves.

Figure (5.8) shows the effect of variation in width of the barrier on reflection coef-

ficients by considering 2 = 0.5, 1.0, 1.5 and (C;a) = 0.5, 77 = 0.5, § =25 It is seen

that |R| exhibits oscillatory behaviour with no reflection for some values of K'h and

frequency of oscillation increases as the width of the barrier increases.

x _ x
0.4 — —(c-a)h=0.7
! --~(c-a)h=0.6
0o 05 1 15 2 25 3
Kh

Figure 5.7: Reflection coefficient Figure 5.8: Reflection coefficient
for type II barrier for different for type II barrier for different %
Swith f =108 =0560= with G2 =053 =050=
25°. 250 .

In Figure (5.9), |R| is depicted against Kh for with different values of 4% =
0.5, 1.0, 1.5 and fixed values of (C;ff) = 0.5, 2 =1 and 6 = 25°. Here |R| exhibits
oscillatory behaviour. The presence of surface tension decreases |R|.

In Figure (5.10) the variation of reflection coefficient |R| for different angles of in-
cidence 0(= 25°%,60°,89°%) and for fixed values of @ = 05,2 =1 and 9% = 0.5 is
shown. Figure shows that |R| exhibits oscillatory behaviour. However, when 6 is 89°,

the frequency of oscillation in |R| decreases.

Type III barrier

Figures (5.11), (5.12), (5.13), (5.14) depict the behavior of |R| against non dimen-

sional wave numbers Kh, for Type III barrier.

In Figure (5.11), | R| is plotted against K h for different values of width (2 = 0.4, 0.7, 1.5)

134



CH 5. Scattering of water waves by rectangular thick barriers in presence of surface
tension

1
o6 .=
0.5} e | 08 e
© —MhZ05 e
E0.4 o6l —
T 03 ~ " "M/h%=1.0 4
o2 f Mih®=L5 1 0.4
---0=60
k 0214 [/ e 9=89
0 L
0 05 1 15 2 oLk ‘ ‘ ‘ ‘
Kh 0o 05 1 15 2 25 3
Kh

Figure 5.9: Reflection coefficient
for type II barrier for different h—f‘é

with &% =052 =19 = 25

Figure 5.10: Reflection coefficient
for type II barrier for different

with 5% =052 =1, 4 =05

of the thick barrier and fixed values of ¢ = 0.2, 2 = 0.5, @ =0.3, § =25% The

figure shows that | R| exhibits oscillatory behaviour for wide barrier.

1 ; 1 o
| b .
R .- ;
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--bh=07 ' —(d-cyh=0.2 @
------- b/h=1.5 ---(d-cyh=04 1
0 S S 0 e
0 0.5 1 15 2 25 3 0 0.5 1 15 2 2.5 3
Kh Kh
Figure 5.11: Reflection coefficient Figure 5.12: Reflection coefficient
for type I1I barrier for different 2 for type III barrier for different
: - d—c b M
with ¢ = 02,4 =05,©9 = e with ¢ =0.1,2 =054 =
0.3,0 = 25°. 0.5,0 = 25° .

In Figure (5.12), |R| is depicted for various values of the gap in between the barrier
(%< =02, 04, 0.6) and fixed values of ¢ =0.1,7 = 05,27 = 0.5,0 = 25°. This
figure shows oscillatory behaviour in |R| due to interaction of barrier with the waves

and there occurs no reflection for some values of Kh and as the gap length increases,
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Figure 5.13: Reflection coefficient

Kh

Figure 5.14: Reflection coefficient

for type I1I barrier for different h—f‘é for type III barrier for different

: a —C 1 [ — b _ M _
with no— 02,% = 1, (dh ) = 0 leh o 027 o 17 Rz
0.3,6 = 25°. 05,49 =03.

|R| increases. Also for certain Kh, |R| becomes almost unity showing total reflection

of waves.

Figure (5.13) shows the behavior of |R| for different values of 4 = 0.5, 1.0, 1.5, 2.0

with fixed values of # = 0.2, % =1, (d;C) = 0.3,0 = 25°. In case of Type III barrier,

the figure shows that increase in surface tension decreases the reflection of wave energy.

Figure (5.14) shows the behavior of |R| for different values of § = 25° 60°, 89°

with fixed values of ¢ =0.2,% =0.5,%9 =04, = .5 for Type III barrier. Here

| R| exhibits oscillatory behaviour. For large angle of incidence, 8 = 89°, the frequency

of oscillation decreases.

5.5 CONCLUSIONS

Oblique wave scattering by thick rectangular barrier in presence of surface tension at
the upper surface have been studied here by employing multi-term Galerkin approxi-
mation technique. Three different geometrical positions of the barrier are considered
here. The numerical estimate of reflection coefficient for different values of wave num-

bers and other parameters involved in the physical problem have been obtained and
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exemplify graphically. The numerical results also satisfy the energy balance relation.
The results without surface tension have been recovered from present result by con-
sidering very small values of M. From the present study, it is concluded that presence
of surface tension decreases the amplitude of reflected waves. The reflection coefficient
exhibits oscillatory behaviour as the width and height of the thick barriers increases

and a total transmission of waves of certain wavelength are observed.
APPENDIX A
Coefficients of linear system of equations

Barrier of type I
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Barrier of type II
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where I’s are modified Bessel function of first kind.
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CHAPTER 6

WATER WAVE SCATTERING BY
THICK RECTANGULAR SLOTTED
BARRIERS IN PRESENCE OF ICE
COVER

6.1 INTRODUCTION

Breakwater type coastal structures are designed to dissipate the wave energy so that
they protect the harbours and mariners from the effect of rough sea. Breakwaters
also reduce the intensity of wave action in inshore waters and thereby provide safe har-
bourage. Breakwaters in form of slotted barrier provides a number of desirable features
such as the wave energy reflected by them is small which is very useful for navigating
vessels within the harbour near them, and also they permit the circulation of water

and so as to assist in maintenance of the water quality in the harbour [cf. Bennet et

9+ The content of this chapter is based on the paper “ Water wave scattering by thick rectangular
slotted barriers in presence of ice cover”.
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al. 1992] . These usefulness of slotted breakwaters motivated us to consider slotted
thick barrier as models of breakwaters in the present study. Here two types of slotted
barriers are considered, one is bottom standing and other is submerged in the form of

submerged slotted thick barrier.

Many researchers studied the problem of water wave scattering by thin vertical
slotted barriers in deep water or water of finite depth by using various mathematical
techniques, assuming linear theory. Lewin (1963) studied the propagation of water
waves in presence of N-vertical barriers present in deep water. Porter (1972) used in-
tegral equation formulation based on reduction method to study the wave motion in
presence of barrier with a gap. Porter (1974) considered a problem of wave propagation
in presence of an arbitrarily arranged barriers which perform small rolling or swaying

oscillations.

Scattering of waves by vertical barriers in water of finite-depth were studied by
Porter and Evans (1995). They used multi-term Galerkin approximation to get the
accurate estimated of reflection and transmission coefficients. Issacson et al. (1998)
considered wave interaction with a thin vertical slotted barrier and used eigenfunction
expansion method to study the problem. Kanoria et al. (1999) considered the problem
of water wave scattering by four types of barrier configurations namely surface piercing
and partially immersed, or bottom-standing and submerged, or in the form of a sub-
merged rectangular block, or in the form of a thick vertical wall with a submerged gap.
They used multi-term Galerkin approximation to solve the integral equations arising

in the problem.

Oblique water wave diffraction by thin vertical barriers in water of uniform finite
depth was studied by Mandal and Dolai (1994). They considered four different types
of the barrier configurations namely partially immersed, bottom standing, submerged
plate, a thin vertical wall with a submerged gap. They used an appropriate one-
term Galerkin approximation to get a very accurate upper and lower bounds for the
reflection and transmission coefficients. Banerjea et al. (1996) considered the problem
of oblique wave scattering by a single and two submerged thin verical wall(s) with a

gap present in water of finite-depth. They used both one-term and multi-term Galerkin
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approximation to study the problem. Das et al. (1997) studied the problem of oblique
water wave diffraction by two parallel thin barriers with gaps.

In cold regions, floating ice sheets constitute an integral part of the human activities
like airstrips and other transportation links. Obviously there is a need to establish a
reliable safety criterion, which can only be accomplished by systematic studies of the
response of the ice sheet. Chakrabarti (2000) solved the mixed boundary-value problem
arising in the study of scattering of two dimensional time harmonic surface water waves
by a discontinuity on the surface boundary conditions, separating the free surface and
an ice-covered surface when the depth of water is infinite. Interaction of ocean waves
with shore fast sea ice modelled as a thin elastic plate was first considered by Fox and
Squire (1990). Later, Fox and Squire (1994) reported a mathematical model describing
the oblique reflecion and penetration of ocean waves into shore fast ice sheet. Scattering
of an obliquely incident flexural-gravity wave by a narrow straight-line crack separating
two semi-infinite thin elastic plates floating on water of finite depth were studied by
Evans and Porter (2003). The reflection and transmission of waves under an ice sheet
of variable thickness were studied by Vaughan and Squire (2006). They used piecewise
polynomials to solve this problem. Das and Mandal (2008) investigated the problem of
radiation of water waves by a sphere submerged in deep water as well as uniform finite
depth water with an ice cover. They used multipole method to solve this problem.
Squire (2007) described the general area of ocean wave or sea ice interactions in his
review paper. In a regime of linear theory, Sturova (2011) studied the two dimensional
problem of steady oscillations of a horizontal cylinder submerged in a linearly stratified
fluid layer whose upper boundary is ice cover. She used Boussinesq approximation for
solving this problem. Assuming small amplitude linear wave theory, Bhattacharjee
and Soares (2012) studied the behavior of flexural gravity waves propagating over a
semi-infinite floating ice sheet.

In the present study, we consider the problem of water wave scattering by a thick
rectangular slotted barrier present in water of finite depth with ice cover. Here, the
slotted barrier has arbitrary number of slots of unequal lengths along the vertical
direction. Two types of barrier configuration are considered, one is bottom standing
and the other is in the form of a submerged slotted thick block. We consider the
train of surface wave which is obliquely incident on the slotted barriers. Exploiting the

geometrical symmetry of the rectangular slotted barrier about its center line taken, the
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problem for all the cases is split into two separate boundary value problems involving
the symmetric and antisymmetric potential functions describing the resultant motion
in the fluid region. The eigenfunction expansion of the potential function is used to
reduce the problem into a first kind integral equation in disjoint intervals. The integral
equation is solved analytically using multi-term Galerkin approximations involving
ultraspherical Gegenbauer polynomials. Numerical estimates for the reflection and
transmission coefficients are obtained for different values of the parameters. Numerical
results of the reflection coefficients are studied graphically against the non-dimensional

wave number.

6.2 FORMULATION OF THE PROBLEM

We consider a long thick barrier of rectangular cross section of width 2b with ¢—1(q > 2)
number of slots present in water of uniform finite depth A. We choose y-axis vertically
downwards along the vertical line of symmetry of the barrier and xz-plane coinciding
with the ice cover surface at rest. Two types of barrier configuration are considered,
one is bottom standing (Type I) and the other is in the form of a submerged slotted
thick block (Type II). In both types of barrier, the barrier is placed at a depth a; from
the ice cover surface and for Type II barrier there is a gap (agg, h) above the bottom of
the water region. The wetted part of the barrier occupies the region —b < x < b,y €
L= L;(j=1,2). Here

q—1
Ly = U(a2l+1,a2z+2)(0 <ap <ag<..<as=h),
1=0

q—1
Ly = U(a21+1>azz+2)(0 <ap < ag <...<ay<h).
1=0

Ly and L, corresponds, respectively, to the Type I and Type II barrier configurations

and the slot in the barrier is given by

q—1
G, = U(agl, ag1), for Type I and Type II barrier.
=1
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The length of the each slot is 2y;, then

2y = ag41 —ay (6.1)

where [ = 1,2,...,qg — 1 for Type I barrier and Type II barrier and the length of the

gap above the bottom of the water region for Type II barrier is

qu = h — agq
o o
Ice cover x Ice cover x
I y y
2b -1 2b T
I I
/\/ (b,az) /\/ (b,az)
(b,a3) (b,a3)
(b,ag) (b, as)
|:| (b, ag) /\_/ D (b, ag) /\/
(b,a;) (b,ay)
I:I b I:I by
: : (b'an—O
[ ] (& 2z0-0) l:l (bazq)
’ q
(b,azq)
Type I Type 11

Figure 6.1: Schematic diagram of the problem
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Figure 6.2: Subregions of the problem

A train of surface water waves of frequency o, from positive infinity is incident

obliquely on a thick slotted barrier and is partially reflected by the barrier and partially
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transmitted through the slotted barrier. The wave makes an angle § with the plane
y = 0. Under the assumption of linear theory, the resulting motion is described by the

velocity potential ®(x,y, z,t) which may be expressed as

D(z,y. 2,1) = Re{(x, y)e™ "} (6.2)

where v is the wave number in the z-direction. Then ¢(x,y) satisfies

(V2 —1%)¢ =0 in the fluid region, (6.3)

62
{D(@—V2)2+1—€K}¢9+K¢:0 on y=0, —00 < = < 00, (6.4)

with K = 0?/g (g being the acceleration due to gravity),

¢, =0 on xz==4b yel;, i=1,2, (6.5)

riVe is bounded as 7 — 0, (6.6)

where r is the distance from any submerged edge of the thick barrier,

¢y,=0 on y=a;(i=12,...,m;;j=12), |z|<b, (6.7)

where m; = 2q — 1, my = 2g,

|z| > b for Type I barrier,
¢y=0 on y=h, (6.8)
|z| < oo for Type II barrier,

—ip(z—b) + R ipn(z—b) as — )
sy~ ST Wly) a8 @ o0 (6.9)

Te @0y (y) as x — —o0.

Here R and T denote, respectively, the complex reflection and transmission coeffi-

cients and are to be determined. Here y = (A2 — 1/2)% = Agcosf,v = A\gsin 6, where \g
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denotes the positive real roots of the usual dispersion relation

A1 — €K + DX*)tanh M\h = K. (6.10)

It may be noted that (6.10) has a real positive root Ag, four complex roots +\; and
+X5()\; has positive real and imaginary parts with Ay = A;) and a set of countably

infinite purely imaginary roots £i\* (A% > 0,n = 1,2, ...), where

1
(n— 5)7r < Arh <nm

and

Ah— nmoas n— oo
and also
Yo(y) = Py 2 cosh \g(h — y) (6.11)
with
1 sinh 2\oh

= (14 20
Po=5(+ =5

6.3 METHOD OF SOLUTION

Due to geometrical symmetry about x = 0, we may consider symmetric and antisym-
metric motion independently, defined by the potentials ¢1?(x, y) respectively, satisfying
Egs. (6.2)-(6.8) and

¢1(x7y) = ¢1(_x7y); ¢2($,y) = —¢2(—$,y). (612)

Thus we may restrict our analysis to the region x > 0 only with additional boundary

conditions
¢2(0,y) = 0,0%*(0,y) =0 (6.13)
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and recover the wave field in the region x < 0 from relation (6.12).

Let the behaviours of ¢'%(z,y) as ¥ — oo be represented by

o1 (2, y) ~ [e—iu(z—b) + R1726iu(u’v—b)]¢0(y) (6.14)

where R'? are unknown constants related to R and T by

1 .
R, T = 5(31 + R?)e %t (6.15)

obtained after using (6.14) in (6.9).
We now divide the region 0 < z < o0o; 0 < y < h into two regions, viz, Region I:

z>b 0<y<handRegionIl: 0 <z <b, ye L;=(0,h)—L;, j=1,2.

The eigenfunction expansions of ¢*?(x, y) satisfying Equations (6.3)-(6.5), (6.7) and
(6.8)(for z > 0) and Equations (6.13) and (6.14) in the different regions are given below.

Region I (z > 0,0 <y < h):

In this region a suitable eigen function expansion for ¢?(x,y) are given by

2
¢ (w,y) = [em T 4 RV (y) + ) A2t G ey ()
n=1

+ Y ARy (y) (6.16)
n=1
where
1,n=1,
En = (6.17)
—1,n =2,
bn(y) = P % cosh An(h — 1)) (6.18)
with
1 sinh 2\, h
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and

Vi(y) = (P22 cos \is(h — ) (6.20)
with

., 1. sin2Xth.

where X (n = 1,2,..) are the positive roots of the equation

M1 —eK + DX)tan b+ K = 0 (6.22)

and
Sp = ((X)2 + 1)z,

It may be noted here that {1, (y)}’'s are orthogonal functions and so are {¢(y)}'s.
However, v, (y) and ¢} (y) satisfy modified orthogonality relation as given in Manam
et al. (2006). These orthogonality relations are required to determine the constants

AL2 Axb2 which are evaluated in later section.
Region IT (0<z<byeL=L;=(0,h)—L;j=1,2):

In this region, we have considered two subregions, namely a region bounded above
by the ice cover surface and below by the upper rigid plane surface of the uppermost
rectangular block and another region is the gap between the uppermost rectangular
block and the lowermost rectangular block/bottom surface of water region as shown in

Figure 6.2.

For the region defined by 0 < x < b,0 < y < ay, the eigen function expansion is

given by
o' (x,y) 2 | ELcos (82 —12)2a _ = | Ejlcoshtyz |
= EREAOESS Un(y)
&*(x,y) n=o | E2&,sin (B2 —1v?)2x n=1 | E?*sinht,z
(6.23)

150



CH 6. Water wave scattering by thick rectangular slotted barriers in presence of ice

cover

where &y =1, &,, n = 1,2 are defined in equation (6.17),

th= (B +1H)27,n=1,2, ..,

o(y) = M ? cosh fo(ar — y),

1 SinhQﬁoCLl
Mo = = (14 22 200h
0= 30 5k,

Yn(y) = My ® cosh Bnlar —y),

_ 1 n sinh 2,,a,

=1,2
2/Bna1 )7n =

Ui(y) = (M) 72 cos B (a1 — y),

1 sin 23} a;

=1,2,..
2B;a1 )7” )< ’

Bo, B1, B2 satisfies
B(1 — eK + DB*)tanh Ba; = K

and [ satisfies

B(l —eK + DB tanfa, + K =0,n =1,2, ...

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

For the region defined by 0 < x < b,ay < y < ag 1, where [ = 1,2,...,q — 1 for

Type I barrier and [ = 1,2, ..., ¢ for Type II barrier, the normalised eigenfunctions are

1 nmw
kin(l,y) = €3 cos 2_yl(a2l+1 —y)

where ¢g = 1,¢, =2,n > 1.
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Thus the representation of ¢? in this region is

1 1 0 1
oz, y) _ By (1) coshvx wolloy) + Z B (l)cosh&,(I)x en(l.9)
¢*(2,y) B3(1) sinh vz w1 | B2(I)sinh&,(1)z
(6.31)
where

&ull) = {(Z)Q%—f}é,nl,l... (6.32)

We now define

Pr2(b+0,y) = (), 0 <y < h. (6.33)
Then
Y (y) =0 for yeL;,j=1,2 (6.34)
and
¢2(b—0,y) = f"*(y) for ye L. (6.35)

Also due to the edge conditions (6.6),

) =0((y—a)|™3) as y—ai, (i=1,2,..m;;5=1,2). (6.36)

Using the expansion (6.16) in (6.33) followed by Havelock’s inversion formula pro-

duces, after noting (6.34),

AL =6 U(\) [ [ ety
D

—?)\ntanh()\nh){)\ifyl’Q(O)Jr 20} ,n=0,1,2, (6.37)

yyy
with
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A =1-RY?

and

AT = U(A) [ [ @iy

D * * *
—?)\ntan()\nh){()\n)2fy1’2(0)—fyll’j}(O)} n=12 . (6.38)
where
4u(Du* 4+ 1 — eK) cosh?
Uu) = u(Du* + eK) cosh” uh (6.39)

(u2 — 12) {(Dut + 1 — eK)2uh + (5Du* + 1 — eK) sinh 2uh}

Again, use of the expansion (6.31) in (6.35) followed by Fourier inversion formula

produces

B0 = o [ Pt (6.40)

0N 2y vsinhwb J, Hrots e, .
BY(1 ! L o l,u)d 1,2 6.41

= — - w)kn(l,w)du,n =1,2, ..., )
MO = sy, @m0 (41)
B(1 LT [ l,u)d 6.42
0= 5oty | Sl (6.2

B, (D)

B i 1 agi+1 ) B
~ 2y &a(1) cosh &, ()b /am Frw)kn(lu)du,n=1,2, ... (6.43)

The constants E}? E*b? in (6.23) are obtained similarly as

1,2 _ — ! :
K ( sin(52 — v2)2b’ cos(f2 — ﬂéb)

[ Pty = (5,00 {B420) + £330} | o= 0,12, (04
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B = V(i) ( 1 1 )

sinht,b’ cosht,b

[ Py - 28 () {5120 - FEO}] 0= 1,2 0.5)

where

4u(Du* 4+ 1 — €K) cosh® ua,

V(u) = .
(w) (u? —12) {(Du* + 1 — eK)2ua; + (5Du* + 1 — eK) sinh 2ua, }

(6.46)

Now, matching of ¢2(x,y) across the line z = b through the right corner points of

the gaps, produces the relations

¢"2(b+0,y) =¢"*(b—0,y),y € L (6.47)

which eventually give rise to the integral equations

/ M2 (y,u) F*(u)du = o(y),y € L (6.48)
L
where

FY(y) = 1 +1Rl72f1’2(y) (6.49)

and MY%(y,u)(y,u € L) are real and symmetric in y and u, and their expressions
for L = L;(j =1,2) are given in Appendix A.

If we now define the constants c'? by

1— R
12 _ .
then, by using the relations (6.37) and (6.50), we find that
/ FY2(y)do(y)dy = . (6.51)
L

It is important to note that F1?(y) and c¢!? are all real quantities. Thus, if the inte-
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gral equation (6.48) are solved, then these solutions can be utilized to obtain ¢"? from
the relations (6.51), which in turn produce the reflection and transmission coefficients

|R| and |T'|, respectively, by using

11+ cle ct — 2

’| |
T| = 52
i A (6.52)

|R| =

where
A={1+()+ (PP + (')

so that |R|>+|T|? = 1 as expected from the energy consideration. We shall now pro-
ceed to solve the integral equation (6.48) by two methods, viz, Galerkin approximation

method and Boundary Element method.

Galerkin approximation method

Galerkin approximation method is employed to find approximate solution of integral
equation (6.48). The functions F'*? are approximated as

FY(y) = FY(y),y € L (6.53)

where F12(y) have the expansions given by

Zivzo po2f(y),0 <y < ay, for Type LII barrier,
F2(y) = ZN bL2(Dgl? (L y), am <y < agy1,l =1,2,...,q— 1, for Type LII barrier,

n=0n
SN S wb2hb2(y), as, < y < h, for Type 11 barrier.

(6.54)

In equation (6.54), F'%(y) is approximated by suitable basis functions f,(y), g2(l, v)

and hl?(y) which are ultraspherical Gegenbauer polynomials and the details are given

in Appendix B. The constants p.2, bL%(1) and wl?(n = 0, 1,2, ..., N) are unknown which

are to be determined. We note that in (0, a1), we use the same set of basis functions
for the symmetric and antisymmetric cases.

We substitute the expansions (6.54) in the integral equation (6.48) for L = L;(j =

1,2) and using orthogonality properties of the basis functions, we obtain this following
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system of linear equations for determination of the unknown constants pL2, bL2(1) and w?(n =
0,1,2,... N)

N qg—1 N
1,2 1,2

E P GLe +

n=0 =

bE2 (1) KL2(1 +Zw12H12 dpm,m=0,1,2,...,N,
0

1 n=

N 1 N
> PP + qz > b ()R L) +Zb12
n=0

li=1,l1 £l n=0

+Zwl 2TL2(0 = qL2(1), m =0,1,2,...,N;1=1,2,....q — 1,

qg—1 N
Zpl 2xL 2+Z Z b2 (DY,2( —i—Z wi? 742 = d2(q),m = 0,1,2,..., N;for Type I barrier.
=1 n=0
(6.55)
It is noted that A2 TL2(1), X12 V912(1) 712 qnd d12?(q) does not exist for Type

I barrier because it is bottom standing barrier so that there is no gap between the
lowermost block and the bottom of water region. The expressions GL2, K22 (1) etc.
are given in Appendix C.

The constants c¢b? in this case are now approximately obtained by using relation

(6.51) and are given by

qg—1 N

—qulfd —i-zzbmh )dy? (1) +Zw12d12 (6.56)

=1 n=0

Boundary Element Method

In this method, the unknown function in the integral equation (6.48) is F'*%(y) which
has one third singularity in the points a;(i = 1,2,...,m;;j = 1,2) where m; = 2¢q —

1, my = 2¢q. So, we define

FY2(y) = 3y — a)(y — az)...y — m;) F*(y) (6.57)
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where F12(y) is a regular function in L
Substituting (6.57) in the LE. (6.48), we reformulate the integral equation as
(6.58)

| M) F 2w = duly), v e L
L

where
M2 (y) = §/(y = an)(y — a2)...(y — my) M*A(y). (6.59)

Now we divide the intervals [ag;, as 1] in L into n; subintervals such that [ay, ag41]
a2l+;l_a2l7l - 07 1727 q - T7 r =

[bri—1,bii] with bg = ag, b = bo + ir, 7

U;il i P
1 for Type I barrier and r = 0 for Type II barrier with asqy1 = h
Now we take u = ul;; € [bi—1,b1], ¥ = Ylmr, € [bnk,—1,bmr,], 0, Ky = 1,2, ...,ny,
I,m=0,1,2,...,g—1r, so
uly; = (1 —w)bior +wb;0<w< 1
Ylmg, =1 = QObmr,—1+ Cbnk,;0< <1 (6.60)
Using (6.60) in (6.58), we have
(6.61)

2.2

q—r ny
/ f12 ullZ (ylm KU7U1ZZ)Tldw = ¢0(y1m Kv)
=0 =1

where K, =1,2,....n;;m=0,1,....q — .
Now in boundary element method, we assume that the unknown function F'?(ul;;)

satisfying integral equation is constant in each small sub-interval. So writing F12(ul;;)
,q—r and using this approximation in (6.61), we get

FR2(14),i=1,2,...,n;1=0,1, ...
(6.62)

a—r n
‘F12 l Z ma Kv7l72) = ¢0(ma Kv)

=0 i=1

where
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1
M(m, K,;1,i) = / Myl k,, uly;)rdw
0
Yo(m, Ky) = Yoyl k,)- (6.63)

Solving the system of linear equation (6.62), we get the unknown functions F'2(1,4);1

0,1,....,q—r;i=1,2,...,m. Now substituting these solution in (6.51), we get

q—r n

1
=N FA(L) / {’/(yll,i — a1)(ylis — a)-.(ylis — m;)Po(ylis)ridC.  (6.64)
0

=0 =1

6.4 NUMERICAL DISCUSSION

In this section, the reflection and transmission coefficients are numerically calculated
for two types of barrier and plotted in different graphs choosing various values of the
parameters. In the numerical calculations, we have chosen ¢ = 2,3 where ¢ denotes
the number of rectangular blocks in the slotted barrier so that there are ¢ — 1 number
of slots in between the barrier.

For Type I barrier, for Figures 6.3 to 6.5 and for the tables, we have chosen the follow-
ing

i) Forq=3,a;/h=0.2, ay/h =0.4, a3/h = 0.6, ay/h = 0.7, as/h = 0.8, ag/h = 1.0.
ii) Forq=2,a;/h=0.2, a/h =04, a3/h = 0.6, as/h = 1.0.

For Type II barrier, for Figures 6.7 to 6.9 and for the tables, we have chosen the fol-
lowing

i) Forq=3,a;/h=0.2, ay/h =0.3, a3/h = 0.4, ay/h = 0.5, as/h = 0.6, ag/h = 0.7.
ii) For ¢ =2, a;/h=0.2, ag/h = 0.5, az/h = 0.6, ay/h =0.9.

4.1 Validation of the numerical results
4.1.1 Comparison of Galerkin Method and BEM

In Tables 6.1 and 6.2, |R| obtained by solving the integral equation by Galerkin
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Table 6.1: |R| for Type I barrier for £ = 0.5, 5 =0.5,£ =0.01,0 =45° ¢ =3
Kh Galerkin Method BEM

0.10001 0.327196 0.327192

1.20001 0.753769 0.753762

1.90001 0.810377 0.810374

2.30001 0.828095 0.828089

2.80001 0.843610 0.843601

Table 6.2: |R| for Type II barrier for 2 = 0.3, =0.5,£ =0.01,0 =25° ¢ =3
Kh Galerkin Method BEM

0.10001 0.038554 0.038552

1.10001 0.788240 0.788235

2.00001 0.876571 0.876564

2.50001 0.837173 0.837168

2.83001 0.829227 0.829221

method and BEM are compared for barrier of Type I and Type I respectively choosing
the values of different parameters suitably. In Table 6.1, it is observed that for Type I
barrier, |R| obtained by using Galerkin method coincides with |R| obtained by using
BEM up to 4/5 places of decimal for % = 0.5, % =0.5,5=0.01,0 = 45% ¢ = 3. Table
6.2 shows that for Type II barrier, values of |R| obtained by Galerkin method and
BEM coincide up to 5/6 decimal places for % =0.3, % =0.5,7=0.01,0 = 25°, ¢ = 3.
This confirms the correctness of the method.

For both types of the barriers, it is necessary to truncate the infinite series given in
(6.55) and (6.56) to a finite number of terms. Table 6.3 shows the values of reflection
coefficient for Type I barrier with different values of the wave number Kh. Here we
consider £ = 0.5, =0.5,£ = 0.01,6 = 45°, ¢ = 3 for different values of N = 2,3,4
and 5. From the table, one can easily observe that for N = 4,5, the values of |R|

almost match upto 5 decimal places.

Table 6.4 corresponds the reflection coefficient for Type II barrier with fixed values
of 2=03,58 =0.5£=0.01,0 =25 ¢ = 3 and different N = 2,3,4 and 5. In this
case, the values of |R| match with each other upto 5 decimal places for N = 4 and 5.
Thus for further numerical computation it is quite sufficient to consider N = 5 which

gives accurate result up to desired number of terms. Thus the tabulated values shows
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that the method converges for N = 5.

Tables 6.5 and 6.6 correspond the reflection coefficient |R| for Type I barrier for

fixed values of 2 = 05,5 = 0.5,£ = 0.01,0 = 45°,¢ = 3 and Type II barrier
for fixed values of % = 0.3, % = 05,7 = 0.01,0 = 25% ¢ = 3 respectively. In both
cases, the values of | R| match with each other upto 4/5 decimal places for N = 7 and 8.

Table 6.3: Convergence of Galerkin Method for |R| with N for Type I Barrier with
b =054 =05,£=0.01,0=45"¢=3

) Wi

Kh N=2 N=3 N=4 N=5
0.00001 0.003585 0.003613 0.003632 0.003634
0.50001 0.593426 0.593551 0.593583 0.593586
1.00001 0.724853 0.725021 0.725069 0.725071
1.50001 0.783893 0.783943 0.783980 0.783983
2.00001 0.815381 0.815433 0.815471 0.815473
2.50001 0.834826 0.834919 0.834947 0.834949

Table 6.4: Convergence of Galerkin Method for |R| with N for Type II Barrier with

F =034 =055 =001,0=25¢=3

Kh N=2 N=3 N=4 N=5
0.00001 0.000645 0.000716 0.000743 0.000746
0.50001 0.008115 0.008174 0.008193 0.008195
1.00001 0.570869 0.571043 0.571076 0.571079
1.50001 0.979954 0.980035 0.980069 0.980071
2.00001 0.876952 0.877017 0.877045 0.877047
2.50001 0.842943 0.843034 0.843073 0.843076

Table 6.5: Convergence of BEM for |R| with N for Type I Barrier with £ = 0.5, 5 =
0.5,£=0.01,0=45% g =3

Kh N=3 N=6 N=7 N=8
0.10001 0.308539 0.327163 0.327189 0.327192
1.20001 0.729458 0.753723 0.753760 0.753762
1.90001 0.791421 0.810351 0.810371 0.810374
2.30001 0.812693 0.828045 0.828088 0.828089
2.80001 0.823528 0.843565 0.843599 0.843601
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Table 6.6: Convergence of BEM for |R| with N for Type II Barrier with % =0.3, % =
0.5,£=0.01,0 =25°, ¢ = 3

Kh N=3 N=6 N=7 N=8
0.10001 0.021537 0.038523 0.038550 0.038552
1.20001 0.771254 0.788213 0.788234 0.788235
1.90001 0.855125 0.876541 0.876561 0.876564
2.50001 0.817854 0.837141 0.837165 0.837168
2.83001 0.805468 0.829197 0.829218 0.829221

4.1.2 FEnergy Identity

Tables 6.7 and 6.8 show the validation of the energy identity |R|?+ |T'|? = 1 for two
types of barrier for various values of the parameters. Table 6.7 corresponds data for
Type I barrier for 2 = 0.5, 4 = 0.5, £ = 0.01,6 = 45°, ¢ = 3 and Table 6.8 for Type
IT barrier for 2 = 0.3, 8 = 0.5, = 0.01,6 = 25% ¢ = 3. In both tables the energy
identity is perfectly satisfied which is a partial check of the correctness of the present

method.

Table 6.7: Energy identity, Type I barrier for 2 = 0.5, 5 = 0.5, = 0.01,6 = 45", ¢ = 3

Kh |R| T [R° + T
0.10001 0.327196 0.944956 1.00000
1.20001 0.753769 0.657139 1.00000
1.90001 0.810377 0.585909 1.00000
2.30001 0.828095 0.560587 1.00000
2.80001 0.843610 0.536956 1.00000

Table 6.8: Energy identity, Type II barrier for 2 = 0.3, % =0.5,£ = 0.01,6 = 25, ¢ =
3

Kh |R| T |R° + T
0.10001 0.038554 0.999257 1.00000
1.10001 0.788240 0.615368 1.00000
2.00001 0.876571 0.481273 1.00000
2.50001 0.837173 0.546938 1.00000
2.83001 0.829227 0.558912 1.00000

4.2 Effect of various parameters on reflection coefficients

In this section we discuss the behaviour of |R| for different wave numbers (Kh) as-
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sociated with Type I and Type II barriers considering various values of the parameters.
4.2.1 Type I barrier

Figures 6.3 to Figure 6.6 depict |R| against Kh for Type I barrier.

Figure 6.3 depicts the effect of different width b/h of the slotted barriers of Type I
with 3 rectangular blocks with two slots in between, on the reflection coefficient. Here
we choose the different values of %(: 0.1,0.5,0.7,1.5) keeping % =0.5,5=001,0 =
45° g = 3 fixed. It is noted that, as the width of the barrier is increased, the value
of reflection coefficient |R| also increases. For large width of the barrier, the almost
total reflection of short crested waves occurs except for wave number Kh ~ 0.6. At
Kh ~ 0.6, a sudden decrease in |R| occurs which may be due to the interaction of

waves with very wide barrier.

In Figure 6.4, we plot the graph of reflection coefficient | R| against non-dimensional
wavenumber K h for different values of % = 0.01,0.5, 2.0 keeping % =0.5,7=0.01,0 =
45% ¢ = 3 fixed. Here also slotted barrier of Type I is chosen with three rectan-
gular blocks. In this case we observed that as % increases |R| also increases for
0.2 < Kh < 2.4. This is due to the interaction of waves with the barrier. For Kh > 2.4,
|R| for different K h coincide. This is due to the reason that for bottom standing barrier,

the short waves which are at the ice cover surface do not feel the presence of the barrier.

Figure 6.5 illustrates the effect of angle of incidence of the waves on the reflection co-
efficient against wave number. Here we take four different values of 8 = 0°,45°, 60°, 85°
keeping 2 = 0.5, £ = 0.01, 3 = 0.5, ¢ = 3 fixed. The reflection coefficient |R| decreases
corresponding to increasing values of the incident angle . But when we take the inci-
dent angle # = 85, we see that reflection increases. This pecularity in the behaviour of
| R| happens because when @ is close to 90°, the wave interacts with the barrier almost

tangentially to the vertical wall of the barrier.

In Figure 6.6, we plot the graph of reflection coefficient | R| against non-dimensional
wave number K h for different values of the rectangular block of the barrier, i.e., ¢ = 2,3
keeping 2 = 0.5, 5 = 0.5,£ = 0.01,0 = 45° fixed. Here, 4 = 0.2,%2 = 0.4,% =
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a

0.6,% =1 (for g=2) and 9 = 0.2,% = 04,% = 0.6,5 = 0.7, 9 = 0.9, % = 1.0 (for
q=3). Here for ¢ = 3, the number of slots is 2 and for ¢ = 2, the number of slot is 1 and
the slot lengths are chosen to be equal. The graph shows that the reflection coefficient
|R| decreases for increasing values of ¢. This happens because for increasing number

of the slots, the wave finds more space for transmission which results in decreasing

reflection.
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Figure 6.3: Reflection coefficient Figure 6.4: Reflection coefficient
for Type I barrier for different % for Type I barrier for different h—D4
with & = 0.5,£ = 0.01,0 = with 2 = 05,£ = 0.01,6 =
45,q = 3. 45,q = 3.

4.2.2 Type II barrier

Figure 6.7 to Figure 6.10 illustrate the behaviour of |R| against Kh for Type II bar-
rier for different values of various parameters. In these figures |R| exhibits oscillatory
behaviour. This oscillatory phenomena occurs for Type II barrier as the waves can in-
teract with the bottom of water region and the barrier. This nature of |R| is observed

in Figures 6.7 to 6.10. However for Type I barrier which is a bottom standing barrier,

this oscillatory nature of |R| is absent.

In Figure 6.7, the numerical estimates of the reflection coefficients (|R|) for Type II
barrier are depicted against the wave number Kh for different width of the barrier, viz,

b =0.3,0.7 and 1.0 keeping h—D4 =0.1,7 =0.01,0 = 259 ¢ = 3 fixed. In this case we

n
observe that the reflection coefficients |R| exhibits oscillatory behaviour and for certain
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Figure 6.5: Reflection coefficient Figure 6.6: Reflection coefficient
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Figure 6.7: Reflection coefficient Figure 6.8: Reflection coefficient
for Type II barrier for different for Type II barrier for different
b with &4 =0.1,£ =0.01,0 = D with 2 =03,£ =0.01,0 =
25,q = 3. 25,q = 3.

value of Kh, |R| almost becomes unity. Also, this figure reveals that for small values
of Kh, |R| increases as the width of the slotted barriers increases. However for large
wave number, |R| increases as the width of the barrier decreases for 2 = 0.7 and 1.0.
However, |R| for 2 = 0.3 exceeds |R| for £ = 0.7 and 1.0. This happens because the
small values of Kh corresponds to waves with longer wavelength which are towards

the bottom of the water region and these waves find less space for transmission as
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the width of the barrier increases. However, larger values of Kh corresponds to the

surface waves which does not much feel the presence of the barrier and gets transmitted.

In Figure 6.8, the numerical estimates of the reflection coefficients |R| for Type II
barrier are depicted against the wave number Kh for different values of elastic param-
eter h—D4 = 0.1,0.5 and 1.0 keeping % =0.3,7 =0.01,0 = 25°, ¢ = 3 fixed. It is observed
that, in this case, the reflection coefficients |R| shows oscillatory behaviour and become
zero between Kh = 0.2 and 0.7 and reaches to near unity for 0.8 < Kh < 1.7. There

occurs phase shift in |R| as & increases.

The graphs depicted in Figure 6.9 are the reflection coefficients against wave num-
bers with fixed values of % = 0.3, h—D4 = 0.5, = 0.01, ¢ = 3 and different values of angle
of incidence 6 = 10°,25° 89°. Here we observed that | R| exhibits oscillatory behaviour
and becomes unity near Kh = 1.5.

In Figure 6.10 , | R| is depicted against the non-dimensional wave number K h by con-
sidering 2 = 03,5 = 0.5,£ =0.01,6 =25 and 2 = 0.1,%2 = 0.2,% = 0.3,% = 0.4
(for q=2) and 9+ = 0.1, =0.2,% = 0.3,% = 04,9 = 0.5,5 = 0.6 (for q=3). Here
for ¢ = 3, the number of slots is 2 and for ¢ = 2, the number of slot is 1 and the slot

lengths are chosen to be equal. From this figure it is clear that when there are two slots
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then |R| shows oscillatory behaviour and decreases as Kh increases. However, for one
slot barrier, |R| does not exhibit oscillatory behaviour and increases sharply to unity

for small Kh and then decreases as Kh increases.

6.5 CONCLUSIONS

Oblique wave scattering by thick rectangular slotted barrier present in water with ice
cover surface have been studied here by employing multi-term Galerkin approximation
technique as well as boundary element method. Two different geometrical configura-
tions of the barrier are considered here. The numerical estimates of reflection coefficient
for different values of wave numbers and other parameters involved in the physical prob-
lem have been obtained and exemplified graphically. The energy balance relation is

authenticated numerically. From the present study, the following observation is made.

1. For Type II barrier, the reflection coefficient exhibits oscillatory behaviour which is
in contrast with bottom standing Type I barrier.

2. An increase in width of the barrier increases reflection coefficient for Type I barrier.
3. An increase in elastic coefficient of the ice cover decreases the reflection coefficient
for Type I barrier but for Type II barrier a phase shift in reflection coefficient occurs.
4. As the angle of incidence 6 increases reflection coefficient decreases for Type I bar-
rier.

5. As the slots in the barrier increases reflection coefficient decreases for Type I barrier.
For Type II barrier, an increase in number of slots increase the frequency of oscillation

in the behaviour of reflection coefficient.
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Appendix A

For y,u € (ag,ay.1), where [ = 1,....g — 1 for Type I and [ = 1,...,q for Type II

barrier configuration,

M (y,u) = C(;tfylyb (1, u)roll, y +Z C(;z}f" S(Lwyn(ly)
—Zzgn ()tbn(y)

—%)\ tanh(\,h) {A2E12(0) + FL2 )}wn(y)]

= UGN, [ (w)es(y)

) {0 - FE O} ] 069

tanh vb
2vy,

ro(l,w)ko(l,y) + Z %%(l)bmn(l, w)kn(l,y)

n=1

M?(y,u) =

_szn )¢n( )

——)\ tanh(\, 1) {\2F1%(0) + F2( )}%(y)}

yyy

[e.e]

= DU GN,) [ (w)r(v)

yyy

A {0 - B0} 0] (600)
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For y,u € (0, ay),

2

M (y,u) =3 = cot((B2 = v*)2B)V (Ba) [t ()b (y)
D 2 L.2(( 1 2 7
_?Bn tanh(ﬂnal) {BnFy ( ) Fyyy } w"(y)}
— N iV (iBy) coth(t,b) [45 (w)di(y)
D ., N *\2 71,2 1 2 7*
—?5,1 tan(ﬁnﬁl) {(5 ) F (O) Fyyy }¢ y)]

_ZZ£n %( )

D
2 tanh(A,h) {ALF2(0) + Fyt (0 }%yﬂ

yyy

- Z iU (i) [ (u) i (y)

—%)\; tan(Arh) {()\Z)szl’2(0) Ey2 (0 }Mi(y)} )

yyy
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u) = Z tan((52 = v2)20)V (5n) [ ()90 (v)
Bn tanh(G,a1) { B2E2(0) + FL2(0 }zﬁn(y)]

- Z iV(i63;) tanh(t,b) [¢;, ()55 (y)

2 g tan(B) {(BPEL0) ~ FA20)} 0 y>]
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For y € (ay, ay.1) and u € (ag,, as,+1)(l1 # 1) and vice-versa

2
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Appendix B

For y € (0, aq), the choice of the basis functions for both symmetric and antisymmetric

cases are
d —Ky a1 Kt ~
Fuly) = =gl [ e f tyan (6.70)
Yy
where
. 27/61°(1/6)(2n)!
Fly) = Wo)en) __cus v
ml'(2n + 1/3)(a1)/3(af — y?)V a

and C/° is an ultraspherical Gegenbauer polynomial of order 1/6.
For y € (ag,ay.1)(l = 1,2,...,q — 1), the basis functions for both symmetric and

antisymmetric cases are chosen as

21/61(1/6)(n)! y—1x
92(1,9) = gall,y) = 1/0)) Sevs= (G
ml(n +1/3) {2u(y — az)(azi1 — y)} Yi
where z; = (1/2)(ag 1 — ay).
For y € (ag,, h),the basis functions are chosen as
27/5T(1/6)(2n)! h—vy
W) = haly) = 1/6)(2n) e it B
mL(2n +1/3)(h — a)*{(h — azq)* — (h — y)*} h = az
(6.72)
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Appendix C

Gl =
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where J,, denotes the Bessel function of first kind of order n and I,, denotes the

modified Bessel function of first kind of order n. G2, is obtained from (6.73) by

mn

replacing ‘coth’ by ‘tanh’ and ‘-cot’ by ‘tan’.
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CHAPTER 7

EFFECT OF NONUNIFORM POROSITY
IN CURVED BREAKWATER ON
WATER WAVES

7.1 INTRODUCTION

Breakwaters, also known as wave attenuator, are coastal structures built out into the
sea to protect a coast or harbour from the force of waves. These are usually bottom
founded rigid structures which are expensive to construct, particularly for deep water
and also these prevent the natural water circulation, leading to environmental issues.
Floating breakwaters are useful alternatives which are cost effective and have low im-
pact on environment. These type of breakwaters are usually kept floating by using
proper mooring system [cf. Sobhani et al. (1988), Dai et al. (2018)]. Floating break-
waters can be of various shapes and configurations. A floating breakwater in form of an
arc of a circle, encountering water waves is an important because it is known that the

increase in arc length of a circular arc-shaped rigid breakwater reduces the reflection

O+ The content of this chapter is based on the paper “ Effect of nonuniform porosity in curved
breakwater on water waves”, (communicated after revision).
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of waves [cf. Parsons and Martin (1994)] so that most of wave energy can be utilised.
This has an important bearing on construction of wave energy device. An important
application of a circular arc shaped breakwater is semi-circular caisson whose major
advantage is its stability against sliding [cf. Liu and Li (2012)]. As reported in Liu
and Li (2012) many experimentalists studied the effect of waves on circular arc shaped
barrier for construction of coastal structures in form of curved breakwaters and verified

the experimental result with the theoretical one.

The phenomena of wave encounter with barrier in form of a circular arc shaped rigid
structure submerged in water under linear theory was studied by many researchers us-
ing various mathematical tools. Notable among them are Parsons and Martin (1994)
, Mclver and Urka (1995), Kanoria and Mandal (2002), Mondal et al. (2021).

Recently, there is a surge in number of studies on porous breakwaters as the pores
are dissipators of energy which reduces wave action and maintain water circulation.
Wave propagation over a porous circular arc shaped barriers are studied by many re-
searchers like Liu and Li (2012), Mondal et al. (2017), Mondal and Banerjea (2016),
Samanta et al. (2023).

A study of wave interaction with barriers with nonuniform porosity is limited in
the literature although, studies in connection with the problem of wave interaction
with a perforated cylindrical breakwater with nonuniform porosity in the circumfer-
ential direction and uniform porosity in the vertical direction was initiated by Tao
et al. (2009) using eigen function expansion method. Song and Tao (2010) adopted
an efficient numerical method to study water wave interaction with a cylinder with
a nonuniform porosity and their numerical experiments established the efficacy and
accuracy of their numerical method. In these studies the authors mention that two
dimensional studies on the interaction of ocean surface waves with a porous break-
water have limitations as in reality, the ocean waves are more complex, and better
described by three-dimensional short-crested waves. They also found that by making
the porosity nonuniform, the various features of wave motion become more complex
than its counterpart of uniform porosity. In recent past, the problem related to wave

interaction with dual porous barrier with non uniform porosity was studied by Gupta
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and Gayen (2019) and Sarkar et al. (2020) using coupled integral equation formula-
tion. Later, Singh et al. (2022) studied the phenomena of water wave propagation
in the presence of an inclined flexible plate with variable porosity using hypersingular
integral equation formulation. Recently Mondal et al. (2024) and Banerjee et al [7]
studied the effect of non uniform porosity of a porous vertical barrier on an obliquely
incident wave train by using Fredholm integral equation formulation. Banerjee et al.
(2024) in their study showed that for certain choice of porosity distribution, the wave
energy dissipation by a barrier with nonuniform porosity is more than that of a barrier
with uniform porosity. This choice of porosity distribution in a barrier with nonuni-

form makes enhances its efficiency as a breakwater than a barrier with uniform porosity.

In the present paper we study the behaviour of water waves in presence of thin cir-
cular arc shaped porous barrier with variable porosity. Based on a judicious application
of Green’s integral theorem, the corresponding boundary value problem is reduced to
a second kind hypersingular integral equation.

Hypersingular integral equation is a powerful mathematical tool which are very useful
in studying scattering problems involving barriers of different geometry. Usually the
problem of scattering by a rigid barrier can be formulated in terms of first kind hyper-
singular integral equation whereas the scattering problems involving porous barriers
give rise to second kind hypersingular integral equation. Parsons and Martin (1994)
were pioneers in applying collocation method to solve hypersingular integral equation
where they approximated the unknown function by Tchebychev’s polynomial. In re-
cent past Samanta et al. (2023) used boundary element method to solve hypersingular
integral equation in a very simple manner. This is an useful alternative method of
solution.

In the present study, following Samanta et al. (2023), Mondal et al. (2021), the second
kind hypersingular integral equation was solved by using boundary element method as
well as the collocation method. We may mention here that the kernel of the hyper-
singular integral equation in case of finite depth is more complicated than that of for
infinite depth and as such the numerical solution of the hypersingular integral equa-
tion arising in case of finite depth is more time consuming than its counterpart for
infinite depth. So the solution of the integral equation in both cases are interesting

from the mathematical and numerical point of view. Also, the collocation method
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converges faster than the boundary element method but the advantage of boundary
element method is that it is very simple computationally, particularly when the kernel
is complicated. The convergence of boundary element method is discussed in detail in
Samanta et al. (2023). Using the solution of the hypersingular integral equation, the
quantities of physical interest, viz, the reflection coefficient and amount of energy dis-
sipated are determined and depicted graphically considering two types of distribution
of porosity in the barrier. It was observed that the reflection coefficient obtained by
using the solution of hypersingular integral equation by the two methods are in good
agreement up to a desired degree of accuracy. In the present study we have chosen
the distribution of nonuniform porosity in the barrier as a linear function and also as
quadratic function of the parameter which varies along the arc length of the curved
barrier. The physical quantities like reflection and transmission coefficients and energy
dissipation are evaluated for these two types of chosen porosity distributions. Other
types of distribution of porosity may be considered for which the physical quantities
of interest can be evaluated from the present method. The advantage of nonuniform
porosity distribution in the barrier over uniform porosity distribution is that a proper
choice of nonuniform porosity distribution in the barrier can enhance the wave energy
dissipation than a barrier with uniform porosity. This is useful in reduction of wave
power and thereby protecting the coastal region from the effect of rough sea. This
is illustrated graphically for a particular choice of porosity distribution in the barrier.
We mention here that the results concerning the physical quantities of interest viz.,
reflection coefficient, transmission coefficient and energy dissipation for deep water can
be recovered from the results of the finite depth case by making the water depth large.
However it is not easy to reduce the hypersingular integral equation for finite depth to
the one for infinite depth case by making water depth tending to infinity. Thus it is
interesting to study mathematically the hypersingular integral equation both for deep
water and for water of finite depth. In the present study we recovered the numerical
results for reflection coefficient for deep water from the results for finite depth depth

by making the depth very large.
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7.2 PROBLEM FORMULATION

Under the assumption of linearised theory, we study two dimensional irrotational mo-
tion in water due to scattering of a normally incident wave train by a thin porous
circular arc shaped barrier submerged in water. A rectangular cartesian coordinate
system is chosen where the y-axis is taken vertically downwards into the fluid and the
r-axis is along the undisturbed free surface. Two dimensional motion is justified due
to the reason that motion in every cross section z = ¢, ¢ being an arbitrary contant,
is similar [cf. Mandal and Chakrabarti (2000)]. Here we study the motion for two
cases when the water region is infinitely deep and also when water is of finite depth H.
The water occupies the region —oo < z < o0; 0 < y < oo for deep water (DW) and
the region —oo < x < o0; 0 < y < H when the depth of water is finite (FDW). The
circular arc shaped barrier C' of radius u is placed symmetrically about y-axis, with
center at (0,v 4+ u) and the radius through end points make an angle 6 with y-axis.
Schematic diagram of the problem is given by the Figure 7.1.

A train of time harmonic surface waves from negative infinity, with circular frequency
o represented by Re{¢™(x,y)e """}, when incident on the porous thin circular arc
shaped barrier C, a part of it is reflected and a part is transmitted above and below

the barrier as shown in Figure 7.1.

X
P (x,y)

\/\ v T (x,y)
V\

R(pinc(_x’y)/
AVAN ik
u

y

Figure 7.1: Schematic diagram of the problem

The resulting motion is described by the velocity potential Re{d(x,y)e "}, where

¢(z,y) satisfies the following boundary value problem.
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V3¢ = 0; in the fluid region, (7.1)
K¢+¢,=0 on y=0, (7.2)
rY/?V¢  is bounded as r — 0 (7.3)

where 7 is the distance of any point in the fluid region from the either sharp ends of

the barrier.

Vo — 0 asy— oo for DW,

(7.4)
%:0 on y=~H for FDW.
dy

The boundary condition on the curved plate surface C' is given by

99(q+) _ 99(q-)

o L — —ik(g) [9l(a) on C. (7.5)

where

K=2  for DW,

ko for FDW,

and kg is the unique real positive root of the transcendental equation ktanh kH =
K.

Here [¢](q) = ¢(q+) — ¢(q—) (¢ € C) is the difference of the potential function

across the curved barrier C' where

g+ ={(z,y) € C | 2" + (y —v —u)’ > v’}
(7.6)
¢—={(z,y) €C | 2* + (y — v —u)* < u?}

and -2 denotes the normal derivative at a point on C and A(g) = A(q) + i\;(q) rep-
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resents the nonuniform porosity parameter [cf. Singh et al. (2022)] which varies along
the arc length of the barrier C. Here \,(q) denotes resistance force coefficient and A;(q)
denotes inertial force coefficient of the porous barrier and if A\, >> \;, then \ is taken
to be real. It may be mentioned that the resistance force coefficient A.(g) resists the
passage of water through the pores while the inertial force coefficient \;(¢) allows the

flow of water through the pores [cf. Yu (1995)].
The far field condition is

inc 7 R mnc( __ 7 _ ,
o y) ~ & (x,y) + RO (—x,y) as x — —0o0 o

T (z,y) as & — 00

where R and T are the reflection and transmission coefficients respectively, which are

to be determined. Here the barrier C' is represented parametrically as
C: z=usinst; y=v+u—ucossh; —1<s<1; —r<fl<m (7.8)

and
¢ (x,y) = g(y)e™ (7.9)

e Ky for DW

cosh ko(H—y)
“odtor . for FDW.

7.3 METHOD OF SOLUTION

Let G(x,y;&,m) be the Green’s function which is the velocity potential due to the
presence of a line source at (£,7) in the fluid region whose expression is given below
[cf. Mandal and Chakrabarti (2000)].

For DW,

r_ Ooe_k(y+77)
G(z,y;€,n) = log (E) - QJL p— cos k(r — &) dk. (7.10)
0
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For FDW,

G, y;&,m) = log (=)

T+
9 ][’O cosh k(H — y) cosh k(H — n) N e ™ ginh kn sinh ky | cos k(z — &) "
0 ksinh kH — K cosh kH k cosh kH ’
(7.11)

where r+ = /(z —&)?+ (y ¥ n)? and the infinite integrals in (7.10) and (7.11)
can be evaluated by standard procedure [cf. Parsons and Martin (1994)].

We apply the Green’s Integral theorem to the scattered potential (¢ — ¢™¢)(x, )
and the source potential G(z,y;&,n) on the region (as shown in Figure 7.2) bounded
externally by the lines y =0, —X; <z < X;; v =-X,0<y <Y, y=Y, - X; <
r < Xi; x = X1,0 <y <Y, internally by a very small circle of radius 0 centering (£, 1)
and a contour enclosing curve barrier C'. It may be noted that for FDW,Y; = H and for
DW, Y] will tend to infinity. Making X; — oo, § — 0 and Y; — oo for DW and Y; —
H for FDW respectively, a representation of the potential function in terms of the

unknown function [¢(p)] is obtained as

(X,0) (0,0) (X1,0) x
,]
N\
©
&m
(-X1,V1) ' ; (X1,Y1)

Figure 7.2: Contour for Green’s Integral Theorem

1 0

o) = 6"@) - 5 [ [610)5-Clp.a)s, (7.12)

In obtaining the above representation we have used equation (7.1) and the fact that

181



CH 7. EFFECT OF NONUNIFORM POROSITY IN CURVED BREAKWATER ON
WATER WAVES

V2G = 0 except at (£,7). Also it can be noted that the line integrals over all outer
boundaries are zero because of the fact that both (¢ — ¢™)(z,y) and G satisfy similar
boundary conditions on all the outer boundaries. The only contribution comes from
the contour C' enclosing the barrier and the small circle of radius ¢ enclosing the point
(&,m) [cf. Figure 7.2 and Mandal and Chakrabarti (2000)]. In the equation (7.12),
q = (&,m) is a field point, p = (x,y) is a point on barrier C, [¢](p) is the discontinuity
of potential function ¢(z,y) across C' and a%p is the normal derivative at the point p
on C. It may be noted that the unknown function [¢](p) vanishes at the end points of
the arc shaped barrier [cf. Mandal and Chakrabarti (2000)].

Using the boundary condition (7.5) on the barrier to the equation (7.12) we obtain

the following second kind hypersingular integral equation as

3 |05 G s, — i M0 olle) = G

(q), ge C (7.13)

9
Ong

at the points p = (z,y) and ¢ = (£, n) in (7.13) is given by

where is the normal derivative at the point ¢ on C'. The parametric equation of C

z(s) =usinsh, y(s)=v+u—wucossf; —1<s<1,
(7.14)

E(t) =usinth, n(t)=v+u—ucostd; —1<t<I1.

Thus, with the help of the parametrisation given by equation (7.14) along with the
introduction of a new unknown function f(s) = [¢](p(s)); the integral equation (7.13)

can be rewritten as

1
1
/ f(s) [W +uP0?L(s,t)| ds + 2miubfrA(t) f(t) = 2mubg, (t) (7.15)
1 S —
where
K e~ En()+i(KE(t)+10) for DW,
a =9 . o (7.16)
e**0&() gin - +1
0 cosh ko I 1 for FDW.

The expression of L(s,t) is given as follows.
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For DW,

1 1
L(s,t) = —
(s,t) 1 sin? (s—2t)6' u202(s — t)2}
Y? - X2 2KY
Feols =00 {(X2 Ty T XEavr 2K0(X, Y)} 1
: 0P, XY
+2sin(s — )0 {K aX X1 YQ)Q}
with

X =x—-¢=u(sinsd —sinth); Y =y +n =20+ 2u — u(cos s6 + cos th);

oo —k|X|
— o~ KYHK|X ¢ :
(I)O(X>Y) =1me +iK]| |+/0 m{k’COSk‘Y—KSIHk‘Y} dk.
For FDW,
1 1 X2 —Y? 2XY )
E(S, t) = e Sin2 (s—2t)6 — u292(3 — t)2:| + (X2 i Y2)2 COS(S - t)6’ — m Sln(t — 3)9

+2 sin tf sin s6 /000 p(k) sinh kn sinh ky cos kX dk
—2sin tf cos s6 /000 p(k) sinh kn cosh ky sin kX dk
+2 cos tf sin sf /000 p(k) cosh knsinh ky sin k X dk
+2 cos t cos sf /000 p(k) cosh kn cosh ky cos kX dk
+ sin t6 sin s | Ci cosh ko(H — 3) cosh ko(H — n) el X — i Wy €08 ky(H — y) cos kn(H — 1) e *nX
n=1

o
2 . . —an|X]|
+ﬁ Oy, SIN Qi Y SIN Qe 1) €

n=0
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+ cos tf cos sb {(2’ sinh ko(H — ) sinh ko(H — n) e™olX| 4 Zw sin k, (H — y) sink,, (H — n) e *n!Xl
n=1
—2—7T S Qly, COS Qlp Y COS Qi 1) e onlX|
H n=0
+ sin t6 cos s [( sinh ko(H — y) cosh ko(H — ) e™olXT — an sin k,, (H — y) cos k,(H — n) e FnIX]
+—7T Z Qp, COS Qi Yy SIN QM e~ anlXI
H n=0
— cos tf sin s {( cosh ko(H — y) sinh ko(H — 1) e™olXI — Z Wy, €08 kn (H — y) sin k,, (H — ) e~ "X

2w
; —an|X]|
+ % E QO SIN (4, Y COS 1) € }

n=0

(7.18)

where ko and ¢k, are roots of the transcendental equations ktanhkH — K = 0 and

iaw,’s are roots of the equation cosh kH = 0 and

ke kH . 47rkg . o 47rk3b
wk) = oamm C= oHsinh(2koH)' YN = 2%, Hisin(CknH)

It may be noted here that if A(¢) = 0 then the hypersingular integral equation
of second kind (7.15) reduces to hypersingular integral equation of first kind. Also
for A(t) = 0, the condition (7.5) on the porous barrier reduces to the condition on
rigid barrier. This shows that wave interaction with porous barrier produces second
kind hypersingular integral equation while that with rigid barrier produces first kind
hypersingular integral equation. It is also interesting to observe that the kernel of
the hypersingular integral equation for water of finite depth is quite complicated in
comparison to the kernel in case of deep water.

The unknown physical quantities R and T are evaluated by making ¢ — Foo in

equation (7.12) and comparing with far field condition for ¢(£,n) as given by equation
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(7.7).This yields

i Kub f_11 fls)e Kyl tiKa(s)sh g for DW,
— Zublincob oIl 1 f(s)sinh(ko(H — y(s)) +is0) =) ds  for FDW
(7.19)
and
1 — iKub f_ll f(s)e Kylo)—ika(s)s0 for DW,
T =

1- —5&%@5‘?}%@5}; f f(s)sinh(ko(H — y(s)) — is#) e"*02() ds  for FDW.
(7.20)
Thus from equations (7.19) and (7.20) we observe that R and T" are expressed in terms
of the unknown function f(s) which can be obtained by solving the integral equation
(7.15).

SOLUTION OF THE INTEGRAL EQUATION

This section illustrates the boundary element method and the collocation method of
solution of the second kind hypersingular integral equation (7.15). We may mention
here that numerical solution of hypersingular integral equation is limited in the litera-
ture due to the reason that hypersingular integrals are not amenable to the numerical
methods. Application of collocation method using Chebychev’s polynomial in solving
hypersingular integral equation was initiated by Parsons and Martin (1994). Later
Samanta et al. (2023) applied boundary element method to solve hypersingular in-
tegral equation. Boundary element method is a simple method computationally but
the convergence of collocation method is faster than boundary element method. The

present analysis demonstrates the application of two methods.
Boundary Element Method

We will solve the integral equation (7.15) numerically using boundary element
method (BEM). The method of solution of hypersingular integral equation using BEM
and the convergence study is described in detail in Samanta et al. (2023). Since [¢p] =0
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at the ends of the barrier, so we have f(s) =0 at s = £1. This behaviour asserts that

we may assume

F(s) = VT = 5%(s) (7.21)

where 9(s) is a regular function in [—1,1]. Noting (7.21) the hypersingular equation

(7.15) takes the form

/1 \/1—732{(8_%)24—&925(3,15) Y(s) ds+2miudr\(t)V1 — 124(t) = 2rubgy(t), —1 <t < 1.
B (7.22)

As per boundary element method, the range of integration [—1, 1] is divided into m

number of equal line elements i.e. [~1,1] = (Jj_,[a;1,a;], where a;_; and a; are the

end points of jth line element and ag = —1, a,, = 1 and a; = ag + jr’, v’ = =0,

Writing s = s; where s; € [aj_1,q;], and t = t; where ¢; € [a;,_1,0a;], i, j=1,2...m

we have
s;i=1—-7)aj_1+7a;, 0<7<1; t=t;=1—7)a;_1+7va;, 0 <y <1 (7.23)
Thus equation (7.22) takes the form

mo
3 / Ji- s?{ﬁ 4 u292£(3]~,ti)} W) 1 dr+ 2miufrA(t)y /1 — 20(t)
=170 g

= 27ru991(tl) s 1= 1,2, ..... ,m.

Assuming the unknown function ¢ (s;) = 1; is a constant for jth line element, j =
1,2,....,m, the integral equation (7.24) is reduced to the following system of linear

algebraic equations [cf. Samanta et al. (2023)].

Y ai vy =2mubgy s i=1,2,...,m (7.25)

J=1
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where

1 1
e _e2) = 202 1. ! y ; ) _ 42
a; = /0 1 sj{ ETAE + u°0 E(sj,tz)} r'dr + 6 2miubrA(t)\/ 1 — t7,

7

gu=aqit), i=12 ...m (7.27)

Now solving the system of linear equations (7.25), we obtain the unknown coefficients
Y, 3 =1,2,...,m and then we approximate the solution of f(s) in each line interval

to evaluate the value of R and T' from equations (7.19) and (7.20).
Collocation Method

In this method, the unknown function f(s) is approximated as Parsons and Martin

(1994)

f(s) = V1 —s? Z d, U, (s) (7.28)

n=0
where N is an integer, U,(s) is the nth order Chebyshev polynomial of second kind
and d,, are unknown complex constants for each n =0,1,2....., N.
Substituting f(s) from (7.28) into hypersingular integral equation (7.15), we obtain
the following system of algebraic equation [cf. Parsons and Martin (1994)].
N
> dy Bo(t) =2mubg(t), —1<t<1 (7.29)

n=0

where

B,(t) = — n(n+ 1)U, (t) + u*6? /1 V1—s2U,(s) L(s,t) ds
F2miubrA(t)V1 — 2 Uy(t). (7.30)

The collocation points ¢t = ¢; can be taken as

2j +1
Q:am(]+ )m j=0,1,2,...N (7.31)
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so that the equation (7.29) yields the following system of linear equations

N
> do Bu(ty) =2mub gi(t;), j=0,1,2,... N (7.32)

n=0

where d,,s are unknown constants to be determined.
Now we can approximate the solution f(s) of the integral equation (7.15) by substitut-
ing d,s in (7.28) and then using it in the equations (7.19) and (7.20) we can evaluate

the value of reflection coefficient R and transmission coefficient 71" respectively.

ENERGY IDENTITY

The energy dissipation due to porosity yields |R|? + |T'|*> < 1 and this can be math-
ematically justified by applying Greens Integral theorem to the functions ¢ and ¢ in

the suitable chosen region which results the energy identity as
R+ |TP=1-1J

where

2Kuf ' 2 )\,(t)dt  for DW,
S ud [7 | f()]F A (t) dt for (7.33)

2Rubeosh kol (1 |\ ¢(4)2 )\ () dt for FDW

ko H+ sinh 2ko H

is the energy dissipation coefficient.

7.4 NUMERICAL RESULTS

In this section, the numerical estimates for reflection coefficients | R| and energy dissipa-
tion coefficients J are studied graphically for deep water as well as finite depth of water.
For deep water (DW), |R| and J are depicted graphically against the dimensionless wave
number Ku for different values of non-dimensional parameters v/u, 6, A(t). When wa-
ter region is of finite depth H (FDW), |R| and J are plotted graphically against the wave

number K H for different values of non-dimensional parameters v/H, u/H, 0, A(t).
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The porosity parameter \(t) = A.(t) + i\;(t), —1 < ¢ < 1 is chosen here as i)
At) = (1+1)/2, @) (1+3/2)(1+1)/2, dii) A(t) =3, iv) *(1+i/2), —1 <t <1. We
may mention here that when the inertial force coefficient is negligible as compared to
the resistance force coefficient, then A(t) is taken to be real. The distribution of pores
in each of the cases is described below.

a) When A(t) = (1+1)/2, X\(t) = 0 and \.(t) = (1 +t)/2 so that A(t) = A.(¢) is
real. In this case, the distribution of pores in the barrier is such that A(¢) = 0 for
t = —1, i.e., at the one end of the barrier and increases as t increases till A,.(t) reaches
maximum value A\.(t) =latt=1.

b) When A\(¢) = (1+i/2)(1+1)/2, then \.(t) = (14¢)/2 and \;(t) = (1+1¢)/4. In this
case at t = —1, \.(t) = \;(t) = 0, i.e., at one end of the plate porosity is zero. As ¢ in-
creases, A\.(t) and \;(t) increase and reach maximum values \,(¢) = 1 and \;(t) = 1/2.
So A(t) = (141i/2)(141)/2 suggests that the distribution of pores in the barrier is such
that the barrier is rigid at one end and the porosity increases along the barrier in the
sense that resistance force coefficient \,.(¢) and inertial force coefficient \;(¢) increases
linearly along the barrier, till at the other end, the resistance force coefficient and the

inertial force coefficient reaches a maximum value.

Similarly the distribution of pores in the barrier for \(t) = 2, #*(1 +14/2) is such
that A\(t) = 0 for t = 0, i.e., the barrier is rigid at the centre. The resistance force
coefficient \,.(t) and inertial force coefficient \;(¢) increases towards the two ends of

the barrier till they reach maximum values at t = £1, i.e., at the two ends of the barrier.

The reflection coefficient |R| and the amount of wave energy dissipated J can be
computed numerically from (7.19) and (7.33) respectively, by solving the integral equa-
tions (7.15). For numerical computation, the value of m (number of elements) in (7.25)
is chosen as m = 45 and the value of N (number of collocation points) in (7.32) is taken
as 15. We may say here that the convergence of collocation method is faster than BEM

but computation execution of BEM is simpler than collocation method.

In Tables 7.1 and 7.2 show a comparison of the values of | R| obtained from boundary
element method and collocation method for DW for Ku = {0.5,1.0,1.5,2.0}, 6§ = 7/10,
v/u = 0.1 and for A\(t) = {2, ¢*(1 +i/2)}.
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Similar comparison of |R| are presented in Tables 7.3 and 7.4 for FDW with KH =
{0.5,1.0,1.5,2.0},

0 =m/10,v/H = 0.3, u/H = 0.5 for A\(t) = {t*,t*(1 +1i/2)}.

It is observed from Tables 7.1, 7.2, 7.3 and 7.4 that values of |R| agree with each other
upto 3 or 4 decimal places. The accuracy can be improved by increasing the number
of line elements in the boundary element method and the number of collocation points
N in the collocation method.

It may be noted here that the energy identity |R|? + |T|?> = 1 has been verified for
the rigid curve barrier, i.e., A = 0. Also, the energy identity |R|> + |T|* + J = 1 for a

porous curve barriers has been verified.

Table 7.1: Reflection coefficient for 6 = Z&: £ = 0.1 ; A(t) = t?

Ku BEM Collocation Method
0.5 0.110823 0.110881
1.0 0.393708 0.393773
1.5 0.585003 0.585089
2.0 0.628177 0.628244

Table 7.2: Reflection coefficient for § = 7 2 = 0.1 ; A(t) = t*(1 + %)
Ku BEM Collocation Method
0.5 0.106467 0.106530
1.0 0.368472 0.368526
1.5 0.554586 0.554646
2.0 0.606203 0.606259

Table 7.3: Reflection coefficient for § = &: £ = 0.3 ; & = 0.5 ; A\(t) =

H
KH BEM Collocation Method
0.5 0.0065013 0.00655601
1.0 0.0213352 0.0213885
1.5 0.0412981 0.0413128
2.0 0.0603015 0.0603288

The reflection coefficient | R| for rigid barrier, i.e., for A = 0 in deep water are com-
pared with the results of Parsons and Martin (1994) in Figure 7.3 and in Figure 7.4,
|R| for rigid barrier, i.e., for A = 0 in finite depth water are compared with the Table 1
of Liu and Li (2012). It is observed that both results are in good agreement with each
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Table 7.4: Reflection coefficient for § = &; £ = 0.3 ; & = 0.5 ; A(t) = (1 + 1)
KH BEM Collocation Method
0.5 0.0064481 0.00647615
1.0 0.0208257 0.0208765
1.5 0.0393671 0.0398722
2.0 0.0573542 0.0576478
1 ‘ ‘ ‘ ‘ ‘ 0.25 w w ; ; :
ok * Result of Liu
and Li (2012)
0.8 0.2¢ — Our result
0.6 0.15¢
3 3
0.47 —Our Result 01r
* Result of. Parsons
02l and Martin(1994) 0.05F
o=t : : : : 0 ‘ ‘
0 05 1 15 ) 25 3 0 05 1 15 2 25 3
Ku koH
Figure 7.3: Comparison between Figure 7.4: Comparison between
our result and the results of Par- our result and the results of
sons and Martin(1994) for v/u = Liu and Li (2012) for v/H =
0.1,0 =7/2. 0.5,u/H = 0.5 and 6 = /2.
other.

In Figure 7.5, |R| for deep water is compared with |R| for water of finite depth, for
large depth, i.e., H/u=3, v/u=0.1, 6§ =m/10. A good matching of |R| is observed
for both infinite and finite depth of water region.

Behaviour of |R| and J for deep water

In Figures 7.6 - 7.8 and 7.9 - 7.11, the reflection coefficient |R| and the wave energy dis-
sipation coefficient J are computed numerically for barrier in deep water (DW) and de-
picted graphically against the wave number Ku, for v/u = 0.1, the porosity parameter
At) = {1, 14+4/2, (1+t)/2, (1+3/2)(1+t) /2,3, t*(1+i/2)} and 0 = {7 /10,37 /10, 7/2}.
In Figures 7.12-7.14 and 7.15 - 7.17, the reflection coefficient |R| and the wave energy
dissipation coefficient J are computed numerically for barrier in water of finite depth
(FDW) and depicted graphically against the wave number K H, for v/H = 0.3,u/H =
0.5, the porosity parameter () = {1,1+14/2, (1+t)/2, (1+4/2)(1+t)/2,t* t*(1+i/2)}
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1
—Infinite depth
08/ % Finite depth with large H ||
0.6
x
0.4r

Figure 7.5: |R| against Ku for deep water and for water of finite depth where v/u = 0.1,
0 =n/10, H/u=3

and 6 = {r/10,37/10,7/2}.

IRI

1
0 05 1 15 2 25 3
Ku

Figure 7.6: |R| against Ku for constant as well as variable porosity where v/u = 0.1,
0=mn/10

In Figures 7.6, 7.7, 7.8, the reflection coefficient | R| is plotted against wave numbers
Ku for DW, for v/u = 0.1, the porosity parameter A(t) = {1,1+1/2,(1+1)/2,(1 +
i/2)(1+1)/2,t2,¢*(1+i/2)} and 6 = {7 /10,37 /10, 7/2}.

It is observed from Figures 7.6 - 7.8 that for each 0 = {7 /10,37 /10, 7/2}, | R|\@)=e2 >
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Figure 7.7: |R| against Ku for constant as well as variable porosity where v/u = 0.1,
6 = 3m/10
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Figure 7.8: |R| against Ku for constant as well as variable porosity where v/u = 0.1,
0=m/2

|Rxo)=(02 > |Rlxw=1 and |R|xp=atif2) > |Rxo=qroari22 > [RIxo=1+i/2,
—1 <t < 1 in general. This shows that barrier with these particular choice of non

uniform porosity induces more reflection than that of barrier with constant porosity.

In Figures 7.9, 7.10, 7.11, the amount of wave energy dissipated J is plotted
against wave numbers Ku for DW, for v/u = 0.1, the porosity parameter A(f) =
{L,144/2,(1+8)/2, (1 +14/2)(1 +t)/2,2,t*(1 +i/2)} and = {x/10,37/10,7/2}.
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Figure 7.9: J against Ku for constant as well as variable porosity where v/u = 0.1,
6 =m/10
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Figure 7.10: J against Ku for constant as well as variable porosity where v/u = 0.1,
0 =3m/10

From the Figures 7.9-7.11, the following observation is made.

i) For short barrier, § = 7/10, Jx@p)=a+t)/2 > =1 for Ku > 1.4. This shows that
nonuniform porous barrier whose porosity increases circumferentially from one end to
the other end, dissipates energy of short crested surface waves more than for barrier
with uniform porosity distribution. This confirms the efficacy of a nonuniform porous
barrier with this particular porosity distribution over a uniform porous barrier as model
for breakwater. As the length of the barrier increases, the energy dissipation for short

crested waves is more for barrier with uniform porosity than for barrier with nonuni-
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Figure 7.11: J against Ku for constant as well as variable porosity where v/u = 0.1,
0=m/2

form porosity.

ii) For any length of the barrier, the energy dissipation coefficient J for barrier which
is rigid at the centre and porous towards the end, is least.

iii) Jy

the passage of water through the pores of the barrier and thereby prevents dissipation

> Jy showing that inertial force coefficient of the porous barrier allows

real complex

of wave energy.

008 \

J
i
| )=(L4)12
e 4 M({=(L4ii2)(144)2
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002

1
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Figure 7.12: |R| against K H for constant as well as variable porosity where v/H = 0.3,
u/H =0.5,0 =m/10

Behaviour of |R| and J for water of finite depth
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Figure 7.13: |R| against K H for constant as well as variable porosity where v/H = 0.3,
w/H =05, 0=3r/10
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Figure 7.14: |R| against K H for constant as well as variable porosity where v/H = 0.3,
u/H=05,0=m/2

In Figures 7.12-7.14, the reflection coefficient |R| for FDW is plotted against the
wave number K H, for v/H = 0.3,u/H = 0.5, the porosity parameter A(t) = {1,1 +
i/2,(1+1)/2,(14+1i/2)(1+1)/2,t%,t*(1 +i/2)} and § = {m/10, 37 /10, 7/2}.

From these figures, we make the following observations.
1. From Figures 7.12, 7.13 and 7.14, it is observed in general that |R|x, > |R|x +ir;
for all values of A(t) = {1,1+4/2,(1 +¢)/2,(1 +i/2)(1 +t)/2,t? t*(1 + i/2)} which

shows that presence of inertial force coefficient in the porous barrier allows the passage
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of water through it and thereby reduces the reflection.

2. Figure 7.12 show that for KH > 1, |R[\p)= > |R|rx¢)=a+t)/2 > |R|a@)=1 and
|RIx)=214i/2) > |RIxt)=a+i2)a+6)2 > [RIx@)=(14i/2) which infers that for small arc
length of the barrier (6 = 7/10, 37/10), the reflection of waves with moderate to short
wavelength, is more for the barrier which is rigid at the center and porous towards
the ends (A(t) = t?, t*(1 +i/2)) than by the barrier which is rigid at one end and
becomes porous towards the other end (A\(¢) = (1+1t)/2, (141i/2)(1+1t)/2). Moreover
reflection coefficient for these waves for barrier with constant porosity is less than the
barrier with variable porosity. Also for KH < 1, i.e., the long waves which are to-
wards the bottom, do not feel the presence of the barrier. Almost similar behaviour is
observed from Figure 7.13 when 6 = 37/10. It may be mentioned that for KH > 2.2,
|Rlain=1 > |Rlxt)=(1+t)/2-

However when the length of the barrier increases to m/2, the change in the behaviour of
|R| can be observed from Figure 7.14. For KH < 0.3, | R| coincides for all values of A(¢)
showing that the long waves do not feel the presence of the barrier. For 0.3 < KH <
L5, |R|xp=a+t2 > |Rlaw=1 > |Rlxp=ez. For 1.5 < KH < 2.3, |R|xp)=a+t)2 >
|R|xt)=z > |R|ax)=1 and for KH > 2.3, |R| =2 > |Rlxp)=(1+1)/2 > |R|r@)=1. Almost
similar behaviour in |R| is observed when the inertial force coefficient if present in the
porous material of the barrier.

Thus for these choice of porosity distribution of the barrier, the behaviour of |R| in the
case of finite depth of water region (FDW) is different from the behaviour of |R| for
deep water (DW) and may be attributed to the interaction of waves with the porous

barrier and the bottom of the water region.

In Figures 7.15, 7.16 and 7.17 captures the behaviour of wave energy dissipation
coefficient J for FDW for various values of the wave number K H, depth of the barrier
below the mean free surface, i.e., v/H = 0.3, radius of the barrier i.e., u/H = 0.5, and
the porosity parameter \(t) = {1,1+4/2, (1 +¢)/2,(1 +i/2)(1 +1)/2,t%,¢*(1 +i/2)}
and 6 = {r/10,37/10,7/2}.

1. It is observed from these figures that Jy)—2 < Jy@)=(1+6/2 < Iap=1 and Jyp)=e2(14i/2) <
I=(4+00+4i/2)2 < Iaw=14is2, —1 < t < 1 for § = {r/10,37/10,7/2}. This shows
that energy dissipation for barrier with constant porosity is more than that of barrier

with variable porosity. Also the energy dissipation is least for \(t) = t2, t2(1 +i/2).
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Figure 7.15: J against K H for constant as well as variable porosity where v/H = 0.3,
u/H =0.5,0=m/10
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Figure 7.16: J against K H for constant as well as variable porosity where v/H = 0.3,
u/H =0.5,0=3r/10

2. From these figures, it is seen that for a particular value of KH, J increases as 0
increases. This shows that the dissipation of wave energy increases with length of the
curved barrier.

3. Also from these figures, Jy, > Jy, 4, for any length of the barrier. So the inertial
force coefficient of the porous barrier increases transmission and prevents dissipation

of the wave energy.

Comparison of uniform and nonuniform porosity distribution
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Figure 7.17: J against K H for constant as well as variable porosity where v/H = 0.3,
u/H=0.5,0=m/2

Figure 7.18 depicts |R| and J against Ku for v/u = 0.1, § = «/5 for deep water
while Figure 7.19 depicts |R| and J against Ku for v/u = 0.1, H/u=12 6 =7/5
for water of finite depth for uniform porosity distribution given by A(¢) = 1 and for
nonuniform porosity distribution A(¢) = (0.5 + ¢*). This particular choice of nonuni-
form porosity distribution shows that the porosity is less near the middle of the barrier
and increases towards the ends of the barrier. From both figures it is seen that energy
dissipation J for nonuniform porosity is more than that of uniform porosity. In partic-
ular, the J for barrier with nonuniform porosity is significantly more than J for barrier
with uniform porosity when the water is of finite depth. This shows that barrier with
porosity distribution A(#) = (0.5+?) reduces the wave power by dissipating the energy
and thus serves as a better model for breakwater than a barrier with uniform porosity.

This phenomena is also observed in Figure 7.9.

7.5 CONCLUSIONS

The present work is concerned with a study of phenomenon of scattering of incident
waves by a porous curve barrier in water with finite and infinite depth. The problem

is formulated in terms of hypersingular integral equation of second kind where the
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Figure 7.19: |R| and J against
Ku for v/u = 0.1, H/u =
1.2 6 = 7/5 for water of finite
depth.

Figure 7.18: |R| and J against
Ku for v/u = 0.1, § = ©/5 for
deep water.

unknown function represents the difference of potentials across the curve barrier. The
integral equation is then solved by two methods viz, the boundary element method
and the collocation method. Using the solution of the integral equation the reflection
coefficient and the amount of wave energy dissipated are obtained which are depicted
graphically against the wave number choosing different types of porosity distribution
in the barrier. An important observation from the graphical representation is that for a
certain choice of nonuniform porosity distribution in the barrier, the energy dissipation
can be enhanced and thereby the wave power can be reduced, making the barrier a
better model for breakwater.

The behaviour of reflected waves and the energy dissipation coefficient in the case of
finite depth of water region is some what different from the behaviour of the same for
deep water and may be attributed to the interaction of waves with the porous barrier

and the bottom of the water region.
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CHAPTER 8

WATER WAVE INTERACTION WITH A
VERTICAL WALL WITH A GAP
SUBMERGED IN DEEP WATER

8.1 INTRODUCTION

The problem of scattering of water waves by a submerged wall with a gap present in
deep water was studied by Banerjea and Mandal in 1998 using singular integral equa-
tion formulation. Using Havelock’s expansion of water wave potential, they reduced
the corresponding boundary value problem to the solution of singular integral equation
in double interval whose kernel involves i) Cauchy type singularity ii) a combination
of Cauchy and logarithmic singularity. In their study the unknown function satisfying
the integral equation has square root singularity at the end points of the domain of
definition of the integral equation. The integral equation was solved by using function
theoretic method. The reflection coefficient was evaluated using the solutions of the

two types of integral equations and they were found to match with each other. We

9+ The content of this chapter is based on the paper “ Water wave interaction with a vertical wall
with a gap submerged in deep water”, (communicated).
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may mention here that the solution of Cauchy integral equation in double interval (also
termed as Tricomi integral equation), where the unknown function satisfying the inte-
gral equation has square root singularity at the end points of the domain of definition
was solved by Tricomi (1951) using a simple method. Also the solution of Cauchy
integral equation in multiple intervals was given in the book of Gakhov (1966) when
the unknown function satisfying the integral equation has i) square root singularity
at the end points of the domain of definition, ii) square root zero at the end points
of the domain of definition, iii) square root zero at some end points of the domain
of definition and square root singularity at other end points. Gakhov used function
theoretic method to solve this integral equation for various end point behaviour of the
unknown function. For the case ii) and iii) the solution exists if the forcing function

satisfies some solvability conditions.

Banerjea (1996) used singular integral equation formulation to study water wave
scattering problem by a vertical barrier with multiple gaps submerged in deep water.
The kernel of the singular integral equation obtained in Banerjea (1996) has Cauchy
type singularity and the unknown function satisfying the integral equation has square
root singularity at the end points of the domain of definition. The reflection coefficient

was obtained in terms of the solution of the integral equation.

In the present study we used Cauchy type singular integral equation formulation
to investigate the wave scattering problem by a submerged wall with a gap which was
studied by Banerjea and Mandal in 1998 . Following Williams (1966), Jarvis and Tay-
lor (1969) and Mandal (1998), we reduced the corresponding boundary value problem
to a Cauchy singular integral equation in two disjoint intervals where the unknown
function satisfying the integral equation is bounded at all end points of the domain
of integration. In this case the solution of the integral equation exists if the forcing
function satisfies two solvability conditions. It is mentioned apriori that the unknown
function satisfying the Cauchy integral equation obtained in Banerjea and Mandal
(1998) was unbounded at all end points of the interval of definition. In the present
case the forcing function involved two unknown constants, one of which is the reflection
coefficient. These unknowns were obtained from the two solvability conditions without

solving the integral equation. The reflection coefficient was found to match with the
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result in Banerjea and Mandal (1998).

8.2 FORMULATION OF THE PROBLEM

We consider two dimensional irrotational motion of an incompressible inviscid fluid
occupying the region y > 0, where y-axis is taken vertically downwards into the fluid
and the plane y = 0 represents the undisturbed free surface. A train of time harmonic
surface waves with circular frequency o is incident from negative infinity on a thin
vertical submerged wall with a gap. The wall occupies the position x = 0,y € B where
B = (a, 8) U (v, 00) while the gap in the wall has the position x = 0,8 <y < ~. If
the fluid motion is described by the velocity potential R{®(x,y)e "'}, then assuming
linear theory, ® satisfies (cf. Banerjea and Mandal (1998) )

V20 =0iny >0, (8.1)
0P
a—y—i—K@:Oiny:O, (8.2)

where K = %2, with g being the acceleration due to gravity.

0P

%:Oonxzo,yEB, (8.3)
V& — 0 as y — oo, (8.4)
r2Vd — 0 as r — 0, (8.5)

where r is the distance of any field point from sharp edges of the barrier,

e~ Ky+ikz 4 Re—Ky—iKe 59 ¢ — —o0,
(z,y) ~ (8.6)

Te KvtiKz g9 ¢ 5 0.

Here R and T are the reflection and transmission coefficients respectively, which are
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to be determined.
To solve this boundary value problem, we introduce a new function ¢(z,y) defined

by,

oz, y) = eV /y ®(x,n)e Kdn. (8.7)

[e.e]

Then clearly from (8.7), we have

D(z,y) = g—j Ko, (8.8)

Using relation (8.7) in equations (8.1), (8.2), (8.5) (8.6) we find that ¢(x,y) satisfies

2 0%

— =0 >0 8.9
G e =0 =0 (89)

¢
82+K¢—0 (y=0), (8.10)
Vo ~rt? as r—0, (8.11)

o 1 iKx R —iKx
¢(x70)__ﬁ6 2K6 ($<O),

T iKx
o(z,0) = Y (x > 0). (8.12)
Since ‘3‘1’ is continuous across x = 0, the relation (8.7) shows that 8¢ is also contin-

uous across = 0. Hence relation (8.12) implies that

R+T=1. (8.13)

We now define a function ¢ (z,y) by,

¢($ y>+ 1 —Ky+7,K:c+ R —Ky 1Kz (I‘ < 0),
(@, y) ~ (8.14)
$(x,y) + ge” FVHET (2> 0).
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Then from (8.9) to (8.12), we find that ¢ (z,y) satisfies

oy Y
P(x,0) =0 (—o0 < x < 0), (8.16)

2B inh Ky, y e (0,a),
Y(+0,) = p(—0,y) = ¢ * o

%e—K(v—y) — %e—fﬁ sinh K(v —y), v € (8,7),

where

A= § (W(+0,7) = %(=0,)},

is an unknown constant to be determined,

5, 0
L (H0,9) - E(-0.4) =0, ye G =(0,0)U(5.7), (5.15)
Vi ~ 12 as r— 0, (8.19)
5 .
%(o,y) = %(1 —R)e ™ yeB. (8.20)

Following Jarvis and Taylor (1969), we apply Greens integral theorem to the func-

tion ¢(x,y) and the Green’s function

1 (-9 - e+ O =)
Gileyi&m = glos e oy e v ey oY

in the region bounded by y = 0,0 < 2z < X;; c =0,0<y <Y;; y=Y], 0 <
r < Xi; x=X1,0 <y <Y and internally by a very small circle of radius § centering
(&,m), € > 0 and ultimately making X; — oo, Y1 — oo and § — 0 and taking x > 0,
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we represent (z,y) as

(e, y) = / i—fwo,n)c:l(x,y;o,n)dn, >0

Similarly applying Greens integral theorem to the functions v (z,y) and G1(z,y,&,n)
in the region bounded by y = 0,—X; <2 <0; 2 =0,0<y <Y; y=Y, - X; <
x<0; r=-X1,0 <y <Y and internally by a very small circle of radius § centering
(&,7m), € < 0 and ultimately making X; — oo, Y7 — oo and 6 — 0, we represent ¢ (z, y)
in the the region z < 0 as
% o
Ulx,y) = — i a—g(—O,n)Gl(ﬂs,y;O,n)dn z <0.

Using relations (8.17), (8.18) and (8.20), we obtain

% 9 sinh Ky, y € (0,q),
a—?(O,n)Gl(O,y;O,n)dn =
0

e Xlw

e_K(V_y) — %G_Kﬂ/ sinh K('Y - y)a Yy e (B? 7)7

where A is an unknown constant to be determined. Further simplification gives

%/necf(n)log)%)dn

_ £sinh Ky — 5=(1 — R) fneB e Knlog ﬁ‘dn, y € (0,a), (5.22)
e KO — Re Y sinh K (y —y) — 5 (1= R) [,z e "log Z%Z‘dn, y € (B,7),
where 5
v
=—(0,y). 8.23
fl6) = 52(0.) (829
Noting the relations (8.23) and (8.19) we state that
fly)~r? as r =0 (8.24)

where r is the distance from sharp edges of the barrier. Now Differentiating (8.22)
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with respect to y, we have the following Cauchy type integral equation in two disjoint

intervals

/ Gf<n>%dn — g(y), yeC. (8.25)

1
m y =

where

) = LRSS = 20— B) [y I3, y € (0.0)
g\y) =

Ae KO + Re™™ cosh K (v = y) = 5:(1 = R) [,y e 57sdn, y € (B,7).
(8.26)

Thus the forcing function g(y) involves two unknown constants A and R.
The solution of the integral equation (8.25) with f(n) satisfying the condition (8.24)

is given in Gakhov (1966) and also in Chapter 2.6.1, (2.97) and it is also noted that the
solution of (8.25) exists if g(y) satisfies two solvability conditions given by (cf (2.98),

(2.99), Chapter 2.6.1)
(Aa_éw)%du =0 (8.27)

and

(/ ) /ﬁ) upﬁ?du =0, (8.28)

where p(u) = |(u? = a?)(8” — u?) (7 — u?) .

Nl

It is interesting to note that the function g(y) contains two unknown constants R
and A which can be evaluated from two relations (8.27) and (8.28). Now substituitng
the value of g(y) from (8.26) in relations (8.27) and (8.28) and solving them, we obtain
the value of R and A. The expression for R is given by
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where
_ [® cosh Ky N _ ke 7 cosh K(c—y)
(k)= /0 o) Y (k) /5 o)
_ [“y?cosh Ky _ ke 7 y%cosh K(c — y)
oK) = [y, ) = e [ TRy,
K gl e—K(c—y)d K — gl y2€—K(C—y)d
Y1 ( >__/6 W Y, ¥3( )__/5 7p(y) Y,
C(K) = % [A(—K) + Au(—K) — Aspp(—K) — Asu(—K)],
D(K) = i [B12(—K) + B14(—K) - B32(_K) - 334(_K)] )
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8.3 NUMERICAL RESULTS

The graphical representation of the reflection coefficient |R| obtained from the con-
dition (8.29) in the present study and |R| obtained by Banerjea and Mandal (1998)
are represented in Figure (8.1) for g = 1.1, T = 1.49 and in Figure (8.2) for g = 1.3,
1 =1.35. Here we see that |R| obtained from the solvability condition almost matches

«

with the reflection coefficient obtained from Banerjea and Mandal (1998) .

1 : : : ‘ ‘

* ——Our result

* Result of Banerjea
and Mandal(1998) |

IR|

T L ‘
1.5 2 2.5 3
Ka

Figure 8.1: Comparison of our results with the results of Banerjea and Mandal (1998)
for 2 =1.1, 2 =1.49

8.4 CONCLUSIONS

In the present study, we considered the problem of scattering of water waves by a
thin vertical wall with a gap submerged in deep ocean. The corresponding boundary
value problem is reduced to a Cauchy integral equation in double intervals where the
unknown function satisfying the integral equation is bounded at all four end points of
the domain of definition of the integral equation. It is known that when this unknown
function is bounded at all the said end points then certain solvability conditions need

to be satisfied for the solution to exist. The forcing function in this integral equation
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1 : : : ‘ ‘

* —e—Our result

N3 Result of Banerjea
and Mandal(1998) |

IR|

1.5 2 2.5 3
Ka

Figure 8.2: Comparison of our results with the results of Banerjea and Mandal (1998)
for £ =13,2=135

contains two unknown constants A and |R|, which are determined from the aforesaid
two solvabilty conditions withot solving the integral equation. The reflection coefficient
| R| thus obtained is compared with the results in Banerjea and Mandal (1998) and an

almost matching of two results are observed.
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FUTURE SCOPE OF WORK

The present thesis is concerned with a study of wave interaction with barriers of var-
ious configurations viz., rigid wall with a gap, elastic plate, thick rectangular barrier,
thick slotted barrier, porous curved barrier present in water with free surface or water
with ice cover. These problems constitute an important class of problems known as

scattering problems.

Water wave scattering problems involving barrier present in water with various
bathymetry is important from the point of view of coastal engineering. The interac-
tion of water waves with non uniform bottom topography is important in understanding
the wave induced mass transport. This class of problems involving barriers present in

water region of nonuniform bathymetry can be studied.

It is well known that the problem of scattering of water waves by porous coastal
structures like rubble mound breakwaters are important in coastal engineering as the
pores in the barrier attenuates wave action by dissipating the wave energy and thereby
protects the coast line or harbour. Many researchers used sophisticated mathemat-
ical techniques to study scattering problems involving porous barrier with constant
porosity. However when the porosity of the barrier is non uniform, then for certain
choice of porosity distribution in the barrier, the energy dissipation can be made more
than a barrier with uniform porosity. This phenomena has an important bearing in

the construction of breakwater. The literature concerning these scattering problems
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Future scope of work

involving barrier with non uniform porosity is rather limited. There is much scope to
study water wave propagation problems in presence of barriers with variable porosity

when the water bed is non uniform.

The scattering problems involving barriers in water with poro-ealstic bed is inter-
esting from the physical and mathematical point of view. There is much scope to study

wave structure interaction problems in water region with poro-elastic bed.

The three dimensional scattering problems involving perforated cylinder or sphere
serve as a model for fish cage in fish farming in deep sea. These problems can be

studied using various sophisticated mathematical techniques.
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Abstract A theoretical analysis involving surface gravity waves propagation by oblique incidence wave due
to a thin elastic plate submerged in finite depth water in the presence of ice cover has been studied extensively
in this paper employing Green’s function technique. The edges of the elastic plate are considered to be free.
The boundary conditions on the elastic plate and on the ice cover are derived from the Bernoulli—Euler’s
beam equation. Applying Green’s function technique, the boundary condition satisfied on the elastic plate is
converted into integral involving the difference in velocity potentials (unknown) across the plate multiplied
by an appropriate Green’s function. Utilizing Green’s integral theorem, the reflection and transmission energy
coefficients are explained in terms of integrals involving combinations of the unknown velocity potential on
the two sides of the plate, which satisfy three simultaneous integral equations and are solved numerically.
The effect of different values of physical parameters, such as flexural rigidity of ice, elastic coefficient of
the barrier, and height and depth of the barrier, on the numerical assessment of magnitude of reflection and
transmission coefficients is explained graphically in a number of figures. The energy balance relation is
satisfied numerically. The results for a rigid plate are recovered when the parameters characterizing the elastic
plate are chosen negligibly small. The influence of ice cover is clearly shown in the behavior of reflection
and transmission coefficients curves. The hydrodynamic force, elastic plate deflection, shear force, and shear
strain of the elastic plate are analyzed and computed analytically and graphically in a number of figures to
understand the effect of ice cover on the wave motion.

Keywords Oblique wave - Vertical elastic plate - Ice cover - Green’s function technique - Reflection and
Transmission coefficients - Hydrodynamic force - Plate deflection - Shear force - Shear strain

1 Introduction

The considerable research interest has been driven toward the wave—structure interaction problems involving
fixed or floating obstacles of various geometrical shapes for the past few decades. Vertical thin barriers are
importantly used to construct break waters. These are helpful to protect marine constructions from the direct
attack by water waves. Various researchers have studied the wave propagation problems by thin vertical rigid
barriers situated in different positions in the water (cf. Evans [5], Porter and Evans [20], Goswami [10] and
Mandal and Dolai [15]). Assuming linear theory and irrotational motion, the two-dimensional problem of water
wave scattering by a thin vertical rigid plate of finite height submerged in deep water initially studied long back
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by Evans [5] using a method based on the theory of complex variable. Porter and Evans [20] considered oblique
wave scattering by a thin vertical rigid barrier in uniform finite depth water having four basic configurations,
namely a surface piercing barrier, a bottom standing barrier, a barrier with a gap, and a totally submerged
barrier. For each case, they used an approximate method based on the Galerkin approximation and numerical
estimates for the reflection and transmission coefficients were obtained for different values of wave numbers.
Also, earlier Goswami [10] employed Green’s function technique to reduce the scattering problem involving
a fixed vertical rigid plate submerged in uniform finite depth water and solved it approximately by using a
perturbation method. Mandal and Dolai [15] later obtained very accurate upper and lower bounds for the
reflection and transmission coefficients for the problem of water wave scattering by a thin vertical rigid barrier
present in uniform finite depth water by using the Galerkin approximation method. In all the aforementioned
problems, the obstacle bodies are considered to be rigid so that the bending effect of the barrier is not included.
In a number of cases, a barrier (floating or submerged) is adept of appreciable flexure. So it becomes crucial
to investigate the problem of wave scattering by floating or submerged elastic barriers. A very small number
of studies have been done in wave—structure interaction problems involving elastic bodies.

The wave scattering problems due to elastic or viscoelastic structures have been utilized as a floating
breakwater, and it is given in Stoker [22]. Though the problem is considered for long waves in shallow water,
explicit results for these problems were not given. Later, utilizing the linearized theory in deep water, Fox and
Squire [7] investigated the problem of water wave scattering by a floating ice sheet modeled as an elastic beam.
Then, scattering problem involving horizontal floating elastic plate is considered by Meylan and Squire [17]
and the problem is solved using Green’s function technique. More currently, water wave problems involving
elastic plates of different geometrical shapes are studied by a number of authors. For example, Sturova [23]
investigated the unsteady motion due to a circular elastic plate floating on shallow water under the action of
an external load. A floating rectangular elastic plate simulates a floating airport, and by doing this, one can
determine the effects of periodic surface pressure on a rectangular floating elastic plate, which is important to
engineers engaged in the construction of these types of airports. Gayen and Mandal [9] studied water wave
scattering problem by a thin elastic plate of arbitrary width floating in deep water after reducing the problem
to solving singular integral equations of the Carleman type.

All these problems involve horizontal elastic plates, floating or submerged in deep or finite depth water. A
water wave problem involving a vertical thin elastic plate was studied for the first time by Meylan [16] who
considered the scattering problem by a surface piercing thin vertical elastic plate in finite depth water. The
time-dependent version of this problem was solved by Peter and Meylan [19] using a generalized eigenfunc-
tion expansion. Utilizing Green’s function technique, Chakraborty and Mandal [2,3] investigated the wave
scattering problem by an elastic plate fully submerged in infinitely deep water and finite depth water. They also
established the relevant energy balance relation and coefficient of energy dissipation occurred by elastic plate.
For both clamped and free ends of the elastic plate, floating in finite depth water was studied by Chakraborty
et al. [4] by using hypersingular integral equation method.

Due to considerable interest increase in different types of scientific and industrial activities in polar regions
and arctic oceans toward the later half of the last century, the study of wave propagation problems in polar
oceans covered by floating ice has become very attractive to many researchers. The floating ice cover is modeled
as a thin elastic plate. A floating thin elastic plate can also be regarded as a practical model for the frozen
ocean or for a large floating structure such as a floating airport or quite a number of models for the ice cover
have been proposed for the purpose of mathematical investigation of wave propagation problems (cf. Maiti et.
al. [14] and Mondal and Banerjea [18]). In the case when the ice sheet is thin and continuous, it is modeled
as a thin elastic plate with uniform elastic properties. This model has become very attractive for the purpose
of mathematical analysis of water wave problems in water with an ice cover, since under the assumption of
linear theory and irrotational motion, the linearized ice cover condition involves fifth-order partial derivative
of the potential function, while the free surface condition involves only the first-order derivative.

Interaction of ocean waves with shore fast sea ice modeled as a thin elastic plate was first considered by
Fox and Squire [7,8]. Scattering of an oblique wave caused by a narrow crack in ice sheets floating on water
of finite depth was studied by Evans and Porter [6]. Vaughan and Squire [26] studied the propagation of waves
under an ice sheet of variable thickness, which was interpolated by using low-order piecewise polynomials.
The topics in the general area of ocean wave or sea ice interactions, especially in relation to mathematical
modeling, were described in the review paper of Squire [21]. Later, Sturova [24] considered steady oscillations
of a horizontal cylinder submerged in a linearly stratified fluid layer with an ice cover using the Boussinesq
approximation. Bhattacharjee and Soares [1] investigated the behavior of flexural gravity waves propagating
over a semi-infinite floating ice sheet under the assumptions of the small-amplitude linear wave theory. The
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problems involving wave interaction with floating ice present on the upper surface of water become more
accepted among engineers and researchers due to their effective scientific activities in Arctic and cold ocean
regions.

Also, the importance of investigation of the problems involving wave interaction with submerged elastic
plate is a class of problems that stem from their applications in the construction of very large floating structures
(cf. Kashiwagi [13]). A vertical elastic plate may serve as a model for a seawall, wave damper, or a breakwater.
Submerged plates are mainly used as the protectors of shoreward area of the breakwater from actions of rough
sea by means of diminishing the effect of incoming waves. Such structures are useful as they allow the free
exchange of water mass through them so that the pollution of water in the sheltered area is minimized. The
submerged structures are also capable of absorbing some wave energy caused due to premature breakup of
waves, and thus, they control the beach erosion.

As far as author’s knowledge, such work, when a vertical body with elastic properties is present in water
in an ice-covered ocean, has not been done before. Our main motivation is to study the combined effect of
two elastic bodies on ocean waves. In the marginal ice zone, wave propagation into and through a field of
ice flow is definitely a key canonical problem for engineers. The presence of elastic body effects the wave
propagation through Marginal Ice Zone in the Arctic oceans. Thus, in the present paper, wave scattering by a
thin vertical elastic plate submerged in water of uniform finite depth in the presence of ice cover is studied.
The problem is formulated in terms of a boundary value problem for the velocity potential function where
the boundary condition over the plate is derived from the Bernoulli-Euler’s equation of motion satisfied by
the elastic plate. By using the Green’s function technique, from the Bernoulli-Euler’s equation of motion,
the normal velocity (unknown) of the plate is expressed in terms of an integral involving the difference of
velocity potentials (unknown) on the two sides of the plate multiplied by an appropriate Green’s function.
Using the Green’s integral theorem in the fluid region, we obtain two more integral equations involving the
velocity potentials on either sides of the plate and a normal derivative of the potential. These three integral
equations are solved numerically. Also, the reflection and transmission coefficients are obtained in terms of
integrals involving a combination of the unknown velocity potentials on either sides of the plate and a normal
derivative of the potential over the plate. Then, these coefficients were computed numerically for various values
of different non-dimensional parameters and presented graphically in a number of figures. The energy balance
relation involving reflection and transmission coefficients is derived by using Green’s integral theorem. The
hydrodynamic force, plate deflection, shear force, and shear strain are computed for the elastic plate, and they
are graphically plotted for different values of rigidity coefficients of ice cover. These graphs show the effect
of ice cover on the scattering problem by an elastic plate.

2 Formulation of the boundary value problem

We consider linearized two-dimensional motion of surface waves under the action of gravity only. Water is
assumed to be an inviscid, incompressible, and homogeneous liquid with irrotational motion and is of uniform
density p; and finite depth /. A rectangular Cartesian coordinate system (x, y) is chosen wherein the y-axis
is taken vertically downward into the fluid region and the plane y = 0 represents the undisturbed ice cover
surface. The position of the submerged thin elastic vertical plate is given by x = 0, ¢ < y < d and is shown
in the schematic diagram of the problem (Fig. 1). It is assumed that a monochromatic flexural gravity wave is
obliquely incident from the negative x direction on the elastic barrier with the angle of incidence 6 and it is
partially reflected and transmitted by and over or below the obstacle. The time-harmonic motion with angular
frequency o is explained in terms of velocity potential function ®(x, y, ) = Re{¢(x, y)e %<t} where
k = &psin 6 and then ¢ (x, y) satisfies the Laplace’s equation

(V2 — k)¢ =0, in the fluid region, 1)
The boundary condition on ice-covered upper surface (cf. Fox [8])
92 2
D<——K2) +1—€eKt¢y+Kp=0 ony=0 )
dx2

where K = "?, o being the circular frequency of incoming wave train and g being the gravitational acceleration,

hd . . . . . .
and D = mi’—yg)m L€ = ”%—}]‘0, where po is the density of ice, &g is the small thickness of the ice cover and
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Fig. 1 Schematic diagram of the problem

Y, v are, respectively, the Young’s modulus and Poisson’s ratio of the ice regarded as an elastic material. There
is no flow at the rigid bottom boundary and the condition is

0
9 _0 ony=h 3)
dy

The Bernoulli-Euler’s equation of motion for the submerged thin vertical elastic plate can be written as:

PWg  ,0'Wg P — P,
012 v 3y4 - o'h

on x=0, c<y<d 4)

172 . . . . . .
where v? = #}lﬂ), E' is the Young’s modulus and v’ is Poisson’s ratio of the material of the elastic plate
o/(1—
and Wg(y, 1) represents the deflection of the elastic plate from its mean vertical position x = 0 and p’ denotes

the density of the elastic plate and %’ is its small thickness,
Pip=P(£0,y,1), c<y<d, 5)

P(x, y, t) is the pressure at a point (x, y) of the fluid region at time ¢ .
Thus, the boundary condition on the elastic plate surface satisfies (cf. Chakraborty and Mandal [2])

d4
D’WQZX—E’K%:K[(]&] onx=0,c<y<d (6)

where

[¢] = (1 —¢2), and ¢12 = ¢(F0,y),

E'W3 o'h Y
D'=———— =C—¢g.=(0.y).
12(1 —v2)p1g o1 ox

In the vicinity of sharp submerged edges, velocity potential function satisfies (cf. Hassan et al. [11])
Vo~ 0@ 2)asr — 0 )

where r denotes the space length between any point in the fluid and either sharp edge of the elastic plate. If
the two ends of the submerged elastic plate are assumed to be free, then the conditions at the two ends of the
submerged plate can be obtained as (cf. Meylan and Squire [17])

¢x _g_ B¢

02 0y? aty=c,d (8)
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Now, if ¢o(x, y) represents incident velocity potential for a train of surface waves incident on the plate,

then
cosh &(h — y)

, — A iwx , 9
$o(x,y) = Ae cosh &k (€))
where w = &y cos 0 and & is the unique positive root of
£(1 — €K + DE* tanh Eh = K. (10)
Also, ¢ (x, y) satisfies the infinity requirements that
~ ¢O(-xv y)+R¢O(_X, y) as x — —0oQ,
¢(x, y) { Too(x,y) as x — o0 an

3 Method of solution
Green’s function approach

The problem is to solve for ¢ (x, y) satisfying (1), (2), (3), (6), (7) and (8). The condition (6) on the plate
x =0, c <y < d can be rewritten as

d*¢, K
ay? - B ¢xzﬁ[¢]9 onc<y<d (12)
where
s €K
B =

Here, a Green’s function gl(z, y) is established and it satisfies the following (cf. Meylan [16]). This
construction helps to express ¢,, satisfying fourth-degree differential equation (8) in terms of difference
between velocity potential across the elastic plate.

d*gl
—g4—,34g1=3(‘f—y),0<1’,y<d (13)
dr

and g1(t, y) also satisfies the following conditions:

3°gl dgl
—g:O:—g, at T =c,d
at2 a3
gl,gly, gly; tobe continuous at T =y (14)
8lizc(y+0,¥) —gliee(y —0,y) = —1. (15)

As g1 is to be symmetric in y and 7, then the general solution of (14) becomes (cf. Meylan [16])

PPt + Q1e 7T 4 R1ePT + S1e7PT as c <t <y <d,

. . 1
PPt + 07T 4 RyePT + She P as c <y <t <d, (10

gl(t,y)z{

where P1, Q1, Ry, S1; P2, Q2, R>, > are functions of y only. Using the end conditions (14) and the matching
and jump conditions (15), P;, Q1, R1, and S; are determined from the following linear system:

_ei,Bc _e—iﬂc eﬂc e—ﬂc P 0

—ielPc jemiBe ePe _e=Be | | Q) 1 0

_eibd _omibd obd o=Bd | | Ry | T 453 | —ielPd) 4 jmiBd=0) 4 oBd=y) _ =Py |- D)
_ieiPd jp—iBd pd _,—Bd S ePld=y) o o=iBd—y) 4 oBd—y) 4 o=B(d—Y)

while P>, Q2, R> and S; are given by

_p L gy o I iy
P, =P me ,QZ—Ql‘i‘m@
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1 1
— _ By — LB
Ry, = Ry 4'336' Y S =81+ 4[336 Y (18)

From (12), the condition on the plate becomes

K d

¢x(0,y) = ﬁ/ gl(r, »lgl(rydr, c <y <d 19)
¢

Again, since ¢ (x, y) is continuous past the gaps over and under the plate, we have

¢1(t) = ¢a(t), for O <y <candd <y < h. (20)

Also, ¢1(t) = ¢2(7) at two edges of the plate
Now, a Green’s integral theorem is employed to the functions ¥ (y, t) and G(y, t; x, y)(x < 0), where

[e¢]

G(y,t;x,y) = —4m Z

n=1

1
En(DE} + 1 — eK) cos &y (h — y) cosgu(h — 1) e G2l
26,h(DE} + 1 — €K) + (5DEY + 1 — €K) sin 2&,h €2+ K2)2

1
(D&} + 1 — €K ) cosh&(h — y) cosh&(h — 1) el G+ 2=yl
260h(DEy + 1 — €K) + (SDE] + 1 — €K) sinh 2&oh &2 — K2)3

X 1
w(Du* 4+ 1 —€K)cosh w(h — y)cosh u(h — 1) el 2= T x=y|
2uh(Dp* + 1 —€K) + (SDp* +1 — €K)sinh2uh (42 _ 2y%

) 1
A(Di* + 1 —eK)coshji(h — y)coshji(h — 1) e~ {2} 2=y
20h(Dp* +1—€K) 4+ (5Da* + 1 — €K) sinh 2ih {2 — Kg}%

., 2D

+&, i&,, =, £ are the roots of the equation (10), in the regions bounded externally by the lines
1T=0,-X<y<0,y=00<1t<h;t=h—-X<y<0,y=-X,0<5t<h
and internally by a circle with very small radius § with center at (x, y) where

iwy cosh&y(h — 1)

Uy, 1) =o¢y.71)—e cosh 2k

By making X — oo and § — 0, we obtain

iwx COSh &0 (h — y)

Px,y)=e cosh &k

h
+/ [%(0, T, x, y)¢1(r) — GO, 7; x, y)¢x(r):| dr, forx <0 (22)
0

It may be noted that G is symmetric in (y, ) and (x, y) and behaves as an outgoing wave as |y — x| — oo.
Derivation of G may be found in Thorne [25]. Equation (22) gives a representation of ¢ (x, y) for x < 0, and
hence the reflection coefficient R is obtained by making x — —oo in (22) and comparing with (11). This
produces

h (DES + 1 — eK) cosh&y(h — ) cosh &yh
R=2/<%mu»4@u» 0 : : T (23)
0 250h(Déy + 1 —€K) + (5D&y + 1 — €K) sinh 2§ph
Again, if we choose x = —0, then in the region which is used in the Green’s integral theorem mentioned

above, we have to take a half circle of small radius § with the center at (—0, y), so that we obtain after making
§— 0,

coshé&p(h — y) 1

1 hTaG
§¢1(y) = T oshioh + E/o [W(O’ 7,0, y)¢1(r) — G(0, 7; 0, y)%(f)} dt,0<y<h (24

This serves as an integral equation for ¢ (y) in (0, &).
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Similarly, applying Green’s integral theorem to the functions ¢(y, v) and G(y, 7; x, y)(x > 0) in the
regions bounded externally by the lines

T=00<y=<X;y=00<t<h t=h0<y=<X;y=X,051t=<h

and internally by a circle of very small radius § with center at (x, y) and ultimately making X — oo and
5 — 0, we obtain

h
¢(x.y) = [ [%(0, T;x, Y)P2(7) — GO, 75, y)¢x(r)j| dr, forx >0 (25)
0

Equation (25) gives a representation of ¢ (x, y) for x > 0, and hence the transmission coefficient T is
obtained by making x — oo in Eq. (25) and comparing with Eq. (11), we find
(DES + 1 — €K) cosh & (h — 7) cosh &
T
260h(DEy + 1 — €K) + (SDE} + 1 — €K) sinh 2&ph

h
T = 2/0 (Goga(7) + i (7)) (26)

Again, if we choose x = 4-0, then in the region which is used in the Green’s integral theorem mentioned
above, we have to take a half circle of small radius § with the center at (4-0, y), so that we obtain after making
5§ — 0,

1 ("TaG
D2 (y) = —;/0 [5(0, 7; 0, )2 (r) — G(0, 75 0, y)%(f)] dr,0 <y <h (27

This serves as an integral equation for ¢, (y) in (0, k).

Equations (24), (27), (19), and (20) together construct three simultaneous integral equations in terms of
three unknowns ¢1(y), ¢2(y), and ¢, (v) in (0, ). By solving these integral equations numerically and utilizing
the solutions in (23) and (26), we obtain reflection and transmission coefficients |R| and |7’ | numerically for
various values of different parameters.

Dynamic force:
In this paragraph, we determine the mathematical expression for dynamic wave force. From the linear
Bernoulli’s equation, the dynamic pressure jump across the elastic barrier can be written in the following form:

p(x,y) = —ip1o (¢1 — ¢2), fory € [c,d]. (28)

The magnitude of horizontal wave force per unit width acting on barrier is then obtained after integrating
the dynamic pressure jump along the elastic barriers which is given by

d
F= —imG/ (1 — ¢2)dy (29)

The non-dimensional form of the horizontal force coefficient on the elastic plate becomes

_ K|F|

Fl (30)
P18
The deflection of the plate:
We have W 3
—E=—¢atx=0,c<y<d, (€2
dt ox
The non-dimensional form of the plate deflection becomes
d¢
IWIE(W)| = loWE(Y)| = |§(O’ Whe<y<d (32)

where WE(y, t) = Re{WEg(y)e'°’} and Wg(y) is the time-independent part (cf. Hassan et al. [11]).
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Shear force and shear strain:
The shear force along the elastic barrier in terms of horizontal displacement is given by the relation (cf.

Kaligatla and Manam [12])
3

3
ﬂw=—D%%;WMQ%&c§yid (33)

Then, the non-dimensional form of shear force can be written as

D'prg 4K  d%¢.(0,y,1)

IZ1=1- o d—0g  dy lLe=sy=d (34)
The shear strain of the elastic plate is given by
12
M) =~ S e <y =d 35)
Then, the magnitude of the shear strain becomes
iBKD'
Ian|=I—16@Fj5th@N,CS>M§d (36)

4 Numerical results and discussion

The three integral equations (24), (27), and (19) together with (20), involving ¢1(y), ¢2(y), and ¢ (y), have
the finite range (0, #) . For numerical evaluation of the integrals in a finite interval, we employ the Gauss
quadrature rule in the form

N

B _B—A B—A B+ A
/Af(n)dn= . ;w( L+t ) (37)

in each of the integrals mentioned above, where [;, y;(j = 1, 2, ..., N) are defined below.

For numerical calculations, we non-dimensionalize the variables y, t and the other parameters with the
help of 4, and y;(j = 1,2, ..., N) in (37) are the zeros of Legendre polynomial Py(y) of degree N and
lj(j =1,2,..., N) are the corresponding weight functions given by

li = 2

L= y)HPL())?
P]’\, () being the derivative of Py (y). There will be 3N unknowns ¢1(y;), ¢2(y;) and ¢, (y;)(j = 1,2, ..., N)
in the approximation of the three integral equations.

Substituting y = yx(k = 1, 2, ..., N) in each of the integral equations, we obtain 3n linear equations for
determining 3n unknowns ¢ (y;), ¢2(y;) and ¢, (y;)(j = 1,2, ..., N).

Using these values, we calculate the approximate form of R and 7 from the relations (23) and (26),
respectively. Here, the energy balance relation |R|> + |T|? = 1 satisfies numerically.

In this section, we present numerical results for the reflection and the transmission coefficients |R| and

|T'|, horizontal hydrodynamic force F'1, shear force ¢ 1, shear strain 1 of the thin elastic plate, taking some
typical parameter sets. Here, we make different physical quantities dimensionless with respect to 4.

(38)

Accuracy and validation of the result

To find the accuracy of the present result, it is compared with Chakraborty and Mandal’s [2] result by considering
the ice cover parameters to be very small (d% = 0.0005, 5 = 0.0001)and & = 0. Chakraborty and Mandal [2]
considered the wave scattering problem involving thin elastic plate with free surface of water. In the paper,
they have non-dimensionalized the parameters by lower end depth of elastic plate from free surface. Now for

accurate comparison, here also we consider the same parameter values 5 = 0.05, % =1, % = 0.01, g =2
as chosen by Chakraborty and Mandal [2]. These values of |R| are given in Table 1, and the data set almost
matched with each other up to four-figure accuracy. This provides a check on the validation of the present

method.
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Table 1 Comparison between present result, considering ice cover coefficient d% = 0.0005,6 = O (very small value and
Chakraborty and Mandal’s [2] result without ice cover with % =0.05, L% =1, %/ = 0.01, % =2)
Kd Present result (| R|) Chakraborty and Mandal’s result [2] (| R|)
0.1 0.00325571 0.00327487
1.2 0.82359812 0.82861321
22 0.09871319 0.09824339
35 0.0056131 0.00569314

Table 2 Convergence of |R| with N at (d —¢)/h =02, D/h* =0.5,D'/h* =0.1,¢/¢’ =0.01,0 =0

Truncation number (N) Kh=0.5 Kh=1 Kh=1.5 Kh=2 Kh=25 Kh=3

5 0.539225 0.375438 0.300753 0.261398 0.237335 0.221137
7 0.539361 0.375623 0.300948 0.261568 0.237514 0.221253
10 0.539574 0.375816 0.301087 0.261754 0.237668 0.221417
12 0.539574 0.375816 0.301087 0.261754 0.237668 0.221417
14 0.539574 0.375816 0.301087 0.261754 0.237668 0.221417

Convergence analysis

The convergence of the numerical results depends on the truncation number of Gauss quadrature formula given
in (37). In Table 2, | R| is tabulated for different wave numbers KA (= 0.5, 1.0, 1.5, 2.0, 2.5 and 3) with fixed
values of (d — c¢)/h = 0.2, D/h4 = 0.5, D’/h4 = 0.1,¢/¢’ = 0.01 and & = 0. Here, different truncation
numbers N (= 5, 7, 10, 12 and 14) are considered and it is observed that for N = 10, 12 and 14 , the numerical
values of |R| coincide up to 4 decimal places. Also, the present method is checked for all other values of the
parameters and wave numbers and it almost converges up to 4 decimal places when N = 10 (Table 2).

Effect of variation of length of the elastic barrier on reflection and transmission coefficients

In the present study, we non-dimensionalize different parameters by constant water depth 4. We consider
(d—c)/ h as the length of the plate and the distance of the plate from upper surface of water is fixed (c/h = 0.1).
The effect of the length of elastic plate on reflection and transmission coefficients for fixed values of the
parameters 6 = %, D/h* =0.5,D'/h* = 0.1 and € /¢’ = 0.01 is shown in Figs. 2 and 3, respectively. Here,
we consider different values of (d —c)/h = 0.1, 0.5 and 0.8. This figure reveals the fact that as the length of the
thin elastic plate increases the amount of the reflection increases, whereas that of the transmission decreases.
This happens because the surface waves find less space for transmission with the increase in the length of the
plate. Also, increasing length of the barrier decreases the amplitude of transmission coefficient which is also

quite obvious physically.

Effect of variation of angle of incidence on reflection and transmission coefficients

In Figs. 4 and 5, magnitudes of the reflection coefficient | R| and the transmission coefficient |T'| are plotted
against the dimensionless wave number K/ for three different values of the parameter 8 (= 7 /4, w /6, 7 /10).
Here, we choose (d — ¢)/h = 0.4, D/h* = 0.5, D'/h* = 0.1 and €/€’ = 0.01, where € = 0.001, ¢ = 0.1.
These figures reveal the fact that as the angle of incidence increases the amount of the reflection increases,
whereas that of the transmission decreases. For small wave number, more reflection occurs and it gradually
decreases for large values of the wave number. The vice versa phenomenon is occurred in transmission curve.

Effect of variation of elasticity of ice cover and elastic coefficient of the barrier on reflection coefficients
In Fig. 6, magnitude of the reflection coefficient | R| is plotted against the dimensionless wave number K/ for

different values of the parameter D/ h* (= 0.01, 0.50, 2.00, 5.00). Here, we take the fixed values of (d—c)/h =
0.4, D’/h4 =0.1,¢/€’ = 0.01 and 0 = 7 /4. In this figure, we see that for increasing values of the parameter
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Fig. 3 Transmission coefficient against K i for different values of (d —c)/h with6 = /4, €/e’ =0.01, D'/h* = 0.1, D/ h* =
0.5
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Fig. 4 Reflection coefficient against K  for different values of @ with (d —c)/h = 0.4, ¢/’ =0.01, D’'/h* =0.1, D/h* = 0.5
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Fig. 5 Transmission coefficient against K i for different values of  with (d —¢)/h = 0.4, ¢/’ = 0.01, D//h4 =0.1, D/h4 =
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Fig. 6 Reflection coefficient against K i for different values of D/ h* with (d —c)/h = 0.4, ¢/’ =0.01, D'/h* =0.1,0 = /4

D/h* the magnitude of reflection coefficient decreases. Thus, the elasticity of the ice cover decreases the
amount of reflection.

InFig.7, the magnitude of the reflection coefficient | R| is plotted against the dimensionless wave number K &
for different values of the parameter D’/ h*(= 0.01, 0.50, 1.00). Here, we take the fixed values of (d — ¢) /h=
0.4,D/h* = 0.5,€/¢’ = 0.01 and & = 7 /4. Here, also we see that for increasing values of the elastic
coefficient of the barrier the amount of reflection decreases.

4.1 Normal wave

The following figures are drawn for normal incidence wave

Effect of variation of elasticity of ice cover on reflection and transmission coefficients

In Figs. 8 and 9, magnitudes of the reflection and transmission coefficients are plotted against the dimensionless
wave number K& for four different values of the parameter D/ h4(= 0.01, 0.5, 2.0, 5.0), respectively. Here,
we choose (d —¢)/h =0.2,6 =0, D'/h* = 0.1 and €/’ = 0.01, where € = 0.001, ¢’ = 0.1,¢/h = 0.2.
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Fig.7 Reflection coefficient against K & for different values of D’/ h* with (d —c)/h = 0.4, D/h* = 0.5, ¢/’ =0.01, 6 = /4

0.8 T T T T :
—D/h*=0.01
0.7t " ]
D/h*=0.50
06f /' D/h*=2.00 1
~D/h*=5.00 |

0.5/

X 0.4

0.3

0.2

S
i
i
/
i
i
i
i
i
i
i
i
i
i
i
i
i
:
)
)
'
:

0.1} ]

0 1 1 1 1 1
0 0.5 1 1.5 2 25 3

Kh
Fig. 8 Reflection coefficient against K & for different values of D/h* with (d — ¢)/h = 0.2,¢/e’ =0.01, D'/h* =0.1,0 =0

In all the following figures, we consider the same values of ¢/ h. Figure 8 reveals the fact that | R| decreases as
D/ h* increases, and Fig. 9 shows |T'| increases with increasing values of D/h*. Thus, the effect of elasticity
of the ice cover is to reduce the reflection and amplify the transmission of the incident wave energy.

Effect of variation of elastic coefficient of the barrier on reflection coefficients

Figure 10 shows the behavior of |R| for different values of D'/h* = 0.01,0.50 and 1 and fixed values of
(d—¢)/h=03,0 =0,D/h* =0.1and €/’ = 0.01, where € = 0.001, ¢’ = 0.1. It is clearly visible from
the figure that increasing elasticity of the barrier reflects less energy which is also true physically. For small
values of wave number, this phenomenon is more clear than the large wave numbers.

Effect of change of density ratio between elastic plate and ice cover on reflection coefficient

In Fig. 11, magnitudes of the reflection coefficient | R| are plotted against the dimensionless wave number K &
for three different values of the parameter € /¢’(= 0.01, 0.50, 1.00), where ¢’ is taken as 0.1. Here we choose
(d—c)/h=0.2,0 =0,D/h* =0.5and D'/ h* = 0.1. This figure reveals the fact that | R| decreases as € /¢’
increases.
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0.5.h/d =1.5,D/d* =25, Kh =05, =0.15, =0.015,6 =0

Effect of change of flexural rigidity of elastic barrier on horizontal force

The magnitude of the horizontal component of the hydrodynamic force acting on the elastic plate is evaluated
from the relation (30) and is represented graphically in Fig. 12. In this figure, the graphs are plotted for four
different values of D/h*(= 0.1, 0.5, 1.0, 3.0). The hydrodynamic force considerably reduces with the increase
in D/ h*. For this reason, the elastic barriers are effective in reducing the disturbances caused by the waves in
the sea.

Deflection of the elastic plate

The effect of flexural rigidity parameter of the elastic plate on the plate deflection is presented against y/d in
Fig. 13. Here, we non-dimensionalize all the parameters with respect to d. In this figure, the graphs are plotted
for three different values of D’/d*(= 0.1, 0.5, 1.0) and for fixed values of the parameters c/d = 0.5, h/d =

1.5,D/d* = 2.5, Kh = 05,5 = 0.15,5 = 0.015,6 = 0. If D'/d* increases, the displacement of the
plate from its mean position decreases. With increasing D’, the plate prefers to less deflect and more energy

transmitted.
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Variation of shear force

The magnitude of the shear force of the plate as a function of y/ & is presented in Fig. 14. The graphs are for
the different values of the wave number K i (= 0.50, 1.00, 2.00), % =0.1, % =0.01, D/h4 =0.5, D//h4 =
0.1, (d —c)/h = 0.4,6 = 0. The shear force is observed to be an increasing function of K. Large values of
K h show more oscillating behavior in reflection curve.

In Fig. 15, the shear force graphs taken against y/h for different values of elastic parameter, %(:
0.50, 1.00, 2.00) of the barrier and fixed values of% =0.1, % =0.01,D/h* =0.5,Kh =0.01,(d—c)/h =

0.4,0 = 0. It is clearly visible in the figure that the magnitude of shear force increases with increasing values
of elastic coefficient of the barrier.

Shear strain of the elastic plate

Figure 16 shows the variation of magnitude of the shear strain against y/ & for an elastic plate submerged in
finite depth water with K = 0.05, 0.1, and 2, € = 0.1, & = 0.01, D/h* = 0.5, D'/h* = 0.1, (d—c)/ h =
0.4, 6 = 0. From the figure, it is seen that in the presence of ice cover increasing non-dimensional wave number
increases the shear strain on the plate.
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Figure 17 depicts the variation of shear strain against y/h for an elastic plate submerged in finite depth

water with 2+ = 0.01,0.5, 2 and 3, 7 =0.1, % =001,D/h* =05, Kh =0.1,(d —c¢)/h = 04,0 = 0.
The figure S/f‘lOWS that increasing flexural rigidity of the elastic plate increases the shear strain on the plate.

In most of the graphical results, it is clear that the variation of different parameters affects the nature of
reflection and transmission curves more for small wave numbers. Increasing values of wave number reduce

the differences between the reflection curves drawn for different parametric values in the same figure.

5 Conclusions

In this paper, the interaction between linear oblique waves with a elastic thin barrier submerged in ice-covered
ocean is investigated. The boundary conditions on the elastic plate and upper surface of water are derived from
the Bernoulli—Euler’s beam equation. The Green’s function technique is used to solve the problem.

Some outcomes are summarized below:

Physical quantities such as reflection, transmission coefficients, horizontal hydrodynamic force, deflection
of elastic plate, shear force, and shear strain on the elastic plate are evaluated and plotted graphically against
suitable parameters. The effect of elasticity of the barrier reduces the amplitude of reflection coefficient and
hydrodynamic force . Long-length barrier reflects more energy than the short one. The effect is more visible
for small values of wave numbers. The elastic plate deflection in the water becomes higher for large wave
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numbers. These phenomena have been shown clearly by numerical graphs. In the presence of ice cover, it is
found that shear force and shear strain curves are seen to be significantly uniform along the ice sheet.

In the present study, we have considered both the ends of the barrier to be free. However, one can consider
one end or both ends clamped in infinitely deep water. For these problems, the same procedure can be allied
to evaluate numerical results of different physical quantities.
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Abstract

The effect of porosity on surface wave scattering by a vertical porous barrier over a rectangular trench is studied here under the assumption of
linearized theory of water waves. The fluid region is divided into four subregions depending on the position of the barrier and the trench. Using
the Havelock’s expansion of water wave potential in different regions along with suitable matching conditions at the interface of different regions,
the problem is formulated in terms of three integral equations. Considering the edge conditions at the submerged end of the barrier and at the
edges of the trench, these integral equations are solved using multi-term Galerkin approximation technique taking orthogonal Chebyshev’s
polynomials and ultra-spherical Gegenbauer polynomial as its basis function and also simple polynomial as basis function. Using the solutions of
the integral equations, the reflection coefficient, transmission coefficient, energy dissipation coefficient and horizontal wave force are determined
and depicted graphically. It was observed that the rate of convergence of the Galerkin method in computing the reflection coefficient, considering
special functions as basis function is more than the simple polynomial as basis function. The change of porous parameter of the barrier and
variation of trench width and height significantly contribute to the change in the scattering coefficients and the hydrodynamic force. The present
results are likely to play a crucial role in the analysis of surface wave propagation in oceans involving porous barrier over submarine trench.

Keywords Water wave scattering; Rectangular trench; Vertical porous barriers; Havelock’s inversion formula; Multi-term galerkin approximation;

Reflection and transmission coefficients; Energy dissipation; Hydrodynamic force

1 Introduction

During the last few decades, the study of propagation of
surface water waves over a rectangular trench was being
considered by many researchers because of their possible
applications in coastal and ocean engineering. It has a sig-
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» Considering linear theory, problem of water wave scattering by po-
rous thin submerged plate over rectangular trench is studied.

» Two different positions of the barrier are considered.

* A multi term Galerkin approximation technique together with tak-
ing orthogonal polynomials as well as simple polynomial as basis
function. To test the rate of convergence compares the both results
numerically.

* The reflection coefficient, transmission coefficient, energy dissipa-
tion coefficient and horizontal wave force are determined and de-
picted graphically.

* Porous parameter of the barrier, variation of trench width and
height affect the energy coefficients significantly.

P< Rumpa Chakraborty
chak.rumpa@gmail.com

Department of Mathematics, Jadavpur University, Kolkata-700032, India

Department of Mathematics, Diamond Harbour Women’s University,
South 24 Parganas-743368, India

nificant role in understanding the characteristics of wave
in harbour and offshore regions. The scattering of normally
incident monochromatic plane progressive wave by rectan-
gular submarine trench of constant depth containing two
fluids of constant but different densities was studied by
Lassiter (1972). Lee and Ayer (1981) investigated the effect
of a symmetric rectangular trench by dividing the fluid
domain into subregions. Miles (1982) used a conformal
mapping to solve the trench problem for normal incidence
of wave train. The diffraction of obliquely incident surface
waves by an asymmetric trench was investigated using lin-
earized potential theory by Kirby and Dalrymple (1983).
They solved a set of integral equations derived by matching
eigen function expansions of the velocity potentials. Later,
Kirby and Dalrymple (1987) developed the theory of wave
diffraction over a rectangular trench where currents flowing
parallel to the trench boundary. The normal and oblique in-
cidence by the two-dimensional wave scattering by a rect-
angular submarine trench was considered by Chakraborty
and Mandal (2014; 2015) reducing the problem to solving
appropriate integral equation which is solved by multi-term
Galerkin approximation involving ultraspherical Gegenbauer
polynomials. Later, Roy et al. (2017) considered the prob-
lem of water wave scattering by an asymmetric rectangular
trench using an approach similar to Chakraborty and Mandal
(2014; 2015).

@ Springer
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Interaction of water waves with thin plate assuming the
linear theory has been a subject of considerable interest as
this phenomenon serves as a model for a wide range of
physical situations which include wave interaction with
breakwaters, very large floating structures. Breakwaters are
coastal structures which are widely constructed to reduce
the wave action in inshore water and thereby reduce the
coastal erosion and protect a port or harbour from the effect
of rough sea. Usually the breakwaters are mathematically
modeled as rigid impermeable thin vertical plate either
partially immersed or submerged in ocean. A number of
researchers were engaged in the study to handle the bound-
ary value problem associated with the study of water wave
scattering by a thin rigid vertical plate present in ocean
with free surface and consequently many sophisticated
mathematical concepts have evolved. Dean (1945), Ursell
(1947) and Evans (1970) worked with such types of prob-
lems. It may be noted here that exact solution of the afore-
said boundary value problem exists when the barrier is in
the form of a rigid vertical plate present in the deep ocean
and for normal incidence of the incoming wave train. In
all other cases only approximate analytical or numerical
methods are used to obtain approximate solution. The
scattering problem involving a partially immersed and
submerged rigid plate using first kind of hypersingular in-
tegral equation was studied by Parson and Martin (1992;
1994). Based on application of Green’s integral theorem
they have reduced the boundary value problem to a solu-
tion of first kind hypersingular integral equation where the
unknown function is the difference of velocity potential
across the plate. The hypersingular integral equation was
then solved by using collocation method based on approxi-
mating the unknown function satisfying the integral equa-
tion Chebyshev’s polynomial. The problem of wave diffrac-
tion by rigid vertical barrier in finite depth water was con-
sidered by Goswami (1983). Goswami (1983) employed
Green’s function technique to reduce the scattering problem
involving a fixed vertical rigid plate submerged in uniform
finite depth water to an integral equation. The integral equa-
tion was then solved approximately by using a perturbation
method and reflection and transmission coefficients are
thereby obtained. Losada et al. (1992) obtained the reflec-
tion and transmission coefficients of the above mentioned
problem by using an eigenfunction expansion method. Later
on, Porter and Evans (1995) considered oblique wave scat-
tering by a thin vertical rigid barrier in uniform finite depth
water having four basic configurations namely, a surface
piercing barrier, a bottom standing barrier, a barrier with a
gap and a totally submerged barrier. For each case, they
have used an approximate method based on the Galerkin
approximation. Also, Mandal and Dolai (1994) considered
oblique water wave scattering by thin vertical barrier in
uniform finite depth water. They employed one-term Galer-
kin approximation to evaluate the upper and lower bounds

@ Springer

for the transmission and reflection coefficients.

During the later half of twentieth century, study of wave
interaction with porous coastal structures like rubble mound
breakwaters became important in coastal engineering as the
structural voids in the porous breakwaters can dissipate
wave energy efficiently. Also in coastal engineering, porous
breakwaters drawn special attention to the scientist and
researchers because of the rigid breakwaters were collapsed
due to huge load, which were mainly constructed to pro-
tect harbours and coastal villages. Porous structures in the
form of thin permeable barriers have been used to dissi-
pate and reflect incoming wave energy from sea. Also, a
porous breakwaters are moved eco-friendly as water can
pass through the holes which helps to protect marine envi-
ronment. For low engineering cost, porous breakwaters are
more useful with respect rigid one. Mathematical modeling
of porous structure as thin porous vertical wave maker was
pioneered by Chwang (1983). Based on the model of Solitt
and Cross (1972), Yu (1995) examined the wave diffrac-
tion by a semi-infinite porous barriers. The rapid conver-
gence of the solution to the problem of water wave scatter-
ing by thin vertical porous barriers utilizing multi-term
Galerkin approximation was examined by Li et al. (2015).
Roy et al. (2016a; 2016b) analyzed water wave scattering
by two unequal vertical barriers and two submerged plates
by using Galerkin’s approximation technique. More recently,
Ray et al. (2021) considered the wave scattering problem
by thin rigid plate above the rectangular trench and Sarkar
et al. (2022) analyzed oblique wave scattering by two thin
rigid plate over an asymmetrical trench. The above men-
tioned problems were solved by considering multiterm
Galerkin approximation technique using simple polynomial
as basis functions. But as per authors knowledge, no research
work is done when porosity is present in vertical plate.
Present of porosity is actually more effective in dissipating
wave energy and it helps to reduce wave force on the barrier
[cf. Manam and Sivanesan (2016)].

In the present paper, water wave scattering by a rectan-
gular submarine trench in presence of a thin vertical porous
barrier are investigated. Here we consider that the porous
barrier positioned in the right side, at a distance ‘/’ from
the middle of the trench. We divide the whole fluid region
into four subregions and using Havelock’s inversion for-
mula in four subregions and matching conditions at the
interfaces of these subregions we construct three Fredholm
type integral equations. To solve these integral equations
we use multi-term Galerkin approximation technique taking
orthogonal Chebyshev’s polynomials and ultra-spherical
Gegenbauer polynomial as its basis function due to the
edge conditions at the submerged end of the barrier and at
the edge of the trench respectively. We have also consider
simple polynomial as basis function to solve the integral
equation as done in Ray et al. (2021). Then the reflection
coefficient and the transmission coefficient are determined
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in terms of the solutions of the integral equations. Due to
porosity, how the proposed system affects the reflection co-
efficient, transmission coefficient, energy dissipation, wave
force acting on the structure are discussed in numerical sec-
tion. In the absence of porosity, known result evaluated by
Ray et al. (2021) is recovered. We may mention here that
the use of special function as basis function in multi term
Galerkin approximation gives better rate of convergence of
the method than using simple polynomial as basis function
as in the work of Ray et al. (2021).

2 Problem construction

We consider two dimensional, time harmonic, irrotational
motion in water due to interaction of a wave train incident
normally on a thin vertical porous barrier partially immersed
in water region with a submarine trench at the bottom. We
choose rectangular cartesian coordinate system where
x-axis is along the mean free surface and y-axis is taken
vertically downwards into the fluid region. A rectangular
submarine trench symmetrical about y-axis, of width 25’
and depth ‘¢’ below the mean free surface is situated at the
bottom of water region so that water occupies the region
(—o<x<b,0<y<h)+(-b<x<b0<y<c)+(b<
x <o0,0 <y <h). A porous thin vertical barrier is situated
along a vertical line x = /, which is partially immersed upto
a depth ‘a’ below the mean free surface so that configura-
tion of the barrier is given by x =1, 0 <y <a;l<b. A train
of time harmonic waves from negative infinity with angular
frequency o represented by the velocity potential function
Re[¢™(x,y)e ], is incident normally on the barrier and
is partially reflected and partially transmitted below the
barrier so that R and 7 are the amplitudes of the reflected
and transmitted waves respectively. A schematic diagram
of the problem is shown in Figure 1.

o (1,0) X
", y) al B g
¢ To™(x, y)

b h
Ro™(—x, y)
TIITTIITIT r

y

2b

7777777777777

Figure 1 Schematic diagram

Here

~ 2coshay(h —y)e P
cosh a,h

o™(x,) (1)

where ¢, is the unique real positive root of dispersion relation

otanh oh = K 2)

where K = 6°/g, g is the acceleration due to gravity.

To study the problem under consideration we divide the
fluid region into four subregions, viz, R,, R,, R,, R, (see
Figure 2), where
Ri=(-w<x<-b0<y<h)
R,=(-b<x<L0<y<c)
R,=(I<x<bh0<y<c)
R,=(b<x<o0,0<y<h)

oo ©9 1.0 x
Rl
R4
R3
=30 I @h
RZ
o) ®.0)

Figure 2 Subregions of the fluid domain

Let the resulting motion in the fluid be described by the
velocity potential Re [ qoj(x, y)e’ o7 then @ j(x, y) satisfies

V2, =0, inthe fluid domain 3)
the linearized free surface condition
(6+K)(p.—00ny—0,—oo<x<oo 4)
ay /
the bottom boundary condition
y=c¢,j=2,3

=0 5
Q/y On{y_h,j_1,4 ()

the conditions on the two sides of the trench
p,=0o0nx=+xb,j=2,3, h<y<c (6)

the edge conditions
1 1 1
iV, 73V @,,r; Vo, are bounded as 7|, 7,, 7y — 0 (7)

where r,r,,r, are the distances from the submerged left
edge of the trench, the submerged edge of the barrier and
the submerged right edge of the trench respectively so that

ri=(x b)Y+ (y-h)y

rr=(x -0+ (y-a)

r;=(x=b) +(y—h)

The condition on the porous barrier surface is given by

99, _ 095 __ . _
6—;—8—;——1aOG(go3—¢)2)0nx—l,0<y<a (8)
Here G = G" + iG' is the dimensionless porous parameter
. O(f+iS) . . .
given by G = ——~————, where J is the porosity, f is
Kz (f*+87)
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the resistance force coefficient, S is the inertial force coef-
ficient and 7 is the thickness of the porous medium. The
real part G" represents the resistance force coefficient and
the imaginary part G' represents the inertial force coeffi-
cient of the porous material. The quantity G” resists pas-
sage of fluid through the pores while G'allows the fluid
through the pores of the porous material. When G'<<G’, i.e.,
when the inertial force coefficient is much less than the re-
sistance force coefficient then G is considered as real.

The continuity of normal velocity and pressure across
the free-flowing interfaces yields

99, _ 99, - -
I o and ¢, = ¢,, for x b, ye(0,h)
99y _ 995 _
o Pt for x=1,ye(0,c) )
0, =¢,, forx=1ye(a,rc)
995 _ 994 - _
o e and ¢, = ¢,, for x =0, y € (0, 1)

The far field behavior of the potential functions are

described by
0.(x.3)~0"™(x, )+ Rp™( - x,y) as x —- oo (10)
04(x,9)~Tp"(x,7) as x — o0

where R and T are the unknown complex reflection and
transmission coefficients respectively to be determined.

3 Method of solution

By Havelock’s expansion of water wave potential, the
eigen function expansions of (pj(x, y) satisfying (3) to (9)
1,2, 3,4 are given below.

01(xy) = {0 ReT ()

+ 3 4,6y, (3)

n=1

¢2(xay) = {BOCOSiOX + COSiniox}Xo(Y)

in the different regions R, j =

+S B, cosh A, x + Cysinh A, x } 7,(y)  (11)
n=1
¢3(x,y) = {Docos Aox + Eosinlox}xo(y)
+> {D,coshi,x+E,sinhi,x} x,(y)
n=1
¢4(x’y) _ Teiaﬂ(x—b)yjo(y) + ;0: an e a,,(x—b)l//n(y)

Where { An};o:l’ {B }n 0> {C }n 0> {D }n 02 {En}:zoﬂ
{ F,}7_, R, T are unknowns to be determined. Here

cosha,(h —y cosa,(h—y
()= el ()= )
_ cosha,(c-y) _cosa(c-y)
XO(y)_W’ n( )_Taﬂc n=12,
(12)
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and a,, +ia, are the roots of the Equation (2) and 4,, +id,
are the roots of the equation

Jtanh Ac = K (13)

For determination of the unknowns A4!s, B!s, C!s, D!s,
E's, F!s, R and T we proceed as follows. Let us define

_ 99, 09, .
f_/(J/)_[ ox | ax Jeepin J=1,2,3 (14)
gj(y):[¢j+1_¢j]x:—b,z,b Jj=12,3

where y € (0, /) for j = 1,3 and y € (0, ¢) for j=2. Using
the representation (11) in the Equation (14), we obtain

£i(y)=ia1 + S, ()
=Jo{Bysin b+ C, cos 2o} xo(»)
+21n (=B, sinh2,b+C,cosh A, b} 7,(»)
2,(»)={B,cos 2b—C,sinLob} xo(¥)

+S( B, cosh i, b-C, sinh A, b} 1,(»)
n=1

~(1+R ()= 4, v,(»)
n=1
fz(y)=/10{ - B,sinl, [+ C, coslol}xo(y)
+izn { B,sinh A, [+C,cosh’,l} x,(»)
n=1
= 0{ =D,sin A+ E, cos/lol}xo(y)
+izn {D,sinh A, [+E, coshl,l} x.(»)
n=1
. (15)
gz(y)={DO cos A [+ E, smlol}xo(y)
+S(D,cosh A, 1+E, sinh 4,1} 7,(»)
n=1

—{B cos Ayl +C, sinlol}xo(J’)

8

E{B coshl, [+C, sinh1,l} x,(y)

fs(y)=1{ Dy siniyb -+ Eq cos Zob} 1o )
i dy A D,sinh 2, b+E, coshZ,b} x,(»)
n=1
_laoTl//U _zanFn l//n(y)
g( T‘/’o EF ‘//n

—{D0 cos b+ E, Slniob}Xo(J’)

- >{D,coshi,b+E, sinh,b} g,
n=1

Now applying the Havelock’s inversion formula to
Equation (15) we obtain the unknown constants as,
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h
1= R= A [ ) cosh (- ) (16) 4, =08 [ cosa,(h - wyd (17)
n 0
h c
= W[coslol Sfi(u)cosh Ay(c — u)du — cos/lobj Sfo(u)cosh A,(c - u)du} (18)
yosinA (b + 1) 0 0
B __ 4ecoshe cosh 1 bfcf( Yeos A, (¢ — u)du — cosh A ljhf( Yeos A, (c —u)d (19)
! yn Sinhi)z(b + l) " 0 2 " ! ¢ " " ! 0 ] ! ! ¢ ! !
4 cosh A,c . g . ‘
= W[51niolf0ﬁ(u)coshlo(c —u)du + smiobfofz(u)coshlo(c - u)du} (20)
C = 4C‘)S’I"C{smhz 1fhf(u)cos,1 (¢ - u)du + sinh bfcf(u)cosl (c- u)du} @1)
"y sinh 4, (b +1) "y " ) !
c h
= W[cosiobj fo(u)cosh Ay(c — u)du — cos/lolf fi(u)cosh A,(c - u)du} (22)
yosiny(b - 1) 0 0
P 4cos ,c [coshl bfcf(u)cosi (¢ —u)du - cosh lfhf(u)cosi (c - u)du} (23)
"y sinh A, (b —1) )7 " B "
c h
= W[siniobf fulw)eosh 2y(c = u)du = sinZyl [ fy(u)cosh i(c - u)du} (24)
yosindy(b — 1) 0 0
E W[sinhl b[ fiu)cos,(c ~ u)du - sinh lfhf(u)cos/l (c- u)du} 25)
n y Slnhll (b l) n 0 2 n n o 3 n
_ 4 h . : : .
7= 41 cgsh aoh J’O fiw)coshag(h - u)du  (26) These provides the three integral equations given by

n

— h
F :“%“"hf filu)cosa (h—u)du  (27)
n 0

where 0, = 2a,h + sinh 2a,h; 0, = 2a,h + sin2a,h; y, =
2 Agc +sinh 24,¢c; y, = 24,c +sin24,c(n=1,2,---).
Thus all the unknown constants are expressed in terms
of the function fj(y) and gj(y). j=1,2,3 so that once
S(y)and g,(y),j =

solved. In the next section we proceed to determine fj( y),

1,2,3 are known then the problem is

J=1, 2, 3 through integral equation formulation.
3.1 Formation of integral equation

In this section we will derive integral equations for
];( y), j=1, 2, 3. For this we first consider the continuity of

(oj(x, y) across the gaps in the boundaries of different re-
gions as given in relation (9). This gives

o (=b-0,y)=p,(-b+0,p),0<y<h

/-0, [+0 0<y<a
0:(1=0.) = 951+ 0,y) = = —= f(y),0 <y o)
(Pz(l a) (1"'0)/) Oaa<y<c
03(b—0,y)=0,(b+0,y),0<y<h

(y.u du+fp2(u)M(y, )du

o

(29)
Jpg u)du =X, j=1,2,3
(u
where X, = wo(y), X, = %(J’)a X =0; pu)= ?Erlg’ '
1,2,3.
_ L)
() =107 (30)
2 4cosa,(h—y)cosa,(h—u)
Ll(y’“) z ( 5)
+4coshi( - y)coshAy(c - u) G1)
yotando(b + 1)
i4cos/1 y)cos A, (c - u)
~ y, tanh 2,(b + 1)
4 cosh 4,(c - hZy(c -
M, (yu)= - =22 O(C. y)ooshiyfe = u)
Yosindy(b +1)
(32)

4cosd,(c—y)cosh,(c—u)
n=1 yn Sinhj‘n(b + l)
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20
N(y,u)=0 (33)
4cosh,(c - h,(c -
Li(yu)= - cos 0((:’ y)cosh Z,(c — u)
YosinAy(b +1) (34)
i4cos/1 y)cosZ,(c - u)
“ y,sinh 4, (b +1)
4coshZ,(c - h1,(c -
My(y,u) = cosh Z(c = y)cosh y(c - u)
yotanAo(b — 1)
+4cosh/10(c—y)cosh/10(c—u)
yotan/l (b+1) (35)
2 4cos,(c—y)eosi,(c—u)
nzl tanh/l L(b=1)
i4cos/1 y)cos,(c - u)
2 “tanh 4, (b + 1)
_ 4cosh’ cosh A (c — u)
Nz(y,“) ( ) °
yosindy(b — 1) 36)
i 4cosd,(c—y)cosh,(c—u)
& y,sinh A (b - 1)
Ly(y,u)=0 (37)
4cosh A,(c — y)cosh i (c — u)
M3(y,u)= _ o( : ) 0
yosinAy(b = 1) 38)
i4cos/1 y)cos i, (c—u)
Lsinh A, (b =1)
4coshi,(c - hi,(c—
Ny(vou) = cosh 2o(c = y)cosh Ay(c - u)
Yo tan Ao(b = 1)
i 4cosd,(c—y)cosi,(c—u)
= 7, tanh/l (b=1) (39)
4icosh ay(h — y)cosh ay(h — u)
50
i cosa,(h - y)cosa,(h - u)
- 0

3.2 Solution of integral equation

We solve the integral Equations (29) using the multi-
term Galerkin approximation method. For this we write

the unknown functions p, ( ) =1,2,3as
N
= z 0 <y<h (40)
N
z Z(v),0<y<ec (41)
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where z,(y)=v,(y) for 0 <y <a and z,(y) = x,(y) for

a<y<ec.

N

()= Dew,(y).0<y<h (42)

N
a(y)=Dby(y),0<y<a

where the basis functions un( y) for 0 <y <h and wn( y)
for 0 <y < h are chosen in terms of ultraspherical Gegen-
bauer polynomials of order 1/6 and zn( y) for 0 <y < aare
chosen in terms of orthogonal Chebyshev polynomial of
order 2n with suitable weights respectively. The choice of
basis functions depends on the types of singularities at the
corners of the trench and at the submerged sharp edge of
the barrier as given by the edge condition (7). Here we also
consider simple polynomial as basis function to solve the
integral equation. The basis function in various intervals
are given below.

3.3 Basis functions

3.3.1 Approximation of basis functions in terms of orthogonal
polynomials

In each integral Equation of (29) there are three inte-
grals where the unknown functions are pl( y), pz( y), p3( y)
in first, second and third integral respectively. As given in
Equations (40) to (42), these unknown function are ex-
panded in terms of suitable basis functions. The choice of
basis functions are explained in section 3.2 and are given
below.

For the first integral in (29) we write,

u,(y)= - cfy[e'”fh

y

e"“ﬁ,,(t)dt},o <y<h (43)
We choose the basis functions in terms of i, () as follows

26r( )(Zn)'

1
)= el ) o<y <n

(- )

2n+

(44)

1
where Cf,,(%

For the second integral in (29) we write,

)are Gegenbauer polynomials of order 1/6.

- ;[e"@j e’K’f/n(t)dt},O <y<a
o (45)

x,(y)= - (b}[e"(yj:e‘“)?n(t)dt:', a<y<c
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We choose the basis functions in terms of 17"( y) as follows

9()})272(_1)" (az—yz)%U (X) 0<y<a
" n(2n + 1)ah "a )

2(-1)" szn(Z:z)’a<y<c
n{(h-y) - (h-a))?

()=

(46)

where 7,,(») and U,,(y) are Chebychev’s polynomial of

first and second kind of order 2n.
For the third integral in (29) we write,

w(y) _ (fy{G_K},fhe_mw"(t)dt}’o <y<h (47)

y

Here also we choose the W, () in terms of Gegenbauer
polynomials of order 1/6 as given below.

o 2%F(%)(2n)! "
wﬂ()’) = nr(zn . %)(h)%(hz _yz)% Cz,,(z ),0 <y<h
(48)

Thus the unknown functions satisfying the integral
Equation (29) are expanded in terms of suitable orthogonal
polynomials as shown in Equations (43) to (48). However
the unknown functions satisfying the integral Equation
(29) can also be expanded in terms of simple polynomials
as shown below.

3.3.2 Approximation of basis functions in terms of simple
polynomials
For the first integral in (29) we write,

un(y)—(hh_y) (%),0<y<h (49)

For the second integral in (29) we write,

vn(y):(ac_ly)(z)»0<y<a (50)

and
x(y)= (a )z(y) a<y<c (51)
y—al \a

For the third integral in (29) we write,

1

wn(y)—(hfy)s(i),oww (52)

3.4 Formation of linear system of equations

As the three integral equations given by (29) are in dif-
ferent ranges, they can be extended to the range (0, ¢) as in
(Morris, 1975) by multiplying with appropriate Heaviside
unit functions. This gives the linear system of equations as
follows

N N
zanlc‘anr zbn‘cmn:dm’m:oﬂ 13”'9N (53)
n=0 n=0

ian/\/lmn + ibn/\/;m + icnpm =0, m=0,1,---,N
n=0 n=0 n=0
(54)

N N
zbngmn—‘r zcann:O’m:07 L“'sN (55)
n=0 n=0

where

=
Il

o IZ(JZLI(%u)un(u)du)um(y)dy
L= =0 [ [ (o)) ()
)
[ 1yt ()
A= a6 [ [ 1)) )
Y

- [

J:M,(y, u)xn(u)du)xm(y)dy

M mn

[ ot ()

P = [ [ M0 o ()

0

9, = - iaOGJZ(JZM3(y,u)vn(u)du)vm(y)dy
+f

R = = [ [ 0w ()

0

f:M3(y’”)xn(“)d“)xm(y)dy

and

h —
d :f coshay,(h — u)

o coshayh um(y)dy

withm,n=20,1,2,---, N.
Substituting the expression of f, () in terms of p,(y)
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in (16), we obtain the reflection coefficient as follows

. N h
M z anf cosh ao(h - y)un(y)dy (57)
n=0 0

1+C %
R = 1= CS (56)
s and substituting the expression of f;(y) in terms of p,(y)
in (26), we obtain transmission coefficient as follows
where

: + N h
T: _ 41(1 R)COShOlol’l zcnf coshao(h —y)wn(y)dy (58)

Jq n=0 0

3.5 Evaluation of coefficients of linear system of
equations

The various coefficients <, £, M., M., P.. Q.
R,.» occurring in the linear system of algebraic Equations
(53) to (55), can be evaluated by choosing the basis func-

tions in terms of simple polynomial as given by equations

/Cmn=f2(fZL1(y

4

0

u)un(u)du)um(y)dy = - zéi

r=1"7r

(49) to (52) and orthogonal polynomials as given by Equa-
tions (44) to (48). The choice of basis functions in terms of
orthogonal polynomial simplifies the coefficients of the
linear system of Equations (53) to (55) considerably using
the properties of the orthogonal polynomials. The simpli-
fied form of various coefficients using the properties of
orthogonal polynomials are given below.

(KCOS a,(h —J/)um(y)dy)(f;cos o,(h = u)u,(u)du

+(1)Jrl)(jl;cosh/10(c _ y)um(y)dy)(jzcomo(c - u)un(u)du)

y, tan d,

;
y, tanh A (b + 1)

\\Ms

Now,

2%F(%)(2m)!

chosoc,(h —y)um(y)dy= T
nF(2m + = )(h)3

where J,'s are Bessel functions of first kind.

[cosi (e

h 1
f cos a,( h —y);cgm(%)dy 20"
0

h

cos i, (c - u)uﬂ(u)du)

D% cos (o). \(a,h)
(a,h)° 6

be evaluated. Using this result in the expression for

Similarly other integrals in the expression for A, ca K., We get
© - 1)" " cos*(a,h 16 cosh® (4
-3y e )cm¢<arh>an¢<arh> Sy (), ()
- d(a,h)? 6 vo(Aoh)* tando(b+1) — °
@ - l)m” cos?(,c
z ( ) J2m+l(}~rh)J2n+l(/1rh)
- (z h) tanh A(b+1) — ° ¢

where /,'s are modified Bessel function of first kind.

16 cosh*(1,¢)

L,,=1a,G -
Yol Aoc)sin Ao(b + 1

mn

16
- e I
Vo(’loC)Sin/Io(b.q_[) Zrn( olc a)) 2;1

c—a

2
Mo — 16 cosh (44c) I

m 2m+
yo(/loh) siny(b + 1) 6
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(- 1)"""cos?(A,c)

)[2m+1('10a 2n+1 z

y:ly, /Ic smhxl(b+l)

)“ra ) JZn +1 (llra)

2m + 1 (

/1 (2,¢)sinh 2,(b + 1)

m+n

16(- 1)

(2 (e = a)) (2 (c - a))

R A ey

— 2n +

L 1
() sinh A b+ 1) S G
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_ 16.cosh’(24¢)
Yol Zoc ) tan Ay(b = 1)

/\/r‘nn = iaOG

- 16(-1)"""cos*(4,¢)
=i y,(4,¢)tanh (b = 1)

2m+1(}“a Zn+1 j‘a

12m+ I(AOG)IZ”*' l(loa) B

S3

rzlyr

16 cosh*(1,¢)
Yol Zoc ) tan Ag(b + 1)

12m+1(j'0a)12n+1(j‘0a)

- l)mwcosz(/l,c)

T i(Aa)d, . (4,
c)tanh A,(b+1) " (%) o (2,4)

m+n

+yo(ioc)tal:io(b +1) o = a)) alle =) - Z V,(irlc6)i;nlll),1r(b 1) Pt = @) D4l =)

A

) n2a2h2(42(n; i);n;(nzn 1) j:(az ) yz)Uz'"(%)U%(%)dy

p,, — - — L6 cosh (Joc) L (2ah)I((2h) + i 16(- ”MCOSZ(A’C) J o (am)g (ah)
nlaoh)sinzg(b -1 "0 T (Lh) sinha(b-1) e T

16 cosh®(4,c)

Q,, = ia,G
" yo(Age)sin Ay(b = 1)

16

- IZM(AO(C - a))]z,,(/lo(c - a)) +

Vo(’loc)smflo(b - 1)

: 2

So(aoh)? 6

= 16(-1)"""cos*(a,h
- S ete )y, o
! d,(a,h)? ° °
16 cosh? (A

css (44¢) [2m+l('1°h)12 +l(/loh)

vo(Aoh) tando(b=1) — ¢ 6

- 1)"1+”cos (2,¢)

i J2m+l(/1"h)J2n+l(/l"h)
- (z h) tanh A,(b - 1) 6 6
212n1+l(a0h)
d, = 6;
("‘oh)6

3.6 Dynamic wave force

The dynamic pressure P(x, y) can be obtained accord-
ing to the Bernoulli equation (Li et al., 2015)

P(xy)= - ipog,(y) (59)

where p is the fluid density. The magnitude of horizontal
wave force acting on barriers can be obtained by integrating
the dynamic pressure along the porous barriers as follows

L, . 1(’10“)12;” 1(’10‘1) -

16(-1)" " cos(4,¢)
iy (2,¢)sinh 2,(b = 1)

i 16(- 1)

= yr(/l,,c)smh/lr(b - 1)

JZm + l(ira)']2n+ l(/lra)

m+n

(2 (c = a)) (4, (c - a))

C,= ~ipo [ g:(v)dy (60)

The non-dimensional form of the horizontal force coeffi-
cient on the vertical porous barriers is given by

_Kicl

- 61
T pg 1)

3.7 Energy identity relation

The energy identity plays an important role in the theo-
retical study of water waves scattering by barriers. A part
of incident wave energy can be dissipated by the porous
barriers. The absolute values of the reflection and transmis-
sion coefficients are connected by the relation

IR +|T)=1-J (62)
Here J signifies the amount of dissipated energy due to

the permeability of barriers and its expression in terms of
the potential differences across the barriers is found to be

J=2kRe(6) [ | &x(v) [ (63)

where Re(G) is the real part of the porous effect parame-
ters. It is clearly noticed from the expression of J that the
integrand in the right-hand side of (63) is always positive
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for a non-zero Re(G) so that |R|* +|T|” < 1 for the case
of permeable barriers, whereas for impermeable barriers
the energy identity relation satisfies | R|* +|7|* = 1, which
provides the convergence of result in the present study.

4 Numerical results

In this section the numerical results of hydrodynamic
quantities viz. reflection coefficient, transmission coefficient,
energy dissipation coefficient and hydrodynamic force are
depicted graphically. Here this quantities are non dimension-
alized by the water depth /.

In Table 1, we display the numerical results for |R| show-
ing its convergence with the truncation number N in Equa-
tions (53) to (55), taking N = 2, 3,4, 5 for different values
of Kh and fixed values of a/h = 0.5, b/h = 1.5, ¢/h = 1.5,
I/h = 0.5, G = 0.5. In this case we see that, for N = 3,4, 5,
the numerical values computed here coincide up to 5 deci-
mal places. We have also checked that the present method
converges for all other values of the parameters and the
wave number when N is 3. So, for all the calculations we
have chosen N=3.

Table 1 Convergence of |R| with N
Kh N=2 N=3 N=4 N=5
0.00001  0.001 271 0.001 351 0.001 372 0.001 377
0.500 01  0.090594  0.090595  0.090596  0.090 596
1.000 01  0.249 584 0.251 970 0.252 254 0.252 259
1.50001  0.570622  0.575437  0.577 160  0.577 165
2.00001  0.179 136 0.187 224 0.187 403 0.187 405
2.50001  0.263 810 0.251 276 0.254 864 0.254 867

Then the accuracy of the numerical results are estab-
lished in Table 2, by comparing our present result with
Ray et al. (2021). In Table 2, the numerical values of |R|
computed by present method are compared with those given
in Table 1 of Ray et al. (2021) for a rigid barrier placed
along the y-axis, by considering a/h = 0.5, b/h = 1.5, c/h =
1.5, /h = 0, G = 0. Ray et al. (2021) used Galerkin tech-
nique with simple polynomial as a basis function, whereas
in the present work, suitable orthogonal polynomials (Ge-
genbauer polynomial for 1/3 rd singularity and Chebyshev
polynomial for half singularity) are chosen as a basis func-
tion. From Table 2, it is clearly noticed that the linear sys-
tem of Equations (53) to (55), converges for N = 5 in Ray
et al. (2021), where as in the present study the same con-
verges for N = 3. Thus the rate of convergence of the linear
system taking algebraic polynomials as basis function is
slower than the orthogonal polynomials as basis function.

In Table 3, the values of reflection coefficient are pre-
sented for different wave numbers K/ and fixed values of

@ Springer

Table 2 Comparision of our results with the results of Ray et al.
(2021)

IR| (N=5) IR| (N=5) 171 (N=5) 171 (V=3)
Kh  (Rayetal., (Present (Ray et al., (Present
2021) study) 2021) study)
0.001 0.013015 0.013 019 0.999 915 0.999 915
0.491  0.132204 0.132 209 0.991 213 0.991 221
0.981  0.047 433 0.047 441 0.998 867 0.998 874
1.471  0.315932 0.315937 0.947 309 0.948 780
1.961  0.636 024 0.636 030 0.783 752 0.771 664
2.451 0.873816 0.873 824 0.474 271 0.486 242
2.941  0.966 781 0.966 789 0.262 009 0.255 576

alh =0.6, blh=1.5, ¢/h=13, I/h=0.5, G=0.5, and
compared by choosing simple polynomials and orthogonal
polynomial as basis functions in Galerkin method. It is
observed that rate of convergence of the method choos-
ing basis function as orthogonal polynomial (N=3) is faster
than taking basis function as simple polynomial (N=5). Also
the Table 2 shows that the values of |R| choosing orthogonal
polynomial as basis function matches with values of |R]
choosing simple polynomial as basis function upto five
places of decimal. Hence we may infer that the orthogonal
polynomials as basis function is definitely a better choice.

Table 3 |R| for orthogonal and simple polynomial
Kh Orthogonal polynomials  Simple polynomials
(N=3) (N=5)
0.000 01 0.000 948 0.000 945
0.500 01 0.024 745 0.024 751
1.000 01 0.344 937 0.344 935
1.500 01 0.379 658 0.379 654
2.000 01 0.956 727 0.956 721
2.500 01 0.265 245 0.265 241

The numerical values of the reflection coefficient, trans-
mission coefficient, energy dissipation coefficients and the
energy identity are presented in Table 4 for different values
of Kh and fixed values of a/h = 0.5, b/h = 1.5, ¢/h = 1.5,
I/h = 0.5, G = 1.0. In this table for all the values of Kh we
observe that the energy identity relation |R] + |T* + J =1
is satisfied. This tables provide a partial check on the cor-
rectness of the results obtained by the present method.

Table4 Energy identity

Kh IR| |7 J R +|T|*+J
0.10001 0.1135310 0.994401 0.001 72329 1.003
1.20001 0.361 8910 0.904478 0.050 953 60 1.000
2.00001 0.077 1846 0.715724 0.481 782 00 1.000
2.500 01 0.270 846 0 0.745861 0.370 333 00 1.000
2.83001 0.9765090 0.136927 0.027 680 90 1.000
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4.1 Validation of the results

To show the validity of the analytical solutions obtained
in the present work, it is compared with the results of Lee
and Chwang (2000) considering limiting values of certain pa-
rameters in our results. By taking ¢/h = 1, b/h = 0.001, i.e.,
in absence of trench, in the present configuration, the re-
flection coefficient |R| is compared with the results of Lee
and Chwang (2000) by taking a/h=0.5 and G(=
0.25,0.5, 1) in Figure 3. A good matching of |R| is observed
in the figure.

LO —present result for G=0.25

+ Lee and chwang (2015) results for G=0.25
Present result for G=0.50
0.8 * Leeand chwang (2015) results for G=0.50
| - Present result for G=1
« Lee and chwang (2015) results for G=1
0.6F
g oty e e B Yo fr ey e
04} R
oo o
02+t # ot
0 il L L . .
1 2 3 4 5
ah

Figure 3 Comparison of our results to the Figure 6 of Lee and

Chwang (2000) taking % = 0.5. 2 = 0.001

7 S R h =1 and different

values of G

In absence of barrier (i.e., making a/h — 0, G = 0 in the
present analysis), the problem reduces to study of wave
propagation over a ractangular trench which was studied
earlier by Lee and Ayer (1981). Choosing a/h = 0.000 1,
b/h = 2.5, ¢c/h = 2 and G=0 in Figure 4 of the present analy-
sis, if we plot reflection coefficient |R| against o /h/2m we
see that our result almost match with the Figure 2 of Lee
and Ayer (1981).

In Figure 5, |R| for rigid barrier, obtained in the present
analysis by making a/h = 0.9, b/h = 1.5, c/h =1.5, G =0,
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A
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a,hi2m

Figure 4 Cornparison of our results to the Figure 2 of Lee and Ayer
(1981) taking P =0.0001, Z =2. 5, i =2 and G=0

is compared with the results given by Ray et al. (2021)
(Figure 4a there). A good matching of the results are
observed from Figure 5.

1.0 — e -
08l —Present paper
’ + Ray et al. (2021)
0.6}
=

0.4}

0.2}

0 L L L L L )
0.5 10 15 20 25 30
Kh
Figure 5 Comparison of our results to the Figure 4 a of Ray et al.
. b _
(2021)tak1ng P 709,5 15,¢ h =1.5and G=0

4.2 Effect of various parameters on scattering
coefficients (|R| and |T])

Figure 6 illustrates the effect of width of the trench on
the reflection coefficients in presence of porous barrier.
Here |R] is plotted against the non-dimensional wave number
Kh for three different width of the trench b/h = 1.3, 1.4,
1.5 and fixed values of a/h = 0.7, ¢/h = 1.3, I/h = 0.5 and
G=0.5. We observe oscillatory behaviour of |R| and the fre-
quency of oscillation increases as the width of the trench
b/h increases. Also we observe that for Ki#>2, larger width
of the trench increases the amount of reflection and the
same behavior have shown in Chakraborty and Mandal
(2014).
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The effect of the length of the partially immersed porous
barrier on the reflection coefficient |R| is studied in Figure 7
where |R| is plotted against the non-dimensional wave

number K/ for various values of the length of the barrier
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(a/h =0.3,0.6,0.9) and fixed values of b/h = 1.5, c/h =
1.3, I/h = 0.5 and G=0.5. Figure 7 shows that |R| exhibits
oscillatory behaviour and the amplitude of oscillation
increases with increasing length of the porous barrier. For
Kh near about 1.5 there occurs a sharp increase in amplitude
of oscillation in |R| showing resonating behaviour of the
reflection coefficient.
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Figure 8 illustrate the effect of depth of the trench on the
reflection coefficient. Here |R| is plotted against the non-
dimensional wave number Kh, for a/h = 0.7, b/h = 1.4,
I/h = 0.5 and G=0.5 and for various depth of the trench
viz, ¢/h = 1.1, 1.2, 1.3. It is observed that |R| shows oscil-
latory behaviour and amplitude of oscillation increases
with the increasing values of the trench depth c/A. Also for
Kh~1.5, there occur resonance in |R)|.
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Figure 8 Reflection coefficient for different % and fixed % =0.7,
b _ I _ _
o 1.4, 7 0.5,G=05

In Figure 9, reflection coefficient |R| is plotted against
the non-dimensional wave number K% for different values
of the porosity parameter G ( = 0.5, 1,2) and for a/h = 0.7,
b/h =14, I/h=0.5, ¢/h = 1.3. It is seen that |R| shows
oscillatory behaviour with multiple peaks and for Ki~1.75 a

@ Springer

resonance occurs in the reflection coefficient |R| for all val-
ues of porosity parameter G. This occurs as a consequence
of the interaction between porous barrier, trench and the
waves. It is seen that with increasing porosity parameter
reflection decreases. This is due to the porous effect of the
barrier.
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Figure 9 Reflection coefficient for different G and fixed % =0.7,
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In Figure 10, reflection coefficient |R| is plotted against
the non-dimensional wave number K/ for different values
of I/h(=0.4,0.5,0.6) and keeping a/h = 0.7, b/h = 1.4,
I/h = 0.5, c¢/h = 1.3, fixed. Here |R| shows oscilltory behav-
iour. For Kh < 1.5, |R| almost coincide for all values of //A.
For 1.5 < Kh < 1.7, a sharp peak is observed in |R| for
each value of //h and the peaks shift towards left as I/A
decreases. Thus as the barrier is placed away from the
central line of the trench, there is a phase shift in the peak
of |R|. Also |R| increases with decreasing values of //h. It
means that the reflection coefficient increases when the
porous barrier is shifted towards the centre of the trench
from the right side of the trench. In all curves, |R| starts from
zero near Kh=0 and for large values of K#, |R| becomes unity.
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In Figure 11, amplitude of the energy dissipation coeffi-
cient J is plotted against the non-dimensional wave num-
ber Kh for different values of the porosity parameter G ( =
1,2,3) and keeping a/h = 0.7, b/h = 2.0, I/h = 0.5, c/h =
1.3 fixed. From this figure it is seen that J exhibits oscilla-
tory behaviour and J increases as Kk increases. Initially
for small wave number Ki < 1.2, the energy dissipation
increases with increasing porosity, then for 1.2 < Ki < 2
energy dissipation decreases with increasing porosity. But
for large wave number K/ > 2, energy dissipation again
increases with increasing porosity parameter of the barrier.
This may be due to the interaction of waves with the barrier
and the trench.
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In Figure 12, non-dimensional horizontal wave force
K is plotted against the non-dimensional wave number Kh
for different values of the porosity parameter G( = 1,2, 3)
and keeping a/h = 0.7, b/h = 1.5, I/h = 0.5, ¢/h = 1.3 fixed.
It is observed that the horizontal wave force increases with
decreasing porosity G showing that with the decrease in
G, the resistance force coefficient of the porous barrier
decreases, allowing water to pass through the pores of the
barrier and so the horizontal wave force increases.

4.3 Partially immersed porous barrier at middle
of the trench

The porous barrier is along the y-axis, i.e., along the
centre of the trench, when //A=0. The Figures 13—18 de-
picts the behaviour of | R|,J, K, for various values of the

parameters a/h, b/h, c/h, G.

Figure 13 exhibits the effect of width of the trench on
the reflection coefficients for three different widths of the
trench (b/h = 0.5,1.5,2.5)and fixed values of a/h = 0.6,
c/h=1.5,G= 0.5+ 1. In this figure we see that |R| exhib-
its oscillatory behaviour and the number of oscillation in-
creases as the width of the trench b/h increases. Also there
occurs resonance in |R| for a particular value of KA and
multiple resonance occurs as the width of the trench in-

creases when the barrier is along the central vertical line of
the trench. This phenomena is not observed when the barrier
is shifted to the right of the central line.
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The effect of the length of the partially immersed po-
rous barrier a/h on the reflection coefficient |R| is studied
in Figurel4. Here |R| is plotted against the non-dimensional
wave number Ki for various values of the length of the
barrier (a/h = 0.5,0.8,1.2) and fixed values of b/h = 1.5,
c¢/h=1.5, G=0.5+ i. Figure 14 shows oscillatory behav-
iour in |R| exhibits and the amplitude of oscillation increases
with increasing length of the porous barrier.

In Figure 15, |R] is depicted against the non-dimensional
wave number Kh, keeping a/h = 0.6, b/h = 1.5, G=05 + i
fixed and taking c/h = 1.1, 1.3, 1.5 to visualize the effect
of the trench depth on the reflection coefficient. Here also
|R| exhibits oscillatory behaviour It is observed that the am-
plitude of the reflection coefficients increases as the depth
of the trench increases. Also we observe that waves with
large wave numbers, i.e., the short waves which are near
the free surface do not feel much the presence of trench in
bottom of the ocean.
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In Figure 16, reflection coefficient |R| is plotted against
the non-dimensional wave number K/ for different values
of the porosity parameter G (= 0.5,1,2 + 1) and keeping
alh = 0.6, b/h = 1.5, ¢/h = 1.3 fixed. It is seen that multi-
ple peaks occur in the reflection coefficient. This phenom-
ena occurs due to the interaction of wave with the porous
barrier. It is seen that with as G increases from 0.5 to 1, the
reflection coefficient decreases. Also it is seen that |R| is
least when G=2+i. This is due to the fact that presence of
inertial force coefficient G, in G allows the passage of water
through the pores which diminishes reflection.

In Figure 17, coefficient of energy dissipation J is plot-
ted against the non-dimensional wave number K7/ for dif-
ferent values of the porosity parameter G(=1,2,3) and
keeping a/h = 0.5, b/h = 1.5, ¢/h = 1.5 fixed. From the figure
it is visible that, for small wave numbers K < 1, energy
dissipation increases as porosity parameter increases while
for Kh > 1 energy dissipation decreases with increasing
porosity parameter G. The occurrence of this phenomena is
due to the fact that as K% increases, the wavelength decreases
and the short waves which are near the free surface interact
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with the porous barrier. Here G is real G = G" which
means that the inertial force coefficient G' is much less
than the resistance force coefficient G" of the porous barrier
and so as G = G" increases, the resistance force coefficient
of the porous barrier resists the passage of water through
the pores and reflects back the short waves thereby reducing
the energy dissipation.
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In Figure 18, non-dimensional horizontal wave force
K,is plotted against the non-dimensional wave number K#
for different values of the porosity parameter G( = 1,2, 3)
and keeping a/h = 0.7, b/h = 1.5, ¢/h = 1.3 fixed. The co-
efficient of wave force increases with decreasing porosity
parameters.

From all these oscillatory behavior of the curves, one
can find the values of wave number in which maximum
reflection and transmission occurs. Also full reflection of
waves occurs for some wave numbers. This behavior may
be due to the interaction of waves with the depression of
the bottom and the porous barrier. These outcomes are
very useful for marine engineers to construct breakwaters
to protect sea shore areas.
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5 Conclusions

The problem of water waves scattering by thin porous
plate over a rectangular trench is discussed here consider-
ing linearized theory of water waves. The physical prob-
lem is mathematically modeled in terms of a boundary
value problem for two different positions of the porous
plate. Havelock’s expansion of potential function together
with its inversion formulaec have been employed to the
problem which then modified into a system of linear inte-
gral equations in terms of horizontal component of velocity
function above the trench and below the edge of the verti-
cal barrier. There are two types of integrable singularities
occurred in the integral equations. One is square root sin-
gularity at the sharp edge of the thin barrier and the other
type is 1/3 rd singularity at the edges of the rectangular
trench. To manage both types of singularities a multi term
Galerkin approximation technique with appropriate basis
functions is considered. For 1/3 rd singularity Gegenbauer
polynomial of order 1/6 and Chebyshev polynomial for 1/2
singularity are utilized here. Also we consider simple
polynomials as basis function in mathematical computa-
tions and compare the rate of convergence of the method
taking two types of basis functions in Table 3. It is observed
that use of special function as basis function produces better
rate of convergence of the method than simple polynomial
as basis function. The numerical appraise of reflection and
transmission coefficients, energy dissipation and horizontal
wave force are determined for different parameter values.
These results are illustrated in a number of figures that
some of them are quite well matched with earlier works.
For both positions of the barrier, effect of porosity decreases
the reflection coefficient but increasing length of the barrier
reflect more energy and less transmit. Larger width of the
trench transmit more energy. Hence form present study, it
is clear that scattering nature of surface waves in presence

of bottom obstacle in form a rectangular trench is really
influenced by thin porous barrier. These changes of surface
waves play a crucial role in marine structures in coastal
regions.

Nomenclature

a Length of the partially immersed barrier
2b Width of the trench

c Depth of the trench from the free surface
h Depth of the fluid region

Distance of the barrier from the middle of the trench on
the free surface

o Angular frequency of incoming wave train

K Wavenumber

o Velocity potential of the incident wave

z" ZZ’ Velocity potential of resultant motion in the fluid subregions
3> 4

r Distance from the submerged left edge of the trench

r, Distance from the submerged edge of the barrier

7y Distance from the submerged right edge of the trench

G Dimensionless porous parameter

GG Resistance force coefficient and inertial force coefficient

of the porous material

R, T Reflection and Transmission coefficient
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Abstract

The influence of surface tension over an oblique incident waves in presence of thick
rectangular barriers present in water of uniform finite depth is discussed here. Three
different structures of a bottom-standing submerged barrier, submerged rectangular
block not extending down to the bottom and fully submerged block extending down
to the bottom with a finite gap are considered. An appropriate multi-term Galekin
approximation technique involving ultraspherical Gegenbauer polynomial is employed
for solving the integral equations arising in the mathematical analysis. The reflection
and transmission coefficients of the progressive waves for two-dimensional time har-
monic motion are evaluated by utilizing linearized potential theory. The theoretical
result is validated numerically and explained graphically in a number of figures. The
present result will almost match analytically and graphically with those results already
available in the literature without considering the effect of surface tension. From the
graphical representation, it is clearly visible that the amplitude of reflection coefficient
decreases with increasing values of surface tension. It is also seen that the presence
of surface tension, the change of width, and the height of the thick barriers affect the
nature of the reflection coefficients significantly.

Keywords: Oblique wave scattering, Surface tension, Thick rectangular barrier, Multi-
term Galerkin approximation, Transmission and Reflection coefficients.

1 Introduction

Problems of water wave scattering by thin vertical barriers submerged in finite depth water
are well studied in the literature using the linearized theory of water waves. For normal inci-
dent wave trains in finite depth water, the problems are solved explicitly employing various
mathematical techniques by a number of researchers(cf. Packman and Williams [1], Losada
et al. [2], Porter and Evans [3], Mandal and Dolai [4], Kanoria and Mandal [5], Banerjea
et al. [6], Das et al. [7], Das, De and Mandal[8]). When the obstacle is in the form of a
thick vertical barrier with a rectangular cross-section present in the water of uniform finite
depth, the corresponding water wave scattering problems for normal incidence wave train
have been investigated earlier by Mei and Black [9], Kanoria et al. [10]. Mei and Black [9]
considered surface piercing and bottom standing thick vertical barriers and used variational
formulations as the basis for numerical computations of the reflection and the transmission
coefficients. Kanoria et al.[10] and Mandal and Kanoria [11] considered the problems of

!Corresponding author(e-mail: chak.rumpa@gmail.com tel: 9432852418)
Volume 23, Issue 11, November - 2021 Page-30
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normal and oblique wave scattering by thick barriers respectively, wherein the barriers have
four types of configurations such as surface-piercing or bottom standing thick barrier or a
submerged block, or a thick wall with a gap. They used the multi-term Galerkin approxima-
tion method involving ultraspherical Gegenbauer polynomials for solving first kind integral
equations arising in the mathematical analysis to obtain very accurate numerical estimates
for the reflection coefficient. However, for oblique incidence of the wave trains in finite depth
water, these problems cannot be solved explicitly.

None of the above research considered the effect of surface tension. Due to presence of co-
hesive forces in between water molecule in the upper surface of water, sometimes it’s become
necessary to consider the effect of surface tension on water wave scattering problems. A few
of them such as Evans [12], [13], Rhodes-Robinson [14], [15], [16], Chakrabarti and Sahoo
[17] included the effect of surface tension in water wave scattering problems. However, the
scattering problem due to the thick rectangular barrier in presence of surface tension does
not investigated yet. The amplitude and the frequency of the wave depend on both the
surface tension and gravity. For this reason, it may not be possible to neglect the effect of
surface tension while doing experimental study. As mentioned by Hocking and Mahdmina
[18], another important reason for including surface tension is that in the absence of surface
tension the transient motion initiated by an impulsive start is singular, but when the effect
of surface tension is taken into account this singularity is removed. The uniqueness of the
solution of the problem depends on the behavior of a special combination of the derivatives
of the velocity potential at the edge because of the effect of surface tension as mentioned
by Chakrabarti and Sahoo [17]. This is also an important reason for including the surface
tension.

In our present study, we analyze the effect of surface tension on wave scattering problem
by oblique incidence waves due to thick rectangular barrier. Three types of barrier, sub-
merged bottom standing, submerged plate of finite height and fully submerged block with a
gap are considered here. Due to geometrical symmetry about its central line, the scattering
problems for all the cases are split into two separate boundary value problems in terms of
symmetric and antisymmetric potential functions. Analytically the boundary value prob-
lems involving potential functions are reduced in to first kind integral equations using inverse
Havelock inversion formulae. The integral equations are solved analytically by using multi
term Galerkin approximation technique and there is used the ultra spherical Gegenbauer
polynomial as a basis function as was done by Chakraborty and Mandal [19],[20], Newman
[21] Sasmal and De [24], Paul and De[25]. The analytical result is explained numerically in
terms of reflection coefficients of wave energy by a number of figures. The numerical results
of the reflection coefficient for both types of thick barriers are obtained with almost six
figure accuracies by taking only 6 terms in the multi-term Galerkin approximations and all
of these results are depicted graphically against the non dimensional wave numbers. Some
figures are compared with Kanoria et al.’s [10] result for normal incidence wave (incidence
angle 6 = 0°) without taking the surface tension and a good agreement is achieved here. For
large horizontal length of type I, I and III barriers, the numbers of zeros of the reflection
coefficient as a function of wave number increases, which is also consistent with the obser-
vation of Kanoria et al.[10] for thick vertical barriers with free surface and Newman [21] for
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long bottom obstacles. In the present study, the energy balance relation involving reflec-
tion and transmission coefficients is also satisfied numerically. These all results provide the
checks of the correctness of the present numerical method utilized here. The new outcome
of this article is that the surface tension together with the change of width of the barrier
affects the amplitude of reflection coefficients significantly.

2 Problem Construction

We consider a time harmonic wave motion of angular frequency ¢ under the action of both
gravity with acceleration g and surface tension 7' in region of finite water depth h in which
a thick rectangular barrier of uniform width 2b is immersed. Here water is taken as an
inviscid, homogeneous fluid with irrotational motion.

A rectangular cartesian coordinate system is chosen, where y axis is taken vertically
downwards and the (x,z) plane corresponds to the undisturbed surface. Here we study
three different cases of barrier placement(as shown in fig 1), the barrier may occupy the
region —b < z < b with (I) y € L = Li(= (¢,h)) , (I) y € L = Ly(= (a,c)), with
0<a<c<hand (Ill) y € L = L3y(= (a,¢c) + (d,h)), with 0 < a < c<d<h In
the present computation Ly, L, and L3, corresponding type-I, type II and type-1II barrier
configuration respectively.

Surface tension Surface tension
A

X
SR T
I S it el inc
. [T oo , ")
T@’"‘(x,y) . y c
P y AV h l L b AV
R(Dinr —x, AANBARRRARRN .
2 5| =) ah RO (~x,%)
h SARRRRRAY 0" (x,5) \
Type-l Type-lI

Here we consider a harmonically time dependent progressive wave, obliquely incident from
negative infinity and its direction makes an angle 6 with the horizontal z— axis. We denote
the wave number by 7y, where 79 = 27”, A is the wave length of incident wave. The incident
wave number 7y, satisfy the transcendental equation

0.2

v(1 + M~?) tanhyh = K, K:?, (1)

T

M = il is the coefficient of surface tension at the free surface of the ocean, p is the
density ot the fluid.

The position of roots of the transcendental equation (1) is shown numerically in Fig. 2
using a contour plot. To draw the contour, we consider some fixed values of %(: 2) and
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Surface tension
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Figure 1: Diagram of thick barriers

Kh = 0.8. In the figure, the black dots signify the position of the roots and it is very
clear that, in presence of surface tension, the dispersion equation has two real roots £q
and infinitely many purely imaginary roots +ivy,,n = 1,2,...(y, > 0). [cf. Chakrabarti and
Sahoo[17], Sasmal, Paul and De[22], Paul et. al.,[23]]. Assuming linear theory, a train of
incident wave is represented by R{¢™¢(x,y)e!*=7)} where

, 2 cosh o (h — y)e @0
1nc — 2

C"}OO'

-10L, .
-10 -5

5 10
Figure 2: Contour plot I' of the roots of the dispersion equation for % =2,Kh=0.8.

Here 1 = ypcosf and v = ~gsinf where 0 < § < 7/2 and ¢*?) is the z dependence
term of the fluid. Due to geometrical symmetry of the problem, the z dependent term can
be eliminated by assuming the velocity potential to be of the form R{¢™(z,y)e!V*=7}.
Henceforth, the factor e**=7" will be omitted.

Then velocity potential function ¢(z,y) satisfies the boundary value problem

(V2 —1%)¢ =0 in the fluid region (3)
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0¢ oMo}

K¢+_+M83:O on y=0, |z|]<oo (4)
¢ =0 on xz==+b yelL;j=123 (5)
T%ng is bounded as r — 0, (6)

r is the distance from a submerged edge of the thick barrier,

¢y,=0 on y=1; |z|]<b, forj-th type of barrier, j =1,2,3 (7)

|x] > b for type I and III barrier
|z] < oo for type II barrier

¢y, =0 on y=nh, {

and finally

" (z,y) + Ro™(—x,y) as x — oo,
e~ { GO )

where R and T is the unknown reflection and transmission coefficients respectively and
is to be determined for each barrier configuration. In (7), l; = ¢;ly = a,c¢;l3 = a,c,d;
corresponding to type I, II, III barriers configurations respectively depicted in Figure 1.

3 Method of solution

Presence of the uniform geometrical structure of the rectangular barrier about z = 0; ¢(x, y)
can be divided into symmetric and antisymmetric parts, ¢*MM(x,y) and ¢ANVSMM (g ),
respectively, so that

o(x,y) = ¢°MM (z,y) + oMM (2, ) (10)

where
¢SMM (

¢SMM( ) ¢ANSMM(

_'Tuy) = r,y), _xvy) = _¢ANSMM(x7y) (11)

Therefore, we consider only the region z > 0. Now @¢IMMANSMM (3. 4} satisfy (3) to (8)
together with
7" (0,y) =0 and ¢MMM(0,y) =0, 0<y <h. (12)

Let the behavior of ¢SMMANSMM (3, 4/} for large = be represented by

¢SMM,ANSMM(1.’y) N COSh’YO(h_y){e—w(m b) 4 RSMMANSMM jip(z— b} as x — oo (13)
cosh yoh

where RSMM and RANSMM 4v6 ynknown constants. These constants are related to R and
T by

1 .
R,T — 5(RSMM + RANSMM)e—Zzub' (14)

Now the eigen function expansions of ¢5MMANSMM (4. o)) satisfying (3) to (8) and (12) for
x > 0 in the different regions for each barrier configuration are below.
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Region I (z>b, 0 <y <h):

¢SMM,ANSMM(1, ) = coshyo(h — y) {6—ip(x—b) + RSMM,ANSMMeiu(m—b)}
’ cosh yoh

4 Z AiMM,ANSMM cos Yn(h — y>€—sn(x—b) (15)

n=1

where 7, (n =1,2,...) are the real positive roots of the equation
r(1 — Maz*) tanxzh + K = 0. (16)
and s, = (72 + 12)2.
Region II (0 <z <b, ye(0,h)—L;, j=1,23):

Type I:
For y € (0,¢), MM (x,y) and ¢ANMM (g 4) are given by

( PIMM (1. y) ) ~ coshag(c—y) ( BSMM cos(a — 12)2g )

ANSMM (g2 4y) cosh ape BANSMM gin (02 — 122y
#3( Bivsiigg ) csonle = (17)
where tag, ia,(n = 1,2, ...) are the roots of the equation
a(l+ Ma?)tanhac = K. (18)
and
th=(a2+1Y)2, (n=1,2,.). (19)
Type II:

For y € (0,a) + (c, h), ¢SMMANSMM (3 9/} will have two types of expressions depending
on whether 0 <y <a or c¢<y < h. For 0 <y < a the expressions of ¢SMMANSMM (g, 4
are similar to equation (17) with BSMMANSMM yeplaced by DSMMANSMM - replaced by
Bn, tn replaced by w, and c replaced by a, where +5,, +i8,(n = 1,2,...) are the roots of
the equation

B(1+ Mj*) tanh fa = K (20)
and  wu, = (824127, (n=1,2,.). (21)

For ¢ < y < h the expressions of ¢SMMANSMM (3 4/} are given by
MM (1 y) (0 ([ EJMM cosh 12 nm(y — c)
( gANSMM (5 oy | =\ pansa, + ; EANSMM g nra | €08 =57 (22)

Type 11I:
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For y € (0,a) + (c,d), ¢5MMANSMM (4. ) will have two types of expressions depending
on whether 0 <y <a or c¢<y <d. For 0 <y < a the expressions of ¢ MMANSMM (g 4
are similar to equation (17) with BSMMANSMM yeplaced by DIMMANSMM - - yeplaced by
Bn, tn replaced by u, and c replaced by a, where +3y, +i8,(n =1,2,...) are the roots of
the equation (20) and u, are given by (21).

For ¢ < y < d the expressions of ¢5MMANSMM (4. 4 are given by

¢ MM (2, y) _ SMM cosh vx N i USMM cosh (@ cos nw(d —y)
GANSMM ( ANSMM > UANSMM ginb ¢ o —d—c

z,y) sinh va
(23)
where
nr \?

iy

Now let us define
GSMMANSMM (3, 4 o) — pSMMANSMM () ( <o < . (25)

Then

FEMMANSMM (yy — 0 for y € L (26)

and ~ @PMMANSMM(p 0 y) = pIMMANSMM (4 “for g€ (0,h) — Ly, j = 1,2,3. (27)

Also, due to the edge condition described in equation (6), we must have the requirement
that
_1 .
fOMMANSIM (y) = O(ly — 173) as y = 1,5 =1,2,3. (28)

Using the expression of equation (15) for ¢SMMANSMM (1) in (25) and followed by Havelock
inversion formula gives

Ai h
1 — RSMMANSMM %f cosh~oh / fOMMANSMM (y) coshro(h — y)dy — (29)

and

4y, [
ASMMANSMM _ — / FOMMANSMM (1Y cos (B — y)dy (30)

with §g = 2voh + sinh 2voh; 0, = 2v,h +sin2y,h  (n=1,2,...).
3.1 Evaluate the values of constants for region II
For Type I

Substituting the equation (17) in condition (27) and using Fourier cosine inversion, we
get

BSMMANSMM _ 4oy cosh age 1 1 )
’ Xo(02 —12)2 —sin(a2 — 12)2b cos(a? — v2)2b
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y / FSMMANSMM (1 osh o (c — y)dy (31)
0
BSMMANSMM _ Aoy, 1 1 )/c fOMMANSMM (1)) cos o, (¢ — y)dy (32)
n Anty sinht,b’ cosht,b’ J, !

with \g = 2apc + sinh age; A, = 2a,¢ + sin2a,c (n=1,2,...).
For Type II

Here we can derive the constants DSMMANSMM froy BSMMANSMM by replacing o, by 3,
tn by u,, An by €, and ¢ by a with ¢ = 25pa +sinh fya; €, = 26,a+sin 26,6 (n=1,2,...).

1

and E64NSMM = —
h—c

/ JANSMNM () iy (33)

2 1 1 h nr(y — c)
ESMMANSMM _ % / SMM,ANSMM d 34
" nﬂ(sinh Z—flz " cosh Z—flz) . / (y) cos h—c Y (34)

and f9MM () for type II barrier must satisfy the condition
h
| £ )y =0 (35)
For Type 111

Here the constants DSMMANSMM are obtained from BSMMANSMM by changing a, by 3.,
tn by un, Ay by €, and ¢ by a with ¢y = 25ya +sinh fya; €, = 26,a+sin26,a (n=1,2,...).

and
USMM,ANSMM _ 1 ( 1 1 )/d fSMM’ANSMM(y)dy (36)
0 v(d —¢) sinhvb’ coshvb’ [,
[JSMMANSMM _ 2 ( 1 1 ) /d fSMM,ANSMM(y) cos nm(d—y) dy (37)
" Co(d —¢) ‘sinh ¢,b" cosh (,b” . d—c
3.2 Formation of integral equation:
Now equating ¢FMMANSMM (3. ) through x = b, we get
g ANSHN (40, y) = IMMANIN (B — 0, y), (38)

for y € (0,h) — L;, and it ultimately constructs the integral equation

hyo(h —
/ SMMANSMM () NSMMANSMM (1) )3y — cosh yo( y)’ for y e (0,h) — L;,
(0,h)—L, cosh yoh

(39)
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4y cosh? yoh
SMM,ANSMM , \ _ SMM,ANSMM
where F = S+ RSMM,ANSMM)f (y), (40)

and NSMMANSMM (y 4)(y, u € (0,h) — L;) (j = 1,2, 3) are real symmetric in y and u and
their constructions are given below

7o cosh? yoh OnSn

n=1

Type 1
NSMM (g ) = dopt i {% cos Yn(h — y) cos vp(h — u)
’ 70 COSh2 70h n—1 571571
L O cotht,bcos o, (c — y) cos a, (¢ — u)
Antn
+(— cot(af — 1/2)%[)) o cosh ao(c — y) COS}llao(C —u) ,0 <y, u < h. (41)
Ao — v?)2
NANSMM(y w) = dopt i {% cos Yn(h — y) cosy,(h — u)
’ 70 COSh2 70h n—1 571571
ay, tanh t,b cos o, (¢ — y) cos a, (¢ — )
Antn
h — h —
+(tan(a2 — v?)3p) L2 (e — y) cos 1%(6 v 0 <y,u<h. (42)
)\0(0&8 — 1/2)5
Type 11
For y,u € (0,a) + (c, h), we get three different cases for NSMMANSMM (4, )
Case I:
y,u € (0,a)
NSMM (g 0y = dopt [i {% cos Yn(h — y) cosyn(h — u)

N B coth u,bcos fBn(a — y) cos 5, (a — u) }

Enln

Bo cosh By(a — y) cosh By (a — u)

€o(f5 — Vz)%

doft [i {% cos Yu(h — y) cosyu(h — )

+(— cot(B2 — v?)2b)

],O<y,u<h. (43)

NANSMM(

y W) = ———5
y,u) Yo cosh? Yoh OnSn

n=1

N B tanh u,b cos B, (a — y) cos B, (a — u) }

Enln
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1 h — h —
L (tan(82 — v2)hpyPocosh ol —y)coshfola—w) | (44)
co(B5 — V2)
Case 11
y,u € (¢, h)
NSMM(y ) = 50M Z Y €08 Y (h — y) cos v, (h — u) N
Ocosh Yoh OnSn
1 nwb nt(y —c)  nm(u—-c)
—~ coth 4
2n7rCOt g 008 T CoS— —— ) (45)
0 1 b “Yn COS Vn(h' _ y) COS”yn(h, - u)
NANSMM () 0 { N N
(y:w) = 7o cosh? yoh [ 4(h — ¢) ;( O Sn
1 nmb nr(y—c)  nm(u—c)
%tanhh_ccos N 08— ) (46)
Case III
€ (0,a),u € (¢,h) or y € (c,h),u € (0,a)
NSMM,ANSMM(y’ u) = 50,“2 Z Y €08 Yn(h — ) cos Yn (R — u) (47)
Yo cosh” yoh | <= OnSn
Type 111
For y,u € (0,a) + (c,d), we have three different cases for NSMMANSMM (4, o))
Case I:
y,u € (0,a)
NSMM(y, ) 60,u Z {7n COS '}/n(h B y) Cos '}/n(h B u)
7o cosh? yoh OnSn
N B coth u,bcos Bn(a — y) cos 5, (a — u)
Enlly
1 h — h —
(= cot(g2 — pryipy ecosihla—yleoshbla—w) | o (48)
eo(85 —v?)2
NANSMM (4, 4y — dopt i {% cos Yu(h — y) cosyu(h — )
’ 7o cosh? yoh — OnSn
N B tanh u,b cos B, (a — y) cos fp(a — u)
Enlly
1 h — h —
+(tan(B — v2yhp) 20 W(/a )> = u)] 0<yu<h (19)
2 _
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Case 11
y,u € (c,d)
NS (= Ot i 7 €08 Yu(h = y) cOSYulh —w)
7o cosh? voh —= OnSn
coth (,,b o nm(d — y) nm(d u)) N cothvb (50)
2(d — ¢)¢, d—c d—c 4(d — c)v
NANSMM(y’ u) = 50,112 Z(% cos Yu(h — y) cosyu(h — ) +
Yo cosh” yoh | 4= OnSn
tanh (,b nr(d—y) nw(d—u) tanh vb
51
2(d—c)§ncos d—c T d—c )+4(d—6)l/ (51)
Case 111
€ (0,a),u € (¢,d) or ye€ (¢,d),uc€ (0,a)
Y €08 Y (h — y) cosyn(h — u
NSMMANSMM () ) Z ) ( ) (52)
Yo cosh Yoh 0nSn
Now if we define
1 — RSMM,ANSMM
COSMMANSMM _ _ (53)
1 + RSMMANSMM’
then by using (29) and (39), we obtain
h~o(h —
CSMMANSMM _ / FSMM,ANSMM( cosh o ( Y) dy (54)
(0,h)—L; coshyoh
and FSMMANSMM () and CSMMANSMM are yeal quantities. Thus if the integral equations

(39) can be solved, then these solutions can be used to evaluate CSMMANSMM from the
relations (54), and these produce the actual reflection and transmission coefficients |R| and
|T| by using

‘1 + CSMMcrANSMM| |CSMM o CANSMM|

|R| = A and |T'| = A (55)
with
A = {1 + (CSMM)2 + (CANSMM)2 + (CSMMCANSMM)2}%’ (56)
which are obtained from equations (14) and (53).
3.3 Solution of integral equation
Utilizing Galerkin technique, we approximate FSMMANSMM (1)) ag
FEMALANSIN (y) o FOMILANSMN (), y € (0,h) = L5 = 1,2,3 (57)

FOIMMANSMM (1)) is expanded in terms of multi-term Galerkin expansions with a suitable

choice of basis function. In case of type-1 barrier, there is a single interval but for type-II
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and type-III barriers there are two disjoint intervals.

For type-1,
N
]_-SMM,ANSMM(y) _ Z aiMMANSMMf;LS‘MMANSMM(y)’ y e (0,h) — L (58)
n=0

and for type-II

N
FSMAANSI ) _ { Z%:o aSMMANSMMSMMANSMM (1) ) < 4 < (59)
SV pSMMANSMM (SMMANSMM (1)) ¢ <y < b
and for type-111
N
FSMMANSIM () _ SN gSMMANSMM | SMMANSMM (1)) ( < 4 < 60)
Zi\fzo pSMMANSMM o] SMMANSMM (1)) ¢ <y < d

where the basis functions fYMMANSMM (4 for ¢ < y < h and pSMMANSMM (4 for
0 <y < a, ZMMANSMM(4y for ¢ < y < h and plSMMANSMM () for 0 < y < a,
qIIMMANSMM (1)) for ¢ < y < d are taken in terms of ultraspherical Gegenbauer poly-
nomials of order 1/6 with suitable weights [cf. Porter[3]]. The basis functions in different
intervals are given below.

3.4 Basis functions

Type-1 :
For this type of fully submerged barrier, we have to take the surface tension condition
and the behavior becomes

Fn,S;MM,ANSMM -~ (c . y)%l

as y — ¢ Y derived by considering the flow field near the corner point (b,c). Thus here

FEM() = SN ) = fuly) = — e [T a0 <y < (o)

We choose the basis functions in terms of f,,(y) as follows

rOan(7),0<y <c (62)
Type II:

Here we choose two different basis functions for two disjoint intervals.

—Ky

d A
P M (y) = ppNIMM (y) = po(y) = —d—y[ewM”S / eI p(t)dt], 0<y<a  (63)
Y
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where
. 26F(1)(2m)' 1y
pm(Z/) = 1 . T 2 1026771(_)70 <y<a (64)
7TF(2m—|—§)(a)3(a —y)3 a
and )
g™ (y) = g1 (y),m = 0,1,2,
gV M () = g1 (y),m =0,1,2, .. (65)
where
26T (LY (2m)! L b —
1) (y) = e Y ccy<n o0)
ml'(2m + 3)(h—c)3((h —c)* = (h—y)?)3 h
Type 11I:

Here we choose two different basis functions for two disjoint intervals.

pIoMM (y) = p1pN MM (y) = plin(y) = —%[6“533 / 7S By (B)dt], 0 <y <a  (67)
)
where
210(3)(2m)! sy
Pln(y) = 0 7C5n(5),0<y <a (68)
7l (2m + %)(a)ﬁ(a2 —y?)s
and
26T (L ! 1 9y —c—
sy - 2R ) ey <a (@)
ml(m +3)(5F°)3((y —e)(d —y))3 d—c

As the horizontal velocity component near the corner points of the thick barriers of all
the three types, have a cube root singularity, then allowing similar arguments as given in
Kanoria et al. [10], here also the basis functions are chosen in terms of Gegenbauer polyno-
mials of order 1/6.

3.5 Formation of linear system of equations
For type I, we substitute the approximation (58) in equation (39), and then multiplying

both side by appropriate fSMMANSMM () and integrate over (a,h) to obtain the linear
system of equations

N

SMM,ANSMM . SMM,ANSMM __ . SMM,ANSMM _
E a, o = w , m=0,1,...N (70)
n=0
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where

h h
TSn]\T{M,ANSMM :/ / NSMM,ANSMM(y’u)fS'MM,ANSMM(u)fTiMM,ANSMM(y>du dy,
a a

m,n=0,1,2,...., N, (71)

and

h
WSMMANSMM _ / coshyo(h — y) fSMM,ANSMM
a

dy,m=0,1,..., N. 72

The integrals (71) and (72) can be evaluated explicitly, as in Kanoria et al. [10] by using
the different properties and standard results on Gegenbaur polynomials. Thus the constants
aSMMANSMM (1) — () 1,...N) are obtained by solving the linear equations (70). The relation

(54) produce
N

CSMMANSMM _ Z agMM,ANSMM SMM,ANSMM (73)

n

w
n=0

so that CSMMANSMM are now found and |R| and |T'| are evaluated from the relations (55).

For type II, we replace the equation (59) by (39) and multiplying both sides first by
pSMMANSMM (1)) () < y < a) and then by ¢3MMANSMM (4)) (¢ < y < h) and then integrate

over (0,a) and (c, h) respectively, we get the linear system of equations as follows:

N gSMM,ANSMM N HSMM,ANSMM
E :aSMM,ANSMM mn + E bSMM,ANSMM m
n

3
n '])SMM,ANSMM QSM]\/LANSMM
n=0 mn n=0 mn
w(l)SMM7ANSMM
m
= w(2)SMM,ANSMM y mIO,l,...,N (74)
m

where

gi]T\gM,ANSMM :/ ( f()a NSMM’ANSMM(y,u)piMM’ANSMM(U)dU )pf@MM’ANSMM(y)dy,
0

Hi]ngANSMM :/ < fch NSMMANSMM(Z/’u) SMMANSMM(u)du >pSMM,ANSMM(y)dy’
0

n m

h
PS;JT\L/IM,ANSMM :/ ( foa NSMM7ANSMM(y’u) 5MM7ANSMM(U>du )qiMM’ANSMM(y)dy,

h
Q%{MANSMM :/ ( fch NSMM,ANSMM(%u)qSMM,ANSMM(u>du )q;iMMANSMM(y)dy,

n
Cc
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m,n=0,1,2,..., N, (75)
so that PIYMANSMM = gINMANSMM and
“coshvyo(h —y
WDSMMANSMM _ / #piMMANSMM(y)dy,
0 cosh yoh
h
coshyg(h —y
W@SMMANSMM _ / #qiMM’ANSMM(y)dy,
. cosh yoh
m=0,1,..,N. (76)

The integrals in the relations (75) and (76) can be evaluated explicitly and thus the
constants for type II barrier q5MMANSMM gy q pSMMANSMM (p — () 1,2, ..N) from linear

n

equations (59) are obtained. We approximate CSMMANSMM 54

N N
CSMM7ANSMM _ SMM,ANSMM, (1)SMM,ANSMM bSMM,ANSMM (2)SMM,ANSMM
- an wn + n wn

n=0 n=0
(77)
For type I1I, we substitute the equation (60) in (39) and multiplying both sides first by
pISMMANSMM (1)) () < y < a) and then by q1SMMANSMM (1)) (¢ < y < d) and then integrate
over (0,a) and (¢, d) respectively, we get the linear system of equations as follows:

N RSMMANSMM N GSMM,ANSMM
SMM,ANSMM n N7 pSMMANSMM (St
a, X SMM,ANSMM n V- SMM,ANSMM
n=0 mn n=0 mn
1 (USMMANSMM
m
= @smmansuy | m=0,1,... N (78)
wlm

where

REMMANSMM :/ ([ NSMMANSMI (y 3y SMMANSMM (3 gy, )pliMM,ANSMM(y)dy’
0
GSMMANSMM _ / < fcd NSMMANSMM (4 1)) 1 SMMANSMM (1)) gy, >p1§1MM7ANSMM(y)dy’
0
d
XSMMANSMM _ / ([ NSMMANSMM (3 )] SMMANSMM (3 gy ) GISMMANSMM () g

d
Yy SMMANSMM _ / ( fdh NSMMANSMM (y )1 SMMANSMM (1)) gy, ) gISMMANSMM (g0,
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m,n=0,1,2,..., N, (79)

SMM,ANSMM _ GSMM,ANSMM
so that X~ =S , and

1(DSMMANSMM _ “ coshyp(h —y) |SMMANSMM (,\ 1
w m - m (y) Y,
0 cosh yoh

d
1(SMMANSMM _ coshyo(h — y) SMMANSMM (, 1
wlyy = | — 4, (y)dy,
. cosh yoh

m=0,1,..,N. (80)

Solving the integrals present in (79) and (80) explicitly, the constants for type III barrier

aSMMANSMM gy pSMMANSMM (1 — (), 1,2,..N) from linear equations (60) are obtained.

CSMM,ANSMM

We evaluate as

N N

CSMMANSMM _ Z agMM,ANSMMwlg)SMMANSMM i Z bgMM,ANSMMwlg)SMM,ANSMM

n=0 n=0
(81)
3.6 Coefficients of linear system of equations

Type I

— 0 + . coszfy h
SMM oM i . .
an Y cah2 A B 4 1 7¢] 1(YC Jn 1(yrC
70605}1270]’ [ -y rz—l{@sr(hc)% ’ 6( 2 +6(7 )

o, cos? a,.c
+ COtht,f);Jm 1(apc) s, 1 (apc
a0 (00
cosh? age

Xo(02 — 12)6c3

I2m+% (O‘OC)I2n+% (O‘OC)] (82)

— 0 m cos? ,.h
ANSMM oM in e Vr Ve
m o |4 ———— Jop 1 (7€) Sy 1 (VrC
70008}1270]1 [( ) Z{(Srsr(f%“c)% 2 +6(7 ) 2 +6(7 )

r=1

o, cos? a,.c

+ tanh t,b———"5J, 1 (a,c)dy, 1 (pC)
)\rtr(arc)% 2 +6 2 +6

cosh? age

Ao(02 — 12)5c3

+(tan(a3 — 17)30) fzm+%<aoc>f2n+%<aoc>] (83)

WSMMANSMM _ M) m=0,1,..,N. (84)
(0¢)®
Type 11
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SMM oM m4+n Vr Vr
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B, cos? B,a
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e-u(fra)s
cosh? Bya

+(— cot(3 — 1/2)%6)

B Yo cosh? Yoh
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2 Jomat (rm)dy, 1 (rm
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(92)

where dp, = 1 for n = 0, and 9y, = 0 for n > 1 and J's are Bessel functions of first kind and

wm T 5 m:O’ 17...’N. (93)
(Yoa)s
WS)ANSMM _ wg)SMM (94)
L. 7(y(h—c
WDSMM _ 1 2 +6( of . )), =0,1,...N (95)
coshyoh  (yo(h —c))s
A _ s (96
Type 111
Sot 2. | 4 cos® .k
RSMM _ 0y qymin ;J ) J. -
S oSk o (1) Z 5,5 (na)s omt 1 (@) Sy 1 (r)
+ cothu ZJMJ2er (Bra)J ont i 1 (f,a)
& u,(Bra)s °
cosh? fya
+(— cot(3 — VQ)%b) 2 i 1 Loy 1 (Boa) Iy, 1 (Boa) (97)
€(f5 —1v?)5as ¢ ¢
Soft e cos? v, h
RANSMM _ __ OoF 1)mtn L ). r
AN ———T—_ 2:: 5o (a2 1 (@) Ty, 1 (7ra)
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eur(Bra )
h2
—l—(tan(ﬁg —1/2)%5) o 50% Lo 1 (Boa) Ly, 1 (Boa) (98)
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cos(ZE — 7, (h — <9)) d—c
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mi c+d Jm-ﬁ-l(’yr%)Jn—i—l(%%)
cos(— — Y (h — ))— — 1
2 2 (145¢)5
coth(,b mmr  rm nt Y Jmr16(F) Int1/6(F)
d— )G, 005{7_7}608{7_7} ()13

127 213 cothwb
SomOon 101
T ] 1oy
where dq,, = 1 for n =0, and dy,, = 0 for n > 1.
After replacing ‘coth’ by ‘tanh’, we obtain YANSMM from (101).

Tom
W1 WSMMANSMA _ 22mt1/6170%) ;vl/zgo“) (102)
0

m —ctdy —ctd d—c
wlg)SMM,ANSMM _ (—1) e (h=F)e0(h=5 )Im+1/6(7017) (103)

2 cosh yoh (%%)6

where I's are modified Bessel function of first kind.

4 Numerical results and discussions

The present numerical results describe the nature of reflection coefficient | R| against the non
dimensional wave numbers Kh for different values of the parameters b/h,a/h and different
values of incident angle #. For numerical computation of three type of barriers, we consider
N = 10 in equation (70), (74) and (78) respectively. The coefficients are obtained by
employing (N + 1) Galerkin approximation technique. These are seen to satisfy the energy
balance relations numerically. This gives a partial check on the correctness of the numerical
result obtained here. We consider 200 terms in each series of XE%M’AN SMM and almost
a six figure accuracy is obtained is obtained in the result. In the Table 1, we study the
convergence of the analytical solution by showing the numerical values of |R| for different
values of kh with the truncation size N = 2,5, 7, 10 of the finite series (70) for type I barrier.
From this table it is seen that the results for |R| converge very rapidly with N. For N =7,
an accuracy of almost five decimal places is achieved.

Table 1: Convergence of |R| with N for Type I Barrier with b/h = 0.5,¢/h = 0.5,0 =

250, M/h? = 0.5
Kh N=2 N=5 N=7 N=10
0.2 0.35462 0.38562 0.395131 0.395133
1.0 0.29652 0.31236 0.327913 0.327916
1.8 0.13256 0.16235 0.175689 0.175692

Table 2 shows the convergence of the numerical values of |R| for different values of kh
with the truncation size N = 2,5,7,10 of the finite series (74) for type II barrier. Here
also a five figure accuracy is achieved for N = 7. Thus, from these two tables, we can say
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the present method is quite efficient for the numerical calculation of |R| (and |T'|). In a
similar manner one can show the convergence analysis for Type III barrier. Here we avoid
the similar calculations.

Table 2: Convergence of |R| with N for Type II Barrier with a/h = 0.4,b/h = 1.0,¢/h =
0.8,0 = 25°, M/h? = 0.5

Kh N=2 N=5 N=7 N=10
0.2 0.31562 0.35841 0.361959 0.361966
1.0 0.221024 0.261021 0.272900 0.272902
1.8 0.361120 0.405543 0.417920 0.417921

4.1.1 Discussion of energy identity relation

In Table 3, the numerical values of the components present in the energy identity relation
are provided for different values of the dimensionless wavenumber kh for Type I barrier with
fixed values of a/h = 0.4,0/h = 1.0,¢/h = 0.8,0 = 25°, M/h? = 0.5. Tt is observed from
the table that the energy balance relation |R|* 4+ |T'|* = 1 satisfied numerically. It shows
a partial check of our present method. Thus numerically we can show that reflection and
transmission coefficients are satisfied the energy balance relation, which is |[R|* + |T'|? = 1.
Thus in present numerical analysis, it is quite enough to show the behavior change of | R
considering different parametric values.

Table 3: Energy identity, Type I barrier for b/h = 0.5,¢/h = 0.5,0 = 25°, M/h? = 0.5

Kh B 7] [RI+ T
0.1 0.127612 0.991824 1.0000
0.5 0.412045 0.911164 1.0000
1.0 0.327916 0.944707 1.0000
1.5 0.229463 0.969256 1.0000
2.0 0.143046 0.989716 1.0000
2.5 0.0729557 0.997335 1.0000
2.9 0.0278562 0.999612 1.0000

4.1.2 Comparison with existing results

In Fig. 3, the reflection coefficient verses non dimensional wave number for type I and
type II barriers have been plotted without the effect of surface tension. For comparison
with my present result with the figures given in Kanoria et. al’s [10], we consider very
small values of non dimension surface tension factor, % = 0.0001, & = 0° and other non
dimensional parameters are taken same as Kanoria et. al’s [10] data for their Figures 4 and
5. In Fig. 3, dashed line and thick line corresponds our present data line and star and thick
dot points represent the data of Kanoria’s Figure 4 and 5 respectively. We can say that our
present figure 3 almost matched with those figures of Kanoria et al’s[10] paper. This shows

the partial check of the correctness of our present numerical data.
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0.8 ‘ —Results by present method(type I)
* Results by Kanoria (1999)(type I1)
0.6 Results by present method(type II)
' e ® Results by Kanoria (1999)(type IIl)
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|
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Figure 3: Reflection coefficients for two types of barriers without surface tension

4.2 Effect of various parameters on reflection coefficients

We now discuss the results associated with type I and type II barriers in separate fig-
ures. The variation of reflection coefficients (|R|) as a function of wave numbers (K h)are
explained considering different parametric values.

4.2.1 Type I barrier

Figs. 4A, 4B and 5A, 5B show the plots of reflection coefficient (|R|) of bottom standing
thick barrier (Type I barrier) against non-dimensional wave number (Kh). Fig 4A is drawn
with fixed values of { = 0.5, % =1 and 0 = 45° for different values of width of the barrier
% = (0.5,1.5 and 2. It is seen that increasing values of the width reflect less energy and also
oscillation in the curve increases with increasing width of the barrier.

0.6 w 0.6 :
—b/h=0.5 —c/h=0.4
- b/h=1.5 = c¢/h=0.6
b/h=2.0 c/h=0.8
] 0.4 i
x 3
I
0.2
0 LI : : : : 0 :
0 0.5 1 15 2 25 3 0 5
Kh h
(A) £ =054 =05,0 =250 B) 2 =154 =05,0 =25

72
Figure 4: Reflection coefficient for type I barrier (A)for different 2; (B)for different £

In Fig. 4B, |R| is depicted against Kh for different §(= 0.4,0.6,0.8) and consider fixed
values of % =2, % = 0.5,0 = 25°. When depth from the free surface of the bottom standing
thick barrier gradually increases less energy reflected and more energy transmitted. Zero
reflection also decreases with increasing ;.
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IR]
IR|

0.2

0.1

0O 015 l 115 2 215 3
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(A) 2 =2,¢£ =05,0 =25

Figure 5: Reflection coefficient for type I barrier (A)for different 2Z: (B)for different 6

>

The effect of surface tension on reflection coefficient is described in Fig. 5A which is drawn
for three different values of surface tension factor h—f‘i = 0.5,1.5 and 2 with fixed values of
% =2,£=05,0= 25%. Tt is clear that the amplitude of reflection coefficient decreases with
increase of surface tension which agrees the presence of cohesive force in between the water
molecule due to the surface tension. The graphs depicted in Fig. 5B are the reflection coef-
ficients against wave numbers with fixed values of % = 2,7 = 0.5 and h—f‘é = 3 and different
values of incidence angle 6 = 25° 60°,89°. The peak values of |R| gradually decreases with
the increasing values of incidence wave angle. It is also noticed that when 6 is almost 90°

the amplitude of |R| is very small compared to the small incident angles.
4.2.2 Type II barrier

In Figs. 6A, 6B, 7TA, 7B and 8, the variation of reflection energy coefficient is plotted
against non dimensional wave number for type I barrier (submerged rectangular block). The

graphs depicted in Fig. 6A are drawn with fixed values of % =1,7 =038, h—% =0.5and 0 =
25% and for different depth of the barrier from the upper surface of water, 7 =0.4,0.5,0.6.

It is seen that increasing values of # decreases the amplitude of reflection coefficient. Fig.
6B shows the effect of change of width of the barrier on reflection coefficients by considering
% = 1.0,0.7 and 0.4 and fixed values of § = 0.5, = 0.8, h—f‘i = 0.5 and § = 25°. Barrier with
large width reflects more energy than the thinner one.

Fig. 7A is drawn for different values of 7 (= 0.5,0.7,0.9) and fixed values of § = 0.4, % =
1, h—f‘é = 0.5 and § = 45°. From the figure it can be say that with increasing 7, |R| grad-
ually increases. It is physically quite obvious because large height of the barrier reflects
more energy than the smaller one. Fig. 7B is drawn for |R| with different values of
h—% = 0.5,1.0,and1.5 and fixed values of = 0.5,% = 1,7 =08 and 0§ = 25°. The ef-
fect of surface tension increases the amplitude of |R| for type II barrier. Fig. 8 is plotted
the variation of reflection coefficient |R| against wave number Kh for different angles of in-
cidence 6(= 25°,50°, 75° and 89") and fixed values of £ = 0.5,2 = 1,£ = 0.8 and 2% = 0.5.
Figure shows that for presence of surface tension in the upper surface and submerged block

e
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IR]
IR|
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Figure 6: Reflection coefficient for type II barrier (A)for different %; (B)for different 2
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in water, the amplitude of |R| gradually increases with decreasing values of 6.

06

IRI|

Kh
Figure 8: Reflection coefficient for type II barrier for different 6 with ¢ = 0.5, % =1,7 =
0.8,% =05

4.2.3 Type III barrier
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Figs. 9A, 9B, 10 depict the behavior of | R| against non dimensional wave numbers, for type
IIT barrier. Fig. 9A is drawn for different values of width (2 = 0.4,0.7 and 1.0) of the
thick barrier and fixed values of = 0.2, h—% = 0.5, @ = 0.3,0 = 25°. The figure have
shown that increasing width of the barrier gradually increases the reflection coefficient and
oscillating behavior in reflection curve also seen for large values of %

1 PR . = 1 e
' V4
ol Vi
0.8 1 0.8 }‘:
: i —(d-c)/h=0.2
0.6 0.6 = (d-c)/h=0.3
T : —b/h=0.4 d % (d-c)/h=0.4
o4l - b/h=0.7 | = |
044 b/h=1.0 0.4
|
0.2 J 1 0.2
il
0 : ‘ : ‘ 0 : ‘ :
0 0.5 1 15 2 25 3 0 0.5 1 1.5 2 2.5 3
Kh Kh
d_
(A) ¢ =024 =05,52 =030 =25 (B)g =02, =1,45 =0.5,0 =25

Figure 9: Reflection coefficient for type I1I barrier (A)for different 2; (B)for different %<

1 : —
|| 1.
0.8
i
_06};
E f
0.4 : - M/h?=0.5
h M/h?=1.0
0.2

0 0.5 1 15 2 2.5 3
Kh

>

Figure 10: Reflection coefficient for type III barrier for different % with 7 = 0.2,

1,9 = 03,0 = 25°.

In Fig. 9B, | R| is depicted for various values of the gap of the barrier (% =0.2,0.3and 0.4)
and fixed values of 7 = 0.2,% =1, h—]\g = 0.5,0 = 25°. The figure has clearly shown that
amplitude and oscillation the reflection curve increases with large values of the gap in the
barrier. Fig. 10 shows the behavior of |R| for different values of £ = 0.2,0.5 and 1.0 with
fixed values of 3 = 0.2,% =1, (d;C) = 0.3,0 = 25°. Same as the type I and type II barri-
ers, also in case of type III barrier, the effect of surface tension increases the amplitude of
reflection coefficient of wave energy and it is more clear for large values of wave numbers. It
can be noted that, all the reflection curves for each type of barriers with different paramet-
ric values show the zero reflection behavior. This phenomenon is true due to geometrical
symmetry in the barrier’s configuration. Also, number of zeros in reflection curve increases
with increasing width of the barrier. For each type of barriers, the reflection curves for long

waves confine near the origin.
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5 Conclusion

Oblique wave scattering by thick rectangular barrier in presence of surface tension at the
upper surface have been studied here by employing multi-term Galerkin approximation
technique. Three different geometrical positions of the barrier are considered here. The
numerical estimate of reflection coefficient for different values of wave numbers and other
parameters involved in the physical problem have been obtained and exemplify graphically.
The numerical results also satisfy the energy balance relation. The results without surface
tension have been recovered from present result by considering very small values of M.
From the present study, it is clear that the amplitude of reflection coefficient decreases
when the value of surface tension increases. The width and height of the thick barriers play
a crucial role to the nature of scattering waves. The zero reflection and oscillation behavior
of reflection coefficient are also observed here.
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