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ABSTRACT 

 

          In the field of materials science, composite materials have gained attraction as scientist and 

researchers can improve different mechanical properties as per choice. Due to high stiffness and 

lesser in weight compared to conventional materials, composites are suitable for weight sensitive 

application in the field of marine, automobile, sports, aeronautic structure and power plant. In recent 

past extensive use of laminated composites are found in many engineering discipline like aerospace, 

mechanical, civil, marine, automobile, and power plant. Composite materials are used in structural 

application due to reduction in weight and enhancement of strength. Therefore it is an important area 

for researchers and scientist to analyze different structural parameters and their effects.  

Turbomachinery blades are fixed at one end on disc or hub and other end is free. Thus it 

behaves like a cantilever beam fixed at one end and conical in shape with trapezoidal planform. 

During rotation blades are subjected to centrifugal forces. In power plants, the composite blades are 

subjected to high operating temperatures. So it is necessary to understand the dynamic behaviour of 

conical shell operating under thermal and centrifugal loading.  

Delamination or separation of layers is one of the failure mode of laminated composite 

materials. It may occur at any arbitrary location due to manufacturing defect, loading condition, 

environmental effect etc. Delamination creates geometrical and material discontinuities. It reduces 

structural strength and stiffness and as a result the load carrying capacity of the material reduces. 

Therefore it is necessary to study the effect of delamination on structural strength of composite 

blades.  

It is required to predict the maximum safe load in design of a composite material which 

depend on several structural parameters, size and location of delamination, rotation and 

environmental condition. The initial separation of any two layers of laminated composite are known 

as first-ply failure (FPF). There are several established FPF theories available which are maximum 

strain (independent), maximum stress (independent), maximum stress (polynomial) Hoffman, Tsai-

Hill, and Tsai-Wu. The present work illustrates the effect of some vital parameters like stacking 

sequence, pre-twist angle, aspect ratio, presence and location of delamination, and rotational speed on 

the FPF in the delaminated composite conical shell with an initial twist. It is found that the FPF 

strengths increase on increasing the non-dimensional rotational speed whereas the strength decreases 
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with size and number of delaminations, aspect ratio and pretwist angle. The stresses developed at the 

FPF loads are lower in non-rotating conical shells compared to rotating shells. 

 Dynamic behaviour of composite materials under random impact is a serious concern 

since the impact phenomenon inevitably arises during manufacturing, maintenance, transport and 

hostile operating conditions. The presence of delamination intensifies the damage caused by impact 

which in turn significantly reduces the strength and stiffness of the composite structure. The critical 

impact velocity at which the first-ply failure may initiate is of utmost engineering concern and 

importance since failure will propagate at an enhanced rate due to reduced strength of the resulting 

composite structure. The effect of delamination, aspect ratio, fiber orientation angle on contact force, 

shell displacement, impact or displacement, impactor velocity are significant parameters as it initiates 

impact induced first-ply failure. Results include the effects of different parameters like delamination 

length, aspect ratio, fibre-orientation angle and impact location on the dynamic behaviour of conical 

shell at maximum safe impact velocity beyond which first-ply failure (FPF) will commence. The 

Tsai-Wu failure criterion which is the most general and consistent criterion for biaxial stresses is used 

to predict the critical velocity of impact for first-ply failure initiation in composite conical shells. It is 

observed that critical velocity decreases on increase of aspect ratio and size of delamination. It is also 

found that contact force, shell displacement, impactor displacement, impactor velocity decreases on 

increasing the aspect ratio, size & number of delamination. When the impact location moves from 

near fixed end to near free end, the contact force, shell displacement, impactor displacement, and 

impactor velocity decreases.  

 

The FEM codes are developed first validated with available benchmark literatures and the 

percentage variation between current and published results are found to be between 3%. Then the 

codes are used for present analysis. The FEM codes are developed using MATLAB and FORTRAN 

and the results are plotted using standard graph plotting software (ORIGIN). 
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NOMENCLATURE 

____________________________________________________ 
z    Mid-plane of the conical shell laminate. 

Ry,    Chordwise radius of the conical shell. 

Rxy                                            Pre-twist radius of the conical shell  

L,                                              Span length              

bo,      base width                                              

α0       major radii 

β0       minor radii 

h   thickness 

θv    vertex angle 

θ0       base subtended angle 

ψ,   Pre-twist angle   

ωz,   Rotational speed (rad/s), 

                                              Non-dimensional rotational speed ( ),   

                                            Angular speed at resonance 

d  Delamination size 

d1  spanwise location of the delamination centre from the fixed end  

L                                              span length of the conical shell 

hDel          Delaminated ply location from bottom 

nd Number of delaminations (for multiple-delaminations). 

E  Young’s modulus 

G  Rigidity modulus 

ν  Poisson’s ratio 

 ρ  Density 
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[N] Shape function matrix 

[B]  Strain-displacement matrix 

[D]  Elasticity matrix 

[M]  Mass matrix 

[K]  Linear stiffness matrix 

U  Total strain energy 

  Geometric stiffness matrix at element 

  Geometric stiffness matrix at global 

FP  Externally applied point load 

, ,   Normal stress components, shear stress components in the principal 

material directions. 

, ,  Normal strain components, shear strain components in the principal 

material directions. 

XT,YT Tensile strengths (based on stress) of the lamina in the principal 

material directions (x- and y-directions) assuming plane-stress 

conditions for the present analysis. 

XC,YC Compressive strengths (based on stress) of the lamina in the principal 

material directions (x- and y-directions). 

R, S, T Shear strengths (based on stress) of the lamina in the principal material 

directions (x- and y-directions). 

XεT,YεT Tensile strengths (based on strain) of the lamina in the principal 

material directions (x- and y-directions). 

XεC,YεC Compressive strengths (based on strain) of the lamina in the principal 

material directions (x- and y-directions). 

Rε, Sε, Tε Shear strengths (based on strain) of the lamina in the principal material 

directions (x- and y-directions). 

mi Mass of the impactor 

 Acceleration of the impactor 
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Fc Global contact force vector 

kc Contact stiffness 

α0  Permanent indentation 

 

Numbering of Figures, Tables and Equations  

Figures, tables, and equations have been numbered in accordance with the chapters in which they 

appear in the thesis. Each table, figure and equation have two distinct numbers. The first number 

specifies the number of the chapter, and the second number denotes to the actual number of the 

figure, table, and equation in that chapter.  

 

Representation of References  

The list of references has been furnished at the end of the thesis. These references have been 

represented by the respective name of the author(s) along with the year of publication.        

 

 

 

 

 

 

 

 

 

 



 

x 

CONTENTS 

_________________________________________________________________________________ 

 Page No. 

CERTIFICATE                                                                                                                                  i 

ACKNOWLEDGEMENT                    ii 

LIST OF PUBLICATIONS                              iii 

ABSTRACT                  iv - v 

KEYWORDS                                                                                                                                   vi 

NOMENCLATURE               vii - ix 

CONTENTS                 x - xii 

LIST OF TABLES              xiii - xv 

LIST OF FIGURES              xvi - xix 

                                          

Chapter 1     INTRODUCTION              1 - 41 

           1.1.1 Preface                           1  

           1.1.2 Turbo Machinery Blades                               2 

           1.1.3 Shell Modelling                                             3 

           1.1.4 Pre-twisted Composite Conical Shell Modeling                                                        3  

           1.1.5 Finite Element Modeling                          3 

           1.1.6 Delamination Modeling                                                                                              4 

           1.1.7 First Ply Failure due to Static Loading              4 

           1.1.8 Impact Induced First Ply Failure              5 

1.1.9 Transient Response                5 

 

1.2 Literature Review                  5 

1.2.1 Beam, Plates and Shell                 7 

1.2.2 Laminated Beam, Plates and Shell              10 

1.2.3 Finite Element Modeling of Composite Materials            14 

1.2.4 Delamination Modeling                17 

1.2.5 Composite Cylindrical and Conical Shell             20 

1.2.6 Composite Shallow Shell               24 

1.2.7 First Ply Failure                 27 



 

xi 

1.2.8 Impact Induced Failure Response              31 

1.2.9 Recent Advances in Composite Materials             36 

1.3 Motivation of the present Research                40 

1.4 Objective of the present work                40 

1.5 Scope of the Present work                                                                                                        41 

 

Chapter 2   Theoretical Formulation                                                                                      42-65 

 2.1 Introduction 42 

 2.2 Conical Shell Model 42 

 2.3 Finite Element Formulation 44 

 2.4 Stress-Strain Relationship 47 

            2.5 Generalized dynamic equilibrium equation                                                                   50 

 2.5.1 Rotating conical shell 50 

 2.5.2 Strain energy of rotating conical shell 54 

            2.6 Governing equation of motion                 56 

 2.7 Boundary conditions 58 

 2.8 Formulating free vibration problem                58 

 2.9 Low velocity impact problem                 59 

 2.10 Multi Point Constraint Algorithm for Delamination 62 

 2.11 First Ply Failure Criterion 64 

  

Chapter 3 First Ply Failure of Pre-twisted Delaminated Rotating Composite          66-94 

      Conical Shells  
 3.1 Overview 66 

3.2 System Capabilities                  66 

 3.3 Parametric Study 66 

 3.4 Convergence and Validation 67 

 3.5 Result and Discussion  71

 3.5.1 Effect of Delamination size and Aspect ratio of the Untwisted Conical Shell 71 

 3.5.2 Effect of pre-twist angle and Delamination Size 76 

 3.5.3 Effect of Rotation 78 

 3.5.4 Effect of Location of Delamination 81 



 

xii 

 3.5.5 Multiple Delaminations 84 

 3.6 Effect of Twist angle and Aspect ratio 89 

 3.7 Effect of Delamination and Rotation 92 

 3.8 Variation of Tsai-Wu Failure Load with Aspect Ratio and Fiber Orientation Angle 94 

 

Chapter 4 Impact Induced First Ply Failure of Delaminated Composite         95-113  

                  Conical Shells 

 4.1 Overview           95 

 4.2 Consideration and Validation        95 

 4.3 Convergence Study         98 

 4.4 Results from the Present FEM        99 

 4.4.1 Critical Velocity and Transient Response of Single Delaminated Shell  99 

 4.4.2 Transient Response of Blind, Central and Open Crack     103 

 4.4.3 Transient Response and contact stress of multiple delamination   107 

 4.4.4 Transient Response due to change in location of impact    112 

 

Chapter 5 Summary & Conclusion                        114-116 

 

5.1 First Ply Failure of Pre-twisted Delaminated Rotating Conical Shells    114 

      5.2 Impact Induced First Ply Failure of Delaminated Conical Shells    116 

 

Chapter 6 Research Contribution and Innovativeness      117 

 

Chapter 7 Future Scope of Work         118 

 

REFERENCES               119-138 

APPENDIX            139 

 

 

 

 

 

 

 

 

 



 

xiii 

LIST OF TABLES                                                                                

Table 

No. 
Caption of the table Page 

No. 

3.1(a) 
Convergence of the FPF loads (N) for non-rotating (Ω=0.0) laminated composite 

[(0/90/0/90/0)s] conical shell subjected to a centrally applied point load (FP) for 

different mesh sizes of  (6×6),  (8×8) and (10×10) 

68 

 

3.1(b) 

 

Convergence of the FPF loads (N) for non-rotating (Ω=0.0) laminated composite 

[(45/-45/90/0/45/90/-45/0)s] conical shell subjected to a centrally applied point load 

(FP) for different mesh sizes of  (6×6),  (8×8) and (10×10)   

 

69 

 

3.2 

 

Non-dimensional fundamental frequencies ( ), 

 of pre-twisted shallow conical shell  

 

70 

3.3 FPF loads for the partially clamped laminated plate under centrally applied transverse 

point load 

71 

 

3.4(a) 

 

FPF loads (N) for laminate (I) [(45/-45/90/0/45/90/-45/0)s]with centrally located 

delamination sizes (d/L =0.00, 0.25 and 0.50; d1/L=0.50) of the untwisted conical 

shell (ψ=00) for different aspect ratios (L/s) of the conical shell and delamination 

sizes subjected to a point load (FP). 

 

72 

 

3.4(b) 

 

FPF loads (N) for laminate (II) [(45/0/-45/0/-45/90/0/45)s]having  centrally located 

delamination sizes (d/L =0.00, 0.25 and 0.50; d1/L=0.50) of the untwisted conical 

shell (ψ=00) for different aspect ratios (L/s) of the conical shell and delamination 

sizes subjected to a point load (FP) 

 

73 

 

3.4(c) 

 

FPF loads (N) for laminate (III)[(45/-45/0/90/45/0/-45/90)s] having centrally located 

delamination sizes (d/L=0.00, 0.25 and 0.50; d1/L=0.50) of the untwisted conical shell 

(ψ=00) for different aspect ratios (L/s) of the conical shell and delamination sizes 

subjected to a point load (FP) 

 

74 

 

3.5 

 

FPF loads (N) for centrally delaminated (d1/L=0.50) ten-layered (0/90/0/90/0)s 

transversely loaded laminates subjected to a center point transverse load 

 

77 

 
 

 

 



 

xiv 

3.6 FPF loads (N) for (0/90/90/0) untwisted laminates (ψ=00) subjected to a center point 

transverse load for different non-dimensional rotational speeds (Ω) 

79 

 

3.7 

 

FPF load (N) for (0/90/90/0) pre-twisted laminates (ψ=300) subjected to a center 

point transverse load for different non-dimensional rotational speeds (Ω) 

 

79 

 

3.8 

 

FPF loads for 8-layered (45/-45/-45/45)s angle-ply transversely point-loaded 

laminates (d/L=0.50) for varying locations of the delamination along the span of the 

conical shell 

 

82 

 

3.9 

 

FPF loads for (0/90/0/90/0)s transversely loaded untwisted conical shell subjected to a 

center point transverse load(d1/L=0.50, d/L=0.50, ψ=300) for different locations of the 

delamination along the thickness of the conical shell laminated  

 

83 

 

3.10 

 

FPF loads (N) for (0/90/0/90/0)s transversely loaded pre-twisted conical shell 

subjected to a centrally applied transverse load (d1/L=0.50, d/L=0.50, and 

ψ=300)containing two and four symmetrically placed delaminations (nd=2 and 4) 

 

85 

 

3.11 

 

FPF loads (N) for (0/90/0/90/0)s transversely loaded pre-twisted non-rotating (Ω=0.0) 

conical shell subjected to a centrally applied transverse load (d1/L=0.50, d/L=0.50 and 

ψ=300) containing two arbitrary unsymmetric delaminations (nd=2) located at(I) 1st 

and 2nd interface from the bottom,(II)1st and 3rd interface from bottom, (III)1st and 4th 

interface from bottom, (IV) 1st and 5th interface from bottom, (V) 1st and 6th interface 

from bottom,(VI) 1st and 7th interface from bottom, (VII) 1st and 8th interface from 

bottom, (VIII) 1st and 9th interface from bottom (symmetric) 

   

  88 

 

3.12 

 

FPF failure load of Intact & Delaminated untwisted (ψ=00) Conical Shell (0/90)2S for 

different aspect ratios (L/s) 

 

 

89 

3.13 FPF failure load of Intact & Delaminated twisted (ψ=150) Conical Shell (0/90)2S for 

different aspect ratios (L/s) 

90 

3.14 FPF failure load of Intact & Delaminated twisted (ψ=300) Conical Shell(0/90)2S 

different aspect ratios (L/s) 

 

  90 

3.15 FPF failure load of Intact & Delaminated twisted (ψ=450) Conical Shell (0/90)2S 

for different aspect ratios (L/s) 

91 



 

xv 

 

3.16 
FPF loads (N) for laminate [(45/-45)2] with central delamination sizes (d/L = 0.00, 

0.25 & 0.50) of a cantilever conical shell for different aspect ratios (L/s) subjected to 

a centre point transverse load 

92 

 

3.17 

 

FPF loads (N) for [(45/-45)2] laminate with different delamination sizes subjected to 

a center point transverse load for different non-dimensional speeds (Ω) for aspect 

ratio (L/s) 0.7 

 

93 

 

4.1 

 

FPF loads under different failure criterion 

 

96 

4.2 Non-dimensional fundamental frequencies ( , flexural rigidity 

 of untwisted shallow cantilever conical shell 

96 

 

 

 

 

 

 

 

 

 

                                              

             

             

  



 

xvi 

LIST OF FIGURES                                                                               

Figure 

No. 
Caption of the figure Page 

No. 

2.1 Schematic diagram of a shallow conical shell 43,44 

2.2 FE Mesh discretization of the planform of the conical shell 45 

2.3 An element in x-y (ξ – η) plane 46 

2.4 An isoparametric element in the ξ – η space 46 

   2.5 

2.6 

Rotating conical shell represented in both inertial and local reference system 

Delamination Model 

50 

62 

3.1 Finite Element Mesh representation of the plan form of the conical shell 68 

3.2 The variation of relative frequencies of graphite-epoxy composite plate [(±45°)4] 

clamped at one side with relative delamination length. 

70 

 

3.3 

 

Location of delaminated zone and most probable zones of failure initiation in 25% 

( ) and 50% ( ) mid-delaminated ( ) composite conical shell  

 

74 

3.4  

Spatial distribution of stresses and deflection for laminate (II) [(45/0/-45/0/-

45/90/0/45)s] and aspect ratio L/s=0.7 of the untwisted (ψ=00) intact laminated 

composite conical shell subjected to a failure point load FP=269.71N as predicted 

by maximum stress (independent) theory. 

 

75 

3.5 

Spatial distribution of stresses and deflection for laminate (II) [(45/0/-45/0/-

45/90/0/45)s]having centrally located delamination (d/L= 0.50 and d1/L=0.50) and 

aspect ratio(L/s=0.7) of the untwisted (ψ=00)composite conical shell subjected to a 

failure point load (FP=111.65 N) predicted by the maximum stress (independent) 

theory 

76 

 

3.6 

 

 

 

Spatial distribution of stresses and deflection of pre-twisted (ψ=300) non-

rotating (Ω=0.0) intact composite conical shell (0/90/90/0) under centrally 

applied failure point load FP=506.66 N as predicted by maximum stress 

(independent) theory. 

 

80 



 

xvii 

 

3.7 

Spatial distribution of stresses and deflection of pre-twisted (ψ=300) rotating 

(Ω=1.0) intact composite conical shell (0/90/90/0) under centrally applied failure 

point load FP=775.23N (marked in bold in Table 7) as predicted by maximum 

stress (independent) theory 

  

81 

3.8 Location of the multiple delaminations (d1/L=0.50, d/L=0.50)w.r.t to the mid-

plane of the multiple-delaminated composite conical shell 

84 

 

3.9 

 

Variation of fundamental frequency (Hz) and Hoffman first-ply failure load 

(N)with fiber orientation angle (θ) for both single and multiple delaminated 

untwisted composite four-layered (0/θ/0/θ) composite conical shells at different 

rotational speeds (Ω) 

 

86 

 

3.10 

 

Tsai-Hill Failure Load (N) with Aspect Ratio (L/s) for intact, single & multiple 

delaminated untwisted (𝜓=00) composite (0/90/0/90) conical shells with different 

delamination size located from the mid-plane 

 

87 

 

3.11 

 

Variation of Tsai-Wu Failure Load with Aspect Ratio (L/s) 

 

94 

3.12 Variation of Tsai-Wu Failure Load with Fibre orientation angle (θ) 94 

4.1 Deviation of relative frequencies with relative delamination length 97 

4.2 Validation of Contact Force 97 

4.3 Validation of shell deflection 97 

4.4 Convergence of Contact Force        98 

4.5 Convergence of Tsai-Wu Tensor 98 

4.6 Convergence of Contact Force                   98 

4.7 Convergence of Tsai-Wu Tensor 98 

4.8 
Variation of the critical velocity of Impact with different aspect ratios (L/s) of the 

conical shell and delamination sizes (Intact, 25% & 50% Delamination) for 

[0/90/0/90] cross ply laminates 

100 



 

xviii 

 

4.9a 

 

Variation of Contact Force with time for Intact Shell 

 

101 

4.9b Variation of Contact Force with time for 25% delaminated shell 101 

4.9c Variation of Contact Force with time for 50% delaminated shell 101 

4.10a Variation of shell deflection with time for Intact Shell  101 

4.10b  Variation of shell deflection with time for 25% delaminated Shell 101 

4.10c Variation of Shell deflection with time for 50% delaminated shell 101 

4.11a Variation of impactor displacements with time for intact shell     102 

4.11b Variation of impactor displacements with time for 25% delaminated shell 102 

4.11c Variation of impactor displacements with time for 50% delaminated shell  102 

4.12a Variation of impactor Velocity(m/s) with time for Intact Shell 102 

4.12b Variation of impactor Velocity(m/s) with time for 25% delaminated Shell  102 

4.12c Variation of impactor Velocity(m/s) with time for 50% delaminated Shell 102 

4.13a Blind Crack 103 

4.13b Central Crack 103 

4.13c Open Crack 103 

4.14 Time-based variations in the Contact force (N) and Tsai-Wu (T) polynomial for 

various types of crack 

 

104 

  4.15 Variation of stresses (σ1) in principal directionat critical velocity of impact for 

various types of crack 

 

105 

4.16 Variation of stresses (σ2) in principal direction at critical velocity of impact for 

various types of crack 

 

106 

  4.17 Variation of in plane stresses(τ12)at critical velocity of impact for various types of 

crack 

107 



 

xix 

 

4.18 Schematic diagram of multiple delamination 107 

4.19 Variation of contact force with time for multiple delamination 108 

4.20 Variation of shell displacement/thickness with time for multiple delamination     108 

4.21 Variation of  impactor velocity with time multiple delamination          108 

4.22 Variation of impactor displacement with time for multiple delamination 108 

4.23 Variation of Tsai-Wu Tensor with time 109 

4.24 
Variation of stresses (σ1) in principal direction at critical velocity of impact for 

intact and multiple delaminated shell 

 

110 

4.25 
Variation of stresses (σ2) in principal direction at critical velocity of impact for 

intact and multiple delaminated shell 

 

110,111 

4.26 
Variation of in plane stresses (τ12)at critical velocity of impact for intact and 

multiple delaminated shell 

 

111 

4.27 Schematic diagram of  Different Location of Impact 112 

4.28 Comparison of Contact force                 113 

4.29 Comparison of Shell Displacement 113 

4.30 Comparison of impactor velocity         113 

4.31 Comparison of impactor displacement 113 

   

   

   

   



 

 



1 

 

CHAPTER 1: INTRODUCTION 

 

1.1  Overview 

 

1.1.1 Preface 

With the advancement of technology and computing facilities in the field of material 

science, composite materials have gained superior attention by many researchers and scientists. 

The improvement of different mechanical properties as per choice encouraged researcher to tailor 

the fibre orientations in order to obtain desired properties of composite materials. With the 

advancement of composite materials designers got freedom to improve structural properties of 

same dimension by analysing/optimizing different properties. Owing to its high stiffness, low 

weight compared to conventional materials, alloys and ceramics and other preferred properties like 

corrosion resistance, wear resistance, durability, composites are considered as potential materials 

for weight sensitive applications like marine structure, aeronautic structure, automobile 

applications and sports equipment. In the past few decades, the extensive use of laminated 

composites was found in various engineering disciplines such as aerospace, mechanical, civil, 

marine, automobile, and power plant. The use of composite materials in structures for reduction in 

weight and enhancement of strength are growing for last few decades. Analysis of different 

parameters and their effects are necessary to understand the design of composite materials for some 

specific use. Therefore it is a thrust area for many researchers to investigate effect of different 

parameters and their response.  

 

Usually turbomachinery blades are fixed on a disc or hub which rotates about an axis 

perpendicular to the plane of hub. Thus turbomachinery blades can be assumed as a cantilever 

beam whose one end is fixed at hub and conical in shape. During rotation the blades are subjected 

to centrifugal forces. Therefore, it is necessary to understand the dynamic behaviour of conical 

shells. Delamination of a composite shell is a serious concern as it reduces structural strength and 

initiate failure at lower load.  
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Like other materials it is required to predict failure load of laminated composite at different 

operating condition. Initiation of first ply failure (FPF) will reduce the strength of laminated 

composite materials for static and impact loading. As laminated composites are made of different 

layers, separation of different layers or presence of delamination will reduce the strength. Thus 

first ply failure of laminated shells is not desirable as it degrades stiffness and strength of a 

structure. 

 

Composite laminates are made of several layers and each layer is made of matrix material 

& fibre. The matrix material that holds the individual layers of laminate together has a considerably 

smaller strength of the layers. Under certain loading, large stresses can be generated in a direction 

perpendicular to the interface between the layers. These stresses are mostly localized and cause 

breaking of bond between the layers within a small region. However, presence of small size 

delamination effects the integrity of structure and aids to initiate failure at lower load.         

 

An open conical shell has a trapezoidal planform that is wider at the base and this end is 

fixed to the hub of the turbomachines with a definite pre-twist. However, delamination is a serious 

concern because it deteriorates the structural strength resulting in premature failure of the 

composite blades. 

 

1.1.2 Turbo Machinery Blades 

 Development in the field of turbomachinery mainly in aviation, wind turbine and 

marine has taken place rapidly in previous century. Turbomachinery blades are fixed at hub which 

rotates/revolves about an axis perpendicular to the blades. The laminated composites are 

considered as potential materials for turbomachinery blades that are normally wider near the hub 

region and narrow at free end which can be consider as a cantilever beam. In most of the cases 

turbomachinery blades are pretwisted in nature. During rotation at speed centrifugal forces are 

generated which effects the strength and stiffness of the composite structure. Presence of 

delamination in the composite blades reduces the stiffness and strength of the structure resulting 

in decrease of failure load. So it is necessary to investigate and predict the failure loads to ensure 

safe operating conditions of rotating turbomachinery blades.  
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1.1.3 Shell Modelling 

 The initial approach was using Euler Bernoulli’s beam equation to study the behavior of 

turbomachinery blades and other structural components. It is acceptable when the width of the 

blades are smaller compared to length and blades are reasonably thick. But if the blades having 

small aspect ratio with less thickness will behave as shell rather than beam for which Euler 

Bernoulli’s beam equation does not give accurate result. For precise result blades are considered 

as pretwisted shell structure with small aspect ratio and less thickness. Due to consideration of 

shallow shell a three dimensional problem can be reduced to two dimensional by applying plane 

strain condition.    

 

1.1.4 Pre-twisted Composite Conical Shell Modeling 

Pretwisted composite conical shell have wide application in turbo machinery blades, 

aviation’s, automobiles etc. due to low weight and higher stiffness and strength result in better fuel 

efficiency and reliability. Hence composites are very advantageous as the desired material 

properties can be tailored in any specific directions. Modelling of composite blades are complex 

because due complex geometry and variations in curvature and thickness may occur in chordwise 

direction and along the length. The width of the blades is usually higher in the hub region compared 

to its free end. The turbomacinery blades can be represented as open conical shell with trapezoidal 

planform. During Finite Element Analysis (FEA) pretwisted composite blades are considered as it 

represents the actual situation. The pretwist angle is constrained to a certain limit as excessive 

increase of pretwist angle reduces structural stiffness and strength.  

 

1.1.5 Finite Element Modeling 

Turbomachinery blades, wings of aircraft, haul of ship, automobile components etc. are 

made of composite materials subjected to various types load such as static, impact and centrifugal 

resulting in deflection and stress generation. Therefore, it is necessary to predict the effect of aspect 

ratio, pretwist angle, fiber orientation angle, delamination and rotational speed on dynamic 

behaviour on composite shells. Due to complicated shape the dynamic behavior of blade is difficult 

to predict accurately using analytical beam theory and the results are insufficient as it provides 
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preliminary/basic results. Hence, Finite Element Method (FEM) is very useful to predict the 

dynamic behavior of complex shaped composite blades. In FEA of composite shells complex 

shape with direction dependent material properties can be analysed in details by discretizing the 

domain in small elements as per requirement.  

 

1.1.6 Delamination Modeling 

 Delamination is the separation between layers which is one of the failure mode laminated 

composites. It may occur at any arbitrary location along the span of the composites. Delamination 

generates due to manufacturing defect, loading condition, environmental effect etc. The strength 

and stiffness significantly reduces depending upon the size, shape and number of delamination 

present inside the composite structures. Delamination creates geometrical and material 

discontinues and analysis of effect of delamination on failure load is important from structural 

failure point of view as it may not be visible by bare eyes. The frequency analysis of delaminated 

structure is mathematically complicated.  Delamination may occur within the composite laminate 

either during manufacturing or transportation and it may also be induced dynamically owing to the 

application of external loadings during service or due to rapid impact or blast loads under severe 

working conditions. The presence of delamination severely deteriorates the load-bearing capacity 

of the composite structures. The determination of the first-ply failure loads of delaminated 

composite shallow shells is extremely complex and mathematically intricate.  

 

1.1.7 First Ply Failure due to Static Loading 

It is necessary to predict the maximum safe load which a composite structure can withstand 

before its failure. The different parameters effect the maximum safe load are aspect ratio, fiber 

orientation angle, vertex angle, base subtended angle, pretwist angle, presence of delamination and 

its location, rotational speed, environmental conditions etc. The initial separation of any two layers 

of laminated composites is termed as first-ply failure (FPF) and it reduces the structural strength 

and stiffness leading to failure of composites. Several established theories have been developed to 

predict the FPF and among them some important theories are maximum strain (independent), 

maximum stress (independent), maximum stress (polynomial) Hoffman, Tsai-Hill, and Tsai-Wu.  
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1.1.8 Impact Induced First Ply Failure 

Dynamic behaviour of composite materials under random impact is a serious concern since the 

impact phenomenon inevitably arises during manufacturing, maintenance, transport and hostile 

operating conditions. The damage occurring in the composite laminates due to low-velocity impact 

mostly remains undetected by visual inspection owing to its insidious nature. The presence of 

delamination intensifies the damage caused by impact which in turn significantly reduces the 

strength and stiffness of the composite structure. The critical impact velocity at which the first-ply 

failure may initiate is of utmost engineering concern and importance since failure will propagate 

at an enhanced rate due to reduced strength of the resulting composite structure. The effect of 

delamination, aspect ratio, fiber orientation angle on contact force, shell displacement, impact or 

displacement, impactor velocity are significant parameters to be considered during analysis as it 

initiates impact induced FPF and failure propagation resulting in reduction of strength and stiffness 

of the structure. 

 

1.1.9 Transient Response 

 The structural strength and stiffness is the major concern to withstand maximum safe load 

and stresses under impact condition. Therefore, prediction of impact response of composite shells 

is necessary under different service condition to estimate service life and safety. Structural 

elements like fuselage, blades of jet engine and turbine are usually subjected to impact load. If the 

loads or stresses crosses the permissible limit catastrophic failure may occur of the entire structure 

resulting loss of life and property. Therefore, the time dependent responses of contact force, shell 

displacement, impactor displacement, impactor velocity, stresses at critical velocity of impact are 

major concern to predict the impact response over time in design and analysis of composite 

structure.  

 

1.2 Literature Review 

Composite materials are widely used in various industries like automobile, aerospace, 

marine, defense, engineering etc. due to their light weight combined with high strength and 

excellent ability to be tailored to meet desired properties. The literature review related to 

modelling, design, analysis, impact response and failure of composite shells encloses a wide area 
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related to present work. An enormous knowledge is presented in various books and research 

articles. Related to the present work emphasis is given to pretwisted delaminated composite shells 

both stationary and rotating, their FPF, impact response and progressive failure.  

 

Flow Chart for Literature Review 
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1.2.1 Beams, Plates and Shells   

Liew et al. [1] analyzed the vibration characteristics of stationary pre-twisted isotropic cantilever 

shallow conical shells employing the Ritz method. For a larger conical shell fundamental physical 

frequency (ω) decreases monotonically. Outcomes signifies that a rise in angle of twist does not 

confirm greater torsional stiffness for the shell, which was in ambiguity for a pretwisted beam or 

plate. The regularity of modes was found for non-zero twist angle. 

 

Sreenivasamurthy and Ramamurti [2] performed the modal analysis of a pre-twisted tapered blade 

fixed on the periphery of a rotating hub using finite element (FE) techniques considering certain 

parameters like pre-twist angle, skew angle, skew angle, disc radius, taper angle and disc radius. 

The effect of disc radius on frequency parameters on ratating pre-twisted and tapered cantilever 

blades were presented. Triangular shell element was employed to model the blade and mass and 

stiffness matrix were derived using Lagrange’s equation to the energy expression.  

 

Kumar and Srivastava [3] analyzed the FPF of laminated stiffened plates using a stiffened plate 

element subjected to uniformly distributed load and sinusoidal load, considering various well-

known first –ply failure criteria. Some parametric studies were made for I section and hat section 

with fibre angles ranging from 15°to 75°. 

 

Leissa et al. [4] studied vibrational behavior, displacement and mode shape of blades both rotating 

and nonrotating with camber using shallow shell theory and Ritz method. The effect of variable 

twist angle, thickness ratio and setting angle on frequency and mode shape were presented for 

assuming a blade model having both twist and camber.  

 

Gu et al. [5] presented a new vibration model of cantilever pretwisted rotating blade with initial 

exponential type geometric imperfection using shallow shell theory. The effect of Coroilis force 

and centrifugal force was considered for the homogeneous and isotropic blade. Using Rayleigh-

Ritz method and continuous algebraic polynomial function natural frequency and mode shape were 

computed. Different parameters like geometry, imperfection size and location, degree of 

imperfection, twist angle and rotational speed were considered to study vibration behavior.  
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Carnegie et al. [6] constructed a test rig to test the vibration characteristics of turbine blade at high 

(20,000 rpm) and low rotational speed. The dynamic behavior of turbine blade was predicted 

considering different parameters such as amplitude, frequency and stress is considered separately 

or together with to predict failure.    

 

Dokainish and Rawtani [7] developed a FE model for a cantilever plate attached on the 

circumference of a rotating disc to find natural frequencies and mode shapes. It was assumed that 

plane of the plate makes any arbitrary angle with the plane of the disc. The centrifugal force was 

divided in two components, one in plane of the plate and another perpendicular to the plate. The 

stresses produced in the mid surface of the plate were obtained which cause the increase in bending 

stiffness of the plate. The effect of aspect ratio, rotational speed, disc radius and setting angle was 

the vital parameters to find the vibration behavior.  

 

Gupta and Rao [8] presented torsional vibration characteristics of a thin cantilever plate 

considering shallow shell theory and displacement fields were employed to determined potential 

and kinetic energies of vibration. Hamilton’s principle was used to reduce the problem in fourth-

order differential equation, which was solved to obtain first four modes of torsional vibration. 

Plates with different aspect ratios and pretwist angles were taken for the analysis.  

 

Frequencies and mode shapes of a thin rotating cantilever plate were presented by Henry and 

Lalanne[9]. The structure was discretized using triangular elements with three nodes, then mass 

and stiffness matrices were calculated using area co-ordinate. First initial stresses due to rotation 

were calculated and then frequencies and modes were determined using iterative technique. 

 

Kielb et al. [10] presented vibration characteristics of pretwisted cantilever plates using FEM, shell 

theory and beam theory. Vital parameters like pretwist angle, aspect ratio and thickness ratio were 

considered for the analysis. They found that first bending frequency decreases for the short 

specimen whereas it remains constant for long specimen and first torsion frequency increases 

significantly for all configurations.  
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Li and Cheng [11] developed a model of rotating variable thickness pretwisted blade with elastic 

constraints using shallow shell theory for free vibration analysis. The effect of Corilis and 

centrifugal force due to rotation were taken into account in the formulation. Based on Lagrange 

equation of motion, natural frequencies and modes were solved. Parameters like thickness to taper 

ratio, pretwist angle and rotational speed were considered for the analysis.  

 

Cao et al. [12] analysed the vibration behaviour of a pre-twisted rotating cantilever sandwich blade 

with thermal barrier coatings (TBC). The von Karman plate theory and FSDT were employed to 

derive the energy equation. The Chebyshev-Ritz method was utilized to get the frequency of the 

rotating TBC blade. The finite-element method (FEM) was employed to relate and confirm the 

results from the Chebyshev-Ritz method for static frequency and modal analysis. The results were 

analyzed in detail considering the effect of some parameters like thickness of the TBC layer, the 

working temperature, and the pre-twisted and pre-set angle.   

 

Sinha and Turner [13] derived the partial differential equation of motion for a thin rotating 

cantilever pretwisted blade using shallow shell theory to study vibration behaviour. The derived 

equation of motion was used to derive the free vibration of a distinctive turbo-machinery airfoil 

blade by assuming it plate of an equivalent rectangular cross-section subjected to a centrifugal 

force field. The derivation reflects both the stress-stiffening and stress-softening effects due to 

centrifugal forces on the rotating airfoil. The partial differential equation was transformed into a 

matrix-eigenvalue form employing Rayleigh–Ritz technique. 

 

Sreenivasamurthy and Ramamurti [14] developed a FE model to predict vibration characteristics 

of rotating pretwisted tapered cantilever plate. The plate was assumed as an assemblage of three 

noded shell element having six degrees of freedom per node. The eigenvalues of the model has 

been solved by using a simultaneous iteration technique. Frequencies were found by considering 

different parameters like pretwist angle, taper angle, skew angle and disc radius.  
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Vadiraja and Sahasrabudhe [15] made a vibrational analysis of rotating pretwisted thin walled 

composite beam with embedded macro fiber composite (MFC) actuators and sensors using HSDT. 

The governing equation was derived from Hamilton’s principle and solved by using Galerkin’s 

method. They found that gyroscopic coupling between lagging-extension motions could not be 

ignored in the investigation because it was important. Properties of vibration suppression using 

MFC actuators and sensors were emphasized.   

 

1.2.2 Laminated Beams, Plates and Shells 

The vibrational behavior of pre-twisted multi-layered composite cantilever plates was studied by 

Qatu and Wang [16] utilizing the Ritz technique and thin-shell theory. The effect of twist angle, 

fiber orientation angle and thickness ratio on natural frequency and mode shape were studied for 

three layer graphite-epoxy and E-glass epoxy angle-ply composite plates were studied. 

 

 McGee and Chu [17] focused on the 3-D continuum vibration analysis of rotating multi-layered 

composite blades. A mathematical model was developed using Ritz method to minimize the 

dynamic energies with displacements which satisfied the displacements were zero at blade root. 

Numerical convergence study satisfy the validity of present model. Numerical results presented 

the effect of aspect ratio, chord radio, thickness ratio, variable thickness distribution, fiber 

orientation angle, pretwist angle and angular velocity on vibration characteristics. The effect of 

Coriolis acceleration also include in the study. 

 

 Reddy and Liu [18] developed a higher-order shear deformation theory (HSDT) to obtain the 

exact solutions for bending and vibration analysis of laminated composite cylindrical and spherical 

shells for simply supported boundary condition which was modification of Sander’s theory and 

can take parabolic distribution of transverse shear strains throughout the thickness.  

 

Belarbi et al. [19] developed a two dimensional isoparametric finite element model for bending 

analysis of sandwich thin and thick plates based on layerwise approach. Using first order shear 

deformation theory the face sheet was modeled and utilizing higher order shear deformation theory 

the core was modelled. The accuracy and convergence of the model were in good agreement with 
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existing literature. They have been examined, for symmetric/unsymmetric composite laminated, 

sandwich and skew plates to test the performance and convergence of the existing FE model.  

 

Belarbi et al. [20] established a FE model using higher order shear deformation theory for static 

analysis of laminated composite and sandwich plates. For the analysis of natural frequency 

laminated composite plates and sandwich plates were considered with various material mixtures, 

aspect ratios, boundary conditions, number of layers and geometry and ply orientations angel.  

 

In another study, Belarbi et al. [21] developed an efficient eight-node quadrilateral element to 

study the vibration of multi-layer sandwich plates with arbitrary boundary conditions. In this 

analysis an eight-node serendipity quadrilateral element was selected based on layerwise model to 

predict accurately the natural frequencies of laminated sandwich plates. In the analysis effect of 

different parameters were considered like modular ratio, aspect ratios, core-to-face thickness ratio, 

boundary conditions, skew angle, number of layers, geometry and ply orientations. 

 

Caliri et al. [22] also implemented a new elastic solution technique for thick laminated composites 

and sandwich using a generalized unified FE formulation. A quadrilateral four-node element was 

implemented for the analysis. Accuracy and convergence rate of the formulation was carried out.  

 

Planninc et al. [23] developed a computational procedure using strain based FEM for non-linear 

analysis of composite timber with interlayer slips. Attention was given on load bearing capacity 

of two-layered beams. It was found that the crucial parameter was the nonlinear timber constitutive 

law which was significantly influenced by condition of stress and strain state and mainly the 

ultimate load of the timber composite beam. 

 

Chen and Li [24] developed a dynamic model of pretwisted rotating laminated composite blade 

using shallow shell theory to investigate the vibration behaviour considering Coriolis and 

centrifugal forces due to rotation. The frequencies and mode shapes were obtained by using 

Rayleigh-Ritz and continuous algebraic polynomial functions. The effects of pre-twisted angle, 
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stagger angle, aspect ratio, rotational speed and hub radius on modal characteristics of the blade 

was conducted.    

 

Pan et al. [25] modeled a vibration behaviour with large amplitude of pretwisted carbon nanotube 

reinforced composites (CNTRC). Based on differential geometry the shell model was made. The 

von Karman strains were employed to capture the geometrically non-linear behavior of blade and 

Ritz method was used to solve the problem. The model was studied on the large amplitude 

vibration with variation of different parameters.  

 

Xiang et al. [26] studied the vibration characteristics of rotating pretwisted laminated functionally 

graded CNTs reinforced composite (FG-CNTRC) shallow conical shells using FSDT. Governing 

equations of the rotating pretwisted conical shell was derived and solved by kp-Ritz method. 

Comprehensive parametric studies were performed considering the CNT configuration, pre-

twisted angle and stacking sequence which plays an important role on vibration characteristics of 

rotating FG-CNTRC blades. 

 

Zhao et al. [27] analyzed analytically the free vibration behaviour FG pretwisted blade-shaft 

reinforced with graphene nanaoplatelets (GPLs). The material properties of blade and shaft were 

anticipated to fluctuate constantly along their thickness and radius directions and were estimated 

by Halpin-Tsai micromechanics model and rule of mixture. With the background of Rayleigh 

theory and Euler‐Bernoulli beam theory governing equations were obtained using Lagrange’s 

equation. The effects of GPL weight fraction, distribution pattern, geometry and dimensions of the 

blade length, pre‐twist angle, the shaft length and rotational speed were included in parametric 

study. They found that improvement in dynamic performance due to presence graphene in shaft 

and blade material.  

 

Zhang et al. [28] examined the saturation phenomena and nonlinear resonances due to subsonic 

air flow of rotating composite cantilever blade. The blade was assumed to be a rectangular plate 

which was clamped on the rigid disk with the pretwisted and preset angles. The governing equation 
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derived from third order shear deformation plate theory, von-Karman nonlinear geometry and 

Hamilton’s principle. Chebyshev-Ritz technique was utilize to find the natural frequencies.   

 

Chen et al. [29] analyzed the vibration behaviour of rotating pretwisted FG sandwich blades 

exposed to steady state thermal environment.  The FG sandwich blades were composed of single 

metallic core and two FG surfaces and its material properties were temperature dependent. A two 

stage solving method was presented which was based on first-shear shell deformation theory 

(FSDST) and modified Fourier spectral approach (MFSA). They found that important effects of 

temperature rise, rotating speed, layer thickness ratio, volume fraction, pretwist and presetting 

angle on the vibration response of the rotating blades.  

 

Chen et al. [30] studied free vibration of rotating pretwisted FG blades with a quasi-3D dynamic 

model based on three dimensional elasticity shell theory. The eigenvalue formulation were derived 

utilizing Hamilton’s principle on the base of the kinetic, strain, centrifugal potential and boundary 

potential energy. Parametric studies were then performed to investigate the effect of centrifugal 

stress, rotational speed, volume fraction and pre-twisted angle on the vibration characteristics. 

 

Hajianmaleki and Qatu [31] reviewed the vibration characteristics of straight and curved 

composite beams related to engineering applications. They emphasized on the beam theory (thin, 

thick & layerwise), different solving methods (FEM, differential transform and others), 

experimental methods and effect of complex geometry and materials properties.     

 

Kumari [32] investigated the free vibration behaviour of rotating plate type composite blades using 

finite element method. The formulation was derived using FSDT considering the effect of 

centrifugal force. Parameters like rotational speed, setting angle, twist angle, fibre orientation 

angle and variable thickness of panels were used to study the vibration characteristics of pretwisted 

cantilever blade.  

 

Nabi and Ganesan [33] compared vibration of metal matrix pretwisted composite blades using 

beam and plate theories. In beam analysis a beam element with eight degrees of freedom was 
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selected with torsion-flexure, flexure-flexure and shear-flexure couplings. A triangular plate 

element was employed for the composite material to model the beam as a plate structure. A 

parametric investigation was done considering twist angle, fiber orientation angle and taper ratio.    

 

Zhang et al. [34] investigated vibration characteristics of matrix cracked pretwisted hybrid 

composite blades having CNTRC layers. They studied the change of vibration characteristics due 

to degradation of stiffness caused by matrix cracks. The degraded stiffness of matrix cracked 

composite was modeled using self-consistent model (SCM) micromechanical framework. A shell 

model was proposed based on differential geometry. The effect of transverse shear deformation 

and rotary inertia were considered with the using of FSDT which can adopt the kinematics of 

blade.   

 

1.2.3 Finite Element Modeling of Composite Materials  

Teotia and Soni [35] presented a complex and nonlinear damage behavior model based on Finite 

Element Method (FEM) of composites. The article signifies applications of FE methodology in 

failure prediction and analysis of laminated glasses. Development of modelling and different 

theories like single layer, layerwise and zig-zag models were represented to highlights basic ideas 

for modelling. Suggested FE models were helpful guides for researchers and engineers to fabricate 

laminated composites.  

 

 Bathe [36] presented elaborately physical and mathematical characteristics of Finite Element 

procedures which are useful for FE analysis.  

 

Gim [37] modelled a plane finite element of delaminated composite plate based on based on 

lamination theory which can incorporate the effect of transverse shear deformation. Single layer 

plate element was used to model the undelaminated region whereas the delaminated region was 

modelled using two layer plate elements whose interface contains delamination. A multipoint 

constrain algorithm was developed to incorporate deformation and equilibrium of resultant forces 

and moments at delaminated crack tip.  

 

https://www.sciencedirect.com/topics/engineering/layerwise
https://www.sciencedirect.com/topics/engineering/finite-element-modeling
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Reddy and Liu [38] developed a HSDT for laminated shells which was modification of Sanders’ 

theory and can incorporate parabolic distribution of the transverse shear strain along the thickness. 

The Navier-type exact solution were presented for bending and natural vibration of spherical and 

cylindrical shells under simply supported boundary condition.  

 

Alnefaie [39] developed a three dimensional FE model to investgate dynamics of fiber-reinforced 

delaminated composite plates. For different dimensions and delamination characteristics natural 

frequencies and modal displacements were computed. The above study also indicate a method for 

detecting delamination in composite plates.  

 

Beheshti-Aval and Lezgy-Nazargah [40] developed FE model of beams with distributed 

piezoelectric sensors and actuators. For modelling of mechanical displacements along the 

thickness, a sinus model was employed which satisfy continuity condition of transverse shear 

stresses and boundary condition on the upper and lower surfaces of the beam layers.   

 

Chung and Sotelino [41] investigated flexural behavior of composite steel girder bridges using FE 

modelling techniques Different modelling technique were studied and selection of element was 

discussed. The accuracy of each model was verified with the experimental results and with the 

available literatures. Finally the efficiency of each model were presented.    

 

Gama and Gillespie [42] investigated damage progress and penetration of thick section composites 

utilizing explicit FE investigation. A 3D model of impact on thick section of composites were 

developed. The investigation included beginning and progressive damage through impact and 

penetration for various impact velocities. 

 

Khalili et al. [43] studied FE modelling of composite laminates and shell structures subjected to 

low velocity impact. In this study, different example were considered with different conditions and 

rationality of the present modeling procedure was investigated. In every instance, results were 

compared with available experimental results, and then best process was suggested as standard 

technique for low-velocity impact modeling of composite shells.  
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  Mitchell et al. [44] investigated by developing two FE models of cured fabric-reinforced 

composites. In beam-shell model the beam elements represents the fiber and matrix was 

represented by shell element. In double-orthotropic shell model, two shells, each express a set of 

fibers, were superimposed.  

 

Peeters et al. [45] developed a detailed FE model of composite wind turbine blades. The novel 

approach was the blade consist of parametric predefined blocks which allows the turbine blade 

models consist of shell elements, solid elements or combination of both. By partitioning outer 

mold layer, offsetting the surfaces and accurate element-wise material orientations a high level and 

detailed model was developed.  

 

Reddy and Robbins Jr. [46] reviewed equivalent-single-layer and layerwise laminated plate 

theories and their FE models. A variable displacement FE formulation and mesh superposition 

method were presented. A simultaneous multiple model method which was based on kinematic 

theory and mesh superposition methods were also presented. The objective of the said model was 

to validate the best suitable math model with each subregion based on physical properties. 

 

Shi et al. [47] discussed FE modeling of composite beams and plates based on higher order shear 

deformation theories. They described selection of proper strain expressions to formulate accurate 

elements under the same nodal degrees of freedom. Numerical examples were presented to 

describe that existing composite beam element was perfect than the higher order beam elements 

but using a different expression for bending strain.               

 

Stemple and Lee [48] developed a FE model for large deflection which can take the wrapping 

effect of composite beams. The existing derivation could be utilized for FE model having 

combined bending, torsional and extensional behavior of composite rotor blade. The said method 

could model shallow to moderately thick walled composite beams with arbitary cross section.    
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1.2.4 Delamination Modeling 

Some preliminary works both analytically and experimentally on vibration study of delaminated 

beams were carried out by Shen and Grady [49]. A generalized variational principal employed to 

derive the equation of motion considering boundary condition and delamination of arbitrary size 

and location.  

 

Krawczuk et al. [50] modeled cracked beam, delaminated beam and delaminated plate using FEM 

and analyses the dynamic characteristics of those composite materials. Numerical calculations 

were presented considering some vital parameters like position and depth of crack or length and 

position of delamination and their effect on natural frequencies.  

 

Tracy and Pardoen [51] experimentally demonstrate the effect of delamination on natural 

frequency and the results were in good agreement with the result obtained using FEM for simply 

supported graphite epoxy beam specimen.  

 

Gim [52] developed a plane FE model based on lamination theory of plates which can include 

transverse shear deformation. The undelaminated zone was modeled using a single layer plate 

elements and the delaminated area was modelled using two layer plate elements and its interface 

contains delamination. A multipoint constraint algorithm has been developed to incorporate 

deformation and resultant force and moments at delamination crack tip and strain energy release 

rate could be estimated using the plate elements. 

 

Zak et al. [53] using various approaches (i.e., analytical, experimental and FEM) investigated the 

vibration characteristics of a composite plate with single and closing delamination. Contact force 

between the layers were modelled between node to node contact models. A harmonic force was 

applied in the plate and the vibration response were analysed using Fast Fourier Transformation 

(FFT). The influence of delamination length and position on vibration response were presented.  

 

Bandyopadhyay and Karmakar [54] and Bandyopadhyay et al. [55, 56] formulated an FE 

procedure in conjunction with Mindlin’s plate theory to predict the bending, dynamic responses 
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vibration characteristics of rotating delaminated composite conical blades with pre-twist in hot and 

moist environments. The effect of rotary inertia and transverse shear deformation included in the 

FEM analysis.  

 

Singha et al. [57] studied the free vibration of multiple debonded rotating pre-twisted composite 

sandwich conical shells exposed to hygrothermal environments. For existing analysis an eight 

noded isoparametric shell element was employed with five degrees of freedom in each node. The 

effects of thickness ratio core to face sheets, twist angle and rotational speed were included in the 

analysis.  

 

Parhi et al. [58] employed the displacement type FE method to examine the nonlinear free vibration 

of composite conical shells having clusters of delamination in hot and moist environments. The 

panel has been discretized with an eight noded isoparametric shell element to maintain C° 

continuity mathematical complexity of C1 continuity was avoided. Effect of different parameters 

like fiber orientation angle, support conditions, thickness ratios, aspect ratios, curvature ratios and 

material properties were considered for the linear and nonlinear free vibration response.  

 

Rao and Shu [59] developed a mathematical model to investigate the buckling behaviour of double 

layered beam with single delamination under simply supported and clamped boundary condition. 

Critical buckling loads were obtained and a new parameter effective slenderness ratio introduced 

for perceptive of local, mixed and global buckling phenomenon.  

 

Wan-Lee Yin [60] investigated the effect of cylindrical buckling on symmetric composite 

structures having clamped boundary condition with mid plane delamination. The energy 

dissipation rate was observed at the delamination zone to define the stability characteristics of the 

flaw progress. Postbucling deformations were drastically decreases by bending and streaching 

coupling.  

 

Yin et al. [61] computed the ultimate load capacity of axially loaded beam and plate with 

delamination located symmetrically at an arbitrary depth. The energy release rate allied with 

https://journals.sagepub.com/doi/10.1177/002199838802200601#con
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delaminaion growth were computed for different delamination length and axial load.  

 

Shu [62] developed a generalized Finite Element model for composite plate considering 

weak interfacial bonding condition i.e. perfect bonding, weak bonding and local delamination. The 

FE model created based on Smeared laminate theory and number of displacement parameters were 

fixed.  

 

Paolozzi and Peroni [63] developed finite element models to investigate the effect of delamination 

on frequency shift. A relationship between the peaks of the frequency shift vs order of the mode, 

and the addition of the delamination were presented. 

 

 Tracy [64] et al. evaluated numerically and experimentally the impact of delamination length on 

frequency for simply supported beam. Modal analysis was carried out to investigate the effect of 

delamination length on first four frequencies.  

 

Tenek et al. [65] investigated using FEM and three dimensional theory of linear elasticity for 

cantilever laminated plate and found that on increase of size and number of delamination natural 

frequency reduces.  

 

Yin et al. [66] performed an analytically buckling and post-buckling analysis of plate and beam 

having delamination located symmetrically at an arbitrary depth. 

 

Chen and Qiao [67] presented an analytical model to investigate the delamination buckling of 

beam/column with delamination along the width considering transverse and shear deformation.  

To establish the continuity condition between the two substrates in the intact areas a deformable 

interface was employed in the existing model which accounts for global deformations of the intact 

region in the delaminated composites. It was capable for taking the buckling mode shape, 

transitions from the global to global–local coexistent and to local buckling. Parametric studies 

were carried out to observe the effects of various parameters on the critical buckling load.  

 

https://www.sciencedirect.com/topics/engineering/interfacial-bonding
https://www.sciencedirect.com/topics/engineering/local-delamination
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Wang and Zhang [68] developed a computational model for buckling, post-buckling and 

delamination propagation in debonded composite laminates. The initial buckling load were often 

much lesser in comparison the global buckling load. The delamination evolution has major 

influence on the post-buckling characteristics and strength of the composites.  

 

Parlapalli et al. [69] represented an analytical model to predict buckling load of a composite beam 

with enclosed delaminations by using Euler–Bernoulli beam and classical lamination theory. They 

also performed linear and non-linear FE Analysis to validate the model.  For upper bounds S-

shaped buckling modes have higher domination compared with single hump buckling mode, 

whereas, for lower bounds of the buckling load, mixed or local buckling modes were found. 

 

1.2.5 Composite Cylindrical and Conical Shell 

 

Parhi et al. [70] employed the displacement type FE technique to investigate the nonlinear free 

vibration of conical composite shells having clusters of delaminations in hot and moist 

environments. The governing equation of the vibrated structure was obtained from the principle of 

virtual displacement. The model was discretized using eight-nodedisoparametric element and a 

delamination model was employed which could incorporate single and cluster of delamination.    

To explain vibration problem of FG-CNTRC Qin et al. [71] presented a unified Fourier series 

solution for cylindrical shells, conical shells and annular plates subjected to different boundary 

conditions. FSDT and virtual boundary method were employed to obtain energy expressions of 

FG-CNTRC structures.   

 

Safarpour et al. [72] analyzed static and free vibration of FG graphene-platelets reinforced 

composite (FG-GPLRC) conical shells, cylindrical shells and annular plates with different 

boundary conditions using theory of elasticity. A semi-analytical solution was proposed employing 

differential quadrature method (DQM) to solve the existing formulation. The effect of GPLs 

weight fraction, patterns of GPLs distribution through the thickness direction, semi vertex angle, 

length to radius ratio on natural frequencies and bending features were investigated.   
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Maji et al. [73] computed free vibration of functionally graded carbon nanotubes reinforced 

composites (FG-CNTRC) pretwisted conical shells under thermal environment. An eight 

nodedisoparametric shell element and FSDT was used to model the derivation. The dynamic 

equilibrium equation was obtained from Lagrange’s equation of motion at modest rotational speed 

and Coriolis effect was neglected. The effect of twist angle, aspect ratio, rotational speed and 

temperature on vibration was investigated.   

 

Singha et al. [74] investigated free vibration characteristics of rotating pretwisted sandwich FG-

CNTRC conical shells using FE method under thermal environments. In the shell thickness 

direction the carbon nanotubes were distributed homogeneously.  The material properties of the 

FG-CNTRC face sheets and core were temperature dependent and estimated using 

micromechanics model. The thin conical shell was modeled using FEM within the structure of 

HSDT.         

 

Patel et al. [75] studied the vibrational characteristics of some structural elements such as 

cylindrical, conical and joined conical-cylindrical composite shells. A two-noded shear flexible 

axi-symmetric shell element was employed for the FE investigation. The in-plane and effect of 

rotary inertia were included in the existing formulation. The model developed was used to obtain 

natural frequencies and mode shape of cross-ply composites.   

 

He et al. [76] investigated free vibration behaviour of laminated composite conical shells, 

cylindrical shells and annular plates with arbitrary boundary conditions by adopting power series 

method. The governing equation of the shell structure was established by using FSDT. The effect 

of geometric parameters and material constraints on vibration characteristics were investigated. 

 

Kamaloo et al. [77] investigated the non-linear free vibration of laminated composite conical shells 

having circumferential delamination. The governing equation of the shell structure was derived 

using energy method. Using the Galerkin method the non-linear partial differential equations were 

reduced to coupled ordinary differential equations. The effect of delamination, delamination 

length, conical shell geometry and material properties on vibration were investigated. 
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Karmakar et al. [78] investigated the effect of delamination, delamination length and stacking 

sequence on free vibration of graphite epoxy composite pretwisted shallow cylindrical shells. An 

eight-noded isoparametric shell element was employed which was compatible with deformation 

and equilibrium of resultant forces and moments. A multipoint constraint algorithm was developed 

to model the delamination. The non-dimensional natural frequencies were obtained for angle-ply 

and cross-ply orientation of long, intermediate and short cylindrical shells defined by Aas-

Jakobsen’s parameters with definite pretwist.     

 

Karmakar and Kishimoto [79] developed a FE model to investigate the vibration response of 

graphite epoxy pretwisted delaminated rotating shells. The dynamic equilibrium equation at 

moderate rotational speed was derived from Lagrange equation of motion where Coriolis effect 

was neglected. An eight noded isoparametric element was considered based on Mindlin’s theory 

which can incorporate the effect of rotary inertia and transverse shear deformation. The effect of 

delamination, fibre orientation angle, pretwist angle and rotational speed on vibration 

characteristics were investigated.     

 

Maji and Singh [80] studied free vibration response of 3D braided rotating composite cylindrical 

shells utilizing third order shear deformation theory. The material properties of composites were 

found based on volume averaging method. In the eight-noded isoparametric 3D-finite element 

formulation twelve degrees of freedom per node was applied. At modest rotational speed the 

dynamic equilibrium equation was obtained from Lagrange’s equation of motion and the Coriolis 

effect was ignored. 

 

Mohammadrezazadeh and Jafari [81] presented non-linear vibration analysis of laminated 

composite angle-ply conical and cylindrical shells. The shells were modelled considering rotary 

inertia and shear deformation whereas the geometrical nonlinearity was modeled using von 

Karman approach. The influence of different parameters such as layers' angle, number of layers, 

semi‐ vertex angle, length, radius was considered on vibration characteristics.    
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Rout et al. [82] presented free vibration characteristics of pretwisted delaminated shallow 

cylindrical shells using FEM. At modest rotational speed the dynamic equilibrium equation was 

obtained from Lagrange’s equation of motion and the Coriolis effect was ignored. The multipoint 

constraint algorithm was employed to model the delamination at desired location. Vibration 

response were obtained for cantilevered long, intermediate and short shells based on Aas-

Jakobsen’s criteria. 

 

Rout et al. [83] analyzed the free vibration response of pretwisted delaminated stiffened composite 

cylindrical shells. To incorporate transverse shear deformation and rotary inertia an eight-noded 

isoparametric shell element was employed and for stiffener a three noded beam element was 

employed. A multipoint constraint algorithm was employed which account for deformation, 

resultant forces and moments at delamination crack tip. Utilizing Lagrange’s equation of motion, 

the dynamic equilibrium equation was obtained for modest rotational speed and the Coriolis effect 

was ignored. Applying QR iteration algorithm eigenvalue problem was evaluated. The effect of 

delamination, fiber orientation, twist angle, stiffener depth-to-shell thickness ratio, and rotational 

speed on vibration response was computed. 

 

Sobhani et al. [84] studied the free vibration response of sandwich composite joined conical‐

cylindrical‐ conical shells utilizing FSDT. The sandwich shell was made of two face sheets and 

one core. Each layers were reinforced with FG‐ CNTs and FG graphene nanoplatelets (FG‐

GNPs). The equivalent mechanical properties of each layer was obtained by utilizing rule of 

mixture. The Hamilton’s principle was used to derive governing partial differential equation of 

joined shells and solved by Generalized Differential Quadrature Method (GDQM). 

 

Wagner et al. [85] presented the stability failure of the axially loaded cylindrical shell which was 

considered as the last unresolved classical stability problem. Perturbation approaches for the 

design of axially loaded cylindrical and conical shells were presented. 

 

 

 

https://scholar.google.com/citations?user=a4sKEKsAAAAJ&hl=en&oi=sra
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1.2.6 Composite Shallow Shell 

Lim et al. [86] to demonstrate the effects of stacking sequence on the vibrational behavior of non-

rotating pre-twisted cantilever E-glass/epoxy composite conical shells. Energy principle was used 

to compute eigen-value equation and a flexible global function was developed to account 

geometric boundary condition.   

 

Karimiasl et al. [87] investigated the post-buckling behaviour of doubly curved composite shells 

in hygrothermal environment using multiple scale perturbation method. The displacement-strain 

were obtained by employing third order shear deformation theory and von-Karman non-linear shell 

theory. The governing equation was derived from Hamilton’s principle. The effect of different 

parameters such as volume fraction, temperature raise, aspect and curvature ratio was included in 

this investigation.  

 

Beakou and Touratier [88] presented a new four node C1 rectangular element generated from 

standard interpolation. The element allows the continuity conditions for displacement and stresses 

at the interfaces between the laminated shell and boundary condition at upper and lower surface 

of shell. The element was investigated on standard problems and compared with exact three 

dimensional and analytical solutions for multilayered plates and shells in statics, vibration and 

buckling.  

 

Biswal et al. [89] investigated both numerically and experimentally the free vibration response of 

laminated composite shells in hygrothermal environments. A doubly curved shell model was 

created based on FSDT and a quadratic eight-noded isoparametric element was used for the 

analysis. Parametric study was carried out by changing curvature ratios, number of layers, 

lamination sequence at different hygrothermal situation with different boundary conditions. 

Numerical and experimental outcomes indicate that there was a decrease in natural frequency of 

laminated shells on rise of temperature and moisture concentration.  

Sciuva et al. [90] presented the effect of damage interface on load carrying capacity of multilayered 

composite shallow shells using non-linear third order theory which accounts for arbitrary 

displacement of tangential displacements through the shell thickness and continuity conditions of  
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transverse shear stresses at the layer interfaces. The pertinent equations of motions and 

variationally consistent boundary conditions were derived from virtual work principle. A 

numerical assessment of the existing model was carried out and non-linear response under 

transverse loading were presented. 

 

Duc et al. [91] investigated dynamic response and vibration of doubly curved shallow shell with 

auxetic honeycombs core on elastic foundations subjected to blast and damping loads. The core 

was made of three layers with top and bottom skin were isotropic aluminium material. Using the 

FSDT with the geometrical nonlinearity in von Karman and using Airy stress functions, Galerkin 

and the fourth-order Runge-Kutta method, the resulting equations were evaluated to get 

expressions for nonlinear equations. 

 

Guo et al. [92] investigated non-linear large amplitude and multi-mode response of shallow 

composite shell at elevated temperature with rectangular planform using FEM. The system of 

equation in structural degrees of freedom were changed to modal coordinates and stiffness matrices 

were changed into non-linear modal stiffness matrices. A numerical integration was performed to 

determine random response. The natural frequencies of the vibration about thermally buckled 

position were studied.  

 

Hirwani et al. [93] presented non-linear transient response of delaminated curved composite shell 

under different kind of mechanical loading using FEM. The nonlinear transient response were 

calculated using Newmark’s time integration scheme together with direct iterative method and 

finite element steps. The effect of size and location of delamination, aspect ratio, curvature ratio, 

modular ratio and shell configuration on non-linear transient response were presented.  

 

Fatt and Sirivolu [94] developed an analytical model for blast response prediction of doubly curved 

composite sandwich thin shell with PVC foam core. The core made of PVC foam was modeled 

with isotropic and transversely isotropic elastic–plastic properties employing Donnell’s nonlinear 

shallow shell model. For sandwich shell with large curvature, blast resistance was lower for 

transversely isotropic core rather than isotropic core.  
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Huang and Qiao [95] evaluated nonlinear stability response of rotationally-restrained stiffened 

laminated composite curved shells with imperfection subjected to shear and compression loading. 

The Galerkin method was employed to solve non-linear governing equation derived in present 

semi-analytical method. The effect of imperfection, load ratio, curvature and distribution of 

stiffener on non-linear response of stiffened shell were studied.  

 

Kurtaran [96] performed geometrically non-linear transient analysis of moderately thick shallow 

laminated composite shells using generalized differential quadrature method. FSDT was employed 

to consider the effect transverse shear and Von-Karman nonlinear strain-displacement equation 

was incorporate geometric nonlinearities. The equation of motion was derived from Virtual work 

principle and time integration was carried out using using Newmark average acceleration scheme.                    

 

Li et al. [97] presented a Jacobi-Ritz method for analysis of laminated composite shallow shells 

with arbitrary boundary conditions. The theoretical model was developed using FSDT and 

displacement function in each segment of the shell was denoted by Jacobi polynomials along the 

length and width orientation. For solution procedure the Raleigh-Ritz method on the basis of 

energy function was utilized.  

Matsunaga [98] investigated natural frequencies and buckling stresses of cross ply laminated 

composite thin shells by considering the effect of transverse shear and normal deformation, and 

rotary inertia. A set of dynamic equations were derived through Hamilton’s principle. Higher order 

deformation theories with thickness change and rotary inertia were used to resolve the vibration 

and stability of laminated shells. 

 

Nguyen et al. [99] investigated non-linear dynamic and vibration response of FG-CNTRC doubly 

curved thin shells exposed to blast load and temperature. The shallow shells were reinforced with 

single-walled carbon nanotubes (SWCNTs) which vary as a linear functions of the shell thickness. 

The material properties of the shells were temperature dependent and predicted by the rule of 

mixture. By using higher order shear theory, Galerkin approach, fourth-order Runge–Kutta method 
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and the Airy stress function, nonlinear dynamic behaviour and natural frequency of imperfect FG-

CNTRC shells were determined. 

 

Singh and Panda [100] analysed large amplitude free vibration response of doubly curved 

composite shallow shells using non-linear FEM. The model was derive using Green Lagrange type 

geometric non-linearity in the framework of HSDT. The governing equation was derived using 

Hamilton’s principle and solved numerically by direct iterative method. The effect of 

orthotropicity ratios, stacking sequences, thickness ratios, amplitude ratios, symmetric and 

unsymmetrical lamination and support conditions were included in the study.   

 

Qatu and Leissa [101] analyzed free vibration of laminated plates and shallow shells with 

rectangular planform using Ritz method with algebraic polynomial displacement function. The 

effect of various parameters such as material, stacking sequence and number of layers on 

frequencies were studied. The first ten frequencies of different curvatures such as spherical, 

circular cylindrical, hyperbolic paraboloidal and flat plate were presented.         

 

1.2.7 First-Ply Failure 

Said and Hallett [102] presented damage initiation in composite laminates. The said method 

associate the meso-scale models to produce complete idea of damage beginning under all possible 

combinations of bi-axial loading. The 2-D biaxial failure envelope were then combined with the 

composites physical behavior and surface compatibility conditions to generate 3D failure 

manifolds using Gauss surface equation.   

  

Zimmermann and Wang [103] studied the failure of a laminated composite shell was a highly 

complex phenomenon owing to complex shell geometries and the associated shell dynamics under 

different loading conditions. The composite laminates were inherently weak in transverse shear, 

and the actual failure occurs owing to a complex interaction between different failure modes. 

 

Kam et al. [104] analyzed the deformation and FPF of thin laminated composite plates using 

nonlinear FEM utilizing the von Karman-Mindlin plate theory and the principle of minimum total 
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potential energy. The load displacement curves of a number of laminated composite plates were 

determined using proposed FEM. The correctness of the FE outcomes were validated with the 

existing experimental results.   

 

Reddy and Pandey [105] formulated an FE procedure to investigate the FPF of layered composite 

plates based on FSDT and a tensor polynomial failure criterion which contains maximum stress, 

maximum strain, Tsai-Hill, Tsai-Wu and Hoffman as special case. Composite laminates subjected 

to in plane or bending loads were considered for FPF. 

    

Kam and Lai [106] predicted the FPF strength of laminated composite plates through experimental 

and theoretical approaches. An acoustic emission technique was used to compute the energy 

release rate during the failure. The first-ply failure loads were then computed from energy vs load 

diagram which was made on the basis of energy emission. Using layerwise linear displacement 

theory and Tsai-Wu failure criteria a FE analysis was done to predict the FPF loads.   

     

Prusty et al. [107] focused on the damage initiation in composite panels based on various failure 

criteria utilizing FEM and FSDT. An eight noded isoparametric shell element was employed for 

the FE analysis.  Failure of the weakest ply under transverse load was investigated using different 

failure theories. Different plates and shells with different lamination schemes was selected for the 

analysis. 

 

Błachut [108] numerically studied the bifurcation buckling, and the FPF of CFRP filament wound 

toroidal shells having closed circular and arbitrary cross-sections. The influence of boundary 

conditions, variable wall thickness, stacking sequence and initial imperfection on load carrying 

capacity was investigated.    

 

Ramtekkar et al. [109] developed a 3-D layer-wise mixed FE model to study the FPF of composite 

plates and concluded that the 3-D failure theories yield roughly the same failure loads as the 2-D 

ones. For calculation of stress and strain mechanics of advanced materials and structures was used. 

FPF was estimated by using various theories like maximum stress, maximum strain, Tsai-Wu, 
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Tsai-Hill and Hoffman. FE results were computed for angle-ply, cross-ply, symmetric, anti-

symmetric and thin-thick plates.  

 

Bakshi and Chakravorty [110] focused on the FPF of thin laminated composite conoidal shells 

using FEM. Simply supported thin shell with uniformly distributed load were considered for the 

investigation. Failure loads were computed using some established failure theories. Apart from 

failure loads, failure location and failure modes were also studied.  

 

Bakshi and Chakravorty [111] investigated the FPF of laminated composite cylindrical shells using 

geometrically nonlinear approach. FE investigation were carried out using eight noded doubly 

curved elements along with modified Sander’s first approximation for shallow shells and von 

Karman nonlinear strains were included. Failure loads, failure modes and failure locations were 

reported in the present study.   

  

Romanowicz [112] determined the FPF strengths of cross-ply laminates under compression, 

tension, and shear using computational micromechanics. The random distribution of fibers, fiber–

matrix decohesion and matrix plastic deformations were considered in the simulations. 

 

Kam et al. [113] analyzed the failure of composite wind blades subjected to quasi-static loads using 

geometrically nonlinear FEM and various failure theories to identify the buckling, debonding, and 

FPF of a blade by an incremental loading approach. The failure loads, failure locations and failure 

modes were determined to study the appropriateness of the failure criteria. 

 

Karmakar and Sinha [114] estimated the FPF strengths of pre-twisted rotating laminated composite 

plates under centrally applied point loads utilizing FEM based on a nine-noded 3-D degenerated 

shell element. Effects of transverse shear deformation and rotary inertia were included and for 

moderate rotational speed Coriolis effect was neglected. Lagrange’s equation of motion was 

employed to derive the dynamic equilibrium equation.   

 

A combination of experimental and FE approaches was employed by Biswas and Ray [115] to 
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carry out the FPF analysis of hybrid composite laminates under transversely applied static loads. 

An eight noded quadratic isoparametric plate bending element based on higher order zigzag theory 

(HRZT) was formulated to evaluate the interlaminar stresses of multilayered composite laminates. 

 

Gohari et al. [116] formulated an analytical approach to demonstrate the influence of thickness, 

aspect ratio, and fiber orientation on the FPF of unsymmetrical ellipsoidal composite shells 

subjected to internal pressure using linear interpolation technique. The experimental results was 

indicate that failure happened close to the shell’s edge as predicted by analytical method.    

Rao and Rao [117] determined the FPF loads of fiber metal laminate (FML) under uniformly 

distributed loads using FEM combined with classical laminated plate theory (CLPT). The failure 

loads and deformation of FMLs were studied in the form of dimensionless parameters, and their 

changes was investigated. 

 

Mondal and Ramachandra [118] presented a layer-wise FE approach to analyze the effect of size 

and location of delamination, area of heating surface, and boundary conditions on the FPF load 

and buckling temperature of delaminated composite plates. Prebuckling stress distribution within 

the plate was computed by computing thermoelasticity problem because applied thermal loading 

was non-uniform. Thermal buckling temperature was evaluated by employing prebuckling stress 

distribution. Postbuckling behaviour of the plate was found by considering the von Karman type 

geometric nonlinearity.   

 

Kumar et al. [119] implemented an efficient FEM within the framework of higher-order zigzag 

theory (HOZT) to explore the FPF load, location and failure index of layered composite and 

sandwich cylindrical shells. The two dimensional FE model satisfied the interlaminar shear stress 

continuity at layer interfaces and zero transverse shear stress at top and bottom of the shell. The 

parabolic shear stress deviation across the thickness of each layer was measured and shear 

deformation was perfectly modelled for composites and sandwich shells.  

 

Anish et al. [120] used the improved HSDT kinematic conditions in the FE formulation to 

demonstrate the failure mode of composite sandwich plates. The proposed 2D improved HSDT 
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satisfied the interlaminar shear stress continuity at each layer and zero transverse shear stress 

condition at the top and bottom of the plate. The parabolic shear stress distribution was piecewise 

across the thickness of each layer so no shear correction factor was used. The tentative modes of 

failure was transverse matrix cracking, fiber breakage and inter-fiber shear failure of the matrix.  

 

Ang et al. [121] presented an artificial neural network scheme to predict the FPF of laminated 

composite pipes subjected to multi-axial loads. The model was expected to predict the FPF loads 

under several biaxial stress ratios. The biaxial failure envelope was then explained by highlighting 

axial stress against hoop stress. 

 

Mustafa et al. [122] examined the probabilistic FPF of composite plates employing the 

micromechanics for static failure (M-SaF) method. To compute the damage condition distinct 

failure criteria was considered.    

  

Recently, the stochastic influences of the parameters like stacking sequence, lamina thickness, 

material properties and strengths on the FPF of laminated composite plates subjected to 

unidirectional static loading have been studied by Martinez and Bishay [123]. 

 

Saha et al. [124] presented a parametric study of the FPF of mid plane delaminated shallow conical 

shells. The dynamic equilibrium equation was obtained from Lagrange’s equation of motion for 

modest rotational speed neglecting the Coriolis effect. The theoretical calculation was carried out 

based on Mindlin’s theory and an eight noded isoparametric shell element was employed for FE 

model. Multipoint constraint algorithm was used to ensure the equilibrium of resultant forces and 

moments at delaminated crack tip. The first ply failure loads was evaluated considering various 

failure theories.   

 

1.2.8 Impact Induced Failure Response 

The pioneering investigation of impact on isotropic beam was carried out by Timoshenko & Young 

[125] and Sairam et al. [126] investigated the low velocity impact response of AA5083 alloy plate 

using FEA package by measuring the impact resistance in terms of depth of indentation. The 
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investigation was carried out for different orientation of the alloy plate with respect to horizontal 

datum. They found that impact resistance was dependend on the angle of inclination and is 

minimum when the inclination was 90°.  

 

M. V.  Shitikova [127] developed a mathematical model and carried out numerical calculations to 

predict impact resistance and indentation of a viscoelastic plate and compared with the 

experimental results. 

 

Feli and Das [128] analysed the low velocity impact performance of piezoelectric plates using 

FEM. The plate kinematics was modelled using FSDT and governing equations were formulated 

utilizing Hamilton's principle and Maxwell's law and contact behaviour was modelled using 

Hertz's contact law. Parameters like volume fraction, slenderness ratios and in plane dimensions 

were considered to predict impact response for simply supported and clamped boundary condition. 

  

The central impact response of simply supported composite plates under initial stress was studied 

by Sun and Chattopadhyay [129]. The contact force and dynamic response were found by resolving 

nonlinear integral equation. It was also found that greater initial stress result in smaller energy 

transfer from the striking mass to the plate. 

  

Sun and Chen [130] investigated impact response of initially stresses composite laminates using 

FEM. The Newmark time integration algorithm was used to solve time dependent equation of the 

plate and impactor. The effect of impact velocity, initial stress, and mass and size of impactor on 

contact force, deflection and strain were included in the result.   

 

Mortimer et al. [131] performed in plane and shear bending impact experiments on laminated angle 

ply and cross ply composite plates and compared the results with theoretical predictions. Results 

indicated that under given loading condition the lamination theory adequately predicts wave 

velocities and strains in composite plates. 
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E. H. Lee [132] developed an approximate solution for a beam impacted by a mass to find out 

energy distribution among the different modes of vibration. Solution using energy and momentum 

consideration was developed to give motions beam and mass resulting from the impact.    

 

Shen et al. [133] represents a nonlinear study of low velocity impact response of graphene 

reinforced sandwich composite plates with functionally graded (FG) cores which enhances impact 

resistance and bending strength significantly. Parameters like thermal environments, FG 

configurations, strut radii, volume fractions, impact velocities were considered in FE simulation 

to predict bending, shear and axial deformation. 

 

Song et al. [134] prepared a parametric approach to investigate the effect of temperature deviation, 

geometry, weight fraction, impactor radius and initial velocity of FG plates under simply supported 

boundary condition. The material properties were estimated from Halpin–Tsai model and Hertz 

contact law was used to predict contact forces. 

 

He et al. [135] made a FE simulation of fiber reinforced composite laminates predict effects of 

material parameters, shape of impactor including flat, hemispherical, and conical under low and 

high velocity impact. It was found that amount of energy absorbed in damaged area and impactor 

displacement were maximum for conical impactor and minimum for flat impactor.  

 

Ebrahimi et al. [136] represented a nonlinear FE simulation of laminated FG carbon nanotube 

reinforced composite (FG-CNTRC) plate under low-velocity impact using higher-order shear 

deformation theory (HSDT) and von Karman geometrical nonlinearity conventions in thermal 

atmosphere. The effect of temperature change, stacking sequence, distribution of carbon nano 

tubes, volume fraction, mass and the velocity of the impactor on CNTRC laminates were 

investigated thoroughly.  

 

Ceyla and Şenel [137] made an experimental study of low velocity impact on E-glass/epoxy 

symmetric laminated plates for different stacking sequence under clamped boundary condition. It 
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was found that more energy required to damage the plate when two sides were clamped compared 

to all the four sides. 

 

Ansari and Chakrabarti [138] investigated numerically and experimentally of Glass Fiber 

Reinforced Polymer (GFRP) plates under ballistic impact. The effect of plate thickness, projectile 

nose shapes and incidence velocity on residual velocity, contact force- energy absorption, ballistic 

limit, time histories, damage pattern and area in the composite plate were studied.  

 

Chun and Lam [139] developed a numerical method to investigate low velocity impact response 

of composite plates using Hertzian contact law and Lagrange principle. The governing equations 

were decoupled according to the second-order terms by the method of principal transformation, 

and then solved numerically. The contact force, deformation, energy transferred and stresses were 

presented.  

 

Hu [140] developed a generalized Finite Element model for composite plate considering 

weak interfacial bonding and local delamination and represented the transient response of 

composite laminates having multiple delamination subjected to low velocity impact by a spherical 

mass. The FE model was based on Mindlin plate theory and Hertzian indentation law was used to 

compute the impact force between the ball and the laminates. Modified Lagrange multiplier 

technique was used to deal with the dynamic contacts between delaminated layers.    

 

Sekine et al. [141] investigated the impact response of partially delaminated composite plates by 

employing Hertzian contact law and Newmark algorithm and Karmakar et al. [142] analyzed 

centrally impacted transient response of delaminated pretwisted rotating shallow cylindrical shell 

under low velocity impact. The dynamic equilibrium equation was obtained from Lagrange 

equation of motion for modest rotational speed where Coriolis effect was negligible. For FE 

formulation an eight noded isoparametric element was selected based on Mindlin’s theory, 

including rotary inertia and effects of transverse shear deformation.   

 

Bandyopadhyay et al. [143] investigated the transient response of pretwisted delaminated conical 

shallow shell impacted by multiple impactors in hygrothermal environments. An eight noded shell 

https://www.sciencedirect.com/topics/engineering/interfacial-bonding
https://www.sciencedirect.com/topics/engineering/local-delamination
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element was employed for the analysis based on Mindlin’s theory. The dynamic equilibrium 

equation was obtained from Lagrange’s equation of motion and Coriolis effect was neglected for 

modest rotational speed. A multipoint constraint algorithm was used to confirm the compatibility 

of deformation and equilibrium of forces and moments at delamination crack-tip.   

 

Reis et al. [144] studied experimentally the effect of thickness on static compression and multiple 

impact response of laminated semi cylindrical shells and found impact damages were localized 

with the increase of thickness due to dissipation of energy at the interfaces.  

 

Sharifi et al. [145] investigated the low velocity impact response of shallow laminated composite 

cylindrical shell using FEA package. The variation of stress and displacement along 

circumferential and radial directions were investigated and found that 90° along the 

circumferential and radial directions were critical point.  

 

Rout et al. [146] made a FE model to investigate dynamic behaviour of twisted delaminated 

stiffened cylindrical shell under low velocity multiple impact. The contact forces were modelled 

with modified Hertzian contact law. Lagrange’s equation of motion was used to formulate 

governing equations and solved by Newmark’s algorithm to execute the analysis. 

 

Coelho et al. [147]  and Paramasivam and Johnson [148] performed experimental and FE analysis 

of low velocity axial impact of both anisogrid and unstiffened cylindrical shells made of composite 

materials. The results indicated that anisogrid structures have greater load carrying capacity than 

unstiffend shell under dynamic loading. 

 

Parhi et al. [149] studied analytically free and forced vibration, first-ply failure due to low velocity 

impact of laminated composite plates, cylindrical and spherical shells using FSDT. Sander’s 

shallow shell theory was employed for the analysis. To solve time dependent equations of the plate 

and impactor Newmark’s time integration algorithm was used. Tsai-Wu failure criteria was utilize 

to predict FPF of laminate due to impact at every time step. Numerical results were presented by 

varying size and location of delaminations and stacking sequence. 
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1.2.9 Recent Advances in Composite Materials:  

Hirwani et al. [150] investigated the effect of delamination on the free vibration response of 

laminated composites curved panels with different geometry. The presence of delamination is 

modelled using higher order shear deformable kinematic models. The governing equation was 

acquired from classical Hamilton's principle and discretised by FEM. The effect of different 

materials and geometrical properties such as size, location and position of the delamination on 

the free vibration response of laminated composite shell was analysed numerically.    

 

Hirwani et al. [151] analyzed the transient response of composite plate with internal debonding 

under transverse sinusoidal loading. The composite plate with internal debonding was modelled 

mathematicaly by using Reddy's simple shear deformation kinematic theory and geometrical 

nonlinearity of the debonded plate was taken care by Lagrangian method. The governing equation 

of motion was derived with the help of Lagrangian method and solved by Newmark's time 

integration scheme. The effect of size, location and position of internal damage, material and 

geometrical factors on the nonlinear transient behaviour of composite plate was found numerically.    

 

Hirwani et al. [152] developed a mathematical model using higher order kinematic model to 

investigate the flexural strength of delaminated composite plate and compared the outcomes with 

experimental results. The governing equation was found from variational approach and discretised 

with isoparametric FE steps. The flexural responses was evaluated numerically and experimental 

bending response was found by three-point bend test.  The analysis include effect of material and 

geometrical properties such as size and location of delamination on bending behavior of the plate.   

 

 Hirwani et al. [153] investigated numerically the effect of various mechanical loading on transient 

response of internally delaminated composite plate and shallow shells. Higher-order displacement 

kinematics was used to model the problem followed by FE steps and the domain was discretized 

with the biquadratic nine-noded quadrilateral element. The effect of design parameters, geometries 

and delaminations on transient response was analyzed.    

 

https://www.sciencedirect.com/topics/earth-and-planetary-sciences/delamination
https://www.sciencedirect.com/topics/engineering/free-vibration
https://www.sciencedirect.com/topics/materials-science/laminated-composite
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Hirwani and Panda [154] investigated the thermal free vibration of delaminated composite shell 

including large geometrical deformation. The model was derived using various higher-order 

polynomial kinematics considering nonlinear structural geometry.   

 

They analyzed the influence of design parameters, delamination size, interlayer position and 

location on the nonlinear frequency response.  

 

Hirwani et al. [155] examined numerically the effect of thermomechanical loading on deflection 

response of delaminated doubly curved shallow shells. Using higher order kinematic theories the 

delaminated shell structure was modelled mathematically. The investigation includes the effect of 

delamination size and position and structural parameters on deflection response under combined 

loading.    

 

Dewangan et al. [156] investigated numerically the effect of shape and size on modal response of 

impregnated composite panels using higher order isoparametric FE formulation and higher order 

polynomial kinematic model. The effect of design and structural parameters on modal response 

was found with different boundary conditions. 

 

Hirwani and Panda [157] investigated numerically the effect of delamination on structural stiffness 

and modal response of layered composite using higher order FEM and kinematic models. The 

effect of different parameters such as material properties, geometrics and delamination size and 

position on frequency behaviour was presented.      

 

Hirwani et al. [158] examined nonlinear transient response of delaminated composite shell under 

different kind of mechanical loading. The delaminated shell was modelled using higher order 

midplane theories in association with the Green-Langrage theories. The nonlinear frequency 

response was computed numerically by applying Newmark's time integration scheme. The effect 

of delamination size, location and position and design parameters on frequency response was 

found.     

 

https://www.sciencedirect.com/topics/engineering/structural-geometry
https://www.sciencedirect.com/topics/engineering/shallow-shells
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Hirwani et al. [159] examined numerically and experimentally the nonlinear frequency behaviour 

of laminated curved composite panels. The mathematical model was developed by using different 

kinematic models and Green-Lagrange nonlinear strains. The effect of design parameters and 

different geometrical formations on linear and nonlinear frequency behaviour was found.   

 

Hirwani and Panda [160] investigated numerically thermoelastic deflection and stresses of a 

delaminated layered structure under the variable temperature field. The formulation was developed 

using various polynomial kinematic theories considering the stretching effect. For nonlinear 

equilibrium conditions variational norm was selected and solved using  Lagrangian method. The 

different input parameters such as delamination size, position and location was selected for the 

analysis.    

 

Hirwani and Panda [161] examined numerically nonlinear deflections and stress response of pre 

damaged single and doubly curved composite shell under quasi-static loading and validated the 

result experimentally. For mathematical model higher-order kinematic theories and Green-

Lagrange nonlinear strain theories was used. The necessary governing equation was found by 

minimizing the energy expression and solved by using FE steps.  

 

Hirwani et al. [162] evaluated numerically the nonlinear bending and stress values of internally 

debonded flat composite panel using higher-order kinematic theories considering thickness 

stretching effect. The model was developed considering Green–Lagrange strain kinematics and 

higher order strains. Various examples was solved considering the effect of delamination size, 

location and position on nonlinear deflection.   

 

Hirwani and Panda [163] investigated nonlinear time-dependent displacement results of 

delaminated composite curved shell under various pulse loading. The mathematical model was 

developed using higher-order displacement theories in association with thickness stretching effect 

and sublaminate method was selected for presence of delamination. The governing equation was 

reduced by 2D FE formulation through nine-noded isoparametric elements and solved by using by 

direct iterative technique and Newmark’s average acceleration approach.   

 

mailto:C.%20K Hirwani
mailto:C.%20K Hirwani
https://www.sciencedirect.com/topics/engineering/static-deflection
mailto:C.%20K Hirwani
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Srivastava et al. [164] investigated experimentally and numerically dynamic deflection of 

delaminated carbon–epoxy composite shallow shell panels. Initially composite panels were 

fabricated and the material properties were obtained. For modelling delaminated panels higher-

order displacement kinematics and FE method was used. The equation of motion was derived from 

Lagrangian method and solved by Newmark’s time integration scheme. The effect of delamination 

size, shape, material and geometrical properties on transient deflection were analyzed.  

 

Erukala et al. [165] examined mathematically delaminated structural strength of laminated 

composite using higher-order displacement field. The impact of crack on frequency estimated 

numerically by using FE method.  The decrease in strength due to rise in temperature and presence 

of crack were found using the developed model. Enhancement of strength/stiffness was achieved 

by reinforcing the shape memory alloy. 

 

Erukala et al. [166] analyzed nonlinear transient deflection laminated composite shell assimilated 

with shape memory alloy (SMA) with or without the presence of damage. The mathematical model 

employed HSDT and transient response were found using the Newmark’s average acceleration 

approach.   

 

Kumar et al. [167] investigated the effect of delamination and crack inside layered composite on 

modal response and strain energy release rate (SERR) numerically using FEM and higher-order 

mathematical model. The effect of delamination and presence of crack on eigenvalue and SERR 

were analyzed.  

 

Kumar et al. [168] examined transient behavior of curved composite shell panels with the presence 

of crack and delamination under thermo-mechanical loading and verified experimentally. They 

developed mathematically a model for damage shell using higher-order polynomials and 

isoparametric FE steps. The dynamic behaviour were computed numerically employing 

Newmark's constant average acceleration approach. The FE results were compared with the 

experimental outcomes. The effect of delamination, crack, structural parameters and temperature 

on the curved shell was presented.   

 

https://www.sciencedirect.com/topics/engineering/strain-energy-release-rate
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Jones [169] describes the basic knowledge of mechanical behavior of laminated composite 

materials. He also discussed the micromechanics and macromechanics behaviour of composites, 

lamination theory and plate bending, buckling and vibration theories.    

 

Cook [170] presented elaborately the FEM for beginners to use it in computational problems. He 

represented modest amount of FE theory, nature of FE solution, suggestion for modelling and 

computational problems.   

 

1.3 Motivation of the present Research  

It is evident from the literature review that earlier research works mostly focused on the 

first-ply failure of composite plates without considering the influence of internal anomalies of the 

structure. In general, the composite blades fitted to the hub of the turbomachinery blades are wider 

near the fixed end where the highest bending stresses tend to develop. The trapezoidal planform 

of the composite blades may be suitably analyzed by idealizing them as thin conical shells. The 

presence of delamination and matrix-cracking are detrimental and hazardous to the service life of 

the composite structures owing to their insidious presence. The first-ply failure of composite 

conical shells is widely affected by the presence of delamination. The delamination may occur in 

the composite conical shell structures during transportation, tool drop, hailstorm and impact of 

slow moving projectiles during harsh working conditions. As such, the critical velocity of impact 

at which the first-ply failure of delaminated composite conical shells initiates is of utmost 

importance from their design point of view. The present work thereby focuses on the first-ply 

failure behavior of pretwisted delaminated composite conical shells due to static and impact 

loading. 

 

1.4 Objective of the present work 

The objective of current research work is to predict the failure behaviour  and transient 

response of pretwisted delaminated rotating composite conical shells under static and impact 

loading. The pre-twisted rotating conical shells are assumed to be subjected to a center point 

transverse load, and the FPF loads are evaluated based on the well-established failure-criterions 

namely, maximum strain, maximum stress (Independent and polynomial based), Hoffmann, Tsai-
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Hill, and Tsai-Wu criteria under static loading condition. For impact loading, first the critical 

velocity of impact will be calculated at which the first-ply failure begins. Obtaining critical 

velocity of impact is necessary because contact force depends on the velocity of impact. Then the 

transient response of single delaminated and multiple delaminated shells will be studied at critical 

velocity of impact for different aspect ratio. Also size and location of delamination and location of 

impact will be considered as vital parameters for present analysis. 

 

  

1.5 Scope of the Present work 

The scope of present work is restricted to the study of first-ply failure behavior of 

pretwisted delaminated rotating conical shells under static and impact loading. Under static loading 

some well-established failure criterion are selected and the pre-twisted conical shells are assumed 

to be subjected to a transverse central point load with cantilever boundary condition. During impact 

loading critical velocity of impact is found at which first-ply failure begins. The shells are assumed 

to have single and multiple delamination with different size and location of impact on the conical 

shell are varied.    
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CHAPTER 2: Theoretical Formulation 

2.1 Introduction 

This chapter presents the theoretical formulation and solution procedures and use of Finite Element 

Method (FEM) adopted for the first-ply failure of composite conical shells. The conical shell 

geometry are presented initially followed by discretization of domain, lamina stress strain 

relationship, governing equation, first ply failure theories and impact relationship. The conical 

shell is discretized using an eight-noded isoparametric shell bending element and multipoint 

constraint algorithm is employed to model the delaminated conical shell. Different first ply failure 

theories are described and impact relationships are explained. Further computer codes are 

developed based on existing formulation and graphs are plotted using Origin software.   

 

2.2 Conical Shell Model 

A shallow conical shell is employed for present analysis shown in Fig.1.  The span length, base 

width, major radius, minor radius, thickness, vertex angle, base subtended angle are L, b0, α0, β0, 

h, θv , θ0 respectively. The geometric orientation of the mid-plane of an untwisted shallow shell is  

[1] 

The radius of twist (Rxy), length (L) of the shell and twist angle (ψ) are related by the expression 

[1] 

 

                                       𝑧 = −
1

2
(
𝑥2

𝑅𝑥
+
2𝑥𝑦

𝑅𝑥𝑦
+

𝑦2

𝑅𝑦
)   and    tan𝜓 = −

𝐿

𝑅𝑥𝑦
 

(2.1) 

where Rx is the span-wise radius, Ry is the chord-wise radius, Rxy is the curvature radius, length of 

the shell is L and twist angle is ψ. However, there is no curvature of the conical shell along the 

spanwise direction. The cantilevered shallow conical shell, assumed to be clamped at x=0, is 

pretwisted at a twist angle of ψ and a radius of twist Rxy. Any cross section of the conical shell is a 

part of an ellipse with α and β are major and minor radii. The equation of the ellipse is given by 

[1] 

(
𝑦

𝛼
) 2 + (

𝑧+𝛽

𝛽
)2 =1 

 (2.2) 
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The chord-wise radius Ry of the conical shell is [86] 

 

𝑅𝑦=
[1+(

𝑑𝑧

𝑑𝑦
)2)]

3
2⁄

𝑑2𝑧

𝑑𝑦2

 = 𝛼2𝛽2[
1

𝛽2
+
𝑦2

𝛼2
(
1

𝛼2
−

1

𝛽2
)]

3

2 

(2.3) 

= s(
𝛼

𝑠
)2(

𝛽

𝑠
)2{(

𝑠

𝛽
)
2

+ (
𝑠

𝑏0
)
2

(
𝑏0

𝑠
)
2

(
𝑠

𝛼
)
2

[(
𝑠

𝛼
)
2

− (
𝑠

𝛽
)
2

}
3
2⁄  

(2.4) 

where 
𝛼

𝑠
 =

 (
𝑏

𝑠
) (
𝛽

𝑠
) tan(

𝜃0
2
)

√𝑡𝑎𝑛2(
𝜃0
2
−(

𝛽

𝑠
)2)

 

(2.5) 

𝛽

𝑠
 = tan (

𝜃𝑣

2
) [1 − (

𝑥

𝑠
)] 

𝑏

𝑠
= (

𝑏0

𝑠
) [1 − (

𝑥

𝑠
)] 

𝑏0

𝑠
 = 2 sin(

𝜃0

2
)√

𝑡𝑎𝑛2 (
𝜃0
2
)

𝑐𝑜𝑠2 (
𝜃0
2
)+𝑡𝑎𝑛2 (

𝜃0
2
)
  

(2.6) 

 

2.1(a) 
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2.1(b)  

Fig. 2.1(a & b) Schematic diagram of a shallow conical shell 

 

2.3 Finite Element Formulation 

The domain is discretized by 8X8 mesh division of the planform of the conical shell and an eight-

noded isoparametric shell element is selected for present analysis (Fig. 2.2). The isoparametric 

shell element is shown in x-y (ξ – η) plane and ξ – η plane (Fig. 2.3 and Fig. 2.4). 
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Fig. 2.2 FE Mesh discretization of the planform of the conical shell 

 

The geometry of the element and displacement fields can be described by the following quadratic 

shape functions(𝑁𝑖). [36] 

 

𝑥 = ∑ 𝑁𝑖𝑥𝑖
8
𝑖=1 ; 𝑦 = ∑ 𝑁𝑖𝑦𝑖

8
𝑖=1  

(2.7) 

                                 𝑢0 = ∑ 𝑁𝑖
8
𝑖=1 𝑢𝑖

0 ; 𝑣0 = ∑ 𝑁𝑖
8
𝑖=1 𝑣𝑖

0 ; 𝑤0 = ∑ 𝑁𝑖
8
𝑖=1 𝑤𝑖

0 

(2.8) 

𝜃𝑥= ∑ 𝑁𝑖
8
𝑖=1 𝜃𝑥

𝑖 ; 𝜃𝑦= ∑ 𝑁𝑖
8
𝑖=1 𝜃𝑦

𝑖  

(2.9) 
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Fig. 2.3 An element in x-y (ξ – η) plane Fig. 2.4 An isoparametric element in the ξ – η  

               space 

The on axis stiffness of the kth lamina is [169] 

[𝑄𝑖𝑗]𝑘=[
𝑄11 𝑄12 0
𝑄12 𝑄22 0
0 0 𝑄66

]; i, j=1, 2, 6 

(2.10) 

[𝑄𝑖𝑗]𝑘=[
𝑄44 0
0 𝑄55

] ; i,j=4, 5 

(2.11) 

where 𝑄11 =
𝐸1

1−𝜈12𝜈21
,  𝑄12 =

𝜈12𝐸2

1−𝜈12𝜈21
, 𝑄22 =

𝐸2

1−𝜈12𝜈21
,Q44=G13 , Q55=G23 and Q66=G12 

The transformation matrices can be expressed as [169] 

[𝑇1]=[
𝑚2 𝑛2 2𝑚𝑛
𝑛2 𝑚2 −2𝑚𝑛
−𝑚𝑛 𝑚𝑛 𝑚2 − 𝑛2

] 

(2.12) 

[𝑇2] =[
𝑚 −𝑛
𝑛 𝑚

] 

(2.13) 

The off axis stiffness for the kth lamina is [169] 

[𝑄̅𝑖𝑗]𝑘= [𝑇1]
−1[𝑄𝑖𝑗]𝑘

[𝑇1]
𝑇, i, j=1,2,6 

(2.14) 

[𝑄̅𝑖𝑗]𝑘= [𝑇2]
−1[𝑄𝑖𝑗]𝑘

[𝑇2] , i, j=4,5 

(2.15) 
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2.4 Stress Strain Relationship 

The linear strains of each lamina at a distance ‘z’ from the mid-surface of the laminate are [36, 

169] 

𝑥 = 𝑢,𝑥 +
𝑤

𝑅𝑥
; 

𝑦  =  𝑣,𝑦 +
𝑤

𝑅𝑦
; 

𝛾𝑥𝑦 =  𝑢,𝑦 + 𝑣,𝑥 +
2𝑤

𝑅𝑥𝑦
 

(2.16) 

The in-plane strain vector is the summation of the mid-surface strain vector and vector of the 

variation in curvature due to external applied loads, where𝑘𝑥, 𝑘𝑦, and 𝑘𝑥𝑦represents the curvature 

vectors of the conical shell [169] 

{
 
 

 
 
𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
𝛾𝑥𝑧
𝛾𝑦𝑧}
 
 

 
 

=

{
 
 

 
 

𝑢,𝑥
𝑣,𝑦 + 𝑤 𝑟𝑦⁄

𝑢,𝑦 + 𝑣,𝑥 + 𝑤 𝑟𝑥𝑦⁄

𝑢,𝑧 + 𝑤,𝑥
𝑣,𝑧 + 𝑤,𝑦 − 𝑣 𝑟𝑦⁄ }

 
 

 
 

=

{
 
 

 
 
𝜀𝑥𝑥
0

𝜀𝑦𝑦
0

𝛾𝑥𝑦
0

𝜑𝑥𝑧
𝜑𝑦𝑧}

 
 

 
 

+ 𝑧

{
 
 

 
 
𝜅𝑥𝑥
𝜅𝑦𝑦
𝜅𝑥𝑦
𝜅𝑥𝑧
𝜅𝑦𝑧}

 
 

 
 

     

(2.17) 

The in-plane strain and transverse strains can be calculated by the following relations [169] 

𝜀𝑥 = 𝜀𝑥
0 + 𝑧𝑘𝑥;     𝜀𝑦 = 𝜀𝑦

0 + 𝑧𝑘𝑦;     𝛾𝑥𝑦 = 𝛾𝑥𝑦
0 + 𝑧𝑘𝑥𝑦 

𝛾𝑥𝑧= 𝜑𝑥𝑧+z𝜅𝑥𝑧 and  𝛾𝑦𝑧 = 𝜑𝑦𝑧 + 𝑧 𝜅𝑦𝑧           

(2.18) 

For the kth lamina the strains in the principal material directions can be obtained by using the 

transformation given below [169] 

{

1
2
6

}

𝑘

= [

𝑝2 𝑞2 2𝑝𝑞

𝑞2 𝑝2 −2𝑝𝑞

−𝑝𝑞 𝑝𝑞 𝑝2 − 𝑞2
]

𝑘

{

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦

2

}

𝑘

 

(2.19) 

Where p=cosθk and q=sinθk, θk being the fiber-angle of the kth lamina 

The strain vector {𝜀}and nodal displacement vector {𝛿𝑒} of an element are associated by the 

relation provided below [170] 



48 

 

{𝜀} = [𝐵]{𝛿𝑒} 

(2.20) 

where [B] is the strain-displacement matrix. 

The five lamina stresses for the kth lamina can be computed using the following stress-strain 

relations considering plane stress conditions [169,170] 

{
 
 

 
 
𝜎11
𝜎22
𝜏12
𝜏13
𝜏23}
 
 

 
 

𝑘

=

[
 
 
 
 
𝑄11 𝑄12 0 0 0
𝑄12 𝑄22 0 0 0
0 0 𝑄66 0 0
0 0 0 𝑄44 0
0 0 0 0 𝑄55]

 
 
 
 

𝑘 (

 
 

{
 
 

 
 
𝜀11
𝜀22
𝛾12
𝛾13
𝛾23}
 
 

 
 

)

 
 

𝑘

 

Where  

𝑄11 =
𝐸11

1 − 𝜈12𝜈21
,  𝑄22 =

𝐸22
1 − 𝜈12𝜈21

,  𝑄12 =
𝜈21𝐸11

1 − 𝜈12𝜈21
, 

 𝑄66 = 𝐺12, 𝑄44 = 𝐺23,  𝑄55 = 𝐺13 

 (2.21) 

For orthotropic laminate the stress-strain relationship is 

{𝜎} = [𝐷]{𝜀} 

(2.22) 

where  [𝐷] is the elasticity matrix. 

For a generalized representation of the overall displacement field over the element, the shape 

functions may be defined based on the natural or intrinsic co-ordinates 𝜉 and 𝜂. The displacement 

variable 𝑢(𝜉, 𝜂) may be defined as a polynomial of the natural coordinates in order to arrive at the 

interpolation or shape functions, [170] 

𝑢(𝜉, 𝜂) = 𝑘1 + 𝑘2𝜉 + 𝑘3𝜂 + 𝑘4𝜉𝜂 + 𝑘5𝜉
2 + 𝑘6𝜂

2 + 𝑘7𝜉
2𝜂 + 𝑘8𝜉𝜂

2 (2.23) 

 where, 𝑘𝑖(𝑖 = 1,2,3, … . ,8) are the degrees of freedom for the element considered.  

The interpolation functions 𝑁𝑖 for the 𝑖𝑡ℎ node may be represented as below [170] 

     𝑁𝑖 = (1 + 𝜉𝜉𝑖)(1 + 𝜂𝜂𝑖)(𝜉𝜉𝑖 + 𝜂𝜂𝑖 − 1) 4⁄        (for 𝑖 = 1, 2, 3, 4) (2.24) 

𝑁𝑖 = (1 − 𝜉2)(1 + 𝜂𝜂𝑖) 2⁄                                   (for 𝑖 = 5, 7) (2.25) 

𝑁𝑖 = (1 − 𝜂2)(1 + 𝜉𝜉𝑖) 2⁄                                   (for 𝑖 = 6, 8) (2.26) 

where 𝜉𝑖 and 𝜂𝑖are the natural coordinates at 𝑖𝑡ℎ node. 

The shape functions considered must satisfy the following conditions, [170] 
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∑𝑁𝑖 = 1

8

𝑖=1

,   ∑
𝜕𝑁𝑖
𝜕𝜉

= 1,

8

𝑖=1

    ∑
𝜕𝑁𝑖
𝜕𝜂

= 1,

8

𝑖=1

 (2.27) 

Based on the isoparametric formulation, the coordinates 𝑥 and 𝑦 of a point within the element may 

be expressed as below, in terms of shape functions 𝑁𝑖 and the coordinates (𝑥𝑖, 𝑦𝑖) as [170] 

𝑥 =∑𝑁𝑖

8

𝑖=1

𝑥𝑖                                         𝑦 =∑𝑁𝑖

8

𝑖=1

𝑦𝑖   
 

 (2.28) 

Where, 𝑁𝑖’s denotes the shape functions and 𝑥𝑖 and 𝑦𝑖 are the nodal coordinates. 

 

The mid-plane displacements within the finite element may be expressed in terms of the nodal 

displacement as given below, [170] 

𝑢0 = ∑ 𝑁𝑖
8
𝑖=1 𝑢0𝑖  ; 𝑣0 = ∑ 𝑁𝑖

8
𝑖=1 𝑣0𝑖   ;  𝑤0 = ∑ 𝑁𝑖

8
𝑖=1 𝑤0𝑖  ;   

(2.29) 
𝜃𝑥 = ∑ 𝑁𝑖

8
𝑖=1 𝛽𝑥𝑖  ; 𝜃𝑦 = ∑ 𝑁𝑖

8
𝑖=1 𝛽𝑦𝑖   

The derivatives of the shape functions in the (x, y) and (𝜉, 𝜂) systems are related as mentioned 

below, [169] 

{
𝑁𝑖,𝑥
𝑁𝑖,𝑦

} = [𝐽]−1 {
𝑁𝑖,𝜉
𝑁𝑖,𝜂

} (2.30) 

where [𝐽] denotes the Jacobian matrix and is may be defined as below, [169] 

[𝐽] = [
𝑥,𝜉 𝑦,𝜉
𝑥,𝜂 𝑦,𝜂

] (2.31) 

The generalized displacements {𝑢} in Eq. (2.29) may be expressed in terms of the nodal 

displacement vector {𝛿𝑒} and the matrix of the shape functions [𝑁] as below, [170]  

{𝑢} = [𝑁]{𝛿𝑒} (2.32) 

where {𝑢} = [𝑢0 𝑣0 𝑤0 𝜃𝑥 𝜃𝑦]𝑇 is the vector representing generalized displacement 

parameter and {𝛿𝑒} = [𝑢0𝑖 𝑣0𝑖 𝑤0𝑖 𝜃𝑥𝑖 𝜃𝑦𝑖]𝑇 represent nodal displacement parameter 

vector. The shape function matrix [𝑁] can be expressed as [170] 

[𝑁] =

[
 
 
 
 
𝑁𝑖 0 0 0 0
0 𝑁𝑖 0 0 0
0 0 𝑁𝑖 0 0
0 0 0 𝑁𝑖 0
0 0 0 0 𝑁𝑖]

 
 
 
 

𝑖=1,2,3,…,5

 (2.33) 
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Subsequently, the mid-plane strain vector {𝜀0} can be expressed in term of nodal displacement 

parameter vector as [170]  

{𝜀0}  = [𝐵]{𝛿𝑒} (2.34) 

where  [𝐵] denotes the strain-displacement matrix given as 

[𝐵] = ∑

[
 
 
 
 
 
 
 
 
𝑁𝑖,𝑥 0 𝑁𝑖/𝑟𝑥 0 0

0 𝑁𝑖,𝑦 𝑁𝑖/𝑟𝑦 0 0

𝑁𝑖,𝑦 𝑁𝑖,𝑥 2𝑁𝑖/𝑟𝑥𝑦 0 0

0 0 0 0 𝑁𝑖,𝑥
0 0 0 −𝑁𝑖,𝑦 0

0 0 0 −𝑁𝑖,𝑥 −𝑁𝑖,𝑦
0 0 −𝑁𝑖,𝑥 𝑁𝑖 0

0 0 −𝑁𝑖,𝑦 0 𝑁𝑖 ]
 
 
 
 
 
 
 
 

8
𝑖=1                                         2.35  

 

2.5 Generalized Dynamic Equilibrium Equation 

2.5.1 Rotating conical shell 

Two reference systems ℛ0(𝑋, 𝑌, 𝑍) and ℛ1(𝑥, 𝑦, 𝑧) are considered in order to formulate the general 

dynamic equilibrium of a rotating conical shell as shown in Fig. 2.5. The first system refers to the 

inertial coordinate system with the unit vectors (𝐢𝑿, 𝐢𝒀, 𝐢𝒁) which is assumed to be fixed to any 

arbitrary point on the axis of hub on which the blade is fitted. The second system refers to the local 

coordinate system and denoted with the help of unit vectors (𝐢𝒙, 𝐢𝒚, 𝐢𝒛) in the shell coordinate 

system. The vector 𝐫𝟎 = {𝑋0, 𝑌0, 𝑍0} signifies the translational offsets of shell coordinate 

system with reference to the inertial reference system. [74] 

 

Fig. 2.5 Rotating conical shell represented in both inertial and local reference system 
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The kinetic energy of the rotating conical shell may be defined as 

𝑇𝐾𝐸 =
1

2
∫ 𝜌𝐕. 𝐕
𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) (2.36) 

where 𝜌 symbolizes the mass density of the shell and 𝐕 indicates the absolute velocity of an 

arbitrary point on the conical shell in ℛ0(𝑋, 𝑌, 𝑍) reference system. The conical shell is assumed 

to rotate about the ℛ0(𝑋, 𝑌, 𝑍) reference system with an angular velocity 𝛀 = 𝛺𝐢𝒁 

The angular velocity in the ℛ1(𝑥, 𝑦, 𝑧) system may be defined in terms of its components as below, 

[74]  

{𝛺𝑥,   𝛺𝑥,   𝛺𝑥} = {0, 0, 𝛺}[𝑇𝜃𝑦]
𝑇
[𝑇𝜃𝑥]

𝑇 (2.37) 

where  

[𝑇𝜃𝑥]
𝑇 = [

1 0 0
0 cos 𝜃𝑥 −sin𝜃𝑥
0 sin𝜃𝑥 cos𝜃𝑥

]         (2.38) 

[𝑇𝜃𝑦]
𝑇
= [

cos𝜃𝑦 0 −sin𝜃𝑦
0 1 0

sin𝜃𝑦 0 cos𝜃𝑦

] (2.39) 

where 𝛺 symbolizes the rotational speed of the conical shell about 𝑍 axis of the ℛ0(𝑋, 𝑌, 𝑍) 

system, 𝜃𝑥 indicates skew angle and 𝜃𝑦 signifies the precone angle. The order of rotations is 𝜃𝑥 

and 𝜃𝑦. 

The translational offsets expressed with reference to shell coordinate system may be 

expressed as [74]  

{𝑙𝑥 ,   𝑙𝑦,   𝑙𝑧} = {𝑋0, 𝑌0, 𝑍0}[𝑇𝜃𝑦]
𝑇
[𝑇𝜃𝑥]

𝑇 

 

 

(2.40) 

Base on the Chasle’s theorem, 

𝐕 =
𝑑𝐫

𝑑𝑡
+ 𝛀 × 𝐫 (2.41) 

where 𝒓 indicates the position vector of the arbitrary point on the conical shell after deformation 

from the origin of the inertial reference frame and is given by [74] 

𝐫 = (𝑙𝑥 + 𝑥 + 𝑢)𝐢𝒙 + (𝑙𝑦 + 𝑦 + 𝑣)𝐢𝒚 + (𝑙𝑧 + 𝑧 + 𝑤)𝐢𝒛 (2.42) 

where (𝑥, 𝑦, 𝑧)  are the coordinates of any point in the shell coordinate system (local coordinate 

axes) while (𝑙𝑥, 𝑙𝑦, 𝑙𝑧) are the fixed translational offsets of the shell coordinate axes from the 
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inertial axes system expressed with reference to the shell coordinate system, (u, v, w) are the 

displacements of a point on the shell. 

The angular velocity vector 𝛀 in Eq. (2.41) is given by 

𝛀 = 𝛺𝐤𝒁 = 𝛺𝒙𝐢𝒙 + 𝛺𝒚𝐢𝒚 + 𝛺𝒛𝐢𝒛 (2.43) 

where (𝛺𝒙, 𝛺𝒚, 𝛺𝒛) are the components of angular velocity in the shell coordinate system. 

Substituting the expressions of 𝐫 and 𝛀 into Eq. 2.41, the absolute velocity 𝐕 can be derived as 

                      𝑽 = [𝑢̇ + 𝛺𝒚(𝑙𝑧 + 𝑧 + 𝑤)̇ − 𝛺𝒛(𝑙𝑦 + 𝑦 + 𝑣)]𝐢𝒙

+ [𝑣̇ + 𝛺𝒛(𝑙𝑥 + 𝑥 + 𝑢)̇ − 𝛺𝒙(𝑙𝑧 + 𝑧 + 𝑤)]𝐢𝒚

+ [𝑤̇ + 𝛺𝒙(𝑙𝑦 + 𝑦 + 𝑣)
̇ − 𝛺𝒚(𝑙𝑥 + 𝑥 + 𝑢)] 𝐢𝒛 

(2.44) 

Computing |𝐕|2and cancelling the terms that have no contribution when Lagrange's equation 

of motion is applied and substituting the result in kinetic energy expression, we have, [74] 

𝑇𝐾𝐸 =
1

2
∫ 𝜌 {

𝑢̇
𝑣̇
𝑤̇
}

𝑇

{
𝑢̇
𝑣̇
𝑤̇
}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) +
1

2
∫ 𝜌 {

𝑢̇
𝑣̇
𝑤̇
}

𝑇

[𝐴1] {
𝑢
𝑣
𝑤
}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙)

+
1

2
∫ 𝜌 {

𝑢
𝑣
𝑤
}

𝑇

[𝐴2] {
𝑢
𝑣
𝑤
}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙)

+
1

2
∫ 𝜌 {

𝑙𝑥 + 𝑥
𝑙𝑦 + 𝑦

𝑙𝑧 + 𝑧
}

𝑇

[𝐴2] {
𝑢
𝑣
𝑤
}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) 

(2.45) 

where the matrices [𝐴1] and [𝐴2] are given by 

[𝐴1] = [

0 −2𝛺𝑧 2𝛺𝑦
2𝛺𝑧 0 −2𝛺𝑥
−2𝛺𝑦 2𝛺𝑥 0

] (2.46) 

[𝐴2] = [

𝛺𝑦
2 + 𝛺𝑧

2 −𝛺𝑥𝛺𝑦 −𝛺𝑥𝛺𝑧

−𝛺𝑥𝛺𝑦 𝛺𝑥
2 + 𝛺𝑧

2 −𝛺𝑦𝛺𝑧

−𝛺𝑥𝛺𝑧 −𝛺𝑦𝛺𝑧 𝛺𝑥
2 + 𝛺𝑦

2

] (2.47) 

Substituting [𝑢, 𝑣, 𝑤]𝑇 = [𝑍̅]{𝛿} into Eq. 2.45, the kinetic energy becomes [74]   

𝑇𝐾𝐸 =
1

2
∫{𝛿}̇ 𝑇[𝑍̅]𝑇𝜌 [𝑍̅]{𝛿̇}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) +
1

2
∫{𝛿}̇ 𝑇[𝑍̅]𝑇𝜌[𝐴1] [𝑍̅]{𝛿}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) (2.48) 
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               +
1

2
∫[𝛿]𝑇[𝑍̅]𝑇𝜌[𝐴2] [𝑍̅]{𝛿}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) + ∫𝜌{

𝑙𝑥 + 𝑥
𝑙𝑦 + 𝑦

𝑙𝑧 + 𝑧
}

𝑇

[𝐴2][𝑍̅]{𝛿}𝑑(𝑣𝑜𝑙)

𝑣𝑜𝑙

 

where  [𝑚𝐼] = ∫ [𝑍̅]𝑇𝜌 [𝑍̅]
ℎ 2⁄

−ℎ 2⁄
𝑑𝑧  refers the matrix of inertia per unit area. 

Further, putting {𝛿} = [𝑁]{𝛿𝑒} into Eq. 2.48 is expressed in the following form 

𝑇𝐾𝐸 =
1

2
{𝛿̇𝑒}

𝑇
[𝑀𝑒]{𝛿̇𝑒} +

1

2
{𝛿̇𝑒}

𝑇
[𝐶𝑒]{𝛿𝑒} +

1

2
{𝛿𝑒}

𝑇[𝐾𝑅𝑒]{𝛿𝑒} + {𝛿𝑒}
𝑇{𝐹𝑐𝑒} (2.49) 

where [𝑀𝑒], [𝐶𝑒], [𝐾𝑅𝑒], and {𝐹𝛺𝑒} denote the mass matrix, Coriolis matrix (skew symmetric), 

centrifugal stiffness matrix (symmetric and positive definite), and rotational force vector for the 

shell element, and are defined as below,  

[𝑀𝑒] = ∫ ∫ [𝑁]𝑇[𝑚𝐼]
1

−1

[𝑁]|𝐽|𝑑𝜉𝑑𝜂
1

−1

 (2.50) 

[𝐶𝑒] = 𝜌 ∫[𝑁]𝑇[𝑍̅]𝑇[𝐴1][𝑍̅][𝑁]

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) (2.51) 

[𝐾𝑅𝑒] = 𝜌 ∫[𝑁]𝑇[𝑍̅]𝑇[𝐴2][𝑍̅][𝑁]

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) (2.52) 

{𝐹𝛺𝑒} = 𝜌 ∫[𝑁]𝑇[𝑍̅][𝐴2] {

𝑙𝑥 + 𝑥
𝑙𝑦 + 𝑦

𝑙𝑧 + 𝑧
}

𝑇

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) (2.53) 

Substituting the expression of the transformation matrix [𝑍̅] into [𝑚𝐼] the inertia matrix becomes 

[170] 

[𝑃′] =

[
 
 
 
 
𝐼𝑡 0 0 0 0
0 𝐼𝑡 0 0 0
0 0 𝐼𝑡 0 0
0 0 0 𝐼𝑟 0
0 0 0 0 𝐼𝑟]

 
 
 
 

 (2.54) 

where 𝐼𝑟 and 𝐼𝑡 denote the rotary and translatory inertia terms, respectively and can be expressed 

as below 

𝐼𝑡 =
1

ℎ
∑ ∫ 𝜌𝑘𝑑𝑧

𝑧𝑘+1
𝑧𝑘

𝑛
𝑘=1 ,            𝐼𝑟 =

1

ℎ
∑ ∫ 𝜌𝑘𝑧

2𝑑𝑧
𝑧𝑘+1
𝑧𝑘

𝑛
𝑘=1  

(2.55) 

where ρk is the mass density of the kth layer and 𝑧𝑘  and 𝑧𝑘+1 are the top and the bottom distances 

of a lamina from the mid-plane of the shell, respectively. 
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2.5.2 Strain energy of rotating conical shell 

The elastic strain energy of the conical shell element is expressed as [170] 

𝑈𝑒
𝐸 =

1

2
∫{𝜀𝑙}

𝑇{𝜎}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) (2.56) 

Using {𝜀𝑙} = [𝑇̅]{𝜀0} and {𝐹} = [𝐷]{𝜀0}, the above expression can be rewritten 

𝑈𝑒
𝐸 =

1

2
∫{𝜀0}𝑇

𝐴

[𝐷]{𝜀0}𝑑𝐴 (2.57) 

in which [𝐷] = ∫ [𝑇̅]𝑇
ℎ/2

−ℎ/2
[𝑄̅𝑖𝑗][𝑇̅]𝑑𝑧 is the elasticity matrix. 

Substituting {𝜀0}  = [𝐵]{𝛿𝑒} in Eq. (2.57), the elemental elastic strain energy becomes  

 

𝑈𝑒
𝐸 =

1

2
∫{𝛿𝑒}

𝑇

𝐴

[𝐵]𝑇[𝐷][𝐵]{𝛿𝑒}𝑑𝐴 =
1

2
{𝛿𝑒}

𝑇[𝐾𝑒]{𝛿𝑒} (2.58) 

where [𝐾𝑒] is the elastic stiffness matrix for the shell element that can be written as [170] 

[𝐾𝑒] = ∫ ∫ [𝐵]𝑇
1

−1

[𝐷][𝐵]|𝐽|𝑑𝜉𝑑𝜂
1

−1

 (2.59) 

The non-linear strain components according to the Green-Lagrange relations are given as [54] 

                 {𝜀𝑛𝑙} =

{
 
 

 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑥𝑦
𝛾𝑥𝑧
𝛾𝑦𝑧}
 
 

 
 

𝑛𝑙

    

  =
1

2

{
  
 

  
 (𝑢,𝑥)

2
+ (𝑣,𝑥 + 𝑤 𝑟𝑥𝑦⁄ )

2
+ (𝑤,𝑥)

2

(𝑢,𝑦 + 𝑤 𝑟𝑥𝑦⁄ )
2
+ (𝑣,𝑦 + 𝑤 𝑟𝑦⁄ )

2
+ (𝑤,𝑦 − 𝑣 𝑟𝑦⁄ )

2

2[𝑢,𝑥(𝑢,𝑦 + 𝑤 𝑟𝑥𝑦⁄ ) + (𝑣,𝑥 + 𝑤 𝑟𝑥𝑦⁄ )(𝑣,𝑦 +𝑤 𝑟𝑦⁄ ) + 𝑤,𝑥(𝑤,𝑦 − 𝑣 𝑟𝑦⁄ )]

2[𝑢,𝑧𝑢,𝑥 + 𝑣,𝑧(𝑣,𝑥 + 𝑤 𝑟𝑥𝑦⁄ ) + 𝑤,𝑧𝑤,𝑥]

2[𝑢,𝑧(𝑢,𝑦 +𝑤 𝑟𝑥𝑦⁄ ) + 𝑣,𝑧(𝑣,𝑦 + 𝑤 𝑟𝑦⁄ ) + 𝑤,𝑧(𝑤,𝑦 − 𝑣 𝑟𝑦⁄ )] }
  
 

  
 

 

(2.60) 

The expressions of the nonlinear strain components in the Eq. (2.60) can be written in compact 

form as 

{𝜀𝑛𝑙} =
1

2
[𝛤][𝐺]{𝛿𝑒} (2.61) 

where [𝛤] is obvious from Eq. (2.60) and Eq. (2.61), and [𝐺] is the matrix that contains the 

derivatives of  shape functions as given below [54] 
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[𝐺] =∑

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑁𝑖,𝑥 0 0 0 0 0 0

𝑁𝑖,𝑦 0 𝑁𝑖/𝑟𝑥𝑦 0 0 0 0

0 𝑁𝑖,𝑥 𝑁𝑖/𝑟𝑥𝑦 0 0 0 0

0 𝑁𝑖,𝑦 𝑁𝑖/𝑟𝑦 0 0 0 0

0 0 𝑁𝑖,𝑥 0 0 0 0

0 −𝑁𝑖/𝑟𝑦 𝑁𝑖,𝑦 0 0 0 0

0 0 0 𝑁𝑖,𝑥 0 0 0

0 0 0 𝑁𝑖,𝑦 0 0 0

0 0 0 0 𝑁𝑖,𝑥 0 0

0 0 0 0 𝑁𝑖,𝑦 0 0

0 0 0 0 0 𝑁𝑖,𝑥 0

0 0 0 0 0 𝑁𝑖,𝑦 0

0 0 0 0 0 0 𝑁𝑖,𝑥
0 0 0 0 0 0 𝑁𝑖,𝑦
0 0 0 0 0 0 0
0 0 0 0 −𝑁𝑖/𝑟𝑦 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 −𝑁𝑖/𝑟𝑦]
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 (2.62) 

The elemental strain energy resulting from the initial stresses due to thermal and rotational loads 

is given as [170] 

𝑈𝑒
𝐼𝑆 = ∫{𝜀𝑛𝑙}

𝑇{𝜎0𝑇𝐻}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) + ∫{𝜀𝑛𝑙}
𝑇{𝜎0𝑅}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) (2.63) 

where {𝜎0𝑇𝐻} and {𝜎0𝑅} are the initial stress vectors induced due to the thermal and rotational 

loads, respectively.  

The strain energy due to initial stresses as given in Eq. (2.63) can be rewritten using Eq. (2.61) as 

[170] 

𝑈𝑒
𝐼𝑆 =

1

2
∫{𝛿𝑒}

𝑇[𝐺]𝑇[𝛤]𝑇{𝜎0𝑇𝐻}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) +
1

2
∫{𝛿𝑒}

𝑇[𝐺]𝑇[𝛤]𝑇{𝜎0𝑅}

𝑣𝑜𝑙

𝑑(𝑣𝑜𝑙) (2.64) 

Now the following integrations are obtained as [170] 

∫ [𝛤]𝑇{𝜎0𝑇𝐻}𝑑𝑧
ℎ/2

−ℎ/2

= [𝑆𝑇𝐻][𝐺] {𝛿𝑒} (2.65) 

∫ [𝛤]𝑇{𝜎0𝑅}𝑑𝑧
ℎ/2

−ℎ/2

= [𝑆𝑅][𝐺] {𝛿𝑒} (2.66) 
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where [𝑆𝑇𝐻] and [𝑆𝑅] are the matrices consisting of in-plane stress resultants induced due to 

thermal and rotational effects, respectively. 

 Finally, the elemental strain energy due to initial stresses can be reduced as [170] 

𝑈𝑒
𝐼𝑆 =

1

2
{𝛿𝑒}

𝑇[𝐾𝜎𝑇𝐻𝑒]{𝛿𝑒} +
1

2
{𝛿𝑒}

𝑇[𝐾𝜎𝑅𝑒]{𝛿𝑒} (2.67) 

in which [𝐾𝜎𝑇𝐻𝑒] and [𝐾𝜎𝑅𝑒] refer the element geometric stiffness matrices due to thermal and 

rotational effects, respectively and are given by [170] 

[𝐾𝜎𝑇𝐻𝑒] = ∫ ∫ [𝐺]𝑇
1

−1

[𝑆𝑇𝐻][𝐺]|𝐽|𝑑𝜉𝑑𝜂
1

−1

 (2.68) 

[𝐾𝜎𝑅𝑒] = ∫ ∫ [𝐺]𝑇
1

−1

[𝑆𝑅][𝐺]|𝐽|𝑑𝜉𝑑𝜂
1

−1

 (2.69) 

The total strain energy for the element of conical shell considering thermal and rotational effects 

is given by 

𝑈𝑒 = 𝑈𝑒
𝐸 + 𝑈𝑒

𝐼𝑆 =
1

2
{𝛿𝑒}

𝑇[𝐾𝑒]{𝛿𝑒} +
1

2
{𝛿𝑒}

𝑇[𝐾𝜎𝑇𝐻𝑒]{𝛿𝑒} +
1

2
{𝛿𝑒}

𝑇[𝐾𝜎𝑅𝑒]{𝛿𝑒}                   (2.70) 

 

2.6. Governing equation of motion 

The governing equation for the dynamic equilibrium of the rotating composite conical panel is 

derived using Lagrange’s equation of motion as given by [170] 

𝑑

𝑑𝑡
[
𝜕

𝜕𝛿̇
(𝑇𝐾 − 𝑈)] −

𝜕

𝜕𝛿
(𝑇𝐾 − 𝑈) = {𝐹

𝑜𝑢𝑡} (2.71) 

where  {𝐹𝑜𝑢𝑡} is the externally applied load vector. 

Substituting the expressions of  𝑇𝐾𝐸 and 𝑈𝑒 into Eq. (2.71), the dynamic equilibrium equation of 

the conical shell element is derived as 

[𝑀𝑒]{𝛿̈𝑒} + [𝐶𝑒]{𝛿̇𝑒} + ([𝐾𝑒] + [𝐾𝜎𝑇𝐻𝑒] + [𝐾𝜎𝑅𝑒] − [𝐾𝑅𝑒]){𝛿𝑒} = {𝐹𝛺𝑒} + {𝑃𝑒
𝑇𝐻} + {𝐹𝑒} (2.72) 

In the case of moderate rotating speed for which the matrices [𝐶𝑒] and [𝐾𝑅𝑒] are ignored, the 

dynamic equilibrium equation of the conical shell element is reduced to 

[𝑀𝑒]{𝛿̈𝑒} + ([𝐾𝑒] + [𝐾𝜎𝑇𝐻𝑒] + [𝐾𝜎𝑅𝑒]){𝛿𝑒} = {𝐹𝛺𝑒} + {𝑃𝑒
𝑇𝐻} + {𝐹𝑒} (2.73) 

where [𝑀𝑒], [𝐾𝑒], [𝐾𝜎𝑇𝐻𝑒], [𝐾𝜎𝑅𝑒], and {𝑃𝑒
𝑇𝐻} represent the elemental mass matrix, elemental 

elastic stiffness matrix, elemental geometric stiffness matrix due to thermal load, elemental 
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geometric stiffness matrix due to rotational load,  and elemental thermal load vector, respectively, 

and are defined as 

[𝑀𝑒] = ∫ ∫ [𝑁]𝑇[𝑚𝐼]
1

−1

[𝑁]|𝐽|𝑑𝜉𝑑𝜂
1

−1

 (2.74) 

[𝐾𝑒] = ∫ ∫ [𝐵]𝑇
1

−1

[𝐷][𝐵]|𝐽|𝑑𝜉𝑑𝜂
1

−1

 (2.75) 

[𝐾𝜎𝑇𝐻𝑒] = ∫ ∫ [𝐺]𝑇
1

−1

[𝑆𝑇𝐻][𝐺]|𝐽|𝑑𝜉𝑑𝜂
1

−1

 (2.76) 

[𝐾𝜎𝑅𝑒] = ∫ ∫ [𝐺]𝑇
1

−1

[𝑆𝑅][𝐺]|𝐽|𝑑𝜉𝑑𝜂
1

−1

 (2.77) 

{𝑃𝑒
𝑇𝐻} = ∫ ∫ [𝐵]𝑇

1

−1

[𝐹𝑇𝐻]|𝐽|𝑑𝜉𝑑𝜂
1

−1

 (2.78) 

The integrals in the above expressions are numerically solved by using (2X2) Gaussian quadrature. 

The dynamic equilibrium equation is obtained by assembling all the elemental matrices and force 

vectors in the global form as below, 

[𝑀]{𝛿̈} + ([𝐾] + [𝐾𝜎]𝑇ℎ + [𝐾𝜎]𝑅𝑜𝑡){𝛿} = {𝐹(𝛺2)} + {𝑃𝑇𝐻} + {𝐹} (2.79) 

 where  [𝑀], [𝐾], [𝐾𝜎𝑇𝐻], and [𝐾𝜎𝑅] indicate the global mass matrix, global elastic stiffness matrix, 

global geometric stiffness matrices due to thermal and rotational loads, respectively, {𝛿} 

represents the global displacement vector, 𝐹(𝛺2) is the nodal equivalent centrifugal load vector, 

{𝐹} denotes the global externally applied load vector, and {𝑃𝑇𝐻} is the global thermal load vector. 

In the case of moderate rotating speed for which the matrices [𝐶] and [𝐾𝜎]𝑅 may be neglected, the 

expression of the dynamic equilibrium is reduced to [54] 

[𝑀]{𝛿̈} + ([𝐾] + [𝐾𝜎]𝑇ℎ + [𝐾𝜎]𝑅𝑜𝑡){𝛿} = {𝐹(𝛺2)} + {𝑃𝑇𝐻} + {𝐹} (2.80) 

The matrix [𝐾𝜎𝑅] depends on initial stress distribution due to rotational load and is estimated by 

iterative procedure [34] upon solving: [54] 

([𝐾] + [𝐾𝜎]𝑇ℎ + [𝐾𝜎]𝑅𝑜𝑡){𝛿} = {𝐹(𝛺
2)} (2.81) 

First, stresses due to rotational load are converged to zero and the above equation becomes [54] 

([𝐾] + [𝐾𝜎]𝑇ℎ){𝛿} = {𝐹(𝛺2)} (2.82) 
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Solving Eq. (2.82) gives the first set of stress distribution, then Eq. (81) becomes [54]  

([𝐾] + [𝐾𝜎]𝑇ℎ) + [𝐾𝜎𝑅]1){𝛿} = {𝐹(𝛺2)} (2.83) 

The solution of the above equation gives a new set stress distribution in the form of displacement 

{𝛿}, and the stresses may be found after convergence (generally within two iterations).  

 

2.7 Boundary conditions 

In finite element analysis, the boundary conditions are imposed by considering or vanishing the 

generalized displacements 𝑢, 𝑣, 𝑤, 𝛽𝑥, 𝛽𝑦 at the different nodes of the discretized structure.  

The essential boundary conditions of the cantilevered conical shell are: 

𝑢 = 𝑣 = 𝑤 = 𝜃𝑥 = 𝜃𝑦 = 0  ;  𝑥 = 0 (2.84) 

 

2.8 Formulating free vibration problem 

The natural frequencies and eigenvectors are obtained by solving the equations of motion. Initially, 

the initial strains developed owing to the thermal and the rotational effects are evaluated upon 

solving for 𝛿𝑠𝑡𝑎𝑡𝑖𝑐 considering both the thermal and centrifugal loadings as below, [56] 

([𝐾] + [𝐾𝜎]𝑇ℎ + [𝐾𝜎]𝑅𝑜𝑡){𝛿𝑠𝑡𝑎𝑡𝑖𝑐} = {𝐹}𝑇ℎ𝑒𝑟𝑚𝑎𝑙 + {𝐹}𝐶𝑒𝑛𝑡𝑟𝑖𝑓𝑢𝑔𝑎𝑙 (2.85) 

where 𝛿𝑠𝑡𝑎𝑡𝑖𝑐  is the static equilibrium solution as a result of the combined effects of thermal and 

centrifugal loads. 

In case of the dynamic analyses, both the static as well as the time-dependent components are 

considered where the displacement vector {δ} is expressed as the sum of a static and a dynamic 

term. Thus, [56] 

{𝛿} = {𝛿𝑠𝑡𝑎𝑡𝑖𝑐} + {𝛿𝑝} (2.86) 

where {𝛿𝑝} is a small linear time-dependent perturbation about the static deflected position 

{𝛿𝑠𝑡𝑎𝑡𝑖𝑐}. 

The equation of motion for free vibration is given by 

[𝑀]{𝛿̈} + ([𝐾] + [𝐾𝜎]𝑇ℎ + [𝐾𝜎]𝑅𝑜𝑡){𝛿} = 0 (2.87) 

Assuming harmonic vibrations, {𝛿} = {𝛿} exp (𝑖𝜔𝑛𝑡) we have 

[([𝐾] + [𝐾𝜎]𝑇ℎ + [𝐾𝜎]𝑅𝑜𝑡) − 𝜔𝑛
2[𝑀]]{𝛿} = 0 (2.88) 
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This is a standard eigenvalue problem, and is solved for the eigenvalues and eigenvectors by the 

QR iteration algorithm [36]. 

[𝒜]{δ} = 𝜆{δ} (2.89) 

where  [𝒜] = ([𝐾] + [𝐾𝜎]𝑇𝐻 + [𝐾𝜎]𝑅𝑜𝑡)
−1[𝑀], and  𝜆 =  1 𝜔𝑛

2⁄  

 

2.9 Low velocity impact problem  

In the impact problem, the composite conical shell is subjected to impact with a solid spherical 

mass (𝑚𝑖𝑚𝑝) and radius 𝑟𝑖𝑚𝑝 moving with an initial velocity of 𝑉0. 

Taking into account the contact force vector {𝐹𝐶} resulting from the low-velocity impact 

phenomenon, the dynamic equilibrium equation can be expressed as [142] 

[𝑀]{𝛿̈} + ([𝐾] + [𝐾𝜎𝑇𝐻] + [𝐾𝜎𝑅]){𝛿} = {𝐹(𝛺2)} + {𝑃𝑇𝐻} + {𝐹𝐶} (2.90) 

where {𝐹𝐶} signifies the contact force vector resulted from impact on the “ith” node expressed as 

[142] 

{𝐹𝐶} = {0 0 0… 𝐹𝑐𝑖 …0   0  0} (2.91) 

where 𝐹𝑐𝑖 denotes the contact force at the 𝑖𝑡ℎ node where impacted occurs.   

The dynamic equilibrium equation of the impactor can be expressed as [142] 

𝑚𝑖𝑚𝑝𝑤̈𝑖𝑚𝑝 + 𝐹𝑐 = 0 (2.92) 

where 𝑚𝑖𝑚𝑝 and 𝑤̈𝑖𝑚𝑝 are the mass and acceleration of the impactor, respectively.  

The contact force is evaluated based on the Hertzian contact law that relates the contact force with 

the indentation. The local indentation 𝑎(𝑡) at the impact location on the composite conical shell 

target is defined as [142] 

𝑎(𝑡) = 𝑤𝑖𝑚𝑝 − 𝑤𝑠cos𝜓 (2.93) 

where 𝑤𝑖𝑚𝑝 denotes the impactor displacement and 𝑤𝑠 indicates the mid-surface shell 

displacement.   

According to modified Hertzian contact law [130], the contact force during loading cycle of impact 

is estimated as [142] 

𝐹𝐶 = 𝑘𝑐𝑎
1.5     0 < 𝑎 ≤ 𝑎𝑚 (2.94) 

where 𝑎𝑚 denotes the maximum contact force and indentation during loading cycle and 𝑘𝑐 the 

modified contact stiffness for the impact phenomenon. 
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The modified contact stiffness (𝑘𝑐) is given by [142] 

𝑘𝑐(𝑇) =
4

3

[
1
𝑟𝑖𝑚𝑝

+
1

2𝑟𝑦(𝐿 2,0⁄ )
]
−1 2⁄

[
1 − 𝜈𝑖𝑚𝑝

2

𝐸𝑖𝑚𝑝
+

1
𝐸22(𝑇)

]

 

                                            

(2.95) 

 

where the terms 𝐸𝑖𝑚𝑝, and 𝜈𝑖𝑚𝑝 Young’s modulus and Poisson’s ratio of the spherical impactor, 

while 𝐸22(𝑇) and 𝑟𝑦 denotes Young’s modulus in transverse direction and radius of curvature in 

𝑦 − direction of the target composite conical shell.  

It is assumed that permanent indentation occurs even at comparatively lower values of impact load, 

and the unloading phase of the impact process differs notably from the loading phase. The 

reloading curve is different from the unloading curve during subsequent reloading. The contact 

force upon unloading and reloading can be given as [142] 

𝐹𝐶 = 𝐹𝑚 (
𝑎 − 𝑎𝑝

𝑎𝑚 − 𝑎𝑝
)

2.5

 for loading cycle (2.96) 

𝐹𝐶 = 𝐹𝑚 (
𝑎 − 𝑎𝑝

𝑎𝑚 − 𝑎𝑝
)

1.5

for reloading cycle (2.97) 

where 𝐹𝑚 is the maximum contact force at the commencement of the unloading cycle and  

𝑎𝑝 indicate the permanent indentation during contact period and is estimated from the following 

expression [142]  

𝑎𝑝 = {
0                                 if 𝑎𝑚 < 𝑎𝑐𝑟 

𝛽𝑐(𝑎𝑚 − 𝑎𝑐𝑟)         if   𝑎𝑚 ≥ 𝑎𝑐𝑟
 (2.98) 

where  𝛽𝑐 = 0.094 and 𝑎𝑐𝑟 = 1.667×10-1  mm  

The dynamic equilibrium equations of the rotating composite conical shell and the impactor 

include the time-dependent contact force 𝐹𝑐. These equations can be treated as a system of ordinary 

differential equations with constant coefficients and are made to be satisfied at discrete time 

intervals 𝛥𝑡 apart. Newmark's direct integration scheme [129, 130] is used to obtain the 

approximate time derivatives and solution of the forced vibration equations. Accordingly, the 

dynamic equilibrium equations can be written at the time (𝑡 + 𝛥𝑡) as, [142] 

[𝑀]{𝛿̈}
𝑡+𝛥𝑡

+ ([𝐾] + [𝐾𝜎]𝑇𝐻){𝛿}
𝑡+𝛥𝑡 = {𝐹𝑐}

𝑡+𝛥𝑡 (2.99) 

𝑚𝑖𝑚𝑝{𝑤̈𝑖𝑚𝑝}
𝑡+𝛥𝑡

+ {𝐹𝑐}
𝑡+𝛥𝑡 = 0 (2.100) 
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The Eq. (2.99) can be rewritten in the following form [36] 

[𝐾̂]{𝛿}𝑡+𝛥𝑡 = {𝐹𝑐}
𝑡+𝛥𝑡 + {𝑅̂}

𝑡+𝛥𝑡
 (2.101) 

where the effective stiffness matrix [𝐾̂] and effective load vector {𝑅̂} for the target panel are 

determined as 

[𝐾̂] = 𝑎0[𝑀] + [𝐾] + [𝐾𝜎]𝑇𝐻 (2.102) 

{𝑅̂}
𝑡+𝛥𝑡

= [𝑀](𝑎0{𝛿}
𝑡 + 𝑎2{𝛿̇}

𝑡
+ 𝑎3{𝛿̈}

𝑡
) (2.103) 

Similarly, the Eq. (2.100) is rearranged as  

𝑘̂𝑖𝑚𝑝𝑤𝑖𝑚𝑝
𝑡+𝛥𝑡 = 𝑓𝑖𝑚𝑝

𝑡+𝛥𝑡
 (2.104) 

where the effective stiffness 𝑘̂𝑖𝑚𝑝 and effective load vector 𝑓𝑖𝑚𝑝 for the impactor are expressed as 

𝑘̂𝑖𝑚𝑝 = 𝑎0𝑚𝑖𝑚𝑝  

 
(2.105) 

𝑓𝑖𝑚𝑝
𝑡+𝛥𝑡

= 𝑚𝑖𝑚𝑝(𝑎0𝑤𝑖𝑚𝑝
𝑡 + 𝑎2𝑤̇𝑖𝑚𝑝

𝑡 + 𝑎3𝑤̈𝑖𝑚𝑝
𝑡) − 𝐹𝐶

𝑡 (2.106) 

For each time step, the acceleration and the velocity of the target panel are obtained from the 

following expressions 

{𝛿̈}
𝑡+𝛥𝑡

= 𝑎0({𝛿}
𝑡+𝛥𝑡 − {𝛿}𝑡) − 𝑎2{𝛿̇}

𝑡
− 𝑎3{𝛿̈}

𝑡
 (2.107) 

{𝛿̇}
𝑡+𝛥𝑡

= {𝛿}𝑡 + 𝑎6{𝛿̈}
𝑡
+ 𝑎7{𝛿̈}

𝑡+𝛥𝑡
 

 
(2.108) 

Similarly, the acceleration and the velocities of the impactor are obtained as 

{𝑤̈𝑖𝑚𝑝}
𝑡+𝛥𝑡

= 𝑎0 ({𝑤𝑖𝑚𝑝}
𝑡+𝛥𝑡

− {𝑤𝑖𝑚𝑝}
𝑡
) − 𝑎2{𝑤̇𝑖𝑚𝑝}

𝑡
− 𝑎3{𝑤̈𝑖𝑚𝑝}

𝑡
 (2.109) 

{𝑤̇𝑖𝑚𝑝}
𝑡+𝛥𝑡

= {𝑤𝑖𝑚𝑝}
𝑡
+ 𝑎6{𝑤̈𝑖𝑚𝑝}

𝑡
+ 𝑎7{𝑤̈𝑖𝑚𝑝}

𝑡+𝛥𝑡
 (2.110) 

The following initial conditions are considered in the present analysis 

{𝛿}𝑡=0 = {𝛿̇}𝑡=0 = {𝛿̈}
𝑡=0

= 0 (2.111) 

(𝑤𝑖𝑚𝑝)𝑡=0 = (𝑤̈𝑖𝑚𝑝)𝑡=0 = 0;           (𝑤̇𝑖𝑚𝑝)𝑡=0 = 𝑉0 (2.112) 

The integration constants 𝑎𝑖 (𝑖 = 1,2,3,4,5,6,7) used in Eqs. (2.102) is expressed as [36] 

𝑎0 =
1

𝛼𝑛∆𝑡2
;       𝑎1 =

𝛽𝑛
𝛼𝑛∆𝑡

;      𝑎2 =
1

𝛼𝑛∆𝑡
;      𝑎3 =

1

2𝛼𝑛
− 1;  (2.113) 
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𝑎4 =
𝛽𝑛
𝛼𝑛
− 1;      𝑎5 =

∆𝑡

2
(
𝛽𝑛
𝛼𝑛
− 2) ;     𝑎6 = ∆𝑡(1 − 𝛽𝑛);       𝑎7 = 𝛽𝑛∆𝑡 

where the values 𝛼𝑛 = 0.25 and  𝛽𝑛 = 0.5 are adopted based on the  constant average acceleration 

method. The Eq. (61) is solved by the Gauss elimination technique, and the dynamic stresses are 

obtained at each time step. The time step for each impact case is chosen to satisfy the convergence 

of the time-based responses. 

 

2.10 Multi Point Constraint Algorithm for Delamination 

The mid plane delamination (d) is assumed to occur alongside of the span. The resultant forces 

and moments at delamination region are mathematically modeled [20] using shell element 1. For 

the undelaminated region element 2 and element 3 are detached by the delamination in the 

delaminated zone (Fig. 2.6). Nodal displacements of element 2 and element 3 are given by [53,54] 

𝑢𝑖 = 𝑢𝑖
′ − (𝑧 − 𝑧𝑖)𝜃𝑥𝑖, 

𝑣𝑖 = 𝑣𝑖
′ − (𝑧 − 𝑧𝑖)𝜃𝑦𝑖, 

𝑤𝑖 = 𝑤𝑖
′ 

(2.114) 

 

Fig. 2.6 Delamination Model 

 

The mid plane displacements are u’i, vi’, wi’. At shared node the transverse displacements and 

rotations of all three shell elements are likewise in values and are given by [53,54] 

𝑤1 = 𝑤2 = 𝑤3 = 𝑤, 
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𝜃𝑥1 = 𝜃𝑥2 = 𝜃𝑥3 = 𝜃𝑥, 

𝜃𝑦1 = 𝜃𝑦2 = 𝜃𝑦3 = 𝜃𝑦
 

(2.115) 

( 

The in-plane displacements at the delamination region of all three elements are [53,54] 

𝑢2
′ = 𝑢1

′ − 𝑧2
′𝜃𝑥, 

𝑢3
′ = 𝑢1

′ − 𝑧3
′𝜃𝑥, 

𝑣2
′ = 𝑣1

′ − 𝑧2
′𝜃𝑦, 

𝑣3
′ = 𝑣1

′ − 𝑧3
′𝜃𝑦 

(2.116) 

For elements 1, 2, and 3 the strains vector from mid-plane are connected as [37,53,54] 

{𝜀𝑠
′}𝑗 = {𝜀𝑠

′}1 + 𝑧𝑗
′{𝑘} 

(2.117) 

where {𝜀𝑠
′} is the strain vector and{k} is the curvature vector at the delamination zone for all the 

three elements. 

where, {𝜀′} 𝑎𝑛𝑑    represents strain vector and the curvatures vector being identical at the crack 

tip for elements 1, 2 and 3. This equation can be considered as a special case for element 1 where 𝑧1
′  

is equal to zero. The in-plane stress resultants  N  and the moment resultants  M  of elements 2 

and 3 considering the thermal effects can be expressed as [53,54]  

             N

ejjjjj FBAzAN   '' 1            (j = 2, 3)  

(2.118) 

             N

ejjjjj FDBzBM   '' 1           (j = 2, 3) 

(2.119) 

where,  A ,  B  and  D  are the extension, bending-extension coupling and bending stiffness 

coefficients of the composite laminate, respectively. The resultant forces and moments at the 

delamination front for the elements 1, 2 and 3 satisfy the following equilibrium conditions [37] 

321 }{}{}{}{ NNNN   

3322321 }{}{}{}{}{}{ NzNzMMMM   
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321 }{}{}{}{ QQQQ   

(2.120) 

where }{Q  denotes the transverse shear resultants. 

2.11 First Ply Failure Criterion 

The general criterion of failure for composite materials is the tensor polynomial criterion [104,105] 

𝐹𝑖𝜎𝑖 + 𝐹𝑖𝑗𝜎𝑖𝜎𝑗 + 𝐹𝑖𝑗𝑘𝜎𝑖𝜎𝑗𝜎𝑘 +⋯ ≥ 1 

() 
 

(2.121) 

where 𝜎𝑖 are the stress components along the material coordinates, while 𝐹𝑖, 𝐹𝑖𝑗and 𝐹𝑖𝑗𝑘 are the 

strength components along the principal material directions.  

Maximum Stress Criterion (Independent) 

The failure initiates when any one of the following criteria is satisfied, [104,105] 

|𝜎1| ≥ 𝑋𝑇 or 𝑋𝐶;      |𝜎2| ≥ 𝑌𝑇 or 𝑌𝐶;      𝜎4 ≥ 𝑅;    𝜎5 ≥ 𝑆;     𝜎6 ≥ 𝑇  

(2.122) 

where 𝜎1 and 𝜎2 are the normal stress components while 𝜎4, 𝜎5 and 𝜎6 are the shear stress 

components. The normal strengths of the lamina along the 1 and 2 directions are (𝑋𝑇, 𝑋𝐶) and (𝑌𝑇, 

𝑌𝐶), respectively, while R, Sand T are the shear strengths of the lamina along the 2-3, 1-3, and 1-2 

planes, respectively. The normal characteristics of stresses are compared with the corresponding 

tensile or compressive strengths. 

Maximum Strain Criterion (Independent) 

Failure of ply occurs if any of the following conditions are met, [104,105] 

|𝜀1| ≥ 𝑋𝜀𝑇 or 𝑋𝜀𝐶;       |𝜀2| ≥ 𝑌𝜀𝑇 or 𝑌𝜀𝐶  ;       𝜀4 ≥ 𝑅𝜀;       𝜀5 ≥ 𝑆𝜀;        𝜀6 ≥ 𝑇𝜀  

(2.123) 

where 𝜀1 and 𝜀2 are the normal strain components, while 𝜀4, 𝜀5, and 𝜀6 are the shear strain 

components; (𝑋𝜀𝑇, 𝑋𝜀𝐶) and (𝑌𝜀𝑇, 𝑌𝜀𝐶) are the lamina normal strain strengths, while Rε, Sε, and Tε are 

the shear strain strengths of the lamina along the 2-3, 1-3 and 1-2 planes, respectively. 

Maximum Stress Criterion (Polynomial) 

The polynomial type maximum stress criterion is  [104,105] 
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(𝜎1−𝑋𝑇)(𝜎1+𝑋𝐶)(𝜎2 − 𝑌𝑇)(𝜎2+𝑌𝐶)(𝜎4 − 𝑅)(𝜎4 + 𝑅)(𝜎5 − 𝑆)(𝜎5 + 𝑆)(𝜎6 − 𝑇)(𝜎6 + 𝑇) =

0 

 

       

(2.124) 

Hoffmann Criterion 

The mathematical expression of failure for this criterion is [104,105] 

1

2
(
1

𝑋𝑇𝑋𝐶
−

1

𝑌𝑇𝑌𝐶
) 𝜎1

2 +
1

2
(
1

𝑌𝑇𝑌𝐶
−

1

𝑋𝑇𝑋𝐶
) 𝜎2

2 

+
1

2
(
1

𝑋𝑇𝑋𝐶
+

1

𝑌𝑇𝑌𝐶
) (𝜎1 − 𝜎2)

2 + (
1

𝑋𝑇
−
1

𝑋𝐶
)𝜎1 + (

𝜎6
𝑆
)
2

≥ 1 

 

(2.125) 

Tsai-Hill Criterion 

Ply-failure initiates if the following criterion is, [104,105] 

(
𝜎1
𝑋
)
2

+ (
𝜎2
𝑌
)
2

− (
1

𝑋2
+
1

𝑌2
)𝜎1𝜎2 + (

𝜎6
𝑆
)
2

≥ 1  

(2.126) 

Tsai-Wu Criterion 

In present FE analysis Tsai-Wu failure criterion is also selected. The mathematical relation for this 

criterion is  [104,105] 

(
1

𝑋𝑇
−
1

𝑋𝐶
)𝜎1 + (

1

𝑌𝑇
−
1

𝑌𝐶
) 𝜎2 +

1

𝑋𝑇𝑋𝐶
𝜎1
2 +

1

𝑌𝑇𝑌𝐶
𝜎2
2 −

1

2
√𝑋𝑇𝑋𝐶𝑌𝑇𝑌𝐶𝜎1𝜎2 + (

𝜎6
𝑆
)
2

≥ 1 

(2.127) 
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CHAPTER 3:  

First Ply Failure of Pre-twisted Delaminated Rotating Composite Conical  

Shells  

3.1 Overview 

Computer codes are established based on the present FE formulation and used to investigate the FPF 

loads in delaminated pre-twisted composite conical shells. The analyses involve determination of 

the FPF loads of delaminated graphite-epoxy composite pre-twisted conical shells having single or 

multiple delaminations for a range of rotational speeds. Appendix includes a flowchart of the steps 

involved in the computation of the FPF loads. At first, the convergence and the validation study of 

the present FE formulation are presented. Afterward, the analysis is are carried out considering the 

effects of pre-twist angle, location and presence of delamination, rotational speed, and stacking 

sequence of the conical shell laminates on the FPF loads. The pre-twisted conical shells are assumed 

to be subjected to a transverse central point load, and the FPF loads are evaluated based on the well-

established failure-criterions namely, maximum strain, maximum stress (Independent and 

polynomial based), Hoffmann, Tsai-Hill, and Tsai-Wu criteria. The failure locations on the conical 

shell surface (x-y plane) and the failed-ply location are recognized in terms of the element number 

and the first-failed ply number at which the failure initiates. The ply numbers are sequentially started 

from the top to the bottom of the laminate. At first ply failure load principal stress (𝜎1 & σ2) and 

plane stress (τ12) at are plotted.   

 

3.2 System Capabilities  

 The entire analysis is done using FORTRAN based FEM codes on i5 processor based system with 

clock speed of 4.1 GHz with 16GB RAM.  For 6X6 mesh size analysis it takes around 10 minutes. 

And for 8X8 mesh size it takes around 15 minutes. For transient analysis it takes around 40 minutes 

for each analysis. The surface plot of different stresses are done on MATLAB and graphs are 

plotted using ORIGIN software.   

 

3.3 Parametric Study  

The FPF loads are computed for the laminates in respect of different pre-twist angles (0° and 30°), 

delamination locations (d1/L=0.25, 0.50, and 0.75), delamination sizes (d/L=0.00, 0.25and 
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0.50)and non-dimensional rotational speeds (Ω =
ωz

𝜔0
= 0.00, 0.25, 0.50, 0.75 and 1.00). The 

relevant geometrical dimensions of the conical shell assumed are s=0.4 m, L/s=0.7, s/h=100, 

θ0=20° and θv=20°. The material properties and corresponding strength parameters of the graphite-

epoxy composite lamina adopted in the present analysis are given below [104]: 

E1=142.5 GPa, E2=9.79 GPa, G12=G13=4.72 GPa, G23=1.192 GPa, ν12=0.27,XT=2193.50 MPa, 

XC=2457.0 MPa, YT=41.30 MPa, YC=206.80 MPa, R=61.28 MPa, S=T=78.78 MPa, XεT=0.015393, 

XεC=0.017242, YεT=0.004128, YεC=0.021124, Rε=0.051409, Sε=Tε=0.016691 

 

3.4 Convergence and Validation 

For the convergence study, the FPF loads [Table 3.1(a) and 3.1(b)] of both untwisted and pre-

twisted laminated composite[(0/90/0/90/0)s and (45/-45/90/0/45/90/-45/0)s] conical shell subjected 

to a centrally applied point load (FP) are obtained for different mesh sizes of (6×6), (8×8) and 

(10×10). The FPF loads converged at a mesh size of (8×8), as evident from both Tables 3.1(a) and 

3.1(b). Considering the ease of computations, a converged mesh size of (8×8) with 225 nodes (Fig. 

3.1) is used in the whole analysis. Assuming five degrees of freedom at each node, the total number 

of degrees of freedom (DOFs) is given by 1040 (225*5-17*5=1040) for the cantilever boundary 

condition with the 17 nodes on the left edge are fixed. The validation of the model of the shallow 

conical shell for FE analysis is compared with Liew et al. [1] for its vibration behavior in Table 

3.2. The effect of delamination length on the natural frequencies of the delaminated cantilever 

composite plates is compared with those of Zak et al. [53], as shown in Fig. 3.2. Table 3.3 

compares the FPF loads predicted by the present codes and compared with Kam et al. [104]. The 

good close agreement between the present FEM results with established literature confirms the 

validity of the developed codes to carry out the present analyses.  
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Fig. 3.1 Finite Element Mesh representation of the plan form of the conical shell 

 

Table 3.1(a): Convergence of the FPF loads (N) for non-rotating (Ω=0.0) laminated composite 

[(0/90/0/90/0)s] conical shell subjected to a centrally applied point load (FP) for different mesh 

sizes of  (6×6),  (8×8) and (10×10)  [(†Failed Element, ‡Failed-ply from the bottom)] 

 

Failure 

Criterion 

Untwisted Conical Shell (ψ=0°) Pre-twisted Conical Shell (ψ=30°) 

 

(6×6) (8×8) (10×10) (6×6) (8×8) (10×10) 

Max. Strain 
224.19 

(1†,9‡) 

220.08 

(1,9) 

218.65 

(1,9) 

219.38 

(1,9) 

214.74 

(1,9) 

212.95 

(1,9) 

Max. Stress 

(Independent) 

230.54 

(1,9) 

226.20 

(1,9) 

224.67 

(1,9) 

225.71 

(1,9) 

220.79 

(1,9) 

218.87 

(1,9) 
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Max. Stress 

(Polynomial) 

230.34 

(1,9) 

226.04 

(1,9) 

224.54 

(1,9) 

225.61 

(1,9) 

220.68 

(1,9) 

218.76 

(1,9) 

Hoffmann 
230.44 

(1,9) 

226.14 

(1,9) 

224.62 

(1,9) 

225.72 

(1,9) 

220.78 

(1,9) 

218.86 

(1,9) 

Tsai-Hill 
230.40 

(1,9) 

226.09 

(1,9) 

224.58 

(1,9) 

225.64 

(1,9) 

220.72 

(1,9) 

218.79 

(1,9) 

Tsai-Wu 
229.96 

(1,9) 

225.68 

(1,9) 

224.18 

(1,9) 

225.19 

(1,9) 

220.31 

(1,9) 

218.61 

(1,9) 

 

 

Table 3.1(b): Convergence of the FPF loads (N) for non-rotating (Ω=0.0) laminated composite 

[(45/-45/90/0/45/90/-45/0)s] conical shell subjected to a centrally applied point load (FP) for 

different mesh sizes of  (6×6),  (8×8) and (10×10)  [(†Failed Element, ‡Failed-ply from the bottom)] 

 

Failure 

Criterion 

Untwisted Conical Shell (ψ=0°) Pre-twisted Conical Shell (ψ=30°) 

(6×6) (8×8) (10×10) (6×6) (8×8) (10×10) 

Max. Strain 
101.63 

(1†,14‡) 

99.28 

(1,14) 

98.03 

(1,14) 

100.15 

(1,14) 

97.94 

(1,14) 

96.91 

(1,14) 

Max. Stress 

(Independent) 

111.49 

(1,14) 

109.11 

(1,14) 

107.94 

(1,14) 

111.33 

(1,14) 

108.71 

(1,14) 

107.66 

(1,14) 

Max. Stress 

(Polynomial) 

110.77 

(1,14) 

108.07 

(1,14) 

107.21 

(1,14) 

109.68 

(1,14) 

107.09 

(1,14) 

105.97 

(1,14) 

Hoffmann 
112.30 

(1,14) 

109.91 

(1,14) 

108.89 

(1,14) 

111.27 

(1,14) 

108.55 

(1,14) 

107.40 

(1,14) 

Tsai-Hill 
110.94 

(1,14) 

108.31 

(1,14) 

107.26 

(1,14) 

109.74 

(1,14) 

107.16 

(1,14) 

105.99 

(1,14) 

Tsai-Wu 
108.69 

(1,14) 

106.48 

(1,14) 

105.32 

(1,14) 

107.97 

(1,14) 

105.44 

(1,14) 

104.31 

(1,14) 
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Table 3.2. Non-dimensional fundamental frequencies (𝜆 = 𝜔𝑛𝑏0
2√𝜌ℎ 𝐷⁄ ), 𝐷 =

𝐸ℎ3 12(1 − 𝜈2)⁄  of pre-twisted shallow conical shell [1] 

Pre-twist 

Angle 

(ψ) 

Aspect Ratio 

(L/s) 

Present 

(4×4) 

Present 

(6×6) 

Present 

(8×8) 

Present 

(10×10) 

Liew et al. 

[1] 

% 

Variation 

with (10X10) 

mesh size 

30°  

 

0.6 0.28387 0.28103 0.27855 0.27801 0.28828 3.56% 

0.7 0.25426 0.25125 0.25077 0.25054 0.25752 2.71% 

0.8 0.23896 0.23657 0.23642 0.23630 0.24179 2.27% 
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Fig. 3.2. The variation of relative frequencies of graphite-epoxy composite plate [(±45°)4] 

clamped at one side with relative delamination length. [53] 
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Table 3.3. FPF loads for the partially clamped laminated plate under centrally applied transverse 

point load [104] 

 

Failure 

criterion 

(0/90)s (02/90)s (02/902)s (0/90/0/90)s 

Kam  

et al .  

Present 

FEM 

Kam  

et al .  

Present  

FEM 

Kam  

et al .  

Present 

FEM 

Kam  

et al .  

Present 

FEM 

Max. Strain 76.04 78.40 122.86 116.41 267.55 260.38 355.47 353.81 

Max. Stress 64.94 68.67 108.26 105.46 229.11 229.09 290.12 296.06 

Max. Stress 

(polynomial) 
63.52 67.11 106.34 103.55 222.43 222.19 278.12 281.22 

Hoffmann 63.60 66.46 106.45 102.74 222.69 220.13 278.53 278.01 

Tsai-Hill 64.03 67.76 107.06 104.36 224.19 224.97 280.81 286.92 

Tsai-Wu 68.30 69.91 112.77 106.96 238.60 230.99 304.13 295.26 

 

 

3.5 Result and Discussion 

3.5.1 Effect of Delamination size and Aspect ratio of the Untwisted Conical Shell 

The FPF failure loads of both intact and single-delaminated 16-layered composite pre-twisted 

laminated conical shells(I) {[(45/-45/90/0/45/90/-45/0)s],(II) [(45/0/-45/0/-45/90/0/45)s] and(III) 

[(45/-45/0/90/45/0/-45/90)s]} under centrally applied point load are presented in Table 3.4(a)-(c), 

for different aspect ratio(L/s=0.6, 0.7 and 0.8), pre-twist angles (ψ=00 and 300) and different 

delamination sizes (25% and 50% mid-plane delamination). A decrease in the FPF loads are 

predicted by all the failure theories, with an increase in the aspect ratio in both undelaminated and 

delaminated composite conical shells for all the laminate configurations (I, II, and III). There is an 

increase in the flexibility of the cantilevered conical shell with an increase in its span length. The 

percentage drop in the FPF loads are drastic for an increase in the delamination size from 25% to 

50%, suggesting that delamination plays a pivotal role in the failure initiation of delaminated 

shells. This is corroborated by the failure initiation zone being close to the delamination line near 

the fixed end (Fig. 3.4), as is evident with the failed elements being (25,32) for 25% delaminated 

and (17,24) for 50% delaminated conical shells. However, the failed element in an intact conical 

shell is located near the edge of the fixed element (Element No. 1) at all aspect ratios, as predicted 
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by all the failure theories. For intact shells, the fixed ends are prone to failure initiation because 

the maximum bending moments develop there. The failed lamina is located at the outermost layers 

(the 13th, 14thand 16thply) since the highest bending stresses always develop near the outer layers 

of the point-loaded conical shell. In general, the highest first-ply failure loads are observed for 

laminate (II) compared to laminates (I) and (III), indicating that the failure loads are highly 

dependent on the choice of the stacking sequence of the laminates. The spatial distribution of the 

stresses (𝜎1, 𝜎2 and 𝜏12) and deflection for laminate (II) and aspect ratio L/s=0.7 of untwisted intact 

laminated (d/L =0.00) and delaminated (d/L =0.50 and d1/L=0.50) composite conical shell 

subjected to the respective failure centrally point loads are illustrated in Figs. 3.5 and 3.6, 

respectively. From Fig. 3.4, 𝜎1 values are much higher near the fixed end in comparison of 𝜎2 

and (𝜎1, 𝜎2 and 𝜎6) values are always tensile for undelaminated composite conical shells. Since, 

the laminates have lower XT and YT values, 𝜎1 plays the predominant role in the tensile failure of 

the laminates. This is evident from Table 3.4(b) where the failed elements are near the fixed end 

(Element no 1 or 8) where 𝜎1 is maximum. However, from Fig. 3.3, it is observed that a zone of 

high compressive stress (𝜎1, 𝜎2 and 𝜎6) is developed near the centrally located delaminated zone, 

as indicated by the blue-colored contour lines. Since the delaminated zone has much lower strength 

than the rest of the laminate, the failure initiates at delaminated, zone. It can be clearly correlated 

from Table 3.4(b) where the failure initiates near the delaminated zone (Element No: 17, 24, 25, 

and 32) for both 25% and 50% delaminated conical shells in general. 

 

Table 3.4(a): FPF loads (N) for laminate (I) [(45/-45/90/0/45/90/-45/0)s]with centrally located 

delamination sizes (d/L =0.00, 0.25 and 0.50; d1/L=0.50) of the untwisted conical shell (ψ=00) 

for different aspect ratios (L/s) of the conical shell and delamination sizes subjected to a point 

load (FP). [(†Failed Element, ‡Failed-ply from the bottom)] 

 

Failure 

Criterion 

L/s=0.6 L/s=0.7 L/s=0.8 

Intact 

Shell 

25% 

Delam 

50% 

Delam 

Intact 

Shell 

25% 

Delam 

50% 

Delam 

Intact 

Shell 

25% 

Delam 

50% 

Delam 

Max. Strain 
113.38 

(1†,14‡) 

106.17 

(25,14) 

50.37 

(17,14) 

99.28 

(1,14) 

89.37 

(25,14) 

43.15 

(17,14) 

88.31 

(1,14) 

77.57 

(25,14) 

37.31 

(17,14) 

Max. Stress 

(Independent) 

124.29 

(1,14) 

121.33 

(25,14) 

58.62 

(17,14) 

109.11 

(1,14) 

101.93 

(25,14) 

49.37 

(17,14) 

98.89 

(1,14) 

88.29 

(25,14) 

43.04 

(17,14) 
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Max. Stress 

(Polynomial) 

123.14 

(1,14) 

120.54 

(25,14) 

57.29 

(17,14) 

108.07 

(1,14) 

100.21 

(25,14) 

48.96 

(17,14) 

99.21 

(1,14) 

87.44 

(32,14) 

44.64 

(17,14) 

Hoffmann 
124.09 

(1,14) 

121.29 

(25,14) 

58.12 

(17,14) 

109.91 

(1,14) 

101.37 

(25,14) 

49.54 

(17,14) 

98.34 

(1,14) 

88.29 

(25,14) 

43.78 

(17,14) 

Tsai-Hill 
125.26 

(1,14) 

120.84 

(25,14) 

57.94 

(17,14) 

108.31 

(1,14) 

101.91 

(25,14) 

50.08 

(17,14) 

98.68 

(1,14) 

87.37 

(25,14) 

43.91 

(17,14) 

Tsai-Wu 
120.35 

(1,14) 

116.37 

(25,14) 

55.47 

(17,14) 

106.48 

(1,14) 

97.16 

(25,14) 

47.36 

(17,14) 

95.91 

(1,14) 

85.14 

(25,14) 

41.22 

(17,14) 

 

Table 3.4(b): FPF loads (N) for laminate (II) [(45/0/-45/0/-45/90/0/45)s]having  centrally located 

delamination sizes (d/L =0.00, 0.25 and 0.50; d1/L=0.50) of the untwisted conical shell (ψ=00) 

for different aspect ratios (L/s) of the conical shell and delamination sizes subjected to a point 

load (FP) 

 

Failure 

Criterion 

L/s=0.6 L/s=0.7 L/s=0.8 

Intact 

Shell 

25% 

Delam 

50% 

Delam 

Intact 

Shell 

25% 

Delam 

50% 

Delam 

Intact 

Shell 

25% 

Delam 

50% 

Delam 

Max. Strain 
309.11 

(1,11) 

306.28 

(1,11) 

119.38 

(24,2) 

265.59 

(1,11) 

253.31 

(32,11) 

101.34 

(24,2) 

237.34 

(1,11) 

214.39 

(32,11) 

85.14 

(23,2) 

Max. Stress 

(Independent) 

335.39 

(8,16) 

330.16 

(8,16) 

148.25 

(24,2) 

269.71 

(8,16) 

236.69 

(25,16) 

111.65 

(17,16) 

273.97 

(1,16) 

258.74 

(25,16) 

107.98 

(24,2) 

Max. Stress 

(Polynomial) 

245.41 

(8,16) 

243.37 

(8,16) 

127.09 

(24,16) 

188.34 

(8,16) 

187.35 

(32,16) 

92.98 

(24,16) 

199.26 

(8,16) 

193.53 

(8,16) 

96.25 

(24,16) 

Hoffmann 
243.38 

(8,16) 

241.49 

(8,16) 

126.14 

(24,16) 

188.91 

(8,16) 

187.21 

(32,16) 

92.72 

(24,16) 

197.15 

(8,16) 

192.37 

(8,16) 

97.37 

(24,16) 

Tsai-Hill 
265.35 

(8,16) 

263.13 

(8,16) 

141.67 

(24,16) 

209.37 

(8,16) 

208.94 

(32,16) 

102.37 

(24,16) 

219.38 

(8,16) 

211.61 

(8,16) 

106.16 

(24,16) 

Tsai-Wu 
249.07 

(8,16) 

244.07 

(8,16) 

127.29 

(24,16) 

189.74 

(8,16) 

187.67 

(32,16) 

91.68 

(24,16) 

196.73 

(8,16) 

191.28 

(8,16) 

96.83 

(24,16) 
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Table 3.4(c): FPF loads (N) for laminate (III)[(45/-45/0/90/45/0/-45/90)s] having centrally 

located delamination sizes (d/L=0.00, 0.25 and 0.50; d1/L=0.50) of the untwisted conical shell 

(ψ=00) for different aspect ratios (L/s) of the conical shell and delamination sizes subjected to a 

point load (FP) 

Failure 

Criterion 

L/s=0.6 L/s=0.7 L/s=0.8 

Intact 

Shell 

25% 

Delam 

50% 

Delam 

Intact 

Shell 

25% 

Delam 

50% 

Delam 

Intact 

Shell 

25% 

Delam 

50% 

Delam 

Max. Strain 
158.37 

(1,13) 

148.33 

(25,13) 

71.36 

(17,13) 

138.21 

(1,13) 

122.14 

(25,13) 

61.39 

(17,13) 

123.38 

(1,13) 

104.05 

(25,12) 

52.21 

(17,13) 

Max. Stress 

(Independent) 

177.51 

(1,13) 

173.67 

(25,13) 

84.79 

(17,13) 

156.34 

(1,13) 

143.27 

(32,13) 

71.84 

(17,13) 

139.07 

(1,13) 

122.19 

(32,13) 

63.35 

(17,13) 

Max. Stress 

(Polynomial) 

176.35 

(1,13) 

169.72 

(32,13) 

82.44 

(24,16) 

140.25 

(8,16) 

123.58 

(32,16) 

61.25 

(24,16) 

138.96 

(1,13) 

120.37 

(32,13) 

61.71 

(17,13) 

Hoffmann 
175.61 

(8,16) 

170.34 

(32,16) 

81.05 

(24,16) 

139.34 

(8,16) 

123.27 

(32,16) 

61.37 

(24,16) 

140.61 

(1,13) 

121.45 

(32,13) 

62.96 

(24,16) 

Tsai-Hill 
177.38 

(1,13) 

169.67 

(25,13) 

84.18 

(17,13) 

154.89 

(8,16) 

138.29 

(32,16) 

68.17 

(24,16) 

138.58 

(1,13) 

120.87 

(32,13) 

61.87 

(17,13) 

Tsai-Wu 
171.93 

(1,13) 

163.28 

(25,13) 

79.62 

(17,13) 

141.08 

(8,16) 

124.61 

(32,16) 

61.52 

(24,16) 

134.73 

(1,13) 

116.34 

(25,13) 

59.23 

(17,13) 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.3 Location of delaminated zone and most probable zones of failure initiation in 25% (
𝑑

𝐿
=

0.25) and 50% (
𝑑

𝐿
= 0.50) mid-delaminated (

𝑑1

𝐿
= 0.50) composite conical shell 
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Fig. 3.4 Spatial distribution of stresses and deflection for laminate (II) [(45/0/-45/0/-45/90/0/45)s] 

and aspect ratio L/s=0.7 of the untwisted (ψ=00) intact laminated composite conical shell subjected 

to a failure point load FP=269.71N as predicted by maximum stress (independent) theory (marked 

in bold in Table 4(b)). 
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Fig. 3.5 Spatial distribution of stresses and deflection for laminate (II) [(45/0/-45/0/-

45/90/0/45)s]having centrally located delamination (d/L= 0.50 and d1/L=0.50) and aspect 

ratio(L/s=0.7) of the untwisted (ψ=00)composite conical shell subjected to a failure point load 

(FP=111.65 N) predicted by the maximum stress (independent) theory (marked in bold in Table 

4(b)). 

 

3.5.2 Effect of pre-twist angle and Delamination Size 

The FPF loads for both undelaminated and single centrally delaminated ten-ply (0/90/0/90/0)s 

laminated composite conical shells with different pre-twist angles of ψ=00, 150, 300and 450are 

presented in Table 3.5, under central point load. Under both conditions, a reduction in the FPF 
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loads with the pre-twist angle and the presence of delamination under all failure criteria is 

considered. The relative drops in the FPF loads are comparable for different pre-twist angle (ψ=00 

to 450) for all the failure theories considered. In general, the failure loads predicted by the stress-

based failure theories (maximum stress, Hoffmann, Tsai-Hill, and Tsai-Wu) are always predicted 

higher compared to the maximum strain theory, irrespective of the pre-twist angle and 

delamination. In intact shells, the failure location is at the corner of the fixed end (Element No.: 1) 

due to point loading for all the failure criteria is observed. However, for delaminated composite 

conical shells, the failed elements are at the edge of the delaminated zone near the fixed end 

(Element No.: 17). The failed ply location is situated in the penultimate top layer (ply-location=9) 

under point loading for both undelaminated and delaminated composite conical shells at all pre-

twist angles. 

 

Table 3.5: FPF loads (N) for centrally delaminated (d1/L=0.50) ten-layered (0/90/0/90/0)s 

transversely loaded laminates subjected to a center point transverse load (†Failed Element, ‡Failed 

layer from bottom) [(0/90/0/90/0)s, d1/L=0.50, d/L=0.50] 

 

Failure 

Criterion 

No Delamination 50% Delamination 

ψ=00 ψ=150 ψ=300 ψ=450 ψ=00 ψ=150 ψ=300 ψ=450 

Max. Strain 
220.08 

(1†,9‡) 

217.38 

(1,9) 

214.74 

(1,9) 

211.99 

(1,9) 

136.98 

(17,9) 

134.95 

(17,9) 

132.94 

(17,9) 

130.85 

(17,9) 

Max. Stress 

(Independent) 

226.20 

(1,9) 

223.46 

(1,9) 

220.79 

(1,9) 

218.02 

(1,9) 

141.53 

(17,9) 

139.45 

(17,9) 

137.47 

(17,9) 

135.38 

(17,9) 

Max. Stress 

(Polynomial) 

226.04 

(1,9) 

223.34 

(1,9) 

220.68 

(1,9) 

217.93 

(1,9) 

141.49 

(17,9) 

139.48 

(17,9) 

137.44 

(17,9) 

135.19 

(17,9) 

Hoffmann 
226.14 

(1,9) 

223.13 

(1,9) 

220.78 

(1,9) 

218.03 

(1,9) 

141.61 

(17,9) 

139.61 

(17,9) 

137.56 

(17,9) 

135.31 

(17,9) 

Tsai-Hill 
226.09 

(1,9) 

223.37 

(1,9) 

220.72 

(1,9) 

217.95 

(1,9) 

141.50 

(17,9) 

139.47 

(17,9) 

137.44 

(17,9) 

135.25 

(17,9) 

Tsai-Wu 
225.68 

(1,9) 

222.96 

(1,9) 

220.31 

(1,9) 

217.54 

(1,9) 

141.06 

(17,9) 

139.04 

(17,9) 

136.98 

(17,9) 

134.72 

(17,9) 
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3.5.3 Effect of Rotation  

The FPF loads of 4-layered cross-ply (0/90/90/0) laminates loaded centrally at different non-

dimensional rotational speeds (Ω) are presented in Table 3.6 and Table 3.7 for pre-twist angles of 

ψ=00 and 300, respectively. The predicted FPF loads increase under different failure theories with 

an increase in the non-dimensional rotational speeds in both undelmainated and delaminated 

conical shells due to centrifugal stiffening. For point loading, the failed element is at the corner of 

the fixed end (Element No. 1 or 8) in undelmainated conical shells, while it is at the center of the 

delaminated elements (Element No. 44) near the free end of the conical shell. The percentage 

increase in the FPF loads with rotational speeds is higher in the case of undelmainated composite 

conical shells compared to the delaminated ones, as observed in all the failure theories, irrespective 

of the pre-twist angle. For all the pre-twist angles considered, the failed layer is located at the 

penultimate bottom layer (3rd layer) in undelmainated conical shells. While it is at the bottommost 

layer (4th layer) for delaminated conical shells as predicted by all the failure theories due to point 

loading. The spatial distribution of the stresses in the material directions(𝜎1, 𝜎2 and 𝜎6) and 

deflections of both the non-rotating (Ω=0.0) and rotating (Ω=1.0) pre-twisted (ψ=300) un-

delaminated (d/L= 0.0) composite conical shell subjected to central point loads at failure are 

illustrated in Figs. 3.6 and 3.7,  respectively. As evident from the figures, the stresses (𝜎1, 𝜎2and𝜎6) 

developed near the fixed end (Element No. 1 or 8) of the non-rotating (Ω=0.0), as well as rotating 

(Ω=1.0) pre-twisted conical shell, are comparatively higher than the free end. From the deflection 

plots at the prescribed failure load, the maximum deflection occur at the free end is relatively 

higher in the non-rotating conical shell than the rotating one owing to centrifugal stiffening. As a 

result, the stresses (𝜎1, 𝜎2 and 𝜎6) developed in the rotating (Ω=1.0) conical shell corresponding to 

the central failure point load (𝐹𝑝 = 775.23 N) are lower than those of non-rotating (Ω=0.0) conical 

shell corresponding to the central failure point load (𝐹𝑝 = 506.66 N). This additional stiffness 

induction due to rotation results in higher values of the first ply failure loads in rotating conical 

shells, which in turn is observed in Tables 3.6 and Table 3.7. 
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Table 3.6: FPF loads (N) for (0/90/90/0) untwisted laminates (ψ=00) subjected to a center point 

transverse load for different non-dimensional rotational speeds (Ω) 

 

Failure 

Criterion 

Pre-twist Angle (ψ=00) 

No Delamination 

ω0=658.90 rad/s 

50% mid-plane Delamination 

ω0=539.31 rad/s 

Ω 0.0 0.25 0.50 0.75 1.00 0.0 0.25 0.50 0.75 1.00 

ω0 (rad/s) 0 164.72 329.45 494.17 658.90 0 134.83 269.66 404.48 539.31 

Max. Strain 
496.12 

(1,3) 

518.71 

(1,3) 

580.90 

(1,3) 

670.32 

(1,3) 

774.17 

(1,3) 

229.38 

(44,4) 

236.46 

(44,4) 

255.10 

(44,4) 

279.90 

(44,4) 

307.24 

(44,4) 

Max. Stress 

(Independent) 

512.09 

(1,3) 

535.43 

(1,3) 

599.75 

(1,3) 

692.11 

(1,3) 

799.60 

(1,3) 

243.70 

(44,4) 

251.31 

(44,4) 

271.30 

(44,4) 

297.44 

(44,4) 

325.13 

(44,4) 

Max. Stress 

(Polynomial) 

511.48 

(1,3) 

535.38 

(1,3) 

598.64 

(1,3) 

691.24 

(1,3) 

796.23 

(1,3) 

244.58 

(44,4) 

253.64 

(44,4) 

270.31 

(44,4) 

298.66 

(44,4) 

323.89 

(44,4) 

Hoffmann 
511.50 

(1,3) 

534.76 

(1,3) 

598.82 

(1,3) 

690.72 

   (1,3) 

797.51 

(1,3) 

243.75 

(44,4) 

251.46 

(44,4) 

271.47 

(44,4) 

297.62 

(44,4) 

321.80 

(44,4) 

Tsai-Hill 
511.46 

(1,3) 

534.74 

(1,3) 

598.87 

(1,3) 

690.90 

(1,3) 

797.92 

(1,3) 

243.19 

(44,4) 

250.88 

(44,4) 

270.82 

(44,4) 

296.93 

(44,4) 

324.63 

(44,4) 

Tsai-Wu 
509.69 

(1,3) 

532.87 

(1,3) 

596.7 

(1,3) 

688.30 

(1,3) 

794.74 

(1,3) 

240.43 

(44,4) 

247.97 

(44,4) 

267.60 

(44,4) 

293.49 

(44,4) 

321.25 

(44,4) 

 

Table 3.7: FPF load (N) for (0/90/90/0) pre-twisted laminates (ψ=300) subjected to a center point 

transverse load for different non-dimensional rotational speeds (Ω) 

 

Failure Criterion 

Failure Loads (N) 

No Delamination 

ω0=625.04rad/s 

50% mid-plane Delamination 

ω0=515.50rad/s 

Ω 0.0 0.25 0.50 0.75 1.00 0.0 0.25 0.50 0.75 1.00 

ω0 (rad/s) 0.0 156.26 312.52 468.78 625.04 0.0 128.87 257.75 386.62 515.50 

Max. Strain 
490.65 

(1,3) 

518.79 

(1,3) 

586.70 

(8,3) 

665.38 

(8,3) 

751.28 

(8,3) 

230.16 

(44,4) 

237.48 

(44,4) 

256.49 

(44,4) 

281.50 

(44,4) 

308.42 

(44,4) 

Max. Stress 

(Independent) 

506.66 

(1,3) 

535.76 

(1,3) 

605.35 

(8,3) 

686.52 

(8,3) 

775.23 

(8,3) 

244.56 

(44,4) 

252.52 

(44.4) 

272.99 

(44,4) 

299.30 

(44,4) 

326.49 

(44,4) 

Max. Stress 

(Polynomial) 

506.94 

(1,3) 

533.67 

(1,3) 

604.91 

(8,3) 

686.04 

(8,3) 

774.98 

(8,3) 

244.56 

(44,4) 

252.34 

(44.4) 

272.13 

(44.4) 

299.64 

(44.4) 

321.69 

(44.4) 
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Hoffmann 
505.97 

(1,3) 

534.95 

(1,3) 

604.49 

(8,3) 

685.39 

(8,3) 

773.79 

(8,3) 

244.46 

(44,4) 

252.43 

(44,4) 

272.93 

(44,4) 

299.27 

(44,4) 

322.04 

(44,4) 

Tsai-Hill 
505.96 

(1,3) 

534.97 

(1,3) 

604.52 

(8,3) 

685.50 

(8,3) 

773.89 

(8,3) 

243.99 

(44,4) 

251.93 

(44,4) 

272.36 

(44,4) 

298.65 

(44,4) 

325.97 

(44,4) 

Tsai-Wu 
504.10 

(1,3) 

532.97 

(1,3) 

602.46 

(8,3) 

683.16 

(8,3) 

771.29 

(8,3) 

241.09 

(44,4) 

248.89 

(44,4) 

269.00 

(44,4) 

295.06 

(44,4) 

322.50 

(44,4) 

 
 

 
 

 

 

 

Fig. 3.6 Spatial distribution of stresses and deflection of pre-twisted (ψ=300) non-rotating (Ω=0.0) 

intact composite conical shell (0/90/90/0) under centrally applied failure point load FP=506.66 N 

(marked in bold in Table 7) as predicted by maximum stress (independent) theory. 
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Fig. 3.7 Spatial distribution of stresses and deflection of pre-twisted (ψ=300) rotating (Ω=1.0) 

intact composite conical shell (0/90/90/0) under centrally applied failure point load FP=775.23N 

(marked in bold in Table 7) as predicted by maximum stress (independent) theory. 

 

3.5.4 Effect of Location of Delamination 

The FPF loads for conical shells containing blind, central and an open cracks along with 

undelmainated conical shells are presented in Table 3.8 for torsion-stiff (45/-45/-45/45)s conical 

shell laminates. The failure loads for conical shells having a blind-crack (d1/L=0.25, d/L=0.50) 

adjoining the fixed end display a much lower FPF load compared to a centrally-located (d1/L=0.50, 

d/L=0.50) crack or an open-end crack (d1/L=0.75, d/L=0.50); with an open-ended crack capable of 

bearing the highest failure load. The reason is that the highest bending stress is invariably occur 
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near the fixed end of the conical shell, making a blind crack prone to drastic failure. An open-end 

crack is comparatively less constrained and hence able to nullify the effects of the induced bending 

stresses, thereby capable of carrying the higher load. There is an increase in the FPF loads with an 

increase in the rotational speed in both undelmainated and delaminated conical shells. The FPF 

loads in case of an open crack are very close to that of an undelmainated conical shell laminate. In 

addition, the failed element is mostly located near the fixed end (Element No: 8) except in the case 

of a centrally located crack where the failed element is at the edge of the delaminated zone 

(Element No: 17) as predicted by the maximum stress and maximum strain theories. The failed 

layer is at the bottommost layer in all the cases considered. It is evident that the FPF behavior of 

delaminated composite conical shells is largely dependent on the position of the mid-plane 

delamination along the span (x-axis) of the conical shell. The FPF loads of delaminated conical 

shells for various locations of the single delamination along the thickness of the conical shell(
ℎ𝐷𝑒𝑙

ℎ
) 

are presented in Table 3.9 for transversely applied concentrated load at ψ=30°. The delaminated 

ply location (ℎ𝐷𝑒𝑙) is always measured from the bottom of the conical shell laminate. The FPF 

loads are the lowest for mid-plane delamination, while they increase for delamination presence 

near the outer layers of the conical shell. The failure loads for delamination presence on either side 

of the mid-plane of the conical shell are identical mirror images of each other. For the point load 

considered, the failed element is near the delaminated zone (Element No. 17) for delamination 

presence near the mid-plane, while it is near the fixed end (Element No: 1) for delamination 

presence near the outer layers of the delaminated conical shell. The failed layer is the penultimate 

bottom layer (9th layer). 

 

Table 3.8: FPF loads for 8-layered (45/-45/-45/45)s angle-ply transversely point-loaded 

laminates (d/L=0.50) for varying locations of the delamination along the span of the conical shell 

(ψ=300) 

Failure 

Criterion 

No  

Delamination 

d1/L=0.25 

(Blind Crack) 

d1/L=0.50 

(Central Crack) 

d1/L=0.75 

(Open Crack) 

ω0=246.21rad/s ω0=148.23/s ω0=189.09rad/s ω0=231.87 

 

Ω=0.0 Ω=0.50 Ω=0.0 Ω=0.50 Ω=0.0 Ω=0.50 Ω=0.0 Ω=0.50 

Max. Strain 
84.89 

(8,8) 

101.71 

(8,8) 

27.29 

(8,8) 

32.94 

(8,8) 

46.89 

(17,8) 

58.71 

(17,8) 

82.29 

(8,8) 

99.94 

(8,8) 

Max. Stress 

(Independent) 

84.01 

(8,8) 

102.10 

(8,8) 

28.23 

(8,8) 

33.64 

(8,8) 

46.01 

(17,8) 

58.10 

(17,8) 

83.23 

(8,8) 

99.64 

(8,8) 
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Max. Stress 

(Polynomial) 

72.58 

(8,8) 

89.34 

(16,8) 

19.81 

(8,8) 

23.35 

(8,8) 

32.64 

(24,8) 

40.69 

(24,8) 

71.33 

(16,8) 

84.31 

(16,8) 

Hoffmann 
73.19 

(16,8) 

88.28 

(16,8) 

19.92 

(8,8) 

23.30 

(8,8) 

32.34 

(24,8) 

39.80 

(24.8) 

71.02 

(16,8) 

85.55 

(16,8) 

Tsai-Hill 
81.50 

(8,8) 

98.36 

(16,8) 

21.81 

(8,8) 

26.58 

(8,8) 

35.50 

(24,8) 

44.72 

(24,8) 

80.47 

(16,8) 

95.26 

(16,8) 

Tsai-Wu 
72.76 

(16,8) 

88.36 

(16,8) 

19.95 

(8,8) 

23.37 

(8,8) 

32.37 

(24,8) 

40.85 

(24,8) 

71.10 

(16,8) 

86.66 

(16,8) 

 

Table 3.9: FPF loads for (0/90/0/90/0)s transversely loaded untwisted conical shell subjected to a 

center point transverse load(d1/L=0.50, d/L=0.50, ψ=300) for different locations of the 

delamination along the thickness of the conical shell laminated (
ℎ𝐷𝑒𝑙

ℎ
) 

(
ℎ𝐷𝑒𝑙
ℎ
) Max. Strain 

Max. Stress 

(Independent) 

Max. Stress 

(Polynomial) 
Hoffmann Tsai-Hill Tsai-Wu 

0.1 
212.34 

(1,9) 

218.19 

(1,9) 

219.23 

(1,9) 

219.81 

(1,9) 

218.64 

(1,9) 

215.35 

(1,9) 

0.2 
203.07 

(1,9) 

203.21 

(1,9) 

202.57 

(1,9) 

201.19 

(1,9) 

202.34 

(1,9) 

203.16 

(1,9) 

0.3 
153.24 

(17,9) 

158.67 

(17,9) 

157.44 

(1,9) 

158.47 

(17,9) 

157.34 

(17,9) 

157.48 

(17,9) 

0.4 
149.57 

(17,9) 

154.11 

(17,9) 

154.79 

(1,9) 

154.33 

(17,9) 

153.67 

(17,9) 

154.68 

(17,9) 

0.5 

(Mid-plane 

delamination) 

132.94 

(17,9) 

137.47 

(17,9) 

137.44 

(17,9) 

137.56 

(17,9) 

137.44 

(17,9) 

137.98 

(17,9) 

0.6 
149.27 

(17,9) 

154.29 

(17,9) 

154.22 

(1,9) 

154.78 

(17,9) 

153.24 

(17,9) 

153.12 

(17,9) 

0.7 
153.28 

(17,9) 

158.79 

(17,9) 

158.21 

(1,9) 

158.43 

(17,9) 

157.84 

(17,9) 

157.24 

(17,9) 

0.8 
203.57 

(1,9) 

203.57 

(1,9) 

202.59 

(1,9) 

201.27 

(1,9) 

202.31 

(1,9) 

203.34 

(1,9) 

0.9 
212.39 

(1,9) 

218.98 

(1,9) 

218.97 

(1,9) 

219.56 

(1,9) 

217.89 

(1,9) 

215.67 

(1,9) 
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3.5.5 Multiple Delaminations 

The first-ply failure behavior of multiple-delaminated composite conical shells is analyzed for 

delaminations located both symmetrically and unsymmetrically across the mid-plane of the 

laminate. The number of delaminations (nd) and the thickness-wise locations of the multiple-

delaminations are indicated by their respective positions along the lamina interfaces from the 

bottom (Fig. 3.8). The FPF loads of multiple-delaminated (d1/L=0.25, d/L=0.50 and ψ=300) cross-

ply composite (0/90/0/90/0)s pre-twisted conical shells(Fig. 3.8) are presented in Tables 10 for a 

centrally applied transverse point load. A comparison of Table 3.1(a) and Table 3.10 suggests 

that a drastic reduction in the failure loads is predicted by all the failure theories due to the presence 

of multiple delaminations in comparison to a single-delaminated shell for the non-rotating twisted 

(ψ=300) conical shell. The failed element for nd=2 is near the centerline of the delaminated zone 

(Element No. 28), while it is located near the edge of the delaminated zone (Element No. 17) for 

nd=4. The failed layer is at the bottommost layer (1st layer) for nd=2 and the penultimate top layer 

(9th layer) for nd=4. An increase in the FPF loads is found with an increase in the rotational speed 

(Ω), although the failed element and the failed-ply are the same as the stationary case. 

 

 

 

 

 

 

 

 

 

 

 

(a) nd=2             (b)nd=4 

 

Fig .3.8 Location of the multiple delaminations (d1/L=0.50, d/L=0.50)w.r.t to the mid-plane of 

the multiple-delaminated composite conical shell, a) Delamination at 4th and 6th interface from 

the bottom; b) Delamination at 2nd, 4th, 6thand 8th interface from bottom 

Mid-plane 
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Table 3.10: FPF loads (N) for (0/90/0/90/0)s transversely loaded pre-twisted conical shell 

subjected to a centrally applied transverse load (d1/L=0.50, d/L=0.50, and ψ=300)containing two 

and four symmetrically placed delaminations (nd=2 and 4) 

Failure 

Criterion 

nd=2 

(4th and 6th interface from bottom) 

ω0=424.10rad/s 

nd=4 

(2nd, 4th, 6thand 8th interface from 

bottom) ω0=384.75rad/s 

Ω=0.0 Ω=0.50 Ω=1.0 Ω=0.0 Ω=0.50 Ω=1.0 

Max. Strain 
72.19 

(28,1) 

81.15 

(28,1) 

92.13 

(28,1) 

65.12 

(17,9) 

81.19 

(17,9) 

81.87 

(17,9) 

Max. Stress 

(Independent) 

74.93 

(28,1) 

81.23 

(28,1) 

89.41 

(28,1) 

66.25 

(17,9) 

82.14 

(17,9) 

82.54 

(17,9) 

Max. Stress 

(Polynomial) 

75.12 

(28,1) 

80.68 

(28,1) 

89.23 

(28,1) 

65.98 

(17,9) 

82.33 

(17,9) 

82.56 

(17,9) 

Hoffmann 
74.84 

(28,1) 

81.11 

(28,1) 

89.24 

(28,1) 

65.19 

(17,9) 

82.17 

(17,9) 

83.14 

(17,9) 

Tsai-Hill 
74.59 

(28,1) 

81.26 

(28,1) 

90.45 

(28,1) 

66.23 

(17,9) 

82.94 

(17,9) 

83.86 

(17,9) 

Tsai-Wu 
74.21 

(28,1) 

82.94 

(28,1) 

89.78 

(28,1) 

65.11 

(17,9) 

82.34 

(17,9) 

82.78 

(17,9) 

 

The circular frequencies (rad/s) for both single and multiple delaminated untwisted composite 

four-layered untwisted conical shells ([0/θ/0/θ]) are plotted in Fig. 3.9 while the FPF loads 

considering the Hoffman failure criterion, are plotted in Fig.3.9(b), 3.9(c) and 3.9(d)for non-

dimensional rotational speeds of Ω=0.0, 0.5 and 1.0, respectively. For the intact shell, the 

fundamental frequency values are the highest, while the lowest values of the fundamental 

frequencies are for 50% multiple delamination. At θ=150, the slope of both the frequency and FPF 

curves at all rotational speeds are very steep but becomes asymptotic when θ approaches 900. 

Further on increasing the non-dimensional spinning speed from Ω=0.0 to 1.0, the FPF loads are 

increased in both single and multiple delaminated composite conical shells due to the centrifugal 

stiffening effect. The FPF load is found lower for 50% multiple delamination compared to 25% 

multiple delamination. For all the non-dimensional rotational speeds considered (Ω=0.0, 0.5, and 
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1.0), 50% multiple delamination gives the lowest value of FPF load at 𝜃=90⁰ while the highest 

FPF is observed for intact shell at the same fiber orientation angle (𝜃=90⁰). 
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(c) Ω=0.5     (d) Ω=1.0 

 

Fig 3.9. Variation of fundamental frequency (Hz) and Hoffman first-ply failure load (N)with 

fiber orientation angle (θ) for both single and multiple delaminated untwisted composite four-

layered (0/θ/0/θ) composite conical shells at different rotational speeds (Ω) 

 

The variations of FPF loads considering the Tsai-Hill failure criterion for intact as well as single 

and multiple delaminated untwisted (0/90/0/90) composite conical shells at different aspect ratios 

(L/s) of the conical shell are plotted in Fig. 3.10. With the increase in aspect ratio (L/s) from 0.2 to 
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0.9, the FPF loads decreases monotonically until it becomes asymptotic as the aspect ratio (L/s) 

approaches 0.9. At lower value of aspect ratios (0.2 to 0.4), the percentage reduction in the FPF 

values are drastic though it becomes much less at higher aspect ratios. With an increase of aspect 

ratio (L/s) there is a reduction of structural stiffness of the composite conical shell, which causes a 

reduction in the FPF loads. In addition, the FPF values decrease as the size of delamination and 

the number of delaminations increase thereby predicting lesser structural strengths due to the 

presence and size of delamination.  
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Fig 3.10. Tsai-Hill Failure Load (N) with Aspect Ratio (L/s) for intact, single & multiple 

delaminated untwisted (𝜓=00) composite (0/90/0/90) conical shells with different delamination 

size located from the mid-plane 

 

The FPF loads of delaminated (0/90/0/90/0)s pre-twisted (d1/L=0.50, d/L=0.50 and ψ=300) 

composite conical shell are presented in Table 3.11 for different arbitrary locations [(I)-(VIII)] of 

the unsymmetrically placed multiple delaminations (nd=2). The assumed centrally applied point 

load act at the mid-point of the top surface of the composite conical shell. A reduction in the FPF 
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loads is found as the distance between the two delaminations increases, as evident from the 

delamination presence at the interfaces mentioned in (I)-(VI). However, an increase in the FPF 

loads at the interface (VII) owing to the presence of delaminations close to symmetrically opposite 

locations across the mid-plane of the composite conical shell, though the value again decreases as 

one of the delaminations reaches close to the point of application of the centrally applied point 

load as indicated by the interfaces in (VIII).  

 

Table 3.11 FPF loads (N) for (0/90/0/90/0)s transversely loaded pre-twisted non-rotating (Ω=0.0) 

conical shell subjected to a centrally applied transverse load (d1/L=0.50, d/L=0.50 and ψ=300) 

containing two arbitrary unsymmetric delaminations (nd=2) located at(I) 1st and 2nd interface from 

the bottom,(II)1st and 3rd interface from bottom, (III)1st and 4th interface from bottom, (IV) 1st and 

5th interface from bottom, (V) 1st and 6th interface from bottom,(VI) 1st and 7th interface from 

bottom, (VII) 1st and 8th interface from bottom, (VIII) 1st and 9th interface from bottom (symmetric) 

 

 

Failure 

Criterion 
I II III IV V VI VII VIII 

Max. Strain 
216.36 

(17,9) 

134.56 

(17,9) 

115.69 

(17,9) 

84.97 

(17,9) 

83.01 

(17,9) 

73.73 

(17,9) 

134.29 

(17,9) 

128.56 

(17,9) 

Max. Stress 

(Independent) 

223.74 

(17,9) 

138.41 

(17,9) 

119.21 

(17,9) 

87.37 

(17,9) 

87.31 

(17,9) 

75.33 

(17,9) 

138.52 

(17,9) 

131.54 

(17,9) 

Max. Stress 

(Polynomial) 

222.64 

(17,9) 

137.38 

(17,9) 

118.68 

(17,9) 

86.96 

(17,9) 

85.34 

(17,9) 

75.35 

(17,9) 

138.51 

(17,9) 

131.26 

(17,9) 

Hoffmann 
223.56 

(17,9) 

136.49 

(17,9) 

119.35 

(17,9) 

87.21 

(17,9) 

86.97 

(17,9) 

74.98 

(17,9) 

137.64 

(17,9) 

130.28 

(17,9) 

Tsai-Hill 
223.11 

(17,9) 

137.73 

(17,9) 

118.79 

(17,9) 

86.34 

(17,9) 

85.11 

(17,9) 

74.35 

(17,9) 

138.42 

(17,9) 

131.87 

(17,9) 

Tsai-Wu 
222.78 

(17,9) 

136.98 

(17,9) 

119.66 

(17,9) 

87.09 

(17,9) 

86.78 

(17,9) 

73.97 

(17,9) 

137.35 

(17,9) 

130.58 

(17,9) 
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3.6 Effect of Twist angle and Aspect ratio 

A FE investigation is done to predict the effect of some vital parameters such as aspect ratio, pre-

twist angle and size of the delamination on the FPF load. The failure analysis is done for a graphite-

epoxy cross-ply [(0⁰/90⁰)2S] lamina. An 8×8 mesh division is employed for discretisation and the 

conical shell is subjected to a centre point transverse load. The FPF loads of intact and delaminated 

shell for untwisted and different pre-twist angle at different aspect ratio (L/s) 0.6, 0.7, 0.8 are 

represented in Table 3.12, Table 3.13, Table 3.14 and Table 3.15.  

 

Table 3.12: FPF failure load of Intact & Delaminated untwisted (ψ=00) Conical Shell (0/90)2S 

for different aspect ratios (L/s) 
 

Failure 

Criterion 

L/s=0.60 L/s=0.70 L/s=0.8 

Intact 

 Shell 

50% 

Delam. 

Intact  

Shell 

50% 

Delam. 

Intact 

 Shell 

50% 

Delam. 

Max. Strain 
281.98 

(1*,7#) 

182.69 

(17,7) 

244.16 

(1,7) 

154.35 

(17,7) 

217.42 

(1,7) 

134.52 

(17,7) 

Max. Stress 
289.80 

(1,7) 

189.42 

(17,7) 

250.99 

(1,7) 

160.08 

(17,7) 

223.56 

(1,7) 

139.55 

(17,7) 

Max. Stress 

(Polynomial) 

289.70 

(1,7) 

189.36 

(17,7) 

250.90 

(1,7) 

160.03 

(17,7) 

223.45 

(1,7) 

139.51 

(17,7) 

Hoffmann 
289.73 

(1,7) 

189.56 

(17,7) 

250.97 

(1,7) 

160.21 

(17,7) 

223.55 

(1,7) 

139.66 

(17,7) 

Tsai-Hill 
289.67 

(1,7) 

189.35 

(17,7) 

250.89 

(1,7) 

160.03 

(17,7) 

223.48 

(1,7) 

139.50 

(17,7) 

Tsai-Wu 
289.15 

(1,7) 

188.58 

(17,7) 

250.44 

(1,7) 

159.37 

(17,7) 

223.06 

(1,7) 

138.91 

(17,7) 

* Failed Element, # Failed Layer 
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Table 3.13: FPF failure load of Intact & Delaminated twisted (ψ=150) Conical Shell (0/90)2S for 

different aspect ratios (L/s) 

 

Failure 

Criterion 

L/s=0.60 L/s=0.70 L/s=0.8 

Intact 

 Shell 

50% 

Delam. 

Intact  

Shell 

50% 

Delam. 

Intact 

 Shell 

50% 

Delam. 

Max. Strain 
278.65 

(1*,7#) 

180.02 

(17,7) 

241.75 

(1,7) 

152.53 

(17,7) 

215.19 

(1,7) 

133.25 

(17,7) 

Max. Stress 
286.42 

(1,7) 

186.72 

(17,7) 

248.56 

(1,7) 

158.25 

(17,7) 

221.72 

(1,7) 

138.26 

(17,7) 

Max. Stress 

(Polynomial) 

286.23 

(1,7) 

186.68 

(17,7) 

248.43 

(1,7) 

158.22 

(17,7) 

221.70 

(1,7) 

138.25 

(17,7) 

Hoffmann 
286.35 

(1,7) 

186.89 

(17,7) 

248.54 

(1,7) 

158.39 

(17,7) 

221.73 

(1,7) 

138.39 

(17,7) 

Tsai-Hill 
286.29 

(1,7) 

186.67 

(17,7) 

248.50 

(1,7) 

158.21 

(17,7) 

221.65 

(1,7) 

138.23 

(17,7) 

Tsai-Wu 
285.76  

(1,7) 

185.89 

(17,7) 

247.99 

(1,7) 

157.55 

(17,7) 

221.23 

(1,7) 

137.65 

(17,7) 

* Failed Element, # Failed Layer 

 

Table 3.14: FPF failure load of Intact & Delaminated twisted (ψ=300) Conical Shell(0/90)2S 

different aspect ratios (L/s) 

Failure 

Criterion 

L/s=0.60 L/s=0.70 L/s=0.8 

Intact 

 Shell 

50% 

Delam. 

Intact  

Shell 

50% 

Delam. 

Intact 

 Shell 

50% 

Delam. 

Max. Strain 
275.58 

(1*,7#) 

177.63 

(17,7) 

239.47 

(1,7) 

150.83 

(17,7) 

213.85 

(1,7) 

132.03 

(17,7) 

Max. Stress 
283.31 

(1,7) 

184.33 

(17,7) 

246.25 

(1,7) 

156.55 

(17,7) 

219.96 

(1,7) 

137.05 

(17,7) 
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Max. Stress 

(Polynomial) 

283.11 

(1,7) 

184.27 

(17,7) 

246.12 

(1,7) 

156.50 

(17,7) 

219.86 

(1,7) 

137.03 

(17,7) 

Hoffmann 
283.24 

(1,7) 

184.47 

(17,7) 

245.63 

(1,7) 

156.69 

(17,7) 

219.96 

(1,7) 

137.19 

(17,7) 

Tsai-Hill 
283.18 

(1,7) 

184.26 

(17,7) 

246.16 

(1,7) 

156.49 

(17,7) 

219.89 

(1,7) 

137.02 

(17,7) 

Tsai-Wu 
282.63 

(1,7) 

183.47 

(17,7) 

245.69 

(1,7) 

155.83 

(17,7) 

219.46 

(1,7) 

136.42 

(17,7) 

* Failed Element, # Failed Layer 

 

Table 3.15: FPF failure load of Intact & Delaminated twisted (ψ=450) Conical Shell (0/90)2S 

 for different aspect ratios (L/s) 

 

Failure 

Criterion 

 L/s=0.60 L/s=0.70 L/s=0.8 

Intact 

 Shell 

50% 

Delam. 

Intact  

Shell 

50% 

Delam. 

Intact 

 Shell 

50% 

Delam. 

Max. Strain 
272.73 

(1*,7#) 

175.64 

(17,7) 

237.24 

(1,7) 

149.25 

(17,7) 

212.07 

(1,7) 

130.82 

(17,7) 

Max. Stress 
280.45 

(1,7) 

182.37 

(17,7) 

244.02 

(1,7) 

154.98 

(17,7) 

218.18 

(1,7) 

135.86 

(17,7) 

Max. Stress 

(Polynomial) 

280.21 

(1,7) 

182.20 

(17,7) 

243.85 

(1,7) 

154.88 

(17,7) 

218.07 

(1,7) 

135.79 

(17,7) 

Hoffmann 
280.33 

(1,7) 

182.41 

(17,7) 

243.97 

(1,7) 

155.07 

(17,7) 

218.17 

(1,7) 

135.96 

(17,7) 

Tsai-Hill 
280.29 

(1,7) 

182.24 

(17,7) 

243.89 

(1,7) 

154.89 

(17,7) 

218.09 

(1,7) 

135.79 

(17,7) 

Tsai-Wu 
279.71 

(1,7) 

182.38 

(17,7) 

243.41 

(1,7) 

154.18 

(1,7) 

217.65 

(1,7) 

135.18 

(17,7) 

* Failed Element, # Failed Layer 
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3.7 Effect of Delamination and Rotation 

The effect of some vital parameters such as aspect ratio, size of the delamination, effect of rotation 

and fiber orientation angle(𝜃) on the FPF load are predicted. An 8×8 mesh division is selected and 

a centre point transverse load acted on the graphite-epoxy angel-ply laminate. FPF loads of 

untwisted static shell for various delamination length at various aspect ratio (L/s= 0.6, 0.7 and 0.8) 

are presented in Table 3.16.  Table 3.17 represents the FPF loads at various delamination size of 

different non-dimensional rotational speeds.  

  

Table 3.16: FPF loads (N) for laminate [(45/-45)2] with central delamination sizes (d/L = 0.00, 

0.25 & 0.50) of a cantilever conical shell for different aspect ratios (L/s) subjected to a centre 

point transverse load 

*Failed Element, # Failed Layer 

 

The combined effects of rotational speed and delamination size and location are discussed as 

presented in Table 3.17.  It is observed that with an increase in the delamination size a drastic 

reduction in the FPF value is observed. However this effect is compensated by the fact that 

corresponding increase in the FPF values may be noted with an increase in non-dimensional 

Failure Criterion 

L/s=0.6 L/s=0.7 L/s=0.8 

Intact 

Shell 

25% 

Delam. 

50% 

Delam. 

Intact 

Shell 

25% 

Delam. 

50% 

Delam. 

Intact 

Shell 

25% 

Delam. 

50% 

Delam. 

Max Strain 
109.80 

(1*,4#) 

97.88 

(25,4) 

47.06 

(17,4) 

92.26 

(1,4) 

80.59 

(25,4) 

40.40 

(17,4) 

80.10 

(1,4) 

69.53 

(25,4) 

35.93 

(17,4) 

Max Stress 
109.12 

(1,4) 

96.49 

(25,4) 

46.79 

(17,4) 

92.06 

(1,4) 

79.91 

(25,4) 

40.21 

(17,4) 

80.09 

(1,4) 

69.31 

(25,4) 

35.78 

(17,4) 

Max Stress (poly.) 88.04 

(1,4) 

69.87 

(25,4) 

33.94 

(17,4) 

76.79 

(1,4) 
58.02 (25,4) 

28.92 

(17,4) 

68.11 

(1,4) 

50.17 

(25,4) 

25.48 

(17,4) 

Hoffmann 
88.03 

(1,4) 

69.79 

(25,4) 

33.99 

(17,4) 

76.73 

(1,4) 
57.99 (25,4) 

28.89 

(17,4) 

68.08 

(1,4) 

50.13 

(25,4) 

25.46 

(17,4) 

Tsai-Hill 
97.40 

(1,4) 

76.28 

(25,4) 

37.04 

(17,4) 

85.19 

(1,4) 

63.31 

(25,4) 

31.60 

(17,4) 

75.78 

(1,4) 

54.76 

(25,4) 

27.88 

(17,4) 

Tsai-Wu 
88.09 

(1,4) 

70.18 

(25,4) 

34.06 

(17,4) 

76.80 

(1,4) 

58.23 

(25,4) 

29.01 

(17,4) 

68.19 

(1,4) 

50.33 

(25.4) 

25.56 

(17,4) 
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rotational speeds. The designer must take into account the effects of centrifugal loading and 

delamination presence to accurately predict their failure load in service condition.     

 

Table 3.17 FPF loads (N) for [(45/-45)2] laminate with different delamination sizes for different 

non-dimensional speeds (Ω) for aspect ratio (L/s) 0.7 subjected to a center point transverse load 

 

Failure 

Criterion 

Failure Loads (N) 

Intact Shell (No 

Delamination) 

ω0=256.28 rad/s 

 

25% mid-plane 

Delamination 

ω0=219.34rad/s 

 

50% mid-plane Delamination 

ω0=191.78rad/s 

Ω 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 

ω (rad/s) 0.0 
128.1

4 

256.2

8 
0.0 

109.

67 
219.34 0.0 95.89 191.78 

Max. 

Strain 

92.26 

(1*, 

4#) 

110.2

0 

(1,4) 

155.0

9 

(1,4) 

80.59 

(25,4) 

105.

89 

(25,

4) 

137.51 

(25,4) 

40.40 

(17,4) 

49.53 

(17,4) 

72.67 

(17,4) 

Max. 

Stress 

(Indepen

dent) 

92.06 

(1,4) 

109.1

7 

(1,4) 

155.0

1 

(1,4) 

79.91 

(25,4) 

105.

62 

(25,

4) 

137.49 

(25,4) 

40.21 

(17,4) 

49.26 

(17,4) 

72.25 

(17,4) 

Max. 

Stress 

(Polyno

mial) 

76.79 

(1,4) 

90.06 

(1,4) 

121.1

7 

(1,4) 

58.02 

(25,4) 

81.5

4 

(25,

4) 

109.05 

(25,4) 

28.92 

(17,4) 

35.55 

(17,4) 

52.59 

(17,4) 

Hoffman

n 

76.73 

(1,4) 

90.04 

(1,4) 

121.1

4 

(1,4) 

57.99 

(25,4) 

81.4

6 

(25,

4) 

109.03 

(25,4) 

28.89 

(17,4) 

35.52 

(17,4) 

52.49 

(17,4) 

Tsai-Hill 
85.19 

(1,4) 

99.99 

(1,4) 

134.5

4 

(1,4) 

63.31 

(25,4) 

88.8

1 

(25,

4) 

121.20 

(25,4) 

31.60 

(17,4) 

38.82 

(17,4) 

57.32 

(17,4) 

Tsai-Wu 
76.80 

(1,4) 

90.13 

(1,4) 

121.2

7 

(1,4) 

58.23 

(25,4) 

81.8

8 

(25,

4) 

109.14 

(25,4) 

29.01 

(17,4) 

35.69 

(17,4) 

52.72 

(17,4) 

*Failed Element, # Failed Layer 

 

 

 

 

 



94 

 

3.8 Variation of Tsai-Wu Failure Load with Aspect Ratio and Fiber Orientation Angle  

The variation of Tsai-Wu first-ply failure load with aspect ratio and fibre orientation angle 

for intact and delaminated shell are given below (Fig. 3.11 & Fig. 3.12). It is found that on increase 

of aspect ratio and fibre orientation angle Tsai-Wu failure load decreases asymptotically.  

 

Fig. 3.11 Deviation of Tsai-Wu Failure Load with Aspect Ratio (L/s) 

 

Fig. 3.12 Deviation of Tsai-Wu Failure Load with Fibre orientation angle (θ) 
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CHAPTER 4:  

Impact Induced First Ply Failure of Delaminated Composite Conical Shells 

 

4.1 Overview 

The present chapter describes the impact induced first ply failure of delaminated composite conical 

shells. At first, the computer codes developed are validated with available benchmark results related 

to the impact phenomenon and convergence results of both the mesh and time-steps are performed 

and are found to be in good agreement with established benchmark results. The Tsai-Wu failure 

criterion is employed to predict impact induced first ply failure because it is most general for biaxial 

stress and results are much accurate than other theories. Initially critical velocity of impact is found 

at which first-ply failure starts for different aspect ratio of intact and delaminated shells. Then 

variation of contact force, shell deflection, impactor displacement, impactor velocity and Tsai-Wu 

polynomials with time are found for different aspect ratio, intact and delaminated shell. The transient 

response of said parameter for blind, open and central crack are found. Also varying impactor 

location transient response are recorded. For each case principal stress (𝜎1 and σ2) and plane stress 

(τ12) at critical velocity of impact are plotted.  

 

4.2 Consideration and Validation  

At first the present FE formulation is validated with benchmark results from the available literatures. 

Table 4.1 represents the validation of Tsai-Wu criterion for FPF theory for different laminates. The 

existing results are very close to available literature [104].Table 4.2 represents the validation of 

cantilever conical shell with different aspect ratio (L/s = 0.6, 0.7 and 0.8) for different non-

dimensional fundamental frequencies (NDFF) and the results for each aspect ratio converges on 

increasing of mesh division from 4X4 to 10X10. Fig. 4.1 represents the validation of relative 

frequencies of graphite-epoxy composite plate [(±45°)4] clamped at one side with relative 

delamination length. Fig. 4.2 and Fig. 4.3 represents the validation of contact force and shell 

deflection during impact of a cross ply [0/90/0/90/0]s composite laminated plate with the following 

properties [129]. FE results for impact validation are in good agreement with Sun et al. [129]. 

a=20cm, b=20cm, h=0.269cm, E1=120GPa, E2=7.9GPa, G12=G23=G13=5.5GPa, ν12=0.30, 

ρ=1.58X10-5N-sec2/cm4. 
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Table 4.1: FPF loads under different failure criterion [104] 

 

Failure 

Criterion 

(0/90)s (02/90)s (02/902)s (0/90/0/90)s 

Kam 

et al.  

Present  

FEM 

Kam 

et al.  

Present  

FEM 

Kam 

et al.  

Present  

FEM 

Kam 

et al.  

Present  

FEM 

Tsai-Wu 68.30 69.91 112.77 106.96 238.60 230.99 304.13 295.26 

 

  

Table 4.2: Non-dimensional fundamental frequencies (𝜆 = 𝜔𝑛𝑏0
2√𝜌ℎ 𝐷⁄ , flexural rigidity 𝐷 =

𝐸ℎ3 12(1 − 𝜈2)⁄  of untwisted shallow cantilever conical shell (ν=0.3, s/h=1000, θo=30°,θv=15°, 

E=138GPa, G= 53.08GPa, ρ=16000 kg/m3) [1]  

 

Aspect 

Ratio 

 (L/s) 

Present 

(4×4) 

Present 

(6×6) 

Present 

(8×8) 

Present 

(10×10) 

Liew 

 et al.[1] 

0.6 0.34250 0.34240 0.34237 0.34235 0.35997 

0.7 0.29418 0.29412 0.29410 0.29409 0.30608 

0.8 0.26919 0.26914 0.26913 0.26913 0.27832 
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Fig. 4.1 Deviation of relative frequencies with relative delamination length [53] 
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Fig.4.2 Validation of Contact Force [129]     Fig.4.3 Validation of shell deflection [129] 

 

The geometrical dimensions of the composite conical shell are taken ass=0.4 m, L/s=0.7, s/h=100, 

θ0=20°, and θv=20°. The material properties and corresponding strength properties of the graphite-

epoxy angle ply composite shell [0°/90°]2 employed for present analysis are given below [104]: 

E1=142.5 GPa, E2=9.79 GPa, G12=G13=4.72 GPa, G23=1.192 GPa, ν12=0.27,XT=2193.50 MPa, 

XC=2457.0 MPa, YT=41.30 MPa, YC=206.80 MPa, R=61.28 MPa, S=T=78.78 MPa, XεT=0.015393, 

XεC=0.017242, YεT=0.004128, YεC=0.021124, Rε=0.051409, Sε=Tε=0.016691 



98 

 

4.3 Convergence Study 

The present FE formulation is also verified for both mesh and time convergence. For mesh 

convergence different mesh sizes of (4X4), (6X6), (8X8) and (10X10) are selected at a time step 

of 2µs. It is found that on increase of mesh size contact force converges (Fig.4.4) and Tsai-Wu 

tensor polynomial [18] approaches close to 1 when the size of mesh division increased (Fig.4.5). 

So a converged mesh division of (8X8) is selected for present analysis. 
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Fig. 4.4 Convergence of Contact Force       Fig. 4.5 Convergence of Tsai-Wu Tensor 

For time convergence the different time steps of ∆𝑡=0.5 µs, 2.0 µs, 4.0 µs and 6.0 µs are employed 

for the converged mesh size of (8X8) obtained from the previous analysis. On increasing time 

step gradually from ∆𝑡= 0.5 µs to 6.0 µs the value of contact force and Tsai-Wu tensor increases 

(Fig. 4.6 and Fig. 4.7). Also the results with higher time step (∆𝑡= 4.0µs and 6.0 µs) indicates 

initiation of FPF with the Tsai-Wu tensor polynomial value crosses more than 1.0. So a time step 

of ∆𝑡= 2.0µs is employed for present analysisin the subsequent analyses.  
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Fig. 4.6 Convergence of Contact Force                  Fig. 4.7 Convergence of Tsai-Wu Tensor 
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4.4 Results from the Present FEM 

4.4.1 Critical Velocity and Transient Response of Single Delaminated Shell 

On increasing of velocity of impact (VOI) gradually contact force increases. For present analysis 

Tsai-Wu failure criterion is selected for FPF of cross ply [0°/90°/0°/90°]  laminate due to impact 

as it is polynomial in nature. Initially VOI is gradually increased to find critical velocity of impact 

at which FPF will initiates which depends on delamination size and location as well as aspect 

ratio. Fig. 4.8 shows the variation of critical velocity of impact with aspect ratio for intact shell, 

25% and 50% centrally located delamination about mid plane. It is found that the critical velocity 

for first-ply failure initiation decreases with an increase in the delamination size though the slope 

of the critical velocity curve is highly dependent on the aspect ratio of the conical shell. At lower 

aspect ratios (0.2 to 0.4) difference in critical velocity of intact shell and 25% delaminated shell 

are found close to each other while for higher aspect ratios (0.5 to 0.9) the difference is found to 

be considerable. Also at low aspect ratios, the critical velocity curve is very steep in nature but it 

is found to be less steep for higher aspect ratios of the conical shell. This may be attributed to the 

gradual decrease in the structural stiffness of the conical shell with an increase in the aspect ratio 

which contributes directly to the first-ply failure initiation. Fig. 4.9.a, 4.9.b and 4.9.c represents 

the variation of contact force with time (in µs) for intact, 25% delaminated and 50% mid-plane 

delaminated conical shell for different aspect ratios (L/s= 0.6, 0.7 and 0.8). It is found that on 

increasing the aspect ratio and delamination size, the contact force reduces considerably. The 

contact force reduces to zero at around 125µs for all the cases and as the delamination increases 

though it takes slightly higher time to diminish. The variation of shell displacement/thickness 

with time are represented in Fig. 4.10.a, Fig. 4.10.b and Fig. 4.10.c indicates that the 

displacements are gradually increase with time. For intact shell (Fig. 4.10.a) displacements are 

close to each other irrespective of aspect ratio but for aspect ratio 0.6 it suddenly starts decreasing 

around t=750µs. For 25% delaminated shell (Fig. 4.10.b) displacements are close to each other 

for aspect ratio 0.7 and 0.8 while the displacements at aspect ratio 0.6 have considerable amount 

of difference with the other two. The magnitude of displacements for 50% delaminated shell (Fig. 

4.10.c) are comparatively lower than intact and 25% delaminated shell and all the displacements 

are close to each other with different aspect ratios. The magnitude of the impactor displacements 

(Fig.4.11.a, Fig. 4.11.b and Fig. 4.11.c) gradually reduces on increasing length of delamination. 
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For intact shell its magnitude is low for an aspect ratio 0.6 compared with 0.7 and 0.8. For 25% 

delaminated shell impactor displacements at an aspect ratio 0.6 is slightly higher than 0.7 and 0.8. 

For 50% delaminated shell all the values of impactor displacements with different aspect ratio are 

very close to each other. The impactor velocity found to be decreasing significantly on increase 

of delamination size (Fig. 4.12a, Fig. 4.12.b and Fig. 4.12.c). On increase of aspect ratio from 

0.6 to 0.8 there is a gradual reduction of impactor velocity. In all the cases i.e. intact shell, 25% 

delamination and 50% delamination impactor velocity reduces drastically upto t=100µs, after that 

it becomes constant.  
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Fig. 4.8 Variation of the critical velocity of Impact with different aspect ratios (L/s) of the 

conical shell and delamination sizes (Intact, 25% & 50% Delamination) for [0/90/0/90] cross 

ply laminates 
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Fig. 4.9.aVariation of Contact Force                           Fig. 4.9.bVariation of Contact Force with         

               with time for Intact Shell                                               time for 25% delaminated shell 
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Fig. 4.9.cVariation of Contact Force with                    Fig. 4.10.aVariation of shell deflection                    

time for 50% delaminated shell                                   with time for Intact Shell 
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   Fig. 4.10.bVariation of shell deflection with         Fig. 4.10.cVariation of Shell deflection with 

                time for 25% delaminated Shell  time for 50% delaminated shell 
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Fig. 4.11.aVariation of impactor displacements   Fig. 4.11.b Variation of impactor displacements                     

        with time for intact shell                     with time for 25% delaminated shell 
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Fig. 4.11.c Variation of impactor displacements   Fig. 4.12.aVariation of impactor Velocity(m/s) 

    with time for 50% delaminated shell                       with time for Intact Shell 
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Fig. 4.12.bVariation of impactor Velocity(m/s)     Fig. 4.12.c Variation of impactorVelocity(m/s) 

with time for 25% delaminated Shell                               with time for 50% delaminated Shell 
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4.4.2 Transient Response of Blind, Central and Open Crack 

The spanwise location of the single–delamination are varied to study the influence of Blind crack, 

central crack and open crack (Fig. 4.13(a), Fig. 4.13(b), Fig. 4.13(c)) on the transient response of 

delaminated conical shells. The delaminations are assumed to present near the fixed end in case of 

a blind crack, close to the centre in case of a central crack while near the free end in case of an 

open crack. For each the cases, the impact is assumed to occur at the centre of the cantilever shell 

in the transverse direction shown in the Fig. The analysis is performed considering the critical 

velocity of impact at which FPF is initiates.  

 

 

 

 

 

 

 

Fig. 4.13(a) Blind Crack (d/L=0.50, d1/L=0.25)       Fig. 4.13(b) Central Crack (d/L=0.50,                                         

                                                                                                      d1/L=0.50)    

                 

 

 

 

 

 

 

 

Fig. 4.13(c) Open Crack (d/L=0.50, d1/L=0.75)      

 

In figure (4.13 (a to c)) d is the length of delamination along the span, d1 is the location of the 

centreline of delamination from fixed end and L is total length of the shell.  
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The transient response of contact force and Tsai-Wu polynomial for delaminated composite 

conical shells are plotted for blind crack, central crack and open crack in Fig. 4.14(a) and 4.14(b), 

respectively. The contact force is found to be the highest in case of an open crack followed by 

central crack and the least contact force is found in case of a blind crack. This is due to the fact 

that under impact loading, the highest shell deflection is observed in case of an open crack while 

the least is observed for a blind crack. The Tsai-Wu tensor for open and central crack are close to 

each other and becomes zero around 140µs whereas for open crack it attains zero value around 

t=115µs. 
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4.14. (a)          4.14. (b) 

Fig. 4.14 Time-based variations in the Contact force (N) and Tsai-Wu (T) polynomial for 

various types of crack 

 

The variations of the contact stresses in the principal directions, 𝜎1, σ2 and τ12, along the contour 

of the conical shell plan form arising out of a central impact (
𝐿

2
,
𝑏

2
,
ℎ

2
) are plotted in Fig 4.15, 4.16 

and 4.17, for blind, central and open cracks respectively. The impact velocity is taken to be the 

critical velocity (Vcr) at which the first-ply failure in the composite laminates just initiates. As 

expected, the contact stresses for blind, central and open crack are found to be compressive in 

nature. In addition, the contact stresses in the normal directions (σ1 and σ2) are almost comparable 

in magnitude though the shear stresses τ12 are much lesser compared to the normal stresses as 

such, the first-ply failure is highly dependent on the variations in the normal stresses compared 

to the shear stresses. For the blind crack, the stresses σ1and σ2are found to be highest close to the 

fixed end of the conical shell while they are the highest near to the mid-span of the conical shell 
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(
𝐿

2
,
𝑏

2
) n case of the central and the open cracks. This suggests that the first-ply failed elements are 

close to the cantilevered end (Element No: 4 in Fig. 2.2) in case of a blind crack, while they are 

close to the mid-span of the conical shell in case of central and the open cracks.  

 

 

 

                 4.15.a) Blind Crack      4.15.b) Central Crack 

 

4.15.c)Open Crack 

Fig.4.15 Variation of stresses (σ1) in principal directionat critical velocity of impact for various 

types of crack 
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               4.16.a)Blind Crack               4.16.b) Central Crack 

 

4.16. c)Open Crack 

Fig.: 4.16 Variation of stresses (σ2) in principal direction at critical velocity of impact for various 

types of crack 

 

      4.17.a)Blind Crack               4.17.b) Central Crack 
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4.17.c) Open Crack 

Fig. 4.17 Variation of in plane stresses (τ12)at critical velocity of impact for various types of 

crack 

 

4.4.3 Transient Response and contact stress of multiple delamination 

Multiple delamination occurs when more than one delamination zone are present in the composite 

structure. The figure below (Fig. 4.18) shows multiple delamination in between layer 1&2 and 

3&4. In this analysis a four-layer graphite epoxy composite laminate ([0°/90°]2) is selected with 

geometric and material properties are similar as mentioned earlier. The size of the delaminations 

are chosen as 25% (d/L=0.25) and 50%(d/L=0.50). Impact is assumed to occur centre point with 

critical velocity. The contact force due to impact is maximum for intact shell and it reduces 

gradually with the increase of size and no of delaminations (Fig. 4.19). The same tendency 

appears in the magnitude of shell displacement (Fig. 4.20), impactor velocity (Fig. 4.21) and 

impactor displacement (Fig. 4.22). On the increase of size and number of delamination Tsai-Wu 

tensor (Fig. 4.23) shifts towards the right hand side i.e. it takes more time to diminish.  

 

 

 

 

 

 

Fig. 4.18 Schematic diagram of multiple delamination 
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Fig. 4.19 Variation of contact force with         Fig. 4.20 Variation of shell displacement/thickness     

       time for multiple delamination                             with time for multiple delamination 
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Fig. 4.21 Variation of Impactor velocity         Fig. 4.22 Variation of impactor displacement       

          with time multiple delamination  with time for multiple delamination 



109 

 

0 25 50 75 100 125 150 175 200
0.0

0.2

0.4

0.6

0.8

1.0

T
sa

i-
W

u
 (

T
)

Time(  sec.)

 Intact Shell, FE*=1, FL
#
=4

 25% Single Delam., FE*=25, FL
#
=4

 50% Single Delam., FE*=17, FL
#
=4

 25% Multiple Delam., FE*=25, FL
#
=4

 50% Multiple Delam., FE*=17, FL
#
=4

 

Fig. 4.23 Variation of Tsai-Wu Tensor with time (*Failed Element, #Failed Layer) 

 

The impact induced stresses (σ1, σ2 and τ12) developed in both intact as well as 25% and 50% 

delaminated composite conical shells are plotted in Figs. 4.24, 4.25, 4.26, (a), (b) and (c), 

respectively. The composite conical shells are assumed to be impacted centrally by a spherical 

steel ball (impactor) moving at the critical velocity of impact resulting in first-ply failure 

initiation. The σ1 values are found to be the lowest in the intact composite conical shells though 

they increase with an increase in the size of delamination in delaminated conical shells. However 

the reverse trend is observed in case of σ2values wherein the highest value of σ2is observed in 

case of the intact composite conical shell while the lowest is observed in case of 50% delaminated 

shells. The shear stress values (τ12) are again found to be lower compared to the normal contact 

stresses σ1 and σ2. The combined effects of the impact loading and delamination size is found to 

be widely influenced by the critical parameters namely the critical velocity of impact (Vc). The 

Tsai-Wu tensor polynomials (T) tends to attain a critical value of 1.0 at a certain critical time 
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period which is highly dependent on a critical size of delamination.   

 

4.24.a)Intact Shell   4.24.b)25% Multiple Delaminated Shell 

 

4.24.c)50% Multiple Delaminated Shell 

Fig. 4.24 Variation of stresses (σ1) in principal direction at critical velocity of impact for intact 

and multiple delaminated shell 

 

4.25.a) Intact Shell                                         4.25.b) 25% Multiple Delaminated Shell 
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4.25.c) 50% Multiple Delaminated Shell 

Fig. 4.25 Variation ofstresses (σ2) in principal directionat critical velocityof impact for intact and 

multiple delaminated shell 

 

         4.26.a) Intact Shell               4.26.b) 25% Multiple Delaminated Shell 

 

                                      4.26.c) 50% Multiple Delaminated Shell 

Fig. 4.26 Variation ofin plane stresses (τ12)at critical velocity of impact for intact and multiple 

delaminated shell 
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4.4.4 Transient Response due to change in location of impact 

In the following analysis impacts are assumed in different location (Fig. 4.27) of the intact 

cantilever composite conical shell. The different location of impact are near free end (L/4), mid-

point (L/2) and near fixed end (3L/4) and the FE results are compared. It is found that the contact 

force due to impact is maximum (Fig. 4.28) when the impact occurs near fixed end at critical 

velocity. When impact occurs near fixed end the shell displacement gradually increases and 

constant for a while (Fig. 4.29). After that shell displacement start decreasing at t=400µs. For 

impact at mid-point and near free end shell displacement increases gradually and close to each 

other. The impactor velocity drastically reduces and become constant for impact location at mid-

point and near free end (Fig. 4.30) while for impact near fixed end impactor velocity at first reduces 

and constant for a while. Further it becomes negative. The impactor displacement when impact 

occur at mid-point and near free end gradually increases (Fig. 4.31). When impact occur near fixed 

end at first the impactor displacement increases rapidly then it continues increasing slowly and 

finally at t=600µs it starts decreasing.  

 

 

 

 

 

 

 

 

 

Fig. 4.27 Schematic diagram of Different Location of Impact 
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Fig. 4.28 Comparison of Contact force                Fig. 4.29 Comparison of Shell Displacement
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Fig. 4.30   Comparison of impactor velocity        Fig. 4.31 Comparison of impactor displacement 
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CHAPTER 5  

Summary & Conclusion 

5.1 First Ply Failure of Pre-twisted Delaminated Rotating Conical Shells  

The main conclusions drawn from the present analyses are: 

 

1. A decrease in the first-ply failure strengths is predicted using different failure theories with an 

increase in the aspect ratio (L/s) in both undelaminated and delaminated composite conical shells.  

 

2. For non-rotating conical shells, the 𝜎1 values are much higher near the fixed end in comparison 

with 𝜎2 and 𝜎6 values and are always tensile for undelaminated composite conical shells as seen 

from the stress variation plots. 

 

3. Since the laminates have lower XT and YT values, 𝜎1 plays the predominant role in the tensile 

failure of the laminates for undelaminated conical shells. Accordingly, the failed elements are near 

the fixed end (Element no 1 or 8) where 𝜎1is maximum. 

 

4. The presence and location of delamination play a pivotal role in the failure initiation of 

delaminated composite conical shells. All the elements close to the edges of the delaminated zone 

near the cantilever end are most prone to experience the first-ply failure initiation under the 

influence of centrally applied point load. This is also corroborated by the stress-distribution plots 

wherein a zone of high compressive stresses (𝜎1, 𝜎2and𝜎6) is developed close to the delaminated 

zone. The failed laminas are mostly close to the outermost layers considering that the maximum 

bending stresses developed near the outermost layers. 

 

5. The failure loads predicted using the stress-based failure theories (Maximum stress, Hoffmann, 

Tsai-Hill, and Tsai-Wu) are always higher than the Maximum strain theory irrespective of the pre-

twist angle and delamination presence. 
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6. Failure loads increase with the increase in the non-dimensional rotational speed in both 

undelmainated and delaminated conical shells, which is due to corresponding stiffness rise owing 

to centrifugal stiffening.  

 

7. Due to rotational stiffening, the stresses (𝜎1, 𝜎2 and 𝜎6) developed in the rotating conical shell 

are lower than in non-rotating conical shell corresponding to a centrally applied point load. 

 

8. The spanwise location of delamination center significantly influences the first-ply failure loads. 

It is observed that a blind crack adjoining the fixed end displays a much reduced first-ply failure 

load compared to a centrally-located crack or an open-end crack. This may be attributed to the 

high bending stresses developed close to the cantilever end of the conical shell leaving the blind-

crack to be highly constrained under a centrally applied point loading.  

 

9. The first-ply failure loads are the lowest for mid-plane delamination, while it increases for  

delamination presence near the outer layers of the conical shell. This is due to the highest bending  

stresses developed close to the outermost layers of the cantilever conical shell. 

 

10. A drastic reduction in the failure loads is predicted using different failure theories due to the 

presence of multiple delamination compared to a single-delaminated shell with different rotational 

speeds. The FPF loads in single and multiple delaminated (0/90/0/90) composite conical shells 

decrease monotonically with an increase in the aspect ratio of the conical shell until they become 

asymptotic as the aspect ratio (L/s) approaches 0.9. A decrease in the first-ply failure loads is 

observed as the distance between the delamination increases in the case of multiple-delaminated 

(0/90/0/90/0)s conical shells. 

 

11. The result shows that on the increase of delamination size the FPF load decreases drastically 

whereas on the increase of aspect ratio (L/s) FPF load decreases considerably. Further on increase 

of pre-twist angle (ψ), FPF load reduces gradually.  

 



116 

 

12. For intact-shell failure occurs near the fixed end (element 1) and for delaminated shell failure 

occur close to delamination zone (element 17). In all the situations failure occurs at layer number 

7 from the bottom layer, since the bending stresses are higher at the extreme layer for cantilever 

shell. 

 

13. There is the decrease in the FPF load with the increase in the size of delamination. The 

maximum value of FPF load is observed for intact shell and decrease significantly with rise in size 

of delamination. The maximum value of the FPF load is happened for maximum independent 

theories (strain & stress) and it is much lower for all the dependent theories.  

 

14. With the rise in rotational speed the FPF values rises due to centrifugal stiffening effect. On 

rise of aspect ratio (L/s) of the conical shell FPF loads are reduced. From the slope of the FPF 

curve it is found that the percentage decrease in the failure load is much drastic for 50% 

delamination compared to 25% delamination.  

 

15.  Decrease in the FPF load is estimated using Tsai-Wu criterion with the rise of fiber inclination 

angle (𝜃) from 15⁰ to 90⁰ for [𝜃/-𝜃]2 laminates. At 𝜃=15⁰ the slope of the FPF curve is very steep 

and becomes asymptotic as 𝜃 approaches 90⁰. 

 

5.2 Impact Induced First Ply Failure of Delaminated Conical Shells 

At first critical velocity of impact are predicted using existing FE formulation at different 

condition considering aspect ratio, size of delamination, location of delamination, number of 

delamination and location of impact. Critical velocity is the velocity at which FPF of the 

composite conical shell begins based on Tsai-Wu failure criterion. Critical velocity decreases on 

increase of aspect ratio and size of delamination. It is found that contact force, shell displacement, 

impactor displacement, impactor velocity decreases on increasing of aspect ratio, size & number 

of delamination. When the impact location moves from near fixed end to near free end contact 

force, shell displacement, impactor displacement, impactor velocity decreases.  
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CHAPTER 6  

 

Research Contribution and Innovativeness:  

The present research work contributes on first-ply failure load prediction and failed element 

location of pretwisted delaminated rotating composite conical shells under some well-established 

theories like maximum strain, maximum stress (Independent and polynomial based), Hoffmann, 

Tsai-Hill, and Tsai-Wu. Under static loading, vital parameters like size and location of 

delamination, pretwist angle, fibre orientation angle and rotation are considered to find out their 

impact on first-ply failure load. During impact loading, first the critical velocity of impact is 

calculated at which first-ply failure begins using Tsai-Wu failure criteria. The findings of critical 

velocity of impact is rare as most of the available literature explained transient response of low 

velocity impact. Then transient response of composite conical shells with single and multiple 

delamination with different size and location are studied. The variation of contact force, shell 

displacement, impactor velocity, impactor displacement with time of delaminated shell with 

different location of impact are also included in the present analysis.      
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CHAPTER 7 

 Future Scope of Work 

Numerous research area are existing, which can be discovered or investigated in framework to the 

present work either in extension of the same or can be taken as a original research work. Some of 

which are cited below: 

 

a. Structural damping can be added to the existing work to observe the effect of damping of 

delaminated composite conical shell under dynamic situations. Dynamic response of 

composites can be investigated by introducing visco-elastic material in intermediate layers.  

b. The failure analysis of FGM, stiffened composites and sandwich composites structures can 

be done considering delamination, structural parameters and other operational conditions.  

c. Progressive failure analysis of conical shell can be done considering different structural 

parameters and operational conditions.  
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