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Preface 
 
The phenomena of ferroresonance in the electrical power system is the subject of this thesis. 
Ferroresonance may occur if transmission line capacitance is in series with the magnetizing 
inductances of transformer with no load at a critical value in a AC Power System when the 
following conditions arise due to a fuse blown or unsynchronized 3-phase switching device that 
failed to connect all phases: 

• 3-phase system grounded at the source, but having no ground at the transformers banks or 
vice versa. 

• Underground cable length or overhead conductor length is sufficient to create the 
capacitance necessary. 

• The degree of nonlinearity in the magnetic characteristics of the transformer. 
• Transformers are unloaded or lightly loaded. 
• VT is energized through the grading capacitance of the circuit breaker when circuit 

breakers disconnect the phases. 
 The sustained Ferroresonant over-voltages across the power system equipment may cause 
outages of the distressed transformers as well as line equipment, such as surge arresters, etc. 
Therefore, it is difficult to conduct experimental studies of ferroresonance in the commercial 
power system. 
Thus, there have been a continuous research initiatives on ferroresonance over the years, to know 
it properly and attempts to predict or validate ferroresonance in vulnerable networks as well as 
mitigation strategies. The research focuses on designing ferroresonance in a laboratory setting to 
make it experimentally and creating a simulation models of ferroresonance incorporating 
transformer-nonlinear magnetizing characteristics mathematically for computer-based analysis. 
Considering ferroresonance-phenomenon as a nonlinear dynamical system, due to the intricacy 
of a nonlinear mathematical differential equations arising out of the saturable core of a 
transformer: the multiple stability of the system under ferroresonance to be a challenging topic 
for researchers today. Therefore, research on ferroresonance using nonlinear dynamical 
mathematics to ascertain how a Bifurcation or Chaos in the stability of the system results in 
fluctuations in the parameters of the system and ac source voltages is still needed. 
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Thus, this research work has been done on 'Studies on Nonlinear Dynamics of Ferroresonance in 
Transformers'. 
The ferroresonance experiment was devised and developed in a lab setting. The ferroresonance 
incident experimentally has been captured successfully in the oscilloscope. Time domain 
waveform of capacitor-voltage and transformer-voltage at various source voltages are taken on 
the non-creation to creation of ferroresonance at various line conditions. 
 A simulation mathematical model of the experimental ferroresonance is developed to investigate 
ferroresonance further in a simulation environment where experiment is not permissible level. At 
first, existing 'Rudenburg's Method' is verified with present simulation model. The effect of the 
variation of different circuit parameters on ferroresonance occurrence was checked. Utilizing the 
nonlinear dynamic model of ferroresonance, an investigation is conducted on the occurrence of 
ferroresonance with variations in core loss and the variation of the degree of the transformer-core 
saturation and the results published.  
An analysis of the stability of a power circuit under ferroresonance using a nonlinear dynamic 
model of the transformer has been performed. Analysis established the fact that the system 
ultimately landed in 'Chaos' after successive 'Period-Doubling' when the supply voltage was 
increased as parameter. Calculation of 'Feigenbaum Constant' also supports root-to-Chaos 
behavior of the system. 'Period-Doubling' behavior of the ferroresonance circuit is verified using 
a method of ‘Eigenvalues’ and the 'Jacobian Matrix' analysis for the 'Limit Cycles'. To 
investigate the stability, a small 'Perturbation' is injected into the system deliberately and the 
'Jacobian Matrix' was calculated with the 'Poincare' values near 'Perturbation'. Finally, the 'Finite 
Element Method' is applied to study the flux-distribution in the magnetic core of the transformer 
under the ferroresonance condition. 
The findings from simulation show that a minute variation of the system parameter in a nonlinear 
system can result in a different state of operations. It has also been demonstrated that chaotic 
ferroresonance states are likely to arise within a wide range of system parameters, even though 
fundamental frequency and sub-harmonic ferroresonance situations may occur under common-
place operating settings. An Engineer must have a thorough understanding of these 
ferroresonance possibilities so they may plan for the expansion of their systems without 
increasing the likelihood of ferroresonance and can avoid the hazardous areas. 
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  1. Introduction 
 
1.1 General Introduction  

Ferroresonance is a phenomenon that can occur in electrical power systems when there is 
a combination of non-linear inductance and capacitance. It can result in a sustained oscillation of 
voltage and current in the system, leading to high voltages and currents that can cause damage to 
equipment and power outages. Ferroresonance occurs when the magnetic core of a transformer 
or reactor becomes saturated, causing a non-linear relationship between the applied voltage and 
the resulting magnetic flux. This can lead to the buildup of energy in the magnetic field, which 
can cause the voltage to oscillate at a frequency that is a multiple of the power system frequency. 
Ferroresonance can be triggered by a number of factors, including switching operations, 
lightning strikes, and faults in the power system. It is important to design power systems with 
care and to use appropriate protection devices to prevent or mitigate the effects of 
ferroresonance. 

 
1.2 Research Gaps 

Resonance in a transformer circuit was first reported in 1907 [1] and the term 
ferroresonance was first used in1920 [2]. Ferroresonance is possible in a series L-C circuit. Here 
the L can be the saturable iron core of a transformer and C is the capacitive effect of the line or 
some equipment. At the beginning, ferroresonance has been considered as an unknown 
phenomenon due its unpredictable nature, lack of mathematical tools to analyze its overall 
behavior. The first detailed analysis was provided by R. Rudenberg [3] in 1950. However, with 
the important developments in nonlinear dynamics and chaos theory the situation changed. Some 
useful engineering works on ferroresonance began to be published from late 1980s [4]. 

Although ferroresonance could be found due to abnormal situations like single pole 
switching in 3 phase, presence of PT with grading capacitance of C.B. but on the occurrence of 
that resulting in sustained ferroresonant over voltages and currents across the power system 
equipment; which may cause outages of distressed transformer along with line equipment- surge 
arrester, etc. So ferroresonance research activities are not possible in the commercial power 
system. 
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So over the years, there have been ferroresonance research activities like efforts to 
forecast or confirm the occurrence of ferroresonance in susceptible networks and mitigation 
measures [5-7]. The studies pertain recreation of ferroresonance in a laboratory environment and 
the development of mathematically suitable transformer models for simulations and analysis 
using the computer [8-10]. Nevertheless, the complexity of a non-linear mathematical equation 
representing the saturable core of a transformer making ferroresonance as a nonlinear dynamical 
system, still poses a challenge for researchers to understand the stability of the system under 
ferroresonance. So the study on ferroresonance and transformer experiencing it applying 
nonlinear dynamical mathematics to determine how the stability of the system changes, by a 
bifurcation, chaos, having variations of system(circuit) parameters is still under demand. 

If we look at the research work done on ferroresonance in India in recent decades, we 
will found a series of papers published by R. Ramanujam and co-authors on the analytical study 
of ferroresonance. The dependency of single and double open conductor configurations [11], iron 
core loss nonlinearity [12] and arrestor [13] on the chaotic behavior of the ferroresonance circuit 
were discussed. 

Experimental study on ferroresonance and its dependencies on various circuit parameters, 
initial conditions and instant of switching angle of the source voltage were done by M. Roy and 
his co-authors [14, 15]. Simulation done with the nonlinear model of the transformer [16]. 
Damping technique is also investigated [17]. 

Detailed work on the stability analysis of ferroresonance circuit with the help of 
nonlinear dynamic model of the transformer is not very common in India. So the studies on 
nonlinear dynamics of ferroresonance in transformers will have to be performed to explore this 
gap of ferroresonance study. 

 
1.3 Objective of the Work 

Objective of the research work can be divided into two phases. In the first phase, a 
nonlinear dynamic model of a ferroresonance system is to develop with the help of experimental 
data of the transformer. Generation of ferroresonance in the laboratory setup experimentally and 
validation of the ferroresonance model outputs by experimental ferroresonance results. In the 
second phase of the work, analysis to be done to understand the nonlinear dynamic model of the 
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ferroresonance system and to find out how stability of the system changes with the change of the 
system parameters. 
 
1.4 Contribution of the Thesis 

The following work has been performed under this thesis: 
1. An experimental setup was developed and ferroresonance observed in laboratory 
2. A suitable nonlinear dynamic model of the transformer was designed.  
3. That model was tested in MATLAB and the results are compared with the experimental 

results.  
4. The simulation model was examined for the effect of variation of different circuit 

parameters on the occurrence of ferroresonance. Results matched with the analysis given 
by R. Rudenberg. 

5. Investigation on the stability of the electric power circuit under ferroresonance was 
carried out based on the nonlinear dynamic model of transformer. The output showed 
period doubling bifurcation of the system while supply voltage is increased in steps. 

6. The period-doubling behavior of ferroresonance circuit was verified with both numerical 
simulation and mathematical analysis by Jacobian Matrix and corresponding 
Eigenvalues. Both the results agreed with each other. 

7. System modelling was done in finite element method (FEM). Ferroresonance recreated in 
the Comsol Multiphysics simulator and the distribution of magnetic field under 
ferroresonance was observed. 
 

1.5 Organization of the Thesis 
This thesis work is divided into ten (10) chapters. The chapter-wise organization of this 

thesis is as follows: 
Chapter 1 gives an overall introduction to the thesis. It discusses the current scenario of 

the ferroresonance study and the necessity of the proposed work. This is explained in a nutshell 
with the basic works that have been performed under the current thesis.  

Chapter 2 on the definition of ferroresonance. It discusses the effects of ferroresonance 
that have been listed in different publications. The study says that the circuit consists of saturable 
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inductance, capacitance, and an alternating voltage source is prone to ferroresonance. How this 
combination can be achieved in the power system that also discussed in this chapter. In 1950, a 
German engineer R. Rudenberg presented a graphical analysis of ferroresonance which is the 
stepping stone of ferroresonance analysis. This chapter provides an overview of Rudenberg’s 
analysis. Analysis shows, how the system jumps into ferroresonance from normal value while 
changing any of the circuit parameters. At the end of this chapter, a comprehensive study is made 
on the different types of works on ferroresonance that have been performed for decades. Four 
main categories have been discussed - examples & case studies, experimental investigations, 
damping, and analysis of ferroresonance. 

Chapter 3 describes the details of a laboratory experiment that has been developed and 
performed to observe ferroresonance in a controlled environment. At first, the core magnetic 
characteristics of the transformer under the ferroresonance test is extracted from the open circuit 
test of the transformer. The series capacitance value is designed and calculated using R. 
Rudenberg’s graphical method. To protect the digital oscilloscope a potential divider made of 
capacitor is used. To prevent the line equipment from extended exposure to overvoltage at 
ferroresonance, an auto cut-off switch is used which cuts off the circuit after a pre-defined time. 
The ferroresonance incident has been captured successfully. Time domain Waveform of 
capacitor voltage and transformer voltage at different source voltages are taken on the creation of 
ferroresonance at various line conditions. 

Chapter 4 explains the process of building up the simulation model of ferroresonance 
incorporating experimental transformer magnetic characteristics. A wide experimental study on 
ferroresonance in a real setup is difficult and also hazardous for the equipment used as it involves 
power frequency and very high over-voltages. So for further study of ferroresonance, a suitable 
simulation model is developed. The B-H loop data of the transformer obtained from the 
experiment is used to find an approximated mathematical equation to represent the transformer 
core magnetism for the ferroresonance circuit model. Then that mathematical nonlinear 
differential equations for ferroresonance is simulated in a MATLAB software platform. The 
ferroresonance result obtained from the simulation model is compared with the experimental 
results where both the results match with a minor deviation. 

Chapter 5 continues the study with the MATLAB model for ferroresonance developed in 
the previous chapter. Here some circuit parameters like supply voltage, supply frequency, series 
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capacitance, core loss resistance of transformer, degree of transformer core saturation, initial flux 
linkage in the core of the transformer are varied and the voltage across series capacitor and 
transformer for ferroresonance are observed. For each of the cases it has been found at a certain 
point when the circuit parameter and other condition matches, voltages jump to a high value at 
ferroresonance. Using Rudenberg’s graphical analysis it has been shown how the stable 
operating point of the system switches from 1st quadrant to 3rd quadrant of V-I characteristic and 
builds up ferroresonance oscillation. 

Chapter 6 briefs the nonlinear dynamical method and its application for ferroresonance in 
the thesis work. It describes the use of a phase plane diagram in the analysis of a nonlinear 
system. For a periodic function for nonlinear ferroresonance, the 'Phase-Plane' analysis produces 
'Limit Cycles'.  The method to determine the 'Stability' of a nonlinear ferroresonance system is to 
provide a small 'Perturbation' at a steady state and if the system returns to its previous 'Phase 
Plane' path then the system will be called 'Stable' otherwise 'Unstable'. So a 'Stability domain of 
nonlinear ferroresonance' has been studied. Mathematically, the linearization method that is used 
to determine the 'Stability of a Fixed Point' cannot be applied to the 'Stability of Limit Cycles'. 
The 'Stability of Limit Cycles' problem has been converted into a 'Stability of a Fixed Point' 
problem by using the concept of 'The Poincare method' and 'Floquet theory' for the stability of 
periodic orbit. The study of the Poincare plot also reveals how a system 'Bifurcate from one 
Stable state to another Stable state'. 

Chapter 7 shows the simulation study of the model ferroresonance system used in 
Chapter 5. In this case, the system is under ferroresonance and the supply voltages are increased 
in steps. The Poincare plots of different ferroresonance system voltages are also observed. At 
first system generates a single point on the Poincare plane. As the supply voltage is increased, it 
generates two points, then four, eight and so on leading to the Period-Doubling Behavior of 
ferroresonance. At a very high supply voltage, the Poincare plot shows a 'Strange Attractor' 
which changes with the change of initial condition. The behavior of the system at this stage is 
moving to 'Chaos'. The bifurcation plot, which holds all the Poincare plots for all supply voltages 
in a single diagram, shows a period-doubling behavior of the system. The calculation of 'The 
Feigenbaum Constant' also establishes the fact that the system will ultimately land in chaos after 
successive period doubling. In the end, the bifurcation study with series capacitance as the 
'Bifurcation' parameter is also made. 
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Chapter 8 deals with the stability of the system at different periodic oscillations as 
obtained in the bifurcation diagram in the previous chapter. For determining the stability at the 
period-1 region of the bifurcation diagram, a small perturbation is injected in the flux linkage 
while the system is in a steady state. Poincare plots and phase plane diagram shows that the 
system iterates back to its previous operating condition. To verify this condition mathematically, 
the Jacobian matrix was calculated with the Poincare values near perturbation. The magnitude of 
the Eigenvalues of the Jacobian matrix falls within the unity value. A similar investigation was 
carried out in the period-2 region and mathematical calculation shows the system lost its period-1 
stability. For period-2 oscillation, the relations ݔ(௜ାଶ) = (௜ାଶ)ݕ ௜ andݔ =  ௜ hold, and theݕ
Eigenvalues of the Jacobian matrix fall within the value 1. Analysis with period-4 oscillation is 
also performed and verified. 

Chapter 9 gives the details of finite element analysis done on the ferroresonance circuit. 
To know the magnetic field distribution in the core of the transformer during ferroresonance 
conditions, the finite element method is used. The transformer model is built up in the Comsol 
Multiphysics simulator. The core characteristic equation that was used in the previous chapters is 
injected into the core properties. Then to build up the ferroresonance circuit, the magnetic field 
model of the transformer is coupled with the electric circuit model consisting of an alternating 
voltage source, capacitor in series, and resistance in parallel which will act as core loss 
resistance. The current developed in the circuit is used as the excitation parameter of the primary 
of the transformer keeping the secondary of the transformer open. The simulation was done with 
different supply voltages. At a certain supply voltage ferroresonance is observed. The results 
match with the experimental outputs given in Chapter 3. The magnetic flux density distribution 
during ferroresonance is also observed. 

Chapter 10, the last chapter, contains the conclusion and prospects of the present work. 
The study of ferroresonance in real systems is not possible because it leads to the destruction of 
the equipment. So a laboratory study of ferroresonance is performed in this research work on a 
miniature scale. To study the system behavior under ferroresonance, simulation, and numerical 
analysis has been done with the background of nonlinear mathematics. Numerical simulations 
and analysis showed how the ferroresonance circuit lost its stability moving from a stable period-
one response to a period-two response and towards chaos through a period double bifurcation. 
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    2. Review on Ferroresonance 
 
2.1 What is Ferroresonance? 

For power companies, ferroresonance - a complex electrical phenomenon - has long been 
an issue. It can happen in power transformers, voltage transformers, reactors, and other devices 
having saturable inductors fed by capacitive coupling from nearby sources. With an overvoltage 
several times higher than the typical voltage ratings, it can be quite dangerous.  

The term "ferroresonance" was first used by Boucherot [2] in 1920 to characterize the 
occurrence of two stable operating points coexisting in a circuit comprising a capacitor, 
nonlinear inductor, and series resistor. In addition to the leap to a higher current fundamental 
frequency state, ferroresonance analysis is now used to examine subharmonic, quasi-periodic, 
and even chaotic oscillations in any circuit with a nonlinear inductance. 

 
2.2 Generation of Ferroresonance 

According to literature, a ferroresonance circuit consists of capacitors connected in series 
with iron-core transformers operating at no load. The coupling capacitance between transmission 
lines or cables, circuit breaker grading capacitors, power factor improvement capacitors 
connected either in series or shunt and other sources can all contribute to capacitance in a power 
system. If the circuit parameters match, the transformer may be forced to operate in a non-linear 
zone of magnetizing characteristics due to the appropriate magnitude and initial state of the 
supply voltage. This could result in ferroresonance oscillation. 

Some typical transformer connections having ferroresonance risk are reported in the 
various literature [18-21]. A few simplified configurations of the line for the ferroresonance 
system are explained in the following sections.  

 
2.2.1 Grounded Source and Ungrounded Transformer Windings 

A circuit depicted in Fig. 2.1, 2.2, and 2.3, which includes an ungrounded 3-phase 
transformer (either in a wye or delta configuration), undergoes the formation of a series network 
comprising inductance and capacitance within a 3-phase power system under various 
circumstances. These circumstances include the blowing of one or two fuses, the action of a 
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lineman disconnecting an elbow connector for switching purposes, or one or two phases being 
left open during the manual energization of a 3-phase transformer bank, while connected to a 
cable line at a new construction site. In such scenarios, one or two of the 3-phase ungrounded 
transformers, connected either in a star or delta configuration at the primary side, establish a 
return path through the grounding capacitance of the cables when the 3-phase supply is grounded 
through its neutral. In a three-phase line, this phenomenon is frequently referred to as an "open-
phase condition". When the transformers are operating at no load and the overall circuit losses 
are low, the length of the cable between the transformer and the location of the open conductor 
may have a critical capacitance that can result in ferroresonance. 

In each of these cases, the equivalent circuit consists of both inductance and capacitance 
in series as the dashed lines show. In these circuits, ௔ܸ, ௕ܸ, ܽ݊݀ ௖ܸ denote the voltage across the 
entire circuit, not across any individual circuit elements. So the voltage across the open-phase 
(i.e., across ܺ௖) or the transformer primary winding (ܺ௠) may be high enough with respect to the 
ground such that it poses a potential risk to surge arresters and the associated insulation. Here ܺ௠ 
represents the magnetizing impedance of the transformer, while ܺ௖ signifies the line capacitance 
impedance. 

 
Fig. 2.1. Transformers in delta supplied by a star-grounded source at one-pole switching 
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Fig. 2.2. Transformers in delta supplied by a star-grounded source at two-pole switching 

 
Fig. 2.3. Transformer in ungrounded star supplied by a star-grounded source at one-pole switching 

 
2.2.2 Grounded Source and Grounded Transformer Winding with 
Ungrounded Capacitor Banks 

The arrangement is shown in Fig. 2.4 and 2.5 closely resembles the previous example, 
with the only difference being that the system voltages and excited branch of grounded 
transformers are linked through an ungrounded power factor correction capacitor bank. 
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Fig. 2.4. Single-pole switching of transformer with grounded primary winding along with 

ungrounded capacitor banks from a grounded source 

 
Fig. 2.5. Two-pole switching of transformer with grounded primary winding along with 

ungrounded capacitor banks from a grounded source 
 

2.2.3 Breaker Contact Capacitance with Voltage Transformer 
In a power system, the circuit breakers illustrated in Fig. 2.6 can energize a deactivated 

bus by utilizing the capacitance present across the open contacts of the circuit breakers. When 
this occurs it creates a ferroresonance series network consisting of inductance ( ܮ ) and 
capacitance (ܥ) due to the grading capacitance, which interacts with the voltage transformer 
(VT). 
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Although the utilization of multiple circuit breakers is diminishing, there are still some 
being manufactured and put into use, and an existing inventory of such devices remains in 
operation. The capacitance across open contacts is lower for a circuit breaker without grading 
capacitors. However, for multiple break circuit breakers, the grading capacitance is typically in 
the range of around 1000 pF, and this level of capacitance can instigate ferroresonance within the 
system. 

 
Fig. 2.6. Grounded wye transformers (VT) with grading capacitor(C) of C.B. connected to a star-

grounded source  
 
2.3 Effects of Ferroresonance 

Ferroresonance can lead to high overvoltage and overcurrent and corresponding 
harmonics that can harm equipment and cause power failure [22, 23]. Some of the associated 
issues of ferroresonance include: 

 
2.3.1 Peak Voltages and Currents 

The primary concern associated with ferroresonance is the generation of high peak 
voltage, which can lead to damage in line equipment. In cases where transformers are connected 
in delta-wye configurations, and the primary side is ungrounded while being supplied by a 
grounded source, it has been observed that peak voltages of up to 2 times the normal sine wave 
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peaks (referred to as "per unit") can easily occur during ferroresonance events. Occasionally, 
these peaks can even spike to as high as 4 or 5 times the normal peak voltage. 

Ferroresonance is still possible with the more common configuration of a three-phase 5-
legged wye-wye grounded transformer but typically results in much lower peak voltages. Peak 
voltages in these scenarios are typically in the range of 1 to 1.5 times the rated peak voltage, with 
occasional short spikes reaching up to 2 times the normal peak voltage. 

It's worth noting that most reports on ferroresonance incidents do not include data on 
currents. Therefore, it's possible that in some cases, current levels may be high during 
ferroresonance events, but these levels are not always documented. 

 
2.3.2 Protective Relaying 

Relays are typically not positioned within the power system at locations specifically 
intended for detecting ferroresonance occurrences in the distribution network. Moreover, the 
primary purpose of a relay is often to trigger the operation of a circuit breaker. As a result, if a 
relay is present, it may not be configured to detect single-phase switching events that can lead to 
ferroresonance. In some instances, the conditions that induce ferroresonance may not be sensed 
by a relay. For instance, a relay might be capable of detecting ferroresonance on the voltage 
transformer (VT) used for monitoring a circuit [24]. 

Another challenge is that protective relays are typically designed in such a way that they 
can sense the fundamental frequency only. Ferroresonant circuits, however, produce distorted 
waveforms with harmonics that may exhibit high peaks but possess low fundamental frequency 
components. That is why, a conventional relay may struggle to recognize the presence of a 
ferroresonant condition. 

One potential solution could involve configuring the relay such that it can trip if detects 
random high-voltage spikes repeatedly, which could serve as an indicator of potential 
ferroresonance. 

 
2.3.3 Surge Arresters 

Ferroresonance conditions pose a significant risk to surge arresters, as the voltage peaks 
and the associated energy levels can often be so high that cannot be effectively absorbed by 
surge arresters in a reliable manner [25].  
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However, in the case of grounded wye transformers with 4 or 5 legs, the voltage peaks 
and energy generated under ferroresonance are generally not so excessive. If a surge arrester has 
enough energy absorption capacity, it may tolerate the ferroresonant state for these particular 
transformer configurations. In some instances, it may even play a role in damping the 
ferroresonance event, helping to mitigate potential damage and instability [26]. 

 
2.3.4 Issues with Distributed Generation 

The increased popularity of distributed generation raises the probability of receiving 
power from sources not originally intended [27]. This increases the of risk single-phasing issues 
in the power system. 

When a substantial power factor correction capacitance is added in induction generators, 
an unanticipated ferroresonance condition may arise. Induction generators and motors could not 
turn off automatically when the utility opens the breaker. In fact, in such cases, sustained high 
voltages may persist in the system. 

 
2.3.5 Transformer Damage 

There have been different reports of ferroresonance-related transformer damage, 
however, insulation damage rather than core heating effects are most likely to occur. Eddy 
current losses [28] and hysteresis losses are significant when ferroresonance drives the 
transformer into high saturation. On the other hand, ferroresonance on an unloaded transformer 
would produce a loud, audible noise as well as bubbling and burned paint on the tank of the 
transformer. This could be caused by an unusually large magnetic flux that is going through the 
tank wall during ferroresonance and saturating the magnetic core.  

To prevent ferroresonance, it is important to design power systems with care, using 
appropriate equipment and protection devices. Proper grounding, overvoltage protection, and the 
use of surge arresters can also help mitigate the effects of ferroresonance. 
 
2.4 Different Modes of Ferroresonance  

Experiments conducted in the laboratory, and the numerical simulations with practical 
parameters help to classify four different modes of ferroresonance at steady-state conditions. The 
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transient ferroresonant state is not considered as it is difficult to differentiate it from the normal 
transient state. Transient ferroresonance may also be harmful to electrical equipment. After 
multiple system periods of an incident, dangerous transient overvoltage may develop and last for 
multiple power system cycles. 

There are four distinct types of ferroresonance modes [29]: the fundamental mode, the 
subharmonic mode, the quasi-periodic mode, and the chaotic mode. 

Below is an explanation of each type of ferroresonance. 
 
2.4.1 Fundamental Mode 

The system resonates at the fundamental frequency of the power supply, which is 
normally 50 or 60 Hz depending on the region, in the fundamental mode of ferroresonance. The 
frequency spectrum will contain the dominant fundamental frequency component along with the 
decreasing contents of odd harmonic components. Fig. 2.7 shows the periodic signal and 
corresponding frequency response for a fundamental ferroresonance. 

 
Fig. 2.7 Fundamental mode 

2.4.2 Subharmonic Mode 
In the subharmonic mode, the system resonates at frequencies that are integer fractions 

(subharmonics) of the supply frequency. For example, if the power system operates at 50 Hz, the 
subharmonic frequencies could be 25 Hz, 16.67 Hz, 12.5 Hz, and so on. The fundamental 
frequency ferroresonance is referred to as the First Period (i.e. f0/1 Hz) and N – Period (i.e. f0/N 
Hz) ferroresonance is defined as a sub-multiple of the power system frequency [30]. Fig. 2.8 
shows the periodic signal and corresponding frequency response for a subharmonic 
ferroresonance. 

 



15  

 
Fig. 2.8 Subharmonic mode 

 2.4.3 Quasi-periodic Mode 
This mode of ferroresonance can be challenging to predict and analyze due to its non-

linear and intermittent nature. It often involves a combination of different frequencies, including 
the fundamental frequency, harmonics, and subharmonics, resulting in a broad range of spectral 
components. The frequencies are denoted as ݊ ଵ݂  +  ݉ ଶ݂ (where ݊ and ݉ are integers and ଵ݂/ ଶ݂ 
is an irrational real number).  

 
Fig. 2.9. Quasi-periodic mode 

2.4.4 Chaotic Mode 
The system exhibits highly irregular and unpredictable behavior in the chaotic mode of 

ferroresonance. This nature makes it difficult to determine or analyze its exact trajectory. The 
oscillations in voltage and current can display a complex pattern that appears random, with no 
discernible periodicity or repetitive structure. Analysis of chaotic mode required highly 
specialized mathematical brunches like chaos, bifurcation stability, and domain of nonlinear 
system. Fig. 2.7 shows the periodic signal and corresponding frequency response for a chaotic 
ferroresonance. 
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Fig. 2.10. Chaotic mode 

 
2.5 Rudenburg’s Graphical Method 

The graphical method for analyzing ferroresonance phenomena was first proposed by R. 
Rudenburg [3] in 1950.  

When  given electromotive force ‘E’ of sinusoidal shape feeds a circuit consisting, as in 
Fig. 2.11, of a constant capacitance ‘C’ in series with a coil ‘L’, wound around a closed iron 
magnetic circuit (transformer at no load), 

L

EC

EL

E lAC

C

 
Fig. 2.11.  Ferroresonance series circuit 

 
C  : Constant capacitance 
L  : Inductance of magnetic circuit    
       (saturated inductance) 
E   : Impressed sinusoidal voltage 
EC : Voltage across constant Capacitor 
EL : Voltage across saturated Inductance 
I    : Circuit current. 

As the transformer is considered at no load, the voltage drop due to the series resistance 
and leakage reactance of the circuit can be neglected. Therefore, following KVL, the supply 
voltage needs to balance the voltage across the saturable inductance and the voltage across the 
capacitance. Considering merely the fundamental sinusoidal waves of voltage and current 
neglecting any distortion of wave shape due to iron saturation is 

CL EEE           (2.1) 
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The voltage-current relationship for the inductance (ܮ) of the circuit is not linear here, rather it 
depends on the magnetic characteristic of the iron core as plotted in Fig. 2.12. The characteristic 
of the amplitudes ܧ௅ and ܫ is slightly dependent on the measurement, whether may be performed 
by sinusoidal voltage and a distorted current by sinusoidal current and a distorted voltage, or by 
both distorted current and voltage.  

EL

EC

EEVol
tage

CurrentI



I I
E

I
C

 
Fig.  2.12.  Intersection of coil and capacitor characteristics 

E: System voltage represented as the 
horizontal line 
EL: Voltage of saturated inductance 
EC: Capacitance voltage as a straight 
line (ascending) 
Iλ: Charging current of the condenser 
under the sole influence of the supply 
voltage E 
γ: slope of the condenser line  
Iµ: Magnetising current of the saturated 
inductance under the sole influence of 
the voltage E. 

The voltage-current relationship for the inductance may be represented by 
 LE f I           (2.2) 

Where ݂(ܫ)  is a non-linear function of current that is specific to ferro-inductance and only 
depends on the number of turns of the winding as well as the size and magnetic properties of iron 
core. The voltage across the capacitor is inversely proportional to the frequency and capacitance 
and proportional to the current through it. By its property, the capacitor voltage will be in phase 
opposition with the inductor voltage. If all losses and resistance in the circuit are neglected, this 
is given by 

C
IE C            (2.3) 

Thus the equilibrium in the circuit of Fig. 2.11 is given, by substituting (2.2) and (2.3) in (2.1), as 
( ) ( )L

IE f I E C           (2.4) 
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The relation (2.4) indicates that the sum of the supply voltage ܧ and capacitive voltage ܧ஼ must 
always be equal to the saturated inductance voltage ܧ௅. A simple graphical solution of (2.4) is 
shown in Fig. 2.12. In this figure, the voltages are plotted along the x-axis and current along y. 
The system voltage is represented by a horizontal line, to which ܧ஼ is superimposed as a straight 
ascending line. 
The slope angle of the line is determined by 

1tan C           (2.5) 
Hence the slope is steeper for smaller capacitance of the line capacitance. If we extend the 
straight line ܧ஼ to the left-hand side, it intersects the negative axis of current at a distance from 
the origin at ܫఒ 
Where,  ( )tan

EI CE           (2.6) 
This, therefore, is the charging current of the condenser under the sole influence of the voltage ܧ. 
On the other hand, the magnetizing current ܫஜ of the inductance under the sole influence of the 
voltage ܧ is given by the intersection of the ܧ line with the magnetizing characteristic, as shown 
in Fig. 2.12.   A different current develops under the joint action of both these elements in the 
circuit. There appears a rise of the inductive voltage above the system voltage to an amount as 
determined by the point of intersection of the two characteristics. 

 

EC

EL

EL
EL

EC

EC
E

a

b
c

Vo
ltag

e

Supply
Voltage
Current

 
Fig. 2.13. Rudenberg’s graphical method for ferroresonance analysis 

The condenser line if increased in both directions will intercept the inductor voltage line 
at three different points ‘a’ and ‘b’ & ‘c’ as shown in Fig. 2.13. However points 'a’ and ‘b’ are 
stable operating points, whereas point ‘c’ denotes an unstable operation. With larger voltages 
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௅ܧ) ஼ܧ & ) across the circuit elements, the operation at ’a’ in the third quadrant is termed 
ferroresonance. So an appropriate magnitude of supply voltage may shift the operating point of 
the transformer into the non-linear region of magnetizing characteristics if the capacitance of the 
circuit and the initial conditions also match. 

The stability of the operating point ‘b’ will be realized by the following consideration. If 
at point ‘b' a small deviation occurs by a slight increase or decrease of current, EC acting in the 
direction of the impressed voltage ܧ , would change linearly with the current. However, the 
counteracting inductive voltage ܧ௅  changes more intensely with the current, its slope being 
steeper, and thus the current would be brought back to its original value at ‘b’. Here the rate of 
change condenser voltage with respect to the current will be less than the rate of change inductor 
voltage with respect to the current i.e. C LdE dE

dI dI for stability in the first quadrant at 'b'
CL EEE  . Similarly, at a deviation from point ‘a’ ܧ௅ which here acts in the direction of ܧ as 

shown in Fig. 2.14, is not changing so intensely as the opposing voltage ܧ஼, and therefore again, 
the current will return to point ‘a’. Here LC EEE  . 

EL

E E
E

I I I

solution at
stable point 'b'

solution at
stable point 'a'

solution at
unstable point 'c'

ECEC

ELEL

EC

 
Fig. 2.14. Phasor diagrams at point of operation 'b', 'c' & 'a' 

Completely different are the relations at point ‘c’. Here, with every deviation of the 
current from the intersection, the condenser voltage ܧ஼ , acting in the direction of the driving 
voltage ܧ as shown in Fig. 2.14, changes more intensely than the opposing voltage ܧ௅, and thus 
the deviation of current will increase and separate the working state farther from point ‘c’. For a 
complete survey the unstable branch of the voltage curve, corresponding to intersections of the 
point ‘c', is plotted in a dashed line in Fig. 2.15. 
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Fig. 2.15. The voltage across the iron coil is plotted against the capacitance  

 
2.5.1 Change in Capacitance 
 The behavior of the working point at the intersection of the two characteristics is shown 
in Fig. 2.16, keeping unchanged the saturated inductance coil but changing the magnitude of the 
capacitance, when the supply voltage is constant. Here a large capacitance with a large charging 
current ܫఒ  acts like a short circuit. So the transformer voltage becomes equal to the supply 
voltage. As the capacitance is decreasing the operating point slides up along the inductor line to 
higher voltages. This will carry on, nevertheless, until the capacitor line hits the first quadrant as 
a tangent rather than intersecting the characteristics due to its curvature. If the capacitance is 
decreased further, no operating point is possible in the first quadrant, with a positive voltage at 
the inductance receiving lagging magnetizing current from the source. 

However, if the capacitor line is extended completely in Fig. 2.16, it intersects the 
magnetic characteristics at a second point, namely at negative values of current and voltage. 
With small capacitance such a state of operation actually will occur. In this condition, the current 
is now the leading charging current, whose amplitude will significantly rise, as opposed to the 
lagging magnetizing current of the earlier state. Correspondingly, the voltage at the inductance to 
be measured from the current (ܫ) axis and still more the voltage at the condenser to be measured 
from the E line, will be greatly increased, and thus high voltages will develop in the circuit. As 
capacitance decreases, the operating point moves upward along the coil characteristics' negative 
branch, resulting in decreasing voltages between capacitance and inductance. Ultimately, the 
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inductive voltage vanishes and the capacitor voltage aligns with the supply voltage at very low 
capacitive values. 
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Fig. 2.16. Change of operating point with the variation of capacitance 

 In Fig. 2.15 the voltage across the iron coil is plotted against the capacitance, omitting the 
direction or phase of the voltage. Finite voltages occur through the entire region of capacitances. 
However, by the effect of the saturation there is a point of discontinuity at which, with a decrease 
in capacitance, the voltage will jump from a smaller value to a higher value.  
 Fig. 2.16 shows that for large capacitance the condenser line will also intersect the 
negative branch of the magnetic characteristics. Hence in this range, two different states of 
oscillation are possible, one of lagging current with low voltage and another one of leading 
current with high voltage. Both of these states are indicated in Fig. 2.15 by solid curves. Which 
of them occurs is a matter of chance and will be determined by the switching condition of the 
supply voltage. 
 In the case of small voltages and currents in the first quadrant, the inductive voltage is 
greater than the condenser voltage by the value of system voltage, whereas, in the case of large 
voltages and currents in the third quadrant, the reverse is true. Operation ‘ܽ’ denotes a steady 
state of circuit operation that produces "ferroresonance," with high voltages across circuit 
elements.  
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2.5.2 Change in Supply Frequency 
The usual linear resonance curves show the performance of current and voltage 

depending on the impressed frequency. For a direct comparison of the ferroresonance with those 
curves, (2.4) when divided by the frequency ‘ ’ gives 

2
1( ) Ef I C 

              (2.7) 

 
Fig. 2.17. Change of operating point with the variation of supply frequency 

 Fig. 2.17 shows that the magnetic characteristic ݂(ܫ)  remains the same for all 
frequencies, but with the change of frequency, slope, and the position of the capacitor line 
change greatly. The capacitor line is sharp at low frequencies (߱ଵ) and crosses the magnetic 
characteristic on the negative branch. As a result, the circuit has a single-valued state and a 
leading charging current. When the frequency increases, the capacitor line touches the positive 
branch of the magnetic characteristic first and then intersects it. As a result, two more possible 
states come into existence with high frequency (for example 3 ). Though both of them operate 
with lagging magnetizing current only one is stable. With further increasing in the frequency ( 5
), the stable point slides downward on the characteristic. As derived from Fig. 2.17, the 
dependence of current and condenser voltage on the frequency is plotted in Fig. 2.18 and 2.19.  
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Fig. 2.18. Variation of current with the supply frequency 
Those branches of the curves that correspond to the unstable intersection are plotted dashed in 
Fig. 2.18 and Fig. 2.19. 
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Fig. 2.19. Variation of voltage across constant capacitance with supply frequency 
 
2.5.3 Change in the Supply Voltage 
 By a variation of the driving voltage, the state of oscillation on the magnetic 
characteristic can be widely displaced, whereas in non-saturated circuits currents and voltages 
simply change proportionally. In Fig. 2.20 several condenser lines are plotted for different supply 
voltages, according to (2.7). In Fig. 2.21 the voltage across capacitance, depending on the driving 
voltage, is derived from Fig. 2.20. As the voltage is raised, the functionality of the circuit 
abruptly shifts from an inductive to a capacitive state between ܧଶ  and ܧଷ . An irreversible 
ferroresonance jump can be observed if the voltage is decreased. 



24  

Current

E E4 E3 E2E1 EL

E1 < E2 < E3 < E4

 
Fig. 2.20. Change of operating points with the variation of supply voltage 
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Fig. 2.21. Variation of voltage across the capacitance with supply voltage 
 
2.6. Literature Survey 

Work on ferroresonance was carried out in the following main areas: 
 Examples & Case Studies  
 Experimental Investigations  
 Damping and mitigation.  
 Analysis  

Papers on examples and case studies explain different events of ferroresonance that occur 
in factories or power stations and suggest some probable causes of occurrence. A few examples 
of such kinds of papers are discussed below.  
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J. Pienaar and P. H. Swart [31] addressed a ferroresonance problem that happened at two 
30 MVA submerged-arc furnaces which resulted in an unnecessary furnace shutdown. The 
process by which the electrical supply causes saturation in the core of the furnace transformer 
was explained mathematically. A. Noosuk and co-authors [32] shared the observations of the test 
performed from April to September 2001 during the commissioning of the interconnection of 
two 300 MW converter stations in Thailand-Malaysia. Ferroresonance was observed in the 
potential transformer during the disconnection from the converter transformer. P. E. Sutherland 
in his paper [33] recorded a ferroresonance observation that happened in 2002 at UI's New 
Haven Meter Shop. The ferroresonance started due to the single phasing occurring with a broken 
conductor in one phase. The incidents continued from 4 cycles to 120 seconds, and over-voltages 
rose to 113% - 126% of nominal. It was stated that the existence of power-factor correction 
capacitors was the likely culprit. The paper [34] investigated an event called "318 Blackout 
Incident" which happened at the Maanshan Nuclear Power Station in Taiwan on March 18, 2001. 
It has been found that 4 hours before the blackout event there was a ferroresonant overvoltage. 
Due to the loss of power supply, the motors started to act as generators and they built up 
ferroresonance by interacting with power-line capacitance and power transformers.  

D. A. N. Jacobson [35] and R. C. Dugan [34] in their papers provided several examples 
of practical ferroresonance phenomena that occurred in high voltage transmission systems. 

Works on experimental investigations recreate ferroresonance in a controlled 
environment either in the laboratory or in the field and analyze different features of 
ferroresonance. They also employed some simulating software and compared the simulation 
results with the practical results. 

M. Rioual and C. Sicre [37] made a field study with a 900 MW generator, positioned near 
Paris in France and a 96 MVA test transformer located 140 Km away from the power station. 
This paper also performed an EMTP simulation and compared the results. J. Z. Vernieri, M. B. 
Barbieri, and P. L. Arnera [38] performed a study of the zero sequence behavior of a transformer 
excited under unbalanced conditions. The study was made with a 40 MVA, 132 KV / 13.86 KV 
transformer. It was then validated with ATP model simulation. Temperature rise of a potential 
transformer in underground mines investigated experimentally in [39]. D. Femandes [40] did one 
laboratory experiment to capture the frequency response of a 230 KV coupling capacitor voltage 
transformer.  
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Some papers deal with the damping and mitigation of ferroresonance when it already 
occurred. They suggest some damping techniques and validate them either real field study or by 
simulating the ferroresonance model circuit. 

The use of damping resistors coupled to transformer secondary windings has been 
examined and studied in numerous publications [41]. But there are some other methods also 
suggested by many researchers. M. Graovac and co-authors in their paper [42] provided a 
method for quickly suppressing the ferroresonance phenomenon in coupling capacitor voltage 
transformers (CCVT) and clearing the ferroresonance quickly by modifying the secondary 
overvoltage protection and filter circuit parameters. A practical example of inductive load 
application in Hydro Que'bec's Deschambault substation is demonstrated in [43]. Equivalent 
linearization algorithm [44] was suggested to indicate the ferroresonance zone and safe zone of 
operation. In this way, the ferroresonance can be avoided. The continuous burden of the damping 
resistance can be removed by connecting a thermistor having a positive temperature coefficient 
[45]. ZnO nonlinear resistance has been considered as a preventive measurement for 
ferroresonance [46]. Paper [47] shows the effect of the DC reactor in limiting the fault current 
and stabilizing ferroresonance oscillation. 

Some researchers do some mathematical analysis of ferroresonance with the help of 
suitable simulating software and try to predict the behavior of circuits under ferroresonance. 
They use a nonlinear dynamic method to build up the system equation and investigate the 
stability of the system. 

A. Ben-Tal and co-authors in their paper [48] explains the existence of period-doubling 
bifurcation and the chaotic behavior of the ferroresonance circuit. Fractal dimension methods are 
used to analyze the chaotic response of a ferroresonance circuit [49]. B. Tanggawelu, and co-
authors in their work [50] suggested the construction of bifurcation diagrams and phase plane 
portraits to verify the type of nonlinearity in an overvoltage scenario. Paper [51] introduces the 
power frequency excitation characteristic instead of the traditional excitation characteristic which 
was generally used to represent the nonlinear inductor. As per the authors, the latter method has 
the drawback of having a harmonic current. Paper [52] discussed the advantages of the flux 
reflection method for simulating ferroresonance over a full numerical solution. Application of 
fault current limiter in the mitigation of chaotic ferroresonance is discussed in [53] with 
bifurcation and phase plane diagram. 
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2.7 Summary 
In this chapter, the basics of ferroresonance phenomena are explained. The combination 

of circuit elements that may cause ferroresonance in the power system is discussed. That means 
how the capacitive effect from various sources along with saturable inductors can create a 
ferroresonance-prone network that has been explained. The effect of ferroresonance on the 
power system and its equipment is also narrated. One of the oldest but most effective analyses of 
ferroresonance was given by R. Rudenberg. The theory of Rudenberg’s has been explained in 
this chapter. Analysis shows, how the system jumps into ferroresonance from normal value while 
changing any of the circuit parameters. This theory does not include any complex nonlinear 
mathematics, thus easy to understand. At the end, a details literature survey is provided to 
understand the trend of work that has been done on ferroresonance so far. 
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3. Development of Experimental Setup and 
Experiment on Ferroresonance 

 
3.1 Steps for Ferroresonance Study in Laboratory 

The experimental study of ferroresonance in the laboratory required a single phase 
transformer operating at no load condition. The transformer, acting as a non-linear inductor is 
connected with a capacitor in series. A switching device connects the non-linear inductor and 
capacitance in series with an AC power source (Fig. 3.1). 

  
Fig. 3.1. Ferroresonance circuit 

The following steps are followed for ferroresonance study in the laboratory: 
1. Identifying a circuit configuration that is prone to ferroresonance. 
2. Simplifying the circuit. 
3. Determination of Open Circuit Characteristic of Transformer 
4. Calculation of the value of capacitance by graphical method for a particular supply 

voltage. 
5. Execution of experiment using calculated value of capacitance at specified voltage. 
6. Study of the results of experimental observation. 

 
3.2 Determination of Transformer Open Circuit Characteristic  

The following transformer is used as a test transformer: 
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Single phase, 200 VA, 230V / 24-0-24V / 0-12 V, 50 Hz 
The low voltage side is left open while the supply is connected to the high voltage side of 

the test transformer to acquire its open circuit characteristics. The supply voltage gradually 
increased and the corresponding current value is noted. To attain the non-linearity of the 
magnetizing curve, it is required to capture the knee point of saturation. For that the supply 
voltage is increased almost up to 150% of the rated value. The per-unit plot is shown in Fig. 3.2. 

 
Fig. 3.2. Transformer OCC curve 

3.3 Calculation of the Capacitance for Ferroresonance 
One major ferroresonance circuit parameter is the series capacitance (Fig. 3.1). To 

calculate this, Rudenberg’s graphical method is used. As per Rudenberg at ferroresonance, the 
circuit will have an operating point in the third quadrant in the V-I characteristic. So as a limiting 
condition, the capacitor line which is tangent to the magnetization curve at the first quadrant can 
be considered as experimental capacitance. For a desired supply voltage, a tangent is drawn to 
the open circuit characteristic of the transformer.  

The slop of the tangent = ଵ
ఠ஼ , where ߱ =  ݂ߨ2

From this relation, the capacitance can be calculated. Fig. 3.3 shows the method of slop 
calculation at rated supply voltage. Table 3.1 shows calculated values of capacitance obtained 
graphically for different supply voltages. 

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

0 0.02 0.04 0.06 0.08 0.1 0.12

Ope
n C

ircu
it V

olta
ge (

p.u
.)

Open Circuit Current (p.u.)



30  

 
Fig. 3.3. Calculation of slop at rated voltage 

 
Table 3.1: Variation of voltages with source voltage (p.u. values) 

HV Side Voltage (p.u.) Capacitance calculated from 
slope (μF) 

0.35 1.0342 
0.40 1.1575 
0.45 1.2849 
0.50 1.4085 
0.55 1.5758 
0.60 1.7684 
0.65 1.9545 
0.70 2.1425 
0.75 2.4219 
0.80 2.7852 
0.85 3.2715 
0.90 3.7992 
0.95 4.711 
1.00 6.1987 
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In the experimental setup, 20 capacitors were taken with each capacitor having a rating of 
25 μF, 500 V. All the capacitors are connected in series with a target to achieve a resultant 
capacitance of 1.25 μF. The ultimate achievement was 1.272 μF. 
 
3.4 The Experimental Setup 

The test circuit for study ferroresonance and its recording arrangement is shown in Fig. 
3.4. In the experimental setup the following apparatus are used: 

1. Isolating transformer: single phase, 450VA, 0-230-433V / 0-230-433V, 50Hz, major 
insulation at 25KV level. 

2. Variac; input voltage 230V, output voltage 270V 
3. Digital oscilloscope 
4. Multimeter to measure the voltages 
5. Switching device 
6. Measuring unit 

 
Fig. 3.4. Experimental circuit diagram for studying ferroresonance  

 
3.4.1 Development of Auto Cutoff Switch  

Instant of switching plays an important role in ferroresonance. A good switching device s 
necessary to identify the instant of switching and its effect on ferroresonance. The switching 
circuit developed for this experiment has the following features: 
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1. Switching is possible at different angles over a full cycle of 360 electrical degrees. 
2. ON duration of the switch can be set to any value depending on the requirement. 
3. Instant of switching can be easily identified by CRO recording. 

The whole circuit is divided into several blocks as shown in Fig. 3.5. 

 
Fig. 3.5. Auto cut-off switch – block diagrams 

 The source block generates 12 volt DC stable voltage. This is used as the variable 
reference signal to the comparator block. It also supplies the ICs. The phase shifter block uses an 
R-C circuit. Phase shifting is done by varying the resistance R. The output of the phase shifter 
block is fed to the positive input of the comparator. The comparator generates a pulse signal.  
Pulse width is varied by varying reference input, which is done by a 100K pot in the source 
block. The output of the comparator is at positive saturation voltage when the reference DC 
voltage at the negative input terminal is larger than the AC input at the positive input terminal. 
The output is at negative saturation voltage when the AC input is greater than the reference DC 
input. Thus the comparator block produces a pulse output with controllable width by varying 
reference input. 
 The ON-OFF control block is comprised of an NPN transistor and a 555 timer. The 
output pulse of the comparator is given to an NPN transistor through a base resistance to amplify 
the pulse magnitude so that the timer can operate properly. The output of the 555 timer is fed to 
the gate of a MOSFET in the switch block. A contactor coil is attached to the drain of the 
MOSFET. For a high output of the timer, a voltage signal is sent to the gate of MOSFET and it is 
turned on. So the contactor coil is closed and the coil is energized to make contact. 
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 The function of the auto cut-off switch can be observed from the CRO output shown in 
Fig. 3.6. It shows that the circuit gets cut off after 920ms (approx.). This time duration is 
sufficient to decide whether sustained ferroresonance occurs in the system or not. And also 
prevents the circuit equipment from experiencing high voltage and current for a long time. 

 
Fig. 3.6. Auto cut-off switch – operation 

3.4.2 Development of Measuring Unit  
It is required to measure a high voltage during ferroresonance. To measure the capacitor 

voltage safely through the digital oscilloscope a capacitive potential divider comprised of 0.47μF 
and 2.196nF capacitors is placed in parallel with the series capacitance (Fig. 3.4). Connecting the 
CRO channel across a 0.47μF capacitor the voltage across the series capacitor (C) under 
ferroresonance conditions is recorded. So the actual ferroresonance voltage will be MF times the 
recorded value. Where  
ܨܯ = ଴.ସ଻ା଴.଴଴ଶଵଽ଺

଴.଴଴ଶଵଽ଺ = 215  
 Another capacitive potential divider is created with a 25.15μF capacitor connecting in series 
with the main capacitor C. The ferroresonance voltage is measured by a DC voltmeter that is 
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connected across 25.15μF through a bridge circuit. DC voltmeter is used to check whether 
ferroresonance has occurred or not. 

To record the voltage across the transformer in ferroresonance condition the CRO 
channel is connected across the tertiary winding of the transformer with a 1:10 probe setting. 

  
Fig. 3.7. Experimental setup in laboratory  

3.5 Experiment at Various Supply Voltages  
The ferroresonance phenomenon depends on certain circuit parameters like supply 

voltage, supply frequency, series capacitance, non-linear inductance, etc. Ferroresonance 
overvoltage is generated when the value of capacitance matches with the non-linear inductor 
present in the circuit for a particular impressed alternating voltage. In the laboratory experiment, 
the effect of supply voltage on ferroresonance is observed. Results recorded by a digital CRO are 
also displayed in the following sections to arrive at a conclusion about the effect of supply 
voltage on ferroresonance overvoltage generation. 

The value of series capacitance is taken as 1.272μF. 
For supply voltage 130V ferroresonance does not occur. Fig 3.8 shows the voltage across 

the transformer and capacitor as obtained from CRO. At 147V supply voltage high peaks appear 
in the transformer and capacitor voltages in the first 3-4 cycles and then it decays down to 
normal voltage (Fig. 3.9). 

A strange situation arises near the 153V source voltage. A sustained ferroresonance 
occurs in some cases again it disappears when a similar condition is tried repeatedly. Fig. 3.10 
and 3.11 show the capacitor and transformer voltages for two such cases when ferroresonance 
occurs in the first case and does not occur in the second case. For both cases, circuit parameters 
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remain the same. Only the switching instants are different. The RMS value of the capacitor 
voltage at steady-state ferroresonance is almost 2.48 times the supply voltage. 

 
(a) 

 
(b) 

Fig. 3.8. (a) Transformer voltage and (b) capacitor voltage at 130V 
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(a) 

 
(b) 

Fig. 3.9. (a) Transformer voltage and (b) capacitor voltage at 147V 
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(a) 

 
(b) 

Fig. 3.10. Capacitor voltage (a) when ferroresonance occurs and (b) when no ferroresonance occurs 
at 153V supply voltage 
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(a) 

 
(b) 

Fig. 3.11. Transformer voltage (a) when ferroresonance occurs and (b) when no ferroresonance 
occurs at 153V supply voltage 
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Fig. 3.12 shows sustained ferroresonance at 154V supply voltage. The steady-state 
ferroresonance voltage across the capacitor is 2.48 times the supply voltage. And steady state 
ferroresonance voltage across the transformer is 2.21 times the supply voltage. This data also 
ensures that at ferroresonance, the circuit behaves as a capacitive circuit. This phenomenon 
matches Rudenberg’s graphical prediction explained in section 2.5. 

With further increase in the supply voltage, the ferroresonance state continues to appear. 
Fig. 3.13 shows the transformer and capacitor voltage at 165V supply voltage. The RMS values 
at steady-state ferroresonance are 2.58 and 2.14 times the supply voltage respectively. 

To observe the rising of capacitor voltage during ferroresonance, keeping the supply 
voltage at 170 V first few cycles are recorded in CRO as shown in Fig. 3.14. It takes 4.5 cycles 
to reach the steady state ferroresonance and the time to reach the steady state is 83.2 ms. The 
peaks are given in table 3.2. 

 

 
(a) 
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(b) 

Fig. 3.12. (a) Transformer voltage and (b) capacitor voltage at 154V 
 

 
(a) 
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(b) 

Fig. 3.13. (a) Transformer voltage and (b) capacitor voltage at 165V 

 
Fig. 3.14. Rising of capacitor voltage during ferroresonance at 170V 
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Table 3.2: Rising of capacitor voltage peaks at source voltage 170 V 

Peak Magnitude as a multiplier of supply 
voltage 

൅ ݐݏ1  2.27 ݇ܽ݁݌ ݁ݒ
ݐݏ1 െ  െ2.40 ݇ܽ݁݌ ݁ݒ

2݊݀ ൅  2.65 ݇ܽ݁݌ ݁ݒ
2݊݀ െ  െ2.78 ݇ܽ݁݌ ݁ݒ
൅ ݀ݎ3  3.35 ݇ܽ݁݌ ݁ݒ
െ ݀ݎ3  െ3.39 ݇ܽ݁݌ ݁ݒ
൅ ݄ݐ4  3.80 ݇ܽ݁݌ ݁ݒ
െ ݄ݐ4  െ3.59 ݇ܽ݁݌ ݁ݒ

൅ ݄ݐ5  ሻ 3.81݁ݐܽݐݏ ݕ݀ܽ݁ݐݏሺ ݇ܽ݁݌ ݁ݒ
 
Increasing the supply voltage further shows that the steady state is achieved more 

quickly. Table 3.3 shows how the time to reach a steady ferroresonance state after switching on 
the circuit is varying with the supply voltage. It can be found from the observation that the time 
is decreasing with the increase of supply voltage. For the safety of the equipment and laboratory 
personnel, we restrict ourselves to the rated voltage that is 220V. Table 3.4 shows all the 
observations that are obtained from the experiment with different supply voltages. 

Table 3.3: Time to reach steady state 
Supply voltage  Time to reach steady state  

190 V 80 ms 
200 V 60 ms 
210 V 52 ms 
220 V 30 ms 
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Fig. 3.15. Capacitor voltage at 190 V supply voltage 

 
Fig. 3.16. Capacitor voltage at 200 V supply voltage 
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Fig. 3.17. Capacitor voltage at 210 V supply voltage 

 
Fig. 3.18. Capacitor voltage at 220 V supply voltage 
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Table 3.4: Experimental result at different source voltages 

Sl No. Supply 
Voltage (V) 

RMS voltage across  
(× Supply voltage) Ferroresonance 

observed? Remarks Series 
Capacitor 

Transformer 
Secondary 

1 130 0.94 1.56 no No occurrence 
of 

ferroresonance 2 147 0.94 1.59 no 
3 153 2.58 2.21 yes 

Critical voltage 
for 

ferroresonance 
to occur 

4 153 2.48 2.21 yes 
5 153 1.19 1.77 no 
6 153 2.48 2.21 yes 
7 153 2.48 2.21 yes 
8 153 1.19 1.77 no 
9 153 2.58 2.21 yes 

10 153 2.58 2.21 yes 
11 153 2.58 2.21 yes 
12 160 2.57 2.12 yes 

Sustained 
ferroresonance 

13 165 2.58 2.14 yes 
14 170 2.71 2.2 yes 
15 180 2.62 2.18 yes 
16 190 2.52 2.13 yes 
17 210 2.38 1.92 yes 
18 220 2.47 2.07 yes 
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3.6 Summary 
This chapter describes the details of a laboratory experiment that has been developed and 

performed to observe ferroresonance in a controlled environment. Initially, the open circuit test 
of the transformer is used to extract the core magnetic characteristics of the transformer during 
the ferroresonance test. R. Rudenberg's graphical method is used to develop and determine the 
series capacitance value. A potential divider composed of capacitors is employed to safeguard 
the digital oscilloscope. An auto cut-off switch is utilized, which shuts off the circuit after a 
certain amount of time, to protect the line equipment from prolonged exposure to overvoltage at 
ferroresonance. The ferroresonance event has been effectively recorded. When ferroresonance is 
created at different line conditions, the waveforms of the transformer and capacitor voltages at 
various source voltages are recorded. 
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4. Comparison of Experimental and 

Simulation Results 

 

4.1 Preparation of Simulation Model 

To verify the experimental observation discussed in Chapter 3, a suitable transformer 

model is required. Also before starting the in-depth stability analysis of a ferroresonance circuit, 

it is required to validate the working model with the experimental results. 

The conventional equivalent circuit of a transformer consists of a series resistance and 

inductance representing copper loss and leakage flux of the transformer windings and a parallel 

resistance and inductance representing core loss and transformer magnetizing flux. If we stick to 

the no-load condition only in our whole analysis, we can neglect the series components. This 

assumption is necessary as it is reported many times that ferroresonance occurs in the low or no 

load condition of a transformer. 

The critical part is to represent the magnetizing flux characteristic of the transformer as in 

conventional equivalent circuit it is assumed as linear. Whereas ferroresonance study requires the 

nonlinear behavior of the core. 

 

4.2 Transformer Model Structure 

Being a static device, a transformer is used in almost every sector of electric power 

transmission. It consists of two parts, one is insulated windings and the second is the magnetic 

core. Two or more sets of windings are placed on a solid core structure. The core ensures good 

magnetic coupling between the windings. The popular equivalent circuit model of a transformer 

represents the copper loss and leakage flux as series components and core loss as parallel 

components along with an inductor representing the basic transformer action. For the full 

utilization of the core material, a transformer is designed in such a way that its rated operating 

point falls near the knee point of its core magnetizing curve. At this stage, the core characteristic 

can be considered linear and can be represented with a linear equation. The problem arises when 

due to fault like ferroresonance the operating point slips into the saturation region. The behavior 

now cannot be characterized by linear relations. Here comes the main challenge to find out a 
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suitable nonlinear equation for the transformer core. Many researchers have proposed various 

nonlinear models to solve this purpose. All the models have their advantages and disadvantages. 

Papers [54, 55] uses the harmonics balance method to find out the appropriate core 

characteristics of a transformer. Some papers [56, 57] suggested a piecewise linear inductance 

method for the modeling of the saturation characteristic of a transformer. Some popular 

simulator like EMTP also comes with an inbuilt non-linear transformer model based on the 

piecewise linearization technique [58]. Preisach theory has been used to develop the nonlinear 

model of the transformer inductance [29]. Different duality-based approaches were compared for 

modeling low-frequency transformers in [59, 60]. Equivalent winding capacitance obtained from 

standard test data has been proposed for the accurate modeling of the transformer [61]. 

To represent the B-H loop analytically various approaches can be taken. It can be 

represented with a nonlinear single-valued inductance with constant core loss resistance [62, 63]. 

To capture the variation of the core loss resistance, non-linear single-valued inductance can be 

coupled with a nonlinear core loss resistance [12, 64]. Another approach can be the full hysteresis 

information along with constant core loss resistance [65]. The paper [66] gave an analytical 

comparison of above mentioned three different core modeling.  

 

4.3 Finding the Nonlinear Equation for Transformer Core 

The open circuit characteristic obtained in the open circuit test of the transformer is 

needed to feed to the mathematical model of the transformer. This is done with the help of the 

MATLAB program. The curve fitting tool is used to predict the suitable polynomial for the 

experimental curve. The following equation of order 7 is found suitable: 

� = �� + ���          (4.1) 

Where �	 = 	0.038 , and �	 = 	0.0022 . and �  and �  are open circuit current and voltage 

respectively. The approximated graph is shown in red color in the Fig. 4.1 along with the 

experimental curve in blue. 

 

4.4 Development of Ferroresonance Nonlinear Model 

As observed from different literature [67, 68] circuit shown in Fig. 4.2 is taken as a 

ferroresonance circuit. This consists of a voltage source ��, a series capacitance �, and a single-
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phase transformer. The transformer is represented with its parallel branches only where 

resistance �� represents core loss and a saturable inductance represents the primary winding of 

the transformer. It is assumed that the transformer is working under no load condition. For that, 

the secondary winding and the series resistance and inductances are neglected. 

 

  Fig. 4.1. Experimental (blue) and simulated (red) OCC curves 

 

Fig. 4.2. Model circuit for ferroresonance 

By applying KVL for the circuit shown in Fig. 4.2 

V� = V� + V         (4.2) 

Where  

Vs = source voltage 

�� =
�

�
∫ � �� = Voltage across capacitor 
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� =
��

��
= Voltage across saturable inductor or transformer voltage which is equal to the rate of 

change of flux �. 

From (4.2) 

V� =
�

�
∫ � �� +

��

��
         (4.3) 

Differentiating both sides of (4.3) with respect to time 

���

��
=

�

�
(�) +

���

���
         (4.4) 

Now � = �� + �� 

Where, �� =
�

��
= Current through the resistive branch and 

�� = 0.038� + 0.0022�� =  The magnetizing current from (4.1) 

Rearranging (4.4) 

���

���
=

���

��
−

�

�
�

�

��
� −

�

�
(0.038� + 0.0022��)    (4.5) 

Equation (4.5) is a 2nd-order differential equation. As the dependent variable �	contains a term 

with power 7, and the supply voltage �� is sinusoidal, those make the equation highly non-linear 

and difficult to solve in conventional methods. It is required to prepare a simulation model based 

on (4.5) which can be used for the analysis of ferroresonance. MATLAB Simulink toolbox is 

chosen for this purpose and the working model is developed based on the following algorithm as 

shown in Fig. 4.3. 

 In this model, the three terms of the right-hand side of (4.5) are added to get the 2nd 

derivative of flux linkage. Then it is integrated to get the first derivative of flux linkage which is 

transformer voltage. This term again integrated 2nd time to get the flux linkage. Then (4.1) is 

used to calculate the magnetizing current. 

 

4.5 Results from Simulation 

As per the laboratory experiment conducted, the following parameters are used for 

MATLAB simulation: 

C = 1.275 μF 

RC = 15.81 KΩ 

f = 50 Hz 
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Fig. 4.3. MATLAB Simulink model 

The value of the supply voltage is increased gradually from a very low value like 100V. 

At 130 V supply voltage, the transformer and capacitor voltage show no ferroresonance (Fig. 

4.4). The RMS values of capacitor and transformer voltages are only 0.24 and 1.13 times of the 

supply voltage respectively.  At 147 V supply voltage, the transformer and capacitor voltage 

shows no ferroresonance (Fig. 4.5). The RMS value is only 0.25 and 1.14 times of the supply 

voltage. 

From 152 V to 155 V supply voltage, the simulation shows 2 -3 initial spikes before the 

system returns to a steady state. But no sustained ferroresonance was observed as Fig. 4.6 to 4.8 
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indicate. It is to be mentioned that the experimental setup showed sustained ferroresonance at 

153 V supply voltage. 

 

(a) 

 

(b) 

Fig. 4.4. (a) Capacitor voltage and (b) transformer voltage at 130 V supply voltage 
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(a) 

 

(b) 

Fig. 4.5. (a) Capacitor voltage and (b) transformer voltage at 147 V supply voltage 

 



54 
 

 

(a) 

 

(b) 

Fig. 4.6. (a) Capacitor voltage and (b) transformer voltage at 152 V supply voltage 
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(a) 

 

(b) 

Fig. 4.7. (a) Capacitor voltage and (b) transformer voltage at 153 V supply voltage 
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(a) 

 

(b) 

Fig. 4.8. (a) Capacitor voltage and (b) transformer voltage at 155 V supply voltage 
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Sustained ferroresonance was observed at 156 V supply voltage. Here the capacitor 

voltage jumps to 2.97 times of supply voltage, whereas the transformer voltage takes an RMS 

value 2.21 times of the supply voltage. The output is shown in Fig. 4.9. Corresponding capacitor 

and transformer voltages obtained from the experimental setup are shown in Fig. 4.10. Though 

this observation was obtained at 153 V supply voltage onwards. A closer look reveals that the 

nature of the output voltages does not match exactly. It may be due to the approximation of the 

non-linear core characteristics of the transformer. Also, the core loss is taken as constant in the 

simulation, which is actually not. The transformer voltage in Fig. 4.9 (b) shows some harmonics 

that were not present in the experimental observations. 

Response at 157 V are shown in Fig. 4.11. The RMS value of the capacitor voltage is 

3.06 times of supply voltage and the RMS value of the transformer voltage is 2.22 times of 

supply voltage. The time taken to reach a steady state is almost 150 ms. 

 Comparison of capacitor voltages for 170 V, 190 V and 210 V supply voltage are 

presented from Fig. 4.12 to 4.14. 

 

(a) 
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(b) 

Fig. 4.9. (a) Capacitor voltage and (b) transformer voltage at 156 V supply voltage 

 

 

(a) 
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(b) 

Fig. 4.10. (a) Capacitor voltage and (b) transformer voltage at 153 V supply voltage from 

experimental arrangement 

 

(a) 
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(b) 

Fig. 4.11. (a) Capacitor voltage and (b) transformer voltage at 157 V supply voltage 

  

 

(a) 
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(b) 

Fig. 4.12. Capacitor voltage (a) experimental and (b) simulated at 170 V supply voltage 

 

 

(a) 
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(b) 

Fig. 4.13. Capacitor voltage (a) experimental and (b) simulated at 190 V supply voltage 

 

 

(a) 
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(b) 

Fig. 4.14. Capacitor voltage (a) experimental and (b) simulated at 210 V supply voltage 

 

 Table 4.1 below shows all the observations that are obtained from the MATLAB 

simulation with different supply voltages. 

 

Table 4.1: Simulated result at different source voltages 

Sl No. 
Supply 

Voltage (V) 

RMS voltage across  
(× Supply voltage) Ferroresonance 

observed? 
Remarks 

Series 
Capacitor 

Transformer 
Secondary 

1 130 0.24 1.13 No 

No occurrence of 
ferroresonance 

2 147 0.25 1.14 No 

3 152 0.26 1.15 No 

4 153 0.27 1.15 No 

5 154 0.27 1.16 No 

6 155 0.28 1.16 No 
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Table 4.1: Simulated result at different source voltages (Contd.) 

Sl No. 
Supply 

Voltage (V) 

RMS voltage across  
(× Supply voltage) Ferroresonance 

observed? 
Remarks 

Series 
Capacitor 

Transformer 
Secondary 

7 156 2.97 2.21 Yes 

Sustained 

ferroresonance 

8 157 3.06 2.22 Yes 

9 165 2.99 2.13 Yes 

10 170 2.95 2.07 Yes 

11 180 2.85 1.97 Yes 

12 190 2.76 1.87 Yes 

13 200 2.68 1.79 Yes 

14 210 2.61 1.72 Yes 

15 220 2.54 1.65 Yes 

 

 

4.6 Summary 

The procedure of importing experimental transformer magnetic properties into the 

simulation model of ferroresonance is explained in this chapter. As ferroresonance involves 

power frequencies and extremely high overvoltages, conducting thorough experimental research 

on it in a real setting is challenging and dangerous for the equipment involved. So an appropriate 

simulation model is constructed for the further investigation of ferroresonance. For the 

ferroresonance circuit model, an approximate mathematical equation representing the 

transformer core magnetism is found using the B-H loop data of the transformer that was 

received from the experiment. Next, using the MATLAB software platform, the mathematical 

nonlinear differential equations for ferroresonance are simulated. The ferroresonance result 

obtained from the simulation model is compared with the experimental results where both the 

results match with a minor deviation. 
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     5. Occurrence of Ferroresonance with Simulation 

 

5. 1 Experimental Determination of Hysteresis Loop 

 The open circuit characteristic of the transformer is in terms of RMS values. So it is 

difficult to extract the instantaneous value of voltage and current from the OCC of a transformer. 

This problem can be shorted out by recording instantaneous voltage and current against time 

with a special laboratory arrangement [69] as shown in Fig. 5.1.  

 

Fig. 5.1. Circuit to extract the B-H loop 

 

Fig 5.2. Phasor diagram of the circuit of Fig. 5.1 to determine the B-H loop 

A small resistance r is connected in series with the primary to measure the magnetizing 

current. A series combination of resistance R and capacitance C are connected in parallel to the 
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transformer. The circuit is energized with an alternating voltage of 50 Hz. The phasor diagram 

(Fig.5.2) shows that the voltage across the capacitor (VC) is in phase with the current through 

transformer primary current Iφ.  

The voltage across capacitor C will be 

�� =
�

����
�

����

×
�

��
=

�

�(���)���
      (5.1) 

To make ������ >> 1 the values of R, L & C are chosen accordingly. So (5.1) is reduced to 

� = �����         (5.2) 

But for transformer, VL∝ φ and VL ∝ V, as resistance r is very small,  

Therefore, V ∝ φ 

Hence from (5.2),  

φ ∝ ωRCVC          (5.3) 

In (5.3) ω, R and C are constant therefore magnetic flux (φ) is proportional to the voltage across 

the capacitor and they are in phase. Again the voltage across the resistor r, connected in series 

with the primary coil, is proportional to the magnetizing current. Now, by applying the voltage 

across the resistor r to channel I and the voltage across the capacitor to channel II of the CRO, a 

hysteresis loop may be formed from the CRO in dual mode. Changing the supply voltage 

hysteresis loops at various saturation levels can be created. These loops are saved to a computer, 

and the data is utilized to simulate a hysteresis model to analyze ferroresonance via digital 

computation. The transformer core becomes more saturated as the voltage increases. 

Rating of the transformer used in the laboratory: 

Single phase, 450 VA, 50 Hz, 0-250-433V / 0-250-433V / 2 V, major insulation at 25 KV level 

 Plots of flux density and magnetizing current against time for 175V are shown in Fig. 5.3 

and Fig. 5.4 respectively. Plots show that the voltage waveform is purely sinusoidal whereas the 

current waveform takes a non-sinusoidal nature. 

The B-H loop was thus obtained by plotting the magnetizing current along the X-axis and 

flux along the Y-axis as shown in Fig 5.5. 
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Fig. 5.3. Flux density vs. time for 175V 

 

Fig. 5.4. Magnetizing current vs. time for 175V 

 

Fig. 5.5. B-H loop of the transformer for 175V 
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The polynomial relation suitable for the approximation of the B-H loop is the following. 

�� = �� + ���         (5.4) 

Here  

λ = flux linkage in Wb   

iλ = magnetizing current in Amp. 

a = 0.015  

b = 0.013  

Fig. 5.6 shows that the plot from (5.4) matches with the plot from experimental data. The 

experimentally obtained B-H loop is presented in a solid line and the mathematical relation is 

obtained from curve fitting in a dashed line.  

 

Fig. 5.6. Experimental (solid line) and simulated (dashed line) current vs. flux linkage 

 

5.2 Analysis with Different Circuit Parameters 

The generation of ferroresonance by a nonlinear circuit is primarily determined by the 

circuit characteristics, the amplitude and switching instant of the supply voltage, and its initial 

conditions [14, 68, 70]. The ferroresonance and its dependence on different circuit parameters 

have been examined and analyzed in this part by modeling the following system equation 

obtained as per the derivation shown in the previous chapter. 
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���

���
=

���

��
−

�

�
�

�

��
� −

�

�
(�� + ���)      (5.5) 

The work following parameters were examined: 

 Supply voltage;  

 Series capacitance;  

 Supply frequency;  

 Core loss;  

 Degree of core saturation 

 Initial flux linkage 

The effects of variation of supply voltage, supply frequency, and series capacitance on 

the occurrence of ferroresonance have already been discussed theoretically by R. Rudenberg [3]. 

As Rudenberg’s ferroresonance model is already well established, the similarity of the results 

will strengthen the applicability of our model. 

 

5.3 Analysis with Source Voltage  

MATLAB software is used to simulate (5.5). The initial residual flux linkage (λ) of the 

transformer is taken as 1Wb. The series capacitance value is taken as 1.272µF with the initial 

stored charge assumed as zero. In the simulation the occurrence of ferroresonance is searched by 

the increase of source voltage in steps. Up to 107.7 V, no ferroresonance was found. The 

transformer voltage, capacitor voltage along source voltage are shown in Fig 5.7.  

The plots show that a transient over-voltage appears just after switching, but it decays 

down to a steady state within 0.1s. At steady state voltage that appears across capacitance is 0.8 

times and the voltage that appears across the transformer is 1.4 times of supply voltage. As the 

capacitor voltage is small compared to the transformer voltage, the circuit behaves as an 

inductive circuit. 

However, the ferroresonance is caused by a little rise in source voltage. At 107.8 V, the 

voltage across the capacitor (C) and transformer appears as much higher than the supply voltage 

and is not dying down; rather, it is sustained as ferroresonance over-voltage in line, where the 

capacitor voltage is greater than the transformer voltage, as shown in Fig. 5.8. 

Taking 107.7 V as the base voltage of the system, the steady-state over-voltage across the 

capacitor and transformer is calculated as 3.6 p.u. and 3.1 p.u respectively, when the 
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ferroresonance jump appears at the source voltage of 107.8 V. The detailed result of capacitor 

voltage and transformer voltage with the variation of the source voltage is shown in Table 5.1. 

Fig. 5.9 shows the variation of RMS values of capacitor voltage (VC) and transformer 

voltage (VL) with supply voltage (Vs). 

 

(a) 

 

(b) 
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(c) 

Fig. 5.7. (a) Transformer voltage, (b) capacitor voltage, and (c) source voltage waveform at a supply 

voltage of 107.7 V when ferroresonance does not occur 

 

(a) 
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(b) 

 

(c) 

Fig. 5.8. (a) Transformer voltage, (b) capacitor voltage, and (c) source voltage waveform at a supply 

voltage of 107.8 V when ferroresonance occurs 
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Table 5.1: Variation of voltages with source voltage (p.u. values) 

Source Voltage  

(VS)  

Capacitor Voltage 

(VC)  

Transformer Voltage 

(VL)  
Remarks 

0.66 0.30 0.77 

No sustained 

ferroresonance 

observed, 

VC< VL 

0.69 0.31 0.81 

0.72 0.33 0.84 

0.76 0.37 0.90 

0.79 0.37 0.93 

0.82 0.37 0.96 

0.85 0.39 1.01 

0.89 0.41 1.05 

0.92 0.47 1.12 

0.95 0.50 1.17 

0.98 0.53 1.22 

0.99 0.58 1.26 

1.00 0.70 1.36 

1.00 0.77 1.42 

1.00 0.85 1.49 

1.00 3.65 3.10 

Sustained 

ferroresonance 

observed, 

VC> VL 

1.00 3.68 3.11 

1.00 3.76 3.12 

1.01 3.80 3.13 

1.02 3.84 3.14 

1.05 3.90 3.15 

1.08 3.97 3.16 

1.12 4.02 3.17 

1.15 4.06 3.17 

1.18 4.11 3.18 

1.21 4.16 3.19 

1.25 4.21 3.20 
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Fig. 5.9. Variation of capacitance voltage and transformer voltage with supply voltage 

 

The observations that can be made from Fig. 5.9 are as follows: below 107.7 V supply 

voltage the capacitor and transformer voltages take rated values and the circuit behaves like an 

inductive circuit as VC is less than VL. But after 107.8 V capacitor and transformer voltages show 

a sudden jump in their values. And from here the circuit starts behaving like a capacitive circuit 

as VC is greater than VL. This zone of operation has been defined as a ferroresonance zone. This 

behavior agrees with the explanation given by R. Rudenburg which is depicted in Fig. 2.21.  

 

5.4 Analysis with Series Capacitance  

The effect of the variation of series capacitance on the occurrence of ferroresonance is 

discussed in Section 2.5. A similar observation in Fig. 2.15 was obtained while changing the 

value of capacitance in the analysis of the Simulink model prepared from (5.5). The variation of 

transformer voltage (VL) against capacitance (C) is shown in Fig. 5.10. 

The supply voltage is kept here fixed as 107.7 V and frequency as 50Hz. Initial flux is 

taken as 1 Wb. It has been observed that for very small capacitance like 1 nF the capacitor 

voltage is almost the same as that of supply voltage whereas the transformer voltage is very 

small like 0.1 p.u. While increasing, at 1.28 µF ferroresonance was observed. The capacitance 
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voltage suddenly jumps from 0.6 p.u. to 3.7 p.u. Simultaneously, transformer voltage jumps from 

1.3 p.u. to 3.1 p.u. Again ferroresonance disappears at a capacitance of 2.49 µF. It again appears 

at 3.5 µF. This observation shows that the circuit alternates between ferroresonance and non-

ferroresonance while the capacitor is increased. That means the circuit is choosing between two 

stable operating points one in the 1st quadrant which is non-ferroresonant and another in the 3rd 

quadrant of the V-I plane which is ferroresonant. The bottom curve of Fig. 5.10 shows the 1st 

quadrant operation and the top curve 3rd quadrant operation. The occurrence of ferroresonance is 

totally depends on the matter of chance and the point on the sinusoidal curve where the circuit is 

switched on [3]. This type of observation was also reported in the previous literature [71]. 

The voltages at 7 nF where no ferroresonance occurred and at 2.1 μF where 

ferroresonance occurred are shown in Fig. 5.11 and 5.12 respectively. Per unit values are shown 

in Table 5.2. 

 

 

Fig. 5.10. Transformer voltage is plotted against the capacitance  

 

0.00

1.00

2.00

3.00

4.00

5.00

6.00

0 2 4 6 8 10 12

T
ra

n
ss

fo
rm

er
 V

ol
ta

ge
 (

p
.u

.)

Capacitance in µF



76 
 

 

(a) 

 

(b) 
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(c) 

Fig. 5.11. (a) Transformer voltage, (b) capacitor voltage, and (c) source voltage waveform at a 

capacitance 7nF when ferroresonance does not occur 

 

(a) 
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(b) 

 

(c) 

Fig. 5.12. (a) Transformer voltage, (b) capacitor voltage, and (c) source voltage waveform at a 

capacitance of 2.1μF when ferroresonance occurs 
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Table 5.2: Variation of voltages with capacitance 

Capacitance in 
µF 

Capacitor 
Voltage VC (p.u.) 

Transformer 
Voltage VL (p.u.) 

Magnetizing 
current Iλ (p.u.) 

Ferroresonance 
observed or not 

0.001 1.01 0.10 0.04 No 

0.007 1.02 0.10 0.04 No 

0.02 1.04 0.12 0.04 No 

0.2 1.16 0.77 0.17 No 

1 0.48 1.20 0.47 No 

1.2 0.52 1.23 0.73 No 

1.27 0.61 1.30 1.00 No 

1.28 3.75 3.12 8.12 Yes 

1.3 3.84 3.14 8.48 Yes 

1.7 4.11 3.32 12.13 Yes 

1.9 4.20 3.39 13.94 Yes 

2.3 4.33 3.51 17.56 Yes 

2.4 4.34 3.54 18.46 Yes 

2.48 4.32 3.55 18.99 Yes 

2.49 0.63 1.33 2.28 No 

2.5 0.59 1.29 2.10 No 

2.8 0.44 1.18 1.56 No 

3.4 0.44 1.18 1.56 No 

3.5 4.46 3.68 28.00 Yes 

3.6 4.58 3.75 29.64 Yes 

4.1 4.58 3.78 33.89 Yes 

4.2 0.47 1.19 2.09 No 

4.4 0.32 1.11 1.46 No 

4.5 0.32 1.11 1.45 No 

4.6 4.37 3.65 36.57 Yes 

5 4.56 3.82 41.63 Yes 
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Table 5.2: Variation of voltages with capacitance (Contd.) 

Capacitance in 
µF 

Capacitor 
Voltage VC (p.u.) 

Transformer 
Voltage VL (p.u.) 

Magnetizing 
current Iλ (p.u.) 

Ferroresonance 
observed or not 

5.1 4.56 3.82 42.45 Yes 

5.2 0.46 1.17 2.23 No 

5.3 4.75 3.96 45.98 Yes 

5.6 4.91 4.07 50.21 Yes 

6 4.96 4.13 54.81 Yes 

7.2 5.07 4.28 68.27 Yes 

8 4.44 3.86 67.29 Yes 

8.5 4.92 4.24 79.79 Yes 

9 0.26 1.06 1.67 No 

9.5 5.14 4.38 91.65 Yes 

10 4.92 4.92 94.48 Yes 

 

5.5 Analysis with Supply Frequency  

The effect of the variation of supply frequency over the occurrence of ferroresonance is 

explained in section 2.5. The dependency of current and condenser voltage on the frequency is 

plotted in Fig. 2.18 and 2.19. Similar plots are attempted with the simulation of the 

ferroresonance model circuit. 

Here the supply voltage is kept constant at 107.7 V and capacitance is kept at 1.27 µF. 

the frequency is made to vary from very low value like 10 Hz. The voltage output is shown in 

Fig. 5.13. At low frequencies, the circuit behaves like a capacitive circuit with a capacitive 

voltage of 1.3 p.u. and transformer voltage of 0.3 p.u. With the increase of the frequency 

capacitor voltage, transformer voltage, and magnetizing current gradually increase as shown in 

Table 5.3. 

 At a frequency of 49.98 Hz a sudden jump is observed where the capacitive voltage 

jumps from 3.8 p.u. at 49.97 Hz to 0.7 p.u. and transformer voltage jumps from 3.1 p.u. at 49.97 

Hz to 1.3 p.u. Also from 49.98 Hz circuit starts behaving as an inductive circuit. Both the 
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variations of capacitive voltage and magnetizing current with supply angular frequency are 

shown in Fig. 5.14 and 5.15 respectively. 

 

(a) 

 

(b) 
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(c) 

Fig. 5.13. (a) Transformer voltage, (b) capacitor voltage, and (c) source voltage waveform at a 

frequency of 10Hz when ferroresonance does not occur 

 

 

Fig. 5.14. Variation of capacitor voltage with supply frequency 
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Fig. 5.15. Variation of magnetizing current with supply frequency 

 

Table 5.3: Variation of voltages with supply frequency 

Angular frequency 

(p.u.) 

Capacitor Voltage 

VC (p.u.) 

Transformer 

Voltage VL (p.u.) 

Magnetizing current 

Iλ (p.u.) 

1.40 0.25 1.07 0.24 

1.20 0.31 1.10 0.33 

1.10 0.34 1.13 0.39 

1.02 0.44 1.18 0.59 

1.00 0.62 1.30 1.00 

1.00 0.64 1.32 1.06 

1.00 0.72 1.38 1.22 

1.00 3.79 3.12 7.96 

1.00 3.80 3.12 7.99 

0.98 3.79 3.06 7.81 
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Table 5.3: Variation of voltages with supply frequency (Contd.) 

Angular frequency 

(p.u.) 

Capacitor Voltage 

VC (p.u.) 

Transformer 

Voltage VL (p.u.) 

Magnetizing current 

Iλ (p.u.) 

0.96 3.73 2.98 7.51 

0.90 3.51 2.74 6.60 

0.80 3.15 2.35 5.22 

0.60 2.46 1.61 2.97 

0.40 1.85 0.94 1.39 

0.20 1.32 0.35 0.44 

 

5.6 Analysis with Core Loss Resistance 

In the model circuit of ferroresonance shown in Fig. 4.2, the core loss is shown as a 

parallel resistance RC. Keeping the source voltage constant at 107.7 V, frequency at 50 Hz, and 

capacitance at 1.272 µF, the resistance is made to vary from a very low value like 50 Ω. 

At 50 Ω it has been seen that the capacitor voltage is almost equal to the supply voltage 

and transformer voltage takes a negligible value like 0.02 p.u. The circuit behaves like a 

capacitive circuit. With the increase of the resistive value, at 3,125 Ω transformer voltage 

becomes greater than the capacitor voltage and the circuit becomes inductive. Ferroresonance 

was observed at a resistance of 12,520 Ω where capacitor voltage, transformer voltage, and 

current suddenly jump to a higher value, and the circuit again becomes capacitive (Fig. 5.16). 

  The observations are shown in Table 5.4 in per-unit values. The variation of capacitor 

voltage (VC) and transformer voltage (VL) along with the parallel resistance (R) are presented in 

Fig. 5.17. Fig. 5.18 displays the variation in magnetizing current. Fig. 5.19 displays the change 

of magnetizing current with core loss. It can be seen that a decrease in core loss will increase the 

probability of occurrence of ferroresonance. Though Rudenberg [3] did not provide any analysis 

of ferroresonance with transformer core loss, this observation matches with the work presented 

by R. A. Walling [72]. 
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(a) 

 

(b) 
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(c) 

Fig. 5.16. (a) Transformer voltage, (b) capacitor voltage, and (c) source voltage waveform at a 

resistance value 12.52 KΩ when ferroresonance occurs 

 

Table 5.4: Variation of voltages with parallel resistance (Base resistance 12.5KΩ) 

Resistance 

(p.u.) 

Capacitor Voltage 

VC (p.u.) 

Transformer 

Voltage VL (p.u.) 

Magnetizing 

current Iλ (p.u.) 

Core Loss 

(p.u.) 
Remarks 

0.004 1.00 0.02 0.51 250.00 

No 

ferroresonance 

VC > VL 

0.010 1.00 0.05 0.35 100.00 

0.048 0.98 0.24 0.18 20.83 

0.100 0.92 0.46 0.17 10.00 

0.250 0.69 0.84 0.22 4.00 

No 

ferroresonance 

VC < VL 

0.520 0.46 1.05 0.27 1.92 

1.000 0.62 1.30 1.00 1.00 

1.001 0.66 1.33 1.09 1.00 
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Table 5.4: Variation of voltages with parallel resistance (Base resistance 12.5KΩ) (Contd.) 

Resistance 

(p.u.) 

Capacitor Voltage 

VC (p.u.) 

Transformer 

Voltage VL (p.u.) 

Magnetizing 

current Iλ (p.u.) 

Core Loss 

(p.u.) 
Remarks 

1.002 3.79 3.12 7.96 1.00 

Sustained 

ferroresonance 

VC > VL 

1.008 3.84 3.13 8.08 0.99 

1.040 3.88 3.14 8.19 0.96 

1.216 3.97 3.16 8.44 0.82 

1.680 4.05 3.18 8.72 0.60 

2.440 4.09 3.20 8.91 0.41 

7.240 4.13 3.26 9.37 0.14 

12.000 4.13 3.28 9.52 0.08 

   

 

 

Fig. 5.17. Variation of voltages with core loss resistance 
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Fig. 5.18. Variation of magnetizing current with resistance 

 

 

Fig. 5.19. Variation of magnetizing current with core loss 
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chosen based on design variables such as core loss, efficiency, and cost. Core losses in 

amorphous alloys, for example, are several orders of magnitude lower than in grain-oriented 

silicon steel. As a result, the amorphous core outperforms the regular one [73]. The amorphous 

core has a higher saturation level than electrical steel. [74]. Analysis of ferroresonance with two 

different core materials namely, M5 and ZDKH has been discussed in [75].  

Fig. 5.20 shows the variation of the transformer magnetization curve with the change of 

degree of core saturation. Analysis starts with � = 1. Then it gradually increases with a step of 2. 

The other circuit parameters are kept unaltered. Up to � = 7, the system does not show any 

sustained ferroresonance. Fig. 5.21 shows the transformer voltage and capacitor voltage with 

� = 7. This shows an initial high value which decays down after 3-4 cycles. 

Now when � = 9 is taken as the degree of core saturation, the system shows a sustained 

ferroresonance as appeared in Fig. 5.22. 

 

Fig. 5.20. Magnetizing curves for different degrees of core saturation 
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(a) 

 

(b) 

Fig. 5.21. (a) Transformer voltage and (b) capacitor voltage at � = � when ferroresonance does not 

occur 
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(a) 

 
(b) 

Fig. 5.22. (a) Transformer voltage and (b) capacitor voltage at � = � when sustained 

ferroresonance occurs 
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Table 5.5: Variation of voltages and current with the degree of core saturation (n) 

Degree of core 
saturation (n) 

Capacitor 

Voltage VC 

(p.u.) 

Transformer 

Voltage VL (p.u.) 
Magnetizing 

current Iλ (p.u.) 
Remarks 

1 0.47 1.31 0.59 

No 

ferroresonance 

VC < VL 

3 0.38 1.17 0.38 

5 0.39 1.16 0.42 

7 0.62 1.30 1.00 

9 3.62 2.84 8.26 

Sustained 

ferroresonance 

VC > VL 

11 3.46 2.66 8.48 

13 3.35 2.55 8.76 

15 3.27 2.46 9.06 

 

The jump of voltages and magnetizing current while changing the degree of core 

saturation are well observed in Fig. 5.23. 

 

 

Fig. 5.23. Variation of voltages with the degree of core saturation (n) 
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The explanation can be obtained from Rudenberg’s [3] graphical method. As depicted in 

Fig. 5.24, with a smaller value of n, such as n1, one stable operating point (b1) will appear in the 

first quadrant. But with a higher value of n, for example, n2, no operating point is available in 

quadrant 1. While a stable operating point a2 appears in quadrant 3. This operating point a2 

produces large oscillation in the system. 

 

Fig. 5.24. Variation with different degrees of core saturation 

 

5.8 Analysis with Initial Flux Linkage   

Different literatures [14] show that the occurrence of ferroresonance highly depends on 

the initial condition of the circuit parameters. In this part of the study, an analysis was done with 

the variation of initial flux linkage (λ). That means if the transformer core has a certain remedial 

flux then what will be the effect of that on the occurrence of ferroresonance? 

In this study the initial flux linkage was varied from -3 to 3 with a step of 0.5. With initial 

flux linkage -3, the ferroresonance occurs at 0.83 p.u. supply voltage. With -2.5 flux linkage, the 

ferroresonance occurs at 1.51 p.u. supply voltage. It again decreases to 0.72 p.u. supply voltage 

with -2 initial flux linkage. From -1 to +1.5 initial flux linkage, the ferroresonance occurrence 

voltage follows a decreasing pattern. After that it again at +2 initial flux voltage increases 

slightly to 0.96 p.u. Table 5.6 shows the supply voltage at which the ferroresonance jump 

occurred while initial flux linkage was increased with a step of 0.5. Fig. 5.25 to 5.29 shows the 

ferroresonance jump for different initial flux linkage. Fig. 5.30 shows the variation of supply 

voltage where ferroresonance occurs with flux linkage graphically. 



94 
 

 

(a) 

 

(b) 

Fig. 5.25. Ferroresonance jump in (a) voltages and (b) current with initial �	 = 	−� 
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(a) 

 

(b) 

Fig. 5.26. Ferroresonance jump in (a) voltages and (b) current with initial �	 = 	−� 
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(a) 

 

(b) 

Fig. 5.27. Ferroresonance jump in (a) voltages and (b) current with initial �	 = 	� 
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(a) 

 

(b) 

Fig. 5.28. Ferroresonance jump in (a) voltages and (b) current with initial �	 = 	+� 
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(a) 

 

(b) 

Fig. 5.29. Ferroresonance jump in (a) voltages and (b) current with initial �	 = 	+� 
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Table 5.6: Occurrence of ferroresonance with the variation of initial flux linkage (λ) 

Initial flux linkage 

(λ) 

P.U. Supply voltage where 

ferroresonance occurs 

-3 0.83 

-2.5 1.51 

-2 0.72 

-1.5 1.54 

-1 1.66 

-0.5 1.62 

0 1.51 

0.5 1.25 

1 1.00 

1.5 0.68 

2 0.96 

2.5 0.68 

3 1.52 

 

 

Fig. 5.30. Supply voltage where ferroresonance occurs for different initial flux linkage 
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5.9 Summary 

The MATLAB model for ferroresonance created in the previous chapter is used to 

continue the study in this chapter. Here, a few circuit parameters are adjusted, and the voltage 

across the series capacitor and transformer for ferroresonance is observed. These parameters 

include supply voltage, supply frequency, series capacitance, core loss resistance of the 

transformer, degree of transformer core saturation, and initial flux linkage in the transformer 

core. In every instance, it has been shown that voltages increase to a high value at ferroresonance 

at a specific moment when the circuit parameter and other conditions coincide. It has been 

demonstrated how the stable operating point of the system moves from the first to third quadrant 

of the V-I characteristic and generates ferroresonance oscillation using Rudenberg's graphical 

analysis. 
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    6. Nonlinear Dynamical Systems 

 

6.1 Nonlinear Dynamical Systems  

Previous chapters have done a simulation study on the occurrence of ferroresonance and 

the dependency of circuit parameters on that. In the next phase of the work, the objective is to 

study the behavior of the system under ferroresonance conditions. At this stage, one has to rely on 

the simulation study as the experimental study cannot be carried out with sustained overvoltage 

and overcurrent. As the system equation developed in Chapter 4 carries non-linear components, 

the knowledge of non-linear mathematics is essential to understand the system behavior. Stability 

domain analysis has been found in the literature [62] where the nonlinear dynamical method is 

compared with a two-dimensional brute-force bifurcation diagram and defined as a safety margin 

for operation. The Electro-Magnetic Transient Program (EMTP) program is used to obtain the 

bifurcation diagram of a ferroresonance circuit in [76]. Bifurcation with different circuit 

capacitance is discussed in [77]. However the detailed analytical approach is avoided may be due 

to the complexity of nonlinear mathematics. 

A nonlinear dynamical system is a mathematical model that defines the behavior of a 

system that cannot be expressed as a simple sum of its parts or as a linear combination of inputs 

and outputs. That means, the behavior of a nonlinear dynamic system changes over time and is 

influenced by multiple factors that interact in complex ways. 

Examples of nonlinear dynamic systems can be found in many different fields, including 

physics, biology, economics, and social sciences. For instance, weather patterns, stock market 

fluctuations, population growth, and the behavior of living organisms are all examples of systems 

that can be described using nonlinear dynamic models. 

One key characteristic of nonlinear dynamic systems is that they often exhibit what is 

known as "chaotic" behavior. This suggests, a small changes in the initial conditions may generate 

completely different outcomes as time elapsed. That is why, predicting the behavior of a nonlinear 

dynamic system is challenging. 

Overall, nonlinear dynamic systems are important tools for understanding and modeling 

complex phenomena, but their behavior can be difficult to predict and understand due to their 

nonlinear and chaotic nature. 
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6.1.1 Differential Equations  

 Differential equations describe how a variable or a set of variables changes with time, 

depending on the rate of change of those variables. These equations express the relationship 

between the function and its derivatives or differential coefficients and are used to express a wide 

variety of physical, biological, and social phenomena in mathematical models [78]. 

 Differential equations again can be categorized into ordinary differential equations 

(ODEs), partial differential equations (PDEs), and stochastic differential equations (SDEs), 

depending on the number of independent variables in the system being modelled. 

 ODEs define the rate of change of a single variable with respect to time and are often used 

to model phenomena such as population growth, radioactive decay, and electrical circuits. PDEs 

express the rate of change of a function with respect to multiple variables and are used to model 

physical phenomena like heat transfer, fluid dynamics, and electromagnetic fields. SDEs describe 

the rate of change of a variable that is subject to random fluctuations and are used to simulate 

phenomena like Brownian motion and financial markets. 

 In nonlinear dynamics, an autonomous system refers to a set of differential equations 

independent of time. This means that the behavior of the system is solely determined by its current 

state and not influenced by any external factors or time-varying parameters.  

Mathematically, an autonomous system can be represented in the following way: 

�� ��⁄ = �(�)  

where vector	� represents the state variables of the system, and �(�) is a set of nonlinear functions 

that describe the dynamics of the system. 

 A non-autonomous system refers to a set of differential equations that explicitly depend on 

time. In this case, the behavior of the system is influenced by time-varying parameters or external 

forcing. 

Mathematically, a non-autonomous system can be represented in the following way: 

�� ��⁄ = �(�, �)  

where vector � represents the state variable of the system, � is time, and �(�, �) is a set of nonlinear 

functions that define the dynamics of the system and explicitly depend on time. 

 

 



103 
 

6.1.2 Difference Equations  

 A difference equation describes how a variable changes with time, based on its previous 

values and the values of other variables. In contrast to differential equations, which describe the 

rate of change of a variable at an instant, difference equations describe the discrete-time evolution 

of a variable. 

 Difference equations can be linear or nonlinear. It depends on the relationship between the 

variable and its past values as a linear or nonlinear function. They can also be time-invariant or 

time-varying, depending on whether the equation is constant over time or changes over time. 

A discrete-time dynamic system can be expressed with the following equation 

�(� + 1) = ���(�)�, � = 0,1,2….  

Here the function � maps the state vector �(�)	to the next state �(� + 1). This equation describes 

how the sequence evolves with time, depending on its past values. 

 Difference equations are used in many different fields, like physics, engineering, 

economics, and computer science. For modeling systems that evolve over discrete time intervals, 

such as digital signal processing, discrete-time control systems, and discrete event simulations 

difference equations are very useful. 

 

6.2 Phase Plane 

 A phase plane is an approach to represent the behavior of the system in a reduced-

dimensional space graphically, typically a 2D or 3D space. The phase plane is a powerful tool for 

visualizing and analyzing the trajectories of the system and understanding its dynamics. The 

concept of a phase plane works as follows: 

 In a nonlinear dynamical system, we often have multiple state variables that describe the 

state of a system at any given time. For simplicity, consider a 2D system having two state variables, 

denoted as � and �. 

�̇ = �(�, �)  

�̇ = �(�, �)  

 At any given time, the state of the system can be represented as a point in a multi-

dimensional space known as the phase space. Each point in the phase space represents a specific 

combination of the state variables (�, �). 
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 As the system evolves, it traces out a path or trajectory in the phase space. This trajectory 

represents how the state of the system evolves. The phase plane is a 2D projection of the phase 

space. It can be created by plotting one of the state variables against the other. For example, if a 

system has state variables x and y, a phase plane can be created by plotting � against �. 

Some significant characteristics of phase portrait are:  

1. The equilibrium points or fixed points like A, B, and C in Fig 6.1 are special points in the 

phase plane where the state of the system does not change over time. For a 2-dimensional 

system having fixed points (�∗, �∗) will satisfy the condition �(�∗, �∗) 	= 0 and 

�(�∗, �∗) = 0.  

2. The closed paths, like D in Fig 6.1 indicate the periodic solutions. That means, for this type 

of system one can write �(�	 + 	�) = �(�) and �(�	 + 	�) = �(�)for all �, for � > 0. These 

closed orbits are called limit cycles. 

3. Vector field that indicates the direction and magnitude of state changes at different points. 

For instance, in Fig. 6.1, the flow pattern at A and C is distinct from that near B but 

otherwise comparable.  

4. The decision on the closed orbits' and fixed points' stability or instability can be taken easily 

from phase portrait. In this case, the closed orbit D is stable but the fixed points A, B, and 

C are unstable since surrounding trajectories tend to move away from them. 

 

Fig. 6.1: Phase plane plot  

 

 By visualizing the system in a phase plane, one can analyze its behavior, identify fixed 

points, determine stability, and understand how trajectories evolve. This graphical representation 

is particularly useful for nonlinear systems because it allows you to gain insights into complex 
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behavior patterns, such as limit cycles, chaotic behavior, or bifurcations, by simply examining the 

flow pattern of the vector field in the phase plane. 

 

6.3 Stability of Fixed Points  

Consider the following dynamic system 

�̇ = �(�, �)   

�̇ = �(�, �)          (6.1) 

If the system (6.1) has a fixed point at (�∗, �∗), then it must satisfy the condition 

 �(�∗, �∗) = 0  

�(�∗, �∗) = 0         (6.2) 

There are different methods are available for analyzing the stability of the fixed point, depending 

on the type of system being studied. In general, stability analysis involves examining the behavior 

of nearby trajectories under small perturbations, and determining whether they diverge from the 

fixed point or converge towards it. 

One common method for analyzing stability is linearization, which involves approximating 

the system near the fixed point as a linear function and examining its Eigenvalues to determine 

whether they are positive (unstable) or negative (stable). 

For the system (6.1), a small deflection from a fixed point can be given as 

� = � − �∗  

� = � − �∗          (6.3) 

Differential equations for u and v must be derived to observe whether the disturbance increases or 

decreases. Considering �ℎ�	� equation first 

�̇ = �̇  

�̇ = �(�∗ + �, �∗ + �)  

By expanding the above equation using the Taylor series 

�̇ = �(�∗, �∗) + �
��

��
+ �

��

��
+ �(��, ��, ��)  

Neglecting the quadratic terms �(��, ��, ��) in � and � to make the system linear and putting 

�(�∗, �∗) = 0  

 �̇ = �
��

��
+ �

��

��
          (6.4) 

Similarly for � equation 
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�̇ = �
��

��
+ �

��

��
          (6.5) 

The combination of equations (6.4) and (6.5) can be expressed in a matrix as 

�
�̇
�̇
� = �

��

��

��

��

��

��

��

��

� �
�
�
�  

The matrix 

� = �

��

��

��

��

��

��

��

��

�

(�∗,�∗)

        (6.6) 

Is known as the Jacobian matrix at the fixed point (�∗, �∗) [79]. 

The stability conditions of the fixed point (�∗, �∗) can be obtained by examining the Eigenvalues 

��, �� of the Jacobian matrix. Fig. 6.2 shows all the criteria in one diagram. Here the y-axis shows 

the trace	� = �� +	�� and the x-axis denotes the determinant Δ = ��	�� of the matrix �.  

 

 

Fig. 6.2. Stability criteria of different fixed points  

 

6.4 Limit Cycle  

The tendency of a system to converge to its limit cycle even in the presence of minor 

perturbations or disturbances is known as the stability of the limit cycle. When the surrounding 
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trajectories of a system diverge from a limit cycle over time, it is considered unstable; otherwise, 

it is considered stable. [80]. 

Stable limit cycles are a significant concept in dynamical systems theory because they play 

a major role in shaping the long-term behavior of a system. A system having a stable limit cycle 

will tend to remain near that set over time, and its behavior will be predictable and consistent. On 

the other hand, if a system has an unstable limit cycle, its behavior will be highly sensitive to initial 

conditions, and small perturbations can lead to unpredictable and chaotic behavior. 

 

Fig. 6.3. Stability of a limit cycle  

 

The mathematical model described in section 6.3 cannot be applied in the investigation of 

the stability of a limit cycle as it does not contain any fixed point. However, Poincare maps can be 

used to transform a limit cycle problem into a fixed point problem. This is discussed in the next 

section. 

 

6.5 Poincare Maps 

Poincare maps introduced by French mathematician Henri Poincare, are a mathematical 

tool used to analyze the dynamical systems, specifically for studying the behavior of systems that 

exhibit periodic or quasi-periodic motion. 

A Poincare map is a two-dimensional plot that illustrates how a dynamical system behaves 

at regular time intervals, such as each time the system crosses a particular surface or boundary. 

The map consists of a set of discrete points that represent the state of the system at these intervals, 

and provides a way to visualize the evolution of the system over time [80]. 
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Fig. 6.4. Poincare map  

Poincare maps are particularly convenient for studying systems whose behavior is chaotic 

or irregular, as they can reveal patterns and structures in the behavior of the system, that may be 

difficult to discern using other methods. Researchers can learn more about the underlying 

dynamics of the system and pinpoint key elements such as chaotic attractors, invariant sets, and 

stable and unstable periodic orbits by examining the geometry and topology of the Poincare map. 

 

6.6 Stability of a Periodic Solution 

The phase plane portrait of a periodic function is a limit cycle. To find out its stability by 

linearizing the system is difficult. Here comes the usefulness of the Poincare map. A limit cycle 

produces a fixed point in the Poincare map. The limit cycle problem is therefore transformed into 

a fixed point problem using a Poincare map. 

In the discrete-time domain, a nonlinear system can be expressed as [81] 

���� = �(��, ��)   (6.7) 

���� = �(��, ��)   (6.8) 

Let the fixed points of the above system be �� = �∗ and �� = �∗ 

As at a fixed point ���� = �� and ���� = ��, one can write 

�∗ = 	�(�∗, �∗)   (6.9) 

�∗ 	= 	�(�∗, �∗)   (6.10) 

To verify the stability of the system, a small perturbation  

�� 	= 	 �
∗ +	��   (6.11) 
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�� 	= 	�
∗ +	��   (6.12) 

is injected such that 

���� 	= 	�(�∗ + ��, �
∗ + ��) = 	�

∗ +	����  (6.13) 

���� 	= 	�(�∗ + ��, �
∗ + ��) 	= 	�

∗ +	����  (6.14) 

Expanding the function � and � in Taylor series at fixed point – 

���� 	= 	��� + ���   (6.15) 

���� 	= 	��� + ���   (6.16) 

Here the higher-order terms are neglected with an assumption of small perturbation and 

�, �, �, ���	� are the first derivatives evaluated at the fixed point.  

In matrix form 

�
����
����

� = � �
��
��
�   (6.17) 

Where � = �
� �
� �

� 

Let λ1 and λ2 be the real Eigenvalues of the Jacobian matrix �. Now, the system will be 

stable if −1 < ��,� < 1, but unstable if |��,�| > 1. If one of the Eigenvalues is 1, then the linear 

approximation is not adequate. 

If λ1 and λ2 are complex conjugate 

�� = � + �� = ����   (6.18) 

�� = � − �� = ��–��   (6.19) 

If ρ < 1, the trajectory spirals inward and the fixed point will be called stable 

If ρ > 1, the trajectory spirals outward and the fixed point will be called unstable 

If ρ = 1, the linear approximation method fails. 

It can also be observed [79] for periodic orbits of period �	 = 	2 

���� = ���(��, ��)� = ��(��, ��)                 (6.20) 
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���� = �(�(��, ��)) = ��(��, ��)               (6.21) 

Here �� and �� are the notation only and not to be confused with the square of � or square of �. 

Thus, it is necessary to examine the functions �� and �� to assess the stability of a period 2 orbit.  

Eventually, for periodic orbits of period �	 = 	� 

���� = ��(��, ��) = ��                (6.22) 

���� = ��(��, ��) = ��               (6.23) 

 

6.7 Bifurcation  

A bifurcation is a qualitative shift in the behavior of a system that happens when a system 

parameter is changed in dynamical systems theory [82]. A bifurcation occurs when a small change 

in a system parameter ultimately leads to a large change in the behavior of the system. For example, 

a small change in the temperature of a system may lead to a transition from a stable equilibrium to 

a limit cycle or chaotic behavior. 

There are two primary categories of bifurcations: local and global. When a minor change 

in a system parameter results in a qualitative shift in the behavior of the system close to an 

equilibrium point or periodic orbit, this is known as a local bifurcation. Examples are saddle-node 

bifurcations, transcritical bifurcations, and pitchfork bifurcations. 

On the other hand, global bifurcations involve a qualitative change in the behavior of the 

system across a large region of the parameter space. Examples are homoclinic bifurcations, 

heteroclinic bifurcations, and period-doubling bifurcations. 

Bifurcations play a significant role in understanding the behavior of complex systems. 

They can generate a wide range of phenomena, like oscillations, chaos, and pattern formation. 

Bifurcation analysis is a useful technique in many disciplines, such as physics, engineering, 

biology, and economics, for comprehending the behavior of dynamical systems. 

 

6.7.1 Saddle-node Bifurcations 

The generation or destruction of equilibrium points occurs in dynamical systems when 

stable and unstable equilibrium points collide and annihilate one another. This is known as saddle-

node bifurcation. This type of bifurcation can occur in systems with one or more variables. 
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In a one-dimensional system, the bifurcation occurs when a stable fixed point collides with 

an unstable fixed point and disappears at a critical value of a parameter. The two fixed points at 

this bifurcation point, merge and form a saddle-node. 

In a two-dimensional system, the saddle-node bifurcation occurs when there is a collision 

between a stable limit cycle and an unstable equilibrium point. This either creates or destroys the 

limit cycle. The stable limit cycle and the unstable equilibrium point coalesce to form a saddle-

node at the bifurcation point. 

 

Fig. 6.5. Saddle-node Bifurcations  

 

6.7.2 Transcritical Bifurcations  

 

Fig. 6.6. Transcritical Bifurcations  
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In a one-dimensional system, when the stable and unstable fixed points collide and 

exchange their stability the transcritical bifurcation occurs. Equilibrium points are created or 

destroyed when the stable and unstable fixed points combine and swap stability at the bifurcation 

point. The resulting bifurcation diagram typically consists of two branches, with one branch for 

stable and the other branch for the unstable fixed point. 

Transcritical bifurcations can influence the behavior of a system in several ways, 

depending on the characteristics and the parameters involved. They can give rise to bistability, 

where a system can exist in two stable states depending on the initial conditions, or hysteresis, 

where the response of the system to a change in a parameter depends on the direction of the change. 

Transcritical bifurcations are also important in the study of ecological and population dynamics, 

as they can give rise to alternative stable states and tipping points in ecosystems. 

 

6.7.3 Pitchfork Bifurcations 

A pitchfork bifurcation occurs in one-dimensional or two-dimensional dynamical systems 

when two new stable equilibrium points evolve from a stable equilibrium point, or when two 

unstable equilibrium points generate a new stable equilibrium point. Pitchfork bifurcations can 

occur in systems with one or more variables. 

 

Fig. 6.7. Pitchfork Bifurcations 

 

The bifurcation occurs in a one-dimensional system when a stable equilibrium point 

undergoes a symmetry-breaking transition and gives rise to two new stable equilibrium points 
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while a parameter is varied. A bifurcation diagram with three branches is produced when the first 

stable equilibrium point loses stability and two additional stable equilibrium points appear at the 

bifurcation point. 

In a two-dimensional system, when two unstable equilibrium points undergo a symmetry-

breaking transition and give rise to a new stable equilibrium point, the pitchfork bifurcation occurs. 

A bifurcation diagram with two branches is produced when the two unstable equilibrium points 

combine to form a single stable equilibrium point at the bifurcation point. 

 

6.7.4 Homoclinic Bifurcations  

A homoclinic bifurcation is a kind of global bifurcation that happens in dynamical systems 

when an unstable manifold collides with a stable equilibrium point or periodic orbit, creating or 

destroying a homoclinic orbit. A homoclinic trajectory connects an equilibrium point or periodic 

orbit to itself. 

In a one-dimensional system, the bifurcation appears when a stable equilibrium point 

strikes its unstable manifold and creates a homoclinic orbit. The stable equilibrium point becomes 

unstable at the bifurcation point, and the homoclinic orbit emerges. 

In a two-dimensional system, the homoclinic bifurcation appears when a stable periodic 

orbit strikes its unstable manifold and creates a homoclinic orbit. The stable periodic orbit becomes 

unstable at the bifurcation point, and the homoclinic orbit emerges. 

 

6.7.5 Heteroclinic Bifurcations 

A heteroclinic bifurcation occurs in dynamical systems while two or more equilibrium 

points or periodic orbits collide and exchange stability, resulting in the creation or destruction of 

heteroclinic orbits. A heteroclinic trajectory connects two or more different equilibrium points or 

periodic orbits. 

In a one-dimensional system, when two or more equilibrium points collide and exchange 

stability, the bifurcation occurs, creating a heteroclinic orbit between them. 

In a two-dimensional system, when two or more periodic orbits collide and exchange 

stability, the heteroclinic bifurcation occurs, creating a heteroclinic orbit between them. 
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6.7.6 Period-doubling Bifurcations 

When a stable periodic orbit loses stability and gives rise to a new stable periodic orbit 

with double the period, this is known as a period-doubling bifurcation in dynamical systems. If the 

parameter is increased further, this process can continue endlessly, resulting in a series of period-

doubling bifurcations and the creation of chaotic dynamics.  

The period-doubling bifurcation in a one-dimensional system is the result of an unstable or 

stable periodic orbit giving rise to a new stable periodic orbit with twice the period. A bifurcation 

diagram with a series of period-doubling bifurcations is produced when the original periodic orbit 

loses stability at the bifurcation point and the new periodic orbit appears [83]. 

The period-doubling bifurcation can happen in a two-dimensional system when an unstable fixed 

point or periodic orbit collides with a stable limit cycle, creating a new stable limit cycle that has 

twice the period. A bifurcation diagram with a series of period-doubling bifurcations is produced 

when the original limit cycle loses stability at the bifurcation point and the new limit cycle appears. 

 

 

Fig. 6.8. Period-doubling Bifurcations  

 

6.8 Bifurcation to Chaos 

Fig. 6.8 shows that period-doubling bifurcation ultimately landed in to chaos. In a nonlinear 

dynamical system, chaos refers to a type of complex and unpredictable behavior that arises from 

the extreme sensitivity of the system to initial conditions. Chaotic systems exhibit complex, 

irregular, and aperiodic behavior. Unlike periodic or regular motion seen in stable systems, chaos 
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is characterized by trajectories that appear random and never repeat exactly. This makes it difficult 

to forecast the behavior of chaotic systems after a long time.  

Chaotic systems often exhibit strange attractors, which are complex, self-replicating, and 

non-periodic structures in phase space that characterize the behavior of the system in the long term. 

 

Fig. 6.9. Strange attractor - Poincare map for a chaotic system  

 

One well-known route to chaos occurs by repeated flip bifurcations. A fixed point creates 

a period 2 orbit at �	 = 	�� then this period 2 orbit bifurcates to a 4-periodic orbit at �	 = 	��, and 

this continues as shown in Fig. 6.10. 

 

Fig. 6.10. Calculation of Feigenbaum constant  
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This sequence finally accumulated to a point �� which involves an infinity of periodic 

orbits. These universal features were discovered quantitatively by Feigenbaum [84]. 

As per Feigenbaum, the ratios 

�� =
�������

�������
                                     (6.24) 

approaches to the universal number �� = 4.66920. ..	 as � tends to ∞. As �� is independent of the 

particular map, it is called universal. Several specific examples [85] have established its validity. 

 

6.9 Summary 

In this chapter, the theory of nonlinear dynamics has been discussed in detail. An overview 

of nonlinear dynamic systems, Poincare maps, bifurcation diagrams, limit sets, and their stability 

properties was given. It was demonstrated that the Poincare map technique was a potent instrument 

for analyzing the dynamic behavior of the system under ferroresonance. This will help to 

investigate the stability of the ferroresonance circuit while any of the circuit parameters is varied 

gradually. 
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7. Investigation on the Stability of an Electric Power Circuit 

under Ferroresonance Based on the Nonlinear Dynamic 

Model of Transformer 

 

7.1 The System Equation 

In Chapter 5, the simulation carried out with the nonlinear system equation. Only the 

occurrence of ferroresonance due to circuit parameter change was discussed. Now, to investigate 

how the system behaves if one of the parameter is keep on changing deep in to the 

ferroresonance and how the stability of the ferroresonance circuit is changing, one has to 

examine the Phase-Plane diagram and Poincare plot of the system. For that flux linkage (�) and 

transformer-voltage �
��

��
= �� are taken as the system variables. So the following equation 

obtained in Chapter 5 

���

���
=

���

��
−

�

�
�
�

��
� −

�

�
(�� + ���)      (5.5) 

can further be simplified as follows: 

Let 

� = �  

� =
��

��
= �̇  

�� = � sin��   

���

��
= �� cos�� = � cos��  

� =
�

��
  

� =
�

�
   

Then (5.5) can be written as 

�̇ = �           (7.1) 

�̇ = � cos � − ��� − �(�� + ���)       (7.2) 
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Equations (7.1) and (7.2) are the differential equations of a two-dimensional system. The 

phase plane plot of the system will be obtained by plotting flux linkage along the x-axis and 

transformer voltage along the y-axis.  

 

7.2 Phase-plane Plot 

 The Simulink model described in Chapter 4 is used to obtain the Phase-plane diagram of 

the system. The model is first made to run at a particular supply voltage for a predefined time 

interval. Then the data of flux linkage and transformer voltage are extracted from the model.  To 

get the response at a steady state only, the data of the first few cycles are neglected. The 

remaining data are plotted with flux linkage along the x-axis and transformer voltage along the 

y-axis. Fig. 7.1 shows the phase-plan plot at 0.66 p.u. supply voltage.  

 

Fig. 7.1. Phase plane plot at 0.66 p.u. supply voltage 

 While increasing the supply voltage in steps, ferroresonance appeared at a certain 

voltage. These observations are already recorded in Table 5.1. In this part of the study, the limit 

cycles are also recorded. Fig. 7.2 (b) and 7.3 (b) show the phase plane plot obtained just before 

and after ferroresonance while varying the supply voltage in steps. A clear deformation in the 

shape of the limit cycle can be observed from these two plots. 



119 
 

 

(a) (b) 

Fig. 7.2. Transformer voltage (a) and Phase plane plot (b) before ferroresonance 

  

(a) (b) 

 Fig. 7.3. Transformer voltage (a) and Phase plane plot (b) after ferroresonance 

 Further increases in the supply voltage show a kind of deformation first and then the 

creation of a loop in the phase plane diagram. This is shown in Fig. 7.4 and 7.5 with 3.93 p.u. 

and 6.24 p.u. supply voltage respectively. The existence of period-2 oscillation can be observed 

from 5.90 p.u. supply voltage (Fig. 7.6). Period-4 and period-8 oscillation can be observed at 

6.08 p.u. and 6.13 p.u. supply voltage respectively. These are shown in Fig. 7.7 and 7.8. 

Ultimately at 6.51 p.u. supply voltage the phase plane plot shows a very clumsy output as shown 

in Fig. 7.9. This can be the chaotic output. For further investigation, the Poincare plot is created 

and discussed in the next section. 
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(a) (b) 

Fig. 7.4. Transformer voltage (a) and Phase plane plot (b) at 3.93 p.u. supply voltage 

  

(a) (b) 

Fig. 7.5. Transformer voltage (a) and Phase plane plot (b) at 5.24 p.u. supply voltage 

  

(a) (b) 

Fig. 7.6. Transformer voltage (a) and Phase plane plot (b) at 5.90 p.u. supply voltage 
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(a) (b) 

Fig. 7.7. Transformer voltage (a) and Phase plane plot (b) at 6.08 p.u. supply voltage 

  

(a) (b) 

Fig. 7.8. Transformer voltage (a) and Phase plane plot (b) at 6.13 p.u. supply voltage 

  

(a) (b) 

Fig. 7.9. Transformer voltage (a) and Phase plane plot (b) at 6.51 p.u. supply voltage 
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7.3 Poincare Plot 

 To determine the Poincare Map for the system, the flux linkage is plotted against the 

transformer voltage at a regular interval [82]. The interval is taken as the time period of the 

supply voltage. Fig. 7.10 shows the data collection process for the Poincare plot. From the flux 

linkage and transformer voltage waveform data has been collected at 20 ms intervals. Those data 

are shown as red bubbles in Fig. 7.10 (a) and (b). Now the sampled data thus obtained is plotted 

on a graph with flux linkage along the x-axis and transformer voltage along the y-axis.   

  

(a) (b) 

 

(c) 

Fig. 7.10. Finding the Poincare plot for 0.66 p.u. supply voltage 



123 
 

 Fig. 7.10 (c) shows the phase plane plot along with the Poincare plot at 0.66 p.u. supply 

voltage. It appears as a single point on the phase plane. That means after each cycle of the supply 

voltage, the system returns to the previous values of flux linkage and transformer voltage. 

 Thus the Poincare Plot can be viewed as the fixed point representation of the limit cycle. 

The tendency of the fixed point to return to its earlier value will establish a stable limit cycle. 

 In this way, the Poincare plots can be obtained for different supply voltages. A single 

point was observed in the Poincare section until at a supply voltage of 5.68 p.u., where the 

Poincare plot shows two points instead of one (Fig. 7.11).  

  

(a) (b) 

 

(c) 

Fig. 7.11. Transformer voltage (a) Phase plane plot (b) and Poincare plot (c) at 5.68 p.u. supply 

voltage 
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 However, it is very difficult to identify from the transformer waveform or phase plane 

plot as the two Poincare points are very close to each other. The change was prominent at 5.90 

p.u. supply voltage (Fig. 7.12). The Poincare plots show the clear existence of period-2 orbits. 

The limit cycle shows two notable loops. Four and eight distinguished Poincare points can be 

observed at 6.08 and 6.13 p.u. supply voltages (Fig. 7.13 and 7.14). Fig. 7.15 shows a very 

strange behavior of the Poincare plot. It is haphazard and does not follow any trend. This 

observation can be termed a strange attractor. This suggests that the system enters into a chaotic 

mode. The transformer voltage waveform and the limit cycle also establish this fact. 

  

(a) (b) 

 

(c) 

Fig. 7.12. Transformer voltage (a) Phase plane plot (b) and Poincare plot (c) at 5.90 p.u. supply 

voltage 
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(a) (b) 

 

(c) 

Fig. 7.13. Transformer voltage (a) Phase plane plot (b) and Poincare plot (c) at 6.08 p.u. supply 

voltage 

  

(a) (b) 
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(c) 

Fig. 7.14. Transformer voltage (a) Phase plane plot (b) and Poincare plot (c) at 6.13 p.u. supply 

voltage 

  

(a) (b) 

 

(c) 

Fig. 7.15. Transformer voltage (a) Phase plane plot (b) and Poincare plot (c) for 6.51 p.u. supply 

voltage 
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 All the above Poincare observations indicate that the system experienced several changes 

in its stability while the supply voltage was increased gradually. This can be considered as 

bifurcation. To capture this transition graphically, the help of bifurcation diagram has been taken. 

 

7.4 Bifurcation Plot 

 To obtain the bifurcation diagram, flux linkage is taken as the bifurcation parameter. For 

a particular supply voltage, the flux linkage values are sampled at a specific interval. Then all the 

sampled values are plotted with supply voltage along the x-axis and flux linkage along the y-

axis. It will appear as a single point or several points along a line parallel to the y-axis. Next, a 

higher supply voltage value is chosen and corresponding sampled flux linkage values are plotted 

on the same graph. The methods are repeated for several supply voltage values. Fig. 7.16 shows 

the bifurcation diagram with supply voltage as the variable parameter.  

 

 

Fig. 7.16. Bifurcation plot  

 Fig. 7.16 shows single Poincare plots for initial supply voltages. Suddenly from the 5.67 

p.u. supply voltage two Poincare plots started to appear per voltage. Then again from 6.03 p.u. 

supply voltage each branch creates two new branches. These 4 branches again bifurcate near 

6.11 p.u. supply voltage. These bifurcation continues. However, it becomes difficult to identify 
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the Poincare plots because of the precision of the plots created. After 6.5 p.u. supply voltage 

almost continuous spectrum was observed. We can say that the system undergoes several period-

doubling and in the end it reaches chaos. A similar bifurcation diagram also can be seen in earlier 

literature [8]. The analysis of the bifurcation plot is done in the next sections. 

 

7.5 Chaos 

With the increase of the supply voltage, the Poincare plot shows more fixed point 

generation. Fig. 7.13 and 7.14 shows the Poincare plot for period 4 and period 8. At a very high 

value, there appears a haphazard pattern confined in a region of the phase-plane. This is called 

the strange attractor (Fig 7.15) which indicates the existence of chaos. The corresponding phase-

plane plot is displayed in Fig. 7.15 (b).  

Fig. 7.17 to 7.19 displays the transformer voltage, capacitor voltage and flux linkage 

variation with time at chaotic mode. In all the cases the system was made to run for at least 20 

sec and the output of the last 0.5 sec was shown. This has been done to avoid the initial transient 

and to capture the steady-state response. 

 

 
Fig. 7.17. Transformer voltage at chaos 
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Fig. 7.18. Capacitor voltage at chaos 

 

Fig. 7.19. Flux linkage at chaos 

The spacing between period-doubling transitions becomes rapidly smaller as the order of 

the transition increases. Let us define En to be the value of the supply voltage at which the 

transition to period 2n occurs. The decrease of the occurrence gap between two successive 

bifurcations can be described by the Feigenbaum constant [84] 

�� =
�������

�������
                                     (7.3) 

The value of �� is nearly 4.669. For period 2 transition, our system gives  
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E1 = 5.69 p.u. 

E2 = 6.04 p.u. 

E3 = 6.12 p.u. 

Thus from (7.3) 

δ2 = 4.5 

This value of δ is very close to the Feigenbaum constant. The successive constants can also be 

calculated from more precise plot settings. 

 

7.6 Bifurcation Plot with Capacitance as a Parameter 

 Next in our study, we consider series capacitance as the bifurcation parameter. For that, 

a supply voltage is taken, and then for a fixed capacitor value, flux linkage is sampled at a 

regular interval. All these sampled values are then plotted on a graph against that capacitor value. 

These processes are repeated for several capacitance values, and in each case, the sampled flux 

linkage values are plotted on the same graph. 

 For lower values of supply voltages, no significant bifurcation was observed with the 

capacitor as the bifurcation parameter. For example at 1.31 p.u. supply voltage the following 

bifurcation diagram shown in Fig. 7.20 was obtained when series capacitance was varied from 1 

to 10 μF.  

 Output at 2.62 p.u. supply voltage is shown in Fig. 7.21 below. It shows period-3 

oscillation between 2 to 6 μF. Some known period-doubling bifurcation is observed at 5.90 p.u. 

supply voltage (Fig. 7.22). But here period doubling bifurcation, instead of cascading further, it 

returned to period-1 oscillation at a higher value of the capacitance. A prominent period doubling 

is observed at 6.22 p.u. supply voltage (Fig. 7.23). The system shows a cascade period doubling 

at a lower value of capacitance. It ultimately reaches chaos at 1.5 μF. After that with further 

increase of the capacitance, system falls back from chaos to period-1 oscillation. However, it 

takes a longer time to reach from period-2 to period-1 oscillation. 

 The chaotic region widens further at supply voltage 6.55 p.u. Fig. 7.24 shows a 

bifurcation plot for capacitance values up to 1 μF. This gives a clear idea of how the system 
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enters into chaos through a period-doubling bifurcation. Fig. 7.25 shows bifurcation plot up to 5 

μF. This shows that the system returns to period-1 by following the reverse steps from chaos. 

 
Fig. 7.20. Bifurcation plot with supply voltage 1.31 p.u.

 

 

Fig. 7.21. Bifurcation plot with supply voltage 2.62 p.u. 
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Fig. 7.22. Bifurcation plot with supply voltage 5.90 p.u. 

 

 

Fig. 7.23. Bifurcation plot with supply voltage 6.22 p.u. 
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Fig. 7.24. Bifurcation plot with supply voltage 6.55 p.u. up to 1 μF 

 

 

Fig. 7.25. Bifurcation plot with supply voltage 6.55 p.u. up to 5 μF 
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7.7 Summary 

The ferroresonance model of the transformer is examined under the variation of the 

supply voltage. To find the stable point, the Poincare method is used. The model under 

consideration shows a period-doubling bifurcation and then a chaotic behaviour at a very high 

value of supply voltage. Since at ferroresonance, the system oscillates with a voltage up to 4 to 5 

times the rated value and current up to 8 to 9 times the rated value, it is difficult to re-establish 

the process in the laboratory environment. So only verification of the results discussed in this 

chapter is possible with another analytical method. In the next chapter, the stability analysis 

method with the Jacobian matrix and corresponding Eigenvalues is attempted.  
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8. Verification of Period‑Doubling Behavior of 

Ferroresonance Circuit with the Jacobian Matrix and 

Eigenvalues 

 

8.1 Period Doubling Bifurcation 

 The generation of the bifurcation diagram is discussed in the previous chapter. A 

closer look (Fig. 8.1) in the bifurcation diagram reveals that as the value of supply voltage 

increases, the system bifurcates near 5.68 p.u. supply voltage. Before bifurcation, the system had 

one stable point. But after bifurcation there appeared two stable points. This transition from 

period-T solution orbit to 2T-period solution is known as a period-doubling bifurcation [80]. 

This chapter uses a perturbation method to check how and when the system is losing its period-1 

stability and enters into the period-2 region. In this method, a small deflection in the circuit 

parameter is injected intentionally for a very small amount of time. If the system returns to its 

original limit cycle, then the system will be called stable, otherwise unstable. Two regions were 

chosen, one from period-1 oscillation and another from period-2 oscillation for analysis. 

 

Fig. 8.1. Bifurcation plot – first period double 
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8.2 Stability Analysis in Period-1 Region 

 To analyze the stability of the system in the period 1 region, a pulse disturbance is 

applied to the flux linkage for a duration of 10 s (approx.) while the system was operating in a 

steady state with a supply voltage of 5.67 p.u. The phase plane diagram and Poincare section 

before and after the disturbance are shown in Fig 8.2 and 8.3 respectively.  

 

(a) 

 

(b) 

Fig. 8.2. (a) Phase plane and (b) Poincare plot for period-1 without disturbance at 5.67 p.u. supply 

voltage 
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 From the phase plane and Poincare plot, it can be declared that the fixed point is stable as 

the system dynamics iterates back to its original value. Fig 8.4 shows the variation of flux 

linkage before and after the perturbation is applied. Before the deflection was produced, the flux 

linkage was single-valued. After the deflection, after some fluctuations, it slowly tends to a 

single value again. 

 

(a) 

 

(b) 

Fig. 8.3. (a) Phase plane and (b) Poincare plot for period-1 with disturbance at 5.67 p.u. supply 

voltage 
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Fig. 8.4. Flux linkage before and after deflection at 5.67 p.u. supply voltage 

 

Now, for mathematical calculation, it is required to linearize the system near the 

perturbation point [79]. Sample data for the two state variables flux linkage and transformer 

voltage are collected near the zone of perturbation. Sampled points are shown in Table 8.1. 

Table 8.1. Sampled state variables under period one orbit 

Sample 
No. 

Flux linkage p.u. (X) Transformer voltage p.u. (Y) 

1 2.07927671 = X1 -1.594282704 = Y1 

2 -0.612320495 = X2 -9.051427855 = Y2 

3 1.228435587 = X3 2.195326068 = Y3 

4 1.927391217 = X4 0.600884605 = Y4 

5 1.418744493 = X5 -3.086420391 = Y5 

6 0.859506257 = X6 -1.462468601 = Y6 

7 1.33854273 = X7 -1.399784538 = Y7 

8 1.275014575 = X8 -1.685345435 = Y8 

9 1.261568262 = X9 -1.522394629 = Y9 

10 1.298825601 = X10 -1.661162055 = Y10 

11 1.255304395 = X11 -1.532163542 = Y11 
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Table 8.1. Sampled state variables under period one orbit (Contd.) 

Sample 
No. 

Flux linkage p.u. (X) Transformer voltage p.u. (Y) 

12 1.2998043 = X12 -1.656187809 = Y12 

13 1.255735244 = X13 -1.535447976 = Y13 

14 1.29897871 = X14 -1.653220442 = Y14 

15 1.256682894 = X15 -1.538082754 = Y15 

.. …. .. …. .. 

.. …. .. …. .. 

 

The first Jacobian matrix J1 is calculated from the first three sets of sampled data (sample 

no. 1, 2, and 3). Followed by matrix J2 derived from samples no. 2, 3, and 4, and so on for 

matrices J3, J4 …… …... 

For example, from the first three sample data, one can obtain 

�
X2
Y2
� = (�1) �

X1
Y1
�   (8.1) 

�
X3
Y3
� = (�1) �

X2
Y2
�   (8.2) 

Solving (8.1) and (8.2), the first Jacobian matrix �1 will be 

�1 = �
−0.3789 −0.1101
−4.3153 0.0494

�  

Corresponding Eigenvalues will be −0.8865 and 0.5570 

Similarly from 

�
X3
Y3
� = (�2) �

X2
Y2
�   (8.3) 

�
X4
Y4
� = (�2) �

X3
Y3
�   (8.4) 

2nd Jacobian matrix �2 is calculated as 

�2 = �
2.0606 −0.2751
1.0495 −0.3135

�  

Corresponding Eigenvalues will be 1.9321 and −0.1850 
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After calculating all the Eigenvalues, the average Eigen Values come out as (0.9703 +

0.0492i) with magnitude 0.9716	and	(−0.4889 − 0.0492i) with magnitude 0.4914. 

As both the magnitudes fall within the unit cycle, as per the stability criteria discussed in 

Chapter 6, the system can be declared as stable. 

 

8.3 Stability Analysis in Period-2 Region 

Now to analyze the stability of the system in the period-2 region, � = 5.68 p.u supply 

voltage is taken. The phase plane and Poincare plots are shown in Fig 8.5 and 8.6 respectively. 

As the value of � chosen is very close to period-1 oscillation, the period-2 characteristic is not 

prominent in the limit cycle view (Fig. 8.5). But it can be observed from Poincare view in Fig. 

8.6. Poincare plots show two points very close to each other.  

A similar kind of pulse disturbance as discussed in the previous section is applied when 

the system is operating at a steady state for a few seconds. The resultant phase plane diagram and 

Poincare section of the system are shown in Fig 8.7 and 8.8. From Fig. 8.9 it can be observed 

that the oscillation of flux linkage value between two fixed points is more prominent after the 

deflection. 

 

Fig. 8.5. Phase plane plot for period-2 without disturbance at 5.68 p.u supply voltage 
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Fig. 8.6. Poincare plot for period-2 without disturbance at 5.68 p.u supply voltage 

 

 

Fig. 8.7. Phase plane plot for period-2 with disturbance at 5.68 p.u supply voltage 
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Fig. 8.8. Poincare plot for period-2 with a disturbance at 5.68 p.u supply voltage 

 

 

Fig. 8.9. Flux linkage before and after deflection at 5.68 p.u supply voltage 

 

8.3.1 Method 1: Using �(���) = �� and �(���) = �� 

At first, the numerical analysis of the stability of this fixed point is analyzed with the 

period-1 assumption that at the fixed point �(���) = 	 �� and �(���) = ��. 

Sampled sets of state variables are shown in Table 8.2. 
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Table 8.2. Sampled state variables at 5.68 p.u supply voltage 

Sample Flux linkage p.u. (X) Transformer voltage p.u. (Y) 

1 2.081102098 = X1 -1.594860753 = Y1 

2 -0.520953187 = X2 -9.096901129 = Y2 

3 1.150539455 = X3 2.058664022 = Y3 

4 1.886833705 = X4 2.35099459 = Y4 

5 1.826918684 = X5 -2.483128939 = Y5 

6 0.971329085 = X6 -2.580041764 = Y6 

7 0.984076893 = X7 -0.832163191 = Y7 

8 1.563244769 = X8 -2.272473526 = Y8 

9 0.965275802 = X9 -1.389018612 = Y9 

10 1.384716974 = X10 -1.686385016 = Y10 

11 1.203930223 = X11 -1.462197139 = Y11 

12 1.337696864 = X12 -1.741934431 = Y12 

13 1.223567095 = X13 -1.455801832 = Y13 

14 1.331421156 = X14 -1.740933099 = Y14 

15 1.227129305 = X15 -1.459476837 = Y15 

.. …. .. …. .. 

.. …. .. …. .. 

 

The Jacobian matrices and corresponding, eigenvalues are derived from the sampled state 

vectors. For example, from the first 3 samples, the first Jacobian matrix will be 

�1 = �
−0.3327 −0.1074
−4.3536 0.0230

�  

And corresponding Eigenvalues are −0.8614 and 0.5518 

From samples no. 2, 3, and 4 the 2nd Jacobian can be obtained as 

�2 = �
2.0793 −0.2456
2.7278 −0.3825

�  
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And corresponding Eigenvalues are 1.7678 and −0.0710 

Calculating Jacobian and corresponding all Eigenvalues, the average eigenvalues thus 

obtained are (1.9847 + 0.0156�) with magnitude 1.9848 and (−1.7526 − 0.0156�)	with 

magnitude 1.7527. 

As the magnitudes of both the Eigenvalues are greater than one, as per the criteria 

discussed in Chapter 6 it can be concluded that the system has lost its period one stability. 

To observe the movement of the eigenvalues of the system while increasing the supply 

voltage gradually near bifurcation, a plot is created as shown in Fig 8.10. Here it is found that all 

the Eigenvalues fall below the unity line when the supply voltage is smaller than 5.68 p.u. So the 

system is stable. But the Eigenvalues fall beyond the unity line for supply voltage 5.68 p.u. This 

suggests the system transforms from period-1 to period-2 oscillation when the supply voltage is 

around 5.68 p.u. The conversion from period-1 to period-2 oscillation as observed from the 

Eigenvalue movement map matches the bifurcation diagram (Fig 8.1). 

 

 

Fig. 8.10. Eigenvalue movement with the supply voltage for period 1 to period 2 transition 
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8.3.2 Method 2: Using �(���) = �� and �(���) = �� 

Now to establish that the system enters into the period-2 state, the numerical analysis of 

the stability is carried out again with the new assumption that at fixed points  

�(���) = ��    (8.5) 

�(���) = ��    (8.6) 

So sample numbers 1, 3, and 5 from Table 8.2 are used to calculate the 1st Jacobian matrix.  

�1 = �
0.8632 0.4050
0.0454 −1.2316

�  

And its Eigenvalues are 0.8720 and −1.2403. 

Samples 2, 4, and 6 are used to calculate the 2nd Jacobian as 

�2 = �
0.8326 −0.2551
−1.1257 −0.1940

�  

With Eigenvalues 1.0614 and −0.4227 

Proceeding in this way, the average magnitudes of the two eigenvalues come out as 

0.5998 and 0.3846 which are less than unity, which suggests the system is stable with period-2 

orbit. 

 

8.4 Transition from Period-2 to Period-4 Region 

To check whether a similar argument can be carried out for the period-4 orbit or not the 

analysis continues in the period-2 region with increasing supply voltage in steps. For calculation 

of the Jacobian matrix and corresponding Eigenvalues, (8.5) and (8.6) are used. It has been found 

from the Eigenvalue movement map (Fig 8.11) that the system lost its period-2 stability at nearly 

5.976 p.u. supply voltage where one of the Eigenvalues falls above the unity line. 

For detailed analysis, the sampled values after the perturbation are collected in Table 8.3. 

Following (8.5) and (8.6), first Jacobian is calculated with samples no. 1, 3, and 5. The second 

Jacobian is calculated with sample no. 2, 4, 6 and it is continued for all sample data.   

The average Eigenvalues obtained as 0.8791 + 0.0093� and −1.4752 − 0.0093� with 

magnitudes 0.8791 and 1.4752. The 2nd Eigenvalue is greater than unity which makes the 

system unstable. So this calculation suggests that the system have lost its period-2 stability, 

which is also supported by the observation of Fig. 8.11. 
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Fig. 8.11. Eigenvalue movement with the supply voltage for period 2 to period 4 transition 

Table 8.3. Sampled state variables at 5.976 p.u. supply voltage 

Sample Flux linkage p.u. (X) Transformer voltage p.u. (Y) 

1 1.78789810348851 = X1 -1.05940640597933 = Y1 

2 1.42191650919052 = X2 -2.83075384367083 = Y2 

3 1.04078579532347 = X3 -0.807363505686182 = Y3 

4 1.68432242186280 = X4 -2.37519856494942 = Y4 

5 0.891909777467130 = X5 -1.30564309422846 = Y5 

6 1.51949771378432 = X6 -2.01756878630015 = Y6 

7 1.13289030926556 = X7 -1.07486522320690 = Y7 

8 1.56116160592545 = X8 -2.34614051596635 = Y8 

9 1.04188139870732 = X9 -0.981070670153005 = Y9 

10 1.62906242255780 = X10 -2.37162816356809 = Y10 
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Table 8.3. Sampled state variables at 5.976 p.u. supply voltage (Contd.) 

Sample Flux linkage p.u. (X) Transformer voltage p.u. (Y) 

11 0.960108555789587 = X11 -1.09737569865386 = Y11 

12 1.60382938290393 = X12 -2.27559229350964 = Y12 

13 1.00593751133016 = X13 -1.03779503051941 = Y13 

14 1.61983038225809 = X14 -2.33222706427226 = Y14 

15 0.977747177602682 = X15 -1.07013365557150 = Y15 

.. …. .. …. .. 

.. …. .. …. .. 

 

As the bifurcation diagram suggest that at 5.976 p.u. supply voltage the system enter in to 

period-4 oscillation, the analysis is performed again with the following fixed point relations 

�(���) = ��    (8.7) 

�(���) = ��    (8.8) 

That means first Jacobian is calculated with sample no. 1, 5, 9. Second Jacobian with sample no. 

2, 6, 10, and so on. The magnitude of average Eigenvalues was obtained as 0.7368 and 0.3779. 

These values are well below the unity line so it can be concluded that the system enters into 

period-4 stability. 

This analysis can be further carried out for period-8 with the relations 

�(���) = ��    (8.9) 

�(���) = ��         (8.10) 

And so on for the consecutive periods. However, the behavior after period-8 is difficult to track 

due to the resolution of the diagram. 

 

8.5 Summary 

In this chapter, the nonlinear behavior of the transformer operating under ferroresonance 

conditions was analyzed. The stability characteristic of the system at different stages was 
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investigated in detail with the help of computer simulations and appropriate numerical analysis 

tools.  

The analysis showed how the transformer autonomous dynamic system loses its period-n 

stability to period-2n stability due to a small change in the supply voltages. The input voltage 

was used to examine the nonlinear behavior of the transformer. 

As the ferroresonance condition demands sustained overvoltage and overcurrent for a 

finite amount of time, it may be dangerous for laboratory equipment. The stability of the period-

1, 2, and 4 oscillations were thus analyzed by simulation only. Both graphical and numerical 

means and an overview of the shifting of the eigenvalues of the Jacobian matrices of the system 

from stable to unstable regions of operation were presented. The results of the stability analysis 

match well with the system bifurcation diagrams drawn in the previous Chapter. 
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    9. System Modelling Using Finite Element Method 
 
9.1 Finite Element Analysis 
 The Finite Element Method (FEM) is a numerical method for solving partial differential 
equations (PDEs) that arise in many areas of engineering and science. It is particularly useful in 
solving problems involving complex geometries or boundary conditions, where analytical 
solutions may not be possible. 
 The FEM solves problems by breaking them down into smaller, simpler pieces, each of 
which can be described by a set of equations. These equations are then coupled to form a series 
of algebraic equations that can be solved using matrix algebra techniques. The FEM can be used 
to solve a wide range of problems, including heat transfer, fluid flow, structural analysis, and 
electromagnetic fields. 
 The FEM has several advantages over other numerical techniques. First, it can handle 
complex geometries and boundary conditions, making it useful in many practical engineering 
applications. Second, it can provide accurate solutions with relatively few elements, making it 
computationally efficient. Finally, it can easily be extended to include more complex physics or 
materials models. 
 However, the FEM also has some limitations. It requires a significant amount of 
computational resources, particularly for large-scale problems. It can also be difficult to ensure 
the accuracy and reliability of the results, as errors can arise from various sources, including 
element discretization, numerical integration, and solution algorithms. Despite these challenges, 
the FEM remains one of the most extensively used numerical approaches in engineering and 
science for solving PDEs. 
 In the previous chapters, the simulation of ferroresonance was carried out using the non-
linear dynamical equation of the transformer. But those analysis could not provide a satisfactory 
answer to the distribution of magnetic field during critical ferroresonance conditions. To 
investigate the change that occurs in the core magnetic field distribution during ferroresonance, 
the finite element method may be a good choice. The application of FEM in the ferroresonance 
study can be found in some literature [86-89]. 
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9.2 Computational Method 
Fundamentally the Finite Element method comprises four steps:  

 partitioning the solution region into a finite number of elements,  
 generating governing equations for a typical element,  
 assembling all elements in the solution region, and  
 solving the generated system of equations. 

The first step in the finite element method is to subdivide or elementize the structure or 
solution region. The shapes of the elements should be such that the combination of them could 
be as close to the original body or domain as possible. For a 2-dimensional body, a triangular 
element requires the least computational complexity. But for closer representation the original 
body size should be chosen smaller. 

The size of the elements is directly related to the convergence of the solution. The smaller 
the elements, the more accurate the final solution. However, using smaller-sized elements will 
increase computational time. Different sizes of elements may have to be used in the same body at 
times. [90]. 

 
Fig. 9.1. Generation of mesh structure 

Then, within an element, a suitable solution is assumed to approximate the unknown 
solution. In general, a linear polynomial can be the simplest solution or the interpolation model. 

 
Fig. 9.2. Triangular element 
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For example in a triangular element shown in Fig. 9.2 it can be assumed that the potential 
varies linearly with the position as 
෤߮ = ܽ + ݔܾ +  (9.1)        ݕܿ

At three vertices 
߮ଵ෦ = ܽ + ଵݔܾ +  ଵ         (9.2)ݕܿ
߮ଶ෦ = ܽ + ଶݔܾ +  ଶ         (9.3)ݕܿ
߮ଷ෦ = ܽ + ଷݔܾ +  ଷ         (9.4)ݕܿ
If the three values of the potentials are given, it is possible to solve for constants a, b, and c and 
the unknown potential of the m-th triangular element can be expressed as [91] 
߮௠෦ = ∑ ߭௜(ݔ, (ݕ ෤߮௜௡௜ୀଵ          (9.5) 
Where n is the number of nodes in an element and υi are the shape functions or interpolating 
functions. 

To formulate the characteristic matrices and vectors of finite elements any one of the 
following approaches can be used: 

 Direct approach 
 Variational approach 
 Weighted residual approach 

A good understanding of the governing equations of the physical system is required in the 
direct approach method. It is the most common implementation of FEM where the element 
properties are established from direct physical reasoning. This approach is only applicable to 
simple types of elements [90]. 

The variational approach is a method of finding the approximate solution to a differential 
equation by minimizing a functional. A functional is a function of functions, and in finite 
element analysis, the total potential energy of the system is typically chosen as the functional. 
The variational approach is based on the principle of minimum potential energy, which states 
that to find the actual solution to a differential equation, the total potential energy is to be 
minimized. 

The variational approach can be a very efficient approach to solve problems with a large 
number of degrees of freedom. It is a very robust approach that can solve problems with complex 
boundary conditions. This is the reason why the variational approach is vastly used in 
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electromagnetic analysis [92, 93]. One significant limitation of the method is that it needs the 
physical problem to be defined in a variational form, which is not always possible. 

In the calculus of variations the extrema (maxima and minima) or stationary values of 
functionals are determined. That means in variational calculus one needs to find a function φ(x) 
which makes the functional I stationary. 
ܫ = ׬ ,ݔ)ܨ ߮, ߮′, ߮′′)௫మ

௫భ  (9.6)        ݔ݀
Here, ݔ is the independent variable, 
߮’ = ௗ௬

ௗ௫ , ߮’’ =  ௗమ௬
ௗ௫మ  

 has a clear physical ܫ are called functionals. In most of the applications the functional ܨ and ܫ
meaning. 
Any approximate solution ෤߮(ݔ) can be expressed as the summation of the exact solution φ(x) 
and the variation of ߮. 
෤߮(ݔ) = (ݔ)߮ +  (9.7)       (ݔ)߮ߜ
For the I to be stationary, the variation in I must be zero. 
ܫߜ = ׬ (డி

డఝ ߮ߜ + డி
డఝᇲ ᇱ߮ߜ + డி

డఝᇱᇱ ௫మ(′′߮ߜ
௫భ ݔ݀ = 0     (9.8) 

This gives, 
డி
డఝ − ௗ

ௗ௫ ቀ డி
డఝᇲቁ + ௗమ

ௗ௫మ ቀ డி
డఝᇱᇱቁ = 0      (9.9) 

Equation (9.9) is called the Euler-Lagrange equation or simply the Euler equation [90] and this 
will be the principal equation for the given problem. 
If ܫ is a quadratic functional of ෤߮ , the element equations can be found as 
డூ(೘)
డఝ෥ (೘) = ൧(௠)ܭൣ ෤߮ (௠) − ෨ܲ(௠)                (9.10) 
Where [ܭ(௠)] is called the element characteristic matrix and ෨ܲ(௠) is the characteristic vector. So 
the overall equations of the system will be,  
డூ
డఝ෥ = [ܭ] ෤߮ − ܲ ෩ = 0        (9.11) 
Applying the boundary conditions (9.11) can be solved and the nodal unknowns φ can be found. 

The weighted residual approach in finite element analysis is a technique of finding the 
approximate solution to a differential equation by minimizing the weighted residual of the 
equation. The weighted residual is the difference between both sides of the equation, and it is 
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weighted by a function that is chosen to make the minimization problem well-posed. The 
weighted residual approach is very efficient and robust. Some examples of weighted residual 
methods are the Galerkin method, least squares method, etc. 
For the magnetostatics Poisson equation, residual can be defined as, 
(ܣ)ܴ = ∇. ቀଵ

ఓ ሚቁܣ∇ +  ௘        (9.12)ܬ
Which goes to zero when an exact solution of ܣ is achieved. As per distribution theory, one has 
to find the variable ܣ that satisfies the statement 
׬ Ω݀ݓ(ܣ)ܴ = 0         (9.13) 
Where ݓ is called a weighting function and ߗ is the domain of the problem. In the Galerkin 
Method, the shape function (߭௜) in (9.5) is taken as the weighting function (ݓ).  
׬  ଵ

ఓ .ሚܣ∇ ∇߭௜݀Ω − ׬ ߭௜ܬ௘ = 0       (9.14) 
Equation (9.14) is the finite element equation for a single element. The system or overall 
equations can be obtained by assembling these element equations. 

The concept of assembling the element matrices and vectors is as follows: the value of 
the unknown nodal degree of freedom or variable at any node is to be considered as same for all 
the elements connecting at that node. 

Let ܧ be the total number of elements in a given system and ܯ denotes nodal degrees of 
freedom. Then the assembled characteristic matrix and characteristic vector will be of order ܯ ×
ܯ and ܯ × 1 respectively. Again consider the element characteristic matrix [ܭ(௘)] is of the order 
݊ × ݊ and the element characteristic vector ܲ(௘) is of the order ݊ × 1. Thus, the global 
characteristic matrix [ܭ] and the global characteristic vector ܲ will be calculated from the 
element matrix by including zeros in the remaining locations and adding algebraically [90]. 
[ܭ] = ∑ ா௘ୀଵ[(௘)ܭ]         (9.15) 
ܲ = ∑ ܲ(௘)ா௘ୀଵ          (9.16) 

 

 
Fig. 9.3 Two triangular elements 
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For an example, consider a two-element system as shown in Fig. 9.3. The element 
characteristic matrices for elements 1 and 2 using the local node numbering scheme will be 

 








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     (9.17)
  

And  
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     (9.18) 

Now the global element characteristic matrix using the global node numbering scheme will be.  

     
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  (9.19) 

There are two methods available for solving the system equations: direct and iterative. Direct 
approaches yield a precise solution in a limited number of simple arithmetic operations. Since a 
computer has a finite word length, round-off and truncation errors may occur. Gaussian 
elimination is the fundamental method for direct solutions. 

Iterative procedures begin with an approximation and progress to the true solution 
through successively better approximations. The accuracy and rate of convergence of iterative 
approaches vary depending on the algorithm used. The fundamental benefit of iterative 
approaches is that they are ideally adapted to digital computers.  
 
9.3 Finite Element Analysis of Transformer 

For the analysis of a transformer, a suitable transformer model is required. This model 
must include the winding characteristics and the saturable core characteristics. Fig. 9.4 shows an 
equivalent circuit of a transformer. So one has to first find out all the components of the 
equivalent circuit to use the transformer model for analysis purposes. 

As the Hysteresis and Eddy current losses ultimately produce heat in the transformer 
core, it is common practice to use a non-linear resistor to represent the core losses. The non-
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linearity or saturation behavior of the transformer core can be captured by a non-linear inductor 
constructed from the hysteresis loop or open circuit test results.  

 
Fig. 9.4. Equivalent circuit of a transformer 

Fig. 9.5(a) shows a single-phase core-type transformer and Fig. 9.5(b) shows a single-
phase shell-type transformer.  

 
Fig. 9.5. Single phase transformer 

To cut down the computational time, the analysis of the transformer can be carried out on 
a part of the whole structure [94]. In the core type transformer the flux line must be symmetrical 
about the axis Y. Then the analysis can be carried out only on the part of the structure drawn in 
Fig. 9.6.  

 
Fig. 9.6. Core type transformer 
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Similarly, in shell type line X plays the role of symmetrical axis, so the analysis is 
reduced to the section part illustrated in Fig. 9.7. 

 
Fig. 9.7. Shell type transformer 

The simulation, that is carried out is equivalent to the no-load test of the transformer. The 
primary winding current (ܫா௑) at no load is imposed as the excitation parameter and the 
secondary winding current is put to zero. Corresponding voltages are computed across the two 
windings of the transformer. 
Once the problem is solved, the stored magnetic energy density can be calculated as 

௠ܹ = ଵ
ଶ .ሬԦܤ ሬሬԦܪ = ଵ

ଶ  ଶ        (9.20)ܪߤ
Since the 2D problem is analyzed, stored magnetic energy can be obtained by taking the surface 
integral of (9.20) and multiplying it with the iron length of the transformer (LFe). 

௠ܹ = ி௘ܮ4 ∬ ଵ
ଶ  ଶ        (9.21)ܪߤ

'4' is multiplied as only a quarter of the transformer is analyzed. 
The main flux is obtained by integrating the normal component of the flux density as 
Φ଴ = ி௘ܮ ׬ .ሬԦܤ ො݈݊݀        (9.22) 
For core type transformer and 
Φ଴ = ி௘ܮ2 ׬ .ሬԦܤ ො݈݊݀        (9.23) 
For shell type transformer. 
The no-load inductance and mutual inductance now can be calculated as 
L଴ = ேభ஍బ

ூబ          (9.24) 
ܯ = ேమ஍బ

ூబ          (9.25) 
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The leakage inductances can be determined from a short circuit test. The simulation can be 
carried out by imposing a winding current equal to the rated current such that two MMFs result 
in equal and opposite i.e. ଵܰ݅ଵ = − ଶܰ݅ଶ. 
Thus the leakage flux linkages 
ଵߣ =  ଵ݅ଵ         (9.26)ܮ
ଶߣ =  ଶ݅ଶ         (9.27)ܮ
If the transformer operates in the saturation zone of its core characteristic, then the permeability 
cannot be considered constant. This problem then can be solved by representing the core 
characteristic with a suitable nonlinear equation. 
 
9.4 Analysis of Ferroresonance with FEM 
9.4.1 Setup the System for Finite Element Analysis 
The following setup has been created in the simulation environment. 
Rated power = 200 VA 
Primary voltage = 220 V 
Secondary voltage = 24 V 
Frequency = 50 Hz 
Core material = silicon steel GO 3% 
Primary turn = 416 with wire diameter 1.02 mm 
Secondary turn = 45 with wire diameter 2.71 mm 

The 2D analysis has been chosen as this can solve the issue of convergence of 3D design 
and can save computational time [95]. For that, the shell-type transformer with concentric 
winding as shown in Fig. 9.8 has been created in Comsol Multiphysics software. Equation (4.1) 
is incorporated as the B-H characteristic of the core material. Fig. 9.9 shows the BH relation that 
is used for analysis. To build up the ferroresonance circuit shown in Fig. 4.2, it is required to 
couple the circuit study with the field study. Previous literature [96] has done this using an 
electromagnetic transients program for the circuit part and a finite element magnetic field solver 
for the field part. In our program of Comsol Multiphysics Electric Circuit interface is coupled 
with the Magnetic Fields interface. As the flux density vector B will only have the tangential 
component along the axis of symmetry PQ (Fig. 9.8), Dirichlet’s boundary condition is assigned 
along this line. 
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In the next step triangular mesh has been generated as shown in Fig. 9.10.  To make a 
balance between the computational time and accuracy of the result element size is taken as 'fine' 
with 1916 domain elements and 274 boundary elements. The system is simulated for 998 degrees 
of freedom. 

 
Fig. 9.8. Transformer for finite element analysis (units in mm) 

 

 
Fig. 9.9. B-H curve of the transformer core 
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Fig. 9.10. Mesh generation for finite element analysis (units in mm) 

 
For quasi-static analysis of magnetic and electric fields, displacement current density can 

be assumed as zero. With this Ampere's law can be rewritten as: 
∇ × ࡴ = ࡱߪ +  (9.28)        ࢋࡶ
Here ࢋࡶ is the current density generated externally. 
From the definitions of the potentials one can have, 
࡮ = ∇ ×  (9.29)         ࡭
ࡱ = −∇ܸ − డ࡭

డ௧         (9.30) 
Incorporating (9.29) and (9.30) in (9.28)  
ߪ డ࡭

డ௧ + (∇ × (ࡴ + ܸ∇ߪ =  (9.31)       ࢋࡶ
Equations (9.29) and (9.30) are not sufficient to define both the potentials uniquely.  
Consider two new potential functions 
෩࡭ = ࡭ + ∇Ψ         (9.32) 
෨ܸ = ܸ − డஏ

డ௧          (9.33) 
also produce the same magnetic and electric fields. 

To obtain a unique solution, constraints can be put on the scalar Ψ such that the solution 
becomes unique. It is also suitable for computation to select a Ψ such that only the magnetic 
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vector potential exists and the scalar electric potential disappears. This approximation is known 
as gauge transformation. 

From (9.31) the magnetic vector potential ࡭ is calculated by applying the finite element 
method. The primary winding current is taken as the excitation parameter. Secondary winding 
terminals are kept open. Time dependent automatic highly nonlinear (Newton) method with 25 
maximum iteration is used for solution. The voltages across two windings are computed. The 
components of magnetic flux density are derived from the vector potential. The observations are 
listed in the next section. 
 
9.4.2. Results and Analysis 

The supply voltage is increased gradually and the transformer and capacitor voltages are 
observed. Taking the transformer primary voltage as base voltage, up to 0.66 per unit (p.u.) 
supply voltage system shows no ferroresonance. Fig. 9.11 shows the build-up of capacitor 
voltage. For comparison, the capacitor voltage waveform obtained from laboratory experiments 
is also shown in Fig. 9.12. The steady-state capacitor and transformer voltages are shown in Fig. 
9.13. The circuit behaves like an inductive circuit as the transformer voltage is greater than the 
capacitor voltage. Fig. 9.14 shows the phase trajectory on the phase plane for below 
ferroresonance state and Fig. 9.15 shows the magnetic flux density distribution at all points of 
the core surface. After reaching the steady state the magnetic flux density attains a peak value of 
1.18 T at no-ferroresonance conditions.  

 
Fig. 9.11. Capacitor Voltage plot at 0.66 p.u. supply voltage – no ferroresonance  
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Fig. 9.12. Capacitor voltage at 0.66 p.u. supply voltage – observation from the laboratory 

experiment where no ferroresonance was observed 
 

 
Fig. 9.13. Steady-state voltages at 0.66 p.u. supply voltage – no ferroresonance 
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Fig. 9.14. Phase plane plot at 0.66 p.u. supply voltage – no ferroresonance 

 

 
Fig. 9.15. Magnetic flux density at 0.66 p.u. supply voltage – no ferroresonance  

 
At 0.67 p.u. supply voltage, ferroresonance is observed. Fig. 9.16 shows the build-up of 

capacitor voltage. The nature matches with the waveform obtained in the laboratory experiment 
(Fig. 9.17). However, the ferroresonance occurs with a little higher voltage in the experimental 
setup. Fig. 9.18 shows that the capacitor voltage peak value extended almost 2.4 p.u. whereas 
transformer voltage reached 1.6 p.u peak value at steady state. The circuit becomes capacitive. It 
was expected as per Rudenberg’s graphical analysis [3]. Fig. 9.19 shows the phase plane plot. 
Fig. 9.20 shows the magnetic flux density distribution under ferroresonance. In this case, the flux 
density achieved a peak value of 2.47 T after the initial transient decay down. This is well above 
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the saturation value of GO steels which is 1.7 T [97]. The flux density peak obtained in 
ferroresonance is 2.1 times the no ferroresonance condition. Fig. 9.21 shows the change of flux 
density peak while the system enters into the ferroresonance condition from the non-
ferroresonance condition. 

 
Fig. 9.16. Capacitor Voltage plot at 0.67 p.u. supply voltage – with ferroresonance   

 
Fig. 9.17. Capacitor voltage at 0.69 p.u. supply voltage – where the first ferroresonance occurs in 

laboratory experiment 
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Fig. 9.18. Steady-state voltages at 0.67 p.u. supply voltage – with ferroresonance 

 
Fig. 9.19. Phase plane plot at 0.67 p.u. supply voltage – with ferroresonance  

 
Fig. 9.20. Magnetic flux density at 0.67 p.u. supply voltage – with ferroresonance  
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Fig. 9.21. Change of magnetic flux density with supply voltage 

 
A detailed study of magnetic flux density shows that during ferroresonance the flux 

density raised to 2.1 times. This may throw the core of the transformer deep into the saturation. 
This will permanently magnetize the core material. Also increases the core losses. The jump in 
magnetic flux density also makes it difficult to rebuild the condition under a laboratory 
environment as it may permanently damage the core of the transformer under test. 
 
9.5 Summary 

The finite element method is used on the ferroresonance circuit in this chapter. The 
hysteresis curve of the core material of the transformer is represented by a nonlinear equation 
which was obtained from experimental results.  A successful ferroresonance observation has 
been captured with the finite element model. The supply voltage at which the ferroresonance 
jump was observed in the laboratory setup almost matches with that in the finite element 
simulation. The finite element method also aids in understanding the magnetic flux dynamics in 
the core body before and after ferroresonance. 
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10. Conclusion and Future Work 

 

10.1 Conclusion  

 The following observations can be made from the works undertaken here by the author in 

addition to knowledge related to ferroresonance science and can be treated as contributions. 

Chapter 1 gives an overall introduction to the thesis. Various causes of ferroresonance 

configurations are identified after a suitable review of works in ferroresonance.  Ferroresonance 

may be generated in a 3-phase power system when the following conditions arise due to a fuse 

blown or unsynchronized 3-phase switching device that failed to connect all phases: 

 3-phase system grounded at the source, but having no ground at the transformers banks or 

vice versa. 

 Underground cable length or overhead conductor length is sufficient to create the 

capacitance necessary. 

 The degree of nonlinearity in the magnetic characteristics of the transformer. 

 Transformers are unloaded or lightly loaded. 

 VT is energized through the grading capacitance of the circuit breaker when circuit 

breakers disconnect the phases. 

It discusses the current scenario of the ferroresonance study and the necessity of the 

proposed work. This is explained in a nutshell with the basic works that have been performed 

under the current thesis.  

Chapter 2 on the definition of ferroresonance. It discusses the effects of ferroresonance 

that have been listed in different publications. The study says that the circuit consists of saturable 

inductance, and capacitance, and an alternating voltage source is prone to ferroresonance. How 

this combination can be achieved in the power system that also discussed in this chapter. In 

1950, a German engineer R. Rudenberg presented a graphical analysis of ferroresonance which 

is the stepping stone of ferroresonance analysis. This chapter provides an overview of 

Rudenberg’s analysis. Analysis shows, how the system jumps into ferroresonance from normal 

value while changing any of the circuit parameters. At the end of this chapter, a comprehensive 

study is made on the different types of works on ferroresonance that have been performed for 
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decades. Four main categories have been discussed - examples & and case studies, experimental 

investigations, damping, and analysis of ferroresonance. 

Chapter 3 describes the details of a laboratory experiment that has been developed and 

performed to observe ferroresonance in a controlled environment. At first, the core magnetic 

characteristics of the transformer under the ferroresonance test are extracted from the open 

circuit test of the transformer. The series capacitance value is designed and calculated using R. 

Rudenberg’s graphical method. To protect the digital oscilloscope a potential divider made of 

capacitor is used. To prevent the line equipment from extended exposure to overvoltage at 

ferroresonance, an auto cut-off switch is used which cuts off the circuit after a pre-defined time. 

The ferroresonance incident has been captured successfully. Time domain Waveform of 

capacitor voltage and transformer voltage at different source voltages are taken on the creation of 

ferroresonance at various line conditions. So it is being concluded from the experimental 

results a sustained over-voltage will appear across the line equipment which will damage 

the lightning arrester in the power system and after which burning of transformers etc. in 

the system.  

Chapter 4 explains the process of building up the simulation model of ferroresonance 

incorporating experimental transformer magnetic characteristics. A wide experimental study on 

ferroresonance in a real setup is difficult and also hazardous for the equipment used as it involves 

power frequency and very high overvoltages. So for further study of ferroresonance, a suitable 

simulation model is developed. The B-H loop data of the transformer obtained from the 

experiment is used to find an approximated mathematical equation to represent the transformer 

core magnetism for the ferroresonance circuit model. Then mathematical nonlinear differential 

equations for ferroresonance are simulated in a MATLAB software platform. The 

ferroresonance result obtained from the simulation model is compared with the experimental 

results where both the results match with a minor deviation. This modeling method is based on 

real transformer data obtained by experiment and this explains the technique of development of a 

non-linear mathematical science for electrical devices; transformers. 

Chapter 5 continues the study with the MATLAB model for ferroresonance developed in 

the previous chapter. Here some circuit parameters like supply voltage, supply frequency, 

series capacitance, core loss resistance of transformer, degree of transformer core 

saturation, and initial flux linkage in the transformer-core are varied and the voltage across 
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series capacitor and transformer for ferroresonance are observed. For each of the cases it has 

been found at a certain point when the circuit parameter and other conditions match, voltages 

jump to a high value at ferroresonance. Using Rudenberg’s graphical analysis it has been shown 

how the stable operating point of the system switches from 1st quadrant to 3rd quadrant of V-I 

characteristic and builds up ferroresonance oscillation. So this chapter contributes a 

verification of ferroresonance using Rudenberg’s graphical analysis versus nonlinear 

system analysis at various system conditions. 

Chapter 6 briefs the nonlinear dynamical method and its application for ferroresonance in 

the thesis work. It describes the use of a phase plane diagram in the analysis of a nonlinear 

system. For a periodic function for nonlinear ferroresonance, the 'Phase-Plane' analysis 

produces 'Limit Cycles'.  The method to determine the 'Stability' of a nonlinear ferroresonance 

system is to provide a small 'Perturbation' at a steady state and if the system returns to its 

previous 'Phase Plane' path then the system will be called 'Stable' otherwise 'Unstable'. So a 

'Stability domain of nonlinear ferroresonance’ has been studied. Mathematically, the 

linearization method that is used to determine the 'Stability of a Fixed Point' cannot be applied 

to the 'Stability of Limit Cycles'. The ''Stability of Limit Cycles' problem has been converted 

into a 'Stability of a Fixed Point' problem by using the concept of 'The Poincare method and 

Floquet theory for the stability of periodic orbit. The study of the Poincare plot also reveals 

how a system 'Bifurcate from one Stable state to another Stable state'. So this Limit Cycles 

study provides us with the quality of the ferroresonance system or a power system actually: 

a power system is a nonlinear system. 

Chapter 7 shows the simulation study of the model ferroresonance system used in 

Chapter 5. In this case, the system is under ferroresonance and the supply voltages are increased 

in steps. The Poincare plots of different ferroresonance system voltages are also observed. At 

first system generates a single point on the Poincare plane. As the supply voltage is increased, it 

generates two points, then four, eight and so on leading to the Period-Doubling Behavior of 

Ferroresonance. At a very high supply voltage, the Poincare plot shows a 'Strange Attractor' 

which changes with the change of initial condition. The behavior of the system at this stage is 

moving to 'Chaos'. The bifurcation plot, which holds all the Poincare plots for all supply 

voltages in a single diagram, shows a period-doubling behavior of the system. The calculation of 

'The Feigenbaum Constant' also establishes the fact that the system will ultimately land in 
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chaos after successive period doubling. In the end, the bifurcation study with series capacitance 

as the 'Bifurcation' parameter is also made. 

Chapter 8 deals with the stability of the system at different periodic oscillations as 

obtained in the bifurcation diagram in the previous chapter. For determining the stability at the 

period-1 region of the bifurcation diagram, a small perturbation is injected in the flux linkage 

while the system is in a steady state. Poincare plots and phase plane diagram shows that the 

system iterates back to its previous operating condition. To verify this condition mathematically, 

the Jacobian matrix was calculated with the Poincare values near perturbation. The 

magnitude of the Eigenvalues of the Jacobian matrix falls within the unity value. A similar 

investigation was carried out in the period-2 region and mathematical calculation shows the 

system lost its period-1 stability. For period-2 oscillation, the relations �(���) = �� and 

�(���) = �� hold, and the Eigenvalues of the Jacobian matrix fall within the value 1. Analysis 

with period-4 oscillation is also performed and verified. 

Chapter 9 gives the details of finite element analysis done on the ferroresonance 

circuit. To know the magnetic field distribution in the core of the transformer during 

ferroresonance conditions, the finite element method is used. The transformer model is built 

up in the Comsol Multiphysics simulator. The core characteristic equation that was used in the 

previous chapters is injected into the core properties. Then to build up the ferroresonance circuit, 

the magnetic field model of the transformer is coupled with the electric circuit model 

consisting of an alternating voltage source, capacitor in series, and resistance in parallel which 

will act as core loss resistance. The current developed in the circuit is used as the excitation 

parameter of the primary of the transformer keeping the secondary of the transformer open. The 

simulation was done with different supply voltages. At a certain supply voltage ferroresonance is 

observed. The results match with the experimental outputs given in Chapter 3. The magnetic 

flux density distribution during ferroresonance is also observed. 

  All experiments in the laboratory have been performed with a supply of 230V/phase or 

440V/line voltage and 250V tapping of the transformer is used as it is rated for 440V. The value 

of series capacitance used to obtain ferroresonance is 1.272 µF. 

Now for the 11 kV line, the value of this capacitance can be calculated as 

= 	1.272 × (440/11000) × (440/11000) 	= 	2035.2	��  

Similarly, for the 33 kV line, the value will be = 	226.13	�� and  
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For the 220 kV line, the value will be = 	5.088	��. 

So the above calculations indicate that a small capacitance in the order of nano-farad 

is sufficient to generate ferroresonance in the high voltage lines. So when system voltage 

increases, the ferroresonance risk factor increases in the line. The ferroresonance 

capacitance depends on the length of the transmission line of a particular power system. 

Hence a safe length can be calculated using this laboratory test method and this should be a 

proper guideline for mitigating the ferroresonance in the line design stage.  

 So the transformers fed via capacitive coupling from 3-phase sources at open-phase 

conditions have been considered a prospective ferroresonance system in the power system. 

To simulate ferroresonance - a non-linear system is formed by a transformer and line 

capacitance in series. A non-linear model of the magnetizing characteristics of transformers 

is built using the magnetizing characteristics of core-type transformers, which are recorded in 

a digital recorder in the laboratory. Several simulations of ferroresonance oscillations in the 

time domain that result in high voltage/current in the line elements of the non-linear system 

are examined, and the different outcomes demonstrate fundamental frequency, sub-harmonic, 

and chaotic ferroresonance.  

The ferroresonance experimental recorded wave-form of over-voltages across 

transformer and capacitor are slightly different than the wave-form obtained by the model 

simulating ferroresonance. This may be due to imperfections in the model developed.  

However, it is very difficult to model transformer magnetizing characteristics exactly as 

practically as it behaves, because the residual magnetism, saturation, hysteresis, eddy 

current, magnetostriction, and frequency all affect the magnetic, electrical, and mechanical 

properties of the ferromagnetic material that makes up the transformer core. However, 

there is a consistency and similarity in the magnitude and quality of over-voltages on 

ferroresonance obtained in experimental and model simulation results. 

The results of the simulation demonstrate that even a small change in applied voltage (0.1 

mV) can produce a voltage across the capacitor and transformer that is significantly greater than 

the supply voltage. This can cause a persistent ferroresonance over-voltage in the line, where the 

voltage of the capacitor is higher than the voltage of the transformer. So a minute variation of the 

system parameter in a nonlinear system can result in a different state of operations and that has 

been explained by R. Rudenberg's graphical method. However, recent analytical techniques 
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applied to nonlinear systems (repeated solution of the nonlinear differential equations of the 

system) have demonstrated that various ferroresonance voltages can arise from variations in the 

value of the equivalent circuit parameters, potentially due to system configuration changes. It has 

also been demonstrated that chaotic ferroresonance states are likely to arise within a wide range 

of system parameters, even though fundamental frequency and sub-harmonic ferroresonance 

situations may occur under common-place operating settings.  

It is highly desired for engineers to have a thorough understanding of these 

ferroresonance possibilities so they may plan for the expansion of their systems without 

increasing the likelihood of ferroresonance and operate their systems outside of hazardous 

areas. The work described, together with recent studies of ferroresonance as a nonlinear 

phenomenon with involved terminology such as ‘Phase-Space’, ‘Trajectory’, ‘State varia-

bles’, ‘Limit-cycle’, ‘Aperiodic’, ‘Chaotic’, although these terms have wide applications for a 

nonlinear dynamical system in mathematical science.  However, the observations of a minute 

variation of the system parameter (suppose source voltage) in a nonlinear system can result in 

different states of operations. For example; period one response with small amplitude producing 

a circular small stable orbit (limit-cycle) in the phase–space {transformer voltage �
��

��
= ��  vs. 

flux linkage (�)} and a minute variation of the system parameter ( suppose source voltage) 

results in another big non-circular stable orbit (limit-cycle) in phase-space producing high 

voltage in the system. This type of multiple stable operation and behavior cannot be seen in a 

linear system i.e. if a linear inductor in series with linear capacitor excited from alternating 

voltage source and that is a period one response. But when there are 2-loops in phase-space then 

that is period-2 response which is called as sub-harmonic response and various sub-harmonic 

responses are found in this simulation results of ferroresonance. When the response has period-

infinity, that is, an aperiodic response known as a chaotic ferroresonance solution, the phase-

space shows a trajectory that will never close onto itself.  

The Poincare map is a simple replica of the phase plane trajectory recorded as a 

sequence of discrete points at constant time intervals and if the frequency of the forcing function 

(i.e. the frequency of the supply voltage) is taken as the sampling frequency then, the Poincare 

map will show only one point for a periodic waveform. This is shown in the simulation results. 

The Poincare mapping is a valuable tool to confirm the periodicity of ferroresonance response. A 

chaotic response will produce a Poincare map with a haphazard set of points restricted to a 
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particular region of the phase plane. The Poincare mapping can give important information about 

the frequency ratio of the forcing function to the real response frequency of the system.   

The simulation results do not yet provide a comprehensive understanding of the 

nonlinear system and chaos. Many questions are still to be answered from the standpoint of 

nonlinear science for chaos.  

 

10.2 Future Work  

 The analysis and explanations of this thesis offer a solid starting point for future studies 

on ferroresonance systems powered by alternating voltage sources.  

 Several difficult yet valuable domains where this study can be used and leveraged for 

subsequent research include the following 

1. A study of ferroresonance circuits has been done with series capacitance only. But in 

power networks, there are possibilities of parallel capacitive effect also. Implementation 

of a parallel connected capacitor in the ferroresonance circuit by both computer 

simulations and experimental testing can be a good prospect. 

2. It has been found that the system reaches chaotic behavior while changing one of the 

system parameters. Due to time restrictions, the chaotic behavior of the system could not 

be studied in detail, which can be done in future work. 

3. FEM has been used here to predict the transformer condition during ferroresonance this 

study can be improved further with a 3-phase transformer which is used in a power 

system. That also may be a future scope of work. 
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