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Abstract
Increasingly strict emission norms have led to the development of alternative

combustion technologies having low NOX emission. One commonly used low NOX

technology is lean premixed or, partially premixed combustion. However, this
technology is susceptible to lean blowout (LBO) and thermoacoustic instability
(TAI) which can prevent the combustor to run safely and reliably. LBO is caused
by a sudden drop in the equivalence ratio in the combustor, often during sudden
load changes in aircraft. On the other hand, power-plant gas turbine combustors
run very close to the LBO limit. Due to this LBO can be triggered by intrinsic in-
stabilities in the flame. Moreover, often the LBO and TAI limit in a lean premixed
combustor are separated by a small margin of equivalence ratio, so that triggering
of one can cause the other. Another potential technology that generates low NOX

and soot is the inverse diffusion flame (IDF). IDF is significantly less susceptible to
lean blowout and flashback as compared to premixed flames. However, a confined
IDF is still susceptible to TAI.

Consequently, there is a strong motivation to avoid LBO and TAI. Unfortu-
nately, the operating point at which LBO/TAI would be triggered is not fixed.
The LBO/TAI limit depends on several operating conditions many of which are
outside of human control (e.g., ambient temperature and pressure). Further, there
is a lack of reliable technology for accurate early prediction of impending LBO and
TAI. Therefore, to avoid LBO and TAI, the current practice is to operate the com-
bustor with a relatively large safety margin. This, however, results in sub-optimal
operation of combustor and increased NOX emissions. Therefore, it is of utmost
importance to devise reliable techniques that can early predict LBO and TAI even
before they occur so that sufficient time is available to take appropriate action
to prevent the onset of LBO/TAI. Moreover, such tools must be robust so that
they apply to a wide range of combustor configurations with minimal additional
experimentations and calibrations.

Previous studies have mostly focused on the flame behavior at TAI/LBO with
single-burner combustors. However, practical combustors have multiple flames
which often interact with each other. Consequently, the flame behavior in prac-
tical combustors is likely to have significant differences from the flame behavior
in single-burner combustors. In addition, most aircraft gas turbine combustors
employ partially premixed flames due to space constraints and less time available
for air-fuel mixing.

To bridge these gaps in the literature, in this work we systemically study the
dynamical behavior of isolated flame and interacting flame. We explore the flame
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behavior for various degrees of premixedness and also for various combustor con-
figurations. To understand the flame dynamics, flame visualization is carried out.
We also explore the dynamical transition to LBO/TAI, for the various configura-
tions studied, using well-established tools of dynamical science. Such an approach
may be useful to devise robust tools for early detecting impending LBO/TAI that
can be used for a wide range of combustors, with minimal calibrations. Below, a
brief description of the thesis content is provided.

In the first chapter of this thesis, a brief discussion on the current state
of the art, concerning the different flame instabilities encountered in gas turbine
combustors, is provided. Based on this discussion, the research gaps are identified
and the objective of this thesis work is set.

An important part of exploring flame behavior is to study the underlying dy-
namical nature of the flame. As the first step to this goal, in the second chap-
ter we explore the dynamical characteristics of thermoacoustic instability (TAI),
which is a simple and distinct dynamical phenomenon. For this study, a Rijke tube
with an inverse diffusion flame (IDF) is used. IDF is a type of partially premixed
flame that is suitable for practical applications in gas turbine combustors. Previ-
ous studies have reported that the flame behavior of IDF is significantly different
from that of premixed flame. Therefore, studying the dynamical transition to
thermoacoustic instability with IDF is of practical significance especially as IDF
includes the benefits of both diffusion flame and premixed flame (namely, high
stability against LBO and flashback while having a low NOX emission).

The thermoacoustic instability phenomenon is investigated with various well-
known tools of dynamical science, including recurrence network (RN). RN is a
type of complex network that can capture a dynamical transition with a short
time series and is robust against noise. We quantify the characteristics of the
recurrence network with three metrics: global efficiency (η), average degree cen-
trality (k), and global clustering coefficient (CG). These metrics are found to
correctly capture the dynamical transition of the combustor from the stable com-
bustion state to TAI. Further, the RN metrics follow monotonic trends during the
approach to TAI. This indicates that the RN metrics can be used to fine-tune
the safety margin to TAI with carefully chosen RN metric thresholds at which an
impending TAI alert should be issued. Moreover, using the RN tool, we uncover
various significant differences in the dynamic characteristics of inverse diffusion
flame and lean premixed flame at the thermoacoustic instability state, the latter
being reported in previous literature.

In the third chapter, a lean premixed single-burner combustor is studied to
explore its dynamical characteristics. A lean premixed flame has a significantly
lower temperature as compared to a diffusion flame. The lower flame temperature
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results in a significant reduction in NOX emission. On the other hand, the com-
bustors operating on lean premixed technology are prone to lean blowout which
can prevent stable and reliable operation of the combustor.

Modern gas turbine combustors often have multiple burners with an annular
or a can configuration. Still, single-burner combustors have often been explored
as a simple model for practical, multi-burner combustors. Moreover, the flame
corresponding to the single-burner combustor is an isolated flame. It is helpful to
study the flame instabilities with the single-burner combustor before we explore
flame instabilities with multi-burner combustors, which are much more complex.
Such a step-by-step approach would help to bring out the differences in flame
instabilities caused by flame-flame interactions. Therefore, next, we explore the
lean blowout instability in a swirl-dump stabilized single-burner combustor.

We find that the single-burner combustor suffers LBO without a preceding
TAI, as the equivalence ratio is reduced, regardless of the degree of premixedness
in the combustor. The route to LBO with a preceding TAI has been reported
in the literature. With the recurrence network analysis, we discover that when
LBO occurs without a preceding TAI, the dynamical transition to LBO is consid-
erably different than when LBO occurs with a preceding TAI. We observe that the
recurrence network tool is a robust and computationally inexpensive early LBO
detection tool.

As discussed above, most modern combustors are of annular or can type config-
uration, having multiple flames arranged on a circumference. In such combustors,
flame-flame interaction plays a significant role to influence the flame behavior. For
example, previous studies indicate that the physics associated with various com-
bustion instabilities in multi-burner combustors cannot be captured with single-
burner combustors.

Therefore, in the fourth chapter, we consider two flames exhibiting self-
sustained oscillations and study whether the interaction between these two flames
affects their oscillation dynamics in any significant way. To simplify the problem,
we explore the flame-flame interaction of a pair of candle flame oscillators (CFO),
which is one of the simplest types of flame.

Many studies have investigated the flame-flame interaction between two iden-
tical (in other words, closely similar) flames. However, in practical scenarios, the
flames corresponding to different burners of a multi-burner combustor will have
some dissimilarities. This is because it is not possible to manufacture identical
burners, due to manufacturing considerations. The effects of flame-flame interac-
tion between such dissimilar flames have not been explored in a systematic way
to date. Therefore, we explore the effect of flame-flame interaction between two
CFOs by parametrically varying the distance between the oscillators. Moreover,
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we study how the resulting flame behavior is affected by the dissimilarity of the
amplitude of oscillations in the two interacting flames. We observe significantly
different flame dynamics for a couple of interacting CFOs as compared to that
for a single isolated CFO. Moreover, we find that the degree of dissimilarity and
distance between the interacting CFOs profoundly affect the resulting flame dy-
namics. The interaction of CFOs having a similar amplitude of oscillations shows
a simple dynamical transition as the distance between the CFOs is varied. In con-
trast, the interaction between CFOs having a dissimilar amplitude of oscillations
shows a more complex dynamical transition.

In modern multi-burner combustors, flame-flame interactions are likely as the
adjacent burners are placed in close proximity. Based on the above discussions
on interacting candle flames, we infer that the flame behavior in multi-burner
combustors may have significant differences compared with that in single-burner
combustors. However, almost all previous studies have explored the LBO phe-
nomena with single-burner combustors.

To bridge this gap in the literature, in the fifth chapter we study the LBO
phenomena in an annular combustor and a linear array combustor. From vi-
sual inspection of flame, we find that the flame behavior at the near-LBO state
is markedly different in the annular and linear array combustors as compared to
that in an analogous single-burner combustor (the flame behavior in the analogous
single-burner combustor has been reported in a previous study). It is seen that the
flame-to-flame and burner-to-burner interactions, at the near-LBO state, reduce
the severity of the extinction events in the annular and linear array combustors.
For example, often a lifted flame is anchored (and thus prevented from blowing
out) by the flame from an adjacent burner. Further, an extinguished burner is
often reignited by the flame from an adjacent burner. In short, several phenomena
including partial attachment-detachment of flame from burner tip, flame merging-
unmerging, partial extinction-reignition, flame-to-flame, and burner-to-burner in-
teractions, etc. phenomena are seen at the near-LBO state for the annular and
linear array combustors, which cannot be captured in single-burner combustors.

Previous literature and also the results obtained during the present thesis work
indicate that significant differences are likely in the near-LBO flame dynamics of
the single-burner combustor (having a solitary flame) and the multi-burner com-
bustor (having several interacting flames). However, the flame dynamics cannot
be explored in detail with flame visualization only. Thus it would be worthwhile
to compare the dynamical transition to LBO in multi-burner and single-burner
combustors with well-established dynamical science-based tools. This study is
also practically relevant as most of the early LBO detection tools have been de-
veloped based on single-burner combustor data. Consequently, their efficacies to
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early detect LBO in multi-burner combustors are little explored to date.
Therefore, in the sixth chapter, we study the dynamical transition to LBO

in the annular and linear array combustors with various well-known dynamical
science-based tools. We find that the recurrence network tool is unable to capture
the transition to LBO in the annular and linear array combustors. This might be
due to the additional complexity in the flame dynamics, introduced by the presence
of several oscillating flames, instead of a single oscillating flame. Thus in this study,
we propose a novel and robust technique, topological data analysis (TDA), as an
early LBO prediction tool. We observe that TDA metrics follow monotonic trends
during the transition to LBO. Such monotonic trends would enable fine-tuning of
the LBO safety margin. Next, we observe that a type of TDA, the sub-level set
TDA tool, is highly effective as an early LBO prediction tool. Further, the sub-
level set TDA tool is suitable for fine-tuning the LBO safety margin. This is a
highly desirable feature from a practical implementation point of view. The sub-
level set TDA tool does not require phase-space embedding, therefore enabling
easier implementation in a practical scenario. Further, we observe that the TDA
metrics have closely matching monotonic trends at various sampling rates. This
fact indicates that TDA may be implemented on data taken with a low sampling
rate sensor. Therefore, a low-cost, simple and rugged sensor can be used for data
acquisition. Such a sensor is highly desirable from a practical application point
of view. In short, the results indicate TDA is a highly effective tool for early
LBO prediction in single-burner combustors (having a solitary flame) as well as
multi-burner combustors (having several interacting flames).

In the seventh chapter, the findings of this thesis work are summarized and
future work recommendations are prescribed. In short, this thesis work explores
the flame behavior in the solitary and interacting flames, for various degrees of
premixedness, using flame visualization and well-established dynamical science-
based tools. Several insights are obtained during this thesis work which may prove
useful in understanding the TAI and LBO instabilities in practical gas turbine
combustors.
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CHAPTER 1

Introduction

1.1 Background

In today’s world, various modes of combustion are used to provide much of the
world’s energy needs, including electricity generation and the energy requirement
for transport. In general, the combustion process is driven by a premixed or
diffusion flame. Till recently, gas turbines, which are a popular choice in stationary
power plants and air-crafts, used diffusion flame due to its high stability. However,
diffusion flames emit a high amount of soot and NOX. Increasingly strict emission
norms have led to the development of alternative combustion technologies having
low NOX emission [1].

One commonly used low NOX technology is lean premixed combustion. Un-
fortunately, a lean fuel-air mixture is also susceptible to lean blowout (LBO) and
thermoacoustic instability (TAI) [2], [3]. Lean blowout occurs due to the imbal-
ance of local flow rate and flame speed [4]. Lean blowout can occur in aircraft
combustors as well as in stationary combustors. In aircraft engines, often when
the fuel flow rate is throttled, the fuel supply rate reduces quickly. On the other
hand, airflow is governed by compressor inertia and takes a much longer time to
change. This leads to a sudden drop in the equivalence ratio in the combustor
for a short period of time. Often during this transitory period, the weakened
lean flame blows out. In the case of stationary gas turbines, the combustor often
operates close to the LBO limit. Due to this, slightest changes in the operating
condition may trigger LBO. Lean blowout leads to prolonged downtime and loss
of productivity in power station gas turbines and fatal accidents in aircraft.

On the other hand, thermoacoustic instability (TAI) is characterized by high
amplitude near-periodic oscillations [3]. It occurs due to a positive coupling of fluc-
tuating heat release rate in the combustor and acoustic waves inside the combustor
[3], [5]. Thermoacoustic instability poses significant problems to the operation of
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gas turbine combustors; these include unreliable operation, structural damages,
and fatal accidents[6].

Consequently, there is a strong motivation to avoid LBO and TAI. Recent lit-
erature [7], [8] showed that the thermoacoustic instability and lean blowout are
often separated by a small range of equivalence ratios. Unfortunately, the stability
margins of the combustor, corresponding to LBO and TAI, changes with operating
conditions that cannot be controlled in practice (e.g., ambient temperature and
pressure). This highlights the importance of online monitoring of the combustor
stability limits. Unfortunately, even today the combustor stability limits cannot
be monitored in real time due to the lack of reliable methods. Therefore, to avoid
LBO/TAI, the current practice is to operate the combustor with a relatively large
factor of safety. This, however, results in sub-optimal operation of combustor and
increased NOX emissions. Therefore, it is of utmost importance to devise tech-
niques that can monitor combustor stability limits in real-time. Such techniques
must be able to detect the impending onset of LBO/TAI early enough so that
sufficient time for control action is available.

1.2 Literature survey

Because the thermoacoustic instability (TAI) and lean blowout (LBO) pose
significant operational difficulties in gas turbine combustors, a wide number of
studies have explored these phenomena from various angles. It is important to
describe the state of the art in the characterization and early detection of TAI and
LBO instabilities, for completeness of this work. Standard approaches to study
the LBO and /or TAI consist of mainly the following approaches:

1. Full 3D LES numerical solution.

2. Acoustic solvers.

3. Experimental approach including flame visualization.

4. Dynamical science-based characterization and early detection of TAI/LBO.

According to Previous research, full 3D LES outperforms RANS modelling
in capturing the multiple modes relating to thermoacoustic instability in annular
combustors [9]–[11]. On the other hand, acoustic solvers — often referred to
as Helmholtz solvers — solve the wave equation by assuming that the flow is in
stopped condition. In these solvers, the flame effect is introduced using the flame
transfer function (FTF). Several works have been able to predict the modes in
annular combustors with acoustic solvers [12]–[17].
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Many experimental studies have explored the flame characteristics near the
LBO limit. Chaudhuri and Cetegen [18] studied the blow-off equivalence ratio of
a lean premixed propane-air mixture with a spatial mixture gradient. Stöhr et al.
[19] studied the dynamics of a swirl-stabilized partially premixed flame operating
near the LBO limit. They showed that the flame root becomes intrinsically unsta-
ble just prior to LBO and exhibit frequent extinction and reignition. They further
observed that flame blowout happens when the flame root is in extinguished con-
dition at least for 2 milliseconds.

Flame characteristics corresponding to TAI, too, have been explored in a large
number of studies. With a full-scale annular gas turbine combustor, operating
at atmospheric pressure, Lepers et al. [20] investigated the effects of Helmholtz
resonators on the thermoacoustic instability. Gelbert et al. [21] studied control
of thermoacoustic instability in a Rijke tube (a cylindrical tube in which sound is
generated by a continuous supply of heating).

Various rich dynamics in multi-burner combustors have been found recently.
For example, several experimental studies have found the presence of standing,
spinning, and slanting azimuthal modes in annular combustors during thermoa-
coustic instability [22]–[24]. Studies have uncovered several insights on the ignition
and burner-to-burner propagation of flame (light-around) in multi-burner combus-
tors [25]–[27].

There is a large body of work on the use of dynamical science-based techniques
for the early diagnosis and characterization of LBO and TAI. Only a few pertinent
studies are briefly covered next for the sake of conciseness. With an acoustic signal,
Nair and Lieuwen [28] detected LBO in a premixed combustor using a threshold-
based approach. They observed a strong correlation between the approach of
LBO and low-frequency component of acoustic signal. Some bursts in acoustic
signals were detected which corresponds to local re-ignition events. These bursts
were seen to increase in frequency and duration as LBO was approached. As the
flame approaches LBO, the flame is observed to detach and reattach itself to the
flame holder repeatedly. Muruganandam et al. [29] designed a control system
so that the gas turbine combustors can be run safely near the LBO limit. In
their study, the fuel supply had two components: the main supply and the pilot
supply. As the precursors to LBO were detected, a small fraction of fuel was added
through the pilot. Yi and Gutmark [30] investigated the efficacy of an optical LBO
sensing method with a multi-swirl and partially premixed gas turbine combustor.
Two parameters were used to predict the approach of LBO: (i) the normalized
chemiluminescence root mean square (RMS) and (ii) the normalized duration of
LBO precursor events. They also reported that chemiluminescence bursts are the
result of flame loss and re-ignition events.
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Bompelly [31] developed an algorithm to detect impending LBO for both dy-
namically stable and dynamically unstable (i.e. at TAI) situations. They fil-
tered the high-frequency oscillations (corresponding to TAI) for both optical and
acoustic emissions before applying a threshold-based LBO detection technique.
Chaudhari et al. [32] have used a technique to detect impending LBO using a
flame color-based technique. This LBO detection method was seen to have a high
efficacy for a wide range of degrees of premixing.

Recently many works have focused on the detection of thermoacoustic insta-
bility and lean blowout using machine learning algorithms. A few such studies are
discussed below. Mukhopadhyay et al. [2] used a D-Markov machine to predict
impending LBO under premixed as well as partially premixed scenarios. This
study was done with D = 1, confining the time domain of the study to the im-
mediate past. Sarkar et al. [33] showed that a D-Markov machine with D > 1
has a higher efficacy as an early LBO prediction tool as compared to a D-Markov
machine with D = 1. Hidden Markov model-based TAI detection techniques
have been demonstrated to function satisfactorily in recent investigations [34].
Recently, Bhattacharya et al. [35] compared the efficacies of the hidden Markov
method and symbolic time series analysis, as early detection tools for impending
thermoacoustic instability, using data from an annular combustor.

Machine learning-based algorithms however suffer from a disadvantage in that
they are highly dependent on the training data. Therefore, these algorithms may
not always translate to other combustors. On the other hand, tools from dynamical
sciences access the dynamical state of the combustor and hence their accuracy is
not directly dependent on the training data. Thus the dynamical science-based
algorithms for early detection of LBO and/or, TAI should easily translate to other
combustor configurations that exhibit similar dynamical transitions to LBO/TAI.

This thesis primarily focuses on the dynamic behavior of different types of
flames. Thus, it is worth discussing in detail the studies that explored different
combustor configurations with dynamical science-based tools. Recent experimen-
tal results have uncovered several interesting and complex dynamics in combustor
systems. Kabiraj et al. [36] experimentally studied the blow-out phenomena in
ducted premixed flame. They observed irregular bursts in the acoustic signal just
prior to blowout. Rich dynamical phenomena: bifurcations, type-II intermittency,
and quasi-periodicity were seen prior to blowout. Gotoda and his group [8], [37]–
[39] reported that the route to TAI (periodic limit cycle behavior) is as follows:
stochastic noise → low dimensional chaos → TAI. Nair and Sujith [40] reported
the presence of homoclinic orbits during the intermittent region preceding LBO.

Unni and Sujith [41] did a recurrence quantification analysis (RQA) using the
time series signal obtained with a pressure transducer. They used recurrence
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rate, trapping time and entropy, etc. metrics for prediction of LBO. They also
showed that RQA without phase-space embedding (in other words, RQA using
the pressure time series itself) can be used as a computationally inexpensive tool
for early LBO prediction on a real-time basis. De et al. [42] have explored the
efficacy of recurrence quantification analysis, based on CH* chemiluminescence
signal, for early detection of LBO in a single-burner combustor, for a wide range
of air-fuel premixing.

Unni and Sujith [43] determined Hurst exponents in a laboratory scale com-
bustor during the dynamical transition to LBO. In the intermittent regime prior
to LBO, the dynamics were dominated by periodicity. However, close to lean
blowout, this periodicity was seen to be lost. A different low NOX technology,
inverse diffusion flames, have also been reported to be susceptible to TAI by Sen
et al. [44]. They observed the presence of type-II intermittent dynamics prior to
TAI.

Some experimental studies have also explored the effects of flame-flame interac-
tion on flame dynamics. In the majority of these research, it has been discovered
that isolated and interacting flames behave quite differently in terms of flame
dynamics. Some of the important studies, relevant to this thesis, are discussed
next. Lee et al. [45] studied the interaction between non-premixed flames with
parametric variations of nozzle distance, fuel flow rate, and burner arrangements.
They reported that interacting flames exhibit higher blowout velocities than iso-
lated flames do. They also found that the placement of the burners affects the
LBO limit significantly. Fanaca et al. [46] explored the thermoacoustic instability
phenomena in (i) an annular combustor (AC) and (ii) a single-burner combustor,
both having the same burner geometry. Flow fields in these two cases differed
markedly. For an annular combustor, they observed a free-swirling jet flow, while
for a single-burner combustor, they observed a wall jet flow.

Flame-flame synchronization even in simple flames often leads to significantly
rich and novel dynamics [47]–[53]. Worth and Dawson [54] reported that flame-
flame interaction results in new physics in comparison with a single flame. Re-
cently Ciardiello et al. [55], [56] has discussed the mechanisms of LBO in annular
and linear array combustors. They found that the LBO limits of an annular com-
bustor and an analogous linear array combustor are similar.

1.3 Literature gap and objective of thesis

Most studies have focused on the dynamic behavior at TAI/LBO with single-
burner premixed flame combustors. However, practical combustors have multiple
flames which often interact with each other. As discussed above, the flame-flame
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interaction is likely to affect the dynamical transitions to LBO/TAI in a signifi-
cant manner. In addition, most aircraft gas turbine combustors employ partially
premixed flames due to space constraints and less time available for air-fuel mixing.

To bridge these gaps in literature, in this work we systemically study the dy-
namical behavior of isolated flame and interacting flame. We explore the flame
behavior with various types of flames (premixed, partially premixed as well as
diffusion flames) and combustor configurations using well-established tools of dy-
namical science. To understand the flame dynamics, flame visualization is also
carried out. This study may be useful in understanding the TAI and LBO insta-
bilities occurring inside a practical multi-burner gas turbine combustor.

1.4 Overview of thesis organization

This thesis is organized in the following way. In chapter two, we explore the
dynamical characteristics of a inverse diffusion flame (IDF), which is a type of
partially premixed flame, with a Rijke tube test rig. In chapter three, we study
the efficacy of a few well-known dynamical tools in early detecting lean blowout in
a single-burner combustor. In this study, we also vary the degree of premixedness
in the combustor in a systematic way and examine how the dynamical transition
to LBO varies with degree of premixedness. In chapter four, we study the dynamic
behavior of solitary and interacting candle flame oscillators. We note that candle
flame oscillators are diffusion flames that exhibit self-sustained oscillations due to
oxygen deficiency. In chapter five, flame visualization is carried out in annular
and linear array combustors for various degrees of premixedness and for various
distances between the burners. In this study, we mostly focus on the interaction
of the flames in the near-LBO regime. In chapter six, the dynamical transitions
to LBO in annular and linear array combustors are explored using various well-
established tools of dynamical science. These tools are recurrence network analysis
and topological data analysis. Finally, in chapter seven, the summary of the
findings of this work and future direction of work are described.
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CHAPTER 2

Characterization of
thermoacoustic instability

with inverse diffusion flame
using recurrence network

analysis

2.1 Introduction

Thermoacoustic instability [3] poses significant problems to the operation of
gas turbine combustors. These include unreliable operation, structural damages
and fatal accidents [6]. Thermoacoustic instability occurs due to positive cou-
pling of fluctuating heat release rate from the flame and acoustic waves inside
the combustor [3], [5]. Recent studies [36], [57]–[60] have shown a plethora of
dynamical states and different routes to thermoacoustic instability. Most studies
on thermoacoustic instability have focused on lean premixed [8], [36], [38], [39],
[61] and nonpremixed flames [62], [63]. Lean premixed flames are increasingly
being used in modern combustors as it causes low pollution [38]. However, lean
premixed flames are prone to flame stability problems including flashback [64],
thermoacoustic instability [38] and blowout [42].

On the other hand, normal diffusion flame (NDF) enjoys high stability and
reliable operation [65]. In NDF, fuel is introduced as the central jet and air encir-
cles the coaxial fuel jet. However, NDF generates significant amount of thermal
NOX and soot [6], [66] and thus cannot meet the strict emission norms of today.
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Another potential technology is inverse diffusion flame (IDF) which is suitable
for practical applications such as boilers and gas turbines [65], [67]–[69]. In an
IDF, a central air jet is surrounded by a coaxial fuel jet. High velocity central
air jet in IDF entrains fuel into it. Such fuel entrainment into air jet significantly
improves air fuel mixing [70] as compared to NDF. The higher air-fuel mixing in
IDF results in considerably low amount of NOX and soot [71]–[73]. Moreover, IDF
is comparatively less susceptible to lean blowout and has higher stability margin
[65], [66], [69] as compared to NDF.

Understanding the thermoacoustic instability dynamics in IDF will be a start-
ing point for application of IDF in gas turbine combustors. Normal diffusion
flames, partially premixed flames and perfectly premixed flames exhibit signifi-
cantly different dynamical features near flame instabilities like lean blowout or
thermoacoustic oscillations [42], [74], [75]. IDF is a diffusion flame with the char-
acteristics of partially premixed flames [65], [76], [77]. On the other hand, lean
blowout, which is a significantly nonlinear phenomenon [41], occurs without pre-
ceding lift-off in IDF combustors [66]. This is in stark contrast to premixed flames
where lift-off precedes lean blowout [42]. In view of these facts, it is important
to study the dynamical transition to thermoacoustic instability with IDF. To the
best of our knowledge, only one study [44] to date have explored the thermoa-
coustic instability with IDF. Sen et al. [44] have reported the susceptibility of
IDF to thermoacoustic instability near equivalence ratio ϕ ≈ 1.0. However, the
dynamical transition from stable combustion (also known as combustion noise)
to thermoacoustic instability with IDF has not been systematically explored and
discussed till date.

The aim of the present study is to explore the routes to thermoacoustic insta-
bility with IDF, the associated dynamical states and their phase space topologies
under the purview of recurrence network analysis [78] (RNA). Recurrence network
(RN) is a type of complex network, based on the recurrence information embed-
ded in the original time series [3], [78]–[81]. Complex network analysis (CNA)
considers a system to consist of a large number of interconnected elements, which
may or may not be mutually interacting [78]. Thermoacoustic systems with tur-
bulent flows can be considered as complex systems due to presence of nonlinear
interaction between combustion process [61], turbulent flow with high degrees of
freedom [82], [83], and acoustic field. CNA is often used to analyze such systems.
A brief discussion of complex network theory may be found in Appendix A, at the
end of this chapter.

Recurrence network (RN) is a well-known type of complex network, which
provides insights into the time invariant structural properties of the underlying
attractor and has been successfully applied in different fields of science and tech-
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nology, including engineering [39], [57], climate science [81], physics[84], bioscience
[85], etc. The advantages of recurrence network over other types of complex net-
works have been described in detail in Donner et al. [78]. Here, we briefly discuss
a few pertinent points for completeness of this chapter. In recurrence network,
the results depend on only one parameter: recurrence threshold (ϵ)[80]; however,
in transition network, the results depend on both the phase space partition width
and the particular partition boundaries chosen [78]. Recurrence network can be
easily linked with phase space properties of the underlying attractor unlike the
visibility network [57], [78]. In recurrence network, the local degree centrality
can be directly linked to the local phase space density. This is in stark contrast
to the k-nearest neighbor network, where the local phase space density informa-
tion is lost[78]. Based on above reasoning, we found recurrence network to be
most suitable for exploring the dynamical transition from stable combustion to
thermoacoustic instability.

There are many advantages of RNA over other well-known time series analysis
techniques. RNA is applicable to short time series, is robust against noise [86]
and accurately preserves the attractor structure [57], [80]. As temporal ordering
is lost in RN, the measures obtained from RNA indicate time invariant structural
properties of the underlying attractor alone [80] unlike most nonlinear tools, such
as Lyapunov exponent or recurrence quantification analysis. Thus, RNA is a
complementary technique to the typical time series analysis tools [80]. Further, the
RN parameters, defined in local, intermediate or global scale, are simply different
statistical metrics linked to the phase space density of the attractor [78]. Therefore,
RNA having a sound theoretical basis is a suitable tool to explore the dynamics
during the transition to thermoacoustic instability.

Several studies have adopted complex network, especially recurrence network
based analysis to explore the transition to thermoacoustic instability. Gotoda et
al. [39] reported a technique for detecting flame instability using visibility based
and recurrence based complex networks in a premixed turbulent combustor and
observed the presence of power law degree distribution in the recurrence network
near lean blowout limit. However, they did not explore the underlying dynamical
states. Godavarthi et al. [57] showed that RNA can be used as an useful tool
for early prediction of thermoacoustic instability in a predominantly premixed
combustor. With the help of average betweenness centrality parameter, they also
observed the geometric fragmentation in the RN to reduce as thermoacoustic in-
stability is approached. As calculating betweenness centrality is computationally
very expensive [78], it is important to study the ability of other RN metrics to
capture the onset of thermoacoustic instability. Further, both the aforementioned
studies have focused only on the typical intermittency route to thermoacoustic in-
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stability, where intermittency is defined as a state showing alternative appearance
of periodic and aperiodic oscillations in apparently random manner [36], [39], [40],
[57], [58], [87].

In the present study, however, different routes to thermoacoustic instability
are identified using RNA. The dynamical states of the system are shown to be ac-
curately determined with the help of different RN metrics. Further, a discussion
linking the changes in network parameters and the changes in network structure
is provided. Such a discussion would be helpful to understand the physical signifi-
cance of the changes in the RN metrics as thermoacoustic instability is approached.
Three RN metrics, global efficiency (η), average degree centrality (k) and global
clustering coefficient (CG) are chosen, which are linked with important structural
properties of recurrence networks [78], [81], [88], [89]. In short, new routes and
dynamical states prior to thermoacoustic instability are explored in this study
with RNA, leading to a better understanding of thermoacoustic instability with
inverse diffusion flame.

Towards this, experiments are conducted using a Rijke tube with inverse dif-
fusion flame, which is a simple system to study the occurrence of thermoacoustic
instability [90]. In the present study, thermoacoustic instability is approached
through two protocols. In the first protocol, air flow rate is gradually increased,
thereby varying equivalence ratio and Reynolds number (denoted as increasing
air protocol or protocol IA, in short). In protocol IA, the increase in bulk flow
changes the flow from laminar (Reair < 2300) to turbulent regime (Reair > 4000)
through transition regime (2300 < Reair < 4000). In the authors’ knowledge this
is the first application of recurrence network to study the dynamic transition from
stable combustion to thermoacoustic instability by varying Reynolds number from
laminar to turbulent regimes. Thus we study the robustness of the RN metrics for
detecting the dynamical transition to thermoacoustic instability, as the underlying
nature of flow in the combustor also changes. In the second protocol, the input
power is varied while keeping the equivalence ratio and flow Reynolds number
nearly constant (denoted as increasing power protocol or protocol IP, in short).
Here, input power is calculated by multiplying fuel flow rate with the calorific
value of fuel.

Route to thermoacoustic instability is found to be significantly complex com-
pared to that commonly reported for premixed or predominantly premixed com-
bustors [39], [57], [58], [87]. In protocol IA, we observe an intermediate state
prior to thermoacoustic instability, which consists of low amplitude aperiodic and
high amplitude aperiodic oscillations and referred to here as ‘amplitude varying
aperiodic oscillations’. On the other hand, when thermoacoustic instability is
approached through protocol IP, we observe the intermediate state to have low
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amplitude apparently periodic oscillation and referred to here as ‘low amplitude
limit cycle-like oscillations’. A discussion linking the recurrence network topologies
with the different RN metrics has been presented to enhance the understanding
of the variations in the RN metrics as the system approaches thermoacoustic in-
stability. During thermoacoustic instability, the RN formed is observed to be a
non-regular network. On the other hand, during combustion noise, the degrees of
RN do not follow a scale-free distribution. Moreover, RN corresponding to com-
bustion noise do not follow a single power law degree distribution. These findings
are in stark contrast to properties of RN during thermoacoustic instability and
combustion noise for premixed configurations.

In short, the present chapter presents a number of novel findings, which are
enumerated below.

1. This work applies first time a recurrence network analysis on inverse diffusion
flame to characterize thermoacoustic instability.

2. For the first time, this work links the changes in various RN metrics with the
changes in RN topology as thermoacoustic instability is approached, based
on the topologies created with Gephi software.

3. We report two novel intermediate routes to thermoacoustic instability, namely
the ‘amplitude varying aperiodic oscillations’ and ‘low amplitude limit cycle-
like oscillations’.

4. We show that at thermoacoustic instability with inverse diffusion flame, the
RN formed is a non-regular network. This is in contrast with premixed flame
configuration, where RN formed at thermoacoustic instability is typically a
regular network [57].

5. RN formed at stable combustion state for inverse diffusion flame is not a
scale-free network or, a power-law abiding network. In fact, at this state, two
power law are present in the degree distribution of the RN. This is in contrast
with premixed flame configuration, where RN formed at stable combustion
is typically a scale-free/power-law abiding network [39], [57]. Findings (4)
and (5) are in stark contrast to previously reported properties of RN at
thermoacoustic instability and combustion noise for premixed configurations
[39], [57].

2.2 Brief theoretical background

Reconstruction of phase space and creation of adjacency matrix therefrom
are the initial steps to construct recurrence networks. They are briefly discussed
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below.

2.2.1 Constructing complex network from recurrence in-
formation

The experimental time series is embedded in D-dimensional phase space using
an optimal time delay (τd) in order to construct the phase space vectors [91].
Embedding dimension (D) is calculated using false nearest neighbors (FNN) [92],
[93] method. If a system is embedded with a lower than optimal embedding
dimension, a point in the phase space will have a number of false neighbors. If the
embedding dimension is increased by one, then the number of false neighbors to the
above mentioned point would reduce. At the optimal embedding dimension, the
system trajectory will be completely unfolded and the number of false neighbors
would be zero.

Optimal time delay (τd) is taken as the time delay at which the first zero of the
autocorrelation function is obtained [92]. The autocorrelation function is defined
as follows,

CL(τ) =
1
N

∑N
m=1[y(m+ τ) − ȳ][y(m) − ȳ]

1
N

∑N
m=1[y(m) − ȳ]2

(2.1)

Here, y(t) is the time series of the measured variable. ȳ is mean value of y(t).
Mathematically, ȳ = 1

N

∑N
m=1 y(m). y(m) is the sampled data at t = t0 + mτ . t0

is the time at the start of the time series and τ is the time delay. m has an integer
value and N is the number of data points in the time series.

With the time series y(t), phase space vectors can be constructed as,

Z(ti) = [y(ti), y(ti + τd), y(ti + 2τd), · · · , y(ti + (D − 1)τd)], (2.2)

where, Z(ti) and y(ti) are the reconstructed phase space vector and the audio
signal, respectively at time instant ti. Z is considered to recur between instants
i and j, if the D-dimensional hyperspheres of radius ϵ, centered around Zi and
Zj, overlaps with each other. The recurrence threshold ϵ is found here to be
approximately 15% of maximum phase space distance following the method of
Eroglu et al. [94]. This method chooses the minimum ϵ as the optimal threshold,
at which no node of the resulting complex network remains disconnected. Detailed
description of the method of Eroglu et al. is provided in Appendix B, at the end
of this chapter.

The recurrence information are stored in a recurrence matrix R [95], whose
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Figure 2.1: Construction of recurrence network (RN) from phase space plot. (a)
and (b) show the phase space plot and corresponding recurrence network, respec-
tively.

elements are calculated as follows,

Ri,j = θ(ϵ− ∥Zi − Zj∥), (2.3)

where, i, j = 1, 2, · · · , N . ∥Zi − Zj∥ is the Euclidean norm, N is the number
of phase space vectors and θ is the Heaviside function. The adjacency matrix a
required to construct a recurrence network is calculated from R by eliminating
the self-loops (Ri,i,∀i = 1, 2, · · · , N) as,

ai,j = Ri,j − δi,j. (2.4)

Here, δ is kronecker delta. In the constructed RN, nodes i and j have a link
between them if Ri,j = 1. If Ri,j = 0, no direct link between nodes i and j exists.

A schematic representation of how RN is constructed from phase space plot is
shown in Fig. 2.1, where the nodes of the RN are arranged over circumference of a
circle. The 5 phase space vectors are numbered 1-5. The phase vectors are shown
by small circles in the phase plot (Fig. 2.1a) whereas the ϵ-hyperspheres around
the phase vectors are indicated by large circles. The ϵ-hypersphere around phase
space vector 2 is seen to contain the vectors 1, 3 and 5. Thus node 2 have direct
links with node 1, 3 and 5 in the constructed recurrence network (Fig. 2.1b).

In this study, the RN topologies for different dynamic states are constructed
using Force Atlas 2 algorithm [96], [97], in-built in the Gephi software [98]. This
algorithm iteratively solves the network where connected nodes attract and un-
connected nodes repel each other. Gephi has been used in many scientific studies
[57], [97] to study complex network topologies.

2.2.2 Description of recurrence network parameters

RN parameters are statistical measures which can capture the structural fea-
tures in RN. In this chapter, the different RN parameters are calculated using
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in-house Matlab codes. The definitions and physical significance of different pa-
rameters are briefly described below [78]–[81].

Shortest path length (li,j): The minimum number of links required to travel
from one node i to another node j is called the shortest path length between
these two nodes. li,j, calculated using breadth-first search algorithm [89], is re-
quired to calculate different RN metrics including the global efficiency (η) which
is used in the current chapter. Average path length [81] (L), a commonly used
metric of RNA, is a mean of all shortest path lengths in RN and given by,
L = 1

N(N−1)
∑N
i,j=1,i ̸=j li,j. L is a quantitative measure of the average distance

between two nodes of the network. However, the measure L would suffer a di-
vergence problem if any two nodes in the RN belongs to two completely separate
clusters of the RN [88]. This problem can be avoided with the metric, global
efficiency.

Global efficiency (η): This parameter, which indicates how efficiently informa-
tion propagation happens through a complex network [88], is estimated as,

η = 1
N(N − 1)

N∑
i,j=1,i ̸=j

1
li,j
. (2.5)

Here, N is the number of nodes in the network. Because recurrence network
is not an information network, the concept of information transfer does not apply
here directly. However, information network analogy can be used in a geometric
way as discussed by Donner et al. [78]. η being a harmonic mean of shortest path
lengths avoids the divergence problem of the measure L. In the present study, η
is used as a measure of the average distance between the nodes of the RN.

For a perfectly periodic signal, all the neighboring nodes remain connected
to each other and each of the shortest paths in the RN have unit length [81].
Therefore, L assumes its lowest possible value, 1 and η assumes its highest possible
value, 1. On the other hand, for chaotic signals, L takes greater values [99],
whereas the values of η become lower. Therefore, it can be reasoned that the
greater the value of η, the higher is the determinism of the underlying time series.

Average degree centrality (k): The relative importance of a node i in the RN
is given by the degree centrality of the concerned node (ki). The number of nodes,
which are directly connected to node i, is given by ki.

ki =
N∑

j=1,i ̸=j
ai,j. (2.6)

Degree centrality can be averaged over the whole network to get average degree
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centrality (k) as,

k = 1
N

N∑
i=1

ki. (2.7)

k can be linked with the average phase space density of the attractor [78].
Therefore, average phase space density and the value of k become higher for a
periodic signal due to higher recurrence, where each neighboring nodes remain
connected to each other. Similarly, k approaches lower values when the system is
chaotic as the extent of recurrence becomes considerably less in such state.

Global clustering coefficient (CG): Highly interconnected set of nodes are called
cliques. The cliquishness of a node i is measured by local clustering coefficient (Ci).
If the number of links in the neighborhood nodes of i (the nodes directly adjacent
to node i) is ei, then Ci is given as [78], [81], [88],

Ci = ei
ki(ki − 1)/2 =

2 ∑
j,v ai,jaj,vav,i
ki(ki − 1) . (2.8)

Here, j and v are the neighbors of node i. The global clustering coefficient (CG)
is evaluated by averaging local clustering coefficient (Ci) over the network as,

CG = 1
N

N∑
i=1

Ci (2.9)

CG can capture the presence of any clustered phase space vectors which forms,
for example, in intermittent or periodic dynamics [81]. As divergence of trajectory
becomes smaller in periodic attractor or in regions of an attractor where unstable
periodic objects (corresponding to intermittency) are detected, the corresponding
nodes in RN have considerably high local clustering coefficients [78]. Therefore,
CG approaches a highest value for periodic or near periodic states [37]. Further,
a higher CG value is obtained during intermittency as compared to chaotic state
where the presence of nodes with higher local clustering is much less. As a result,
CG becomes lowest for a state of high dimensional chaos. In short, CG becomes
maximum for fully periodic dynamics [81] and lowest for chaotic regimes [80]. The
reasoning based on the divergence of trajectories can be further extended to claim
that CG for low dimensional chaos becomes higher compared to high dimensional
chaos, and lower compared to periodicity.

This indicates that the values of local clustering coefficient become higher
in the regions of attractor with low dimensional structures [78] (corresponding
to laminar states or unstable periodic objects). Therefore, an overall increase
in low dimensional structures in the attractor leads to an increase in CG value.
Thus, the global clustering coefficient, CG can be a potential RN metric which
is able to quantify the changes in dimensionality of the system. Further, local
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clustering coefficient can be linked with the directional alignment of nodes in the
neighborhood of the concerned node [78]. Thus, a low value of CG indicates the
overall lack of structures with directional alignments in the RN. These implications
of CG values help interpreting the dynamical transition from combustion noise to
thermoacoustic instability.

At this point it is important to define what we mean by the terms high di-
mensional chaos (HDC) and low dimensional chaos (LDC). Though, there is no
formal definition of HDC and LDC [100], we find different measures to charac-
terize such dynamical states. For example, Harrison and Lai [100] has considered
the case where a single positive Lyapunov exponent exists to be LDC and the
case where more than one positive Lyapunov exist to be HDC. They observed
dynamic transitions from regular dynamics to HDC through LDC with help of
(i) three dimensional maps, (ii) two coupled Rössler oscillators and (iii) a four
dimensional ecological population model. They further showed that the fractal di-
mension changes in a smooth way as dynamics changes from LDC to HDC [101].
However, another study [102], indicated the fractal dimensions and number of
positive Liapunov exponents to be of less importance while distinguishing HDC
and LDC. They also showed that the difference between HDC and LDC is merely
quantitative and not qualitative. Gotoda et al. [37], [38], [103], [104] considered
the chaotic dynamics corresponding to Lorenz oscillators as LDC. They have used
two metrics, translational error and permutation entropy, in order to distinguish
between HDC and LDC. In the current manuscript, the terms HDC and LDC
respectively indicate the higher and lower degree of complexity of the attractor in
a relative sense.

In the present study, the recurrence network parameters such as global ef-
ficiency (η), average degree centrality (k) and global clustering coefficient (CG)
are used to investigate the transition to thermoacoustic instability for inverse dif-
fusion flame as the metrics characterize the important time invariant structural
properties of the attractor.

2.3 Experimental setup

2.3.1 Rijke tube rig

The experimental Rijke tube test rig is shown in Fig. 2.2 and the corresponding
schematic is shown in Fig. 2.3. The experimental setup consists of a vertically
held Rijke tube (Fig. 2.3) which is a cylindrical quartz tube of length 800 mm
with inner diameter of 60 mm and thickness 2.5 mm. There is a provision to
vary flame position inside the Rijke tube by varying the tip location of the co-
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Figure 2.2: (a) Combustion chamber, (b) co-flow burner tip and (c) rack-pinion
mechanism to vary height of the combustion chamber, (d) microphone.
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Figure 2.3: Schematic of the experimental Rijke tube rig, which is used to study
thermoacoustic instability for inverse diffusion flame in this work.
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flow burner tube. For the present study, the flame position is fixed at 340 mm
from the top end of the quartz tube at which position the Rijke tube has been
shown to exhibit thermoacoustic instability [44]. The co-flow burner consists of
two concentric tubes. The inner tube has an ID of 14 mm and OD of 16 mm
whereas the outer tube has an ID of 28.6 mm and OD of 34 mm.

Liquefied petroleum gas (LPG, 40% propane and 60% butane by volume) is
used as fuel as it is readily available and inexpensive 1. LPG is supplied through
the annular section between inner and outer tubes and metered using a mass flow
controller (make: Aalborg, range: 0-10 lpm CH4, calibrated for LPG, accuracy:
1 % of full scale reading). Air is supplied at ambient pressure through the inner
tube and metered using a air mass flow controller (make: Alicat, range: 0-250
lpm, accuracy: 0.8 % of reading + 0.2 % of full scale reading). N2 is used when
Reynolds number and equivalence ratio are maintained approximately constant
(protocol IP) to compensate the change in reactant mixture flow rate. N2 is
supplied from a pressurized cylinder and metered using a mass flow controller
(make: Aalborg, range: 0-60 lpm CH4, calibrated for N2, accuracy: 1 % of full
scale reading). N2 and air are mixed in a header before being supplied through
the inner tube as inner oxidizer jet.

2.3.2 Experimental procedure and data acquisition

During experiments, after each adjustment of operating condition, 2 minutes
time is allowed for the transients to die down. The audio signal is then acquired
using a microphone (Philips SBCMD110/01) positioned near the top end of the
Rijke tube for a duration of 10 seconds. However, it is found that 2 seconds
long data is enough for capturing the dynamics completely. The audio signal is
sampled at 44.1 kHz. To reduce the computational burden, the 2 seconds long
data is further divided into 10 equal windows and RNA is applied on each of these
windows independently. An average value of each of the RN parameters for the 10
windows is then calculated. Such an approach has been used in previous studies
[36], [44], [105].

The values of operating parameters for the different cases considered in this
study are presented in table 2.1. Two representative cases with different input
power are considered for protocol IA. In protocol IP, bulk flow rate and global
equivalence ratio (ϕ) are kept constant while input power (obtained by multiply-
ing LPG flow rate with calorific value of LPG) is gradually increased to attain
thermoacoustic instability. Initially, the flow rate of reactant mixture consisting

1The data pertaining to liquefied petroleum gas (LPG) is taken from Indian oil corporation
website (https://www.iocl.com).
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Case Air (lpm) Re
LPG
(lpm) N2 (lpm) Input power

(kW) ϕ

IA-i 15 − 57 1566 −
5950 0.2 0 0.39 0.37-0.098

IA-ii 21 − 60 2192 −
6263 0.3 0 0.59 0.4-0.14

IP 37 − 50 5116 −
5168 0.26-0.35 13-0 0.50 − 0.68 0.2

Table 2.1: Operating conditions for the IA and IP cases

of air and LPG at ϕ = 0.2, is minimum (table 2.1), and therefore, N2 flow rate is
maximum. Input power can be increased keeping ϕ constant only by increasing
the flow rate of reactant mixture. In such a situation, N2 flow rate is reduced
by the same amount to keep the overall bulk flow constant. Thus, the Reynolds
number also remains almost constant (table 2.1).

The air Reynolds number, Reair is calculated as, Reair = 4Q̇airρair/(πµairdi)
where, di is the diameter of inner tube, Q̇air is volumetric air flow, ρair and µair

are density and dynamic viscosity of air, respectively. For the IP protocol, the
flow Reynolds number Reflow is calculated with the average density and average
dynamic viscosity of the air and N2 mixture, according to their volume flow rate;
Q̇air is replaced with total flow rate of air and N2 mixture. The global equivalence
ratio, ϕ is given by,

ϕ = (ṁLPG/ṁair)
(ṁLPG/ṁair)stoichiometric

, (2.10)

where, ṁ denotes the mass flow rate.
We conducted this experiment in a single day to keep the ambient conditions

approximately same. It may be reasoned that the system acoustics corresponding
to cold flow would remain approximately same under such situation. To ensure the
repeatability of the experimental data obtained, we performed the experiments at
least 10 times with similar ambient conditions to find that the flame dynamics
exhibits a similar transition. The measurement uncertainty corresponding to the
flow rates can be calculated from the accuracy ratings of the mass flow controllers.
The uncertainty for air is ±0.4 lpm for a flow range of 15 – 60 lpm, that for LPG
is ±0.03 lpm for a flow range of 0.2 – 0.3 lpm and that for N2 is ±0.3 lpm for a
flow range of 0 – 13 lpm (table 2.1).

2.4 Results and discussions

As mentioned in the introduction, two protocols namely protocol IA (increas-
ing air) and protocol IP (increasing power) are set to observe the transition to
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Figure 2.4: (a) RMS amplitudes (ARMS) for different air flow rate, keeping power
constant as 0.39 kW (case IA-i) and corresponding time series at different air
Reynolds numbers, (b) Reair = 1566, (c) Reair = 3132, (d) Reair = 4489, (e)
Reair = 5950. A denotes the amplitude of sound signal with arbitrary unit.

thermoacoustic instability. The results of the different cases as mentioned in ta-
ble. 2.1 are discussed next sequentially.

2.4.1 Dynamic transition observed for protocol IA

2.4.1.1 Identification of dynamical states by visual inspection of time
series

In IA-i (corresponding to input power of 0.39 kW), the amplitude of sound
emitted is observed to increase gradually with air flow rate as thermoacoustic in-
stability is approached (Fig. 2.4a). At low air flow rate (Reair = 1566), a small
amplitude aperiodic signal is observed (Fig. 2.4b) which is generally referred to
as combustion noise [106]. At Reair = 3132, a increase in overall signal amplitude
with occasional high amplitude oscillations can be observed (Fig. 2.4c) indicating
a significant departure in dynamical features from combustion noise. This dy-
namical state consists of low amplitude aperiodic oscillations with the occasional
burst of high amplitude aperiodic oscillations. On the other hand, intermittency
typically observed in premixed or predominantly premixed combustors is charac-
terized by an ensemble of periodic and aperiodic oscillations [36], [39], [40], [57],
[58], [87]. Clearly, the dynamical state at Reair = 3132 is a different type of in-
termittent behavior which has been little explored in previous studies. Kasthuri
et al.[58] observed the presence of a mixed mode oscillation consisting of low and
high amplitude periodic signal. We refer the dynamical state at Reair = 3132 as
‘amplitude varying aperiodic oscillations’. With further increase in air flow rate
(Reair = 4489), significantly increased amplitude and periodicity of the signal can
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Figure 2.5: Power spectrum at (a) stable combustion state (Reair = 1566) and
(b) at TAI (Reair = 4489), for the IA-i case. A indicates amplitude (a.u.) at
various frequencies.

Figure 2.6: (a) RMS amplitudes (ARMS) for different air flow rate, keeping power
constant as 0.59 kW (case IA-ii) and corresponding time series at different air
Reynolds numbers, (b) Reair = 2192, (c) Reair = 2818, (d)Reair = 3132, (e)
Reair = 5220. A denotes the amplitude of sound signal with arbitrary unit.

be seen (Fig. 2.4d), which corresponds to thermoacoustic instability. The system
deviates from thermoacoustic instability as air flow rate is further increased to
Reair = 5950, and the audio signal appears to be low amplitude aperiodic (Fig.
2.4e). Low amplitude aperiodic oscillations post thermoacoustic instability has
been observed in many combustors [40], [57]. Note that even with further increase
in air flow rate, lean blowout does not occur.

It may be worthwhile to look at the frequency characteristics of the Rijke tube
test rig. For brevity, we describe only the IA-i case here (Fig. 2.5). The Power
spectrum at stable combustion state (Fig. 2.5a) do not exhibit any prominent
peak. On the other hand, a prominent peak at 236.9 Hz is seen at TAI (Fig.
2.5b).

In IA-ii (corresponding input power of 0.59 kW), the dynamical transition is
more complex. The variation of RMS amplitude as air flow rate is increased
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is shown in Fig. 2.6(a). Initially combustion noise with low amplitude aperi-
odic oscillations is observed at low air flow rate (Reair = 2192; Fig. 2.6b). At
Reair = 2818 (Fig. 2.6c), the dynamical state consists of small amplitude aperiodic
oscillations with frequent bursts of high amplitude aperiodic oscillations and thus
corresponds to ‘amplitude varying aperiodic oscillations’. The amplitude of signal
then abruptly reduces at Reair = 3132 and the audio signal consists of low am-
plitude aperiodic oscillation (Fig. 2.6d). Further increase in Reair again increases
the RMS of time series and introduces high amplitude bursts. At Reair = 5220
the Rijke tube exhibits full blown thermoacoustic instability (Fig. 2.6e). The cor-
responding zoomed in time series shows the periodicity of the dynamics. Further
increase in air flow rate (Reair = 6054) deviates the system from thermoacoustic
instability and returns to a state of low amplitude aperiodic oscillation. The time
series being similar to as shown in Fig. 2.4(d) is not shown.

It is known that combustors are prone to thermoacoustic instability at lean
operating conditions[6], which is reproduced in protocol IA-i. However, the tran-
sition encountered in IA-ii is more intriguing. Venkataraman et al. [107] reported
a similar complex path to thermoacoustic instability, which was attributed to the
varying nature of flame-vortex interactions as equivalence ratio ϕ was gradually
varied.

2.4.2 Determination of optimal embedding parameters

A more elaborate understanding cannot be obtained with the visual inspection
of time series. Therefore, next we explore the dynamical transition with phase
plots. In order to obtain accurate phase plots, a delayed time series has to be
constructed with optimal time delay. First, the autocorrelation function of the
time series is obtained at various time delays. The optimal time delay is the time
delay where the first zero of the autocorrelation function is obtained [92]. In Fig.
2.7, the variation in autocorrelation function (CL(τ)) with time delay τ is shown
for a stable combustion state (Reair = 1566) corresponding to the IA-i case. Here
it is seen that CL(τ) ≈ 0 at τ = 64. Therefore, optimal time delay, τd = 64.

The phase plots at stable combustion state and at TAI state, corresponding to
the IA-i case, are shown in Fig. 2.8. At the stable combustion state (Reair = 1566),
the phase plot reveals a complex attractor structure (Fig. 2.8a) whereas at TAI
(Reair = 4489), the attractor has a distinct limit cycle nature (Fig. 2.8b).

In order to ensure correct embedding of the time series in phase space, the
optimal embedding dimension has to be calculated. The method to calculate the
optimal embedding dimension, using False nearest neighbor (FNN) algorithm, is
shown in Fig. 2.9. Here, we consider three representative cases corresponding
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Figure 2.7: The autocorrelation function (CL(τ)) with time delay τ at the stable
combustion regime (Reair = 1566) for the IA-i case.

Figure 2.8: Phase plot (a) at stable combustion state (Reair = 1566) and (b) at
TAI (Reair = 4489), for IA-i case. x(t) is the acoustic signal and x(t + τd) is the
delayed time series. τd is optimal time delay.
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Figure 2.9: False nearest neighbor (FNN) algorithm to calculate optimal embed-
ding dimensions. Here, three representative cases corresponding to the IA-i case
is shown: stable combustion regime (Reair = 1566), intermediate combustion
regime (Reair = 3132) and thermoacoustic instability (Reair = 4489). (a) shows
the zoomed in FNN plots whereas (b) shows the FNN plots without magnification.

to the IA-i case: stable combustion regime (Reair = 1566), intermediate combus-
tion regime (Reair = 3132) and thermoacoustic instability (Reair = 4489). For
these cases, the optimal embedding dimensions (D) are found to be 10, 6 and 5
respectively.

2.4.2.1 Application of network parameters to identify different dy-
namic regimes

As precise and accurate identification of dynamical states is not possible solely
from the time series, RN metrics are evaluated to explore the dynamical transition
to thermoacoustic instability in the present system. Based on RN metrics and
observed time series, the operating ranges of IA-i and IA-ii cases are divided into
a number of regimes for ease of further discussion.

Figure 2.10 shows the variations of different network parameters for case IA-
i. The variation of global efficiency (η) as Reair is increased can be seen from
Fig. 2.10(a). During combustion noise (regime I), η appears to be very low.
Based on the discussions in section 2.2, we reason that a low value of η indicates
large distances between the nodes. A lower value of η is indicative of aperiodic
fluctuations of acoustic pressure which might be due to chaotic nature of the
dynamics and inherent noise in the system. On the other hand, a higher value
of η would indicate shift towards periodicity, as discussed in section 2.2. The low
value of average degree centrality (k) is due to low average phase space density,
and indicates possible chaotic dynamics and the lack of periodicity (Fig. 2.10b).
Further, the low value of global clustering coefficient (CG) indicates lack of lower
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Figure 2.10: Variation of (a) global efficiency (η), (b) degree centrality (k), and
(c) global clustering coefficient (CG) for IA-i case, as air flow rate is increased.
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dimensional structures in the attractor. It may be noted that a low value of CG
is likely due to chaotic nature of dynamics and a shift toward higher CG can be
linked to increasingly periodic dynamics, as reasoned in section 2.2. In regime II,
the higher values of η and k signifies the reduction in distance between RN nodes
and increase in number of links. CG also slightly increases. Both regime I and
regime II consist of aperiodic oscillations, indicating that both the dynamics are
possibly chaotic in nature. In short, the values of η, k and CG in regime II are
significantly higher compared to regime I but lower compared to regime III, where
thermoacoustic instability occurs (Fig. 2.10). Following the discussion in Section
2.2, we conclude that regime II exhibits comparatively higher determinism and
lower dimensionality as compared to regime I.

Further, we have observed ‘amplitude varying aperiodic oscillations’ in regime
II. Based on these observations, we reason that the dynamics in regime I and II
possibly correspond to high dimensional chaos (HDC) and low dimensional chaos
(LDC), respectively. The high dimensional chaotic nature of combustion noise in
a turbulent combustor has been discussed by Tony et al. [108] through a rigorous
treatment of time series analysis. On the contrary, in regime III, the high values
of η and k indicate that average distance between the nodes becomes even smaller
and the number of links in the network becomes much higher as compared to
regime II. The high value of CG indicates the trapping of trajectory within a
small neighborhood, which is expected for near-periodic oscillations[79]. These
results indicate a high determinism, but not fully periodic dynamics. For periodic
dynamics, η and CG would approach 1.

Finally, in regime IV consisting of small amplitude aperiodic oscillations, all
three parameters (η, k and CG) reduce indicating a departure from thermoacoustic
instability. Thus, the route to thermoacoustic instability for IA-i is HDC → LDC
→ periodicity. The dynamical states inferred from the RN metrics will be further
validated through a nonlinear metric, translational error later in this chapter.

Similarly, for case IA-ii also, the values of η, k and CG are low during com-
bustion noise (regime I) (Fig. 2.11a) implying high dimensional chaos. In regime
II, values of η, k and CG increases to a higher value compared to regime I, indi-
cating a shift towards higher determinism and lower dimensionality (Fig. 2.11b).
Thus, regime II marks the transition of system from high dimensional chaos to
low dimensional chaos. At Reair = 3132 (which is at the start of regime III), the
system again reverts to low amplitude aperiodic oscillations. At this condition η,
k and CG becomes low again, implying high dimensional chaos (Fig. 2.11). Thus
between Reair = 2818 and Reair = 3132, an abrupt change of dynamics occurs
from LDC to HDC. Further increase of Reair in regime III results in increase of η,
k and CG. Therefore, regime III represents a transition from HDC to LDC (Fig.
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Figure 2.11: Variation of (a) global efficiency (η), (b) degree centrality (k), and
(c) global clustering coefficient (CG) for IA-ii case, as air flow rate is increased.
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2.11). At regime IV, the system exhibits thermoacoustic instability, where the
highest values of η, k and CG are obtained, pointing to the strong determinism
in the underlying time series. As Reair is further increased, the system deviates
from thermoacoustic instability and exhibits low amplitude aperiodic oscillation
again (regime V, Fig. 2.11). This transition from combustion instability to low
amplitude aperiodic oscillation with decreasing ϕ has been reported earlier [39],
[57].

In regime V, the decreasing trends of η, k and CG imply that the dynamics
undergoes a gradual shift towards high dimensional chaos. It may be noted that
the RMS amplitude at Reair = 6054 and Reair = 6263 in regime V show a small
difference (Fig. 2.6a) while the RN metrics show a significant difference between
these two points (Fig. 2.11). This fact highlights the sensitivity of the RN metrics
to the dynamical transition. At Reair = 6054, where the system deviates from
thermoacoustic instability, value of η is similar to that during thermoacoustic in-
stability; however, the values of k and CG become low. Thus, it possibly indicates
an intermediate dynamical state between periodicity and high dimensional chaos
(at Reair = 6263). However, the degeneration of the dynamical state from ther-
moacoustic instability to low amplitude aperiodic oscillation requires a separate
study and will not be focused here.

Analysis of RN metrics indicate that, for protocol IA, η shows higher sensitivity
for the transition from high dimensional chaos to low dimensional chaos, while CG
shows high sensitivity for the transition from low dimensional chaos to periodicity
(Figs. 2.10 and 2.11). In short, we observe that case IA-ii exhibits a more complex
route to thermoacoustic instability (HDC → LDC → HDC → LDC → periodicity)
compared to case IA-i. These inferences on the dynamical states for case IA-ii also
will be validated through translational error in Secion 2.2, with a view to check
the efficacy of RN analysis in detecting the dynamical states encountered.

2.4.2.2 Network topology at different conditions for case IA-i

RN topologies can help to understand the changes in the RN metrics, such
as degree centrality (k) and global clustering coefficient (CG), as thermoacoustic
instability is approached. Representative Gephi topologies shown in Fig. 2.12 are
constructed for 0.2 second long data which is down-sampled by a factor of 4 to
reduce computational burden. The down-sampling used here is reasonable enough
to correctly capture the dynamics at different conditions [44]. The individual nodes
are coded by their size and color to obtain visual representations of the networks.
The links connecting the nodes are colored the same as their source node. The
node sizes are linearly scaled from a size of 1 to 100 with 1 corresponding to
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Figure 2.12: Network topology for IA-i case, at (a)Reair = 1566, (b) Reair =
3132,(c)Reair = 4489 and (d)Reair = 5950

minimum degree (i.e. 1) and 100 to maximum degree.
Figure 2.12 shows network topologies for different dynamical states observed

in case IA-i. In the topology corresponding to combustion noise at Reair = 1566
(Fig. 2.12a), where the dynamical state is high dimensional chaos, the small sized
and bright greenish colored nodes indicate the prevalence of low degree nodes.
This explains low values of k at this dynamical state. Also, the network during
combustion noise (Reair = 1566) consist of a single giant component [89], [109]
which contains almost all the nodes and links of the network. Further, absence of
directional alignment results in low CG during combustion noise.

Figure 2.12(b) shows the topology during ‘amplitude varying aperiodic oscil-
lations’ at Reair = 3132, where dynamical state is low dimensional chaos. At this
state, the links in the RN become more evenly spread compared to that during
combustion noise (Reair = 1566). The RN at this condition still mostly consists
of the giant component. However, a higher number of links remain outside of the
giant component as compared to the RN during combustion noise (Fig. 2.12a).
Some larger nodes appear which explain the increase in k. Further, at Reair = 3132
some directional alignment of nodes can be seen which would explain the moder-
ately high value of CG as compared to Reair = 1566.

Figure 2.12(c) shows a highly connected and ring-like structure of the network
observed during thermoacoustic instability at Reair = 4489, where the dynamics
is observed to be periodic. At this state, a cluster of highly connected nodes is still
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present in the RN which may be considered as the giant component of the net-
work. However, a significant number of the nodes and links are evenly distributed
throughout the RN, outside of the giant component. Therefore, during thermoa-
coustic instability, the RN does not consist entirely of a single giant component
unlike the RN corresponding to combustion noise. We infer that the number of
links in the RN outside the giant component increases as thermoacoustic instabil-
ity is approached. Presence of a significant number of high degree nodes explains
the high values of k during thermoacoustic instability. The high values of CG
during thermoacoustic instability is due to presence of distinct ring-like alignment
of nodes. It is noted that k and CG are mutually independent [78].

At Reair = 5950, where the dynamical state corresponds to high dimensional
chaos, the number of high degree nodes in the RN significantly reduces causing a
lower value of k (Fig. 2.12d). The giant component is again observed to contain
most of the nodes and links. Again, the absence of directional alignment of nodes
causes CG to reduce.

In turbulent partially premixed combustors, the complex network and recur-
rence network corresponding to thermoacoustic instability have been reported to
be a regular network [57], [87], consisting of nodes having same number of links.
However, in the current study, nodes with significantly varying degrees are present
even during thermoacoustic instability, as marked by different sizes and colors of
the nodes in Fig. 2.12(c). The degree distribution of corresponding RN, shown in
inset of Fig. 2.12(c), further corroborates this. Note that, P (X) is the probability
of nodes having degree X in the RN. Recently, Kasthuri et al. [110] have ob-
served the RN topology corresponding to thermoacoustic instability to consist of
a ring-like structure typical of periodic signals along with highly clustered regions
and protrusions. They reasoned that such RN topology can be due to slow and
fast time scales present in the system at thermoacoustic instability. In the present
study, we observe absence of a regular network and presence of a cluster of high
degree nodes in the RN corresponding to thermoacoustic instability. Such char-
acteristics may be due to presence of multiple time scales even at thermoacoustic
instability. The spectral power and scaling laws related to sound emission have
been shown to be significantly different for premixed and diffusion flames [111],
[112]. Therefore, the different scaling behavior observed for inverse diffusion flame
might be due to the difference in mixing and combustion processes also.

2.4.2.3 Validation of the results with translational error metric

Next, we validate the different dynamical states inferred from RN metrics
through a established nonlinear metric, translational error (Etrans), which is a
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Figure 2.13: Variation of Etrans for IA-i case as air flow rate is increased.

modified version of the Wayland method [113] and proposed by Gotoda et al. [37].
This method quantifies the divergence of neighbouring vectors in phase space with
time. The mathematical details for evaluating the metric is given in Appendix B,
at the end of this chapter. The values of Etrans at different dynamical states has
been reported by Gotoda et al. [37], which is reproduced in table 2.2.

Dynamical states Etrans

Stochastic signal > 0.1
High dimensional chaos < 0.1

Lorenz attractor (low dimensional chaos) ≈ 0.01
Thermoacoustic instability (High periodicity) 0.0018

Table 2.2: Values of Etrans for different dynamical states as reported in Gotoda et
al.[37]

Values of Etrans for protocol IA-i is shown in Fig. 2.13. Etrans takes the value of
0.0564 for combustion noise (Reair = 1566), suggesting a high dimensional chaotic
dynamics. Etrans takes the value of 0.0163 for the ‘amplitude varying aperiodic
oscillations’ (Reair = 3132), which is close to but slightly higher compared to that
of Lorenz attractor. Thus it may be reasoned that the dynamics corresponding to
‘amplitude varying aperiodic oscillations’ is low dimensional chaos. Etrans takes
the value of 0.0032 during thermoacoustic oscillation (Reair = 4489), suggesting
a highly deterministic dynamics. Thus, the dynamical states inferred from recur-
rence network analysis and Etrans corroborate each other. Similar agreement can
be observed for protocol IA-ii comparing Figs. 2.11 and 2.14. The discussion for
protocol IA-ii is omitted here for brevity. Based on these observations, it can be
said that RNA can be used to qualitatively identify the different dynamical states
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Figure 2.14: Variation of Etrans for IA-ii case as air flow rate is increased.

encountered during transition to thermoacoustic instability.

2.4.3 Dynamic transition observed for protocol IP

2.4.3.1 Identification of dynamical states by visual inspection of time
series

Next, the transition to thermoacoustic instability is discussed when input
power to the IDF is increased. This approach to thermoacoustic instability has
been reported by Subramanian et al.[114] in a Rijke tube by increasing heater
power. The current system is observed to be particularly susceptible to ther-
moacoustic instability between global equivalence ratios of ϕ = 0.1 and ϕ = 0.3.
Therefore, one representative case, denoted by IP (ϕ = 0.2; Reflow = 5116−5168),
is analysed below. We note that in protocol IP, the flow is always in the turbulent
regime (Reflow > 4000), unlike in protocol IA.

Figure 2.15(a) shows the gradual increase of RMS amplitude as input power
is increased. At input power of 0.50 kW (Fig. 2.15b), low amplitude aperiodic
oscillation, characteristic of combustion noise, is observed. At input power of 0.60
kW (Fig. 2.15c), the time series attains a low amplitude seemingly periodic oscil-
lation with approximately constant peak to peak amplitude. Recently, Karlis et
al. [115] have reported similar type of oscillation of reduced amplitude and argued
that such a dynamics occurred due to weakened coupling between pressure oscil-
lation and heat release oscillation. With further increase of input power, the RMS
amplitude of signal (Fig. 2.15a) and the periodicity of the oscillation go on in-
creasing till thermoacoustic instability is obtained at input power of 0.68 kW (Fig.
2.15d). In short, the amplitude of the near-periodic oscillations gradually increases
as we move towards thermoacoustic instability and away from combustion noise.
Thus, the bifurcation undergone closely mimics supercritical Hopf bifurcation[3],
especially as we did not find any hysteresis effect on this case.

34



Chapter 2: Characterization of thermoacoustic instability using recurrence
network analysis

Figure 2.15: (a) RMS amplitude (ARMS) of audio signal as input power is varied
(case IP) and corresponding time series at different input powers, (b) 0.50 kW, (c)
0.60 kW and (d) 0.68 kW. A denotes the amplitude of sound signal with arbitrary
unit.

Apart from the intermittency route to thermoacoustic instability, other in-
termediate states prior to thermoacoustic instability also have been reported in
literature. Gotoda et al.[37] observed an amplitude modulated periodic signal in
their study as an intermediate dynamical state prior to thermoacoustic instability.

There are only a few studies on the above mentioned routes to thermoacoustic
instability, especially in which the analysis is done in the framework of complex
network. The intermediate state found by Gotoda et al. [37] had similar peak to
peak amplitude to that of the full blown thermoacoustic instability. However, in
the current study, we observe that the signal shown in Fig. 2.15(c) has approx-
imately constant peak to peak amplitude which is much lower than the peak to
peak amplitude during thermoacoustic instability. Clearly, this dynamical state
appears due to an insufficient power (or heat release rate) in the flame to achieve
full blown thermoacoustic instability. In the present study, this dynamical state is
thus denoted as ‘low amplitude limit cycle-like oscillations’ in further discussion.

2.4.3.2 Application of network parameters to identify different dy-
namic regimes

Next, the transition to thermoacoustic instability in protocol IP is explored
with the help of RN metrics. Similar to IA cases, the operating range is divided
into 3 regimes to aid the discussion. Global efficiency (η) and average degree
centrality (k) are observed to be low in regime I (Fig. 2.16) indicating high
average distance between the nodes and low phase space density. Further, a low
value of global clustering coefficient (CG) in this regime indicates the absence of
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Figure 2.16: Variation of (a) global efficiency (η), (b) degree centrality (k) and (c)
global clustering coefficient (CG) as power input is varied for IP case.

36



Chapter 2: Characterization of thermoacoustic instability using recurrence
network analysis

Figure 2.17: Degree distribution plot for the IP case at Power = 0.50 kW (regime
I). P (X) indicates frequency of nodes with degree X.

low dimensional objects in the phase space. These imply that regime I exhibits
high dimensional chaos.

Regime II corresponding to the ‘low amplitude limit cycle-like oscillations’
shows moderately high values of η, k and CG whereas regime III shows high
values of η, k and CG. Therefore, regime III shows very strong determinism
whereas regime II is more deterministic than high dimensional chaos observed in
regime I, but less deterministic compared to thermoacoustic instability in regime
III. Thus, the RN analysis imply low dimensional chaos for regime II. We note
that for protocol IP, each of η, k and CG show similar sensitivity throughout the
transition from combustion noise to thermoacoustic instability, unlike in protocol
IA.

2.4.3.3 Degree distribution of recurrence networks during combustion
noise

A Complex network is said to exhibit scale-free behavior [109], when its degree
distribution follows the power law, P (X) ∼ X−γ where, P (X) is the probability of
nodes having degree X in the RN and γ is a positive number such that (2 < γ < 3).
Previous studies in predominantly premixed turbulent combustors [57], [87] have
reported combustion noise to exhibit scale-free behaviour, which was further linked
to the underlying turbulent flow [87]. In scale-free networks of the realistic systems,
a few nodes may be present, which do not obey the above-mentioned scaling law
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[57]. Godavarthi et al. [57] used the criteria that if at least 90 percent of the nodes
in the RN follows the power law, the RN can be considered to exhibit scale-free
behaviour. Further, Gotoda et al. [39] observed power law degree distribution
near lean blowout instability in a premixed turbulent combustor.

In the present study, the degree distribution during combustion noise is ob-
served not to follow a single power law. As a representative case, the degree
distribution at the input power of 0.50 kW is shown in Fig. 2.17. It depicts two
different power laws though the previous studies have observed a single power law
during combustion noise in premixed or predominantly premixed combustors [39],
[57], [87]. While one of the power law exponents is very low (γ1 = 0.50), the other
power law exponent satisfies the criterion for scale-free nature (γ2 = 2.56). How-
ever, the corresponding RN cannot be said to have scale-free degree distribution
as a significant number of nodes do not follow the corresponding scale-free law.
It is known that scale-free nature of RN cannot be captured for larger thresholds
[57]. However, as we have chosen the minimum recurrence threshold at which the
RN becomes devoid of any disconnected node, it is unlikely to be the case here.

These observations show that combustion noise for premixed and inverse dif-
fusion flame have significantly different characteristics. As stated earlier, the scal-
ing nature corresponding to sound emission in premixed and diffusion flames are
known to be different [111], [112]. Therefore, the absence of scale-free nature
or a single power law degree distribution during combustion noise is likely to
be due to the difference in underlying mixing and combustion processes between
premixed configuration and inverse diffusion configuration. Another possible rea-
son for absence of scale-free nature may be absence of isotropic turbulence in the
present configuration, as we have not implemented any turbulence grid to generate
isotropic turbulence.

2.5 Summary

Inverse diffusion flame (IDF) is a reliable low NOX technology which is suit-
able for various industrial applications including gas turbines. However, a confined
IDF may exhibit thermoacoustic instability, a kind of dynamic instability, which
is characterized by catastrophically large amplitude pressure oscillations. Tran-
sition to thermoacoustic instability for an inverse diffusion flame is less explored
compared to other types of flame. To bridge this gap in literature, in this study we
approach thermoacoustic instability with two protocols: (i) by increasing airflow
(protocol IA) and (ii) by increasing power input (protocol IP). This study is carried
out with a Rijke tube test rig having a inverse diffusion flame. The transition from
combustion noise to thermoacoustic instability is analyzed under the purview of
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recurrence network. The important findings of this study are summarized below.

1. In protocol IA, the flow regime changes from laminar (Reair < 2300) to
transition regime (2300 < Reair < 4000) as thermoacoustic instability is
approached. However, the RN measures are found to be robust enough
to detect the onset of thermoacoustic instability, even though laminar and
transition flow regimes are fundamentally different.

2. The dynamic transition observed for protocol IA and protocol IP are differ-
ent. The IA protocol encounters ‘amplitude varying aperiodic oscillations’
as an intermediate state. Protocol IP encounters ‘low amplitude limit cycle-
like oscillations’ as an intermediate state, which consists of low amplitude
seemingly periodic oscillations. Dynamic analysis with RNA however reveals
that both the ‘amplitude varying aperiodic oscillations’ and ‘low amplitude
limit cycle-like oscillations’ are low dimensional chaos.

3. RNA can be used to identify the different dynamical states of the combus-
tor during transition to thermoacoustic instability. The inferences drawn
with RNA in this regard are validated though a well-established nonlinear
dynamical metric, translational error (Etrans).

4. In this work, network topologies are visualized graphically to enhance un-
derstanding of the changes occurring in RN metrics as underlying dynamics
shift. RN during combustion noise is observed to consist almost entirely of a
giant component. However, the RN during thermoacoustic instability have
a significant number of links outside the giant component.

5. A single characteristic scale was found to be present at TAI in previous
literature that explored TAI in premixed flame. A network that exhibits
such dominance of a single characteristic scale is called a regular network.
In the present study, however, multiple scales are seen in the recurrence
network even during thermoacoustic instability, showing that the regular
network does not form at TAI for an inverse diffusion flame. Additionally,
the degree distribution during combustion noise in the current investigation
does not adhere to a scale-free nature or even a single power-law. Previous
studies with premixed combustors, however, has observed the occurrence of
scale-free or single power-law degree distribution in the recurrence networks
at stable combustion states. In summary, there are notable differences be-
tween IDF and premixed flames in the recurrence network topology during
combustion noise and thermoacoustic instability states. These differences in
the dynamical properties at different combustion regimes may result from
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the inverse diffusion flame’s differing mixing and scaling laws with those of
premixed flames.

6. The novel dynamical characteristics, encountered in Rijke tube test rig with
inverse diffusion flame, points to the need for studying the dynamical tran-
sition to thermoacoustic instability in other nonpremixed and co-flow type
combustors.

Citation acknowledgment

Some parts of this chapter are reproduced with permission from the publica-
tion(s) listed below.

1. “Recurrence network analysis exploring the routes to thermoacoustic insta-
bility in a Rijke tube with inverse diffusion flame", Chaos: An Interdisci-
plinary Journal of Nonlinear Science, 31(3), p.033117, 2021
(DOI: 10.1063/5.0026943).

2. “Early detection of lean blowout using recurrence network for varying degrees
of premixedness", Chaos: An Interdisciplinary Journal of Nonlinear Science,
32, 063105, 2022 (DOI: 10.1063/5.0077436).

Appendix A

Here, a brief description of the complex network theory is provided for the
interested reader. An elaborate discussion on the network theory may be found in
Newman et al. [89]. A complex network (CN) is simply a collection of points along
with lines so that each line connects a pair of points [89]. The points contained
in the complex network are called nodes (or, vertices) of the CN while the lines
connecting the pair of nodes are called the edges (or, links) of the CN.

Complex systems, which can be thought of as complex networks, abound in
nature and man-made structures. Networks in nature include metabolic networks,
disease networks, networks of neurons (in the brain), etc. Networks created by
technology are many, including telephone networks, the world-wide-web, electric
grids, gas pipelines, railway lines, etc [89]. Such complex systems are almost
always made of a high number of interacting elements. Interactions within complex
systems often affect the whole system’s behavior in significant ways [89]. In the
complex network framework, a system is considered to consist of a large number of
interacting sub-systems. Consequently, complex network analysis (CNA) is often
highly effective in understanding the behavior of complex systems.
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Figure 2.18: An unweighted, undirected complex network, having four nodes
(nodes ‘p’, ‘q’, ‘r’ and ‘s’) and five edges.

Many types of complex networks are possible, namely, undirected and directed,
weighted or unweighted, etc. In directed networks, edges have specific directions
while in undirected networks, edges do not have any directions. On the other hand,
in weighted networks, each edge is assigned a weightage, signifying the importance
of the edge on the behavior of the complex system. In unweighted networks, all
edges have equal importance. We find that the unweighted, undirected complex
network is sufficient to explore the dynamical transitions encountered during this
thesis work. Hence, only the unweighted, undirected complex network is described
in detail next.

Complex networks are mathematically represented by adjacency matrix a.
They can also be visually represented by an ensemble of nodes and edges for
ease of understanding the interactions between the sub-systems. A unweighted,
undirected complex network (CN) is shown in Fig. 2.18. Here, the CN consists of
4 nodes (nodes ‘p’, ‘q’, ‘r’ and ‘s’) and 5 edges. The nodes are denoted as circles
and edges by lines. In an undirected, unweighted network, the existence of an
edge is represented in the adjacency matrix by 1. In equation 2.11, the adjacency
matrix a, corresponding to Fig. 2.18, is shown. In this adjacency matrix, the four
rows from top to bottom may be considered as the rows corresponding to ‘p’, ‘q’,
‘r’, and ‘s’ nodes respectively. Similarly, the four columns from left to right may be
considered as the columns corresponding to ‘p’, ‘q’, ‘r’, and ‘s’ nodes respectively.

a =



0 1 1 0
1 0 1 1
1 1 0 1
0 1 1 0

 (2.11)
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The nodes ‘p’ and ‘r’ are connected by one edge in the complex network (Fig.
2.18), so that in a, in column ‘p’ and row ‘r’, the value assigned would be 1. This
point in the adjacency matrix may be represented by ap,r in short. As the complex
network of Fig. 2.18 is undirected, if ‘p’ is connected to node ‘r’, it also means
node ‘r’ is connected to node ‘p’. Therefore, ap,r = ar,p = 1, in this case i.e. a
is a symmetric matrix. On, the other hand, ‘p’ and ‘s’ nodes are not connected.
Therefore, ap,s = as,p = 0. Often, the self-loops, i.e. connection of a node with
itself are considered redundant information in the complex network framework.
Therefore, the self-loops are often not considered when calculating the adjacency
matrix. In such cases, the diagonal elements of a would be zero.

Another relevant concept in the complex network theory is the Laplacian ma-
trix (L) of the adjacency matrix (a). For an adjacency matrix corresponding to an
unweighted, undirected complex network, the Laplacian matrix can be calculated
as [89],

Lp,q =


kp if p = q

−1 if p ̸= q and the nodes p and q are connected

0 in all other cases

(2.12)

Here, kp indicates the degree of the node ‘p’. Equation 2.12 can be represented
also in the following way [89],

Lp,q = kpδp,q − ap,q (2.13)

The structural properties of the CN can be quantified using several metrics,
for example, degree centrality, clustering coefficient, efficiency, etc. Often, these
metrics are calculated on a local basis and then averaged over the whole network
to obtain the global CN metrics, for example, global efficiency, global clustering
coefficient, etc. The global metrics can provide important insights into the overall
behavior of the complex system being investigated. Often the local CN metrics also
contain significant information. For example, the local degree centrality metric
may reveal the most important nodes in the CN [89]. Therefore, the local and
global CN metrics may be studied in tandem to better understand the complex
network behavior.
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Appendix B

Choice of recurrence threshold

As the RN measures are very sensitive to threshold ϵ, it must be chosen with
a sound theoretical basis. In this work, the method prescribed by Eroglu et al.
[94] is used to calculate ϵ. It is described here in brief. ϵ is varied parametrically
and the Laplacian matrix [89] of adjacency matrix a is calculated for each ϵ. The
second minimum Eigen value (λ2) of the Laplacian matrix is calculated for each
Laplacian matrix. Then, λ2 is plotted against ϵ (Fig. 2.19). The minimum value
for which λ2 > 0 would be the optimal ϵ. Theoretically at this condition, the RN
would contain no disconnected node. However, in practice we find a slightly larger
threshold (λ2 > 0.03) is required to make the RN devoid of any disconnected node.
The optimal threshold ϵopt is found to be approximately 15% of maximum phase
space distance.

Figure 2.19: λ2 vs ϵ plots of combustion noise regime for (a) IP case at Power =
0.50 kW and (b) IA-i case at Reair = 1566.
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Translational error technique to identify dynamic states of
a system

A concise description of the translational error method is given here. For a
vector Z(t), M number of neighborhood points are chosen. Etrans measures the
divergence of vectors with passage of time and is given by,

Etrans = 1
(M + 1)

M∑
m=0

||Q(tm) − Q||
||Q||

(B1)

Q = 1
(M + 1)

M∑
m=0

Q(tm) (B2)

Q(tm) = Z(tm + ∆T ) − Z(tm) (B3)

Here, ∆T is the time step after which the divergence of vectors are checked
and Q(tm) is the instantaneous tangential vector at instant tm. The parameters
corresponding to translation error analysis, such as M , are chosen as in previous
literature [37], [38]. For 10 sets of randomly chosen Z(t) from the 2 second long
data library, the median Etrans is calculated and shown in Figs. 2.13 and 2.14.
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CHAPTER 3

Early detection of lean
blowout in single-burner

combustor using recurrence
network

3.1 Introduction

Modern gas turbine combustors operate on premixed or partially premixed
mode of combustion in order to reduce NOX emission [30]. Lean premixed com-
bustion reduces NOX significantly while still having a high cycle efficiency [29],
[116]. Other low NOX technologies, including fuel staging and inert gas injec-
tion, have a lower cycle efficiency and are not that effective in reducing NOX

emission[116]. However, lean combustion is inherently weak and suffers from in-
stabilities, including thermoacoustic instability and lean blowout [19], [43].

Lean blowout (LBO) is caused by an imbalance of flow rate and flame speed [4].
In aircraft engines, sudden changes in power setting may result in abrupt reduction
in fuel flow; however, the air flow rate takes significantly longer time to reduce due
to compressor inertia [28]. During this brief transition period, equivalence ratio
of the air-fuel mixture may fall below the lean blowout limit resulting in flame
extinction. On the other hand, stationary gas turbines has to operate very close
to lean blowout limit to meet stringent emission regulations. Thus the stationary
gas turbines are highly susceptible to fluctuations inherent in combustion systems,
changes of environmental conditions and small fluctuations in fuel composition
[28]. These factors alone or together can cause LBO in stationary gas turbines. If
LBO occurs, lengthy shutdown and restart in stationary gas turbines is required
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while for aircraft engines, it may cause fatal accidents [19], [29], [30].
A lot of studies have been done to explore the LBO phenomenon in premixed

combustors [18], [19], [29], [117]–[120]. It is known that the lean blowout limit
corresponding to a combustor depends on a number of parameters, including tem-
perature and humidity of input air. These parameters keep changing with en-
vironmental conditions thereby changing the lean blowout limit [121]. However,
accurate prior estimation of LBO limit has not been possible till date due to in-
sufficient understanding about the fundamental combustion mechanisms [19], [30].
Therefore, the stationary and aircraft gas turbine combustors are operated with
a higher than optimal safety margin to avoid LBO at the cost of increased NOX

emission [29], [121].
An online early LBO prediction strategy can (i) improve the reliability of the

aircraft gas turbine combustors, which have a narrow operational range, especially
during faster change of power in aircrafts during take-off, landing and rapid ma-
neuvers [28], (ii) avoid inefficient combustion, resulting in emissions of CO and
unburnt hydrocarbons [30] and (iii) subject the combustor to a lower operating
temperature, resulting in less wear and tear [28]. Unfortunately, there is no such
reliable technology applicable for a wide range of combustors at present. Thus it
is important to devise reliable early LBO prediction tools.

In recent times, different strategies have been proposed to early predict LBO,
for example, amplitude thresholding, statistical and frequency domain based tech-
niques [28], [30], [122]–[124]. Recently a number of novel tools for early prediction
of LBO have been proposed. Giorgi et al. [125] used flame image based wavelet
and statistical analysis to predict lean blowout for a nonpremixed configuration.
Li et al. [122] used low frequency content of the ion current signal to early predict
lean blowout. Chang et al. [126] used the change in low value points in ion current
signal, for early prediction purpose. Many of the established LBO detection tech-
niques need to be carefully calibrated depending on different types of combustors
with varying size, geometry and operating conditions [30]. Nonlinear dynamics
based techniques can also be used as early prediction tools for LBO. Such tools
directly capture the changes in combustor dynamics during transition to LBO and
thus are likely to be applicable for a broad range of combustors.

Recently, a number of dynamically rich phenomena in combustors have been
found [36], [39], [58]. Intermittency prior to LBO has been reported in a number
of studies [36], [38], [41]. Pagliaroli and Troiani [120] found a new type of inter-
mittency with pike-like patterns in the recurrence plots near LBO. Most of these
studies have been done with a fixed degree of premixedness. However, flame char-
acteristics are known to vary significantly with variation of degree of premixedness
[74], [127]–[130]. In a previous study [42], we found black dense patches in the
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recurrence plots near LBO for higher degrees of premixedness, indicating presence
of type-II intermittency. Such patches in the recurrence plots were not found for
lower degrees of premixedness. So, the dynamic transition towards LBO is likely
to vary significantly depending on the degree of premixedness.

Moreover, most previous studies have explored the route to lean blowout with
preceding thermoacoustic instability [39], [57] where the typical path to LBO is,
limit cycle oscillations (at thermoacoustic instability) → intermittency → aperi-
odic low amplitude oscillations → LBO. The dynamical transition in such case is
likely to involve loss of periodicity i.e. determinism reduces as LBO is approached.
However, combustors not susceptible to thermoacoustic instability in their oper-
ating regime may well be susceptible to LBO [43]. Unni et al. [43] reported two
different paths through which lean blowout can occur as mixture is progressively
made leaner. These routes are (i) lean blowout with preceding thermoacoustic in-
stability and (ii) lean blowout without preceding thermoacoustic instability. Using
multifractal analysis of CH* chemiluminescence and pressure signal, they showed
that the dynamical transition to LBO in these two cases are significantly different.

In absence of thermoacoustic instability, the most significant dynamic phe-
nomena during approach to LBO are the (i) extinction-reignition events for the
more premixed configurations and (ii) flame pulsations for less premixed config-
urations. Both of these events are intermittent in nature and occur just prior to
LBO [42]. The dynamical state corresponding to intermittency typically corre-
sponds to low dimensional chaos [38]. On the other hand, the dynamical state
corresponding to stable combustion (otherwise called combustion noise) is high
dimensional chaos [108]. Moreover, in our previous study, we found determinism
to increase as the system moves from stable combustion to near-LBO regime [42].
So, the dynamic transition to LBO, with and without preceding thermoacoustic
instability, are likely to be significantly different. So, it is important to explore the
robustness and efficacy of the different early lean blowout prediction techniques
(i) for varying degrees of premixedness and (ii) for the transition to lean blowout
without preceding thermoacoustic instability, so that their suitability for a wide
range of practical situations can be judged.

Thus, the current study explores the dynamical transition towards LBO with-
out preceding thermoacoustic instability, for varying degrees of premixedness. The
test rig used in this study is a lean premixed, swirl –bluff stabilized combustor.
Swirl-bluff stabilized combustors are often used as a simplified model for station-
ary gas turbine combustors and lean premixed prevaporized aircraft gas turbine
combustors [29], [131].

Turbulent combustors can be considered as ensemble of a number of mutu-
ally interacting elements [132] i.e. a complex system. So, complex network is a
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suitable tool to explore the dynamical transition towards LBO. A few previous
studies [39], [87] have explored the visibility algorithm based complex network
analysis for detection of LBO and thermoacoustics instability. However, in visi-
bility based complex network, attractor geometry in phase space is not preserved
[57]. Recurrence network (RN) is another well-known type of complex network is
constructed using recurrence information embedded in time series [78]. RN dis-
cards the temporal information from the time series and only considers the spatial
dependencies of the observable at different time instants [78]. Recurrence network
preserves attractor structure in phase space [57], [78] [78] and therefore conserves
the underlying dynamical properties of the system. Moreover, the RN metrics are
statistical measures related to phase space density and thus likely to be robust
tools for detecting dynamical transitions. Unlike many well-established nonlinear
time series analyses, RN analysis can be used even with small time series [133], is
robust against experimental noise [86], [133] and do not require a surrogate test
[80]. Due to these advantages, RN has been applied to a wide range fields, e.g.
in engineering [39], [57], biological sciences [85], climatology [81] and physical sci-
ences[84] etc. Therefore, in this study we use recurrence network (RN) to explore
dynamical transition to LBO in absence of preceding thermoacoustic instability.

In the present study, we observe that the change of dynamics, from stable
combustion regime (also known combustion noise regime) to near-lean blowout
regime, in absence of preceding thermoacoustic instability, is subtle as compared
to that previously reported for lean blowout with preceding thermoacoustic insta-
bility [57]. In this route to LBO, the path followed is, low amplitude aperiodic
oscillations (in the stable combustion regime) → ensemble of high and low am-
plitude aperiodic oscillations (in the near-LBO regime) → LBO. We explore the
combustion dynamics with three RN metrics: global efficiency (η), average de-
gree centrality (k) and global clustering coefficient (CG). Each of these metrics
follow an increasing trend during transition to LBO indicating a shift towards
periodicity. We infer that the metrics η, k and CG are robust early LBO detec-
tion tools. However, the results also highlight the importance of prior knowledge
of the degree of premixedness and route to LBO (i) for accurate early detection
of an impending LBO and (ii) to decide the optimal safety margin. These are
important observations, as practical gas turbine combustors often have partially
premixed configurations [30]. Moreover, we present a comparative discussion on
the efficacy and applicability of the RN analysis and recurrence quantification
analysis, as early lean blowout prediction tools, at various degree of premixedness.
Finally, we link the changes in various RN measures with the visible changes in
recurrence network topology, which may help to better understand the dynamical
transition to LBO.
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Figure 3.1: (a) Swirl stabilized dump combustor, (a1) combustor chamber made
of quartz tube, (a2) fuel input ports, (a3) air input ports, (b) photo-multiplier
tube (PMT), (b1) CH* filter, (c) DAQ (cRIO-9073) and (d) camera.

3.2 Experimental setup

The experimental swirl stabilized dump combustor is shown in Fig. 3.1 and the
corresponding schematic is shown in Fig. 3.2. The combustor is designed in such a
way that the degree of premixedness can be varied by changing the mixing length
of the premixing tube. The variation of mixing length is achieved by changing
the position of fuel input along the axis of the premixing tube. Successive fuel
input positions have a gap of 50 mm between them. At each axial position, four
fuel input ports are provided 90° apart to ensure symmetric distribution of fuel
throughout the cross-section of the premixing tube. Air is input into the premixing
chamber at 50 mm below the lowest fuel input position. The swirler, having 7
vanes, is placed 15 mm upstream of the dump plane and has a swirl number of
1.26[128]. The combustion chamber is made of a quartz tube to allow optical
access and have an inner diameter of 60 mm, height of 200 mm and thickness of
2.5 mm.

During this study, liquefied petroleum gas (LPG, 40% propane and 60% butane
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(a) combustion 
chamber

Figure 3.2: Schematic of the experimental test rig. (a) Combustion chamber, (b)
premixing tube and (c) photo-multiplier tube (PMT) with CH* filter. F1, F2, F3
and F4 correspond to the fuel input positions 1-4 respectively.

by volume), is used as fuel. LPG shows similar chemical behavior and similar near-
extinction behavior as compared to heavy and complex hydrocarbons[2]. Further
benefit of using LPG is its low cost and easy availability. Air at atmospheric
temperature is supplied through a mass flow controller (Alicat, Air, 1500 lpm;
accuracy: 0.8% of measured value + 0.2% of full scale reading). LPG is supplied
through another mass flow controller (Alicat, CH4, calibrated for LPG, 250 lpm;
accuracy: 0.8% of measured value + 0.2% of full scale reading).

Lean blowout is obtained by starting the experiment at far away from LBO
(Table 3.1), and gradually reducing the LPG flow rate while keeping air flow rate
constant. This approach to LBO approximately keeps the total flow rate constant
as the changes in LPG flow rate is much smaller in comparison with the air flow
rate. Thus the non-reacting flow rate of the combustor and Reynolds number
(Re) remain approximately constant (Re = 6634) as LBO is approached. Here,
Reynolds number is calculated as, Re = 4ṁair/(πdµair), where ṁair is the mass
flow rate of the air, d is the effective diameter at the dump plane and µair is
the dynamic viscosity of air. So, during the experiment, the flow remains in the
turbulent regime (Re > 4000). After each adjustment of the LPG flow rate, we
wait for 20 seconds before acquiring data, in order to avoid the transient effects.
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Fuel input position F1 F2 F3 F4
Air flow rate (lpm) 80 80 80 80
Global equivalence

ratio (ϕ) 0.9-0.65 0.9-0.65 0.85-0.6 0.8-0.5

Table 3.1: Operating regime during transition to LBO, at various degrees of pre-
mixedness. F1, F2, F3 and F4 correspond to the fuel input positions 1-4 respec-
tively.

The measurement uncertainty corresponding to the flow rates can be calculated
from the accuracy ratings of the mass flow controllers. The uncertainty for air is
±2.3 lpm for a flow rate of 80 lpm, and that for LPG is ±0.3 lpm for a flow range
of 2.6 - 1.4 lpm (table 3.1).

CH* chemiluminescence signal is widely regarded as a measure for heat release
rate in the combustor for premixed and partially premixed flames [130], [134].
Moreover, CH* chemiluminescence signal has a fast response to changes in com-
bustion dynamics[29]. Yi and Gutmark[30] has noted that acoustic emission has
much lower sensitivity to dynamics near LBO and that chemiluminescence signa-
ture is a better tool to explore LBO phenomenon. Thus in the present study, CH*
chemiluminescence is acquired to explore the LBO dynamics.

A photo multiplier tube (PMT) (Hamamatsu, model 931A), fitted with a CH*
band pass filter, is used to obtain CH* signal and positioned in a way that the
entire flame is visible to it. The CH* filter centres at 430 nm with 10 nm full
width half maximum. The PMT output then passes through the build-in amplifier
powered with 15 V DC supply to produce voltage output. The voltage signal is
input into a National Instruments data acquisition system (DAQ; cRIO-9073) with
a sampling rate of 2 kHz for a duration of 20 seconds for each operating condition.

3.3 Brief description of background theory

3.3.1 Construction of adjacency matrix

The phase space is a high dimensional space such that the state of a dynamic
system can be described by a point in it. To uniquely identify the state of the
combustor in phase space, a number of phase space vectors are required. These
phase space vectors are generated by embedding the experimentally obtained CH*
time series y(t) in D-dimensional phase space with help of the embedding theorem
[91]. From the embedded time series, the adjacency matrix is calculated using a
recurrence threshold (ϵ) as discussed in chapter 2.

Because the recurrence networks constructed depends strongly on the choice
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of ϵ, it is important to choose ϵ judiciously. While there are a number of ways
to choose recurrence threshold [78], [95], [135], we use a fixed ϵ to explore the
dynamical transition to LBO. This approach retains the information about the
local phase space density in the RN [78]. We note that the phase space density
(ρp) is the probability of the state of the combustor to be at a particular point
in the phase space [92], [136]. We calculated ϵ with the algorithm prescribed by
Eroglu et al. [94]. This method chooses the minimum ϵ as the optimal threshold,
at which no node of the resulting complex network remains disconnected. We
found that ϵ is around 19% of maximum phase space distance for different degrees
of premixing. The procedure to calculate ϵ is described in detail in our previous
study [42] and thus omitted here for brevity.

As discussed in chapter 2, useful insights about the combustor dynamics can
be obtained from the recurrence network metrics [57]. These metrics are higher
order statistical measures of the phase space density [78]. Three metrics: Global
efficiency (η), average degree centrality (k) and global clustering coefficient (CG),
are chosen to explore the dynamical transition to LBO. A brief description of these
RN metrics is provided in chapter 2 and hence is omitted here for brevity.

3.3.2 Recurrence quantification analysis

In this study, we compare the efficacy of the recurrence network analysis (RNA)
with recurrence quantification analysis (RQA) as early LBO prediction tools. The
results corresponding to RQA as a early LBO prediction tool has been reported
in a previous study [42], which are reprinted in this chapter to compare the RN
and RQA tools. RQA is a well-known tool of nonlinear science [42], [95], [137].
Next, we discuss the theoretical background of RQA in brief for ease of under-
standing the results. The recurrence information can be concisely represented in
the recurrence matrix (R) as discussed in chapter 2. RQA searches for structural
patterns in recurrence plots (RP) to identify dynamic state of a system. For this,
RQA uses quantitative metrics that are based on diagonal, horizontal and vertical
lines occurring in the recurrence plots. In the present study we show the variation
in two recurrence quantification metrics during transition to LBO, namely the
determinism (DET ) and laminarity (LAM).

Determinism : It is given by the ratio of the number of points which are part
of a diagonal to total number of points in the recurrence plot. In other words,

DET =
∑N
l=lmin

lp(l)∑N
i,j=1 Rij

(3.1)

Here, p(l) indicates the number of diagonal lines having length l. lmin indi-
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cates the minimum number of recurrent points arranged diagonally in order to be
considered as a diagonal line. Here we take lmin = 4. If the underlying dynamic
process is chaotic or stochastic in nature, the diagonal lines in the corresponding
recurrence plot would be either absent, or very short [95]. As prevalence of di-
agonal lines is low, DET would be low when the combustor dynamics is chaotic
or stochastic. For periodic systems, the diagonal lines would be longer and hence
DET will be higher [95]. So, DET is indicative of the periodicity of the system.

Laminarity : The number of points in the vertical lines to the total number
of points in the recurrence plot is called the laminarity (LAM).

LAM =
∑N
v=vmin

vp(v)∑N
v=1 vp(v)

(3.2)

p(v) is the number of vertical lines having length v. Thus LAM would decrease
if number of vertical lines reduces. vmin is the minimum number of recurrent
points arranged vertically for it to be considered as a vertical line. Here we choose
vmin = 4. It is known that LAM can detect the chaos - chaos transition and chaos
- order transition [95], [137]. Further, LAM increases significantly as intermittent
extinction-reignition events/ flame pulsations start to occur close to LBO [42].
More detail discussion about the RQA may be found in previous literature [95],
[137].

3.4 Results and discussions

We have explored the degree of premixedness in the single-burner combustor
for various air-fuel mixing lengths using numerical simulations, as reported in our
previous study [128]. Here we briefly mention the main results. We quantify the
homogeneity of the air-fuel mixture with a simple summary metric κ. κ is based
on mixture fraction (ψ) of the air-fuel mixture. We note that mixture fraction is
defined as the mass flow rate of fuel divided by the total mass flow rate of oxidizer
and fuel. Mathematically,

ψ = ṁf

ṁf + ṁox

. (3.3)

Here, ṁf and ṁox indicates the mass flow rate of fuel (LPG) and mass flow
rate of oxidizer (air) respectively. κ is defined as the ratio of standard deviation
of ψ to mean value of ψ i.e., κ = σψ/ψ. κ is calculated at a plane just below the
dump plane. Thus defined, κ may be taken as a very simple metric to indicate
the heterogeneity in the air-fuel premixedness. κ shows an increasing trend as
the mixing length is decreased. At fuel input 1 (denoted by F1 henceforth) where
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the air-LPG mixing length is 330 mm, κ is least with a value of 0.073. Value of
κ for fuel input 2 (mixing length 280 mm, F2), fuel input 3 (mixing length 230
mm, F3) and fuel input 4 (mixing length 180 mm, F4) are 0.075, 0.104 and 0.174
respectively. Thus it may be reasoned that F1 and F2 have relatively high degrees
of premixedness as compared to F3 or F4.

3.4.1 Description of CH* time series obtained at varying
degrees of premixedness

As equivalence ratio is reduced, the combustor moves from stable combus-
tion regime to near-LBO regime through a transition regime, for all degrees of
premixedness [42]. In our previous papers [42], [128], [129], we have shown the
extinction-reignition events to occur only for higher degrees of premixedness (F1-
F3). At lower degrees of premixedness (F4), the extinction-reignition events are
not present; however, flame oscillations in the near-LBO regime are still present.

First, we explore the transition to LBO for the F1 case (highest premixed case
considered during this study) with CH* time series (Fig. 3.3). We normalize
the equivalence ratios (ϕ) of different operating points by dividing them with
the equivalence ratio at LBO (ϕLBO). Figure 3.3(a) shows the time series at a
condition far away from LBO (ϕ/ϕLBO = 1.41) for the F1 case. At this condition,
the high mean value of CH* signal indicates a comparatively high heat release rate
in the combustor. At this point, the CH* time series consists of low amplitude
aperiodic oscillations. As the equivalence ratio is decreased (ϕ/ϕLBO = 1.15), the
mean of the signal reduces, signifying reduction in heat release rate (Fig. 3.3b). In
the near-LBO regime (ϕ/ϕLBO = 1.01), the CH* signal consists of high amplitude
aperiodic oscillations along with aperiodic low amplitude oscillations (Fig. 3.3c).
In our previous papers [42], [128], [129], we have shown that such high amplitude
aperiodic bursts occur due to extinction-reignition events. In this regime, the
CH* signal approaches almost zero value for short time durations, corresponding
to extinction events when the instantaneous heat release rate becomes very low.
For the F2 case, the time series are presented in Figs. 3.3(d-f) while the time
series corresponding to F3 are shown in Figs. 3.3(g-i). The CH* time series
characteristics of F2 and F3 are similar to F1. However, the high amplitude
bursts are less prominent for F3 case. Figures 3.3(j-l) show the time series for
the F4 case, which is the least premixed case we consider in this study. For F4
case, the extinction-reignition events and corresponding high amplitude aperiodic
oscillations in CH* signal are absent unlike the F1-F3 cases. However, a gradual
weakening of the mean signal, as equivalence ratio is reduced, is seen similar to
F1-F3 cases.
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Figure 3.3: CH* chemiluminescence time series for F1 case are shown in (a)
ϕ/ϕLBO = 1.41 , (b) ϕ/ϕLBO = 1.15, (c) ϕ/ϕLBO = 1.01. CH* chemilumines-
cence time series for F2 case are shown in (d) ϕ/ϕLBO = 1.4, (e) ϕ/ϕLBO = 1.15,
(f) ϕ/ϕLBO = 1. CH* chemiluminescence time series for F3 case are shown in (g)
ϕ/ϕLBO = 1.31, (h) ϕ/ϕLBO = 1.17, (i) ϕ/ϕLBO = 1.017. CH* chemiluminescence
time series for F4 case are shown in (j) ϕ/ϕLBO = 1.54, (k) ϕ/ϕLBO = 1.25, (l)
ϕ/ϕLBO = 1. The CH* signals are in arbitrary unit. Reproduced from Chaos 30,
043115 (2020), with the permission of AIP Publishing.
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From the above discussions, significant differences in near-LBO CH* time se-
ries characteristics, for different degrees of premixedness, can be seen. For F1–F3
cases, time series characteristics changes from low amplitude aperiodic oscillations
(in the stable combustion regime) to ensemble of low amplitude and high ampli-
tude aperiodic oscillations (in the near-LBO regime). Intermittency is typically
defined as a dynamical state consisting of low amplitude aperiodic oscillations and
high amplitude periodic oscillations [40]. Most of the studies on lean blowout with
preceding thermoacoustic instability have observed the typical intermittent oscil-
lations as LBO is approached [39], [40], [57]. So, the near-LBO dynamics, observed
in the present study, for the F1-F3 cases refers to a type of intermittency that is
relatively less explored. For the F4 case, the changes in time series characteristics
is less apparent. A more elaborate understanding of combustor dynamics cannot
be obtained with visual inspection of CH* time series. Therefore, we apply the
recurrence network tool to explore the dynamical transition to LBO.

3.4.2 Variation of RN metrics for premixed flames

For ease of discussion, the transition to LBO is classified into three regimes
based on visual inspection of time series. The methodology to divide the entire
operating range into different regimes is reported in detail in one of our previous
papers [42]. Regimes A, B and C indicate the stable combustion regime (far away
from LBO), transition regime (between the stable combustion regime and near-
LBO regime) and near-LBO regime respectively, for each of the F1-F4 cases [42].
For the RN metrics to be effective as early LBO prediction tool, they must detect
the impending LBO early enough so that control action can be actuated before
the flame blows out. In this context, next we discuss the efficacy and robustness
of the RN metrics as early LBO prediction tools.

To study the variation of RN metrics as LBO is approached, we consider CH*
time series of 20 second duration for each operating point. However, constructing
RN with data of 20 second, i.e. 40000 data points, is found to be computationally
very expensive. Thus, we break down the total duration into 4 windows, each
window being 5 second long and of 10000 data points. The RN metrics from each
of these windows are calculated independently. The mean values of the different
RN metrics, obtained from the 4 windows, are presented in the results that follow.

Figure 3.4 shows the changes observed in the different RN metrics, as LBO is
approached, for premixed configurations (F1 and F2). We observe global efficiency
(η) to be low during the stable combustion regime (Fig. 3.4a). η follows a gradually
increasing trend as equivalence ratio is reduced. We note that higher values of η
indicates a lower average distance between the nodes of the network while lower
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Figure 3.4: Variations of (a) global efficiency (η), (b) average degree centrality
(k) and (c) global clustering coefficient (CG) for F1 and F2 cases, as LBO is ap-
proached. A, B and C zones indicate the stable combustion regime, the transition
regime and the near-LBO regime respectively for both F1 and F2 cases. The
regimes A, B and C are demarcated by the blue dashed lines as shown in (a). The
error bars indicate the standard deviations calculated with 4 windows each of 5
second duration.

values of η indicates comparatively higher average distance between the nodes.
Thus at LBO, the average distance between the nodes become lowest.

For the highly premixed cases (F1 and F2), as equivalence ratio is reduced aver-
age degree centrality (k) initially remains constant, but starts increasing gradually
as it enters the transition regime (Fig. 3.4b). The average phase space density
may be linked with k as discussed in chapter 2. So, the average phase space density
increases during the transition to LBO.

Figure 3.4(c) shows the variations of global clustering coefficient (CG) for the
highly premixed cases (F1 and F2). In the stable combustion regime, CG remains
moderately high. With reduction in equivalence ratio, CG increases initially at a
small rate at the start of the transition regime but increases at a high rate in the
latter part of the transition regime. In other words, propensity of the network
forming closed triangles among neighborhood nodes increases as lean blowout is
approached.

Significant differences of the three RN metrics η, k and CG between the stable
combustion regime and the latter part of the transition regime indicate that an
early warning can be obtained during the transition regime itself by monitoring
these RN metrics. So, we infer that the RN metrics η, k and CG are good candi-
dates as early LBO prediction metrics for highly premixed configurations. Next,
we turn to study the efficacy of the RN metrics, as early LBO prediction tools for
partially premixed configurations.
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Figure 3.5: Variations of (a) global efficiency (η), (b) average degree centrality
(k) and (c) global clustering coefficient (CG) for F3 and F4 cases, as LBO is
approached. A3, B3 and C3 zones indicate the stable combustion regime, the
transition regime and the near-LBO regime respectively, for F3 case. A4, B4
and C4 zones indicate the stable combustion regime, the transition regime and
the near-LBO regime respectively, for F4 case. The regimes A3, B3 and C3 are
demarcated by the blue dashed lines as shown in (a). The regimes A4, B4 and C4
are demarcated by the red dashed lines as shown in (c). The error bars indicate
the standard deviations calculated with 4 windows each of 5 second duration.

3.4.3 Variation of RN metrics for partially premixed flames

In Fig. 3.5(a), the variations of η are shown for the partially premixed cases
(F3 and F4). For the F3 case, η initially increases at a slow rate after entering the
transition regime but increases rapidly in the latter part of the transition regime.
For the F4 case, as equivalence ratio is reduced, η significantly increases during
the stable combustion regime and then remains approximately constant during
the transition regime. However, η increases abruptly as the near-LBO regime is
entered.

Figure 3.5(b) shows the changes in k as equivalence ratio is reduced, for F3
and F4 cases. For the F3 case, k is low during the stable combustion regime and
increases at a slow rate during the first part of the transition regime. k increases
with a much higher gradient in the latter part of the transition regime. For the
F4 case, k increases at a rapid rate during the stable combustion regime itself.
During the first part of the transition regime, k remains approximately constant
and again starts to increase at a rapid rate as the system moves in the near.

Figure 3.5(c) shows the changes in CG as equivalence ratio is reduced for F3 and
F4 case. We see that for F3 case, CG do not change significantly during the stable
combustion regime. During the first part of the transition regime, CG increases at a
high rate. However, in the later stage of the transition regime, CG becomes almost
constant and starts to increase again only after entering the near-LBO regime. In
the F4 case, CG does not change significantly in the stable combustion regime and
increases with a small gradient during the first part of transition regime. For the
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rest of the transition regime, CG remains almost constant and starts to increase
again only after entering the near-LBO regime.

Thus, for the F3 case, the metrics η and k increases significantly during the
latter part of the transition regime. So, an early LBO warning can be obtained
during the latter part of the transition regime by monitoring the metrics η and k

and setting suitable thresholds. However, significant variations in the metric CG
occur during the initial part of the transition regime. Hence, if CG is used as early
LBO prediction metric, the warning would be issued much earlier as compared to
the LBO limit. For the F4 case, if CG is used as early LBO prediction metric, a
warning much earlier to LBO limit would be issued. On the other hand, if the
metrics η and k are monitored, the LBO warning would be issued during the latter
part of the transition regime.

Next, the relative sensitivity of the RN metrics for varying degrees of premixed-
ness is discussed. For the premixed cases (F1 and F2), due to increasing trend
of the RN metrics throughout the transition regime, each of η, k and CG can be
monitored as early prediction metrics. Further, the safety margin with respect to
LBO may be fine-tuned depending on hardware or operational constraints. Sim-
ilarly, for the F3 case, such fine tuning of the safety margin can be done when
monitoring the LBO limit with the metrics η and k. However, the metric CG for
the F3 case and the metrics η and CG for the F4 case can only provide a conserva-
tive early warning for LBO; in such cases, fine tuning of the safety margin based
on operational constraints cannot be done. On the other hand, fine-tuning of the
safety margin can be achieved by monitoring the metric k for partially premixed
cases also.

We note that the increasing trend of RN metrics η, k and CG during transition
to LBO indicate a shift towards higher periodicity (or, higher determinism) as
discussed in chapter 2. The above discussions clearly show that the dynamical
transition to LBO at different degrees of premixedness is qualitatively similar.
This is in spite of the fact that the flame characteristics at different degrees of pre-
mixing have significant differences, as reported in our previous studies [42], [128],
[129] and as seen from time series also. However, in absolute terms, the network
parameters show slightly different sensitivities and trends for highly premixed and
partially premixed configurations. This shows that accurate information about
the degree of premixedness in the combustor may be needed to (i) decide which
RN metrics would be best suited for early prediction purpose, (ii) correctly access
the proximity to LBO and (iii) decide the safety margin with which the combustor
can be operated depending upon the operational constraints.

In practical situation, the early detection of LBO has to be done based on the
RN metrics without any other external information. We note that the absolute
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values of the different RN metrics may vary for different degrees of premixedness.
For the highly premixed configuration (F1 case, Fig. 3.4), the following range of
parameters may be indicative of stable combustion regime (A): η ≤ 0.2, k ≤ 14 and
CG ≤ 0.47. For the transition regime (B), RN metrics attain the following ranges:
0.2 < η ≤ 0.40, 14 < k ≤ 500 and 0.47 < CG ≤ 0.57. For the near-LBO regime
(C), RN metrics attain the following ranges: η > 0.4, k > 500 and CG > 0.57. If
the early warning is issued when the RN metrics attain values corresponding to
near-LBO regime, early prediction of LBO can be achieved 5% - 10% ahead of LBO
(between ϕ/ϕLBO = 1.05 − 1.1). For the least premixed configuration (F4 case,
Fig. 3.5), the following range of parameters may be indicative of stable combustion
regime (A4): η ≤ 0.32, k ≤ 150 and CG ≤ 0.46. For the transition regime (B4),
RN metrics attain the following ranges: 0.32 < η ≤ 0.36, 150 < k ≤ 220 and
0.46 < CG ≤ 0.50. In the near-LBO regime (C4), the ranges of RN metrics may
be: η > 0.36, k > 220 and CG > 0.5. If the early warning is issued when the RN
metrics attain values corresponding to near-LBO regime, early prediction of LBO
can be achieved 7% ahead of LBO if η or k is monitored. On the other hand, CG
is not a suitable early LBO metric for F4 case.

We note that the average path length L is inversely related to η as discussed
above. So, the metric L would follow a decreasing trend for the present route
to LBO. Godavarthi et al. [57] explored a different route to lean blowout with
preceding thermoacoustic instability (thermoacoustic instability → intermittency
→ lean blowout). They found the average path length (L) to increase as the com-
bustor moves from thermoacoustic instability to lean blowout. Thus the present
finding indicates that the dynamical transition to lean blowout, with and without
preceding thermoacoustic instability, are significantly different.

We recall that the intermittent high amplitude bursts in the CH* time series
become gradually more prominent and of longer durations as lean blowout is ap-
proached, for the more premixed cases (F1-F3). In our previous study we have
observed structures in the recurrence plots corresponding to type-II intermittency
during the near-LBO regime for the F1-F3 cases[42]. In the F4 case, the intermit-
tent structures typical to intermittency were not found in our previous study [42].
Still, for each of the F1-F4 cases, the recurrence quantification analysis (RQA)
carried out in our previous study indicated a shift towards higher determinism as
lean blowout is approached, as quantified by the RQ metric determinism (DET ).
Moreover, another parameter laminarity (LAM) also increased as lean blowout
is approached, indicating a shift of dynamics towards a laminar or intermittent
regime [42], [44]. So, the dynamics in the near-LBO regime for each of the F1-F4
cases is likely to be intermittent in nature.

In chapter 2, we report that the recurrence network measures η, k and CG in-
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creases as the combustor dynamics shifts from combustion noise to an intermittent
state. Further, the increase of RN metrics can be easily linked with the shift of
combustor dynamics towards higher determinism as shown in chapter 2. So, the
trends observed for the RN measures in the present study corroborate with the
finding of the previous study with RQ measures [42], that the dynamical tran-
sition from stable combustion to lean blowout without preceding thermoacoustic
instability entails a shift of dynamics towards higher determinism.

3.4.4 Comparison of recurrence network metrics and re-
currence quantification metrics, as early lean blowout
prediction tools

Next, we discuss the relative merits of the recurrence quantification (RQ) and
RN metrics as early lean blowout prediction tools. For brevity, we consider only
two RQ metrics: determinism (DET ) and laminarity (LAM), which were found
to be robust early lean blowout predictors for various degrees of premixing [42].
During the transition regime, DET shows a monotonic increase with equivalence
ratio for F1 case (Fig. 3.6a). For F2 case however, DET increases rapidly initially
after entering the transition regime but becomes constant thereafter and only
changes after entering the near-LBO regime. So, for F2 case, DET will issue
warning much prior to lean blowout and can provide a conservative estimate of
LBO limit only. However, F1 and F2 cases have very similar degree of premixing
(κ = 0.073 and 0.075 for F1 and F2 respectively).

For the F1 case, LAM initially increases rapidly at the start but continue to
increase at a much less rate during the latter part of the transition regime (Fig.
3.6b). On the other hand, for the F2 case LAM initially increases rapidly after
entering the transition regime but then becomes almost constant. So, for the F2
case, LAM can only be used to get a conservative estimate of lean blowout limit.
Thus the trends of DET and LAM varies significantly with slightest changes in
degree of premixing. Even with significant calibration efforts, DET and LAM may
only provide conservative estimates of LBO limit and thus may not be appropriate
metrics when fine-tuning of safety margin is needed. On the other hand, the RN
metrics η, k and CG have very similar monotonic trends for F1 and F2; thus they
are more suitable for fine tuning of safety margin at higher degrees of premixing,
as discussed above. We infer that the RN metrics have an advantage over the RQ
metrics, although both RN and RQ metrics are robust early LBO prediction tools.
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Figure 3.6: Variations of (a) determinism (DET ) and (b) laminarity (LAM) for
F1 and F2 cases, as LBO is approached. A, B and C zones indicate the stable
combustion regime, the transition regime and the near-LBO regime respectively
for both F1 and F2 cases. Reproduced from Chaos 30, 043115 (2020), with the
permission of AIP Publishing.

3.4.5 Topology of the constructed recurrence networks

The structural changes in RN during the dynamic transition to LBO can be
explored using visual representations of the network topologies. We attempt to
link the topological changes in the recurrence network with changes in the RN
metrics k and CG during dynamic transition to LBO. Such an approach may
be useful to better understand the changes observed in RN metrics as LBO is
approached.

The network topologies are constructed with force atlas 2 algorithm. This
algorithm has been used in many previous studies [97] under the Gephi framework
[98] to generate complex network topologies. It is a iterative algorithm which
brings together directly connected nodes and pushes away nodes which are not
directly connected [97]. The network nodes are color coded according to the
degree of the nodes. Also, the size of the nodes are linearly scaled from 1 to 100
unit with the lowest degree node having size 1 and highest degree node having size
100. Each link connects two nodes and the link color is same as the lower degree
node connected to the link.

In order to explore the dynamics with network topologies, the highly premixed
F1 case is considered (Fig. 3.7). At the stable combustion regime (ϕ/ϕLBO =
1.41), the network mostly consists of small greenish nodes indicating the preva-
lence of low degree nodes (Fig. 3.7a). This is reflected in average degree cen-
trality (k) being small (Fig. 3.4b). Network corresponding to near-LBO regime
(ϕ/ϕLBO = 1.01) shows the prevalence of comparatively higher degree nodes (Fig.
3.7b) which results in higher k in the near-LBO regime (Fig. 3.4b). Next we
explore the link between the global clustering coefficient CG (Fig. 3.4c) and RN
topology. Several excursions from the core of the network towards the periphery
of the network can be seen from the RN topologies (Fig. 3.7). These excursions
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Figure 3.7: Recurrence network topology constructed with Gephi for F1 case
at (a) stable combustion regime (ϕ/ϕLBO = 1.41) and (b) near-LBO regime
(ϕ/ϕLBO = 1.01) respectively. The networks are constructed with 10000 data
points corresponding to 5 second duration.

are indicated by a number of nodes arranged in arcs of various radii in the RN
topology. Such structures are particularly prominent for near-LBO regime (in-
dicated by red arrows in Fig. 3.7b). At the stable combustion regime, most of
the nodes in such arcs have a degree of two as seen from Fig. 3.7(a). Thus it
may be said that the system state visits the corresponding phase space regions
only once. On the other hand, the nodes in such arcs are considerably larger in
size for the RN corresponding to near-LBO regime (Fig. 3.7b). This indicates
frequent visitations from the network core to the network periphery. The frequent
excursions of the system state to the corresponding phase space regions lead to
increased clustering in the RN. In light of previous literature [78], the increased
clustering of the RN is consistent with the presence of intermittent dynamics near
LBO. We note that in previous literature [57], the network topology in the stable
combustion regime and near-LBO regime were found to be qualitatively similar.
In the present study, however, the stable combustion regime and near-LBO regime
have significant differences in network topology as discussed above. This fact again
highlights the differing dynamical transition to LBO in absence of thermoacoustic
instability preceding lean blowout.

3.4.6 Degree distribution of recurrence network

To further characterize the recurrence networks at stable combustion and near-
LBO regime, we study the degree distribution of the nodes. Presence of power
law degree distribution in various types of complex networks has been reported
in literature [57], [109]. A complex network is said to follow a power law degree
distribution when, it follows the law P (X) ∼ X−γ. Here, P (X) is the probability
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Figure 3.8: Breakdown of the power law degree distribution as lean blowout
is approached. (a) and (b) show the degree distribution at stable combustion
regime (ϕ/ϕLBO = 1.41) and near-LBO regime (ϕ/ϕLBO = 1.01) respectively, for
F1 case. (c) and (d) show the degree distributions at stable combustion regime
(ϕ/ϕLBO = 1.54) and near-LBO regime (ϕ/ϕLBO = 1.0) respectively, for F4 case.
The recurrence networks are constructed with 10000 data points corresponding to
5 second duration.

of finding a node with degree X in the network. If the power law coefficient (γ)
is such that 2 < γ < 3, the network is said to have a scale-free nature [138] as
such networks do not have a particular characteristic scale [57], [109]. Both stable
combustion regime and near-LBO regime are known to have power law degree
distributions for turbulent premixed configurations [39], [57], [87].

Figure 3.8 shows the degree distributions during the stable combustion and
near-LBO regimes for F1 and F4 cases. In both the F1 and F4 cases, most nodes
of the RN corresponding to the stable combustion regime follow a single power
law degree distribution with 2 < γ < 3 (Fig. 3.8a,c). So, the RNs at stable
combustion regimes follows a scale-free degree distribution for highly premixed as
well as partially premixed configurations. In the near-LBO regime of the highest
premixedness case (F1), the power law nature is absent (Fig. 3.8b). For the near-
LBO regime of the partially premixed configuration (F4), the scatters are very
large so that the presence of power law is arguable (Fig. 3.8d).

This apparently contradictory finding, concerning the degree distribution in
the near-LBO regime, with the literature [39], [57] is likely due to the presence of
intermittent events at the near-LBO regime (extinction-reignition bursts for the
more premixed cases and flame pulsations in the less premixed cases). We note
that Godavarthi et al. [57] observed the power law structure to get destroyed
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ϕ/ϕLBO 1.41 1.288 1.235 1.15 1.06 1.044 1.026 1.01
η 5255.1 1233.2 564.6 346.6 325.2 316.9 339.0 316.6
k 1597.5 326.9 124.0 71.0 66.9 61.9 70.4 63.3
CG 159.4 161.5 173.0 131.9 119.2 128.1 120.8 124.0

Table 3.2: Computational time (in seconds) of the global RN metrics for the F1
case, corresponding to optimally embedded RN with a window size of 5 seconds
(10000 data points).

during intermittency. However, the intermittent behavior reported in their paper
was obtained close to thermoacoustic instability and away from LBO.

3.4.7 Practical implementation strategies for early LBO
prediction with recurrence network approach

The results presented above provide a proof of concept that the recurrence
network tool can early detect LBO. Table 3.2 shows the time requirement for cal-
culating the three RN metrics for the F1 case, with a window size of 5 seconds
(corresponding to 10000 data points) and optimal embedding. We note that the
computational time for the RN metrics are found out by running the in-house
recurrence network code on an i5 4th generation computer with 16 GB RAM. The
computational times shown here include the time for adjacency matrix construc-
tion and creation of shortest path matrix (if required). Thus, the computational
time for CG includes the time required for creation of adjacency matrix. Similarly,
computational time for η includes the time required to create adjacency matrix
and shortest path matrix. We observe the recurrence networks are computation-
ally expensive which makes the online implementation of RN difficult. Next, we
suggest a couple of approaches based on recurrence network that can significantly
reduce the computational time without compromising the efficacy of the recur-
rence network tool: (i) short time series based RN with embedding dimension of
one (D = 1) and (ii) short time series based optimally embedded RN.

First, a 1-D RN is constructed with 1 second time window (corresponding to
2000 data points) to explore the dynamical transition. Mean values of the global
RN metrics over 5 such consecutive windows (corresponding to first 5 seconds
data) are shown in Figs. 3.9 and 3.10. We note that 1-D RN results should not be
compared with the optimally embedded RN. Thus we have normalized the values
of the RN metrics between 0 to 1 to avoid confusion about the dynamical state in
question. To construct the 1-D RN, a arbitrarily chosen fixed recurrence threshold
ϵ = 0.034 is used similar to a previous study [57]. However, we have checked that
the trends of the 1-D RN metrics remain similar for any fixed recurrence threshold.
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Figure 3.9: (a), (b) and (c) show the different global RN metrics for the F1 and
F2 cases, found with an embedding dimension D = 1 and time window of 1 second
(2000 data points). The plots (a-c) are the mean values of the global RN metrics
calculated from 5 such consecutive windows. A, B and C respectively indicate the
stable combustion regime, transition regime and near-LBO regime.

ϕ/ϕLBO 1.41 1.288 1.235 1.15 1.06 1.044 1.026 1.01
η 18.9 17.5 21.9 21.9 20.4 20.7 19.6 18.8
k 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2
CG 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2

Table 3.3: Computational time (in seconds) of the global RN metrics for the F1
case, corresponding to 1-D RN, with a window size of 1 second (2000 data points).

Because in this case the phase space of the combustor is not optimally unfolded,
the sensitivity of the RN method reduces to some extent. For the highly premixed
cases (F1, F2), the 1-D RN metrics η, k and CG show increasing trends as LBO
is approached (Fig. 3.9). However, η and k saturate at 10% to 15% ahead of
the LBO limit. So, for the highly premixed configurations, η and k may act as
conservative early LBO prediction tools which would issue early LBO warning at
a safety margin of 10% - 15%. The metric CG however, follows a monotonically
increasing trend up to the LBO limit. So, the combustor may be run reliably
with a thin safety margin (4% -6% of the LBO limit) if CG is used as a early
LBO metric. On the other hand, for the partially premixed configurations, each
of the metrics η,k and CG exhibit almost monotonically increasingly trends (Fig.
3.10). Thus in these cases, fine-tuning of safety margin is possible by judicious
selection of RN thresholds. The time requirement for 1-D RN metrics k and CG

are very less throughout the operating range, having a computational time around
0.2 seconds (Table 3.3). In short, the results indicate that 1-D RN is a robust
tool for early LBO detection, but the absolute trends and sensitivities of the RN
metrics vary with degree of premixedness of the combustor.

In some cases it may be important to operate the combustor with a thin safety
margin. In such cases, short time series (window size of 1 second, corresponding to

68



Chapter 3: Early detection of lean blowout in single-burner combustor using
recurrence network

Figure 3.10: (a), (b) and (c) show the different global RN metrics for the F3
and F4 cases, found with an embedding dimension D = 1 and time window of 1
second (2000 data points). The plots (a-c) are the mean values of the global RN
metrics calculated from 5 such consecutive windows. A3, B3 and C3 zones indicate
the stable combustion regime, the transition regime and the near-LBO regime
respectively, for F3 case. A4, B4 and C4 zones indicate the stable combustion
regime, the transition regime and the near-LBO regime respectively, for F4 case.

2000 data points) based optimally embedded RN may be more useful. The mean
global RN metrics, calculated from 5 successive windows (corresponding to first 5
seconds data), are shown in Fig. 3.11. Here we see that the metrics η, k and CG

follow qualitatively similar trends as those corresponding to 5 second windows.
So with this approach, each of the three metrics can detect LBO with a small
safety margin (4%-6% prior to LBO limit for the F1 case). On the other hand, η
and k are also able to provide conservative estimates of LBO limit as they follow
approximately monotonic trends during approach of LBO. Because the network is
constructed with a small time window, the absolute values of the global RN metrics
differs to some extent from those calculated with 5 second windows (Fig. 3.4.
With the short duration optimally embedded RN, the computational time for the
metrics k and CG becomes less than 1 second as the combustor deviates from stable
combustion state (Table 3.4). In this regard, it may be noted that use of open
source parallelized codes may reduce the computational time for global RN metrics
in order of magnitudes [139]–[141]. In short, the recurrence network with a long
time window would be computationally costly but most accurate from dynamical
exploration point of view. On the other hand, an optimally embedded short time
duration RN is more suitable if the combustor is to be run with relatively thin
margin whereas 1-D RN may be suitable if the combustor is to be operated away
from LBO limit and a relatively high safety margin is acceptable.

As the different degrees of premixedness are surrogate for different combus-
tor configurations, the implication of the results presented in the manuscript is
that RN is likely to be an effective early LBO prediction tool for various com-
bustor geometries. In this sense, RN is likely to be more general and require
less data for calibration purpose as compared to purely data driven approaches.
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Figure 3.11: (a), (b) and (c) show the different global RN metrics for the F1 case,
obtained from optimally embedded RN with a window size of 1 second (corre-
sponding to 2000 data points). The plots (a-c) are the mean values of the global
RN metrics calculated from 5 such consecutive windows. A, B and C respectively
are the stable combustion, transition and near-LBO regimes.

ϕ/ϕLBO 1.41 1.288 1.235 1.15 1.06 1.044 1.026 1.01
η 135.1 40.1 7.05 2.25 2.64 2.64 1.58 1.87
k 3.30 3.49 1.95 0.834 0.88 0.76 0.62 0.78
CG 3.30 3.49 1.96 0.83 0.88 0.76 0.62 0.79

Table 3.4: Computational time (in seconds) of the global RN metrics for the F1
case, corresponding to optimally embedded RN constructed with a window size of
1 second (2000 data points).

However, because the absolute trends may vary significantly depending on de-
gree of premixedness, minimum amount of calibration for particular combustor
configurations are likely to be necessary.

3.5 Summary

Lean premixed combustors are highly susceptible to lean blowout flame in-
stability, which can cause fatal accident in aircrafts or expensive shutdown in
stationary combustors. However, the lean blowout limit of a combustor may vary
significantly depending on a number of variables that cannot be controlled in prac-
tical situations. Although a large literature exists on the lean blowout phenomena,
a robust strategy for early lean blowout detection is still not available. To address
this gap, we study lean blowout without preceding thermoacoustic instability, us-
ing a nonlinear dynamical tool, recurrence network. Lean blowout via this route
is relatively unexplored, especially from the perspective of dynamical science. As
lean blowout is approached, the time series signal transforms from low amplitude
aperiodic oscillations (in the stable combustion regime) to ensemble of low am-
plitude and high amplitude aperiodic oscillations (in the near-LBO regime). For
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highly premixed flames, extinction-reignition events near lean blowout are seen.
These events are absent for partially premixed flames. This shows that the flame
behavior in the near lean blowout regime, for varying degrees of premixedness, are
significantly different. Three recurrence network parameters: global efficiency, av-
erage degree centrality and global clustering coefficient, are chosen as metrics for
early prediction of lean blowout. We observe that the characteristics of the time
series near lean blowout limit is highly dependent on the degree of premixedness
in the combustor. Still, for different degrees of premixedness, each of the three
recurrence network metrics increases during transition to lean blowout, indicat-
ing a shift towards periodicity. Thus qualitatively the recurrence network metrics
show similar trends for different degrees of premixing, which show their robust-
ness. However, the sensitivities and absolute trends of the recurrence network
metrics are found to be significantly different for highly premixed and partially
premixed configurations. By exploring the dynamical transition with RN metrics,
we find that the dynamic transition to LBO with and without preceding thermoa-
coustic instability are significantly different (the dynamic transition to LBO with
preceding thermoacoustic instability has been reported in previous literature and
the latter has been studied in this chapter). Thus the results obtained in this
study indicate that prior knowledge about (i) the degree of premixedness and (ii)
the route to lean blowout, may be required for accurate early prediction of lean
blowout. We observe the power law degree distribution of recurrence network to
break down close to lean blowout limit, due to the intermittent dynamics in the
near-LBO regime. Finally, we show that the visible structural changes in the re-
currence network topology can be linked to the changes in the recurrence network
metrics, helping to better understand the dynamical transition to lean blowout.
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CHAPTER 4

Synchronization
characteristics of two candle

flame oscillators with
comparable and different

oscillation amplitudes

4.1 Introduction

Recent research have proven the necessity of examining the interplay of oscil-
latory processes, including flame-flame interaction, to comprehend the thermoa-
coustic instability phenomena in turbulent combustors [142]–[150]. Candle flame
oscillators (CFO), i.e. oscillating candle flames, are among the most basic forms
of oscillators for studying flame-flame interplay.

Kitahata et al. [48] investigated the unsteady behavior of candles both exper-
imentally and numerically. Candle flame is a type of nonpremixed flame that re-
mains steady in absence of external disturbances. The supply rate of fuel (gaseous
paraffin) to a single candle stick is limited. For such instance, the air supply from
the surrounding air is adequate to maintain a constant rate of burning [48]. On
the other hand, when a number of candles are set in close proximity, the flames
of the separate candles combine to form a single flame when the candle sticks
are lighted. In such a scenario, all the constituent candle sticks provide gaseous
paraffin to the combined flame. In this situation, the oxygen supply from the
surrounding air is insufficient to support a steady flame [48]. The candle flame
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thus experiences self-sustaining periodic fluctuations with a frequency of roughly
10–11 Hz [48], [50], [52], [151].

The effects of flame-flame interplay on the the combustors’ dynamical features
are frequently investigated with the synchronization framework. Such studies are
helpful in understanding the occurrence of thermoacoustic instability in modern
gas turbine combustors and in suggesting measures to prevent it [150]. Synchro-
nization of coupled self-excited oscillating processes is a common occurrence in
both natural and physical settings [152]. It is formally defined as, “adjustments
of rhythms due to weak coupling between oscillators” [153]. Synchronization has
a significant impact on the working of the system in question, and depending on
the circumstances, it may be beneficial or undesired [152].

The synchrony of two oscillating processes may result in a variety of dynam-
ical states. Of these, amplitude death (AD) is the desired dynamical state from
the perspective of thermoacoustic instability research. It is the dynamical state
in which the interplay between the coupled oscillating systems produces almost
complete suppression of pulsations in each of them [150], [154]–[156].

Interplay of CFOs has been the subject of a few recent studies. Different
dynamical states have been documented as the distance between a pair of CFOs
is changed. Using a scale analysis, Kitahata et al. [48] demonstrated that thermal
radiation is a crucial coupling mechanism for CFO synchronization. Gergely et
al. [157] improved Kitahata et al.’s numerical model of CFOs and verified the
new model with experimental findings. Because thermal radiation is inversely
proportional to the distance squared (l2), Chen et al. [53] hypothesized that
increasing l would result in a decrease in radiation coupling. Okamoto et al. [151]
investigated the flame-flame interplay with three coupled CFOs. The CFOs were
placed at the corners of an equilateral triangle. They discovered that the coupling
strength between the CFOs is not a simple function of distance between them
(l). Dange et al. [52] observed presence of vortices in the surrounding air of the
CFOs. They inferred that these vortices are caused by unsteady combustion of
the CFOs. They suggested that the interplay of these vortices may have a role in
the synchronization phenomena. Forrester [47] observed presence of master-slave
coupling between a ring of candles and a candle placed at the center of the ring.

The interplay between a set of CFOs results in various dynamical states, in-
cluding: (i) in-phase (IP) synchrony [50], [53], [151], (ii) anti-phase (AP) synchro-
nization [48], [50], (iii) amplitude death (AD) [50], [52], [151], (iv) ‘rotation’ mode
[151] and (v) desynchronization (DS) [48], [50], [53]. In-phase (IP) synchroniza-
tion is a situation in which the paired oscillators oscillate approximately together,
i.e. the phase lag between the two oscillators is close to zero. Anti-phase (AP)
synchronization, on the other hand, is a situation in which the paired oscillators
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oscillate in an alternate manner. In other words, the phase lag between the two
oscillators is close to 180◦ at AP state. Desynchronization occurs when there is
no consistent phase correlation between the paired oscillators. Thus the phase
difference between the two oscillators often is seen to increase or decrease in a
monotonic manner. The different dynamical states will be discussed in a greater
detail later in this chapter. The dynamical transitions caused by interplay of a
couple of CFOs, as reported in previous literature, are summarized in Table 4.1.

Literature D (mm) N1, N2 l (mm) Dynamics

Kitahata
et al. [48] 6 3,3

l < 30 IP

l ∼ 30 IP, or AP, or alternating between IP and AP

30 ≤ l ≤ 46 AP

l ∼ 47 AP, or DS, or alternating between AP and DS

l > 47 DS

Manoj et
al. [50] 8 4,4

0 ≤ l ≤ 8 IP

l ∼ 10 alternating between IP and AP

10 < l < 20 AD

l ∼ 20 alternating between IP and AP

20 < l < 52 AP

l > 52 DS

Chen et
al. [53] 6 3,6

15 < l < 35 near-IP

35 < l < 55 near-AP

l > 55 DS

Table 4.1: The different dynamical states caused by the interplay of a pair of
CFOs as reported in previous research. The diameter of a candle is D. The
number of candles in the two coupled CFOs are N1 and N2 respectively. The
distance between the two CFOs is denoted by l.

The interplay of two identical CFOs has been the subject of a number of
experimental investigation [50], [52]. In practice, however, completely identical

75



Chapter 4: Synchronization characteristics of candle flame oscillators

oscillators are extremely rare, and minor differences always exist [153]. The impli-
cations of minute differences in the coupled flame oscillators, on synchronization
behavior, have received less attention, particularly from an experimental perspec-
tive. Thomas et al. [156] investigated two coupled Rijke tubes having different
oscillation amplitudes. Manoj et al. [50] showed that oscillators with a vary-
ing number of candles have differing amplitudes of pulsations. Chen et al. [53]
observed the synchronization phenomena between a pair of CFOs having consider-
able flame intensity disparities. In their study, one CFO had a flame intensity 60%
greater than the other CFO. They found a ‘near-IP’ and a ‘near-AP’ state as a
result of the interplay of the two CFOs. Still, to acquire a better understanding of
synchronization behavior owing to CFO interplay, the properties of ‘near-IP’ and
‘near-AP’ states need to be investigated further. For example: (i) what are the
differences between the IP and AP states and the ‘near-IP’ and ‘near-AP’ states?
(ii) Will varying the extent of disparity between the CFOs induce major changes
in the dynamical properties of the ‘near-IP’ and ‘near-AP’ states? We attempt
to address these points in this chapter using quantitative indicators such as phase
relationship of the two CFOs and amplitude correlation (calculated with Pearson
correlation coefficient). Furthermore, the synchrony of CFOs is a dynamically
rich phenomenon. Thus, it would be worthwhile to systemically investigate how
the disparity of the coupled CFOs affects the flame synchrony, by parametrically
increasing the distance between the CFOs.

To fill this research gap, we conduct a comprehensive assessment of the syn-
chronization behavior caused by the interaction of CFOs with similar and differing
amplitude of pulsations. In the remainder of this study, we refer to sets of CFOs
with similar and differing amplitudes of pulsations as simply similar and differing
sets of CFOs, respectively, for conciseness. Thus, by a ‘similar set of CFO’ we
indicate that each CFO consists of three candle sticks. By a ‘dissimilar set of
CFO’, we indicate a set of coupled CFOs that consist of either (i) 3 and 4 candles
or (ii) 3 and 5 candles. The Experimental design is covered in further depth later
in this chapter.

We observe a variety of dynamical states by adjusting the distance between
the CFOs over a reasonable range. We find that the synchronization behavior
is markedly different when caused by the interplay of a similar set of CFOs and
by differing sets of CFOs. For example, the CFOs are more prone to amplitude
death for a similar set of interacting CFOs than for a differing set of interacting
CFOs. This research might help to better understand synchronization in real-
world scenarios, where minor burner-to-burner differences are prevalent [150]. It
can also help to advance modeling of interacting diffusion flames.
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4.2 Experimental test rig and data collection

4.2.1 Experimental test rig

Figure 4.1 shows the experimental setup, which comprises of 2 CFOs, both
having 3 or a higher number of candles. Each candle is 10 cm tall and 0.7 cm in
diameter. We note that the rate of fuel (vaporized paraffin) supply to the candle
flame and the amplitude of pulsations can both be affected by the geometry of
individual candle sticks [48]. CFO dynamics are heavily influenced by the rate of
fuel supply [48]. Furthermore, the amplitude of pulsations and coupling strength
are known to be interrelated [50].

The schematic of the interacting candle flame setup is shown in Fig. 4.2(a).
The top views of the several arrangements of similar and differing sets of CFOs
are shown in Figs. 4.2(b-d). These are (i) 3 candles in both CFOs (Fig. 4.2b),
(ii) 3 candles in a CFO and 4 candles in the remaining CFO (Fig. 4.2c), and
(iii) 3 candles in a CFO and 5 candles in the remaining CFO (Fig. 4.2d). For
the rest of this study, we will refer to these arrangements as 3/3, 3/4, and 3/5
configurations, respectively. The CFOs are made by bundling the desired number
of candles and binding the bundle with tape around the center of the candle sticks.
The CFOs are then firmly set on wood boards, ensuring that they are vertically
aligned. The candle wicks are sufficiently near in this arrangement so that when
ignited, the flames of the separate candles combine. Next, this combined flame
starts to oscillate in a self-sustaining manner.

The edge-to-edge distance between the wood boards (l) is used as a proxy for
the distance between the CFOs. As the CFOs are situated at the edges of the
wood boards, l is almost equal to the distance between the coupled CFOs (Fig.
4.2a). The wood boards are slid along a straight path (guiding line) to adjust
the distance between the CFOs, maintaining the edges of the wood boards on
the guiding line. At the start, the distance between the CFOs is 5 mm, and it is
increased by 5 mm at a time up to 80 mm.

The oscillators are positioned at the borders of the wood boards. Thus the
connecting line between the geometric centers of the CFOs remains parallel to the
guiding line. A standard scale is placed along the guiding line to determine the
distance between the CFOs. The entire arrangement is set up on a wood table. To
make sure that the oscillators stay free of external disturbances, the investigation
is carried out in a closed chamber with a quiescent setting. In comparison to
the distance between the CFOs and the height of the candle, the dimensions of
the chamber are substantially larger. Therefore, wall effects are considered to be
insignificant in this study.
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Figure 4.1: Experimental Setup for studying the interplay between two candle
flame oscillators (CFO). (a) shows two candle stick assemblies that exhibit self-
sustaining pulsations when ignited. (b) shows the Wooden holding plates. (c) is
the wooden table and (d) is the camera.

Guiding 
line

l

Wooden holding 
plates

Table

(b)

(c)

(d)

(a)

Camera

Figure 4.2: Setup for studying the interplay between two candle flame oscillators
(CFO). The distance between the CFOs is l.
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4.2.2 Data collection and creation of intensity time series

We wait 2 minutes after igniting the oscillators so that the transient part of the
dynamics dies down. The movies of flame pulsations are then taken using a Nikon
Coolpix P100 camera at 240 frames per second for 10 seconds. 10 such movies are
taken in sequence for each operating point. To evaluate the relative phase dynam-
ics of the coupled oscillators, flame intensity information is first retrieved from
the flame movies. Each video frame is divided into two frames, each containing
a flame corresponding to a CFO. The cropped frames are chosen in such a way
that at all times, the whole flame of a CFO is caught in the relevant frame and no
portion of the flame from the other CFO is visible in it. Next, the RGB frames
are transformed to gray-scale frames with help of a Matlab command: rgb2gray.
The average intensity of the gray-scale frame is an estimate of the flame intensity
of the corresponding CFO at that instant. In this way, we get time histories of
intensity pulsations (y(t)) for both the CFOs. We also test the flame dynamics
with several physical sets of CFOs having the same composition and dimensions
to confirm that the synchronization phenomena are unaffected by the specific sets
of candle sticks.

4.3 Short description of time series analysis
adopted in this chapter

This section discusses the various tools that are used to analyze the intensity
pulsations (y(t) of the CFOs. We observe that when the two CFOs consist of a
differing number of candles, their amplitude of pulsations is also different. Fur-
thermore, even CFOs with an equal number of candles might have substantially
different pulsation amplitudes during various dynamical states. However, we limit
our attention to the phase correlation between the CFOs rather than the variation
in pulsation amplitude. To do so, we mean-subtract the intensity time-series data
(y(t)) as follows: I(t) = y(t) − y, and normalize I(t) as discussed next.

We generate the analytical time series ξ(t) = I(t) + iIH(t) = A(t)eiΨ(t) using
the mean-subtracted signal I(t). A(t) is the amplitude of the time series at time t
while Ψ(t) is the instantaneous relative phase (or, instantaneous phase difference
of the two CFOs) at t. The Hilbert transform of I(t) is denoted by IH(t), which
is computed as:

IH(t) = H[I(t)] = PV
1
π

∫ ∞

−∞

I(τ)
t− τ

dτ (4.1)

PV indicates the Cauchy principal value [158]. The intensity signal I(t) is
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normalized by dividing it by instantaneous amplitude A(t), as described below.

X(t) = I(t)/A(t) (4.2)

To explore the various dynamical states, we use the normalized intensity signal
(X(t)), along with power spectrum (obtained with fast Fourier transform), instan-
taneous relative phase (ϕ(t)) and average relative phase (⟨ϕ(t)⟩) of the two CFOs.
The instantaneous relative phase between the two CFOs (ϕ(t)) is calculated as,
ϕ(t) = Ψ1(t) − Ψ2(t). Here, the phases of the two CFOs at time t are Ψ1(t) and
Ψ2(t).

With 5-seconds duration windows, X(t) and ϕ(t) are computed. We observe
that a 5 seconds time window translates to 47-57 pulsation cycles, depending on the
CFO pulsation period of the two oscillators. During the various synchronization
states, the frequency of the coupled oscillators is found to be between 9.5 and 11.5
Hz. We verify that no phase slip happens during the 5-second window that is used
to explore the synchronization state. We also ensure that both the CFOs exhibit a
dynamically stable behavior. This is done by visually observing the relative phase
behavior. A sharp change in the relative phase between the two CFOs indicates
a phase slip event. Similarly, an unsteady trend in the relative phase during the
5-second window indicates that the dynamical state is not stable for that window.

It is worth noting that the paired oscillators often demonstrate multi-stability
characteristics. In other words, the coupled CFOs exhibit different synchroniza-
tion states at different realizations. Therefore, we derive the statistically prevalent
synchronization state from the 100 seconds of captured data. The multi-stability
results are described in detail in the appendix of this chapter. It is important to
note that the paired CFOs often experience phase slips, making the precise cal-
culation of relative phases over an extended period a challenging task. However,
the greater the number of pulsations in the given time window, the more pre-
cisely the synchronization state can be assessed. As a compromise between these
two criteria, we use a 5-seconds long time window for the current investigation.
Therefore, for further investigation of the dynamical properties of the interact-
ing CFOs, a representative window of 5 seconds, corresponding to the prevalent
synchronization state, is used.

The average relative phase (⟨ϕ(t)⟩) is determined as follows. We consider the
CFOs to be phase-locked if the instantaneous relative phase of the two CFOs re-
mains confined during the 5 seconds period. In such circumstances, ⟨ϕ(t)⟩ may
be computed for the 5 seconds window as ⟨ϕ(t)⟩ = 1

∆t
∑∆t
t=0 ϕ(t). Here, ∆t equals

5 seconds. To make the average phase correlation of the two CFOs easy to com-
prehend, the values of ⟨ϕ(t)⟩ are wrapped from -180◦ to 180◦. Next, the modulus

80



Chapter 4: Synchronization characteristics of candle flame oscillators

of the average relative phase (|⟨ϕ(t)⟩|) is shown in this study. This is because
the absolute value of the average relative phase is the main criteria to assess the
synchronization state. If the instantaneous relative phase between the two CFOs
does not remain bounded within a reasonable limit during the 5 seconds period,
then the CFOs are not phase-locked. As a result, the average relative phase would
have no meaning. In this study, if the criterion, max ϕ(t) − minϕ(t) ≤ 180◦ is
satisfied for the 5 second time series analyzed, we consider ϕ(t) to be bounded.

The Pearson correlation coefficient (ρ), which estimates the linear relationship
between the amplitudes of two time series, is another effective metric for studying
amplitude relationships between the interacting CFOs [50]. It has been observed
that ρ ≈ 1 during IP synchronization and ρ ≈ −1 during AP synchronization [50].
It is calculated as,

ρ = N(∑
y1y2) − (∑

y1
∑
y2)√

(N ∑
y2

1 − (∑
y1)2)(N ∑

y2
2 − (∑

y2)2)
(4.3)

In Eq. 4.3, the length of the time series (N = 1200 in our example) is denoted
by N . Thus, the calculations corresponding to in Eq. 4.3 are performed across
time instants 1 to N .

4.3.1 Synchronization theory principles pertinent to this
study

Synchronization is a nonlinear event in which the pulsations in the interacting
oscillators are modified due to weak interplay between the oscillators. Depend-
ing on the nature and intensity of the interaction, various types of synchrony can
occur. For ease of comprehension, the various synchronization states relevant to
the current investigation are described next. The synchronization state is con-
sidered as in-phase (IP) synchronization when the instantaneous relative phase
of the pair of oscillators is bound within a reasonable limit during the 5 seconds
period and the average relative phase |⟨ϕ(t)⟩| ≈ 0◦. The dynamical state is called
an anti-phase (AP) synchronization if the relative phase between the two CFOs
is bounded and |⟨ϕ(t)⟩| ≈ 180◦ [159]. We define the dynamical state as lag syn-
chronization (LS) if |⟨ϕ(t)⟩| is between IP and AP but is not near any of them.
Amplitude death (AD) is a synchronization state in which the interaction between
the CFOs produces almost complete suppression of pulsations in both the CFOs
[150], [154]–[156]. Partial amplitude death (PAD) is a synchronization state in
which the pulsations of one CFO become almost completely suppressed whereas
the pulsations in the other CFO persist. Desynchronization (DS) occurs when
there is no clear phase correlation between the paired oscillators, allowing the
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relative phase of the coupled CFOs to increase or decrease monotonically.

4.4 Results

4.4.1 Visual observation of flame dynamics corresponding
to isolated and coupled candle flame oscillators

The changes in flame dynamics, that occurs when the distance between the
paired CFOs is altered, may be observed from flame snapshots corresponding to
the two CFOs at various time instants. First, we study the flame dynamics corre-
sponding to the solitary CFOs and then compare them with that of the interacting
CFOs. Figures 4.3 and 4.4 show images of isolated CFOs containing three and
five candles respectively, at various time instants. In each of these situations, two
phenomena may be observed. First, a periodic lengthening and shortening of the
flame. Second, a portion of the flame occasionally splits from the main flame to
produce a puff. For brevity, we refer to the candle flame oscillators with 3, 4, and
5 candles as oscillator-3, oscillator-4, and oscillator-5 respectively. We see that the
puff dimension corresponding to oscillator-5 is substantially greater than that of
oscillator-3.

The behaviors of the two oscillators are markedly different when they are in
close proximity so that interplay between the CFOs become possible. Here, the
flame behaviors of the coupled oscillators are discussed for a few example scenarios.
In Fig. 4.5, the two CFOs are shown to lengthen and shorten at the same moment
at l = 5 mm for the 3/3 configuration. Later, with time series analysis, we
demonstrate that this scenario corresponds to in-phase (IP) synchrony. Now, we
investigate the CFO dynamics at l = 10 mm for the 3/3 configuration (Fig. 4.6).
For this scenario, the flames of both CFOs are seen to occupy the same positions
at various time instants. Therefore, the dynamic state here is amplitude death
(AD). Figure 4.7 depicts the CFO dynamics attained at l = 40 mm for the 3/4
configuration. However, determining the synchronization state using merely flame
snapshots in this scenario would be a challenging task. This synchronization state
will be discussed in detail later in this chapter.

Figure 4.8 depicts the CFO behavior attained at l = 80 mm for the 3/5 configu-
ration. We conclude that the oscillator-3 remains in the same position at different
time instants from the flame images taken. On the other hand, the snapshots
corresponding to oscillator-5 indicate a presence of distinct periodic pulsations in
it. We demonstrate later in this chapter that this synchronization scenario is the
partial amplitude death (PAD) state. A thorough assessment of the dynamical
characteristics of the CFOs cannot be obtained only from visual observation of
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Figure 4.3: Flame images of a solitary candle flame oscillator (CFO) comprising
three candles. The snapshots are captured at an interval of 0.0375 seconds.

Figure 4.4: Flame images of a solitary candle flame oscillator (CFO) comprising
five candles. The snapshots are captured at an interval of 0.0375 seconds.

the flame. To that purpose, we now investigate the time-series features of solitary
and coupled candle flame oscillators.

4.4.2 Dynamical properties of the solitary candle flame os-
cillators

We investigate the dynamical characteristics of the solitary oscillators to com-
pare and contrast them with the dynamical characteristics of the coupled CFOs.
Figure 4.9 depicts the intensity time series (y(t)) for the solitary CFOs consisting
of 3, 4, and 5 candles. For ease of visual inspection, the time series pertaining to
the first 2 seconds only are presented in Fig. 4.9, which indicates the presence of
periodic pulsations in all 3 configurations. The RMS of the flame intensity and the
predominant frequencies of the CFOs, determined from time series of 5 seconds
duration, are displayed in Table 4.2.

As the number of candles in a CFO increases, the frequency of the CFO de-
creases. To quantify the dissimilarity of the different CFOs, we compare the RMS
value of the intensity of the solitary CFOs. We observe that the oscillator-4 has
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Oscillator - i

Oscillator - ii

Figure 4.5: Flame pictures of the two coupled CFOs at l = 5 mm for the 3/3
configuration. Both the CFOs, namely the oscillator-i and oscillator-ii, contain 3
candles. The snapshots are captured at an interval of 0.0375 seconds.
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Oscillator - i

Oscillator - ii

Figure 4.6: Flame pictures of the two coupled CFOs at l = 10 mm for the 3/3
configuration. Both the CFOs, namely the oscillator-i and oscillator-ii, contain 3
candles. The snapshots are captured at an interval of 0.0375 seconds.
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Oscillator - 3

Oscillator - 4

Figure 4.7: Flame pictures of the two coupled CFOs at l = 40 mm for the 3/4
configuration. The CFO with 3 candlesticks and 4 candlesticks, is denoted as
oscillator-3 and oscillator-4 respectively. The snapshots are captured at an interval
of 0.0375 seconds.
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Osillalator - 3

Osillalator - 5

Figure 4.8: Flame pictures of the two coupled CFOs at l = 80 mm for the 3/5
configuration. The CFO with 3 candlesticks and 5 candlesticks, is denoted as
oscillator-3 and oscillator-5 respectively. The snapshots are captured at an interval
of 0.0375 seconds.
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Figure 4.9: The intensity time series y(t) for the different solitary candle flame
oscillators (CFO). The terms Oscillator-3, Oscillator-4, and Oscillator-5 denote
CFOs having 3, 4, and 5 candle sticks, respectively.

10.5% higher RMS intensity as compared to the oscillator-3. Similarly, oscillator-5
has 59.4% higher RMS intensity as compared to the oscillator-3. Therefore, the
3/4 and 3/5 configurations can be regarded as the slightly differing and consider-
ably differing sets of candle flame oscillators, respectively. The two oscillators in
the 3/3 configuration may be assumed to be almost identical as both are built of
three candle sticks with same nominal shape and composition. As discussed be-
fore, the dynamical characteristics of coupled oscillators differ significantly from
those of solitary oscillators. Next, we describe how the interplay between the
oscillators affects their amplitude of pulsations.

4.4.3 Effect of interplay of the CFOs on their amplitude
of pulsations

Figures 4.10(a-b) depict the intensity time series for the 3/3 configuration at
various CFO distances (l). The peaks and valleys of the time series of the two
CFOs are seen to be roughly coincident at l = 5 mm (Fig. 4.10a). In-phase (IP)
synchronization is therefore likely to be the dynamical state here. At this point,
the oscillators’ pulse amplitudes are comparable. This can be anticipated as both
the oscillators comprise 3 candle sticks. Amplitude death (AD) occurs at l = 10
mm, when the pulsations in both oscillators cease as the distance l between them
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Number of
candle sticks in
the oscillator

Dominant
frequency (Hz)

RMS
value of
Intensity

(a.u.)
3 11.4 (± 0.2) 18.0
4 11.1 (± 0.2) 19.9
5 10.7 (± 0.2) 28.7

Table 4.2: RMS intensities and prevalent frequencies for the CFOs with varying
numbers of candle sticks. The standard deviations of the CFO frequency, de-
termined using 15 sets of 5-seconds movies captured in succession, are shown in
brackets.

Figure 4.10: Time series of intensity (y1(t), y2(t)) for a pair of CFOs (3/3 con-
figuration) as the distance between them changes. In-phase (IP) synchrony is
obtained at (a) l = 5 mm and amplitude death (AD) is obtained at (b) l = 10
mm, respectively. (c) Shows the strongest peak in the amplitude spectrum (10.4
Hz), for the IP state at l = 5 mm.

increases (Fig. 4.10b). Up to l = 80 mm, this dynamical behavior persists. A
close examination of Fig. 4.10(b) reveals that the CFOs are not entirely stable
during amplitude death. Instead, the intensity values show minute drifts over
time. We observe that at this dynamical state, removing or putting out one of the
CFOs causes the other CFO to quickly recover its self-sustaining pulsations. This
suggests that the observed suppression of pulsations is not a transient feature but
rather the result of interplay of the two CFOs.

As the distance between the oscillators is changed, the 3/4 and 3/5 configu-
rations exhibit similar dynamical transitions in intensity time series. Therefore,
for conciseness, we describe the time series at different l for the 3/5 configuration
only. The time series for the 3/5 configuration at l = 10 mm is shown in Fig.
4.11(a). In this scenario, the peak-to-peak amplitude of pulsations in oscillator-5
is significantly higher than that of oscillator-3. This is due to the greater supply
of molten paraffin wax in the oscillator-5 [48]. The AD state continues to occur
at l = 15 − 35 mm (Fig. 4.11b). The pulsations in both CFOs re-establishes at
l = 40 mm and continues for up to l = 45 mm (Fig. 4.11c). Another AD regime
is observed at l = 50 − 65 mm. During l = 65 − 80 mm, the pulsations in CFO-3
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Figure 4.11: Intensity time series (y1(t), y2(t)) for the significantly differing set of
CFOs (3/5 configuration) as the distance between them changes. (a) Both CFOs
exhibit pulsations at l = 10 mm. (b) Amplitude death happens at l = 15 mm.
The time series pertaining to l = 45 mm, at which both CFOs resume oscillations,
is shown in (c). The partial amplitude death (PAD) pertaining to l = 80 mm is
shown in (d). The power spectrum for the PAD states, at l = 70mm and l = 80m,
for the 3/5 configuration, is shown respectively in (e) and (f).

(shown in Fig. 4.11d in blue) are absent while the CFO-5 (shown in Fig. 4.11d
in red) again starts to exhibit pulsations. Therefore, this dynamical state corre-
sponds to partial amplitude death (PAD). Again, a careful look at the time series
reveals that, at this point, weak pulsations are present in the CFO-3 also. This
may be seen from the amplitude spectrum at l = 70 mm and l = 80 mm, where
no significant peak can be observed (Fig. 4.11e and Fig. 4.11f respectively.) As
will be demonstrated later in this chapter, minor amplitude pulsations continue
to occur at PAD states for the seemingly dead CFO for the 3/4 configuration as
well. Next, we describe various synchronization states primarily by exploring the
relative phase data of the CFOs.

4.4.4 Exploration of the various types of synchrony ob-
served in this study

To assess the dynamical states of the CFOs, we examine the normalized time
series (X1(t), X2(t)), as well as the instantaneous phase difference ϕ(t) (Fig. 4.12)
in tandem. The time series pertaining to the two CFOs (3/3 configuration) at
l = 5 mm (Figs. 4.12a-b) is seen to have coincident peaks and valleys. At this
moment, |⟨ϕ(t)⟩| ≈ 0◦, which confirms that IP synchronization is the dynamical
state here.

The 3/5 configuration does not encounter the IP synchrony. Instead, it is
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Figure 4.12: In-phase (IP) synchrony is achieved at l = 5 mm for the 3/3 configu-
ration, as can be observed from (a) normalized time series and (b) instantaneous
relative phase ϕ(t) (presented in degrees). The normalized time series and instan-
taneous relative phase ϕ(t) (given in degrees) for the lag synchrony obtained at
l = 10 mm for the 3/5 configuration, are presented in (c) and (d), respectively.

discovered that the lag synchronization takes place when the two CFOs are closest
to one another (l = 5−10 mm). A phase lag, for instance, may be seen between the
time series pertaining to the two CFOs at l = 10 mm (Fig. 4.12c). Here, |⟨ϕ(t)⟩|
is 79◦ (Fig. 4.12d) and the dynamical state corresponds to lag synchronization.
The instantaneous relative phase of the two CFOs ϕ(t) displays much greater
pulsations for the various LS states seen in this study than they do during IP
states (for example, see Fig. 4.12b).

Since the Hilbert transform is invalid for such synchronization states, the am-
plitude death (AD) and partial amplitude death (PAD) are not described here
using X(t) and ϕ(t). In these scenarios, the variation of the mean position of the
time series becomes of the same order as the pulsation amplitude of the seemingly
dead CFOs. Due to this, the analytic plane lacks a singular center of rotation [153].
Such drift in these scenarios is a sign of the flame’s intrinsic transitory dynamics.
After going through various types of synchronization states encountered in this
study in detail, we will now concentrate on the dynamical transitions for the 3/3,
3/4, and 3/5 configurations, as the distance between the CFOs is changed.
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Figure 4.13: Average relative phase or average phase difference of the two CFOs
(|⟨ϕ(t)⟩|) at various synchronization states, for the 3/3 configuration, are presented
in (a). The dominant frequency (f) of the CFOs, at various synchronization states,
for the 3/3 configuration, are shown in (b). For ease of understanding the phase
relationship of the two CFOs, ⟨Φ(t)⟩ is wrapped from -180◦ to 180◦.

4.4.5 Transitions in synchronous behavior for various con-
figurations

The phase and frequency correlation of the coupled CFOs is used to study the
dynamical transitions in the similar (3/3 configuration) as well as differing sets of
CFOs (3/4 and 3/5 configurations). Fig. 4.13 demonstrates the changes in the
dominant frequency (f) and the |⟨ϕ(t)⟩| for the 3/3 configuration as the distance
between the coupled CFOs is changed. The interplay of the CFOs leads them
to oscillate in an in-phase (IP) state at l = 5 mm. Here, the CFO’s prevalent
frequency is 10.4 Hz (Fig. 4.13b). As seen from table 4.2, this frequency is lower
than the solitary CFO’s prevalent frequency (11.4 Hz). The two CFOs display
amplitude death states at all other distance between them (l = 10 − 80 mm) for
the 3/3 configuration (Figs. 4.13a-b).

The transitions in synchronous behavior for the 3/4 configuration are now
described. When the CFOs are most proximate (l = 5 mm), IP synchronization
is seen for the 3/4 configuration, akin to the 3/3 configuration, as shown in Figs.
4.14(a-b). Further increment in l, however, result in the emergence of an AD
regime (l = 0 − 20 mm), an LS regime (l = 25 − 45 mm), and then another AD
regime (l = 50 − 60 mm) respectively. Finally, one of the CFOs stops pulsating
during the PAD regime (l = 65 − 80 mm).

When the CFOs are closest to each other (l = 5 − 10 mm) for the 3/5 config-
uration (Figs. 4.14c-d), an LS regime is encountered. We examine the sensitivity
of the synchronization state on the initial situation (initial phase difference) with
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Figure 4.14: Average relative phase or average phase difference of the two CFOs
(|⟨ϕ(t)⟩|) for the 3/4 configuration, at various synchronization states, is presented
in (a). We note that |⟨ϕ(t)⟩| is the absolute value of the average relative phase and
it is represented in degrees. The dominant frequency (f) of the CFOs for the 3/3
configuration, at various synchronization states, is depicted in (b). The average
relative phase and dominant frequency for the 3/5 configuration are presented in
(c) and (d) respectively. For ease of understanding the phase relationship of the
two CFOs, ⟨Φ(t)⟩ is wrapped from -180◦ to 180◦.
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many realizations. However, we do not observe any instances of IP synchroniza-
tion for the 3/5 configuration. However, akin to the 3/4 configuration, AD begins
to manifest when l is incremented (l = 15 − 35 mm). An LS regime (l = 40 − 45
mm) is produced, akin to the 3/4 configuration, as l is incremented further. But
the LS regimes are significantly narrower in width for the 3/5 configuration as
compared to the 3/4 configuration. Another AD regime (l = 50 − 65 mm) starts
as l is further incremented.

During l = 65 − 80 mm, one of the oscillators experiences an almost total
suppression of pulsations resulting in the onset of the PAD regime. It is important
to note that the dynamical transition in 3/4 and 3/5 configurations have significant
similarities between them, except when the two coupled CFOs are closest to one
another (i.e. when l = 5 mm). For example, there is a LS regime with AD
regimes on its two flanks for both 3/4 and 3/5 configurations. For both these
configurations, a PAD state is encountered when the distance between the CFOs
is significantly high. Moreover, a variety of dynamical states is observed for both
the 3/4 and 3/5 configurations as l is varied. In contrast, an AD regime is seen to
exist throughout the range of l (l = 10 − 80 mm) for the 3/3 configuration apart
from an IP state when the two CFOs are most proximate (l = 5 mm). We observe
that the frequency (f) and the average relative phase (|⟨ϕ(t)⟩|) of the two CFOs
vary substantially with l in no particular sequence (Fig. 4.14) for the 3/4 and 3/5
configurations. This is true even if these LS states are part of the same LS regime.
To put it another way, no definite correlation exists between |⟨ϕ(t)⟩| and f with l.

The Pearson correlation coefficient ρ provides additional information on the
amplitude relationship between the coupled CFOs at different dynamical states.
The changes in ρ, with different distances between the coupled CFOs, are depicted
in Fig. 4.15 for the 3/3, 3/4, and 3/5 configurations. We observe that the value
of ρ in the IP regime is approximately 1. This is anticipated given that at the
IP state, the amplitude crests of the two CFOs almost coincide (Fig. 4.15a). In
contrast, the ρ values in the lag synchronization regimes range from -0.74 to 0.43.

Next, we investigate the synchronization state at l = 35 mm for the 3/4 con-
figuration. We find that at this point,|⟨ϕ(t)⟩| = 158◦ (Fig. 4.14a) and ρ = −0.74
(Fig. 4.15b). Therefore, here |⟨ϕ(t)⟩| is near to but lower than 180◦ and ρ is higher
than but near to -1. Based on these facts, we infer that the synchronization state
at this point is an LS synchrony that is close to the AP synchrony. These facts
also indicate that the findings of the two metrics |⟨ϕ(t)⟩| and ρ, regarding the
nature of synchrony at a particular point, in general support each other.

As seen in Fig. 4.15, there are multiple LS states where the value of ρ ap-
proaches zero. Normally, when desynchrony between the two CFOs is established,
ρ approaches zero as there would be no definite amplitude correlation in such a
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Figure 4.15: (a), (b), and (c) show the Pearson correlation coefficients for the
3/3, 3/4, and 3/5 configurations respectively, as the distance between the CFOs is
changed. The normalized time series of an LS state, obtained at l = 40 mm of 3/4
configuration, is shown in (d) and the corresponding instantaneous relative phase
plot is shown in (f). The normalized time series of another LS state, obtained
at l = 5 mm for the 3/5 configuration, is shown in (e) and the corresponding
instantaneous relative phase plot is shown in (g). The CFO with 3, 4, and 5
candles is indicated by Oscillator-3, Oscillator-4, and Oscillator-5, respectively.
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Figure 4.16: The intensity time series (y1(t), y2(t)) at l = 70 mm and l = 80 mm,
respectively, for the 3/4 configuration, where PAD states are obtained.

case [50]. We look at two examples: the 3/4 configuration at l = 40 mm and the
3/5 configuration at l = 5 mm. In each of these two cases, ρ ≈ 0. According to
Fig. 4.14, the dynamics in these scenarios corresponds to LS states.

We use the normalized time series (X1(t), X2(t)) and instantaneous relative
phase (ϕ(t)) graphs to explain this anomalous behavior. We consider two example
cases: (i) at l = 40 mm corresponding to the 3/4 configuration (Figs. 4.15(d,f)
respectively) and (ii) at l = 5 mm corresponding to the 3/5 configuration (Figs.
4.15(e,g) respectively). Here we highlight that magnified views of the normalized
time series, corresponding to two seconds duration, are displayed in Fig. 4.15
for better visualization only; the critical key parameters (|⟨ϕ(t)⟩|, f, ρ etc.) are
computed using five seconds data. The ϕ(t) of the two oscillators are observed
to be restricted within a certain range in Figs. 4.15(f,g), showing the presence
of phase-locked conditions in these two examples. We discover that the synchro-
nization state at l = 40 mm of the 3/4 configuration corresponds to the average
relative phase of |⟨ϕ(t)⟩| = 94◦. Further, |⟨ϕ(t)⟩| = 83◦ at l = 5 mm for the 3/5
configuration. Since |⟨ϕ(t)⟩| ≈ 90◦ for these situations, these dynamical states
are LS states. We further note that these dynamical states are at almost equal
distance between the IP and AP states. This is why ρ is approximately zero in
these situations, which is the average ρ of IP and AP synchrony.

We now examine a few typical PAD instances that occurred in our study.
Figure 4.16 depicts two representative time series during PAD states for the 3/4
configuration. In these two scenarios, oscillator-4 experiences an apparent ampli-
tude death, whereas oscillator-3 continues to oscillate. The pulsation amplitude of
oscillator-4 does not, however, become zero. Close examination of the normalized
time series at l = 70 mm, for the 3/4 configuration, reveals a phase lag between
the amplitude crests corresponding to the two CFOs (Fig. 4.16a). Consequently,
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here ρ = 0.17 (Fig. 4.15b). The phase lag between the amplitude crests of the two
time series, however, is significantly decreased at a higher distance (l = 80 mm)
between the CFOs (Fig. 4.16b). The strong correlation of the two time series
amplitude at l = 80 mm (ρ = 0.52) supports this conclusion. We then investigate
the PAD states for the 3/5 configuration, where the two CFOs have significantly
differing characteristics. Visual examination of the time series at l = 80 mm (Fig.
4.11d), where the dynamic state corresponds to PAD, shows that oscillator-3’s
pulsation amplitude is significantly reduced here while the pulsation amplitude
of oscillator-5 is the same as in the prior instance. The amplitude crests of the
two CFOs roughly coincide in time at this distance (l = 80 mm), leading to an
enhanced correlation value (ρ = 0.55).

4.5 Discussions

The interplay of two CFOs, for both similar and differing sets of oscillators,
is discussed in previous section along with several novel findings. The insights
gained from these observations are described below.

When CFOs are closest to one another during the interplay of a similar set of
CFOs, IP synchronization is achieved. At all other distances between the similar
set of CFOs, the amplitude death continues to occur. In contrast, during the
interplay of differing sets of CFOs (i.e. 3/4 and 3/5 configurations), the amplitude
of pulsations as well as the synchronization states change in a significant way as
the distance between the CFO is varied. In particular, for the differing sets of
CFOs, as the dynamical state shifts from IP/LS to PAD (Figs. 4.11a,c-d) with
an increase in distance between the CFOs, the amplitude of pulsations in one
of the CFOs is seen to reduce gradually (if we ignore the interim AD regimes
in which neither CFO exhibits pulsations). A possible evidence that the two
CFOs are strongly coupled is the considerable changes in amplitude of pulsations
evinced by the CFOs, as the dynamical state changes. This is because weak
coupling may only affect the CFOs’ phase, but a strong coupling can affect the
coupled CFOs’ amplitude as well [153]. Liu et al. [160], [161] experimentally
and numerically examined the interplay of two Lorenz oscillators, created with
electrical circuits. They found that the pulsation amplitudes in two identical
oscillators become increasingly different as the coupling strength between them is
varied. Finally, they saw that one oscillator experiences amplitude death while
the other keep oscillating. In the current investigation, a similar path to PAD is
seen.

For all phase-locked situations, we see significant fluctuations in the instanta-
neous relative phase ϕ(t) (see, for example, Figs. 4.12(b,d) and Figs. 4.15(f,g)).
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Numerous experimental systems, including coupled CFO systems, have been shown
to experience these variations. This might be a consequence of the intrinsic fluctu-
ations in candles [53]. It may also be due to the intrinsic noisiness of the interacting
CFOs [153]. Typically, an oscillating relative phase is obtained when two periodic
oscillators, having the same frequency but differing waveforms, interact with each
other.

For both 3/4 and 3/5 configurations, we see the emergence of two AD regimes
separated by an LS regime. We designate these areas as multiple regimes of
amplitude death in accordance with the literature [162]. In contrast, we detect
a single AD regime for the 3/3 configuration. Several analytical and numerical
investigations have reported multiple regimes of amplitude death [156], [160]–[170].

The existence of multiple regimes of AD is not trivial. Such occurrences illus-
trate the complicated link between the observed dynamical states and the system’s
τc (the time delay of coupling). This phenomenon has been found in a wide num-
ber of literature where it is typically represented in a K − τc parameter space.
Here, K is the coupling strength of the two oscillators. As an illustrative example,
the reader may refer to Fig. 4 of the study by Reddy et al. [162].

Furthermore, we detect LS regimes in the 3/4 and 3/5 configurations (i.e. for
the differing sets of interacting CFOs) but not in the 3/3 configurations (i.e. in
the similar set of interacting CFOs). This is anticipated since it is known that LS
only happens when the coupled oscillators are different from one another [171],
[172]. We note that multiple LS regimes are present in the significantly differing
set of CFOs (i.e. the 3/5 configuration), separated by an AD regime (Fig. 4.14c-
d). Previous studies have reported the presence of an amplitude death regime,
which separates two LS regimes located at both flanks of it. Biwa et al. [173],
for instance, investigated the interplay between two thermoacoustic oscillators and
discovered the existence of LS-like states on each side of an AD regime. To the best
of the author’s knowledge, multiple LS regimes brought about by the interaction
of two CFOs have not been reported to date.

Additionally, we report that partial amplitude death can occur due to the in-
terplay of the differing sets of oscillators but not due to the interplay of the similar
set of CFOs. Numerous studies, from a theoretical perspective, have discussed the
partial amplitude death (PAD) state [168], [174], [175]. Recently, Dange et al. [51]
observed that the interaction of two Rijke tube oscillators, having a substantial
difference in frequency, may cause the onset of PAD. As far as we know, the onset
of PAD due to the interplay of two CFOs has not been reported in the literature
to date.

The average relative phase ⟨ϕ(t)⟩ and frequencies of the two oscillators (f),
as previously indicated, do not exhibit any specific trends with a variation in
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l. Additionally, we observe that parametric variation of a single variable l (the
distance between the CFOs) can cause the occurrences of multiple AD regimes
and multiple LS regimes, for the differing sets of CFOs (i.e. for the 3/4 and 3/5
configurations), as seen in Fig. 4.14. These results reveal the intricate relationship
between the synchronization states and the distance (l) between the CFOs. It is
understood that as l varies, the time delay of interaction (τc) is also likely to change
[51]. However, it is probable that when changing l, the coupling strength (K)
between the CFOs also changes. The complicated nature of CFO interactions has
been documented previously. According to Manoj et al. [50], the CFO interactions
may be the result of indirect coupling through an intermediary medium as well
as time delay coupling. Previous literature has reported the existence of a fluid-
dynamical connection between the CFOs [52]. The interplay of vortices, produced
by buoyancy-induced instability surrounding the flames, is what causes this fluid
dynamical connection [52]. Keeping these evidences of complex nature of coupling
between the CFOS, we contend that it might not always be possible to change τc
by changing l without a corresponding change in K. If this is the case, parametric
change of l may lead to complex dynamical transitions in the K − τc parameter
space. Additional insights into such complicated dynamical transitions may be
provided by a numerical model of interacting CFOs. In a future study, this facet
of the problem will be addressed.

4.6 Summary

This chapter contrasts the synchronization behavior brought on by the inter-
play of candle flame oscillators (CFO) that have similar and differing amplitudes
of pulsations. We discover significant differences between the dynamical transi-
tions obtained due to the interplay of similar and differing sets of CFOs. It is seen
that in close vicinity, the interplay of the similar set of CFOs establishes in-phase
synchronization. However, when the interacting CFOs are significantly different,
a lag synchronization state is encountered in close vicinity. Further, interplay of
CFOs is seen to result in amplitude death (AD) across the operational range, ex-
cept in close vicinity, if the interacting CFOs have similar amplitude of pulsations.
In contrast, the interplay of CFOs is seen to result in dynamically rich transitions
if the interacting CFOs have differing amplitude of pulsations. Such dynamical
transitions are seen to consist of multiple amplitude death (AD) regimes, multiple
lag synchronization (LS) regimes, and a partial amplitude death (PAD) regime.
Overall, a simple dynamical transition is seen due to the interplay of a similar set
of CFOs while a significantly complicated dynamical transition is seen due to the
interplay of a differing set of CFOs.
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In this study, we systemically explore the dynamically rich transitions in simple
diffusion flame oscillators. This work may help to better understand the synchro-
nization phenomena encountered in real-world scenarios, caused by flame-flame
interaction.

Citation acknowledgment

Some parts of this chapter are reproduced with permission from the publica-
tion(s) listed below.

1. Arijit Bhattacharya, Sirshendu Mondal, Somnath De, Achintya Mukhopad-
hyay and Swarnendu Sen, “Synchronization behavior between two candle
flame oscillators with similar and dissimilar amplitudes of oscillations”,Combustion
Theory and Modelling (DOI: 10.1080/13647830.2023.2165966).

Appendix

The results of the multi-stability analysis are shown in Tables 4.3 - 4.5. We see
that the amplitude death state is dominant throughout the operating range for the
3/3 case, except in close proximity to the CFOs where IP synchronization is the
dominant dynamic state. On the other hand, for 3/4 and 3/5 cases, the dynamical
transitions encountered, as the distance between the two CFOs is varied, are more
complex.

Useful insights about the synchronization state may be obtained by close visual
inspection of the time series corresponding to the CFOs, as discussed in the main
text of this chapter. Here we briefly discuss how the visual inspection of time series
is carried out in this study. As an example, we consider the partial amplitude death
(PAD) states encountered at l = 70−80 mm for the 3/4 case (Fig. 4.16 in the main
manuscript). At PAD, the intensity time series (y1(t), y2(t)) corresponding to the
two CFOs have significant differences in amplitude of oscillations, with one of the
oscillators having a very small amplitude of oscillations. Thus we normalize the
intensity time series with the Matlab function ‘normalize’ for ease of visualization.
Figure Fig. 4.17 shows the normalized time series (x1(t), x2(t)) corresponding to
the two CFOs during a PAD state for the 3/4 case. At l = 70 mm, we observe that
the peaks of the oscillator-3 and oscillator-5 have a substantial time lag between
them (Fig. 4.17a). On the other hand, at l = 80 mm, the time lag between the
CFOs is much less (Fig. 4.17b). To quantify the difference in the time lag between
the CFOs, we randomly chose two adjacent peaks corresponding to the two CFOs
(indicated by the red and blue dots in the normalized time series in Fig. 4.17 and
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Distance between the oscillators (mm) Synchronization state
5 IP-80 sec, AD - 20 sec
10 AD- 100 sec
15 AD- 100 sec
20 AD- 100 sec
25 AD- 100 sec
30 AD- 100 sec
35 AD-74 sec, LS - 26 sec
40 AD- 100 sec
45 AD- 95 sec, LS -5 sec
50 AD- 100 sec
55 AD- 100 sec
60 AD- 100 sec
65 AD- 90 sec, PAD - 10 sec
70 AD- 90 sec, PAD - 10 sec
75 AD- 66 sec, PAD - 34 sec
80 AD- 65 sec, PAD - 35 sec

Table 4.3: Synchronization states when both the candle flame oscillators consist
of 3 candles (3/3 case). The total experimental duration is 100 seconds, consisting
of 10 experiments each of 10 seconds duration.

determine the time lag between them. Let t1 and t2 indicate the time lag between
the CFOs at l = 70 mm and l = 80 mm respectively. We find that t1 = 0.032
seconds while t2 = 0.004 seconds. As t1/t2 ≈ 8, the change in the time lag between
these two cases is significant. We infer that at l = 70 mm, the synchronization
state is lag synchronization whereas at l = 80 mm the CFOs may be considered
approximately in-phase (IP).

101



Chapter 4: Synchronization characteristics of candle flame oscillators

Distance between the oscillators (mm) Synchronization state
5 IP-84 sec, AD - 16 sec
10 IP-10 sec, AD - 90 sec
15 LS - 9 sec, AD - 91 sec
20 AD- 100 sec
25 LS - 70 sec, AD - 30 sec
30 LS - 88 sec, AD - 12 sec
35 LS - 95 sec, AD - 5 sec
40 LS - 95 sec, AD - 5 sec
45 LS - 62 sec, AD - 20 sec, PAD - 18 sec
50 AD - 52 sec, PAD - 25 sec, LS - 23 sec
55 AD - 81 sec, PAD - 14 sec, LS - 5 sec
60 AD - 75 sec, PAD - 23 sec, LS - 2 sec
65 AD - 75 sec, LS - 15 sec, AD - 10 sec
70 PAD - 90 sec, AD - 10 sec
75 PAD - 97 sec, AD - 3 sec
80 PAD - 79 sec, LS - 21 sec

Table 4.4: Synchronization states when the two candle flame oscillators consist
of 3 candles and 4 candles (3/4 case). The total experimental duration is 100
seconds, consisting of 10 experiments each of 10 seconds duration.

Distance between the oscillators (mm) Synchronization state
5 LS - 87 sec, AD - 13 sec
10 LS - 80 sec, AD - 20 sec
15 AD- 100 sec
20 AD- 100 sec
25 AD- 58 sec, LS - 37 sec, PAD - 5 sec
30 AD- 100 sec
35 AD - 80 sec, LS - 16 sec, PAD - 4 sec
40 AD - 52 sec, LS - 45 sec, PAD - 3 sec
45 LS - 85 sec, AD - 9 sec, PAD - 6 sec
50 AD - 97 sec, PAD - 3 sec
55 AD - 97 sec, PAD - 3 sec
60 AD - 74 sec, PAD - 23 sec, LS - 3 sec
65 AD - 92 sec, PAD - 5 sec, LS - 3 sec
70 PAD - 61 sec, LS - 22 sec, AD - 17 sec
75 PAD - 58 sec, LS - 24 sec, AD - 18 sec
80 PAD - 84 sec, LS - 16 sec

Table 4.5: Synchronization states when the two candle flame oscillators consist
of 3 candles and 5 candles (3/5 case). The total experimental duration is 100
seconds, consisting of 10 experiments each of 10 seconds duration.
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Figure 4.17: (a) and (b) show the zoomed-in and normalized time series
(x1(t), x2(t)) corresponding to PAD states for 3/4 case at l = 70 mm and l = 80
mm respectively.
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CHAPTER 5

Flame dynamics
visualization near lean

blowout in multi-burner
combustors

5.1 Introduction

Most of the previous flame visualization studies on LBO phenomena have been
done with single-burner combustors. However, most of the combustors in the in-
dustry today have annular or can configuration [176]. Adjacent burners in multi-
burner combustors are likely to have an impact on one another’s flame dynamics,
especially close to the LBO/TAI instabilities [150]. Recent research has demon-
strated significant differences between multi-burner and single-burner combustors
concerning the near-LBO flame dynamics [177]. Physical phenomena like stand-
ing, spinning, slanting mode, etc. have been discovered for annular combustors
which cannot be captured in a single-burner combustor [17], [22], [178]. More-
over, significant differences between the flow fields of an annular combustor and a
single-burner combustor, having identical burners, have been found [46]. In recent
literature, it has been reported that the interaction of flames in the multi-burner
combustor produces significantly new physical phenomena like flame merging, in-
teraction of adjacent flame roots and partial lift-off [56], [179], [180]. Ciardiello
et al. [55] found that correlations based on single-burner combustors do not pre-
dict flame extinction limits correctly. Finally, flame visualization is important
to understand LBO combustion physics, which is often highly complex in turbu-
lent combustors. However, prior studies with multi-burner combustors have not
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adequately and systematically explored the visual flame dynamics.
To bridge this gap in literature, in this chapter we visually examine the multi-

burner combustors’ flame dynamics during the transition to LBO and investigate
how flame interactions impact the combustor’s overall flame dynamics. The ex-
perimental rigs used in this study are an annular combustor (AC) and a linear
array combustor (LAC). Both combustors have lean premixed swirl-dump stabi-
lized configurations; such a configuration is frequently used as a simple model
of lean premixed pre-vaporized gas turbine combustors used in stationary power
plants and aircraft [29], [131]. We systematically study the changes in flame dy-
namics, during the approach to LBO in AC and LAC, by gradually reducing fuel
flow rate while keeping air flow rate constant.

Another objective of this chapter is to identify whether there exists any sig-
nificant difference between the AC and LAC. Therefore, in the first part of this
chapter, we describe the flame dynamics of an annular combustor with 4 num-
ber of burners, and in the second part of this chapter, the flame dynamics of a
linear array combustor with 3 burners are discussed. Next, we discuss the sim-
ilarities and dissimilarities observed in the flame dynamics corresponding to the
linear array combustor and annular combustors. Moreover, in practical modern
combustors, the air-fuel mixture often does not have sufficient time or space for
complete premixing. As a result, they are often partially premixed. Thus we also
explore the differences in near-LBO flame dynamics of AC and LAC, at varying
degrees of premixedness.

The remainder of this chapter is organized as follows. In section 5.2, the ex-
perimental test rigs and instruments used for this study are described in detail.
In section 5.3, the changes in flame characteristics during the transition to lean
blowout (LBO) are explored with the AC for various degrees of premixedness.
Next, the visual changes in flame dynamics during the transition to LBO are
explored for the LAC configuration with various burner-to-burner distances and
degrees of premixedness. Moreover, the near-LBO dynamics observed for analo-
gous AC and LAC configurations are compared. In section 5.4, we compare our
results with those of previous studies. Finally, in section 5.5, the findings of this
study are summarized.

5.2 Experimental test rigs and instruments used
in this study

The experimental rigs used to study the LBO phenomena are an annular com-
bustor with 4 identical burners and a linear array combustor with 3 identical
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burners (Fig. 5.1). The schematic of the annular and linear array combustors is
shown in Fig. 5.2. The annular combustor used in this study is a simple stepped-
down model of industrial annular combustors. However, due to its small size, the
annular test rig has a small radius and hence a high curvature in comparison to the
industrial annular combustors. The effect of high curvature on near-LBO flame
dynamics may be identified by studying the analogous linear array combustor,
where the radius is infinite i.e. the curvature is zero. The combustion chamber of
the annular combustor consists of an annular section between an outer quartz tube
with an inner diameter of 140 mm and an inner quartz tube with an outer diam-
eter of 30 mm. Thus the radial gap in the annular chamber is (140 − 30)/2 = 55
mm. The combustion chamber corresponding to the linear array combustor has
an inner cross-section of 200 mm × 55 mm and consists of 4 flat quartz plates.
The mean center-to-center spacing between the burners along the circumferen-
tial direction in the annular combustor is 55 mm. The center-to-center spacing
between the burners in the linear array combustor can be fixed at 45, 55, and
65 mm, with a spacer arrangement. Also, the height of the combustion chamber
(250 mm) in these two cases is equal. Moreover, identical burners are used in
both combustors. Therefore, the annular combustor and linear array combustor
(with a burner-to-burner spacing of 55 mm) may be considered to be analogous
configurations.

The swirlers used in the burners have 6 number of vanes with a vane angle
θ = 60◦ with the axial direction. The swirlers have a height of 15 mm and a blade
thickness of 1 mm. The swirlers are placed snugly inside the premixing tube (Fig.
5.1a3) such that their top end remains 15 mm below the dump plane. A solid
cylindrical bluff body is attached at the center of each swirler. The bluff bodies
have a diameter dh = 8 mm and a length of 30 mm. These bluff bodies act as the
center-body of swirlers. The bluff bodies are positioned such that their tips are at
the dump plane level. Thus the swirl number for the burners of the multi-burner
combustors can be calculated as,

SW = 2
3

[
1 − (dh/d)3

1 − (dh/d)2

]
(5.1)

Here, the outer diameter of the swirler d = 29 mm. So, the swirler number is
SW = 1.02.
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Figure 5.1: The experimental test rigs and instruments used for data acquisition.
(a) annular combustor (AC), (a1) inner quartz tube of AC, (a2) outer quartz tube
of AC, (a3) Premixing tubes, (b) fuel input ports, (c) air input ports, (d) linear
array combustor (LAC). (e) photo-multiplier tube (PMT), (e1) CH* filter, (f)
USB-DAQ, (g) camera I (Nikon J5), and (h) camera II (Nikon Coolpix P100).
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Figure 5.2: Schematic of the experimental test rig. (a) and (b) show the annular
combustor (AC) and the linear array combustor (LAC) respectively. The camera
II (Nikon Coolpix P100) is placed at an angle of 10◦ with the vertical.
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5.2.1 Experimental procedure

The fuel used in this study is liquefied petroleum gas (LPG) consisting of 40%
propane and 60% butane by volume 1. LPG exhibits similar extinction-reignition
events in the near-LBO state as compared to complex hydrocarbons normally used
in practical gas turbines [2]. Moreover, LPG is cheap and has high availability.
LPG flow rate is measured with 4 rotameters (CVG instruments, LPG, 0 - 7 liter
per minute (lpm), accuracy: ±2% of full scale reading). LPG is input into the
premixing tubes through 2 ports, spaced 180◦ apart for symmetric dispersal along
the cross-section of the premixing tube. The air enters through the bottom of the
premixing tube along the axial direction at atmospheric pressure and temperature.
Air is supplied through 4 rotameters (CVG instruments, air, 0 - 100 lpm, accuracy:
±2% of full scale reading). The flow rate of air per burner is kept fixed at 80 lpm
whereas the LPG flow rate is reduced to approach LBO, starting from a stable
combustion state that is far away from LBO.

Because LPG flow rate is very less as compared to air flow rate, the total flow
rate remains almost constant during the experiments. Thus, the Reynolds number,
evaluated just prior to the dump plane, can be calculated as, Re = 4ṁair

πdeµair
= 5390.

Here, ṁair is the air mass flow rate, de is the effective diameter of the annular space
between the solid bluff body (dh = 8 mm) and inner diameter of premixing tube
(dpremix = 29 mm). Thus, de = dpremix − dh = 21 mm. µair indicates the dynamic
viscosity of air. We note that the combustors always remain in the turbulent
regime (Re > 4000) during the experiments.

The degree of premixedness is varied by varying the air-fuel mixing length.
For this purpose, a number of fuel injection ports are positioned along the axial
direction. The fuel injection ports used in this thesis are denoted as F1, F2, F3,
and F4 respectively henceforth (Fig. 5.2). The air-fuel mixing lengths (l) for the
F1, F2, F3, and F4 cases are 330 mm, 230 mm, 180 mm, and 130 mm respectively.
We note that there is another port F1A (with l = 280 mm) in the annular and
linear array test rigs (Fig. 5.2) at which the flame dynamics is found to be highly
similar to the flame dynamics corresponding to F1 port. Therefore, the F1A case
is not explored in this study.

5.2.2 Data acquisition equipment

For flame visualization, we use simple RGB images obtained with two CMOS
cameras, Nikon J5 (camera I) and Nikon Coolpix P100 (camera II). The current
chapter focuses on burner-to-burner interactions and flame-to-flame interactions.

1Data corresponding to the chemical composition of LPG is taken from the website of Indian
Oil Corporation, https://www.iocl.com.
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A relatively low frame rate (60 fps) is found to be sufficient for this purpose.
During this study shutter speed, ISO sensitivity, and F-stop for the Nikon J5
camera are kept fixed at 1/400 second, 12800, and 3.5 respectively. Shutter speed,
ISO sensitivity, and F-stop for the Nikon Coolpix P100 camera are kept fixed at
1/120, ISO 3200, and 2.8. We find that these settings are optimal for the two
cameras. It may be noted that the F-stop is indicative of the aperture of the lens.
We keep the F-stop value at the minimum possible for the cameras as we find that
a higher F-stop reduces the brightness of the flame significantly. This approach
is important to capture the flame near the LBO limit, where the flame is seen to
have very low intensity. Similarly, the ISO value is taken as the maximum possible
value to increase the flame brightness as much as possible. Having a high shutter
speed captures the instantaneous flame image while reducing flame brightness.
Therefore, a compromise between these two aspects has to be made. Flame videos
are captured for a duration of 20 seconds for each operating condition. After
capturing the flame videos, instantaneous flame images are extracted from them
using Matlab software.

CH* chemiluminescence signal, characteristic of heat release rate in the com-
bustor [130], [134] is captured during the experiment, for in-depth exploration of
the dynamical transition to LBO. That study will be discussed in a later chapter
of this thesis. A photo-multiplier tube (PMT) (Hamamatsu, model 931A), fit-
ted with a CH* bandpass filter, is used to obtain the CH* signal. The PMT is
positioned in a way that the entire flame is visible to it. The CH* filter centers
at 430 nm with 10 nm full width half maximum. The PMT output then passes
through the built-in amplifier, powered with a 15 V DC supply, to produce voltage
output. The voltage signal is input into the data acquisition (DAQ) hardware at
a sampling rate of 2 kHz for a duration of 20 seconds for each operating condition.
The DAQ used in this study is a USB-DAQ (National Instruments, USB-6343,
16-Bit, maximum sampling rate - 500 kHz).

5.3 Results

In this study, by varying the mixing length of the combustor we vary the degree
of premixedness. We note that premixedness can be linked to the homogeneity of
the air-fuel mixture. The relation of homogeneity of the air-fuel mixture with the
air-fuel mixing lengths is explored in this study using numerical simulations. We
can quantify the homogeneity of the air-fuel mixture with a simple point summary
metric based on the mixture fraction (ψ) of the air-fuel mixture. We note that
mixture fraction is defined as the mass flow rate of fuel divided by the total mass
flow rate of oxidizer and fuel. Mathematically,
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ψ = ṁf

ṁf + ṁox

. (5.2)

Here, ṁf and ṁox indicates the mass flow rate of fuel (LPG) and mass flow
rate of oxidizer (air) respectively. A parameter κ is defined as the ratio of standard
deviation in mixture fraction to mean value of mixture fraction i.e., κ = σψ/ψ. κ
may be taken as a very simple metric to indicate the heterogeneity in the air-fuel
mixedness [128].

For brevity, we denote the annular combustor (AC) configuration correspond-
ing to fuel injection through F1, F2, F3, and F4 ports as AC-F1, AC-F2, AC-F3,
and AC-F4 cases respectively. On the other hand, the degree of premixedness
is also varied in the linear array combustor while keeping the burner-to-burner
distance fixed at 55 mm. Accordingly, we denote these cases as LAC-F1-55, LAC-
F2-55, LAC-F3-55, and LAC-F4-55 when the fuel is injected through F1, F2, F3,
and F4 ports respectively. Next, the burner-to-burner distance of the linear array
combustor (LAC) is also varied. The linear array configurations having the highly
premixedness (F1 case) and burner-to-burner distances of 65, 55, and 45 mm are
referred to as LAC-F1-65, LAC-F1-55, and LAC-F1-45 cases respectively, for the
remainder of this thesis.

In Fig. 5.3, a simplified 3D model of the annular combustor, used for the
numerical simulation of the cold flow, is shown. An unstructured mesh is used to
calculate the degree of homogeneity of the air-fuel mixture, for the AC-F1 case.
The mesh size is taken as 5 mm. The meshing is carried out in Ansys Workbench.
A realizable k − ϵ model is used as the turbulence model. We assume the flow
to remain incompressible. The species transport model is used to simulate the
mixing of air and fuel. A cold flow, steady state, RANS simulation is carried out
to calculate κ at a plane positioned 15 mm upstream of the dump plane (i.e. just
downstream of the swirlers), similar to an earlier literature [128]. The numerical
simulation is carried out in Ansys Fluent 14.5. Looking at table 5.1, we infer that
AC-F1 has the highest degree of premixedness among the cases considered. We
further observe that the κ increases with a decrease in air-fuel mixing length (l),
similar to as reported in an analogous single-burner combustor [128]. We note
that for ease of numerical simulation, propane is considered as the fuel. However,
the trend of κ should be similar if LPG is used as fuel. κ exhibit similar variations
with change in the degree of premixedness for the LAC configuration and therefore
is not shown here for brevity.

We observe that the variation in the degree of premixedness and burner-to-
burner spacing changes the LBO limit slightly. The air and LPG flow rates for
the highly premixed configurations (i.e. the F1 case), in the annular and linear
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Figure 5.3: The simplified 3D model of the annular combustor used for calculating
the degree of homogeneity of the air-fuel mixture, for the AC-F1 case.

κ at ϕ = 0.95 κ at ϕ = 0.6
F1 0.056 0.058
F2 0.22 0.28
F3 0.44 0.49
F4 0.68 0.78

Table 5.1: Degree of premixedness (κ) for the annular combustor (AC) at the
stable combustion state (ϕ = 0.95) and the near-LBO state (ϕ = 0.6). The air-
fuel mixing lengths (l) for the F1, F2, F3, and F4 cases are 330 mm, 230 mm,
180 mm, and 130 mm respectively. For the numerical simulation, the fuel used is
propane.

array combustors, are shown in table 5.2. For both the annular and linear array
combustors, with the different configurations described above, the starting point of
the experiments is kept fixed at ϕ = 0.95 i.e. close to the stoichiometric condition.
The LBO limits for different degrees of premixing, corresponding to the annular
combustor, are found to remain the same (ϕ = 0.56). For the linear array combus-
tor, the starting point of the experiments is close to the stoichiometric condition
(ϕ = 0.95) while the LBO limits vary to some extent depending on the burner-
to-burner distance or degree of premixing. For the linear array combustor, the
LBO limits are ϕ = 0.63, ϕ = 0.63, and ϕ = 0.56 for the LAC-F2-55, LAC-F3-55,
and LAC-F4-55 cases respectively. Similarly, when we study the LBO phenomena
with different burner-to-burner spacing, the starting points of the experiments are
the same (ϕ = 0.95). The LBO limits for the linear array combustor are ϕ = 0.60,
ϕ = 0.63, and ϕ = 0.60 with 45, 55, and 65 mm spacing between the burners re-
spectively. We note that the fuel injection port is kept fixed at F1 when the effects
of varying burner-to-burner spacing on the near-LBO dynamics are explored.

The measurement uncertainty corresponding to the flow rates can be calculated
from the accuracy ratings of the rotameters. The uncertainty for air is ±1.6 lpm
for a flow rate of 80 lpm, and that for LPG is ±0.1 lpm for a flow range of 2.7 –
1.6 lpm (table 5.2).
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AC-F1 case LAC-F1-55 case
Flow rate of air (in lpm) 320 240

Flow rate of air per burner (in lpm) 80 80
Global equivalence ratio (ϕ) 0.95 - 0.56 0.95 – 0.63

Table 5.2: Operating range for the AC-F1 case (4 burners, 55 mm burner-to-burner
distance) and LAC-F1-55 case (3 burners, 55 mm burner-to-burner distance). The
air flow rate shown here are equally distributed to the burners of the combustors.

5.3.1 Flame visualization with annular combustor

5.3.1.1 Flame visualization in annular combustor with highly premixed
configurations

We normalize the equivalence ratios (ϕ) of different operating points by divid-
ing them by the equivalence ratio at LBO (ϕLBO). We note that the Nikon J5
camera (camera I) is positioned in a way to capture the frontal view, line of sight
flame image. The following discussion is based on the flame images taken with
camera I.

First, we focus on the flame behavior corresponding to the AC-F1 case i.e.
where the mixing length is highest (l = 330 mm). For the AC-F1 case, at the
stable combustion state (ϕ/ϕLBO = 1.69), flame oscillations exhibit significant high
frequency pulsations but do not undergo any significant changes in flame intensity
(Fig. 5.4a). At this point (ϕ/ϕLBO = 1.69), the flame remains attached to the
dump plane at all instants during the experiment. With reduction in equivalence
ratio (ϕ/ϕLBO = 1.43), flame intensity reduces markedly (Fig. 5.4b). However,
flame elongation does not occur (or at least not visibly distinguishable). Close
to the LBO limit, (ϕ/ϕLBO = 1.062), the individual flames from the four burners
become elongated and lift off leading to a significant weakening of the flames (Fig.
5.4c). At this point, these individual flames exhibit significant oscillations. During
such oscillations, the overall volume of the combustor occupied by the flame varies
in a significant way. Next, we explore this phenomenon in detail.

Figures 5.5 - 5.6 show the oscillatory behavior of flame at the near-LBO state
(ϕ/ϕLBO = 1.062) for the AC-F1 case. At time t = 0 sec, the flame occupies a small
volume in the combustor and is very weak (as apparent from flame intensity). The
situation at t = 0 sec may be considered a ‘partial’ extinction event in analogy
to the extinction event in the single-burner combustor. We name this event as
‘partial’ extinction because, in this situation, flames corresponding to a few burners
are in extinguished condition but the other burners are lighted. Therefore, even
during the extinction event, the flame occupies a significant part of the combustor.
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Figure 5.4: (a), (b) and (c) show the flame characteristics corresponding to the
stable combustion state (ϕ/ϕLBO = 1.69), a intermediate state (ϕ/ϕLBO = 1.43)
and the near-LBO state (ϕ/ϕLBO = 1.062) respectively for the AC-F1 case. LSB,
RSB, CFB, and CRB are the left-hand side burner (as viewed on page), right-hand
side burner, center-front burner, and center- rear burner, respectively.

This is in contrast to the extinction-reignition event that has been reported for an
analogous single-burner combustor, where during the extinction event, the flame
occupies negligible volume in the combustor [128].

This partial extinction event is followed by a significant expansion of the flame
between t = 0.144 − 1.392 sec during which time the visible flame intensity also
increases significantly (Figs. 5.5 - 5.6). Therefore, this event may be considered a
‘partial’ reignition event as the reignition occurs only in the extinguished burner(s).
Here, we note that in the annular combustor configurations, it is difficult to un-
derstand the mechanism of reignition due to the overlapping of flames in different
planes. Later in this chapter, the mechanism of reignition will be discussed with
the LAC. After the reignition event, the flame again becomes weakened and pro-
gressively occupies a lesser volume. At t = 2 sec (Fig. 5.6), the flame again
becomes partially extinguished. At this point, some part of the flame exists only
as a weakened flame kernel (marked by a red circle in the image corresponding to
t = 2 sec).

In contrast to the partial extinction-reignition events seen in this study, pre-
vious study with an analogous single-burner combustor has reported significantly
prominent extinction-reignition events. In that case, only flame kernels occupying
insignificant volume of the combustor, were seen to be present during the extinc-
tion events [128]. These flame kernels were seen to cause the subsequent reignition
events in the single-burner combustor [128].
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t = 0 sec t = 0.144 sec t = 0.944 sec t = 1.152 sec t = 1.2 sec

t = 1.232 sec t = 1.248 sec t = 1.28 sec t = 1.312 sec t = 1.344 sec

Figure 5.5: The extinction-reignition event and a flame rotation event, at the
near-LBO state (ϕ/ϕLBO = 1.062), observed in the AC-F1 case.

t = 1.392 sec t = 1.424 sec t = 1.632 sec t = 2 sec

Figure 5.6: The extinction-reignition event and a flame rotation event, at the
near-LBO state (ϕ/ϕLBO = 1.062), observed in the AC-F1 case (continued from
above).

Apart from the extinction-reignition events, several other interesting flame
dynamics are observed in the near-LBO state corresponding to the AC-F1 case.
For example, the individual flames, that are in lifted and elongated condition
at the near-LBO state, often merge (i.e individual flame fronts cannot be easily
distinguished) and then split again. For example, at t = 1.392 sec (Fig. 5.6),
flame fronts of the individual flames, corresponding to the different burners, can
be separately identified. However, at the near-LBO state for the AC-F1 case, the
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flames remain in merged condition for most of the experimental duration.
In the near-LBO regime, often the merged flame randomly reattaches to one

of the burner tips. The reattachment lasts only for a fraction of a second. For
example, in Fig. 5.5, the merged flame attaches to a burner at t = 1.248 sec
(marked by a red circle). Subsequently, the flame detaches from the burner at
t = 1.632 sec (Fig. 5.6). However, due to the overlapping of flames situated at
different planes, the flame merging-unmerging behavior, the flame attachment-
detachment phenomena etc. are difficult to visualize with the annular combustor.
Therefore, these phenomena will be discussed in detail later in this chapter for the
linear array configurations where they can be easily visualized.

During the partial-reignition events, distinct rotational movement of flames is
observed which is described next. We note that the in frontal line-of-sight flame
images corresponding to the annular combustor, two burners are positioned on the
two side of the flame image (the right-hand side burner RSB and the left-hand side
burner LSB). On the other hand, the center of the flame images corresponds to
(often overlapped) flames corresponding to center-front burner (CFB) and center-
rear burner (CRB). The behavior of the LSB and RSB flames are mostly focused
in the following discussions as they are easy to study. In some cases, the behavior
of the CFB and CRB flames are also described.

Between t = 1.2 − 1.248 sec (Fig. 5.5), an flame attachment event (marked
by a red circle) occurs on the right-hand side burner (RSB, as viewed on page) of
the combustor. During the same period, the flame corresponding to the left-hand
side burner (LSB, as viewed on page) of the combustor exists only as a weakened
kernel (marked by a red arrow). Next, between t = 1.232 − 1.344 sec, we observe
a distinct rotational motion of the flame (direction of the rotation is shown by
a brown arrow) from the RSB to LSB which reignites the accumulated unburnt
mixture in the combustor space corresponding to LSB. During this rotational
motion, the transfer of flame packets to the LSB, where a weak flame is present, is
shown by red arrows. As the accumulated unburnt air-fuel mixture gets consumed,
the LSB flame again gradually weakens (Fig. 5.6) and exists as a severely weakened
flame kernel at t = 2 sec. In other words, another partial extinction event occurs
in the combustor at t = 2 sec.

The flame rotation event and extinction-reignition events are difficult to visu-
alize from the frontal view of the annular combustor. Further, the top view of the
combustor is difficult to obtain as in that case the camera lens becomes exposed
to high-temperature exhaust gas emanating from the combustor. Therefore, flame
videos are captured using an additional camera (Nikon Coolpix P100, camera II),
placed at an angle of 10◦ with the vertical. This viewing angle is chosen as it is
convenient to explore the extinction-reignition events and flame rotation events
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t= 0 sec t= 0.13 sec t= 0.7 sec t= 0.75 sec

t= 0.766 sec t= 0.783 sec t= 0.80 sec t= 0.817 sec
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Figure 5.7: Extinction-reignition event at the near-LBO state (ϕ/ϕLBO = 1.062),
as viewed at an angle of 10◦ with the vertical for the AC-F1 case. Here the
reignition event (t = 0.70 − 0.90 sec) occurs as the surviving flame propagates in
the combustor along the circumferential direction. The green outlines indicate (i)
the outer quartz tube (a), (ii) the inner quartz tube (b), and (iii) the positions of
the four burners (LSB, CFB, RSB, and CRB) in the dump plane, as viewed with
the camera II.

while not exposing the camera lens to high-temperature exhaust gas. The snap-
shots with this view at the near-LBO state (ϕ/ϕLBO = 1.062) are shown in Figs.
5.7 - 5.8. Here, the green outlines indicate (i) the inner and outer quartz tubes
which makes up the annular combustion chamber, and (ii) the position of the four
burners in the dump plane, as viewed with the camera II. At this point, we note
that the flame images with camera I and camera II are not synchronized i.e. the
time stamps corresponding to the Figs. 5.5, 5.6, 5.7 and 5.8 are arbitrary. Further,
the two cameras capture the flame images from opposite direction so that the LSB
of the camera I (i.e. the camera capturing the frontal view of flames) is the RSB
of the (camera II).

In Fig. 5.7, at t = 0 sec, we observe that the flame in the right-hand side burner
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t= 0.83 sec t= 0.85 sec t= 0.88 sec t= 0.90 sec

Figure 5.8: Extinction-reignition event at the near-LBO state (ϕ/ϕLBO = 1.062),
as viewed at an angle of 10◦ with the vertical for the AC-F1 case. Here the
reignition event (t = 0.70 − 0.90 sec) occurs as the surviving flame propagates in
the combustor along the circumferential direction. The green outlines indicate (i)
the outer quartz tube (a), (ii) the inner quartz tube (b), and (iii) the positions of
the four burners (LSB, CFB, RSB, and CRB) in the dump plane, as viewed with
the camera II (continued from above).

(RSB) of the combustor is severely weakened and exists as a small flame kernel.
Further, the flame corresponding to the center-front burner is in extinguished
condition. On the other hand, the flame in the left-hand side burner (LSB) of
the combustor has a comparatively higher flame intensity. Overall, at this instant
(t = 0 sec), the flames corresponding to the different burners occupy a small part
of the combustor volume. Such a situation may be considered a ‘partial’ extinction
event as discussed above.

Between, t = 0.13−0.7 sec, a reignition event occurs. Due to this, at t = 0.7 sec,
the flame occupies a significantly larger volume and the flame intensity increases
considerably. However, at this instant, the RSB flame (i.e. flame corresponding to
the right-hand side burner of the combustor) has a very low intensity indicating
a partial extinction event. It is likely that due to the severely weakened flame
kernel at the right-hand side of the combustion chamber, unburnt air-fuel mixture
is accumulated in that region. During t = 0.75−0.90 sec (Figs. 5.7 - 5.8), the flame
front corresponding to the left-hand side burner is seen to traverse the combustor
along the circumferential direction to reignite the accumulated unburnt air-fuel
mixture in the right-hand side of the combustion chamber. In short, the extinction-
reignition event occurs along with a rotational movement of the flame along the
circumferential direction. A brighter flame is observed during the reignition event,
as it consumes the unburned air-fuel mixture that is accumulated as a result of
local flame extinction.
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We note that even though camera I and camera II are not synchronized, the
above discussed flame images, obtained with camera I and camera II, corresponds
approximately to the same time instants. For example, the extinction-reignition
events shown in the frontal view images (Figs. 5.5 - 5.6) show partial extinction
in the combustor region corresponding to LSB. With the camera II view (Figs.
5.7 - 5.8), the RSB flame is seen to suffer partial extinction. We recall that LSB
of frontal view image is RSB of the flame image obtained with camera II.

Next, we focus on the flame dynamics in the AC-F2 case (Fig. 5.9), corre-
sponding to l = 230 mm. For the AC-F2 case also, high-frequency pulsations are
seen in the flames at the stable combustion regime (ϕ/ϕLBO = 1.69, Fig. 5.9a).
However, the intensity of the individual flames, corresponding to the different
burners does not show any significant variation with time. The individual flames
also remain steadily attached to their respective burners. As the equivalence ratio
is reduced to approach LBO, a gradual weakening of the flame (as apparent from
visible flame intensity) can be seen. At ϕ/ϕLBO = 1.19, the flames corresponding
to two burners get elongated (Fig. 5.9b). On the other hand, the flames from the
other two burners remain attached to their respective burners. This indicates the
presence of some dissimilarity between the burners which are introduced despite
our best efforts to evenly distribute the air and fuel flows to the different burn-
ers. The dissimilarity of the burners may be due to the minute differences in the
manufactured burners, even though the burner design is the same. We note that
such minute differences in the manufactured burners are quite likely in practical
multi-burner combustors also. At the near-LBO state (ϕ/ϕLBO = 1.0625), all four
individual flames elongate and lift up (Fig. 5.9c). At this state, the extinction-
reignition phenomena similar to the AC-F1 case are seen which is omitted for
brevity.

(a) (b) (c)

Figure 5.9: (a), (b) and (c) show the flame characteristics corresponding to the
stable combustion state (ϕ/ϕLBO = 1.69), a intermediate state (ϕ/ϕLBO = 1.19)
and the near-LBO state (ϕ/ϕLBO = 1.0625) respectively for the AC-F2 case.
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5.3.1.2 Flame visualization in annular combustor with partially pre-
mixed configurations

Next, we describe the near-LBO flame behavior of the partially premixed an-
nular configurations. For the AC-F3 case (l = 180 mm), at the stable combus-
tion regime (ϕ/ϕLBO = 1.69), the individual flames (corresponding to the various
burners) remain on the burner tip even though the flames exhibit high frequency
fluctuations, similar to AC-F1 and AC-F2 cases (Fig. 5.10a). However, the flame
intensity of the flames remains approximately constant at this state. As LBO
is approached, the flames gradually weaken. At ϕ/ϕLBO = 1.31, the flame in-
tensity and flame structure start to exhibit significant fluctuations (Fig. 5.10b).
As equivalence ratio is reduced slightly (ϕ/ϕLBO = 1.25), the LSB flame (flame
corresponding to left-hand side burner) elongates and lifts up (Fig. 5.10c). At
ϕ/ϕLBO = 1.19, the flames corresponding to center-front burner (CFB) and LSB
are in lifted condition (Fig. 5.10d). With further reduction of equivalence ratio
(ϕ/ϕLBO = 1.0625), all four individual flames get elongated and lifts up (Fig.
5.10e). At this point, the flame intensity weakens considerably.

(a) (b) (c) (d) (e)

Figure 5.10: The flame characteristics at various equivalence ratios as LBO
is approached for the AC-F3 case: (a) ϕ/ϕLBO = 1.69, (b) ϕ/ϕLBO = 1.31,
(c)ϕ/ϕLBO = 1.25, (d) ϕ/ϕLBO = 1.19, and (e) ϕ/ϕLBO = 1.0625.

For the AC-F3 case, significant qualitative changes in the flame structure and
flame intensity in the different flames are seen, even far away from LBO. These
changes are described next in detail (Figs. 5.11 - 5.12). At ϕ/ϕLBO = 1.31, at t = 0
sec (Fig. 5.11a), the flame corresponding to the left-hand side burner (LSB) of the
annular combustor is in lifted condition. At t = 0.13 sec, the visible flame intensity
in the LSB flame reduces significantly (marked by a red circle). At t = 0.18 sec,
the LSB flame intensity increases significantly as the flame reattaches to the LSB.
At t = 1.08 sec, the LSB flame again lifts off and weakens. Further, at t = 1.13 sec,
the LSB flame reattaches to the left-hand side burner and consequently, the visual
flame intensity increases significantly. The lift-off (with a consequent reduction in
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flame intensity) and reattachment (with a consequent increase in flame intensity)
of the LSB flame repeat in cycles. During such attachment-detachment events in
the LSB flame, the flames corresponding to the other burners remain attached to
their corresponding burners. However, as equivalence is further reduced, the CFB
flame (flame corresponding to the center-front burner) also starts to exhibit such
detachment-reattachment behavior (not shown).

t = 0 sec

t=0 sec t=0 .08 sec t=0 .22 sec t=2.38 sec t=2.42 sec

t = 0.13 sec t = 0.18 sec t = 1.08 sec t = 1.13 sec

(a)

(b)

Figure 5.11: The flame dynamics at various equivalence ratios for the AC-F3 case
at select ϕ/ϕLBO, at which significant qualitative changes in the flame dynamics
occurs. (a) ϕ/ϕLBO = 1.31 and (b) ϕ/ϕLBO = 1.19.

At ϕ/ϕLBO = 1.19 (Fig. 5.11b), the RSB flame (flame corresponding to right-
hand side burner) start to show recurrent detachment-reattachment behavior.
During detachment, the RSB flame intensity reduces (for example, at t = 0.08
sec) while at reattachment, the RSB flame intensity increases (for example, at
t = 2.42 sec) We note that at this point, both the LSB and CFB flames remain
in lifted-off condition (marked by a red arrow in the image corresponding to t = 0
sec in Fig. 5.11b) and are anchored by the CRB flame (flame corresponding to the
center- rear burner). On the other hand, the CRB flame is seen to be attached to
the corresponding burner throughout the experimental duration.
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At the near-LBO state (ϕ/ϕLBO = 1.06), all 4 flames in the annular combustor
lifts up (Fig. 5.12). At this point, the individual flame contours become difficult
to discern i.e. the individual flames remain merged throughout the experimental
condition. The merged flame is seen to exhibit random attachment -detachment
on various burners. For example, at t = 0.12 sec, the merged flame is in lifted
condition while at t = 0.136 sec, it attaches to LSB burner and lifts off again at
t = 0.168 sec.

t=0 sec t=0.12 sec t=0.136 sec t=0.168 sec t=0.232 sec

Figure 5.12: The flame dynamics at ϕ/ϕLBO = 1.06 for the AC-F3 case.

Next, we explore the flame characteristics during the transition to LBO for
the AC-F4 case (l = 130 mm, Fig. 5.13) which is the least-premixed configura-
tion studied in this chapter. In this case, at the stable combustion regime, the
individual flames (corresponding to the different burners) exhibit high-frequency
pulsations similar to F1 - F3 cases. At this point, the flames have high soot con-
tent as apparent from the yellowish color of the flames (Fig. 5.13a). Similar to
AC-F1 - AC-F3 cases, the visual flame intensity of the flames reduces significantly
with a reduction in equivalence ratio (Fig. 5.13b-d). With a reduction in ϕ, the
sooty nature of the flames also disappears.

(a) (b) (c) (d)

Figure 5.13: The flame characteristics at various equivalence ratios as LBO is
approached for the AC-F4 case: (a) ϕ/ϕLBO = 1.69, (b) ϕ/ϕLBO = 1.31, (c)
ϕ/ϕLBO = 1.19 and (d) ϕ/ϕLBO = 1.06.
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The oscillating flame behavior at the near-LBO state (ϕ/ϕLBO = 1.06) is seen
for the AC-F4 case also, which is discussed next (Fig. 5.14). Between t = 0 − 0.16
sec, we see a reduction in flame intensity in the LSB flame. At t = 0.16 sec, the
LSB flame lifts off but still retains its compact nature. Next, at t = 2.96 sec,
the lifted LSB flame is seen to have significantly elongated. Next, at t = 3.2 sec,
the lifted LSB flame is seen to reattach to the corresponding burner. Just after
this event, at t = 3.44 − 4.48 sec, we observe the flame intensity corresponding
to the center-front burner (CFB) start to reduce. At t = 4.48 sec, the CFB
flame lifts off and consequently undergoes a significant elongation. However, at
t = 5.36 sec, the CFB flame (marked by a red arrow) is anchored by the RSB
flame. At t = 5.44 sec, the CFB flame reattaches to the center-front burner. In
short, for the AC-F4 case, one or more flames undergo(es) significant reduction
and consequent increase in flame intensity. Such events may be considered partial
extinction-reignition events, as the severely weakened flames cannot consume any
significant amount of air-fuel mixture.

t= 0 sec t= 0.08 sec t= 2.96 sec t= 3.2 sec

t= 3.44 sec t= 4.44 sec t= 4.48 sec t= 5.36 sec t= 5.44 sec

t= 0.16 sec

Figure 5.14: The extinction-reignition event observed in the AC-F4 configuration
at the near-LBO state (ϕ/ϕLBO = 1.06).

From the above discussions, it is seen that the lift-off and reattachment events
start to occur only just before the LBO limit, irrespective of the degree of premix-
ing in the annular combustor. Moreover, the partial extinction-reignition events
in which the flame corresponding to one or more burners gets extinguished occur
close to the LBO limit for all degrees of premixing. The extinguished burners are

126



Chapter 5: Flame dynamics visualization near lean blowout in multi-burner
combustors

reignited by the flames from adjacent burners. Therefore, we infer that the flame
dynamics at various degrees of premixing have significant similarities.

A significant difference in flame dynamics between highly premixed configura-
tions (AC-F1, AC-F2) and partially premixed configurations (AC-F3, AC-F4) lies
in the time scales corresponding to the lift-off and reattachment phenomena. For
the AC-F1 - AC-F2 cases, at the near-LBO state, the flames remain in lifted-off
condition for a major part of the experimental duration. In contrast, the reattach-
ment events at the near-LBO state persist only for a fraction of a second. For the
AC-F3 - AC-F4 cases, we observe that after a reattachment event, the flame re-
mains attached to the burner for a significantly long time, often for ∼ 1−4 seconds,
before getting lifted off again. On the other hand, for the AC-F3 - AC-F4 cases,
the lift-off condition of the flame also persists for a longer time (as compared to
the AC-F1 - AC-F2 cases), often for ∼ 2−3 seconds before reattaching to the cor-
responding burner. For the AC-F1 - AC-F3 cases, individual lifted and elongated
flames often merge close to the LBO limit. However, this phenomenon is not seen
in the AC-F4 case. Instead, for the AC-F4 case, the lifted flame gets anchored to
one of the adjacent burners before getting reattached to the corresponding burner.
In summary, there are some differences as well as similarities between how LBO
occurs in the annular combustor for different degrees of premixing.

We observe that due to the presence of multiple flames, the extinction-reignition
events are much less prominent for the annular configurations. This is because full
extinction-reignition is prevented by burner-to-burner interaction occurring after
partial extinction event. During the burner-to-burner interaction, often one of the
adjacent flame reignites the extinguished burner. An example of such interaction
is the flame propagation along the circumferential direction in Figs. 5.5 and 5.6.
Further, flame-flame interaction, e.g., anchoring of a lifted flame by an adjacent
flame, prevents blow-out of the lifted flame (Fig. 5.14). We note that it is difficult
to explore the near-LBO flame dynamics in more detail for the annular combus-
tor. This is because, for the annular combustor, at least two burners at different
planes get superimposed on one another in flame images. In the next section,
the flame-flame interaction and burner-to-burner interaction are explored in more
detail with the linear array combustor having the same burner-to-burner distance
(55 mm) as the annular combustor.

5.3.2 Flame visualization with linear array combustor

A few recent studies have used linear array combustors (LAC) as a surrogate
for annular combustors (AC) to investigate the LBO phenomenon. The LAC con-
figuration is more amenable to flame characterization and data collection [177]
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as the burners in the LAC configuration lie in the same plane. Furthermore, the
lab-scale model gas turbine combustors are often fitted with quartz glasses as
combustor chamber walls to facilitate optical diagnostics. The high curvature of
the quartz glasses for the AC configurations creates significant reflection and re-
fraction due to which optical diagnostics are difficult to implement. Moreover, the
distance between the burners may be easily varied using a spacer arrangement in a
LAC configuration. On the other hand, varying the distance between the burners
in an AC configuration is only possible by turning on and off several burners in a
symmetric manner [177]. However, this approach is only viable if the AC consists
of a large number of burners. A large number of burners, however, would lead to
a significantly complex and expensive test rig. Given these difficulties in optical
diagnostics of the AC configurations, it is worthwhile to explore the flame char-
acteristics of LAC, during the transition to LBO, at various degrees of premixing.
This would help to understand whether the LBO phenomenon in AC and LAC
configurations are similar i.e. whether LAC can be utilized as a proxy for the
AC configuration for exploring the near-LBO flame dynamics. Towards this goal,
next, we discuss the flame dynamics for the LAC with the same center-to-center
distance (55 mm) between the burners as that of the AC.

5.3.2.1 Flame visualization in linear array configuration for different
degrees of premixedness

Next, we discuss the flame characteristics at the stable, intermediate, and near-
LBO states for the highly premixed linear array combustor (LAC-F1-55 case). At
the stable combustion state (ϕ/ϕLBO = 1.5), the flame is seen to be highly compact
with a low flame height and high flame intensity (Fig. 5.15a), similar to the AC-F1
case. At this point, the flames corresponding to the different burners also show
high-frequency pulsations. With a reduction in equivalence ratio (ϕ/ϕLBO = 1.28),
the flame intensity reduces and height increases i.e. the flame loses its compact
nature (Fig. 5.15b). However, the flames are still attached to respective burners at
this state. At the near-LBO state (ϕ/ϕLBO = 1.05), all three flames detach from
respective burners and lift off (Fig. 5.15c). At this point, the flame exhibit various
interesting dynamical features which are discussed in the following paragraphs. At
this point, it is important to note that in the following discussions on the different
LAC configurations, we denote the three flames corresponding to the different
burners as the left-hand side burner flame (LSB flame), central burner flame (CB
flame), and right-hand side burner flame (RSB flame), similar to the AC cases
discussed above.

For linear array combustor with 55 mm burner-to-burner distance and a high
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LSB CB RSB

(a) (b) (c)

LSB CB RSB LSB CB RSB

Figure 5.15: (a), (b), and (c) respectively show the stable combustion state, a
intermediate state and the near-LBO state, for the LAC-F1-55 case.

premixedness (LAC-F1-55 case), partial extinction-reignition events in the near-
LBO state (ϕ/ϕLBO = 1.05) are seen similar to the AC configurations (Figs. 5.16
- 5.19). For the LAC-F1-55 case, the attachment - detachment of flames (to and
from their respective burners) occur simultaneously with the extinction-reignition
events, similar to the AC-F1 case, as described next. At t = 0 sec (Fig. 5.16),
the right-hand side flame (RSB flame) is lifted while the center burner flame (CB
flame) and left-hand side burner flame (LSB flame) are attached to the respective
burners (shown by red circles at the image corresponding to t = 0 sec). However, at
t = 0.512 sec, the LSB flame detaches from the dump plane, weakens significantly,
and is blown off at t = 0.656 sec. At t = 0.656 − 0.688 sec, we observe a transfer
of flame packets from the CB flame to the LSB flame (indicated by a red circle).
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t = 0 sec t = 0.336 sec t = 0.512 sec

t = 0.656 sec t = 0.672 sec t = 0.688 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.16: The extinction-reignition events and attachment-detachment events
at the near-LBO state (ϕ/ϕLBO = 1.05) for the LAC-F1-55 case.

As a result, during t = 0.704−0.912 sec, the transferred flame packets (marked
by a red arrow at t = 0.912 sec) causes a reignition in the left-hand side burner
(LSB) (Figs. 5.17 and 5.18). Next, the LSB flame attaches to the central burner
(CB) at t = 1.04 sec. At this point, the CB flame is also attached to the CB while
the RSB flame is in a lifted-off state.
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t = 0.704 sec t = 0.72 sec t = 0.736 sec

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.17: The extinction-reignition events and attachment-detachment events
at the near-LBO state (ϕ/ϕLBO = 1.05) for the LAC-F1-55 case (continued from
above).

t = 0.768 sec t = 0.864 sec

t = 0.912 sec t = 1.04 sec

LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB

Figure 5.18: The extinction-reignition events and attachment-detachment events
at the near-LBO state (ϕ/ϕLBO = 1.05) for the LAC-F1-55 case (continued from
above).
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The LSB flame attaches to LSB at t = 1.376 sec but detaches again at t =
1.44 sec (Fig. 5.19. At the near-LBO state, the flame merging (for example, at
t = 0.768 sec) and flame unmerging (splitting) events also are seen. For example,
at t = 1.216 sec, separate flame fronts of the three flames are visible indicating
that a flame unmerging event has occurred. In short, the above results show that
flame-to-flame and burner-to-burner interactions occur at the near-LBO state.

t = 1.216 sec t = 1.376 sec t = 1.44 sec

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.19: The extinction-reignition events and attachment-detachment events
at the near-LBO state (ϕ/ϕLBO = 1.05) for the LAC-F1-55 case (continued from
above).

As the side burners of the linear array combustor are confined on one side, the
rotational motion of the flame during the reignition event, seen for the annular
combustor, cannot be captured. However, the reignition events in the LAC config-
uration consist of a transfer of flame packets from adjacent burners to reignite the
extinguished burner, similar to the AC configurations. Such a movement of flame
during reignition is analogous to the rotational movement of flame seen during
extinction-reignition in the AC configurations.

The stable flame characteristics for the LAC-F2-55 to LAC-F4-55 cases are very
similar to AC-F2 to AC-F4 cases, respectively, and hence are omitted for brevity.
Further, the LAC-F1-55 case and LAC-F2-55 case have very similar extinction-
reignition behavior. Therefore next, we describe the flame behavior at the near-
LBO state for the LAC-F3-55 case (Figs. 5.20 - 5.24). At the near-LBO state
(ϕ/ϕLBO = 1.055), it is often seen that flames from the different burners often
suffer a gradual reduction in flame intensity and consequently either extinguish or,
become significantly weakened. For example, during t = 0.08−0.144 sec, the flame
corresponding to the central burner gradually weaken and then is extinguished at
t = 0.144 sec (Fig. 5.20). This partial extinction event causes the unburnt air-fuel
mixture to accumulate around the central region of the combustion chamber.
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t = 0 sec t = 0.08 sec t = 0.112 sec

t = 0.128 sec t = 0.144 sec t = 0.24 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.20: The extinction-reignition events and attachment-detachment events
exhibited by the flame near the LBO limit (ϕ/ϕLBO = 1.05) for the LAC-F3-55
case.
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Between t = 0.4 − 0.656 sec, the LSB and RSB flames expand significantly
towards the center of the combustor and finally merge at t = 0.656 sec (Fig.
5.21).

t = 0.4 sec t = 0.608 sec t = 0.656 sec

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.21: The extinction-reignition events and attachment-detachment events
exhibited by the flame near the LBO limit (ϕ/ϕLBO = 1.05) for the LAC-F3-55
case (continued from above).

At t = 0.752 sec, the merged flame starts to again separate into three flames
(Fig. 5.22). The middle part of the merged flame at t = 0.752 sec (marked by
a red arrow) becomes the central flame after the flame splitting. At t = 0.784
sec, the flame contours of the three flames, corresponding to the three burners,
can be identified separately i.e. the flame has split. At t = 0.832 sec, the central
flame (marked by a red arrow) attaches to the central burner. At t = 0.88 sec,
due to the attachment event the CB flame gains considerable strength (marked
by a red arrow in image corresponding to t = 0.88 sec), as seen from visible flame
intensity. This attachment in turn leads to attachment of the LSB flame to its
corresponding burner at t = 0.912 sec. Further, the attachment of the CB flame
at t = 0.88 sec leads to attachment of the RSB flame at t = 0.928 sec. Therefore,
at t = 0.928 sec, all three flames are attached to their corresponding burners.
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t = 0.752 sec t = 0.784 sec t = 0.832 sec

t = 0.88 sec t = 0.912 sec t = 0.928 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.22: The extinction-reignition events and attachment-detachment events
exhibited by the flame near the LBO limit (ϕ/ϕLBO = 1.05) for the LAC-F3-55
case (continued from above).

Similar to the central burner flame, the side burners often suffer partial extinc-
tion. We discuss one such situation below. At t = 3.168 sec, all three flames are
in lifted situation (Fig. 5.23). However, at t = 3.216 sec, the flame corresponding
to the central burner is extinguished. Between t = 3.216 − 3.456 sec, the flame
corresponding to the right-hand side burner weakens considerably and is about to
blow out at t = 3.456 sec (shown by a red arrow in the image corresponding to
t = 3.456 sec). We observe that at the near-LBO state, if one flame gets extin-
guished, often the flame corresponding to the adjacent burner suffers extinction
or, becomes significantly weakened. Next, at t = 3.456 sec, flame packets are
transferred from the LSB flame to the central region of the combustion chamber
(marked by a red circle in the image corresponding to t = 3.456). At t = 3.472
sec, these flame kernels expand significantly and at t = 3.488 sec, this expanded
flame attaches to the central burner. At this instant, the RSB flame is in lifted
condition (marked by a red arrow in the image corresponding to t = 3.488 sec).

135



Chapter 5: Flame dynamics visualization near lean blowout in multi-burner
combustors

However, at t = 3.584 sec, the RSB flame is anchored by the (newly formed) CB
flame and is prevented from blowing out.

t = 3.168 sec t = 3.216 sec t = 3.456 sec

t = 3.472 sec t = 3.488 sec t = 3.584 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.23: The extinction-reignition events and attachment-detachment events
exhibited by the flame near the LBO limit (ϕ/ϕLBO = 1.05) for the LAC-F3-55
case (continued from above).
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This situation persists till t = 4.08 sec (Fig. 5.24). At t = 4.112 sec, the
CB flame is seen to expand significantly to cover the right-hand side region of
the combustion chamber (the direction of flame expansion is shown by the brown
arrows in images corresponding to t = 4.112−4.144 sec). At t = 4.176 sec, part of
this expanded flame starts to move down and attaches to the RSB burner at t =
4.368 sec (marked by a red circle in the image corresponding to t = 4.368 sec). In
short, for the F3 case, (i) extinction of a burner is often prevented by interaction of
the adjacent burners (by anchoring the flame about to blowout), (ii) the reignition
of the extinguished burner is often assisted by the flame corresponding to the
adjacent burner, (iii) the extinction of a burner may trigger extinction/weakening
of the adjacent flame and (iv) reignition of an extinguished burner may trigger
reignition of the adjacent burner.

t = 4.08 sec t = 4.144 sec

t = 4.176 sec t = 4.368 sec

t = 4.112 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB

Figure 5.24: The extinction-reignition events and attachment-detachment events
exhibited by the flame near the LBO limit (ϕ/ϕLBO = 1.05) for the LAC-F3-55
case (continued from above).
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Next, we discuss the flame characteristics at the near-LBO state (ϕ/ϕLBO =
1.06) for the LAC-F4-55 case (Figs. 5.25 - 5.29). At t = 0 sec, the RSB flame
is in extinguished condition (Fig. 5.25). At t = 0.16 − 0.208 sec, the CB flame
gets elongated and transfers flame packets (indicated by a red arrow in the image
corresponding to t = 0.208 sec) to the right-hand side of the combustion chamber.
As a result, at t = 0.224 sec, a flame appears in the right-hand side zone of the
combustion chamber. It attaches to the RSB burner at t = 0.24 sec. At t = 0.288
sec, this flame is fully attached to the RSB burner and has a significantly high
flame intensity.

t= 0 sec t= 0.16 sec t= 0.208 sec

t= 0.224 sec t= 0.24 sec t= 0.288 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.25: The extinction-reignition events and attachment-detachment events
exhibited by the flame near the LBO limit (ϕ/ϕLBO = 1.06) for the LAC for the
F4 case. The distance between the burners is equal to 55 mm (LAC-F4-55 case).

However, at t = 0.88 − 0.928 sec, the RSB flame again starts to weaken grad-
ually (Fig. 5.26). At t = 0.944 sec, the RSB flame is seen to lift up. The RSB
flame remains in lifted condition during t = 0.944 − 1.072 sec and continues to
weaken gradually (Figs. 5.26 - 5.27). At t = 1.232 sec, RSB flame exists as a
severely weakened flame kernel that is difficult to visually distinguish (marked by
a red circle). This scenario may be considered a partial extinction as this severely

138



Chapter 5: Flame dynamics visualization near lean blowout in multi-burner
combustors

weakened flame kernel cannot consume any significant amount of air-fuel mixture.

t= 0.88 sec t= 0.912 sec t= 0.928 sec

LSB CB RSB LSB CB RSB LSB CB RSB

t= 0.944 sec t= 0.96 sec t= 1.024 sec

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.26: The extinction-reignition events and attachment-detachment events
exhibited by the flame near the LBO limit (ϕ/ϕLBO = 1.06) for the LAC for the
F4 case. The distance between the burners is equal to 55 mm (LAC-F4-55 case,
continued from above).

Next, we describe the behavior of the CB flame during this time. As the RSB
flame lifts up at t = 0.944 sec (Fig. 5.26), the adjacent CB flame also weakens
significantly and lifts up at t = 0.96 sec. However, at t = 1.024 sec, the LSB flame
is seen to anchor a part of the CB flame (the anchoring is marked by a red circle
while the anchored CB flame is marked by a red arrow at the image corresponding
to t = 1.024 sec) due to which the CB flame does not get extinguished. Another
part of the CB flame, that is not anchored by the LSB flame, blows out (marked by
a brown arrow at the image corresponding to t = 1.024 sec). Next, at t = 1.056 sec
(Fig. 5.27), the CB flame is seen to expand significantly while remaining anchored
by the LSB flame. Therefore, it is likely that during t = 1.024 − 1.056 sec, burnt
high-temperature particles and radicals are supplied from the LSB flame to the
CB flame which help to reignite and sustain the CB flame. At t = 1.344 sec, the
CB flame is seen to reattach to its corresponding burner (marked by a red arrow
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t= 1.056 sec t= 1.072 sec t= 1.232 sec

t= 1.344 sec t= 1.36 sec t= 1.376 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.27: The extinction-reignition events and attachment-detachment events
exhibited by the flame near the LBO limit (ϕ/ϕLBO = 1.06) for the LAC for the
F4 case. The distance between the burners is equal to 55 mm (LAC-F4-55 case,
continued from above).

in the image corresponding to t = 1.344 sec). Further, at this instant careful
investigation reveals that the CB flame starts to transfer flame packets to the
right-hand side region of the combustion chamber at a significant rate (marked by
a red arrow in image corresponding to t = 1.344 sec). These flame packets can be
seen to gradually expand during t = 1.36 − 1.376 sec (indicated by a red arrow in
the image corresponding to t = 1.36 sec) although their visible intensity remains
very low (as compared to a typical flame attached to a burner).

At t = 1.616 sec, a significant part of the low-intensity flame, located previously
in the right-hand side region of the combustion chamber, gets extinguished (Fig.
5.28). However, during t = 1.616 − 1.632 sec, few flame kernels are seen to persist
in the right-hand side part of the combustion chamber (marked by a red circle in
the image corresponding to t = 1.632 sec). At t = 1.648 sec, these flame kernels
reestablish the RSB flame which is seen in lifted condition at this instant. While
the RSB flame exists as a severely weakened kernel during t = 1.616 − 1.632 sec,
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the CB flame from the adjacent burner also starts to weaken gradually during
t = 1.632 − 1.648 sec and its visible flame intensity reduces significantly.

t= 1.648 sect= 1.616 sec t= 1.632 sec

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.28: The extinction-reignition events and attachment-detachment events
exhibited by the flame near the LBO limit (ϕ/ϕLBO = 1.06) for the LAC for the
F4 case. The distance between the burners is equal to 55 mm (LAC-F4-55 case,
continued from above).

At t = 1.68 sec, the CB flame lifts off from the corresponding burner (Fig.
5.29). At this same instant (t = 1.68 sec), however, the RSB flame reattaches to
its corresponding burner (marked by a red arrow in the image corresponding to
t = 1.68 sec). Due to this, the heat loss from the RSB flame reduces, resulting in
a significant strengthening of the RSB flame at t = 1.68 sec. Moreover, the CB
flame and RSB flame is seen to interact with each other at this instant through
the transfer of flame packets (marked by a red circle in the image corresponding to
t = 1.68 sec). Due to this interaction, the strength of the CB flame, as indicated
by visual flame intensity, increases significantly at t = 1.728 sec. Further, the
CB flame reattaches to its corresponding burner (marked by a red circle in the
image corresponding to t = 1.728 sec). On the other hand, due to the adverse
situation in the combustor, the RSB flame again weakens significantly at this
instant (t = 1.728 sec). At t = 1.744 − 1.76 sec, the CB and RSB flames visibly
interact with each other. As a result of this interaction, the weakened RSB flame
regains its strength during t = 1.76−1.904 sec and reattaches to the corresponding
burner at t = 1.904 sec.
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t= 1.68 sec t= 1.728 sec t= 1.744 sec

t= 1.76 sec t= 1.808 sec t= 1.904 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.29: The extinction-reignition events and attachment-detachment events
exhibited by the flame near the LBO limit (ϕ/ϕLBO = 1.06) for the LAC for the
F4 case. The distance between the burners is equal to 55 mm (LAC-F4-55 case,
continued from above).
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Based on the above discussions, we infer that for various degrees of premix-
ing the near-LBO flame dynamics corresponding to the annular combustor (AC)
and linear array combustor (LAC) have significant similarities when the spacing
between the burners in the AC and LAC are kept same (i.e. 55 mm). Ran-
dom attachment-detachment of individual flames to corresponding burners, flame
merging-unmerging, and partial extinction-reignition events (confined to one or
more burners but not all) are seen for both AC and LAC configurations. From the
flame videos of both AC and LAC, it is seen that the adjacent burners ignite the
accumulated unburnt air-fuel mixture to reestablish the flame in the extinguished
burner. In short, the flame-to-flame interactions and burner-to-burner interactions
in both AC and LAC configurations significantly affect the flame dynamics at the
near-LBO state and reduce the severity of the extinction-reignition events, as
compared to an analogous single-burner combustor, reported in a previous study
[128].

5.3.2.2 Effect of variation of burner-to-burner spacing on near-LBO
flame dynamics in the linear array combustor

The flame behavior at the stable combustion state for the LAC-F1-65 case is
closely similar to LAC-F1-55 case and therefore, is not repeated here. Next, we ex-
plore the near-LBO flame characteristics at various distances between the burners
of the LAC. For the LAC-F1-65 case, (i) attachment-detachment phenomena and
(ii) extinction-reignition phenomena in the individual flames, corresponding to the
three burners, at the near-LBO state (ϕ/ϕLBO = 1.06), are prominent flame char-
acteristics. Attachment-detachment phenomena are discussed next (Figs. 5.30 -
5.32). At t = 0 sec, the three flames, corresponding to the three burners, are
in lifted condition (Fig. 5.30). We note that for the LAC-F1-65 case, the indi-
vidual flames do not merge i.e. the flame contours of the three flames can be
clearly distinguished throughout the experimental duration. This is in contrast to
the near-LBO flame characteristics for the LAC-F1-55 case where flame merging
and unmerging of the three flame fronts are often seen, possibly due to the lower
distance between the burners.

Between t = 0.064−0.096 sec, the RSB flame expands significantly and attaches
to its corresponding burner. At t = 0.144 sec, the strength of the RSB flame
increases significantly, as indicated by visual flame intensity. Again considering,
t = 0.096 − 0.176 sec, we see the CB flame is anchored by the RSB flame. After
the RSB flame attaches to its corresponding burner, the CB flame also attaches
to the central burner (CB) at t = 0.176 sec (the attachment event is shown by a
red circle in the image corresponding to t = 0.176 sec).
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t = 0 sec t = 0.064 sec t = 0.096 sec

t = 0.144 sec t = 0.16 sec t = 0.176 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.30: The attachment-detachment events close to the LBO limit (ϕ/ϕLBO =
1.06), as exhibited by individual flames corresponding the different burners in the
LAC. The distance between the burners is equal to 65 mm. Fuel injection is done
through port 1 (LAC-F1-65 case).

However, between t = 0.208 − 0.288 sec, both the CB and RSB flames are
seen to lift-off so that at t = 0.288 sec, these two flames are barely attached to the
dump plane (Fig. 5.31). After a fraction of second (t = 0.352−0.464 sec), all three
flames are seen to be in lifted condition (Fig. 5.32). At t = 0.496 sec, the LSB
flame is seen to attach to its corresponding burner due to which the flame intensity
of the LSB flame increases significantly at subsequent instants (t = 0.528 sec). At
this instant (t = 0.528 sec), the LSB flame, having gained significant strength,
also interacts visibly with the CB flame. As a result of this interaction, the CB
flame reattaches to the CB burner (not shown), and the attachment-detachment
cycle repeats. In short, the flame attachment in the side burners often causes
reattachment of the CB flame via flame-flame interactions.
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t = 0.208 sec t = 0.256 sec t = 0.288 sec

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.31: The attachment-detachment events close to the LBO limit (ϕ/ϕLBO =
1.06), as exhibited by individual flames corresponding the different burners in the
LAC. The distance between the burners is equal to 65 mm. Fuel injection is done
through port 1 (LAC-F1-65 case) (continued from above).

t = 0.352 sec t = 0.448 sec t = 0.464 sec

t = 0.496 sec t = 0.528 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB

Figure 5.32: The attachment-detachment events close to the LBO limit (ϕ/ϕLBO =
1.06), as exhibited by individual flames corresponding the different burners in the
LAC. The distance between the burners is equal to 65 mm. Fuel injection is done
through port 1 (LAC-F1-65 case) (continued from above).
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Next, we discuss the extinction-reignition behavior of the flame for the LAC-
F1-65 case (Figs. 5.33 and 5.34). At t = 0 sec, we observe the LSB flame has
significantly high strength (as indicated by visual flame intensity) and is attached
to its corresponding burner. During t = 0 − 0.16 sec, the CB flame remains in
lifted condition whereas the RSB flame gradually weakens. At t = 0.176 sec, the
RSB flame becomes very low so it is difficult to visualize (the weakened flame is
marked by a red circle in the image corresponding to t = 0.176 sec).

t= 0 sec t= 0.16 sec t= 0.176 sec

t= 0.192 sec t= 0.208 sec

LSB CB RSB LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB

Figure 5.33: The extinction-reignition events close to the LBO limit for the LAC.
The distance between the burners is equal to 65 mm (LAC-F1-65 case).

At this instant, we may consider the flame to have effectively blown out as
the RSB flame is situated at a significant height over the dump plane. This
weakened RSB flame is unlikely to be able to consume any significant fraction of
the incoming air-fuel mixture. Thus this situation is practically equivalent to a
partial extinction event. In this scenario, the unburnt air-fuel mixture is likely
to accumulate in the right-hand side region of the combustion chamber. On the
other hand, at the same instant (t = 0.176 sec), a flame kernel appears near the
root of the CB flame which then moves towards the RSB flame, as seen from the
flame image corresponding to t = 0.192 sec (the flame kernel is marked by a brown
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circle on the images corresponding to t = 0.176 − 0.24 sec).
This flame kernel then expands during t = 0.208−0.24 sec in the right-hand side

region of the combustion chamber, where accumulated unburnt air-fuel mixture is
present (Figs. 5.33, 5.34). The flame kernel positioned thus is likely to supply a
significant part of the burnt particles and radicals to the blown-off RSB flame. This
helps the RSB flame to significantly regain its strength during t = 0.272−0.304 sec.
In general, we observe that often the RSB and LSB flames become significantly
weak for the LAC-F1-65 case. These situations may be considered analogous to
the extinction-reignition events in a single-burner combustor. In short, severe
extinction-reignition events, as seen in the analogous single combustor [128], are
not observed in the LAC-F1-65 case.

t= 0.224 sec t= 0.24 sec

t= 0.272 sec t= 0.304 sec

LSB CB RSB LSB CB RSB

LSB CB RSB LSB CB RSB

Figure 5.34: The extinction-reignition events close to the LBO limit for the LAC.
The distance between the burners is equal to 65 mm (LAC-F1-65 case, continued
from above).
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Similar to the different AC and LAC configurations, the flames remain steady
on the dump plane at the stable combustion state for the LAC-F1-45 case (ϕ/ϕLBO =
1.06 ,Fig. 5.35a). As equivalence ratio is reduced (ϕ/ϕLBO = 1.18), the flames
corresponding to the three burners lift off (Fig. 5.35b). At the near-LBO state
(ϕ/ϕLBO = 1.06), the three flames merge so that individual flame fronts can-
not be discerned. For the LAC-F1-45 case, partial extinction-reignition events
are absent at the near-LBO regime (Fig. 5.35c), unlike the LAC-F1-55 case or,
LAC-F1-65 cases. This might be due to the significantly increased flame-flame
interaction (in the form of merged flame at the near-LBO state) caused by a low
burner-to-burner distance. However, the merged and lifted flame is seen to at-
tach and detach randomly on individual burners (not shown), similar to previous
configurations explored above.

(a) (b) (c)

LSB CB RSB LSB CB RSB LSB CB RSB

Figure 5.35: (a), (b) and (c) respectively show representative images correspond-
ing to stable combustion, intermediate and near-LBO regime respectively. The
distance between the burners is equal to 45 mm (LAC-F1-45 case).

The results obtained with LAC-F1-65, LAC-F1-55, and LAC-F1-55 cases in-
dicate that the flame behavior at the near-LBO state is highly dependent upon
burner spacing. However, as the experimentation facility has provision to vary
the distance between burners only at selective distances (d = 45, 55, and65 mm),
a more detailed exploration of the dependence of burner spacing and near-LBO
phenomena could not be done in the present study. Finally, during this study, we
observe partial attachment-detachment of flame from burner tip, flame merging-
unmerging, partial extinction-reignition, flame-to-flame interaction and burner-to-
burner interaction, etc. events in the AC and LAC configurations at the near-LBO
states. These events cannot be captured in single-burner combustors as only one
flame is present in such systems.
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5.4 Discussions

A few previous studies have discussed the flame-flame and burner-to-burner
interactions in the multi-burner combustors at the near-LBO state [55], [56], [181]–
[183]. In order to better understand the results obtained in this study, we next
compare our results with those of previous studies.

In the present study, we observe that the LBO limit in the linear array com-
bustor is slightly lower as compared to the annular combustor (section 5.3. Such a
finding is also reported by Ciardiello et al. [56]. They infer that such a reduction
in the LBO stability in the linear array combustor is due to increased heat loss in
the linear array combustor, as the side walls are positioned close to the side walls.

One important question is the presence or absence of flame-flame and/or
burner-to-burner interactions at the near-LBO state. Ciardiello et al. [55] re-
ported that flame-flame interactions are more frequent at the stable combustion
state than at the near-LBO state. Kwong et al. [182] did not find evidence of
burner-to-burner interactions during the blow-off events. However, they observed
burner-to-burner interactions during the reattachment of lifted flames to burners.
In contrast, in the present work, flame-flame and burner-to-burner interactions
are seen to increase with the approach of LBO. Moreover, we observe the flame-
flame and burner-to-burner interactions to occur during the lift-off/blow-off and
reignition/reattachment events.

Previous studies have explored the effects of flame-flame and burner-to-burner
interactions on the LBO limit. Dolan et al. [181] reported that a combustor
becomes more prone to LBO with an increase in burner-to-burner distance. In
contrast, Ciardiello et al. [55] found that a greater distance between the burners
results in comparatively higher stability of the combustor. In other words, the
global flame extinction in the combustor occurs at a lower equivalence ratio when
the distance between the burners is higher. Kwong et al. [183] reported that the
burner-to-burner interactions do not necessarily lead to a reduction or increase in
the LBO limit. They found that a two-burner configuration had greater stability
against LBO than a one-burner configuration. However, the one-burner configu-
ration was found to be more stable than a five-burner configuration. Based on
their results, they infer that the relationship between the stability characteristics
of a combustor and burner-to-burner interactions is significantly complex. The
present study corroborates this finding, as discussed above.

Another important question is how the stability of a flame is affected when
an adjacent flame lifts off (or, blows off). Kwong et al. [182], did not find any
correlation between the location of the first burner that blows off and the order of
subsequent blow-offs. Based on this fact, they concluded that the blow-off in one
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burner does not influence the LBO in the adjacent burners. In contrast, Ciardiello
et al. [55] observed that the lift-off of a flame often destabilizes the adjacent flame.
We discover that blow-off in one burner frequently causes blow-off in the adjacent
burner(s). Thus, our finding agrees with that of Ciardiello et al. [55].

The causes of destabilization of a flame due to adjacent flame blow-off (or,
lift-off) have been discussed in previous studies. Ciardiello et al. [55] infer that
the local fluid density changes when a flame lifts off or is extinguished. This
results in flow redistribution which reduces the local equivalence ratios in the other
burners. This causes the flames from the other burners to weaken and become
prone to extinction. This explanation, however, cannot completely explain the
results found in the present study, as discussed next. During the extinction/lift-
off of a flame, the adjacent flame often exhibits significantly high intensity (for
example, (i) at t = 0.16 sec in Fig. 5.25, (ii) at t = 0.928 sec in Fig. 5.26 and (iii)
at t = 1.376 sec in Fig.5.27). The high intensity flame is indicative of a relatively
high local equivalence ratio at the corresponding burner. Thus, the mixture flow
redistribution may not be the only mechanism that destabilizes the adjacent flame.
Further studies with advanced optical diagnostics are therefore needed to explain
this phenomenon.

Kwong et al. [183] showed that the burner-to-burner interactions lead to reig-
nition in the extinguished burners. Using OH* chemiluminescence imaging, Cia-
rdiello et al. [56] identified the transfer of flame packets from an adjacent flame
to the extinguished burner as the reignition mechanism. The present study finds
quite a similar reignition mechanism at various degrees of premixedness and for
various distances between the burners.

Kwong et al. [182] saw flame anchoring of the blown-off flame by one of the ad-
jacent flames. They report that the flame anchored in such a way often reattaches
to its corresponding burner at a later time, similar to that found in the present
study. Further, Kwong et al. [183] report that the adjacent flame can act as a
pilot to stabilize the flame. In the present study also, often one of the adjacent
flames is seen to transfer flame packets to the combustor region corresponding to
the extinguished burner, which eventually re-establishes the flame. In such cases,
the adjacent flame can be considered as a pilot flame that stabilizes the blown-off
flame. In short, the present study is in agreement with the recent studies that
explored the near-LBO flame dynamics.

5.5 Summary

Flame visualization is important to understand LBO combustion physics, which
is often highly complex in turbulent combustors. Most of the previous studies on
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flame visualization in the near-LBO regime are based on single-burner combus-
tors, even though most modern industrial combustors have multiple burners. In
multi-burner combustors, the interaction of adjacent burners may influence the
near-LBO flame behavior in a significant way. Further, slight dissimilarities in the
interacting burners may profoundly influence the resulting flame dynamics. There-
fore, in this chapter, we visually examine the multi-burner combustors’ flame dy-
namics during the transition to LBO. We observe significant changes in the flame
structure as LBO is approached. It is seen that the flame-to-flame interactions
and burner-to-burner interactions (for example, the reignition of an extinguished
burner by the flame corresponding to an adjacent burner) start to occur only close
to the LBO limit. It is seen that the flame-to-flame and burner-to-burner interac-
tions reduce the severity of the extinction events in the combustor at the near-LBO
state. Often a lifted flame is seen to be anchored (and thus prevented from blow-
ing out) by the flame from an adjacent burner. Further, an extinguished burner
is often reignited by the flame from an adjacent burner. The lift-off and subse-
quent weakening of a flame are often accompanied by the lift-off and weakening
of the adjacent flame. Partial attachment-detachment of flame from burner tip,
flame merging-unmerging, partial extinction-reignition, flame-to-flame interaction
(for example, anchoring of the lifted flame by the adjacent flame), and burner-to-
burner interactions (for example, reignition of extinguished burner by the adjacent
flame), etc. phenomena are seen at the near-LBO state for the annular and linear
array combustors, which cannot be captured in single-burner combustors. These
facts highlight the importance of further study on the lean blowout phenomenon
in multi-burner combustors. On the other hand, we find closely similar flame dy-
namics, in the annular and linear array combustors, at the near-LBO state. This
indicates that the linear array configuration may be used as a proxy for studying
the transition to LBO in annular combustors. The insights obtained from the
flame visualization study may be useful for further exploration of the near-LBO
dynamics in multi-burner combustors, with sophisticated time series and/or image
analysis tools.
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CHAPTER 6

Lean blowout detection
using topological data

analysis

6.1 Introduction

The dependability and safety of the aircraft may be considerably increased with
an online LBO monitoring system. Moreover, it would ensure efficient combustion
[30] and a low NOX emission. Moreover, a lower safety margin results in lower
operating temperatures in the combustor, thereby reducing wear and tear on the
combustor’s mechanical parts, especially the turbine blades [184].

Most nonlinear techniques for early LBO detection have been developed based
on experimental results with single-burner combustors. However, as discussed in
chapter 5, the near-LBO characteristics of the single-burner combustor and multi-
burner combustor have significant differences. Flame-to-flame interaction pro-
duces partial extinction-reignition, partial lift-off, and partial attachment-detachment
of flames in the multi-burner combustors, as discussed in chapter 5. Further,
flame interaction in gas turbine combustors is often known to cause mutual syn-
chronization, significantly affecting the combustion stability and dynamics [142],
[150]. Flame interaction can even trigger combustion instabilities or lean blowout
[10], [185]. Moreover, significant changes in nonlinear flame responses due to in-
teraction of neighboring flames have been noted in literature [54]. It is known
that LBO is a significantly nonlinear phenomenon [40]–[42]. Thus it is likely that
the dynamical transition to LBO may be significantly different in multi-burner
combustors as compared to single-burner combustors, due to the interaction of
adjacent flames. In such a case, some of the well-known early LBO detection tools
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may not be that effective for early LBO prediction in multi-burner combustors.
Thus it is imperative to study the efficacy of the different nonlinear techniques as
early LBO prediction tools in multi-burner combustors.

To fill this gap in the literature, we examine the dynamical transition to LBO
in the present study using topological data analysis (TDA), a novel method. Both
a linear array combustor and an annular combustor are employed as the exper-
imental rigs in this investigation. The experimental test rigs, instrumentation,
and data acquisition procedures are described in detail in chapter 5 and hence not
repeated here.

Time series analysis using topological data analysis (TDA) has become popu-
lar in recent times as a powerful tool of nonlinear science. Perea and Harer [186]
have used persistent diagram analysis with a sliding window approach to quantify
the periodicity in the time series. Gidea et al. [187], [188] have applied TDA to
find early signs of critical transitions in financial markets. Myers et al. [189] have
analyzed various well-known dynamical systems using TDA, including Lorenz,
Rössler, logistic map, and Hénon map. Topological data analysis (TDA) has been
used in biological sciences [190], in signal processing [191], image and texture re-
organization [192], engineering [193], [194], financial analysis [195], video analysis
[196], various applications in health monitoring [197]–[200] and neuroscience [201].
The above papers have shown that TDA can capture the dynamical transitions
in different systems using the persistent topological features obtained from point
cloud data (i.e. phase space representation of time series). TDA extracts informa-
tion from a point cloud for a plethora of scales through a process called ‘filtration’
[189], [202]. Thus TDA does not require any threshold selection to find patterns
in the point cloud data. In contrast, complex network and recurrence-based tools
require careful selection of thresholds to extract useful information from point
clouds [95]. Another advantage of TDA is its robustness against noise [193]. Sim-
ple TDA metrics, which summarize the structures inherent in the data, have been
successfully used previously to explore dynamical transitions [189].

In the present study, we find the LBO to occur without preceding thermoa-
coustic instability. In such cases, the flame pulsations and intermittent extinction-
reignition events in the near-LBO regime are seen to be the most important dy-
namical phenomena [42]. We found that the path to LBO, as encountered in this
chapter, is from stable combustion → intermittent extinction-reignition phenom-
ena → lean blowout. We find that a well-established nonlinear dynamical tool
for early LBO detection, namely the recurrence network analysis (RNA) (chapter
3), is not sensitive to the approach of LBO for multi-burner configurations. This
is because the RN metrics do not follow any significant trends during the tran-
sition to LBO, as will be shown later in this paper. Therefore, we explore the
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dynamical shift towards LBO using a novel dynamical science-based tool, namely
the topological data analysis. We find that simple TDA-based metrics are highly
sensitive to the approach of LBO in the single-burner as well as the multi-burner
combustors. Additionally, we propose a computationally inexpensive strategy for
implementing TDA as a real-time early LBO detection tool.

The remainder of this chapter is structured as follows. A brief theoretical
background of topological data analysis is provided in section 6.2. In section
6.3, the chemiluminescence time series characteristics are discussed. Further, the
results obtained with topological data analysis and recurrence network analysis
are presented. Moreover, a practical strategy for implementation of TDA in real-
time scenarios is devised. Section 6.4 comprises a brief summary of the findings
of this study.

6.2 Brief discussion on topological data analysis
(TDA)

6.2.1 Theoretical background

Topological data analysis (TDA) combines concepts from mathematical topol-
ogy with that of computer science. TDA provides quantifiable and robust metrics
that can provide insights about the shape of the data analyzed. It is often used to
explore the dynamical transitions in various physical phenomena. TDA counts the
number of structures in given simplicial complex. Such structures (homologies)
may be a connected chain which is a structure of zero dimension. Another type of
structure is a void (sometimes called a loop) which is a structure of one dimension.
Higher dimensional structures are also possible. However, in the present study,
we focus on the 1-D homology groups (loops).

First, we must introduce the concept of a simplicial complex in order to under-
stand the process by which TDA assesses the topological features of phase space
embedded time series. Simplicial complexes have a lot of similarities with graphs
(i.e. networks). During the construction of graphs, only binary information can
be extracted from the point cloud (i.e. phase-space embedded time series), which
corresponds to the presence or absence of edges between nodes [202]. Further,
often graphs are generated from time series by searching for patterns in the data
at a previously set scale. For example, in the case of a recurrence network, the re-
currences of the underlying system are explored with a fixed recurrence threshold.
Therefore, graphs may suffer from significant loss of information [189]. Moreover,
during the construction of graphs, careful selection of thresholds must be done
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(b)(a)

Figure 6.1: (a) shows a point cloud ψ. In (b), the convex hull (i.e. simplex) made
up of all the points in ψ is shown. The boundary of the simplex is shown by a red
line.

for proper uncovering of the underlying dynamics of the system [81], [94], [95].
In contrast, Simplicial complexes may contain higher dimensional information in
terms of connected components (typically denoted as H0 homology), loops or holes
(denoted as H1 homology) and other higher dimensional simplices like triangles
and tetrahedrons [189], [202], [203]. Moreover, simplicial complexes contain infor-
mation at all possible scales. Thus the Simplicial complexes can be considered as
a generalized version of the graphs.

A simplex is the building block of a simplicial complex. Let a point cloud be
ψ. Then, the convex hull in phase space, constituted by the set of points ψ is
called a simplex S(ψ) [204]. In that case, the points ψ are called the vertices of
the simplex S(ψ). For example, in Fig. 6.1(a) a point cloud is shown. The convex
hull or simplex (indicated by a red line) formed using this set of points is shown
in Fig. 6.1(b). Mathematically, a simplex S(ψ) is defined as [195],

S(ψ) =
ψ : ψ =

nv∑
p=0

apvp, ap ≥ 0,∀p ∈ {0, . . . , nv} and
nv∑
p=0

ap = 1
 (6.1)

Here, nv is the number of vertices in the simplex S(ψ). If ω is a subset of
ψ (ω ⊆ ψ), then S(ω) is called a subset or face of the simplex S(ψ) and is
denoted by, S(ω) ⪯ S(ψ) [189]. If a simplex is S, then its dimension is defined as,
dim(S) = |S| − 1 where |S| indicates the number of vertices in the simplex [189].

After discussing the concept of a simplex and a few of its important properties,
we discuss the concept of a simplicial complex. A simplicial complex Ks is a set
of different types of simplices satisfying two criteria: (1) that each subset of Ks

is also in Ks and (2) the intersection of any two simplices in Ks is a subset of
both the simplices [195], [205]. In other words, a simplicial complex Ks is simply
a collection of a number of simplices S(ψ) so that if S(ψ) ∈ Ks, and S(ω) ⪯ S(ψ),
then S(ω) ∈ Ks [189]. The dimension of the simplicial complex Ks is defined as
the largest dimension of the simplices contained in it, dim(Ks) = maxS∈Ksdim(S)
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[189].

Next, we describe how a simplicial complex can be extracted from the CH*
chemiluminescence time series. First, we embed the CH* time series obtained from
PMT into phase space using the delay-embedding technique [92]. Let the phase-
space embedded time series (otherwise called a point cloud) be X. From X, a
Rips complex, a type of simplicial complex, is generated as follows. Hyperspheres
of radius ϵ (in short called the ϵ-balls) are drawn around the point cloud vertices
x, y ∈ X. Overlapping of two ϵ-balls indicates an edge between the two vertices x
and y. Thus if d(x, y) ≤ ϵ, then x, y is part of a simplex created with threshold ϵ.
In other words, if U points (U being a subset of X i.e. U ⊂ X) forms a simplex
between themselves for threshold ϵ, each pair of points in U (x, y ∈ U) will be
at most ϵ distance apart [198]. The collection of all simplices thus obtained at
threshold ϵ is referred to as a Rips complex, Rips(X, ϵ). ϵ can be considered as a
resolution to search for patterns in the embedded time series X. Next, by varying
the ϵ, a series of Rips complexes are generated. This process is called Vietoris-
Rips filtration [206]. A filtration of simplicial complex K can be defined as an
increasing series as follows,

K1 ⊂ K2 ⊂ K3...... ⊂ Kn = K (6.2)

The filtration process of K may also be defined by a monotonic function f :
K → R, R being the set of real numbers. Consequently, if γ, δ ∈ K and γ ⊂ δ, then
f(γ) ≤ f(δ). Thus, if the monotonic function values in the filtration process takes
the values as g1, g2, . . . , gn, the resulting simplicial complexes, resulting during the
filtration, can be expressed in the form Ki = f−1 (−∞, gi].

Let us again focus back to our example of creating a filtration of simplicial
complex from the phase-space embedded time series X. In this case, if ϵ = 0, the
Rips complex would consist of only disjoint points, with no connections among
them whatsoever. As the threshold ϵ is varied, the ϵ-balls around the point cloud
vertices increase in size, resulting in increasing overlap of the adjacent ϵ-balls.
Thus, as the threshold ϵ is varied, several homology classes may be born which
were not present before. For example, a connected chain (i.e. H0 homology
classes), which links several vertices, may be born which were not present in the
preceding Rips complex. Similarly, new loops (i.e. H1 homology classes) may
form that were not present in the preceding Rips complexes. On the other hand,
with an increase in ϵ, several homology classes may cease to exist i.e. die; for
example, a few loops may get filled up. Thus the ϵ at which interesting persistent
homologies are born and die can be found by gradually increasing the threshold
ϵ [202]. Finally, at a particular ϵ, all the homology classes get filled up i.e. die
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and the topology gets transformed into a single fully connected structure. At this
point, no further information can be extracted from the point cloud.

Let a filtration of complexes (Ki)i∈I satisfy the rule: if i ≤ j, then Ki ⊆ Kj.
This relation translates to a linear map between the corresponding homologies:
Hn(Ki) → Hn(Kj) where Hn indicates the n-dimensional homologies. A class
α ∈ Hn(Ki) is said to born be born at i if it did not exist at just prior homology
Hn(Ki−1). The class α is said to die at j if α is non-zero for Hn(Kj−1) but α = 0
for Hn(Kj). Then, i and j are referred to as the birth time and the death time
of the class α. Let there be k number of classes in the n-dimensional homology
group. Then, the corresponding persistent diagram which represents the life time
of the different classes during the Rips filtration is represented in short as,

D = {(b1, d1) , (b2, d2) , . . . . . . (bk, dk)} (6.3)

Here, D is the persistent diagram corresponding to the n-dimensional homology
group. More elaborate mathematical details and computational algorithms on
TDA may be found in previous literature [207]–[209]. We calculate the persistent
diagram using the ripser function of the Python package Scikit-TDA [210]. We
measure the distance between the point cloud vertices as per the Euclidean norm.

The persistent diagram is the basis for calculating the various TDA metrics.
Thus, it is described in detail next. The persistence diagram is often represented
by a 2-D plot where the x and y axes correspond to birth and death ‘instants’ (i.e.
the ϵ corresponding to the birth and death of a homology class) respectively. Apart
from pairs of birth and death instants, the persistent diagram is also thought to
consist of an infinite number of fictitious classes that have simultaneous birth and
death, i.e. have zero persistence [211]. As the birth and death times in such cases
are equal, the persistence diagram plot always contains a diagonal line along the
x = y line.

Persistence or lifetime of the class α is defined as pers(α) = dα − bα. Now
the class α is represented by a dot having coordinate (bα, dα) in the persistent
diagram plot. Therefore, the higher the persistence of a class α, the higher will
be the distance of the dot corresponding to α from the x = y diagonal of the
persistent diagram plot.

In topological data analysis, the features of simplicial complexes that sustain
for a wide range of ϵ ( i.e. have a high lifetime) are called the persistent features.
Often there is a relation between the scale of the feature under consideration and
its persistence or lifetime. This is because the larger loops get filled up (i.e. die) at
a significantly higher ϵ as compared to smaller loops. The highly persistent features
represent true characteristics of the underlying dynamical system [203]. On the
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other hand, the features having low persistence are typically due to noise. Thus
the homology classes (represented by dots in the persistent diagrams) positioned at
higher distances from the diagonal are more indicative of the underlying dynamics
rather than the homology classes positioned closer to the diagonal.

If the maximum threshold of Rips filtration is low, then birth and death of
features at larger scales may not be counted. For example, a higher threshold is
often necessary to register the fill-up (i.e. death) of the large-scale loops in the
topological space. On the other hand, the large-scale features are highly persistent
and represent the true dynamical properties of the system under consideration,
as discussed above. Thus, significant information about the underlying dynamical
system will be lost if a low value of the maximum threshold of Rips filtration (ϵmax)
is chosen. Therefore, in the current study, the threshold for the Rips complex is
taken as ϵmax = +∞ so that the entire filtration can be obtained. In other words,
all loops or holes that may appear at various possible ϵ in the topological space will
be considered, regardless of their scale and persistence. However, this approach
incurs the highest computational cost as it considers all possible feature scales.

Several studies on TDA have tracked the persistence of loop structures or holes
(having homology dimension 1 and denoted as H1 homology), during the Rips
filtration process, to estimate the periodicity of the data [186], [189], [191], [212].
Sophisticated metrics of TDA, for example, bottleneck distance and p-Wasserstein
distance exist but are difficult to implement [189]. On the other hand, point
summary metrics of TDA, based on H1 homology features, are lossy summaries
but are easier to implement [189]. Consequently, they have been used by several
studies for exploring dynamical transition in a various systems [189], [197]. Thus
in this paper, we study if the point summary metrics, based on features of the H1

homology classes, can correctly capture the dynamical transition to LBO.
Next, we discuss the definition of the different point summary metrics. The

persistence of a class α in H1 homology can be calculated as,

pers(α) = dα − bα (6.4)

If there are C number of classes, the maximum persistence among all the classes
can be calculated as,

maxpers(D) = max .{pers(α1), pers(α2), . . . . . . , pers(αC)} (6.5)

Because large-scale loops take a longer time to get filled up, their persistence
is higher [202]. Thus, a higher maxpers(D) indicates the presence of a large-scale
loop in the topological structure. A second metric used in the present study is
M(D). It is the ratio of the number of H1 homology classes (denoted by |D|) in
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the persistent diagram to the number of vertices (denoted by |V |) in the point
cloud,

M(D) = |D|
|V |

(6.6)

|V | is alternatively called the graph order. |V | can be calculated as, |V | =
N−τd(D−1) where, N is the number of points in the time series, τd is the optimal
time delay and D is the optimal embedding dimension. If a system is periodic
(i.e. deterministic), the number of H1 homologies i.e. 1-D loops will be lower in
comparison to if the system is chaotic (i.e. comparatively less deterministic) [189].
Thus, M(D) is likely to be low for a periodic signal and comparatively high for a
chaotic/stochastic signal [189].

Another useful parameter is the persistent entropy E(D), which is analogous
to the information-theoretic metric Shannon entropy [189]. Persistent entropy has
been widely used to uncover hidden patterns in the data [205]. It can also be
thought of as the complexity of the system topology [205]. Persistent entropy is
scale-invariant and robust against noise in the input data [206], [211] and is defined
as,

E(D) = −
∑
α∈D

Pers(α)
L(D) log2(

Pers(α)
L(D) ) (6.7)

Here, L(D) is the sum of persistences (i.e. lifetimes) of different classes in
the persistent diagram, i.e. L(D) = ∑

α∈D pers(α). However, E(D) cannot be
compared between different operating conditions as in that case the number of
vertices in the point cloud also varies. Normalized entropy E ′(D) is a more useful
metric that can be used for comparison of dynamic states [189]. It is given as,

E ′(D) = E(D)
log2 L(D) (6.8)

As persistent entropy (Eq. 6.7) is analogous to the Shannon entropy, the
maximum entropy will be obtained when the lifetimes of the different H1 homology
classes become equal [213]. As the lifetime of the different H1 homology classes
become dissimilar from each other, the persistent entropy reduces. More elaborate
discussions on the persistent entropy can be found in Rucco et al. [213]. Next,
we provide a simple example explaining the calculation of the persistent diagram
and related point summary metrics.

Figure 6.2 show a simple example of Rips filtration process. The point cloud
X (Fig. 6.2a) have 22 vertices. When ϵ < 5, the Rips complex consists only of the
disconnected vertices. Thus the number of components in the resulting simplicial
complex would be equal to 22. At ϵ = 5 (Fig. 6.2b), ϵ-balls intersect with the
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(b)(a)

(c) (d)

II
I

II

Figure 6.2: Example of filtration creating a sequence of Rips complexes Rips(X, ϵ)
is described with a point cloud X. (a) shows the point cloud X. (b), (c) and (d)
respectively indicate the resulting complexes for ϵ = 5, 14, 26 respectively. We
note that unit of ϵ is arbitrary.

neighboring ϵ-balls, and the simplicial complex thus comprises a connected chain
(i.e. a H0 homology group). Moreover, two holes I and II, corresponding to H1

homology, come into existence. At ϵ = 14 unit (Fig. 6.2c), loop I gets filled up (i.e.
dies) so only loop II remains in the simplicial complex. At still higher threshold
(ϵ = 26), loop II also dies (Fig. 6.2d). Thus, the persistence of loop I and II are
given as pers(I) = 14 − 5 = 9 and pers(II) = 26 − 5 = 21. So, maxpers(D) = 21
for the example in Fig. 6.2. Further, M(D) = |D|/|V | = 2/22 = 0.091 and
E(D) = −0.88 so that E ′(D) = −0.1796. We note that the persistence or lifetime
of loop II is higher as compared to loop I. This is expected as loop II is larger
compared to loop I. A more detailed discussion on the calculation and significance
of persistence diagram metrics can be found in literature [189].

6.2.2 Using topological data analysis to investigate well-
known dynamical systems

Previous literature has shown that the TDA can distinguish between the pe-
riodic and chaotic signals from one another [189]. Still, for completeness of this
chapter, we discuss the behavior of the TDA metrics maxpers(D), M(D) and
E ′(D), for periodic and chaotic dynamics, with several well-known dynamical sys-
tems. The periodic and Chaotic signals used in the present study are obtained
with (i) a Rössler system, (ii) a Chua circuit, and (iii) a Lorenz system, in the way
described below.

Rössler system: The equations corresponding to the Rossler system are as
follows,
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dx

dt
= −y − x,

dy

dt
= x+ ay,

dz

dt
= b+ z(x− c) (6.9)

The equation 6.9 is solved with the parameters a = 0.2, b = 2.0, c = 4.0
which produces a periodic signal. Solving the equation 6.9 with the parameters,
a = 0.43, b = 2.0, c = 4.0 results in a chaotic signal.

Chua circuit: The equations corresponding to the Chua circuit are as follows,

dx

dt
= α(y − x− f(x))

dy

dt
= γ(x− y + z)

dz

dt
= −βy

(6.10)

Here, f(x) = m1x + 1
2(m0 + m1)|(|x + 1| − |(|x − 1|). A periodic signal is

obtained when the equation 6.10 is solved with the parameters: α = 15.6, γ =
1.0, β = 50,m0 = −1.1429,m1 = −0.714. A chaotic signal is obtained when the
equation 6.10 is solved with the parameters: α = 15.6, γ = 1.0, β = 25,m0 =
−1.1429,m1 = −0.714.

Lorenz system: The equations corresponding to the Lorenz system are as
follows,

dx

dt
= σ(y − x), dy

dt
= x(ρ− z) − y,

dz

dt
= xy − βz (6.11)

Solving the equation 6.11 with the parameters σ = 10.0, β = 8.0/3.0 and
ρ = 180 produces a periodic signal. On the other hand, solving this equation with
parameters σ = 10.0, β = 8.0/3.0 and ρ = 50 produces a chaotic signal.

In each of the above three systems, the time series is sampled at 20 Hz and
a 1000 sec signal is obtained. We analyze only the last 8000 data points, cor-
responding to the last 400 seconds, to avoid transient dynamics in the system
we are examining [189]. Table 6.1 shows the values of the TDA metrics for the
three dynamical systems described above, during periodic and chaotic regimes.
We observe that the largest Liapunov coefficient (Λ) is approximately zero when
the signal is periodic while for a chaotic signal, Λ > 0, as expected. We observe
that the TDA metrics differ significantly between periodic and chaotic regimes.
This indicates that the TDA metrics can distinguish different dynamical states in
a system under investigation.

Next, we explore the phase plots of the chaotic and periodic states of the
Lorenz system which will help to better understand the underlying dynamics. At
the chaotic state (Fig. 6.3a), the phase plot seems to be of a highly complex shape
consisting of a large number of loops. On the other hand, at the periodic state
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Rossler system Chua circuit system Lorenz system
Periodic Chaotic Periodic Chaotic Periodic Chaotic

Λ 0.0011 0.09644 0 0.394 0 0.147
maxpers(D) 2.895 0.605 1.07 0.492 1.806 0.56

M(D) 0.00125 0.501 0.00125 0.78 0.00125 0.80
E ′(D) -1 0.824 -1 0.40 -1 0.392

Table 6.1: Values of the largest Liapunov exponent (Λ) and the TDA metrics
maxpers(D), M(D) and E ′(D) for different well-known dynamical systems, at
periodic and chaotic states.

Figure 6.3: Phase plots of the Lorenz system (Eq. 6.11), (a) at chaotic state and
(b) at periodic state.

(Fig. 6.3b), a single loop is present.
Next, we describe the features of the persistent diagrams for the chaotic and

periodic states of the Lorenz system described above (Fig. 6.4). Here, the persis-
tent diagram visually represents the birth and death information of only the loop
structures (i.e. 1-D holes), as obtained from the Rips filtration process, as only
the H1 homology classes are considered in this study. The blue dots indicate the
various H1 homology classes. We note that each dot in the persistent diagram may
represent a finite number of classes that have the same birth and death instants
due to the multiplicity property of the persistent diagram [187]. The red diagonal
line is indicative of the x = y line. The diagonal represents the infinite number
of fictitious points which have zero persistence i.e. their birth and death instants
are the same.

From Fig. 6.4(a), we observe that at the chaotic state, a significant number
of blue dots, representative of various H1 homology classes, are positioned quite
close to the diagonal line. In contrast, the persistent diagram corresponding to the
periodic state (Fig. 6.4b) has a single blue dot (indicated by an arrow) located at
a significantly high distance from the diagonal line. Therefore, the results indicate
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Figure 6.4: Persistent diagram of the Lorenz system (Eq. 6.10). (a) at chaotic
state and (b) at periodic state.

the presence of a single, highly persistent loop in the topological space at the
periodic state. We note that this is indeed the case (Fig. 6.3b).

6.2.3 Sub-level set filtration approach to topological data
analysis

The TDA tool with suitable under-sampling is computationally cheap. How-
ever, properly embedding a time series extracted from experimental systems may
sometimes require careful selection of embedding dimension and optimal time
delay. Thus it is important to check whether the TDA without phase-space em-
bedding has a reasonable efficacy as an early LBO prediction tool. One such
technique to implement TDA is the sub-level set filtration technique, with which
the series of simplicial complexes (i.e. the filtration) can be generated from the
original time series itself. Therefore, phase embedding is not required. Next, we
discuss the sub-level set filtration technique. Let a time series be denoted as f(t)
where t is time. Therefore the function, f : t → R may be considered as the height
coordinate [194]. f may have local maxima and minima. Then, the λ sub-level
set for function f is given as,

Lλ = {t : f(t) ≤ λ} = f−1([−∞, λ]) (6.12)

Let, λ1 and λ2 be two levels with which two sub-level sets are found which are
Lλ1 and Lλ2 respectively. Let, λ1 > λ2. Then, the criterion that Lλ1 ⊇ Lλ2 must
be met. By varying the level λ, a series of sub-level sets are formed which are
represented in short as, {Lλ}λ∈R.

The sub-level set filtration process may be easilly understood by imagining
a (fictitious) rising water level [194]. In this filtration, at first the ‘water level’
is considered to be at the minimum value of f(t). As the water level starts to
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increase gradually, it encounters the local minima and maxima of the time series.
Each time a local minima of the f(t) is reached, as the water level increases, a
feature is born. Each feature encountered may be thought to be a water ‘pool’
[194]. As water level rises, these ‘pools‘ gradually starts to fill up. As the water
level increases further, some of the ‘pools’ merge together. For example, let us
consider the merging of two loops, which were born at different times. In that
case, by Elder rule convention, it is said that the newer ‘pool’ (i.e. the ‘pool’ born
later) die while the older loop (i.e. the ‘pool’ born earlier) remains [194], [214].
Each water ‘pool’ i.e. feature can be considered as a connected chain and hence
corresponds to the H0 homology classes. Next, we present a simple illustrative
example of sub-level set filtration.

In Fig. 6.5(a), a time series, corresponing to the chaotic state of the Lorenz
system discussed above, is shown. At the lowest minima in this time series (λ =
−0.83), the ‘pool’ I (i.e. feature I) is encountered. The λ at this point is the
birth instant of ‘pool’ I (bI = −0.83). As the ‘water level’ λ is slightly increased
(λ = −0.79), the ‘pool’ II is encountered (i.e. (bII = −0.79). With further
increase of λ, ‘pool’ III (λ = −0.72) and ‘pool’ IV (λ = −0.7) are encountered.
In other words, bIII = −0.72 and bIV = −0.7. At λ = −0.25, the ‘pools’ III and
IV merge together. Therefore, by following the Elder rule, it is considered that
the pool IV dies at this point (i.e. the death instant of IV , dIV = −0.25). At
λ = −0.13, the ‘pools’ I and II merge together so that it is said that loop II dies
at this point (i.e. dII = −0.13). At λ = 0.045, the ‘pool’ V is encountered (i.e.
bV = 0.045). With further increase of the ‘water level’ (λ = 0.87), ‘pools’ I and V
merge together so that at this point ‘pool’ V dies (dV = 0.87). Finally, at λ = 1,
the ‘pools’ I and III merge together so that feature III dies at this point. We note
that the ‘pool’ I do not die during the time window chosen. Therefore, the death
instant of ‘pool’ I is considered to be infinity (dI = ∞). In the persistent diagram
corresponding to this time series (Fig. 6.5b), we note that the red horizontal line
corresponds to the λ = ∞ line. The red diagonal line is the x = y line.

6.3 Results and discussions

6.3.1 Time series characteristics

In this study, we focus on the highly premixed annular and linear array con-
figurations which have a burner-to-burner spacing of 55 mm (in other words, the
AC-F1 and LAC-F1-55 configurations). We find that as the equivalence ratio (ϕ)
is reduced, LBO occurs in the annular and linear array combustors without the
occurrence of preceding thermoacoustic instability. We observe that LBO occurs
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Figure 6.5: (a) shows the time series corresponding to the chaotic state of the
Lorenz system described above. (b) shows the corresponding persistent diagram
that is calculated with the sub-level set approach. The variousH0 homology classes
are indicated by blue dots. bI - bV and dI - dV respectively indicate the birth and
death instants of the I − V ‘pools’ or features (H0 homology classes). The time
series shown in (a) is normalized by dividing it by the maximum amplitude of the
time series.

at a slightly different equivalence ratio for the annular and linear array combustors
as discussed in chapter 5 (table 5.2). Therefore, to compare the transition to LBO
in the annular and linear combustors, we normalize the equivalence ratio (ϕ) by
dividing it by the equivalence ratio at LBO (ϕLBO).

Figures 6.6(a-c) show the CH* time series for the AC-F1 case. We note that
the stable combustion state (ϕ/ϕLBO = 1.69) corresponds to an aperiodic time
series with a high mean CH* chemiluminescence value (Fig. 6.6a). In comparison,
the oscillations around the mean are very less, indicating that the heat release
rate fluctuations in the combustor at this point are much less. As we lower the
fuel (liquid petrolium gas (LPG)) flow rate (ϕ/ϕLBO = 1.44), the mean of the
time series reduces, signifying the reduction of heat release rate in the combustor
(Fig. 6.6b). At this state also, the CH* time series consists of low amplitude
aperiodic oscillations (in comparison to the mean CH* signal). Just prior to LBO
( ϕ/ϕLBO = 1.06), the CH* time series has a still lower mean (Fig. 6.6c). How-
ever, along with the low amplitude aperiodic oscillations, high amplitude aperiodic
oscillations are observed at this state. At this point, the CH* amplitude often ap-
proaches zero, indicating a significantly low heat release rate. Such a situation
corresponds to an extinction event in the combustor [128]. During the extinction
event, fresh air-fuel mixture builds up due to the absence of a widespread flame in
the combustor (chapter 5). This situation is followed by a reignition event where
the accumulated unburnt air-fuel mixture gets consumed. During this reignition

166



Chapter 6: Lean blowout detection using topological data analysis

Figure 6.6: CH* chemiluminescence time series for the AC-F1 case are shown at (a)
ϕ/ϕLBO = 1.69 , (b) ϕ/ϕLBO = 1.44 , (c) ϕ/ϕLBO = 1.06. CH* chemiluminescence
time series for the LAC-F1-55 case are shown at (d) ϕ/ϕLBO = 1.5, (e) ϕ/ϕLBO =
1.28, (f) ϕ/ϕLBO = 1.05.

event, the heat release rate increases sharply, resulting in high amplitude peaks in
CH* time series (in comparison to the mean CH* signal) as seen in Fig. 6.6(c).

Next, we describe the changes observed in time series characteristics of the
LAC-F1-55 mm case as LBO is approached (Figs. 6.6d-f). We find that the time
series of stable combustion state (Fig. 6.6d) and near-LBO state (Fig. 6.6f) for
the LAC-F1-55 case corresponds closely with those of the AC-F1 case (Fig. 6.6(a)
and Fig. 6.6(c) respectively). In both cases, the high amplitude pulses in the time
series start to occur close to the LBO limit (Figs. 6.6c,f). The intermediate states
between the stable combustion and near-LBO regimes exhibit a gradual reduction
in the mean of the CH* signal, as the equivalence ratio is reduced, while exhibiting
low amplitude oscillations around the mean (Figs. 6.6b,e).

As discussed above, the near-LBO CH* time series observed in the present
study consists of low amplitude and high amplitude aperiodic oscillations. In
contrast, conventional intermittency manifests as an ensemble of low amplitude
aperiodic oscillations and high amplitude periodic oscillations [40]. Thus the dy-
namical state of the AC-F1 and LAC-F1-55 combustors, at the near-LBO regime
is a relatively less explored type of intermittency. Visual inspection of the time
series alone cannot provide further insight into the dynamical transition to LBO.

Next, we explore the frequency characteristics corresponding to the stable com-
bustion state and near-LBO state for the highly premixed annular combustor (AC-
F1 case) and linear array combustors (LAC-F1-55 case). The power spectrums,
corresponding to the stable combustion states for the AC-F1 and LAC-F1-55 cases,
are shown in Fig. 6.7(a) and Fig. 6.7(c) respectively. The power spectrums cor-
responding to near-LBO states for the AC-F1 and LAC-F1-55 cases are shown in
Fig. 6.7(b) and Fig. 6.7(d) respectively. The results show that in the stable com-
bustion states, no prominent frequency peak is present whereas, in the near-LBO
states, the low-frequency component of the power spectrum increases significantly.
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Figure 6.7: Power spectrum (a) at stable combustion state (ϕ/ϕLBO = 1.69) and
(b) a near-LBO state (ϕ/ϕLBO = 1.06), for AC-F1 case. (c) and (d) respectively
show the Power spectrum at stable combustion state (ϕ/ϕLBO = 1.5) and a near-
LBO state (ϕ/ϕLBO = 1.05), for the LAC-F1-55 case, with B2B distance = 55
mm.

This fact is quite in line with the previous literature. However, we note that high-
amplitude pulses in the CH* time series, which causes the qualitative changes in
the power spectrum mentioned above, start appearing just before LBO. Therefore,
the frequency-based tools may not be suitable for real-time early LBO prediction.
For the same reason, the amplitude thresholding techniques are also unlikely to be
suitable for early LBO detection in the AC-F1 or LAC-F1-55 cases. Thus next we
explore the transition to lean blowout with well-known dynamical science-based
tools: recurrence network 3 and topological data analysis.

6.3.2 Exploration of the dynamical transition to lean blowout
in multi-burner combustors with recurrence network
analysis

To explore the dynamical transition to LBO using recurrence network, we
under-sample (with various under-sampling factors: 10, 20, and 40) the time se-
ries in order to reduce the computational cost. Next, the time series is delay-
embedded into phase space [91]. Embedding dimension is calculated with the
false neighbor method (FNN) [92]. Optimal time delay is calculated as the time
delay corresponding to the first zero of the autocorrelation function [215]. The
optimal recurrence threshold (ϵr) is found to be 7.7% of the maximum phase space
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Figure 6.8: Variation in the RN metrics as LBO is approached by reducing equiv-
alence ratio for the AC-F1 case. (a) global efficiency (η), (b) average degree
centrality (k), (c) global clustering coefficient (CG).

distance as discussed in the appendix of this chapter. From the point cloud (in
other words, the phase-embedded time series), the RN metrics global efficiency (η),
average degree centrality (k), and global clustering coefficient (CG) are calculated.

The variations in the RN metrics η, k, and CG, for the AC-F1 case, are shown
in Figs. 6.8(a-c). Similar results are obtained for the LAC-F1-55 case also which
is not shown here to avoid repetition. We observe that the RN metrics do not
exhibit any significant trends during the approach of LBO. Therefore, we infer
that the RN is not a suitable tool for exploring the dynamical transition to LBO
in multi-burner combustors. This failure of the RN technique to detect impending
LBO might be due to the additional complexity introduced in the flame dynamics
by the presence of several oscillating flames, instead of a single oscillating flame.
It may also be due to the lossy nature of the recurrence network algorithm, which
searches for patterns in the data at a specific scale (i.e. the recurrence threshold
ϵr). Next, we explore the dynamical transition with the topological data analysis
(TDA) tool. TDA is more general as compared to RNA and does not suffer from
the loss of information when searching for patterns in the data, as discussed in
section 6.2 in this chapter.

6.3.3 Exploration of the dynamical transition to lean blowout
in single-burner and multi-burner combustors with
topological data analysis

For the TDA analysis, the CH* time series is under-sampled (with various
under-sampling factors: 10, 20, and 40) to reduce the computational cost. Next,
the CH* time series are normalized before generating the point cloud so that the
change in amplitude of the CH* signal, as LBO is approached, does not affect the
different TDA metrics. This normalization of time series is automatically taken
care of for the recurrence network analysis, as in that case the recurrence threshold
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is chosen as a percentage of the maximum diameter of phase space. First, we
explore the dynamical transition to LBO in the single-burner combustor for the
highest degree of premixing (i.e. F1 case) with the TDA metrics as this transition
is already known (chapter 3). Next, the insights obtained from this exercise can be
used to compare the dynamical transition to LBO in the multi-burner combustors.

At the stable combustion state (ϕ/ϕLBO = 1.41), we see that the various H1

homology classes (indicated by blue dots) are concentrated into a small region close
to the diagonal (Fig. 6.9a). In contrast, at the near-LBO state (ϕ/ϕLBO = 1.01),
the H1 homology classes are positioned over a significantly larger region on the
persistent diagram (Fig. 6.9b). Further, a much higher number of blue dots are
positioned at significant distances from the x = y diagonal at the near-LBO state
as compared to that at the stable combustion state (ϕ/ϕLBO = 1.41). Nevertheless,
most of the blue dots are located close to the diagonal at either state. We infer
that most of the loops in the point cloud at both the stable combustion state and
near-LBO state are small due to which they get filled up (i.e. die) quickly. This
qualitative similarity in the persistent diagrams, corresponding to two distinctly
different dynamical states, can be easily explained, as described below.

We note that distinct 1-D loop structures are found in phase space plots and
network topologies corresponding to strongly periodic systems [37], [57]. For a
predominantly periodic system, the loop corresponding to the periodic component
is of the largest scale in the point cloud as compared to the other components (if
any). Due to this, the loop corresponding to the periodic component requires
the highest time to get filled during the Rips filtration process and consequently
has the highest persistence (i.e. lifetime). Therefore, often the persistent diagram
corresponding to a periodic system consists of a single dot (representing the single,
highly persistent H1 homology class) positioned at a significant distance from the
diagonal. As an example, we recall the persistent diagram corresponding to the
periodic state of the Lorenz system (Fig. 6.4b).

In contrast, in the present study, we find that the time series corresponding
to the single-burner combustor consists of aperiodic oscillations at both the sta-
ble combustion state and the near-LBO state, as discussed previously in chapter
3. The absence of a strongly periodic component in the time series leads to the
absence of a distinct large scale loop structure in the point cloud (i.e. phase space
embedded time series). This results in absence of highly persistent H1 homology
classes in topological space. From the above discussions, the slightly increased
tendency of the blue dots to be positioned away from the x = y diagonal, at the
near-LBO state as compared to the stable combustion state, may be indicative
of the comparatively larger scale loops at the near-LBO state. Indeed, the com-
paratively larger scale loop-like structures are found in the recurrence network
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Figure 6.9: Persistent diagram (a) at stable combustion state (ϕ/ϕLBO = 1.41)
and (b) at near-LBO state (ϕ/ϕLBO = 1.01), for the single-burner combustor (F1
case). Blue dots indicate H1 homology classes.

topologies, at the near-LBO state for the single-burner combustor, as discussed
in chapter 3 (Fig. 3.7b). Next, we discuss the persistent diagrams at the stable
combustion and near-LBO states for the multi-burner combustors.

The persistent diagrams at the stable combustion state (ϕ/ϕLBO = 1.69) and
the near-LBO state (ϕ/ϕLBO = 1.06) for the annular combustor (AC-F1 case)
are shown in Figs. 6.10(a) and 6.10(b) respectively. Here also, we observe that
the blue dots (indicating the various H1 homology classes) are concentrated on a
relatively small region near the diagonal in the persistent diagram corresponding
to the stable combustion state. On the other hand, the blue dots are positioned
across a significantly larger region on the persistent diagram corresponding to the
near-LBO state. Still, most classes have very small persistence both at stable
combustion state and near-LBO state (as most blue dots are placed close to the
diagonal). Again this qualitative similarity in the persistence diagrams is expected,
as the time series corresponding to both the stable combustion state and the near-
LBO state for the annular combustor consist of aperiodic oscillations as discussed
above (Fig. 6.6). Therefore, large-scale loops are absent which in turn leads to
the absence of highly persistent H1 homology classes. The persistent diagrams for
the LAC-F1-55 case are similar to the single-burner and AC-F1 configurations, so
they are not repeated here.

After discussing the changes in the persistent diagrams during the dynamical
transition to LBO, we next focus on the efficacy of the TDA metrics as early LBO
prediction tools. The changes in the persistent diagrams are quantified using
the TDA metrics maxpers(D), M(D), and E ′(D). For effective early detection of
LBO, the warning of impending LBO has to be issued with enough time allowance
so that control actions can be actuated before LBO occurs [42]. Keeping in mind
this criterion, first, we examine the variations in the TDA metrics during the
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Figure 6.10: Persistent diagram (a) at stable combustion state (ϕ/ϕLBO = 1.69)
and (b) at near-LBO state (ϕ/ϕLBO = 1.06), for AC-F1 case. Blue dots indicate
H1 homology classes.

transition to LBO for the single-burner combustor (Fig. 6.11). We observe that
maxpers(D) show a monotonically increasing trends as LBO is approached (Fig.
6.11a). maxpers(D) indicates the lifetime of the most persistent loop in the
topological space. Lifetime i.e. persistent of a loop, in turn, is dependent upon
the scale of the loop as the larger a loop the more time it requires to get filled up
(i.e. die) during the Rips filtration process. Therefore, an increase in maxpers(D)
may be linked with the presence of a loop having a significantly higher scale (as
compared to the scale of the loops corresponding to the stable combustion state).
Therefore, we infer that the approach of LBO is likely to entail a shift towards
increased periodicity (i.e. determinism).

In contrast with the behavior of metric maxpers(D), M(D) does not show
any significant trend during approach of LBO (Fig. 6.11b). Previous studies
report that M(D) can capture the periodicity - chaos transition accurately [189].
However, the path to LBO explored in this study does not encounter a preceding
thermoacoustic instability (i.e. strongly periodic dynamics). Therefore, we infer
that M(D) cannot capture the chaos-chaos transition during the approach of LBO
when LBO occurs without preceding thermoacoustic instability.

We note that the metric E ′(D) may be interpreted as the Shannon entropy of
the persistence of loops contained in the persistence diagram. Therefore increased
dissimilarity of the persistence time of the different H1 homology classes would
lead to a reduction in E ′(D) and increased similarity of the persistence time would
increase E ′(D). In the present study, we observe the E ′(D) to reduce with an
almost monotonic trend as LBO is approached (Fig. 6.11c). This simply indicates
that the persistence of the different loops contained in the persistent diagram
gradually becomes dissimilar as LBO is approached. This fact is easily explained.
At the stable combustion state (ϕ/ϕLBO = 1.41), the different loops contained in
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Figure 6.11: (a), (b) and (c) indicate the persistent metrics: maxpers(D), M(D),
and E ′(D) respectively, for the single-burner combustor (F1 case) at various equiv-
alence ratios.

the persistent diagram are likely to have similar persistences, a fact that can be
seen from the relatively small region that the blue dots occupy on the persistent
diagram (Fig. 6.9a). Therefore, the high value of E ′(D) in the stable combustion
state is expected. In the near-LBO regime, (i) the blue dots occupy a larger region
in the persistent diagram (Fig. 6.9b) and (ii) several points are at relatively higher
distances from the diagonal line (as compared to the stable combustion state).
Therefore, in the near-LBO regime, E ′(D) reduces as few of the loops (i.e. few
of the H1 homology classes) become significantly more persistent as compared to
the other H1 homology classes. Finally, from an information science perspective,
because Shannon entropy is linked to the complexity of the underlying system,
we can also say that the complexity of the underlying dynamics reduces as the
combustor approaches LBO.

Due to the almost monotonic nature of the trends of the TDA metricsmaxpers(D)
and E ′(D) during the approach to LBO, we infer that they can be used to early
predict LBO. In a practical situation, the warning of impending LBO would be
issued when an early prediction metric crosses the previously chosen threshold.
The monotonic trends of the TDA metrics enable fine-tuning of the TDA metric
thresholds so that the early LBO warning can be issued at an optimal safety mar-
gin. In practical combustors, optimal LBO safety margin may depend on various
operational constraints including hardware limitations and the timescale of the
phenomena. Therefore, the ability to fine-tune the LBO safety margin is a highly
desirable property in an early LBO prediction tool, from the practical implemen-
tation point of view. Next, we explore the dynamical transition in multi-burner
combustors with TDA, to check whether the TDA metrics are effective in early
detecting LBO in multi-burner combustors.

Figure 6.12 shows the variation in the three TDA metrics, maxpers(D), M(D),
and E ′(D), during the transition to LBO for the AC-F1 case. On the other hand,
the Fig. 6.13 shows the variation of the maxpers(D), M(D), and E ′(D) for
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Figure 6.12: (a), (b) and (c) indicate the persistent metrics: maxpers(D), M(D),
and E ′(D) respectively, for the AC-F1 case.

Figure 6.13: (a), (b) and (c) indicate the persistent metrics: maxpers(D), M(D),
and E ′(D) respectively, for the LAC-F1-55 case.

the LAC-F1-55 case. In both cases, the TDA metrics maxpers(D) and E ′(D)
show almost monotonic trends as LBO is approached. The trends of the met-
rics maxpers(D) and E ′(D) are qualitatively similar to those observed for the
single-burner combustor. These results indicate a qualitatively similar dynami-
cal transition to LBO in the AC-F1, LAC-F1-55, and the single-burner cases. In
contrast, in all three cases, M(D) exhibits poor sensitivity to the approach of
LBO, corroborating our inference that M(D) is not a suitable metric for early
LBO detection when LBO occurs without preceding thermoacoustic instability.
In short, TDA metrics maxpers(D) and E ′(D) are likely to be effective as early
LBO prediction tools in single cup as well as multi-burner combustors. Further,
the monotonic trends of the TDA metrics enable fine-tuning of the LBO safety
margin for the multi-burner combustors also.

Next, we check the trends of the TDA metrics maxpers(D) and E ′(D) for
various under-sampling factors (Figs. 6.11, 6.12, and 6.13). The results reveal that
maxpers(D) and E ′(D) exhibit quite similar trends with approach of LBO, even
for a significantly low sampling rate (50 Hz). This fact indicates that low-sampling
rate sensors can be used to acquire the combustor signal without affecting the
TDA’s effectiveness as an early LBO detection tool. A lower sampling rate sensor
is likely to be less sophisticated and therefore a low cost and rugged instrument.
A low cost and rugged sensor is highly desirable for practical implementation
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ϕ/ϕLBO 1.6875 1.625 1.5625 1.5 1.4375 1.375 1.3125 1.25 1.1875 1.125 1.0625
t for 200 Hz signal 26.5 26.9 27 26.5 26.3 25.8 27.4 27.3 27.3 26.4 24.8
t for 100 Hz signal 9.1 6.5 6.4 6.2 6 6.3 6 6.3 6.2 6 5.3
t for 50 Hz signal 1.4 1.3 1.3 1.3 1.4 1.3 1.3 1.3 1.4 1.4 1.2

Table 6.2: Computational time t (in seconds) of the three TDA metrics, for the
AC-F1 case. The time window considered for calculation is 20 seconds. The
computational time shown here is the cumulative time for calculation of the three
TDA metrics and includes the computational time for phase space embedding.

as the sensors installed on gas turbine combustors are likely to be exposed to
highly corrosive environment along with high temperature and pressure. A lower
sampling rate also reduces the computational time for calculating the various
TDA metrics in a significant way (table 6.2). This is highly advantageous from
practical point of view. For example, if the time series of 20 seconds duration is
under-sampled by a factor of 10 (i.e. the sampling rate of the CH* time series is
reduced to 200 Hz), calculation of TDA metrics requires 25-27 seconds (table 6.2).
On the other hand, under-sampling by a factor of 20 (i.e. the sampling rate of the
CH* time series is reduced to 100 Hz) requires 5-9 seconds of computational time
and under-sampling by a factor of 40 (i.e. the sampling rate of the CH* time series
is reduced to 50 Hz) requires 1.2-1.4 seconds. Therefore, the TDA metrics may be
applicable as real time early LBO prediction tools with a reduced sampling rate.

6.3.4 Practical strategy for early detection of LBO using
TDA

As discussed above, the TDA tool is computationally inexpensive. However,
a disadvantage of such a tool is the need for properly embedding the time series
in phase space. Therefore, it is worthwhile to check the efficacy of the TDA tool
without optimally embedding the time series in phase space. One technique to im-
plement TDA without phase-space embedding is the sub-level set TDA approach,
where TDA is applied to the original time series itself.

Figure 6.14 shows that the TDA metrics calculated with sub-level set approach
follow quite similar trends as compared with TDA metrics calculated with proper
embedding (Fig. 6.12). In this scenario also, maxpers(DS) and E ′(DS) show a
monotonic trend during transition to LBO. Here, we note that DS indicates the
persistence diagram obtained with sub-level set approach. Therefore, the sub-
level set TDA metrics maxpers(DS) and E ′(DS) can be used to monitor the LBO
limit. Further, a fine-tuning of safety margin can be done with careful threshold
selection of the TDA metrics maxpers(DS) and E ′(DS). As seen from table 6.3,
the computational time for the TDA metrics, when calculated with this technique,
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ϕ/ϕLBO 1.6875 1.625 1.5625 1.5 1.4375 1.375 1.3125 1.25 1.1875 1.125 1.0625
t for 200 Hz signal 1.9 2 2.1 2.1 2.1 2 2.1 2.1 2.1 2 2.1
t for 50 Hz signal 1.4 1.3 1.3 1.3 1.4 1.3 1.3 1.3 1.4 1.4 1.2

Table 6.3: Computational time t (in seconds) of the three TDA metrics, for the
AC-F1 case, calculated with the sub-level set time series approach. The time
window considered for calculation is 20 seconds. The computational time shown
here is the cumulative time for calculation of the three TDA metrics maxpers(DS),
M(DS), and E ′(DS).

Figure 6.14: (a), (b) and (c) indicate the sub-level set TDA metrics maxpers(DS),
M(DS), and E ′(DS) respectively, for the AC-F1 case.

is significantly less. For example, the computational time is ≈ 2 seconds for the
200 Hz signal (i.e. when the CH* signal is under-sampled by a factor of 10) and ≈
1.4 seconds for the 50 Hz signal (i.e. when the CH* signal is under-sampled by a
factor of 40). These facts, along with the additional benefit that no embedding is
required, indicate that the sub-level set approach to TDA might be more suitable
as an online early LBO prediction tool in practical scenarios.

6.4 Chapter summary

Online monitoring of combustion dynamics may enable early prediction of lean
blowout and help the combustor run more safely and reliably. Previously suggested
early LBO detection tools have mostly been developed based on experimental data
from single-burner combustors. However, recent literature has found significant
differences in the dynamical behavior of multi-burner and single-burner combus-
tors. In light of this, it is worthwhile to study the efficacies of the well-established
early LBO prediction tools for multiple-burner combustors.

We find that some of the established tools may not be suitable for early de-
tecting LBO in multi-burner combustors. Thus in this study, we propose a novel
technique, topological data analysis (TDA), for early LBO prediction in multi-
burner combustors. TDA studies the persistent topological features of phase-space
embedded chemiluminescence time series. TDA searches for patterns in the data
on all possible scales; consequently it does not require a previously set threshold
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to search for patterns in the data. Therefore, TDA is a robust dynamical tool
and is resistant to noise in the data. The results obtained in this chapter show
TDA to be an effective early LBO predictor for single-burner and multi-burner
combustors.

Moreover, we observe that TDA metrics maxpers(D) and E ′(D) follow mono-
tonic trends during the transition to LBO. Such monotonic trends would enable
fine-tuning of the LBO safety margin (the safety margin at which early warning of
impending LBO would be issued) which is a very useful feature in an early detec-
tion tool from practical implementation point of view. The LBO safety margin can
be set by selecting suitable thresholds of TDA metrics so that crossing the thresh-
olds will issue an early LBO warning. The ability to fine-tune the LBO safety
margin, based on the time-scale of the LBO phenomena, operational constraints,
and hardware limitations, is a highly desirable feature in a real-time early detec-
tion tool. Fine-tuning the safety margin will also enable optimal operation of the
combustor, for example (i) minimizing the possibility of triggering thermoacoustic
instability and/or LBO, (ii) maintaining fuel economy, (iii) minimizing incomplete
combustion, while also (iv) conforming to strict NOX emission norms.

The TDA metrics are computationally cheap which highlights their suitability
for real-time LBO monitoring. The TDA metrics are also seen to have closely
matching monotonic trends at various sampling rates. This fact indicates that
TDA may be used on data taken with low sampling rate sensors. Therefore, a
low-cost, simple and rugged sensor can be used for data acquisition. Such a sensor
is highly desirable from a practical application point of view, as the sensor installed
on a gas turbine combustor would be exposed to a highly corrosive environment,
high temperature, and pressure. Finally, we observe that the sub-level set TDA
technique is highly effective as an early LBO prediction tool. Further, the sub-level
set TDA metrics show approximately monotonic changes during the transition to
LBO. This fact indicates that the sub-level set TDA tool is suitable for fine-
tuning the LBO safety margin which is a highly desirable feature from a practical
implementation point of view. The sub-level set TDA tool does not require phase-
space embedding, therefore enabling easier implementation in a practical scenario.

Appendix

To correctly capture the dynamical transition using recurrence network anal-
ysis (RNA), the recurrence threshold ϵr has to be selected on a rigorous basis. In
the present study, the algorithm suggested by Eroglu et al. [94] is used to select
the ϵr. We parametrically vary ϵr over a suitable range and calculate the adjacency
matrix a for each ϵr as described in chapter 3. Next the Laplacian matrix L of
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Figure 6.15: ξ2 vs recurrence threshold (ϵr) at the near-LBO state (ϕ/ϕLBO = 1.06)
for the AC-F1 case. ξ2 is the second minimum Eigen value of the Laplacian matrix.

adjacency matrix a is calculated. The second minimum Eigen value (ξ2) of the
Laplacian matrix is calculated for each value of ϵr. ξ2 is plotted against ϵr (Fig.
6.15) and the minimum ϵr at which ξ2 > 0 is chosen as the optimal ϵr. The the-
oretical justification behind this algorithm is that when ξ2 > 0, no disconnected
nodes remain in the recurrence network. Based on Fig. 6.15, we set the optimal
ϵr = 7.7% of the maximum phase space distance.
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CHAPTER 7

Conclusions and future
work recommendations

7.1 Conclusions of the present work

A significant number of previous studies have focused on the thermoacous-
tic instability (TAI) and lean blowout (LBO) phenomena in single-burner pre-
mixed combustors. However, in practical combustors, multiple interacting flames
are present. Such interactions are likely to affect the dynamical transitions to
LBO/TAI in a significant manner. Further, often partially premixed flames are
used in practical scenarios due to space constraints and less time available for
air-fuel mixing. Therefore, in this thesis, we systemically study the dynamical be-
havior of various types of isolated and interacting flames (premixed, partially pre-
mixed, and diffusion flames), using flame visualization and various well-established
tools of dynamical science.

An important part of exploring flame behavior is to study the underlying dy-
namical nature of the flame. As the first step to this goal, we explore the dynamical
behavior of thermoacoustic instability (TAI), which is a simple and distinct dy-
namical phenomenon. For this study, we use a Rijke tube test rig with inverse
diffusion flame, which is a reliable low NOX technology suitable for gas turbine
combustors. TAI is characterized by large amplitude pressure oscillations in the
combustor, which often damage the mechanical components of the combustor.
The transition from the stable combustion state to TAI is analyzed with the re-
currence network, a dynamical science-based tool. From this study, we find that
the recurrence network measures can accurately capture the dynamical transition
from the stable combustion state to TAI. Various novel intermediate dynamical
states are also found during the transition to TAI. Further, we link the recurrence
network measures to the changes in recurrence network topologies, as LBO is ap-
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proached, thereby improving our understanding of the different recurrence network
measures. Next, we find a presence of multiple scales even during TAI. Previous
literature reported the presence of a single characteristic scale at TAI correspond-
ing to premixed flame. Further, it is seen that the network degree distribution,
at the stable combustion state, does not adhere to a scale-free nature or even
a single power law. Previous studies with premixed combustors, however, have
observed the occurrence of scale-free and/or single power-law degree distribution
at the stable combustion states. These differences in the dynamical properties, at
different combustion states, may result from the inverse diffusion flame’s differing
mixing and scaling laws with those of premixed flames. Therefore, these results
highlight the importance of studying the dynamical transition to TAI in other
non-premixed and co-flow-type combustors.

Next, we study the lean blowout instability that occurs without a preced-
ing thermoacoustic instability, using recurrence network analysis. Lean blowout
(LBO) via this route is relatively unexplored, especially from the perspective of
dynamical science. For this route to LBO, the dynamical change in the under-
lying system is subtle, as well-defined dynamical states e.g. periodicity, are not
encountered during the approach to LBO. We aim to develop a robust early LBO
detection tool that can be used on an online basis for a wide range of combustor
configurations. Such a tool would enable the combustor to operate with optimal
settings safely and reliably. For this study, we use a single-burner combustor as
the test rig. We observe that as LBO is approached, the time series signal trans-
forms from low amplitude aperiodic oscillations (at the stable combustion state)
to an ensemble of low amplitude and high amplitude aperiodic oscillations (at the
near-LBO state). We observe that the characteristics of the time series near the
LBO limit are highly dependent on the degree of premixedness in the combustor.
We find that the recurrence network (RN) metrics can detect the approach of
LBO, irrespective of the degree of premixedness in the single-burner combustor.
This fact shows that the RN is a robust and suitable early LBO detection tool
for a wide range of combustor configurations. Further, the RN analysis revealed
that the approach to LBO entails a shift toward periodicity. We find that the dy-
namic transitions to LBO with and without preceding thermoacoustic instability
are significantly different. The results indicate that accurate early LBO prediction
may require prior knowledge of (i) the degree of premixedness and (ii) the route
to LBO. Further, we observe that the intermittent extinction-reignition events at
the near-LBO state cause the power law degree distribution in the RN to break
down. Finally, we show that the visible structural changes in the RN topology
can be linked to the changes in the RN metrics as LBO is approached, helping to
better understand the dynamical transition.
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Recent studies have shown that flame-flame interplay can affect flame behavior
in a significant way. Next, we study the synchronization behavior brought on by
the interplay of candle flame oscillators (CFOs) that have a similar and differing
amplitude of pulsations. We discover significant differences between the dynamical
transitions obtained due to the interplay of similar (in terms of the amplitude of
pulsations in the two interacting CFOs) and differing sets of CFOs. It is seen
that in close vicinity, the interplay of a similar set of CFOs establishes in-phase
synchronization (IP). However, the interplay of a differing set of CFOs produces
a lag-synchronization (LS) state when the CFOs are in close vicinity. Further,
the interplay of a similar set of CFOs results in amplitude death (AD) across the
operational range, except in close vicinity. In contrast, the interplay of a differing
set of CFOs is seen to result in dynamically rich transitions, consisting of multiple
AD and LS regimes and a PAD regime. In short, the dynamical transition due
to the interplay of a similar set of CFOs is simple whereas that for a differing
set of CFOs is highly complex. This study might help to better understand the
synchronization phenomena encountered in real-world scenarios, caused by flame-
flame interplay.

Flame visualization is important to understand LBO combustion physics, which
is often highly complex in turbulent combustors. Next, we visually examine the
multi-burner combustors’ flame dynamics during the transition to LBO. We ob-
serve significant changes in the flame structure as LBO is approached. It is seen
that the flame-to-flame interactions and burner-to-burner interactions start to oc-
cur only close to the LBO limit. It is seen that the flame-to-flame and burner-to-
burner interactions reduce the severity of the extinction events in the combustor
at the near-LBO state. Often a lifted flame is seen to be anchored (and thus
prevented from blowing out) by the flame from an adjacent burner. Further, an
extinguished burner is often reignited by the flame from an adjacent burner. The
lift-off and subsequent weakening of a flame are often accompanied by the lift-off
and weakening of the adjacent flame. Partial attachment-detachment of flame from
burner tip, flame merging-unmerging, partial extinction-reignition events, flame-
to-flame interaction (for example, anchoring of the lifted flame by the adjacent
flame), and burner-to-burner interactions (for example, reignition of extinguished
burner by the adjacent flame), etc. phenomena are seen at the near-LBO state
for the annular and linear array combustors, which cannot be captured in single-
burner combustors. These facts highlight the importance of further study on the
lean blowout phenomenon in multi-burner combustors. On the other hand, we
find closely similar flame dynamics, in the annular and linear array combustors,
at the near-LBO state. This indicates that the linear array configuration may be
used as a proxy for studying the transition to LBO in the annular combustors.
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The insights obtained from the flame visualization study may be useful for further
exploration of the near-LBO dynamics in multi-burner combustors, for example,
with sophisticated time series and/or image analysis tools.

Previously suggested early LBO detection tools have mostly been developed
based on experimental data from single-burner combustors. However, recent lit-
erature has found significant differences in the flame dynamics of multi-burner
and single-burner combustors at the near-LBO state. In light of this, it is worth-
while to study the efficacies of the well-established early LBO prediction tools for
multiple-burner combustors. Indeed, we find that some of the established tools
may not be suitable for early detecting LBO in multi-burner combustors. Thus, we
propose a novel technique, topological data analysis (TDA), for early LBO predic-
tion in multi-burner combustors. TDA is a robust dynamical tool and is resistant
to noise in the data. The results obtained during this study show TDA to be
an effective early LBO predictor for single-burner and multi-burner combustors.
Further, the monotonic trends of the TDA metrics during the transition to LBO
may enable fine-tuning of the LBO safety margin which is a useful feature in an
early detection tool, from a practical implementation point of view. We find that
the TDA metrics are computationally cheap which highlights their suitability for
real-time LBO monitoring. Further, the results indicate that TDA may be used
with data taken with low sampling rate sensors. Therefore, a low-cost, simple
and rugged sensor can be used for data acquisition. Finally, we observe that a
variation of the TDA technique: the sub-level set TDA tool is also effective as an
early LBO prediction tool. This approach to TDA does not require phase-space
embedding, is computationally very inexpensive, and therefore, is easy to imple-
ment in a practical scenario. Further, the monotonic trends of the sub-level set
TDA metrics indicate that fine-tuning of the LBO safety margin can be achieved
with this technique also.

This study explores the flame behavior in various configurations, in the pres-
ence and absence of flame-flame interactions, using flame visualization and well-
established dynamical science-based tools. Several insights are obtained during
this thesis work which may prove useful in understanding the TAI and LBO in-
stabilities in practical gas turbine combustors.

7.2 Scope for future works

The study on the TAI phenomenon for a Rijke tube with inverse diffusion flame
reveals significant differences in scaling laws at TAI between this configuration
and those previously reported for premixed configurations. Further, few relatively
novel intermediate states, between high dimensional chaos and periodicity (at
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thermoacoustic instability), are found in this study. Therefore, future studies may
focus on studying the scaling laws and the novel intermediate dynamical states (i)
by parametrically varying the air and fuel flow, (ii) by introducing a swirler to alter
the flow field inside the Rijke tube, and (iii) by prior mixing of a fraction of the
LPG flow in the oxidizer stream to alter the degree of premixedness of the inverse
diffusion flame. Further, a detailed numerical study may help to understand the
presence of both the slow and fast timescales at the thermoacoustic instability.

Significant variations are seen in the candle flame dynamics due to the inter-
play of similar and differing sets of CFOs. For the interplay of a differing set of
CFOs, a rich dynamical transition is seen as the distance between the CFOs is
varied. Future work may focus on a detailed numerical study of interacting candle
flames, which is likely to provide sound reasoning behind the dynamical transition
obtained. Such a study may also lead to improved reduced-order modeling that
can capture the complex dynamical transitions reported in this thesis.

In 2-D flame images of the annular combustor, flames positioned at different
planes overlap with each other, creating difficulties in flame visualization. A more
elaborate exploration of the flame interaction in the annular combustor can be
done by incorporating slight changes in the experimental test rig. These include,
(i) replacing the inner quartz tube with a solid metal body and (ii) increasing the
diameter of the inner metal body. Further, (iii) it is worthwhile to see the effects
of varying the swirl number of the burners on the interaction of flames. Next, (iv)
the spacer arrangement in the linear array combustor may be modified to enable
a more detailed study of the effect of distance between the burners on the flame
behavior at various equivalence ratios.

In this thesis work, time series analysis based on data obtained from multi-
burner combustors is carried out. These results reveal that the presence of mul-
tiple flames is likely to affect the efficacy of the various early LBO prediction
tools. Therefore, the sensitivities and efficacies of the various well-established
early LBO/TAI detection tools may be explored with these multi-burner com-
bustors. Finally, future studies may modify and augment the various nonlinear
dynamical science-based tools to detect LBO/TAI with non-stationary time series
data, as opposed to quasi-steady data.
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