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Abstract

Increasingly strict emission norms have led to the development of alternative
combustion technologies having low NOx emission. One commonly used low NOx
technology is lean premixed or, partially premixed combustion. However, this
technology is susceptible to lean blowout (LBO) and thermoacoustic instability
(TAI) which can prevent the combustor to run safely and reliably. LBO is caused
by a sudden drop in the equivalence ratio in the combustor, often during sudden
load changes in aircraft. On the other hand, power-plant gas turbine combustors
run very close to the LBO limit. Due to this LBO can be triggered by intrinsic in-
stabilities in the flame. Moreover, often the LBO and TAI limit in a lean premixed
combustor are separated by a small margin of equivalence ratio, so that triggering
of one can cause the other. Another potential technology that generates low NOx
and soot is the inverse diffusion flame (IDF). IDF is significantly less susceptible to
lean blowout and flashback as compared to premixed flames. However, a confined
IDF is still susceptible to TAL

Consequently, there is a strong motivation to avoid LBO and TAI. Unfortu-
nately, the operating point at which LBO/TAI would be triggered is not fixed.
The LBO/TAI limit depends on several operating conditions many of which are
outside of human control (e.g., ambient temperature and pressure). Further, there
is a lack of reliable technology for accurate early prediction of impending LBO and
TAI. Therefore, to avoid LBO and TAI, the current practice is to operate the com-
bustor with a relatively large safety margin. This, however, results in sub-optimal
operation of combustor and increased NOx emissions. Therefore, it is of utmost
importance to devise reliable techniques that can early predict LBO and TAI even
before they occur so that sufficient time is available to take appropriate action
to prevent the onset of LBO/TAI Moreover, such tools must be robust so that
they apply to a wide range of combustor configurations with minimal additional
experimentations and calibrations.

Previous studies have mostly focused on the flame behavior at TAI/LBO with
single-burner combustors. However, practical combustors have multiple flames
which often interact with each other. Consequently, the flame behavior in prac-
tical combustors is likely to have significant differences from the flame behavior
in single-burner combustors. In addition, most aircraft gas turbine combustors
employ partially premixed flames due to space constraints and less time available
for air-fuel mixing.

To bridge these gaps in the literature, in this work we systemically study the

dynamical behavior of isolated flame and interacting lame. We explore the flame



behavior for various degrees of premixedness and also for various combustor con-
figurations. To understand the flame dynamics, flame visualization is carried out.
We also explore the dynamical transition to LBO/TAI, for the various configura-
tions studied, using well-established tools of dynamical science. Such an approach
may be useful to devise robust tools for early detecting impending LBO/TAI that
can be used for a wide range of combustors, with minimal calibrations. Below, a
brief description of the thesis content is provided.

In the first chapter of this thesis, a brief discussion on the current state
of the art, concerning the different flame instabilities encountered in gas turbine
combustors, is provided. Based on this discussion, the research gaps are identified
and the objective of this thesis work is set.

An important part of exploring flame behavior is to study the underlying dy-
namical nature of the flame. As the first step to this goal, in the second chap-
ter we explore the dynamical characteristics of thermoacoustic instability (TAI),
which is a simple and distinct dynamical phenomenon. For this study, a Rijke tube
with an inverse diffusion flame (IDF) is used. IDF is a type of partially premixed
flame that is suitable for practical applications in gas turbine combustors. Previ-
ous studies have reported that the flame behavior of IDF is significantly different
from that of premixed flame. Therefore, studying the dynamical transition to
thermoacoustic instability with IDF is of practical significance especially as IDF
includes the benefits of both diffusion flame and premixed flame (namely, high
stability against LBO and flashback while having a low NOx emission).

The thermoacoustic instability phenomenon is investigated with various well-
known tools of dynamical science, including recurrence network (RN). RN is a
type of complex network that can capture a dynamical transition with a short
time series and is robust against noise. We quantify the characteristics of the
recurrence network with three metrics: global efficiency (n), average degree cen-
trality (k), and global clustering coefficient (Cg). These metrics are found to
correctly capture the dynamical transition of the combustor from the stable com-
bustion state to TAI. Further, the RN metrics follow monotonic trends during the
approach to TAI. This indicates that the RN metrics can be used to fine-tune
the safety margin to TAI with carefully chosen RN metric thresholds at which an
impending TAT alert should be issued. Moreover, using the RN tool, we uncover
various significant differences in the dynamic characteristics of inverse diffusion
flame and lean premixed flame at the thermoacoustic instability state, the latter
being reported in previous literature.

In the third chapter, a lean premixed single-burner combustor is studied to
explore its dynamical characteristics. A lean premixed flame has a significantly

lower temperature as compared to a diffusion flame. The lower flame temperature
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results in a significant reduction in NOx emission. On the other hand, the com-
bustors operating on lean premixed technology are prone to lean blowout which
can prevent stable and reliable operation of the combustor.

Modern gas turbine combustors often have multiple burners with an annular
or a can configuration. Still, single-burner combustors have often been explored
as a simple model for practical, multi-burner combustors. Moreover, the flame
corresponding to the single-burner combustor is an isolated flame. It is helpful to
study the flame instabilities with the single-burner combustor before we explore
flame instabilities with multi-burner combustors, which are much more complex.
Such a step-by-step approach would help to bring out the differences in flame
instabilities caused by flame-flame interactions. Therefore, next, we explore the
lean blowout instability in a swirl-dump stabilized single-burner combustor.

We find that the single-burner combustor suffers LBO without a preceding
TAI, as the equivalence ratio is reduced, regardless of the degree of premixedness
in the combustor. The route to LBO with a preceding TAI has been reported
in the literature. With the recurrence network analysis, we discover that when
LBO occurs without a preceding TAI, the dynamical transition to LBO is consid-
erably different than when LBO occurs with a preceding TAI. We observe that the
recurrence network tool is a robust and computationally inexpensive early LBO
detection tool.

As discussed above, most modern combustors are of annular or can type config-
uration, having multiple flames arranged on a circumference. In such combustors,
flame-flame interaction plays a significant role to influence the flame behavior. For
example, previous studies indicate that the physics associated with various com-
bustion instabilities in multi-burner combustors cannot be captured with single-
burner combustors.

Therefore, in the fourth chapter, we consider two flames exhibiting self-
sustained oscillations and study whether the interaction between these two flames
affects their oscillation dynamics in any significant way. To simplify the problem,
we explore the flame-flame interaction of a pair of candle flame oscillators (CFO),
which is one of the simplest types of flame.

Many studies have investigated the flame-flame interaction between two iden-
tical (in other words, closely similar) flames. However, in practical scenarios, the
flames corresponding to different burners of a multi-burner combustor will have
some dissimilarities. This is because it is not possible to manufacture identical
burners, due to manufacturing considerations. The effects of lame-flame interac-
tion between such dissimilar flames have not been explored in a systematic way
to date. Therefore, we explore the effect of flame-flame interaction between two

CFOs by parametrically varying the distance between the oscillators. Moreover,
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we study how the resulting flame behavior is affected by the dissimilarity of the
amplitude of oscillations in the two interacting flames. We observe significantly
different flame dynamics for a couple of interacting CFOs as compared to that
for a single isolated CFO. Moreover, we find that the degree of dissimilarity and
distance between the interacting CFOs profoundly affect the resulting flame dy-
namics. The interaction of CFOs having a similar amplitude of oscillations shows
a simple dynamical transition as the distance between the CFOs is varied. In con-
trast, the interaction between CFOs having a dissimilar amplitude of oscillations

shows a more complex dynamical transition.

In modern multi-burner combustors, flame-flame interactions are likely as the
adjacent burners are placed in close proximity. Based on the above discussions
on interacting candle flames, we infer that the flame behavior in multi-burner
combustors may have significant differences compared with that in single-burner
combustors. However, almost all previous studies have explored the LBO phe-
nomena with single-burner combustors.

To bridge this gap in the literature, in the fifth chapter we study the LBO
phenomena in an annular combustor and a linear array combustor. From vi-
sual inspection of flame, we find that the flame behavior at the near-LBO state
is markedly different in the annular and linear array combustors as compared to
that in an analogous single-burner combustor (the flame behavior in the analogous
single-burner combustor has been reported in a previous study). It is seen that the
flame-to-flame and burner-to-burner interactions, at the near-LBO state, reduce
the severity of the extinction events in the annular and linear array combustors.
For example, often a lifted flame is anchored (and thus prevented from blowing
out) by the flame from an adjacent burner. Further, an extinguished burner is
often reignited by the flame from an adjacent burner. In short, several phenomena
including partial attachment-detachment of flame from burner tip, flame merging-
unmerging, partial extinction-reignition, flame-to-flame, and burner-to-burner in-
teractions, etc. phenomena are seen at the near-LBO state for the annular and
linear array combustors, which cannot be captured in single-burner combustors.

Previous literature and also the results obtained during the present thesis work
indicate that significant differences are likely in the near-LBO flame dynamics of
the single-burner combustor (having a solitary flame) and the multi-burner com-
bustor (having several interacting flames). However, the flame dynamics cannot
be explored in detail with flame visualization only. Thus it would be worthwhile
to compare the dynamical transition to LBO in multi-burner and single-burner
combustors with well-established dynamical science-based tools. This study is
also practically relevant as most of the early LBO detection tools have been de-

veloped based on single-burner combustor data. Consequently, their efficacies to
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early detect LBO in multi-burner combustors are little explored to date.

Therefore, in the sixth chapter, we study the dynamical transition to LBO
in the annular and linear array combustors with various well-known dynamical
science-based tools. We find that the recurrence network tool is unable to capture
the transition to LBO in the annular and linear array combustors. This might be
due to the additional complexity in the flame dynamics, introduced by the presence
of several oscillating flames, instead of a single oscillating flame. Thus in this study,
we propose a novel and robust technique, topological data analysis (TDA), as an
early LBO prediction tool. We observe that TDA metrics follow monotonic trends
during the transition to LBO. Such monotonic trends would enable fine-tuning of
the LBO safety margin. Next, we observe that a type of TDA, the sub-level set
TDA tool, is highly effective as an early LBO prediction tool. Further, the sub-
level set TDA tool is suitable for fine-tuning the LBO safety margin. This is a
highly desirable feature from a practical implementation point of view. The sub-
level set TDA tool does not require phase-space embedding, therefore enabling
easier implementation in a practical scenario. Further, we observe that the TDA
metrics have closely matching monotonic trends at various sampling rates. This
fact indicates that TDA may be implemented on data taken with a low sampling
rate sensor. Therefore, a low-cost, simple and rugged sensor can be used for data
acquisition. Such a sensor is highly desirable from a practical application point
of view. In short, the results indicate TDA is a highly effective tool for early
LBO prediction in single-burner combustors (having a solitary flame) as well as
multi-burner combustors (having several interacting flames).

In the seventh chapter, the findings of this thesis work are summarized and
future work recommendations are prescribed. In short, this thesis work explores
the flame behavior in the solitary and interacting flames, for various degrees of
premixedness, using flame visualization and well-established dynamical science-
based tools. Several insights are obtained during this thesis work which may prove
useful in understanding the TAI and LBO instabilities in practical gas turbine

combustors.
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CHAPTER 1

Introduction

1.1 Background

In today’s world, various modes of combustion are used to provide much of the
world’s energy needs, including electricity generation and the energy requirement
for transport. In general, the combustion process is driven by a premixed or
diffusion flame. Till recently, gas turbines, which are a popular choice in stationary
power plants and air-crafts, used diffusion flame due to its high stability. However,
diffusion flames emit a high amount of soot and NOx. Increasingly strict emission
norms have led to the development of alternative combustion technologies having
low NOx emission [1].

One commonly used low NOx technology is lean premixed combustion. Un-
fortunately, a lean fuel-air mixture is also susceptible to lean blowout (LBO) and
thermoacoustic instability (TAI) [2], [3]. Lean blowout occurs due to the imbal-
ance of local flow rate and flame speed [4]. Lean blowout can occur in aircraft
combustors as well as in stationary combustors. In aircraft engines, often when
the fuel flow rate is throttled, the fuel supply rate reduces quickly. On the other
hand, airflow is governed by compressor inertia and takes a much longer time to
change. This leads to a sudden drop in the equivalence ratio in the combustor
for a short period of time. Often during this transitory period, the weakened
lean flame blows out. In the case of stationary gas turbines, the combustor often
operates close to the LBO limit. Due to this, slightest changes in the operating
condition may trigger LBO. Lean blowout leads to prolonged downtime and loss
of productivity in power station gas turbines and fatal accidents in aircraft.

On the other hand, thermoacoustic instability (TAI) is characterized by high
amplitude near-periodic oscillations [3]. It occurs due to a positive coupling of fluc-
tuating heat release rate in the combustor and acoustic waves inside the combustor

[3], [5]. Thermoacoustic instability poses significant problems to the operation of
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gas turbine combustors; these include unreliable operation, structural damages,
and fatal accidents|6].

Consequently, there is a strong motivation to avoid LBO and TAI. Recent lit-
erature [7], [8] showed that the thermoacoustic instability and lean blowout are
often separated by a small range of equivalence ratios. Unfortunately, the stability
margins of the combustor, corresponding to LBO and TAI, changes with operating
conditions that cannot be controlled in practice (e.g., ambient temperature and
pressure). This highlights the importance of online monitoring of the combustor
stability limits. Unfortunately, even today the combustor stability limits cannot
be monitored in real time due to the lack of reliable methods. Therefore, to avoid
LBO/TAI, the current practice is to operate the combustor with a relatively large
factor of safety. This, however, results in sub-optimal operation of combustor and
increased NOx emissions. Therefore, it is of utmost importance to devise tech-
niques that can monitor combustor stability limits in real-time. Such techniques
must be able to detect the impending onset of LBO/TAI early enough so that

sufficient time for control action is available.

1.2 Literature survey

Because the thermoacoustic instability (TAI) and lean blowout (LBO) pose
significant operational difficulties in gas turbine combustors, a wide number of
studies have explored these phenomena from various angles. It is important to
describe the state of the art in the characterization and early detection of TAI and
LBO instabilities, for completeness of this work. Standard approaches to study
the LBO and /or TAI consist of mainly the following approaches:

1. Full 3D LES numerical solution.
2. Acoustic solvers.
3. Experimental approach including flame visualization.

4. Dynamical science-based characterization and early detection of TAI/LBO.

According to Previous research, full 3D LES outperforms RANS modelling
in capturing the multiple modes relating to thermoacoustic instability in annular
combustors [9)-[11]. On the other hand, acoustic solvers — often referred to
as Helmholtz solvers — solve the wave equation by assuming that the flow is in
stopped condition. In these solvers, the flame effect is introduced using the flame
transfer function (FTF). Several works have been able to predict the modes in

annular combustors with acoustic solvers [12]-[17].
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Many experimental studies have explored the flame characteristics near the
LBO limit. Chaudhuri and Cetegen [18| studied the blow-off equivalence ratio of
a lean premixed propane-air mixture with a spatial mixture gradient. Stohr et al.
[19] studied the dynamics of a swirl-stabilized partially premixed flame operating
near the LBO limit. They showed that the flame root becomes intrinsically unsta-
ble just prior to LBO and exhibit frequent extinction and reignition. They further
observed that flame blowout happens when the flame root is in extinguished con-

dition at least for 2 milliseconds.

Flame characteristics corresponding to TAI, too, have been explored in a large
number of studies. With a full-scale annular gas turbine combustor, operating
at atmospheric pressure, Lepers et al. [20] investigated the effects of Helmholtz
resonators on the thermoacoustic instability. Gelbert et al. [21] studied control
of thermoacoustic instability in a Rijke tube (a cylindrical tube in which sound is
generated by a continuous supply of heating).

Various rich dynamics in multi-burner combustors have been found recently.
For example, several experimental studies have found the presence of standing,
spinning, and slanting azimuthal modes in annular combustors during thermoa-
coustic instability [22]—-[24]. Studies have uncovered several insights on the ignition
and burner-to-burner propagation of flame (light-around) in multi-burner combus-
tors [25]—[27].

There is a large body of work on the use of dynamical science-based techniques
for the early diagnosis and characterization of LBO and TAI. Only a few pertinent
studies are briefly covered next for the sake of conciseness. With an acoustic signal,
Nair and Lieuwen [28] detected LBO in a premixed combustor using a threshold-
based approach. They observed a strong correlation between the approach of
LBO and low-frequency component of acoustic signal. Some bursts in acoustic
signals were detected which corresponds to local re-ignition events. These bursts
were seen to increase in frequency and duration as LBO was approached. As the
flame approaches LBO, the flame is observed to detach and reattach itself to the
flame holder repeatedly. Muruganandam et al. [29] designed a control system
so that the gas turbine combustors can be run safely near the LBO limit. In
their study, the fuel supply had two components: the main supply and the pilot
supply. As the precursors to LBO were detected, a small fraction of fuel was added
through the pilot. Yi and Gutmark [30] investigated the efficacy of an optical LBO
sensing method with a multi-swirl and partially premixed gas turbine combustor.
Two parameters were used to predict the approach of LBO: (i) the normalized
chemiluminescence root mean square (RMS) and (ii) the normalized duration of
LBO precursor events. They also reported that chemiluminescence bursts are the

result of flame loss and re-ignition events.
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Bompelly [31] developed an algorithm to detect impending LBO for both dy-
namically stable and dynamically unstable (i.e. at TAI) situations. They fil-
tered the high-frequency oscillations (corresponding to TAI) for both optical and
acoustic emissions before applying a threshold-based LBO detection technique.
Chaudhari et al. [32] have used a technique to detect impending LBO using a
flame color-based technique. This LBO detection method was seen to have a high
efficacy for a wide range of degrees of premixing.

Recently many works have focused on the detection of thermoacoustic insta-
bility and lean blowout using machine learning algorithms. A few such studies are
discussed below. Mukhopadhyay et al. [2] used a D-Markov machine to predict
impending LBO under premixed as well as partially premixed scenarios. This
study was done with D = 1, confining the time domain of the study to the im-
mediate past. Sarkar et al. [33] showed that a D-Markov machine with D > 1
has a higher efficacy as an early LBO prediction tool as compared to a D-Markov
machine with D = 1. Hidden Markov model-based TAI detection techniques
have been demonstrated to function satisfactorily in recent investigations [34].
Recently, Bhattacharya et al. [35] compared the efficacies of the hidden Markov
method and symbolic time series analysis, as early detection tools for impending
thermoacoustic instability, using data from an annular combustor.

Machine learning-based algorithms however suffer from a disadvantage in that
they are highly dependent on the training data. Therefore, these algorithms may
not always translate to other combustors. On the other hand, tools from dynamical
sciences access the dynamical state of the combustor and hence their accuracy is
not directly dependent on the training data. Thus the dynamical science-based
algorithms for early detection of LBO and/or, TAI should easily translate to other
combustor configurations that exhibit similar dynamical transitions to LBO/TAI.

This thesis primarily focuses on the dynamic behavior of different types of
flames. Thus, it is worth discussing in detail the studies that explored different
combustor configurations with dynamical science-based tools. Recent experimen-
tal results have uncovered several interesting and complex dynamics in combustor
systems. Kabiraj et al. [36] experimentally studied the blow-out phenomena in
ducted premixed flame. They observed irregular bursts in the acoustic signal just
prior to blowout. Rich dynamical phenomena: bifurcations, type-II intermittency,
and quasi-periodicity were seen prior to blowout. Gotoda and his group [8], [37]—
[39] reported that the route to TAI (periodic limit cycle behavior) is as follows:
stochastic noise — low dimensional chaos — TAI. Nair and Sujith [40] reported
the presence of homoclinic orbits during the intermittent region preceding LBO.

Unni and Sujith [41] did a recurrence quantification analysis (RQA) using the

time series signal obtained with a pressure transducer. They used recurrence
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rate, trapping time and entropy, etc. metrics for prediction of LBO. They also
showed that RQA without phase-space embedding (in other words, RQA using
the pressure time series itself) can be used as a computationally inexpensive tool
for early LBO prediction on a real-time basis. De et al. [42] have explored the
efficacy of recurrence quantification analysis, based on CH* chemiluminescence
signal, for early detection of LBO in a single-burner combustor, for a wide range
of air-fuel premixing.

Unni and Sujith [43] determined Hurst exponents in a laboratory scale com-
bustor during the dynamical transition to LBO. In the intermittent regime prior
to LBO, the dynamics were dominated by periodicity. However, close to lean
blowout, this periodicity was seen to be lost. A different low NOx technology,
inverse diffusion flames, have also been reported to be susceptible to TAI by Sen
et al. |44]. They observed the presence of type-II intermittent dynamics prior to
TAL

Some experimental studies have also explored the effects of flame-flame interac-
tion on flame dynamics. In the majority of these research, it has been discovered
that isolated and interacting flames behave quite differently in terms of flame
dynamics. Some of the important studies, relevant to this thesis, are discussed
next. Lee et al. [45] studied the interaction between non-premixed flames with
parametric variations of nozzle distance, fuel flow rate, and burner arrangements.
They reported that interacting flames exhibit higher blowout velocities than iso-
lated flames do. They also found that the placement of the burners affects the
LBO limit significantly. Fanaca et al. [46] explored the thermoacoustic instability
phenomena in (i) an annular combustor (AC) and (ii) a single-burner combustor,
both having the same burner geometry. Flow fields in these two cases differed
markedly. For an annular combustor, they observed a free-swirling jet flow, while
for a single-burner combustor, they observed a wall jet flow.

Flame-flame synchronization even in simple flames often leads to significantly
rich and novel dynamics [47]-[53]. Worth and Dawson [54] reported that flame-
flame interaction results in new physics in comparison with a single flame. Re-
cently Ciardiello et al. [55], [56] has discussed the mechanisms of LBO in annular
and linear array combustors. They found that the LBO limits of an annular com-

bustor and an analogous linear array combustor are similar.

1.3 Literature gap and objective of thesis

Most studies have focused on the dynamic behavior at TAI/LBO with single-
burner premixed flame combustors. However, practical combustors have multiple

flames which often interact with each other. As discussed above, the flame-flame
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interaction is likely to affect the dynamical transitions to LBO/TAI in a signifi-
cant manner. In addition, most aircraft gas turbine combustors employ partially
premixed flames due to space constraints and less time available for air-fuel mixing.

To bridge these gaps in literature, in this work we systemically study the dy-
namical behavior of isolated flame and interacting flame. We explore the flame
behavior with various types of flames (premixed, partially premixed as well as
diffusion flames) and combustor configurations using well-established tools of dy-
namical science. To understand the flame dynamics, flame visualization is also
carried out. This study may be useful in understanding the TAI and LBO insta-

bilities occurring inside a practical multi-burner gas turbine combustor.

1.4 Overview of thesis organization

This thesis is organized in the following way. In chapter two, we explore the
dynamical characteristics of a inverse diffusion flame (IDF), which is a type of
partially premixed flame, with a Rijke tube test rig. In chapter three, we study
the efficacy of a few well-known dynamical tools in early detecting lean blowout in
a single-burner combustor. In this study, we also vary the degree of premixedness
in the combustor in a systematic way and examine how the dynamical transition
to LBO varies with degree of premixedness. In chapter four, we study the dynamic
behavior of solitary and interacting candle flame oscillators. We note that candle
flame oscillators are diffusion flames that exhibit self-sustained oscillations due to
oxygen deficiency. In chapter five, flame visualization is carried out in annular
and linear array combustors for various degrees of premixedness and for various
distances between the burners. In this study, we mostly focus on the interaction
of the flames in the near-LBO regime. In chapter six, the dynamical transitions
to LBO in annular and linear array combustors are explored using various well-
established tools of dynamical science. These tools are recurrence network analysis
and topological data analysis. Finally, in chapter seven, the summary of the

findings of this work and future direction of work are described.
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CHAPTER 2

Characterization of
thermoacoustic instability
with inverse diffusion flame
using recurrence network

analysis

2.1 Introduction

Thermoacoustic instability |3] poses significant problems to the operation of
gas turbine combustors. These include unreliable operation, structural damages
and fatal accidents [6]. Thermoacoustic instability occurs due to positive cou-
pling of fluctuating heat release rate from the flame and acoustic waves inside
the combustor [3], [5]. Recent studies [36], [57]-|60] have shown a plethora of
dynamical states and different routes to thermoacoustic instability. Most studies
on thermoacoustic instability have focused on lean premixed [8], [36], [38], [39],
[61] and nonpremixed flames [62], [63]. Lean premixed flames are increasingly
being used in modern combustors as it causes low pollution [38]. However, lean
premixed flames are prone to flame stability problems including flashback [64],

thermoacoustic instability [38] and blowout [42].
On the other hand, normal diffusion flame (NDF) enjoys high stability and

reliable operation [65]. In NDF, fuel is introduced as the central jet and air encir-
cles the coaxial fuel jet. However, NDF generates significant amount of thermal

NOx and soot [6], [66] and thus cannot meet the strict emission norms of today.
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Another potential technology is inverse diffusion flame (IDF) which is suitable
for practical applications such as boilers and gas turbines [65], [67]-[69]. In an
IDF, a central air jet is surrounded by a coaxial fuel jet. High velocity central
air jet in IDF entrains fuel into it. Such fuel entrainment into air jet significantly
improves air fuel mixing [70] as compared to NDF. The higher air-fuel mixing in
IDF results in considerably low amount of NOx and soot |[71]-[73]. Moreover, IDF
is comparatively less susceptible to lean blowout and has higher stability margin
[65], [66], [69] as compared to NDF.

Understanding the thermoacoustic instability dynamics in IDF will be a start-
ing point for application of IDF in gas turbine combustors. Normal diffusion
flames, partially premixed flames and perfectly premixed flames exhibit signifi-
cantly different dynamical features near flame instabilities like lean blowout or
thermoacoustic oscillations [42], [74], [75]. IDF is a diffusion flame with the char-
acteristics of partially premixed flames [65], [76], [77]. On the other hand, lean
blowout, which is a significantly nonlinear phenomenon [41], occurs without pre-
ceding lift-off in IDF combustors [66]. This is in stark contrast to premixed flames
where lift-off precedes lean blowout [42]. In view of these facts, it is important
to study the dynamical transition to thermoacoustic instability with IDF. To the
best of our knowledge, only one study [44] to date have explored the thermoa-
coustic instability with IDF. Sen et al. [44] have reported the susceptibility of
IDF to thermoacoustic instability near equivalence ratio ¢ ~ 1.0. However, the
dynamical transition from stable combustion (also known as combustion noise)
to thermoacoustic instability with IDF has not been systematically explored and
discussed till date.

The aim of the present study is to explore the routes to thermoacoustic insta-
bility with IDF, the associated dynamical states and their phase space topologies
under the purview of recurrence network analysis [78] (RNA). Recurrence network
(RN) is a type of complex network, based on the recurrence information embed-
ded in the original time series [3], [78]-|81]. Complex network analysis (CNA)
considers a system to consist of a large number of interconnected elements, which
may or may not be mutually interacting |78]. Thermoacoustic systems with tur-
bulent flows can be considered as complex systems due to presence of nonlinear
interaction between combustion process [61], turbulent flow with high degrees of
freedom [82], [83], and acoustic field. CNA is often used to analyze such systems.
A brief discussion of complex network theory may be found in Appendix A, at the
end of this chapter.

Recurrence network (RN) is a well-known type of complex network, which
provides insights into the time invariant structural properties of the underlying

attractor and has been successfully applied in different fields of science and tech-
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nology, including engineering [39], [57], climate science [81], physics[84], bioscience
[85], etc. The advantages of recurrence network over other types of complex net-
works have been described in detail in Donner et al. [78]. Here, we briefly discuss
a few pertinent points for completeness of this chapter. In recurrence network,
the results depend on only one parameter: recurrence threshold (¢€)[80]; however,
in transition network, the results depend on both the phase space partition width
and the particular partition boundaries chosen [78]. Recurrence network can be
easily linked with phase space properties of the underlying attractor unlike the
visibility network [57], [78]. In recurrence network, the local degree centrality
can be directly linked to the local phase space density. This is in stark contrast
to the k-nearest neighbor network, where the local phase space density informa-
tion is lost[78]. Based on above reasoning, we found recurrence network to be
most suitable for exploring the dynamical transition from stable combustion to

thermoacoustic instability.

There are many advantages of RNA over other well-known time series analysis
techniques. RNA is applicable to short time series, is robust against noise [36]
and accurately preserves the attractor structure [57], [80]. As temporal ordering
is lost in RN, the measures obtained from RNA indicate time invariant structural
properties of the underlying attractor alone [80] unlike most nonlinear tools, such
as Lyapunov exponent or recurrence quantification analysis. Thus, RNA is a
complementary technique to the typical time series analysis tools [80]. Further, the
RN parameters, defined in local, intermediate or global scale, are simply different
statistical metrics linked to the phase space density of the attractor [78]. Therefore,
RNA having a sound theoretical basis is a suitable tool to explore the dynamics

during the transition to thermoacoustic instability.

Several studies have adopted complex network, especially recurrence network
based analysis to explore the transition to thermoacoustic instability. Gotoda et
al. [39] reported a technique for detecting flame instability using visibility based
and recurrence based complex networks in a premixed turbulent combustor and
observed the presence of power law degree distribution in the recurrence network
near lean blowout limit. However, they did not explore the underlying dynamical
states. Godavarthi et al. [57] showed that RNA can be used as an useful tool
for early prediction of thermoacoustic instability in a predominantly premixed
combustor. With the help of average betweenness centrality parameter, they also
observed the geometric fragmentation in the RN to reduce as thermoacoustic in-
stability is approached. As calculating betweenness centrality is computationally
very expensive [7§], it is important to study the ability of other RN metrics to
capture the onset of thermoacoustic instability. Further, both the aforementioned

studies have focused only on the typical intermittency route to thermoacoustic in-
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stability, where intermittency is defined as a state showing alternative appearance
of periodic and aperiodic oscillations in apparently random manner [36], [39], [40],
[57], [58], [87].

In the present study, however, different routes to thermoacoustic instability
are identified using RNA. The dynamical states of the system are shown to be ac-
curately determined with the help of different RN metrics. Further, a discussion
linking the changes in network parameters and the changes in network structure
is provided. Such a discussion would be helpful to understand the physical signifi-
cance of the changes in the RN metrics as thermoacoustic instability is approached.
Three RN metrics, global efficiency (), average degree centrality (k) and global
clustering coefficient (C) are chosen, which are linked with important structural
properties of recurrence networks [78], [81], [88], [89]. In short, new routes and
dynamical states prior to thermoacoustic instability are explored in this study
with RNA, leading to a better understanding of thermoacoustic instability with

inverse diffusion flame.

Towards this, experiments are conducted using a Rijke tube with inverse dif-
fusion flame, which is a simple system to study the occurrence of thermoacoustic
instability [90]. In the present study, thermoacoustic instability is approached
through two protocols. In the first protocol, air flow rate is gradually increased,
thereby varying equivalence ratio and Reynolds number (denoted as increasing
air protocol or protocol IA, in short). In protocol IA, the increase in bulk flow
changes the flow from laminar (Re,; < 2300) to turbulent regime (Reg;, > 4000)
through transition regime (2300 < Reg;, < 4000). In the authors’ knowledge this
is the first application of recurrence network to study the dynamic transition from
stable combustion to thermoacoustic instability by varying Reynolds number from
laminar to turbulent regimes. Thus we study the robustness of the RN metrics for
detecting the dynamical transition to thermoacoustic instability, as the underlying
nature of flow in the combustor also changes. In the second protocol, the input
power is varied while keeping the equivalence ratio and flow Reynolds number
nearly constant (denoted as increasing power protocol or protocol IP, in short).
Here, input power is calculated by multiplying fuel flow rate with the calorific
value of fuel.

Route to thermoacoustic instability is found to be significantly complex com-
pared to that commonly reported for premixed or predominantly premixed com-
bustors [39], [57], [58], [87]. In protocol IA, we observe an intermediate state
prior to thermoacoustic instability, which consists of low amplitude aperiodic and
high amplitude aperiodic oscillations and referred to here as ‘amplitude varying
aperiodic oscillations’. On the other hand, when thermoacoustic instability is

approached through protocol IP, we observe the intermediate state to have low
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amplitude apparently periodic oscillation and referred to here as ‘low amplitude
limit cycle-like oscillations’. A discussion linking the recurrence network topologies
with the different RN metrics has been presented to enhance the understanding
of the variations in the RN metrics as the system approaches thermoacoustic in-
stability. During thermoacoustic instability, the RN formed is observed to be a
non-regular network. On the other hand, during combustion noise, the degrees of
RN do not follow a scale-free distribution. Moreover, RN corresponding to com-
bustion noise do not follow a single power law degree distribution. These findings
are in stark contrast to properties of RN during thermoacoustic instability and
combustion noise for premixed configurations.

In short, the present chapter presents a number of novel findings, which are

enumerated below.

1. This work applies first time a recurrence network analysis on inverse diffusion

flame to characterize thermoacoustic instability.

2. For the first time, this work links the changes in various RN metrics with the
changes in RN topology as thermoacoustic instability is approached, based

on the topologies created with Gephi software.

3. We report two novel intermediate routes to thermoacoustic instability, namely
the ‘amplitude varying aperiodic oscillations’ and ‘low amplitude limit cycle-

like oscillations’.

4. We show that at thermoacoustic instability with inverse diffusion flame, the
RN formed is a non-regular network. This is in contrast with premixed flame
configuration, where RN formed at thermoacoustic instability is typically a

regular network [57].

5. RN formed at stable combustion state for inverse diffusion flame is not a
scale-free network or, a power-law abiding network. In fact, at this state, two
power law are present in the degree distribution of the RN. This is in contrast
with premixed flame configuration, where RN formed at stable combustion
is typically a scale-free/power-law abiding network [39], [57]. Findings (4)
and (5) are in stark contrast to previously reported properties of RN at
thermoacoustic instability and combustion noise for premixed configurations
[39], [57].

2.2 Brief theoretical background

Reconstruction of phase space and creation of adjacency matrix therefrom

are the initial steps to construct recurrence networks. They are briefly discussed
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below.

2.2.1 Constructing complex network from recurrence in-

formation

The experimental time series is embedded in D-dimensional phase space using
an optimal time delay (74) in order to construct the phase space vectors [91].
Embedding dimension (D) is calculated using false nearest neighbors (FNN) [92],
[93] method. If a system is embedded with a lower than optimal embedding
dimension, a point in the phase space will have a number of false neighbors. If the
embedding dimension is increased by one, then the number of false neighbors to the
above mentioned point would reduce. At the optimal embedding dimension, the
system trajectory will be completely unfolded and the number of false neighbors

would be zero.

Optimal time delay (7,) is taken as the time delay at which the first zero of the
autocorrelation function is obtained [92]. The autocorrelation function is defined

as follows,

N Zmely(m +7) — glly(m) — ]
N Zmealy(m) — g2

Here, y(t) is the time series of the measured variable. y is mean value of y(t).

CL(’T) =

(2.1)

Mathematically, § = + >N y(m). y(m) is the sampled data at t = to + mT. &g
is the time at the start of the time series and 7 is the time delay. m has an integer

value and NV is the number of data points in the time series.

With the time series y(t), phase space vectors can be constructed as,

where, Z(t;) and y(t;) are the reconstructed phase space vector and the audio
signal, respectively at time instant ¢;. Z is considered to recur between instants
1 and 7, if the D-dimensional hyperspheres of radius €, centered around Z; and
Z;, overlaps with each other. The recurrence threshold € is found here to be
approximately 15% of maximum phase space distance following the method of
Eroglu et al. [94]. This method chooses the minimum e as the optimal threshold,
at which no node of the resulting complex network remains disconnected. Detailed
description of the method of Eroglu et al. is provided in Appendix B, at the end
of this chapter.

The recurrence information are stored in a recurrence matrix R 95|, whose
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Figure 2.1: Construction of recurrence network (RN) from phase space plot. (a)
and (b) show the phase space plot and corresponding recurrence network, respec-
tively.

elements are calculated as follows,

Ri; = 0(c = Z: = Z;l]), (2.3)
where, 7,7 = 1,2,--- ,N. ||Z; — Z;|| is the Euclidean norm, N is the number
of phase space vectors and 6 is the Heaviside function. The adjacency matrix a

required to construct a recurrence network is calculated from R by eliminating
the self-loops (R;;,Vi =1,2,--- ,N) as,

a; ; = Ri,j — 5i7j- (24)

Here, ¢ is kronecker delta. In the constructed RN, nodes ¢ and j have a link
between them if R;; = 1. If R; ; = 0, no direct link between nodes ¢ and j exists.

A schematic representation of how RN is constructed from phase space plot is
shown in Fig. where the nodes of the RN are arranged over circumference of a
circle. The 5 phase space vectors are numbered 1-5. The phase vectors are shown
by small circles in the phase plot (Fig. [2.1a) whereas the e-hyperspheres around
the phase vectors are indicated by large circles. The e-hypersphere around phase
space vector 2 is seen to contain the vectors 1, 3 and 5. Thus node 2 have direct
links with node 1, 3 and 5 in the constructed recurrence network (Fig. 2.1p).

In this study, the RN topologies for different dynamic states are constructed
using Force Atlas 2 algorithm , , in-built in the Gephi software . This
algorithm iteratively solves the network where connected nodes attract and un-

connected nodes repel each other. Gephi has been used in many scientific studies

157, to study complex network topologies.

2.2.2 Description of recurrence network parameters

RN parameters are statistical measures which can capture the structural fea-

tures in RN. In this chapter, the different RN parameters are calculated using
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in-house Matlab codes. The definitions and physical significance of different pa-

rameters are briefly described below [78]-[81].

Shortest path length (/;;): The minimum number of links required to travel
from one node ¢ to another node j is called the shortest path length between
these two nodes. [; j, calculated using breadth-first search algorithm [89], is re-
quired to calculate different RN metrics including the global efficiency (n) which
is used in the current chapter. Average path length [81] (L), a commonly used
metric of RNA, is a mean of all shortest path lengths in RN and given by,
L = mzﬁ':usﬁj li;- L is a quantitative measure of the average distance
between two nodes of the network. However, the measure L would suffer a di-
vergence problem if any two nodes in the RN belongs to two completely separate
clusters of the RN [88]. This problem can be avoided with the metric, global

efficiency.

Global efficiency (n): This parameter, which indicates how efficiently informa-

tion propagation happens through a complex network [88], is estimated as,

77=N(N1_1) > 11 (2.5)

i,j=1,i#j b

Here, N is the number of nodes in the network. Because recurrence network
is not an information network, the concept of information transfer does not apply
here directly. However, information network analogy can be used in a geometric
way as discussed by Donner et al. [7§]. n being a harmonic mean of shortest path
lengths avoids the divergence problem of the measure L. In the present study, n

is used as a measure of the average distance between the nodes of the RN.

For a perfectly periodic signal, all the neighboring nodes remain connected
to each other and each of the shortest paths in the RN have unit length [81].
Therefore, L assumes its lowest possible value, 1 and 7 assumes its highest possible
value, 1. On the other hand, for chaotic signals, L takes greater values [99],
whereas the values of n become lower. Therefore, it can be reasoned that the

greater the value of 7, the higher is the determinism of the underlying time series.

Average degree centrality (k): The relative importance of a node ¢ in the RN
is given by the degree centrality of the concerned node (k;). The number of nodes,

which are directly connected to node ¢, is given by k;.

N
ki = Z a; ;. (26)

=i

Degree centrality can be averaged over the whole network to get average degree
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centrality (k) as,
1 N
k=—=> k. 2.
N; (2.7)

k can be linked with the average phase space density of the attractor [78].
Therefore, average phase space density and the value of k become higher for a
periodic signal due to higher recurrence, where each neighboring nodes remain
connected to each other. Similarly, k£ approaches lower values when the system is
chaotic as the extent of recurrence becomes considerably less in such state.

Global clustering coefficient (Cg): Highly interconnected set of nodes are called
cliques. The cliquishness of a node 7 is measured by local clustering coefficient (C;).
If the number of links in the neighborhood nodes of i (the nodes directly adjacent
to node ) is e;, then C; is given as [7§], [81], [88],

€ 2000258,

ki(ki —1)/2  ki(k —1)
Here, j and v are the neighbors of node i. The global clustering coefficient (Cg)

C, = (2.8)

is evaluated by averaging local clustering coefficient (C;) over the network as,

1 N
Co = I ; C; (2.9)

Cq can capture the presence of any clustered phase space vectors which forms,
for example, in intermittent or periodic dynamics [81]. As divergence of trajectory
becomes smaller in periodic attractor or in regions of an attractor where unstable
periodic objects (corresponding to intermittency) are detected, the corresponding
nodes in RN have considerably high local clustering coefficients [78]. Therefore,
C¢ approaches a highest value for periodic or near periodic states [37]. Further,
a higher C¢ value is obtained during intermittency as compared to chaotic state
where the presence of nodes with higher local clustering is much less. As a result,
C¢ becomes lowest for a state of high dimensional chaos. In short, C'¢ becomes
maximum for fully periodic dynamics [81] and lowest for chaotic regimes [80]. The
reasoning based on the divergence of trajectories can be further extended to claim
that Cg for low dimensional chaos becomes higher compared to high dimensional
chaos, and lower compared to periodicity.

This indicates that the values of local clustering coefficient become higher
in the regions of attractor with low dimensional structures [78] (corresponding
to laminar states or unstable periodic objects). Therefore, an overall increase
in low dimensional structures in the attractor leads to an increase in Cg value.
Thus, the global clustering coefficient, Cy can be a potential RN metric which

is able to quantify the changes in dimensionality of the system. Further, local
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clustering coefficient can be linked with the directional alignment of nodes in the
neighborhood of the concerned node [78|. Thus, a low value of C¢ indicates the
overall lack of structures with directional alignments in the RN. These implications
of Cg values help interpreting the dynamical transition from combustion noise to
thermoacoustic instability.

At this point it is important to define what we mean by the terms high di-
mensional chaos (HDC) and low dimensional chaos (LDC). Though, there is no
formal definition of HDC and LDC [100], we find different measures to charac-
terize such dynamical states. For example, Harrison and Lai [100] has considered
the case where a single positive Lyapunov exponent exists to be LDC and the
case where more than one positive Lyapunov exist to be HDC. They observed
dynamic transitions from regular dynamics to HDC through LDC with help of
(i) three dimensional maps, (ii) two coupled Réssler oscillators and (iii) a four
dimensional ecological population model. They further showed that the fractal di-
mension changes in a smooth way as dynamics changes from LDC to HDC [101].
However, another study [102], indicated the fractal dimensions and number of
positive Liapunov exponents to be of less importance while distinguishing HDC
and LDC. They also showed that the difference between HDC and LDC is merely
quantitative and not qualitative. Gotoda et al. [37], |38], |[103], |104] considered
the chaotic dynamics corresponding to Lorenz oscillators as LDC. They have used
two metrics, translational error and permutation entropy, in order to distinguish
between HDC and LDC. In the current manuscript, the terms HDC and LDC
respectively indicate the higher and lower degree of complexity of the attractor in
a relative sense.

In the present study, the recurrence network parameters such as global ef-
ficiency (n), average degree centrality (k) and global clustering coefficient (Cg)
are used to investigate the transition to thermoacoustic instability for inverse dif-
fusion flame as the metrics characterize the important time invariant structural

properties of the attractor.

2.3 Experimental setup

2.3.1 Rijke tube rig

The experimental Rijke tube test rig is shown in Fig. and the corresponding
schematic is shown in Fig. 2.3 The experimental setup consists of a vertically
held Rijke tube (Fig. which is a cylindrical quartz tube of length 800 mm
with inner diameter of 60 mm and thickness 2.5 mm. There is a provision to

vary flame position inside the Rijke tube by varying the tip location of the co-

18



Chapter 2: Characterization of thermoacoustic instability using recurrence
network analysis

Figure 2.2: (a) Combustion chamber, (b) co-flow burner tip and (c) rack-pinion
mechanism to vary height of the combustion chamber, (d) microphone.

Stand Microphone

Quartz tube
(ID 60 mm, OD 65 mm)

340 mm

Outer coflow tube
<7 (ID 28.6 mm, OD 34 mm)

Inner coflow tube

Quartz tube
(ID 14 mm, OD 16 mm)

Coflow tubes

LPG
Header N,

-
D ——
Air

Figure 2.3: Schematic of the experimental Rijke tube rig, which is used to study
thermoacoustic instability for inverse diffusion flame in this work.
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flow burner tube. For the present study, the flame position is fixed at 340 mm
from the top end of the quartz tube at which position the Rijke tube has been
shown to exhibit thermoacoustic instability [44]. The co-flow burner consists of
two concentric tubes. The inner tube has an ID of 14 mm and OD of 16 mm
whereas the outer tube has an ID of 28.6 mm and OD of 34 mm.

Liquefied petroleum gas (LPG, 40% propane and 60% butane by volume) is
used as fuel as it is readily available and inexpensive E] LPG is supplied through
the annular section between inner and outer tubes and metered using a mass flow
controller (make: Aalborg, range: 0-10 lpm C'H,, calibrated for LPG, accuracy:
1 % of full scale reading). Air is supplied at ambient pressure through the inner
tube and metered using a air mass flow controller (make: Alicat, range: 0-250
Ipm, accuracy: 0.8 % of reading + 0.2 % of full scale reading). N, is used when
Reynolds number and equivalence ratio are maintained approximately constant
(protocol IP) to compensate the change in reactant mixture flow rate. Ny is
supplied from a pressurized cylinder and metered using a mass flow controller
(make: Aalborg, range: 0-60 lpm CHy, calibrated for Ny, accuracy: 1 % of full
scale reading). Ny and air are mixed in a header before being supplied through

the inner tube as inner oxidizer jet.

2.3.2 Experimental procedure and data acquisition

During experiments, after each adjustment of operating condition, 2 minutes
time is allowed for the transients to die down. The audio signal is then acquired
using a microphone (Philips SBCMD110/01) positioned near the top end of the
Rijke tube for a duration of 10 seconds. However, it is found that 2 seconds
long data is enough for capturing the dynamics completely. The audio signal is
sampled at 44.1 kHz. To reduce the computational burden, the 2 seconds long
data is further divided into 10 equal windows and RNA is applied on each of these
windows independently. An average value of each of the RN parameters for the 10
windows is then calculated. Such an approach has been used in previous studies
[36], [44], [105].

The values of operating parameters for the different cases considered in this
study are presented in table 2.1 Two representative cases with different input
power are considered for protocol TA. In protocol IP, bulk flow rate and global
equivalence ratio (¢) are kept constant while input power (obtained by multiply-
ing LPG flow rate with calorific value of LPG) is gradually increased to attain

thermoacoustic instability. Initially, the flow rate of reactant mixture consisting

!The data pertaining to liquefied petroleum gas (LPG) is taken from Indian oil corporation
website (https://www.iocl.com).
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Case Air (Ipm) Re (Iiif) N5 (Ipm) Inpl(li\g(;wer 0]
TA-i 15— 57 1§gg0_ 0.2 0 0.39 0.37-0.098

[A-ii 21 — 60 2%323_ 0.3 0 0.59 0.4-0.14
P 37 — 50 5;28_ 0.26-0.35 13-0 0.50 — 0.68 0.2

Table 2.1: Operating conditions for the IA and IP cases

of air and LPG at ¢ = 0.2, is minimum (table , and therefore, Ny flow rate is
maximum. Input power can be increased keeping ¢ constant only by increasing
the flow rate of reactant mixture. In such a situation, N, flow rate is reduced
by the same amount to keep the overall bulk flow constant. Thus, the Reynolds
number also remains almost constant (table [2.1)).

The air Reynolds number, Re,;, is calculated as, Reqir = 4QuirPair [ (T ptaird;)
where, d; is the diameter of inner tube, QW is volumetric air flow, pg; and g,
are density and dynamic viscosity of air, respectively. For the IP protocol, the
flow Reynolds number Rej,, is calculated with the average density and average
dynamic viscosity of the air and Ny mixture, according to their volume flow rate;
Qair is replaced with total flow rate of air and Ny mixture. The global equivalence

ratio, ¢ is given by,

(Mrpa/Mair)

B (mLPG /mair ) stoichiometric

, (2.10)

where, m denotes the mass flow rate.

We conducted this experiment in a single day to keep the ambient conditions
approximately same. It may be reasoned that the system acoustics corresponding
to cold flow would remain approximately same under such situation. To ensure the
repeatability of the experimental data obtained, we performed the experiments at
least 10 times with similar ambient conditions to find that the flame dynamics
exhibits a similar transition. The measurement uncertainty corresponding to the
flow rates can be calculated from the accuracy ratings of the mass flow controllers.
The uncertainty for air is £0.4 Ipm for a flow range of 15 — 60 lpm, that for LPG
is £0.03 Ipm for a flow range of 0.2 — 0.3 Ipm and that for Ny is £0.3 Ipm for a
flow range of 0 — 13 Ipm (table [2.1)).

2.4 Results and discussions

As mentioned in the introduction, two protocols namely protocol TA (increas-

ing air) and protocol IP (increasing power) are set to observe the transition to
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Figure 2.4: (a) RMS amplitudes (Agars) for different air flow rate, keeping power
constant as 0.39 kW (case IA-i) and corresponding time series at different air
Reynolds numbers, (b) Rey;, = 1566, (¢) Reg,r = 3132, (d) Req;, = 4489, (e)
Regir = 5950. A denotes the amplitude of sound signal with arbitrary unit.

thermoacoustic instability. The results of the different cases as mentioned in ta-

ble. 2.1 are discussed next sequentially.

2.4.1 Dynamic transition observed for protocol TA

2.4.1.1 Identification of dynamical states by visual inspection of time

series

In TA-i (corresponding to input power of 0.39 kW), the amplitude of sound
emitted is observed to increase gradually with air flow rate as thermoacoustic in-
stability is approached (Fig. [2.4h). At low air flow rate (Reg; = 1566), a small
amplitude aperiodic signal is observed (Fig. [2.4b) which is generally referred to
as combustion noise [106]. At Reg;, = 3132, a increase in overall signal amplitude
with occasional high amplitude oscillations can be observed (Fig. [2.4¢) indicating
a significant departure in dynamical features from combustion noise. This dy-
namical state consists of low amplitude aperiodic oscillations with the occasional
burst of high amplitude aperiodic oscillations. On the other hand, intermittency
typically observed in premixed or predominantly premixed combustors is charac-
terized by an ensemble of periodic and aperiodic oscillations [36], [39], [40], [57],
[58], [87]. Clearly, the dynamical state at Re,;, = 3132 is a different type of in-
termittent behavior which has been little explored in previous studies. Kasthuri
et al.[58] observed the presence of a mixed mode oscillation consisting of low and
high amplitude periodic signal. We refer the dynamical state at Re,; = 3132 as
‘amplitude varying aperiodic oscillations’. With further increase in air flow rate

(Regir = 4489), significantly increased amplitude and periodicity of the signal can
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Figure 2.5: Power spectrum at (a) stable combustion state (Ren;, = 1566) and
(b) at TAI (Reqr = 4489), for the IA-i case. A indicates amplitude (a.u.) at
various frequencies.
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Figure 2.6: (a) RMS amplitudes (Agpss) for different air flow rate, keeping power
constant as 0.59 kW (case IA-ii) and corresponding time series at different air
Reynolds numbers, (b) Reg, = 2192, (c) Regir = 2818, (d)Req = 3132, (e)
Regi = 5220. A denotes the amplitude of sound signal with arbitrary unit.

be seen (Fig. [2.4d), which corresponds to thermoacoustic instability. The system
deviates from thermoacoustic instability as air flow rate is further increased to
Regi = 5950, and the audio signal appears to be low amplitude aperiodic (Fig.
2.4g). Low amplitude aperiodic oscillations post thermoacoustic instability has
been observed in many combustors [40], [57]. Note that even with further increase
in air flow rate, lean blowout does not occur.

It may be worthwhile to look at the frequency characteristics of the Rijke tube
test rig. For brevity, we describe only the [A-i case here (Fig. . The Power
spectrum at stable combustion state (Fig. [2.5a) do not exhibit any prominent
peak. On the other hand, a prominent peak at 236.9 Hz is seen at TAI (Fig.
2.5p).

In TA-ii (corresponding input power of 0.59 kW), the dynamical transition is

more complex. The variation of RMS amplitude as air flow rate is increased
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is shown in Fig. [2.6(a). Initially combustion noise with low amplitude aperi-
odic oscillations is observed at low air flow rate (Req;, = 2192; Fig. [2.6p). At
Req;r = 2818 (Fig. [2.6¢), the dynamical state consists of small amplitude aperiodic
oscillations with frequent bursts of high amplitude aperiodic oscillations and thus
corresponds to ‘amplitude varying aperiodic oscillations’. The amplitude of signal
then abruptly reduces at Re,;, = 3132 and the audio signal consists of low am-
plitude aperiodic oscillation (Fig. 2.6d). Further increase in Re,; again increases
the RMS of time series and introduces high amplitude bursts. At Re,;, = 5220
the Rijke tube exhibits full blown thermoacoustic instability (Fig. [2.6¢). The cor-
responding zoomed in time series shows the periodicity of the dynamics. Further
increase in air flow rate (Re,;, = 6054) deviates the system from thermoacoustic
instability and returns to a state of low amplitude aperiodic oscillation. The time
series being similar to as shown in Fig. [2.4(d) is not shown.

It is known that combustors are prone to thermoacoustic instability at lean
operating conditions|6], which is reproduced in protocol IA-i. However, the tran-
sition encountered in IA-ii is more intriguing. Venkataraman et al. [107] reported
a similar complex path to thermoacoustic instability, which was attributed to the
varying nature of flame-vortex interactions as equivalence ratio ¢ was gradually

varied.

2.4.2 Determination of optimal embedding parameters

A more elaborate understanding cannot be obtained with the visual inspection
of time series. Therefore, next we explore the dynamical transition with phase
plots. In order to obtain accurate phase plots, a delayed time series has to be
constructed with optimal time delay. First, the autocorrelation function of the
time series is obtained at various time delays. The optimal time delay is the time
delay where the first zero of the autocorrelation function is obtained [92]. In Fig.
2.7 the variation in autocorrelation function (Cy(7)) with time delay 7 is shown
for a stable combustion state (Reg;, = 1566) corresponding to the IA-i case. Here
it is seen that C(7) ~ 0 at 7 = 64. Therefore, optimal time delay, 7, = 64.

The phase plots at stable combustion state and at TAI state, corresponding to
the IA-i case, are shown in Fig. . At the stable combustion state (Rey;,. = 1566),
the phase plot reveals a complex attractor structure (Fig. [2.8a) whereas at TAI
(Regir = 4489), the attractor has a distinct limit cycle nature (Fig. [2.8b).

In order to ensure correct embedding of the time series in phase space, the
optimal embedding dimension has to be calculated. The method to calculate the
optimal embedding dimension, using False nearest neighbor (FNN) algorithm, is

shown in Fig. [2.9. Here, we consider three representative cases corresponding
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Figure 2.7: The autocorrelation function (Cp(7)) with time delay 7 at the stable
combustion regime (Rey;, = 1566) for the TA-i case.
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Figure 2.8: Phase plot (a) at stable combustion state (Req;, = 1566) and (b) at
TAI (Regir = 4489), for TA-i case. z(t) is the acoustic signal and z(t + 7,) is the
delayed time series. 7, is optimal time delay.
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Figure 2.9: False nearest neighbor (FNN) algorithm to calculate optimal embed-
ding dimensions. Here, three representative cases corresponding to the TA-i case
is shown: stable combustion regime (Re,;, = 1566), intermediate combustion
regime (Reg;, = 3132) and thermoacoustic instability (Rey;, = 4489). (a) shows
the zoomed in FNN plots whereas (b) shows the FNN plots without magnification.

to the TA-i case: stable combustion regime (Re,;, = 1566), intermediate combus-
tion regime (Rey;, = 3132) and thermoacoustic instability (Reg;, = 4489). For
these cases, the optimal embedding dimensions (D) are found to be 10, 6 and 5

respectively.

2.4.2.1 Application of network parameters to identify different dy-

namic regimes

As precise and accurate identification of dynamical states is not possible solely
from the time series, RN metrics are evaluated to explore the dynamical transition
to thermoacoustic instability in the present system. Based on RN metrics and
observed time series, the operating ranges of IA-i and TA-ii cases are divided into
a number of regimes for ease of further discussion.

Figure [2.10] shows the variations of different network parameters for case TA-
i. The variation of global efficiency (1) as Reg; is increased can be seen from
Fig. [2.10(a). During combustion noise (regime I), n appears to be very low.
Based on the discussions in section [2.2] we reason that a low value of 7 indicates
large distances between the nodes. A lower value of 7 is indicative of aperiodic
fluctuations of acoustic pressure which might be due to chaotic nature of the
dynamics and inherent noise in the system. On the other hand, a higher value
of n would indicate shift towards periodicity, as discussed in section The low
value of average degree centrality (k) is due to low average phase space density,
and indicates possible chaotic dynamics and the lack of periodicity (Fig. [2.10p).

Further, the low value of global clustering coefficient (C¢) indicates lack of lower
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Figure 2.10: Variation of (a) global efficiency (n), (b) degree centrality (k), and
(c) global clustering coefficient (C¢) for IA-i case, as air flow rate is increased.
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dimensional structures in the attractor. It may be noted that a low value of Cq
is likely due to chaotic nature of dynamics and a shift toward higher Ci can be
linked to increasingly periodic dynamics, as reasoned in section 2.2} In regime II,
the higher values of 17 and £ signifies the reduction in distance between RN nodes
and increase in number of links. Cg also slightly increases. Both regime I and
regime II consist of aperiodic oscillations, indicating that both the dynamics are
possibly chaotic in nature. In short, the values of 1, k£ and Cg in regime II are
significantly higher compared to regime I but lower compared to regime III, where
thermoacoustic instability occurs (Fig. 2.10). Following the discussion in Section
2.2] we conclude that regime II exhibits comparatively higher determinism and
lower dimensionality as compared to regime I.

Further, we have observed ‘amplitude varying aperiodic oscillations’ in regime
II. Based on these observations, we reason that the dynamics in regime I and II
possibly correspond to high dimensional chaos (HDC) and low dimensional chaos
(LDC), respectively. The high dimensional chaotic nature of combustion noise in
a turbulent combustor has been discussed by Tony et al. [108] through a rigorous
treatment of time series analysis. On the contrary, in regime III, the high values
of n and £ indicate that average distance between the nodes becomes even smaller
and the number of links in the network becomes much higher as compared to
regime II. The high value of Cg indicates the trapping of trajectory within a
small neighborhood, which is expected for near-periodic oscillations|[79]. These
results indicate a high determinism, but not fully periodic dynamics. For periodic
dynamics, n and Cg would approach 1.

Finally, in regime IV consisting of small amplitude aperiodic oscillations, all
three parameters (7, k and Cg) reduce indicating a departure from thermoacoustic
instability. Thus, the route to thermoacoustic instability for IA-i is HDC — LDC
— periodicity. The dynamical states inferred from the RN metrics will be further
validated through a nonlinear metric, translational error later in this chapter.

Similarly, for case TA-ii also, the values of 1,k and Cg are low during com-
bustion noise (regime I) (Fig. 2.11a) implying high dimensional chaos. In regime
IT, values of n, k and C¢g increases to a higher value compared to regime I, indi-
cating a shift towards higher determinism and lower dimensionality (Fig. [2.11p).
Thus, regime II marks the transition of system from high dimensional chaos to
low dimensional chaos. At Reg;, = 3132 (which is at the start of regime III), the
system again reverts to low amplitude aperiodic oscillations. At this condition 7,
k and Cg becomes low again, implying high dimensional chaos (Fig. . Thus
between Re,;, = 2818 and Re,;, = 3132, an abrupt change of dynamics occurs
from LDC to HDC. Further increase of Re,;. in regime III results in increase of 7,

k and Cg. Therefore, regime III represents a transition from HDC to LDC (Fig.
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Figure 2.11: Variation of (a) global efficiency (n), (b) degree centrality (k), and
(c) global clustering coefficient (C¢) for IA-ii case, as air flow rate is increased.
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. At regime IV, the system exhibits thermoacoustic instability, where the
highest values of 1, £ and Cg are obtained, pointing to the strong determinism
in the underlying time series. As Reg;, is further increased, the system deviates
from thermoacoustic instability and exhibits low amplitude aperiodic oscillation
again (regime V, Fig. [2.11). This transition from combustion instability to low
amplitude aperiodic oscillation with decreasing ¢ has been reported earlier [39],
[57].

In regime V, the decreasing trends of 1, k and C¢ imply that the dynamics
undergoes a gradual shift towards high dimensional chaos. It may be noted that
the RMS amplitude at Re,;, = 6054 and Re,;, = 6263 in regime V show a small
difference (Fig. [2.6p) while the RN metrics show a significant difference between
these two points (Fig. [2.11). This fact highlights the sensitivity of the RN metrics
to the dynamical transition. At Re,;, = 6054, where the system deviates from
thermoacoustic instability, value of n is similar to that during thermoacoustic in-
stability; however, the values of £ and Cg become low. Thus, it possibly indicates
an intermediate dynamical state between periodicity and high dimensional chaos
(at Regq = 6263). However, the degeneration of the dynamical state from ther-
moacoustic instability to low amplitude aperiodic oscillation requires a separate
study and will not be focused here.

Analysis of RN metrics indicate that, for protocol IA, 1 shows higher sensitivity
for the transition from high dimensional chaos to low dimensional chaos, while Cg
shows high sensitivity for the transition from low dimensional chaos to periodicity
(Figs. and . In short, we observe that case IA-ii exhibits a more complex
route to thermoacoustic instability (HDC — LDC — HDC — LDC — periodicity)
compared to case IA-i. These inferences on the dynamical states for case [A-ii also
will be validated through translational error in Secion with a view to check

the efficacy of RN analysis in detecting the dynamical states encountered.

2.4.2.2 Network topology at different conditions for case IA-i

RN topologies can help to understand the changes in the RN metrics, such
as degree centrality (k) and global clustering coefficient (C¢), as thermoacoustic
instability is approached. Representative Gephi topologies shown in Fig. [2.12]are
constructed for 0.2 second long data which is down-sampled by a factor of 4 to
reduce computational burden. The down-sampling used here is reasonable enough
to correctly capture the dynamics at different conditions |[44]. The individual nodes
are coded by their size and color to obtain visual representations of the networks.
The links connecting the nodes are colored the same as their source node. The

node sizes are linearly scaled from a size of 1 to 100 with 1 corresponding to
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Figure 2.12: Network topology for IA-i case, at (a)Req;, = 1566, (b) Rey: =
3132,(c) Regir = 4489 and (d) Regi = 5950

minimum degree (i.e. 1) and 100 to maximum degree.

Figure [2.12] shows network topologies for different dynamical states observed
in case IA-i. In the topology corresponding to combustion noise at Rey;, = 1566
(Fig. [2.12h), where the dynamical state is high dimensional chaos, the small sized
and bright greenish colored nodes indicate the prevalence of low degree nodes.
This explains low values of k at this dynamical state. Also, the network during
combustion noise (Req, = 1566) consist of a single giant component [89],
which contains almost all the nodes and links of the network. Further, absence of
directional alignment results in low Cg during combustion noise.

Figure (b) shows the topology during ‘amplitude varying aperiodic oscil-
lations’ at Re,;, = 3132, where dynamical state is low dimensional chaos. At this
state, the links in the RN become more evenly spread compared to that during
combustion noise (Regy;, = 1566). The RN at this condition still mostly consists
of the giant component. However, a higher number of links remain outside of the
giant component as compared to the RN during combustion noise (Fig. [2.12a).
Some larger nodes appear which explain the increase in k. Further, at Re;, = 3132
some directional alignment of nodes can be seen which would explain the moder-
ately high value of Cgs as compared to Reg;, = 1566.

Figure (c) shows a highly connected and ring-like structure of the network
observed during thermoacoustic instability at Reg,;, = 4489, where the dynamics

is observed to be periodic. At this state, a cluster of highly connected nodes is still
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present in the RN which may be considered as the giant component of the net-
work. However, a significant number of the nodes and links are evenly distributed
throughout the RN, outside of the giant component. Therefore, during thermoa-
coustic instability, the RN does not consist entirely of a single giant component
unlike the RN corresponding to combustion noise. We infer that the number of
links in the RN outside the giant component increases as thermoacoustic instabil-
ity is approached. Presence of a significant number of high degree nodes explains
the high values of k& during thermoacoustic instability. The high values of Cqg
during thermoacoustic instability is due to presence of distinct ring-like alignment

of nodes. It is noted that k& and Cg are mutually independent [7§].
At Regr = 5950, where the dynamical state corresponds to high dimensional

chaos, the number of high degree nodes in the RN significantly reduces causing a
lower value of k (Fig. [2.12d). The giant component is again observed to contain
most of the nodes and links. Again, the absence of directional alignment of nodes

causes Cg to reduce.

In turbulent partially premixed combustors, the complex network and recur-
rence network corresponding to thermoacoustic instability have been reported to
be a regular network [57], [87], consisting of nodes having same number of links.
However, in the current study, nodes with significantly varying degrees are present
even during thermoacoustic instability, as marked by different sizes and colors of
the nodes in Fig. (c) The degree distribution of corresponding RN, shown in
inset of Fig. [2.12c), further corroborates this. Note that, P(X) is the probability
of nodes having degree X in the RN. Recently, Kasthuri et al. [110] have ob-
served the RN topology corresponding to thermoacoustic instability to consist of
a ring-like structure typical of periodic signals along with highly clustered regions
and protrusions. They reasoned that such RN topology can be due to slow and
fast time scales present in the system at thermoacoustic instability. In the present
study, we observe absence of a regular network and presence of a cluster of high
degree nodes in the RN corresponding to thermoacoustic instability. Such char-
acteristics may be due to presence of multiple time scales even at thermoacoustic
instability. The spectral power and scaling laws related to sound emission have
been shown to be significantly different for premixed and diffusion flames [111],
[112]. Therefore, the different scaling behavior observed for inverse diffusion flame

might be due to the difference in mixing and combustion processes also.

2.4.2.3 Validation of the results with translational error metric

Next, we validate the different dynamical states inferred from RN metrics

through a established nonlinear metric, translational error (FEy.qns), which is a
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Figure 2.13: Variation of Fy..,s for IA-i case as air flow rate is increased.

modified version of the Wayland method [113] and proposed by Gotoda et al. [37].
This method quantifies the divergence of neighbouring vectors in phase space with
time. The mathematical details for evaluating the metric is given in Appendix B,

at the end of this chapter. The values of Ej.,,s at different dynamical states has
been reported by Gotoda et al. [37], which is reproduced in table .

H Dynamical states ‘ Eirans ‘
Stochastic signal > 0.1
High dimensional chaos < 0.1
Lorenz attractor (low dimensional chaos) ~ 0.01
Thermoacoustic instability (High periodicity) | 0.0018

Table 2.2: Values of Ej,.q,s for different dynamical states as reported in Gotoda et
al.[37]

Values of Ejqps for protocol TA-i is shown in Fig. 2.13] Ej.qns takes the value of
0.0564 for combustion noise (Reg; = 1566), suggesting a high dimensional chaotic
dynamics. Fi.qns takes the value of 0.0163 for the ‘amplitude varying aperiodic
oscillations’ (Reg; = 3132), which is close to but slightly higher compared to that
of Lorenz attractor. Thus it may be reasoned that the dynamics corresponding to
‘amplitude varying aperiodic oscillations’ is low dimensional chaos. FEj,..,s takes
the value of 0.0032 during thermoacoustic oscillation (Re,; = 4489), suggesting
a highly deterministic dynamics. Thus, the dynamical states inferred from recur-
rence network analysis and FEy,..,s corroborate each other. Similar agreement can
be observed for protocol IA-ii comparing Figs. and [2.14] The discussion for
protocol TA-ii is omitted here for brevity. Based on these observations, it can be

said that RNA can be used to qualitatively identify the different dynamical states
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Figure 2.14: Variation of .., for IA-ii case as air flow rate is increased.

encountered during transition to thermoacoustic instability.

2.4.3 Dynamic transition observed for protocol IP

2.4.3.1 Identification of dynamical states by visual inspection of time

series

Next, the transition to thermoacoustic instability is discussed when input
power to the IDF is increased. This approach to thermoacoustic instability has
been reported by Subramanian et al.[114] in a Rijke tube by increasing heater
power. The current system is observed to be particularly susceptible to ther-
moacoustic instability between global equivalence ratios of ¢ = 0.1 and ¢ = 0.3.
Therefore, one representative case, denoted by IP (¢ = 0.2; Refjo,, = 5116 —5168),
is analysed below. We note that in protocol IP, the flow is always in the turbulent
regime (Re i, > 4000), unlike in protocol IA.

Figure m(a) shows the gradual increase of RMS amplitude as input power
is increased. At input power of 0.50 kW (Fig. [2.15p), low amplitude aperiodic
oscillation, characteristic of combustion noise, is observed. At input power of 0.60
kW (Fig. [2.15c), the time series attains a low amplitude seemingly periodic oscil-
lation with approximately constant peak to peak amplitude. Recently, Karlis et
al. [115] have reported similar type of oscillation of reduced amplitude and argued
that such a dynamics occurred due to weakened coupling between pressure oscil-
lation and heat release oscillation. With further increase of input power, the RMS
amplitude of signal (Fig. [2.15p) and the periodicity of the oscillation go on in-
creasing till thermoacoustic instability is obtained at input power of 0.68 kW (Fig.
2.15d). In short, the amplitude of the near-periodic oscillations gradually increases
as we move towards thermoacoustic instability and away from combustion noise.
Thus, the bifurcation undergone closely mimics supercritical Hopf bifurcation|3],

especially as we did not find any hysteresis effect on this case.

34



Chapter 2: Characterization of thermoacoustic instability using recurrence
network analysis

(a) T T T

045 0 0.1 0.2 -

04
3075
03 (b) 0.08F \ ) <075 0 01 Y 027

“ panAMAM Y 0 5 10
: | zene : Time (5) @ O A
< 3 075F T 7
8 075
i " I - 3 o E
0 5 10 <
0.15- . <-0.75 -
Time (s) 0 5 10
Time (s)
0 1 1 1
0.5 0.55 0.6 0.65 0.7

Power (KW)

Figure 2.15: (a) RMS amplitude (Agps) of audio signal as input power is varied
(case IP) and corresponding time series at different input powers, (b) 0.50 kW, (c)
0.60 kW and (d) 0.68 kW. A denotes the amplitude of sound signal with arbitrary
unit.

Apart from the intermittency route to thermoacoustic instability, other in-
termediate states prior to thermoacoustic instability also have been reported in
literature. Gotoda et al.[37] observed an amplitude modulated periodic signal in
their study as an intermediate dynamical state prior to thermoacoustic instability.

There are only a few studies on the above mentioned routes to thermoacoustic
instability, especially in which the analysis is done in the framework of complex
network. The intermediate state found by Gotoda et al. [37] had similar peak to
peak amplitude to that of the full blown thermoacoustic instability. However, in
the current study, we observe that the signal shown in Fig. [2.15|c) has approx-
imately constant peak to peak amplitude which is much lower than the peak to
peak amplitude during thermoacoustic instability. Clearly, this dynamical state
appears due to an insufficient power (or heat release rate) in the flame to achieve
full blown thermoacoustic instability. In the present study, this dynamical state is

thus denoted as ‘low amplitude limit cycle-like oscillations’ in further discussion.

2.4.3.2 Application of network parameters to identify different dy-

namic regimes

Next, the transition to thermoacoustic instability in protocol IP is explored
with the help of RN metrics. Similar to TA cases, the operating range is divided
into 3 regimes to aid the discussion. Global efficiency (1) and average degree
centrality (k) are observed to be low in regime I (Fig. indicating high
average distance between the nodes and low phase space density. Further, a low

value of global clustering coefficient (C¢) in this regime indicates the absence of
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Figure 2.16: Variation of (a) global efficiency (), (b) degree centrality (k) and (c)
global clustering coefficient (C¢) as power input is varied for IP case.
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Figure 2.17: Degree distribution plot for the IP case at Power = 0.50 kW (regime
). P(X) indicates frequency of nodes with degree X.

low dimensional objects in the phase space. These imply that regime I exhibits
high dimensional chaos.

Regime II corresponding to the ‘low amplitude limit cycle-like oscillations’
shows moderately high values of 1, k and Cg whereas regime III shows high
values of 1, k and Cg. Therefore, regime III shows very strong determinism
whereas regime II is more deterministic than high dimensional chaos observed in
regime I, but less deterministic compared to thermoacoustic instability in regime
III. Thus, the RN analysis imply low dimensional chaos for regime II. We note
that for protocol IP, each of i, k and Cg show similar sensitivity throughout the
transition from combustion noise to thermoacoustic instability, unlike in protocol
IA.

2.4.3.3 Degree distribution of recurrence networks during combustion

noise

A Complex network is said to exhibit scale-free behavior [109], when its degree
distribution follows the power law, P(X) ~ X~7 where, P(X) is the probability of
nodes having degree X in the RN and  is a positive number such that (2 < v < 3).
Previous studies in predominantly premixed turbulent combustors [57], [87] have
reported combustion noise to exhibit scale-free behaviour, which was further linked
to the underlying turbulent flow [87]. In scale-free networks of the realistic systems,

a few nodes may be present, which do not obey the above-mentioned scaling law
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[57]. Godavarthi et al. [57] used the criteria that if at least 90 percent of the nodes
in the RN follows the power law, the RN can be considered to exhibit scale-free
behaviour. Further, Gotoda et al. [39] observed power law degree distribution
near lean blowout instability in a premixed turbulent combustor.

In the present study, the degree distribution during combustion noise is ob-
served not to follow a single power law. As a representative case, the degree
distribution at the input power of 0.50 kW is shown in Fig. [2.17} It depicts two
different power laws though the previous studies have observed a single power law
during combustion noise in premixed or predominantly premixed combustors [39],
[57], |87]. While one of the power law exponents is very low (v, = 0.50), the other
power law exponent satisfies the criterion for scale-free nature (v, = 2.56). How-
ever, the corresponding RN cannot be said to have scale-free degree distribution
as a significant number of nodes do not follow the corresponding scale-free law.
It is known that scale-free nature of RN cannot be captured for larger thresholds
[57]. However, as we have chosen the minimum recurrence threshold at which the
RN becomes devoid of any disconnected node, it is unlikely to be the case here.

These observations show that combustion noise for premixed and inverse dif-
fusion flame have significantly different characteristics. As stated earlier, the scal-
ing nature corresponding to sound emission in premixed and diffusion flames are
known to be different |111], [112]. Therefore, the absence of scale-free nature
or a single power law degree distribution during combustion noise is likely to
be due to the difference in underlying mixing and combustion processes between
premixed configuration and inverse diffusion configuration. Another possible rea-
son for absence of scale-free nature may be absence of isotropic turbulence in the
present configuration, as we have not implemented any turbulence grid to generate

isotropic turbulence.

2.5 Summary

Inverse diffusion flame (IDF) is a reliable low NOx technology which is suit-
able for various industrial applications including gas turbines. However, a confined
IDF may exhibit thermoacoustic instability, a kind of dynamic instability, which
is characterized by catastrophically large amplitude pressure oscillations. Tran-
sition to thermoacoustic instability for an inverse diffusion flame is less explored
compared to other types of flame. To bridge this gap in literature, in this study we
approach thermoacoustic instability with two protocols: (i) by increasing airflow
(protocol IA) and (ii) by increasing power input (protocol IP). This study is carried
out with a Rijke tube test rig having a inverse diffusion flame. The transition from

combustion noise to thermoacoustic instability is analyzed under the purview of
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recurrence network. The important findings of this study are summarized below.

1. In protocol TA, the flow regime changes from laminar (Rey;, < 2300) to
transition regime (2300 < Rey;, < 4000) as thermoacoustic instability is
approached. However, the RN measures are found to be robust enough
to detect the onset of thermoacoustic instability, even though laminar and

transition flow regimes are fundamentally different.

2. The dynamic transition observed for protocol TA and protocol IP are differ-
ent. The TA protocol encounters ‘amplitude varying aperiodic oscillations’
as an intermediate state. Protocol IP encounters ‘low amplitude limit cycle-
like oscillations’ as an intermediate state, which consists of low amplitude
seemingly periodic oscillations. Dynamic analysis with RNA however reveals
that both the ‘amplitude varying aperiodic oscillations’ and ‘low amplitude

limit cycle-like oscillations’ are low dimensional chaos.

3. RNA can be used to identify the different dynamical states of the combus-
tor during transition to thermoacoustic instability. The inferences drawn
with RNA in this regard are validated though a well-established nonlinear

dynamical metric, translational error (Eyqns)-

4. In this work, network topologies are visualized graphically to enhance un-
derstanding of the changes occurring in RN metrics as underlying dynamics
shift. RN during combustion noise is observed to consist almost entirely of a
giant component. However, the RN during thermoacoustic instability have

a significant number of links outside the giant component.

5. A single characteristic scale was found to be present at TAI in previous
literature that explored TAI in premixed flame. A network that exhibits
such dominance of a single characteristic scale is called a regular network.
In the present study, however, multiple scales are seen in the recurrence
network even during thermoacoustic instability, showing that the regular
network does not form at TAI for an inverse diffusion flame. Additionally,
the degree distribution during combustion noise in the current investigation
does not adhere to a scale-free nature or even a single power-law. Previous
studies with premixed combustors, however, has observed the occurrence of
scale-free or single power-law degree distribution in the recurrence networks
at stable combustion states. In summary, there are notable differences be-
tween IDF and premixed flames in the recurrence network topology during
combustion noise and thermoacoustic instability states. These differences in

the dynamical properties at different combustion regimes may result from

39



Chapter 2: Characterization of thermoacoustic instability using recurrence
network analysis

the inverse diffusion flame’s differing mixing and scaling laws with those of

premixed flames.

6. The novel dynamical characteristics, encountered in Rijke tube test rig with
inverse diffusion flame, points to the need for studying the dynamical tran-
sition to thermoacoustic instability in other nonpremixed and co-flow type

combustors.
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Appendix A

Here, a brief description of the complex network theory is provided for the
interested reader. An elaborate discussion on the network theory may be found in
Newman et al. [89]. A complex network (CN) is simply a collection of points along
with lines so that each line connects a pair of points [89]. The points contained
in the complex network are called nodes (or, vertices) of the CN while the lines
connecting the pair of nodes are called the edges (or, links) of the CN.

Complex systems, which can be thought of as complex networks, abound in
nature and man-made structures. Networks in nature include metabolic networks,
disease networks, networks of neurons (in the brain), etc. Networks created by
technology are many, including telephone networks, the world-wide-web, electric
grids, gas pipelines, railway lines, etc [89]. Such complex systems are almost
always made of a high number of interacting elements. Interactions within complex
systems often affect the whole system’s behavior in significant ways [89]. In the
complex network framework, a system is considered to consist of a large number of
interacting sub-systems. Consequently, complex network analysis (CNA) is often

highly effective in understanding the behavior of complex systems.
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Figure 2.18: An unweighted, undirected complex network, having four nodes
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(nodes ‘p’, ‘q’, ‘r” and ‘s’) and five edges.

Many types of complex networks are possible, namely, undirected and directed,
weighted or unweighted, etc. In directed networks, edges have specific directions
while in undirected networks, edges do not have any directions. On the other hand,
in weighted networks, each edge is assigned a weightage, signifying the importance
of the edge on the behavior of the complex system. In unweighted networks, all
edges have equal importance. We find that the unweighted, undirected complex
network is sufficient to explore the dynamical transitions encountered during this
thesis work. Hence, only the unweighted, undirected complex network is described

in detail next.

Complex networks are mathematically represented by adjacency matrix a.
They can also be visually represented by an ensemble of nodes and edges for
ease of understanding the interactions between the sub-systems. A unweighted,
undirected complex network (CN) is shown in Fig. [2.18, Here, the CN consists of
4 nodes (nodes ‘p’, ‘q’, ‘t” and ‘s’) and 5 edges. The nodes are denoted as circles
and edges by lines. In an undirected, unweighted network, the existence of an
edge is represented in the adjacency matrix by 1. In equation 2.11] the adjacency
matrix a, corresponding to Fig. [2.18] is shown. In this adjacency matrix, the four
rows from top to bottom may be considered as the rows corresponding to ‘p’, ‘q’,
‘r’, and ‘s’ nodes respectively. Similarly, the four columns from left to right may be

[S A B N ]

considered as the columns corresponding to ‘p’; ‘q’, ‘r’, and ‘s’ nodes respectively.

(2.11)

Q

I
[ I S )
e =
_ O =
[ I N e )
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The nodes ‘p” and ‘r’” are connected by one edge in the complex network (Fig.
, so that in a, in column ‘p’ and row ‘r’, the value assigned would be 1. This
point in the adjacency matrix may be represented by a,, , in short. As the complex
network of Fig. [2.1§ is undirected, if ‘p’ is connected to node ‘r’, it also means
node ‘r’ is connected to node ‘p. Therefore, a,, = a,, = 1, in this case i.e. a
is a symmetric matrix. On, the other hand, ‘p’ and ‘s’ nodes are not connected.
Therefore, a,, = a5, = 0. Often, the self-loops, i.e. connection of a node with
itself are considered redundant information in the complex network framework.
Therefore, the self-loops are often not considered when calculating the adjacency

matrix. In such cases, the diagonal elements of a would be zero.

Another relevant concept in the complex network theory is the Laplacian ma-
trix (L) of the adjacency matrix (a). For an adjacency matrix corresponding to an
unweighted, undirected complex network, the Laplacian matrix can be calculated
as [89)],

k, ifp=gq
L,q=14—-1 if p# ¢ and the nodes p and ¢ are connected (2.12)
0 in all other cases

Here, k, indicates the degree of the node ‘p’. Equation can be represented
also in the following way [89],

Ly = Fkpopg —apg (2.13)

The structural properties of the CN can be quantified using several metrics,
for example, degree centrality, clustering coefficient, efficiency, etc. Often, these
metrics are calculated on a local basis and then averaged over the whole network
to obtain the global CN metrics, for example, global efficiency, global clustering
coefficient, etc. The global metrics can provide important insights into the overall
behavior of the complex system being investigated. Often the local CN metrics also
contain significant information. For example, the local degree centrality metric
may reveal the most important nodes in the CN [89]. Therefore, the local and
global CN metrics may be studied in tandem to better understand the complex

network behavior.
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Appendix B

Choice of recurrence threshold

As the RN measures are very sensitive to threshold ¢, it must be chosen with
a sound theoretical basis. In this work, the method prescribed by Eroglu et al.
[94] is used to calculate €. It is described here in brief. € is varied parametrically
and the Laplacian matrix [89] of adjacency matrix a is calculated for each e. The
second minimum Eigen value (\y) of the Laplacian matrix is calculated for each
Laplacian matrix. Then, A, is plotted against e (Fig. [2.19)). The minimum value
for which Ay > 0 would be the optimal e. Theoretically at this condition, the RN
would contain no disconnected node. However, in practice we find a slightly larger
threshold (Ay > 0.03) is required to make the RN devoid of any disconnected node.
The optimal threshold €, is found to be approximately 15% of maximum phase

space distance.

0.4

0.3

< €opt = 0.1495

0.1

(b)

0 0.05 0.1 0.15
€ as fraction of maximum phase space distance

Figure 2.19: Ay vs € plots of combustion noise regime for (a) IP case at Power =
0.50 kW and (b) TA-i case at Reg; = 1566.
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Translational error technique to identify dynamic states of
a system
A concise description of the translational error method is given here. For a

vector Z(t), M number of neighborhood points are chosen. FEy,.q,s measures the

divergence of vectors with passage of time and is given by,

1 M Qt.) -
s = 005D 2 QI (B
_ 1 M
Q = (M T 1) m:oQ(tm) (BQ)
Q(tm) = Z(t,, + AT) — Z(t,) (B3)

Here, AT is the time step after which the divergence of vectors are checked
and Q(%,,) is the instantaneous tangential vector at instant t,,. The parameters
corresponding to translation error analysis, such as M, are chosen as in previous
literature [37], [38]. For 10 sets of randomly chosen Z(t) from the 2 second long
data library, the median Ey,.,, is calculated and shown in Figs. and [2.14]
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CHAPTER 3

Early detection of lean
blowout in single-burner
combustor using recurrence

network

3.1 Introduction

Modern gas turbine combustors operate on premixed or partially premixed
mode of combustion in order to reduce NOx emission [30]. Lean premixed com-
bustion reduces NOx significantly while still having a high cycle efficiency [29],
[116]. Other low NOx technologies, including fuel staging and inert gas injec-
tion, have a lower cycle efficiency and are not that effective in reducing NOx
emission[116]. However, lean combustion is inherently weak and suffers from in-
stabilities, including thermoacoustic instability and lean blowout [19], [43].

Lean blowout (LBO) is caused by an imbalance of flow rate and flame speed [4].
In aircraft engines, sudden changes in power setting may result in abrupt reduction
in fuel flow; however, the air flow rate takes significantly longer time to reduce due
to compressor inertia [28]. During this brief transition period, equivalence ratio
of the air-fuel mixture may fall below the lean blowout limit resulting in flame
extinction. On the other hand, stationary gas turbines has to operate very close
to lean blowout limit to meet stringent emission regulations. Thus the stationary
gas turbines are highly susceptible to fluctuations inherent in combustion systems,
changes of environmental conditions and small fluctuations in fuel composition
[28]. These factors alone or together can cause LBO in stationary gas turbines. If

LBO occurs, lengthy shutdown and restart in stationary gas turbines is required
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while for aircraft engines, it may cause fatal accidents [19], [29], [30].

A lot of studies have been done to explore the LBO phenomenon in premixed
combustors 18], [19], [29], [117]-[120]. It is known that the lean blowout limit
corresponding to a combustor depends on a number of parameters, including tem-
perature and humidity of input air. These parameters keep changing with en-
vironmental conditions thereby changing the lean blowout limit [121]. However,
accurate prior estimation of LBO limit has not been possible till date due to in-
sufficient understanding about the fundamental combustion mechanisms [19], [30].
Therefore, the stationary and aircraft gas turbine combustors are operated with
a higher than optimal safety margin to avoid LBO at the cost of increased NOx
emission [29], [121].

An online early LBO prediction strategy can (i) improve the reliability of the
aircraft gas turbine combustors, which have a narrow operational range, especially
during faster change of power in aircrafts during take-off, landing and rapid ma-
neuvers [28], (ii) avoid inefficient combustion, resulting in emissions of CO and
unburnt hydrocarbons [30] and (iii) subject the combustor to a lower operating
temperature, resulting in less wear and tear |28]. Unfortunately, there is no such
reliable technology applicable for a wide range of combustors at present. Thus it
is important to devise reliable early LBO prediction tools.

In recent times, different strategies have been proposed to early predict LBO,
for example, amplitude thresholding, statistical and frequency domain based tech-
niques [28], [30], [122]-[124]. Recently a number of novel tools for early prediction
of LBO have been proposed. Giorgi et al. [125] used flame image based wavelet
and statistical analysis to predict lean blowout for a nonpremixed configuration.
Li et al. [122] used low frequency content of the ion current signal to early predict
lean blowout. Chang et al. [126] used the change in low value points in ion current
signal, for early prediction purpose. Many of the established LBO detection tech-
niques need to be carefully calibrated depending on different types of combustors
with varying size, geometry and operating conditions [30]. Nonlinear dynamics
based techniques can also be used as early prediction tools for LBO. Such tools
directly capture the changes in combustor dynamics during transition to LBO and
thus are likely to be applicable for a broad range of combustors.

Recently, a number of dynamically rich phenomena in combustors have been
found [36], [39], [58]. Intermittency prior to LBO has been reported in a number
of studies [36], [38], [41]. Pagliaroli and Troiani [120] found a new type of inter-
mittency with pike-like patterns in the recurrence plots near LBO. Most of these
studies have been done with a fixed degree of premixedness. However, flame char-
acteristics are known to vary significantly with variation of degree of premixedness
[74], [127]-]130]. In a previous study [42], we found black dense patches in the
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recurrence plots near LBO for higher degrees of premixedness, indicating presence
of type-II intermittency. Such patches in the recurrence plots were not found for
lower degrees of premixedness. So, the dynamic transition towards LBO is likely
to vary significantly depending on the degree of premixedness.

Moreover, most previous studies have explored the route to lean blowout with
preceding thermoacoustic instability [39], [57] where the typical path to LBO is,
limit cycle oscillations (at thermoacoustic instability) — intermittency — aperi-
odic low amplitude oscillations — LBO. The dynamical transition in such case is
likely to involve loss of periodicity i.e. determinism reduces as LBO is approached.
However, combustors not susceptible to thermoacoustic instability in their oper-
ating regime may well be susceptible to LBO [43]. Unni et al. [43] reported two
different paths through which lean blowout can occur as mixture is progressively
made leaner. These routes are (i) lean blowout with preceding thermoacoustic in-
stability and (ii) lean blowout without preceding thermoacoustic instability. Using
multifractal analysis of CH* chemiluminescence and pressure signal, they showed
that the dynamical transition to LBO in these two cases are significantly different.

In absence of thermoacoustic instability, the most significant dynamic phe-
nomena during approach to LBO are the (i) extinction-reignition events for the
more premixed configurations and (ii) flame pulsations for less premixed config-
urations. Both of these events are intermittent in nature and occur just prior to
LBO [42]. The dynamical state corresponding to intermittency typically corre-
sponds to low dimensional chaos [38]. On the other hand, the dynamical state
corresponding to stable combustion (otherwise called combustion noise) is high
dimensional chaos [108]. Moreover, in our previous study, we found determinism
to increase as the system moves from stable combustion to near-LBO regime [42].
So, the dynamic transition to LBO, with and without preceding thermoacoustic
instability, are likely to be significantly different. So, it is important to explore the
robustness and efficacy of the different early lean blowout prediction techniques
(i) for varying degrees of premixedness and (ii) for the transition to lean blowout
without preceding thermoacoustic instability, so that their suitability for a wide
range of practical situations can be judged.

Thus, the current study explores the dynamical transition towards LBO with-
out preceding thermoacoustic instability, for varying degrees of premixedness. The
test rig used in this study is a lean premixed, swirl —bluff stabilized combustor.
Swirl-bluff stabilized combustors are often used as a simplified model for station-
ary gas turbine combustors and lean premixed prevaporized aircraft gas turbine
combustors [29], |131].

Turbulent combustors can be considered as ensemble of a number of mutu-

ally interacting elements [132] i.e. a complex system. So, complex network is a
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suitable tool to explore the dynamical transition towards LBO. A few previous
studies [39], [87] have explored the visibility algorithm based complex network
analysis for detection of LBO and thermoacoustics instability. However, in visi-
bility based complex network, attractor geometry in phase space is not preserved
[57]. Recurrence network (RN) is another well-known type of complex network is
constructed using recurrence information embedded in time series [78]. RN dis-
cards the temporal information from the time series and only considers the spatial
dependencies of the observable at different time instants [78]. Recurrence network
preserves attractor structure in phase space [57], |[78] [78] and therefore conserves
the underlying dynamical properties of the system. Moreover, the RN metrics are
statistical measures related to phase space density and thus likely to be robust
tools for detecting dynamical transitions. Unlike many well-established nonlinear
time series analyses, RN analysis can be used even with small time series [133], is
robust against experimental noise [86], [133] and do not require a surrogate test
[80]. Due to these advantages, RN has been applied to a wide range fields, e.g.
in engineering [39], [57], biological sciences [85], climatology [81] and physical sci-
ences[84] etc. Therefore, in this study we use recurrence network (RN) to explore

dynamical transition to LBO in absence of preceding thermoacoustic instability.

In the present study, we observe that the change of dynamics, from stable
combustion regime (also known combustion noise regime) to near-lean blowout
regime, in absence of preceding thermoacoustic instability, is subtle as compared
to that previously reported for lean blowout with preceding thermoacoustic insta-
bility [57]. In this route to LBO, the path followed is, low amplitude aperiodic
oscillations (in the stable combustion regime) — ensemble of high and low am-
plitude ap<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>