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Abstract 
 

This thesis provides a detailed investigation of electrohydrodynamic 

transport phenomena in microchannels, thoroughly examining the interaction 

between electroosmotic (EOF) and streaming-potential-driven (SPF) flows in 

response to the simultaneous effects of electric, magnetic, and thermal field 

variations. The study advances theoretical, computational, and practical frameworks 

to address momentum, energy, and heat transport governed by nonlinear equations, 

incorporating Newtonian, and non-Newtonian rheology (Oldroyd-B, Couple stress 

Casson, Maxwell models), magnetic nanofluids (Fe₃O₄-H₂O), slip/jump boundary 

conditions, and multi-physical interactions such as Lorentz forces, Hall currents, ion 

slip, Joule heating, viscous dissipation, and thermal radiation. 

Building on this framework, the thesis develops a semi mathematical model 

is developed to examine microscale transport of Oldroyd-B fluids in electroosmotic 

pressure driven flows under time periodic oscillations and wall slip conditions. 

A finite difference method (MATLAB bvp4c) is employed to solve the strongly non-

linear electrical potential and concentration equations. A time-periodic oscillation 

effect on the velocity profile, concentration distribution, and mass transport is 

analyzed under low or high zeta potentials at the wall. The results show that fluid 

elasticity significantly enhances flow oscillations and mass transport, with a peak 

velocity increase of 142.75% at ξ̅=4 compared to ξ̅=1, and a 21.01% rise in velocity 

amplitude as the elasticity parameter increases from λ̅1=0.1 to λ̅1=0.2. A resonant 

mass transfer behavior driven by the coupled effects of angular Reynolds number and 

fluid elasticity is also identified, highlighting the potential of oscillatory viscoelastic 

flows for enhanced microfluidic transport applications. 

Building upon this, the study examines electrokinetically driven flow, 

thermal transport, and energy conversion in microchannels containing hybrid 

viscoplastic fluids under slip-sensitive boundaries. A model for pressure-driven 

viscoelastic Casson fluids with couple-stress effects incorporates slip-modulated 

surface potential and external electric and magnetic fields, and is optimized using the 

non-dominated sorting genetic algorithm-II (NSGA-II) algorithm to enhance energy 

harvesting and reduce thermodynamic inefficiencies. The findings show that 

microstructural couple-stress and Casson viscoplasticity strongly influence streaming 

potential, energy harvesting, thermal gradients, and heat transfer, while frictional 

losses, ohmic heating, and radiation significantly affect convective thermal 

performance. According to the results, the electrokinetic energy conversion (EKEC) 

efficiency increases with slip-modulated surface charge potentials in couple-stress 

Casson fluid, couple-stress fluid, Casson fluid, and Newtonian fluid by 45.92%, 

47.10%, 42.81%, and 37.68%, respectively, compared to scenarios with fixed surface 

charge potentials. At the center of the microchannel, under thermal jump boundary 

conditions, the temperature rises by 2.95% relative to systems governed by no-jump 

boundary constraints. 

The unsteady pressure driven streaming potential flow of viscoelastic Fe₃O₄-

H₂O nanofluids through porous media is analysed under transient forces, Hall current, 

https://www.sciencedirect.com/topics/earth-and-planetary-sciences/finite-difference-method
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/velocity-distribution
https://www.sciencedirect.com/topics/chemical-engineering/zeta-potential
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Lorentz force, and ion slip effects. The Maxwell fluid model is solved using 

separation of variables and the finite difference method, with emphasis on 

electroviscous heat transfer rate and entropy generation. A multi objective 

optimization framework based on the Non-Dominated Sorting Grey Wolf Optimizer 

Algorithm (NSGWOA) and NSGA-II is employed to enhance electroviscous heat 

transfer while reducing entropy production through Pareto optimal solutions. Five 

decision variables namely relaxation time, Hall current, ion slip parameter, nanofluid 

volume fraction, and Hartmann number are considered. The results reveal a 1.92% 

reduction in streaming current with 2% nanoparticle loading and an 809.91% increase 

in electrokinetic energy conversion efficiency for slip dependent zeta potential 

compared to the slip free case. Further optimization using the Technique for Order of 

Preference by Similarity to Ideal Solution (TOPSIS) yields a 128% enhancement in 

heat transfer rate and an 82.5% reduction in entropy production. 

The analysis is extended to electromagnetohydrodynamic time periodic 

wavy streaming potential flows of Oldroyd-B fluids relevant to drug delivery and 

biomolecular separation. Finite difference methods are employed to evaluate velocity 

field, volume flow rate, concentration distribution, mass transfer rate, temperature, 

Nusselt number, and entropy generation in a largely unexplored regime. A multi 

parameter multi objective optimization strategy using the NSGWOA and NSGA-II is 

developed to simultaneously improve heat transfer and minimize entropy generation. 

Four key parameters namely Hartmann number, electrokinetic width, zeta potential, 

and Dukhin number are optimized, and Pareto optimal solutions are identified using 

the TOPSIS. The optimized results demonstrate a 6.286% improvement in the Nusselt 

number and a 6.872% reduction in thermal irreversibility, along with a comparative 

assessment of NSGWOA and NSGA-II. 

Extending toward practical implementation, this thesis introduces 

rectangular and hyperbolic nanochannel architectures for gravity-assisted 

desalination using ion concentration polarization (ICP) in nanochannel array systems. 

A computational framework is used to assess flow characteristics, desalination 

effectiveness, energy demand, and economic viability, with particular attention to 

scalability in freshwater generation. At an applied potential of 30 V₀ (thermal voltage 

is V₀), the rectangular nanochannel achieves an approximately 48% greater reduction 

in outlet Cl⁻ concentration than the hyperbolic configuration, indicating that 

geometric sharpness suppresses anion transport and enhances desalination efficiency. 

The parallelization of nanochannels under gravitational effects demonstrates high-

throughput desalination while mitigating fouling issues inherent in conventional 

membranes. 

Data-driven frameworks, including neural networks and adaptive neuro-

fuzzy systems, are used to predict optimal Pareto solutions for electroviscous heat 

transfer and entropy generation from NSGWOA, with the neuro-fuzzy system 

achieving the lowest mean absolute percentage error. Combining hybrid finite 

difference methods, optimization algorithms, and machine learning, this work unifies 

electroosmotic and streaming potential phenomena to guide the design of advanced 

microdevices for biomolecule separation, energy harvesting, and sustainable water 

purification, setting a benchmark for predictive optimization in microscale thermos-

fluidics. 
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𝑏̅ normalised concentration slip parameter, (b/h)  
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c concentration field of the solute (mol m-3) 

𝑐1  higher concentration of solute (mol m-3) 

𝑐2  lower concentration of solute (mol m-3) 

𝑐𝑚  Concentration of membrane (mol m-3) 

𝑐0  bulk concentration (mol m-3) 

𝑐𝑜𝑢𝑡  outlet concentration (mol m-3) 

𝑐𝑝  specific heat at constant pressure (J kg-1 K-1) 
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(𝑐𝑝)𝑓 specific heat capacity of base fluid (J kg-1 K-1) 

(𝑐𝑝)𝑠 specific heat capacity of magnetic nanoparticles (J kg-1 K-1) 

cu flow oscillation effect on concentration field (mol m-3) 

𝑐𝑢
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Cu normalised oscillation effect on concentration field, 𝑐𝑢 (𝑐1⁄ -

𝑐2) 

𝐶𝑢
0 normalised complex amplitude of oscillation effect on 

concentration field,  𝑐𝑢
0/(𝑐1-𝑐2) 

𝐶̃𝑢
0 normalised complex conjugate of oscillation effect on 

concentration field 

d temperature jump length (m) 

𝑑̅ normalised jump parameter,  d h  

d1 first order/upper wall temperature jump length (m) 

𝑑̅1 first order/upper wall temperature jump 

𝑑1
′  lower wall temperature jump length (m) 

𝑑̅1
′  normalised lower wall temperature jump, (𝑑1

′ /h) 

2d  second order temperature jump length (m) 

2d  normalised second order temperature jump length, (d2/h) 

D+ diffusivity of cation (m2s-1) 

D- diffusivity of anion (m2s-1) 

Du Dukhin number, σstern/(h𝜎𝐵) 

dh hydraulic diameter of the channel (m) 

e electron charge (C) 

ei,j (i,j)th component of the rate of deformation 

E electric field vector (Vm-1) 

𝐸𝑠
0 complex amplitude of streaming potential (Vm-1) 

𝐸̅𝑠
0 complex amplitude of normalised induced electric field by 

streaming potential, 𝐸𝑠
0/ Eref 

E0 complex amplitude of electric field by electroosmotic flow 

(Vm-1) 

𝐸̅s dimensionless streaming potential 

Eref reference streaming potential (V m-1) 

Es electric field induced by streaming potential (V m-1) 

Ex electric field in x direction (V m-1) 

Ey electric field in y direction (V m-1) 

Ez electric field in z  direction (V m-1) 

𝐸𝑧
0 complex amplitude of external electric field in z direction 

(Vm-1) 

F body force vector per unit volume (N m-3) 

F Faraday constant (Cmol-1) 

f  ionic friction factor (N s m-1) 

𝑓𝑑 drag coefficient (kgs-1) 
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g gravitational constant (ms-2) 

h half-height of the microchannel (m) 

hc convective heat transfer coefficient (W m-2 K-1) 

ha horizontal array length (m) 

hs gap length between two arrays (m) 

hh horizontal length of the hyperbolic nanochannel (m) 

hr horizontal length of the rectangular nanochannel (m) 

𝐼s̅ non-dimensional streaming potential 

Istern stern layer current (A) 

J local current density vector (Am-2) 

j Joule heating (Wm-3) 

J± flux density of ion species (mol m-² s-¹) 

Jh dimensionless Joule heating parameter 

𝑘̃ Rosseland absorption coefficient (m-1) 

kB Boltzmann constant (J K-1) 

kT thermal conductivity (W m-1 K-1) 

κp permeability within the porous matrix (m2) 

K dimensionless electrokinetic thickness, (kh) 

Kn Knudsen number 

L length of the microchannel (m) 

l length of the array (m) 

mx time-space averaged mass transfer rate (mol m-2 s-1) 

𝑚̅𝑥 normalised time-space averaged mass transfer rate, 

(mxL)/D(c1-c2)  

n outward normal vector 

Nr thermal radiation parameter, (16𝑇𝑎
3𝜎) (3𝑘̃⁄ kT)  

Nu Nusselt number,(hcdh)/kT, (hch)/kT, and (hch)/(kT)f  

py yield stress (Pa) 

p pressure (Pa) 

p0 gauge pressure (Pa) 

(-dp/dx)  pressure gradient (Pa-m-1) 

dp0/dx complex amplitude of hydrostatic pressure gradient (Pa m-1) 

PeD diffusive Pѐclet number, 𝑢𝐻𝑆ℎ 𝐷⁄ , and 𝑢𝑟𝑒𝑓ℎ 𝐷⁄  

Peω Redefined Pѐclet number, (ReωSc∆z)/Im (2i<U0>) 

q(t) volume flow rate per unit width as a function of time 

𝑞0(t) complex amplitude of volume flow rate per unit width as a 

function of time 

Q dimensionless volumetric flow rate 

Qin input volumetric flow rate without considering streaming 

potential (m3 s-1) 

ℝ real part of the complex number 

R universal gas constant (J mol-1K-1) 

Reω angular Reynolds number, (ρh2ω)/μ, and (ρfh2ω)/μf  

Sc Schmidt number, υ/D  
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SC dimensionless entropy generation due to combined 

interaction of electromagnetic diffusion 

SG dimensionless form of entropy generation rate 

(sg)total total volumetric entropy generation rate per unit half-height 

of the channel (Wm-4 K-1) 

 dimensionless total entropy generation rate, (sg)totalh2/(kT)f 

SG, C entropy generation due to combined interaction of 

electromagnetic diffusion (W m-4 K-1) 

SG, H entropy generation due to thermal diffusion (W m-4 K-1) 

SG, J entropy generation due to Joule heating (W m-4 K-1) 

SG, M entropy generation due to Joule heating (W m-4 K-1) 

SG, V entropy generation due to viscous friction of the fluid 

 (W m-4 K-1) 

SH dimensionless entropy generation due to thermal diffusion 

SJ dimensionless entropy generation due to Joule heating 

SM dimensionless entropy generation due to magnetic field 

SV dimensionless entropy generation due to viscous friction of 

the fluid 

u flow velocity along the y direction (ms-1) 

U dimensionless flow of velocity, 𝑢 𝑢𝐻𝑆⁄ , and 𝑢 𝑢𝑟𝑒𝑓⁄  

U flow velocity vector (m s-1) 

uav average velocity (m s-1) 

uc creeping flow velocity (m s-1) 

𝑢𝑟𝑒𝑓 ,  𝑢𝐻𝑆 reference flow velocity (m s-1) 

Uav non-dimensional average velocity, 𝑢𝑎𝑣 𝑢𝐻𝑆⁄ , and 𝑢𝑎𝑣 𝑢𝑟𝑒𝑓⁄  

v  particle velocity vector. 

V0 thermal voltage (V) 

VE applied voltage (V) 

x coordinate along the flow direction (m) 

y transverse coordinate (m) 

Y dimensionless transverse coordinate, y/h 

z lateral coordinate (m) 

∆z tidal displacement (m) 

∆Z dimensionless tidal displacement, ∆z/h 

zv valency of ions 

Greek Symbols  

α ionic Péclet number 

αe Hall parameter 

αs ion slip parameter 

β dimensionless Casson parameter 

γ dimensionless couple stress parameter 

γr  specific heat capacity ratio 
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λr ratio of the retardation timescale to the relaxation timescale, 

λ2/λ1 

θ normalised temperature of fluid, kT (T-Tw)/(qwh), (kT)f (Tw-

T)/(qwh), (kT)f (T-Tw)/(qwh), and (T-Tw)/(Ti-Tw) 

θ0 non-dimensional complex amplitude of temperature, (T0-

Tw)/(Ti-Tw) 

θm  dimensionless bulk mean fluid temperature  

𝜉a̅1 upper wall dimensionless zeta potential, (ezvξ1)/(kBTa)  

𝜉a̅2 lower wall dimensionless zeta potential, (ezvξ2)/(kBTa) 

λ1 relaxation time (s) 

λ̅1 normalised relaxation time, (λ1μ/ρh2), and (λ1μf/ρfh2)  

λ2 retardation time (s) 

λD Debye length (m-1) 

λm mean free path (m) 

λr  ratio of the retardation time to relaxation time, (λ2/λ1) 

μ dynamic viscosity of viscoplastic fluid (kg m-1 s-1) 

𝜇𝑚   electrophoretic mobility 

μf base fluid viscosity (kg m-1 s-1) 

μs magnetic nanoparticle viscosity (kg m-1 s-1) 

Ω normalised external electric field, Ez/(urefBy), and Eref/(urefBy) 

ρ density of liquid (kg m-3) 

𝜌𝑓 base fluid density (kg m-3) 

𝜌𝑠 magnetic nanoparticle density (kg m-3) 

𝜌𝑒𝑓𝑓  nanofluid effective fluid density 

𝜌𝑟 ratio of the nanofluid effective permittivity to the base fluid 

permittivity, 𝜌𝑒𝑓𝑓/𝜌𝑓 

𝜌𝑒 net charge density per unit volume in the diffuse layer (C m-

3) 

σ shear stress tensor (N m-2) 

𝜎𝑦𝑥 shear stress (N m-2) 

𝜎𝑦𝑥
0  complex amplitude of shear stress (N m-2) 

𝜎𝐵 bulk ionic conductivity (nS cm-1) 

𝜎𝑒 electrical conductivity of the electrolyte solution (S m−1) 

𝜎𝑒𝑓𝑓  nanofluid effective electrical conductivity (sm-1) 

𝜎𝑓 base fluid electrical conductivity (sm-1) 

𝜎𝑟 ratio of the nanofluid effective electrical conductivity to the 

base fluid electrical conductivity, eff f   

𝜎𝑠 magnetic nanoparticle electrical conductivity (sm-1) 

σsurf surface charge density (mC m-2)  

σT thermal accommodation coefficient 

σv tangential momentum accommodation coefficient  

𝝈𝟏  elastic stress tensor (Nm-2) 

ηc electrokinetic energy conversion efficiency 
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ηh electroviscous heat transfer rate 

ϕ volume fraction of nanoparticles 

Θ ratio of constant wall temperature to heat flux, (kTTw)/(qwh) 

 , and (kT)f Tw/(qwh) 

ψnanowall surface charge density nanochannel array (Cm-2) 

Λ aspect ratio, h/L 

Subscripts 

a absolute 

av average 

eff effective 

m mean 

ref reference 

x longitudinal coordinate 

xy plane 

y transverse coordinate 

yx plane 

z lateral coordinate 
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Organization of the thesis 
 

     The structure of this thesis has been organized as follows to ensure a 

coherent and systematic presentation of the research work. 

Chapter 1: Introduction 

Introduces electrokinetic forces (e.g., electric double layer interactions, Lorentz 

forces) and their role in microscale transport phenomena. Discusses the physics of 

Lab-on-a-Chip (LOC) systems, focusing on energy conversion, heat dissipation, and 

fluid-structure interactions in micro-confined geometries. Challenges in balancing 

viscous dissipation, thermal radiation, Joule heating, and entropy generation are 

framed through thermodynamic and hydrodynamic principles. 

Chapter 2: Literature review 

A meticulous review of existing literature is presented to elucidate the current 

advancements and unresolved challenges in the domain of electrohydrodynamic and 

electroosmotic and streaming potential flows. Special focus is given to hybrid fluid 

models involving Newtonian and non-Newtonian behaviors. Through critical 

comparison of methodologies, this chapter identifies key research gaps, especially in 

enhancing thermal transport and minimizing entropy generation, thereby laying the 

groundwork for the subsequent chapters. 

Chapter 3: Thermal transport in EMHD-driven Newtonian electroosmotic flow: 

second-order slip/jump effects 

This chapter formulates an analytical model of Newtonian fluid flow under the 

influence of coupled electric and magnetic fields, with special consideration of 

second-order velocity slip and temperature jump conditions. The intricate interplay 

of Lorentz forces and wall effects on heat transfer enhancement is explored, offering 

valuable insights into the role of higher-order boundary phenomena in microfluidic 

thermal transport. 

Chapter 4: Time-periodic electroosmotic flow and mass transfer analysis for 

Oldroyd-B fluids 

The viscoelastic behavior of biofluids such as blood and saliva is examined in this 

chapter through the lens of time-periodic electroosmotic flow. The influence of slip 

boundary conditions on mass transport and bio-molecule separation is highlighted. 

This analysis contributes to a better understanding of microfluidic separation 

techniques in biomedical applications 

Chapter 5: Entropy generation in EMHD driven streaming potential flow: couple 

stress Casson fluid dynamic analysis 

 A hybrid rheological model combining Couple-Stress (micropolar) and Casson 

(yield-stress) fluids is developed to analyse entropy generation in streaming potential 
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flows. The work dissects competing irreversibility sources, viscous dissipation, Joule 

heating, and thermal conduction under EMHD forcing. Results demonstrate that fluid 

microstructure (e.g., particle rotation in Couple-Stress fluids) and yield-stress 

behavior dramatically alter entropy hotspots, guiding the design of energy-efficient 

viscoplastic microsystems 

Chapter 6: Dynamic Maxwell streaming potential irreversibility flow 

A transient viscoelastic model is developed in this chapter to study the evolution of 

electrokinetic parameters such as velocity, streaming potential, and temperature 

distribution over time. The influence of relaxation time on energy conversion 

efficiency and thermal entropy generation is investigated in depth, providing a 

dynamic perspective on Maxwell fluid behavior under varying field conditions. 

Chapter 7: Heat, mass, and entropy analyses in periodic electroviscous Oldroyd-B 

fluids 

Employing the Oldroyd-B fluid model, this chapter solves the governing equations 

for momentum, energy, and mass transport in a time-periodic electroviscous 

environment. Parameters such as electrokinetic energy conversion efficiency, 

concentration distribution, Nusselt number, and entropy generation are evaluated, 

highlighting the coupled effects of flow physics and molecular diffusion in confined 

geometries. 

Chapter 8: Ion transport phenomena in electrokinetic desalination systems with ion 

concentration polarization in nanochannel arrays 

This chapter investigates electrokinetic desalination through nanochannel arrays 

embedded with ion-selective membranes. The impact of electric fields applied with 

gravitational forces is studied to understand salt removal efficiency. The findings 

contribute to the advancement of energy-efficient, miniaturized desalination systems. 

Chapter 9: Integrated multi-objective optimization, MCDM, and ML analysis of 

couple-Stress Casson, Maxwell, and Oldroyd-B Fluids 

Based on the mathematical analyses from preceding chapters, this chapter integrates 

multi-objective optimization, multi-criteria decision making (MCDM), and machine 

learning (ML) approaches to evaluate the performance of couple stress Casson, 

Maxwell, and Oldroyd-B fluids. The Machine learning predict emergent behaviors in 

untrained parameter regimes, bridging microscale physics with artificial intelligence-

driven design. 

Chapter 10: Conclusions and direction for future studies 

The study concludes by synthesizing key insights: electrokinetic-thermal coupling 

dictates microscale energy efficiency, viscoelastic memory enables tunable transport, 

and hybrid fluid models unlock multifunctional microdevices. Future directions 

propose exploring quantum-electrokinetic phenomena and AI-optimized fluid-

structure interactions for next-generation LOC systems. 
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Chapter 1. Introduction 

Significant progress in fluid and ion transport through miniature systems 

has made microfluidics an appealing field for researchers. Investigating the physics 

of confined liquid flow at small scales unveils the complexities of both natural and 

artificial processes, leading to diverse technological applications that operate on 

distinct scales from conventional systems. The unique properties and behaviors of 

microfluidic systems continue to drive extensive study and innovation. Among these 

advancements, microchannels play a pivotal role, offering advantages such as rapid 

analysis [1], compact designs [2], and cost-effective manufacturing [3]. Microfluidic 

systems epitomize the consolidation of chemical analysis and processing onto a 

miniaturized platform, drastically minimizing the temporal and spatial demands of 

diagnostic procedures [4]. Additionally, microchannels facilitate efficient heat 

transport and fluid motion. Their dimensions vary based on the fluid type: hydraulic 

diameters for liquids typically range from 200 µm to 1000 µm, while for gases, they 

are much smaller, between 10 µm and 200 µm. The concept, first introduced by 

Tuckerman and Pease in 1981, marked a shift from conventional gas flow channels, 

often exceeding 3 mm in size. 

Microchannels have diverse applications across multiple fields, including biological 

cell analysis [5], energy harvesting [6], micro-electromechanical systems (MEMS) 

[7], liquids containing long-chain molecules as polymeric suspensions [8], mass flow 

controller [9], reduction of mixing time for sampling [10], lowering of bleeding 

during surgeries [11], cell separation with development of magnetic devices [12] and 

feeding vessels for cancer tumors [13], and many more. These wide-ranging uses 

highlight their versatility and impact on scientific and medical advancements, shaping 

the future of technology and healthcare. 

Electrokinetic phenomena play a crucial role in facilitating liquid flow 

through microchannels, particularly in biofluid applications. Hence, the attention of 

the researchers turns towards non-Newtonian fluids to describe the non-linear 

relationship between shear stress and shear rate. A diverse array of biological and 

chemical systems – including blood plasma, including blood plasma [14], colloid 

suspensions [15], macromolecular solutions (e.g., protein [16], and DNA solutions 

[17], bodily secretions like saliva [18], and synovial fluid [19], exhibit non-

Newtonian flow characteristics. These systems require sophisticated rheological 

models to accurately describe their flow dynamics. Most display non-Newtonian 

behavior, meaning their flow characteristics change under viscoelastic and 

viscoplastic stresses. To describe these dynamics, viscoelastic and viscoplastic 

models are employed, aiding in the study of biofluids in microscale environments. 

These insights drive progress in medical diagnostics, drug delivery, and biological 

analysis. 

Amidst global challenges of energy scarcity and environmental deterioration 

linked to fossil fuel dependence, efforts to develop environmentally friendly, 

sustainable, and renewable energy solutions have gained significant momentum. By 

developing various portable devices for the harvested energy from different resources 
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in domestic contexts, the dependency of contemporary society on centralized power 

sources reduces. Sustainable energy systems like wind turbines, photovoltaic arrays, 

and geothermal installations can drastically lower carbon footprints, yet their 

effectiveness is frequently hindered by regional and climatic factors. A significant 

share of hydropower generation relies on turbine systems employing 

electromechanical conversion processes, where rotational energy drives electrical 

output. In contrast, a prominent renewable method harnesses hydrokinetic energy 

harvesting, which leverages water’s inherent motion. However, the spatial and 

infrastructural demands of large-scale dam infrastructure limit their viability for 

decentralized energy solutions. An innovative alternative exploits 

electrohydrodynamic principles, such as streaming potential effects, to directly 

transform fluid motion into electrical energy without mechanical intermediaries [20]. 

Streaming current facilitates the direct conversion of pressure-driven hydraulic 

energy into electrical energy within fluidic systems. Determining streaming potential 

hinges on maintaining charge balance principles (electroneutrality). Advances in 

electrokinetic methods have spurred significant interest in harnessing energy through 

these mechanisms. Such systems leverage solid-liquid interfacial streaming potential 

to advance microfluidic Lab-on-a-chip technologies, incorporating miniature energy 

harvesters whose performance is quantified by the electrokinetic energy conversion 

(EKEC) efficiency metric. It may open the exploration of new renewable energy [21] 

and can significantly impact studies of harvesting electrical power, the desalination 

process, and self-power sensors. Microfluidic energy harvesting involves integrating 

electrokinetic energy systems into microfluidic devices, enabling the electricity 

generation by moving small liquid volumes. This electricity can then be utilized to 

power micro-electromechanical systems (MEMS) or micro-sensors [22]. 

Electrokinetic energy systems can aid in desalination processes by implementing the 

ion selective membrane [23]. Electrokinetic energy systems can power sensors and 

monitoring devices in remote locations or areas with limited access to traditional 

power sources [24]. These self-powered sensors, such as water quality or 

groundwater level measurements, can be used for environmental monitoring. 

Fluid maldistribution in microchannels reduces the efficiency of heat 

exchangers and leads to uneven thermal performance [25], highlighting the need for 

innovative solutions to enhance thermal transfer. In microscale 

magnetohydrodynamic (MHD) flows, effective thermal regulation is crucial for 

applications such as cooling/heating systems and chemical processing. The 

incorporation of nanoparticles and porous media has been shown to enhance thermal 

conductivity and increase surface area for effective heat dissipation [26], addressing 

some of these challenges. Efficient energy utilization is essential in the face of global 

energy challenges and environmental concerns [27], with heat transfer playing a 

pivotal role in energy conservation [28]. This is particularly important in 

microchannel systems, where excess heat can cause reliability issues [29] and 

increase operational costs [30,31]. However, high entropy generation often hinders 

efficient energy conversion [32]. To address this, a multi-objective Pareto front 

approach can be employed to balance the maximum heat transfer rate with minimum 

entropy generation, leading to more efficient and sustainable system designs [33]. 
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1.1. Fundamentals of electrical double layers (EDL) 

 

Electrokinetic effects arise from the interaction between fluid movement and 

electrical currents within porous materials composed of minerals such as silicates, 

oxides, and carbonates, as shown in Fig. 1.1. These phenomena arise due to the 

development of an electrical double layer (EDL) at the solid-liquid boundary, where 

charged interactions occur between solid substrates and ionic fluid media [34]. When 

materials come into contact with aqueous environments, surface charges naturally 

develop. While many electrokinetic studies acknowledge these charges without 

extensively analyzing their origins, their formation remains a crucial aspect to 

consider. Surface charging occurs through various mechanisms, including surface 

group ionization, ion adsorption from the surrounding solution, and structural 

irregularities within the mineral lattice. 

 
Fig. 1.1 Electrical double layer effect 

 

To better understand the origin of surface charge, the physical chemistry occurring at 

a silica surface in the presence of aqueous fluids is examined. Silica is considered due 

to its abundance in the Earth's crust, making it a primary component of rocks [35]. 

Chemical reactions at silica surfaces in contact with aqueous solutions. Two types of 

neutral surface groups on silica have been identified: doubly coordinated siloxal 
0

2Si O  and singly coordinated silanol 
0SiOH , where > represents the mineral 

lattice, and the superscript "0" indicates a neutral charge [36]. The siloxal group 
0

2Si O  remains chemically unreactive, whereas silanol groups 
0SiOH  readily 
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undergo surface reactions, leading to charge formation. Under highly acidic 

conditions, where pH falls below the point of zero charge (  2 3pzcpH pH   , 

protonation leads to the formation of positively charged sites  2SiOH   . In 

contrast, at pH  levels exceeding the pzcpH , the removal of protons (deprotonation) 

creates anionic surface sites  SiO .The pzcpH  represents the specific pH  at 

which the concentrations of 2SiOH   and SiO are equal, ensuring an electrically 

neutral surface. 

For simplification, silica grains interacting with a 1:1 electrolyte solution, such as 

sodium chloride (NaCl), within a pH range of 6 to 8 are considered. At this interface, 

the behavior of silanol groups significantly influences charge development. The 

deprotonation of silanol groups follows the reaction: 
0SiOH SiO H                    (1.1) 

The adsorption of cations onto silica surfaces is expressed as: 
0 0SiOH Mo SiOMo H                     (1.2) 

where Mo  represents monovalent cations such as Na  or K . It is important to 

note that for pH  values above 6, the positively charged 2SiOH   species do not 

form at the silica-electrolyte interface. Instead, three surface species remain: the 

negatively charged SiO , along with two neutral groups, 0SiOH  and 0SiOMo

. Similar reactions occur in systems involving other electrolyte solutions. 

The equilibrium state of these reactions can be analyzed using the law of mass action, 

with equilibrium constants given by: 
0 0

0

SiO H

SiOH

K

 



 

                   (1.3) 

0 0

0 0

SiOMo H
Mo

SiOH
Mo

K

 

 

 



                   (1.4) 

where K  represents the dissociation constant of silanol groups, MoK  denotes the 

adsorption constant for cations, 0   is the surface site density, expressed in sites per 

square meter, and 
0
i  refers to the density of surface sites for species i, measured in 

 2sites m , and 
0
i refers to the activity of ionic species in close proximity to the 

mineral interface. 

The total surface site density  0
s  remains constant and is described by the equation: 

0 0 0 0
s SiOH SiOMo

SiO
   


                    (1.5) 
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Eq. (1.5) acts as a conservation equation for mineral surface groups. By solving Eqs. 

(1.3) -(1.5), the density of sites 0

SiO



and can be determined. The total electric charge 

distributed over a given surface area, commonly represented as σ (sigma), is termed 

the surface charge density at a material interface in  2C m is determined by the 

concentration of charged surface groups and follows the equation: 
0

SiO
e 


                     (1.6) 

where e  represents the elementary charge of an electron. 

The earliest experimental evidence of electroosmotic motion was reported by Reuss 

[37], who observed fluid transport in a water–clay system subjected to an electric 

field. This observation later motivated Helmholtz [38] to conceptualize the existence 

of an interfacial electrical structure arising at the boundary between a charged solid 

surface and an electrolyte. His formulation explained how such interfacial charge 

arrangements could generate fluid motion within narrow capillaries under an applied 

electric potential. Building upon this framework, Smoluchowski [39] refined the 

theory by establishing a quantitative relationship for electroosmotic velocity. 

Subsequently, Gouy [40] and Chapman [41] proposed that the interfacial charge 

distribution is not confined to a rigid layer but instead extends into the fluid domain. 

Their model described a diffuse cloud of ions whose spatial distribution follows 

Boltzmann statistics, gradually decaying with distance from the solid boundary. To 

reconcile the rigid interfacial structure proposed by Helmholtz with the diffuse nature 

described by Gouy and Chapman, Stern [42] introduced a unified model that 

incorporates both regions at the solid-liquid interface. In aqueous environments, 

many solid surfaces acquire electrical charge due to surface reactions such as ion 

adsorption, dissociation, or chemical association. Materials such as clays, quartz, 

ceramics, sand, and surfaces exposed to specific pH conditions commonly exhibit 

negative surface charges. As a consequence, these charged interfaces attract 

oppositely charged ions from the surrounding electrolyte while repelling ions of like 

charge. This electrostatic sorting results in the formation of a structured interfacial 

region characterized by spatial charge separation adjacent to the solid surface. 

The resulting electrical double layer (EDL) is a fundamental feature governing 

interfacial transport phenomena and plays a crucial role across a wide range of 

scientific and technological fields, including colloidal stability, polymer processing, 

biological systems, medical diagnostics, and separation technologies such as 

membrane filtration, wastewater treatment, and biomolecular separation [43,44]. 

Structurally, the EDL consists of two distinct regions: a compact, immobile Stern (or 

Helmholtz) layer where counter-ions are strongly bound to the surface, and an 

adjacent diffuse layer in which ions remain mobile and distributed within the fluid. 

The boundary separating these regions is commonly referred to as the shear plane. 

When an external electric field is applied parallel to the surface, the ions within the 

diffuse layer experience an electrostatic force and begin to migrate, dragging the 

surrounding fluid with them. This ion-driven motion gives rise to electroosmotic 

flow, as schematically illustrated in Fig. 1.3. These surface phenomena are crucial in 

shaping electrokinetic characteristics by affecting fluid motion, ionic migration, and 
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charge behavior at the interface. The arrangement of ions and electrostatic potential 

within the diffuse region are modeled by the Poisson-Boltzmann (PB) equation [45], 

which equilibrates Coulombic interactions and thermal motion influences. In a 

unidirectional configuration normal to a planar boundary, the linearized PB 

equation’s solution yields a potential gradient diminishing nearly exponentially with 

separation from the interface, as visualized in Fig. 1.3. Within the bulk fluid, cation 

and anion concentrations equilibrate, maintaining charge neutrality. The shear 

boundary, marking the onset of hydrodynamic motion near the solid surface, defines 

the slip interface where the zeta potential (ξ) critical to electrokinetic phenomena is 

measured. Reservoir substrates typically exhibit anionic surface charge and resultant 

negative (ξ) potentials in aqueous environments. The Debye screening length (λD), 

representing the exponential decay range of the electrical double layer (EDL) 

potential, is determined exclusively by liquid-phase properties (ionic strength, 

temperature) and independent of surface charge/potential. It is given by [46]:  

   2 2
02D B a vk T n e z                   (1.7) 

where ԑ is the permittivity, ρe is the charge density, e denotes electronic ionic charge 

density, and zv is symmetric electrolyte with an equal distribution of charge valence. 

The symbol n0 represents the equilibrium ion concentration in the bulk solution, kB 

denotes the Boltzmann constant, and, and Ta indicates the absolute temperature 

measured on the Kelvin scale. For monovalent electrolytes like NaCl or KCl, with 

concentrations ranging from 1 mM to 0.1 M (typical for aqueous solutions in rocks 

or soils), the Debye length varies between 10 nm and 1 nm at 25°C [47]. This length 

scale is generally much smaller than the pore sizes found in most rocks and soils. As 

a result, the solid-liquid interface within pores can often be treated as a planar, semi-

infinite surface for practical purposes. 

 

1.2. Theory of electrokinetic phenomena in microfluidics 

 

Electrokinetic phenomena encompass interconnected mechanisms originating from 

the interplay of externally imposed electric fields or pressure differentials with the 

charge-segregated interfacial layer at the boundary of a solid material and an ionic 

solution. This group of mechanisms encompasses electroosmosis, particle migration, 

flow-induced potential, and settling-induced potential. Particle migration and 

electroosmosis are activated by external electrical fields, resulting in charged particle 

displacement or collective fluid movement, respectively [48]. In contrast, streaming 

potential and sedimentation potential are driven by an applied pressure gradient, 

which induces fluid or particle motion and generates an electric field as a result. 

Based on the driving force, electrokinetic  

phenomena are broadly classified into two categories: (i) electrically actuated 

processes (e.g., electrophoresis and electroosmotic flow) and (ii) mechanically 

driven phenomena (e.g., streaming potential and sedimentation potential). These 

phenomena are fundamental to understanding the behavior of charged systems and 

are widely applied in fields such as microfluidics, colloidal science, and membrane 

technology. 
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1.2.1. Electroosmosis 

 

Within the charge-segregated interfacial zone, an externally applied electrical 

potential parallel to the boundary induces Coulombic forces on mobile ions of 

opposite charge within the interfacial region, prompting their directional migration. 

Conversely, ions sharing the surface’s charge polarity are repulsed by the interfacial 

charge, remaining largely within the bulk liquid phase. Although these co-ions are 

more abundant in the bulk, their uniform spatial arrangement minimizes their 

hydrodynamic influence. The migration of counter-ions under the electric field’s 

influence transfers momentum to proximate fluid molecules via viscous coupling, 

culminating in bulk fluid motion termed electroosmotic transport. This flow, arising 

from a resultant pressure differential and ion-to-fluid momentum transfer, enables 

precise manipulation of fluid dynamics without moving parts [49,50]. This capability 

has made EOF a cornerstone where precision and miniaturization are paramount. 

 

1.2.2. Electrophoresis 

 

In electrically driven fluid transport, electrophoresis refers to the motion of charged 

particles suspended in a liquid under the influence of an applied electric field. When 

a potential difference is applied, electrically active particles such as ions, colloids, or 

macromolecules experience an electrical force, expressed in vector form as 𝐅𝑒 = 𝑞𝑝𝐄, 

where 𝑞𝑝 is the total charge of the particle and 𝐄 is the applied electric field. This 

force drives cations toward the cathode and anions toward the anode. As particles 

move through the fluid, they encounter viscous resistance from the medium, resulting 

in a drag force given by 𝐅𝑑 = −𝑓𝑑𝐯, where 𝑓𝑑 is the drag coefficient and 𝐯 is the 

particle velocity vector. At steady state, the electrical and viscous forces balance, 

allowing the particle to reach a terminal velocity known as the electrophoretic 

velocity,  𝐯 = 𝜇𝑚𝐄, where 𝜇𝑚 is the electrophoretic mobility. The value of 𝜇𝑚 

depends on particle properties such as size, shape, and surface charge, as well as fluid 

characteristics including viscosity 𝜇, dielectric permittivity, and ionic strength. In 

microfluidic or capillary systems, electrophoresis often acts together with 

electroosmotic flow to enable precise control and enhanced separation of charged 

species. This combined mechanism is widely employed in applications such as DNA 

sequencing, protein analysis, and lab-on-a-chip devices, where accurate manipulation 

of particle motion is essential [51]. 

 

1.2.3. Streaming potential 

 

In microscale fluidic devices, spontaneous and effective fluid propulsion methods are 

advantageous for studying hydrodynamic behavior. A key mechanism in such 

systems is the generation of an electrical potential gradient due to pressure-driven 

flow, observed when an ionic solution is forced through a microscale conduit under 

a hydraulic pressure differential. As the fluid moves, the charged walls of the channel 

perturb the ion distribution within the interfacial charge layer, leading to an 

accumulation of oppositely charged ions in the mobile region adjacent to the surface. 
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This imbalance drives the convective transport of these ions along the flow direction, 

establishing an axial electrical potential. This induced potential, termed the streaming 

potential, produces a counter-current (streaming current) opposing the pressure-

driven flow [52]. The streaming potential initiates two counteracting ionic fluxes: one 

from free ions in the bulk liquid and another from immobilized charges in the rigid 

interfacial layer. Both fluxes resist the primary flow direction. Collectively, these 

interactions diminish the net flow velocity, as the induced potential generates an 

electrokinetic retarding force. This opposition stems from electrohydrodynamic 

coupling, where electrical interactions within the interfacial charge layer amplify the 

fluid’s viscous resistance [53]. 

 

1.2.4. Sedimentation potential 

 

Sedimentation potential emerges when electrically charged particles suspended in a 

liquid move relative to the surrounding fluid under the action of body forces, such as 

gravity or centrifugal acceleration. This relative motion causes a spatial separation of 

charge between the particles and the fluid, which in turn gives rise to an induced 

electric field, denoted as 𝐸sed. At the level of individual particles, the process is 

controlled by the total charge carried by each particle, 𝑞𝑝, which is related to the ionic 

valence through the relation qp= ezv. Here, zv denotes the ionic valence (number of 

elementary charges associated with the particle), and e represents the elementary 

charge. This form of the charge appears explicitly in particle-scale force balances that 

account for gravitational, viscous, and electrical forces. In contrast, continuum 

descriptions of ionic transport, including the Boltzmann distribution and the Nernst-

Planck framework, are more naturally expressed in terms of the valence-based 

quantity ezv. When the problem is viewed from a macroscopic electrokinetic 

perspective, the influence of particle charge is conveniently represented by the zeta 

potential ξ, which characterizes the electrical double layer at the particle-fluid 

interface. Using this description, the sedimentation-induced electric field follows the 

scaling 𝐸sed ∝ (𝜉𝜀Δ𝜌𝑔𝑐)/𝜇, where 𝜀denotes the fluid permittivity, 𝜇 is the dynamic 

viscosity, 𝑐represents the particle concentration, Δ𝜌 is the density difference between 

the particles and the carrier fluid, and 𝑔 is the gravitational acceleration [54]. While 

the electric field can formally be written as the gradient of the sedimentation potential, 

𝐸sed = − ∂𝜓sed/ ∂𝑦, this compact form alone does not reveal how material 

properties and particle characteristics govern the magnitude of the field. It is also 

important to distinguish sedimentation potential from streaming potential, which 

arises from fluid flow past fixed charged surfaces rather than from particle motion. 

In typical microfluidic configurations, sedimentation-induced effects are often weak 

because gravitational settling is minimal at low Reynolds numbers (Re<<1); 

nevertheless, in systems involving vertical channel orientations, centrifugal 

actuation, or density-based particle manipulation, sedimentation potential can play a 

measurable role in electrokinetic response and particle transport [55]. 
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1.3. Theory of electro-hydrodynamic (EHD) flow 

 

Electro-Hydrodynamic (EHD) interactions significantly affect electroosmotic flow 

(EOF) and streaming potential flow, improving fluid transport, energy conversion, 

and electrokinetic stability. These effects manifest in various ways, enhancing the 

functionality of microfluidic and nanofluidic systems. Unlike traditional 

electrokinetic flow mechanisms, which rely solely on the EDL or pressure-driven ion 

movement, EHD effects introduce bulk fluid motion, enhancing both flow control 

and efficiency. 

 

1.3.1. EHD effects in electroosmotic flow 

 

Electroosmotic flow (EOF) in Newtonian fluids typically exhibits a uniform plug-

like velocity profile while in non-Newtonian fluids the flow behavior varies 

depending on the shear rate. Electrohydrodynamic (EHD)-driven EOF offers 

enhanced control by modulating shear-dependent viscosity through adjustments in 

electric field gradients leading to more predictable and controllable fluid motion. 

EHD enhances fluid mixing by using transverse electric fields to generate secondary 

vortices. These vortices disrupt laminar flow patterns, resulting in improved 

homogenization [56]. Charge injection mechanisms further influence flow dynamics 

by creating localized conductivity variations promoting recirculation and reducing 

dispersion in microchannels, an effect particularly advantageous in biochemical 

assays where uniform mixing ensures accurate reaction kinetics [57,58]. In biofluid 

transport such as in microfluidic devices EHD-driven EOF effectively manages 

viscoelastic properties facilitating precise sample movement. Moreover, this 

approach enables voltage-controlled fluid transport no dependence on mechanical 

pumps [59]. The dynamic modulation of surface charge density also enhances fluid 

handling in miniaturized diagnostic platforms which is crucial for point-of-care 

devices where controlled sample transport ensures reliable detection and analysis. 

 

1.3.2. EHD effects in streaming potential flow 

 

Electrohydrodynamic (EHD) phenomena inherently arise in streaming potential flow 

due to the coupling between pressure-driven fluid motion and self-generated electric 

fields. However, these effects are weak in highly resistive or dielectric fluids, where 

conventional streaming potential mechanisms underperform. By applying an external 

transverse electric field, EHD effects are amplified: enhanced ion drift and Coulomb 

force optimize charge separation, suppress viscous dissipation, and stabilize ion 

transport to overcoming limitations of streaming potential flow, such as low energy 

conversion efficiency and non-uniform conductivity [60]. This synergy enables 

precise control over fluid dynamics, minimizes energy losses, and mitigates 

electrokinetic instabilities caused by concentration gradients. As a result, EHD-

enhanced systems achieve superior performance in applications such as biosensors 

devices, and self-powered microsystems (e.g., wearable sensors), where reliability, 

efficiency, and precision are critical [61]. 
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1.4. Theory of electro-magneto-hydrodynamic (EMHD) flow 

 

Electro-Magnetohydrodynamics (EMHD) integrates the interaction of electric and 

magnetic fields, where fluid motion is governed by the combined electromagnetic 

force per unit volume, expressed as, 𝐅 = 𝜌𝑒𝐄 + 𝐉 × 𝐁. Here, 𝐅 represents the 

electromagnetic body force per unit volume, 𝜌𝑒 denotes the net charge density, 𝐄 is 

the electric field vector, 𝐉 is the current density vector, and 𝐁 is the magnetic field, 

which typically acts perpendicular to the flow direction [62]. Unlike EHD, which 

relies solely on Coulombic forces, EMHD introduces magnetic field-driven 

directional control over ionized fluids. This stabilizes flows in high-resistance 

media (e.g., non-polar solvents) and viscoelastic fluids (e.g., polymer melts) by 

suppressing charge aggregation and turbulence. A key benefit of EMHD in 

microscale systems is its capacity for non-contact fluid control through external 

magnetic fields [63]. In biochemical applications, this principle allows selective 

biomolecule isolation, where localized magnetic fields assist in targeted separation 

and retrieval. Magnetic forces play a crucial role in controlling magnetically 

responsive components, such as functionalized particles, tagged cellular structures, 

and ferrofluidic segments, within microchannels, providing precise control over 

fluidic processes. 

 

1.4.1. EMHD effects in electroosmotic flow  

 

In EOF, magnetic fields counteract charge screening effects in the EDL by aligning 

ion trajectories via the Lorentz force, stabilizing flow against instabilities (e.g., 

electroconvection). This is critical for transporting viscoelastic biofluids (e.g., 

mucus, plasma), where shear-thinning and elastic recoil disrupt conventional EOF 

[64]. Magnetically induced MHD vortices further enhance mixing by generating 

chaotic advection, breaking diffusion-limited barriers in microreactors. Adjusting the 

magnetic field’s orientation and strength tailors mixing intensity without increasing 

Joule heating, a key advantage for temperature-sensitive assays [65]. 

 

1.4.2. EMHD effects in streaming potential flow 

 

Coulombic and magnetic interactions significantly amplify charge segregation, 

enhancing the efficacy of energy extraction from electrokinetic processes. Within 

electro-magnetohydrodynamic systems, the minimization of ionic losses and charge 

neutralization renders these systems optimally adapted for microscale energy 

harvesting platforms. The influence of the magnetic field optimizes ion drift, reducing 

resistance and enhancing charge mobility, which further contributes to efficient 

energy conversion. Additionally, the presence of the Lorentz force in EMHD lowers 

the required electric field strength, leading to reduced energy consumption and 

minimizing unwanted thermal effects an essential advantage for delicate biological 

and chemical processes. The EMHD stabilize ion distribution, improving the 

precision of electrochemical sensors. Furthermore, EMHD effectively suppresses 

unwanted charge accumulation, thereby enhancing measurement accuracy in lab-on-

a-chip platforms [66,67]. 
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1.5. Thermophysical phenomena and heat transfer 

 

Resistive heating, frictional energy losses, and radiative heat emission synergistically 

govern thermal transport dynamics and thermodynamic irreversibility in thermal 

energy systems. Resistive heating and frictional energy losses function as intrinsic 

thermal sources, whereas radiative heat transfer mediates energy redistribution 

through electromagnetic wave propagation. Their interaction shapes temperature 

gradients, increases thermodynamic irreversibility, and impacts system efficiency 

critical for optimizing processes in microfluidics, aerospace, and power generation. 

 

1.5.1. Primary effects of Joule heating 

 

Resistive heating, termed ohmic heating, arises from the flow of electrical current 

through a resistive material, producing thermal energy due to the medium’s 

opposition to charge movement [68]. In microscale electrohydrodynamic systems, 

this phenomenon introduces critical thermal and hydrodynamic considerations, 

especially under the influence of interfacial charge layers and externally applied 

electrical potentials [69]. The primary effect of Joule heating is the generation of heat 

in the fluid due to electrical resistance. The rate of heat generation is governed by 

Joule’s law and is given by 𝑗 = 𝜎𝑒𝐄2, where 𝜎𝑒 is the fluid’s electrical conductivity 

and 𝐄 is the electric field vector. [70]. This localized heating induces a temperature 

rise within the fluid, establishing non-uniform temperature distributions 

characterized by axial 

(streamwise) and radial (transverse) gradients [71]. The resulting thermal gradients 

directly modify fluid properties: viscosity decreases with temperature, reducing flow 

resistance; electrical conductivity increases, altering ion migration rates; and density 

variations may induce buoyancy-driven convection. These property changes perturb 

electrokinetic behaviours such as electroosmotic flow velocity profiles, streaming 

potentials, and ion mobility [72]. For instance, temperature-dependent conductivity 

amplifies current density in warmer regions, creating feedback loops that exacerbate 

inhomogeneous heating. In microscale systems, where surface-to-volume ratios are 

high, radial temperature gradients become significant, leading to asymmetric flow 

patterns and reduced separation efficiency in electrophoretic applications. 

Furthermore, excessive Joule heating can degrade thermally sensitive biomolecules 

or compromise the structural integrity of polymer based microchannels [73], 

underscoring the need for thermal management strategies in electrokinetic device 

design [74]. To construct Fig. 1.2, data have been taken from the published papers 

[75,76] The electric current passes through the buffer solution in the capillary, which 

strongly influences the Joule current resistance. The findings demonstrate that 

resistive heating amplifies current flow by 66.5% compared to scenarios without 

thermal effects. This increase occurs because resistive heating elevates the buffer 

layer’s temperature during current conduction, correlating quadratically with the 

applied electric field intensity in microscale systems. 
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(a) (b) 

Fig. 1.2 Impact of resistive thermal effects: (a) Current flow in the buffer layer 

under resistive heating versus non-thermal conditions [75]; (b) Comparison of 

numerically and experimentally obtained electroosmotic flow rates across varying 

field intensities, recorded 15 seconds post-field application, including flow 

velocities with and without thermal coupling [76]. 

 

1.5.2. Primary effects of viscous dissipation 

 

Viscous dissipation in microchannels converts fluid friction into heat, critically 

shaping temperature fields, velocity profiles, and heat transfer. The Brinkman 

number (Br), representing viscous heating relative to conduction, governs bulk 

temperature rise even at low values due to microscale thermal confinement [77]. 

Axial heating reduces dynamic viscosity (μ), decreasing (Br) by 50 % 

downstream. This decline indirectly lowers the Nusselt number (Nu) via thermal 

boundary layer distortion (termed the secondary effect) [78]. Temperature-dependent

m dominates liquid behavior, creating asymmetric velocity profiles: accelerated flow 

in warmer zones (lower μ) and deceleration in cooler regions [79]. Microchannel 

geometry (dh) amplifies viscous dissipation, coupling temperature and velocity fields 

through feedback loops (e.g., reduced μ enhances flow, intensifying heating). Such 

nonlinear interactions demand advanced models for microscale thermal-fluidic 

design [80]. Fig. 1.3 illustrates the impact of the Brinkman number (Br) on thermal 

transport in a triangular microchannel under steady-state thermal and hydrodynamic 

equilibrium for non-Newtonian fluids governed by the power-law model, 

incorporating viscous dissipation under fixed thermal boundary conditions. At 

specific Br and power-law indices (n=0.8) in forced convection, viscosity-amplifying 

fluids exhibit shorter hydrodynamic development lengths compared to viscosity-

reducing fluids, regardless of thermal constraints. Viscous dissipation effects are 

more pronounced in viscosity-amplifying fluids than in viscosity-reducing fluids 

under identical flow configurations, as demonstrated in Fig. 1.3a [81]. Chen and Tso 

[82] explored the effect of porous medium permeability on convective heat transfer 

by examining variations in the Nusselt number over a range of Brinkman numbers 
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for both Newtonian and non-Newtonian fluids. Their study identified a permeability-

dependent transition in thermal behavior, wherein shear-thickening fluids exhibit 

higher heat transfer rates than shear-thinning fluids in low-permeability regimes (Da 

< 0.3), while the opposite trend emerges as permeability increases beyond this 

threshold. The numerical results further revealed that viscous dissipation becomes 

increasingly pronounced in non-Newtonian fluids within the low-permeability range 

(0.0001 < Da < 0.1), indicating a strong sensitivity of thermal transport to internal 

friction effects. At a moderate permeability level near Da ≈ 0.2, the Nusselt numbers 

for Newtonian and non-Newtonian fluids converge, as illustrated in Fig. 1.3b. For 

small Brinkman numbers, numerical analysis shows that once Da > 1, viscous heating 

controls the thermal behavior of non-Newtonian flows, emphasizing the relevance of 

dissipation effects in high-permeability media. 
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Fig. 1.3  Variation with Brinkman number: (a) average Nusselt number vs. 

dimensionless axial distance in a triangular microchannel [81]; (b) Nusselt number 

vs. Darcy number in a parallel-plate microchannel [82] 

1.5.3. Primary effects of thermal radiation 

 

Thermal radiation in microchannels governs energy transfer via electromagnetic 

waves, particularly in systems with participating media (e.g., fluids or solids that 

absorb or emit radiation) [83]. Minimal thermal gradients between the conduit surface 

wall (Tw) and ionic medium (T) drives radiative heat flux, approximated by 

the Rosseland diffusion model for optically thick media [84], 

 
4

4 3r
T

q k
y




 


                  (1.8) 

In this context, Stefan-Boltzmann constant   , Rosseland mean absorption 

coefficient  k , and T determines the fluid’s thermal state. This linearizes the 



Chapter 1. Introduction 

14 

 

inherently nonlinear T4 dependence by expanding T4 around Tw using a Taylor 

series: 

    24 4 34w w w wT T T T T O T T                     (1.9) 

where higher-order terms O{(T-Tw)2} are neglected for small temperature differences 

 w wT T T , simplifying to 4 3 34 3w wT T T T  . This approximation enables 

tractable modeling of radiative-convective-conductive coupling at boundaries, 

altering thermo-responsive fluid attributes (e.g., viscosity, conductivity) and 

reshaping velocity profiles [85]. In microelectronics cooling, 

radiation enhances heat dissipation under constant Tw by amplifying thermal 

gradients, while in micropumps or microreactors, electromagnetic interactions 

introduce Joule heating effects distinct from radiative transfer. Radiation dominates 

in high-temperature or low-velocity flows but requires iterative solvers due 

to T4 nonlinearity [84]. Neglecting radiation risks underestimating heat transfer in 

MEMS devices or overheating biomolecules in lab-on-a-chip systems, highlighting 

its dual role as a thermal enhancer and design constrain. 

 

1.6. Enhancing microchannel mixing and separation 

 

Microfluidic mixing processes are optimized through active or passive methods, each 

exploiting distinct physical principles. Active micromixers, conversely, apply 

external forces such as magnetic [86], acoustic [87], electrical [88], and mechanical 

[89] to perturb flows, enabling techniques like droplet-based [90], time-periodic 

mixing [91]. Active systems, though complex, achieve tunable mixing in dynamic 

environments [92], balancing energy input, efficiency, and operational flexibility 

[93]. Passive designs dominate chemical [94] and biological [95] applications due to 

their fabrication simplicity and scalability, exemplified by pesticide detection chips 

that mix enzymes with samples cost-effectively [96]. Passive micromixers are 

categorized into lamination-based and chaotic advection-based designs without 

external energy input. Lamination-based mixers, such as T-shaped [97] and Y-shaped 

[98] geometries, split and recombine fluid streams to enhance interfacial contact via 

the split-and-recombine principle. Passive strategies rely on laminar flow and 

molecular diffusion, augmented by geometries like serpentine channels [99], 

obstacles [100], zigzag paths [101], staggered herringbones [102], or patterned blocks 

[103]. These structures intensify fluid interactions by inducing secondary flows (e.g., 

dean vortices in curved channels) or chaotic advection (irregular fluid trajectories) 

[104], stretching and folding fluid layers to reduce diffusion distances [105,106]. This 

addresses the inherent challenge of mixing at low Reynolds numbers, where diffusion 

alone is insufficient. 

 

1.7. Hydrodynamic slip and thermal jump at boundaries 

 

Transport processes at micro- and nano-length scales depart significantly from 

classical macroscopic behavior because fluid–solid interactions become increasingly 

dominant as the characteristic dimensions shrink. This enhanced influence arises 
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from the large surface-to-volume ratio, which amplifies molecular effects and alters 

the overall flow response. Helmholtz [107] was among the first to suggest that liquid 

slip may occur at solid boundaries by considering the order of magnitude of molecular 

motion. In this context, the molecular thermal velocity is expressed as

 3m B wu k T m . where um denotes the thermal velocity of molecules, kBis the 

Boltzmann constant, Ta represents the absolute temperature, and mis the molecular 

mass. Although such interfacial slip effects are negligible in macroscale systems, they 

become increasingly relevant when flow domains approach microscopic dimensions. 

At small length scales, boundary conditions are no longer universal and are highly 

sensitive to surface and interfacial characteristics. Parameters such as wettability, 

surface charge, dissolved gas content, imposed shear rates, nanoscale roughness, 

pressure gradients, interfacial friction, and fluid–structure interactions near the wall 

collectively govern the near-wall flow behavior [108]. The degree of slip is 

commonly quantified using the slip length, which is defined as the extrapolated 

distance below the solid surface at which the tangential fluid velocity would 

theoretically vanish [109,110]. While this quantity does not correspond to a physical 

length, it serves as a practical measure of interfacial slip. 

The flow behavior at microscale is primarily classified using the Knudsen number 

(Kn), defined as the ratio of the molecular mean free path to a characteristic channel 

dimension. Based on this criterion, flow regimes are categorized as continuum flow 

for Kn < 0.001, slip flow for 0.001 < Kn < 0.1, transition flow for 0.1 < Kn < 10, and 

free molecular flow for Kn > 10 [111]. When the Knudsen number exceeds 0.1, 

conventional continuum-based models become inadequate, necessitating higher-

order slip boundary formulations to capture rarefaction effects accurately [112]. 

Within the slip-flow regime, the classical Navier–Stokes equations must therefore be 

modified by incorporating velocity slip conditions at the fluid-solid interface. 

The Navier slip boundary condition provides a widely adopted framework for 

modeling liquid slip, relating the tangential velocity at the wall to the local velocity 

gradient normal to the surface through a proportionality constant known as the slip 

length. It is expressed as. u+ a𝑑𝑢/𝑑𝑦|y=h=0 [113]. This formulation demonstrates that 

slip may persist even when the interfacial shear rate remains below a critical value 

[114,115]. Consequently, the extent of deviation from the classical no-slip 

assumption is strongly governed by the Knudsen number and interfacial dynamics. 

In Newtonian fluids, slip arises from molecular-scale interactions at interfaces. True 

slip comes at the liquid-solid boundary when weak adhesion (e.g., lyophobic surfaces 

or molecular roughness mismatches) enables tangential sliding of fluid molecules, 

violating the no-slip condition and reducing viscous drag. Apparent slip, observed at 

a fluid-fluid interface, involves slip over secondary layers such as cavitation-induced 

gas bubbles (under critical shear stress), molecularly ordered structures near surfaces, 

or engineered textures (e.g., shark-skin riblets) that decouple near-wall flow. These 

principles are applied in microfluidic serpentine mixers (chaotic advection and 

biomedical catheters (lyophobic coatings minimizing blood drag) [116]. 

In non-Newtonian fluids, slip at solid boundaries is largely influenced by the behavior 

of polymer chains under shear. On surfaces modified with grafted polymers, the near-

wall flow can be divided into three regimes. At low shear rates, the polymer chains 
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remain attached to the surface, resulting in little or no slip. As the shear increases 

beyond a critical point, the chains begin to detach partially, allowing some sliding of 

the fluid along the wall. At even higher shear rates, the polymer chains detach almost 

completely, and the bulk flow effectively decouples from the surface, producing full 

slip. This shear-dependent response is particularly useful in applications such as 

injectable gels for drug delivery and surfaces engineered to reduce drag [117]. 

Slip behavior is also observed in gas flows, where it was first explained by Maxwell 

using kinetic theory for monoatomic gases [118]. In his model, gas molecules are 

treated as rigid spheres that constantly collide with both the wall and each other. 

When molecules strike a surface, some exchange momentum with the wall and re-

emit at a velocity corresponding to the wall’s thermal state, while the rest reflect 

without losing tangential momentum. The fraction of molecules that equilibrate with 

the wall is described by the tangential momentum accommodation coefficient, 𝜎𝑣. A 

value of 𝜎𝑣 = 0corresponds to purely elastic or specular reflection, where no 

momentum is transferred to the surface, while 𝜎𝑣 = 1represents full diffuse 

reflection, with complete momentum transfer to the wall. Smoluchowski 

experimentally verified the temperature jump conditions (T-Tw)+d(𝑑𝑇/𝑑𝑦)|y=h=0 

model’s thermal discontinuities at walls relates to the inter-collision distance (λm) and 

(𝜕𝑢 𝜕𝑛⁄ )wall is a velocity gradient normal to the wall. For instance, Deissler’s 

model incorporates higher-order terms: 

   
2 3

4

v
slip gas wall m wall wall

v gas

u u u u n u n
T

 m


 


                               (1.10) 

Similar to the concept of slip velocity in momentum transfer, a portion of gas 

molecules, denoted by 𝜎𝑇, interacts with the wall and exchanges energy, allowing the 

wall to adjust their mean thermal energy to match its own. This fraction of molecules 

effectively reflects from the surface with thermal energy corresponding to the wall 

temperature, while the remaining fraction, 1 − 𝜎𝑇, rebounds with its original incident 

energy. The dimensionless coefficient 𝜎𝑇is referred to as the thermal accommodation 

coefficient, which quantifies the extent of energy exchange between the gas and the 

solid surface [107,119]. Using this concept and applying an energy balance at the 

interface, the temperature jump condition at the wall. Recognizing the Taylor series 

expansions, the boundary conditions were derived by Deissler [120]  as given in Eqs. 

(1.11) and (1.12), and the boundary conditions recommended by Karniadakis et al. 

[121] and Gad-el-Hak [122] are in Eqs. (1.13) and (1.14). 
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where γr is the specific heat capacity ratio, λm is the mean free path between two 

successive collisions. Pr=μcp/kT is the Prandtl number. 

The momentum and thermal accommodation coefficients, which quantify the degree 

of momentum and energy exchange between a fluid and a solid surface, can vary 

between 0 and 1. Accurate specification of interfacial boundary conditions is not only 

fundamental to fluid dynamics but also critical for modeling modern applications, 

including MEMS devices, biological systems, and colloidal chemistry. In 

microchannel flows, fluid slip plays a key role in reducing flow resistance and is often 

linked to enhanced permeability within porous media. This property is exploited in 

microscale pumps used for targeted drug delivery and microelectronic cooling, where 

different degrees of slip can be engineered to optimize performance [123]. 

In gaseous flows, slip phenomena are particularly important in applications such as 

hard-disk drives, where the gas layer at the head-disk interface governs performance. 

Kinetic theory provides a framework for describing gas-solid slip, while thermal 

resistance at the interface manifests as a temperature discontinuity due to imperfect 

energy transfer. This effect arises because acoustic waves propagate much faster in 

solids than in liquids, and abrupt changes in molecular structure create a significant 

impedance mismatch between the two media [124]. The resulting temperature jump 

reflects the interruption in energy transport across the interface. Molecular dynamics 

simulations have further shown that the magnitude of this jump depends on surface 

characteristics, including microstructural texture and wettability, highlighting the 

importance of surface engineering in controlling interfacial thermal phenomena. 

 

1.8. Physical aspects of electroosmotic flow dynamics and heat transfer 

 

Imposing a pressure gradient in microchannels modifies flow and thermal dynamics 

compared to purely electroosmotic flow (EOF) [125]. Unlike pressure-driven flow, 

EOF arises from electric double layer (EDL) interactions, producing distinct plug-

like velocity profiles under uniform zeta potential and electric fields. Key parameters 

like electroosmotic mobility (governed by wall zeta potential, fluid viscosity, and 

dielectric constant) and applied voltage dictate flow behavior, with viscosity 

variations and non-uniform surface potentials further altering velocity distributions. 

These flows significantly influence thermal transport through Joule heating 

(volumetric heat from ionic current) and viscous dissipation (shear-induced energy 

loss), critically shaping temperature profiles [126]. In hybrid electroosmotic-

pressure-driven flows, velocity profiles emerge from competing electric and pressure 

forces. For Newtonian fluids [127], pure EOF exhibits a flat velocity profile due to 



Chapter 1. Introduction 

18 

 

EDL-driven motion, while superimposed pressure gradients introduce parabolic 

distortions. For non-Newtonian fluids [128], shear-dependent viscosity (e.g., couple 

stress Casson, Maxwell, and Oldroyd-B models) further distorts the profile, as 

viscous stresses nonlinearly couple with electric and pressure forces. 

 

1.8.1. Newtonian fluid transport in microchannels 

 

In microfluidic systems, Newtonian fluids (exhibiting a linear shear stress–shear rate 

relationship) can experience electroosmotic flow (EOF) and magnetohydrodynamic 

(MHD) effects when orthogonal electric and magnetic fields generate a Lorentz force 

  F J B , altering flow dynamics. Based on the Debye-Hückel assumption (valid 

for low zeta potentials, ξ<25 mV), the electrical double layer (EDL) drives EOF, 

producing a near-uniform plug-like velocity profile determined by electroosmotic 

Helmholtz-Smoluchowski velocity  HS xu E m  , which depends on wall zeta 

potential (ξ), reference velocity (uHS), fluid permittivity (ε), and viscosity (μ) [129]. 

EOF efficiency is modulated by ionic strength (governing EDL thickness) and 

channel geometry. Thermal transport involves Joule heating and viscous dissipation, 

with temperature distributions impacting fluid properties and stability. The Nusselt 

number, derived from bulk and wall temperatures, quantifies convective heat transfer 

critical for optimizing lab-on-a-chip and biomedical devices [130]. The synergy 

between charge-mediated fluidic phenomena and magnetic field-induced interactions 

facilitates precise regulation of hydrodynamic and thermal behavior in microscale 

systems. 

 

1.8.2. Viscoelastic fluid characteristics flow in microscale systems 

 

In microscale systems, viscoelastic fluids which exhibit both viscous dissipation and 

elastic energy storage demonstrate flow behaviors distinct from Newtonian fluids due 

to their time-dependent stress response [131]. These fluids are governed by intrinsic 

material parameters such as relaxation time governing stress decay after deformation 

and retardation time associated with delayed strain recovery. Unlike Newtonian 

flows, viscoelastic effects in microchannels can induce phenomena like flow 

asymmetry, elastic instabilities, and stress driven secondary flows [132]. 

In electrokinetically driven flows, the EDL at the channel walls interacts with the 

fluid’s viscoelasticity. When zeta potential effects are considered without invoking 

the Debye Hückel approximation (valid only for low or high surface potentials), the 

interplay between EDL polarization and viscoelasticity alters velocity and 

concentration profiles. For instance, in confined microchannel flows of Oldroyd B 

fluids (a canonical viscoelastic model), time periodic electroosmotic forcing can 

induce mass separation: a phenomenon where solute species migrate asymmetrically 

due to competing elastic and viscous stresses. This effect arises from the coupling of 

fluid elasticity, EDL dynamics, and oscillatory electric fields leading to spatially 

nonuniform concentration gradients even in the of bulk pressure differences [91]. 
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1.9. Physical aspects of streaming flow dynamics and heat transfer 

 

Pressure-driven flow in microchannels interacts with the EDL at the channel walls. 

This hydrodynamic shear mobilizes ions within the EDL generating a streaming 

current. Charge neutrality is restored through the spontaneous formation of a 

streaming potential which opposes the flow via an induced electric field. The 

resulting interplay between pressure-driven advection and electroosmotic backflow 

creates velocity profiles deviating from conventional hydrodynamic behavior. 

Key factors governing the streaming potential include wall zeta potential (surface 

charge), fluid ionic strength (modulating EDL thickness through Debye screening) 

and channel geometry (influencing field gradients). These parameters collectively 

dictate flow retardation and velocity distribution [133]. 

Thermal transport is shaped by three mechanisms: Joule heating from ionic current, 

viscous heating from shear deformation and thermal radiation from electromagnetic 

energy transfer. These energy dissipation processes generate temperature gradients 

that alter heat transfer efficiency. Such coupled flow-thermal phenomena are critical 

for optimizing microscale energy harvesting systems and biomedical diagnostics 

where controlled thermal management ensures device reliability or enhances 

biomolecular interactions [67]. 

 

1.9.1. Viscoplastic fluid flow in microchannels 

 

In microchannel flows, viscoplastic fluids such as couple-stress Casson 

fluids demonstrate unique dynamics under EMHD forces and streaming potentials. 

These fluids combine yield stress behavior (characteristic of Casson models) [134] 

with microstructural couple-stress effects [113], leading to nonlinear flow profiles 

and altered thermal transport in confined geometries. The interplay of EMHD forces 

generated by the interaction of electric currents and magnetic fields with streaming 

potentials (electric fields induced by pressure-driven ion transport) governs energy 

conversion efficiency. This efficiency quantifies the system’s ability to transform 

mechanical energy from fluid motion into electrical energy through electrokinetic 

coupling [135]. Key factors such as the couple-stress parameter (reflecting micro-

rotational resistance) [136], Casson yield stress (defining flow initiation thresholds) 

[137], and slip-modified zeta potential (influencing interfacial charge distribution) 

[138] critically determine energy harvesting performance in applications like 

microscale power generation. 

Thermal performance in such systems is evaluated via the Nusselt number (Nu), 

which characterizes convective heat transfer relative to conduction. For couple-stress 

Casson fluids, Nusselt number is modulated by the fluid’s viscoplasticity (e.g., shear-

thinning and yield stress) and EMHD induced secondary flows. 

Concurrently, entropy generation analysis reveals thermodynamic irreversibility 

arising from viscous dissipation, Joule heating, and thermal gradients. Parameters like 

the couple-stress coefficient and Casson yield stress directly impact entropy 

production rates, guiding optimization strategies for minimizing energy losses in 

microfluidic thermal management and energy conversion systems [67]. 
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1.9.2. Viscoelastic fluid characteristics flow in microscale systems 

 

In microscale systems, viscoelastic fluids like transient Maxwell [128] and time 

periodic Oldroyd-B [139] fluids exhibit unique dynamics shaped by their relaxation 

times, polymer microstructure, and boundary interactions. During transient flow 

initiation, elastic stresses dominate until the relaxation timescale allows viscous 

effects to equilibrate the system. In pressure-driven flows with slip-dependent zeta 

potentials, the interplay between hydrodynamic shear and electrokinetic slip at the 

wall redistributes ions in the electrical double layer (EDL), altering streaming 

potential generation. This ion redistribution enhances electrokinetic energy 

conversion efficiency by modulating local conductivity and counterion mobility. 

Under constant heat flux boundary conditions, viscous dissipation (from shear-

thinning behavior) and Joule heating (from induced currents) create temperature 

gradients that reduce convective heat transfer efficiency. The Nusselt 

number quantifies this thermal performance, while entropy generation driven by 

thermal gradients and fluid friction identifies irreversible losses critical for 

optimizing microscale energy harvesters [140]. 

For time-periodic Oldroyd-B fluids, which incorporate both relaxation and 

retardation times, oscillatory pressure-driven flows amplify viscoelastic memory 

effects. The periodic deformation of polymer chains in the fluid microstructure 

generates phase-lagged stresses, influencing velocity profiles and mass transport [91]. 

The resulting streaming potential varies cyclically, coupling fluid elasticity to energy 

conversion efficiency. Time-averaged mass transport rates depend on the elasticity 

number (ratio of fluid relaxation time to flow timescale), which dictates whether 

elastic or viscous effects dominate. Under constant wall temperature conditions, 

energy dissipation from viscous heating (shear-rate-dependent) and Joule heating 

(frequency-dependent) redistributes thermal energy, altering the Nusselt number’s 

dependence on viscoelastic parameters. Entropy generation analysis reveals that 

polymer chain alignment under oscillatory shear minimizes viscous losses but 

amplifies thermal irreversibility, guiding designs for applications requiring 

frequency-tunable energy conversion. 

These insights into fluid microstructure, transient kinetics, and boundary-driven 

electrokinetics advance microfluidic technologies such as adaptive lab-on-a-chip 

platforms, microscale energy harvesters, and biomedical sensors requiring precise 

thermal and flow control. 

 

1.10. Numerical simulation of desalination via electroosmotic flow 

 

Desalination in a hyperbolic nanochannel integrated with a cation exchange 

membrane (CEM) relies on selective ion transport driven by electroosmotic 

phenomena. The CEM’s fixed negative charge groups facilitate selective transport of 

Na+ ions while electrostatically repelling Cl- ions, enabling ion separation. When an 

external electrical potential is applied, electroosmotic transport is generated within 

the nanoscale conduit via the coupling of the field with the interfacial charge in the 

charge-segregated zone along the walls This EOF advects both bulk fluid and 

dissolved Na+ ions toward the membrane. Concurrently, electromigration direct ion 



Chapter 1. Introduction 

21 

 

motion driven by the electric field enhances Na+ transport through the CEM, while 

Cl- ions are retained due to the membrane’s perm-selectivity [141]. 

The system leverages ion concentration polarization (ICP), a phenomenon where ion 

depletion and enrichment zones form at the CEM-nanochannel interface. This ICP 

creates a localized electric field gradient, further amplifying ion selectivity and 

separation efficiency [142]. By restricting Cl- permeation and optimizing Na+ 

transport through coupled EOF and electromigration, the configuration achieves 

desalination by effectively separating salt ions from the feed solution. 

 

1.11. Multi-objective optimization framework for electrokinetic system design 

 

Designing electrokinetic systems often requires balancing multiple conflicting 

objectives. Two effective algorithms for such multi-objective optimization problems 

are the Non-Dominated Sorting Genetic Algorithm II (NSGA-II) and the Non-

Dominated Sorting Grey Wolf Optimization Algorithm (NSGWOA). Both aim to 

identify a set of Pareto-optimal solutions, offering designers a range of optimal trade-

offs between objectives. 

Below are the structured steps for each algorithm: 

 

1.11.1. Non-Dominated Sorting Genetic Algorithm II (NSGA-II) Steps: 

 

The NSGA-II algorithm is analyzed through the following steps [143], 

(i) Initialization: Generate an initial population of potential solutions with random 

decision variables within predefined bounds. 

(ii) Evaluation: Assess each individual's performance by calculating the values of 

the objective functions. 

(iii) Non-Dominated Sorting: Rank individuals based on Pareto dominance, 

categorizing them into different fronts where the first front consists of non-dominated 

individuals, the second front is dominated by the first but not by others, and so on. 

(iv) Crowding Distance Assignment: For each individual, compute the crowding 

distance, which measures the density of solutions surrounding it in the objective 

space, aiding in maintaining solution diversity. 

(v) Selection: Use a tournament selection mechanism that considers both rank (from 

non-dominated sorting) and crowding distance to choose parents for reproduction. 

(vi) Crossover and Mutation: Apply genetic operators such as crossover 

(combining pairs of parents to produce offspring) and mutation (introducing small 

random changes) to generate a new offspring population. 

(vii)  Elitism: Form a combined population of current and offspring individuals, then 

select the next generation by choosing the best individuals based on rank and 

crowding distance, ensuring the preservation of high-quality solutions. 

(viii) Termination check: Stop when Pareto front stabilizes or maximum iterations 

are reached. 
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1.11.2.  Non-Dominated Sorting Grey Wolf Optimization Algorithm (NSGWOA) 

Steps: 

The operational framework of the NSGWOA algorithm is outlined in the following 

steps [144], 

(i) Initialization: Initialize a population of grey wolves (archive size) with random 

positions (decision variables) within the search space. 

(ii) Evaluation: Evaluate each wolf's position by computing the objective function 

values. 

(iii) Non-Dominated Sorting: Organize the wolves into different non-dominated 

fronts based on Pareto dominance relationships. 

(iv) Crowding Distance Calculation: Calculate the crowding distance for each wolf 

to maintain diversity in the solution set. 

(v) Leadership Hierarchy Establishment: Identify:  the alpha (best solution), beta, 

and delta wolves based on non-dominated sorting and crowding distance. 

(vi) Position Update: Update the positions of the remaining wolves by mimicking 

the hunting behavior, moving towards the positions of alpha, beta, and delta wolves. 

(vii) Termination check: Halt when the Pareto front converges or iteration limits are 

met. 

 

1.12. Multicriteria decision-making (MCDM) for pareto-optimal solution selection  

 

The Technique for Order of Preference by Similarity to Ideal Solution (TOPSIS) is a 

widely used MCDM method to rank and select the most suitable solution from a set 

of Pareto-optimal alternatives. In multi-objective optimization (e.g., using NSGA-II 

or NSGWOA), Pareto fronts provide a spectrum of trade-offs between conflicting  

objectives (e.g., maximizing electroviscous heat transfer vs. minimizing thermal 

irreversibility). TOPSIS helps decision-makers systematically prioritize solutions by 

evaluating their relative closeness to an ideal "best" solution and distance from an 

anti-ideal "worst” solution [145]. 

 

1.13. Machine learning driven prediction of pareto-optimal solutions in thermal 

management 

 

The integration of Artificial Neural Networks (ANNs) and Adaptive Neuro-Fuzzy 

Inference Systems (ANFIS) into multi-objective thermal management enables rapid 

prediction of Pareto-optimal solutions by learning complex relationships between 

design parameters, thermal performance metrics, and energy efficiency. These 

machine learning (ML) tools act as surrogate models, reducing computational costs 

associated with iterative simulations or experiments while maintaining accuracy in 

identifying optimal trade-offs. 

 

1.13.1. Artificial Neural Networks (ANNs) 

 

ANNs are computational models inspired by the human brain's neural structure, 

consisting of interconnected nodes (neurons) organized in layers. They process input 

data to identify underlying patterns and relationships. In thermal management 
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applications, ANNs can be trained to predict outcomes such as pressure loss, and 

thermal resistance based on various design parameters. Once trained, ANNs can 

rapidly evaluate potential designs, aiding in the swift identification of Pareto-optimal 

solutions without the need for extensive simulations [146]. 

(i) Define Network Architecture: Define the architecture by aligning the input layer 

neuron count with the input feature dimensions, configuring the quantity and 

dimensionality of intermediate layers to model intricate nonlinear relationships, and 

assigning neurons in the final layer to mirror the target output specifications. 

(ii) Initialize Parameters: Set initial weights and biases, typically with random 

values, to prepare the network for training. 

(iii) Forward Propagation: Feed input data through the network, applying activation 

functions (such as sigmoid or Rectified Linear Unit) at each neuron to generate output 

predictions. Measure the discrepancy between the predicted outputs and actual target 

values using an appropriate loss function, like mean squared error. 

(iv) Compute Loss: Measure the discrepancy between the predicted outputs and 

actual target values using an appropriate loss function, like mean absolute percentage 

error, root mean squared error. 

(v) Backpropagation and Parameter Update: Compute the gradients of the loss 

function with respect to each weight using backpropagation, then update the weights 

and biases using optimization techniques like stochastic gradient descent (SGD) or 

the Adam optimizer. 

(vi) Iterate Training: Repeat the forward propagation, loss computation, and 

backpropagation steps over multiple epochs until the network's performance reaches 

the desired level. 

 

1.13.2. Adaptive Neuro-Fuzzy Inference Systems (ANFIS) 

 

The Adaptive Neuro-Fuzzy Inference System (ANFIS) is a hybrid machine learning 

framework that integrates fuzzy logic principles with neural network adaptability. By 

combining the interpretability of fuzzy systems with the learning capabilities of 

neural networks, ANFIS effectively models complex nonlinear relationships. Its 

architecture consists of five layers that map inputs to outputs through fuzzy rules, 

membership functions, and parameter optimization. Below are the key steps for 

implementing ANFIS [147]: 

(i) Define Fuzzy Inference System (FIS) Structure: Specify input and output 

variables, assign membership functions to each input variable, and formulate fuzzy 

if-then rules based on the input variables. 

(ii) Initialize Parameters: Set initial parameters for membership functions and rule 

consequents, often based on domain knowledge or predefined methods. 

(iii) Train ANFIS Model: Introduce the training dataset into the computational 

framework and utilize a combined optimization strategy that integrates quadratic loss 

minimization and iterative gradient-based parameter refinement to optimize model 

coefficients. 

(iv) Validate Model: Evaluate the model’s predictive accuracy on a holdout dataset 

to verify its robustness and consistency when exposed to new, previously 

unencountered data sample. 
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Chapter 2. Literature review 

 

2.1.  Overview of microscale transport phenomena 

An in-depth and sequential review of the literature has been carried out to 

explore the modelling approaches for electroosmotic flow and streaming potential, 

with a special focus on recent innovations targeting energy-efficient system designs. 

The latest progress in this area has been thoroughly evaluated to uncover emerging 

trends and technological advancements. Through this analysis, unresolved challenges 

and knowledge gaps have been identified, serving as a basis for defining clear 

directions for future research efforts. 

 

2.2. Electroosmotic microflows: modelling and parametric insights 

 

Electroosmotic phenomena have garnered significant attention in 

contemporary fluid dynamics research, particularly in studies investigating coupled 

flow fields and heat transfer mechanisms. Analytical and numerical models have been 

rigorously applied to characterize key parameters, including velocity profiles, 

temperature gradients, Nusselt number variations, concentration fields, and time-

averaged mass transport rates. Recent advancements have further explored hybrid 

modelling frameworks tailored to both high-zeta-potential and low-zeta-potential 

regimes, offering nuanced insights into the interplay between surface charge 

dynamics and flow behavior. These methodological innovations underscore the 

versatility of electroosmotic systems in addressing complex transport phenomena 

across diverse engineering applications. 

 

2.3. Steady-state EMHD flow with thermal effects in microfluidic systems in 

Newtonian fluid dynamics 

 

The relentless miniaturization of portable electronics intensifies thermal 

management challenges, as shrinking surface areas struggle to dissipate escalating 

heat fluxes, risking performance degradation and failure [148]. Conventional cooling 

methods like air-cooled heat sinks are ineffective at microscales, necessitating 

advanced microchannel based systems [149]. However, laminar microchannel flows 

governed by low Reynolds numbers and restrictive thermal boundary layers limit heat 

exchange [150].  

Electromagnetohydrodynamic (EMHD) micropumps address this by leveraging 

Lorentz forces from interactions between electric currents in fluids and applied 

magnetic fields, enhancing flow without mechanical components [62]. Hybrid 

actuation combining electric and magnetic fields [151], offers superior control over 

micro/nanofluidic dynamics compared to purely electroosmotic systems [63], while 

simultaneously minimizing Joule heating and achieving higher flow rates [64]. Jang 

and Lee [53] reported the EMHD micropump acting along the flow of an electrically 
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conducting liquid in the imposed electric and magnetic fields in the perpendicular 

direction. According to Kundu and Saha [124] further reported that even weak 

magnetic fields significantly enhance volumetric flow rates. Recent advancements in  

EMHD flow and heat transfer have significantly enhanced the understanding of 

microscale transport phenomena by incorporating slip effects, rarefaction, and 

electromagnetic forces. These studies have progressively evolved from conventional 

no-slip models to higher-order slip conditions, capturing complex interactions 

involving Joule heating, viscous dissipation, and electrokinetic effects. Furthermore, 

analytical and numerical frameworks have been expanded to incorporate realistic 

boundary conditions and Newtonian fluid behavior. 

Microfluidic instabilities, such as jet breakup, often persist despite geometric or flow 

rate optimizations, necessitating stabilization through externally applied fields 

(magnetic [152], electromagnetic [153], acoustic [154], electric [154]). 

Electromagnetic fields excel in precision control when paired with superhydrophobic 

surfaces featuring slip boundary conditions, where reduced friction and amplified 

surface charge enhance electroosmotic effects [152]. Sarkar et al. [155] demonstrated 

that combining EMHD pressure-driven flow with electrokinetic slip effectively 

mitigates electrical double layer (EDL) resistance, improving flow rates. 

In pure electroosmotic flow systems, higher electric fields are generally required to 

drive electrolyte solutions often, inducing excessive Joule heating that damage 

thermally sensitive biological samples. Ranjit et al. [136] investigated the impact of 

first-order slip and jump conditions on the thermal characteristics of EMHD laminar 

flow, observing an increase in Nusselt numbers. 

Sadeghi and Saidi [127] reported the thermally fully developed analytical study in 

parallel plate microchannels without electromagnetic effects Their findings 

demonstrated that increasing the viscous dissipation parameter reduces the Nusselt 

number, underscoring its thermal impact. Chakraborty et al. [129] explored coupled 

electroosmotic and pressure-driven flows during thermal development in 

microchannels, incorporating both viscous dissipation and resistive heating effects 

under combined electric and magnetic field exposure. 

In micro heat exchangers, external electric fields simultaneously induce 

electroosmotic flow (EOF) and Joule heating [156–158]. Elevated electrolyte 

concentrations or strong fields amplify Joule heating, altering fluid properties such as 

viscosity and conductivity. These changes disrupt uniform EOF velocity profiles and 

intensify viscous dissipation near channel walls within the EDL [159,160].  

Joule heating and viscous friction act synergistically to govern the thermal 

performance of microchannel heat exchangers, critically defining their heat transfer 

dynamics. In microscale geometries with high surface-area-to-volume ratios, 

radiative heat flux can dominate over conduction or convection, making thermal 

radiation a critical parameter. Lopez et al. [161] analyzed heat transport in a magneto-

hydrodynamic nanofluid through a porous vertical microchannel with nonlinear 

thermal radiation, solving the governing equations numerically using Runge-Kutta 

and shooting techniques. Their research underscores the coupling of convection and 

radiation in heat transfer dynamics, where the Nusselt number is modulated by 

nonlinear radiative processes, viscous energy dissipation, and ohmic heating. This 
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underscores the critical need to incorporate radiative mechanisms in microfluidic 

systems exposed to extreme thermal conditions or optical activity. 

Sadeghi et al. [127] concluded that in the presence of a thick EDL, viscous dissipation 

has a greater impact on heat transfer in EOF than ohmic heating. 

Beyond internal heat transfer mechanisms, transverse conduction across 

microchannel walls has emerged as a key factor in thermal regulation, enabling 

precise temperature profile management [162]. Yang et al. [130] studied EMHD flow 

with Joule heating and viscous dissipation under no-slip/no-jump conditions.  

For rarefied gas flows, Navier-Stokes equations remain valid up to Knudsen numbers 

 0.1Kn  under Maxwell/Smoluchowski slip and temperature jump conditions 

[122]. Colin et al. [163] studied the second-order slip flow model predicts higher flow 

rates than the first-order slip flow model, with a difference of about 13% for a square 

duct at Knudsen number 0.1Kn  . While both models agree up to 0.05Kn  , 

significant differences arise at higher Knudsen numbers, with S2 showing better 

alignment with experimental data up to 0.05Kn  . Beyond this point, although 

second order model remains closer to experimental results than 1st order model, the 

agreement is not as precise. Colin et al. [164] further showed that neglecting second-

order terms underestimates flow rates by 10–13% at 0.1Kn  , particularly in high-

aspect-ratio ducts, necessitating higher-order corrections for accurate microscale 

flow predictions. 

 

2.3.1.  Research gaps in steady-state EMHD flow. 

 

Existing research emphasizes the use of theoretical and computational 

approaches to evaluate the spatial variation of interfacial charge layer potentials, 

velocity distributions, thermal profiles, and Nusselt number values. These factors 

critically shape the performance of microscale fluidic systems, largely due to 

frictional energy losses and resistive heating effects, as observed in EMHD 

frameworks operating without radiative heat transfer. Subsequent studies, however, 

integrated frictional losses, resistive heating, and radiative mechanisms while 

disregarding electromagnetic forces in electrokinetically driven flow configurations. 

Predominant theoretical frameworks in microscale flow analysis adopt zero-slip and 

zero-jump boundary constraints for Newtonian fluids within microchannels. Later 

advancements incorporated primary-order velocity slip and thermal discontinuity 

conditions on water-repellent surfaces, neglecting radiative heat transfer and resistive 

heating effects. Scholarly attention has centered on primary-order slip with zero-jump 

constraints alongside radiative heat transfer, viscous energy losses, and resistive 

heating parameters, where the Nusselt number is commonly resolved via discrete 

numerical techniques. However, comprehensive analytical investigations integrating 

the Nusselt number with radiative exchange, viscous dissipation, resistive heating, 

and secondary-order hydrodynamic and thermal slip constraints for velocity and 

temperature profiles in EMHD flows through rectangular microchannels remain 

disconnected and insufficient. 
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2.4. Oscillatory flow characteristics of Oldroyd-B fluids in confined microchannel 

environments 

 

In recent years, the rheology of viscoelastic fluid has advanced with greater attention 

to researchers due to the numerous applications of this particular fluid in various 

engineering fields. The fluid above has additional properties such as memory, normal 

stress, and yield stress [165,166]. For the above fundamental aspects, viscoelastic  

fluid differs from the Newtonian fluid. The complex model of the viscoelastic fluid 

analyzes biofluids [167], long-chain molecules [168], colloidal suspensions [169], 

DNA separation [170], and Lab scale device [171].   

In this context, the P-B equation governs the electroosmotic flow for 

electrical-potential distributions. However, the solution of this equation is more 

complex to study the accurate and realistic cases for the presence of highly nonlinear 

source terms. Vasu and De [172] introduced the electrokinetic width (K) range for no 

overlapped EDL at a high zeta potential. The slip velocity at the liquid-solid interface 

affects the electroosmotic flow [173]. The slip velocity occurs in numerous 

applications in industrial and medical sciences, such as blood through stenosed 

arteries [174], polishing artificial heart valves [175], production of paint [176], 

shampoo [176], foam [177], and polymer melts [178]. Many studies based on 

Maxwell and Oldroyd-B constitutive models have analyzed slip and no-slip flow in 

parallel plate [128,179], circular [180], and rotating [181,182] microchannels with 

small zeta potential. For isothermal conditions, viscosity usually appears as a constant 

factor. However, in non-isothermal conditions under an electroosmotic flow, the ions 

of the electrolyte solution circulate in fluids. Therefore, the absolute viscosity is not 

constant; it depends on temperature, and as a result, the thermal state influences 

slippage conditions [183].  Matías et al. [184] studied the influence of slip on a 

hydrophobic surface for a non-isothermal electroosmotic-viscoelastic fluid flow in a 

microchannel. 

Wang et al. [185] examined the electroosmotic transport of the fractional 

viscoelastic Oldroyd-B fluid in a rectangular microchannel, maintaining a high 

surface charge constraint. In contrast, Liang et al. [186] investigated the effect of slip 

on the rotating electroosmotic flow of Oldroyd-B fluid in a microchannel under high 

zeta potential. Time-modulated electroosmotic flow has been shown to enhance 

mixing efficacy and interfacial functionalization [187–189].  

Investigations into oscillatory EHD flow have focused on both viscous 

Newtonian [190] and viscoelastic Jeffrey’s fluids [191] within microscale channels, 

incorporating the influence of ion-depleted interfacial regions. 

The Maxwell model for time-periodic electroosmotic flow was studied in a 

parallel plate [131,192] and circular [193] microchannel with a low zeta potential and 

no-slip condition. Ding and Jian [139] investigated the resonance phenomena of the 

Oldroyd-B fluid for electrokinetic oscillation flow. They provided a detailed analysis 

in a linear regime with no-slip boundary conditions at low zeta potential. In these 

circumstances, the mass transport mechanism for passive solute is essential in 

investigating microfluidic components analysis and design. The performance of a lab-

on-a-chip depends on so many factors, viz. mixing [194], electroosmotic pumping 

[195], sample collection [196], detection of bacteria and viruses [197], separation of 
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chemical species [198,199], removal of toxic metal ions [200], and flow control 

elements [201]. Oscillatory pressure gradients have enhanced the mass transport due 

to the oscillatory flow. Electrokinetic pumps [202] maintain a useful pressure 

gradient in the combined pressure-driven and electroosmotic flow. 

Hydrodynamic dispersion refers to the combined effects of molecular 

diffusion and bulk fluid flow due to the non-uniformity of velocity through a channel 

is analyzed based on the Taylor dispersion [203]. Aris [204] determined the apparent 

diffusion coefficient by incorporating the effect of axial molecular diffusion. Ramon 

et al. [205] found that the existence of the electrical double layer enhances the mass 

transfer. Their study also suggests that an oscillatory-electroosmotic flow could have 

the optimal species separation conditions. The oscillating flow of viscoelastic fluid 

[206] and power-law fluid [207] increments the transport of a non-reacting solute. 

Baños et al. [208] demonstrated that the velocity slip boundary condition 

might not enhance mass transport rate and cross-over phenomena for separating 

different species of shear-thickening fluids. Chatwin [209] showed that the 

longitudinal pressure gradient creates the flow to fluctuate harmonically with time. 

Watson [210] demonstrated enhanced mass transfer efficiency of a dissolved solute 

within a cylindrical conduit through the application of oscillatory movement in the 

surrounding liquid medium. Kurzwer and Jaeger [211] investigated an improved 

mass transfer method utilizing oscillatory motion of gases in capillary arrays under 

axial concentration differentials to isolate gaseous components at elevated flow rate 

differentials. Later, Kurzweg [212] proposed a general analytical solution of 

enhanced diffusional separation of dilute liquid solution in oscillatory-liquid flow 

within open-ended capillary tubes. Mass transfer of electroosmotic flow under the 

periodic electric field with the asymmetric zeta potential in microchannels was 

studied [213,214]. 

Muñoz et al. [215] investigated the dispersion in a microcapillary tube with 

slippage conditions at the wall under oscillatory-electroosmotic flow. Mederos et al. 

[216] analysed time-integrated solute transport in extended microchannels with 

reactive interfaces for a chemically passive Jeffrey’s fluid at varying molarities of 

uncharged species. Under spatially heterogeneous interfacial potential distributions. 

With the asymmetric zeta potential, Hoshyargar et al. [217] analysed the transport 

characteristics of late-time solute of hydrodynamic-dispersion (HD) in 

electroosmotic flow through a slit microchannel. 

 

2.4.1. Identified research gaps in time-periodic Oldroyd-B fluid flow 

 

Existing studies predominantly employ linearized electrostatic screening 

models under weak interfacial potential conditions simplifying charge distribution 

analyses in the EDL. Also, a few researchers determined the electrical-potential 

distribution in microchannels for no overlapped EDL with the high zeta potential. 

Furthermore, no attempt has been made to explore studies about the no overlapped 

EDL with low and high zeta potentials. Researchers have not focused on determining 

velocity and concentration profiles in microchannels under slip conditions for the 

inherent complexity of periodic-oscillatory Oldroyd-B fluid subjected to the 

electroosmotic flow. The real fact is to provide always the time-periodic analysis of 
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microchannel flow in the separation of chemical species. The flow transitions to a 

steady oscillatory regime once transient dynamics diminish. These observations 

underpin the rationale for the current investigation. 

 

2.5. Non-Newtonian fluid behavior in thermal transport in streaming potential-

driven microflows: a modelling perspective 

 

Beyond steady Newtonian electromagnetohydrodynamic (EMHD) flow, 

realistic modelling of non-Newtonian fluids is pivotal for designing high-efficiency 

microfluidic systems with minimal energy dissipation. Analytical studies of couple-

stress Casson fluid rheology reveals that interfacial electrokinetics significantly 

influence pressure-driven transport in systems governed by streaming potential 

dynamics. Among non-Newtonian fluid models, the Maxwell and Oldroyd-B 

frameworks are prominent. The Maxwell model is often favored over the Oldroyd-B 

model due to its computational simplicity and ability to represent materials governed 

by a single relaxation time. The Maxwell framework is particularly effective for 

fluids exhibiting viscoelasticity dominated by a single relaxation mechanism, such as 

dilute polymer solutions or low-viscosity melts. In contrast, the Oldroyd-B model 

incorporates both relaxation and retardation times, enabling the simulation of 

complex viscoelastic phenomena like stress overshoot and normal stress differences. 

However, this added complexity comes at a substantially higher computational cost. 

Streaming potential dynamics in viscoelastic fluids further underscore the 

necessity of integrating oscillatory effects into microchannel flow analysis. For 

example, the Oldroyd-B model has demonstrated utility in optimizing species 

separation for targeted drug delivery. Among existing viscoelastic flow frameworks, 

the Maxwell and Oldroyd-B models remain widely adopted. Emerging research 

highlights their growing relevance in advanced fluid dynamics, particularly in 

applications requiring a balance between model fidelity and computational 

feasibility. 

 

2.6. Steady state Couple stress Casson fluid model in a microchannel 

 

The enormous contribution of fluid and ion transport via miniature systems 

has made it an attractive area for researchers. Understanding the physics of small-

scale confined liquid flow explains many natural and artificial processes and allows 

researchers to use the concept in various advanced technologies. It has extensive 

applications based on microfluidic diagnostic devices such as micro-reactors for 

biological cell analysis [5], liquids containing long-chain molecules as polymeric 

suspensions [8], mass flow controller [9], reduction of mixing time for sampling [10], 

lowering of bleeding during surgeries [11], blood pumping machine [218], feeding 

vessels for cancer tumors [13], cell separation with development of magnetic devices 

[12], and many more.  

A voltage gradient emerges along the fluidic conduit due to pressure-driven 

flow, inducing an electrical current that opposes the primary flow direction. This 

interaction reduces the effective flow velocity aligned with the pressure gradient. The 

generated voltage gradient consistently opposes the flow, creating a counteracting 
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electrokinetic force that impedes fluid movement. This resistance stems from 

amplified viscous forces and electrohydrodynamic interactions, as outlined in prior 

studies [53]. 

Integrated electromagnetic fields are extensively applied in EMHD 

microscale pumping systems to assess fluidic transport properties, leveraging 

advantages such as fabrication simplicity, non-mechanical operation, reduced power 

requirements, and bidirectional flow generation capacity [219]. These forces use 

alone or in appropriate combinations to efficiently activate the flow in microchannels. 

Zhao et al. [220] investigated thermally stabilized flow within planar microscale 

conduits exposed to concurrent pressure gradients and magnetic forces. Their work 

rigorously analysed nanoparticle laden fluid dynamics influenced by streaming 

potentials in pressure-driven systems. As a result, contemporary investigations have 

increasingly prioritized the use of non-Newtonian fluid models to better capture the 

complex, nonlinear dependencies between shear stress and deformation rates.  

Numerous applications, including blood [14], colloid suspensions [15], protein 

suspensions [16], DNA [17], salivary fluids [18], and synovial lubricants [19] 

demonstrate rheological properties inconsistent with Newtonian fluids, where 

conventional Newtonian models fail to describe stress-strain relationships. To 

address these complexities, advanced rheological models are employed to simulate 

flow dynamics under electromagnetic fields. Studies have explored viscoelastic 

fluids models like Maxwell fluid [221], Oldroyd-B [91], Phan-Thien-Tanner fluid 

[133], Casson [222], and Couple-stress [223] fluids in microchannels. Kumar et al. 

[224] analysed pulsatile streaming potential flow in a time periodic pressure gradient 

between two parallel plates microchannel. The model of Casson fluid was developed 

by Casson [225] for the flow behavior of pigment oil suspension of the printing ink 

type. Casson fluid behaves like an elastic solid having a low-shear strain. 

When the stress is high, Casson behaves like a Newtonian fluid. According 

to the definition, this fluid shows shear-thinning behavior with infinite viscosity at 

zero rates of shear and zero viscosity at an infinite rate of shear. Subsequently, many 

researchers studied the electroosmotic flow transport of Casson's electrolyte solution 

[226]. Saleem et al. [227] investigated the behavior of an electroosmotically driven 

Casson fluid in a cylindrical geometry with contracting and relaxing sinusoidal walls. 

Bag and Bhattacharyya [228] investigated electrokinetically driven transport of yield-

stress fluids within microscale conduits. They compared the results for velocity 

distributions of three viscoplastic materials, like Casson, Herschel–Bulkley, and 

Bingham plastic fluids. The rotating electroosmotic flow in a microchannel for a 

Casson and Bingham plastic fluid was analyzed by Qi and Ng [229]. Rajaram et al. 

[230] reported a detailed numerical and theoretical analysis of electroosmotic 

transient state Casson fluid flow for the influence of EMHD free convection stream 

passed through an exponentially accelerated plate.  

However, a couple-stress fluid (CSF) has a noticeable non-Newtonian 

behavior. Researchers developed many theories to explain the properties of this fluid. 

Stokes [231] developed the couple stress fluid model from the fundamental 

idea of non-Newtonian fluid. This framework prioritizes the inclusion of 

microparticle interactions, a factor omitted in classical Newtonian viscous analyses. 

The non-Newtonian formulation incorporates directional microstructural effects, 
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body torque interactions, and asymmetric stress contributions to modulate flow 

dynamics. Adding higher-order terms, its equation of motion is identical to the 

classical Navier-Stokes theory. The stress tensor is non-symmetric, and the couple-

stress tensor is additional. Siva et al. [232] analysed the electrokinetic transport of 

viscoelastic couple-stress materials within a spinning microscale conduit. 

In contrast, Sridhar et al. [233] examined velocity profiles and thermal 

gradients in such fluids under electroosmotic conditions, revealing that higher values 

of the rheological parameter correlate with diminished axial flow velocities. Ding et 

al. [234] explored pressure-driven couple stress fluid flow between two parallel plates 

microchannel with streaming potential effects at a low zeta potential. 

By developing various portable devices for the harvested energy from 

different resources in domestic contexts, the dependency of contemporary society on 

centralized power sources reduces. A substantial portion of hydroelectricity is 

produced by large turbines using advanced technologies based on electromagnetic 

induction from mechanical inputs. Conversely, a notable green power source converts 

into water's mechanical energy. However, the physical requirements of mighty dams 

and infrastructure restrict their suitability as a dispersed energy source. Therefore, the 

slip-dependent zeta potential electro-magneto-hydrodynamic force for the non-

Newtonian viscoplastic fluid in narrow microfluidic devices is employed for 

alternative energy sources [20]. The streaming current offers the possibility of 

converting hydraulic power generated by pressure into electrical power within the 

fluid system. The quantification of the streaming potential relies on the principle of 

electro-neutrality conservation.  

The emergence of electrokinetic technology has led to a growing interest in 

electrokinetic energy conversion. This clean energy harvesting system in solid-liquid 

interface via streaming potential enriches On-chip laboratory system based on micro 

power generators referred to as the EKEC efficiency. It may open the exploration of 

new renewable energy [21] and can significantly impact studies of harvesting 

electrical power, the desalination process, and self-power sensors [22]. Microfluidic 

energy harvesting involves integrating electrokinetic energy systems into 

microfluidic devices, enabling the electricity generation by moving small liquid 

volumes. This electricity can then be utilized to power micro-electromechanical 

systems (MEMS) or micro-sensors. Electrokinetic energy systems can aid in 

desalination processes by implementing the streaming potential effect using carbon 

tubes, leading to increased energy efficiency in these operations. Electrokinetic 

energy systems can power sensors and monitoring devices in remote locations or 

areas with limited access to traditional power sources. These self-powered sensors, 

such as water quality or groundwater level measurements, can be used for 

environmental monitoring. Therefore, many researchers have theoretically and 

experimentally studied the EKEC efficiency in pure pressure-mediated flow in 

confinements [235]. In circular [236] and parallel plate [237] microchannels, the 

pressure-dependent viscosity on flow for Newtonian fluid demonstrates the decline 

in EKEC efficiency. Chen and Jian [238] showed that the rotational effect can 

improve the electrokinetic conversion efficiency in a parallel plate microchannel. The 

soft nanochannel exhibits a 25% increase in electrokinetic energy conversion 

efficiency, attributed to the resonance effect [239]. Due to slip effects, electrokinetic 
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energy efficiency is greatly amplified [240]. Xie [241] demonstrated that the 

maximum EKEC efficiency in stratified fluid configurations exceeds that of 

homogeneous systems in core-annular flow. Chandra et al. [242] revealed the 

increment of the electrokinetic energy efficiency (2.5-3%) for flow in a soft 

nanochannel compared to the rigid one at low zeta potential. Liu et al. [66] found the 

electrokinetic conversion efficiency in a curved nanochannel amplified by 17% 

compared to a straight nanochannel under specific parameters. Xie and Jian [135] 

analyzed the EKEC efficiency of nanoparticle-laden magnetohydrodynamic flow 

under streaming potential effects, incorporating slip velocity constraints at the 

microscale conduit surface.  

Chen et al. [243] explored thermal transport dynamics in streaming 

potential-mediated flow within microscale channels subjected to electromagnetic 

fields, rigorously assessing thermal gradients and heat transfer coefficients under 

fixed thermal boundary conditions using velocity profiles and streaming potential 

data. Zhao et al. [244] evaluated the thermal performance of thermally stabilized 

nanoparticle suspensions in planar microchannels under concurrent pressure 

gradients and streaming potentials. Narayana et al. [245] computationally modeled 

three-dimensional magnetohydrodynamic flow of viscoplastic Casson fluids with 

microstructural stresses over elongating surfaces, incorporating radiative heat 

transfer mechanisms. 

Entropy generation is an essential topic in thermal systems because it guides 

how to control or reduce irreversibility [246]. Entropy can be generated in various 

flow systems, particularly in thermal management systems, due to the irreversible 

heat transfer, resistive heating, hydrodynamic forces, and viscous dissipation. The 

Bejan number, a dimensionless metric, quantifies the dominance of thermal over 

frictional irreversibilities in such systems [247]. Abolbashari et al. [137] examined 

entropy production in viscoplastic nanofluid flow over elongating substrates, 

omitting interfacial charge layer interactions. Escandón et al. [248] quantified 

irreversibility rates in electrokinetically driven non-Newtonian fluid flow within 

planar microchannels. Xie and Jian [249] explored heat transfer and entropy 

dynamics in a dual-layer fluid system under combined electromagnetic and 

electroosmotic forces. Later, Xie and Jian [250] extended their work by introducing 

one layer composed of non-conducting viscoelastic fluid. Ibáñez et al. [251] 

researched the optimum slip length value that minimizes the entropy generation in 

parallel plate microchannels.  

 

2.6.1. Key research gaps and unexplored aspects in Couple stress Casson fluid 

dynamics 

 

Recent studies have investigated strategies to optimize streaming potential, 

flow velocity, energy conversion efficiency, and thermal profiles in microscale 

systems. Viscoelastic fluids demonstrate superior performance in streaming potential 

generation and energy conversion compared to Newtonian fluids. Electromagnetic 

hydrodynamic interactions and hybrid methodologies have been identified as 

effective means to control hydrodynamic behavior, thermal regulation, and reduce 
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thermodynamic losses. Initial investigations, however, focused primarily on 

Newtonian fluid dynamics under streaming potential conditions. 

The combined rheological effects of couple-stress and Casson fluids in 

pressure-driven streaming potential flows remain unexplored in microchannel 

applications. Slip-modulated surface charge dynamics and thermal discontinuity 

conditions in non-Newtonian systems may critically influence flow optimization and 

thermal management in microscale environments. While couple-stress models fall 

short in simulating hemodynamic conditions during arterial constriction, integrating 

Casson fluid behavior addresses these limitations by accommodating variable 

rheological properties in microscale flows. 

The synergistic coupling of couple-stress and Casson rheological 

frameworks in planar microchannel geometries remains unaddressed, likely owing to 

the computational challenges posed by streaming potential interactions. Future 

research should prioritize analyzing thermal gradients, heat transfer coefficients, and 

irreversibility metrics in microchannels featuring asymmetric, slip-influenced surface 

charge distributions. Visco-plastic materials are pivotal in biomedical and 

microengineering applications, enabling precise control of hydrodynamic and 

thermal behaviors in pressure-driven microfluidic systems leveraging streaming 

potential phenomena. 

 

2.7. Transient Streaming Potential Flow of Maxwell Fluids in Microscale Domains 

 

Microscale and nanoscale fluidic platforms provide adaptable and 

economical solutions for integrated diagnostic chips [252], energy conversion 

technologies [6], and and targeted therapeutic delivery systems [253]. When an 

insulating electrolytic medium interacts with a solid substrate, an interfacial charge-

separated zone develops [124]. During pressure-induced flow, surplus counterions 

within this zone are convectively transported, inducing an axial voltage gradient 

[133]. This potential induces a conduction current opposite to fluid flow, creating 

electroosmotic force in reverse to pressure-driven flow. Magnetohydrodynamics 

(MHD) enhances microchannel transport by interacting with magnetic fields to 

induce streaming potential [52]. The Lorentz force generates Hall currents and ion 

slip, boosting collision frequency [254]. Magnetic nanoparticles with tunable 

properties enable nanofluids for applications like magnetic cell separation and drug 

delivery [255]. MHD flow operates without electrode contact, preventing fouling and 

biocompatibility issues, and applies to polar and non-polar fluids [256]. It also 

improves mixing particle trapping and heat transfer, especially for non-conductive 

fluids [257]. 

            In the context of miniaturized diagnostic devices, understanding streaming 

potential phenomena in non-Newtonian fluids is essential for rheological analyses. 

This study selects the Maxwell fluid model over the Oldroyd-B fluid due to its 

computational simplicity. It represents a material with a single relaxation time. It 

suitable for modeling fluids with viscoelastic behavior dominated by a single stress 

response, such as low viscosity or simple polymer melts [91]. In contrast, the 

Oldroyd-B fluid includes both relaxation and retardation times, capturing more 

complex behaviors like shear-thinning but with a more significant computational cost 
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[180]. Therefore, the Maxwell fluid is ideal for modeling systems with more 

straightforward, single-relaxation processes. Streaming potential flow, driven by 

fluid motion across charged surfaces, aids efficient transport through porous media. 

A slip boundary condition in hydrophobic channels enhances streaming potential 

[258]. Porous media, comprising interconnected solid matrix voids, disrupt fluid flow 

[259], impacting systems like gallbladders and coronary arteries [260]. However, 

irregular flow velocity in porous media promotes mixing [261]. But, adopting porous 

material into microchannels significantly increases shear stress [262]. Lodhi and 

Ramesh [263] explored magnetohydrodynamic electroosmotic Jeffrey fluid under 

Hall effects in porous microchannels. 

Renewable energy sources like wind, solar, and geothermal power can 

reduce greenhouse gas emissions but face limitations due to geographical and weather 

constraints [264]. Electrokinetic energy conversion (EKEC) converts hydrodynamic 

energy into electricity via streaming current, offering a scalable, compact, reliable, 

and environmentally friendly alternative [21,265,266]. There are many factors, such 

as the slip factor [240], channel size [267], surface charge density [235], and shape 

[52] influence EKEC efficiency. Ren and Stein [268] found the slip factor amplified 

the EKEC efficiency by 37% in a nanochannel, whereas Berli [269] showed the 

EKEC efficiency improved in a polymer solution compared to a Newtonian fluid. Xie 

et al. [270] demonstrated a ballistic micro-droplet-based electrostatic generator with 

an EKEC efficiency of almost 46%. Liu et al. [271] predicted a 50% increase in 

EKEC efficiency with the steric effect. Xie and Jian [135] showed a 16% increase in 

power by adding 5% nanoparticles. Saha and Kundu [67] analyzed the influence of 

EMHD streaming potential dynamics on thermal transport in microscale channels, 

underscoring the pivotal role of interfacial double-layer potential and slip boundary 

conditions in optimizing EKEC efficacy and thermal irreversibility. 

 Enhancing heat transfer in microscale magnetohydrodynamic flows is crucial for 

cooling and chemical systems. Nanoparticles and porous media improve thermal 

conductivity and surface area for heat dissipation [272]. Dewanjee and Kundu [273] 

recently reviewed thoroughly green nanofluids, emphasizing the enhancement of 

thermal performances of solar collectors, eco-friendly nanoparticles (e.g., olive leaf, 

barley husk), economic aspects, and the way to improve the stability of the nanofluid. 

Sayed et al. [274] found the Nusselt number enhancement with an increasing 

concentration of single-walled carbon nanotube particles in EMHD electroosmotic 

flow in a corrugated microchannel. However, thermodynamic irreversibility leads to 

energy loss. Liu et al. [275] found that the steric effect enhances heat transfer, while 

a large curvature ratio of rectangular curved nanochannel reduces entropy generation. 

Siva et al. [276] illustrated thermal field and thermodynamic irreversibility in 

viscoelastic materials with microstructural stresses subjected to EMHD electrokinetic 

flow, revealing that slip boundary conditions and rheological parameters could 

mitigate thermodynamic losses. Pabi et al. [277] demonstrated the viscoelastic effect 

to minimize entropy generation. Ibáñez et al. [251] optimized slip length to reduce 

thermal irreversibility. Efficient energy utilization is essential due to global energy 

challenges and environmental concerns [27]. Heat transfer is crucial for energy 

conservation [28] and is particularly important in microchannel systems where excess 

heat can lead to reliability issues [29] and increased operational costs [30,31]. High 
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entropy generation hinders efficient energy conversion [32]. Table 1 displays some 

important literature works connected with streaming potential and electroosmotic 

flow for Newtonian, Maxwell, and Oldroyd-B fluids in microchannels by mentioning 

critical determinations. 

 

Table 1 

Summary of some important literatures 

Flow 

Mechanism 

Types  

of Fluid 

Flow  

Actuation 

State  

of Flow 

Main findings of 

the Studied 

Refs. 

Streaming 

potential 

 

Newtonian No External 

fields 

Steady 

state 

Evaluated streaming 

potential, velocity, 

and EKEC 
efficiency. 

[66,236–

238,241] 

Streaming 

potential 

Newtonian Without/with 

magnetic field 

Steady 

state 

Evaluated streaming 

potential, velocity, 
temperature, Nusselt 

number, and 

entropy. 

[220,243,2

44,278–
280] 

Electroosmotic Newtonian Electromagnetic 

field, Hall 

current,  
ion slip 

Steady 

state 

Evaluated velocity, 

temperature, Nusselt 

number. 

[281–283] 

Streaming 

potential 

Newtonian, 

Maxwell 

magnetic field Time 

periodic 
pressure 

driven 

Evaluated streaming 

potential, velocity, 
and EKEC 

efficiency. 

[221,284] 

Streaming 

potential 

Maxwell, 

Oldroyd-B 

No external 

fields 

Transient 

effects 
vanished 

Evaluated streaming 

potential, velocity, 
and EKEC 

efficiency. 

[139,239] 

Electroosmotic Newtonian External electric 
and magnetic 

fields 

Unsteady 
and 

steady 

Evaluated transient 
velocity and steady 

temperature, Nusselt 

number, entropy 
generation. 

[285] 

Electroosmotic Oldroyd-B External electric 

and magnetic 

fields 

Unsteady Evaluated transient 

velocity and steady 

temperature, Nusselt 

number. 

[132] 

Electroosmotic Maxwell No external 

fields 

Unsteady Evaluated transient 

velocity. 

[128,286,2

87] 

 

 

2.7.1. Identified Research Gaps in Maxwell Fluid flow 

 

          Recent research has invented innovative approaches to improve microchannel 

streaming potential flow and EKEC efficiency. However, those studies have mainly 

focused on steady-state flow conditions and Newtonian fluids, neglecting Hall current 

and ion slip in microchannels. Newtonian models also cannot describe non-

Newtonian fluids used daily, such as biofluids, long-chain molecules, etc. 

Additionally, although some studies have examined unsteady electroosmotic flow for 
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Newtonian fluids and viscoelastic fluids, they have either neglected the streaming 

potential effect or assumed streaming potential for time-periodic oscillating flow 

when transient effects die out. Therefore, studies with transient behavior provide 

information on the actual flow velocity and EKEC efficiency in microchannels in 

real-world applications, especially for viscoelastic Maxwell fluids with slip-

dependent zeta potential. However, existing studies have already focused on the 

steady-state temperature distribution and the effect of streaming potential for 

Newtonian fluids. The intricate structure of porous media, with diverse pore sizes and 

geometries, requires careful consideration for accurately determining thermal 

conductivity, accounting for grain size distribution, and finite area contact. This is 

crucial, especially regarding the solid-to-fluid thermal conductivity ratio, as it 

examines the combined impact of nanofluids and porous media on microchannel heat 

transfer. Nevertheless, more work is necessary on the effects of relaxation time on 

heat transfer during transient states, particularly near initial and short time under jump 

boundary conditions. 

 

2.8. Time periodic EMHD flow of Oldroyd-B fluid model in microfluidic domains 

 

Microfluidics drives advancements in Micro-total Analysis Systems (𝜇TAS) 

and lab-on-a-chip (LOC) devices, with applications in microvalves [288], biochips 

[289], micropumps [290], environmental monitoring [291], energy harvesting [292], 

chemical separation [293], and biomedical diagnostics [294], to name a few. Flow 

regulation uses pressure gradients [295], concentration gradient [296], external 

magnetic field [220], external electromagnetic fields [67], and their innovative 

combinations. In electrolyte-filled microchannels, an electrical double layer (EDL) 

forms at charged surfaces. Pressure differences drive flow generating an electric 

current and a streaming potential which induces an opposing electroosmotic force 

that reduces flow rate. This effect known as the electroviscous effect mimics higher 

fluid viscosity [297]. Newtonian and viscoelastic fluids exhibit distinct flow 

behaviors, with viscoelastic fluids in biological systems [298], polymer solutions 

[299], and colloidal suspensions [300], causing instabilities in microdevices due to 

the interaction of elastic and viscous forces. Gong et al. [301] studied electroviscous 

forces in Newtonian fluids at low zeta potential, while Buren et al. [302] extended 

this to high zeta potentials in parallel-plate microchannels. EMHD micropumps use 

Lorentz forces to propel conductive liquids through microchannels, offering precise 

control [67]. Liu and Jian [303] demonstrated that flow-induced electrical potential 

and charge-induced viscous phenomena intensify with higher hydrodynamic slip 

coefficients, exhibiting reduced prominence in Newtonian fluids relative to Maxwell 

fluids.  

The rapid industrialization and heavy reliance on fossil fuels have 

significantly increased greenhouse gas emissions, raising concerns about climate 

change and environmental degradation [304]. Electrokinetic energy conversion 

(EKEC) efficiently transforms hydrodynamic energy into electricity via streaming 

currents, offering a scalable and sustainable alternative [305,306]. Microfluidic 

systems leveraging electrokinetic have gained traction for next-generation energy 

conversion, with applications in MEMS, self-powered sensors, and portable power 



Chapter 2. Literature review 

38 

 

sources. Xie et al. [305] found that pressure-dependent viscosity reduces EKEC 

efficiency, while Liu et al. [307] demonstrated that boundary slip enhances output 

power and efficiency, achieving 2.7 pW and 30%, respectively. Berli [269] showed 

improved efficiency in polymer-based power-law fluids. Gillespie [308] suggested 

that large ion arrangements in nanofluidic channels could enable over 50% efficiency. 

Jian et al. [239] reported a 25% efficiency for Maxwell fluids in time-periodic flow 

through soft nanochannels.  Ding et al. [139] observed a 19% efficiency increase in 

Oldroyd-B fluids at resonance frequency compared to Newtonian fluids. 

Fluid flow is crucial for efficient solute transport in microfluidic systems, ensuring 

precise dispersion, mass flow rate regulation, and separation process effectiveness. 

Taylor's [203] longitudinal dispersion equation and Aris’s [204] mathematical 

formulation describe how solute bands broaden due to hydrodynamic dispersion. This 

affects mass transfer, fluid mixing, and separation in microfluidic devices for tasks 

like sample preparation, reactions, and chemical processes. Peralta et al. [193] 

explored electroosmotic flow in Maxwell fluid to enhance mixing and separation in 

a micro-annulus. Mederos et al. [216] mass transport in a microcapillary with a 

reactive wall, where oscillatory electroosmotic flow of a Jeffreys fluid moved an 

electroneutral solute between reservoirs of differing concentrations. 

Fluid maldistribution in microchannels hampers heat exchanger efficiency and leads 

to uneven thermal performance [25]. Nanofluids particularly Fe3O4 based offer 

enhanced heat transfer benefiting applications in cooling systems drug delivery and 

magnetic cell separation [26,309]. The integration of MEMS technology enables 

precise fluid control advancing industries such as computing aerospace, nuclear 

energy, and hybrid vehicle [272]. Studies on Joule heating and viscous dissipation in 

Newtonian fluid microchannels highlight the role of electroviscous effects in 

boosting heat transfer [53,310]. Govindarajulu and Reddy [311] explored the MHD 

pulsating flow of a third-grade hybrid nanofluid in a rectangular channel, 

incorporating the effects of thermal radiation while disregarding electrokinetic 

influences. 

Energy loss is a key concern in practical applications, aiming to maintain 

quality while minimizing energy destruction, as per the second law of 

thermodynamics [312]. Entropy production distribution is vital in systems like solar 

collectors, heat exchangers, pumps, and microelectronic cooling [313]. Key causes 

of entropy generation include thermal gradients, fluid friction, flow driving forces, 

and ohmic losses in microfluidic devices [285]. Bejan [314] developed a framework 

for entropy minimization in thermal design, crucial for energy optimization and 

assessing irreversibility. Mieczkowski et al. [315] optimized a microscale thermal 

management system through entropy minimization using evolutionary optimization 

strategies. Table 2 presents key studies on electrokinetic flow in microchannels, 

highlighting significant findings for Newtonian, Maxwell, and Oldroyd-B fluids. 
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Table 2 

Summary of some important literatures 

Flow 

Mechanism 

Types 

of Fluid 

Flow 

Actuation 

State 

of Flow 

Main findings of 

the Studied 
Refs. 

Streaming 

potential 

 

Maxwell, 
Oldroyd-B 

No 

External 

fields 

Time 
periodic 

Evaluated velocity, 
and mass transport. 

[91,182,

316–

318] 

Streaming 

potential 
Newtonian 

Electro-

magnetic 
field 

Steady state 

Evaluated streaming 
potential, velocity, 

and EKEC 

efficiency. 

[135] 

Electroosmotic Newtonian 
No external 
fields 

Time 
periodic 

Evaluated velocity, 
and mass transport. 

[198,199
,319] 

Streaming 
potential 

Newtonian, 

power Law, 
Couple 

stress 

Electromagne
tic field 

Steady/unst
eady 

Evaluated streaming 

potential, velocity, 

and Nusselt number. 

[113,243

,320,321

] 

Electroosmotic Newtonian 
Electromagne

tic field 
Steady state 

Evaluated 
streaming, thermal 

field, Nusselt 

number and 
irreversibility 

metrics. 

[283] 

Streaming 

potential 
Newtonian 

No external 

fields 
Steady state 

Evaluated transient 

velocity, thermal 
field, convective 

heat and 

irreversibility 
metrics. 

[244] 

 

Without 
Electrokinetic 

Maxwell 
No external 
fields 

Time 
periodic 

Analysed flow, 

thermal field, 

convective heat and 

irreversibility 
metrics. 

[322] 

 

2.8.1. Identified research gaps in time-periodic EMHD flow 

 

Integrated microfluidic devices enable precise manipulation of ultra-low 

fluid volumes (nanoliters to picoliters), with applications spanning medical 

diagnostics, pharmaceutical development, environmental sensing, and tailored 

healthcare solutions. Prior research has predominantly analyzed oscillatory 

electroosmotic flow to characterize velocity and solute distribution profiles, 

incorporating slip velocity, thermal discontinuity constraints, and electromagnetic 

field interactions. However, these investigations prioritized Newtonian fluid 
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dynamics under electroviscous conditions, omitting external electromagnetic forces 

in momentum conservation frameworks. Notably, a scarcity of research exists on 

thermal and mass transport phenomena in oscillatory streaming potential-driven 

flows mediated by field-induced viscous interactions. 

 

2.9. Ion-selective membrane desalination in electroosmotic environments within 

nanochannels 

 

Access to freshwater is essential for human survival and socioeconomic 

development. However, the growing global population, coupled with climate change-

induced water scarcity, has intensified the pressure on traditional freshwater sources 

[323]. Two-thirds of humanity (4 billion people) annually endure severe water 

scarcity for at least one month, with nearly half this population concentrated in China 

and India [324]. In certain coastal areas, freshwater resources are extremely scarce, 

necessitating the extraction of significant amounts of freshwater from saline sources 

or even treated waste-water [325,326]. Across the world, more than two billion people 

still lack access to safe drinking water, creating serious risks to public health, 

community well-being, and economic development [327,328]. Each year, around 

485,000 deaths are linked to waterborne illnesses such as cholera and diarrhea, 

highlighting the pressing need to improve water safety and sanitation infrastructure 

globally [329]. Existing studies indicate that readily accessible freshwater resources 

comprise only about 2.5% of the world's total water, with significant reserves located 

in specific regions such as Canada, Siberia, Alaska, and Far East [330]. As the 

demand for freshwater continues to rise, it has become increasingly clear that new 

and reliable water sources are needed. One promising approach is desalination, which 

removes salt and other impurities from seawater or brackish water to produce clean, 

usable water. In recent years, desalination has gained growing attention as a practical 

way to help ease global water shortages [331].  

In response, technologies like reverse osmosis, electrodialysis, and ion-

exchange resins have been developed to treat seawater and brackish water, with the 

optimal choice hinging on feed water quality, energy use, and economic viability 

[332]. Although these conventional desalination methods each have their own 

advantages, they often face persistent challenges such as high energy consumption, 

environmental impacts, and cost inefficiency [325]. Reported efficiencies for multi-

stage flash (MSF), multi-effect distillation (MED), reverse osmosis (RO), and 

electrodialysis (ED) are approximately 44.4%, 8.4%, 41.1%, and 6.1%, respectively 

[331]. Similarly, reverse osmosis [333,334], another widely used desalination 

method, although more energy-efficient, still demands significant energy inputs and 

is susceptible to fouling, leading to decreased efficiency and increased operational 

costs [333,335,336]. Reverse osmosis (RO) is a leading membrane-based 

desalination process. Its present energy demand is about 3 kWh/m3, approaching the 

theoretical limit of 1 kWh/m3 for seawater containing 35 g/kg salt at 50% recovery 

[333].  

In response to these shortcomings, researchers have been exploring 

innovative desalination technologies that offer improved energy efficiency, reduced 
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environmental impact, and lower operational costs. One promising approach involves 

the use of nanochannel arrays, which leverage nanotechnology to enhance 

desalination processes. By manipulating the behaviour of water molecules at the nano 

scale, nanochannel arrays have the potential to revolutionize desalination technology, 

making it more sustainable and economically viable [337,338]. Innovative water 

purification techniques utilizing advanced physical principles remain central to 

addressing global freshwater scarcity, with ion-selective concentration polarization 

(ICP) emerging as a cutting-edge approach [338,339]. When a solid membrane comes 

into contact with a solution, it usually becomes electrically charged. This charge 

attracts ions with the opposite sign and repels ions with the same sign. As a result, an 

electric double layer (EDL) forms near the surface, and the collected charge can be 

used to produce electricity. At the micro and nano scale, membranes show unique ion 

transport behavior compared to large-scale systems [91]. The electrokinetic 

desalination process is governed by a sequence of interlinked phenomena that occur 

within nanoarray located at the centre of the nanochannel. Inside each of the 

nanoscale channels, the negatively charged walls and EDL along their surfaces where 

channel height is comparable to the Debye length, the EDLs from opposite walls 

overlap, filling most of the nanochannel cross-section with counter-ions while 

excluding co-ions [340]. This EDL overlap imparts strong cation selectivity to each 

nanochannel array, allowing mainly positively charged ions to pass through. As an 

electric field is applied across the system, this selective ion movement produces ion-

selective transport through the nanoarray, where cations migrate easily while anions 

are largely blocked. The imbalance in ion flux across the selective nanoarray gives 

rise to ion concentration polarization (ICP) at its interfaces [341]. Near the upstream 

(anodic) side of the array, ions are removed faster than they are replenished, forming 

an ion-depleted region with significantly reduced salt concentration. On the 

downstream (cathodic) side, ions accumulate, creating an ion-enriched region with 

elevated salinity [342]. These depletion and enrichment zones extend into the 

adjacent portions of the nanochannel, influencing the local electric field and 

electroosmotic flow patterns. The depleted zone effectively acts as a desalinated 

region, where the ionic concentration is greatly reduced, while the enriched zone 

corresponds to the brine region containing concentrated ions [343–345]. Together, 

these coupled electrokinetic effects EDL overlap, ion-selective transport, and ICP 

constitute the fundamental physical mechanism of electrokinetic desalination in the 

negatively charged nanoarray system. The significant difference between ion 

concentrations on two sides of an ISM gives rise to the ion concentration polarization 

(ICP) phenomenon [346].  

An electric field is applied across the horizonal nanochannel. Both reservoirs 

contain 0.1 M KCl, and the nanochannel has a negative surface charge (σsurf = -0.6 

C/m2) to favour K⁺ ion transport. A voltage of 5-170 V is applied across the reservoirs. 

The observed over-limiting current results from an increased Cl⁻ concentration inside 

the nanochannel, which enhances ionic conductivity [347]. Selective ion-exchange 

membranes have found extensive use across a range of applications, such as such as 

electro membrane processes, biomolecular separation, biosensing, and fuel cells 

[348–350].  Experimentally reported that the formation of strong convective vortices 
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on the depletion side of a nanochannel shortens the electroneutral diffusion boundary 

layer (DBL). This reduction in DBL thickness causes the transition from the limiting 

to the over-limiting resistance region [351]. An array of five nanochannels embedded 

within a horizontal microchannel was analysed, where the distance between 

neighbouring channels was varied to adjust the level of interaction. Larger spacing 

between channels resulted in stronger current intensification, while at higher 

voltages, electro-convective effects dominated and limited the interaction by 

suppressing diffusion layer growth [352]. A numerical simulation was performed to 

analyze the behavior of a U-shaped seven-nanochannel array microsystem. The study 

examined how external voltage and pressure influence key performance parameters 

such as current, maximum electric field, shear stress, and flow velocity [343]. The 

Poisson-Nernst-Planck (PNP) and Navier-Stokes equations were employed in a 

numerical simulation using a five-nanochannel array model embedded in a horizontal 

nanochannel to predict ion concentration, electric potential distribution, and energy 

consumption rate [23]. Desalination through overlapping electric double layers 

(EDLs) achieves the lowest power consumption of 1.2 kWh/m³ while delivering the 

highest desalination rate of up to 9.72 mL/min·cm², corresponding to 14 km³/day for 

a 1 cm² membrane area [331]. The permselective properties of ion-selective 

membranes have been applied to vertical nanochannels containing 10 arrays under an 

applied electric field. While they analyzed the velocity and concentration 

distributions of KCl, the economic feasibility of the system was not addressed [342]. 

A detailed techno-economic analysis is carried out in this study to assess the 

economic feasibility of using ion concentration polarization (ICP) for seawater 

desalination. ICP desalination offers the advantage of easily achieving partial 

desalination, a feature it shares with electrodialysis [353]. The minimum levelized 

cost of water is $25.9, $20.5, and $16.4 per m³ for concentrations of 10, 25, and 40 

g/kg, respectively. A salt removal efficiency of 98.95% and an average flow velocity 

of 0.56 mm/s were achieved using a five-nanochannel array under an applied voltage 

of 0.5 V and a pressure of 100 Pa. The total treatment cost was 2.08 $/m³, making this 

approach economically competitive with other electro-membrane desalination 

techniques [23].  

 

2.9.1. Research gaps in desalination process based on ion concentration 

polarization 

 

The ICP desalination system provides notable benefits for improving 

sensing and biosensing techniques, advancing desalination technologies, and 

supporting energy-harvesting applications. Its theoretical principles are especially 

applicable to arrangements of nano-slots or permselective materials, enabling the 

study of how spacing between channels affects the overall behavior of the array. This 

captures the essence of inter-channel interactions in both the Ohmic and limiting 

current regimes, where transport is primarily driven by electro-diffusion, and electro-

convection plays a minimal role. Most studies in the literature have concentrated on 

desalination using nanochannel arrays under electroosmotic flow, primarily 
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analysing velocity and concentration profiles within the system. A few works have 

also considered the effects of electroosmotic slip velocity boundary conditions. So 

far, research has not explored desalination in vertical nanochannel arrays, such as 

rectangular and hyperbolic shapes, where both electric fields and pressure gradients 

drive the flow, and there has been no comparison of how different geometries affect 

performance. Additionally, the economic feasibility of vertical-channel 

configurations for producing low-cost desalinated water with minimal electricity 

consumption remains unexplored. 

 

2.10. Integration of multi-objective optimization, multi-criteria decision-making 

strategies, and machine learning in lab-on-a-chip technologies 

 

A multi-objective Pareto front approach can balance maximum heat transfer 

rate and minimum entropy generation, leading to more efficient and sustainable 

system designs [33]. Rabiee et al. [354] used NSGA-II to optimize the figure of merit 

and minimize entropy production in a microchannel heat sink. Jangir and Jangir [144] 

introduced the Non-Dominated Gray Wolf Optimizer Algorithm (NSGWOA) for 

complex engineering challenges, optimizing fuel costs and emission efficiency.  

Cheng et al. [355] focused on minimizing thermal resistance and pumping power.  

Employing the NSGA-II multi-objective optimization algorithm and excluding 

streaming potential effects. Wang et al. [145] employed NSGA-II to optimize Nusselt 

number, and pressure loss, and utilized the Technique for Order of Preference by 

Similarity to Ideal Solution (TOPSIS) to identify the optimal solution. Li et al. [356] 

introduced the UN-based methane estimation with machine learning and multi-

objective optimization, aiming to improve the efficiency and accuracy of global 

methane concentration mapping.  

Recent research increasingly focuses on leveraging artificial intelligence 

(AI) tools for data analysis due to their simplicity, ease of use, and minimal memory 

requirements [357]. AI techniques include Artificial Neural Networks (ANN), 

Support Vector Machines (SVM), Adaptive Neuro-Fuzzy Inference Systems 

(ANFIS), and Evolutionary Algorithms. ANFIS, a hybrid technique, combines 

ANN's learning capabilities with Fuzzy Inference Systems (FIS) interpretability, 

enabling optimized and efficient modeling [358]. By minimizing an error metric, 

ANFIS maps inputs to outputs effectively [359]. Farahani et al. [360] explored 

combining jets with porous foam gradients for improved electrical efficiency, using 

ANFIS and Gaussian Process Regression (GPR) for accurate estimation. Nascimento 

et al. [361] used NSGA-III to optimize counter-flow plate-fin heat exchangers, 

achieving 55.4% and 72.3% pressure drop reductions on the hot and cold sides, 

respectively, validated by  

TOPSIS with CFD-generated datasets and ANN, ensuring accuracy and 

efficiency. Larranaga et al. [362] optimized unrestricted micro-fin geometries to 

minimize the performance evaluation criterion (PEC) while validating designs with 

machine learning models for accuracy and reliability. Baghban et al. [363] employed 

ANN to forecast nanofluid properties. Khan et al. [364] utilized ANN to investigate 

the electroosmotic flow of nanofluids. Nandagopal et al. [365] explored using 

advanced neural networks to predict liquid-liquid flow patterns. Naphonet al. 
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[366,367] applied ANN and ANFIS to study nanofluid flow characteristics under 

various conditions.  

 

2.10.1. Research gaps in the combined application of multi-objective optimization, 

TOPSIS, and ML 

 

The existing literature lacks studies on micro-heating/cooling systems 

designed to simultaneously maximize electroviscous heat transfer and minimize 

normalized entropy generation in microchannels. Furthermore, the NSGA-II 

algorithm’s potential for optimizing electrokinetic energy conversion (EKEC) 

efficiency while reducing entropy generation remains unexplored in this context. 

Notably, no studies have compared multi-objective optimization using a Non-

Dominated Gray Wolf Optimizer Algorithm (NSGWOA) and NSGA-II; this study 

addresses this gap by employing a Pareto-optimal solution to optimize the 

electroviscous heat transfer rate and entropy production. Current decision-making 

frameworks, such as TOPSIS, provide only suboptimal solutions, highlighting the 

need for advanced multi-objective strategies. 

A critical gap persists in modeling time-periodic streaming potential flows 

(e.g., Maxwell and Oldroyd-B fluids) for normalized heat transfer and entropy 

generation. While ANN predict Nusselt numbers in electroosmotic flows, machine 

learning methods like ANN and ANFIS have not been applied to analyze thermal 

irreversibility or entropy dynamics in these non-Newtonian fluids. Additionally, no 

comparative studies evaluate ANN and ANFIS for improving predictive accuracy in 

such systems. 

Resolving these challenges could redefine thermal control in microfluidic 

systems, advancing low-energy thermal regulation and thermodynamic efficiency 

enhancement for integrated microscale diagnostic platforms. 
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Chapter 3. Thermal transport in EMHD-driven Newtonian 

electroosmotic flow: second-order slip/jump effects 

3.1. Objectives of the chapter 

This study investigates heat transport behavior in electroosmotically 

driven microchannel flows under varying boundary conditions. The hydrodynamic 

analysis evaluates velocity profiles under hydrodynamic adherence (no-slip), linear 

slip velocity (first-order), and quadratic slip corrections (second-order) boundary 

regimes. Concurrently, thermal behavior is assessed for continuity of thermal fields 

(no-jump), linear temperature discontinuity (first-order), and nonlinear interfacial 

thermal resistance (second-order), all subjected to constant thermal flux boundary 

constraints. The governing equations for velocity, temperature, and heat transport are 

rigorously derived by incorporating pressure, electric, and magnetic forces. 

Key phenomena such as viscous dissipation, Joule heating, and thermal radiation are 

explored to quantify their impact on heat transfer dynamics. Analytical solutions and 

parametric insights provide a comprehensive framework for understanding 

microscale flow fundamentals, bridging critical gaps in design optimization. By 

consolidating these findings, this work advances knowledge in microscale thermal 

management, offering foundational insights to address emerging challenges in 

microfluidic devices and energy-efficient systems. 

 

3.2. Mathematical modelling and governing equations   

 

3.2.1. Physical formulation 

 

This study investigates the interplay of pressure-induced electrokinetic flow under 

electromagnetic fields within a rectangular microscale channel. The geometry 

comprises two parallel plates (height (2h), width (w) and length (L>>2h, w), enabling 

an infinite parallel-plate approximation (See Fig. 3.1). A coordinate system is adopted 

where the y-axis is normal to the channel walls, and the x-axis aligns with the flow 

direction. Due to symmetry about the y-axis, mathematical analysis is confined to the 

upper half (0≤y≤h). The dielectric electrolyte (permittivity ε), flows between 

uniformly charged walls under an axial pressure gradient (-dp/dx), an electric field 

(Ex). A uniform magnetic field (By) is oriented orthogonally to the flow direction, 

while uniform heat flux (qw) at the walls and an externally applied lateral electric field 

(Ez) are implemented.  The study assumes a small aspect ratio (w≫≫2h, L≫≫2h, 

w), enabling the approximation of the microchannel as an infinite parallel-plate 

system with negligible end effects. 
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     Fig. 3.1 Graphical illustration of a rectangular microchannel. 

 

3.2.2. Determination of EDL potential  

 

Some important assumptions are taken to present a mathematical analysis to establish 

the steps required for the theoretical estimation: 

(i) Streamline, incompressible, and developed flow. 

(ii) Constant thermo-physical properties. 

(iii)The channel walls satisfy a constant heat flux. 

(iv) The mathematical analysis is performed only in the upper half of the channel ( 

0 ≤ 𝑦 ≤ ℎ) due to symmetry about the x-axis. 

(v) Weak interfacial potentials are imposed to maintain consistency with the 

linearized electrostatic screening framework, ensuring analytical tractability in 

resolving EDL phenomena. 

(vi) The ion distribution within the electric double layer is governed by the Boltzmann 

equilibrium model. 

 

The spatial variation of electric potential within the interfacial charge layer is 

governed by the Poisson equation, which mathematically relates charge density  e  

to electrostatic potential gradients    [40,41], 

 2
0e                        (3.1) 

One can express e  as, 

 e v ve z n z n                        (3.2) 

where vz   represents the valency of positively and negatively charged species. n is 

the symmetric electrolyte having an equal amount of charge valency, where both co-
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ions and counter ions have the same charged value. The permittivity of the medium 

is defined by ε, where ε0 signifies the vacuum permittivity. The ions are idealized as 

volume less point charges, and their equilibrium spatial distribution follows the 

Boltzmann statistics, mathematically expressed as [43],  

0 exp
v

B a

z e
n n

k T




 
  

 
                                                                                              (3.3) 

Substituting Eq. (3.3) into Eq. (3.2) gives, 

  02 sinhe v v B an z e e z k T                                                                                  (3.4) 

Combining Eqs. (3.1) and (3.4) yields,   

   2
0 02 sinhv v B an e z e z k T                                                                         (3.5) 

Eq. (3.5) exhibits strong nonlinearity. However, in most practical scenarios, the 

interfacial electrostatic potential remains significantly lower than the thermal 

potential. Under the linearized low surface potential model, the hyperbolic sine term

 sinh v B aez k T can be approximated by its argument, simplifying the equation into 

a linear form  v B aez k T .  

The mathematical formulation and material characteristics defining the Debye 

screening  D  length is presented in Eq. (1.7) and  Dh  characterizes the 

electrohydrodynamic scaling between the half-channel dimension and the Debye 

screening length. Eq. (3.5) is reformulated in terms of normalized variables to 

emphasize its dimensionless structure, 

   2 2 2 sinh 0d dY K                                                                                (3.6) 

The dimensionless parameters used to express Eq. (3.6) in a dimensionless form are 

as follows: 

v B ae z k T  ;    ; and DK h                                                                 (3.7) 

By applying the Debye-Hückel linearization assumption, Eq. (3.7) simplifies into the 

following form, 

2 2 2 0d dY K                                                                                                 (3.8) 

In microchannel flow, the boundary wall upholds a constant zeta potential. It 

decreases progressively from the wall towards the center of the channel and reaches 

a minimum at the channel center. Consequently, the mathematical representations for 

the boundary conditions of the zeta potential are: 

1Y
 


 , 

0
0

Y
d dX


                              (3.9) 

Applying the boundary conditions (Eq. 3.9), the dimensionless EDL potential 

distribution is, 

   cosh coshKY K                                                                                                            (3.10) 
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As a result, the local total charge density can be calculated using Eqs. (3.4) and (3.10) 

in the following manner, 

 

 
2 0

2

cosh

cosh
e

KY
K

Kh

 
                     (3.11) 

                                                                               

3.2.3. Velocity field 

 

The fundamental conservation laws for mass and momentum within the fluid domain 

are expressed in vector notation as [129], 

div 0U                                                                                                               (3.12) 

and, 

  2P m     U U U F                                                                               (3.13) 

 where ρ is the fluid density, p is the hydrostatic pressure, dynamic viscosity of the 

fluid is denoted by μ. The velocity vector is given as, U≡(u,0,0), aligned along the 

axial direction. The electromagnetic body force per unit volume acting on a 

conducting fluid is governed by the generalized Lorentz force expression as, 

e  F J B E                  (3.14) 

The total current density J incorporates both Ohmic and convective contributions: 

 e e   J E U B .                  (3.15) 

Here, B  is the magnetic field vector perpendicular to the flow direction. In the 

present model, the fluid is subjected to an externally applied electric field vector 

 ,0,x zE E E , and a transverse magnetic field  0, ,0yBB . Rewriting Eq. 

(3.13) in scalar form under the influence of a hydrodynamic electromagnetic field in 

the x-direction yields,  

2
2

2
0e x e z y e y

dp d u
E E B uB

dx dy
m                       (3.16) 

 

To address Eq. (3.16), the boundary conditions incorporate second-order velocity slip 

constraints. Given the symmetrical velocity profile relative to the channel’s central 

axis (Y-axis), the velocity gradient at the central axis vanishes, expressed in non-

dimensional form as, 

2

1 2 2

1

0

Y

dU d U
U a a

dY dY


 
   

 
 

,

0

0

Y

dU

dY


 
 

 
            (3.17) 

where HSU u u , HSu  represents the reference electro-osmotic velocity, also 

known as the Helmholtz-Smoluchowski velocity. Here,  1 1a a h , and 
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 2 2a a h  denotes the dimensionless slip length for first order and second order 

respectively.  

 

Now, Eq. (3.16) is in dimensionless form as follows, 

 

 

2
2 2

2

cosh
0

cosh

KYd U
Ha U Ha K

KdY
                                                                (3.18) 

where, y eHa hB  m  is the Hartmann number, 2
HS

dp
h u

dx
m

 
   

 
 is a 

dimensionless pressure gradient. The transverse electric field magnitude is defined 

by y ehB  m  . The non-dimensional velocity distribution is then derived by 

solving Eq. (3.18) using the boundary conditions provided in Eq. (3.17). 

   1 4 3cosh coshU A A HaY A KY                                                                       (3.19) 

where 

 

 
1 2

Ha
A

Ha


 ; 

 

2

2 2 2

K
A

K Ha



; 

 
2

3
cosh

A
A

K
 ;             

 

     

2
2 1 2 2 3 1

4 2
1 2

sinh

cosh sinh cosh

A A A K a A Ka K
A

Ha a Ha Ha a Ha Ha

  


 
                                                  (3.20) 

 

3.2.4. Energy equation and heat transfer 

 

This research investigates heat transfer dynamics in microscale channels under 

coupled electromagnetic and hydrodynamic interactions for Newtonian fluids. To 

achieve this, the governing energy conservation equation is employed to model 

temperature response, 

22 2

2 2

r
p T

qT T T u
c u k j

x y yx y
 m

       
              

             (3.21)  

The isobaric specific heat capacity  pc , local thermal field (T) and volumetric 

resistive heating rate  j  define the thermal properties. Dimensionless thermal 

constraints at walls include a quadratic temperature discontinuity. Owing to 

symmetry in the temperature profile about the Y-axis, the central boundary condition 

enforces a vanishing thermal gradient, 

2

1 2 2

1

0

Y

d d
d d

dY dY

 




 
   

 
 

, 

0

0

Y

d

dY





 
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 
             (3.22) 
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When the flow attains thermal equilibrium (thermally fully developed), the axial 

temperature gradient becomes invariant, satisfying: This condition can be expressed 

as 2 2 0T x   . Here, 1 1d d h  and 2 2d d h  are dimensionless first order jump 

and second order parameters respectively.  The mean velocity across the channel is 

calculated by averaging the velocity profile over the channel height a, 

0

1
h

avU udy
h

 

The average velocity, av av HSU u u is obtained from Eq. (3.19), 

 1 5 6sinh sinh( )avU A A Ha A K                                                                             (3.23) 

where, 5 4A A Ha  and 6 3A A K                                                                               (3.24) 

The viscous energy dissipation is from of the following expression:  

 
1

2
0

0

a dU dY dY                                                                                                  (3.25) 

Eq. (3.25) is integrated using Eq. (3.19): 

   

       
0 1 2 3

4 5

sinh 2 sinh 2

cosh sinh cosh sinh

a F Ha F K F

F K Ha F Ha K

  

 
                  (3.26) 

where  

2
1 7 4F A Ha ; 

2
2 8 4F A K ;  2 2

3 7 82 2F A A  ;   2 2
4 7 82F A A K K Ha  ;  

 2 2
5 7 82F A A Ha K Ha  ; 7 4A HaA ; 8 3A KA                                                   (3.27) 

The thermal equilibrium analysis for an infinitesimal fluid segment spanning a 

differential axial length(dy) of the channel is expressed as, 

 

 

 

1 22

0

1 HS
w

M

p av

u dU
q Nr h j dY

h dYdT

dy h c U

m



  
     

   



                     (3.28) 

where, 3
316 3e TNr T kk  is a dimensionless thermal radiation parameter [67]. The 

governing physical parameters for thermal radiation phenomena are comprehensively 

defined within the derived framework in Eq. (1.8). The non-dimensional energy 

equation can be written from Eqs. (3.21), (3.25), (3.26), and (3.28) in the following 

form: 

       

22
0

2
1

1 1 1 1

h h

av

J Bra Jd U Br dU

U Nr Nr Nr Nr dYdY

    
       

       
                           (3.29) 

 The dimensionless Joule heating coefficient  h wJ jh q  characterizes the ratio of 

ohmic dissipation to the prescribed constant wall heat flux. The Brinkman number 
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(Br) quantifies viscous energy losses relative to conductive thermal transport. Eq. 

(3.29) is solved for the dimensionless temperature profile using the boundary 

conditions defined in Eqs. (3.29) and (3.22). 

       2
1 2 3 4 5cosh cosh cosh 2 cosh 2H Y H HaY H KY H HaY H KY       

       

   
6 7

8 1

sinh sinh cosh cosh

sinh sinh

H HaY KY H HaY KY

H HaY KY C

 

 
                                               (3.30) 

 

where, 

       
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       7 8cosh cosh sinh sinhH Ha K H Ha K                                           
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              (3.31) 

The mean thermal profile across the flow domain is determined by evaluating the 

integral derived from Eqs. (3.30) and (3.31)  
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The dimensionless bulk-mean temperature is obtained from the following 

mathematical expression:  

1 1

0 0

m U dY UdY                                                                                                (3.33) 

Eq. (3.34) defines the Nusselt number (Nu) using the hydraulic mean diameter as 

follows 

4c h T mNu h d k                                                                                              (3.34)  

where ch  refers to the coefficient of convective heat exchange. The findings, derived 

from this study, will be elaborated in subsequent sections to provide comprehensive 

insights into the role of second-order slip/jump conditions in convective heat transfer. 

This work bridges a critical gap in non-equilibrium flow modeling and establishes a 

benchmark for future research in microscale thermal engineering. 

 

3.3. Results and discussion 

 

This investigation performs a systematic review of existing research on 

microscale fluid dynamics and constructs an exact analytical model to analyse EMHD 

flow in rectangular microchannels, integrating pressure-driven and electroosmotic 

mechanisms. The framework calculates dimensionless velocity, temperature 

distributions, and heat transfer efficiency (Nusselt number) by incorporating second-

order boundary conditions for velocity slip and temperature discontinuity. The model 

also includes energy contributions from viscous friction, electrical resistive heating, 

and radiative heat transfer. All dimensionless parameters adhere to permissible 

validated ranges, ensuring relevance to practical microdevice engineering. Variables 

such as externally applied magnetic fields, transverse electric potentials, 
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electrokinetic dimensions, and energy dissipation factors are analysed to quantify 

their impact on flow and thermal performance. 

In this work, Ha varies from 0.01 to 0.1 for the permissible EMHD 

micropumps (10 for the maximum permissible range), h~100 μm, σe~10 S/m,  the 

spectrum of applied magnetics flux density (
yB ) is 1 to 100T, Ω varies from 0 to 10 

(100 for the maximum permissible limit), 𝑢𝐻𝑆~100 μms-1, μ~10-3 Pa-s, O(Ez)~1 Vm-

1, Brinkman number (Br) is 0-0.01, K=5-40, Γ=1, and Nr=0-2  which are taken from 

the published literature with the physical acceptability [127,129]. 

  

3.3.1. Validation and verification 

 

In order to validate the present analysis, Fig. 3.2a is depicted the velocity distribution 

determined by the present study and the published work [129] with the different 

magnitudes of Hartman number (Ha), ignoring the electric field, and no-slip boundary 

conditions i.e., 𝑎̅1=0, and 𝑎̅2=0. The exact matching of results indicates the 

correctness of the velocity distribution predicted by the present study. The figure 

demonstrates that elevated Ha suppress electroosmotic velocity, with higher Ha 

values correlating to reduced flow magnitudes. It highlights from this figure that, an 

increase in Hartman number declines the electroosmotic flow velocity.   

A numerical validation approach applies the finite difference technique to compute 

dimensionless velocity and temperature profiles, as well as the Nusselt number, to 

verify the accuracy of the analytical model under slip boundary effects. Governing 

Eqs. (3.18) and (3.29) are approximated using a second-order spatial discretization 

scheme. The discretized system is computationally resolved via a Gauss-Seidel 

iteration protocol, integrating multiscale slip kinematics and interfacial thermal 

resistance phenomena. Fig. 3.2b depicts the temperature distribution evaluated by the 

present analysis and the numerical method based on the finite-difference approach 

for the pure electroosmotic flow. Here, pressure gradient, transverse electric field, 

thermal radiation, and viscous dissipation (Γ=0, Ω=0, Nr=0, Br=0) have been 

considered in no-jump boundary conditions, with a small magnetic field (Ha=0.01) 

employed to maintain the generality of the analysis. The results determined by 

Sadeghi and Saidi [127] are also plotted in the same figure for the comparative 

information. A good agreement of results among the different prediction methods 

shows the authentication of the present analytical results in rectangular 

microchannels.  

The subsequent sections will explore the outcomes of this investigation, evaluating 

velocity distributions, thermal gradients, and heat transfer performance under 

electromagnetic field interactions. These analyses employ experimentally validated 

ranges of dimensionless flow parameters and incorporate higher-order slip boundary 

effects, ensuring alignment with microscale flow dynamics. Detailed insights into the 

interplay of electro-magneto-hydrodynamic forces and slip mechanisms will be 

presented to advance understanding of non-equilibrium transport phenomena. 
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(a) (b) 

Fig. 3.2 Validation of the present analysis: (a) velocity distribution determined by 

present analysis and published work [129], and (b) temperature distribution 

determined by present analytical and numerical analyses, and published work [127]  

in microchannels. 

 

3.3.2. Fluid flow of Newtonian fluids 

 

(i) Velocity distribution 

 

Figure 3.3 evaluates the interplay of electromagnetic coupling on velocity 

distributions across hydrodynamic slip regimes (no-slip, first-order, and second-order 

slip). At low Ha, Г modulate velocity via Lorentz force interactions, with peak 

velocities concentrated along the channel centre-line. Under elevated Ha and second-

order slip (Fig. 3.3a), velocity amplification occurs due to intensified electromagnetic 

contributions. This behavior stems from competing axial pressure gradients, flow-

enhancing e z yE B  and flow-impeding 
2

e yuB components as defined in Eq. (3.16), 

which collectively dictate velocity morphology. These trends underscore how 

electromagnetic parameters and interfacial slip govern microscale hydrodynamics, 

emphasizing non-equilibrium phenomena in advanced fluidic systems.  
In high Г regimes (Г=10), the dominance of flow-assisting forces boosts 

bulk velocity, while no-slip conditions (Kn<0.001) anchor flow stagnation at walls 

due to molecular adhesion. Comparative analysis of slip models reveals distinct 

behaviours: first-order slip (𝑎̅1=0.12 and 𝑎̅2=0)  moderately elevates near-wall 

velocity, whereas second-order slip (𝑎̅1=0.12 and 𝑎̅2=0.0048) further enhances flow 

by accounting for transitional rarefaction effects 0.001 0.01Kn  . The Knudsen 

number (Kn) emerges as a critical factor, governing slip magnitude through 

molecular mean free path dynamics, higher Kn reduces intermolecular collisions, 

amplifying wall slip as molecules interact more with boundaries. At Kn=0.08, 

second-order slip predicts intermediate velocities between no-slip and first-order 

models under Ha=1, highlighting transitional sensitivity to slip approximations. This 
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bridging behavior underscores the necessity of higher-order models in capturing 

nuanced momentum transfer where electromagnetic forces and rarefaction coexist. 

Enhanced slip conditions (Kn≥0.001) reduce viscous drag, increasing throughput by 

mitigating wall resistance, while molecular interactions at boundaries create velocity 

gradients critical for microscale systems as shown in Fig.3.3b. These insights 

emphasize the role of electromagnetic-thermal coupling, interfacial slip, and 

molecular rarefaction in optimizing microfluidic design, particularly in applications 

requiring precise flow control, such as lab-on-a-chip devices or MEMS/NEMS 

technologies operating near molecular flow regimes. 

. 
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Fig. 3.3 Velocity profile dependence on hydrodynamic slip regimes in 

microchannels under fixed parameters (K=10, Ω=10, and Г=1): 

(a) 2nd order slip dynamics, and (b) comparative assessment of adherent, linear-

shear, and curvature-dependent boundary regimes. 

Figure 3.4 examines the velocity profile of an EMHD flow under varying Ω 

with a focus on hydrodynamic slip effects. Increasing Г elevates flow velocity 

significantly, particularly under second-order slip regimes, as shown in Fig. 3.4a. 

However, at Ω=0, a velocity reduction near the channel center arises due to the 

absence of lateral electric forces, leaving magnetic damping (Ha) as the primary flow-

impeding mechanism. Under no-slip conditions (Fig. 3.4b), minimal molecular 

rarefaction (Kn≈0) restricts flow near walls, while slip boundaries enhance velocity 

by reducing viscous drag through near-wall molecular interactions (Knudsen layer 

effects). Rarefaction effects (Kn) amplify mass flow rates by promoting slip, critical 

in microscale systems dominated by surface phenomena. Comparative analysis (Fig. 

3.4b) confirms that slip boundaries boost throughput by mitigating wall resistance. 

These insights underscore the interplay of electromagnetic forces, molecular-scale 

interactions, and boundary conditions in modulating microscale transport, offering 

pathways to optimize microfluidic systems through parameter tuning for enhanced 

energy efficiency and mass transfer in applications like lab-on-a-chip devices. 
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(a) 2nd order-slip 
(b) Comparison of no-slip, 1st order, 

and 2nd order-slips at Ω=10 

  
Fig. 3.4 Influences of on velocity distributions in microchannels for K=10, Ha=1, 

and Г=1: (a) 2nd order interfacial dynamics, and (b) comparative assessment of 

adherent, linear-shear, and curvature-dependent boundary regimes at Ω = 10.  

 

3.3.3. Thermal analysis of Newtonian fluids 

 

(i) Temperature field 

 

Figure 3.5 analyses temperature profiles in microchannels under varying Ha 

and boundary conditions. For second-order temperature jump (Fig. 3.5a), 

low Ha without transverse electric fields suppresses flow-aiding forces, leaving only 

resistive components. Higher Ha reduces velocity (due to electromagnetic resistance) 

and elevates fluid temperature, as slower advection weakens convective cooling. 

Dimensionless temperature rises at elevated Ha due to faster reduction in the 

denominator (scaling term) compared to the numerator (thermal energy). 

Temperature gradients intensify slightly under jump conditions versus no-

jump cases (Fig. 3.5b), as thermal energy transfer to the fluid increases with boundary 

discontinuities. These trends highlight how electromagnetic forces and boundary 

thermal dynamics jointly govern microscale heat transfer. 
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(a) 2nd order jump 
(b) Comparison of no-jump, 1st order-
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Fig. 3.5 Effects of Hartmann number on temperature distributions in microchannel 

flow at K=10, Ω=0, Br=0.01, Jh=1, Г=1, Nr=1, 𝑑̅1=0.12, and 𝑑̅2=0.0048: (a) 2nd 

order jump, and (b) comparison of no-jump, 1st order jump, and 2nd order jump at 

Ha = 1. 

 

Figure 3.6 analyse thermal dynamics in microchannels under 

electromagnetic and rarefied flow regimes with the transverse electric field disabled 

(Ω=0). In this scenario, thermal gradients are governed primarily by magnetic 

damping (Ha), where elevated Ha (>1) flattens velocity profiles, enhancing 

conductive heat transfer and reducing temperature gradients across the channel as 

depicted in Fig.3.6a. At lower Ha (0.05≤Ha≤1), the absence of lateral electric forces 

results in velocity stagnation near walls (See Fig.3.4a), diminishing advective cooling 

and elevating local temperatures compared to Ω>0 cases. Under no-slip/no-jump 

conditions (Kn=0.08), symmetric thermal profiles exhibit sharp near-wall gradients 

due to rarefaction-induced molecular disequilibrium, where sparse fluid-wall 

collisions limit energy exchange. First and second-order slip conditions (𝑑̅1=0.12, and 

𝑑̅2 =0.0048) partially mitigate interfacial thermal contrasts, though reduced 

electromagnetic complexity (Ω=0) yields milder stratification than systems with 

active lateral fields. Elevated Kn (≥0.001) amplifies slip effects, increasing mass flow 

while moderating temperature disparities in the absence of competing 

electromagnetic forces as shown in Fig.3.6b. These insights emphasize 

optimizing Ha and Kn for thermal management in systems prioritizing 

electromagnetic simplicity, such as lab-on-a-chip devices requiring balanced 

conductive-advective heat transfer under rarefied, non-equilibrium conditions. 
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Fig. 3.6 Variation of temperature profiles in microchannels with different Ha at 

K=10, Ω=0, Br=0.01, Jh=1, Г=1, Nr=1, 𝑑̅1=0.12, and 𝑑̅2 =0.0048: (a) 2nd order 

jump, and (b) comparison of no-jump, 1st order jump, and 2nd order jump at Ha = 

8.0. 

 

Figure 3.7 illustrates the normalized temperature profile across the system 

under varying intensities of Nr). The results highlight the significant influence of 

radiative heat transfer on temperature distribution patterns. When Joule heating 

(energy from electrical resistance) and viscous dissipation (heat from fluid friction) 

are present, increasing the thermal radiation parameter (Nr) correlates with a 

reduction in normalized temperature values. This trend arises because thermal 

radiation introduces energy into the fluid, elevating its local temperature. However, 

the non-dimensional scaling framework used in the analysis accounts for this energy 

input in a way that inversely relates radiative effects to the normalized temperature 

metric. Thus, while radiation physically amplifies thermal energy, its representation 

in the non-dimensional system reflects a balancing mechanism that reduces the scaled 

temperature parameter. This interplay underscores the importance of radiative heat 

transfer in modulating thermal behavior under combined electromagnetic and viscous 

effects. 
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Fig. 3.7 Dependence of thermal profile on Ha in microchannel flow under specified 

conditions at K=10, Ω=10, Br=0.01, Ha=1, Jh=1, Г=1, 𝒅̅1=0.12, and 𝒅̅2 =0.0048: (a) 

Second-order jump, and (b) comparative analysis of no-jump, 1st order jump, and 

2nd order jump at Nr = 0.75. 

 

(ii) Nusselt number estimations for heat transfer 

 

Figure 3.8 examines the dependence of Nu on Ha in transverse 

electromagnetic environments, evaluated across distinct K values. The trend of these 

curves for Nu initially declines with Ha, reaches a minimum value at a particular Ha, 

and after that, it rises with Ha, as displayed in Fig. 3.8a. Therefore, there is a 

critical Hartmann number (Hac) at which Nu becomes a minimum. In other words, 

Nusselt number distributions with Ha have two distinct regimes based on the 

critical Ha. At a constant K, the Nusselt number decreases in the first region, whereas 

a counteractive heat transfer response emerges in the second region. The effect 

of K always provides a high value of Nu. Nu has also been determined numerically, 

and these results have been plotted in Fig. 3.8. Additionally, boundary condition 

comparisons reveal that scenarios without temperature discontinuity (no-jump) 

achieve the highest Nu, maximizing thermal transfer capacity compared to cases 

incorporating temperature jump effects (Fig. 3.8b). This underscores the critical 

influence of boundary conditions on optimizing heat management in 

electromagnetohydrodynamic systems. 

 

 



Chapter 3. Newtonian fluid electroosmotic flow 

61 

 

0.0 0.5 1.0 1.5 2.0
8.3

8.9

9.5

10.1

10.7

11.3

d1=0,d2=0

N
u

Ha

 Present study,K=4

 Present study,K=6

 Present study,K=8

 Present study,K=10

 Present study,Numerical

 

0.0 0.5 1.0 1.5 2.0
6.4

6.7

7.0

7.3

7.6

7.9

8.2

N
u

Ha

 Present study, K=4

 Present study,K=6

 Present study,K=8

 Present study,K=10

 Present study,Numerical

d1=0.131455,d2=0

 

(a) No jump  (b) 1st order jump 

 

Fig. 3.8  Influence of magnetic field intensity on thermal performance (Nu) as a 

function of  K under fixed parameters Br=0.01, Ω=3, Г=1, Jh=1, Nr=0: (a) no jump, 

and (b) 1st order jump boundary conditions 

 

3.4.  Summary and outcomes 

 

This investigation explores EMHD electroosmotic flow in rectangular 

microchannels through an innovative analytical framework, revealing distinctive 

behavioural patterns in microscale transport phenomena. The model integrates 

multiscale interfacial momentum anomalies and thermal discontinuity phenomena, 

coupled with energy dissipation mechanisms such as viscous friction, electrical 

resistive heating, and radiative heat transfer. Key findings demonstrate that the 

Hartmann number (Ha) exerts a pronounced impact on velocity profiles and thermal 

distributions, irrespective of the presence of transverse electric fields (Ω). At water-

repellent interfaces, Ha governs flow regulation by identifying zones of reduced 

velocity and shear stress. 

In scenarios devoid of transverse electric fields, flow velocity escalates 

incrementally with rising Ha at lower magnitudes. Thermal gradients intensify with 

increasing Ha up to a threshold of 1, beyond which an inverse relationship emerges. 

Conversely, under weak transverse electric fields, temperature rises monotonically 

with Ha. The study further examines rarefaction impacts within rectangular 

microchannels under second-order slip and temperature jump constraints, revealing 

that velocity and temperature profiles diverge markedly from those predicted by first-

order or no-slip models. 

Notably, under transverse electric fields, the Nu exhibits a dependency 

on Ha, modulated by the parameter K. Below a critical Ha threshold, Nu inversely 

correlates with Ha; beyond this point, the trend reverses. These revelations enhance 

the comprehension of thermal transport in EMHD-actuated systems, providing 
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actionable insights for refining thermal regulation in microfluidic platforms and 

energy-efficient including miniaturized biomedical or chemical analysis platforms. 

The analytical approach underscores the interplay between electromagnetic forces, 

boundary conditions, and energy dissipation, advancing predictive capabilities in 

non-equilibrium microscale flows. 
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Chapter 4. Time-periodic electroosmotic flow and mass transfer 

analysis for Oldroyd-B fluids 

 

4.1. Objectives of the chapter 

 

This study investigates oscillatory electroosmotic flow dynamics in 

Oldroyd-B viscoelastic fluids under sinusoidal variations of velocity, electric fields, 

pressure gradients, shear stress, flow rate, and concentration. A computational 

approach combines finite difference discretization and MATLAB’s bvp4c solver to 

resolve electrical potential distributions without zeta potential constraints. Semi-

analytical methods derive oscillatory velocity profiles in parallel-plate 

microchannels, incorporating slip boundary conditions and zeta potential variations 

(high/low). The distribution of velocity within the flow field is significantly governed 

by the surface electrostatic potential, the viscoelastic characteristics of the fluid, and 

boundary slip phenomena 

A key innovation lies in optimizing mass transport of viscoelastic fluids via 

oscillatory field parameters under tunable zeta potentials at microchannel walls. This 

strategy enhances mixing and transport efficiency in microscale systems, bridging 

gaps in understanding viscoelastic fluid behavior under coupled electrokinetic and 

oscillatory forcing. The methodology and findings offer insights for designing 

advanced microfluidic devices leveraging time-dependent electromagnetic fields and 

tailored boundary conditions. 

 

4.2. Physical aspect and mathematical formulation 

 

This research examines oscillatory electroosmotic flow of viscoelastic 

Oldroyd-B fluids within a parallel-plate microchannel. The setup involves a parallel-

plate microchannel, with Fig. 4.1 depicting the geometry and coordinate framework. 

A Cartesian coordinate system is centred midway between the plates, with the x-axis 

aligned along the flow direction and the y-axis perpendicular to the plates. The 

channel’s height 2h  and width w are negligible compared to its length (L), satisfying 

2L h  and  2w h . Symmetry about the x-axis allows analysis to focus on the 

upper half  0 y h  .The channel contains an incompressible electrolyte with 

dielectric constant  ε .Channel walls maintain a uniform zeta potential. A time-

periodic electric field  Ex , and oscillatory pressure gradient  p x  drive fluid 

motion. The system links two reservoirs with distinct solute concentrations (c1 and c2

), maintaining identical solute types. The Oldroyd-B constitutive model describes the 

viscoelastic fluid’s stress-strain behavior, capturing nonlinear rheological responses 

under oscillatory electrokinetic forcing. This framework enables exploration of 

periodic flow dynamics influenced by viscoelasticity, electric fields, and pressure 

gradients in microscale geometries.  
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Fig. 4.1 Graphical representation of a parallel-plate fluidic microchannel. 

 

4.2.1. EDL potential 

 

The Poisson-Boltzmann equation determines electrical potential and charge density, 

balancing electrostatic and ionic diffusion effects by relating potential variations to 

charge distribution [49]: 

2
e     ,  02 sinhe v v B avn z e ez k T   ,               (4.1) 

Y y h , and K kh                              (4.2) 

The symbols are introduced in Eqs. (1.7), while the governing equations are outlined 

in Eqs. (3.1) -(3.7). By applying the transformation given in Eq. (4.2), Eq. (4.1) can 

be reformulated in a dimensionless form as follows, 

 2 2 sinh 0K                      (4.3) 

Under the one-dimensional flow assumption, the necessary boundary conditions to 

solve Equation (4.3) are established as follows: 

0
dψ dY 0

Y
  , 

1
ψ ξ

Y
                  (4.4) 

 

4.2.2. Velocity distribution 

 

This study analyses a spatially invariant, transient fluid flow, where the governing 

equations for mass conservation and momentum balance are formulated in a 

generalized framework, 

0 U                     (4.5) 

  t p        U U U σ F               (4.6) 
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The momentum balance equation for the Oldroyd-B viscoelastic fluid model 

incorporates rheological adjustments to account for time-dependent stress relaxation 

and retardation effects, as outlined [186]: 

    2 12t p m            1U U U σ A F               (4.7) 

Eq. (4.7) is commonly utilized in the analysis of non-Newtonian fluid flow, where  

U  represents the velocity vector of the viscoelastic fluid. The constitutive parameters 

1  and 2  denote the relaxation and retardation times, respectively, and it is assumed 

1 2  . The elastic stress tensor 1σ  depends on the strain rate tensor, 

 = + 2T A U U  represents the rate of the strain tensor. The notations F are 

introduced in Eq. (3.15). An oscillatory flow by a time-harmonic applied voltage with 

the electric field, imposed pressure gradient, stress tensor, and volume flow rate 

becomes a complex form with the following exponential variables: 

  0u=Im i tu e  ,  0=Im i t
xE E e  ,   0=Im i tp x dp dx e   , 

                                                  0=Im i t
y x yxe    , and  0=Im i tq q e                    (4.8)  

In this context, Im  represents the imaginary component of a complex-valued 

parameter, t  is the time, and i  symbolizes an imaginary number. 0u , 0E ,  0dp dx

, 0
yx , and 0q  are the complex amplitude of velocity, electric field, pressure gradient, 

shear stress, and volumetric flow rate, respectively.   is the angular frequency The 

Oldroyd-B constitutive model characterizes the rheological response of viscoelastic 

fluids, capturing both elastic and viscous behaviors. For unidirectional flow 

scenarios, the momentum balance equation specific to this model is expressed as 

follows [186], 

   1 2 11yx yx t u y   m                          (4.9) 

where  yx  is the shear stress. Symmetry at the channel center and hydrophobicity-

induced Navier slip (slip length a ) at the wall are imposed as: 

0
0

y
du dy


 ,   0

y h
u adu dy


                 (4.10) 

The normalised parameters and variables used are defined as, 

HSU u u ; 0 0 HSU u u  ;  0HSu E m   ; t  ; 

 2Re h   m ; a a h ;  20
HS

dp
h u

dx
m

 
   

 
            (4.11) 

Here,  2
1 1 = λ μ ρh  quantifies the balance between the fluid’s elastic and viscous 

properties. A simplified form of the governing Eq. (4.7) using Eq. (4.11) can be 

normalized as, 
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 
2 2 2 2

20
02

sinh 0
Re Re

d U K
U

i idY  




  
                 (4.12) 

where U0 is the dimensionless complex amplitude of velocity, 

 
1

1

Re (1 Re )
=

1 Re r

i i

i

 





 

 
 
 
 

is the dimensionless parameter, and Г quantifies the 

relative strength of pressure-driven to electroosmotic driving forces, and Reω defined 

by the oscillatory flow frequency. λr=(λ2/λ1) defines the retardation time to the 

relaxation time ratio. For the special case, when λr=0, the Oldroyd-B model becomes 

the Maxwell model. The dimensionless boundary conditions for Eq. (4.12), derived 

from Eqs. (4.8), (4.10), and (4.11), are: 

0 0
0

Y
dU dY


 ,  0 0 1

0
Y

U a dU dY


               (4.13) 

The solution of Eq. (4.12) is made with the help of Eqs. (4.8) and (4.13) and can be 

expressed by applying the complementary function and particular integral methods 

as, 

 

 

   

0

i
2

0 0

cosh
Re

, Im e

sinh e sinh e
2 Re

Y Y
Y Y Y Y

c Y
i

U Y
K

e dY e dY
i








 


   

  
   

  
        

   
   

 

 

                                                                                                               (4.14) 

 

 

   

   

1 1

1 2

0 0
0

e sinh e e sinh e

cosh sinh

Y YA dY A dY

c
a

    


 
 


     

 
  

   Re cosh sinhi a




    

                       (4.15) 

       2 2 2
1 2 Re 2 ReA K i K a i      ,

       2 2 2
2 2 Re 2 ReA K i K a i                                                                  (4.16) 

The dimensionless flow rate per unit width under time-periodic conditions is 

calculated from the velocity profile as, 

   
1

0

,
2 HS Y

q
Q U Y dY

hu
 



                   (4.17) 

Combining Eqs. (4.14) and (4.17) results, 
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 

 

   

0

12

0 0 0

sinh

Re

Im

sinh sinh
2 Re

i
Y Y

Y Y Y Y

c

i

Q e
K

e e dY e e dY dY
i










 


   

  
  

   
                      

  

 

                                                                                                                             (4.18) 

4.2.3. Concentration distribution 

 

The solute concentration field  , ,c x y t  and molar diffusion coefficient D govern 

species transport dynamics. Spatial variations in velocity profiles lead to non-uniform 

solute distributions across the microchannel's cross-sectional area. The framework 

assumes no reciprocal influence between solute transport and the surrounding electric 

potential field. The flow behavior is dictated entirely by the carrier electrolyte’s 

hydrodynamic characteristics. Accordingly, the solute concentration profile is 

governed by the species conservation equation derived in reference [214], 

   2 2 2 2c t u c x D c x c y                          (4.19) 

Here,  , ,c x y t  is the solute concentration field and D  denotes molar diffusion 

coefficient. The non-uniformity of the velocity distribution causes the concentration 

of species non-uniform at any cross-section of the parallel plate microchannel. An 

imposed flow oscillation effect on  , ,c x y t , due to the superposition of oscillatory 

influence of the velocity on the species concentration  ,uc y t and a linear  

concentration distribution, known as the Chatwin approximation [199,209], is written 

mathematically as, 

   1 2 1( , , ) ,uc x y t c c c x L c y t                                                                                        (4.20) 

Conditions at the boundaries at the channel's two ends i.e.,   10
, y,

x
c x t c


  and 

  2, y,
x L

c x t c


   linked to Eq. (4.20) are not satisfied in the presence of  ,uc y t

.Yet by disregarding the final consequences, it is an adequate approximation because 

.L h  

The boundary conditions in the y-direction can be expressed as [65,368], 

   , , , , 0
y h

c x y t d c x y t y


                    (4.21) 

where d is the concentration slip length. After transient effects subsideed, one can 

stated Eq. (4.19) in the following scaled form for a periodic response by combining 

Eq. (4.20) and  0Im i t
u uc c e  as, 

0 2 0 2
0Re u D ui ScC Pe U d C dY                 (4.22) 
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where, diffusive Pѐclet number is represented by  D HSPe u h D , Schimdt number 

denoted as,  Sc D , the aspect ratio by  h L  , is the dimensionless imposed 

flow oscillation effect on the concentration distribution, and 0
uC  is the complex 

amplitude of convective part of the concentration field produced by the oscillation 

effect. Eq. (4.22) is treated to the following scaled boundary conditions: 

0

0
0u

Y
dC dY


  , 0 0

1
0u u

Y
C b C dY



  
 

                           (4.23) 

where,  b b h is a normalized mass slip factor.   

 

4.2.4. Tidal displacement 

 

 The oscillatory flow is governed by the angular frequency of the additional electric 

field, which modifies the reference velocity. Consequently, scaled parameters 

dependent on this velocity exhibit frequency-dependent variation. For this reason, 

some dimensionless parameters vary as they have been normalized based on the 

reference velocity. To evaluate bulk mass transport in time periodic flows, the tidal 

displacement  z  serves as a useful metric for comparing overall mass transport 

under time-dependent conditions. It is defined as the cross-stream averaged 

maximum axial distance travelled by fluid elements during half a cycle of oscillation 

[211,212]. 

 
0 0

1
,

h

y t

z u y t dt dy
h




 

                   (4.24)  

where =2π/ω is the periodic oscillation. By introducing dimensionless variables, the 

tidal displacement becomes, 

1

0 0

HS

Y

uz
Z U d dY

h h








 


                    (4.25) 

Equivalently, in terms of the function  0U Y , Eq. (4.25) changes to, 

 
1

0

0

2HS

Y

u
Z i U Y dY

h


                   (4.26)  

For the flow dependent on the angular frequency, the Péclet number is redefined as, 

 0

Re

Im 2

Z Sc
Pe

i U





                  (4.27) 
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 where 0U  denotes the cross-sectional average of the function  0U Y . Here, it can 

be noted that the time-averaged mass transport maintains always a fixed value of Z

for each flow.  

  

  

4.2.5.  Mass transport rate 

 

The combined effects of convective and diffusive transport of the solute from the 

high-concentration buffer to the low-concentration buffer within the microchannel 

determine the net mass transfer throughout a single oscillation cycle. For a single 

fluctuations period, the circumference of the microchannel and the mass flow rate, 

summed over time, are calculated as [213,216], 

2

0 0

1

2

h

x x

y t

m J dt dy
h

 



 

                   (4.28) 

wherein, xJ  is the contemporaneous mass flux caused by diffusive and convective 

actions in the x-direction. 

      , , , , ,xJ u y t c x y t D c x y t x                  (4.29) 

The following formula can be used to get the devoid of dimensions mean mass 

transfer rate for the cyclic electroosmotic flow based on the velocity and 

concentration distributions:  

 
   

1
0

0
1 2 0

1
2

x
x u

Y

m L Pe
m U Y C Y dY

D c c





   
                               (4.30) 

where  0U Y  is the function of velocity amplitude,  0
uC Y  is the complex conjugate 

of the function of  0
uC Y and ℝ represents the real part of the product of these two 

functions.  

 

4.3. Numerical scheme 

 

     In the current study, the finite-difference approach is devised for estimating the 

solution of the potential distribution field. Employing the Simpson's 1/3rd law, 

numerical integrations of Eqs. (4.14), (4.18), and (4.30) assess the semi-analytical 

outcomes of the time-harmonic distribution of the speed, volumetric liquid flow rate, 

and mass transfer rate respectively. 

              A finite-difference code is established to solve Eq. (4.22) with the 

concentration slip boundary conditions Eq. (4.23). A Tridiagonal matrix algorithm 

(TDMA) employs to determine all unknowns by solving the algebraic linear system 

of equations. The concentration is determined by the semi-analytical solution with 

the time-periodic electroosmotic velocity distribution. 

 

ℝ 
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4.4. Results and discussion 

 

This study investigates oscillatory electroosmotic flow of viscoelastic Oldroyd-B 

fluids in a parallel-plate microchannel with hydrodynamic slip boundary conditions 

at the walls. The analysis employs a dimensionless framework to generalize the 

results. The following parameters governing the electroosmotic flow are adopted for 

quantitative evaluation: 0.1≤h≤15 μm, ρ~103 kgm-3, λ1≤0.01 s, μ~10-3 Pa-s, E0≤105 

Vm-1, D~10-9-10-10 m2s-1, L~10-2 m, ε~10-10 CV-1m, 25≤ξ≤200 mV, and 0.1≤ω≤100 

rad s-1 [131,190,192,193]. In alignment with prior studies E0≤105 Vm-1 [205,216], 

Ohmic current effects are neglected in this analysis, eliminating the need to 

incorporate associated parameters within the energy equation. Consequently, thermal 

effects are excluded from the investigation. To uphold the validity of the steady-state 

EDL assumption, the selected relaxation time the λ1 is constrained to be significantly 

shorter than the oscillation period 2π/ω of the applied electric field. This ensures the 

product of the electric field frequency and relaxation time (ω) remains below 

𝜆̅
1Reω<2π [131,216]. For all the present calculations, we employ ∆z=1, Λ=0.001, and 

Sc=1000, as Ramon et al. [205] and Mederos et al. [216] considered.  

 

4.4.1. Validation and verification 

 

MATLAB bvp4c scheme appoints for the numerical results by solving Eq. (4.3). Fig. 

4.2 compares the results for the electrical potential determined by the present and 

Vasista et al. [49] analyses in the case of high zeta potential for the validation purpose. 

This figure illustrates the accuracy of the present work by showing that the results 

obtained are in excellent agreement with previously reported findings. 
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Fig. 4.2 Comparison of normalised electrical potential distribution at ξ̅=2 predicted 

by the present work and Vasista et al [49]. 

The validation of the present velocity and concentration distributions cannot verify 

their accuracy directly due to the unavailability of results in the literature. Therefore, 

we must validate the present study separately for the above flow parameters with 
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some assumptions. Figs. 4.3a and 4.3b, respectively, compare the current analysis for 

velocity amplitude with Liu et al. [191] and Liu et al. [131] for the Newtonian and 

Maxwell fluid. These figures plotted in this study consider a real part of pure 

electroosmotic flow velocity amplitude for Newtonian and Maxwell fluids as a 

function of coordinate Y. A maximum deviation of 2.7% is observed compared to 

Liu et al. [131] at 𝜆̅
1Reω=2π. Overall, a good agreement of results finds the 

appropriate analysis presented under the tested condition. 

A comparison of mass transfer plotted in Fig. 4.4 of the current study and those 

reported by Mederos et al. [216] for a Newtonian fluid shows a piece of validation 

information. For calculating the mass transfer, non-dimensional parameters 

participate as  ξ̅=1, Sc=1000, 𝜆̅
1Reω=0, Г=0, λr=0, 𝑎̅=0, and 𝑏̅=0 The mass transport 

rate as a proportion of angular Reynolds number is calculated in a Cartesian 

coordinate and compared with the cylindrical coordinate used in a previous study for 

qualitatively matching purposes. Again, the trend of results shown is obvious to 

demonstrate correct predictions. 
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(a) K=20, ξ̅=-1, Reω=0.1, λ̅1Reω=0, 

Г=0 

(b) K=20, ξ̅=1, Reω=100, λ̅1Reω=2π, 

Г=0 

 

Fig. 4.3 Validation of present study for velocity amplitude at no-slip, a̅=0: (a) 

Newtonian fluid with Liu et al. [191] and (b) Maxwell fluid with Liu et al. [131]. 
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Fig. 4.4 Evaluation of current and Mederos et al. [216] results for mass transfer as 

function of angular Reynolds (Reω) number for Newtonian fluid. 

(i) Velocity profile 

 

Figure 4.5 illustrates the velocity profile of a time-periodic, pressure-driven 

oscillatory electroosmotic flow in an Oldroyd-B fluid under significant zeta potential, 

plotted as a function of the Y-coordinate. The graphical results demonstrate the 

effects of relaxation time, zeta potential, retardation time, and time phase on the 

velocity field. The flow parameters for the fixed values of K=10, Г=1, 𝑎̅=0.1, Reω=30, 

𝜉=̅2, λr=0.05, τ=π/2, and different values of  𝜆̅
1=0, 0.1, 0.15, 0.18, and 0.2 are taken 

to generate the results. The asymmetric plug-like velocity is observed for a 

Newtonian fluid, and this influence is a minimum at the center of the channel. For a 

particular value of λr=0.05 and larger values of 𝜆̅
1, the elastic nature of fluid becomes 

more pronounced. As the elasticity (𝜆̅
1) increases, the velocity profile within the EDL 

oscillates rapidly rather than at the channel's core The oscillation period remains 

shorter than the characteristic diffusion time scale, limiting momentum transport to 

peripheral regions and preventing penetration into the flow's core. As expected, the 

flow velocity profile restricts only close to the channel walls in the thin EDL zone. It 

can be noted that the amplitude of velocity for a higher elastic fluid (𝜆̅
1=0.18) 

increases by 18.45%. In the case of the 𝜆̅
1=0.2, it enhances by 21.01%. These 

increments are from the reference fluid having 𝜆̅
1=0.1. 
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Fig. 4.5 Time-periodic velocity distribution of Oldroyd-B fluid across the channel 

(λr≠0) at slip conditions. 

Figure 4.6 illustrates the velocity distribution along the Y axis. The 𝜉 ̅

physically arises from ion formation within the EDL. Velocity profiles are analysed 

under varying 𝜉  ̅while, holding K=10, Г=1, and τ=π/2 constant. The potential force 

close to the walls near the EDL zone is required to improve to increase the value of 

𝜉.̅ The velocity rises near the microchannel wall and attains a maximum value for 

viscoelastic fluid. For varying values of 𝜉,̅ the peak velocity value moves away from 

the surface when the time cycle is present. In particular, the slip velocity has increased 

approximately 142.75% for the zeta potential at 𝜉=̅4 compared with that at 𝜉=̅0.1as 

illustrated in Fig. 4.6a. The generation of ions in the EDL leads to the activation of 

the zeta potential 𝜉.̅ In other words, Enhanced counterion concentration within the 

EDL elevates the 𝜉.̅ intensifying the electromotive force acting on fluid particles. 

Near the EDL interface, velocity amplitudes peak due to this amplified driving force. 

Velocity magnitudes rise proportionally with 𝜉,̅ until a critical threshold, beyond 

which nonlinear deviations emerge (Fig. 4.6a). Fig. 4.6b displays the combined 

effects of relaxation time, zeta potential, retardation time, and dimensionless physical 

time on the fluid velocity. Fig. 4.6c analyses the influence of Reω on velocity profile. 

velocity profiles remain nearly uniform throughout the channel at a lower Reω, 

indicating that the momentum diffusion time is shorter than the electric field's 

oscillatory time. In this situation, there is adequate time for momentum diffusion from 

the EDL to the centre of the channel. On the other hand, at elevated Reω momentum 

diffusion timescales exceed the oscillation period, resulting in sharp velocity 

gradients near the walls and heterogeneous axial flow profiles. More significant 

velocity gradients appear near the wall for the high value of Reω. Another parameter 

for this non-uniformity in velocity profile is elasticity, as already shown in Fig. 4.5. 

Next, a study is conducted for the velocity profiles for both Maxwell and Oldroyd-B 

fluids at a fixed value of 𝜆̅
1. Maxwell fluid’s velocity amplitude is larger than 

Oldroyd-B fluid in the whole flow field. The Maxwell fluid only exhibits the 
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relaxation time effect, whereas both relaxation and retardation times are present in 

the Oldroyd-B fluid. Therefore, the elasticity of the Maxwell fluid is a key 

characteristic; the combined electroosmotic and pressure-driven force is more 

effective in the Maxwell fluid to increase the velocity amplitude. On the other hand, 

the velocity profile is more oscillating by applying an external periodic electric field 

for the Oldroyd-B fluid for λr<0.2. From the physical aspect, it is evident that the 

elastic effect is more outweighs than the viscous impact. Conversely, the 

conventional viscous effect dominates with the increase in δ value, and the velocity 

variations behave as a plug-like flow in the whole flow field. Fig. 4.6d investigates 

the influences of the velocity slip parameter on the flow velocity. An increment trend 

of the slip velocity occurs when the slip parameter gradually increases at the wall of 

the channel. Consequently, the slip-modified boundary velocity amplifies the fluid's 

acceleration gradient near the surface compared to free-slip scenarios. It reveals that 

the velocity increases gradually with 𝑎̅ due to the more involvement of the relative 

motion of molecules at the interface.  

 

0.0 0.2 0.4 0.6 0.8 1.0
-3

-1

1

3

5

U
(Y

,
)

Y

  = 0.1

  = 2.0

  = 3.0

  = 4.0

 

0.0 0.2 0.4 0.6 0.8 1.0
-4

-2

0

2

4

6

U
(Y

,
)

Y

 r = 0  r = 0.01

 r = 0.05  r = 0.3

 r = 0.5  r = 0.7

 
(a) λr=0.05, Reω=30, a̅=0.1 (b) ξ̅=2, Reω=30, a̅=0.1 

 

  

 



Chapter 4. Oldroyd-B fluid electroosmotic flow 

75 

 

0.0 0.2 0.4 0.6 0.8 1.0
-2

-1

0

1

2

3

4

5

U
(Y

,
)

Y

 Re = 0.1   Re = 5

 Re = 10  Re = 15 

 Re = 20   Re = 30

 

0.0 0.2 0.4 0.6 0.8 1.0
-2

-1

0

1

2

3

U
(Y

,
)

Y

 a = 0

 a = 0.01

 a = 0.05

 a = 0.1
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Fig. 4.6 Time periodic velocity profile of Oldroyd-B fluid across the channel at slip 

conditions: (a) variation of ξ̅, (b) variation of λr (c) variation of Reω , and (d) 

variation of a̅. 

Finally, an effort has been dedicated to plotting some results to show the 

importance of the present model. Figure 4.7 highlights the significance of the 

proposed model by comparing normalized velocity profiles of Oldroyd-B, Maxwell, 

and Newtonian fluids under fixed parameters K=20, 𝜉=̅2, Г=1, Reω =10, 𝜆̅
1=0.2, and 

τ=π/2 with λr governing rheological transitions. At λr=0, the Oldroyd-B model 

reduces to a Maxwell fluid, dominated by elastic effects, while approaching 

Newtonian behavior as λr→1, where viscous forces prevail. The analysis validates 

the framework’s versatility, showing precise alignment of Maxwell and Newtonian 

velocity profiles with theoretical expectations under no-slip conditions, while 

intermediate Oldroyd-B cases (λr=0.05, 0.3) exhibit transitional dynamics as depicted 

in Fig. 4.7a. Slip effects (𝑎̅→0) markedly enhance near-wall velocities, amplified 

further by harmonic pressure gradients, substantial zeta potentials, and viscoelasticity 

is shown in Fig. 4.7b.  Increasing λr intensifies viscous retardation, diminishing peak 

velocities, whereas lower λr emphasizes elastic relaxation, augmenting oscillatory 

responses. Newtonian fluids achieve maximal velocity gradients under no-slip 

conditions, Maxwell fluids highlight elastic lag, and Oldroyd-B fluids balance both 

effects, tunable via λr. This comparative study underscores the role of viscoelastic 

parameters and slips boundary in microfluidic transport, offering insights for 

optimizing non-Newtonian systems in applications requiring tailored flow control. 
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Fig. 4.7  Comparison of normalised velocity profile between Oldroyd-B (0˂ λr˂1), 

Maxwell, and Newtonian fluids: (a) no-slip boundary conditions, and (b) slip 

boundary condition. 

 

(ii) Volume flow rate 

 

           Figure 4.8 predicts the variations of dimensionless volumetric flow rate in the 

channel against K, evaluated at fixed values Г=1, τ=π/2, 𝜆̅
1=0.2, Reω=30, and λr=0.05, 

for both low and high zeta potentials. With increased K, the number of active ions per 

unit thickness enhances. Therefore, the velocity adjacent to the wall, as well as the 

flow rate, amplifies. Far away from the EDL, ions are motionless. The increase in the 

volume flow rate for high zeta potential 𝜉=̅2, 3, and 4 with respect to that for a low 

zeta potential 𝜉=̅0.1, are 0.95%, 3.08%, and 9.32%, respectively. 

 

0 10 20 30 40 50
0.0

0.1

0.2

0.3

0.4

Q
(

)

K

  = 0.1

  = 2

  = 3

  = 4

 
Fig. 4.8 Dimensionless volumetric flow rate under hydrodynamic slip conditions as 

a function of parameter K, evaluated across varying ξ̅. 
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Figure 4.9 analyses Q vs Reω under fixed parameters K=10 

K=10, 𝜆̅
1=0.2, λr=0.05, τ=π/2, and 𝑎̅=0.1 for 𝜉=̅2. Here, it can be noted from the 

relation Г=(-dp0/dx)/(μuHS) that, Г>0 denotes an assisting pressure gradient (aligned 

with electroosmotic flow), while Г<0 signifies an opposing gradient, respectively. 

The situation enhances flow oscillation amplitude and wall slip velocity due to 

synergistic pressure and electrokinetic forces, whereas an adverse pressure gradient 

Г<0 suppresses flow dynamics. Notably, the pure electroosmotic case (Г=0) exhibits 

minimal oscillatory effects, emphasizing the role of unidirectional electrokinetic 

driving forces. The volume flow rate decreases significantly as the negative pressure 

gradient is employed. Therefore, the volume flow rate diminishes with an adverse 

pressure gradient. A nearly flat (constant) volume flow rate occurs for the Oldroyd-

B fluid with the increase in Reω.  
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Fig. 4.9 Variation of non-dimensional volumetric flow rate with slip boundary 

conditions as a function of Reω for different values of ξ̅. 

(iii) Concentration profile     

  For the influence of sinusoidal pulsations, Fig. 4.10 examines solute 

concentration profiles along the dimensionless transverse coordinate Y under 

sinusoidal pulsations, with fixed parameters K=10, Г=1, λr=0.05, Reω=30, 𝑎̅=0.1, and 

𝑏̅=0.1. Significant transverse heterogeneity in solute distribution is observed due to 

pulsatile flow dynamics. Fig. 4.10a elevated 𝜉 ̅ enhances concentration gradients, 

amplifying the periodic oscillations in solute distribution. Near EDL, viscous effects 

dominate, resulting in pronounced solute accumulation. 

Increasing the relaxation 𝜆̅
1 on the concentration distribution is presented in 

Fig. 4.10b demonstrates that increasing 𝜆̅
1. enhances the amplitude of periodic 

concentration oscillations, a consequence of delayed stress relaxation in viscoelastic 

fluids. Higher Reω localize momentum diffusion near the EDL, limiting transverse 

dispersion and steepening velocity gradients, which intensify solute advection. 
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Temporal evolution of concentration profiles (Fig. 4.10c) reveals finite momentum 

propagation delays from the EDL to the channel core, modulated by viscoelastic 

memory effects that introduce phase lags in solute redistribution. For micro-mixing 

applications, viscoelastic fluids at elevated Reω exhibit superior oscillatory dispersion 

(τ=π/4), leveraging chaotic advection for enhanced mixing efficiency, a stark contrast 

to diffusion-dominated Newtonian systems. This interplay of elastic memory, 

pulsatile dynamics, and electrokinetic forces underscores the potential for optimizing 

microfluidic devices through tailored viscoelastic working fluids. 
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Fig. 4.10 Oscillatory solute distribution in Oldroyd-B viscoelastic flow with slip-

enhanced mass transport: (a) effect of zeta potential ξ̅, (b) impact of relaxation 

parameter λ̅1, and  (c) time-dependent evolution τ. 
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(iv) Mass flow rate  

 

Impact of Reω on mass transfer rate in Oldroyd-B fluid across the channel is depicted 

in Fig. 4.11. The parameter set adopted for mass transfer rate analysis comprises 

K=50, 𝜉=̅2, and Г=1. Fig. 4.11a illustrates the dimensionless mass transport of the 

Oldroyd-B fluid against Reω, which serves as a normalized frequency metric, under 

high zeta potential and no-slip boundary conditions. The cross-over phenomena 

appear for a combination of physical values of Oldroyd-B fluid. It reveals that the 

mass flow rate increases with Reω and its oscillation increases with an increase in 𝜆̅
1 

due to the uneven flow velocity profiles, as shown in Figs. 4.5 and 4.6c. Fig. 4.11b 

contrasts the oscillatory-flow-induced mass transfer performance of Maxwell and 

Oldroyd-B viscoelastic fluids. At low Reω, inert solutes exhibit sluggish reaction 

kinetics, leading to amplified mass flow rates dominated by density-mediated 

transport phenomena when other system variables remain fixed. 
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Fig. 4.11 Variation of mass transfer rate across a channel of Oldroyd-B fluid as a 

function of Reω: (a) for different values of  λ̅1, and (b) for different values of λr. 
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4.5. Summary and outcomes 

 

 This work proposes a semi-analytical framework to analyse oscillatory 

combined electroosmotic-pressure-driven transport of viscoelastic Oldroyd-B fluids 

in a planar microchannel. The fluid flow occurs at high or low zeta potential fields. 

The imaginary part of the complex variables provides the fluid velocity and 

concentration governing equations to a set of nonlinear and nonhomogeneous types. 

At the peak point, the velocity amplitude for a higher elasticity λ̅1=0.18 increases by 

18.45% compared to that for a lower elasticity (λ̅1=0.1). A comparative analysis of 

Maxwell and Oldroyd-B fluid velocity profiles under fixed parameter conditions 

reveals distinct dynamic behaviors. The study highlights a direct correlation between 

zeta potential magnitudes and spatial amplification of both velocity and concentration 

amplitudes across the channel.          

In contrast, the flow velocity is firmly dependent on viscous and elastic 

forces. The oscillating flow behavior is more significant for elastic force when the 

viscous force is an auxiliary influence. However, the viscous force reduces the 

oscillatory behavior when the elastic force affects secondarily. The flow velocity does 

not change significantly at the center of the channel, but it increases slowly with the 

zeta potential. 

The peak speed has amplified approximately 142.75% for ξ̅=4 with respect 

to ξ̅=0.1. The volume flow rates under high zeta potentials, viz. ξ̅=2, 3 and 4, were 

boosted by 0.95%, 3.08%, and 9.32%, respectively, compared to that under the low 

zeta potential ξ̅=0.1. The concentration magnitude exhibits negligible fluctuations 

under slip-enhanced mass transport conditions. 

Analysis demonstrates that oscillatory electric fields at τ=π/4 significantly enhance 

mixing and dispersion efficiency within the channel. This phenomenon becomes 

pronounced near the electric double layer (EDL) interface, where high-amplitude 

electrokinetic forces dominate. Furthermore, angular Reynolds number-dependent 

resonant modes modulate mass transfer rates and species separation dynamics, 

reflecting the interplay between oscillatory flow frequencies and viscoelastic stress 

relaxation. Due to the elastic and viscous properties, the Oldroyd-B fluid’s mass 

transfer rate increases compared to the Maxwell fluid. Finally, the present semi-

analytical studies can provide better analysis to study the physical behavior of 

oscillating charged species of Oldroyd-B fluid in microchannels. A single analysis 

presented in this study also determines the flow properties of the Maxwell and 

Newtonian fluids by choosing the appropriate viscoelastic parameter. The 

comparative results of different fluids will identify a suitable viscoelastic fluid to 

obtain more mass transfer rate under the same design condition.
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Chapter 5. Entropy generation in EMHD driven streaming potential 

flow: couple stress Casson fluid dynamic analysis 

 

5.1. Objectives of the chapter 

 

This investigation explores EMHD streaming potential dynamics in a 

planar microchannel using a Casson fluid model that incorporates couple-stress 

effects. Asymmetric zeta potentials, velocity slip, and thermal discontinuity 

conditions are imposed at the channel boundaries to simulate interfacial electrokinetic 

phenomena. Electromagnetic field coupling significantly modulates EKEC 

efficiency, particularly through slip-modulated zeta potential adjustments. Velocity 

field characteristics are thermodynamically coupled with temperature distributions 

through ohmic heating and viscoelastic stress mechanisms. External electromagnetic 

fields induce Joule heating, creating measurable thermal gradients within the fluid. 

Counteracting this, intensified thermal radiation along the channel axis elevates 

localized entropy generation, highlighting the system’s energy dissipation 

mechanisms. The present results show that the couple stress and Casson parameters 

influence the development of streaming potential, electrokinetic energy conversion 

(EKEC) efficiency, temperature, Nusselt number, and Bejan number for 

asymmetric velocity slip and temperature jump circumstances. According to the 

present results, the EKEC efficiency increases with a slip-dependent zeta potential of 

couple stress Casson fluid, couple stress fluid, Casson fluid, and Newtonian fluid by 

45.92 %, 47.10 %, 42.81 %, and 37.68 %, respectively, compared to that for the slip-

independent zeta potential. At the centre of the microchannel for the jump boundary 

conditions, temperature increases by 2.95 % compared to no jump boundary 

conditions. 

 

5.2. Physical aspects and mathematical formulations 

 

This work examines the steady, incompressible flow of a rheologically 

complex fluid (Casson model with couple-stress effects) within a parallel-plate 

microchannel featuring non-uniform surface charges. The analysis focuses on 

characterizing interconnected phenomena, including streaming potential generation, 

EKEC efficiency, hydrodynamic velocity profiles, thermal transport, and entropy 

production under MHD conditions. A pressure gradient along the axial direction (x-

axis) drives the flow.  Fig. 5.1 provides a schematic representation of the geometry, 

where the channel walls are separated by 2h, with width (w) and length (L). The 

coordinate system aligns the x-axis parallel to the walls and the y-axis perpendicular 

to them. 

The study assumes a small aspect ratio (w≫≫2h, L≫≫2h, w), enabling the 

approximation of the microchannel as an infinite parallel-plate system with negligible 

end effects. Consequently, the two-dimensional electrokinetic flow simplifies to a 

https://www.sciencedirect.com/topics/chemical-engineering/nusselt-number
https://www.sciencedirect.com/topics/engineering/slip-velocity
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/zeta-potential
https://www.sciencedirect.com/topics/engineering/zeta-potential
https://www.sciencedirect.com/topics/engineering/microchannel
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one-dimensional formulation dependent solely on the y-coordinate. The 

microchannel is filled with an incompressible electrolyte solution (permittivity ε) and 

its hydrophobic walls exhibit asymmetric zeta potentials influenced by ion 

concentration gradients and interfacial slip lengths. In flow scenarios actuated by 

pressure differentials, a self-generated streaming potential (Es) emerges opposing 

fluid motion, even in the absence of an externally imposed electric field aligned with 

the fluid's direction. A uniform magnetic field (By) is oriented orthogonally to the 

flow direction, while uniform heat flux (qw) at the walls and an externally applied 

lateral electric field (Ez) are implemented. The model assumes spatially separated 

EDL at the channel boundaries. 

 

 
Fig. 5.1  Schematic diagram of a parallel plate microchannel flow. 

 

5.2.1. EDL potential 

 

The mathematical framework outlined in prior sections employs the linearized 

electrostatics model (low surface potential approximation) to derive the scaled 

electric potential profile in non-dimensional form, 
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Normalised variables introduce below for the analysis: 
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The upper and lower channel walls exhibit distinct zeta potentials 1  and 2 , 

respectively.  Under the linearized low surface potential model, both potentials are 

scaled to unity  1 2 1    corresponding to dimensional values of 

1 2 25 mV   . As noted in prior work [138] the simplified electrostatic 

framework remains applicable for potentials satisfying  1 2 2a a   , aligning with 

weakly charged surface regimes. 

The analysis emphasizes that hydrodynamic slip conditions modulate interfacial 

potentials at the upper and lower walls due to ion redistribution within the EDL. 

These normalized potentials, governed by slip effects, are defined as, 

 1

1 1 1
1

sinh
1a a K


 



 
  
 
 

and
 2

2 2 1
2

sinh
1a a K


 



 
  
 
 

                                  (5.3) 

where 1a  and 2a  are the apparent surface potential at the top and bottom 

boundaries.  

Eq. (5.1) employs the following boundary conditions, derived from the 1D flow 

model, 
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The EDL potential distribution obtained can be written as, 
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5.2.2. Velocity distribution 

 

This study employs a steady-state, fully developed flow model for a Casson fluid 

incorporating couple-stress effects, and generalizes the continuity and Cauchy 

momentum equations for this flow as [66,228,230], 

0 U                                  

(5.7) 

       1 2 1 2y B cp p  m m       U U c U  

            2  m      U U F                (5.8) 

where U denote the velocity field, c the mass-specific couple , ρ the fluid density, p 

is the hydrostatic pressure, (υ, μ) are the dynamic viscosity coefficients, and η  the 

couple-stress viscosity. This study neglects the elements of the body couple force. 
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The Casson fluid model describes the viscoplastic fluid rheological behavior. The 

rheological model for the unidirectional flow can be described as [228], 
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The Casson rheological parameter is expressed as 
2 c

B
yp


 m
 
 
 
 

, where ij  and 

ije   correspond to the shear stress and strain rate tensors, respectively. yp  represents 

the yield stress,   represents the scalar invariant of the strain rate tensor, and c  

signifies its critical threshold for viscoplastic behavior. The parameter Bm  

characterizes the plastic viscosity of the non-Newtonian fluid under shear. The 

volumetric body force F  arising from electromagnetic interactions, incorporates 

contributions from the Lorentz force and induced electric fields. This electromagnetic 

body force is defined as [124], 

e  F J B E                  (5.10) 

The system incorporates an induced electric field E ,  and a magnetic flux density B  

oriented orthogonally to the flow direction. The current density J ,governed by Ohm’s 

law is formulated as [124], 

 e e   J U B E                 (5.11) 

Here, e  presents the electrolyte's electrical conductivity. For laminar flows with 

axially invariant velocity gradients (i.e., stabilized velocity profiles), the momentum 

equations governing a Casson fluid with couple-stress effects reduce along the x-

direction in Cartesian coordinates to: 
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Hydrophobic effects at the channel walls are captured through Navier slip boundary 

conditions, with unique slip coefficients assigned to the top and bottom surfaces, 
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 where 1a  and 1a  represent the hydrodynamic slip coefficients at the top and bottom 

channel boundaries, respectively. The dimensionless variables and scaling factors 

applied to Eq. (5.15) are formulated as: 

 



Chapter 5. Couple stress Casson fluid streaming potential analysis 

85 

 

h
m




 , s

ref

E
E

E
 ,

y
Y

h
 ,

 
 

b a ref

ref
v

k T E
u

e z



m
 ,

ref

u
U

u
 ,

 

2

ref

dp
h

dx

um

 
 
 

  ,   

 
z

ref y

E

u B
   , e

yHa B H


m
                                      (5.14) 

where γ signifies the couple stress parameter, quantifying elastic effects in the fluid.  

sE denotes the dimensionless streaming potential induced along the x-axis. refu  

serves as the reference velocity for normalization., Г represents the non-dimensional 

pressure gradient driving the flow, Ω corresponds to the dimensionless lateral electric 

field parameter,  Ha (Hartmann number) characterizes the relative influence of the 

magnetic field on viscous forces. Eq. (5.12) can be simplified using Eq. (5.14) which 

is in a normalised form as,  

4 2
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            (5.15) 

This analysis derives three limiting scenarios from the unified framework of Eq. 

(5.15). Case (I) Casson Fluid Limit, β=1, and γ→∞ ; The model reduces to a standard 

Casson fluid, eliminating couple-stress effects while retaining viscoplasticity.  Case 

(II) Couple-Stress Fluid Limit, β→∞ and γ=1; the framework simplifies to a couple-

stress fluid, preserving elastic stresses but omitting yield-stress behavior. Case (III) 

Newtonian Fluid Limit, γ→∞  and β→∞, Both viscoplastic and elastic effects vanish, 

recovering classical Newtonian dynamics. The asymmetrical boundary constraints in 

dimensionless form, derived from Eq. (5.15), are expressed as, 
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where 1
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a
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h
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a
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h

 
  
 

  are the upper and lower walls dimensionless slip 

parameters, respectively. Eq. (5.16) is solved analytically using Eq. (5.15) to obtain 

the velocity distribution: 
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where, the  coefficients 1p , 1m , c1, 2p  , c2 , 2m , c3, and c4 are defined in the Appendix 

A.  
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5.2.3. Streaming potential and streaming current 

 

Prior studies did not provide closed-form expressions for flow velocity distributions 

and induced streaming potential characteristics, motivating the development of new 

formulations in this work. A pressure differential applied across a parallel plate 

microchannel induces a streaming potential, which drives the net migration of counter 

ions toward the downstream region of the channel within the electric double layer. 

This redistribution of ions establishes a downstream electric potential gradient, 

generating a streaming current that opposes the primary flow velocity. Concurrently, 

a conductive current emerges from ion migration within both the primary fluid phase 

and the Stern layer, opposing the flow-driven streaming phenomena. To quantify the 

streaming potential, the electroneutrality principle is applied, requiring that the total 

current, comprising streaming, conduction, and Stern layer currents, equals zero 

under steady state conditions. This balance ensures no net charge accumulation, 

allowing for the precise determination of the streaming potential magnitude [133]. 

Inet=Isterm+Iconduction+Istern=0                             (5.18) 

The electrokinetic system comprises three distinct current contributions: streaming 

current streamI generated by bulk fluid flow transporting ions within the diffuse 

double layer. Conduction current conductionI results from ion migration under the 

influence of an induced electric field in the mobile electrolyte region. Stern layer 

current sternI originates from immobilized counterions within the Stern layer 

adjacent to the charged surface and the expressions are given as, 
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where  
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   is the ionic friction factor, under equilibrium conditions, 

charged particles distribute spatially according to a balance of thermal agitation and 

electrostatic interactions, 
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Using the scaling relationships defined in Eqs. (5.19) and (5.20), the governing 

equation (Eq. 5.21) is rendered dimensionless as, 
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 is an ionic Péclet number,  Du  is a Dukhin number. 
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The non-dimensional streaming potential is written as, 

 
1

2 2 1
s

R
E

R Du


 
                             (5.22) 

where  1R  and 2R  are defined in the Appendix B  

 

5.2.4. EKEC efficiency 

 

In microscale conduits subjected to pressure-driven flow, electrokinetic current 

generation stems from ion displacement within the charge-segregated interfacial 

region near the channel boundaries. This phenomenon facilitates the transformation 

of mechanical energy (generated by pressure gradients) into electrical energy through 

streaming potential and current. The system attains peak power output when 

operating at 50% of its maximum streaming potential and 50% of its maximum 

current, balancing electrical generation efficiency. The highest electrokinetic energy 

conversion efficiency is quantified as the ratio of electrical power output (per unit 

channel width) to mechanical power input (derived from the pressure gradient). This 

metric reflects the effectiveness of energy harvesting in microscale systems under 

optimized conditions [135], 
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                              (5.23) 

where sI  is the induced electric current, sE  is the induced electric potential, 
dp

dx

 
 
 

is the pressure gradient, and inQ  is the  baseline volumetric flow rate without 

considering the streaming potential. 

 

5.2.5. Temperature distribution 

 

This study focuses on analyzing heat transfer characteristics in microscale channels 

for a non-Newtonian Casson fluid exhibiting both couple stress and EMHD effects. 

The temperature profile is modeled using the energy conservation equation, 

formulated as follows: [223,250],  
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Under thermally stabilized flow conditions, Eq. (5.24) reduces to 

conductive term
convective term thermal radiation term

Jouleheating term
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viscous dissipation term of viscoplastic fluid

electro-magnetic term
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           (5.25)  

Here, cp denotes the constant-pressure specific heat capacity. and T represents the 

local fluid temperature. In a thermally stabilized flow regime, the axial temperature 

gradient becomes constant: 

∂T/ ∂x=dT/dx=dTM/dx=constant                                                                        (5.26) 

From the above equation, it is obvious that 2 2 0T X   . The mean velocity
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obtained from Eq. (5.17) as follows, 
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(5.27) 

The thermal constraints at the channel walls are expressed in dimensionless terms to 

account for asymmetrical temperature discontinuity effects. For a system with non-

identical boundary interactions, these constraints are formulated as: 
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The dimensionless temperature   is expressed as: 
 

 
T w

w

k T T

q H



  for thermally 

stabilized flow regimes and wT  is the wall temperature, and Tk  is the fluid’s thermal 

conductivity,  1 1d d h  and  1 1d d h    represent the dimensionless thermal 

discontinuity coefficients at the upper and lower walls, respectively, accounting for 

interfacial thermal resistance effects. 

By analysing thermal equilibrium across a differential control segment spanning the 

channel's axial length, the dimensionless energy equation is derived using the 

frameworks of Eqs. (5.29) and (5.30), yielding: 
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where    316 3a TNr T k k  is a non-dimensional radiative heat transfer 

coefficient, k  is the Rosseland absorption coefficient, Tk  thermal conductivity, 

is the Stefan-Boltzmann constant.   2
h e s wJ E h q   represents the volumetric 

heat generation rate from electrical resistive effects, and The Brinkman number is 

defined as     2
ref wBr u q hm  which signifies the ratio of viscous dissipation to 

externally applied heat flux [250]. Eq. (5.29) has been solved to determine a 

dimensionless temperature by applying the boundary conditions (Eq. 5.28) as, 
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where, the coefficients of 1I  to 25I  , 5c ,  and 6c  are given in Appendix C  

         The Nusselt number (Nu) is computed using the dimensionless average bulk 

temperature  m , derived from the integral expression [244]. 
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The heat transfer efficiency is quantified by the Nusselt number (Nu), defined using 

the hydraulic diameter  hd  as, 
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                 (5.32) 

 

where ch  is the convective heat transfer coefficient, 

Using the dimensionless bulk mean temperature derived in Eq. (5.31), Nu is 

calculated as: 
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5.2.6. Entropy generation analysis 

 

The volumetric entropy production rate within the microchannel is determined by 

integrating the hydrodynamic velocity and thermal gradient profiles. Irreversibility 

arises from four primary sources: thermal energy transfer due to spatial temperature 

variations, resistive dissipation from electric current flow, magnetohydrodynamic 

interactions between ionic motion and applied magnetic fields, and viscous energy 

losses from internal fluid friction, as detailed in prior analyses [250]. 
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The normalised entropy production rate, scaled by the characteristic entropy flux 
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  is formulated as, 
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(5.38) 

The dimensionless thermal parameter Θ{=(kTTw)/(qwh) } is derived from steady-state 

thermal boundary conditions (constants Tw and qw). The total entropy generation, 

expressed in non-dimensional terms, is calculated by integrating the local entropy 

production rate over the channel domain: 

1

1

total GS S dy



                   (5.39) 

Eq. (5.39) is integrated numerically. Simson 1/3th rule-based integration technique is 

used by MATLAB software. 500 steps were considered for this involvement, so the 

results don’t change up to five decimal points.  

The dimensionless irreversibility ratio (Be), termed the Bejan number, quantifies the 

comparative influence of thermal entropy generation against total system 

irreversibility. It is defined as: 
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The physical significance of the Bejan number  Be acknowledges when 0.5Be   

thermal gradients dominate system irreversibility, whereas, 0.5Be   implies viscous 

effects prevail as the primary source of entropy. 

 

5.3.  Results and discussion  

 

This work constructs an exact analytical model to investigate EMHD 

actuated streaming potential dynamics in a planar microchannel for viscoplastic 

fluids incorporating couple-stress effects. The framework evaluates key 

dimensionless metrics, including streaming potential, velocity profiles, temperature 

fields, and Nusselt number, under asymmetric boundary constraints characterized by 

hydrodynamic slip and thermal discontinuity. The analysis integrates contributions 

from viscous energy dissipation, resistive Joule heating, and radiative heat transfer 

mechanisms [66,91,133,135,221,243,249,250]. The following electrokinetic and 

rheological parameters are employed to quantify the streaming potential flow 

behavior: 0.1≤h≤100 μm, ρ~10-3 kgm-3, σe~10 Sm-1, Ta=298K, By~0.01-5 T,

100refu  μm s-1, μ~10-3-10-2 Pa-s, Eref~104 Vm-1, e~1.6×10-19 C, kB=1.381×10-23 JK-

1, σB~0-72 nScm-1 and f~10-12N s m-1. The interfacial potentials at the channel 

boundaries (𝜉1̅ and 𝜉2̅) are normalized to unity ( 𝜉1̅~1, 𝜉2̅~1) under a low-potential 

linearization framework, applicable to systems with minimal surface charge density. 

This simplification assumes negligible ionic polarization, enabling tractable 

analytical solutions for electrokinetic phenomena. For flows with hydrodynamic slip 

at the walls, the effective interfacial potentials retain, 𝜉1̅~1 and, 𝜉2̅~1 isolating the 

impact of slip effects on momentum and heat transfer dynamics without conflating 

electrostatic contributions. The Joule heating parameter is taken as Jh~0-10. The 

strength of the non-dimensional electrical parameter varies Ω~0-10, the magnitude 

of Hartmann number varies Ha~0.01-0.1 for the permissible EMHD micropumps, 

and the Brinkman number is set to be Br~0-0.1. The operational ranges of key 

parameters are highly contingent on the intrinsic properties of yield-stress fluids, 

including but not limited to critical yield thresholds, particulate loading, and 

microstructural organization. These factors collectively govern the rheological 

response under applied stresses. The physically possible ranges of the electrokinetic 

width (K) and Dukhin number (Du) for the Debye-Hückel approximation in 

streaming potential flow without overlap for viscoplastic fluids are K~5-40, and 

Du~0-10, respectively for hydrodynamic slip conditions with fixed zeta potentials. 

Electrokinetic width is set to change from K~5-18 satisfying the apparent zeta 

potential, i.e., 𝜉a̅≤2, The radiative heat transfer parameter is evaluated within Nr~0-

10, while the ionic transport number spans α~0-10 which are taken from the 

published literature in accordance with the physical acceptability. For all the present 

calculations, we employ α=0.2 and, Г=1. 
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5.3.1.  Fluid flow of couple stress Casson fluids 

 

(i) Validation and verification 

 

To assess the validity of the analytical framework, the computed electrokinetic 

streaming potential is benchmarked against the findings of Zhao et al. [244] under 

low surface potential conditions and no-slip constraints for pressure-driven flows. In 

the absence of electromagnetic fields, the couple-stress Casson model reduces to a 

Newtonian framework, enabling direct comparison with classical hydrodynamic 

theory. Fig. 5.2 illustrates strong concordance between the derived results and 

established literature values, validating the precision of the theoretical framework 

under these simplified conditions. This alignment underscores the analytical 

consistency of the methodology when applied to conventional Newtonian systems. 

Fig. 5.3 contrasts the EKEC efficiency derived in this work against the 

reference data from Chen and Jian [238] for Newtonian fluids, serving as a validation 

benchmark. The analysis employs dimensionless parameters set to non-dimensional 

parameters participate as, 𝑎̅1=0, α=0.3, Du=0, 𝜉1̅=-1, 𝑎̅1
′ =0, 𝜉2̅=-1, Ha≈0, β→∞, γ→∞, 

and Ω=0 effectively reducing the model to a Newtonian framework under no 

electromagnetic field influence. Under no-slip boundary conditions and low zeta 

potentials in planar microchannels, the efficiency is evaluated as a function of the 

electrokinetic parameter K. The strong alignment between the computed results and 

prior studies confirms the analytical framework's accuracy under these conditions, 

reinforcing its applicability for Newtonian flow regimes.   
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Fig. 5.2 Validation of the present results and Zhao et al. [244] results for streaming 

potential as a function of EDL thickness (K) for Newtonian fluids. 
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Fig. 5.3 Normalized EKEC efficiency vs K 

compared with Chen and Jian [238]  

 

          It is impossible to directly check the accuracy of the current velocity 

distributions because results have yet to be published. However, we must validate our 

results by assuming some flow parameters suitably. The present velocity distribution 

analysis compared with Zhao et al. [220] for the Newtonian fluid is plotted in Fig. 

5.4. A maximum deviation of 1.7% is observed compared to Zhao et al. [220] results. 
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Fig. 5.4 Comparison of the present study with Zhao et al. [220] for normalised 

velocity distributions. 
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It should be mentioned that, to maintain the generality of the present physical model 

being addressed here K=20, 𝑎̅1=0, α=-0.5, Du=2, 𝜉1̅=1, 𝑎̅1
′ =0, 𝜉2̅=1, 𝑑̅1=0, Ha≈0, 

β→∞, γ→∞, Br=0.01, 𝑑̅1
′ =0, Ω=0, and Jh=1 have been considered as in our 

calculation procedure. The present analytical result of the temperature distribution 

compared with the published result of Zhao et al. [244] is plotted in Fig. 5.5. It is 

evident that the present analytical solution shows an excellent agreement under the 

tested condition. 
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Fig. 5.5 Comparison of the present study with Zhao et al. [244] for normalised 

temperature distributions. 

 

Table 3 compares the normalized velocity distributions between the current results 

and those obtained by Chen and Jain [238], as well as Zhao et al. [244]. The results 

of this comparative analysis demonstrate a negligible deviation (maximum 2.753%), 

affirming the validity and accuracy of the current findings. 

 

Table 3 

Comparison of the present and Chen and Jain [238], and Zhao et al. [244] normalized 

streaming potential for two values of α 

Y K=20, α=0.3, 𝜉1̅=-0.3, 

𝜉2̅=-0.3 

Absolute 

deviation 

(%) 

K=20, α=0.5, 𝜉1̅=-1, 

𝜉2̅=-1   

Absolute 

deviation 

(%) Present 

study 

Chen and 

Jian [238] 

Present 

study 

Zhao et 

al. [244] 

0 0.49335 0.49663 0.66484 0.49983 0.49547 0.87229 

0.1 0.48840 0.49119 0.57125 0.49488 0.49047 0.89112 

0.3 0.44880 0.45492 1.36363 0.45528 0.45047 1.05649 

0.5 0.36961 0.36787 0.47076 0.37607 0.37047 1.48908 

0.7 0.25087 0.25507 1.67417 0.25724 0.25048 2.62789 

0.9 0.09297 0.09041 2.75357 0.09315 0.09108 2.22222 
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(ii) streaming potential distribution      

     

Figure 5.6 illustrates the relationship between streaming potential and zeta potential 

(𝜉1̅) under fixed parameters: K=10, Ha=0.1, 𝑎̅1=0.05, 𝜉1̅=1, 𝑎̅1
′ =0.01, 𝜉2̅=0.5, 𝑑̅1=0.05, 

𝑑̅1
′ =0.01, Ω=10, β=1, and γ=1. The analysis reveals that increasing the Dukhin 

number (Du) reduces the streaming potential due to enhanced Stern layer 

conductivity. Elevated Du shifts the conduction current equilibrium toward the Stern 

layer, bypassing bulk fluid contributions. This creates a lower-resistance pathway for 

charge transport, diminishing the ionic current required to balance the streaming 

current and thereby lowering the induced streaming potential. For Du=2, the 

streaming potential decreases by 65.7% compared to Du=0. Conversely, increasing

 𝜉1̅ amplifies the system’s electrical potential by boosting counter-ion density in the 

EDL, driving a stronger streaming current aligned with the pressure gradient. 

However, this counter-ion accumulation further suppresses the streaming potential to 

maintain charge neutrality. 
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Fig. 5.6 Variation of the dimensionless streaming potential as a function of ξ̅1=1 

with different values of Du. 

(ii) Velocity distribution 

 

Figure 5.7 examines the velocity profile of an EMHD flow for a couple-

stress Casson fluid under asymmetric slip-dependent surface potentials, plotted 

against the transverse coordinate Y. The analysis employs fixed parameters: K=10, 

𝑎̅1=0.05, Du=2, 𝜉1̅=1, 𝑎̅1
′ =0.01, 𝜉2̅=0.5, 𝑑̅1=0.05, Ha=0.1, 𝑑̅1

′ =0.01, and Ω=10. 

Graphical results demonstrate the impact of rheological parameters (couple-stress 

coefficient γ, Casson parameter β), electromagnetic forces (Ha), and slip effects on 

velocity distribution. A comparative assessment of four fluid models: couple-stress 

Casson, couple-stress, Casson, and Newtonian fluids reveals distinct velocity profiles 

under identical conditions. 
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Velocity fluctuations arise from the interplay between Coriolis forces and 

yield stress inherent to viscoplastic fluids, as encoded in the momentum equations. 

Elevated values of β=2 and γ=2 enhance flow velocity compared to β=1 and γ=1, 

underscoring the role of rheological complexity in accelerating fluid motion. This 

acceleration correlates with increased ion flux within the electric double layer (EDL), 

amplifying streaming current and potential. Conversely, couple-stress effects 

introduce additional viscous resistance, reducing velocity when γ dominates. For 

instance, neglecting γ (pure Casson fluid) elevates velocity due to diminished viscous 

damping, whereas incorporating γ (couple-stress Casson fluid) suppresses velocity 

through enhanced stress dissipation. 

The Casson fluid exhibits higher velocity than its couple-stress counterpart, 

as yield stress (β) governs plasticity with minimal resistance compared to couple-

stress viscosity (γ). Slip-dependent zeta potentials further modulate near-wall 

velocity gradients, with higher β and γ amplifying these effects synergistically with 

electromagnetic forces. This parametric interplay highlights the tunability of 

microfluidic transport through rheological and electrokinetic tailoring, offering 

insights for optimizing non-Newtonian fluid behavior in energy-efficient systems. 
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Fig. 5.7 Comparison of the present study for normalised velocity profiles of couple-

stress Casson, couple-stress, Casson, and Newtonian fluids at asymmetric-slip 

boundary conditions in microchannels. 

 

(iii) Electrokinetic energy conversion efficiency 

 

Figure 5.7 contrasts the EKEC efficiency performance of four fluid models: 

viscoplastic Casson fluid with couple-stress effects, pure couple-stress fluid, Casson 

fluid, and Newtonian fluid under fixed parameters: Ha=0.1, 𝑎̅1=0.05, Du=2, 𝜉1̅=1, 

𝑎̅1
′ =0.01, 𝜉2̅=0.5, 𝑑̅1=0.05, 𝑑̅1

′ =0.01, Ω=10, β=1, and γ=1. The Casson fluid with 

elevated couple-stress parameters (β=2, γ=2) achieves significantly higher efficiency 

than its baseline (β=1, γ=1), underscoring the impact of rheological complexity. The 

streaming potential weakens with distance from the EDL, reducing bulk ionic 

conductivity and increasing resistance, which necessitates a smaller induced electric 
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field to equilibrate currents under charge neutrality as shown in Fig. 5.7a. Enhanced 

β lowers flow resistance, improving energy transfer, while γ governs viscoelastic 

effects critical to EMHD dynamics. Transitioning to β→1, γ→∞ simplifies the model 

to a standard Casson fluid, governed by yield stress from its plastic behavior. For slip-

dependent zeta potentials (Fig. 5.7b), efficiency increases by 45.92% (couple-stress 

Casson), 47.10% (couple-stress), 42.81% (Casson), and 37.68% (Newtonian) 

compared to slip-independent cases, with near-wall zeta potential amplified by 

combined β, γ and electromagnetic effects. The analysis distinguishes fluid behaviors, 

revealing Newtonian characteristics at extreme β, γ and highlights optimized energy 

conversion in tailored viscoplastic fluids. 
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Fig. 5.8 Comparison of electrokinetic energy conversion efficiency of the present 

study as a function of K for different fluids: (a) slip-independent zeta potential (b) 

slip-dependent zeta potential. 

 

5.3.2. Thermal analysis of couple stress Casson fluids 

 

(i) Temperature field 

 

Figure 5.9 analyses the scaled thermal profile under resistive heating effects for a 

viscoelastic Casson fluid with microstructural stresses. The flow parameters for the 

fixed values of K=10, 𝑎̅1=0.05, Du=2, 𝜉1̅=1, 𝑎̅1
′ =0.01, 𝜉2̅=0.5, 𝑑̅1=0.05, Ha=0.1, 

𝑑̅1
′ =0.01, Ω=10, Br=0.01, and Nr=2, and Variable resistive heating 

intensities Jh=0,4,6 and 10 are tested to evaluate thermal behavior in pressure-driven 

streaming flows with radiative heat transfer. Results indicate that Jh elevated 

intensifies the scaled temperature across the channel, particularly under wall-heating 

conditions. Enhanced resistive dissipation correlates with steeper thermal gradients, 

reflecting the interplay between energy deposition and radiative cooling. Positive 

values of the normalised resistive heating term corresponding to the wall heating case 

amplify the temperature variation across the microchannel.  Moreover, the 
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mathematical expression of the surface heat flux  w T c w m

y h

dT
q k h T T

dy


  

,necessitates maintaining a constant thermal gradient at the boundary. Notably, as the 

Joule heating parameter (Jh) increases, both wall temperature (Tw), and mean fluid 

temperature (Tm) rise to preserve constant heat flux conditions. Fig. 5.9a illustrates 

temperature profiles for a Casson fluid with couple stress under no-jump boundary 

assumptions, while Fig. 5.9b demonstrates the impact of uneven thermal 

discontinuity at boundaries on normalized temperature distributions. Thermal slip 

effects arise from temperature discontinuities at fluid-wall interfaces, where 

significant disparities between wall and fluid temperatures occur due to limited 

thermal coupling. This weak interaction stems from insufficient molecular collisions 

between the fluid and wall, as well as within the fluid itself, leading to pronounced 

thermal gradients near boundary surfaces. Under jump conditions, steep temperature 

gradients dominate near walls, amplifying heat transfer rates. These findings 

highlight the critical role of boundary thermal communication in governing 

microscale thermal transport, particularly in systems with non-equilibrium molecular 

interactions and electromagnetic energy inputs. For this reason, the temperature 

difference increases for the temperature jump at the boundary. The influence of the 

thermal slip (𝑑̅1) is more at the upper surface than the lower surface thermal slip (𝑑̅1
′ ) 

in temperature distribution. The thermal measurement at the channel's midpoint under 

abrupt boundary conditions demonstrates a 2.95% elevation relative to uniform 

boundary configurations. This behavior is applicable due to the temperature jump 

factor or the vertical distance in heat transfer applications like micro cooling and 

micro heating heat exchangers.   
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Fig. 5.9  Normalised temperature distribution with different values of Jh across a 

channel for couple stress Casson fluid flow at β = 1, and γ = 1: (a) no-jump 

conditions (b) asymmetric-temperature jump condition. 
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(ii) Nusselt number estimations for heat transfer 

 

An essential dimensionless parameter in thermal flow studies is the Nusselt number 

(Nu). Figure 5.10  examines the dependence of the Nu on Br across varying Ha and 

under constant parameters: K=10, 𝑎̅1=0.05, Du=2, 𝜉1̅=1, 𝑎̅1
′ =0.01, 𝜉2̅=0.5, 𝑑̅1=0.05, 

Ha=0.1, 𝑑̅1
′ =0.01,Ha=0.1, Ω=10, Jh=10, and Nr=2. It is clear that a higher Ha tends 

to enhance the Nu when the Br remains below a critical threshold. However, as Br 

increases further, the magnetic field effect becomes more prominent. The thermal 

behavior shifts notably at elevated Br values, differing from the trends seen at lower 

Br. Overall, Nu shows a diminishing tendency with increasing Br and Ha. Moreover, 

for a fixed lateral electric field strength, Nu exhibits a downward trend. 

The Ω inhibits hydrodynamic activity, modifying thermal transport 

dynamics. Elevated Ω magnitudes accelerate flow velocity, reducing bulk fluid 

temperature. To sustain constant wall heat flux under these conditions, the convective 

heat transfer coefficient declines as the thermal gradient (Tw-Tm) intensifies. 

Simultaneously, viscous boundary layer thickening under Ω exacerbates the 

temperature differential (Tw-Tm) diminishing both the heat transfer coefficient and 

Nu with increasing Br. A rise in the Ha causes an increase in magnitude of Nu for 

Br~0-0.003, and the opposite behaviour is noted after Br~0.003 value. The flow 

system is strongly dominated by fluid friction and couple-stress across the channel. 
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Fig. 5.10 Variation of Nu with Br for multiple Ha values in a Couple-Stress Casson 

fluid, evaluated at β = 1, and γ = 1. 

 

(iii) Prediction of entropy generation 

 

Figure 5.11 presents the spatial variation of entropy generation within the 

microchannel under varying radiative heat transfer intensities (Nr), keeping the 

parameters K=10, 𝑎̅1=0.05, Du=2, 𝜉1̅=1, 𝑎̅1
′ =0.01, 𝜉2̅=0.5, 𝑑̅1=0.05, Ha=0.1, 

𝑑̅1
′ =0.01,Ha=0.1, Ω=10, Jh=10, and Br=0.01. An increase in Nr leads to a noticeable 

elevation in fluid temperature, with the bulk mean temperature rising more rapidly 
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than the wall temperature. This results in a gradual reduction in the thermal gradient 

(Tw-Tm), consistent with the condition of constant wall heat flux defined by qw=hc(Tw-

Tm). Within the core flow region, entropy generation remains relatively uniform; 

however, sharp gradients are observed near the channel boundaries, highlighting the 

dominant role of near-wall thermal interactions. These observations indicate that 

higher levels of thermal radiation mitigate thermal irreversibility in viscoplastic flow 

regimes, suggesting an overall enhancement in thermodynamic performance. 
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Fig. 5.11 Local entropy generation distribution across a channel for couple-stress 

Casson fluid flow with different radiative heat transfer parameters (Nr) at β = 1, and 

γ = 1. 

Figure 5.12 illustrates the overall entropy generation within the 

microchannel in relation to variations in the lateral electric field strength Ω. The 

analysis is conducted using fixed dimensionless parameters: K=10, 𝑎̅1=0.05, Du=2, 

𝜉1̅=1, 𝑎̅1
′ =0.01, 𝜉2̅=0.5, 𝑑̅1=0.05, Ha=0.1, 𝑑̅1

′ =0.01, Jh=10, Nr=2, and Br=0.01. The 

results indicate a clear upward trend in total entropy production with increasing Ω. 

This behavior stems from the rise in flow acceleration, which under low Ha values, 

promotes aiding forces that dominate over retarding ones, ultimately reducing the Nu. 

A decline in velocity correlates with heightened entropy generation, reflecting greater 

fluid irreversibility. Furthermore, as Nr increases, thermal irreversibility also 

intensifies, as shown in Fig. 5.12a. To better understand the influence of non-

Newtonian effects, Fig. 5.12b compares entropy generation across varying values of 

the couple-stress and Casson fluid parameters. The findings suggest that elevated 

values of these stress-related parameters contribute to reduced entropy production, 

signifying that stronger rheological resistance diminishes viscous dissipation in the 

system. 
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(a) (b) 

 

Fig. 5.12 Spatial entropy production profile for a Casson fluid with couple-stress 

effects across a microchannel versus Ω: (a) for varying Nr at β = 1, and γ = 1, (b) 

For varying rheological parameters β, and γ at Nr=2. 

 

The distributions of Bejan number (Be) for different values of Nr is depicted in Fig. 

5.13 for fixed values of K=10, 𝑎̅1=0.05, Du=2, 𝜉1̅=1, 𝑎̅1
′ =0.01, 𝜉2̅=0.5, 𝑑̅1=0.05, and 

𝑑̅1
′ =0.01 are studied in this figure. The findings unambiguously demonstrate that Be 

increases as Nr values in the core region increase. Other than in the core region, there 

are very few variations in the magnitude of Bejan number distribution. It occurs 

because, as already noted in Fig. 5.11, which illustrates the importance of Nr in the 

flow domain, the magnitude of (Tw-Tm) gradually diminishes. Eventually, the entropy 

generation reduces in the presence of electromagnetic force. Moreover, the Bejan 

number increases slowly at the core of the channel.  
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Fig. 5.13 Spatial distribution of Be across the normalized transverse coordinate Y 

under varying Nr. 
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5.4. Conclusions 

 

This investigation examines stationary flow dynamics of a viscoplastic Casson 

medium with microstructural couple-stress interactions in a planar microchannel, 

incorporating electromagnetic coupling, pressure-induced streaming potential, and 

velocity-slip modulated surface charges. Closed-form formulations are obtained for 

critical parameters such as scaled streaming potential, EKEC efficiency, 

hydrodynamic profiles, thermal gradients, Nusselt number, and entropy production 

under asymmetric hydrodynamic slip constraints.  The framework assesses the 

interplay of Lorentz forces, viscoelastic relaxation, and yield stress on energy 

efficiency, momentum transfer, and thermal regulation in ionic fluid systems. 

Validation against classical Newtonian benchmarks confirms predictive accuracy, 

with parametric comparisons showing efficiency gains of 45.92% (Casson medium 

with couple stress), 47.10% (couple-stress fluid), 42.81% (Casson fluid), 

and 37.68% (Newtonian fluid) under slip-modulated interfacial potentials. Elevated 

rheological parameters (β = 2, γ = 2) boost flow velocity by 107.64% relative to 

baseline (β = 1, γ = 1), attributed to mitigated viscoplastic drag. 

Thermal gradients intensify by 2.95% near the channel core under 

discontinuous boundary constraints, driven by resistive heating effects. The Nusselt 

number exhibits abrupt deviations beyond critical thresholds of the viscous 

dissipation parameter (Br) and magnetic interaction number (Ha), reflecting 

heightened sensitivity to electromagnetic-thermal coupling. These findings refine 

design protocols for microsystems leveraging rheological-electromagnetic synergies. 
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Appendix B: 

 

 (Streaming potential terms) 
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Appendix C:  

 

(The temperature and Nusselt number terms) 
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 19 19 1 1 182J I d d H   ,  21 1 1 23J d d H  ,  22 22 1 1 202J I d d H   , 

 24 1 1 25J d d H  ,  25 25 1 1 242J I d d H    
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           11 1 2 12 1 2 13 1 2sinh sinh cosh sinh sinh coshJ m m J m m J m m     

           14 1 15 1 16 1cosh cosh sinh sinh cosh sinhJ m K J m K J m K    

       17 1 18 2 19 2sinh cosh cosh 2 sinh 2J m K J m J m     

           20 2 21 2 22 2cosh cosh sinh sinh cosh sinhJ K m J K m J K m    

       23 2 24 25sinh cosh cosh 2 sinh 2J K m J K J K    , 

 
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   

1 1 2 1 3 2
5 1 6

4 2 5 6

cosh sinh cosh
1

sinh cosh

L m L m L m
c d c

L m L L K

  
   

  
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           

7 8 1 9 1 10 1 2

11 1 2 12 1 2 13 1 2

sinh cosh 2 sinh 2 cosh cosh
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       14 1 15 1cosh cosh sinh sinhL m K L m K    

           16 1 17 1 18 2 19 2cosh sinh sinh cosh cosh 2 sinh 2L m K L m K L m L m     

           20 2 21 2 22 2cosh cosh sinh sinh cosh sinhL K m L K m L K m     

       23 2 24 25sinh cosh cosh 2 sinh 2L K m L K L K    , 

 1 1 1 2L I d H   ,  2 2 1 1L I d H  ,  3 3 1 4L I d H  ,  4 4 1 3L I d H  , 
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 5 5 1 5L I d H  ,  6 6 1 7L I d H  ,  7 7 1 6L I d H  ,  8 8 1 9L I d H  ,  9 9 1 8L I d H  ,

 10 10 1 12L I d H  ,  11 11 1 13L I d H  ,  12 12 1 10L I d H  ,  13 13 1 11L I d H  ,

 14 14 1 16L I d H  ,  15 15 1 17L I d H  ,  16 16 1 14L I d H  ,  17 17 1 15L I d H  ,

 18 18 1 19L I d H  ,  19 19 1 18L I d H  ,  20 20 1 22L I d H  ,  21 21 1 23L I d H  ,

 22 22 1 20L I d H  ,  23 23 1 21L I d H  ,  24 24 1 25L I d H  ,  25 25 1 24L I d H   
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Chapter 6. Dynamic Maxwell streaming potential irreversibility flow 

 

6.1. Objectives of the chapter 

 

This study investigates time-dependent velocity distributions in 

microchannels through the separation of variables technique, addressing both 

stationery and time-varying flow regimes. The analysis evaluates the influence of 

viscoelastic relaxation time, interfacial charge density, Hall currents, and ion-slip 

phenomena on hydrodynamic performance. The available literature shows no prior 

analysis for streaming potential pressure-driven unsteady flow for the Maxwell fluid 

model, the requirement for actual flow, heat transfer, and thermal irreversibility in 

microfluidic sustainability. A time-resolved thermal analysis incorporates 

discontinuous boundary constraints, resistive Joule heating, and viscous energy 

dissipation, revealing enhanced heat transfer efficiency in electromagnetic 

environments. Results show a 1.92% reduction in streaming current with 2% 

nanoparticles and a promising 809.91% increase in electrokinetic energy conversion 

efficiency for slip-dependent zeta potential compared to slip-independent zeta 

potential. The interplay of Hall currents and ion-slip effects further amplifies thermal 

transport, particularly in systems with tailored electromagnetic field orientations. 

These insights highlight the potential for precision control of microscale thermal-

fluidic systems through multi-physical parameter modulation. 

 

6.2. Physical aspect and mathematical formulation 

 

This research examines heat transfer dynamics in MHD driven streaming 

flows through a parallel-plate microchannel infused with magnetic-responsive 

nanofluids. The nanoparticles, uniformly dispersed along the channel walls, attenuate 

the EDL thickness, altering electrokinetic interactions. Leveraging geometric 

symmetry, the analysis is confined to the upper half-region (0 ≤ y ≤ h) (see Fig. 6.1). 

Hydrophobic surfaces with slip-dependent zeta potentials induce a counter-flow 

streaming potential (Es), while an externally applied transverse magnetic field (By) 
interacts orthogonally with the flow direction. The porous medium within the channel 

imposes a Darcy-type drag force, further modulating nanofluid motion. Magnetic 

nanofluids exhibit fluid-like molecular behavior, enabling precise control via external 

magnetic fields. This tunability enhances their suitability for applications requiring 

directed thermal management. Key findings reveal that nanoparticle distribution and 

magnetic field orientation critically influence thermal gradients, EDL suppression, 

and hydrodynamic resistance, factors pivotal for optimizing microscale energy 

systems. 
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Fig. 6.1 Diagram depicting a microchannel with parallel plates. 

 

6.2.1.  EDL potential field 

 

The variation of the EDL potential (𝛹), characterized by a non-variable permittivity, 

depends on a consistent charge density and is determined by the Poisson-Boltzmann 

equation [135], 

2 e

eff






 
   

 
 

;  02 sinh v
e v

B a

e z
n z e

k T




 
   

 
                 (6.1) 

In Table 4 outlines the key thermophysical properties, s  indicates the dielectric 

constant of the magnetic particles, whereas f  corresponds to that of the base fluid. 

The densities of the base fluid and magnetic particles are represented by f , and s

respectively. The electrical conductivities of the nanofluid and the base fluid are 

expressed by s , f , respectively. The parameter fm  stands for the viscosity of the 

base fluid. Additionally,  T s
k and  T f

k  refer to the thermal conductivities of the 

nanoparticles and the base fluid, respectively. 
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Table 4 
The quantitative relationship between base fluid and magnetic nanoparticles (Fe3O4) with 

volume fraction (ϕ). 

The effective permittivity of 

nanofluids  eff  is [135], 
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The overall density of the nanofluid

 eff  is expressed as [135], 
 1 s

eff f
f


   



 
   

 
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The overall heat capacity  p eff
c of 

nanofluids is estimated using a heat 

balance equation [282], 
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The expression for the effective 

viscosity of the nanofluids  effm  is 

derived from the Brinkmann equation 

[135],  

 
2.5

1

f
eff

m
m





 

The effective electrical conductivity 

of the nanofluids  eff , based on 

the Maxwell model, is defined as 

[135], 
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The expression for the effective 

thermal conductivity of the 

nanofluids,  T eff
k , in the Maxwell 

model is provided as [282], 
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For the normalization, the following dimensionless parameters are defined as, 
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     (6.2) 

Where 𝜓̅ represents the normalised electrical double layer potential, ξ and h are 

surface potential and half-height of the microchannel shown in Fig. 6.1, respectively. 

y and Y refer to the dimensional and normalised coordinate perpendicular to flow 

direction, respectively. K signifies the electrokinetic width and εr denotes the ratio of 

the effective permittivity of the nanofluids to the permittivity of the base fluid.  
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The notations introduced in Eq. (1.7), along with the governing equations detailed in 

Eqs. (3.1) to (3.7), provide the foundational framework. Utilizing the transformation 

defined in Eq. (5.1), Eq. (6.1) is recast into the following scaled representation, 
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dY
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                  (6.3) 

The normalization of the slip-induced effects on the surafce potential at the wall is 

given by,     1 sinha ra K      
 

, where The measured surface 

potential, a  varies due to the velocity slip  a at the microchannel wall, where 

 a a h  signifies a slip parameter. As noted in prior work [138] the simplified 

electrostatic framework remains applicable for potentials satisfying  2a  , aligning 

with weakly charged surface regimes. 

Here, 
1 aY

 

  is the pertinent boundary condition involving one-dimensional 

flow for solving Eq. (6.3). The distribution of the EDL potential is then as follows: 
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                  (6.4) 

 

6.2.2.  Velocity distribution  

 

The analysis targets the midsection of an elongated microchannel, sufficiently distant 

from inlet and outlet regions to ensure fully developed, single-directional flow. For 

non-compressible nanoparticle suspensions under uniform electromagnetic fields, the 

mass and momentum conservation laws are formulated using vector calculus, as 

outlined in prior studies [135,239,282], 

0div U                                               (6.5)

 eff eff
p

p
t

 m

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U U
U U σ F                (6.6) 

Where  ˆ ˆ ˆu v w  U i j k  denotes the induced velocity vector, t denotes time, σ 

symbolizes the stress tensor. The overall force exerted on fluid-element results from 

the induced electrical and applied magnetic fields, commonly called the Lorentz 

force. This force is called an electromagnetic body force e  F E J B , in which 

E  represents the electric field generated by charge separation within the fluid. In this 

context, the system is influenced by an electromagnetic force generated by the 

superposition of a uniform electric field  sE ,0,0Ε oriented along the flow direction 
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(x-axis), and a perpendicular magnetic field  0,B ,0yB  applied vertically along the 

y-axis. 

The Ohm's law provides a current density vector J as [281],    

      
2

= e e e e s
eff

y y
B B

    
         J E U B J B J B B              (6.7) 

Here, e  is the electron collision time.   e y eeB m   is the cyclotron frequency,  

em  is the electron mass,  s  represents the ion displacement factor, and  e e e    

defines the Hall effect strength. 

The expressions for current density component are as follows, 
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are the constant. Eq. (6.8) 

captures the interplay of electric field, magnetic field, and fluid velocity, 

comprehensively describing current density in magnetohydrodynamic systems. 

           

         Simplifying Eq. (6.6) in the presence of the hydrodynamic electromagnetic field 

in the x-direction yields, 
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(6.9) 

Where u is a y-component fluid speed. Different models are used to explain the 

constitutive behavior of a viscoelastic non-Newtonian fluid. sE is the streaming 

potential, yB  is the magnetic force in y direction, and K represents the permeability 

within the porous matrix. xy refers to shear stress in xy plane.  

In this study, we opted for the Maxwell model [239], represented as,  

   1xy xy efft u y   m                                                                                    (6.10)  

where 1 is the relaxation time. The following are the definitions of the normalized 

parameters and variables used in the transport equation, 
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where refu  is a reference velocity, U represents the dimensionless flow velocity, 

Within the analytical framework, the term  p x    signifies the axial pressure 

gradient propelling fluid motion in the positive x-direction. The dimensionless 

parameter Γ reflects the proportional interplay between pressure-driven and 

electroosmotic forces. Ω characterizes the scaled electric field component induced by 

Hall current dynamics, while  is the normalised physical time. The ratios r  , rm

r  describe the relative effective properties of the nanofluid compared to the base 

fluid. For density r  , for dynamic viscosity rm , and r  for electrical conductivity. 

These ratios are critical for modeling the enhanced thermophysical behavior of 

nanofluids under electromagnetic fields. Hartmann number is denoted as Ha , and 

Darcy number is represented by Da . sE normalised induced electric field by 

streaming potential. 

The constitutive Maxwell Eq. (6.10) in its dimensionless form is expressed as, 

1
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Y
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                                           (6.12) 

where    xy xy f refh u m   is the normalized shear stress. The parameter 

   2
1 1 f f h  m   is expressed as the ratio between a fluid's relaxation and 

viscous time. Analyzing this parameter's characteristic values enables the relative 

significance of the elastic and viscous effects in the fluid to be determined. For this 

case, the Maxwell model reduces to the Newtonian model when 1 0  . Moreover, 

we assume that the fluid is not in motion at the beginning of the process. 

       We simplify Eq. (6.9) using Eqs. (6.10), and (6.11), and express it in a normalized 

form, 
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Hence, the dimensionless initial condition is utilized to solve Eq. (6.13), 
0

0U
 

  

and  
0

0U





   . The speed satisfies a mirror image concerning the axis passing 

through the midpoint along the conduit. Under such conditions, the flow speed 

gradient at that section vanishes,  
0

0
Y

U Y


   . Furthermore, the condition 

accounting for wall slip can be applied to represent the slip velocity (b) at the inner 

surface of the channel wall, expressed as  
1

0
Y

U a U Y


    . Utilizing the 

Maxwell constitutive equation, we can exclusively express momentum written in Eq. 

(6.13) in terms of the velocity field. To solve Eq. (12), we used non-dimensional 
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initial boundary conditions of shear stress, 
0

0xyT
 

 . To achieve this, we derive 

the Maxwell constitutive equation concerning the dimensionless transverse 

coordinate once, resulting in, 
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The combination of Eqs. (6.13) and (6.14) yields the subsequent equation, 
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Differentiating Eq. (6.13) with respect to normalized time and substituting the result 

into Eq. (6.15) yields the subsequent non-homogeneous momentum equation is 

expressed in a modified form for the Maxwell model as follows: 
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The superposition property is employed for the separation of variables and to obtain 

an exact analytical solution for Eq. (6.16). Achieving this solution is necessary to 

convert the homogeneous equations using new variables, such as 

U(Y,τ)=U1(Y)+U2(Y,τ), where the components of the flow speed U(Y,τ) can be 

described as U1(Y) plus U2(Y,τ) corresponding to the steady state and transient 

velocity, respectively. Utilizing the separation of dependent variables based on Eq. 

(6.16) can be expressed as follows:  
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and, 
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                                 (6. 18)  

The conditions at the beginning and boundaries of the problem are outlined as 

follows: 
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where   2
1 2 1r rC Ha Da  m    and  2

2 1 r s rC E Ha  m    are the 

non-dimensional parameters. While imposing boundary conditions in Eq. (6.19) to 

solve Eq. (6.17), the steady-state velocity is obtained as, 
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              (6.21) 

The values of A1, A2, and A3 are introduced specifically to simplify the mathematical 

formulation of Eq. (6.21). These constants reduce the equation's complexity by 

consolidating multiple terms into a more compact and computationally efficient form. 
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                                                      (6.22) 

The product method can be applied to solve Eq. (6.18) to determine U2(Y,τ). The 

product method assumes that U2(Y,τ)=F(Y)G(τ). Using the relationship above, Eq. 

(6.18) can be expressed by separating the two variables as follows: 
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The following relationship is derived from Eq. (6.23) as cot (λn)-𝑎̅λn=0, where 

C3(=ρr/μr) is a constant parameter. The Newton-Raphson iterative method is 

employed for solving the transcendental equation and obtaining the Eigenvalues λn. 

Arbitrary constants m1, and m2 can be obtained from Eq. (6.24) as, 
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 So, the determined transient velocity component U2(Y,τ) is from combining Eqs. 

(6.23), (6.24), and (6.25) as, 
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Where dn is determined using the orthogonality property associated with the 

separation of variables method as follows: 
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The combination of Eqs. (6.21), and (6.26) results in an analytical expression for the 

non-dimensional velocity: 
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We used the integration approach about the variable to obtain the following 

expression for the normalized volumetric flow rate per unit width of the channel, 
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where  q t is the volume flow rate per unit width as a function of time, derived from 

Eqs. (6.28) and (6.29). 
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6.3. Streaming potential and efficiency of EKEC 

 

Imposing a pressure differential across a planar microchannel configuration triggers 

an electrokinetic streaming potential. To compute this potential, the previously 

resolved velocity profiles are utilized. Within the electric double layer (EDL), 

advective transport drives excess counter-ions toward the flow direction, establishing 

an axial potential gradient. This streaming current is counteracted by the conduction 

current contributions (bulk electrolyte and Stern layer), which facilitate opposing 

charge transfer. The streaming potential magnitude is derived under the global 

electroneutrality constraint, ensuring that under steady-state conditions, the net ionic 

flux across the channel vanishes [133], 

Inet=Isterm+Iconduction+Istern=0               (6.31) 

The details of Isterm, Iconduction, Istern are provided in Eqs. (5.19) -(5.21) 

Eq. (5.21) is integrated and expressed as, 
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The coefficients B1, and B2 in Eq. (6.32) are defined, respectively as, 

    
 

 6
1 4 52

1 1 1 1cosh sinh rr

C
B C C

C C aC C mm

  
    
  

and 



Chapter 6. Maxwell fluid streaming potential analysis 

123 

 

    

 
 

 

 

2
1

4 52
1

2
21 2 1

4 4

2 2
5 51

1

cosh sinh

r

r

r ra

r rr

Ha
C C

C
B

C aC C C aK CK

C aK CK C

 

m

 

 

 
  
 
 

      
       

 

 2
6 1 r

r

C Ha 

m


                 (6.35) 

 

where the notations 4C , 5C , 6C , 7C , and 8C  are used to simplify Eq. (6.35) as 

follows: 
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 is a Dukhin 

number.  Eqs. (6.34), (6.35), and (6.36) reflect the influence of the non-dimensional 

streaming potential, ionic friction factor, and Dukhin number on the system's 

behavior. 

          Streaming potential is essential to calculate the electrokinetic energy 

conversion, which converts mechanical energy into electrical power. Electrokinetic 

energy conversion is a promising technology, which designing energy converters 

with a high conversion efficiency is highly desirable [237], 
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where Pout, Pin, and 
0Es

q


 represent the output power, input power, and volume flow 

rate, respectively without the influence of streaming potential. 
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6.3.1. Temperature distribution 

 

Employing the velocity distribution of a Maxwell fluid, we can address the energy 

balance equation to derive the temperature distribution within the microchannel. The 

thermal equation for the electrolyte solution in the microchannel is as follows [282], 
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 represents the viscous dissipation of the nanofluid in accordance with the Darcy 

flow model for porous media, which can be articulated as [282], 
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Here, pc  represents the specific heat at constant pressure and T denotes the local 

temperature of the fluid.  We employed a subsequent non-dimensional initial 

boundary condition to solve Eq. (6.39), 
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    . The dimensionless temperature is defined as 
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k T T q h    and 𝑑̅=d/h is a dimensionless jump parameter. Tw is the 

surface temperature and qw is the constant wall heat flux. Therefore, the above non-

dimensional parameters provide a non-dimensional energy equation obtained from 

Eq. (6.39) as, 
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where,    Pr p Tf f
c km  refers the Prandtl number,      p p pr eff f

c c c is 

the proportionality between the nanofluid’s effective heat capacity,
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    r T Teff f
k k k  denotes relative effective heat conduction capacity of the 

nanofluid to the base fluid,  2
h f s wJ E h q  represents the volumetric heat 

generation rate from electrical resistive effects, and The Brinkman number is defined 

as,     2
f ref wBr u q hm . The Nusselt number (Nu) is computed using 

the dimensionless average bulk temperature  m , derived from the integral 

expression [132], 
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The energy transfer parameter depends on the expression for the Nusselt number 

  c T f
Nu h h k . Here, hc refers to the coefficient of convective heat exchange. 

The Nusselt number at the wall of the microchannel referenced to its half-height is 

determined by the following expression: 
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To assess the influence of streaming potential on heat transfer, a dimensionless 

parameter ηh is evaluated, represented by the ratio of the Nusselt number considering 

streaming potential  0Es
Nu


 to the Nusselt number when no streaming potential 

is present  0Es
Nu


. This ratio provides a quantitative measurement of how 

electroviscous effects influence heat transfer performance [243], 
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6.3.2. Entropy generation analysis 

 

The entropy production rate in parallel plate microchannels, a measure of 

thermodynamic irreversibility, is determined by the velocity and temperature profiles 

under combined contributions from of thermal gradients, resistive heating, electro-

magnetic field, and viscous friction force, respectively [285]. 
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The characteristics entropy transfer rate   2
T f

k h  is employed to derive the 

normalized entropy generation rate from Eq. (6.44) as follows:  
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Where   is the temperature ratio,    T w wf
k T q h . The overall cumulative entropy 

generation (SG) of thermodynamic systems, acquired through the integration of total 

entropy production over the entire domain, is normalized as follows: 
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The Bejan number (Be), a crucial irreversibility parameter, is defined as the ratio of 

entropy generation from heat transfer to the global entropy generation rate, 

 

2

2
r

G

k

Y
Be

S





 
 
 

                  (6.47) 

The Bejan number quantifies the relative irreversibility of heat transfer and fluid 

friction and ranges from 0 to 1. Also, Be > 0.5 indicates that entropy generation due 

to heat transfer is the dominant mode of irreversibility in the system, while a Be < 0.5 

indicates that fluid friction irreversibility prevails. 

         Eqs. (6.40), (6.45), and (6.47) are solved, simultaneously through an implicit 

solution employing the finite difference method. We employed TDMA to determine 

all the unknowns by solving the complete algebraic linear system equations. The 

numerical integration of Eqs. (6.41) and (6.46) is carried out using the Simpson 1/3rd 

rule. An introduced tolerance of 
610  ensures result stability, confirming that the 

results remain consistent up to six decimal places. 

The implicit scheme of discretization is unconditionally stable for the energy Eq. 

(6.40). The global error is proportional to  2 ,O Y   , where reducing Y  and 

  ensures correct results. To confirm the necessary convergence, the results are 

verified by checking the difference between successive time steps j and j+1 at grid 

point p. 

 1j j
p p tolerance                    (6.48) 

To ensure convergence, the Nusselt number and entropy generation values in Eqs. 

(6.42), and (6.45) are checked for successive grid refinements as, 



Chapter 6. Maxwell fluid streaming potential analysis 

127 

 

 1p pNu Nu tolerance   ,   , 1 ,G p G pS S tolerance                                            (6.49) 

 

6.4. Parameter estimation 

 

This study considers the working nanoparticle and base fluid as Fe3O4 and water, 

respectively. These magnetic oxide nanoparticles are relatively small, they can be 

easily controlled by combined Hall parameters, ion slip, and magnetic parameters. 

Table 5 presents the quantitative relationship between the base fluid and magnetic 

nanoparticles (Fe3O4) with the volume fraction of nanoparticles. For the numerical 

calculation of the present study, the typical values of physical parameters for transient 

Maxwell fluid flow in a porous microchannel are considered, as described in Table 6 

and Table 7, unless they have expressly been stated in respective figures. The range 

of the Hartmann number varies as, 0≤Ha≤5  [132] and the range of the dimensionless 

quantity of induced electric field changes as, 0≤Ω≤10 [124]. Dukhin and Darcy’s 

numbers are varied as, 0≤Du≤10 [133], and 0≤Da≤1 [282], respectively. The 

relaxation time can be assumed to span a broad range as 
3

110   [132] and the 

range of normalized relaxation time sets as, 𝜆̅1~0-1. The slip parameter is varied from 

0 0.04  for the maximum zeta potential 𝜉=̅1 [138]. 

          With the above ranges, the extreme value of apparent zeta potential is 

prescribed as, 𝜉a̅≤2. The Hall and ion slip parameters are varied as 0≤αe≤1.5 and 0 

≤αs≤4, respectively [281]. Based on the practical design elements, the normalized 

physical parameters are within the physically acceptable range.  

 

Table 5 

Thermo-physical properties of base fluids and magnetic nanoparticles [135,272]. 

Properties Substance 

Base fluids Magnetic nanoparticles 

(Fe3O4) 

ρ(kgm-3) 1.025×103 5.18×103 

ԑ(C2N-1m-2) 6.95×10-10 80 

μ (kgm-1s-1)  1.09×10-3 - 

σ (sm-1)  0.1 25000 

kT (Wm-1K-1)  0.613 401 
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Table 6 
Typical values of physical parameters taken in the analysis. 

Parameters Values Unit Ref. 

strength of magnetic field (By)  0.01-5 T [243] 

electron charge (e) 1.6×10-19 C [241] 

characteristics half channel height (h) 100 nm [237]  

Boltzmann constant (kB) 1.381×10-23 JK-1 [135] 

characteristics channel length (L) 10-2 m [237] 

electron mass (me)  9.1×10-31 kg [281] 

bulk ionic concentration (n0)  1 molm-3 [135] 

absolute temperature (Ta)  298 K [135]  

ion valence (zv)  1 - [135] 

electron collision time (τe)  10-14 s [281]  

zeta potential (ξ) 0.025 V [135]  

 

We calculated the velocity distribution (U) from Eq. (6.28) using the parameters 

mentioned in Table 7 and they have been defined in Eq. (6.11). The parameters αe 

and αs are explained in Eq. (6.8). The expression of 𝜆̅1 is in Eq. (6.12). These 

dependent parameters are then used to evaluate the streaming potential field. The Du 

and α parameters determined from the electroneutrality condition in Eq. (6.34), are 

then used to calculate the streaming potential (𝐸̅s). 

          The temperature distribution (θ) is determined using the finite difference 

implicit scheme. For this, we use several key parameters of velocity along with Pr,  

𝑑̅,  Jh, and Br. The velocity expressed in Eq. (6.28) is used to compute the temperature 

distribution, which is then applied to solve the energy equation (Eq. 6.40). 

          Using the local temperature gradient at the wall, the Nusselt number is 

determined as a measurement of the convective heat transfer relative to co nductive 

heat transfer. This heat transfer parameter provides valuable insights into the 

efficiency of heat transmission within the system, enabling a deeper understanding of 

thermal performance under the given conditions. The Nusselt number (Nu) 

distribution as a function of time is calculated based on the temperature distribution 

provided in Eq. (6.40).  

         The entropy generation distribution (SG), outlined in Eq. (6.45) is determined 

by combining the velocity values from Eq. (6.28), and the temperature values from 

Eq. (6.40), which has been computed using the Simpson 1/3rd rule for the numerical 

integration. 
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Table 7 

Normalized values of key physical parameters used in the present results 

Parameters Range/Value 𝝍̅ 𝑬̅s U θ Nu 

Electrokinetic width 

(K) 

5-40 √ √ √ √ √ 

Hartmann number 

(Ha) 

0-5 - √ √ √ √ 

Induced electric field 

(Ω) 

10 - √ √ √ √ 

Ionic Péclet number 

(α) 

0.5 - √ √ √ √ 

Magnetic 

nanoparticles (Fe3O4)  

volume fraction (ϕ) 

0-0.02 √ √ √ √ √ 

Slip parameter (𝑎̅) 0-0.04 √ √ √ √ √ 

Zeta potential (𝜉)̅  1 √ √ √ √ √ 

Hall current 

parameter (αe) 

0-1.5 - √ √ √ √ 

Ion slip parameter (αs) 0-2 - √ √ √ √ 

Dukhin number (Du) 0-10 - √ √ √ √ 

Darcy number (Da) 0-1 - √ √ √ √ 

Imposed pressure 

gradient (Г)  

1 - √ √ √ √ 

Physical time (τ)  0-20 - √ √ √ √ 

Relaxation time (𝜆̅
1) 0-1 - √ √ √ √ 

Prandtl number (Pr) 7.43 - - - √ √ 

Temperature jump 

parameter (𝑑̅)  

0-0.04 - - - √ √ 

Brinkmann number 

(Br)  

0-0.1 - - - √ √ 

Joule heating 

parameter (Jh)  

0-10 - - - √ √ 

Temperature ratio (Θ)  20 - - - - - 

Governing equations  Eq. 

(6.4) 

Eq. 

(6.32) 

Eq. 

(6.28) 

Eq. 

(6.40) 

Eq. 

(6.42) 

 

6.5. Validation and verification 

 

Before continuing the comprehensive investigation to generate results, comparing the 

results with the published literature is essential for correctness purposes. The present 

study can only be indirectly validated since no prior literature works are available for 

direct comparison. Hence, certain assumptions have been made for the flow 

parameters to evaluate the present study uniquely. This study also involves transient 
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effects, but this influence becomes dry out with increasing time and the analysis 

approaches to steady-state conditions at a higher time. Figs. 6.2a and 6.2b compare 

the streaming potential distribution by considering Al2O3-water nanofluid properties 

for the Newtonian fluid (𝜆̅
1=0) determined by the present study and investigated by 

Zhao et al. [220,244] for magnetohydrodynamic flow and the pure pressure-driven 

flow, respectively. Calculating the normalized streaming potential involves fixing the 

non-dimensional parameters at specific values, participates as, 𝜉=̅-1, 𝑎̅=0, Ω=0, 𝜆̅
1≈0, 

Da→∞, αe=0, and αs=0. For the pressure-driven flow, the dimensionless parameters 

are ϕ=0 and Ha≈0. On the other hand, for the magnetohydrodynamic flow, the design 

parameter is K=30 and the calculated α value is -0.6541. These figures show an 

excellent correlation between the current results and the existing results. Comparing 

the results with Zhao et al. [244], the maximum deviation presented in Table A 

located in Appendix A, is 0.35%. The comprehensive agreement of findings identifies 

the proper analysis performed in the tested situation, indicating a correctness aspect. 
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Fig. 6.2 Validation of dimensionless streaming potential: (a) different α with Zhao 

et al. [244] and (b) different ϕ with Zhao et al. [220]. 

         Figure 6.3 verifies the study's applicability by comparing the velocity results 

obtained in the current research under the streaming potential flow to the values 

obtained by Zhao et al. [220,244] analyses, assuming a no-slip state. The findings are 

validated by utilizing the flow parameters, selecting constant values of 𝜉=̅-1, 𝑎̅=0, 

Ha≈0, Ω=0, 𝜆̅
1≈0, Da→∞, αe=0, and αs=0 while different ϕ  (at K=20, and Ha≈0) and 

Ha (at K=30, and ϕ=0) are used. The velocity profile is calculated for Newtonian fluid 

and compared with the previous studies. This figure demonstrates the results from the 

current research align closely with the published data, highlighting the accuracy of 

the current study. Table B in Appendix B compares velocity at different locations 

determined by the current study and Zhao et al. [220]. This comparative study shows 

an insignificant deviation (maximum 0.202%), indicating the current results' 

accuracy to establish the model. 
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Fig. 6.3  Validation of the present study for velocity distribution for (a) various ϕ 

with Zhao et al. [244] and (b) various Ha with Zhao et al. [220]. 
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Fig. 6.4 Comparative analysis of the electrokinetic energy conversion efficiency in 

the current study with that of Chen and Jian [238]. 

 

        A notable validation is to compare the electrokinetic energy conversion (EKEC) 

efficiency depicted in Fig. 6.4 of the present findings with the results illustrated by 

Chen and Jian [238] for a Newtonian fluid. The evaluated EKEC efficiency depends 

on the non-dimensional parameters as, α=0.3, 𝜉a̅=1, 𝑎̅=0, Ha≈0, Ω=0, 𝜆̅
1≈0, ϕ=2%, 

Da→∞, αe=0, and αs=0. The EKEC efficiency is subsequently computed based on the 

electrokinetic thickness and compared to the results of a previous study. Furthermore, 
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the findings robustly substantiate the accuracy of the predictions, revealing a 

consistent and discernible pattern. 

 

6.6. Results and discussion 

 

This study investigates the transient electrokinetic nanofluid flow inside a parallel 

plate microchannel with slip dependent zeta potential at the channel walls. The 

interactive influence of relaxation time, external magnetic field, Hall current, and ion 

slip is studied graphically on the flow analysis in a hydrophobic microchannel. The 

variable separation technique is used for fluid flow to conduct analytical research. 

The analysis determines the normalized distributions of streaming potential, velocity, 

flow rate, EKEC efficiency, temperature, Nusselt number, and entropy generation as 

a function of time. A multi-objective optimization process conducts a range of 

decision variables to maximize the electroviscous heat transfer rate and minimize the 

total entropy generation. The analysis is carried out as dependent dimensionless 

variables and parameters.  

 

6.6.1. Fluid flow of Fe3O4-water nanofluids 

 

(i) Streaming potential distribution 

 

Figure 6.5 shows a variation of streaming potential with the Dukhin number (Du) for 

Maxwell fluid. The plotting is made with various Darcy numbers (Da) under slip-

dependent zeta potential to provide a basis for comparison. As the Da amplifies, the 

flow interruption diminishes, leading to a decline in the magnitude of fluid friction 

within the porous medium, as shown in Fig. 6.5a. With a surge in Du, the conductivity 

of the Stem layer rises. The conduction current passes through the Stern layer, and 

the bulk liquid flow undergoes an amplification. With an elevated Stern layer 

conductivity, it forges a pathway offering diminished resistance for the flow of 

conduction current. Streaming and conduction currents through the stern layer reach 

a state of equilibrium. Hence, a lower streaming potential stabilizes the streaming 

current and ensures electro-neutrality. As a result, the streaming potential decreases 

because of the Du while keeping other parameters unchanged. Next, the study 

focuses on the streaming potential flow of Maxwell fluid for comparison of slippage 

and no-slippage zeta potentials with the variation of Du for constant parameters of 

Ha=4, Da=0.1, αe=0.5, and αs=1.5. The mathematical relation 

   1 sinha ra K      
 

 illustrates that a  increases the electrostatic 

actuation force. A zeta potential near the EDL zone leads to the generation of ions. 

Therefore, the flow field exerts a greater driving force on fluid particles and causes 

an increment of the streaming potential with slip parameters. For Du=0, the peak 

streaming potential is at 0.04a  . In particular for Du=5, velocity increases 

significantly by approximately 23.15% in the slip-dependent zeta potential at 

0.01a  , compared to that at 0a  , as shown in Fig. 6.6b.  
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(a) 𝑎̅=0.01 (b) Da=0.1 

 

Fig. 6.5 Variation of the streaming potential distribution at slip dependent porous 

medium channel as a function of Du for K=20, α=0.5, ϕ=2%, αe=0.5, αs=1.5, and 

Ha=4 (a) for different values of Da, (b) comparison of slip dependent and slip 

independent zeta potentials. 

To illustrate the impact of nanoparticle volume fraction, Fig. 6.6 depicts the 

distribution of streaming current with Hall current and ion slip. An increase in the 

volume fraction of nanoparticles declines the streaming current. The streaming 

current for adding 2% nanoparticles decreases by 1.92% at αe=0.5 and αs=1.5 

compared without nanoparticles in base fluid. This trend is primarily because of the 

elevated concentration of nanoparticles increased the nanofluid's effective viscosity 

under the influence of shear rate. The Hall effect appears due to the Lorentz force 

acting on the moving charges in the presence of a magnetic field, which is presented 

in Fig. 6.6a. In the context of a fluid with charge particles flow through a 

microchannel, the interplay of the magnetic field and the moving charges can lead to 

an increase in streaming current. Conversely, ion slip occurs from an external 

magnetic field that generates an electric field effectively boosting the mobility of ions 

and thereby increasing the streaming potential (Fig. 6.6b). 
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(a) αs=1.5 (b) αe=0.5 

 

Fig. 6.6 The variation of normalised streaming current at different nanoparticle 

volume fraction for K=20, α=0.5, a̅=0.01, Ha=4, Da=0.1, and Du=5: (a) with Hall 

current, and (b) with ion slip. 

(ii) Velocity distribution 

 

Figure 6.7 depicts the transient velocity distribution of a Maxwell fluid, varying with 

the Y-coordinate, while Ha=4, Da=0.1, αe=0.5, and αs=1.5 are kept constant. Now, 

the influence of relaxation time, Hartman number, electric force, slip-dependent zeta 

potential, Hall effects, and ionic slip on the velocity in a porous channel can be 

studied as all the parameters are included in the analysis. The validation of the present 

velocity cannot be verified directly in the transient state due to the unavailability of 

existing results. Therefore, we can verify the analytical results with numerical ones 

in the transient state. The results show an excellent agreement under the influence of 

relaxation and physical times. A significant variation in velocity with these two 

parameters occurs across the channel orthogonal to the fluid flow direction. Fig. 6.6a 

portrays the effect of small relaxation time on the velocity field. The velocity gradient 

is crucially generated with the relaxation time. The flow velocity increases at the core 

region when relaxation time increases. Eq. (6.12) provides the term for relaxation 

time λ̅1, which affects the stress tensor Txy. The phenomenon of fading memory 

occurs due to the limited recollection ability of the Maxwell fluid, which can only 

vaguely remember events from the distant past. At larger λ̅1, the elastic nature of the 

fluid emphasizes over the viscous nature. A plausible explanation for this trend is that 

shorter relaxation times lead to lower elasticity. In comparison, longer relaxation 

times result in increased elasticity and a reduced ability of the fluid to recover its 

original state, as plotted in Fig. 6.6b. In physical terms, the elastic effect becomes 

increasingly noticeable as the relaxation time increases. Therefore, the dynamics of 

Maxwell fluids become increasingly comparable to a solid. The maximum velocity 

attained by the fluid flow during the transient period exhibits a notable increase with 

increasing λ̅1, attributable to the heightened elastic effects. It can reduce the motion 
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of fluid and boundary layer thickness at the EDL zone.  Thus, the velocity profile has 

a higher magnitude when the dimensionless relaxation time is λ̅1=1. Following this, 

the velocity profile demonstrates a rising trend as time progresses. It also shows from 

Fig. 6.6c that fluid velocity diminishes near the channel's central region as time 

increases, while the trend reverses at the EDL region of the microchannel. Fig. 6.6d 

also reveals that the fluid velocity reaches a steady state at τ=6; beyond this time, 

there is no change in the velocity profile. Therefore, this time is sufficient for 

diffusing in the central region rather than the EDL region of the channel. 
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(c) 𝜆̅
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Fig. 6.7 Transient velocity distribution across a channel for Maxwell fluid with slip 

dependent zeta potential compared with the present analytical and numerical studies 

at K=20, α=0.5, ϕ=2%, 𝑎̅=0.01, αe=0.5, αs=1.5, Ha=4, Da=0.1, and Du=5: (a-b) 

different values of 𝜆̅
1, and (c-d) different values of τ. 
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(iii) Volume flow rate 

 

Figure 6.7 illustrates the variation of the dimensionless discharge rate with 

normalized time for a magnetohydrodynamic streaming potential flow. Combined 

influences of relaxation time, electric field, magnetic field, Hall current, and ion slip 

on volume flow rate are taken with the slip boundary condition. The comparison of 

Maxwell and Newtonian fluid’s volume flow rate calculations is made under the 

conditions of Ha=4, αe=0.5, and αs=1.5 in Fig. 6.7a. The variations of normalized 

discharge rate for different values of 𝜆̅
1 = 0.01, 0.2,0.5, 0.8, and 1.0 are taken to plot 

the results. The volume flow rate decreases significantly when the relaxation time 

increases. 

The increase in relaxation time of viscoelastic fluid leads to more resistance to the 

motion of the fluid. An increased viscosity of flowing liquid increases relaxation time 

parameters. It highlights that for λ̅1=0, the behavior of the fluid changes from that of 

a Maxwell fluid to a Newtonian fluid. A higher of λ̅1 amplifies the elastic effects of 

the fluid. The precise agreement between the outcomes indicates the present 

analysis's ability to accurately calculate the Newtonian fluid's volume flow rate. An 

external magnetic field (Ha) interacts between body forces and the effects of Hall 

current and ion slip in a hyperbolic microchannel, which generates an electric field 

(Ω). The increase in the Hartman number leads to a significant reduction in the flow 

velocity, as observed. From the physical perspective, the Lorentz force, as described 

by Eq. (6.9), acts in the axial direction and has a magnitude corresponding to the 

aiding component (σfBzEref) and a flow-opposing component (σfu𝐵𝑧
2) Fig. 6.8b 

displays that the opposing component is more pronounced than the aiding component 

in the flow system. As the Hartman number increases, the normalized discharge rate 

experiences a decrement. Fig. 6.8c shows how the volume flow rate is affected by the 

Hall parameter. The Hall parameter enhances the flow rate. It is because the effective 

electric conductivity decreases as the Hall parameter rises, resulting in a decay in 

magnetic force and an increase in the flow rate. Fig. 6.8d demonstrates the impact of 

the ion slip parameter on the volume flow rate, with the variation of the τ. Similar 

behavior is observed for increasing the ion slip parameter, as shown in Fig. 6.8c. An 

increase in the slip parameter results in an increased velocity adjacent to the wall. 

This trend is because of the relatively high motion of molecules at the interfacial 

section and the subsequent reduction in effective electrical conductivity. It also 

reveals a higher flow rate in the presence of ion slip. 

 



Chapter 6. Maxwell fluid streaming potential analysis 

137 

 

0 1 2 3 4 5
0

9

18

27

36

45

Q



 1=0.01

 1=0.2

 1=0.5

 1=0.8

 1=1

 Newtonian fluid

10-3

 
0 1 2 3 4 5

0

10

20

30

40

50

60

70

Q



 Ha=1

 Ha=2

 Ha=3

 Ha=4

 Ha=5

10-3
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Fig. 6.8 Fluctuation of non-dimensional volumetric flow rate at slip boundary 

conditions with respect to τ for K=20, ϕ=2%, 𝑎̅=0.01, Ha=4, Da=0.1, and Du=5: (a) 

between Maxwell and Newtonian fluids for variation of 𝜆̅
1,  (b) different values of 

Ha, (c) for variation of αe, and (d) different values of αs. 

(iv) Electrokinetic energy conversion efficiency 

 

Considerable effort has been devoted to determining results that highlight the 

significance of the current analysis. The present study explores the contrast in EKEC 

efficiencies between the slip-independent and slip-dependent zeta potential, as shown 

in Fig. 6.9. It is evident that EKEC efficiency at K=20 and Du=5 predicts greater 

amplification for the slip-independent zeta potential compared to the slip-dependent 

zeta potential, which is precisely 809.91%. According to Fig. 6.5, the streaming 
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potential decreases when Du increases. When the EDL becomes thinner, fewer 

mobile ions are present, leading to a smaller accumulation of excess ions and a 

weaker streaming potential, as depicted in Fig. 6.9a. The enhancement of EKEC 

efficiency with increasing 𝑎̅ is attributed to the increased movement of fluid 

molecules near the channel walls. As the normalized zeta potential rises, electrostatic 

interactions become stronger, drawing more counter-ions toward the charged 

surfaces, as shown in Fig. 6.9b. This intensifies the EDL, resulting in a greater 

potential difference within the fluid. As a result, the streaming potential increases. 

Therefore, when the zeta potential is influenced by slip conditions, it leads to a 

noticeable rise in the streaming potential. 
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(a) Slip-independent zeta potential (b) Slip-dependent zeta potential 

 

Fig. 6.9 Comparison of electrokinetic energy conversion efficiency as a function of 

Dukhin number (Du) between slip-independent zeta potential (𝑎̅=0) and slip-

dependent zeta potential (𝑎̅=0.01) at K=20, ϕ=2%, αe=0.5, αs=1.5, Ha=4, and 

Da=0.1. 

 

6.6.2. Thermal analysis of Fe3O4-water nanofluids 

 

(i) Temperature field 

 

Figure 6.10 illustrates the temperature distribution of magnetohydrodynamic flow of 

transient Maxwell fluid with Hall current and ion slip as a function of coordinate. The 

impact of the Joule heating effect on the dimensionless temperature distribution is 

illustrated in Fig. 6.10a. To conduct our analysis, we set the flow parameters at 

τ=0.01, and various Jh=1, 2, 5, 8, and 10 are employed to produce the results. The 

analysis unveils the transient temperature distribution for Maxwell fluid with Hall 

effects and ion slip for pressure-driven streaming potential flow for various values of 

Joule heating parameters. 
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It's noteworthy that with an increase in the Joule heating parameter, the magnitude of 

the dimensionless temperature also rises. When the dimensionless Joule heating term 

is positive, it signifies a scenario where the wall is heated, resulting in a more 

significant temperature difference across the microchannel. Consequently, this leads 

to a corresponding increase in the thermal energy generation rate within the 

microchannel. From a physical perspective, the negative values observed in 

temperature are attributed to the condition where θ=(kT)f(Tw-T)/(qwh) gradually 

becomes negative as T always less than Tw.  The central temperature of the channel 

experiences a 100% increase under jump boundary conditions when compared to Jh=2 

with respect to Jh=1. Figs. 6.10b and 6.10c illustrate the changes in various τ with 

respect to the Y-coordinate in a microchannel. Our investigation adopts a fixed 

parameter approach, setting Jh=10 and Br=0.01. We systematically varied the time 

evolution interval (τ=0.01, 0.02, 0.03, 0.04 and 0.05) to elucidate its impact on the 

system's behaviour.  The temperature magnitude remains low at low values of time. 

However, with minor changes in time, the temperature undergoes amplified, as 

illustrated in Fig. 6.10b. Streaming potential in microchannel flow is often associated 

with generating an electric potential due to fluid movement within a porous medium. 

As time progresses (τ=0.5, 1,2,5,10,15, and 20), the effects of joule heating 

(associated with the electrical potential) and viscous dissipation can contribute to the 

increase in temperature, potentially leading to a more uniform temperature 

distribution within the microchannel. The streaming potential, generated by the flow 

of the electrically conductive fluid through the channel, also plays a role in 

influencing the temperature distribution. The temperature of the fluid rises with an 

increase in τ within the boundary layer region, as illustrated in Fig. 6.10c. Much like 

the normalized velocity, due to the dependence of the temperature profile on the fluid 

flow, the temperature near the wall rises as the velocity grows. The steady state is 

reached when the temperature changes caused by joule heating, viscous dissipation, 

and other factors balance out over time. The effects of transient phenomena diminish, 

resulting in a stable and constant temperature distribution at τ=20.  

 



Chapter 6. Maxwell fluid streaming potential analysis 

140 

 

0.0 0.2 0.4 0.6 0.8 1.0
-4

-3

-2

-1

0



Y

 Jh=1   Jh=2

 Jh=5   Jh=8

 Jh=10

10-3

 

0.0 0.2 0.4 0.6 0.8 1.0
-20

-18

-16

-14

-12

-10

-8

-6

-4

-2



Y

 =0.01   =0.02  =0.03 

 =0.04   =0.05

10-3

 
(a) τ=0.01 (b) Jh=10 
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Fig. 6.10 Transient evolution of normalised temperature distribution as a function 

of Y across the channel for K=20, ϕ=2%, a̅=0.01, λ̅1=0.5, αe=0.5, αs=1.5, Ha=4, 

Da=0.1, Du=5, Br=0.01, and γ=0.04: (a) different values of Jh, (b) different low 

values of τ, and (c) different high values of τ. 

 

(ii) Nusselt number estimations for heat transfer 

 

The crucial non-dimensional parameter in thermal flow investigations is the Nusselt 

number (Nu). Fig. 6.11 illustrates how Nu changes concerning Jh for different γ while 

maintaining constant other parameters. Notably, an increase in the Joule heating 
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parameter leads to decreased heat transfer, resulting in alterations in temperature, as 

shown in Fig. 10a. Conversely, a temperature variance emerges between the surface 

of the channel and the fluid when thermal communication weakens. This weakness 

in thermal communication is attributed to a reduced frequency of collisions among 

molecules, both with the surfaces and among themselves. Consequently, a 

pronounced temperature gradient forms near the channel wall. A substantial 

temperature gradient manifests in the proximity of wall surfaces under temperature 

jump conditions. This circumstance contributes to an escalation in the temperature 

discrepancy at the boundary. The fluid's local temperature rises owing to heat transfer 

from the channel walls, Joule heating-induced heat generation, and viscous 

dissipation. This leads to a gradual enhancement in the bulk mean temperature as the 

differences between (T-Tw) diminish. Therefore, there is an overall decrease in heat 

transfer, resulting in a reduction in the Nu. 
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Fig. 6.11 Comparison of the Nu as a function of γ with (Jh=10) and without ( Jh=0) 

Joule heating at K=20, ϕ=2%, a̅=0.01, λ̅1=0.5, αe=0.5, αs=1.5, Ha=4, Da=0.1, Du=5, 

and Br=0.01. 

 

Figure 6.12 displays the variations of ηh as a function of τ to show the transient effects 

within the channel. Notably, a rise in the physical time leads to increasing/decreasing 

trends in the electroviscous heat transfer rate, resulting in alterations in velocity and 

temperature, as depicted in Figs. 6.9a, and 6.12b, respectively. Maxwell fluids exhibit 

viscous and elastic characteristics, affecting heat transfer rates over time. Elastic 

effects can enhance heat transfer rate, while viscous effects can reduce it. The 

increased apparent viscosity due to electroviscous effects leads to lower convective 

heat transfer rates. The Hall effect, from magnetic fields interacting with moving 

charged particles, initially increases heat transfer but may decrease if the system is 

going to stabilize. Ion slip alters effective conductivity and velocity profiles, leading 
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to varying heat transfer rates due to ion concentration and distribution changes. The 

Darcy number indicates permeability; a higher value implies a higher fluid flow and 

heat transfer rates without electroviscous effects. The maximum Maxwell fluid’s heat 

transfer rate was obtained at a small-time interval (τ=0.01) as 0.8618 at 𝜆̅
1=0.5, Ha=4, 

and Du=5. The rate of Nu variation with time can be linked to the Darcy number of 

the fluid. After τ=2, the Darcy number of the flow, the ratio of the heat transfer, and 

the electroviscous effect on heat transfer approach their steady-state values. 
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Fig. 6.12 The variation of ηc as a function of τ with different values of Da at 

at K=20, ϕ=2%, a̅=0.01, λ̅1=0.5, αe=0.5, αs=1.5, Ha=4, Du=5, Br=0.01, Jh=10, and 

γ=0.04. 

Joule heating, viscous dissipation, electric diffusion, and magnetic interactions 

collectively contribute to thermal irreversibility. Fig. 6.13 illustrates the total entropy 

as a function of Br for various Ha. To determine the overall entropy generation, we 

used some fixed parameters at the initial time: γ=0.04, αe=0.5, and αs=1.5. Our 

observations indicate a clear decreasing trend in total entropy. The findings suggest 

that an increase in the value of Ha leads to a decrease in the flow rate, as mentioned 

in Fig. 10b, increasing irreversibility. The stronger magnetic field interaction leads to 

more pronounced Joule heating, boosting entropy generation. Despite the reduced 

flow rate, the enhanced Lorentz force increases viscous dissipation, converting 

energy lost to internal friction into heat and raising local temperature. These changes 

in temperature distribution result in larger temperature gradients, further enhancing 

heat transfer by conduction and contributing to higher entropy generation. 

Conversely, a rise in the value of Br amplifies the viscous boundary layer at Br = 0.1. 

This phenomenon occurs due to increase in (Tm-Tw).  
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(iii) Prediction of entropy generation 

 

The total entropy generation, influenced by the parameters of Hall current and ion 

slip, is depicted in Fig. 6.14 to explore the tangible effects of thermal irreversibility. 

As the Hall current diminishes, the maximum irreversibility becomes more 

pronounced. Conversely, with a rise in the value of ion slip (αs=0,0.5,1.5), a minimal 

change occurs in the global entropy. This variation is attributed to the increase in the 

flow rate for Hall current and ion slip within the flow domain, as indicated in Figs. 

6.8c and 6.8d. The impact of Hall current and ion slip leads to the generation of 

additional streaming potential across the flow field. The magnitude (Tm-Tw) decreases 

at a low Br (Br = 0.01). Ultimately, the presence of the electromagnetic force leads 

to a reduction in the global entropy generation. 
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Fig. 6.13 Total entropy generation across the channel as a function of Br for various 

values of Ha at initial time step at  K=20, ϕ=2%, a̅=0.01, λ̅1=0.5, αe=0.5, αs=1.5, 

Da=0.1, Du=5, Br=0.01, Jh=10, γ=0.04, and τ=0.01. 

The focus on the Bejan number quantifies the relative contribution of entropy 

generation due to heat transport compared to the overall entropy in microchannels. 

The distributions of the Bejan number (Be) are illustrated as a function of the Y 

coordinate in Fig. 6.15, exploring both small and large values of τ. The findings 

unambiguously show that the Bejan number rises with the progression of time (τ) in 

the core region, with minimal variations in its magnitude. Apart from the core region, 

the Bejan number along the wall rises, as plotted in Fig. 6.15a. A general observation 

indicates that the Bejan number (Be) is significantly smaller than 0.5 (Be<<0.5). This 

condition is because, at minimal values of time, viscous dissipation-induced entropy 

generation significantly outweighs the thermal entropy generation from heat transfer. 

A notable Bejan number (Be) increase is observed in scenarios with extended time 

durations, as evident from Fig. 6.15b. At a steady time of τ=20, near the wall, heat 

transfer irreversibility holds sway over fluid friction when Be>0.5. By contrast, in the 
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transient state slightly removed from the channel wall, fluid friction shows a more 

prominent role than heat transfer irreversibility when Be<0.5. 
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Fig. 6.14 Comparison of total entropy generation across the channel as a function of 

αe for K=20, ϕ=2%, a̅=0.01, λ̅1=0.5, Ha=4, Da=0.1, Du=5, Br=0.01, Jh=10, and 

γ=0.04 at different values of αs  at initial time step (τ=0.01). 
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Fig. 6.15 Transient evolution of Bejan number (Be) as a function of Y across 

the channel for K=20, ϕ=2%, 𝑎̅=0.01, 𝜆̅
1=0.5, αe=0.5, αs=1.5, Da=0.1, Du=5, 

Br=0.01, Jh=10, and γ=0.04 (a) low τ, and (b) high τ. 

 

 

 

 



Chapter 6. Maxwell fluid streaming potential analysis 

145 

 

6.7. Discussion of the topic 

 

(i) The conservative equations for maxwell flow coupling between electric, magnetic, 

and hydrodynamic forces become highly nonlinear, limiting analytical tractability 

and requiring extensive numerical computations. 

(ii) Experimental validation under varying conditions, such as zeta potential 

dependency and electromagnetic field effects, is limited, and findings are specific to 

microchannel dimensions, hindering scalability to larger systems. 

(iii) The Current study is unsuitable for analysing transient flow behavior for the 

Oldroyd-B fluid in microchannel flow. 

(iv) Key factors like nanoparticle concentration, surface roughness, and non-

Newtonian effects are not fully addressed, and the integration of the Nernst-Planck-

Poisson framework with Navier-Stokes equations remains suboptimal, restricting 

practical predictions. 

 

6.8. Conclusions with findings 

 

This study reveals key insights into the characteristics of viscoelastic fluids' intricate 

rheological and heat transfer. Employing the linearized Poisson-Boltzmann equation 

and Debye-Hückel approximation evaluates zeta potential, wall slip, porous media, 

and stern layer currents. A comprehensive model was developed to analyze transient 

pressure-driven Maxwell fluid flow in microchannels, integrating streaming potential 

and magnetohydrodynamic effects. Key assessments include the flow field, volume 

flow rate, EKEC efficiency, temperature, Nusselt number, and entropy production. 

The results highlight that streaming potential significantly increases with slip 

parameters, exhibiting a 23.15% rise when the zeta potential depends on slip 

compared to no-slip conditions. Flow rate and heat transfer analysis demonstrate 

superior discharge and heat transfer rates for Maxwell fluids over Newtonian fluids, 

influenced by factors such as slippage, zeta potential, Hall current, and ion slip. 

Remarkably, electrokinetic energy conversion efficiency improves by 809.91% under 

slip-dependent zeta potential, underscoring the critical role of elastic and viscous 

forces.  
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6.9. Appendix 

 

Appendix A 

 

Table A 

Comparison of the present and Zhao et al. [244] normalized streaming potential for 

two values of α 

K 

α=0.5 Absolute 

deviation 

(%) 

α=1 Absolute 

deviation 

(%) 
Present 

study(𝐸̅s) 

 

Zhao et al. 

[244] 

(𝐸̅s) 

Present 

study 

(𝐸̅s) 

Zhao et al. 

[244] 

(𝐸̅s) 

5 -0.05316 -0.05332 0.3028 -0.02899 -0.02908 0.3380 

10 -0.01630 -0.01636 0.3481 -0.00854 -0.00857 0.3555 

15 -0.00775 -0.00777 0.3484 -0.00400 -0.00401 0.3519 

20 -0.00450 -0.00452 0.3471 -0.00230 -0.00231 0.3495 

25 -0.00294 -0.00295 0.3458 -0.00150 -0.00150 0.3478 

30 -0.00207 -0.00207 0.3451 -0.00105 -0.00105 0.3457 

35 -0.00153 -0.00154 0.3442 -0.00077 -0.00078 0.3452 

 

Appendix B  

 

Table B 

Comparisons of the present and Zhao et al. [220] results for normalized velocity at 

two values of Ha. 

Y Ha=1 Absolute 

deviation 

(%) 

Ha=2 Absolute 

deviation 

(%) 
Present 

study 

(U) 

Zhao et al. 

[220]   

(U) 

Present 

study 

(U) 

Zhao et al. 

[220]   

(U) 

0 0.35063 0.35116 0.1490 0.18320 0.18334 0.0812 

0.1 0.34739 0.34791 0.1486 0.18186 0.18201 0.0804 

0.3 0.32127 0.32174 0.1456 0.17085 0.17098 0.0787 

0.5 0.26797 0.26835 0.2018 0.14704 0.14715 0.0741 

0.7 0.18535 0.18559 0.1306 0.10656 0.10664 0.0674 

0.9 0.07013 0.07021 0.1186 0.04289 0.04292 0.0583 
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Chapter 7. Heat, mass, and entropy analyses in periodic 

electroviscous Oldroyd-B fluids 

 

7.1. Objectives of the chapter  

 

Research on time-periodic flow in microfluidic channels, the dynamics 

and energy dissipation of Fe3O4-water nanofluids under 

electromagnetohydrodynamic forces, and electroviscous effects is of prime priority 

nowadays. Waver streaming potential flows, critical for passive solute transport in 

applications such as drug delivery, diagnostics, and biomolecule separation, lack 

complete insights into the flow of viscoelastic Oldroyd-B fluids under pressure-

driven forces. The existing literature provides no insights into the streaming potential 

in pressure-driven wave flow for the Oldroyd-B fluid model. However, it is vital to 

comprehend the flow behavior of heat transfer and thermal irreversibility in 

microfluidic systems. It explores the velocity field, streaming potential field, flow 

rate, EKEC efficiency, concentration field, mass transfer rate, heat transfer, and 

entropy generation under time-periodic flow conditions. Furthermore, the influence 

of relaxation time, retardation to relaxation time ratio, electroviscous effects, surface 

charge, and electromagnetic forces on fluid dynamics and thermal transport are 

thoroughly investigated. 

 

7.2. Physical aspects and mathematical modelling  

 

This study investigates the oscillatory electroviscous behavior of a non-Newtonian 

Fe3O4-water nanofluid (modeled as an Oldroyd-B fluid) within a parallel-plate 

microchannel under fully developed, unidirectional flow conditions. The channel 

geometry (length L, width W and height 2h, (L>>2h, W) ensures flow confinement 

to the y-axis, simplifying the system to a one-dimensional framework. A pressure-

driven axial gradient (-∇p) generates a streaming potential (Es), while externally 

applied electric (Ez) and magnetic (By) fields act perpendicular to the flow direction 

(z-axis). These orthogonal fields collapse the inherent two-dimensional electrokinetic 

dynamics into a y-dependent unidirectional flow. The microchannel interfaces with 

two reservoirs containing distinct solute concentrations (c1≠c2). To eliminate edge 

effects, the channel is idealized as infinitely long, enabling analytical simplification. 

This configuration isolates the interplay between viscoelastic stress, electromagnetic 

forces, and periodic pressure gradients, critical for understanding energy dissipation 

and mass transport in microscale non-Newtonian electrohydrodynamic systems. 
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Fig. 7.1 Geometry of the physical problem 

7.2.1. Electrostatics 

 

The EDL potential profile for a symmetric electrolyte is derived by 

coupling Boltzmann statistics for ionic charge distribution with the Poisson-

Boltzmann framework.  In dimensionless terms, the defining equation for the 

electrostatic potential is expressed as follows, [135,305], 

 
2 2

2
sinh

r

d K

dY





                   (7.1) 

where    2 2
02 v f B aK n he z k T ,  v B aez k T  ,  Y y h ,  r eff f  

are the dimensionless electrokinetic width, electrical potential, coordinate and ratio 

of the nanofluid effective permittivity to the base fluid permittivity, respectively.  In 

the present work, K is taken to be in the range of 5 to 40 to avoid overlapping, and 

Eq. (1) is considered valid. Table 2 presents empirical correlations for the thermal 

properties of the base and magnetic nanoparticles as a function of volume fraction. 

 

7.2.2. Fluid flow field 

 

The current study addresses unidirectional transient flow velocity, governed by the 

general continuity and Navier-Stokes equations for incompressible fluids [91], 

. 0 U                     (7.2) 

 eff p
t


 

      
 

U
U U σ F                  (7.3) 
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The stress-strain relationship of Oldroyd-B fluid the momentum equation modified 

as, 

  2

1

2eff effp
t


 m



  
         

   
1

U
U U σ A F             (7.4) 

where ρ is the fluid density, U  is the flow velocity vector, t is the time, p is the 

hydrostatic pressure, 1σ  is the elastic stress tensor,   2T  A U U  is the rate 

of the strain tensor.   

The electromagnetic body force per unit volume acting on a conducting fluid 

is governed by the generalized Lorentz force expression as,  e  F E J B . The 

total current density J incorporates both Ohmic and convective contributions: 

 eff  J E U B , and B is the magnetic field vector perpendicular to the flow 

direction. In the present model, the fluid is subjected to an externally applied electric 

field vector  ,0,s zE EE  and a transverse magnetic field  0, ,0yBB . The 

velocity vector is given as, ( ,0,0)uU , aligned along the axial direction. The 

resulting Lorentz force becomes: 2
eff y eff z yi uB i E B    J B . Rewriting Eq. 

(7.4) in scalar form under the influence of a hydrodynamic electromagnetic field in 

the x-direction yields, 

2
22

2
1

xy
eff eff eff z y eff y e s

u p u
E B B u E

t x y y

 
 m   



    
       

    
              (7.5) 

Here, σeff represents the effective electrical conductivity of nanofluids. The 

unidirectional flow the shear stress for an Oldroyd-B fluid with respect to t is denoted 

as    1 2 11yx yx efft u y   m         , where σyx is a shear stress, λ1 is a 

relaxation time, λ2 is a retardation time, and μeff is an effective viscosity of the fluid.  

An oscillatory flow, driven by a time-harmonic applied pressure gradient 

and influenced by an imposed voltage with an electric field (streaming potential field) 

and an externally applied electric field, can be represented in a complex form. This 

representation involves exponential variables for the pressure gradient, streaming 

potential, external electric field, stress tensor, velocity, and volume flow rate, 

respectively, as follows: 

  0Im ei tp x p x      ,  0Im i t
s sE E e  ,  0Im i t

z zE E e  ,

 0Im i t
yx yxe   ,  0Im i tu u e  , and  0Im i tq q e                             (7.6) 

where u is a y-component fluid speed, t is the physical time, ω is the angular 

frequency and  0p x  , 
0
sE  ,

0
zE , 0

yx , and 0q are  complex amplitude of pressure 
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gradient, streaming potential, external electric field, shear stress, and volume flow 

rate, respectively [139]. 

Formulated the governing equations in dimensionless form for the velocity 

distribution, to combine Eqs. (7.5) are as, 

2
0 2 20 1

0 02
1

1 Re
Re 2 2

1 Re

r
r s e r r

d U i
i U E Ha Ha U

idY


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

 
    



 
      

 
    

(7.7) 

where  0 0 refU u u  is dimensionless amplitude velocity. Hence, the reference 

velocity is established through the applied pressure gradient driving the pressure-

driven transport and can be represented as,   2
02ref fu h dp dxm  .  t  is 

the normalized time, and     2
1 1 f f h  m   is the normalized relaxation time 

and signifies the interplay between the fluid’s elastic and viscous characteristics. 

y f fHa h B  m is the Hartmann number. The amplitude of the dimensionless 

streaming potential  0 0
s s refE E E  is determined by equating it to 

  0ref f f fE dp dx  m   .  0
z ref yE u B   is the normalised external 

electric field. The angular Reynolds number is defined as  2Re f fh   m .  

 2
f f B   m   is the electroviscous parameter, signifying the relationship 

between the maximum electroviscous force and the pressure gradient in steady flows.  

 

For the normalization of Eq. (7.7), the following dimensionless parameters are 

introduced, 
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                  (7.8) 

Eq. (7.7) is rewritten in a simplified form using above normalized parameters as, 

 

2 2 0
2 20
1 0 22

2

Re

s e

r

d U E
U

idY 

 




                   (7.9) 

 

Eq. (7.9) encounters a Navier-slip boundary condition at the wall as, 

 0 0 1
0

Y
U a dU dY


  , and a symmetric boundary condition at the channel 

centerline 0 0Y
dU dY


. Here,  a a h  denotes the dimensionless slip length, 
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representing an extended distance from the solid surface where velocity diminishes 

to zero. 

The normalized time-periodic velocity is expressed using an exponential form as, 

0( , ) Im( e )iU Y U   . The governing equation (Eq. 7.9) is simplified to express the 

solution for the time-periodic velocity in a dimensionless formula as follows, 
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                                                                                                                           (7.10a) 
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                                           (7.10b) 

However, the constant value of complex amplitude of streaming potential  0
sE  

remains unknown in Eq. (7.10). Hence, the electro-neutrality condition can be utilized 

to determine its value. The streaming current is denoted by 

0

2

h

s eI u dy
 
 
 
 

  .  The 

conduction current passing through the mobile part of the ions is represented by 

Ic=2hσBEs. Similarly, the conduction current through the immobile part of the ions in 

the Stern layer is denoted by Istern=2σsternEs.The sum of the net current for steady-state 

conditions in the channel must be zero [67,139]. In the non-dimensional form, 

 
1

2 0
0

0

2 1e sU K dY E Du                   (7.11) 

Where Du(=σstern/hσB) Dukhin number defined as stern layer conductivity to bulk 

fluid conductivity. Consequently, the velocity field is fully characterized by 

incorporating the streaming electric field as obtained from Eq. (7.11) into Eq (7.10).  

In response to the induced electric field, the complex amplitude of volume flow rate 

can be articulated as follows 
1

0

0

Q UdY  .The revised flow rate can be elucidated in 

the context of a purely pressure-driven flow uninfluenced by electrokinetic effects 
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mention as 
0Es

q


. The generation of streaming current  sI  and induced electric 

field  sE  converts the mechanical energy of pressure-driven flow (without 

streaming potential) to electric energy. The energy conversion system achieves its 

maximum power output at half the streaming potential and half the streaming current 

representing the optimal electric power generation with the electrokinetic energy 

conversion (EKEC) efficiency described in [139], 

 

0

2 2

s s

c

Es

I E

p
q

x










                (7.12) 

 

where   denotes the time average over a single cycle from 0 to 2π/ω.  

7.2.3. Concentration distribution 

 

The transport of a passive electroneutral solute species in an oscillatory streaming 

potential flow within a microchannel is examined. The aqueous electrolyte contains 

a nonreactive, electrically neutral solute dissolved in a dilute solution. The solute 

concentration is denoted  , ,c x y t  . The microchannel is connected to two large 

reservoirs with different concentrations, 1c  and 1c  where 1 2c c  , driving solute 

transport through diffusion and convection. The process is governed by the 

advection-diffusion equation [91,216], 

 

2 2

2 2

c c c c
u D

t x x y

    
   

     

               (7.13) 

 

where D is the molar diffusion coefficient of the solute in the fluid. The non-uniform 

velocity distribution results in a non-uniform species concentration at any cross-

section within the microchannel. As evident, Eq. (7.13) does not satisfy the boundary 

conditions   10, ,c y t c  and   2, ,c L y t c  due to the convective term  ,uc y t .The 

linear concentration distribution, mathematically represented by the Chatwin 

approximation [199], is expressed as:    1 2 1( , , ) ,uc x y t c c c x L c y t    .This 

approximation is reasonable when end effects are neglected, assuming L >> h, where 

L is the channel length and h is the channel height. 

Once the transient phase has diminished,, the dimensionless concentration field 

corresponding to the oscillatory component is defined as  2 1u uC c c c  .Eq. 

(7.13) can be rewritten in its normalized form for a periodic response by combining 

it with incorporating  0Im i
u uC C e  . 
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2 0
0

0 2
Re u

u D

d C
i ScC Pe U

dY
                   (7.14)

  

The corresponding boundary conditions for species concentration in the Y-direction 

can be expressed as, 
0

0
0u

Y
dC dY


 , and  0 0

1
0u u

Y
C b dC dY


  .Here, the 

aspect ratio is given as  h L  , with L being the length of the channel,  b b h

is the normalized concentration slip, Schmidt number is defined as  Sc D , and 

diffusion Peclet number is denoted as D refPe u h D . 

7.2.4. Tidal displacement and mass transport rate 

 

The reference velocity and Peclet number adapt dynamically depending on flow 

parameters in periodic streaming potential conditions to ensure consistent tidal 

displacement, a metric quantifying the maximum axial displacement of fluid parcels 

during half an oscillation cycle, averaged across the channel width. Tidal 

displacement is introduced to characterize oscillatory flow periodicity, serving as a 

critical measure of fluid element migration under time-dependent electromagnetic 

and hydrodynamic forces.[193],  

 

0 0

1
( , )

h

y t

z u y t dt dy
h

 

 

                  (7.15) 

 

Here, angular aspect the Peclet number is redefined from Eq. (7.15) as  

   0Re Im 2Pe Sc Z i U   . Where 0U is the cross-sectional average 

velocity of complex amplitude function 0U . We can ascertain mass transport by 

analyzing the solutions derived from dimensionless flow velocity and concentration 

profiles. Rather than experiencing a lack of net flow during each time period, there is 

a presence of net mass flow resulting from pure diffusion and convection effects. To 

assess mass transport, we utilize the time-space averaged mass transfer rate written 

by [216], 

 

2

0 0

1

2

h

x x

y t

m J dt dy
h

 



 

                  (7.16) 

 

where   ( , ) ( , , )xJ D c x u y t c x y t     is the instantaneous mass flux of oscillatory 

flow caused by convection and diffusion effects. The mass transfer rate  xm  is 
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scaled using 1 2( )D c c L . The normalised form of mass transfer rate for pressure 

mediated streaming potential flow can be analysed as follows,  

 

 
1

0
0

0

1
2

x u

Y

Pe
m U C dY



 
                 (7.17) 

 

Here, ℝ represents the real part of the product of  0U Y , and  0
uC Y  is the complex 

conjugate of 0
uC . 

 

7.2.5. Energy equation and heat transfer 

 

The energy equation governs heat transfer  0
uC Y in incompressible nanofluids, 

incorporating axial conduction, convection, Joule heating, and volumetric heat 

generation. Formulated under constant thermophysical properties, it is expressed in 

vector form to model multidimensional thermal dynamics.[67], 
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J J
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Eq. (7.18a) can be modified based on the stress-strain relationship for the Oldroyd-B 

fluid as, 
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σ A U                          (7.18b) 

 

In instances of time-periodic flow, the ohmic terms and contributions of viscous 

dissipation include squared terms of harmonic functions over time. Consequently, the 

heat source term encompasses time-harmonic components with twice the frequency 

of oscillation, along with a steady contribution. Using the  ( )w i wT T T T    is 

normalised temperature, and    Pr f p T ff
c k is the Prandtl number. Hence, it 

is reasonable to assume that the temperature is expressed in its complex form as, 

  2
0Im iy e   . Where  0 y is the complex amplitude of the steady state 

temperature [369]. As a result, the normalised energy equation and its corresponding 

boundary conditions are stated as, 

   
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The corresponding dimensionless symmetric and thermal boundary conditions for 

Eq. (7.19) at the channel surface denoted by  0 0
0

Y
d dY


 , and 

 0 0 1
0

Y
d d dY 


   at 0   . Where d d h is the temperature jump 

parameter,      p p pr eff f
c c c  is the ratio of the heat capacity of the Fe3O4 to 

the heat capacity of the base fluid.    r T Teff f
k k k
 
 
 

 is the ratio of the thermal 

conductivity of the magnetic nanoparticles to that of the base fluid. 

  2
ref f f w iBr u k T Tm   represents the Brinkman number. 

   
2

0 2
h f s f w iJ E h k T T

 
  
 

 The heat produced per unit volume due to 

Ohmic heating. To compute the, Nusselt number, we derive the non-dimensional bulk 

mean temperature using the subsequent mathematical expression 

1 1

0 0

m U dY UdY    . Nusselt number   c T f
Nu h h k , at the surface based on 

half channel height in microchannel using the subsequent mathematical expression 

as, 
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7.2.6. Entropy generation analysis 

 

The dimensional expression for the volumetric rate of entropy generation within the 

system is influenced by electro-magnetohydrodynamic velocity and temperature 

distribution. It is typically formulated as the combined contributions of thermal 

gradients, viscous dissipation, electromagnetic field, magnetic field effects, and Joule 

heating, respectively and can be expressed mathematically as [67], 
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The dimensionless entropy generation rate is normalized with respect to the 

characteristic entropy transfer rate.   2
T f

k h , is expressed as, 

 

SG=SH+SV+SC+SM+SJ                                           (7.22) 

 

where,  
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Where  w i wT T T    denotes the temperature ratio. By integrating the local 

entropy generation throughout the entire domain, the total entropy generation is 

calculated in its dimensionless form as, 

 

1

0

2total GS S                 (7.24) 

 

Eqs. (7.10a), (7.11), (7.15), (7.17), and (7.24) are integrated numerically using 

MATLAB software with the Simpson's 1/3rd rule. The computation involves 500 

steps, ensuring the results remain consistent up to five decimal places.  

 In this study, MATLAB software is employed to solve governing equations 

listed in Table 8. The numerical scheme is implemented with a convergence tolerance 

of 10-6, ensuring solution stability and accuracy up to five decimal places. The 

convergence is ensured through iterative updates of the solution until the residual at 

each grid point falls below a specified tolerance. The global error is proportional to 

O(ΔY2), ΔY is the grid spacing in the transverse direction. Convergence is confirmed 

by monitoring the difference between successive iterations at each grid point p. To 

confirm convergence, the results are verified by checking the difference between 

successive iteration steps j and j+1 at grid point p for momentum, advection-diffusion 

and energy equations in Eqs. (7.9), (7.14), and (7.19) respectively.  
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A grid independence assessment was also carried out by systematically increasing the 

number of grid points (Ny) and observing the corresponding velocity, temperature, 

and concentration profiles. It is found that further refinement beyond Ny = 301 

produced no significant variation in these results. This indicates that the chosen grid 

resolution is adequate to capture the essential physical features of the flow, ensuring 

accurate results while maintaining computational efficiency. 

 

 

Table 8 

Numerical methods utilization to solve governing equations 

Governing Equation 
Equation 

Number 
Numerical Method Used 

Momentum (primary 

form) 
Eq. (7.9) Finite difference method 

Momentum (derived 

form) 
Eq. (7.10a) 

Simpson’s 1/3rd rule (Numerical 

integration) 

Advection-diffusion Eq. (7.14) Finite difference method 

Energy Eq. (7.19) Finite difference method 

 

 

7.3. Results and discussion 

 

This research investigates the interplay of streaming potential generation and 

electroviscous phenomena in time-dependent oscillatory motion of viscoelastic 

Oldroyd-B fluids through a parallel-plate microchannel. The framework incorporates 

a magnetite Fe3O4-water nanofluid to assess normalized streaming potential, velocity 

profiles, solute concentration gradients, thermal distributions, heat transfer efficiency 

(Nusselt number), and entropy production under slip velocity and thermal 

discontinuity at boundaries. The analysis covers the influence of various non-

dimensional parameters, including the Hartmann number (Ha), normalised electric 

field (Ω), angular Reynolds number (Reω), normalized relaxation time (𝜆̅
1), Schmidt 

number (Sc), Joule heating parameter (Jh), viscous dissipation (Br), and thermal 

radiation (Nr). For the analysis in this study, the empirical relations thermo-physical 

nanofluids and standard values of these parameters for time-periodic Oldroyd-B fluid 

flow in a microchannel are used, as outlined in Tables 4 and  5. To estimate the results, 

we use the following parameters of streaming potential flow [91,139,243,301]: 0.1 ≤ 

h ≤ 15 mm , e~1.6×10-19 C, kB~1.381×10-23JK-1, 𝜆̅
1≤0.01s, D~10-9-10-10 m2s-1, L~10-

2 m, 25≤ξ≤200 mV, 0.1≤ω≤100 rads-1,σB~0-72 nScm-1,f~10-12 Nsm-1, By~0-2.5 T. 

The reference electric field strength for the Joule heating effect is Eref~104 Vm-1, a 

standard value for applied electric fields in EOF [243].  
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Table 9 

Normalized values of key physical parameters used in the present results 

Parameters Range/Value 𝝍̅ U 𝑬̅s Cu 𝒎̅x θ Nu 
Electrokinetic 

width (K) 
5-40 √ √ √ √ √ √ √ 

Angular 
Renolds 

number (Reω) 

0-30 - √ √ √ √ √ √ 

Hartmann 

number (Ha) 
0-2 - √ √ √ √ √ √ 

External 

electric field 

(Ω) 

0-2 - √ √ √ √ √ √ 

Magnetic 
nanoparticles 

(Fe3O4) volume 

fraction (ϕ) 

0-0.02 √ √ √ √ √ √ √ 

Slip parameter 

(𝑎̅) 
0.1 - √ √ √ √ √ √ 

Zeta potential 

(𝜉̅) 
0-10 √ √ √ √ √ √ √ 

Brinkmann 

number (Br)  
0.02 - - - - - √ √ 

Dukhin number 

(Du)  
0-10 - √ √ √ √ √ √ 

Time phrase (τ) π/2 - √ √ √ √ √ √ 

Relaxation 

time (𝜆̅1) 
0-0.2 - √ √ √ √ √ √ 

Ratio of 

retardation 

time to 
relaxation time 

(λr)  

0-1 - √ √ √ √ √ √ 

Concentration 

slip (𝑏̅)  
0.1 - - - √ √ - - 

Schmidt 

number (Sc)  
1000 - -  √ √ - - 

Aspect ratio 

(Λ)  
0.001 - - - √ √ - - 

Tidal 

displacement 

(ΔZ)  

1 - - - √ √ - - 

Prandtl number 
(Pr)  

7.43 - - - - - √ √ 

Temperature 

jump parameter 

(𝑑̅) 

0-0.1 - - - - - √ √ 

Brinkmann 

number (Br)  
0-0.1 - - - - - √ √ 

Joule heating 
parameter (Jh)  

0-10 - - - - - √ √ 

Governing equations 
Eq. 

(7.1) 

Eq. 

(7.10a) 

Eq. 

(7.11) 

Eq. 

(7.14) 

Eq. 

(7.17) 

Eq. 

(7.19) 

Eq. 

(7.20) 
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The strength of the non-dimensional electrokinetic width number varies in streaming 

potential flow without overlap for Oldroyd-B fluid K~5-40 [244], When the Debye 

length is large (thick EDL), the diffuse charge extends farther into the channel, 

resulting in a broader region where there is significant electroviscous drag. In 

contrast, when the Debye length is small relative to the channel size (thin EDL or 

large K), the charge and resulting viscous drag are confined to thin boundary layers 

near the walls [370]. The zeta potential is assigned a range of 0≤ξ̅≤10 [133] The 

angular Reynolds number and normalised relaxation time are set to be 0≤Reω≤30, and 

0≤𝜆̅
1≤0.2 respectively [91]. The Hartmann number is varied within the range 0≤Ha≤2 

[220] to meet the requirements for EMHD micropumps, and the dimensionless 

external electric field parameter is set between 0≤Ω≤2[243]. Dukhin number is varied 

as 0≤Du≤10 [67]. The ranges can vary significantly depending on the specific 

characteristics of the viscoelastic fluid, such as elastic stress, particle concentration, 

microstructure, etc. The Joule heating parameter is assigned as Jh~0-10 [244]. and the 

Brinkman number is set to be Br ∼ 0 − 0.1 [220]. Ensuring a steady-state electric 

double layer (EDL) condition, the relaxation time (𝜆̅
1) is chosen to be shorter than the 

oscillation period of the electric field 2π/ω, which makes the product of electric field 

frequency (ω) and relaxation time less than 2π. The velocity slip parameter, 

concentration slip are taken as 0≤𝑎̅≤0.1, and 0≤𝑏̅≤0.1, respectively [91]. The 

Brinkman number is set to be Br ∼ 0 - 0.1[220]. Thermal radiation parameter and 

temperature jump are varied as 0≤ Nr≤10, and 0≤𝑑̅≤0.1 respectively [140]. In non-

dimensional form, this constraint is expressed as 𝜆̅
1Reω <2π [91]. Based on the 

practical design elements, the normalised physical parameters are within the 

physically acceptable range. For all the present calculations, the constant physical 

parameters are considered, as described in Table 9, unless they have expressly been 

stated in respective figures. 

 

7.3.1. Fluid flow of Fe3O4-water nanofluids 

 

(i) Validation for velocity fields 

 

The accuracy of the current velocity distribution results cannot be directly confirmed, 

as no comparable data exists in the literature. To address this, we validate the findings 

of this study based on certain assumptions regarding the flow parameters. Fig. 7.2 

presents a comparison of the velocity distribution obtained in this analysis with the 

results from Gong et al. [301] for a Newtonian fluid. This figure depicts the real 

component of the velocity amplitude in pure streaming potential flow as a function 

of the Y-coordinate. A maximum discrepancy of 1.3% is noted in comparison to 

Gong et al. [301] results. Overall, the results demonstrate good agreement, indicating 

that the analysis is well suited to the conditions examined. 
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Fig. 7.2 Validation of present study for velocity amplitude at no-slip  0a  for 

different values of Reω for  Newtonian fluid (K=10, ξ̅=1, Ω=0, λ=5, λr≈1, λ̅1≈0, 

Ha=0, Du=0), with Gong et al. [301]. 

(ii) Velocity distribution 

 

Figure 7.3 illustrates the velocity of the time-periodic oscillatory streaming 

potential flow of Oldroyd-B fluid with high zeta potential as a function of coordinate 

Y. The influence of relaxation time, zeta potential, retardation time, electric field, 

magnetic field, and time phase on the velocity field is presented graphically. Fig. 7.3a 

shows the influence of 𝜆̅
1 on the velocity distribution. The flow parameters for the 

different values of 𝜆̅
1=0.0, 0.03, 0.08, 0.1, 0.15, and 0.2 are taken to generate the 

results. For a Newtonian fluid (𝜆̅
1=0), an asymmetric plug-like velocity profile is 

observed, with the maximum influence at the center of the channel. As the relaxation 

time parameter increases, the Oldroyd-B fluid exhibits stronger elastic behavior, 

which influences the velocity distribution. An increase in 1  enhances the polymeric 

contribution to the extra stress tensor, which introduces a time-delayed elastic 

response opposing the instantaneous acceleration induced by the oscillatory 

electrokinetic forcing. At intermediate values for 𝜆̅
1=0.1, there is a critical interaction 

between viscous and elastic forces, leading to enhanced oscillations in the velocity 

profile. This trend occurs because the elastic effects are strong enough to develop 

flow fluctuations but not dominant enough to stabilize them fully. However, for an 

increase in 𝜆̅
1 (𝜆̅

1=0.2) further, the stretchy nature of the fluid becomes more 

pronounced, resulting in a memory effect that resists rapid variations in velocity. This 

suppresses oscillations rather than amplifying them, resulting in a more stable and 

smoother velocity profile. In this regime, the polymeric stress component becomes 

large enough to counteract the oscillatory momentum induced by the time-varying 

streaming potential, leading to damped velocity fluctuations. At this stage, the fluid 

behaves more like a damped spring system, where stored elastic energy counteracts 

sudden acceleration or deceleration. While elasticity allows the fluid to store and 

release energy, excessive elasticity helps dampen disturbances, reducing oscillatory 
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behavior in the flow field. Fig. 7.3b illustrates the impact of the angular Reynolds 

number on the velocity profile. The velocity distribution is uniform across the channel 

at a lower Reω=0.01, where viscous forces are dominant, allowing momentum to 

quickly diffuse through the channel, resulting in a more uniform (less oscillatory) 

velocity profile. The dominance of viscous diffusion smooths out spatial velocity 

gradients induced by oscillatory forcing. At these higher Reω values, the fluid's 

momentum diffusion time becomes longer than the electric field’s oscillatory time. 

The electric field’s influence is now strong enough to cause oscillations in the profile, 

which are no longer quickly dissipated by viscous forces. At Reω=30, the fluid’s 

inertia is high enough that flow instabilities can occur. In the inertia-dominated 

regime, phase-lagged velocity overshoots occur and are further intensified in 

viscoelastic fluids due to delayed stress relaxation. These instabilities can manifest as 

oscillations in velocity, particularly in viscoelastic fluids, where elastic forces 

introduce an additional degree of freedom. 
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Fig. 7.3 Normalised velocity distribution as a function of Y at K=10, ξ̅=2, Ω=1.5, 

λ=5, λr=0.05, Ha=2, Du=2, a̅=0.1 (a) for different values of λ̅1, and (b) for different 

values of Reω. 

A set of results is plotted to emphasize the significance of the current model. 

Figure 7.4 illustrates the variations in normalized velocity distributions for Oldroyd-

B, Maxwell, and Newtonian fluids, as determined in this study, using an appropriate 

value of the viscoelasticity parameter, λr. It notes that λr represents the ratio of the 

fluid’s retardation time to its relaxation time. Additional design variables highlight 

the combined influences of zeta potential, Hartmann number, normalized electric 

field, relaxation time, electroviscous parameter, and dimensionless time on fluid 

velocity. For λr=0, the Oldroyd-B fluid, the behaviour is similar to that of a Maxwell 

fluid. On the other hand, higher λr values increase the fluid’s viscosity. As λr 

approaches 1, the Oldroyd-B fluid behavior qualitatively converges towards that of a 

Newtonian fluid in the no-slip condition plotted in Fig. 7.4a. Increasing λr reduces the 

influence of the fluid’s memory effect, allowing the viscous damping to dominate 

over elastic recoil, which flattens the velocity profile and suppresses the high-
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frequency oscillations near the centreline. Maxwell fluids exhibit a single stress 

response, typical of low-viscosity substances. At the same time, the Oldroyd-B model 

accounts for both relaxation and retardation times, offering more profound insights 

into microchannel flow dynamics. As the presence of slip (𝑎̅=0.1) is more 

pronounced, there is a greater asymmetry and sharper oscillations in the velocity 

profile, especially near the walls, as shown in Fig. 7.4b. This indicates that the slip 

condition allows more ions to be transported along the channel walls, resulting a in 

more varied ion distribution across the channel. Higher slip leads to an ion build-up 

closer to the walls, as ions experience less resistance from the boundary, which 

enhances electrokinetic effects and distorts the velocity profile more significantly. 

The wall slip weakens the no-shear condition at the boundary, allowing more 

substantial near-wall velocity gradients that amplify the local electroosmotic body 

force and lead to sharper velocity peaks adjacent to the walls.  
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(a) Free-slip condition (𝑎̅=0) 
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Fig. 7.4 Comparison of present study for normalized velocity profiles among 

Oldroyd-B, Maxwell, and Newtonian fluids under varying boundary conditions at 

K=10, ξ̅=2, Reω=30, λ̅1 = 0.2, Ω=1.5, λ=5, Ha=2, Du=2. 

Figure 7.5 illustrates the non-dimensional velocity U (Y, τ) of an Oldroyd-

B fluid subjected to a time-varying electrokinetic driving force, plotted with respect 

to the transverse position Y and the temporal phase angle τ. Under conditions of high 

zeta potential, the electrokinetic force becomes significantly stronger, leading to 

greater variations in the velocity profile across both space and time. The three-

dimensional surface plot captures the periodic flow behavior, displaying alternating 

patterns that are synchronized with the imposed oscillatory field. 

The velocity field responds dynamically to changes in τ, exhibiting flow 

reversals over different parts of the cycle. During certain phases, the velocity reaches 

its peak near the centreline of the channel and tapers toward the walls. In comparison, 

other phases have reversed flow directions, reflecting the influence of the periodically 

applied streaming potential and the elastic memory of the fluid. The Oldroyd-B 



Chapter 7. Heat, mass & entropy for Oldroyd-B fluids 

163 

 

rheological model, which accounts for both fluid relaxation and retardation, 

introduces time-lags in responses. It leads to phase shifts and flow asymmetry. This 

viscoelastic behavior, when combined with strong electrokinetic effects due to 

elevated zeta potential, enhances the velocity in specific regions of the domain and at 

particular phases. 

 
Fig. 7.5 Surface plot of normalized velocity U(Y, τ) for time-periodic 

electroviscous flow of an Oldroyd-B fluid, presented as a function of Y and τ at 

K=10, ξ̅=2, λ̅1 = 0.2, Ω=1.5, λ=5, Ha=2, λr=0.05, Du=2, a̅=0.1. 

 

(iii) Volumetric flow rate 

 

Figure 7.6 displays the combined effects of dimensionless Hartmann 

number, normalized electric field, angular Reynolds number, zeta potential, 

relaxation time, retardation time, and normalized physical time on the fluid flow 

across the channel. The variation of the volume flow rate profile for different values 

of Ha as a function of Reω is plotted in Fig.7.6a. Under the influence of the streaming 

potentials, the velocity changes rapidly near the walls and generates vortices and 

oscillations. From the physical perspective, the Lorentz force, as described by Eq. 

(7.5), acts in the axial direction and has a magnitude corresponding to the aiding 

component σfBy𝐸𝑧
0 and a flow-opposing component σfu0𝐵𝑦

2. As lower values of Ha, 

adding force is more pronounced than opposing forces, which is the ratio between the 

electromagnetic force and the viscous force in physics, which displays that the 

opposing component is more pronounced than the aiding component in the flow 

system. The negative velocity gradients along the channel are obtained with a high 

value of Ha. As a result, it has a significant impact on the transport of fluids. Negative 

values may emerge in the volume flow rate, indicating that backflow has occurred. 

Increasing Ha alters the velocity distribution asymmetrically by suppressing the 

central core flow while amplifying secondary recirculation zones near the walls, 

thereby reducing the net forward throughput. Fig. 7.6b depicts the effect of Reω on 

the volume flow rate distribution with different values of τ. At a lower Reω, the 
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volume flow rate is lower, indicating that the momentum diffusion time is shorter 

than the oscillatory time of the electric field. The increase in Reω corresponds to the 

dominance of inertial forces. These forces would typically accelerate the flow by 

overcoming viscous drag. This resistance emerges not from the electric field itself, 

but from the viscoelastic memory stored during earlier parts of the cycle, which 

counters the present acceleration. At τ =3π/2, the flow rate may decrease because the 

system is at a stage of oscillation where the viscoelastic interaction (𝜆̅
1 = 0.2) is more 

pronounced. This causes the system to resist changes in flow, even when inertial 

forces push for an increase in flow.  
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Fig. 7.6 Variation of normalised volumetric flow rate at slip boundary conditions as 

a function of Reω at K=10, ξ̅=2, λ̅1 = 0.2, Ω=1.5, λ=5, Ha=2, λr=0.05, Du=2, 𝑎̅=0.1, 

(a) for different values of Ha, and (b) for different values of τ. 

The combined effects of dimensionless time phase (τ=ωt) and Dukhin 

number (Du) significantly influence the electrokinetic volume flow rate in streaming 

potential-driven flows is plotted in Fig.7.7a. As τ varies from 0 to π, it captures a half-

cycle of the oscillatory field, during which the direction and magnitude of the 

streaming potential and electric field evolve dynamically. Initially, at lower τ, the 

induced electric field aligns with the pressure-driven flow, enhancing the 

electroosmotic slip and increasing the volume flow rate. As τ progresses toward π, 

the direction of the field reverses, causing a phase lag in the induced streaming current 

and a reduction in flow, often leading to oscillatory behavior in the volume flow 

response. 

The Dukhin number (Du), representing the ratio of surface (Stern layer) to 

bulk conductivity, modifies this time-dependent flow behavior by altering the 

conduction-streaming current balance. At low Du, the streaming current dominates, 

leading to higher induced electric fields and more pronounced oscillations in the flow 

rate. As Du increases, additional surface conduction dampens the streaming potential, 

reducing the net electrokinetic driving force. This damping effect is apparent during 

peak τ, where the flow magnitude decreases with increasing Du due to stronger 

electroviscous resistance. Together, τ and Du control the magnitude and timing of the 

volume flow oscillations. While τ determines the instantaneous electrokinetic driving 
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force, Du governs how effectively this force is converted into fluid motion. The 

surface plots demonstrate that higher Du values lead to suppressed flow amplitudes 

across all τ, and the phase-dependent asymmetry becomes more noticeable, especially 

under strong electromagnetic coupling. 

Figure 7.7b illustrates the variation of normalized volume flow rate Q(τ) as 

a function of the Hartmann number (Ha) and the dimensionless time phase τ, for a 

fixed Dukhin number Du=2. The time phase (τ) spans from 0 to π, representing half 

of a periodic cycle of the oscillating electric field. At lower τ, the electric field and 

streaming current are more favourably aligned with the pressure-driven flow, leading 

to enhanced slip and relatively higher forward flow. As τ increases toward π, the 

phase difference grows, and the induced electric field begins to oppose the flow 

direction, resulting in a reduction or even reversal in volume flow rate. This time-

varying behavior reflects the transient nature of the coupling between electrokinetic 

and magnetic effects. 

At low Ha values, the Lorentz force is weak, and the magnetic damping is 

minimal, allowing the oscillatory electric field to dominate the transport. However, 

the flow may remain weak or even slightly negative due to phase mismatch at certain 

τ. As Ha increases, firmer magnetic damping initially suppresses the flow. However, 

the plot reveals a regime of enhanced forward flow at intermediate Ha and lower τ, 

indicating a constructive interaction between the induced electric field and Lorentz 

force. Beyond a critical Ha threshold, excessive magnetic resistance dominates, and 

the volume flow is reduced again regardless of time phase, demonstrating the non-

monotonic impact of Ha on flow dynamics. Overall, the time phase τ plays a crucial 

role in modulating the volume flow rate within each oscillation cycle. The dynamic 

reversal and amplification effects associated with τ highlight the importance of phase 

timing in oscillatory driving conditions. 

 
 

(a) Ha=2 (b) Du=2 

 

Fig. 7.7 Surface plot of normalized volumetric flow rate for time-periodic 

electroviscous flow of an Oldroyd-B fluid, presented as a function of Y and τ at 

K=10, ξ̅=2, λ̅1 = 0.2, Ω=1.5, λ=5, Ha=2, λr=0.05, a̅=0.1.  
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(iv) Electrokinetic energy conversion efficiency 

 

Figure 7.8 illustrates the variation in electrokinetic energy conversion (EKEC) 

efficiency for the viscoelastic Oldroyd-B fluid under different zeta potentials (ξ̅) and 

the influence of the Dukhin number (Du), which characterizes Stern layer 

conductivity. As shown in Fig.7.8a, the EKEC efficiency initially increases with ξ̅ 

due to stronger electrokinetic interactions and enhanced streaming current generation. 

The maximum efficiency is observed at a low zeta potential (ξ̅=0.01), followed by  

ξ̅=2, beyond which the efficiency gradually decreases for higher ξ̅=2 values ( ξ̅>2). 

At very low ξ̅=2, the electric double layer (EDL) remains weak, minimizing 

electroviscous drag and allowing efficient energy conversion. However, as ξ̅=2 

increases, the EDL becomes stronger, leading to increased streaming current and 

enhanced efficiency. Beyond a threshold (ξ̅=2), excessive surface charge leads to 

greater electroviscous resistance and oscillatory losses, thereby reducing efficiency 

[133,370]. Figure 7.8b contrasts the impact of Stern layer conductivity by comparing 

cases with and without Du. Notably, at ξ̅=4, the EKEC efficiency improves by 

59.80% when Du increases from 0 to 2. This counterintuitive increase, despite a 

reduced streaming potential 0
sE , results from the beneficial role of Stern layer 

conductivity. The added conduction path moderates the mismatch between streaming 

and conduction currents, reducing charge buildup and mitigating oscillatory losses. 

Although the induced field weakens, internal dissipation is suppressed, and the 

efficiency benefits from the (1 + Du) scaling in the normalized formulation. This 

behavior highlights the existence of an optimal zeta potential (around ξ̅=4 at K=40), 

where the trade-off between electrokinetic force generation and viscous resistance is 

most favourable. Thus, incorporating Stern layer effects can significantly enhance 

energy conversion, particularly under thin EDL and moderate surface charge 

conditions, by improving current balance and reducing internal losses. 
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Fig. 7.8 Electrokinetic energy conversion efficiency of the present study as a 

function of Reω for different values of ξ̅ for Oldroyd-B fluid at K = 10, Ω = 1.5, Ha 

= 2, λ̅1 = 0.2, λr = 0.05, λ = 5, τ = π/2. 
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(v) Concentration distribution 

 

Figure 7.9 illustrates the effect of sinusoidal pulsations on the concentration 

distribution, shown as a function of the dimensionless coordinate Y. A significant 

variation in concentration can be observed across the channel along the transverse 

direction of the fluid flow. Fig. 7.9a presents the concentration distribution with the 

influence of λ. The electroviscous effects intensify, causing the ion concentration near 

the walls to oscillate. The concentration profile remains flat and symmetric across the 

channel centre for low λ values, as viscous forces dominate and the electric field 

influence is minimal. This interaction becomes most prominent in the electric double 

layer (EDL) near the walls, where ion accumulation occurs due to the balance 

between electrostatic attraction to the charged surface and thermal diffusion. As  

increases, indicating more substantial time-dependent electric field effects, the 

unsteady forcing amplifies the electric body force acting on the ions. This results in 

intensified oscillatory transport and sharper spatial concentration gradients near the 

walls. This interaction is most significant in the EDL near the walls, where the 

concentration of ions is naturally higher due to electrostatic attraction to the wall 

charge. Hence, higher λ values lead to more abrupt changes in concentration near the 

walls. This oscillation results from the enhanced electric field interaction, disturbs the 

ion distribution, and leads to more pronounced accumulation and depletion regions 

in the EDL. These oscillations in concentration near the walls are due to the 

competition between electrokinetic and electrostatic forces. The electric field pushes 

ions toward or away from the wall, creating sharp gradients in ion concentration, 

which are reflected as peaks and troughs in the concentration profile close to the EDL.  

The variation of the concentration profile for different values of Ha is 

presented in Fig. 7.9b. For Ha values ranging from 0 to 1, the concentration profile 

remains positive, indicating that forward solute transport is dominated by streaming 

potential effects. However, for Ha=1.5 to Ha=2, negative values appear in the 

concentration profile, signifying solute backflow as mentioned in Fig. 7.6b. This shift 

occurs due to the increasing influence of Lorentz forces, which disrupt solute 

movement and lead to localized flow reversal. At elevated Ha, the magnetic field 

alters the curvature of velocity streamlines, compressing solute near the walls while 

enabling intermittent axial slippage, which results in skewed and asymmetric 

concentration layering. Additionally, the Oldroyd-B fluid's viscoelastic properties 

contribute to concentration oscillations due to the fading memory effect, further 

amplifying fluctuations as Ha increases. The concentration increased by 64.35% in 

the presence of the Hartmann number (Ha = 2) compared to the absence of the 

Hartmann number (Ha = 0) at the peak for Oldroyd-B fluid in the microchannel. 

Figure 7.9c illustrates the effect of 𝜆̅
1 on the concentration distribution. The 

𝜆̅
1 varies from 0 to 0.2. At 𝜆̅

1=0, the fluid behaves as a Newtonian fluid, where viscous 

forces dominate. In this case, the concentration profile remains smooth, with minimal 

fluctuations. Physically, a larger 𝜆̅
1 means polymer chains remain stretched longer 

and release elastic energy with each pulsation, causing the flow to lag and oscillate. 

As the relaxation time increases, elastic forces become more dominant than viscous 

forces. This allows the fluid to retain deformation over time, leading to oscillatory 

velocity behavior. These velocity fluctuations cause periodic acceleration and 
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deceleration of solute transport, disrupting the smooth movement of solutes. As a 

result, the concentration profile exhibits stronger oscillations. Near the walls, where 

velocity shear is more pronounced, the interaction between elastic effects and 

electroviscous forces further amplifies the redistribution of solutes. This creates 

sharper concentration gradients and enhances variations in solute transport. 

Additionally, the fading memory effect in viscoelastic fluids means that past 

deformations influence the present behavior of the fluid. Consequently, higher 

relaxation times increase solute transport instability, leading to a more complex and 

fluctuating concentration profile, particularly in regions affected by velocity shear 

and electrokinetic interactions. 

  Figure 7.9d displays the combined effects of the dimensionless Hartmann 

number, normalized electric field, angular Reynolds number, relaxation time, zeta 

potential, retardation time, and physical time on the fluid concentration for different 

values of the dimensionless angular Reynolds number. At Reω=0.01, viscous forces 

dominate, resulting in a stable flow with a smooth concentration profile and positive 

concentration values across the channel. This indicates weak convective transport and 

a uniform ion distribution governed primarily by diffusion. As Reω increases to 5, 

inertial forces become more significant, leading to more substantial convective 

transport and a smoother but adverse concentration profile. The negative values 

indicate solute backflow resulting from the interaction between inertial forces and the 

electric double layer (EDL). At Reω=30, inertial forces dominate, causing a highly 

dynamic flow with pronounced fluctuations in the concentration profile. The 

interaction between fluid motion and the EDL strengthens near the walls, resulting in 

sharp concentration gradients and regions of ion accumulation and depletion. These 

trends highlight the transition from diffusion-dominated transport at low Reω to 

convection-dominated, oscillatory behavior at higher Reω.  
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Fig. 7.9 Time-periodic concentration distribution  of streaming potential flow across 

a channel of Oldroyd-B fluid with concentration slip conditions at K = 10, ξ̅=2, Ω = 

1.5, Du = 2, λr = 0.05, and τ = π/2, (a) for various values of λ, (b) for varying values 

of Ha, (c) for various values of λ̅1, and (d) for varying values of Reω. 

 

 

(vi) Mass flow rate 

 

Figure 7.10 shows the normalized mass flow rate for the streaming potential 

flow of an Oldroyd-B fluid as a function of the angular Reynolds number, considering 

the effects of magnetic fields. The impact of Ha on the mass transfer rate is plotted in 

Fig. 7.10a. The magnitude of the flow rate as a function of Reω increases under the 

conditions of Ha = 0, 0.5, and 1. In contrast, it exhibits an opposite trend under the 

conditions of Ha = 1.5 and 2, as shown in Fig. 7.6a. A critical Ha, in combination 

with appropriate conditions such as the angular Reynolds number at Du=2, facilitates 

the optimal dispersion of the solute. The behavior of the mass flow rate with Reω, Ha 

can be understood by considering the transition from a viscous-dominated flow 

regime to an inertial-dominated flow regime, along with the influence of Ha. At a low 

Reω, the flow is primarily controlled by viscous forces, and the mass flow rate 

decreases with increasing Ha due to the resistive effect, which acts as a braking 

mechanism, suppressing the motion of the conducting fluid. However, the mass flow 

rate increases with Reω because the growing inertia begins to overcome viscous 

resistance. As surpasses a certain threshold Reω~0.2, the flow enters an inertial-

dominated regime, where the role of Ha changes, leading to charge separation. Here, 

the Lorentz force, rather than simply suppressing the motion, interacts with the flow 

to generate secondary vortices and enhance mass transport, increasing the mass flow 

rate with Ha. However, at high Reω, inertial effects become so dominant due to 

chaotic flow nature and localized recirculations, ultimately reducing the efficiency of 
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mass transport and causing a decrease in the mass flow rate with increasing Reω. This 

transition highlights the competing effects of viscosity, inertia, and electromagnetic 

forces, showing that at low Reω, the mass flow rate decreases with Ha but increases 

with Reω. At high Reω, it increases with Ha but decreases with further increases in 

Reω. This behavior demonstrates how electromagnetic forces can be used to regulate 

fluid motion, providing valuable insight for optimizing transport in electrically 

conducting Oldroyd-B fluids. In such a regime, lower values combined with higher 

Ha and specific Du values promote enhanced dispersion and more efficient mass 

transfer by maintaining a stable flow that supports the solute diffusion across the 

fluid. This improves the overall process by optimizing the balance between the 

magnetic field's effects and the fluid's flow characteristics. Fig. 7.10b shows that 𝑚̅x 

is higher at lower Reω due to the dominance of viscous, elastic, and electrokinetic 

effects over inertial forces. At low Reω, the flow remains stable. At high Reω, the flow 

is influenced by the interaction between the streaming potential and the electric 

double layer, with a significant contribution from the Stern layer. Enhanced 

conductivity in the Stern layer offers a less resistive path for ionic conduction, which 

lowers the magnitude of the streaming potential needed to balance the streaming 

current and achieve electroneutrality. Lower Du values allow stronger streaming 

potentials to develop, maintaining coherent flow layers aligned with the axial 

direction, thereby enhancing 𝑚̅x. In viscoelastic fluids like Oldroyd-B, the elastic 

properties enhance the fluid’s response to periodic forces, which further contributes 

to the higher mass transfer rate. As Reω increases, inertial forces disrupt this balance, 

diminishing the effects of the Stern layer and viscoelasticity, resulting in a decline in 

𝑚̅x. 

 

0 5 10 15 20 25 30
0.7

0.8

0.9

1.0

1.1

1.2

1.3

m
x

Re

 Ha=0

 Ha=0.5

 Ha=1

 Ha=1.5

 Ha=2

 

0 5 10 15 20 25 30
1.00

1.05

1.10

1.15

1.20

1.25

1.30

1.35

m
x

Re

 Du=0

 Du=2

 Du=5

 Du=8

 Du=10

 
(a) Du=2 (b) Ha=2 

Fig. 7.10 Mass transfer rate m̅x as a function of the angular Reynolds number Reω 

across a channel for Oldroyd-B fluid with electroviscous effect at different values of 

Ha, Du respectively at K = 10, ξ̅= 2, Ω = 1.5, λ̅1= 0.2, λr = 0.05, λ = 5, and τ = π/2. 

 



Chapter 7. Heat, mass & entropy for Oldroyd-B fluids 

171 

 

7.3.2. Thermal analysis of Fe3O4-water nanofluids 

 

(i) Temperature field 

 

Figure 7.11 depicts the normalized temperature distribution in an Oldroyd-

B fluid along the Y-coordinate in a microchannel, highlighting the effects of Joule 

heating and thermal radiation. The influence of Joule heating effects on non-

dimensional temperature distribution is shown in Fig. 7.11a, considering temperature 

jump boundary conditions. As the Joule heating parameter increases, more heat is 

generated due to converting electrical energy into thermal energy, leading to more 

significant temperature gradients across the channel.  As the Joule heating parameter 

increases, more heat is generated, leading to higher temperature gradients across the 

channel. Heat flows from the fluid to the walls when the fluid exceeds the wall 

temperature (T>Tw), resulting in a negative dimensionless temperature (θ). This 

occurs because the denominator in the expression for θ=(T-Tw)/(Ti-Tw) is negative 

when the inlet temperature (Ti) is lower than the wall temperature (Tw). The combined 

effects of Joule heating and thermal radiation enhance heat transfer from the fluid to 

the walls, creating a more pronounced temperature distribution. It is evident that the 

temperature profile becomes more negative and flatter across the channel centre as Jh 

increases, indicating that internal volumetric heating dominates over wall conduction. 

The upward curvature near Y→1 becomes sharper with increasing Jh, suggesting 

localized heat accumulation due to the temperature jump condition, which restricts 

thermal energy diffusion at the wall. 

In Fig. 7.11b, the effect of the thermal radiation parameter (Nr) on the 

temperature distribution is observed across the channel. In the region (Y~0-0.8), the 

temperature remains nearly uniform but increases slightly with Y. As Nr increases, 

the fluid temperature increases due to enhanced heat absorption from radiation. This 

is evident as Nr=10 exhibits a higher temperature than Nr=8, and both are higher than 

Nr=0, indicating that radiation contributes to raising the fluid temperature in the bulk 

region. However, in the near-wall region (Y→1), an opposite trend is observed. The 

temperature θ(Y, τ) drops sharply, forming a steep thermal gradient near the wall. 

Interestingly, at Y=1, the case with Nr=0 has a higher temperature than Nr=8 and 

Nr=10. This suggests that increasing Nr enhances the heat transfer away from the 

wall, leading to a cooler near-wall region. The reduced temperature at the wall with 

increasing Nr indicates that thermal radiation facilitates heat dissipation, thereby 

improving the overall heat transfer efficiency. Consequently, higher radiation 

intensities promote a stronger thermal gradient, ensuring effective heat transport from 

the wall into the fluid. It is also evident that thermal radiation redistributes energy 

from the near-wall region to the core, causing the wall-adjacent fluid to cool faster. 

The steeper drop in θ near Y=1 for higher Nr values indicates enhanced radiative flux 

that lowers thermal resistance at the boundary. 
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(a) Nr=2 (b) Jh=5 

Fig. 7.11 Normalised temperature distribution for Oldroyd-B fluid flow across a 

channel for different values of Jh, Nr, and respectively at K = 10, ξ̅= 2, Ha = 2, Du = 

2, Ω = 1.5, λ̅1 = 0.2, λr = 0.05, λ = 5, τ = π/2. 

 

 

(ii) Nusselt number estimations for heat transfer 

 

Fig. 7.12 illustrates the variation of Nu as a function of K, highlighting the 

time-periodic effects within the channel. As K increases, the electric double layer 

(EDL) becomes thinner and more confined to the channel walls. This increases the 

number of active ions per unit thickness, enhancing the streaming potential. This 

results in a higher streaming potential, strengthening the electroviscous effects and 

modifying the bulk fluid motion. The impact of the zeta potential effect on the Nu is 

illustrated in Fig.7.12a by the interplay between the streaming potential, flow 

pulsations, viscoelastic effects, and electroviscous phenomena. Notably, changes in 

the zeta potential (𝜉 ̅) result in decreasing and increasing trends in the Nusselt number, 

affecting velocity and temperature gradients in the flow. At low zeta potentials (𝜉 ̅

=0.01), the surface charge density is minimal, resulting in a weak streaming potential 

that inadequately reinforces the pressure-driven flow, thereby diminishing convective 

heat transfer and reducing Nu. As the zeta potential increases to moderate values (𝜉=̅2 

to 5), the enhanced surface charge intensifies the streaming potential, strengthening 

the induced electric field. This augmentation modifies flow dynamics, leading to 

higher velocity gradients and improved convective heat transfer coefficient, resulting 

in an increased Nu. The time-periodic nature of the flow further amplifies this effect 

by promoting better mixing through oscillatory motion. However, at very high zeta 

potentials (𝜉=̅10), electroviscous effects become predominant, causing a reduction in 

Nu. The EDL becomes more confined to the walls, increasing electroviscous 

resistance and suppressing velocity fluctuations essential for effective heat transport. 

Additionally, excessive charge accumulation near the wall further retards flow 

oscillations, reducing the efficiency of periodic fluid motion. Significant Joule 
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heating occurs, leading to localized temperature rises near the walls, disrupting the 

temperature gradient, and impairing convective heat transfer. The combination of 

high 𝜉 ̅ and high K exacerbates these adverse effects, as the strong streaming potential 

near the walls interacts with the thin EDL, leading to excessive viscous dissipation 

and localized heating. In contrast, the system achieves an optimal balance between 

flow enhancement and thermal dissipation at moderate K and 𝜉 ̅values, maximizing 

Nu. Therefore, both 𝜉 ̅and K critically influence the heat transfer characteristics, with 

their combined effects determining the efficiency of convective heat transfer in 

streaming potential flows. 

The heat transfer highlights the effect of the non-Newtonian parameter λr 

(the ratio of retardation time to relaxation time) on Nu as K increases, as shown in 

Fig.7.12b. At λr=0, representing Maxwell fluid behavior, strong elastic effects 

amplify the streaming potential field, resulting in an enhancement of Nu. However, 

as K increases, the EDL thins, leading to increased streaming potential. 

Consequently, Joule heating and electroviscous effects intensify due to the rise in 

apparent viscosity, while the contribution of elastic effects to the heat transfer rate 

becomes more significant. Oldroyd-B fluids exhibit intermediate viscoelastic 

behavior, with 0˂λr˂1indicating a balance between viscous and elastic effects. In 

contrast, at λr=1, representing Newtonian fluid behavior, viscous forces dominate, 

leading to a significant reduction in Nu. These trends collectively highlight the 

intricate interplay of elastic and viscous forces, electrokinetic contributions, and the 

relative dominance of the EDL versus bulk flow effects in shaping the observed heat 

transfer behavior. 
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Fig. 7.12  The variation of Nu as a function of K with different values of 𝜉,̅ λr, 

respectively at K = 10, Ha = 2, Ω = 1.5, Du = 2, 𝜆̅
1 = 0.2, λ = 5, τ = π/2, Nr = 2, and 

Jh = 5.  

(iii) Prediction of entropy generation 

 

Thermal irreversibility in the system results from the combined effects of the electric 

field, magnetic field, Joule heating, and viscous dissipation. The influence of the K 
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on Stotal. System entropy production arises from the interplay of electromagnetic 

forces, resistive heating, and viscous energy dissipation. Fig. 7.13 analyzes how 

parameter K governs total entropy (Stotal). Fig. 7.13a maps  against K for varying Du, 

demonstrating that a compressed EDL lowers ion density near boundaries. This 

reduces localized electrical conductivity and resistive heating, as shown in Fig. 7.13a. 

Elevating Du intensifies Stern layer conductivity, altering the equilibrium between 

streaming currents and conduction mechanisms. This shifts dominance to mobile 

conduction currents in bulk fluid, marginalizing Stern layer contributions. 

Concurrently, stationary conduction currents within the Stern layer amplify alongside 

bulk flow. The heightened Stern layer conductivity creates a low-impedance pathway 

for charge transport, reducing the ionic current required to neutralize streaming 

effects. Consequently, diminished streaming potential suffices to stabilize current 

equilibrium and preserve electroneutrality 

In Fig. 7.13b, the effect of the elasticity parameter (𝜆̅
1) on Stotal is analyzed 

for a fixed Du = 2. The plot shows that for 𝜆̅
1=0 (Newtonian fluid), entropy generation 

starts at a relatively high value and decreases as K increases. As 𝜆̅
1 increases to 0.03, 

total entropy initially rises, reaching a local peak, but then begins to decrease for 

𝜆̅
1=0.04. This decreasing trend continues for higher values of 𝜆̅

1=0.1, 0.15, and 0.2 

showing progressively lower entropy generation. The curves for these higher 

elasticity values exhibit a noticeable downward trend, which can be attributed to the 

influence of elasticity in reducing irreversibility in the system. As elasticity increases, 

the fluid transitions from a Newtonian to a viscoelastic behavior, where internal 

friction and shear-induced entropy generation are minimized. Additionally, higher 

elasticity enhances the ability of the fluid to store and recover energy rather than 

dissipating it irreversibly, leading to reduced entropy production. This effect 

stabilizes the system by optimizing energy transport, minimizing both thermal and 

shear-induced entropy. Finally, the lowest entropy is observed at 𝜆̅
1=0.2, indicating 

that at sufficiently high elasticity, the fluid system experiences the most efficient 

energy transport with minimal dissipation. 
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Fig. 7.13 Global entropy generation distribution across a channel of Oldroyd-B 

fluid as a function of K for different values of Du, λ̅1, respectively at K = 10, Ha = 

2, Ω = 1.5, λ = 5, τ = π/2, Nr = 2, and Jh = 5. 
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7.3.3. Sensitivity analysis of key parameters on EKEC efficiency and entropy 

generation 

The convergence of sensitivity indices illustrates how the model output responds to 

variations in both first-order and total effect input parameters. This analysis helps 

improve model accuracy and reduce uncertainty [371,372]. The provided sensitivity 

analysis, presented in Fig. 7.14 directly addresses the influence of three key non-

dimensional parameters such as: zeta potential (𝜉)̅, Hartmann number (Ha), and 

relaxation time (𝜆̅
1) on two critical performance metrics: EKEC efficiency (ηc) and 

entropy generation (Stotal). These bar plots display both the first-order Sobol indices 

and total effect indices, thereby offering insight into both the individual (direct) and 

interaction-based (total) contributions of each parameter. 

Fig. 7.14a shows the sensitivity indices for ηc, the first-order effect of 𝜉 ̅ is relatively 

low (~0.2), indicating that its isolated influence on efficiency is limited. However, 

the corresponding total-effect index is significantly higher (~0.78), suggesting that 𝜉 ̅ 

plays a major role through interactions with other parameters, likely influencing the 

structure and strength of the electric double layer (EDL) and thus modulating 

streaming potential and flow nonlinearly. The Hartmann number (Ha) exhibits a 

moderate contribution in both first order and total effect indices (~0.5), indicating 

that magnetic effects (through the Lorentz force) directly affect ηc while also 

engaging in moderate interaction effects. The relaxation time (𝜆̅
1), characterizing 

fluid viscoelasticity, shows a small first order impact (~0.1), but a large total-effect 

index (~0.85), highlighting that viscoelastic effects predominantly influence the 

EKEC efficiency via synergistic interactions with electric and magnetic forces. 

Fig. 7.14b corresponds to entropy generation (Stotal), the sensitivity patterns shift. The 

zeta potential (𝜉)̅ now exhibits a higher direct impact (first order index ~0.35) and 

even stronger interaction contributions (total effect ~0.65), underscoring its central 

role in governing electrokinetic forces that affect thermal gradients and entropy 

production. Ha has an extremely small first order contribution but a very large total 

effect index (~0.95), indicating that magnetic field strength, while not independently 

dominant, significantly amplifies entropy generation when combined with other 

parameters likely due to enhanced Joule heating and damping effects. (𝜆̅
1) shows 

moderate sensitivity in both indices (~0.45–0.55), confirming that viscoelasticity 

directly and indirectly modulates thermal irreversibility and fluid damping behavior. 

This sensitivity analysis reveals that while Ha directly affects entropy more than 

efficiency, 𝜉 ̅and 𝜆̅
1are critical for both metrics mainly through nonlinear coupling. 

These results provide strong justification for emphasizing these parameters in 

physical interpretation and optimization, and directly enhance the clarity and rigor of 

the study’s conclusions. 
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Fig. 7.14 First order and total effect Sobol sensitivity indices for the parameters 

influencing (a) EKEC efficiency and (b) total entropy generation at K = 10, Ω= 0, λ 

= 5, τ = π/2, Nr = 2, Du = 2, λr = 0.05, and Jh = 5. 

 

7.4.  Concluding remarks 

 

This study reveals critical insights into the complex rheology of Oldroyd-B 

fluids and their role in enhancing the performance of portable microfluidic devices in 

power generation, heat transfer, and energy dissipation. This study explores the 

intricate interplay of time-periodic flow, electro-magnetohydrodynamics, and 

electroviscous effects within a microchannel system. The nonlinear Poisson-

Boltzmann equation, formulated without the Debye-Hückel approximation, governs 

the zeta potential and is integrated into the momentum equation alongside velocity 

slip, electromagnetic fields, and Stern layer currents. Key design parameters are 

analyzed to assess the flow field, volume flow rate, EKEC efficiency, concentration 

profile, mass transport rate, temperature profile, Nusselt number, and entropy 

production. The key findings highlight the intricate rheological and heat transfer 

characteristics of viscoelastic fluids as summarized below: 

(i) The analysis conducted in this study also evaluates the flow characteristics of 

Maxwell and Newtonian fluids by selecting the appropriate viscoelastic parameter. 

(ii) When Stern layer effects are neglected, the maximum electrokinetic energy 

conversion (EKEC) efficiency experiences a significant increase at high zeta 

potential (𝜉=̅4). Specifically, with a Dukhin number (Du=2), the EKEC efficiency 

improves by 59.8% compared to the scenario where Du=0.  

(iii) Resonant behavior, influenced by the Reω, impacts the mass transfer rate and 

species separation. When Reω exceeds a critical value (Reω~0.2), the flow shifts from 

a viscous-dominated regime to an inertia-dominated regime. In this state, the effect 

of the Ha undergoes a notable transformation, resulting in charge separation. The 

concentration increased by 64.35% in the presence of a magnetic field (Ha = 2) 

compared to the absence of a magnetic field (Ha = 0) at the peak for Oldroyd-B fluid 

in the microchannel.
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Chapter 8. Ion transport phenomena in electrokinetic desalination 

systems with ion concentration polarization in nanochannel 

arrays 

8.1. Objectives of the chapter 

 

This study investigates desalination of salt water for parallelizing 

nanochannels within a rectangular geometry and analyses the influence of gravity on 

the desalination process, comparing it with a hyperbolic geometry. The global 

demand for freshwater has spurred interest in alternative water supply solutions, such 

as desalination. Traditional desalination methods often face challenges such as high 

energy consumption and environmental impacts. Existing literature highlights 

desalination technologies, including ion concentration polarization (ICP)-based 

methods. Previous studies show that ICP can remove charged species and reduce 

fouling compared to conventional membranes. However, single-channel ICP devices 

have limited throughput. To address this, nanochannel arrays can be used for 

parallelization, and gravitational effects should also be considered. The present study 

implements a Multiphysics framework combining the Poisson-Nernst-Planck and 

Navier-Stokes equations to predict the electric field, concentration distribution, 

velocity profile, energy consumption rate, and salt removal ratio. The results also 

demonstrate that near the outlet region (≈93.4 nm), the rectangular nanochannel 

improves the SRR by 24.55% compared to the hyperbolic configuration under an 

applied voltage of 30 V₀ and a zeta potential of -0.05 V. This framework also 

integrates a techno-economic analysis to evaluate the levelized cost of water (LCOW) 

alongside the energy consumption. The LCOW compares the two nanochannel 

geometries. At the highest applied voltage of 50 V₀, the hyperbolic channel stabilizes 

at around $0.7864/m3, which is significantly lower than the rectangular channel 

$0.9844/m3.  

 

8.2. Physical models and numerical methods  

 

8.2.1. Physical setup 

 

This study investigates the desalination process under steady-state 

conditions. The working fluid is a dilute sodium chloride (NaCl) solution, which 

behaves as a Newtonian fluid and flows in a laminar regime. A two-dimensional 

model is applied, assuming that all properties and variables remain constant along the 

third direction. For computations in this dimension, a unit length is used, which does 

not influence key outcomes such as flow velocity or salt removal efficiency. In real 

systems, this approach implies that the third dimension is considerably larger than the 

other two. Figs. 8.1a and 8.1b offer a detailed visual representation of our system, 

portraying a 2D model featuring a rectangular and convergent-divergent 

nanochannels. This channel incorporates a strategically positioned membrane barrier, 
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which is constructed with an array of nanochannels. The membrane serves as a 

selective filter, allowing precise control over the passage of substances. When saline 

water enters through the inlet, it embarks on a transformative journey as it traverses 

the intricate network of nanochannels. This journey is crucial, as the fluid undergoes 

filtration, facilitated by the nanochannel arrays. Architecturally, the framework is 

divided into three components: the primary inflow channel zone, a nanochannel-

based ion-selective membrane, and the primary outflow channel zone. The main 

channel dimensions, including its same length L and the outlet widths of the 

rectangular and hyperbolic channels, hr=40nm and hr=80nm, play an important role 

in the system behavior. The nanochannels in the array, including their width ha, 

spacing hs, and length l, are carefully designed to be uniform across all geometries. 

The system includes n=10 nanoscale array, each with a width ha=2, and spacing hs=2 

nm, and vertical span l= 25 nm. Adjacent to these, the main flow of hyperbolic 

nanochannel has a central width hr= 40 nm and a vertical span L= 93.444 nm, 

optimized for functional efficiency (Fig. 8.1a and Fig. 8.1b). The ion-selective barrier 

is made of an ideal cation-permeable material and carries a uniform negative surface 

charge (-σs) to amplify filtration efficacy. A saline reservoir (sodium chloride, 

concentration c0) interfaces with the inflow channel’s upper boundary to sustain 

controlled fluid ingress. Key operational variables encompass inlet-applied voltage 

(VE) and hydraulic pressure (p), while the outflow boundary is maintained at ambient 

pressure. The synergy of electrokinetic and hydraulic forces governs phenomena such 

as field-induced flow (EOF) and pressure-mediated transport (PDF).  

 

 

 
(a) Rectangular nanochannel (b) Hyperbolic nanochannel 

 

 

Fig. 8.1 Schematic diagram of the nanochannel array model used in the desalination 

system. 
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8.2.2.  Governing equations 

 

The coupled dynamics of a non-compressible medium, ionic species migration, and 

electrostatic field evolution are resolved through a Multiphysics framework 

integrating momentum conservation principles, electro-diffusive flux formulations, 

and charge-potential coupling. The Navier-Stokes equations govern viscous 

momentum transfer, the Nernst-Planck relations describe ion transport under 

electrochemical gradients, and the Poisson equation correlates charge density to 

electrostatic potential. Collectively, these equations characterize the interplay 

between hydrodynamic, ionic, and electric phenomena. 

The transport of ions follows the law of mass conservation, expressed by the Nernst-

Planck equations are expressed as [23,342],  

 

0 J                   (8.1) 
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D c c c
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J U                 (8.2) 

Here, J+, J-, D+, D-, c+, and c- are the flux density, diffusion coefficient and the 

concentration of Na+ and Cl- respectively. T is the temperature.  

The coupled interaction between the electric potential and charge density of ion 

concentrations is represented by the Poisson are governed by [373], 

  e                        (8.3) 

 e F c c                                   (8.4) 

where the dielectric constant the solution ε=ε0εr, where ε0 is vacuum permittivity and 

εr is relative permittivity. R, and F are the universal gas constant and the Faraday’s 

number, respectively. 

The present analysis considers a steady, fully developed incompressible fluid flow 

model along with gravity force and generalizes the continuity and Cauchy momentum 

equations for this flow as [342],  

 

0 U                   (8.5) 

  ep g       U U σ E                (8.6) 

 

Here, U≡ (u, v, 0) is the velocity of the fluid, p is the pressure, σ is the shear stress 

tensor, E=-∇ψ is the electric field (ψ is the electric potential), ρe is space charge 

density, ρ and μ are the density and dynamic viscosity of the fluid, respectively. 

 

 

  

8.2.3.  Electroosmotic slip velocity 

 

In the case of a thin electric double layer, the model substitutes the explicit electrical 

double layer (EDL) description with the Helmholtz-Smoluchowski formulation, 

wherein the electroosmotic body force is accounted for through a slip velocity 
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boundary condition that links the electroosmotic velocity to the tangential component 

of the applied electric field [91]. 

 

uHS=-
𝜀𝜉

𝜇
∇sψ                                                                                                           (8.7)

  

Here, uHS represents the electroosmotic slip velocity , ξ is the wall zeta potential, 

∇sψ indicates the tangential gradient of the electric potential along the channel 

surface.  

 

8.2.4.  Boundary conditions   

 

To complete the coupled governing equations, the following boundary conditions are 

applied, At the inlet boundary conditions, (i) hydrostatic gauge pressure is maintained 

at p0, (ii) both ion concentrations and particle densities are set to match those in the 

inlet reservoir as, c+=c-=c0, (iii) electrostatic potential is assigned VE [342]. 

 

p=p0; c+=c-=c0; ψ=VE                 (8.8) 

 

The fluid velocity adheres to a Navier slip condition at the interiors nanochannel 

array. The concentration of Na+, and Cl-; at the membrane surface is c+=cm; and the 

flux of Cl- is zero (J-⸳n=0); The surface charge density is represented by, 

ψnanowall =-σsurf [91,374], 

 

U=a
𝜕𝑼

𝜕𝒏
 ; c+=cm; J-⸳n=0; ψnanowall =-σsurf                             (8.9) 

At outlet boundary, (i) a zero-gauge pressure, (ii) convective outflow condition is 

imposed as n⸳∇c=0 (iii) electrostatic potential is grounded. Here, n is the outward 

normal vector, which is defined as the unit vector perpendicular to the boundary and 

directed outward from the fluid domain. 

 

p=0; n⸳∇c=0; ψ=0                             (8.10) 

 

The electroosmotic slip-on non-electrode walls is governed by the Helmholtz-

Smoluchowski formulation (See Eq. 8.7). 

 

8.2.5.  Numerical method 

 

The coupled system defined by Eqs. (8.1) -(8.6) and boundary conditions (8.7) -(8.10) 

is numerically resolved using COMSOL Multiphysics v6.2. Leveraging the system’s 

symmetrical geometry (Figs.8.1a, and 8.1b), the computational domain is simplified 

by modelling a reduced domain representing one-half of the full configuration. A 

symmetry boundary condition is imposed along the computational boundary 

corresponding to the physical centreline of the system. To simulate laminar flow, 

electrostatic potential, and ionic species transport, built-in modules for laminar flow, 

electrostatic fields, and dilute species transport are implemented. 
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The coupled governing Eqs. (8.1-8.10) are iteratively solved with the MUMPS direct 

solver combined with Newton-Raphson iterations, ensuring robust convergence and 

numerical accuracy for the interdependent physics. This methodology balanced 

computational efficiency with precise resolution of the Multiphysics interactions. 

 

3. Parameter estimation 

In this study, electroosmotic slip at the channel walls is characterized by the zeta 

potential. Both the zeta potential and the surface charge density can be effectively 

regulated through coupled saltwater desalination processes. For the numerical 

simulations conducted in this work, the representative physical parameters 

corresponding to ion-selective polarization within the nanochannel array are 

summarized in Table 10, unless explicitly specified in the respective figures. The zeta 

potential is assigned a range of 0 ≤ ξ ≤ -0.2 [V] [91]. 

 

Table 10 

Key parameters for the present simulation model [23,342,353] 

Parameters Value Unit 

Boltzmann constant (kB) 1.380649 × 10-23  m2kg s-2 K-1 

density of water (ρ) 1000  kgm-3 

dynamic viscosity (μ) 10-3  Pa-s 

Faraday constant (F) 96485  Cmol-1 

vacuum permittivity constant (ε0)  8.854×10-12  Fm-1 

relative permittivity constant (εr) 78 - 

surface charge density (σsurf) -4.5 mCm-2 

diffusivity of cation (D+) 1.33×10-9 m2s-1 

diffusivity of anion (D-) 2.03×10-9 m2s-1 

bulk concentration of c0 10  molm-3 

gauge pressure (p0) 10  Pa 

 

8.3. Results and discussion 

 

The behavior of the proposed desalination system employing an ion-selective 

membrane is analysed using a baseline configuration with representative parameter 

values. The electrolyte solution used in the present channel model is sodium chloride 

(NaCl). Based on this reference case, the underlying mechanisms are identified, 

followed by an assessment of how the applied voltage (VE) and the zeta potential (ξ) 

influence the system’s performance. This study compares two computational models 

that have the same vertical height of L = 93.444 nm. One model uses a rectangular 

nanochannel with a horizontal length of hr = 40 nm, and the other uses a hyperbolic 

nanochannel with hh = 80 nm. Both models include a set of 10 nanoscale conduits; 

each designed with structural dimensions of hs = ha = 2 nm. These dimensions induce 

convergence of electrostatic charge layers (EDLs) within the conduits. The analysis 

explores ionic flux across conductive and saturation phases by applying external 

potentials from 0 to 50V0 thermal voltage units (V0 =kBTa/(zve)=25.85mV), achieving 
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steady-state conditions. Before beginning the present analysis, a grid independence 

test was carried out to identify a suitable mesh resolution. The computational model 

uses triangular elements, with finer meshes applied near important regions such as 

the membrane interface, channel walls, inlet, and outlet. Very fine elements are 

placed close to the membrane surfaces to capture sharp changes in field variables. 

The results of the average velocity grid independence test, shown in Table 11, 

confirm that the mesh with 69786 elements provides accurate and reliable results. 

 

Table 11 
The average velocity in the axial direction at the middle section of the hyperbolic 

channel using various mesh elements. 

No. of Mesh elements 
Average velocity along the axial 

position (uav) 

24023 0.061697 

60724 0.062056 

69786 0.062112 

158462 0.062334 

 

The removal rate refers to the percentage of salt ions that are effectively prevented 

from passing through the array. The applied voltage across the channel significantly 

influences this salt removal ratio (SRR) is defined as [353],  

 
0

1 outc
SRR

c
                  (8.11) 

where, Cout is the outlet concentration of Cl- for rectangular and hyperbolic channels 

are defined as [23],  

   

   

0 0

0 0

, , Rectangular channel

, , Hyperbolic channel

h hr r

x

out h hh h

x

J L y dy u L y dy

c

J L y dy u L y dy









 




 

 

           (8.12) 

Here, Jx
- is the x component of Cl- flux J-. Here average velocity for rectangular and 

hyperbolic channels at outlet are defined as, 

0

0

u(L,y)dy Rectangular channel

u(L,y)dy Hyperbolic channel

hr

r

av hh

h

h

u

h





 








                                             (8.13) 
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(i) Concentration profile 

Figure 8.2 presents the steady-state axial Na⁺ concentration profiles at the midplane 

for rectangular and hyperbolic nanochannel arrays under different surface-potential 

strengths and applied voltages. In the rectangular configuration at V=30V (Fig. 8.2a), 

the Na⁺ concentration exhibits a spatially dependent, non-monotonic response as the 

surface potential becomes more negative from ζ=-0.01 to -0.2. Near the inlet region 

on the left side, increasing ∣ζ∣ strengthens the electric double layer and enhances 

cation perm-selectivity, deepening the upstream depletion zone and causing the Na⁺ 

concentration to progressively decrease. Within the nanochannel array in the central 

region, perm-selectivity and surface conduction reach a saturation state, resulting in 

minimal changes in the concentration profiles for moderate ∣ζ∣. However, toward the 

downstream end on the right side, higher surface potentials (∣ζ∣≥0.05) promote strong 

EDL counterion accumulation and enhanced surface conduction, which drive 

additional Na⁺ ions toward the outlet; consequently, the concentration increases 

again, producing a clear decrease-plateau-increase pattern along the channel. In Fig. 

8.2(b), where the surface potential is fixed at ζ=-0.05, raising the applied voltage 

increases the electromigration strength, expands the depletion region, and yields 

consistently lower Na⁺ concentrations, reflecting enhanced ion-removal capability. 

Comparatively, the hyperbolic nanochannel in Fig. 8.2(c) shows smoother 

concentration gradients and weaker depletion as ∣ζ∣ increases, because the curved 

geometry redistributes the electric field and mitigates polarization inside the channel. 

As a result, the outlet concentration remains higher than in the rectangular geometry 

for the same surface-charge conditions. Finally, Fig. 8.2(d) demonstrates that 

although increasing voltage in the hyperbolic channel still reduces Na⁺ concentration, 

the extent of depletion remains relatively mild due to geometric field spreading, 

which stabilizes ion transport and prevents the formation of strong depletion fronts. 

Overall, the results highlight how surface potential, applied voltage, and channel 

geometry interact to control the strength and spatial structure of ion-depletion zones 

in nanochannel arrays. 
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(a) Rectangular channel at VE=30V0 (b) Rectangular channel at ξ=-0.05 
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(c) Hyperbolic channel at VE=30V0 (d) Hyperbolic channel at ξ=-0.05 

 

Fig. 8.2 Ionic species distributions along the axial x direction at the midplane for 

two configurations under surface charge constraints ψnanowall =-σsurf for Cationic 

(Na+) concentration profile (a, b) Rectangular (c, d) Hyperbolic nanochannels. 

Figure 8.3 presents the axial chloride-ion concentration profiles for 

rectangular and hyperbolic nanochannel arrays and highlights the strong influence of 

channel geometry and voltage on anion transport. In Fig. 8.3(a) and Fig. 8.3(c), the 

effect of ζ potential on the vertical Cl⁻ concentration profile shows a clear contrast 

between the region above the nanochannel array and the region inside/after the array, 

due to the presence of strong negative surface charge density within the 

nanochannels. For ζ ranging from -0.01 to -0.2, the top portion of the channel (before 

entering the array) exhibits relatively higher Cl⁻ concentration, because the local 

electric field is weak and the negatively charged walls have not yet imposed strong 

electrostatic exclusion; as |ζ| increases, anions accumulate slightly near the upper 

region due to field-driven vertical migration. However, once the flow enters the 

nanochannel array where negative surface charge is explicitly applied, the physics 

reverses. Inside the array, strong surface charge produces intense anion repulsion, 

suppressing Cl⁻ transport and forcing the concentration to drop to its minimum, 

regardless of ζ magnitude. After exiting the array (lower portion), the trend becomes 

opposite of the top region: higher |ζ| now leads to lower Cl⁻ concentration because 

the ions have just passed through a strongly repulsive constriction that amplifies 

depletion. Thus, the concentration is high at the top for all ζ values but becomes 

progressively lower after the array as |ζ| increases, reflecting the dominating influence 

of the array’s negative surface charge and the transition from weak pre-array transport 

to strong intra-array exclusion. In Fig. 8.3(b) and Fig. 8.3(d), where voltage varies 

from 10V0-50V0, the concentration before the nanochannel (top side) decreases with 

increasing voltage because stronger drift pulls anions rapidly toward the entrance, 

thinning the upstream boundary layer. After the nanochannel (bottom side), however, 

the trend reverses: higher voltages produce higher outlet concentrations, as strong  
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(a) Rectangular channel at VE=30V0 (b) Rectangular channel at ξ=-0.05 
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(c) Hyperbolic channel at VE=30V0 (d) Hyperbolic channel at ξ=-0.05 

 

  Fig. 8.3 Ionic species distributions the axial x direction at the midplane of 

hyperbolic nanochannel for different zeta potential for two configurations under 

surface charge constraints ψnanowall =-σsurf for anionic (Cl-) concentration profile (a, 

b) Rectangular, (c, d) Hyperbolic nanochannels. 

downstream electromigration accelerates ion transport once the ions exit the 

constriction. Comparing the two geometries, the rectangular nanochannel 

consistently yields a much lower outlet Cl⁻ concentration than the hyperbolic one. 

This occurs because the sharp, uniform constriction in the rectangular channel 

produces stronger field focusing and higher ionic resistance, sustaining deeper anion 

depletion than the smooth, gradually varying hyperbolic shape. At 10V₀, the 

rectangular outlet concentration is nearly zero, while the hyperbolic outlet remains 

finite due to reduced field localization and weaker confinement. At an applied voltage 

of 30 V₀, the rectangular channel achieves approximately a 47.63% reduction in outlet 

Cl⁻ concentration compared with the hyperbolic channel, indicating that its sharper 
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geometry enhances anion exclusion and improves the desalination efficiency of the 

rectangular design. 

 

The variation of Na+ concentration across the midplane of a single 

nanochannel array for rectangular and hyperbolic geometries is presented in Fig. 8.4. 

In both cases, the profiles display a characteristic U-shaped pattern, with Na⁺ 

concentration reaching its maximum near the channel walls and decreasing toward 

the centre. This behaviour arises from the negatively charged nanochannel surfaces, 

which attract cations and create an EDL where Na⁺ accumulates adjacent to the walls. 

As the distance from the wall increases, the electrostatic influence decays, causing 

the Na⁺ concentration to fall toward a minimum at the channel centre. Despite this 

common trend, the rectangular channel shows a slightly higher centreline Na⁺ 

concentration compared to the hyperbolic channel. This difference occurs because 

the uniform cross-section of the rectangular geometry produces a more evenly 

distributed electric field across the width, allowing a greater portion of Na⁺ ions to 

diffuse or migrate toward the centre. In contrast, the hyperbolic geometry with its 

gradually varying width induces stronger field localization near the throat region, 

which confines more ions near the walls and results in a lower Na⁺ concentration at 

the centre. 
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Fig. 8.4 Comparison of cationic concentration distribution at the midplane at the 

transverse direction for one nano-channel array with surface charge boundary 

condition ψnanowall =-σsurf at ξ=-0.05, VE=30V0. 

The observed dependencies of the average cross-sectional velocity on zeta potential 

and applied voltage in Fig. 8.5 are governed by the transition from electroosmosis to 

electroconvection, with channel geometry playing a critical role in modulating this 

instability. In the rectangular nanochannel (Fig. 8.5a), the non-monotonic velocity 

trend with voltage is a classic signature of this transition. At 10V₀, the system operates 

in the ohmic or early limiting regime. The electric field is sufficient to generate a 

steady electroosmotic slip flow along the walls, but it is not strong enough to form a 

significant extended space charge layer (SCL) that would trigger electroconvection. 
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This results in a coherent, relatively high net flow. As the voltage increases to 20V₀, 

the system enters a stable limiting current regime. A thick ion depletion zone and 

extended SCL develop, which dramatically increases local resistance. While this SCL 

sets the stage for instability, the voltage may be at a critical threshold where the 

electroosmotic flow is suppressed, but the electro-convective vortices are not yet 

energetic enough to contribute significantly to the net axial flow. This results in a 

pronounced dip in average velocity. At higher voltages (40V₀ and 50V₀), the system 

enters the over-limiting current regime. The strong electric field acting on the SCL 

triggers vigorous electro-convective vortices. These vortices act as an internal pump, 

enhancing ion transport and, crucially, contributing to a net pumping effect that 

increases the average velocity once again. The order 10V₀ > 50V₀ > 40V₀ > 20V₀ 

reflects this progression from stable electroosmosis, through a convective-onset 

minimum, to fully developed electroconvection. 

In contrast, the hyperbolic nanochannel (Fig. 8.5b) exhibits a more monotonic and 

damped response due to its geometry. The smoothly varying cross-section prevents 

the sharp localization of the electric field and space charge that occurs at the entrance 

of a rectangular channel. This "smears out" the ion depletion, suppressing the 

formation of an intense, localized SCL. Consequently, the transition to 

electroconvection is more gradual and less violent. The velocity does not exhibit a 

sharp minimum because the electroosmotic component is never fully suppressed, and 

the developing electro-convective instability is milder. Therefore, as the voltage 

increases from 20V₀ to 50V₀, the average velocity rises steadily. The stronger driving 

force consistently overcomes the dissipative losses, leading to the more intuitive 

ordering where higher voltage results in higher average flow, driven by a combination 

of sustained electroosmosis and stabilized electro-convective mixing. 
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(a) Rectangular nanochannel (b) Hyperbolic nanochannel 

 

Fig. 8.5 Dependencies of average velocity along the vertical length of the channel 

for different values of applied voltages of u as function of zeta potentials in (a) 

rectangular and (b) hyperbolic nanochannels. 
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(ii) Salt removal ratio profile 

Figure 8.6 compares the evolution of the Salt removal ratio (SRR) along the arc length 

for rectangular and hyperbolic nanochannels at a fixed zeta potential (ξ = -0.05 V) 

under increasing applied voltage, revealing a fundamental trade-off between the 

intensity and stability of ion depletion governed by electro-convective phenomena. 

The axial SRR profile is characterized by distinct transport regions: in the initial 

portion (0-40 nm), the SRR exhibits a gradual rise as the applied electric field initiates 

concentration polarization, establishing an early ion depletion zone. This leads into 

the central region (40-60 nm), which encompasses the perm-selective interface of the 

nanochannel array, where overlapping electric double layers enforce strong ion 

selectivity and the SRR reaches its maximum. Beyond this peak, the SRR decreases 

sharply, not due to the electric field strength itself, but as a consequence of electro-

convective instability, where the intense local field and extended space charge layer 

induce vortices that recirculate ions back into the depletion zone, thereby reducing 

local salt removal efficiency. 

The behavior of the two geometries diverges significantly in response to increasing 

voltage. In the rectangular nanochannel (Fig. 8.6a), the uniform cross-section 

facilitates formation of a strong, coherent depletion layer at low to moderate voltages 

(10V₀ to 30V₀), yielding high SRR values. However, at higher voltages (40V₀, 50V₀), 

the system enters the over-limiting current regime where intense, localized electric 

fields trigger powerful electro-convective vortices. These vortices enhance ionic 

current but compromise depletion zone purity by recirculating ions from enriched 

regions, causing pronounced downstream SRR decay. 

In contrast, for the rectangular channel, the SRR near the outlet region (≈93.4 nm) 

decreases by approximately 46.16% as the applied voltage increases from 30 V₀ to 

50 V₀, although the variation remains relatively modest. Conversely, the hyperbolic 

nanochannel (Fig. 8.6b) exhibits more stable performance through its gradually 

expanding geometry, which disperses the electric field and prevents sharp space 

charge localization. While achieving slightly lower peak SRR, the hyperbolic 

geometry suppresses large-scale vortex formation, resulting in less severe 

downstream decay and maintaining more stable SRR profiles along the entire channel 

length at high voltages. The hyperbolic channel shows a noticeable drop in SRR at 

the outlet, decreasing by about 49.91% as the applied voltage rises from 30 V₀ to 50 

V₀. This decline suggests that higher electric fields tend to weaken the stability of the 

depletion zone. This demonstrates the critical role of geometry in balancing peak ion 

removal efficiency with operational stability under strong electric fields. 
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(a) Rectangular nanochannel (b) Hyperbolic nanochannel 

 

Fig. 8.6 Comparison of salt removal ratio (SRR) across the channel with 

electroosmotic slip for different applied voltages along the arc length at ξ=-0.05(V) 

in (a) hyperbolic and (b) rectangular nanochannels. 

 

(iii) Energy consumption rate distribution 

Therefore, it is critical to analyse the energy distribution in our system to understand 

the key drivers of energy consumption in this novel desalination architecture, which 

is defined as follows: 

 
S
F dxdy    + -

J J E                                                                                      (8.14) 

0

ha

y dy   refers to the integrated energy consumption rate 

over a cross section in horizontal direction for single nanochannel array [23]. 

The variation of the energy consumption rate (κy) with surface potential (ξ) for 

rectangular and hyperbolic nanochannel for single arrays under different applied 

voltages is illustrated in Fig. 8.7. In both geometries, κy increases consistently with 

the applied voltage, reflecting the higher electrokinetic work required to sustain ion 

transport as the driving electric field strengthens. For all cases, κy decreases gradually 

with increasing ξ (from more negative toward neutral values), indicating that weaker 

wall potentials reduce the electroosmotic driving force and associated viscous 

dissipation. At low voltages (10V₀-20V₀), the energy consumption remains nearly 

constant, signifying ohmic conduction, where ionic migration is linearly proportional 

to the applied field and electro-convective effects are negligible. As the voltage 

increases (30V₀-50V₀), κy rises sharply, marking the transition to the over-limiting 
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regime, dominated by the formation of extended space-charge layers and electro-

convective vortices, which enhance momentum exchange and Joule heating, as 

mentioned in Fig.8.7a. Comparing the two configurations, the hyperbolic 

nanochannel exhibits significantly higher κy values than the rectangular channel at 

identical conditions. This can be attributed to its curved geometry, which concentrates 

the local electric field near the constricted regions, intensifying charge transport and 

viscous energy loss. In contrast, Fig. 8.7(b) shows that the rectangular nanochannel 

maintains lower κy values, indicating a more uniform electric field distribution and 

reduced electro-convective energy dissipation. Quantitatively, at an applied voltage 

of 30 V₀ and a zeta potential of -0.05 V, the rectangular nanochannel exhibits 

approximately 95.43 % lower energy consumption than the hyperbolic configuration 

under identical operating conditions. This substantial reduction highlights the 

superior electrokinetic efficiency of the rectangular geometry, which maintains a 

more uniform electric field and lower viscous dissipation. Overall, Fig. 8.7 

demonstrates that while the hyperbolic nanochannel enhances electrokinetic mixing 

and ion mobility through intensified local electric fields, it does so at the expense of 

increased energy consumption, whereas the rectangular configuration achieves more 

efficient ion transport with significantly reduced energetic losses under equivalent 

applied voltages. 
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(a) Rectangular nanochannel 

 

(b) Hyperbolic nanochannel 

 

Fig. 8.7 Distribution of energy consumption rate (κy) in the horizontal direction for 

a single nanochannel array as a function of applied voltages. 

(iv) Levelized cost of water (LCOW) calculation 

 

To conduct an economic assessment of various desalination system designs, the 

levelized cost of water (LCOW) serves as the primary metric for comparison. A key 

consideration is that energy consumption alone is an insufficient performance 

indicator, as it can be driven arbitrarily low by employing excessively slow flow rates. 
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This approach, however, leads to a prohibitive capital expense for the equipment per 

unit of water produced, which is economically impractical. Consequently, the total 

cost must include both operational and capital expenditures. Operational expenses 

were derived from electrical and hydraulic pumping energy requirements. The initial 

capital outlay, heavily influenced by the required membrane area in ICP systems, was 

estimated from the total system footprint. The following calculations determine these 

cost components, with the final LCOW presented as the sum of operational and 

capital costs in USD per cubic meter of processed feedwater [23,353]. 

 

Total Cost = Capital Cost + Operating Cost (Electricity + Pumping) 

 

The specific cost of electricity is calculated as: 

 

Electricity Cost = (Energy Price) × (Specific Energy Consumption) 

 

For illustration, using an energy price of $0.10 per kW-h, the electrical cost 

component for the rectangular nanochannel (with a specific energy consumption of 

8.1797 kW-h/m³) is approximately $0.82 per cubic meter, while for the hyperbolic 

nanochannel (6.26 kW-h/m³), it is approximately $0.63 per cubic meter under 

standard parameters (n=10, VE=30 V₀, p0=10 Pa, ξ=-0.05). 

In membrane-based desalination systems, the capital expenditure 

encompasses not only the cost of the membranes themselves but also the expenses 

associated with infrastructure development, equipment acquisition, system 

maintenance, pretreatment materials, labour, and other auxiliary requirements. Since 

accurately accounting for all these additional factors is complex and highly dependent 

on the specific plant design and location, it is customary to approximate the total 

investment primarily from the membrane cost. It is further assumed that the initial 

investment for system installation is financed through borrowing at a market interest 

rate (r) of 10% and is then distributed over the 20-year service lifetime (TL) of the 

ICP unit to obtain the annualized capital cost. 

A fundamental aspect of the economic analysis involves determining the 

capital expenditure, which is evaluated using an amortization framework to distribute 

the initial investment over the project’s operational lifetime. The general form of this 

calculation is represented as [23,353]: 

 

Capital cost= (1 ) 1LT
m Q

L L

A K r

QT rT

    
   

  

              (8.14) 

Here, KQ refers to the projected cost per unit area, Am is the total membrane area, Q is 

the flow rate of desalinated water. 

Given the two-dimensional nature of the model, the channel depth 𝑤 becomes 

essential for accurate costing. Using the expressions for membrane area A=2hhw, 

2hrw and desalinated water feed flow rate Q=2hrwuav, 2hhwuav.  Eq. (8.14) reduces to 

a more compact form: 
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Capital cost = (1 ) 1LT
Q

av L L

K r

u T rT

    
   

  

             (8.15) 

 

Using representative values with an average velocity of uav=0.01316 m/s under the 

conditions n=10, ξ=-0.05, VE=30V0, and p0=10 Pa, the capital cost was estimated at 

approximately 0.0002588 $/m³ [23]. This value is remarkably low when compared to 

other conventional membrane stack ICP systems. This value is remarkably low 

compared to other electro-membrane processes like electrodialysis (ED), 

highlighting a key advantage of this design: its drastically reduced requirement for 

ion-exchange membrane material per unit of treated water, which is typically a major 

cost component in such systems. 

However, given the architectural differences between this microporous system and 

conventional ED, a more conservative and detailed costing approach is warranted. 

Therefore, we separate the total capital cost into two distinct components: 

 

Total Capital Cost = Membrane Cost + Auxiliary System Cost  

 

The membrane-specific cost is formulated as [23]: 

Membrane cost= (1 ) 1LT

m

av L L

K r

u T rT

   
  

  

              (8.16) 

 

Substituting Km=150 $/m2 along with standard assumptions for lifetime and interest 

rate yields a negligible membrane cost of about 0.000052$/m3. 

The second component, termed the Auxiliary system cost, includes infrastructure, 

equipment, maintenance, labour, and pretreatment chemicals. Since these elements 

are challenging to derive from theoretical models but are expected to align with 

conventional electro-membrane installations, a separate area-based cost 

factor KAuxiliary is introduced. Thus, the auxiliary cost is expressed as [23]: 

 

Auxiliary cost = (1 ) 1LT
Auxiliary

av L L

K r

u T rT

   
  

  

              (8.17) 

 

For this analysis, KAuxiliary is set to 100000 $/m2, reflecting a scaled and conservative 

estimate that accounts for the system’s reduced physical scale and unique operational 

features The auxiliary contribution from auxiliary components (equipment, 

maintenance, labour) amounts to 0.0345 $/m3. 
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Fig. 8.8 Variation of LCOW with applied voltage for different geometries, with 

total cost calculated as the sum of electrical and capital expenses (USD per m³ of 

diluate). 

The variation in the levelized cost of water (LCOW) with applied voltage 

for the rectangular and hyperbolic nanochannel geometries is shown in Fig. 8.8. The 

total cost is calculated as the sum of electrical energy consumption and capital 

expenses, expressed in USD per m³ of diluate. The hyperbolic channel demonstrates 

a consistently lower LCOW across the voltage range. At 10 V₀, the hyperbolic 

geometry begins at approximately $0.10/m³, compared to the rectangular channel, 

which starts at a higher $0.25/m³. This cost advantage for the hyperbolic channel 

persists as voltage increases. At 20 V₀, the hyperbolic channel’s LCOW rises 

moderately to about $0.50/m³, while the rectangular channel experiences a steeper 

increase to roughly $0.75/m³. 

This trend continues at higher voltages. At 30 V₀, the hyperbolic channel reaches 

about $0.668/m³, whereas the rectangular channel climbs to 

approximately $0.852/m³. Finally, at the highest applied voltage of 50 V₀, the 

hyperbolic channel’s cost stabilizes around $0.7864/m³, significantly lower than the 

rectangular channel, which reaches approximately $0.9844/m³. 

Overall, the estimated energy consumption for the rectangular and 

hyperbolic configurations is approximately 9.69 kWh/m³ and 7.65 kWh/m³, 

respectively. The corresponding total treatment costs are $0.7864/m³ and $0.9844/m³, 

demonstrating a competitive performance that justifies continued research and 

development. Under an applied voltage of 50 V₀, the rectangular nanochannel yields 

an LCOW that is 20.11% greater than that of the hyperbolic design. However, the 

LCOW increases with applied voltage for both geometries because of the rising 

electrical power demand. The hyperbolic nanochannel maintains a lower and more 

stable LCOW across all voltages, indicating better economic performance. In 

contrast, although the rectangular nanochannel exhibits a higher SRR than the 

hyperbolic design, its LCOW remains higher due to greater energy consumption. This 
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contrast highlights that the rectangular geometry yields higher salt removal but at a 

higher energy cost, whereas the hyperbolic geometry offers a more cost-efficient 

operation. 

 

8.4. Conclusion 
 

This study offers valuable insights into the complex behavior of saltwater 

desalination and its influence on the performance of portable microfluidic devices for 

power generation and salt removal. It examines how electroosmotic velocity slip, zeta 

potential, and applied voltage interact within a nanochannel system. The nonlinear 

Poisson equation, combined with the Nernst-Planck equations, is integrated into the 

Navier-Stokes equations along with Navier slip conditions and overlapping electric 

double layer effects. The study evaluates key design parameters to analyze the flow 

field, concentration distribution, salt removal ratio (SRR), and energy consumption 

rate.  

(i) Ion transport characteristics: Within the nanochannel array in the central region, 

perm-selectivity and surface conduction reach a saturation state, resulting in minimal 

changes in the concentration profiles for moderate ∣ζ∣. However, toward the 

downstream end on the right side, higher surface potentials (∣ζ∣≥0.05) promote strong 

EDL counterion accumulation and enhanced surface conduction, which drive 

additional Na⁺ ions toward the outlet; consequently, the concentration increases 

again, producing a clear decrease-plateau-increase pattern along the channel. 

 (ii) Anion suppression efficiency: Applying 30 V₀, the rectangular channel lowers 

the Cl⁻ concentration at the outlet by nearly 48% relative to the hyperbolic channel, 

demonstrating that the sharper geometry effectively restricts anion passage and 

boosts desalination performance.  

(ii) Geometric influence on electric field distribution: This behavior arises from the 

varying width of the hyperbolic channel, which smooths the axial electric field and 

reduces lateral electrostatic confinement on anions. As a result, Cl⁻ ions accumulate 

more along the centerline in a single hyperbolic channel array, whereas the 

rectangular channel, with its uniform width and stronger wall effects, more 

effectively suppresses centerline Cl⁻ concentration. 

(iii) Salt removal performance: Near the outlet region (approximately 93.4 nm), the 

rectangular nanochannel attains a 24.55% higher salt removal ratio than the 

hyperbolic configuration under an applied voltage of 30 V₀ and a zeta potential of 

 -0.05 V, reflecting a modest yet distinct enhancement in depletion-layer stability. 

(iv) Energy consumption and cost analysis: The analysis reveals that the hyperbolic 

and rectangular nanochannel configurations consume approximately 7.65 kWh/m³ 

and 9.69 kWh/m³ of energy, respectively. Their associated treatment costs are 

estimated at $0.9844/m³ and $0.7864/m³, indicating that both designs offer cost-

effective operation within practical desalination limits. At an applied voltage of 50 

V₀, the levelized cost of water (LCOW) for the rectangular nanochannel is about 

20.11% higher than that of the hyperbolic counterpart, underscoring the trade-off 

between enhanced ion removal and higher energy dema
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Chapter 9. Integrated multi-objective optimization, MCDM, and ML 

analysis of couple-Stress Casson, Maxwell, and Oldroyd-B 

Fluids 

 

9.1.  Multi-objective optimization 

 

Optimizing microchannel heat transfer requires evaluating thermal 

performance and irreversibility across diverse designs and operating conditions. 

Traditional single-objective optimization struggles due to conflicting metrics. As 

flow dynamics become more complex and operating conditions vary, optimization 

becomes time-consuming [375]. Multi-objective techniques offer Pareto optimal sets, 

representing ideal trade-offs, with the Pareto front guiding the selection of the best 

microchannel configuration [376].  

The NSGA-II optimization process typically unfolds in four key steps [145]: 

Step 1: The population is initialized within the defined problem bounds and 

constraints. 

Step 2: Three core operations: selection, crossover, and mutation, are performed with 

specified probabilities. The offspring generated are then sorted according to non-

dominated sorting criteria. 

Step 3: For each non-dominated front, the crowding distance of each individual is 

calculated. A new parent population is formed by selecting individuals based on their 

crowding distance and non-dominated rank. 

Step 4: This process continues iteratively, generating new parent populations until 

the algorithm satisfies the predefined stopping criteria. 

The natural hunting behavior of grey wolves inspires the grey wolf optimizer 

(GWO) [377]. The hunting process comprises three distinct stages: the initial 

searching phase, the encircling phase, and the attack to capture the prey. The 

hierarchical dominance of wolves within the troop is depicted from top to bottom. In 

the hierarchy, the alpha wolves serve as leaders and primary decision-makers 

throughout the hunting process. However, as the hierarchy descends within the troop, 

wolves' decision-making authority and dominance diminish, with beta, gamma, and 

omega wolves assuming progressively subordinate roles. The determined absolute 

distance is a gap between the current best solution (represented by the wolf's current 

position) and the final position (either the prey's location or the optimal solution). The 

NSGWO algorithm is created by enhancing the grey wolf optimizer with a crowding 

distance criterion, an archive, and a method for selecting wolves' positions (based on 

their ranking) that aligns with the Pareto optimal dominance nature [144]. The 

optimization of the problem is to be compared by employing a multi-objective 

optimization using NSGA-II [378]. 

NSGWO archive size and the number of generations chosen are 200 and 100, 

respectively. For rigorous comparison, NSGWOA-generated predictions of 

electroviscous heat transfer and entropy production are cross-verified with NSGA-II 
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simulations, employing a population of 200 agents over 100 generational cycles. In 

this investigation, the selection of 200 generations stems from the observation that no 

substantial difference (with no variation up to two decimal points) is noticed with an 

increase in generations beyond 100. Opting for excessively high generations might 

not be computationally efficient, leading to increased computational costs. 

 

(i) Chapter 5 introduces a multi-objective optimization framework for analyzing 

couple-stress Casson fluid flow using the Non-Dominated Sorting Genetic Algorithm 

II (NSGA-II). The study focuses on maximizing electrokinetic energy conversion 

(EKEC) efficiency and minimizing entropy generation (system irreversibility) 

through systematic variation of three key decision variables: the couple stress 

parameter, Casson parameter, and ionic Peclet number. This approach enabled the 

systematic identification of Pareto-optimal operating points, balancing thermofluidic 

performance and energy efficiency under electrokinetic conditions. 

 

Maximize ηc=f1(α, β, γ) 

  

Minimize Stotal= f2(α, β, γ) 

 

Subjected to: 0≤α≤10, 1≤β≤6, and 1≤γ≤6 

    

(ii) Chapter 6 extends the optimization framework to investigate electroviscous heat 

transfer and entropy generation in transient Maxwell fluid flow within a microchannel 

under the influence of streaming potential. The study combines multi-criteria 

decision-making (MCDM) with machine learning (ML) to rigorously evaluate 

Pareto-optimal solutions. Two algorithms: Non-Dominated Sorting Gray Wolf 

Optimization Algorithm (NSGWOA) and Non-Dominated Sorting Genetic 

Algorithm II (NSGA-II) are employed, with five critical parameters (relaxation time, 

Hall current, ion slip, nanofluid volume fraction, and Hartmann number) varied to 

optimize thermofluidic-electromagnetic performance. Results from NSGWOA and 

NSGA-II are statistically compared to evaluate their effectiveness in balancing 

competing objectives, demonstrating NSGWOA’s superiority in resolving complex 

trade-offs. 

 

Maximize ηh=f1(𝜆̅
1, αe, αs, ϕ, Ha) 

 

Minimize Stotal=f2(𝜆̅
1, αe, αs, ϕ, Ha) 

 

Subjected to: 0≤𝜆̅
1≤1, 0≤αe≤1, 0≤αs≤3, 0≤ϕ≤0.05, and 0≤Ha≤5 

 

(iii) Chapter 7 expands the optimization framework to address electroviscous 

Nusselt number enhancement and entropy generation minimization in time-periodic 

Oldroyd-B fluid flow within a microchannel subject to streaming potential 

conditions. Four decision variables: Hartmann number, electrokinetic width, zeta 

potential, and Dukhin number are identified as pivotal drivers of the Pareto-optimal 

front. The study incorporates TOPSIS to prioritize Pareto-optimal solutions and 
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employs the NSGWOA alongside NSGA-II for comparative analysis. The Pareto-

optimal datasets for electroviscous Nusselt number and total entropy generation serve 

dual roles as inputs and outputs for two ML models: ANN, and ANFIS, enabling 

predictive modeling and multi-objective optimization. 

 

Maximize Nu=f1(Ha, K, 𝜉,̅ Du) 

 

Minimize Stotal=f2(Ha, K, 𝜉,̅ Du) 

  

Subjected to: 0≤Ha≤2, 5≤K≤40, 0≤𝜉≤̅10, and 0≤Du≤10         

                              

9.2.   Multi-criteria decision making (MCDM) 

 

An MCDM approach determines the optimal solution based on technical, 

economic, and sustainability criteria. We specifically choose the TOPSIS method to 

select the best solution. The TOPSIS algorithm transforms multiple responses into a 

single performance response. For the Pareto-optimal solutions in this study, each 

solution is characterized by two attributes: 

(i) The rate of electroviscous heat transfer (ηh) and global entropy production (Stotal) 

for the Maxwell fluid are evaluated in Chapter 6.  

(ii) Investigation of electroviscous Nusselt number (Nu) and total entropy generation 

(Stotal) for Oldroyd-B fluid are analysed in Chapter 7.  

Two equal weights are employed to assess the relative significance of the 

decision-making process. TOPSIS ranks candidates based on proximity to a favorable 

reference point (closest) and remoteness from an adverse reference point (farthest). It 

involves choosing a relatively optimal scheme from available alternatives, each with 

multiple attributes [379]. 

Step 1: Construct the matrix for assessment involving m alternatives and n samples. 

We recorded the value measured for the ith indicator in the jth sample as xij, forming 

the matrix as (xij)m×n.  

  

 

11 12 1

21 22 2

1 1

n

n

ij m n

m m mn

x x x

x x x

x

x x x



  
 

 
 
     
 
     

   

                                                                           (9.1) 

  

Normalized the matrix is as, 

 

  
2

1

ij
ij m n m
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







 ,  1,2,3,....,i m ,  1,2,3,....,j n               (9.2) 
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Step 2: The computation of the matrix with weighted and normalized decisions is as 

follows, 

 

 ij j ij m n
V w r


  ,  1,2,3,....,i m                  (9.3) 

Determine the weights jw  such that 

1

1
n

j
j

w



 . Obtain the weighted normalized 

matrix by multiplying each element of the ijr  column by its corresponding weight 

jw .  

Step 3: The ideal best  jA  and ideal worst  jA  are to be evaluated. 

Step 4: Determine the ideal positive (best) and ideal negative (worst) solutions for 

each response, respectively as, 

 

    max 1,2,3...., , min 1,2,3....,ij ijA V i m j J V i m j J
       

              1,2,3,...wjV j n                                                                                              (9.4) 

    min 1,2,3...., , max 1,2,3....,ij ijA V i m j J V i m j J
       

              1,2,3,...bjV j n                                                                                             (9.5) 

 

Step 5: Calculate the difference between each response from the ideal best and ideal 

worst solutions for target alternative i, respectively as, 

 

  
2

1

n

ib ij bj
j

d V V



  ,  
2

1

n

iw ij wj
j

d V V



                                                             (9.6) 

 

Step 6: Ultimately, the assessment of proximity to the ideal solution is determined 

by, 

 

Ciw=diw/(diw+dib), 0≤Ciw≤1                                                                                   (9.7) 

 

The alternatives are then ranked in descending order based on the value of iwC , and 

the combination that holds the top rank is identified. 
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9.3. Results and discussion 

 

9.3.1. Optimization results EKEC efficiency and total entropy generation of couple 

stress Casson fluids 

 

Finally, the NSGA-II algorithm is employed to generate the Pareto front for 

the flow of couple-stress Casson fluid within a microchannel as depicted in Fig. 9.3. 

In this multi optimization process, three key decision variables α, β, and γ have been 

carefully considered and analysed. In this analysis fixed values of K=10, 𝜉1̅=1, 

𝜉2̅=0.5, Ω=10, Ha=0.1, 𝑎̅1=0.05, 𝑎̅1
′ =0.01,Jh=10, Br=0.01, 0.01Br  , 𝑑̅1=0.05, and 

𝑑̅1
′ =0.01 are taken. The Pareto optimal front exhibits a convex shape, indicating that 

both objective functions are also convex in nature. This shape also implies that for 

each fixed value of one objective, there exists an optimal value for the other objective 

function.  

 
Fig. 9.1 Pareto front distribution for electrokinetic energy conversion efficiency and 

total entropy generation. 

 

Point M is the best choice when overall electrokinetic energy conversion 

efficiency becomes a single objective function. On the other hand, point N should be 

carefully considered when the total entropy generation of the entire microchannel 

flow is taken into account as a single objective function. The ideal point is located at 

the intersection of the highest EKEC efficiency and the lowest total entropy 

generation lines, as shown in Fig 9.3. Consequently, the point O (closest to the ideal 

point) is the best solution. The multi-objective optimization reveals that at the optimal 

point, the total entropy reaches 2749×104 while the electrokinetic energy conversion 

efficiency achieves 0.568×10-3. 
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9.3.2. Optimization results electroviscous heat transfer rate and total entropy 

generation of Maxwell fluids 

 

Finally, the rate of electroviscous heat transfer and entropy production 

optimization for a Maxwell fluid within parallel plate microchannels is carried out 

using a two-stage process. The employed optimization algorithms include NSGWOA 

and NSGA-II, as illustrated in Fig. 9.4. In this optimization process, five pivotal 

decision variables, relaxation time, Hall current, ion slip, nanoparticle volume 

fraction, and Hartmann number have been carefully considered and analysed, while 

other parameters are kept constant. The comparison of results between NSGWOA 

and NSGA-II are then presented. Notably, the archived size in NSGWOA is 

configured to match the population size in NSGA-II. However, a subtle difference is 

observed due to the inherent stochastic nature of both techniques, relying on the 

random generation of numbers in each iteration.  

The graphical representation of the final solution's Pareto front achieved 

through NSGWOA is illustrated in Fig. 9.5. This convex-shaped Pareto optimal front 

indicates the inherent convexity of both objective functions. This shape further 

implies that for every fixed value of one objective, an optimal value exists for the 

other objective function. Point M becomes optimal when the sole aim is the overall 

heat transfer efficiency. Conversely, Point N is strategically chosen when a primary 

objective is the global entropy generation of the entire microchannel flow. 

Consequently, a multi-criteria decision-making method is required to identify the 

most appropriate solution based on defined objectives. The final optimal outcome is 

selected using the TOPSIS technique [378]. Although Point I is designated as the 

theoretical optimum, it resides outside the Pareto frontier. Importantly, all solutions 

along the Pareto frontier are mutually non-inferior, meaning no single solution 

outperforms another across all objectives. For both NSGWOA and NSGA-II, 

TOPSIS prioritizes Point O as the preferred candidate due to its proximity to the 

theoretical ideal (Point I). The optimized decision variables obtained of the objective 

function electroviscous heat transfer rate and global entropy production are 

mentioned at Points M, N, and O. The details of the design variables and the optimum 

points are compared in Table 12, where both optimization techniques correctly 

predict the results. A comparative analysis between the base cases, i.e., ηh=0.43117 

,and Stotal=0.64085 (K=20, ϕ=2%, 𝑎̅=0.01, 𝜆̅
1=0.5, αe=0.5, αs=1.5, Da=0.1, Du=5, 

Br=0.01 ,Jh=10, 𝑑̅=0.04, and τ=0.01) and the optimal point (O) reveals a notable 

enhancement in overall electroviscous heat transfer rate by 128%  and a substantial 

reduction in overall irreversibility by 82.5%. 
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Table 12 

Optimal solutions on the global Pareto front characterized by design variables and objective 

functions at M, N, and O. 

Parameters NSGWOA 

(M) 

NSGA-II 

(M) 

NSGWO

A 

(N) 

NSGA-II 

(N) 

NSGWOA 

(O) 

NSGA-II 

(O) 

𝝀̅1 0.1324 0.1929  0.1324 0.1324 0.3903 0.3346 

αe 1  0.9999   1  

1 

 

1 

 

1 

αs 3 2.9999  3   

3 

 

3 

3 

ϕ 0 5.7×10-8  0 0 0 6.25×10-9 

Ha  2.9269 1.7692  2.9269 2.9269 2.4189 1.6645 

ηh  1.4121 1.2935  0.7138 0.7138 

 

0.9831 0.9868 

Stotal  0.1083 0.1088  0.1161 0.1161   0.1122 0.1122 

 

9.3.3. Optimization results electroviscous heat transfer rate and total entropy 

generation of Oldroyd-B fluids 

 

Finally, a two-stage optimization process is employed to optimize 

electroviscous heat transfer and entropy generation for the periodic time of Oldroyd-

B fluid flowing through parallel plate microchannels. This study leverages two 

advanced algorithms, NSGWOA and NSGA-II, as illustrated in Fig. 9.4. The 

optimization focuses on four critical decision variables: Hartmann number, 

electrokinetic width, zeta potential, and Dukhin number while keeping other 

parameters constant. A detailed comparison of the results obtained from NSGWOA 

and NSGA-II is presented. Notably, the archive size in NSGWOA is configured to 

match the population size in NSGA-II. However, minor variations are observed due 

to the inherent stochastic nature of both algorithms, which rely on random number 

generation during each iteration. Under the same settings, a 200-member population, 

and 100 generations, NSGWOA demonstrates stronger performance than NSGA-II. 

It yields a Pareto front that is not only better distributed but also shows improved 

convergence characteristics. The 90th generation typically observes convergence in 

NSGWOA, whereas NSGA-II continues progressing with only marginal 

improvements beyond this point. Moreover, the decision variables derived from 

NSGWOA are more stable and exhibit less variability across the Pareto set, reflecting 

consistent optimization behavior. These aspects collectively highlight NSGWOA’s 

enhanced efficiency and robustness in solving the multi-objective electroviscous 

optimization problem. 

Fig. 9.5 illustrates the Pareto front of the multi-objective optimization 

highlighting the trade-off between Nusselt number Nu  and total entropy generation 

Stotal. While higher Nu are desirable, they result in increased thermal irreversibility 

(Stotal) which is unfavourable. Every solution located on the Pareto frontier 

corresponds to a uniquely optimized configuration defined by specific structural 

variables (Ha, K, 𝜉,̅ and Du) where no alternative solution outperforms it across all 
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objectives. From the optimization data point M maximizes Nu and point N minimizes 

Stotal. Using the TOPSIS method [378] NSGWOA Point O is identified as the optimal 

choice being closest to the ideal point (depicted in Fig. 9.5). The structural parameters 

corresponding to the final optimal solutions and the selected optimal points identified 

using the TOPSIS method are summarized in Table 13. When compared to the base 

conditions, the structure identified by the TOPSIS method shows an 6.286 % increase 

in Nu, and a 6.872% reduction in Stotal. System architects utilize the multi-objective 

optimality set to identify non-dominated solutions for integrated microanalysis 

systems, customizing functional outcomes in accordance with end-use specifications. 

0.20607 0.20608 0.20609 0.20610 0.20611
7.8

8.0

8.2

8.4

8.6

8.8

9.0

TOPSIS(NSGWOA)

 NSGA-II

 TOPSIS (NSGA-II)

 NSGWOA

 TOPSIS (NSGWOA)

N
u

Stotal

TOPSIS(NSGA-II)

 
 

Fig. 9.4 Comparison of Pareto Fronts and Optimal Solutions Between NSGWOA 

and NSGA-II. 
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Fig. 9.5 Displays the Pareto front's optimal solution points for electroviscous heat 

transfer rate and total entropy generation derived using NSGWOA. 

 

 

Table 13 

Optimal solutions on the global Pareto front characterized by design variables and objective 

functions at M, N, and O. 

Parameters NSGWOA 

(M) 

NSGA-II 

(M) 

NSGWOA 

(N) 

NSGA-II 

(N) 

NSGWOA 

(O) 

NSGA-II 

(O) 

Ha 0.01301 0.01 2 2 1.0419 1.091 

K 5.04286 5 5 21.426 5 5 

𝝃̅ 0.01849 0.73088 0.01 0.1165 0.0693 1.7806 

Du 9.1479 5.99677 10 9.9151 7.7624 10 

Nu 8.81832 8.82736 7.9392 7.9625 8.2154 8.2024 

Stotal 0.20607 0.20607 0.2061 0.2061 0.2060 0.2060 

 

The distribution of optimal points for four decision variables: Ha, K, 𝜉,̅ and 

Du their influence on Nusselt number (Nu), and total entropy generation (Stotal) are 

studied in Fig. 9.6. The interplay between Ha and K on Nu and Stotal is depicted in 

Figs. 9.6a and 9.6b. The maximum Nu is achieved at approximately Ha≈0.01 and 

K≈5, resulting from the combined effects of optimal EDL thickness and surface 

charge potential. However, at lower Ha values, excessive thickening of the EDL, such 

as at K = 5 reduces the streaming potential. This reduction occurs because an overly 

thick EDL limits effective ion displacement near the channel walls, thereby 

diminishing its contribution to the streaming potential. 

Similarly, the minimum entropy generation is observed under conditions where 

viscous losses are minimized and electric-fluid coupling is optimized, thereby 

reducing thermodynamic irreversibility. This leads to improved flow stability, 

suppressing chaotic mixing and localized turbulence, which further lowers entropy 
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generation. Moreover, intensified electrokinetic coupling ensures efficient energy 

transfer without excessive heat generation, thereby maintaining a well-balanced 

system with minimal thermodynamic losses. 

Figs. 9.6c and 9.6d show the influence of zeta potential (𝜉)̅ and Dukhin 

number (Du) on Nu and Stotal. Optimal values of 𝜉=̅0.01849 and Du≈9.1479 enhance 

surface conduction, thereby intensifying energy transport along the solid-liquid 

interface and promoting convective heat transfer, reaching a Nu of approximately 

8.81832. Simultaneously, the minimum total entropy generation (Stotal≈0.206072) 

observed under the same conditions reveals an ideal thermodynamic balance, where 

the improved heat transfer effectively offsets dissipative losses. 
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Fig. 9.6 Optimal points for decision variables on the pareto front generated by 

NSGWOA for heat transfer and total entropy production (a) Ha, K, and (b) 𝜉 ,̅ Du. 
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9.4. Machine learning (ML) methods 

 

Two ML methods (ANN and ANFIS) are applied to streaming potential flow 

for Maxwell fluid, which is analyzed in the present paper. The main focus is on two 

normalized objectives for heat transfer analysis: the electroviscous heat transfer rate 

and thermal irreversibility. Two design inputs are used, namely Hartmann number 

and nanofluid volume fraction. Accuracy benchmarks for neural and fuzzy-neural 

architectures are compared, with identical data splits: 70% allocated to training, 10% 

to validation, and 20% to testing phases. 

9.4.1. Artificial neural network (ANN) method 

 

Computational neural frameworks emulate biological neural networks through 

interconnected processing units organized hierarchically. These systems feature three 

functional stages: a primary layer for data intake, an intermediate layer for pattern 

abstraction, and a terminal layer for result synthesis. The number of neurons in an 

ANN's input and target layers is typically determined by the total number of features 

present in the input and target vectors, respectively [380]. The detailed construction 

and flowchart of the ANN are depicted in Fig. 9.1.  

  The output value of the ANN method is determined as follows [380]: 

 

,
1

m

j j i j i
i

g b w z



                                                            (9.8) 

 

 j jr f g                    (9.9) 

 

           Each neuron uses an activation function to process input value zi with special 

weighted coefficients ,i jw and produce an output value rj. If a layer has m neurons, a 

specific neuron j in the next layer receives m input values. These inputs are weighted 

by their respective coefficients and combined with a bias term jb . The activation 

function f then produces the output jr  from the neuron. Important statistical 

coefficients of the ANN method involve, i.e., mean absolute percentage error 

(MAPE), root mean squared error (RMSE), coefficients of determination (R2) and 

(R), and the creation of a regression line is utilized to ensure the practicality of the 

fitted data-based model. 
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(a) (b) 

Fig. 9.7 Schematic of ANN construction and flowchart: (a) Structural overview (b) 

Graphical summery of working principle. 

 

9.4.2. Adaptive Network Based Fuzzy Inference System (ANFIS) method 

 

           The output of the ANN method is determined by processing input data through 

inter connected layers of neurons, where is neuron applied a weighted sum of inputs 

followed by an activation function to produce final output [365]. ANNs are very 

effective for modeling many real-world problems, but they also have some 

limitations. Hybrid neuro-fuzzy systems, capable of handling data with inherent 

uncertainties, frequently outperform conventional methods in scenarios requiring 

tolerance to imprecise inputs [367]. These systems are used in identification, control, 

and prediction [381]. The input-output relationship is intelligently processed through 

a learning procedure using ANN combined with a fuzzy system (ANFIS) to 

determine accurate solutions. ANFIS with its five operational processes, is a 

testament to its intelligent design. The first layer consists of input membership 

functions that perform the fuzzification process using the two inputs, g and z. The 

output from this layer represents the membership values of the inputs. Each node i is 

an adaptive node, with its functions, working principles, and associated equations 

detailed as follows: 
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             In this case, there are four adaptive nodes: H1, H2, S1, and S2. Probabilistic 

rule-based relationships are defined below [382], 

 

Rule 1: If z is H1 and g is S1, then 

 

f1=p1g+q1z+r1                             (9.10) 

 

Rule 2: If z is H2 and g is S2, then 

 

f2=p2g+q2z+r2                                                                                                       (9.11) 

 

The consequent parameters are represented as pi, qi, and ri, where i=1, 2. The first 

layer contains two inputs, labelled as g and z. 

 

 1,i Ai
O gm , 1,2i                                                                                                             (9.12) 

 

 1, 2i Bi
O zm


 , 3,4i                                                                                                         (9.13) 

 

The second layer represents the rule layer, where the output reflects the fuzzy strength 

of each rule. Each node in this layer is a function of a multiplier, denoted by  . The 

firing strength of each rule is determined by multiplying the input signals as given 

below. 

 

   2,i i A Bi i
O w g zm m  ,  1,2i                                                                                        (9.14) 

 

The normalized firing strength in the third layer is represented by the total weight 

function iw  . At this stage, the firing strength of the ith rule is compared to the sum 

of all the rules in the model, denoted by 𝑀, 

 

3,
1 2

i
i i

w
O w

w w
 


, 1,2i                                                                                                     (9.15) 

 

The fourth-layer components are self-optimizing, with the parameter i iw f  

representing the output membership function. The outputs if  1,2i   are within the 

fuzzy region defined by the fuzzy rules, and it is expressed as, 

 

 i i i i if w p g q z r                                                           (9.16) 

 

For the final output of the ANFIS, all outputs from layer four are summed together. 

Layer five contains a single fixed node that performs a summation operation, as 

illustrated below, 
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5,i i i
i

O w f                                                                                                                         (9.17) 

The R2, RMSE, and MAPE are calculated for the ANN, and ANFIS methods as 

follows [367], 

 

 

2

2 21

2

1

1 ; 0 1

m

i i
i

m

i i
i

z z

R R

z z







   







                            

(9.18) 

 
2

1

1 m

i i
i

RMSE z z
m



                                                                      (9.19)

        

 

1

1
100%

m
i i

ii

z z
MAPE

m z



                              (9.20) 

 

Here, m, iz , iz , and iz  are the sample size, actual values, predicted values, and mean 

of the actual values, respectively. Well-trained ML models often have an R² above 

0.9, indicating a strong match between the prediction and actual value. RMSE 

measures prediction error. A lower RMSE means predictions are closer to actual 

values. A good model has a low RMSE to improve accuracy. Fig. 9.2 shows 

calculation steps and flowchart for ANFIS. 
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(a) (b) 

 

Fig. 9.8  Flowchart and graphical calculation steps for ANFIS: (a) Graphical 

summery of working principle (b) Flowchart for electroviscous heat transfer rate 

and total entropy generation. 

 

 

9.4.3. Validation results for the regression analysis of ANN and ANFIS for 

Maxwell fluids 

 

ANN and ANFIS methods are applied to predict the dimensionless 

electroviscous heat transfer rate. The predictions made by the ANN and ANFIS 

models in this study cover 0≤ϕ≤0.05 and 0≤Ha≤5, respectively. Practically, particle 

concentration modifies thermophysical characteristics such as dielectric constant, 

mass density, viscous resistance, specific heat capacity, electrical conductance, and 

thermal diffusivity, governing hydrodynamic and thermal transport phenomena. The 

Hartmann number (Ha) serves as a dimensionless metric for magnetic field influence 

on flow regimes. Elevated Ha values correlate with intensified field interactions, a 

critical factor in MHD-driven processes such as liquid metal circulation and reactor 

cooling systems. Together, these parameters help to predict fluid behavior in systems 

influenced by magnetic fields. The actual value of ηh is 0.45653 while the predicted 

value is 0.44185 showcasing the precision of the forecast. The ANN and ANFIS 

models have two inputs (ϕ and Ha) and one output (ηh), as shown in Fig. 9.9. As 
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shown in Table 14, the ANN models achieve R values of 0.99921 during training and 

0.99323 during testing. Additionally, the ANFIS models show a 0.034% and 0.63% 

improvement in R values for training and testing compared to the ANN models. Table 

14 also reveals that the ANFIS method produces the lowest RMSE and MAPE values, 

with RMSE values of 3.7088×10-4 for training and 3.7683×10-4 for testing. Similarly, 

the corresponding MAPE values are 0.023298%, and 0.047201%, respectively. 

In contrast, ANN and ANFIS models are employed to predict values of Stotal 

for 0≤ϕ≤0.05 and 0≤Ha≤5, respectively shown in Fig.9.10. The actual and predicted 

values for Stotal are 0.45653 and 0.44185 respectively highlighting the accuracy of the 

prediction. Both methods show good accuracy, but the ANFIS model outperforms the 

ANN model. Each method uses ϕ and Ha as the input and total entropy generation as 

the output. Table 15 shows the accuracy of Stotal predictions. The ANFIS model has 

R values 0.06% and 0.63% higher than the ANN model in training and testing, 

respectively. The R2 value approaches 1, as shown in Tables 14 and 15. ANFIS also 

has the lowest RMSE and MAPE values. This means the error is much lower in 

ANFIS. The comparison shows that the models are reliable. ANFIS predicts 

normalized global entropy generation more accurately than ANN. 
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Fig. 9.9 Regression plot of actual vs. predicted values for Maxwell fluids using the 

ANN method. 
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Fig. 9.10 Regression plot of actual vs. predicted values for Maxwell fluids using the 

ANFIS method. 

 

 

Table 14 

Details of normalised electroviscous heat transfer rate prediction for Maxwell 

fluid. 

Parameters ηh ANN ANFIS 

Train Test Train Test 

ϕ, Ha RMSE 4.831×10-4 13.804×10-4 3.7088×10-4 3.7683×10-4 

MAPE 0.040645 0.18147 0.023298 0.047201 

R2 0.99842 0.98651 0.99909 0.99905 

R 0.99921 0.99323 0.99955 0.99954 

 

 

Table 15 

Details of normalised total entropy generation prediction for Maxwell fluid. 

Parameters Stotal ANN ANFIS 

Train Test Train Test 

ϕ, Ha RMSE 12.647×10-4 27.175×10-4 7.2395×10-4 14.536×10-4 

MAPE 0.0538 0.1821 0.03870 0.1331 

R2 0.99824 0.99115 0.99943 0.99728 

R 0.9991 0.9955 0.9997 0.9987 
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           The regression analyses in Figs. 9.11 and 9.12 highlight the predictive 

capabilities of ANN and ANFIS models for optimization data concerning ηh and Stotal 

respectively. In Fig. 9.11, the regression plots illustrate a strong agreement between 

actual and predicted values for ηh, as reflected by high correlation coefficients for 

both models. As shown in Table 16, the ANN model achieves R values of 0.9988 for 

the training set and 0.9987 for the testing set, while the ANFIS model outperforms it 

with R values of 0.9998 for the training set and 0.9997 for the testing set, showcasing 

its ability to handle nonlinear relationships and uncertainties effectively. 

 

Similarly, in Fig. 9.12, the regression analysis for Stotal also reveals excellent 

predictive accuracy. The accuracy of the prediction is reflected in the actual value of 

Stotal being 0.11615 and the predicted value being 0.11588. For the computational 

neural model, R scores of 0.9956 (training) and 0.9949 (testing) are observed, while 

the adaptive neuro-fuzzy system outperforms it with near-perfect R values of 0.9998 

(training) and 0.9997 (testing), highlighting its superior adaptability to complex 

dataset. As illustrated in Tables 16 and 17, the R2 value is nearly equal to 1, indicating 

a strong fit. Overall, both ANN and ANFIS models provide reliable predictions for 

ηh and Stotal. However, ANFIS consistently outperforms ANN in terms of correlation 

coefficients, making it the preferred approach for optimization tasks requiring a 

higher precision. Finally, Tables 16 and 17 are constructed to know the optimum 

values of ηh and Stotal determined using ANN and ANFIS from the Gray Wolf 

optimum data as input values. 
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(a) ηh (b) Stotal 
  

Fig. 9.11 Regression plot of actual vs. predicted values from optimization data for 

Maxwell fluid using the ANN method 
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Fig. 9.12 Regression plot of actual vs. predicted values from optimization data for 

Maxwell fluid using the ANFIS method 

 

Table 16 
 Electroviscous heat transfer rate predicted by ANN and ANFIS using Gray Wolf 

optimization data for Maxwell fluid. 

ηh ANN ANFIS 

Train Test Train Test 

RMSE 0.91819×10-2 0.91925×10-2 0.040×10-3 0.0409×10-3 

MAPE 0.7826 0.7999 0.0030 0.0031 

R2 0.9975 0.9973 0.9997 0.9996 

R 0.9988 0.9987 0.9998 0.9997 

 

 

Table 17 
 Total entropy production predicted by ANN and ANFIS using Gray Wolf 

optimization data Maxwell fluid. 

Stotal ANN ANFIS 

Train Test Train Test 

RMSE 0.21×10-3 0.2326×10-3 1.0338×10-4 1.0332×10-4 

MAPE 0.1605 0.1718 0.0793 0.0803 

R2 0.9912 0.9899 0.9980 0.9977 

R 0.9956 0.9949 0.9990 0.9989 
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9.4.4. Validation results for the regression analysis of ANN and ANFIS for 

Oldroyd-B fluids 

 

The performance evaluation metrics including MAPE, RMSE, R2 and R 

used to assess the accuracy of different machine learning models are provided in 

Tables 16-15. The results indicate that both the ANN and ANFIS models produce 

highly accurate predictions. This investigation employs a dual-layer feedforward 

computational neural architecture, utilizing sigmoidal transforms in intermediary 

processing units and linear transforms in terminal nodes, to map correlations between 

design variables and target objectives, as depicted in Figs. 9.9-9.10. The optimization 

objectives Nu and Stotal are used as both input variables and output results. As shown 

in Table 15 for Nu, ANN model achieves R values of 0.9556 for training and 0.9599 

for testing. Furthermore, the ANFIS model provides a slight improvement of 2.747 

% in training and 1.91 % testing over the ANN model in terms of the R value. As 

evidenced in Table 16, the adaptive neuro-fuzzy inference system (ANFIS) achieves 

minimal error metrics, with a training RMSE of 0.0432 and testing RMSE of 0.0506, 

alongside mean absolute percentage error (MAPE) scores of 0.0364 (training) and 

0.0398 (testing). These outcomes underscore the framework’s enhanced predictive 

accuracy, outperforming comparative methods in error minimization across both 

training and validation phases. 

Table 16 summarizes the prediction accuracy of Stotal. ANN model achieves 

R values of 0.9697 for training and 0.9658 for testing, while the ANFIS model 

achieves higher R values of 0.9839 for training and 0.9828 for testing respectively. 

The ANFIS model shows 50% and 133.33% lower RMSE value than the ANN model 

for training and testing respectively. Additionally, ANFIS exhibits the lowest MAPE 

value indicating a smaller error margin. This comparison highlights that while both 

models are reliable, ANFIS provides a more accurate prediction of normalized global 

entropy generation than the ANN. 
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     Fig. 9.13 Regression Plot of Actual vs. Predicted Values Using the ANN 

Method. 
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Fig. 9.14 Regression Plot of Actual vs. Predicted Values Using the ANFIS Method. 

 

Table 18 

Details of Nusselt number prediction. 

Nu ANN ANFIS 

Train Test Train Test 

RMSE 0.0698 0.0697 0.0432 0.0506 

MAPE 0.0591 0.0526 0.0364 0.0398 

R2 0.9131 0.9214 0.9655 0.9577 

R 0.9556 0.9599 0.9826 0.9786 

 

 

Table 19 
Details of normalised total entropy production prediction. 

Stotal ANN ANFIS 

Train Test Train Test 

RMSE 0.0006 0.0007 0.0004 0.0003 

MAPE 0.0004 0.0006 0.0003 0.0003 

R2 0.9403 0.9327 0.9680 0.9660 

R 0.9697 0.9658 0.9839 0.9828 

 

 

9.5. Concluding remarks 

 

This study brings together optimization methods and machine learning to 

examine three types of non-Newtonian fluids, namely couple stress Casson fluid, 
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Maxwell fluid, and Oldroyd B fluid under streaming potential conditions. The results 

give useful insight into the complex flow behavior of non-Newtonian fluids and show 

how they can improve the performance of portable microfluidic systems used for 

power generation, heat transfer, and energy control.  

For the couple stress Casson fluid, the combined influence of the couple stress 

parameter, Casson constant, and ionic Peclet number leads to better electrokinetic 

energy conversion and lower thermal losses. 

For the Maxwell fluid, multi objective optimization is carried out by adjusting 

relaxation time, Hall current, ion slip, nanoparticle volume fraction, and Hartmann 

number to achieve improved electroviscous heat transfer and reduced entropy 

production. These findings highlight the close link between fluid behavior and heat 

transport in viscoelastic systems. 

In addition, the rheological behavior of Oldroyd B fluid is examined to evaluate 

its usefulness in microfluidic applications. A two objective optimization strategy is 

applied using Hartmann number, electrokinetic width, zeta potential, and Dukhin 

number as control parameters. This approach leads to better heat transfer performance 

and reduced entropy generation, confirming the potential of Oldroyd B fluids for 

more efficient microscale energy applications. 

  

(i) According to the multi-objective optimization analysis, the best operating 

condition corresponds to a total entropy value of 2.75 × 104 and an energy conversion 

efficiency of 7.24 × 10-3. This work also brings together the analysis of couple stress, 

Casson, and Newtonian fluids into a single framework by carefully choosing the 

viscoplastic parameters. The optimal solutions cover a wide operating range, giving 

designers more freedom to handle practical design and manufacturing limits. By 

comparing the behavior of different fluids, it becomes easier to select the most 

suitable one for achieving better energy conversion with lower energy loss in 

microelectronic applications under the same working conditions. 

 

(ii) Multi-objective optimization using NSGWOA and NSGA-II results in a 128% 

increase in electroviscous heat transfer rate and an 82.5% reduction in overall entropy 

generation, which demonstrates effective design strategies for microfluidic efficient 

energy harvesting. 

 

(iii) Two-objective optimization of Oldroyd-B fluid using NSGWOA and NSGA-II 

achieves a 2.173% improvement in Nu and a 2.552% reduction in overall entropy 

generation. These results highlight effective design strategies for efficient energy 

harvesting in microfluidic systems. 

 

(iv) The study compared artificial neural networks (ANN) and adaptive neuro-fuzzy 

inference systems (ANFIS) for data prediction. Results showed that ANFIS 

outperformed ANN in predicting Nusselt number and thermal irreversibility, 

demonstrating machine learning’s effectiveness in modeling complex relationships 

and optimizing performance in intricate systems like Lab-on-a-Chip devices. 
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Chapter 10. Conclusions and direction for future studies 

 

10.1. Conclusions 

 

This thesis has comprehensively investigated the complex interactions of 

fluid dynamics, thermal/mass transfer, electrokinetic phenomena, and 

thermodynamic irreversibility in micro/nano scale systems using advanced 

mathematical modeling, optimization techniques, and machine learning algorithms. 

Each chapter addresses a unique facet of microfluidic transport phenomena with 

implications for improved energy conversion, thermal management, and system 

efficiency. 

The initial phase examines scenarios lacking a perpendicular electric field. 

Here, flow velocity escalates gradually with low Hartmann numbers (Ha), while 

temperature rises until Ha=1, after which a decline occurs, signalling a behavioural 

inversion. Conversely, under perpendicular electric fields, temperature ascends 

with Ha at lower magnitudes. The investigation also probes rarefied flow dynamics 

and non-classical boundary constraints in rectangular microchannels, 

integrating secondary velocity slip and thermal discontinuity conditions. These 

higher-order formulations yield markedly distinct velocity and temperature profiles 

compared to traditional no-slip or first-order approximations. Specifically, secondary 

slip/jump conditions amplify velocity and thermal gradients relative to conventional 

models. Analysing heat transfer modulation via the Ha under electric fields, the 

Nusselt number (Nu) diminishes as Ha increases until a threshold, beyond 

which Nu rebounds. Additionally, Nu grows proportionally with K, though 

rarefaction and thermal discontinuities suppress Nu significantly. These findings 

underscore the sensitivity of microscale thermal management to electromagnetic and 

boundary condition effects. 

The second investigation employs a combined analytical-numerical 

framework to analyse periodic electroosmosis-driven and pressure-activated flow of 

a viscoelastic Oldroyd-B fluid within a microscale conduit bounded by parallel 

plates. The imaginary part of the complex variables provides the fluid velocity and 

concentration governing equations to a set of nonlinear and nonhomogeneous types. 

At the peak point, the velocity amplitude for a higher elasticity 𝜆̅
1=0.18 increases by 

18.45% compared to that for a lower elasticity (𝜆̅
1=0.18). Similarly, for 𝜆̅

1=0.20, the 

velocity amplitude increment is 21.01%. The velocity profile for Maxwell fluid 

compared to the Oldroyd-B when other parameters were kept constant. The velocity 

and concentration amplitudes across the channel increase with higher zeta potential. 

Flow behavior is mainly controlled by viscous and elastic forces: elasticity enhances 

oscillations when viscosity is weak, while viscosity suppresses oscillations when 

elasticity is secondary. Near the channel center, velocity changes little and rises only 

slightly with increasing zeta potential. The peak speed has amplified approximately 

142.75% for 𝜉=̅4 with respect to 𝜉=̅0.1. The volume flow rates under high zeta 
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potentials, viz. 𝜉=̅2, 3 and 4, were boosted by 0.95%, 3.08%, and 9.32%, respectively, 

compared to that under the low zeta potential 𝜉=̅0.1. Concentration profiles are 

mostly unaffected by slip, but time-modulated electric fields at τ =π/4 greatly improve 

mixing and dispersion beyond the EDL. A resonant response linked to the angular 

Reynolds number influences mass transfer and species separation. Because of its 

combined elastic and viscous effects, the Oldroyd-B fluid shows higher mass transfer 

rates than the Maxwell fluid. This semi-analytical framework also captures Maxwell 

and Newtonian behavior by adjusting the viscoelastic parameter, allowing direct 

comparison across fluids and helping identify the most suitable fluid for maximizing 

mass transfer under the same design conditions. 

The third investigation explores thermally developed, pressure-driven 

streaming potential dynamics of a viscoplastic Casson fluid with couple-stress 

properties under electromagnetic fields, incorporating slip-modulated zeta potentials. 

Analytical formulations quantify streaming potential, energy conversion efficiency, 

velocity/temperature profiles, heat transfer coefficients (Nu), and entropy generation 

under asymmetric zeta potential conditions influenced by slip. The study focuses on 

analysing the interplay of electromagnetic forces, non-Newtonian couple-stress 

effects, and yield stress characteristics on electrokinetic energy conversion, 

hydrodynamic behavior, and thermal transport. Validation against Newtonian fluid 

benchmarks confirms the model’s accuracy in predicting electromagnetic-

hydrodynamic (EMHD) impacts on flow velocity, temperature, and energy 

efficiency. 

Comparative analysis reveals distinct enhancements in streaming potential, 

EKEC efficiency, velocity, and Nu for the couple-stress Casson fluid relative to 

Newtonian, Casson, and couple-stress fluid models. Energy conversion efficiency 

rises by 45.92% (couple-stress Casson), 47.10% (couple-stress), 42.81% (Casson), 

and 37.68% (Newtonian) under slip-dependent versus slip-independent zeta 

potentials. Velocity amplifies with elevated couple-stress (β), and Casson (γ) 

parameters, reflecting diminished non-Newtonian resistance. At β=2 and γ=2, 

velocity surges by 107.64% compared to β=1, γ=1. Joule heating amplifies 

temperature gradients, especially near the channel center, where jump boundary 

conditions raise mid-channel temperature by 2.95%. In viscoplastic fluids, the 

Nusselt number shows strong variation beyond critical Brinkman and Hartmann 

numbers. The combined effects of couple stress, Casson parameters, and ionic Peclet 

number maximize EKEC efficiency while minimizing heat-transfer irreversibility. 

Multi-objective optimization gives an optimal entropy of 2.749 × 10⁴ and an EKEC 

efficiency of 0.568 × 10⁻³. A unified framework also captures Newtonian, Casson, 

and couple-stress behavior, and the Pareto set enables better design trade-offs, 

helping select the best fluid for high efficiency and low irreversibility in 

microelectronic systems.  

This forth study investigates the rheology and heat transfer of viscoelastic 

fluids using the Poisson–Boltzmann and Debye-Hückel models to account for zeta 

potential, slip, porous effects, and Stern layer currents. A transient pressure-driven 

Maxwell fluid model with streaming potential and MHD effects was developed to 

evaluate flow, heat transfer, entropy, and EKEC efficiency. Results show that slip-

dependent zeta potential increases streaming potential by 23.15% and boosts EKEC 
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efficiency by 809.91%. Maxwell fluids also outperform Newtonian fluids in flow rate 

and thermal performance due to strong elastic-viscous interactions. Multi-objective 

optimization of key parameters enhances ηh while minimizing Stotal. Optimization 

strategies using NSGWOA and NSGA-II achieve a 128% increase in ηh and 

an 82.5% reduction in Stotal, demonstrating robust frameworks for energy-efficient 

microfluidic design. Machine learning predictions further reveal that the ANFIS 

method outperforms ANN in accurately forecasting electroviscous ηh and Stotal. These 

findings underscore the potential of machine learning to optimize thermal 

performance and decode the complexities of advanced microfluidic systems. 

The fifth investigation reveals pivotal findings on the viscoelastic behavior 

of Oldroyd-B fluids and their role in advancing portable microfluidic systems for 

energy harvesting, thermal regulation, and power dissipation. This work dissects the 

dynamic interactions between time-modulated flow, electromagnetic-hydrodynamic 

forces, and field-induced viscous effects in microscale channels. A nonlinear 

Poisson-Boltzmann framework, formulated without simplified electrostatic 

assumptions, governs surface potential dynamics and couples with momentum 

equations incorporating velocity slip, electromagnetic stresses, and interfacial 

currents. Critical design variables: Ha, K, 𝜉,̅ and Du are optimized Nu, and Stotal. 

Specifically, with a Dukhin number (Du=2), the EKEC efficiency falls by 95.38% 

compared to the scenario where Du=0. Resonant behavior, influenced by the Reω, 

impacts the mass transfer rate and species separation. When Reω exceeds a critical 

value (Reω~0.2), the flow shifts from a viscous-dominated regime to an inertia-

dominated regime. At Ha = 2, the solute concentration increases by 64.35% in 

Oldroyd-B fluids compared to conditions at Ha = 0. In this state, the effect of the Ha 

undergoes a notable transformation, resulting in charge separation. Two-objective 

optimization using NSGWOA and NSGA-II achieves a 6.286% improvement in Nu 

and a 6.872% reduction in overall entropy generation. These results highlight 

effective design strategies for efficient energy harvesting in microfluidic systems. 

The study compared ANN, and ANFIS for data prediction. Results showed that 

ANFIS outperformed ANN in predicting Nusselt number and thermal irreversibility, 

demonstrating machine learning’s effectiveness in modeling complex relationships 

and optimizing performance in intricate systems like energy harvesting devices. 

The final part of this thesis assessed the combined effects of channel 

geometry and gravity on nanochannel desalination performance. The results 

demonstrate that geometric configuration plays a decisive role under identical 

operating conditions. At surface potential magnitudes above 0.05, enhanced electric 

double layer charge buildup strengthens surface-driven transport, producing a 

nonmonotonic axial concentration trend consisting of depletion, stabilization, and 

recovery near the outlet. At a downstream location of approximately 93.4 nm, the 

rectangular channel achieves a 24.55% higher salt removal than the hyperbolic design 

at 30 V₀ and a zeta potential of −0.05 V, reflecting improved depletion-layer 

resilience. Energy analysis shows that the hyperbolic and rectangular configurations 

consume about 7.65 kWh/m³ and 9.69 kWh/m³, with associated costs of $0.9844/m³ 

and $0.7864/m³, respectively. Although both remain economically viable, operation 

at 50 V₀ increases the levelized water cost of the rectangular channel by 

approximately 20.11% relative to the hyperbolic geometry, highlighting the trade-off 
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between enhanced ion separation and higher energy demand. These outcomes support 

the strategic use of gravity-assisted nanochannel designs for sustainable desalination 

applications. 

This thesis provides a unified framework for understanding and optimizing 

microscale fluid behavior (electroosmotic and streaming potential) involving 

Newtonian, non-Newtonian rheology, electric and magnetic field effects, slip-flow 

conditions, and thermodynamic irreversibility. It also illustrates the immense 

potential of machine learning in capturing the nonlinearities of such systems. By 

integrating semi-analytical modeling, numerical optimization, and AI-based 

prediction, this work lays a foundation for next-generation energy-efficient 

microfluidic and nanofluidic systems used in biomedical, desalination, and energy 

harvesting applications. 

 

10.2. Direction for future studies 

 

Further research on streaming potential flows in microchannels is needed to 

formulate innovative approaches for evaluating fluid flow, heat transfer, and mass 

transfer characteristics across various electromagnetic devices. 

 

(i) In analyzing the mixing process influenced by the interplay of diffusion, 

convection, and non-uniform wall temperatures, the non-Newtonian fluid behavior 

can be elucidated using a visco-elastic model. A modified Nernst-Planck-Poisson 

framework is integrated with the Navier-Stokes and energy equations with 

convection and wall temperature effects. This integration can quantify the interplay 

between fluid rheology, asymmetrical surface potential, and heat transfer. 

(ii) A time-dependent, two-dimensional analysis of microchannel flow with a two-

layer nanofluid configuration investigates the dynamics of rotating power-law fluids 

while incorporating slip and jump boundary conditions, all without relying on the 

Debye-Hückel approximation. 

(iii) A theoretical framework evaluates oscillatory EMHD flow dynamics driven by 

streaming potentials and pressure gradients in microscale systems, incorporating 

Joule heating, frictional energy dissipation, and radiative thermal effects. The study 

focuses on maximizing thermal and molecular transport efficiency for viscoelastic 

Phan-Thien-Tanner (PTT) fluids within confined microgeometries 

(iv) Thermal characteristics can be predicted by developing an analytical model for a 

time-dependent poly-electrolyte grafted nanochannel with ion partitioning and ion 

size effects of couple-stress Casson fluid. 

(v) Future research will refine the analysis of Oldroyd-B fluid behavior by 

incorporating nanoparticle concentration, surface roughness, non-Newtonian effects, 

and streaming potential interaction. 

(vi) There is no work available considering two-dimensional analysis for integration 

of magnetohydrodynamic effects, heat transfer maximization, entropy generation 

minimization, and mass transfer with the Nernst-Planck-Poisson framework and 

Navier-Stokes equations, which can enhance to improve practical predictions under 

time-periodic flow conditions. 
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(vii)The focus can be on experimental validation, real-world stability of nanofluids, 

and more accurate surface and boundary effects modeling, considering 

electromagnetic, hydrodynamic, and mass transfer interactions. 

(viii) Advanced techniques such as molecular dynamics simulations can provide 

deeper insights into nanoparticle behavior at surfaces, interfaces, and under dynamic 

conditions. 

(ix) The long-term stability of nanofluids can be investigated by considering factors 

like agglomeration, sedimentation, and interactions with surrounding media. At the 

same time, optimization techniques and hybrid models will be employed to improve 

the prediction accuracy for heat transfer, entropy generation, and mass transfer in 

practical applications. 
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